HW3, EGME 431 (Mechanical Vibration)

Date due and handed in April 8,2008

by Nasser M. Abbasi

June 16, 2014



Contents

1 Problem 3.2
2 Problem
Problem 3.11
4 Problem 3.1
Problem 3.21
Problem 3.2
7 __Problem

Problem 3.44

9 Solving 3.44 using convolution

10 Problem 3.4

11 Problem

14

19

22

23

27

31

32



1 Problem 3.2

Problem

Calculate the solution to X 4 2x + 3x = sint + 8 (t — w) with IC x(0) = 0,%(0) = 1 and plot the
solution.

Answer

i+2%+3x=sint+ 0 (t—m)
X4 2E @i+ 02x = sint + 8 (1 — 1)

Hence| o, =+/3 |and2£®, =2, hence —=0.57735, hence thisis. underdamped system

A
I
S

Since x = xj, +x,, then
X, = e St (Acos @yt + Bsinw,t)

We have 2 particular solutions. The first x,, is due to sinz and the second x,, is due to 6 (t — 7). When
the forcing function is sint, we guess

Xp, = €1CO8t+cpsint

and when the forcing function is & (¢ — ) the response is

1
Xp, = wdme**iwn@*”) sinwy (t — )@ (t — )

From x,, we find x,, and %,, and plug these into i + 2x + 3x = sint to find ¢ and ¢, next we find
A, B by using the IC, and then at the end we add the solution x,,. Notice that x,, do not enter into the
calculation of A, B since the impulse 0 (r — 1) is not effective att = 0.

Xp, = —cys8int +cycost

Xp, = —c1cost —cpsint
Hence

Xp, +2%p, +3xp, = sint
(—crcost —cpsint) +2(—cysint +cpcost) + 3 (cj cost 4 cpsint) = sint
sint (—cp —2c¢1 +3¢p) +cost (—cyp +2¢ +3¢1) = sint

Hence (—2c¢) +2¢3) = 1 and (2¢; 4 2¢1) = 0. This results in

1
Cl=—-—
4
1
C) = —
4
Hence
x, = —Lcost+ Lsint
P — 4 4




Therefore 1 {
Xp+Xp, = et (Acos @yt + Bsinwyt) — 1 cost + 7 sint

Now we use IC’s to find A,B. Att = 0 we obtain

_ 1
A=gq

And

1
Xp+Xp, = —& a)ne’ga’"t (4_1 cos w,t + Bsin a)dt)

Y A 1. 1
+e 4a)dsma)dt+a)dBcosa)dt —|—4smt+4cost

Att =0 we have

1= —ta, G) +(@uB) + |

(1+5-4)
B=~—— "/

wy

2
But w; = w,/1—&%2 = V34 /1= (%) =3 %, Hence| w,; = V2 |then the above becomes

Hence the final solution is

x(t) = xp+xp, +xp,

1 1 1 1
SV <—cos W t + —=sin a)dt) — —cost+ —sint + e T sinwy, (1 — 1) D (1 — 7)

4 V2 4 4 wgm
Substitute values for the parameters above we obtain

x(t)=e! (}lcosﬁt%— %sinx/ﬁt) - %cost%—%sinﬂ—\%e_(’_”) siny/2(t — )P (t —m)

This is a plot of the solution superimposed on the forcing functions
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2 Problem 3.8

hit by the cam?

o .

@' The .vll)rgtlon_ of packages dropped from a height of # meters can be approximated by
considering Figure P3.8 and modeling the point of contact as an impulse applied to the
system at the time of contact. Calculate the vibration of the mass m after the system falls
and hits the ground. Assume that the system is underdamped.

W/ Figure P3.8 Vibration model of a
// package being dropped onto the ground.

The magnitude of the impulse resulting when the mass hits the ground is given by the change of
momentum that occurs. Hence

BIOL i

F =Ft= m(Vfinal — V())

But assuming the mass is dropped from rest, hence vo =0, and v ;. = gt Where t = 4 /2% where 4 is
the height that mass falls. Hence

A

F= my final

=m~/2gh

Hence the equation of motion is

mx (t) +cx (t) + kx (t) = m\/2ghé (1)

Since underdamped, x (1) = h (1) = —L-e~ 5" sin @,t, hence the solution is

may
B m\/2ghe

ma@y

B \/2ghe
=

x(t) —SO sin @yt

—EOu Gin ayt

Taking ¢t = 0 as time of impact.



3 Problem 3.11

Problem
Compute response of the system 3x () +6x (t) + 12x (1) =36 (1) — 6 (t — 1) with IC x(0) = 0.01m
and v (0) = 1m/s. Plot the response.

Answer
3%(t)+6x(r)+12x(t) =38(t)—d(t—1)
1
X(t)+2x(t)+4x(t) =06(t)— g(‘i(f— 1)
1
K42 0+ 02x =8 (1) — §5(;— 1)
Where m = 1,®> =4,hence| ®,=2 |and2E®,=2,hence & = This is an underdamped system

Wy = W,\/1—E2=24/1 % =2 4,Hence w; =3

X, = e St (A cos wyt + Bsin ayt)

The response due to the forcing function 6 () is given by

|
gm

Xp, (1) = ——e 5" sin (wgt)

The response due to the other forcing function 6 (r — 1) is given by
1 1
Xp, (1) = —gme—ﬁwn“—l) sinwy (t—1)®(t—1)

