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2 chapter 13, problem 4.1. Mary Boas, second edition

Complete the plucked string problem to get equation 4.0

Solution

Here we start with the solution given in 4.8

Yo = Zb sm( ) f(x) (@)

Where f(x) represents the initial position (shape) of the string.

Y

Plucked

string
y0=f(x)

A

Now need to find b,,

First need to define f(x), from diagram we see that from x = 0 to x = L/2 the slope is
h

2 . : -
B-T hence from equation of line we get y = —

Fromx:L/Ztox:L,slopeis—z— soy=h- ( %):h—%x+h:2h—%x: Z(h—hL—x)

so we have
2h L
f() f OSXSE
X) =
hx L
Z(h—f) E<X§L

so from (1) we get, after applying inner product w.r.t. sin(%)



2

L
3 L
L 2hf 2h
b, = = —fx sm(n )dx + thsm(nrcx) dx - — xsm(nnx) dx
2 L L L L
0 L L
2 2
s . T 3
) E _ 16 h Lcos(%) sm(%)
"2 n2m2
nry . 3
) 32h COS(T) sm( . )
ne n2m2

SO

32 h Lcos( " ) sm(n:)3

b
n 12772

Looking at few values of n to see the pattern

32h cos(4) sm(4) 32h cos( . )sm(zn) 32h cos( . )51n(3n)3

4 4
1272 ’ 22,2 ’ 32772 =

8h 8h 8h

w2’ 92 25 2’

8h 1,0, - 1 0, 1
o2 9’7" 25"

b, =

Notice that we have terms for only odd n.



Now, substituting the above in the general solution given in equation 4.7 in book, which
is

— _(nTx nmot
y—ansm( T )cos( T )

n=1

Gives

8h( (mx oot 1 . (3nx 3not 1  [5nx 5ntot
y= — sm(—)cos(—)+0+——sm oS\ +0+ —=sin|—]cos| — | + ...

2 L L 9 L 25 L L
8hi (nx) (m)t) 1 . (3nx 3not N 1 . [(5nx S5ntot N
= —|sin| — —)-= — —
y - si T cos T 9 sin T cos T 5 sin T cos T

The above is the result we are asked to show.
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3 chapter 13, problem 4.2. Mary Boas, second edition

A string of length L has zero initial velocity and a displacement y,(x) as shown. Find the
displacement as a function of x and t.

y

Plucked
string
y0=f(x)

2 |

Solution

2
The PDE that governs this problem is the wave equation V2y = ;—2%

The candidate solutions are

sin(kx) sin(wt)
sin(kx) cos(wt)

cos(kx) sin(wt)

cos(kx) cos(wt)

where w = kvand k = 2771 where A is the wave length

Now we discard solutions that contains cos kx since the string is fixed at x = 0.

So we are left with

_ { sin(kx) sin(wt)

sin(kx) cos(wt)

Now, y = 0 at x = L then from sinkx = 0 or sinkL = 0 we need k = %ﬂ

Hence solutions become

sin(%x) sin(%vt)

y:

sin(nTnx) cos(%nvt)

Applying initial conditions, which says that at time ¢ = 0, velocity is zero.

. d
Hence from above, after taking a—}i, we get



11

1o sin(%nx) cos(%t)

Q_ L
ot | _nm

. nm . nmo
7 sm(Tx) sm(Tt)

For the above to be zero at f = 0 then we discard first solution above with cos t in it. Hence
final general solution is now

y={ sin(%x) cos(%vt)

A general solution is a linear combination of the above solutions, hence

y= ;::1 b, sin(n%x) cos(%vt) 1)

To find b,,, we apply the second initial condition, which is y = yy = f(x)

(Notice that we use two initial conditions, i.e. at time t=0 we are looking at speed and

92
position, this is because we started with a PDE with (?_tg in it, which is a second order in
t.)
At t=0, (1) becomes

Y= g b, sin(nfnx) - ) @)

. . L h _4h
Tofmdf(x)fromd1agram,weseethatforOstZ,y—xm— X
L L L\ h L\ 4h 4h L4k 4h
ForZ<x§E,y——(x—z)m+h——(x—z)f+h——xf+1f+h——xf+2h
L
F0r5<st,y—0
Hence
4h L
fx OSXSZ
4h L L
y= Zh—x? Z<XS§
L
0 E<XSL

