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1 Problem 3.25

Write state variable description of the following 2 systems. For what values of k will the system
be stable?

[

Figure 1: Problem description



1.1 part(a)

This system has 2 integrators, hence it is of order 2. Hence we need 2 state variables. Assign a
state variable as the output of each integrator

aj

Figure 2: part(a) system with labels

Hence
xp = =3x1 + up + xp
Xy = x2 + kxy + up
and y = x;,Hence
A B
—_——— —
x} -3 1\ [x 1 0\ [uy
= +
x, kK 1) \x 0 1) \uy
C




To find what values of k the system is stable, the eigenvalues of the A matrix are found and
the K range which makes these values negative is the range of value needed.

-3 - 1
A= 22
ko 1-2

Hence the characteristic equation is

—(1-)(-3-1) -k

M+20-k-3=0
and the roots are

AM=-1+Vk+4
/12:—1— Vk + 4

consider A;. For this root to be stable, then Vk +4 < 1ork < -3

consider A;. This root is stable for any value of k since when k + 4 < 0 then it is stable since
real part is already negative, and when k + 4 > 0 then it is stable also.

Hence we conclude that the system is stable for k < -3

To find the ODE:
From x| = —3x; + u; + x, we obtain x|’ = —3x] + u] + x,. Substitute the value of x, from above,
we obtain x| = =3x] + u] + x + kx1 + up, but x, =.x7 + 3x; — uy, hence

xy = =3x] 4+ u] +x] +3x1 —ug + kxy +up

==2x]+x1(3+k)—us +uj +up

since x; = y we obtain

" o_

Y ' ==2¢ +y(3+k)—us +uj +u

1.2 Part(b)

This system has 2 integrators, hence it is of order 2. Hence we need 2 state variables. Assign a
state variable as the output of each integrator



Figure 3: Part(b) system

Hence
, 3
X = —le + Uy + xo
3
’
X, = —=x2 + kx
2 4 2 1
and y = x1,Hence
A B
—_——~— —
x/ =3 1) [x 1
X, ko =3 \x 0
C
—_—
X1
y= (1 0) (
X2

To find what values of k the system is stable, the eigenvalues of the A matrix are found and
the K range which makes these values negative is the range of value needed.

3
ko -2-2

Hence the characteristic equation is

|A=All =

and the roots are



For A4, all values of k will result in stable root. For A,, Vk < % ork < % ork < 0.5625

Hence k < 1% or k < 0.5625 is the range of k for stability.

To find the ODE: From x| = —%xl + U1 + X2, we obtain x|’ = —%x; +u] + x; Substitute the value
of x; from above, we obtain x" = —%xi +ul - %xg + kxy but xp = x] + %xl — uy, hence
3 3 3

4 ’ ’ ’
x{ =—=x;+u;——|x]+-x1 —uy| +kx
1 it Sl B ( e 1) 1
3, . 3, 9 3
=——x;+Uu]—-x; — —x1+-u; +kx
4T e T
3, 9 3
=—=x1+x |k—— ]| +uj+-u
271 ( 16) 1 g

since x; = y we obtain

’ 9 ’ 3
y +-y -y k_1_6 :u1+zu1



2 Problem 2

(<}

(d)
(el

2.1 part(a)

3.28.

Consider the following state-variable svstem:
o 1]
dt 0 1 xdn] 0]
a I = - = " ”III
ix i) 2 3 xalt)
.'.!'.".

L x00] —
i) =Ty 9] Bl [uir
...\l-_:llr:l
fa)  Find the matrix (jwl — A) L
(bl Find the matrix e.

The amplitude-response function for the svstem 15 shown below,
Determine ¢y, ¢, and 4.

| H{ ] |

Find the impulse-response function hit).
Is this system stable?

Figure 4: Problem description

A B
—_—— —
’
X 0 1 X1 0
1l = + Uy
x, -2 =3/ \x, 1
C
—_—



Hence

<@
e
~
|
=
|
|

-1
_|Jjw -1 _ 1 jo+3 1
2 jo+3] (o) (o+3)+2| -2 jo

1 jo+3 1
-0 +3jo+2\ -2 jo

2.2 part(b)

To find e! use the eigenvalue method.

