MATH 4512, FINAL EXAM
December 18, 2019
SOLUTIONS

1. (16 points)
(a) (8 points) Find L{t sint}.
(b) (8 points) Using the result from (a), find a function f(t) such that

25 -4
) e R —

L1} (s2 —4s+5)?

(a) From L{sint} = ==, we obtain
: : d . d 1 2s
L{tsint} = —L{—tsint} = —£5{51nt} =- (52 " 1) RCESIE
(b) Notice that
2s —4 2(s — 2)
(s2—4s+5)2  ((s—2)2+1)2 (s =2),
where
2s .
F(s) = EFE)E = L{tsint}.

Then

CLF()} = ﬁ _ F(s—2) = £{cX tsint],

and f(t) = te* sint.



2. (18 points)

(a) (3 points) Write an initial-value problem describing vibrations of a small object of mass
1 kg attached to a spring with spring constant 9 N/m, and immersed in a viscous medium
with damping constant 6 Ns/m. At time ¢ = 0, the mass, which is hanging in rest, is acted
upon by an external force F'(t) = cost N.

(b) (8 points) Find a particular solution ¢ (t) of the differential equation from (a).

(c) (7 points) Solve the initial-value problem from (a).

(a) Herem =1,k =9, c =6, and F(t) = cost. The IVP describing position y of this object
in dependence of time ¢, with initial conditions y(0) = ¢'(0) = 0, is

y"(t) + 6y'(t) + 9y(t) = cost, y(0) =¢'(0) = 0.

(b) The characteristic equation for y”(¢) + 6y'(t) +9y(t) = 0is 72 +6r +9 = (r + 3)> = 0
has a double root r = —3.
We will use guessing for the particular solution ¢(t) of the complex-valued problem
y'(t) + 6y (t) + 9y(t) = e'".
Let ¢(t) = Ae't. Then ¢/'(t) = Aie't, ¢"(t) = —Ae't, and
el = ¢"(t) + 64 (t) + 9p(t) = (—A+6Ai + 9A)e'" = (8 + 6i)Ae'’.

We obtain '
1 8 — 61 4 3 .

T 8+6i 100 50 507

4 3 : 4 3
¢<t> = (% — %Z) e” = (% — %> (COSt +ZSlnt)

L oostt Ssint i [ Lsint— > cost
= — COS — S — S — — COS .
50 50T 507 T 50

The particular solution () of the differential equation y”(¢) + 6y'(t) + 9y(t) = cost is

and

4
Y(t) = Reg(t) = o cost + ;’—Osmt.

(c) The general solution is

y(t) = (c1 + eat)e™ + % cost + % sin t.

From y(0) = 0 we obtain
0= y(0) =1t ooy e m —oe = —
20 50 25



Since

4 3
y'(t) =coe ™ —3(c; +cat)e ™ — . sint + =g €08 t
the initial condition y'(0) = 0 implies
3 3 15 3
0=4(0)=cs — 31 + — N PO A . A
V) =e=Satg.  a=8a 5= 5=

The solution of the IVP is



3. (32 points) Consider the linear system of differential equations

~1 0 0
i=Ar, A=] 2 1 -2
3 2 1

a) (5 points) Determine stability of all solutions to & = Ax.

¢) (10 points) Find e

(a) (
(b) (10 points) Find the general solution to & = Ax.
() (
(d) (7 points) Solve the initial-value problem

4
T = Az, z(0)=| =5
0
(a) The characteristic polynomial of the matrix A is
—1-A 0 0
det(A —\I) = 21—\ =2 :(—1—)\)‘1 ; 1_‘?‘
3 2 1-A

=—(14+ X1 =22+ X +4) = —(1+ ) (X\* = 2X +5).

Eigenvalues of the matrix A are Ay = —1, Ay = 1 4+ 24, and A3 = 1 — 2i. Since both A\, and
A3 have positive real part, all solutions of the system & = Ax are unstable.

(b) Eigenvector for A\ = —1 satisfies (A — A\ I)v = 0. Then

00 0 01 0
2 2 -2 v | =10
3 2 2 s 0

Adding second equation 2v; + 2v, — 2v3 = 0 and third equation 3v; + 2vs + 2v3 = 0, we
obtain

5vl+41;2:0, v = —5’02.
From second equation it follows

1
v3:v1+vgz—gv2+02:gw.

Every eigenvector corresponding to A\; has the form
—4/5

v = 1 | vy

and we can choose




For eigenvalue Ay = 1 + 2i, we solve (A — \oJ)v =0, i.e.