Do the inner product on both sides of equation (2) w.r.t. sin %x
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L
b, f sin? o dx = [ ) sin "y dx
0 L 0 L

L L
4
b, — =

L
_f4
0

4
L
h

4
L

L
_4fz
L
b":nzn

Looking at few values of b,

7—C .
(2 sm(4) —sin

8hl(. (= T
= — (2 sm(z) —sin 2)

=
1 i )
n2 (2 sm( 1 ) —sin

8h [

8hl 1 (2 (nn)
= in

2 3 4

8h
n 12 2

1’12

X sin Ex dx + fi 2h sin(ﬂx)dx - f
L L L L

s

2)
2 7

1
72
77) 7 si .
—1],|2sin — - sin
2

_ nn)
— S —
2

f(x) sm—x dx + f f(x) sm—x dx+f f(x) sm—x dx

L

o

L
4h
X sin nfx dx + fz 2h sm(nLnx) - xf sin(nfnx) dx

L L

4h
(Zh xf) sinnfnx dx+f% 0 sin nfnx dx

N

4h  (nm
X— sm(—x) dx
L L

X sin —x dx + 2hf sm(nzT )dx - ﬁ

L
nn)
4

nrTt
in(2 %) 4
XSIH(LX) X
_ nn)
St

8h
22 7-(2

8h
3272

(2 sin(z—n) —sin Z—R), (2 sin(?’—n)

4 2 4

2n 271) ! (2 sin3—7Z —sin B—H) l
2 ) 32 4 2

— sin
27 D si 3 3m
> ) sin 1 sin o

. 3m
—sin —|, ...
2

2
( sin — 1
27
4

Hence from equation (1) above, we get

8h| 1
2

. nm /
sin —x cos —v
" L L

2 (2om( )

nrt

nrt nrt

. ”71) . ;
—sin — || sin —xcos —v
sin —-) | sin ——xcos —

nrt nrt

sin —x cos —ut
L

L



Where ,
B, = —2(2 sin(
n

The above is the result required to show.

nrt

4

)

. nm
—sin —
2

|

13
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4 chapter 13, problem 4.6. Mary Boas, second edition

A string of length L is initially stretched straight, its ends are fixed for all time t. At time
%y

t=0its points are given the velocity V(x) = ( >

) as shown in diagram below. Determine
t=0
the shape of the string at time t.

V(x)

Solution

1 82y

The PDE that governs this problem is the wave equation V?2y = ey

The candidate solutions are

sin(kx) sin(wt)
sin(kx) cos(wt)

cos(kx) sin(wt)

cos(kx) cos(wt)

Where w = kvand k = 2771 where A is the wave length

Now we discard solutions that contains cos kx since the string is fixed at x = 0.

So we are left with
sin(kx) sin(wt)
| sin(ky) cos(wt)

Now, y = 0 at x = L then from sinkx = 0 or sinkL = 0 we need k = %

Hence solutions become

sin mx sin o ot
L L
y =

sin mx CcosS o ot
L L

Applying initial conditions, which says that at time t = 0, velocity is given by V(x)

a
Hence from above, after taking a—i, we get
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iy sin Ty Ccos M0t
dy L L L
ot - nmY . N7 . nmo
——sin —xsin —t¢
p Smxs L

For the above we discard velocity solution above with sint in it since that will give zero
velocity at time t=0, which is not the case here. Hence we discard y solution with cost in
it, then the final general solution for y is now

nrt

= sin
y sin —

. nr
X sin Tvt

A general solution is a linear combination of the above solutions, hence

To find b,,, we apply the velocity initial condition. Hence differentiate equation (1) and
set t=0, we have

d — nmY . NmX nmot
&—]::nglbn I sin T cos T

Setting t=0

dy <, NMU _ nmx
E = ngl b}’l T SIHT = Vt=0 (2)

L
Now to find V;_,. From diagram, we see that for 0 < x < 5~ W, Vieg=0
L L
Forz—w<x§§+w,Vt:0:h

L
F0r5+w<x§L,Vt:0=O

Hence

0 O0<x<--w

N

L L
Vt—(): h E—w<xSE+w

L
0 E+w<x§L
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Do the inner product on both sides of equation (2) w.r.t. sin %x

