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1 Problem1
Find the general solution of the following differential equation
d
% =y + 2xe*
Solution
Writing the ODE as
d
% —y = 2xe* (1)

Shows it is a linear ode as it has for form y’ + p(x)y = g(x) where in this case p(x) = -1
and q(x) = 2xe?*. The first step is to determine the integrating factor, which is given by

[ = e P

— ef—ldx

= e_x

Multiplying both sides of (1) by this integrating factor gives

d
e (—y - ) = Qxe?e™*

dx
d
(d—Ze‘x - ye‘x) = 2xe*
But (Z—Ze‘x - ye‘x) = % (ye‘x) by the product rule. Hence the above becomes

d  _
o (ye x) = 2xe*
d (ye‘x) = 2xe*dx
Integrating both sides gives

f d(ye‘x) = f 2xe*dx

ye* =2 fxe"dx +C (2)
Where C is the constant of integration. What is left is to solve the integral f xe*dx. Using

integration by parts
fudvzuv—fvdu

Let u = x,dv = e*dx, therefore du = dx and v = e*. Therefore

fxexdx = Uv — fvdu
= xe* — f e*dx
But f e“dx = ¢*. Hence the above becomes
fxexdx = xe¥ —¢e* (3)

Note that a constant of integration is not needed in (3), since constant of integration
was already added in (2) earlier. Substituting (3) in (2) gives

ye ™ =2(xe* —e*)+C



Solving for y from the above (by multiplying both sides of the above equation by ¢*),
gives the general solution
Yy =2(xe* —e¥)e* + Ce*
=2 (xezx - er) + Ce*
Therefore
y(x) = 2¢* (x - 1) + Ce*

The solution contains one constant of integration as expected since the order of the ODE
is one.



2 Problem 2

Solve p
vy _
o 2xy (4 - y)
Solution

This ode is separable because it can be written as

¥ =py)g(x)

Where the function p(y) depends explicitly on y only and the function g(x) depends on x
only. In the given ODE, p(y) =y (4 - y) and g(x) = 2x. Hence the ODE can be be written
as

dy
e p(y)q(x)
1
—dy = q(x)d
p@)y gxydx  y#4

Integrating both sides gives

f ﬁdy: f q(x)dx

Replacing p(y) = y (4 - y) and q(x) = 2x into the above gives

fmdy:fzmx (1)

The integral on the right side is

22
fodx:%+C1

= x2 + Cl (2)

Where C; is the constant of integration. The integral on the left side is solved using
partial fractions. Let

A(4—y)+By
y(4-y)
_ 4A-yA+ By
y(4-y)

_ 4A-y(A-B)

y(4-y)

Comparing the numerators shows that
1=4A-y(A-B)

Which implies, by comparing coefficients of y on each side that 44 =1 and (A - B) = 0.

This means A = i and B = ‘11. Therefore

1 11,11
y(4_y)"4y 44—y
11 1 1



Hence the left integral in (1) now can be written as

[y e

But f}/dy = In|y|. To find fﬁdy, let y — 4 = u. Hence dy = du. Therefore

1 1
fﬁ y= [
= In|u|
=1In (jy - 4))

Substituting all of this back in (3) gives

1 1 1
[~y = Tnly| - n 1y -4

y(4-y)

= i (ln ly| - In (|4 - y'))

1
=—In

b L (1)

4-y
Now that both integrals are found, substituting (4) and (2) back in (1) gives

1
ZIH|L| :x2+C1

4-y
Y (4,2
In|——| =4x° +4C,
4-y
Let 4C, = C,, a new constant.
In L| =4x* +C,
4-y

Raising both sides to exponential gives

Yy
4-y

— C2 e4x2

— e4x2+C2

Let ¢“2 = C a new constant. The above becomes
I _ et
4-y
The absolute on the left side can be removed by letting the new constant C absorbs the
sign for either positive or negative..

Solving for y from the above in order to obtain an explicit solution gives

y= (4 - y) Ce®’
= 4Ce*" —yCe¥
y + yCe¥” = 4Ce*”*
y (1 + Ce4x2) = 4Ce™*

Hence the solution is
4Ce*

- 1 + Ce®?

The above can be simplified further by dividing numerator and denominator by Ce* #
0 which gives

y

4
y:—l
2 —4x?
o€ 4]



1
Let = = Cp a new constant. Hence the final general solution becomes

X)= ———
y( ) 1+ C0€_4x2

Where Cj is the constant of integration which can be found from initial conditions when
given.



