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1 Problem 3.2.34

If f(x) is odd, is f’ (x) (i) even? (ii) odd? (iii) neither? (iv) could be either?

solution
Answer is (i), even.
Proof: Since f (x) is odd, then by definition
f)=—=f(=x)
For all x in the domain of f (x). Taking derivatives w.r.t. gives
[f@] =[-f 0]

Applying the chain rule to RHS gives —f’ (-x) (-1) = f’ (—x) and the LHS gives f’ (x). Hence
the above becomes

[ () = £ (=x)
But by definition g(-x) = g (x) implies an even function. Hence the says that f’ (x) is an
even function.



2 Problem 3.2.37

True or False. (a) If f (x) is odd, its 27t periodic extension is odd. (b) if the 27 periodic
extension of f(x) is odd, then f (x) is odd.

solution
2.1 Parta
True.

To show this, will use an illustration. In this illustration, and to reduce confusion, let f (x)
represents the original odd function defined over —n < x < 7 and let g(x) represents the
2n periodic extension of f (x). For illustration, used the odd function f (x) = x.

fxi g(x) (periodic extension of f(x)
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Figure 1: Showing f(x) and its 27t extension

To show that g (x) is odd, we pick any point x and now we need to show that g(-x) = —g (x)
or g (x) = —-g(—x).
On the right side of the x axis, g(x) = f (x —n(2m)) where n is positive integer due to the

21t extension. In the above illustration n = 1 but it can be any positive n. Let the point
x —n(2m) = z. Hence now we have the following diagram

f(z) = g(x)
1) 9()
< 2T
%l- i » T axis
35 /21 -7 0 A7 ot T gl T

z =z —n(2n)

Figure 2: showing g(x) = f(x — 2nmn)

Where f (z) = g (x). But we are given that f (x) is odd. Hence f (z) = —f (-z). On the negative
side of the x axis, we do the same we did on the positive side. Since the left side of f (x)
was also 27 extended, then g (—x) = f (-x + n(2n)) = f (-2)

T axis

z=x —n(2m)

Figure 3: showing g(—x) = f(-z)



In conclusion, from the above we see that

g(-x) = f(-2)

But f (-z) = —f (z) since f is odd. Hence the above becomes
g(-=x)=-f()

But f (z) = g(x) as shown in the first illustration, hence the above becomes
§(=x)=-g()

Which shows that g (x) is odd.

Since g (x) is the 27 periodic extension of f (x). This is what we asked to show.

2.2 Partb
(b) True. Proof by contradiction. Since g (x) is odd, then we know that
g(-x) =g (x)
We also know that by the 27t extension of f (x) that
f2)=g )

Where we are using the same diagrams from part (a). Where z = x — 2nm. Now, let us
assume that f (x) is even. Then this means that

fz)=f(-2)
But the 27t extension on the left side of the x axis, then we conclude that
g(=x) = f(-2)
Which means that
g(=x) = f(2)
=g ()

But this means g (x) is even, which is a contradiction, since g(x) is odd. Hence f (x) can
now now be even.

Only other choice is that f (x) is neither odd or even, or an odd function. Let us now

O<x<
assume is neither. For example, take f (x) = x ren . Then following the above
0 -n<x<0
argument, we see that
g =f(2)

But now f (-z) = 0, then by 27t extension of the left, then g (-x) = f (-z) = 0. But this means
that g (-x) # —g(x) which is not possible since g (x) is odd. The only other choice left is
that f (x) is odd. Which is what we are asked to show.



3 Problem 3.2.40a

1
: : : . : x| < >m
Find the Fourier series and discuss convergence for (a) the box function b (x) = 1 2
0 5T < x| < 7
solution
0.8;
0,6}
0.4}
02}
Figure 4: plot of b(x)
a [oe]
b(x) ~ 2y 2 a, cos nx + b, sin nx
2 &
n=1
But 2 is the average of the function over its 2 domain. Hence L_Te_ T 1, and
2 2 21 21 2
1 TT
a, = — f f (x) cos (nx) dx
Tt =Tt

1
1 5T
= —fz cos (nx) dx
T _%n

1
2 =T
= —fz cos (nx) dx
TJo

= 2 Isin (nx)1Z
m

2 . (nn)
= —sin|[—
2

And since the function is even, then all b, = 0. Hence
1 & 2 n
b(x)~ =+ E —sin(—n) cos nx
2 Mmn 2

To verify the above solution, it is plotted against b (x) for increasing number of terms.
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Figure 5: plot of Fourier series approximation to b(x)

p = Table[
Plot[{f[x], fs[x, max]}, {x, -Pi, Pi}, PlotStyle -» {Blue, Red},
Ticks -» {Range[-Pi, Pi, Pi/ 2], Automatic},
GridLines » {Range[-Pi, Pi, Pi/ 4], Automatic},
GridLinesStyle - LightGray,
PlotRange » {Automatic, {-.2, 1.2}},
PlotLabel » Row[{"Terms = ", max}]
]
>
{max, 0, 16, 2}
15
p = Grid[Partition[p, 3], Frame - All]

Figure 6: Code used for the above plot

Since there are jump discontinuities in the function b (x), this will cause Gibbs effect at
those points. This also implies that the convergence is not uniform. Fourier series will

converge to each x where the function is continuous, but it will converge to the average of
b (x) at those points where there is a jump discontinuity.