Now we determine A, Bfrom IC’s
x, (0) +x,, (0) =0.01

| ! .
= e 5ont (Acos wyt + Bsin wyt) + ——e > sin (@at)
Ogm =0

Hence| A =0.01 |Now to find B

X (t) +Xp, (1) = —E@pe " (Acos gt + Bsinwygt) + e " (—Awg sin wyt + Bay cos wyt)
—Ew, —Ewnt Bd_ —Eau
—— "' sin (wgt) + —— " cos (gt
M— (d)-i-wdme (at)
But x5, (0) + X, (0) = 1, hence from the above, and noting that m = 1

1=-Afw,+Bw,;+ 1
Al w,

oy

~0.01(3)2

==

B




Hence

Therefore

— e Sont (L 1 g
Xp=e Too €08 gt + 10073 Sin @t

Now we can combine the above solution to obtain the final solution

x(1) = x(h) +xp, (1) +xp, (1)

= ¢S (LCOS(Ddt—’— ! sina)dt)
100 100v/3
1
gm
1 1

I _gwn(t_l) 1 — —
3wdme sinay (t—1)D(r—1)

+ e ¢ sin (w,t)

Substitute numerical values for the above parameters, we obtain

x(t) = % (cos V3t + \%sinx/?t) + \%e—t sin (v/3t) — %\%e—(t_l) sin (V3(t—1))®(t—1)

This is a plot of the response

Bt — 1)

sofution to (x5 +227(f) +4x(5) = &) — 3—]

nsf
06|

n4af

x(t)

02

titne t



4 Problem 3.16

LML AL U LG WAL L LI L,

(3.16. ) Calculate the response of an underdamped system to the excitation given ir
Figure P3.16.

1)

Iy
0 kil 2m

Figure P3.16 Plot of a pulse input of the form f(t) = Fsint.

Let the response by x (¢). Hence x (1) = x;, () +x, (¢), where x), (¢) is the particular solution, which is
the response due the the above forcing function. Using convolution

xp(t)z/f(’c)h(t—r)d’l:

Where £ (¢) is the unit impulse response of a second order underdamped system which is

1

h (t) = %e_éw"t sin Qyt
]
hence
F t
xp (f) = m—(f)d / sin () e S sin (@, (1 — 7)) d7
0
t
Fye 5t EnT )
=08 " [t t—1))d
o /e sin (7)sin (@, (t —7))dt

Using sinAsinB = % [cos (A —B) —cos(A+B)| then
1
sin (7)sin (@, (t — 7)) = 5 [cos(T—wy (t—17)) —cos(T+ wy (t —1))]
Then the integral becomes

Foe 5@ [ t
x, (1) = 02m—a)d /eéwnfcos(r— wy (t — r))df—/eéwnfcos(wwd (t—1))dt
0 0



Consider the first integral /; where

t
L= /e‘ﬁ“’”fcos (t—awy(t—1))dr
0

Integrate by parts, where [ udv =uv— [vdu, Letdy =57 —y = eg Z");

du=— (14 wy)sin(t— @, (t — 7)), hence

(T—wy(t—1))—

[ (v >>e§a’"1
I =|cos(tT—w;(t—7
Eon |,
Fefont

) Eon

[—(1+wy)sin(t— oy, (t—1))]dT

_ [cos(t—a)d(t—t))e;:;n — 08 (0— @y (t—0)) 5; ]

(1
+ ;wi’d / E0T gin (7 — g (1 — 7)) dt
I I /
Q)
= o [cos () 5" — cos (a)dt)} —|—(+—a)d)/e§“’"fsin(’c— oy (t—71))dr (1)
Integrate by parts again the last integral above, where [udv = uv — [vdu, Let dv = ™% — v = egz:
and let u =sin(7 — wy (t — 7)) = du = (1 + wy)cos (T — w, (t — 7)), hence
t e f
/eé(""’sin(f—a)d(t—r))drz sin (T — @y (t — 1))
408
0 0
Ean
— 1+ wz)cos(T—wy(t—7))dT
| o 1+ @eos (t- @y (e —1)
_ [sin(t)egw”t—i—sin(a)dt)] —
S
1 t
(;de)/o T cos(T— g (t—1))dtT (2)
n



Substitute (2) into (1) we obtain

11:51 cos (1) * — cos (@ar) | +

Wy

(I+og) (1 7. o | (14 @) [ o
éwnd (éwn [sln(t)eé +s1n(a)dt)]—5Tnd/0 Pl cos(‘C—a)d(t—T))dT>
- 51 o [cos (1) eSO _ o (wdt)} + ((15“;3%) [sm( e E @t + sin (ayt)
(t;—i/ éw’”cos(r 0 (1 — 7)) dt
;)
1 1 ; Opl | o 1 2
Hence
(1+ )’ 1 ont (1+ag) 7. or |
o " éwn cos 5 —costaun] +- L [an@e5 +sin(aun)
(Ew,)* +(1+a,)° o (ta) . o
Il( (5(0,,)2 : ) o, [cos() ¢ cos(a)dt)] + ((S(Dn)(é [sm(z)e§ +Sln(a)dt)}
(Emn)’
(éwn +(1+wy) >
(1 +(Dd) r

<§(0n [COS( ) st —cos(a)dt)] + sin (t)ef("”t-i—sin(wdt):)

(Ewn)* L

Ew, [cos () €5 — cos (a)dt)] + (1 + wy) sin () €@ 4 sin (a)dt)-

(E@n)*+ (14 wq)?