3 Problem 3
Solve
dy _ x* + 3y
dx  2xy
Solution

This is homogeneous ODE. Dividing both the numerator and denominator of the right
side by xy # gives

X Y
d_y_a+3g
dx ¥
xy
f+3Z
y X
-4 1
- 1)

Let v(x) = @ be a new dependent variable. Hence y = vx. By the product rule

. . _ Yy . dy . . . .
Substituting v = = and replacing - by the above into (1) gives a new ODE in v(x) which
is now separable

do Ly
+ —x =
T A 2
do Ly
T2
1+30°
— (% _
1+ 302
= -0
20
14307 - 207
B 2v
1+ v?
0
The above ODE is separable. It can be written as
2v dv 1 40
_— = = X
1+v?dx  «x
2v dx
dv=—
1+0270 " %
Integrating gives
2v dx
v= | —
1402 x
=Inx| + C; (2)

Where C; is constant of integration. To evaluate the left integral f %dv, letu =1+
Hence du = 2vdv. Therefore
2v 2v (du
do = f — | ==
1+ 02 u \2v
du

u
= In|u|

= 1n|1 + vz|



But |1 + 02| is always positive so the absolute sign is not needed. Therefore

: ivvz dv =In (1 + vz)

Substituting the above in (2) gives
In(1+0?) =Inx| +C;

Raising both sides to exponential gives
1+ UZ — eln|x|+C1

= _xecl

Since exponential function is never negative. Let ¢! = C be a new constant. The above
becomes

1+0%=Cx
¥ =Cx-1

v=+VCx-1

Butov = % Hence the above becomes

%:i\/Cx—l

Which implies
y==xVCx -1 x#0

There are two solutions. They are

y1(x) =xVCx -1
Ya(x) = —xVCx -1



4 Problem 4

A tank initially contains 120 L of pure water. A mixture containing of o g/L of salt enters
the tank at a rate of 2 L/min, and the well-stirred mixture leaves the tank at the same
rate. Find an expression in terms of « for the amount of salt in the tank at any time .
Also find the limiting amount of salt in the tank as t — oo

Solution

Initial conditions at ¢t = 0

2 Litre/Min

-
salt: « g/Litre
120 L of fresh water

0 g of salt 2 Litre/Min
 _
V(t),z(t) Salt: 5

x(t) is mass of salt in the tank at time ¢

V(t) is volume of water in tank at time ¢

Figure 1: Showing tank flow and initial conditions

Let x(t) be mass (amount) of salt (in grams) in the tank at time ¢. Let V (t) be the volume
of water (mixture) (in litre) in the tank at time t. Using the equilibrium equation for
change of mass of salt

X
— = rate of salt mass in — rate of salt mass out

dt
Which becomes
dx L g L \(x(t) g
it ‘(ZH)(“E) - (Zm)(m E)
N x(t)
= LK — ZW (1)
But

V(t) = V(0) + (rate of mixture volume in — rate of mixture volume out) ¢
=V(0)+2-2)t
= V(0)

But we are given that V(0) = 120 L. Hence
V(t) =120

Which means the volume of mixture remains constant in the tank (this is as expected,
since rate of flow in is the same as rate of flow out). Substituting the above in (1) gives
the ODE to solve
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The solution to above ODE gives the mass x(t) of salt in tank at time ¢.

i 2)
ar 60 ¢

This is linear ODE as it has the form x" +p(t)x = q(t). The integrating factoris I = el P _
1 t
el & = . Multiplying both sides of the above ODE (2) by this integrating factor gives

édx_*_x _266_f0
“\ar ") T

dx t  x ¢ t
e + e

—e60 + —e60 | = 201e60
( 60

dx L + i L
But (—xe o + ¢ 60) =— (xe 60) by the product rule. Hence the above becomes
dt 60 dt

t t
T (xe@) = 2ae60

Integrating both sides gives

Q|

t
fd(xe 0) = fZae@dt

t t
xe60 :Zafe@dt+C

t
. . . L 1
Where C is the constant of integration. To evaluate f esodt, let —6t0 = u, then —6Odt = du.

Hence f e% dt = f e (60du) = 60 f e'du = 60e" or 6065. Therefore the above becomes
xe6_t0 =2a (606%) +C
= 1200(€é +C
Multiplying both sides by e_6_t0 gives the general solution as

—t
x(t) = 120a + Ce® (3)

Initial conditions are now used to find C. Att = 0, we are given that x(0) = 0 since there
was no salt in the tank initially. Hence the above becomes at ¢ = 0

0=120a +C
C =-120a

Therefore (3) becomes the particular solution given by

—t
x(t) = 120a — 120t (4)

—t
To answer the final part, as t — oo then e® — ¢~ — 0 and the above gives

tlirn x(t) =120

In grams. The above is the limiting mass (amount) of salt in the tank. For example if
a =1 grams per liter, then the maximum possible mass of salt in the tank will be 120
grams. The amount of salt is initially zero in the tank, and increases exponentially before
leveling off at the limit given by 120a grams. The following is a plot that illustrates this
fora =1.

restart;

x:=(alpha,t)->120*alpha-120*alpha*exp(-t/60):

plot(x(1,t),t=0..500,gridlines=true,axes=boxed,color=blue,labels=["time (sec)
","salt (g)"],view=[default, 0..125], labelfont = ["TimesNewRoman", 16])
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Figure 2: Showing limiting value of amount of salt for @ =1
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