In this case at —% and % in the fundamental domain given as shown in the plots above. At

. . . 1
those points, Fourier series converges to 5



4 Problem 3.2.54

1 1 1 coshx  ef+e™™
Prove that cothmt = = + (1+12 tEtoE T -), where cothx = —— = ——
solution
The complex Fourier series of e* is
e’ = lim E c, e (1)

N—ooo
n=—N

1 T ‘
C, = 7 f eXe "X dx
s
- f ex(l—zn)dx
2 J_;
1 ex(l—in) I
"2 | 1-in ]_n
N Zil 1in [ere ]
Tl — -7t
11
- 2nl-

But "™ = cos (nm) and also e = cos (n7) since n is integer. The above simplifies to

Where

Tp=iNTL _ oM pinTe ]

1 cos (nn)
TR 1-
But e™ — ¢™™ = 2sinh (7). Therefore
1 cos(nn)
TR 1-
_ 1cos (nn) sinh ()

le™ —e™]

[2 sinh (77)]

1-in

_ 1 cos(nm)sinh (7)) (1 +in)

B 1-in 1+in

(1 +in)
1+ n2

=

=3

= — cos (nm) sinh (7'()
T

(—1)” sinh ( )(1+zn)

Substituting this back into (1) gives

. (-1)" (1 +in)
X — ] nh pinx
¢ Nl—rgon:E_N sinh(m) T/ 1+m2°

_ sinh (71) E (cpyr &L (1 +in) pin

U N—> oz T2’

Atx=mn

— (e” + ™) = cosh ()

1 (sinh (n) » (L+in) Gin 4 sinh (n) N " (1 + in) pinm

5( N—>oo E D Tt NI E_ e )_COSh(T()
1 sinh (n) T ()’ (1 +zn) g EN wAtin)
5 T (N—)oonz_ - 1) ( 1) 1+n Tim )_ cosh (T()



But ¢"™ = cosnmt = (-1)" and e ™ = cos t = (-1)". The above becomes

1sinh(n) [, LA+in) N L (1 +in)
2 x (z\lfl—rgo n:Z—N (1 1+n? - z\lil—rgo n:Z—N (-1 1+ n? ) = cosh (m)
1 sinh (1) ( I i 1 +in) i (1 + in)

li = cosh
2 n 1+ n? +Nl—r>%on:_N1+n2) cosh ()
sinh (n) N (1+in)

li = h
T Nl—rgon:E_N T+ % (m)

sinh (7)) { .. N 1 - N n
- (hm 2 1+n2+lhm E o = cosh (1)

N—ooo N—ooo
n=

-N n=-N

N—-ooo

n=-N

N n
n=-N 1+n2

But limy_,o, X 0 by symmetry. The above simplifies to

. N
sinh () lim E

s N—ooo NN
1 i 1 cosh(n)
e 1+n2  sinh(n)

n=—00

To- cosh (1)

coth ()

Therefore

+ 2(_L + L + ! +
o om\1+12 1422 1432
Which is what the problem asked to show.



5 Problem 3.2.60

Can you recognize whether a function is real by looking at its complex Fourier coefficients?
solution

Yes. If complex Fourier coefficients come in conjugate pairs such that c_, = ¢, and ¢ is

real. (co should always be real, since this represents the average energy at the zero (D.C.)
frequency, hence must be real quantity).

f(x): E Cneinx

n=—0oo

-1 )
=co+ 2 c,e™ + E c,e™
n=1

n=—0oo

[e¢] [o¢]
=co+ 2 C_p,e"™ + Z c,e™

n=1 n=1

(o]
=co+ Y, (c_ne‘i"x + cnei”x)
n=1

Now, If c_, = ¢, then the above becomes

(o0}

f(x)=co+ Y, T ™ + c ™
n=1

But (ae"'”x + cnei”") is real. (This could also be written as c,e~"* + c,e* which now looks
like standard z + z in complex numbers). Hence f (x) is real.