Now consider the second integral I, where

L= /eéa’”fcos(rﬁ— w; (t—1))dt
0

Integrate by parts, where [ udv =uv— [vdu, Letdy =57 —y = e;z;ﬂ andletu=cos(t+ wy (t — 1)) —




du=—(1—wy)sin(t+ @, (t — 7)), hence

eéwn AR
b= | cos (t+ay(t — 1)) / — (1= ay)sin (T + g (1 —7))]dt
0

o+, -1) e —cos 0+ @y (1~ 0)) £
= |cos(t+ay(t—1t —cos(O+awy(r—
- d éwn d( )) éwn
t
| )
+M/eéw"rsin(r+a)d (t—1))dz
()
! (1-ay) |
_ Ewpt } — Wy / Eant _
= cos(t)e cos (yt) | + e sin(T+ oy (t—7))dT 3
zo, 050 (@) + 5o (v+ (1 -7) G)
Integrate by parts again the last integral above, where [ udv = uv — [ vdu, Let dv = €57 — v = eng

and let u =sin(t+wy (t — 7)) = du= (1 — wy)cos (T+ w, (t — 7)), hence

(1 —wy)cos(t+wy(t—1))dT

t oS OnT ! 1 ST
/e"?“’"fsin(wrwd(t—r))dr: sin (T+ @y (t — 7)) -

m 0 ga)n
(1—0y)
N

_ b [sin (1) 5@ — Sin(wdf)] -

t
Ewyt
e cos(T+wy(t—71))dr

“)

e

Substitute (4) into (3) we obtain

o7

(1 - ) ( ! [sin(t)eéw”t—sin(a)dt)] —%/Oteé%rcos(f"’wd (I_T))dr)

L= 51 [cos (t)eéw”t—COS(wdf)} +

éwn é(l)n
— 1 |:COS(I) éw”t—COS(a)t (1—0)d) . Eont o
- Ew, e i )} + (éa)n)z [Sln(z‘)e sin (g?)
(1@—%/ ¢ cos v+ @y (1 = 7)) dv
1 Wyt 1— ) o 1 2
= Fo, [cos(t)e*: n _cos(wdt)} + <(§w:;dZ) [sm(t)eéw” +sin (g1) _ﬁ ,

10



Hence

(1—a)d)21 1
() 2_€wn

2
L <(§w”) +(1— o) ) o, [cos( )e Sont cos(a)dt)] + (1= wa;) [sin (1) > Ot —i—sin(a)dt)]

(Ew,)’
éwn
éa)n (1— wd)2

(5% [COS( )5t —COS(a)dt)] + (1= o) :sin (t)eéw”’Jrsin(a)dt):)

[cos () 5" — cos (a)dt)] - [sin () 5" +sin (a)dt)]

L+

Ew, [cos () €52 —cos (a)dt)] +(1—ay) :sin () €5t 4 sin (a)dt):

(Ean) + (1 - @)’
Using the above expressions for /1,1, we find (and multiplying the solution by (P () — P (r — 7)) since
the force is only active from ¢ = 0 to t = 7, we obtain

Foeféa)nt
2may,

xp (1) = (h—h) (P (1) -2 —m))

= (®(t) —@(r—7m))
FyeSont Ew, [cos () €5t — cos (a)dt)} +(1+ ay) [sin () e5 ™" + sin (a)dt)}

2may (Ewn)’+(1+a,)°
Fye&ont Ew, [cos () €52 —cos (a)dt)] +(1—ay) [sin () €5t + sin(a)dt)]
" 2oy Eo) (-’ ©

Hence x,, (1) = (® (1) — P (t — 7))
_Fy_,~Eon E oy [cos(1)e5 O’ —cos(@y1)]+(1+@y) [sin(r)eS n' +sin(wyt) | _ ay [cos(1)e5n" —cos(wyt)|+(1— @) [sin(t)es ' +sin(wyt)
2mag (Ean) +(1+0,)? Ean) +(1—ay)
But

(Em)? +(1+0)% = E202 + 1+ 02 + 20,
=&l + 1+ 0f (1-E%) +20,
=142+ o}

and
(cﬁwn)2+ (1— a)d)2 =1 —2wd+w,f

Hence x, () can now be written as

_ Foe 59 Eqy,cos (1) e — Eaycos (wgt) + (14 @g) sin (1) eSO + (14 @y) sin (og1)

t) =
*p (1) 2may 1 +20, + ©?
pe > " cmucos(t)e> ™ —gw,cos (Wyt)+ (1 —ay)sin(f)e>™ + (1 — wy)sin(wyt
 Foe 5§ (1)es" —¢& (@at) + (1 — @) sin (1) ™" + (1 — @) sin (qt)
2may 1 —20,; + ®?

11



And
xp (1) = e 5" (Acos wyt + Bsin ot)

Hence the overall solution is

x(t) = o5t (Acos @yt + Bsinwgt) +x, (1)

The above solution is a bit long due to integration by parts. I will not solve the same problem using

Laplace transformation method. The differential equation is
£(t)+2E (1) + wpx (1) = £ (t)
Take Laplace transform, we obtain (assuming x (0) = xp and X% (0) = vg)
(s°X —5x(0) —%(0)) +2E @, (sX —x(0)) + w7 X = F (s)
(szX — sx0 —v0) +2& @y (sX —x0) + ®>X =F (s)

Now we find Laplace transform of f ()

(oo}

F(s)= / e f () di

0
T

_ —st :

= /e Fysint dt
0

T

=F /e“ sint dt

0
Integration by parts gives
l+e ™
Flo)=F [W}
Substitute (8) into (7) we obtain
l+e ™
(SZX — sx0 — vo) +2E @, (sX —x0) + 02X =F [ 55 ]
Fo(l+e ™™
X (Sz+2§wn5+(03) —sx0 — vo — 2E Wuxp = %
Fr(l+e™
X (s2+2§a)ns+ a),f) = % + sxo + vo + 2E w,x

(7

®)

Fo(1+e ™)+ (1 +s2) $X0 + Vo (1 +s2) +2& wyxg (1 +s2)

1+s2
Hence

Fo(1+e ™)+ (1 +s2) $x0 + Vo (1 +s2) +2& w,xo (1 +s2)

X =
(1+452) (s + 28 s + @)

 Fy+vo+ 2B+ sx0 + s2v0 -+ 53x0 + 2E @x0 + 257 E 0o
N (14 52) (2 +2E 05 + ©?)

