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1 Problem 1 (problem 6.10 in text)
7 6.10. Is the feedback system shown below stable if the gain g is zero; that is, with
no feedback? Plot the locus of poles in the s plane for the overall system
for both positive and negative values of g. For what range of g is the feedback
system stable?
+
() 1
ult) A T €)= s ﬂL y(2)
Figure 1: Problem description
Let E (s) be the Laplace transform of the error signal, then we write
E(s)=u(s)+gy(s) (1)
y(s) =E(s)G(s) (2)
Substitute (1) into (2)
y(s) = (u(s) +9y(s)G(s)
=u(s)G(s) + gy (s)G(s)
y($)[1-9G ()] =u(s)G(s)
G
u(s) 1-9G(s)
But G (s) = Wl(ﬁ-"o‘)’ hence the above becomes
1
H{(s) =
O = D63 -y
Pole of H (s) is when denominator is zero. When g = 0, then the poles are s = 1 and s = 3.

Since one of poles is in the RHS plane (pole s = 1), then the system is unstable when g = 0.

In other words, system stability is determined by the plant stability itself. Since the plant itself
is unstable, then the overall system is unstable.



1.1 positive feedback
We found from the above what H (s) is.

1 1

H(s) = (s—l)(s+3)—g:sz+23—(3+g)

The roots of the denominator of H (s) are

-b 1 1
31,2:7iEVb2—4ac:—1i§\/4+4(3+g):—1iy/4+g
Hence
s=-1+4/4+g
S =—-1—4/4+g

For sy to be stable, then /4 + g < 1 0or4+ g < 1 or g < —3. For sy, it is always stable for any
value of g.

1.2 negative feedback
When using negative feedback, the overall system transfer function will come out to be

o) 1 _ 1
(s) = (s—=1)(s+3)+g s2+2s+(g—3)

Hence the roots of the denominator of H (s) are

b 1 1
51,2:7J_rEVb2—4ac:—1i5\/4—4(g—3):—li\/4—g
Hence
31:—1+\/4—g

S =—1—4/4—9g

For s; to be stable, then /4 —g < 1or4 —g < 1 or g > 3. For s, it is always stable for any
value of g.

Conclusion: For positive feedback, system is stable for g < —3 and for negative feedback,
system is stable for g > 3

2 Problem 2 (problem 2.2 part (c) in textbook)

Solve the following difference equation
y(k+2)+y(k)=sink k>0 (1)
L= (1 - ejS_l) (1 - e_jS_l), hence

La[S*+1]y(k)=0
(1—€s) (1-e?S7T") [S*+1] y(k)=0
The roots for y, (k) are r; = ¢/ and ry, = ™/, hence y,, (k) = cse’® + c,e7/*. Substituting this into

(1) gives
c3e/**2) e e TRHD 4 ik 4 ek = sink

. ik _,—jk
But sink = ¢ % ~ hence
jk _ =ik
35 4 e TEHD) 4 ook 4 gk = .
2j
. . . . . 1 . 1 .
cse’®e? + cue TR e 4 czelt 4 cyeF = ek - ek
2] 2j
. . . . 1 . 1 .
e (c3e¥ +c3) + e (e +¢y) = —&F — —eF



Hence
: 1
cse? +¢3) = —
e s = &
: 1
cse” Y +cq) = ——
v =1
or
. 1
C3 (1 + ezf) = —
2j
Cq (1 + e_zj) = —i
2j
or
c3 = _J
T 2(1+ %)
O B
YT 21+ e Y)
Hence since y, (k) = c3e/* + c4e™* we now obtain

&) = e T 201 e D)

Therefore
y (k) = yp (k) + yn (k)

But yj, (k) has the auxiliary equation 72+ 1 = 0, hence roots are r = +j hence yp, (k) = c¢yj* —cyj*
hence

y (k) = yp (k) + yn (k)
—jelk je~ik

= =+ ik
2(1+e%) 2(1+e%)

+ et —cj

To find ¢; and ¢, we need initial conditions, which is not given. So we stop here. Hence

1+e % 1+e¥%

v =4 4 e

This can be simplified to

—jk 2j\ _ Ljk —2j
jle*(1+e¥) —e*(1+e¥) X
k) == . . + -
y( ) 2 ( (1 + e_2]) (1 + ezj) ] (cl CZ)
i eIk 4 pi(2=k) _ ik _ p=j(2-k)
jfe " +e e/ —e X
= — + —_
2( 2 + 2 cos 2 ) e =)
A (e7F — et + (ej(Z—k) _ e—j(Z—k))
=7 +f (e =)
2 2+ 2cos2
j (—2jsink + 2jsin(2 — k) &
= — + -
2( 2 +2c0s2 e -a)
j (—2jsink — 2jsin(k — 2) X
= — + -
2( 2 +2cos 2 i le=e)
-1 (—2sink — 2sin(k — 2) K
= — + —_
2 ( 2 + 2 cos 2 i la-a)
Hence . k- 2)
1 (sink + sin (k — 2
k)= - + K (eq -
y (k) 2( 1+ cos 2 J* (e —c2)



3 check what is wrong version of solution and delete

Let E (s) be the Laplace transform of the error signal, then we write

E(s)=u(s)+gxy(s) (1)
y(s) =E(s)G(s) )

Substitute (1) into (2)

y(s) = (uls) +gy(s)G(s)
=u(s)G(s) +9gy(s)G(s)
y(s)[1-9G(s)] = u(s)G(s)
y(s) _ G
u(s) 1-9gG(s)

But G (s) = Wl(sﬂ)’ hence the above becomes

H(s) =

Hs) :
s) =
s—-1)(s+3)—g
Pole of H (s) is when denominator is zero. When g = 0, then the poles are s = 1 and s = -3.

