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1 Problem

question: Consider the solution of Ax = b + n where A is m X n matrix, beR™, xeR" and n is
vector of i.i.d. Gaussian N (O, O'ZIm) noise vector. (i.e. noise is white Gaussian noise). Determine
the best solution X

Answer

Let us refer to the observed output (which includes the noise n) as z, hence we writez =b + n
where b is the uncontaminated output (what the observed output would be if there is no noise).

Since the noise n is an additive noise to the output b of the system, the since the noise has zero
mean, then the mean of z will be the same as the mean of b. But b is a deterministic signal
which does not change, hence its mean is its value, hence the mean of z isb.

Now, z is described by a probability density function PDF as follows ( z is in R™, hence it is m
long vector)

Pr (z; {,u (z),azlm}) = exp (—2%‘2 ||Z—H(Z)||2)

(27102)%

1 1
Pr(z; {b,0%I,}) = —— —— |lz—DblI?
fa{bon}) = g exp( Iz ||)
But since Ax = b, then the above can be written as

. 2 _
Pr (z; {Ax,a Im}) = —(Zﬂaz)% exp( 5o

Since A is a constant matrix (system is assumed to be time-invariant), hence from the above
we see that the expression gives the probability of observing z for a given x. Hence the best
estimate of x would be the one which maximizes this probability. Instead of maximizing the
PDF directly, we maximize its natural logarithm (a mathematical convenience trick, no more).

Now find the natural logarithm of the above quantity, and find where the result is maximum.



ilnPr {Axazlm} :i In—— —LHZ—AXHZ
ox ox (271-0-2)2 20?2

<l

X

(ln (Znoz) ; + Inexp (—— |z — Ax]|| ))

1
=V, (ln( 2) ) + Vi (—FIIZ—AXIIZ)
2o o

——v (Ilz - Ax||?) (1)

Start with m = n = 1, hence the above becomesE]

1
202

% InPr (z; {Ax,0°L,,}) —V,, (2} + a4 x} — 2z1a11x))

1
= —27._2 (261%1)(1 - 201121)

1
= —? (a‘%lxl - 611121)

Set the above to zero and solve for x;

0 = (anx1 —z1)

Hence

. . -1 _
This matches the least squares solution x; = (ATA) ATz, — x; = (an1a11) Vanz = az—lll

Now I need to do this for m = n = 2, and assuming that var (z1) = var (z;). We can start from
equation (1) above, shown again below

'T will start the index at 1 to be Matlab friendly
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202

ai InPr (z; {Ax,ozlm}) =——V%(llz- Ax||2)
X

—202:_,( InPr (z; {Ax,0°In}) = Vx (Ilz - Ax|%)

21 a; a2 [X1
= VX —
Y) az1 daz) \x2

2

2

2
Z1 ajixy + apx;
= VX —
Z2 az1x1 + azXx; 5
2
_vy z1 = (an1x1 + araxz)
- X
zy — (a1%1 + agexz) )

= Vx ([z1 — (anx1 + a12x2)]” + [22 — (az1%1 + azzxz)]’)

Let

f (x1,x2) = [21 = (@111 + 6112752)]2 + [z2 = (ag1%1 + azzxz)]2

[Z% + (anxi + apxz)’ — 221 (agrx; + a12x2)] + [23 + (az1X1 + azx2)” — 225 (az1x1 + azzxz)]

[zf + a:fle + a?zxg + 2a11a12X1X2 — 2Z1411X1 — 221a12x2] +

2 2 .2 2 .2
[22 + a5 X + A5X5 + 2a21a22X1X2 — 222a21X1 — 2226122X2]

Then
9f(x1.x0)
Vs (f (o1, x2)) = | o500
8x2
)
Of (x1,x
f(a—lz) = [0+ 2af,x1 + 0 + 2an1a12%, — 221811 = 0] + [0+ 2a5,x1 + 0 + 2az1a22% — 2221 — 0]
X1
= 2a%1x1 + 2a11a12x2 — 2z1a11 + zaglxl + 2a51025%p — 22303
= x; (2af, + 2a3,) + x3 (2a11a12 + 2az1a22) — 2z1a11 — 222021
and
of (x1,x
w = [0 +0 + 2a5,x; + 2ariarpx; — 0 — 221a12] + [0 + 0+ 203% + 2z — 0 - 222a22]
X2