12



Now we can use inverse Laplace transform on the above. It is easier to do partial fraction decomposition
and use tables. I used CAS to do this and this is the result. I plot the solution x (7). I used the following
values to be able to obtain a plot § =0.5,®, =2,Fy = 10,x9 =1,v9 =0

Solution by Laplace Transform

1" pay
L \
I f "'\I Farcing function
sl
w al I." response z(t) |
Z I|II / h I‘|I\\
—
ok / |
1] 2 4 ] 8 10

time

13



5 Problem 3.21

/ 3 21.) A machine resting on an elastic support can be modeled as a single- -degree-of-freedom
spring—mass system arranged in the vertical direction. The ground is subject to a
motion y(¢) of the form illustrated in Figure P3.21. The machine has a mass of 5000 k
and }l:lhc support has stiffness 1.5 x 10° N/m. Calculate the resulting vibration of Lh(g,
machine.

v(r) (mm)

£(s)  Figure P3.21 Triangular pulse
input.

0.2 0.6

Lo L L o B

The acceleration X of the mass is measured w.r.t. to the inertial frame, but the spring length is measured
relative to the ground which is moving with displacement y (), hence the equation of motion of the

mass m is given by

mi(t) +k(x(t) —y(y)) =0

Therefore
mi(t)+kx(t) =ky(t) (1)

Where y (¢) is given as
2.5¢ 0<r<0.2

y(#) =19 075-125t 02<t<0.6

0 0.6 <t

The solution to (1) is given by x (¢) = x;, (¢) +x,, (t) where x,, (t) can be found using convolution, and

xp, (t) is as usual given by
xp, = Acos w, + Bsin @,

Let us first find x,, (¢). Note that the impulse response / (¢) to undamped system is given by

sin @, t

M=

n

14



Hence for 0 <7 <0.2,

Y000 0) = [ 1) (W0 — 7)) de

! k
= / 2.5t ( sin @, (t — r)> dt
0 may

2.5k 1
= / Tsinw, (t — 1) dt
ma@y, Jo
t
= 2.5a)n/ Tsinw, (t —7) dt 2)
0
Integration by parts, [udv = uv — [vdu where u = 7, dv = sin@, ( — ), hence v = %Z)ff_f))’

therefore (2) becomes

Xp(0-0.2) (1) = 2.5, ( [‘L’—COS Onlt = T)] ; — /Ot cos (@ (1 = 7)) dr)

Wy Wy

=2.5m, ((DL + é [sin (@, (t — T))]6 )

n n

t 1
=2.5m, (En + o) [sinw, (t —1) —sin @, (t)] )

n
_ss (t— sina)nt)
Wy

0.2 ‘
Xp(0.2-0.6) (1) = On 2.5tsinw, (t—1) dv+ | f(t)(kh(t—1))dt
0 02

For0.2 <t <0.6

0.2 t k
:2.5a)n/ Tsinw, (t—71) dt+ | (0.75—-1.257) (—sin%(t—r)) dt
0 0.2 map

0.2
= 2.5wn/ Tsinw, (t — ) dt+
0

4 k
0.75 sin@, (t —1)dt
0.2 may
t 25 k d 3
— [ 1 in, (f —
s men sin@, (r —7)dt 3)

For the first integral in (3), we obtain

0.2
I :2.5a)n/ Tsinw, (t — 1) dt
0

— 2.5, ( {T_COS “";)i’ - ﬂ :2 - /00'2 cos (w,;)ir —1)) dr)

cosm, (t —0.2 1 ..
=250, (o.z (E) >+w—3 [sin (@, (t—’L'))]8‘2>
r—0.2 1
=2.50, <o,2cosw”( )—l——z(sina)n(t—O.Z) —sina)nt)>
Wy O}

2.5 2.5
=0.5cosw, (t —0.2) + —sinw, (r —0.2) — o sin @yt

o7

15



For the second integral in (3) we obtain

t
= 0.75a)n/ sinw, (t —7)dt
0.2

=0.75[cos @y, (t — T)]y»
=0.75(1 —cos @, (t — 0.2))

For the third integral in (3) we obtain

! k
I = 1.257
0.2 may,
t
=125w, | 7Tsinw,(t—1)dr
0.2

sinw, (t —1)dt

Integration by parts gives

13:1.25a>n([ C0S B t_f} /t cos wn (1—1) dr)
0.2

t ), (£ —0.2
=1.25w, (— —-0.2 oS ( ) + —2 [sinw, (t — 7))y, )

n n

w, —0.2 1 .
—1.250, (— — 0222 ( ), — [—sin@, (t —0.2)] )
o, 2

n wl’l

Wy

1
=1.25 (t —0.2cos @, (t —0.2) — —sinw, (t —0.2) )

Hence

Xp(0.2--0.6) (1) =h + L — 13

2.5 2.5
=0.5cosw, (t —0.2) + —ssinw, (t —0.2) — — sin @, +

Wy Wn

0.75(1 —cosw, (t —0.2))

n

1
—1.25 (t —0.2cos @, (t —0.2) — —sinw, ( —0.2) >

2.5 2.5
=0.5cosw, (t—0.2) + o sin@, (t —0.2) — — sin w,t+

n

0.75—0.75cos @, (t — 0.2)