To show this, here is an example. Let ¢, = a + ib, then c_, = a — ib. Therefore

ae—inx + Cneinx — me—inx + (a + ib) e
= (a - ib) e ™ + (a + ib) ™
= (a7 — ibe%) + (ae" + ibe™)
=g (einx + e—inx) +bi (einx _ e—inx)
= a(cosnx + isin nx + cos nx — i sinnx) + bi (cos nx + i sin nx — cos nx + i sin nx)
= a (2 cos nx) + bi (2i sin nx)

= 2acosnx — 2bsinnx

Which is real value. Therefore if each ¢, is a complex conjugate of c_, (with ¢, real)
then f (x) will be a real function.
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6 Problem 3.3.2

Find the Fourier series for the function f (x) = x. If you differentiate your series, do you
recover the Fourier series for f” (x) = 3x?? If not, explain why not.

solution

The function f (x) over —-m < x < 7t is

f(x)

I

NS
O

~gr

Figure 7: Plot of x°

We see right away that differentiating term by term the Fourier series for the above function
could not be justified. Even though the function x* has no jump discontinuity inside -7 <
x < 7, which is good, it still fails the other test which requires that f (-7) = f (n) for the
term by term differentiation to be justified. This is because the 27t extension will now have
jump discontinuities in it. The conditions under which the Fourier series for a function
can be term by term differentiated are

1. f(x) is piecewise continuous between -7 < x < 7r with no jump discontinuities.

2. f(-m) = f ()

The function given fails condition (2) above. This explains why differentiating the Fourier
series of x> will not give the Fourier series of 3x2. Now we will show this as required by the
problem.

To find the Fourier series of x°, since it is an odd function, then we only need to find b,

1 TT
b, = — f x3 sin (nx) dx
Tt TC

Since x° is odd, and sin is odd, then the product is even, and the above simplifies to
2 TT
b, == f x3 sin (nx) dx
TJo

Integration by parts., Let u = x3,sin(nx) = dov. Then du = 3x%,v = —% cos (nx). Then
fudv = uv - fvdu gives

AN AN AN

1 n 1 7
b, = —— [x3 cos (nx)] + — f 3x? cos (nx) dx)
n 0 nJy

_% [n3 COS (nn)] + % J: x% cos (nx) dx)

1 3 "
——[713 (—1)"]+—f x% cos (nx)dx)
n ndJdo
2(-1)"m® 6 T
:_—( ) ™ +—f x% cos (nx) dx
n nrt J,

Integration by parts again. Let u = x?,cos (nx) = dv. Then du = 2x,0 = %sin (nx). Then
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using fudv =uv - fvdu the above becomes

_1\V*' 2 T Tt
2(-)'m +i(%[xzsm(m)]o —%L xsin(nx)dx)

n nrt

B 2-1)"'"®* 6 ( 2 7 |
__—+_(_Ej; xsm(nx)dx)

b, =

n nmn
2(-1)"n% 12 7
= () = - = fxsin(nx)dx
n n-Tt Jy

Integration by parts again. Let u = x,sin (nx) = dv. Thendu =1,v = %1 cos (nx). Then using
fudv =uv - fvdu the above becomes

b, = _2 (-1)" 2 _ 12 (%1 [x cos (nx)]g + %j: COs (nx))

n n2mn
2-D)"m? 12 (-1 1 [si "
_ S : (_ [ cos (n70)] + _|smnx] ]
n neTt\ n n n 0
2(-1)"r2 12 (-1 ;
T Cn?n (7 [n 1) ])
2(-1)"r2 12
_ 2, (1)
n n->Tt
2 (-1)" 21 + 12 (-1)"
-2 (-1)" (=6 + n?n2)

Hence
o 2(-1)" (-6 +n?n?)

B~ Y-

n=1
Now we apply Term by term differentiation to the RHS above and obtain
o 2(-1)" (-6 + n?n?) 2(-1)" (=6 + n?n2)

3 sin (nx) 1)

2 - e sin (nx)) = i 3 cos (nx)
n=1 n=1
_ i 12(-1)" - 22(—1)" n?m? cos (1)
n=1 n
_ i (12 51—21) _2(-1)" 7_[2) cos () (2)
n=1

And differentiation of LHS of (1) gives
(x?’)/ = 3x?

Let us now find the Fourier series for 3x* and see if it matches (2). Since x? is even, it will
only have g, terms
-
ag = —
Tt

-2[5].
<],
o]

[n3 + 713]

3x2dx
7T
Vs

AP AIRLA-

1]
N
3

N

And
3 ™,
a, = —f x= cos (nx) dx
e

-7
_12(-1)"
==
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Therefore the Fourier series for 3x? is

3x2 ~ % + i 12 51_21) cos (nx) (3)

n=1

Comparing (2,3) shows they are not the same. (2) has an extra term -2 (-1)" 72 inside the
sum and it also do not have the added 7 term outside the sum. The explanation of why
that is, is given earlier in the solution.



7 Problem 3.4.3 (b,d)

13

Find the Fourier series for the following functions on the indicated intervals, and graph

the functions that it converges to. (b) x> —4 over -2 < x < 2. (d) sinx over -1 <x <1.

solution

7.1 Part (b)

Figure 8: Plot of x> —4

The function x?> — 4 is even. Hence all b, terms are zero. The period now is T = 4.

