MATH 4512 — DIFFERENTIAL EQUATIONS WITH APPLICATIONS
HW4 - SOLUTIONS

1. (Section 2.6 - Exercise 4) A small object of mass 1kg is attached to a spring with
spring constant 2 N/m. This spring-mass system is immersed in a viscous medium
with damping constant 3N-s/m. At time ¢ = 0, the mass is lowered 1/2m below
its equilibrium position, and released. Show that the mass will creep back to its
equilibrium position as ¢ approaches infinity.

In this spring-mass system we have that m = 1, ¢ = 3, k = 2, and zero external force
F(t). The corresponding initial-value problem is

y'+3y +2y=0, y(0)=05  y'(0)=0.
The characteristic equation
r?+3r+2=0

has two real roots r; = —1 and r = —2. The general solution is

y(t) = cre™" + cpe™

with its first derivative
Y (t) = —cre™t — 2cpe
Initial conditions imply
0.5 =y(0) = 1 + co, 0=19(0) = —c1 — 2c,.
Thus ¢; =1, ¢ = —0.5 and
y(t) = et —0.5e 2.
Finally,
lim y(t) = 0.
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2. (Section 2.9 - Exercise 18) Find the Laplace transform of the solution of the
following initial value problem

y' +y = t*sint, y(0) = 4/(0) = 0.

The Laplace transform Y'(s) of the solution y(¢) can be obtained from the formula

V()= o F (o)

where F(s) = L{t*sint}. Next we find F(s):

F(s)=—L{—t tsint} = —diﬁ{t sint}
s

d : d (d . . .
= Eﬁ{_t sint} = o (£5{81n t}) = @E{smt}

21 2(3s% — 1)
T A2+ 1 (s24+1)3°
Finally, the Laplace transform of the solution of the initial value problem is
2(3s* —1)

Y(s) =



3. (Section 2.10 - Exercise 14) Find the inverse Laplace transform of the following
function

1
s(s+4)%
Let . 1 )
Fls)= —— = . .
() s(s+4)2 s (s+4)?
Notice that ]
-=/L{1
S
and | d 1 d
__ @ - _"r -4ty t_4t.
(s +4)2 dss+4 ds feh = £{te™
Now

F(s)=L{1}-L{te ™} = L{l1xte ¥}
Thus, the inverse Laplace transform of F'(s) is
t 1 ! 74ud
0 + 4_1/0 € U
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4. (Section 2.10 - Exercise 20) Solve the following initial-value problem by the method
of Laplace transforms:

y' +y =tsint, y(0) =1, y'(0) = 2.

Let Y(s) = L{y(t)} and F(s) = L{tsint}. Then
5 n 2 n 1
s2+1 241 241

F(s)

V()= o s+ 2+ F(s)) =

= L{cost} + 2L{sint} + L{sint} - L{tsint}

= L{cost+2sint +sint x tsint}.
The solution of the starting initial-value problem is y(t) = cost+2sint+sint*tsint.

It remains to calculate the convolution between sint and ¢ sint. We proceed as follows:

t t
sint xtsint = / sin(t — w)usinu du = / (sint cosu — costsinu)usinu du
0 0

t t
:sint/ usinucosudu—cost/ wsin® u du
0 0

1 t 1 t
= —sint/ wsin 2u du — —Cost/ u(1 — cos 2u) du.
2 0 2 0

The first integral is
t

1 t
+—/ cos 2u du
0o 2/

= 1t 2t—|—1 in 2t
= 2Cos 4sm )

t
1
/ usin 2u du = ——=wu cos 2u
0 2

while the second integral is

2

! 1
u(1l — cos2u) du = — — —usin2u
; 2 2

t

1 t
—|——/ sin 2u du
o 2/
t2
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Then
: ) 1 . 1 1 .
sintxtsint = —sint ( —=tcos 2t + — sin 2¢
2 2 4

! t c 125 in 2t L 2t+1
— —cost | — — =tsin2t — — cos -
2 2 2 4 4

2

t
=-7 cost + 1 (sin2t cost — cos 2t sint)

1 1
+ 3 (cos2tcost +sin2tsint) — 3 cost

2 2

t 1 1 t
= —ZCOSt—F Zsint—i— gcost— gcost = 7 cost + Z—lsint.

Finally

: t? t t? £y
y(t):cost—l—ZSlnt—Zcost—i—Zsmt: 1_Z cost + 2+é_l sint.