-1
-2 -3-4

|A—AIl = =22 +31+2

Hence the roots of A2 + 31 + 2 = 0 are found to be A; = —1 and A, = —2. Hence the 2 equations
to solve are

e’ht = ﬂo + ﬁl/ll
™! = By + iz

or
e’ =Po—pu
e = fo -2
Solving we obtain

Bo = 2¢~t _ 72

ﬁl — e—t _ e—Zt
Hence

eAt = ﬁoI + ﬂlA

- (2 o) (; g) (et e ( )

Hence

e ( (et ) (" - ) )

-2 (e_t - e_2t) —et 4 2e7%



2.3 part(c)

First need to find H (jw). We start from the system equations
x' = Ax + Bu
y=Cx+Du

Let u = ¢/“!, hence the state particular solution is
xp (1) = X (jo) e/t
And _
Yp (1) = H (jo) "
From (1) and (3) , we obtain
joX (jo) et = AX (jw) ¢! + Be/“!
jwX (jo) = AX (jw) + B
(joI — A)X (jo) =B
X (jw) = (jol —A)'B
and from (2) and (4) we obtain
H (jo) ¢ = CX (jw) /“" + De/®*
H (jw) = CX (jw) + D
Substitute (5) into the above
H(jw) = C(jol —A) 'B+D

From part(a) we found (jwI — A)~', hence the above becomes

L 1 jo+3 1) (0
H(’”)‘(Cl CZ) —w2+3jw+2( 2 ja)) (1)+d

1 0
=—————|(o+3)c -2 c+c'a)) +d
—a)2+3jco+2((] Jer 2 arel (1)

(c1 + cajw)
—w? +3jo + 2
(c1 + czjw) + d (—0* + 3jw + 2)

—w? +3jw + 2
(c1 +2d — dw?) + j(c200 + 3dw)
(—w? +2) + 3jw

Hence
(c1 +2d — dw?) 2 1 (o0 + 3dw)?

(—w? + 2)° + 92

H (jo)|* =

d’w* + 5d%°w? + 4d? — 2dw’c; + 6dw’c, + 4dcy + a)zcg + cf

0wt + 502 + 4

(1)
(2)

©)

(4)

®)



Now, from diagram, at v = 0 we have |H (]a))l2 =1, hence
1
1:d2+dc1+ch

And at = 1 we have |H (jw)|* = 0 hence

10d? + 2dc; + 6dcy + cg + cf
10

0=

Or
0 = 10d* + 2dc; + 6dcy + ¢ +

(6)

(7)

And at @ = —1 we have |H (jw)|* = 0 but this will not add new equation. So need to look at

the limit as w — o
2 2

2 2 c c

BT T

|H(]a))|2— w W W W [2) [2) W
R

Hence we see that as w — oo, |H (jw)|*> — d?, hence d = 0 since |H (jw)| — 0 in the limit. So
now we know d, we have 2 equations and 2 unknowns to solve for from (6) and (7). Re write

(6) and (7) again by setting d = 0 we obtain

1,
1=-c
41

2, .2
0=c;+c]

Hence ¢; = 2 and ¢, = 2j therefore, the system now looks like

A B
—_—~— —
x] 0 1) [x 0
= + [Z51
X -2 =3 \x 1
C

2.4 Part(d)
To find h (t), Let the input be § (¢), and find y (). From the system equation

t
Yy (t) = fCeA(t_T)Bu (r)dr
)
Let u () = 6 (t), so the above becomes
t
h(t) = JCeA(t_T)Bé (r)dr
to

= ceWB t>0

(6)
(7)



But we found ¢4*) in part (b), hence
ze—t _ e—2t) (e—t _ e—Zt) 0
h(t) = (2 2j (
® J) (—2 (e'—e) —e'+2e7%) |1
=2¢e! —2e7% - 2j (e_t - 26_2t)

2.5 part(e)
To check for stability

= (1) (-3-A)+2

-1 1
-2 -3-2

A +31+2=0

Hence

The roots are —1, —2 and since they are both negative, hence the system is stable.

10
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