And

But T = 4, hence the above becomes

1 2
ay = o fz (x2 - 4) cos (gnx) dx

= jj (xz - 4) cos (gnx) dx

2 T 2 T
= f x2 cos (—nx) dx — f 4 cos (—nx)
0 2 0 2

(1A)

Looking at the term £2 x? cos(gnx) dx, applying integration by parts. Let u = x?,dv =

cos (gnx). Then du =2x,v = % sin (gnx). Then using fudv =uv — fvdu gives

2 2 2 2
f x2 cos (Enx) dx = [x2—sin (Enx) - | 2x—sin
0 2 2 7] Yo

T
0

nrt

4 2 (n
= ——f x sin (—nx) dx
m 0 2

T

2 —— 4 2
= —|4sin(nn) -0 ——f xsin(
Tm Jo

(gnx) dx

Tt
—nx
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Applying integration by parts again. Let u = x,dv = sin (%nx). Thendu=1,v= ;—i cos (gnx)
then the above becomes

2, T 4 [-2 T 2 2 2 T
f X cos(—nx)dx:—— —[xcos (—nx)] —f —cos(—nx)dx
0 2 nn | In 2 g Jo Tn 2

= 4 [— [2 cos (rn) — 0] + % fz Ccos (gnx) dx]

0

T

= —— (-1) (1B)

1C)
Using (1B,1C) results back in (1A) gives a, as

16
212

(-1)"

a, =
Therefore the Fourier series is

8 & 16
x2—4~——+2—( -1)" cos(nnx)
3 nlnn 2

~ == 712 Z ( 1) COS(nTIX)

The following shows how the above Fourler series converges for increasing number of
terms. The convergence is uniform convergence.

Terms = 2

Figure 9: Plot of Fourier series for x* — 4
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ClearAll[f, x, n, max];

f[X_] = x"2-4

(-1)"
2

16
fs[x_,max_] :=-8/3+ — Sum[
n? n

T
Cos[; nx], {n, 1, max}]
p = Table[
Plot [{f[x], fs[x, max]}, {x, -2, 2},
PlotStyle -» {Blue, Red},
GridLines -» {Range[-2, 2, 1/4], Automatic},
GridLinesStyle - LightGray,
PlotRange -» {Automatic, {-4.4, .2}},

PlotLabel - Row[ {"Terms = ", max}]

]

3

{max, @, 6, 1}
15
p = Grid [Partition[p, 3], Frame - All]

Figure 10: Code used for the above Plot

7.2 Partd

The function sinx is odd. Hence all 4, terms are zero. The period now is T = 2.

T
1 r2 . . (21
b, == fZ sin (x) sin (Tnx) dx

2 2

= f 1 sin (x) sin (rtnx) dx
-1

But the integrand is even, then the above becomes
1
b, =2 f sin (x) sin (rtnx) dx
0

Integration by parts. Let u = sinx, dv = sin (nnx), then du = cosx,v = —% cos (rnx) and the
above becomes

1 1 1
b, =2 (—— [sin x cos (nnx)]cl) + — f cos x cos (1tnx) dx)
mn Tt Jy
1 . 1 !
=2|(-—1[sin(1)cos (nmn)] + — f cos x cos (rnx) dx
T m Jy
2 1
= — (— sin (1) (-<1)" + f cos x cos (rtnx) dx)
T 0
2 n+l 1
=— (sin 1) (-1) +f €os x cos (Tnx) dx)
™ 0
Integration by parts again. Let u = cosx,dv = cos (nnx), then du = —sinx,v = % sin (1tnx)

and the above becomes
1

b, = —|sin() (1) +| — [cosxsin (rtnx)
mn T

1
+ — f sin x sin (7tnx)
Tm Jo

0
2 1 1

= = [sin() (-1 + — f sin x sin (nnx))
T T Jo
2 2 1

= = sin(1) (-D)" + —— f sin x sin (rtnx)

™ T™“n 0
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1
But 2 £ sin x sin (rtnx) = b,. Hence the above simplifies to

bn 2 . n+1
bn - W = % Sin (1) (—1)
1 _ 2 . n+1
b‘rl (1 W) = — Sin (1)( 1)
Z sin (1) (<1)"*
bn — T T
L
2. 02\ 2 . gyl
_ (m2n2) = sin (1) (1)
mn? -1
_ 2nmsin(1) (—1)”Jrl
B m2n2 -1
Hence the Fourier series is
sinx ~ Z b,, sin (tnx)
n=1
® 2nmsin (1) (<1)"!

