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1 Problem 4.1.4

Find a series solution to the initial-boundary value problem for the heat equation u; = u,,
for 0 < x <1 when one the end of the bar is held at 0 degree and the other is insulated.
Discuss the asymptotic behavior of the solution as t — oo

Solution

The problem did not say which end is insulated. So assuming the left end is at 0 degree
and the right end is the one that is insulated.

Using L for the length to make the solution more general and at the end L is replaced by 1.
Assuming the initial conditions is u (x,0) = f (x). Therefore the problem to solve is to solve
for u (x,t) in

Up = Uyy O0<x<Lt>0
With boundary conditions
u(,t)=0
u, (L,t)=0

And initial conditions

u(x,0) = f(x)
Let u(x,t) = T (t) X (x), then the PDE becomes

T'X=X"T
Dividing by XT
T X"
T X

Since each side depends on different independent variable and both are equal, they must
be both equal to same constant, say —A. Where A is real.

r_X_.
T X
The two ODE’s are
T"+AT =0 (1)
And the eigenvalue ODE
X"+AX =0 (2)
X(0)=0
X'(L)=0

Now we solve (2) to find the eigenvalues and eigenfunctions.
Case A <0

Let —A = w?. Hence the ODE is X” — w?X = 0 and the solution becomes
X (x) = Cq cosh (wx) + Cy sinh (wx)
At x = 0 the above gives
0=C;

Hence the solution now becomes

X (x) = Cy sinh (wx)
Taking derivative gives

X’ (x) = wCy sinh (wx)

Atx=1L

0 = wC, cosh (wL)

But cosh (wL) is never zero. Therefore C, = 0 which leads to trivial solution. Therefore
A < 0 is not eigenvalue.

Case A =0



The space equation becomes X"’ = 0 with the solution
X=Ax+B

At x = 0 the above gives 0 = B. Therefore the solution is X = Ax. Taking derivative
gives X’ = A. At x = L this gives 0 = A. Which leads to trivial solutions. Therefore
A =0 is not an eigenvalue.

Case A >0
Starting with the space ODE, the solution is
X (x) = Acos (\/Xx) + Bsin (\/Xx)
Left B.C. gives
0=A

The solution becomes

X (x) = Bsin (\/Xx)
Taking derivative gives

X (x) = VAB cos (\/Xx)

Applying right B.C. gives

0 = VAB cos (\/XL)

For non trivial solution we want cos (\/XL) =0or

nrt
VA=—r  n=135-

Hence the eigenvalues are

A—(”N)Z =135
n — 2L n_///

Therefore the eigenfunctions are

. (nm
X, (x) = sin (—x) n=13,5,--

2L
Now that we found the eigenvalues, we can solve the time ODE (1).
T, +A,T=0
T, = B,e~ Mt
nm\2
= Bng_(ﬁ) t

Hence the fundamental solution is

u, (x,t) = X, T,
< o (nmo\ (12
u(x/t): _2 BnSID(Zx)e (ZL)t
n=135,

3)
From initial conditions
fx) = Z B, sin(n—nx)
n=1,3,5, 2L

Multiplying both sides by sin (%x) and integrating

(R T (R Y R P

n=135,"
Interchanging order of summation and integration and applying orthogonality between
cos functions results in

L . (mm L mn
Lf(x)sm(ﬁx)dx—f(; B,, sin (Ex)dx
L
:BmE



Therefore

_ %f:f(x)sm(’;—zx)dx

Therefore the solution is (3) becomes

2 & _(nm\2
u(x,t) = I E (f f(x) sm(—x) dx) sm(Z—Zx)e ()t
For L =1 the above becomes

=135,
u(x,t)=2 23:5 (f f (x)sin (—x) dx) sin (r%nx)e (5)

n=1

The above can be rewritten as

o =2 3 [ osin ()i 207 1555
n=0

2
(271;1)7‘[) is positive and assuming the integral is finite which is valid for

Ast — oo and since (

_(@n-1m\?
well behaved f (x) the solution then lim;_,, e ( 2 ) — 0 and the solution above becomes

tlim u(x,t)=0

This makes sense, since the right side of the bar is insulated, meaning no heat will escape
from that side, and the left side is at kept a zero temperature. Therefore after long time
the initial temperature distribution given by f (x) will reach equilibrium which is zero
temperature due to the left side kept at zero and since there are no external heat sources
or heat sinks.



2 Problem 4.1.7

A metal bar of length L =1 and thermal diffusivity y =1 is fully insulated, including its
ends. Suppose the initial temperature distribution is

IA
IA

—_— N

u(x,0) = f(x) ={

X
X

Nl—= O
IA
IA

1-x

(a) Use Fourier series to write down the temperature distribution at time ¢ > 0. (b) What is
the equilibrium temperature distribution in the bar, i.e., for > 0 ? (c) How fast does the
solution go to equilibrium? (d) Just before the temperature distribution reaches equilibrium,
what does it look like? Sketch a picture and discuss

Solution
2.1 Part (a)
Using L for the length to make the solution more general and at the end L is replaced 1.
du _ d%u
or ~ox
u, (0,6)=0
u, (L, 1) =0

u(x,0) = f(x)
Let u(x,t) = T(t) X (x), then the PDE becomes

Lpx=xrr
Y
Dividing by XT # 0
1T X"
yT X

Since each side depends on different independent variable and both are equal, they must
be both equal to same constant, say —A. Where A is assumed real.