L L
bnnlej; sin? nfnx dx:j; V(x) sinnTnx dx
L

L
nmo 77w nm PR nrmx L nm
b,— = fz Osin—xdx+f2 hsin—dx+f 0 sin —x dx
2 0 L L L L, L

E—w E w

L
Nnmo ptw nmnx
bn—:f2 h sin — dx
2 L_ L

L
- ~+w
bn@ = —h L cos@]2
2 nrl L %_w
S (R
b, = —h o cos T — Cos i
b@——hiz (n_n+nmu)_ (n_n_nnw)]
e A W T A - N
b= 2hL [ (n_rc N nnw)_ (n_rc_ nnw”
" T\ 2 T )TN\ T L
But cos(a + b) = cos(a) cos(b) — sin(a) sin(b)
and cos(a — b) = cos(a) cos(b) + sin(a) sin(b)
Leta = 1%, b = 12
Hence b,, becomes
2hL
b, = ————[cos(a + b) — cos(a - b)]
n?méo
2hL . . : .
= —m[cos(a) cos(b) — sin(a) sin(b) — {cos(a) cos(b) + sin(a) sin(b)}]
2hL
= —m[cos(a) cos(b) — sin(a) sin(b) — cos(a) cos(b) — sin(a) sin(b)]
2hL
= _nz—nzv[_ sin(a) sin(b) — sin(a) sin(b)]

= % sin(a) Sln(b)

4hl. (nn) ) (nnw)
= ———sin| — | sin| —
n2m2o 2 L
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For even n, the term sm( > ) is zero. For n odd sm( > ) = 1whenn = 1,5,9,.. and
sm(7) =-1whenn =3,7,11, .. Hence

b, = A(n) n=1,3,57,..

4hl. (nnw)
sin
n2m2v

And A(n) is a function which returns 1 when n = 1,5,9,.. and returns -1 when n =
3,7,11, ..

Hence now we have b,, we can substitute in (1)

> nmx nrot
= b, sin — sin
y ; n L

L
— 4hl. | (nnw . nmx | nmot
1= 5, Aoty ) s 5
4hl, & nmw nmx nmot
= nzvn%dA n) — sm( 7; )[sin% sin 7; ]

Which is the general solution. Looking at few expanded terms in the series we get

__ 4nL Sil’l(nw) sin X sin not 1 sin 3nw sm3 X si n3m) n 1 sin S5nw sin 5mtx sin nmot
Y= L L L 9 L L L 25 L L L

Which is the result required.
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5 chapter 13, problem 5.1. Mary Boas, second edition

200
ki1 (ki)
(69

u = ZC,,J(_,(kmr)e_kmZ for the steady state temp. in a solid semi-infinite cylinder when

Compute numerically the coefficients ¢, = for the first 3 terms of the series

=1
u :Omatrzlandu =100atz=0.finduatr=1/2,z=1
Solution

Here, we are looking at the solution for temp. inside a semi-infinite cylinder. This solution
is for the case of a uniform temp. distribution on the boundary z = 0 is given by u equation

2
shown above. Note that in the expression ¢, = %, the k,,, are the zeros of ], not J;.
m)1\Km
. 200
Need to find ¢y, ¢y, c3 where ¢; =
k1J1(k1)

To find k; and J;(k;) I used mathematica.

I plotted Jy(x) to see where the zeros are located first

in[16]= Plot[Besseld [0, x], {x, 0, 10}]

1

o
%]

2 4 6 il 10
-0.2
-0.4

Ouf16}= = Graphics =

So I see there is a zero near 2,5, and 9. I use mathematica to find these:

n20k= k1 = FindRoot [Bes=selJd [0, x] =0, {x, 2}]
Outf20]= {=x — 2.40483 }
n21}= k2 = FindRoot [BesselJ [0, x] =0, {x, 5}]
Out21}= {= -+ 5.52008 }
nZZ}= k3 = FindRoot [BesselJ [0, x] =0, {x, 9}]

ouzz= {x = 8.65373 }

Now I need to find J;(k,,). This is the result for 3 terms:
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In[37}= BesselJd[1, kK1[[1, 2]]]
Out[37}= 0.5189147

Inf3g]= BesselJd[1, k2[[1, 2]]]
Outf3g}= —0.340265

n@Eel- Besseld[1, k3[[1, 2]1]]

Out[3gl= 0.271452

Hence, now the c,, terms can be found:

o= o 200 =160.30

V7 k() (2404)(0.519)