- E 22
= nens =1
The following shows how the above Fourier series converges for increasing number of
terms. The convergence is not uniform since the function is odd. Hence there will be a

jump discontinuity when periodic extended leading to Gibbs effect at the edges.

sin (rtnx)

Terms =0 Terms =2 Terms =4
1.0 1.0 1.0
05} 05} 05}
-1.0 -0.5 0.5 1.0 0.5 1.0 | -10 -0.5 0.5 1.0
-0.5 -0.5
-1.0L -1.0L
Terms =6 Terms = 10
1.0 1.0
0.5+ 05+ 05}
-10 -0.5 0.5 1.0 | - -0.5 0.5 1.0 | - -0.5 0.5 1.0
-0.5 -05f -0.5
-10L 10t -1.0t
Terms = 12 Terms = 14 Terms = 16
1.0 10 1.0
0.5f 05+ 05}
o -05 05 10 | - -05 05 10| - -0.5 05 1.0
-0.5 -05f -0.5
1.0t 1.0t 1.0t

Figure 11: Plot of Fourier series for sin(x)
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ClearAll[f, x, n, max];
f[x ] :=Sin[x]
2 (-1)"nxSin[1]

n2x%-1

fs[x_, max_] :=Sum[ Sin[nrnx], {n, 1, max}]

p = Table|[
Plot[{f[x], fs[x, max]}, {x, -1, 1},
PlotStyle » {Blue, Red},
GridLines -» {Range[-1, 1, 1/4], Automatic},
GridLinesStyle - LightGray,
PlotRange » {Automatic, {-1, 1}},
PlotLabel - Row[ {"Terms = ", max}], AspectRatio -> Automatic

]

I

{max, @, 18, 2}
15
p = Grid[Partition[p, 3], Frame - All]

Figure 12: Code used for the above Plot
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8 Problem 3.4.4

For (b) x2 —4 over -2 < x < 2. (d) sinx over -1 < x <1 write out the differentiated Fourier
series and determine whether it converges to the derivative of the original function.

solution

81 Partb
From Problem 3.4.3

x? —4~—— nzz( Dk cos(nnx) (1)

Since the function x2—4 is uniform convergent, then we expect that the differentiated Fourier
series will converge to the derivative of the original function. The following calculations
confirms this.

Taking derivative of the RHS of (1) gives
(1) T 168 (n D" . m
(522 S e (3m)) =2 2-(Gn) T om(5m)
8 00 _1 n+1
=— E ) sin (znx) (2)
T 2
And taking derivative of the LHS of (1) gives

(2 -4) =2x (3)

We now need to show if the Fourier series of 2x gives the RHS of (2). Let us now find the
Fourier series for x, over -2 < x <2 (period T = 4). Since x is odd, then all 2, = 0.

1 2 2

b, = Ej:zxsin (?nnx)dx
1 2 |«

= —f xsin (—nx) dx
2J, 2

. TC .
But xsin (Enx) is even. The above becomes

2
bn:f xsin(znx)dx
0 2

. . (T -2 b
Integration by parts. Let u = x,dv = sin (Enx), then du =1,v = — cos (Enx) and the above

becomes
-2 T \PF 2 (2 T
b, = — [x cos (—nx)] + — f cos (—nx) dx
nm 2 gy nmJdy 2

2

-2 2
= [2cos (nm)] + — f

0

2
= i (—2 cos (nm) + f cos (Enx) dx)
nrt 0 2

0
—

2 2 1. (T 2
= —|-2cos(nn) + — [sm (—nx)]
nr nm 2

Cos (Enx) dx
2

0

2
= — (-2 cos (nn))
nm
-4
= — (1)’
nm
Hence the Fourier series for x over -2 < x <2 is
4 0 _1 n+1
X ~ %;::1( r)z sin(gnx)
Therefore the Fourier series for 2x is

2x~—z

77jn—l

( 1)n+1
n

sin (gnx) (4)
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Comparing (4) and (2) shows they are the same. Hence term by term differentiation is
valid in this case.

82 Partd
From Problem 3.4.3, the Fourier series for sinx over -1 < x <1 is
— 2nm (-1
sinx ~ Z nn( ) ————sin (1) sin (7tnx) (1)

Since the Fourier series for sinx over -1 < x <1 is not uniform convergent, then we expect
that the differentiated Fourier series will not converge to the derivative of the original
function. The following calculations confirms this.

Taking derivative of the RHS of (1) gives

(g _2711127;—5—_1)171 sin (1) sin (nnx) i - M sin (1) cos (71x)

( 1)n+1
= Z n2n2 sin (1) cos (rtnx) (2)

And Taking derivative of the LHS of (1) gives
(sinx)’ = cosx (3)

So now we need to show that the Fourier series for cosx, over -1 < x <1 (period T = 2)
agrees with (2).

Since cosx is even, then all b,, = 0.