177 X7
yT X
The two ODE’s generated are
T"+yAT =0 (1)
And the eigenvalue ODE
X"+AX =0 (2)
X' (0)=0
X' (L)=0

Starting with the eigenvalue ODE equation (2). The following cases are considered.
case A <0

In this case, —A is positive. Let —A = w2. Hence the ODE is X" — w?X = 0 and the solution
becomes

X (x) = C; cosh (wx) + Cy sinh (wx)
Therefore
X’ = Cy sinh (wx) + C, cosh (wx)
Applying the left B.C. gives
0=C,

Therefore the solution becomes X (x) = C; cosh (wx) and X’ (x) = C;sinh (wx). Applying
the right B.C. gives

0 = C; sinh (wL)

For non-trivial solution we want sinh (wL) = 0. But this is not possible since sinh is zero
when its argument is zero, which is not the case here. Hence only trivial solution results



from this case. A <0 is not an eigenvalue.
case A =0

The solution is
X(x)=cix+c
X' (x)=¢
Applying left boundary conditions gives
0=¢
Hence the solution becomes X (x) = c,. Therefore Z—)x( = 0. Applying the right B.C. provides
no information. Any ¢, will work. Therefore this case leads to the solution X (x) = c;.

Associated with this one eigenvalue, the time equation becomes T} (t) = 0 hence T (t) is a
constant. Hence the solution ug (x, t) associated with this A =0 is

Uy (x, t) = XOTO
= AO

where constant ¢, T, was renamed to % to indicate it is associated with A = 0. A = 0 is an eigenvalue

. . . A
with eigenfunction constant 70
case A >0

The solution is

X (x) = ¢ cos (\/Xx) + ¢y sin (\/Xx)
X' (x) = —clﬁsin (\/Xx) + CZ\/Z cos (\/Xx)

Applying the left B.C. gives
0= CZ\/X

Therefore c, =0 as A > 0. The solution becomes
X (x) = ¢y cos (\/Xx)
And X’ (x) = —c; VA sin (\/Zx) Applying the right B.C. gives
0= —cl\ﬁsin (\/XL)
c1 = 0 gives a trivial solution. Selecting sin (\/XL) = 0 gives

VAL=nn n=1,23,
Or

Therefore the eigenfunctions are
nmn
X, (x) = cos (Tx) n=1,2,3,:-
The time solution is found by solving
T, +yA, T, () =0
This has the solution
T, (t) = Aye7t

nr )2

= Ane_y(f !

n=1,2,3--
The solution to the PDE is
u, (x,t) =T, (t) X, (x) n=0,1,23,-



But for linear system sum of eigenfunctions is also a solution. Hence

u(x,t) =ug(x,t)+ i u, (x,t)
n=1

Ay NI\ (Y
= ?O +;=:1Ancos(fx)e AT
From the solution found above, setting ¢ = 0 gives

AO nrt
= — + An -
f(x) > ;;:1' Cos ( x)

Hence Ay, A,, are the Fourier cos coefficients for the function f (x). Doing an even extension

(1)

of f (x) from [-L, L], then 20 js the average of the function (x) over [-L, L]. But this average
> g g

2(%X%) 1 1.1
is seen as - =7 The term > X5 is the area of f (x) from [0, L].

Ay 1

2 4
For A,

1 L
A, = EﬁLf(x) coS (nfnx)dx
Replacing L =1 and using the definition of f (x) given above gives
1
A, = f f (x) cos (n_nx) dx
1 L
But f (x) is even (after even extending) and cos is even, hence the above becomes

A, = 2f1f(x) cos (nmx) dx
0

= 2(]E x cos (nmx) dx + ﬁl (1 = x) cos (nmx) dx]
0 3

=2 (fi x cos (nmx) dx + fll cos (nmx) dx — fll x cos (nmx) dx] (2)
0 2

2
But

b 1 b 1 b
f x cos (nmx)dx = — [xsin (nnx)]u -— f sin (n7x) dx
. nmn nnJd,

= 1 [x sin (nnx)]z + % [cos (nnx)]z (3)
nrt neTt

When a=0,b= % the above gives

1
5 1 1 1
fz x cos (nmx) dx = — [xsin (nmx)]§ + —— [cos (nmx)]§
0 nrt n=Tt

1 (1 . (nm 1 nm
- —sm(—) +—(cos(—)—1)
nm (2 2 ) n?m? 2

B 1 . (nm 1 nm
= S0 (7) T (COS (7) B 1)

1 . (nn 1 nm 1
BT (7) - 22 OO (7)  n2n2 )
And when a = %,b =1 (3) gives
1 1 : 1 1
f x cos (nmx) dx = — [xsin (nmx)]1 + —— [cos (nmx)]
% nm 7 NeT 2
1 (. (n70) 1 . (nn) N 1 [ (n70) (nn)]
= — |[sin — —sin|— — —cos|—
- [sin(nm) - s > 2.3 |08 (n7) — cos { —
1 . (nm 1 1 nm
= —5,—sin (?) + 2.7 C08 (nm) - 27 08 (7) (5)



Substituting (4,5) into (2) gives
A, 1 . (rm) N 1 (nn) 1
— = —sin|— |+ s5=scos|— |- =
2 2nm 2 n2m2 2 n2m2

1
+ ﬁ cos (nmx) dx

2

1 . /nw 1 1 nm
"2 sin (?) + py) cos (nm) — ) cos (?)