2
5 sinw, (t—0.2)

n

—1.25¢4+0.25cos @, (r —0.2) +

3.75 2.5
=0.75—-1.25t + sin @, (f —0.2) — — sin wy,¢

a)n a)n

16



Fort > 0.6
0.2 0.6

k
X L (T :2.5(on/ Tsinw, (t—7) dT+ 0.75—-1.257
p06e0 () =250, [ wsineni—7) drs [ ) (e

sin @, (t — T)) dr

0.2
:2.5a)n/ Tsinw, (t — t) dt+
0

0.6 k
0.75 sinw, (t —7)dt
0.2 may,
0.6 k
— / 1.257 sinw, (t —1)dt 4)
0.2 may,

For the first integral in (4), we obtain

2.5 2.5
I} =0.5cosw, (t —0.2) + —sin@, (t — 0.2) — — sin @yt

a)n w}’l

For the second integral in (4) we obtain
0.6
b =0.750, / sina, (1 — 7)dt
0.2

= 0.75[cos @, (t — T)]5 5
=0.75(cos wy, (t —0.6) —cos @, (t — 0.2))
=0.75cos wy, (t —0.6) —0.75cos w, (t —0.2)

For the third integral in (4) we obtain

0.6 k
I; = 1.257 inw, (t—1)dt
3 /0.2 . sin @y, ( )

0.6
= 1.250)”/ Tsinw, (t — 7)dt
0.2

Integration by parts gives

B coswy (1 —1)1%% 06 cos(w, (1 — 7))
I =125w, <[T—]02—/0 dr)

@y, 2 @y,

r—0. t—0.2 1
cos @, (t—0.6) ,cos®,(t—02) — (sina, (1 —0.6) —sin @, (t—0-2)))
(0 (O (1)”

=125w, (0.6

=0.75cos w, (t —0.6) — 0.25cos @, (r — 0.2) — sinw, (t —0.6) +

n (D}’l

sin@, (r —0.2)

Hence
Xp0.6-4) (1) =h+hL—13

2.5 2.5
=0.5cosw, (t —0.2) + —sinw, (t —0.2) — — sin @,¢
(Dn a)n

+0.75cos w, (t —0.6) — 0.75cos w, (t — 0.2)

—0.75cos w, (t —0.6) +0.25cos w, (t —0.2) + sin@, ( —0.6) —

n wn

sin@, (1 —0.2)

3.75 2.5 1.25
= 2 sinw, (f —0.2) — == sin @yt —
Wy O,

sin @, (t — 0.6)

n

17



Hence, the overall response is, assuming zero initial conditions, is given by

2.5 (1 — st ) 0<r<0.2
x(1) = 0.75 — 1.25t + 2D sin @, ( — 0.2) — Z2 sin w,t 02<1<0.6
\ 301551na)n(t—()2)—i)]—ssma)nt—@sma)n(t—o6) t>0.6

Noting that @, = \/% ;880 = (0.54772, the above becomes

.

2.5t —4.5644sin @yt 0<r<02
x(r) = 0.75 — 1.25¢ +6.846 6 sin @, ( —0.2) —4.564 4 sin @, 02<1<06
6.8466sinw, (t —0.2) —4.564 4 sin @, —2.2822sin @, (t — 0.6) t>0.6
\

This is a plot of the solution superimposed on top of the forcing function

Solution

0a

03k

04t
| II iruput )

03 II/ t
| || response Wt
02g
| /
ot | ¥

00 =

[ty ()

time t
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6 Problem 3.29

ve i e
ier series representation of the sawtooth curve 111ustrg
1e E ’

6;9) Determine the Four
Figure P3.29.

)
1

4w 67 8

’ Figure P3.29  Sawtooth periodic -'_;:_

Let f (¢) be the function shown above. Let f (¢) be its approximation using Fourier series. Hence
~ a) 27 . (2n
N=—+) "t ) +b "t
f() 5 —|—n:1ancos<Tn)—|— nsm(Tn)

Where T is the period of f (¢) and

For f(t) we see that T = 27 and f (1) = % for 0 <7 < T, hence
) T
t
= — [ =dt
“0 T/T
0
, T
t
== [—dt
27r/27r
0
B 1 t2 2r
C2m2 2],
1

= 47

=1

19



And

And

1
= m/tcos (nt)dt
0

2
1 sinmt 1 17
= t ——/smnt dt
27 no o no

B 1 cosnt
2z

1 1
=572 (—2 [cos2nT — 1])