T
ag = %sz cos (x) dx
2 T2
1
= f cos (x) dx
-1

1
:2f cos xdx
0

= 2[sin (v)]
=2sin(1)

1 (2 2
anszj COS X COS | —11x dx
2

2

And

1
= f cos x cos (rnx) dx
-1

1
= 2f cos x cos (mnx) dx
0

Integration by parts. Let u = cosx,dv = cos (nmx), then du = —sinx, v = % sin (nmtx) and the
above becomes

1 1 !
a, =2 (— [cos x sin (nmc)](lJ + — f sin x sin (n7x) dx)
T Tm Jy

= % ([cosxsin (nnx)](l) + fl

sin x sin (n7x) dx)
0

1

= % ([cos (1) sin (nm)] + f

sin x sin (n7x) dx)
0

1
=— sin x sin (nmx) dx
m Jo

. . : . -1
Integration by parts again. Let u = sinx, dv = sin (nmx), then du = cosx,v = — cos (nmx)
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and the above becomes

2 (- 1 !
a, = — (— [sin x cos (nmc)](lJ + — f cos x cos (nmx) dx)
in \ mtn nn J
7 1
= —— |- [sin (1) cos (nm)] + f cos x cos (nmx) dx
n2n? 0

2 2 1
=———(sin (1) (-1 n + — f d
= 55 (Sll’l( ) ( ) ) an . COS X COS (nnx) X

1
But 2 £ cos x cos (nmx) dx = a,,. Hence the above becomes

a 2 .
g =~ (sin () (1))

1 2sin (1) (-1)"*
an |1 = 22| = 2n2

a

. (n2n2 - 1) _ 2sin(1) (-1)"™!
"\ w2 | n2n2
_ 2sin(1) (-1)"™
T 2 -1
Hence the Fourier series for cos(x) over -1 <x <1 is

a o
COSX ~ 30 + 2 a,, cos (mnx)

n=1
, ® 2sin(1) (-1)"*!
~sin(1) + 2 — 221

n=1
Comparing (4) and (2) shows they are not the same. Hence taking derivatives term by
term of the Fourier series was not justified as expected.

cos (1tnx) (4)
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9 Problem 3.4.5

For (b) x> —4 over -2 < x < 2. (d) sinx over -1 < x < 1 find the Fourier series for the
integral of the function.

solution
9.1 Partb
From Problem 3.4.3
8 16 & (-1)" T
2 Ao~y i
x- -4 3+7T2nz=]1 = cos(znx) (1)

Integrating the RHS of (1) gives

j:(—— 7_(22 co&,( ))ds=—§\£xds+gi(_ﬂ¥ xcos(gns)ds

n=1 0
s " |sin (Ens) :
8 16 & (-1) 2
=—=x+—
8 16 2 (-1)" v
SENLSJEXC I L)
3 m n—l nmon o
8 (-1)"
=-3% + = nz::l 3 51n(2nx) (2)
Integrating the LHS of (1) gives
x $3 *
f (s?-4)ds = (— —45)
0 2 0
3
:%—y 3)

3
Now we find Fourier series for % —4x and compare it with the (2) to see they match in
order to see if term by term integration was justified or not above.

Let f (x) = = —4x for -2 < x < 2. This is an odd function. Hence only b, exist.
1 2 (x3
b, == (x_ —4x) sin (znx) dx
2J.,\2 2
1 2 2
== f x3 sin(znx) dx—2f xsin (Enx) dx (4)
1J, 2 _2 2

2
Looking at the first integral above, 2 f x3 sin (znx) dx. Since the integrand is even, then
1 2 1 2 T ‘2 2 L
2 3 . E I 3 . n . _ 3 _ . n
1 f_zx 51n(2nx) dx = 21; X sm(znx) dx. Integration by parts. u = x°,dv = Sm(znx) then

du =3x%,0 = _2 cos (znx). Therefore
nr 2
1 2 1 2 2 2 2
—f ¥ sin(znx) dx = = |-— [x3 cos (Enx)] + —f 3x2 cos(znx) dx
2 0 2 2 nrt 2 0 nrt 0 2
1 z T
= — |- [8 cos (ntn)] +3f X“ COS (—nx) dx
nrt 0 2
1 2
= — (8 -1)"1 +3 f x?% cos (znx) dx)
Tt 0 2

i i - 2 do = i - _ 2 gin(Z
Integration by parts again. u = x*,dv = cos(znx) then du = 2x,v = — sm(znx) and the
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above becomes

2 2
f x> sm nx L (8( )™y ( [xz sin (nnx)] _2 f 2x sin (znx) dx))
2 nm nmn 2 g nmJdy 2

0
—_—

1 il 6 . 2 2 (m
=—|[8(-1) — | [4sin (nn)]o - 2f xsin (—nx) dx
nm nn 0 2

2
8( —1)"™t - —f xsin(znx)dx)
7-( nrm Jo 2

. . . -2 T
Integration by parts again. u = x,dv = sin (Enx) then du =1,0 = — cos (Enx) and the above
becomes

1 2 1 " 12 -2 2 2 D
—f x%in(znx)dx: —18(-1) 1 [xcos(nnx)] —f —COS(Enx)dx
2Jy 2 nm nm \nm 2 g Jo nm 2