Or
A, 1 '(rm)_'_ 1 (nn) 1
— = —sin|— )+ —=—cos|— |- —=
2 " onn N\ 2 ) T 22 P\ 2 ) T e
0
1———— 1 . [nm
+ — sin (nm) — — sin (—)
nm nm 2
1 . (n=w 1 1 nm
+ 55 ( ) s €08 ) + 1 os ()
Or
A, 1 ,(nn)+ 2 (nn) 1 1 . (nn) 1 (n70)
— =|—sin|— |+ =—=cos|—]|- —=—= |- —sin|[— ]| - ——=cos(nn
2 nm 2 n2m? 2 n2m?| nn 2 n2?
nrm n
~ 2(:08(7) -1-(-1)
B n2m?

Therefore the solution (1) becomes, replacing L =1

A (o)

u(x, t) = ?O + E A, cos (nmx) eyt
n=1

1 © 2 cos (%)—1—(—1)"

=712 2,2

4 1 nem

cos (nmx) eVt (6)

2.2 Partb

From the solution (6) in part (a), since y > 0 then lim,_,, e’ = 0 and the solution
becomes

1
i ) ==
fim o) =
This is the average of the initial temperature distribution. This makes sense, since there

are no sources or sinks, and both ends are insulated. So all of the initial heat will remain
in the bar but will average evenly over the bar length at the average which is i.

2.3 Partc

. .1 .
due to the exponential decay term e’ and also having — term, the decay of the sum is

very fast. High frequency terms decay very fast since et << 1 for large n. Using y =1
only few terms are needed to show this. The solution goes to the average (the constant
term in the Fourier series) at exponential rate.

This will be shown explicitly in the next part by plotting the solution using y = 1 for
illustration.

2.4 Partd

The following shows how fast the initial temperature reach equilibrium i degree over the
whole bar. Using only 4 terms in the Fourier series, and using y =1, it took only 0.1 seconds.
Looking at the middle of the bar, where the initial temperature was highest at 0.5, we first
see that initial temperature which was not smooth, become instantaneously smooth. Then
it took 0.5 seconds for the temperature in the middle of the bar to go down to 0.3 degrees.
And the next 0.5 second to go down to 0.25. This shows that the initial decay was rapid,
then it slows down relatively until it reaches 0.25 degree which is the average then stops
there.



time =0. time =0.01 time =0.02
0.5 0.5 05
0.4 0.4 04
0.3 0.3 0.3
0.2 0.2 0.2 /\
0.1 0.1 0.1
00 02 04 06 08 10| 00 02 04 06 08 10| 00 02 04 06 08 10
time =0.03 time =0.04 time =0.05
0.5 0.5 05
0.4 0.4 0.4
0.3 0.3 0.3
0.2_/\ 0.2—/\ oAz—/\
0.1 0.1 0.1
00 02 04 06 08 10| 00 02 04 06 08 10| 00 02 04 06 08 10
time =0.06 time =0.07 time =0.08
0.5 0.5 0.5
0.4 0.4 0.4
0.3 0.3 0.3
=T | 1= |—— [ T (T T 1
0.1 0.1 0.1
00 02 04 06 08 10| 00 02 04 06 08 10| 00 02 04 06 08 10
time =0.09 time =0.1 time =0.11
0.5 0.5 05
0.4 0.4 04
0.3 0.3 0.3
0.2 0.2 0.2
0.1 0.1 0.1
00 02 04 06 08 10| 00 02 04 06 08 10| 00 02 04 06 08 10
Figure 1: Plot showing solution in time
ufx_, t_, max_] :=
4l+25um[ nzl - (ZCos[nT"] -1- (_1)") Cos[nnx] Exp[- n*n2t], {n, 1, max}];
bis

p = Grid[Partition[Table[Quiet@Plot[u[x, t, 4], {X, O, 1}, PlotRange -» {Automatic, {0, ©.5}},
GridLines - Automatic, GridLinesStyle - LightGray, PlotStyle - Red,
PlotLabel -» Row[{"time =", t}11, {t, @, .11, ©.01}], 3], Frame » All];

Figure 2: Code used for the above plot
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3 Problem 4.1.10c

For each of the following initial temperature distributions, (i ) write out the Fourier series
solution to the heated ring (4.30-32), and (ii ) find the resulting equilibrium temperature
as t— oo (c) u(x,0) = x|

Solution

3.1 Partl
The heated ring is given by 4.30-4.32 as solving for u (x, t) in

Up = Uy -n<x<mt>0
With periodic BC
u(-m,t) =u(mn,t)
uy (-7, t) = u, (11, t)
And initial conditions u (x,0) = f (x) = |x|. As given in the text, the Fourier series solution

is (4.35)

a — .
u(x,t) = ?0 + Z (a, cosnx + b,, sin nx) et
n=1

Since f (x) is even, then all b, = 0.

1 7T
aO:;f F(x)dx
2 7T
=—f xdx
TJo

21

7T
=22l
=7

And
a, = %f;f(x) cos (nx) dx

2 TC
=— f x cos (nx) dx
TJo

0
—_—

. T .
2 | | xsinnx 7 sin nx
= — - dx
T nmo | 0 nm

2(1
== (— [cos nx]g)
n\nmn

2
= (cosnm—1)
Tt

2 n
- (e

Hence the solution becomes

2 & (-1 -1
u(x,t) = g t 3 2:1 ( )n cos (nx) et
n=

3.2 PartlIl
From the solution above, we see that
. e
}Lrono u(x,t) = >

Which is the average of the original temperature distribution.