=52 (cos2nm—1)
n
=0
227r
t
n 7 Tsm(nt)dt n=12,--

— sin nt
27‘6/
21

1 tcosnt2”® cosnt
=53 [— } + / dt
27?2 n lo n

0

- 1 —2mwcos2mn 1 [sinnt]?"
- 2m2 n n n oo

_ 1 —27wcos2mn
22 n

—cos2mn

nm
—1
Y

20



Hence

~ > 2 2
f)= % —|—,§lan cos (%rnt) + b, sin (Tnnt)
1

These are few terms in the series

fe)=

B[—

1. 1 1 o
Esmt—ﬁsm%—ﬁsm?ﬂ—m

This is a plot of the above for increasing number of n

n=2

n=3
Fo) o
1.0 _ , , L0 .-'.ﬁ;; 5}7‘1; ,
0.a 0.a ‘( | l |I j |I
/N Sy A
0.6 0.6 j,;f | / '. j,:_; '.
040 04}/ '.I S\
02 0z j \ 4 \ /
, W J X
5 10 15 ' 5 10 15
n=4 n=>5
Fo) o
1.0 y 1.0 y
py X Y .j | ¥
0.a . / II i! | ) / II 0.g ;} |I #9!’ |I ) f II
7 | P ; :
0.6 e II / |I }f a ll 0.6 ;j | // || [fj ll
A &
n4p / || f’r |I V4 0.4 /-—*" || / |/
I I f |
nzf / | / 4 0.2 7 |
5 10 15 5 10 15
n=6 n=7
Fo) o
1.0 \ 'A(' 1.0 fl %
| }’I[ t i I
0.8 /r/:(| fl:ﬂ | / || ng /6(| f | ja:. |
0.6 a /| / 0.6 I / | /
// /S S / /| |
0.4 |/ 0.4 |
7 |7 | | S |
n.af | A [ nzf . f |-“j |
"Ir M{V :I(.' ¢ J_ff :
5 10 15 ' 5 10 15
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7 Problem 3.38

Problem

Solve the following system using Laplace transform 100% (¢) +2000x (¢) = 500 (¢) where the units
are in Newtons and the initial conditions are both zero.

Answer

Divide the equation by 50 we obtain

2i(t)+40x(r) =6 (1)
Let m = 2,k = 40,hence the equation becomes
mi(t)+kx(t) =0 (1)

Applying Laplace transform
m (szX (s) —sxo—vo) +kX (s) =1

But due to zero initial conditions, the above simplifies to
ms?X (s) +kX (s) =1
X (s) [msz—l—k] =1

X(s) = —

 oms2+k
From tables, the inverse Laplace transform of ﬁ is sin oz, but

k
L 11 \/;

1
2 - kK~ ., k
ms=+k S2+E m\/% S2+E

Hence, letting| o = \/g we see that inverse laplace transform of m is the same as the inverse

laplace transform of%é <s23a2> which is

But o = w,, hence

or

1 ) 40
x(t) = siny/ —-
2/%

=0.1118sin (4.4721¢)

22



8 Problem 3.44

Problem
Calculate the response spectrum of an undamped system to the forcing function

Fosinft  0<t<n
F(t)= assuming zero initial conditions.

0 r>1n

Answer

Solution sketch: Find the response x () of the system to the above input. Then find # where this

response is maximum, call this xpax, then plot (xmaxp%> VS. ’%

The system EQM is
F (1)
X' (1) + ogx (1) = T
For 0 <t <1,

1 (1) =1 )+, ()
= Acos 0yt + Bsin w,t +x,, (t)

Guess| x,(t) =cjcoswt+cysinwt | hence x;, (t) = —oc; sin ot + @c; cos ot and XZ (t) = —w’cy cos ot —

2

W*cy sin @t, hence substitute these into the EQM and compare, we obtain

2 2 2 ) Fy . mt
(—a) €1COS Wt — W ¢y sin a)t) + o; (cicos ot + ¢ sinwt) = — smt—
m 1

The input is half sin where @t = 7[7—1’, hence| ® =2 |hence the above becomes

: Fy .
(—w2c1 + a),fcl) COs Wt + (—w2c2 + a),%cz) SIn Wt = 0 sin @t

m
A )
Hence| ¢; =0 |andc; (—a)2 + a),%) = WO of =_"= | Then the solution becomes
F
x1 (t) = Acos @t + Bsin @,t + # sin @t
2 —
And since x (0) = 0 then A = 0 and take derivative we obtain
Fk
cos ot

Xll (t) = w,Bcos w,t + (Oﬁ

n

And since x’ (0) = 0 then the above results in

2
02 —
Ry
g2 __m
0, 0 — ©?

23



Hence the solution becomes

o h i)
x1 (t) = ——="—sinw,t + —2— sin ot
=0 0O
L Q]
= % sin Wt — — sin @,
Wy — o ,

. W .
sin Wt — — sin @,t

o2 {1 ; (wﬂ)z] ( n
- [1_? 2]<ﬂnwta;ﬂnmﬂ>

k o
m o,
Hence
i ®
x1 (1) :ﬁ (sina)t—asina)nt> 0<t<n (D)
1-(2)] "

Now we need to find where the maximum is. Take derivative, and set it to zero, we obtain

Xy (1) = ——2} (@ cos ot — wcos w,t) =0

For  # w,, we need to solve
coswt —cosw,t =0

Using cosA —cos B = —2sin (218 sin (452), then the above becomes

Cosin <(w-|—2wn)t) i ((w—;o,,)t) 0
“in ((w +2wn)t) in ((w—za)n)t> _0

Hence, either = nmw or m = nnfor n = £1,42,--- or the time 7, which makes the

maximum x (¢) is one of the following

(a)“’wn)tp
2

2nmw
0+,
ty = n=+1,42,
2nmw
O— 0y

We now need to find which one of the above 2 solution gives a larger maximum. Using the first solution

24



f— 2nw
P otw,’

And at7, =

Xmax (Tp;) =

7(,_)"7

then (1) becomes

k 1—(ﬂ

then (1) becomes

F
Xmax (tpz) = '—02
k|1— <wﬂ>
— 7, 2]
k|1— (wﬂ)

[0)]
= sin ©
@y

Need now to find which of the above is larger. Let us take the difference and see if the result is positive
or negative (is there an easier way?)

