MATH 4512 — Midterm exam #3
(SOLUTIONS)

November 20, 2019

Problem 1. (35 points)
Solve the initial-value problem

Solution:

1st approach (The eigenvalue-eigenvector method):
The characteristic polynomial of the system matrix

a=[ 2]

is

det(A — A1) = det [ _2__? _; ] =A2+ N F1=XA+20+1=(\+1)%
The matrix A has one eigenvalue A\ = —1 with multiplicity 2.
In order to find x!(t), first we need to find a vector v = [v1,v2] " such that (A — Al)v =0, i.e.
-1 1 V1 . 0
-1 1 () o 0 ’

Both equations of this system imply v; = vo. We can choose v = [1, 1]T and obtain

1.

For finding 22(t), we search for a vector v = [v1,v2] " such that (A — AI)?v =0 and (A — \)v # 0.

R

for any vector v € R? we have that (A — AI)2v = 0. We can choose v = [1,0] " since

2 (1)
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(A—A)? = [

(A—Af)v:[j ”[é]:[j#[g]
Then
o =wttoria-nm = ([ ] re[F]) |

The general solution is

x(t) = cre™" [ )
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From the initial condition z(0) = [2,1]" we obtain

[H]=ro=ali]velo] =[5 ]

Then ¢; = ¢g = 1 and the final solution is
1 1—1t 2—1t
ot —t ot

2nd approach (Laplace transforms):
We will determine X (s) = £(z(t)) from the condition (sI — A)X(s) = x(0), i.e.

RS-
From the first equation we have (s + 2)Xi(s) — Xao(s) = 2 and Xo(s) = (s + 2)Xi(s) — 2. The

second equation is now

1= X1(s) +sXo(s) = X1(s) +s(5 +2)X1(s) — 25 = X1(s) (s> + 25 + 1) — 2s.

Hhen 2541 2 1
s
Xl(s)_(s+1)2_s+1_(s+1)2.
Using
L
ik G
L AU da e
(s+1)2 ds (s+1>_ dsﬁ{e b= £te),

we further derive

Xi(s) =2L{e "'} — L{te "} = L{2e7" —te”'}.

Therefore
zi(t) = (2 —t)e .
Now
2s+1 S 1 1
Xa(s) = (s 42 X() = 2= 5 D “ 2= G ~ 541 Gy

= L{e™"} — L{te "} = L{(1 —t)e "},

and x5(t) = (1 — t)e~t. The final solution is



Problem 2. (35 points)
Transforming the second-order differential equation

y"(t) —4y'(t) + 5y(t) = 0

into a system of first-order differential equations, find its solution that satisfies

Solution:

Introducing
zi(t) =y(t) and  2(t) =y'(1),

the differential equation becomes
xh(t) = —bx1(t) + 4ao(t).

Therefore we obtain the following initial-value problem

Rl g et B b R R

The system matrix

has the characteristic polynomial

-2 1

det(A—)\I):det[ 5 o4

]:—A(4—A)+5:A2—4A+5,

with the roots Ay = 2+ and Ay = 2 — i as eigenvalues of A. For determining x!(¢) and x2(t), it is
sufficient to consider just A\ = 2 + 1.
A complex eigenvector v = [vy,v2] " that corresponds to A; satisfies (4 — A\ I)v = 0, i.e.

=

From the first equation we obtain vy = (2 4 ¢)v;. Thus, the vector v has the form

v [ (2+i)2 } :U1[2+”

and we can choose v; = 1. Then a complex-valued solution of the system is

1

_ . (2+9)
o(t) = e t[2+z‘

1
_ 2t ..
}—e (cost+zsmt)[2+i}

o cost +isint
N 2cost —sint +i(2sint + cost) |’



Taking z'(t) = Re(¢(t)) and 22(t) = Im(¢(¢)), we obtain a general solution of the form

cost sint
t) = cre* . S :
z( ) e [ 2cost —sint ] T 2sint + cost

The initial condition z(7) = [0, —1] " implies

N

Hence ¢; = 0 and ¢3 = e~ 2", The solution of the initial value problem is

_ 20— sint
w(t) =e [ 2sint + cost |’
while the solution of the second-order differential equation with y(7) =0, /(7)) = —1, is

y(t) = z1(t) = 2 sin¢.



Problem 3. (30 points)
For the matrix

determine e,

Solution:

We will determine e* from the relation
et = X(6)X(0)7,

where X (¢) is a fundamental matrix solution of the system #(t) = Axz(t). The characteristic
polynomial of the system matrix A is

det(A—)\I):det[ 1__? 2_2]:(1—)\)(2—)\).

The matrix A has eigenvalues A\ = 1 and Ay = 2.
In order to find 2'(t), first we need to find a vector v = [v1,v2]" such that (A — A\ I)v =0, i.e.

L n]-0)

The second equation implies v; = v9. We can choose v = [1, 1]T and obtain

x1<t):et“].

For finding 22(t), we search for a vector v = [v1,v5] " such that (A — A\oI)v =0, i.e.

I

From both equations we get v1 = 0. Choosing v2 = 1, we obtain

The inverse matrix of
is

Therefore



