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1 Section 2.1, problem 11

Let y; (t) = #?> and y, (t) = t|t|

1. Show that y;,y, are linearly dependent (L.D.) on the interval 0 <t <1
2. Show that yq,y, are linearly independent (L.I.) on the interval -1 <t <1
3. Show that W[yl,yz](t) is identically zero.
4. Show that y;,y, can never be two solutions of (3) whichis y” +p(t)y’ +q(t)y =0, on
the interval -1 < t <1 if both p,q are continuous in this interval.
Solution
11 Parta

On the interval 0 < t < 1, then |t| = ¢ since ¢ is positive. Hence y, (t) = t?, which is the
same as y; (t) = t2. Therefore they are linearly dependent (same solution). In other words,

y1 () = c1y, (t) where ¢; = 1.

1.2 Partb

When t < 0 now v, (t) = —t*. Hence we have y; =y, for 0 <t <1 and y; = -y, for -1 < t < 0.
Therefore it is not possible to find the same constant c such that y; = cy, which will work
for all t regions. This implies that y; (t) and y, (t) are linearly independent on -1 <t <1.

1.3 Partc

Y1 Y2

Wiy, y2|(1) =
[yl yz]() 1 Y2

= Y12 — Yoli

If W(t) = 0 is in some region or at some point, then it must be zero anywhere. Therefore
let us pick the interval 0 <t <1 to calculate W(t). This way we avoid having to deal with
the |t| when taking derivatives since on this interval, y; = t* and also y, = 2. Now W (t)
becomes

W(t) = 2 (2t) — 12 (2t)
=0
Therefore W (t) = 0 everywhere.

1.4 Partd

Since p,q are continuous on -1 < t < 1, then by uniqueness theorem, we know there
are two fundamental solutions y;,1,, which must be linearly independent that their linear

combination give the general solution y (t) = ciy; (f) + oy (1).

But from part(b) above we found that the given functions y;, y, are not linearly independent
on -1 <t <1, hence these can never be the fundamental solutions to y”" +p (t)y’' +q (t)y = 0.



2 Section 2.2.1, problem 6 (page 144, complex roots)

Solve " + 2y’ + 5y = 0 with y (0) = 0,y" (0) =2
Solution

Let y = ¢!. Substituting in the above ODE gives
A2eM 4+ 2)eM + Belt = 0
eM(12+21+5)=0

Since e # 0, the above simplifies to A? + 21 + 5 = 0. The roots are A = 2y LV “dac =

a 2a
=+ \A-4(5) or A = -1+ ;v-16. Hence

2

A=-1+£2i
Therefore the general solution is linear combination of
y () = 1Mt + cpetet

= 120t 4 ¢ p(-1-20t

— ot (Cl o2t 4 Cze—zit)

But ¢;6?* + cpe7?* can be rewritten, using Euler relation, as C; cos2t + C, sin 2t. The above
solution becomes
y(t) = et (Cq cos 2t + Cpsin 2t) (1)
C,,C, are now found from initial conditions. At t =0
0=0Cy
The solution (1) simplifies to
y(t) = Coetsin 2t (2)

Taking time derivative gives
vy =C, (—e‘t sin 2t + 2e~t cos Zt)
At t = 0 the above becomes
2 =2C,
C=1
Substituting the above in (2) gives the final general solution

y(t) =etsin2t



3 section 2.2.2, problem 6 (page 149, equal roots)

Solve the following initial-value problems y” +2y" +y=0withy(2) =1,y (2) = -1
Solution
Let y = ¢!. Substituting in the above ODE gives

A%eM +20eM +eM =0

M(A2+20+1) =0

Since eM # 0, the above simplifies to A2421+1=0o0r (A + 1)2 = 0. Hence there is a double
root A = —1. One fundamental solution is
yi=¢e"'

To find the second solution, reduction of order is used. Let the second solution be

Yo =y1 (Hu(t)

=ety 1)

Hence
vh=—etu+etu (2)
vy =etu—etu —etu’ +etu” (3)

Substituting (1,2,3) into the ODE gives (since y, is assumed to be a solution)
(e‘tu —etu —etu + e‘tu”) +2 (—e‘tu + e‘tu’) + (e‘tu) =0
w—v -v+u")+2(-u+u)+u=0
u’ =2u" +u-2u+2u" +u=0
u” =0
Hence the solution is u = C;t + C,. Therefore from (1) the second solution is
y2(8) =y () u ()
=eH(Cyt+ Cy)
Therefore the general solution is
y(t) = Cy1 + Cay
= Caet 4+ Cuet (Cit + Cy)
Combining constants gives
y(t) =Cee "+ et (Cit + Cyp)
= (C3+ Cy)e™t + Cqte
Let A =(C3+ Cy),B = Cy, then the final solution is
y(t) = Ae”! + Bte! (4)

Now A, B are found from initial conditions y(2) =1,y (2) = —1. First initial condition gives
from (4)

1= Ae? +2Be? (5)
Taking derivative of (4) gives
Yy (t)=-Aet+B (e‘t - te‘t)
Applying second initial condition on the above gives
—1=-Ae2+B(e2-2e72)

= —Ae? - Be? (6)
Now we need to solve (5,6) for (A, B). Adding (5,6) gives
0=Be?
Hence B = 0. Therefore from (5) we can now solve for A
1= Ae?