x(tpl) _x(tpz) =

Ro/k

Wn

eyt

Fo/k

- (2)

o

2nwL

Not sure how to continue. Now let us look at # > ¢{. The solution here is

x2 (1) = Acos @yt + Bsin @yt

But with IC given by x; (#;) and x| (#;) , hence from (1)

and

Hence

x3 (1) = Acos wyt) + Bsin w,t; =

25

Fy/k
]

. o .
———— | sinwt; — — sin W,
)] ’

W COs W] — O COS Wyt )

n

. ((V
sin Wt; — — sin W, 1
,

2nmw

3)

)



And

x5 (1) = — wpAsin @yt + Bw, cos ®,t = (@ cos wt] — @ cos Wyt) 4)

- (2)]

We need to solve (3) and (4) for A and B. Combining (3) and (4) we obtain

Fo/k . . ﬂ .
COS Wy, 11 sin @, A [1_(2)2} (sm W1 — g, SIn wnfl)
— Wn
. Fo/k
—,sinw,t w,cosw,t| |B 7 (©cos Wt — ®cos Wyt )
[1—((07) ]
This is in the form Ax = b, solve for x, we obtain
A 1 W, COS Wy,t] — SIN Wyt <sin ot — w% sin a)nt1> Fo/k
Oy . 0\’
B W, sin®,t  cos Wyt (wcos mt; — Wcos Wyt) I— <E)
Hence
1 F()/k . ((V .
A= — 57 | @nCOS Wyt | SinWH — —sinWyty | —sin @1 (wcos mt; — W cos Wyt)
on | ( © ) W,
o,
1 Fy/k . . . .
=0T, (@, cOS Wyt sin W] — O COS Wyt Sin Wyt — O Sin Wyt COS DF] + O SiN Wyt COS Wyt |
"1-(3)
I Fy/k . .
= (@, cos @, sin @t — @ sin @, cos O]
"= (2)
I={a

And
1 Fo/k ) ) o .
B= P RG] W, Sin Wyt | Sin @t — — sin Wyt] | + cos Wyt (O COS Wt — W Cos Wyt)
n ) n
- (2)
1 Fy/k ) ) . )
= J-—/f [(Dn S1n @y, 71 SIN WF] — @ SIN W,11 SIN W,f + O COS Wyt COS W] — ) COS Dy, COS (I)ntl]
n [0)
- (2)
1 Fy/k ) ) ) .
= 5—/2 (@, sin @, 1] sin ©f] — @ sin @,t] Sin W] + @O COS W,1] COS WOF] — @ COS Wy,f] COS Wyt |
n o
1-(2)

Ask about the above, why can’t I get the answer shown in notes?
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9 Solving 3.44 using convolution

To find the response x () use convolution. Since this is an undamped system, then the impulse response
is

1
h(t) = sin @,t
®) mo, "

Hence, for 0 <t <g
t
x(1) :/ F () h(t—1)dr
0

i nT |
= / (FO s1n—) sinw, (t —7)dt
0 h mao,

Fo (1. 7T .
=0 /sm—sma)n(t—r)dr
may, Jo 51

Using sinAsinB = % (cos(A—B)—cos(A+B)), then

A
B
7T —— 1 T 1 T
sin — sin@, (t—7)=-cos | ——w, (t—7) | —zcos| —+ @, (t— 1)
1 2 h 2 1

Hence the convolution integral becomes

K r1 1
x(t):m((j) /Oicos(n——a)n (t—r )_5 <7r +a)n(t—r)>dr

Fy f T
cos| ——w,(t—71) )dr cos w,(t—71
men () < O ( )> (fl o )>}
t
sm(——a)n (-7 > sin m‘HOn(f_ ))
i 0
. t
s1n< ) sin (—@yt) S (%) _ sin (@)
2ma)n Ito, Z+o, hT O O
sm - sm w,t Sin 5 S1n @, t
2ma)n + a)n t— + w, g ), g ),
And fort > £
1
x(0)= [ F(@)h—v)ar +/0><h (t—1)dr

1 1
= F — inw, (t—1)d
/ < osin )ma)n sinw, (t —1)dt

nT
= / sin—sinw, (t — 7)dt
ma),, 0 n

27



As was done earlier, perform integration by parts, we obtain

. n ) 1
() F sin (’f—f — oy, (t—T)) ~|sin <%+wn (Z—T))
2ma, ﬁ + w, ﬁ —w,
0 0
K Jsin(m-m,(t—1)) sin(—o,t) sin(T+o,(—1)) n sin (@yt)
© 2mo, T+ o T+ o T~y T~y
K sin(m-m,(t—1)) N sin(@,t) sin(T+w,(t—1)) N sin (@,t)
- 2mo, T+ o T+ o, T~y T —
But sin (7 — @) = sina and sin (7 + @) = —sin o, hence the above becomes

x(t) =

Fy |sinw,(t—1t;) sin(w,t) sinw,(t—1) N sin (@,t)
© 2mo,

T Y3 T Y3
ot On i On n O T

Therefore, the final solution is

Fy Sin% sin @, ! sin% sin Wyt 0<t<
nt n
I T R T o Stsn
x(t) = (1)
F sinw,(t—t1) |, sin(wyt) | sinw,(t—t;) |, sin(wyt)
2may, { i T O T O + = t>h
We can simplify the above more as follows
Fo Tt 11 : 1 1
2mwﬂ{sm I (,”Hon tnwn>+sm(ont (—,”+wn+?wn>} 0<r<y
X(t) — 1 1 1 1 (1)