= 2a§2x2 + 2d11a12X1 — 2z1a12 + 2a§2x2 + 2d1a22X1 — 22209

2 2
= X1 (261116112 + 261216122) + X9 (26112 + 26122) — 221412 — 2zZ30a99



Hence we obtain that

0 1
&lnPr (z {Ax,azlm}) = _ZT._ZVX (f (x1,%2))

2 2
1 [x; (2011 + 26121) + X2 (2(111012 + 26121(122) — 2z1a11 — 222091 _ 0

202 \x1 (2ar1a12 + 2az1a22) + x (243, + 2a5,) — 2z1a12 — 2220a2; 0

Hence
2 2
X1 (2(111 + 2&21) + X9 (2(111(112 + 2(121(122) — 221411 — 229021 =0

and
2 2
x1 (2a1a12 + 2az1a22) + X2 (243, + 2a5,) — 2z1a12 — 2z3a22 = 0

so, solve for x1, x. Write as Ax = b and solve:

2 2
(2(111 + 2(121) (261116112 + 26121(,122) X1| 2z1a11 + 2z9a97
2 2 N
(2&11(112 + 2021&22) (2(112 + 2(122) X2 2z1a12 + 222092
Solve for
2 2 -
x| (2a2, + 243)) (2a11a12 + 2a21a22) 2z1a11 + 2290
- 2 2
X9 (261116112 + 26121(122) (2012 + 26122) 2z1a12 + 2z9a
2 2
(26112 + 2(122) — (2(111(112 + 261216122) 2z1a11 + 2z0a21
- (2(111&12 + 2(121(122) (Zafl + 2a§1) 2z1a12 + 229097

(2(1%1 + 2a§1) (2[1%2 + 26132) - (26111(112 + 26121@22) (2@116112 + 261216122)

(2(,1%2 + 261%2) (221(,111 + 222021) - (26111(112 + 261216122) (221(112 + 2226122)

- (26111(112 + 261216122) (2216111 + 2226121) + (20?1 + 261%1) (221(112 + 2226122)

(Zafl + 2a§1) (261?2 + 2(1%2) — (26111(112 + 261216122) (26111(112 + 2(1216122)

2 2
4a11z1a5, + 407,212 — 40110122202 — 421412021022

2 2
4z1a12a5, + 4a7 22022 — 40112142102 — 441101202122

2 g2 2 2
4ai, a5, — 8ai1a12az21a; + 4a7,a5,

2 2
4a1121a5,+4a7,02122—4011 01222432 —421 412021 a2z
2 a2 )
= 4a7,a;,—8an1a12a21a22+4a7,a5,
2 2
4z1a1205,+4a7, 2202, —4a1121a21a22—441141202122

2 2 2 2
4af,a5,—8a11a12a21a22+44a7,a5,



SO
2 2
4a11z1a5, + 4a7,a2122 — 441101222022 — 421012021422
X1 =
2 2 7 2
4ai,a;5, — 8ai1a12a21a; + 4a7,a5,
| %1422 — a1222
a1i1dzz — Aa2dz
and
2 2
421(112a21 + 4611122(122 — 4(11121@216122 _ 4(1116112612122
X2 =
2 2 eI
4ai,as5, — 8ai1a12az1a;; + 447,05,
_ | 41122 — z1d21
d11dzz — Aaj2az1
Hence

210422—0A1227
X1 _ ay1a22—a12021 (2)
X3 112221021
a11422—0d12421
is the least squares error. To validate
ain a2y (X1| _ [#4
az1 Az \XxX2 22
T -1 T
X1| (|91 Q412 aix a2 ajix 4z 21
X2 daz1 a4z dz1 a4z dz1 a4z 22
-1
_ (411 a21) (411 G12 ajix 4| (%1
aiz dg2) \d21 422 ajp dz] \z2
2 2 -1
_ aj; +as ajidiz + azaz; a11z1 + az1z2
- 2 2
apidz + azi1az aj, + as, Z1a12 + 22422
2 2
(‘112+a22) __411Q12+d21d GiZs + Az
- (61115122—61125121)2 (auazz—alzam)2 11#1 21%2
a11a12+a21a222 aj;+ay . Z1a12 + 22099
(a11a22—a12a21) (a11a22—ay2a21)
(z1a22—0a1222)
— | an1az2—aszaz1 (3)

41122—210421
ai11dz22—ad12421

Compare equations (2) and (3) above, they are the same. OK, confirmed.
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