=0 _ 20 _ 10656

27 koJi(ky) — (5.52)(=0.34) '
200 200

C3 = 85.635

" ksh(ks)  (8:65)(027)

Evaluating u = Z cJo(k,, e m* for the first 3 terms when r =1/2,z = 1

m=1

u = cqJo(kyr)e ™2 + cofo(kor)e ™22 + cao(kzr)e ™3
1 1 1
= C1]0(k1§)€_k1 + Cz]o(kzi)e_kz + C3]0(k3§)€_k3

1 1 1
= (160.30)]0(2.4045)e-2~404 ~ (106.56)], (5.52§)e-5-52 + (85.635) ]0(8.655)8_8'65

= (160.30)5(1.202)e~2404 — (106.56)],(2.76)e ™22 + (85.635)](4.325)e 86

Mathematica was used to evaluate |, values above.

In[40]:= Besseld[0, 1.202]
Outf40]= 0.670136
nf41]= Besseld [0, 2.76]

Outja1}= —0.168385

In[42]:= Besseld[0, 4.325]

Out[42]= —-0.356614



Hence

u = (160.30)(0.67)e~24% — (106.56)(~0.168)e
u=9.7043+71713 %1072 - 5.3389 x 1073
u =9.7707 degrees

-5.52

+ (85.635)(—0.356)¢ 7865

20
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6 chapter 13, problem 5.2. Mary Boas, second edition

Find the solution for the steady state temp. distribution in a solid semi-infinite cylinder
if the boundary temp. areu =0atr=1andu =y =rsinOatz =0.

Solution

The candidate solutions are given by the solution to the Laplace equation in cylindrical
coordinates which are

J.(k ¥)sin(n@)e™® = (1)

J.(k ¥) cos(n@)e™*z  (2)

Where k is a zero of |, (This is because we have used the B.C. of u = 0 at 7 = 1 to determine
that the k’s have to be the zeros of |,,) when deriving the above solutions. See book page
560.

From boundary conditions we want u = rsin @ when z = 0, hence we need to keep the
solution (1) above, with n = 1. Hence a solution is

u = J;(k r)sin(0)e7* 2 (3)

A general solution is a linear series combinations (eigenfunctions) of (3), each eigenfunc-
tion for each of the zeros of [;. Call these zeros k,,

=3 cnJilky sin(@e ™= (4)
m=1
We now apply B.C. at z = 0 to find c,,,. From (4) whenz =0

rsin O = i cy J1(k,, 1) sin(6) (5)

m=1

We use (5) to find c,, and then substitute into (4) to obtain the final solution.

To find c,, from (5), take the inner product of each side with respect to 7J; (k, r) from r = 0
tor=1

fl rsin O[r];(k, r)] dr = i Cm (fl J1(k,, ) sin(O)[r]1(k, 7)] dr)
0 0

m=1

1 00 1
sind [ 2k, dr= 3 c, sin(@)( NIRRT dr)
0 m=1 0
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Dividing each side by sin 0

1 0 1
[ Prnar= Y, ( AR dr)
0 m=1 0

From orthogonality of Bessel function, we know that

[ 1yt P, i =0
0

If m # u. Hence in above equation all terms on the right drop except for one when u = m.
We get

1 1
[ PRk dr= e [ I 2k i
0 0

f 21k, 7) dr
Cm = (6)

L7 1k 1) Jal ) dr

The integral in the denominator above is found from equation 19.10 in text on page 523
which gives

1 1
Jo 7 R0 k) dr=S000F @)

Now, we need to find the integral of the numerator in equation (6).

Using equation 15.1 in text, page 514, which says

d
E[x”]p(x)] = xp]p—l (x)

Putting p = 2 above, and letting x = k,,r gives

1d

| G Talkun) | = )1 )
1d
o Taknn) | = KTy ()

1d
P Talkun) | = P kr)



Integrating each side w.r.t ¥ from 0 ... 1

1

f 2], (k,r) dr
0

1 ld

. j; P [V Ja (ki 7)
1 1
- [Pran] = [ Pnton
1 1
£ Uk =01 = [ 2ter) ar

1 1
£ Jalk) = fo Pl dr  (8)

Substituting (7) and (8) into (6)

[ 1 ) dr
L7 Ty 1) Jyl )y dr
= alk)

“Ua(kn)V
2

AT

Substituting this into (4) above, we get

i ¢ J1(k,, 7) sin(Q)e~km =

3
—_

N : —ky z
mZ:l A (km) k,, r) sin(0) e

where k,, are zeros of [;

The above is the result we are asked to show.