= 1 8(-1)" - E( 2 [2 cos (mn)] + %fz COS(Z?’IX) dx))

nm 0
= nl_n 8(-1)"" - ( 2(-1)" + cos(znx) dx))
0y
1 n+tl : n 2
= nn[8 (-1) ——|2(- )" + sin (Enx)]o
— L (8 (_1)n+1 (
nm
_ ( 8(<1)" + —( 1) )
= () o (Y (5)

The above takes care of the first term in (4). The second integral 2f_zxsin (%nx) dx in (4)
is now found. Since integrand is even then

2 T 2 T
2f xsin (—nx) dx = 4f x sin (—nx) dx
2 2 0 2
Integration by parts. Let u = x,dv = sin (gnx), then du =1,v = % cos (gnx), therefore

2 n -2 T 2 2 2 T
4f x sin (—nx) dx =4— [xcos(—nx)] + —f coS (—nx) dx
0 2 nrt 2 0 nrt 0 2

0
—_—

Y =y <ﬂ+4['U)f
= — — n —_—
- COS\Tin nznz S1 2 nx )

—4 (% [2 (—1)”])

-0y

nrt

16 e

=2 (6)

Substituting (5,6) back into (4) gives
b, = ijz x3 Sin(znx) dx—ZfZ xsin (gnx) dx
1 +
(s —4n) (e
= (—( D"+ —( 1) ) —n(—l)’1

48
=== (1)"'+— (—1)n
n3m nm
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3
N N X o
Hence the Fourier series for >~ 4x is

3 00

% —4x ~ bn sin (gnx)
~ i (n3 s (D" + ( 1) )sin (gnx)
i [48 8 ( )] (-1)" sin (gnx)

n=1 1’137'(3
(6+n ) 4 (T
~ E[ 3 J(—l) sin (Enx) (7)

Comparing (7,2) shows they are not the same. Hence integration term by term was not
justified. This is because the function x> — 4 is not odd, hence its mean is not zero.

9.2 Partd
From Problem 3.4.3, the Fourier series for sinx over -1 < x <1 is
— 2nm(-1
sinx ~ Z nn( ) ————sin (1) sin (7tnx) (1)

Integrating the LHS of (1) gives

fx sin (s)ds = —[cos ()]
0

= —[cos(x) —1]
=1-cosx (2)
Integrating the RHS of (1) gives

f 00 2nm (_1)1” cin (1) iz (rns) s = 2 2nm (- 1) 0 () [COS (nns)]
0 B 0

P T2 & oy
N 2 1
= 2 ( i sm (1) [cos (nms)];

- Z 2 (”17)125111 M) (cos (nmx) — 1)

_ 22( 1) sm(l) os(nnx)—sm(l)i 2( 1) 3)

2(-1)"
n=1 n2n2 1

Let —sin(1) X} = m, which is a constant. The above becomes

_2nm D" . , & 2(-1)"sin (1)
T sind ds= Y, ———5——
J{; 2 P sin (1) sin (7tns) ds 2 71

But m is the average of the integral of (2) which is, where T the period is 2, gives

cos (nmx) + m (4)

T

1 2
:Tf_z(l—cosx)dx

2

= %fl (1 - cosx)dx
-1
= % (x —sin x)i1
_ %(1 —sin (1) - (-1 - sin (-1)))
_ % (1 -sin (1) - (-1 +sin (1))

= % (2-2sin(1))

=1-sin(1)



24

Substituting this value for m back into (4) gives
2( 1) sin (1)

f i 2:2712 2k sin (1) sin (rtns) ds = (1 = sin (1)) + E 1

Now the Fourler series for (2) which is 1 — cos(x) is found to compare it to (5) above to
see they match in order to see if term by term integration was justified or not above. Since
1 - cos(x) is even, then only a,, are not zero.

cos (nmx) (5)

T

1 —_
aO:szTl—cos(x)dx

2 2

= fl 1 —cos (x)dx
-1
=2-2gsin(1)
And
= f 1 (1 = cos (x)) cos (nmx) dx
-1

1 1
= f cos (nmx) dx — f cos (x) cos (nmx) dx
-1

-1

=2 fl cos (nmx)dx — 2 fl cos (x) cos (nmx) dx (6)
0 0

The first integral in (6)

2fl cos (nmx) dx = [
0

. 1
sin (nmx) ]
nm |

1
= — sin (nn)
nm

=0 (7)
The second integral in (6) is 2 f cos (x) cos (nmx) dx. Integration by parts. u = cosx,dv =
cos (nmx),du = —sinx, v = Sin:;nx). Therefore
1 ‘- 1 1 .
2f cos (x) cos (nmx) dx = 2 [COS xw] + f Sinxwdx)
0 nrt 0 0 nrt

0

1 1
= 2| — [cosxsin (nnx)](l) + — f sin x sin (n7x) dx
nrt nrtt Jo

2 1
=— f sin x sin (n7x) dx
nrTt Jo

Integration by parts. u = sinx, dv = sin (nmx),du = cosx,v = %:mx) The above becomes