11

4 Problem 4.1.16

The cable equation v; = yv,, — av with y,a > 0, also known as the lossy heat equation,was
derived by the nineteenth-century Scottish physicist William Thomson to model propaga-
tion of signals in a transatlantic cable. Later, in honor of his work on thermodynamics,
including determining the value of absolute zero temperature, he was named Lord Kelvin
by Queen Victoria. The cable equation was later used to model the electrical activity of neu-
rons. (a) Show that the general solution to the cable equation is given by v (x, ) = e™*u (x, t)
where u (x, t) solves the heat equation u; = yu,,.

(b) Find a Fourier series solution to the Dirichlet initial-boundary value problem v; =
YU, —av, with initial conditions v (x,0) = f (x) and boundary conditions v (0,f) =0,v(1,£) =0
for 0 <x <1,t > 0. Does your solution approach an equilibrium value? If so, how fast? (c)
Answer part (b) for the Neumann problem

UV = YUypy — Q0 0<x<1,t>0
With initial conditions

v(x,0) = f(x)

And B.C.
v,(0,)=0
v, (1,t)=0
Solution
41 Partc

Part (a,b) were solved in HW5 so we only need to solve part c here.

Using separation of variable, let v = T (t) X (x) where T (¢) is function that depends on time
only and X (x) is a function that depends on x only. Using this substitution in (1) gives

T'X = yX'T - aXT
Dividing by XT # 0 gives
177 a X"
Ty
Where A is the separation constant. The above gives two ODE’s to solve
X"+AX =0
X' (0)=0
X' (1)=0 (2)
And

T"+aT+AyT =0
T +(a+Ay)T=0 (3)

ODE (2) is the boundary value ODE which will generate the eigenvalues and eigenfunc-
tions.

case A <0
Let —A = w?. The solution to (2) becomes

X = ¢; cosh (wx) + ¢, sinh (wx)

X’ = wcy sinh (wx) + wc, cosh (wx)
Atx=0

OZCI}CZ
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Therefore ¢, = 0. The solution becomes
X = ¢y cosh (wx)
X’ = wcq sinh (wx)

At x =1 this gives 0 = wc; sinh (w). But sinh (w) = 0 only when w = 0 which is not the case
here. Hence c; = 0 leading to trivial solution. Therefore A < 0 is not eigenvalue.

case A =0

The solution is X (x) = ¢;x + ¢; and X’ = ¢;. At x = 0 this gives 0 = ¢;. Hence solution is
X =c; and X’ = 0. At x =1 this gives 0 = 0. Therefore any ¢, will work. Taking c, =1 the
eigenfunction is X (x) =1 and A = 0 is eigenvalue.

case A >0

Solution is

X (x) = ¢q cos (\/Xx) + ¢y sin (\/Xx)
X' (x) = \/Xcl sin (\/Xx) + cz\ﬁ cos (\/Xx)

At x = 0 this results in 0 = ¢,¥/A. Hence ¢, = 0. The solution now becomes The above now
becomes

X (x) = ¢ cos (\/Zx)
X’ (x) = —¢; sin (\/Xx)

Atx=1

0 = —c;sin (\/X)

For non-trivial solution we want sin (\/X) =0 or \/X =nmn,n=1,2,---. Hence
A, = n®m? n=1,2,--
And the corresponding eigenfunctions
X, (x) = cos (nmx) (4)
Now we can solve the time ODE (3). For the zero eigenvalue, (3) becomes
T"+aT =0
With solution
To( = 0t

And for the non zero eigenvalues A, = n?7? the ODE (3) becomes

T’+(0c+n Tt ;/)Tz()
With solution

T, () = A, e—(a+n2n2y)t

The general solution is linear combination of the above
v(x,t) = —e + E A, e ey o (nmtx) (6)
At t = 0 the above becomes
fx)=— 0 4 Z A,, cos (n7mx)

We see that A, are the cosine Fourier coefﬁc1ents of f(x), after even extending f (x) to

[-1,1], the period of f(x) becomes 2 giving
1
Ay = f () dx
-1
1
=2 f F () dx
0
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And
1
A, = d
" f_ ) f (x) cos (nx) dx

= 2f01f(x) cos (nx) dx

Using the above in solution (6) gives

v(x,t) = ( f 1 f(x) dx) e 42 i ( f l f (x) cos (nx) dx) @) g (nmx)
0 n=1 0

2.2
To find equilibrium, we let t — oo then ¢~ (*"7)'

the above becomes

— 0 and also e because a,y > 0 and

Vgq (x,£) =0
_ 2.2
The decay is fast due to e (477 5.1 for large n. Hence it is exponential decay. Solution
each equilibrium value of 0 where it remains there.
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5 Problem 4.2.3d

Write down the solutions to the following initial-boundary value problems for the wave
equation in the form of a Fourier series

Upy = 4ilyy 1)
With boundary conditions
u(,t)=0
ul,)=0
And initial conditions
u(x,0)=x
u; (x,0) = —x

Solution

To make the solution more general and useful, the length is taken as L and initial conditions
u(x,0) = f (x) and u, (x,0) = ¢ (x) and c? = 4, and then at the end these are replaced by the
actual values given in this problem which are L =1, f (x) = x,g (x) = —x,¢? = 4.