23
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7 chapter 13, problem 5.4. Mary Boass, second edition

A flat circular plate of radius 1 is initially at temp. 100°. From ¢ = 0 on, the circumference
of the plate is held at 0°. Find the time-dependent temp distribution u(r, 6, t)

Solution
First convert heat equation from Cartesian coordinates to polar.

heat equation in 2D Cartesian is

First need to express Laplacian operator V2 in polar coordinates:

x=rcos0O
y=rsin0
Hence
d
a—f = cos 0 (A)
d
8_Z =sin 0
And
d
£ =—r sin0 (B)
d
% =r cosO
y
P(xy)
r

r sin(theta)

theta

r cos(theta)




From geometry, we also know that

6 = arctan Y
X

The above 2 relations imply

d dx d  dy d d dx d dy d
—=——+—=—and —-=-—-—+-—-—
dr  drdx  drdy d60  dOdx  JOJy

Hence we can express the above, using equations (A) and (B) as follows:

d _dxd dyd

&r_§£+§&y

J -
=cos— +sinf—

Jx dy
Multiply each side by r
o _ O—— +rsin6
ro- =rcosfo—+rsin E»
22
7 ox y&y

Squaring each sides of (1) gives

I 2N (2, Y
"or\"ar) T\ ox y&y

(9_2_{_1— ii+ii+2£i
o " ar) ™ “ox ox y&yy8y x&xy8y

28_24_ i— i i + i i + 2 i i
"o T Tar T ax\ Tox y&y y&y Tox y&y
-1 =1
2 9 9 2 9 9 92

= XXW'F%X% +vy ya—yz'l‘a—yyo.)—y + 2x yaxa,)y

, P29 LR 9 52

— - _ 2~ -
TV T Y Iy? +y&y +2xyc}’x8y

=2
s 2,9
c9xyc9y

25

(1)

(2)
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d a
Notice that when manipulating of differential operators, x— # —x. Similarly
dx = Jx

9 _dx9  dy9
06~ J09x 90 dy
=-r sm@a +7 cos 6(9_y
J J
__y&_x+x8_y (3)
Squaring each side of (3) gives
2
() - 5)
90 of a\ of 9\ of 9\ o( o
0000~ Yax\Vax) T oy\ ay) TV ax\May) T ay\ Vax
=0 -0
8_2—_ _a_2+i(_)i+ &_24_1()1
002 = Y| Vo2 T 9x\ ) 1 xxo"yz o"yx dy
=L =L
I RN ) O O
yx8y8x Bxx3y * y&x&y dy” dx
_292+292_ r 9 .9 9
— 9 x&y yx&y8x y&y xy&xé’y Tox
_ 2&_2 &2 —2ux aZ _ & i (4)
R 8]/ S dydx yé’y Tox

Adding equation (2) and (4) and carry cancellations

22 22 x23—2+xi+ il >+
P e T\ o U ya
2 2 2 2 2
207 L0 L9 _ (22 29" 29°
P I T e T (x e TV o) T\ o2

Hence we get

0’;2 2 32 > 0’;2 aZ
zxy8xc?y)+(y a2 +x ﬁ B 2]/ dydx -y dy
2
2 0% d
T a2 )
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N I Y Y.
o T a9 T 92 T 92 T @ T 2
2 P
— [(~2 2
- (24757 )

Dividing by r2

”? 19 15 (@) 2 L
arr  rdr 12902 12 Ix?  Jy?

But 72 = x? + y? hence

82+1(9+1 22 82+(92 _ 2
a2 rdr 12902 \dx2  Iy2)

Now that we have the Laplacian in polar coordinates, we can solve the problem by apply-
ing separation of variables on the heat PDE expressed in polar coordinates.

