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1 Problem 3.25

_6.3. A linear system is described by the following differential equation. This
system is forced with an input as shown in the graph. Find the output of the

system.
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Figure 1: Problem description

Y’ (t) +3y" (t) + 2y (t) = u(t)

Using the Laplace approach. First we note that the input is a delayed step input, hence u (t) =
&(t — 1) where £(t) is the unit step function. Laplace transform of a delayed unit step is
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Applying the Laplace transformation on the ODE gives



s2Y (s) = sy (0) — / (0) + 3sY (s) — y (0) + 2Y (s) = eT
s2Y (s) = 1+3sY (s) + 2Y (s) = %
1%9@2+%+2)—1=?;

1 e’

Y(s)= +
s) s2+3s+2 s(s2+3s+2)

(1)

Considering the first term on the RHS of (1), calling it Y; (s) = m, and using partial fractions
gives
1 A B
Y. = = +
1) (s+1)(s+2) s+1 s+2
. 1
A= lim =1
s—>-1(s+2)
B = lim =-1
s—>-2(s+1)
Hence .
Yy (s) = -
)= T T
Considering the second term on the RHS, calling it Y; (s) = s(s+_;s+2)’ and using partial fractions
gives
Y, (s) 1 A B C
= ==+ +
e=s ss+1)(s+2) s s+1 s+2
A= i 1 1
= lim ———— = -
s—>0(s+1)(s+2) 2
B= 1l =-1
s=>o1's (s+2)
) 1
C = lim = -
s—>-2s(s+1) 2
Hence
Ya(s) 11 1 1 1
e 25 s+1 25+2
Therefore

Y (s) =Yi(s) + Yz (s)
1 1 le”s e’ 1 e
= - +|-— - + — (2)
s+1 s+2 2 s s+1 2s+2

The effect of e™* is to cause a time delay when finding the inverse Laplace transform.




e “F(s) > f(t-a)i(t-a)

Now, taking the inverse Laplace transform of (2) gives the solution

y(0)=e"E O - HEW + 2D = V@ - 1)+ Ve )

=(ef - e_Zt) E()+ % (1 — 270D 4 e_z(t_l)) E(t-1)
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