1

cos x cos (nmx) dx)
0
1

1 2 (-1 1
2 f cos (x) cos (nmx) dx = — (— [sin x cos (nnx)](l) +— f
0 nm \nn nmn

2 (-1 . 1
= — (— [sin (1) cos (nm)] + po f

cos x cos (nmx) dx)
nrit \nmt 0

222 [sm 1) (-1) ] 22712 fl cos x cos (nmx) dx
0

Moving the integral in the RHS to the left side gives
2
[sm ) (-1)"]

2 f cos (x) cos (nmx) dx—— f cos x cos (nmx) =

(2 - %) j: cos (x) cos (nmx) dx = n;_fcz [sin 1) (—1)n]
—— [sin @) (-1)"]

1-2)
_ —(sin (1) (-1)") .

n?2n? -1

f 1 cos (x) cos (nmx) dx =
0
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Substituting (7,8) back into (6) gives
2sin (1) (-1)"
L

Hence the Fourier series for 1 — cos(x) over -1 < x <1 is

1—cos(x) ~ % + 2 a, cos (nmx)

n=1
(2-2sin(1)) & 2(=1)"sin(1)
~ Zm + Z}l 7 inl cos (nmx)
~ (1 -sin(1)) + g % cos (nmx) 9)

Comparing (9) and (5), shows they are the same. This shows that integration term by term
was justified. This is because sin x is continuous and odd, hence its mean is zero. Then by
Theorem 3.20 it can be integrated term by term.
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10 Problem 3.5.5 (af,i)

Which of the following sequence of functions converge pointwise to the zero function for
all x € R ? Which converges uniformly ?

2 2 m<1
(a) —— (f) x—n| (i) % | > 1
solution
10.1 Parta

2
Let f,(x) = —%. At x = 0 then f,(0) = 0. And for x # 0 then, if we fix x at say x* and
increase n, then lim,_,, f,, (x*) = 0. Hence it converges pointwise for the zero function for

all x because for any x, we fix it and do the same as above, which goes to zero for that x.

For uniform convergence, it means that for any x we can find large enough # such that all
fn (x) are inside a tube, of some diameter < ¢ around the zero function. But since x is not
bounded, then f, (x) can be as large as we want. So not possible to find # larger enough
to bound all f, (x) for all x x € R to be < ¢ from the zero function.

Hence not uniform convergent. The difference between this and the pointwise case earlier,

is that here n we find, should work for all x at the same time.

10.2 Partf

Let f,(x) = |x—n|. At any x, lim,_,,, |x —n| is positive. By fixing x = x*, then f, (x*) this
will keep increasing as n increases. Hence not pointwise convergent to the zero function.

Therefore also not uniform convergent since uniform convergence implies pointwise con-
vergence.

10.3 Parti

At x = 0,f,(x) = 0. And for |x]| < 1,limn_>oog — 0 since |x|] < 1. Hence for |x| < 1 it

. . : 1
converges pointwise to zero. For |x| > 1, by fixing x = x*, then lim,_,, — - 0 also. Hence
converges pointwise to zero for all x € R.

For uniform convergence, max |fn (x)| = % which is at x = 1. And max |fn (x)l — 0asn— oo,
Hence we could always find n which will make all f, (x) within ¢ from each others at any x
by increasing n. Hence uniform convergent
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11 Problem 3.5.7 (b,d,f)

Does the convergence of v, (x) converges pointwise to the zero function for all x € R ? Does
it converge uniformly?

1

1 n<x<n+l1 - n<x<2n

b) v, (x) = d 0, (x) = n

(b) 0, () 0 otherwise (d) 0, () 0 otherwise
22 -1 fox<l

f) v, (x) = n n

(®) o (x) 0 otherwise

solution

11.1 Partb

This is a pulse width 1 that keeps moving to the right as n increases. All other values are
zero. Hence as n — oo, the pulse will move to co and all values will be zero. Therefore
converges pointwise. Since Max of v, (x) is 1, then it is not not uniform convergent since

for ¢ <1, we can not bound v, (x) for all values for all x to be inside the tube around zero
function with width ¢ < 1.

11.2 Partd

n < x < 2n is a pulse that moves to the right, but its width also increases as it moves. It
height also decreases as it moves, keeping the area of the pulse 1 all the time. Fixing x at
x* the pulse will eventually become zero height at that x. Therefore converges pointwise to

the zero function.

For uniform convergence, max |v, (x)| = % and max v, (x)] — 0 as n — co. Hence we could
always find # which will make all f, (x) within ¢ from each others at any x by increasing n.
Hence uniform convergent

11.3 Partf

As n increases, the range where x is not zero becomes smaller around x = 0. The value of
v, (x) can be written as

v, (x) = n2e2mx —1

As x — 0 from either side, which what happens when n — oo, then v, (x) — -1. Hence it
does not go to zero at x = 0. Therefore not pointwise convergent. It follows that not uniform convergent

since uniform convergent implies pointwise convergent.
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