Hence the PDE to solve is uy; = c?u,, with BC u(0,t) = 0,u(L,0) = 0 and u(x,0) =
f @), u;(x,0) = g (x).

Using separation of variables, let u = X (x) T (). The PDE becomes

T/IX .
2 = X"'T
1 T’/ 3 X/I 3 /\
AT X
Where A is separation constant. Hence the eigenvalue ODE is
X"+AX=0 (2)
X(0)=0
X(L)=0
And the time ODE is
T +2AT =0 (3)

Starting by the eigenvalue ODE to determine the eigenvalues and eigenfunctions.
Case A <0

Let —A = w?. Hence the ODE is X” — w?X = 0 and the solution becomes
X (x) = C; cosh (wx) + Cy sinh (wx)
At x = 0 the above gives
0=C;
Hence the solution now becomes
X (x) = Cy sinh (wx)
At x = L the above gives
0 = Cysinh (wL)

But sinh is zero only when its argument is zero which is not the case here. Therefore C, =0
which leads to trivial solution. Therefore A <0 is not eigenvalue.

Case A =0
The space equation becomes X" (x) = 0 with the solution
X=Ax+B

At x = 0 the above gives 0 = B. Therefore the solution is X = Ax. At x = L this gives 0 = AL.
Hence A = 0, which leads to trivial solutions. Therefore A = 0 is not an eigenvalue.

case A >0
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The solution to the above ODE now is
X (x) = Acos (\/Zx) + Bsin (\/Xx)
Since X (0) = 0 then A = 0 and the solution becomes
X (x) = Bsin (\/Kx)

Since X (L) = 0 then for non trivial solution we want sin (\/XL) =0 or VAL = nm or

nm\?
I

Hence the eigenfunctions are
. (nm
X, (x):sm(Tx) n=1,2,3,--

The time ODE (3) now becomes
2
nr
T + c? (—) T=0
+c T
Which has the solution
nmn . ( nm
T (t) = B,, cos (cft) + A, sin (cft)
Therefore the complete solution becomes
— nm nm nm
0= 33 (Brcos (et) 4y sin e Jin () :
u(x,t) Z:l(ncoscL +nsmcL sin Lx (4)

Now we can replace the given values in the above solution which gives

u(x,t) = i (B, cos (2nmt) + A,, sin (2n7t)) sin (n7mx) (4A)
n=1

At t = 0 the above becomes

f(x) = i B,, sin (nmx) dx

n=1
Hence B, are the Fourier sine coefficients of f (x) = x. After odd extending f (x) to [-1,1]
we obtain

1
B, :f f (x) sin (n7mtx) dx
-1
1
=2 f f (x) sin (n7mtx) dx
0
1
:2f x sin (nmx) dx
0
-1 .1
=2|—[xcos rmx]0 + —f cos nmxdx
nrt nrm Jo

-1 1
=2 (— (cosnm) + —— [sin nnx](l))
nm n?n

2 (-1)"
- onm
To find A,, taking time derivative of (4A) gives

u (x,t) = 2 (=B, 2nmtsin (2nmtt) + 2nmA,, cos (2nmt)) sin (n7mx)
n=1
At t = 0 the above becomes, using the initial conditions where g (x) = —x

g(x) = i (2nmA,) sin (nmx)

n=1



The above is the Fourier sine series for g (x). By odd extending —x to [-1,1] then

1
2nmA, = f g (x) sin (n7x) dx
-1

= 2f1g(x) sin (nmx) dx
0

1
=-2 f x sin (nmx) dx
0

1 1 !
=-2 (—— [x cos (nnx)]cl] + —f cos (nmx) dx)
nrt nrt Jo

0
—_—

1
= -2|——cos(nm) + —— [sin (nmc)](lJ
nmn n?mn

= i [cos (nm)]
nm

_2(=D”
- nrt

Therefore

G

An = n2m?
Now that we found A,, B,,, then the solution (4A) is

u(x,t) = i (_27(1;11) cos (2nmit) + 51_2177)2 sin (2nnt)) sin (nmx)
n=1

o] _1 n
= E 512 )2 (sin (2n7tt) — 2nm cos (2ntt)) sin (nmx)
n=1 t

16



17

6 Problem 4.2.4b

Find all separable solutions to the wave equation u; = u,, on the interval 0 < x < 7 subject
to (b) Neumann boundary conditions u, (0,¢) = 0, u, (7, ) = 0.

Solution

Using separation of variables, let u = X (x) T (). The PDE becomes

T"X =X"T
m_X__
T X
Where A is separation constant. Hence the eigenvalue ODE is
X"+AX =0 (2)
X' (0)=0
X' (m)=0
And the time ODE is
T" +AT =0 (3)

Starting by the eigenvalue ODE to determine the eigenvalues and eigenfunctions.
Case A <0

Let —A = w?. Hence the ODE is X” — w?X = 0 and the solution becomes
X (x) = Cq cosh (wx) + Cy sinh (wx)
X’ (0) = Cyw sinh (wx) + Cow cosh (wx)
At x = 0 the above gives
0=C,
Hence the solution now becomes
X (x) = C; cosh (wx)
X’ (x) = Cyw sinh (wx)
At x = 7 the above gives
0 = Cywsinh (wmn)

But sinh is zero only when its argument is zero which is not the case here. Therefore C; = 0
which leads to trivial solution. Therefore A <0 is not eigenvalue.