Since one of poles is in the RHS plane (pole s = 1), then the system is unstable when g = 0.

In other words, system stability is determined by the plant stability itself. Since the plant itself
is unstable, then the overall system is unstable.

3.1 positive feedback

We found from the above what H (s) is.
1 ~ 1
(s—1)(s+3)—¢g s2+25—(3+9)

H(s) =

The roots of the denominator of H (s) are

- 1 1
31,2:7iEVb2—4ac:—1i5\/4+4(3+g):—1iy/4+g

81:—1+\/4+g
32:—1—\/4+g

For sy to be stable, then /4 + g < 1 0or4+ g < 1 or g < —3. For sy, it is always stable for any
value of g.

Hence

3.2 negative feedback

When using negative feedback, the overall system transfer function will come out to be

1 1

H(s) = (s—l)(s+3)+g:sz+23+(g—3)

Hence the roots of the denominator of H (s) are

-b 1 1
31,2:7iEVb2—4ac:—1i5\/4—4(g—3):—11\/4—9
81:—1+\/4—g

s;=—1-+/4—¢g

Hence

For s; to be stable, then Y4 —g < 1or4 —g < 1 or g > 3. For sy, it is always stable for any
value of g.

Conclusion: For positive feedback, system is stable for g < —3 and for negative feedback,
system is stable for g > 3



3.3 Problem 2 (problem 2.2 part (c) in textbook)

Solve the following difference equation
y(k+2)+y(k)=sink k>0 (1)
Ly = (1 - ejS_l) (1 - e_jS_l), hence

La[S*+1]y(k)=0
(1—€s) (1-e?S7") [S*+1] y(k)=0
The roots for y, (k) are r; = ¢/ and r4 = e/, hence y,, (k) = cze’® + c,e/ Substituting this into

(1) gives
c3e/**2) e e TRHD 4 ik oy ek = sink

But sink = ejk;jfjk hence
) ) . . eJk —e Jk
c3e/®+D) 4 eI 4 ek oK = Y
J
ik 2j —jk ~2j ik gk Lo b i
cse’ e’ + cpe e + c3e’™ + cpe”! :?ef e J
J J
ik (2 ik (. =2 g 1 i
e (c3e” +c3) + e (cae™ +¢4) = z—je] - 2—je
Hence
. 1
(c3e¥ +c3) = 2
. 1
(c4e_21 +ey) = _Z_j
Or
1
C3 (l + ezf) = 2—
J
C4(1+€ 2]) :—i
2j
Or
P N
T 2(1+ %)
cq = __J
YT 201+ e7Y)
Hence since y, (k) = cze/® + c,e/* then

bp (k) = 2(1+ed)  2(1+e)

Therefore
y (k) =y, (k) + yn (k)

But y, (k) has the auxiliary equation 2 +1 = 0, hence roots are r = +j hence y, (k) = ¢1j5 —cyj
and

k

y (k) = yp (k) + yn (k)
_ _jejk je_jk ke k
T 2(+ed) 20ted) W T

To find ¢; and c; we need initial conditions, which is not given. So we stop here.



Using initial conditions. Assuming zero initial conditions, we have at k = 0 that y(0) = 0,
hence

=J J
0= — + — 4+ c—¢
2(1+e2) 2(1+e%) ' 7
1—j(1+e¥) +j(1+e¥)
= - . . +c1—c
2 (1+e¥)(1+e?%) G
1 —je ¥ + je¥
==———F—+4+C —C
2(2+ e % +e%)
1 2sin2 N
=————+¢;—°¢C
2(2+2cos2)  + °
1 sin2
= —————— 40—
21+ cos2
Therefore )
-1 sin2 @)
ci—C=————
! 2 2 1+cos?2
jelk ek . . .
Now at k = 1, y (k) = 0, hence from y (k) = 2(lj+eezj) Z(ﬁe_zj) + ¢1j* — ¢2j* we obtain
—je! je! . .
0= . — +Cc1j—¢
2(1+e¥)  2(1+ed) MY
1 —e/ N e N
= - , . c1—c
2\(1+e¥)  (1+e?))
1(—¢/ —e7) + (e +¢)
= - . . +c1—c
2 (1+e¥)(1+e?) G
1 0 N
= ——————— 4 ¢
22+e2 et 1 °
Hence
C1 = 0Cy (3)
(2)+(3) gives
1 —sin2
2 = —————
21+ cos2
-1 sin2
6= ———
4 1+ cos?2
And .
1 sin2
Cg= ————
41+ cos?2
Hence the final solution is
ik ik
je’ Je k k
k) = . — + ¢ —¢C
y (k) 21 +ed)  2(1+ed) W T
—jejk je‘jk 1 jk sin 2 1 jk sin 2

T 201+ eY)

2(1+e%) " 41+cos2 41+cos2
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