—2—2i 0 0 Uy 0
2 —=2i =2 vy | =10
3 2 =2 U3 0
The first equation immediately gives v; = 0, while from the second it follows vy = —ivs.
Then
0
v = 1 | vy,
—1
and we can choose
v = 1
—1
The complex-valued solution e*?*v can be written as
0 0
eMely = 20 1 | = el(cos2t +isin2t) | 1
—1 —i
0 0
=e' | cos2t | +ie sin 2¢
sin 2t —cos 2t
The general solution to @ = Ax is
—4 0 0
z(t)=cret| 5| +ce | cos2t | +cze sin 2t
1 sin 2¢ —cos 2t

(¢) The fundamental matrix solutions X () for this system is

—4et 0 0
X(t) = S5e" efcos2t  efsin2t
et elsin2t —elcos2t
Then
—4 0 0
X0=| 51 0
—1
From
—4 0 o[t 007 1 00|-1/4 0 0
51 0/0 10 o 510 01 0
10 —-1/00 1] ™ | <101 00 —1
100[-1/4 0 o0
ot g 1 0) 5/4 10
frf o0 1] -1/4 0 -1



we obtain

“1/4 0 0
X(0) = 5/4 1 0
“1/4 0 -1
Finally,
et 0 0
M =X(H)X(0)'=| —32et+ 2clcos2t — delsin2t efcos2t —etsin2t

1
—}le_t + get sin 2t + iet cos2t elsin2t elcos2t

(d) The initial-value problem

4
T = Az, z(0) = | =5
0
can be solved using the formula z(t) = e42(0), or from the initial condition
4 —4 0 0 —4cy
-5 = .’L'(O) =C ) + C2 1 + c3 0 = 501 + Co
0 1 0 —1 C1 —C3
Then ¢y = —1, ¢ = =5 — 5¢; =0, and ¢3 = ¢; = —1. The solution to the IVP is
—4 0 4et
z(t) = —e 5| —e sin2t | = | —He " —e’sin2¢
1 —cos 2t —e '+ el cos2t



4. (22 points) Consider the autonomous nonlinear system of differential equations
T =4y
y = 22 + x1°.

(a) (7 points) Find orbits of the system.

(b) (7 points) Determine stability of equilibrium solutions of the system.

(c) (8 points) Write the nonlinear system as

i = Az +g(2), z={§1,

and draw the phase portrait of Z = Az.

(a) The differential equation
dy g 2x+xy®  x(2+y7)

de 4y 4y

is separable, and we can solve it in the following way:

Y 1
dy = - d
[atpir=g [

2

1
51n(2+y2)=%+c1

22
In(2+y*) = T te
y = ce”/t =2,

The only equilibrium solution is (0,0). Thus, the orbits of the given system are

e equilibrium point (0, 0),

o curves y2 = ce” /4t — 2 ¢ £ 2,

e four curves

(1) y = V274 =2, 2 >0,

(2) y= V2er /A =2 1 <0,
(3) y=—vV2e /T =2 >0,
(4) y = —V2e/A =2, 2 <.

(b) The nonlinear system in the matrix form is

=] L)

The characteristic polynomial of the system matrix

=12 0]



is

-\ 4
2 =\

The eigenvalues of A are A\ = —v/8 and A\, = v/8. Since one eigenvalue has positive real

part, the equilibrium solution (0, 0) is unstable.

de—AU:‘ ‘:V—s

(c) In (b) we already derived the matrix form

i = Az +g(2), z:{i], A:[g é]

Eigenvalues of A are \; = —v/8 and Ay = /8, and the equilibrium solution (0,0) is saddle.
In order to draw the phase portrait for 2 = Az, we will determine eigenvectors corresponding

to )\1,)\2.
From \/_
. 8 4 U1 . 0
a-no= Yy g ][n]=[5]
we obtain

\/§U1+4’02:O, V1 = —

and we can choose

From

we obtain

and we can choose



The phase portrait of z = Az:




5. (12 points) Determine whether the following statements are true or false. Explain your
answer.
(a) (4 points) Initial-value problem
dy
dt
has a unique solution y(t) = —1. True/False

= (y+ 1) y(0)=-1,

(b) (4 points) Families of curves
Yy =c tanz, y? +sin’x = ¢,
are orthogonal. True/False

(c) (4 points) Vector-valued functions

et sint —e 2
z(t)= | —e |, y(t) = cost |, 2(t)=| 1—e2 |,
ef — cost e 2t —1
are linearly independent. True/False
(a) False.
Notice that a constant function y(¢) = —1 is one solution to the IVP.

Let f(t,y) = e' (y + 1) and 3y = —1. Though function f is continuous for all £ € R and
all y € R, its partial derivative
of

dy

is not continuous in any neighborhood of yg. Thus this IVP has more than one solution.

2
=e g(y +1)73

(b) True.

Starting from

c y 1 Y
F(z,y,c) = ctanx — y, F,=-1, Fp=——= = ,
cos?2r  tanxcos?r  sinzcosw

we can derive

dy F, —sinxcosx

de F, Y
/ydy:—/sinxcosxdx

2 .2

y- _ sin"z

9 == 9 + 1

y? +sin’z = c.

10



(c) False.

Choose t = 0 and consider a zero linear combination ¢;z(0) + coy(0) + ¢32(0) = 0:

0 3 0 —1 361 — C3
0 = C —1 + C 1 + c3 0 = —C1 + C2
0 1 —1 0 C1 — Cg

We can choose, for example, the following nonzero constants
C1:1, C2:1, C3:3,

and obtain ¢;x(0) + c2y(0) + ¢32(0) = 0. This implies that the vector-valued functions
x(t),y(t), z(t) are linearly dependent.

11