Fo : 1 1 : 1 1
maw, {Slna)n(l—l'l) m—f—g_wn)—f—Sln(wnt) (g_'_—a)n ”—(Dn>} tr>n

n

Hence

i inn’_t (%_wn)_(%‘f‘a)n) in <%_wn)+(%+a)n>
x(l): 2may {S 1 < (%+wn><%_a)n) >+S (Dnt< (%+wn><%_a)n) 0<r<ny
e (T ) e (FES)| oo

ey

2
2}52) sin — =20 ) 4 sin@yr | ——a— 0<t<t
" P\ (E) -2 (2) -2
()= 1 e m

T

Hence

Fo

2
- _ _n - _n
e {sma)n (t—1) (£>2_w2 + sin (@y?) ((”)2—(02) } t>1n
5] n n n
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or

o 2 (0
—) gy (i@ (=) —sin(@)} 1> n

Hence

mo,

ey =4 ) e (1)

1 n

To find where xmax 1S, we need to find x2x. Take the derivative, we obtain

+> Lo {—a)nsinf—f-l-ﬁsinwnt} 0<r<np

1 Fo ] Eoos 4 &
(l)z,wz o, { @y COS -+ Wy COS a)nt} 0<tr<y
x(t) = o
—5— rf—g)n{a)ncosa)n (t—11) — @, cos Wt} >t

Now let x (t) = 0 for ¢ > 11 to find #peqx-

0 K

2 ma,
() o

{a),,cosa)n (tp—t1) — a)ncosa)ntp} =0

cos @, (tp —t1) —cos Wut, =0 2)

But
COS Wy (tp —11) = COS Wyt COS Wyt| + SIN Wyt SN W,

Substitute the above into (2) we obtain
(COS Wyt COS Wyt + SIN W1, SIN Wyt ) — COS Wyt =0
Divide by cos @,?,

COS Wyt + tan Wy, Sin @yt — 1 =10

1 —cos w,f;
tan @,f, = —)
sin @,
_1(1—cosm,t
Wntp = tan ™! =
S1n MWy,

Hence, the hypotenuse is \/(1 — COS Wyt )2 +sin® @, = v/2 (1 —cos @,t1) and so sin @1, = — \/% (1 —cosmyty)
— sin Wyt

and cos w,t, =
Onlp 2(1—cos wyty)

and using these into (1) we find xyn,x when ¢ > ¢ as

0 F

2
ma@,

29
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But sin @, (t, — 1) = sin Wyt COS WLt — COS Wyt y Sin W,t1, hence

Fy

sin W,f|

F . ) .
0 {sm Wyt COS Wyt — COS Wyt p SIN W, — sin a)ntp}

—\/— (1 — cos @yt1) cos Wyt] +

\/2(1 — COS Wyt

1
)Sin(x)ntl-i-\/i(l —COS(Dntl)}

V2 (1 —cos wyty)

may V2 (1 —coswyt)
_ w Fy —coswyt; +14+1—coswy,ty
0% — ®? ) mo, V2 (1 —cos wuty)
B 0] 2Fy 1 —cos w1y
0* — ®? ) mo, \/2(1—cosa)nt1)
w F {\/7
= 1 —cos t}
0? — 0 ) 2ma, Onl1
Hence
@ Fo 1 —cos w,t
Xmax = 1=
max (1)2—0),% 2m0)n nt1
w a),,Fo\/i
= 1 —cos w,t
(wz—a),%) 2mw? o5l
(0]
o Fo\/i
= | —— | —\/1—cosw,t
((w>2 ) 2k nt1
=) —1
[N
Hence
xmax%O = (rzr_1> %\/ 1 —cos w,t
Where r = £

On
A plot of xmaxF% vs. r gives the response spectrum

30
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B

® ) Fo {—cosa)ntl+cos2wnt1+sin2a)nt1+l—cosa)ntl
B3
B
)

— (1 —cos wyt) cos wut] + sin @, + (1 —cosmyty) }

}



10 Problem 3.49

Problem Calculate the compliance transfer function for a system described by ax”” + bx" + cx” +
dx' +ex = f (t) where f (¢) is the input and x (¢) is the displacement.

Answer

Take Laplace transform (assuming zero IC) we obtain

as*X (s) +bs>X (s) + s> X (s) +dsX (s) +eX (s) = F (s)

Hence
X (s) [as4 +bs® +cs® +ds+ e] =F(s)

Hence

i

_ X(s) _ 1
H (S) T F(s) T as*4bsP+cs?+ds+e

31



11 Problem 3.50

Problem

Calculate the frequency response function for the system of problem 3.49 for a = 1,b =4,c =
11,d =16,e =8

Answer

1

:aﬁ+b§+fﬂ+wh+e
1

T P43+ 1182+ 165+ 11

H (s)

Lets=jo

1
(jo)'+4(jo)’ +11(jo) +16(jo)+11
1
0*—4jo’ - 1102 +16jo + 11
1
(0*—11w?+11)+ j (160 — 403)

H(jo)=

Hence
1
\/(w4 — 112 +11)* + (160 — 403)
1
Vb — 6wt + 150* + 14w2 + 121

H (jo)| =

and

160 — 40°
SNy ~1
Phase(H (jw)) = —tan (w“— o+ 11)
This is a plot of the magnitude and phase

EDU>> num=1;
EDU>> den=[1 4 11 16 11]
EDU>> sys=tf (num,den)

Transfer function:

s4 + 4 s73+ 11 872+ 16 s + 11

EDU>> w = logspace(-1,1);
EDU>> freqs(num,den,w)
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Magnitude

FPhase [degrees)

-100

.H:I' 1 i | : M R
10" 10 v
Frequency (rad/s)

200

100

200 L
10

Frequency (rad/s)
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