92 19 +1(92 19 5)
(9r2u ro"ru r2(992u_a20"tu

Let solution u(r, 0, t) be a linear combination of functions each depends on only 7, 0, or ¢

u(r,0,t) = R(r)®(0)T(t) (6)

Substitute (6) in (5). First evaluate the various derivatives:

J P
51 = ©(O)T(H)5-R()

ar
22 72
W” = @(G)T(t)WR(r)

d d
—u= R(r)T(t)%@)(G)

20
9? d?
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d d

Hence equation (5) becomes

9? 19 +1(92 19
ar? 2" r&ru r2(992u_a28tu

d? 1 1 2 1
OO)T(t) 7 R(r) + —OO)T(t)— R(r)+ S RNT()—=50(0) = (V)@(Q) (1)

d6?
Divide by R(r)®(0)T (t)
1d2R 11 d 11d2®911d
Wﬁ (r)+_Wd_ (r) + _Zﬁﬁ (0) 2 T(t)dt T(t)
1 [d? 1 1 42 1
R(r) 2() ——() —Zm@()_—zma()

We notice that the RHS depends only on ¢t and the LHS depends only on r, 0 and they
equal to each others, hence they both must be constant. Let this constant be —k?

Hence

1 1 d
2 Tt T(t) = -k? (7)
1 [ d? 1d 1 1 &
m|ﬁR(1’) + ;ER(T’)] + = 2 @(6) ﬁ®(8) = _kZ (8)

ar) _

equation (7) is a linear first order ODE with constant coeft. %T(t) = —a?T(t)k? or ™

—a?k2dt
Integrating to solve gives
ar(t) 942
m = f—a k=dt
InT(t) = —a®k?t

or

—a?k?t

T(t) = 9)
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Looking at equation (8). Multiply each sides by * we get

&2 1d &
Rl 150+ gy 720 =
r? [ d? 1d 1 &
(r)[d 2 “*‘d_R(”]”zk*@dez@( =0
1 1d 1 d?
s a0 150 )+ e =0 oo

The second term depends only on 6 and the first term depends only on r and they are
equal, hence they must be both constant. Let this constant be —n? hence

1 &
00 202> =~
2
—50(0) = ~120/(0)

This is a second order linear ODE with constant coeff. Solution is

sinnf@
O(0) = (11)

cosno

From (10) we now have

1 [ d? 1d
7’2(%[ﬁR 1’) + ;512(1")

Equation (12) is the Bessel D.E., its solutions are J,,(kr) and N,,(kr) . As described on book
on page 560, we can not use the N,,(kr) solution since plate contains the origin and N,,(0)
is not defined. So we use solution R(r) = J,(kr). From boundary conditions, we want
solution to be zero at r = 1, hence we want J,,(k) = 0, hence the k’s are the zeros of |,

+k2)—n2:0
d? 1d 21
r)[dz ()+—d—R(r)]+rk—n =0

( r?k? — nz)R(r) =

R(r) + riR(r) +(P2k2 - n?)R(r) = 0 (12)
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Putting these solutions together, we get from (6)

u(r,0,t) = R(r)®(0)T(t)

J.,(kr) sin n@e—a"k*t
], (kr) cos nfe=a’k’t

From symmetry of plate, the solution can not depend on the angle 0, hence let n = 0 and
so as not to get u = 0, we must pick the solution with cos n6 term. Hence our solution
now is

u(r, t) = Jo(kr) ekt

Where k is a zero of ],

The general solution is a linear combination of this eigenfunction for all zeros of ], hence

umﬂ=§%mmmrﬂ% (13)

m=1

We find ¢,,, by using initial condition. When t = 0, temp. was 100° hence

100 = 7 ¢ Jo(kur)
m=1

Applying inner product w.r.t. rJy(k,r) from 0...1

f 1100 1, (k) dr = f 1(50] ., ]o(kmr)) ok, ) dr
0 0 \m=1

1 oo 1
100 f rfolk,r) dr = Z Con f Jo(k,,7) v]o(k,7) dr
0 m=1 0
From orthogonality of Jy(k,,r) and Jy(k,r), all terms drop expect when m = u

100 f ok dr = ¢, f )P dr
0 0



From here we can follow the book on page 561 to get

200

— \- —azk%,
=200 ), RS Jo(k,,1) e g

m=1

Where k,, are zeros of ],

Notice that final solution does not depend on 6

31
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Solve
d( dR _ 2R
rdr rdr -

d(,dR
Bl 2
dr(r dr) I+ DR

Solution

First equation, use power series method.

ri rd—R =n’R
dr\ dr
d’R LS P
VY — | — =
! dr?2  dr "
d?R dR
2 2p _
r W + 7’% -n“R=0