Case A =0

The space equation becomes X" (x) = 0 with the solution
X=Ax+B
X'(x)=A
At x = 0 the above gives 0 = A. Therefore the solution is X = B. Therefore X’ =0. Atx =7

this gives 0 = 0. Therefore any value of B will work. Using the constant as 1, then the A =0
is an eigenvalue with corresponding eigenfunction X, = 1.

case A >0
The solution to the above ODE now is

X(x) = Acos (\/Zx) + Bsin (\/Kx)

X' (x) = ~AVAsin (\/Xx) + BVA cos (\/Xx)
Since X’ (0) = 0 then B = 0 and the solution becomes

X(x) = Acos (\/Xx)
X' (x) = ~AVAsin (\/Xx)
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Since X’ () = 0 then for non trivial solution we want sin (\/Zn) =0 or \/Xn = nm or
A, =n? n=123,--
Hence the eigenfunctions are
X, (x) = cos (nx) n=1,2,3,-
The time ODE (3) is now solved. For A = 0 it becomes T” = 0. Hence the solution is
Ty (t) = %t + % and for A, = n? it becomes
T/ +n?T, =0
Which has the solution
T, (t) = A, cos (nt) + B,, sin (nt)

Therefore the complete solution becomes
Ag

——— ;—'—2 b
u@, =Xy To + ), X.Ty

n=1

By
1 7t+

B A —
=24+ 20 2 (A,, cos (nt) + B,, sin (nt)) cos (nx) (4)
2 2
To find Ay, By, A, B, we need initial conditions which are not given. I was not sure if we
are supposed to assume such initial conditions or not in order to continue. If so, then

assuming u (x,0) = f (x) and u; (x,0) = g (x), then at t = 0 the above becomes

_A Ly
f(x) = > +Z:1Ancos(nx)

n=1

Hence A, are the Fourier cosine coefficients of f (x). After even extending f (x) to [-7, 7]
we obtain

Ay = %j:nf(x)dx

2 TC
- %fo f () dx
And

1 7T
A, = - f f (x) cos (nx) dx

2 T
=— f f (x) cos (nx) dx
TJo
To find B,,, taking time derivative of (4) gives
B o0
uy (x, t) = ?0 + Z (-nA,, sin (nt) + nB,, cos (nt)) cos (nx)
n=1

At t = 0 the above gives

B (o]
g(x) = ?0 + nz::l nB,, cos (nx)

Hence was done above for Aj, A, we obtain

2 T
By = %j(; g (x)dx
And
2 T
nB, = —f g (x) cos (nx) dx
TJo

2 d
B, = Ej; g (x) cos (nx) dx

Now that we found A, B,,, then the solution (4) is

1 [ 1 [
u(x,t):t(;fo g(x)dx)+(;fo f(x)dx)

+§::1 (% fonf(x) cos (1nx) dx) cos (nt) + (% foﬂg(x) cos (nx) dx) sin (nt)]cos (nx)




u(x,t):t(

Al
=

mMg

—_

ng(x)dx) + (% j(;nf(x)dx)

(n cos (nt) f i f (x) cos (nx) dx + sin (nt) f ' g (x) cos (nx) dx) cos (nx)
0 0

Q-

19
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7 Problem 4.2.6

(a) Formulate the periodic initial-boundary value problem for the wave equation on the
interval - < x < 7, modeling the vibrations of a circular ring. (b) Write out a formula for
the solution to your problem in the form of a Fourier series. (c) Is the solution a periodic
function of t? If so, what is the period? (d) Suppose the initial displacement coincides with
that in Figure 4.6, while the initial velocity is zero. Describe what happens to the solution
as time evolves.

Solution

71 Parta
Solving for u (x, t) in
Uy = CPlyy 1)
With periodic boundary conditions
u(-m,t) =u(mn,t)
Uy (=1, 1) = u, (11, )

And initial conditions

u(x,0) = f (x)

up (x,0) = g (x)

7.2 Partb
Using separation of variables, let 1 = X (x) T (f). Substituting in (1) gives

1
ST"X =X"T
c

1 _ X,
2T X
Where A is the separation variable. This gives two ODE’s to solve. The time ODE
T” + 2AT =0 (2)
And the eigenvalue ODE
X"+AX=0 (3)

case A <0

Since A <0, then -A is positive. Let u = —A, where i is now positive. The solution to (3)
becomes
X (x) = c1eVF + e VIT
The above can be written as
X (x) = ¢q cosh (\/ﬁx) + ¢y sinh (\/ﬁx) (4)
Applying first B.C. X (-7n) = X (n) using (4) gives

cq cosh (\/ﬁn) + ¢y sinh (—\/ﬁn) = ¢; cosh (\/ﬁn) + ¢y sinh (\/ﬁn)
¢y sinh (—\/ﬁn) = ¢, sinh (\/ﬁn)

But sinh is only zero when its argument is zero which is not the case here. Therefore the
above implies that c, = 0. The solution (4) now reduces to

X (x) = ¢q cosh (\/ﬁx)
Taking derivative gives
X’ (x) = cyy/usinh (\/ﬁx)
Applying the second BC X’ (-n) = X’ () the above gives
c14/p sinh (—\/ﬁn) = c14/psinh (\/ﬁx)