A=¢2



Hence (4) now becomes



4 Section 2.4, problem 6 (page 156, Variation of param-
eters)

Solve the following initial-value problems y"" + 4y’ +4y = t;e‘Zt with ¥ (0) =0,y (0) =0
Solution
The first step is to solve the homogenous ODE y”” +4y’ +4y = 0. The characteristic equation
is
A2+41+4=0
A+2)(A+2)=0
Hence a double root at A = -2. The first solution is y; = e=*". Therefore the second solution

is y, = te™?' (obtained using reduction of order as was done in the above problem with
equal roots). Therefore the homogenous v, (t) is

Yy (t) = C1€_2t + CztE_Zt

To find the particular solution y, (t), Variation of parameters will be used. Assuming the
particular solution is

=2t

Yp () = uy () y1 () + up () y2 (1)

Where
_ (r®Bf®
uy (t) = WO dt (1)
And
(v f(®)
up (f) = W—(t)dt (2)

5
Where in the above f () = tze and y; = €7, y, = te™*. We now need to find W (¢)

Y1 Y2

/

Y1 Y2
= 1Yz~ Y2V
=72 (e‘Zt - 2te‘2t) + 2te e 2

= e - 2te™ 4 2te™H

W () =

Therefore (1) becomes

And (2) becomes
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Since y, (t) = uy () y; (£) + up (t) y2 (), then using the above results we obtain the particular

solution
29 27
_ 5| ,—2t 5 -2t
Yp (t)— (?tZ)B +(§t2)t€

-2 9 9
=2 —Zti + %ti
9 7

4 9
= — —thi
63°

Since y (t) = y;, () + y, () then the final solution is

4 9
H=(C -2t Cot —2t _ _Ztti
y (1) ( 167" + Cyte ) + 03¢

=2 (Cl + Cot + 64_3t§) (3)
Now initial conditions are applied to find Cy, C,. From y (0) = 0, then (3) becomes
0=C;
Hence the solution (3) simplifies to
y(t)y=e2 (Czt + itg) (4)
63

Taking derivatives

4 9 4\(7\ 7
Y (t) = 27 (Czt + @ﬂ) +e2 (C2 + (6—) (5) tz)

|

INTES BN @V

—2‘2tCt+4t;+‘2’*C+2t
T Rt B R

Applying the second BC v’ (0) = 0 to the above gives
0 = C2

The solution (4) now reduces to
4 9
t) = —t2e7
y(t) =
Which is just the particular solution. This makes sense, since both initial conditions are
zero, then the homogenous solution will be zero.



5 Section 2.5, problem 14 (page 164, Guessing method)

Find the particular solution for y” + 2y’ =1+ t*> + 72
Solution

The first step is to solve the homogeneous solution y;, (f) of the ODE y”” + 2y’ = 0. Let
u =y’. Then the ODE becomes

w+2u=0
The integrating factor is [ = e/ % = 2t The above becomes
d

E (l/l€2t) =0
ue = Cy
u= Cle_Zt

But ¥’ = u. Integrating gives
() = f Cre2dt + C,

-1
= ?Cle_Zt +Cy

= C3€_2t + CZ

Hence the fundamental solutions are

yp=e?

=1
We now go back to the original ODE and find the particular solution y,. Since the RHS
is p (t) + e where p(t) = 1 + 2, we can use linearity and find particular solution Y, ®)
associated with p (f) only and then find y,, () associated with e~ only and then add them
together to obtain y, (). In other words

Yp (t) = Yp () + Ypy (t)

To find y,, (t) associated with 1+ t> we guess Yp, () = Co+ Cit + C,t*. But because the ODE

is missing the y term in it, then we have to multiply this guess by an extra t. Therefore it
becomes

Ypy (8) = £(Co + Cat + Cot?)
To find y,,, (t) associated with e we guess y,,, = Ae*. But because ¢~ is also a fundamental solution

of the homogenous solution found above, we have to again adjust this and multiply the
guess by t. Hence it becomes

Yp, (t) = Ate™
Therefore the full guess for particular solution becomes
Yp (£) = Yp, (1) + yp, ()
= t(Co + Cyt + Cot?) + Ate™

=tCy + C11% + Cyot® + Ate™? 1A)

Now
yp (1) = Co +2C1t + 3Cot? + Ae™? - 2Ate™ "

And
Yy () = 2Cy + 6Cot — 2Ae7% — 2Ae™ + 4 Ate™? o

Substituting (1,2) into LHS of y” + 2y’ =1 + 2 + ¢ % gives
(2C; +6Cot —2Ae72 — 2Ae72 + 4Ate™) + 2(Co + 2C;t + 3Co12 + Ae ¥ = 2Ate ™) =1+ 2 + ¢
2Cy +2C; + 4tCq + 6tCy —2Ae™? + 6t2Cy =1+ 1? + 72
e (=2A) + t (4C; + 6Cy) + 12 (6C,) + (2Cy +2C1) =1 + 2 + 7%



Comparing coefficients gives

2A=1
4C, +6C, =0
6C, =1
2C, +2C; =1

Solving gives A = —%,CO = Z,Cl = —i,CZ = %. Substituting the above in (1A) gives the
particular solution as

3 1 1 1
) = Y _ - 42| 4,2t
Yy () t(4 4i‘+ 6t) 2te

3 1, 1. 1
= —t— =12+ 13— —te?
4 4 6 2

Therefore the general solution is

y@®) =y +y, )

3 1, 1, 1
=Cae 2 +Cop+ |-t — 12+ =13 — —te?
C3€ C2 1 2 6 5 e
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