Let R = ayr® + a7t + ayr"™2 + azr° ™3 + a4+ + -+ then

R = agr® + a1t + a2 + agrst3 + a -t + -
—HZR — _nzaors _ n2a17,s+1 _ 7126121’5+2 _ n2a3rs+3 _ 7121141’s+4 .

dR
5 = agrt + (s +1) ay7° + (5 + 2) apr*™ + (s + 3) azrt? + .-
dR
r=s apr® + (s +1) a7 + (s + 2) apr*™ + (s + 3) azr¥t3 + -
4R -2 -1 1
77 = (s=1)sapgr=+s(s+1)a;r" +(s+1)(s+2) ayr® + (s +2)(s + 3) azr®™™ + ---
ZdZR S s+1 S+2 s+3
r i (s=Dsapgr +s(s+1) a1 + (s +1)(s+2) apr™= + (s + 2)(s + 3) azr**°> + ---
Table is
s 7’5+1 TS+2 pstm
-n?R | —n?ay -n?ay -n?ay -n?a,,
ri—f S ag (s+1Da; | (s+2)ay (s + m)a,,
> d?R
= (s—=1say | s(s+1)a; | s+1)(s+2)ay | (s+m—1)(s+m)a,




Hence, from first column we see , and since ay # 0 we solve for s

—n?ag+sayg+(s—1)say=0
ao(—n2+s+(s—1)s) =0
—n?+s+(s-1)s=0
—n?+ s2=0

s=+n
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We see from second column, al(—nz +(5+1)+s%+ s) = 0 or al(—sz +2s+1+ 52) =0,

hence a;(2s +1) =0

1. . . .
For a; # 0 then s = —, this means 7 is not an integer since s = +7. hence a; must be zero.

The same applies to all a,, , m > 0 Hence solution contains only a,

R = agr*"
agr™"
R =
agrt”

For some constant ag. This solution is when n # 0

If n =0, table is

s I’S+1 rs+2 pstm
-n2R | 0 0 0 0
dR
r— S ag (s+1)a; | (s+2)ay (s + m)a,,
zdzR
(s (s=Dsay | s(s+1D)a; | s+1)(s+2)ay | (s+m—1)(s+m)a,

From first column:

sag + s2ay —say = 0

ao(s+sz—s):O



And all other a’s are zero. Hence R = g, or R is constant.

Now for the second ODE

d{( ,dR
4[05) e

dZR dR
+ Zrd— —Il+1)R=0

er

Let R = agr® + a;r°*! + ayr*™? + a3r°™3 + a5t + -+ then

R = agr® + a1 + ayr°t? + agrttS + a5t 4 -
~I(I +1)R = =I(I + Dagr® = I(l + D)ayrs™t = (I + 1)aprs+? — I(1 + 1)azr* ™ = (I + 1)agr+ -
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dR
= =5 agr 4+ (s +1) ay7° + (5 +2) apr™t + (s + 3) agrt? + -
dR
27% =25 ayr® +2(s +1) 17" +2(s + 2) ayr°t2 + 2(s + 3) agrt3 + .-
dZR S—2 s—1 S s+1
77" (s=Dsapgrr=+s(s+1)a;r " +(s+1)(s+2)ar’ +(s+2)(s+3)azgr*™ + -
dZR S s+1 5+2 s+3
d —= = (s=Dsapgr’ +s(s +1) a;r*" + (s +1)(s + 2) ar®™= + (s + 2)(s + 3) azr™™ + -+
Table is
7S 1’S+1 7’S+2 pstm
~n?R | Il +Dag | =I(I +D)ay | =I(I +1)a, -I(l+1)a,,
ZrZ—I: 2s ag 2(s+1)a; | 2(s+2)a, 2(s + m)a,,
> d?R
r— (s—Dsay | s(s+1)a; | (s+1)(s+2)ay | (s+m—-1)(s+m)a,,

From first column:

=I(l+1)ag+2sag+(s—1)sapg=0
ag(-I(l+1)+2s +(s—1)s)=0
=l(l+1)+2s +(s=1)s=0
~1(l+1)+s +s>=0
(s=Ds—-(-1-1)=0

Hences=lors=-1-
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We also see that all other a’s will be zero, since recursive formula has only a,, in it and no
other a. Hence

R = ayr®
ﬂo?’l
R =
agr1

For some constant 4
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