But sinh is only zero when its argument is zero which is not the case here. Therefore
the above implies that c; = 0. This means a trivial solution. Therefore A < 0 is not an
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eigenvalue.
case A =0
In this case the solution is X (x) = c¢; + cox. Applying first BC X (-n) = X () gives
C1— CpTU =C1 + CoTt
—CpTl = (T

This gives ¢, = 0. The solution now becomes X (x) = ¢; and X’ (x) = 0. Applying the
second boundary conditions X’ (-7) = X’ () is not satisfies (0 = 0). Therefore A = 0 is an
eigenvalue with eigenfunction X, (0) =1 (selected c; =1 since an arbitrary constant).

case A >0
The solution in this case is

X (x) = ¢q cos (\/Zx) + ¢, sin (\/Xx) (5)
Applying first B.C. X (-n) = X (n) using the above gives

1 COS (\/Xn) + ¢y sin (—\/Xn) = (1 COS (\/Xn) + ¢y sin (\/Xn)
Cy sin (—\/Xn) = Cp sin (\/Xn)

There are two choices here. If sin (—\/Zn) # sin (\/Zn), then this implies that ¢, = 0. If
sin (—\/Xn) = sin (\/Zn) then c, # 0. Assuming for now that sin (—\/Zn) = sin (\/Xn) This
happens when \/Xn =nn,n=1,2,3,---, or

A, = n? n=1,23--

Using this choice, we will now look to see what happens using the second BC. The solution
(5) now becomes

X (x) = ¢q cos (nx) + ¢, sin (nx) n=1,23,--
Therefore
X’ (x) = —cynsin (nx) + con cos (nx)
Applying the second BC X’ (-n) = X’ () using the above gives
cimnsin (nm) + cyn cos (nnt) = —cynsin (nm) + cyn cos (nmn)
cinsin (nm) = —cynsin (nm)
0=0
Since # is integer.

Therefore this means that using A, = n? has satisfied both boundary conditions with
¢y # 0,c1 # 0. This means the solution (5) becomes

X, (x) = A,, cos (nx) + B,, sin (nx) n=1,2,3,-
The above says that there are two eigenfunctions in this case. They are
cos (nx)
Xy () =1 .
sin (nx)
Since there is also zero eigenvalue, then the complete set of eigenfunctions become
1
X, (x) =4 cos(nx)
sin (nx)

Now that the eigenvalues are found, we go back and solve the time ODE. Recalling that
the time ODE (2) from above was found to be

T” + 2AT =0

When A = 0 this becomes T” = 0 with solution T, (t) = At + B. When A, = n?> the ODE
becomes T” + c?n?T = 0 with solution

T, (t) = C, cos(cnt) + E,, sin (cnt)



Adding all the above solutions using u,, (x,t) = X, (x) T,, (t) gives the final solution as

u(x,t) = Xo () To () + Y, X, (0) T, ()

n=1
= At+B+ E (cos (nx) + sin (nx)) (C,, cos (cnt) + E,, sin (cnt))
n=1
Or
u(x,t)= At+B
+ Z (C,, cos (cnt) + E,, sin (cnt)) cos (nx)
n=1
+ 2 (C,, cos (cnt) + E,, sin (cnt)) sin (nx)
n=1
7.3 Partc
The solution is periodic in time. To find the period, solving ct = Z%t for T gives
271
T=—
c

7.4 Partd

22

The solution will behave similar to the one on page 148 initially, where initial conditions
splits in half, one half moving left and one moving right until each half reach the boundary
conditions. But now, each half wave reflects off the boundary staying upside and starts
moving back toward the middle again, until the two halves reunite again to reproduce the

same initial conditions shape. This process then repeats again and again.

So the difference between periodic boundary conditions, and having ends fixed as the case
in Figure 4.6, is that when ends are fixed, the two half waves reflect upside down at the
boundaries, while here they do not not. The solution above was animated and plotted
showing this. Initial conditions used is small triangle similar to one used in Figure 4.6 with

zero initial conditions and using c =1 for speed. The following is the result
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time: 0 time: 0.48 time: 1
0. 0.4} 0.4}
i /Qi/\ N i /\
- _n n |- _r il P _r r T
2 o2 z 02 2 - 2
-0.4 -0.4 -0.4
time: 2.48 time: 3 time: 3.15
0.4} 04+ 04F
- _n i |- _r il ml-r _n Lid T
2 o2 z 02 2 - 2
-0.4 -0.4 -0.4
time: 3.3 time: 3.55 time: 4
0.4} 04} 0.4}

\ 0.2} / j\ 0.2} /\ /\ 0.2} /\
- _ i Jra s _r il ml-r _r Lid e
2 o2 z 2 o2 2 2 02 2

-0.4 -0.4 -0.4
time: 5.35 time: 5.94 time: 6.36
0.4 0.4 0
JANDAN Ja\ i
- o i |- _I Ld |- _n Lid e
2 02!l 2 2 02 2 2 _02l 2
-0.4 -0.4 -0.4

Figure 3: Plot showing solution in time, Periodic B.C.

In the above at t = 3.15 sec. is when each half wave reaches the boundary at x = -7 and
x = 7. At t > 3.3 the waves half reflects and are starting to moving back towards the center.
At t = 6.36 the initial conditions shape is reconstructed again. For higher times, the above
motion repeats.
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8 Problem 4.2.14c

Sketch the solution of the wave equation u;; = u,, and describe its behavior when the initial
1 1<x<2

displacement is the box function u (x,0) = )
0 otherwise

while the initial velocity is

0 in each of the following scenarios (c) on the half-line 0 < x < co, with homogeneous
Neumann boundary condition at the end.

Solution

u(z,0)

1.2+

. 0: Initial conditions f(x)
o | |
r I |
L | |
0.8+ ! I
L I I

I
i ‘ |
0.6 ! !
L | |
[ | |
L I I
04} Ou _ 0 : :
b Ox I I
[ I I
[ I I
0.2+ 1 1
r I I

I
. I

| T TR S (R SR S T | S W W T | | | x
0.0 0.5 1.0 15 2.0 25 3.0

Figure 4: Initial conditions

Let f (x) = u(x,0) and let g (x) = u; (x,0) = 0. Since the boundary condition is homogeneous
Neumann, then f (x) is even extended to make it periodic with period 4. This is done so
we can use d’Alembert solution which is valid for unbounded domain. Let f (x) be the new
periodic initial conditions as shown the in the following diagram.

0.6 -
04+

0.2+

3

I L
-4 -2 0

Figure 5: Initial conditions

With the new periodic initial conditions, we now can apply d’Alembert solution

_ 1, .
() = (Fac—ct)+ fx+ct)
Since ¢ =1 then above becomes
1, ~
i, t) = (Fle—t)+ e+ )
We will use the solution from above only for x > 0 since that is the physical domain.

The solution will starts by splitting each packet into 2 halves. One that move to the right
and one that move to the left. When the half that moves to the left reach x = 0, at that
same time the half wave that was moving to the right from x < 0 arrives. And they pass
through each others. This appears as the wave half deflecting off x = 0 turning around,
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remaining upright, and starts to move to the right behind the half that was moving to the
right from the start. So we end up with 2 half waves moving to the right after that. This is
sketch of what happens in time.

time: 0 time: 0.27 time: 0.7
10 = 1.0t 1.0t
0.8 0.8 0.8
0.6 0.6 0.6
0.4} 0.4} 0.4}
0.2} 0.2} 0.2+
0 2 4 6 8 10 0o 2 4 6 8 10 0o 2 4 6 10
time: 1.07 time: 1.82 time: 2.25
1.0 1.0t 1.0
0.8} 0.8} 0.8}
0.6} 0.6 0.6}
041 0.4 0.4 1
021 0.2 0.2
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 10
time: 2.94 time: 3.8 time: 5.41
1.0+ 1.0t 1.0t
0.8F 0.8 0.8
0.6 0.6 0.6
0.4} 0.4} 0.4}
0.2} 0.2 0.2+
0 2 4 6 8 10 0o 2 4 6 8 10 0 2 4 6 10
time: 8 time: 9 time: 11
1.0 1.0t 1.0
0.8} 0.8} 0.8}
0.6 0.6 0.6
041 04r 0.4r
0.2} 0.2f 0.2+
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 10

Figure 6: sketch of solution over time

pde =D[u[x, t]1, {t, 2}] ==D[u[x, t], {x, 2}1;
f[x_] :=Piecewise[{{1, 1< Xx < 2}, {0, True}}];
fbar[x_] := If[-3<x< -1, fbar[x+4], f[x]];
ufx_, t_] :=1/2 (fbar[x-t] +fbar[x+t]);
Table[Plot[u[x, tO], {x, @, 10}, PlotRange » {Automatic, {0, 1.02}},
GridLines - Automatic, GridLinesStyle - LightGray,
PlotStyle -» Red, PlotLabel -» Row[ {"time: ", t0}],
PlotPoints - 40, Exclusions - None],
{te, {0, 0.27, 0.7, 1.07, 1.82, 2.25, 2.94, 3.8, 5.41, 8, 9, 11}}];
p = Grid[Partition[%, 3], Frame - All];

Figure 7: Code used for the above
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9 Problem 4.2.22

Under what conditions is the solution to the Neumann boundary value problem for the
wave equation on a bounded interval [0,1] periodic in time? What is the period?

Solution

By even-extending the initial displacement and initial velocity to [-1,1] and then repeating
this again for the whole line —co < x < o0, and then using the d‘Alembert solution, then the
resulting solution u (x, t) will always be periodic since initial conditions are periodic. The
period of the solution will 2L in x, where L =1 here. Hence period is 2 in x.



27

10 Problem 4.2.25

Write down a formula for the solution u(x, t) to the initial-boundary value problem u;; = 4u,,
with boundary conditions

u,(0,t) =0
U, (m,t) =0
And initial conditions
u(x,0) =sinx
u(x,0)=0
ForO<x<mt>0

Solution

Since boundary conditions are Neumann, then to use d‘Alembert solution, we start by
even extending both initial position u (x,0) = sin (x) and initial velocity (which is zero here)
to be even over [-7, t]. Next we duplicate this over the whole line —co < x < co. Now we are
able to use d‘Alembert solution to solve the wave equation. The solution will be periodic
with period 27t in x. Let f (x) = sinx and let f (x) be its even periodic extension such that

f=x)=f(x)
f(x+2n) = f(x)
f(x—2n) = f(x)
Hence the solution is
i(x,t) = % (fac—ct)+ Fx+ct)
But ¢ = 2 therefore the above becomes
(x,t)= % (sin (x — 2t) + sin (x + ct))

The actual solution we want is over [0, 7] from the above since that is the physical domain
of the original problem.
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