HW 5
Electronic Communication Systems
Fall 2008
California State University, Fullerson

Nasser M. Abbasi

Fall 2008 Compiled on May 29, 2019 at 11:41pm

Contents

l_Problem 1
1.1 Part(a)l. . . . . .
1.2 Part(b) . . ..

4 Problem 4

[> Key solution|

6 my graded HW]|



mailto:nma@12000.org

1 Problem 1

Ficure P1.12

Figure 1: the Problem statement

1.1 Part(a)

Assuming stationary process,
Ry (1) < S (f)

But S, (f) =9 (f) +tri (%), hence

Ry(t)=F""! <5(f) + tri <2J;0>>

= / [5 (f) +tri (2];())] e*mITdf

—00

But F ! (tm’ (%)) = foiUomD) and £ =1 (5 (f)) = 1, hence the above becomes

f027r27'2 )

Hence

dc part AC part

= —_—
R.(t)= 1 + fosinc?(for)

1.2 Part(b)

Hence DC power in X () is given 1 watt.

1.3 Part(c)
The AC power is f, watt.

1.4 Part(d)

Since R, (1) = 1+ fosinc? (fo7), we need to make this zero. But this has no real root as
solution (assuming fy > 0)

To obtain a solution, I will only consider the AC part.

Hence we need to solve for 7 in

R, (1) = fosinc® (for) =0



i.e. the AC part only.
This is zero when sinc? (fo7) = 0 or when sin (7 fo7) = 0 or when
wfor = km, k=+1,£2,---

Hence when
+ 1 + 2
T = -, —,
foo fo

2 Problem 2

V' 1.13 A pair of noise processes my 2] and n,(r) are related by
maft) = myit) cos{2xfit + 8) — m{r) sin(2wfit + 6)
where f.is a constant, and & is the value of a random variable 8 whose probabiliry densiry
function is defined by
fuld) = [’-"- D=8siw
] o, otherwise

The noise process #,(¢) is stationary and its power spectral density is as shown in Figure

P1.13. Find and plot the corresponding power spectral density of ma(t).

Ficure P1.13

Figure 2: the Problem statement

(see graded HW for solution)

3 Problem 3

A random telegraph signal X (¢) charaterized by the autocorrelation function

RX (7_) . ef2zl|tau|

14. Determine the

¢ Ficure P1L. =
r of Figur cess at the filter

Glre
& ;.pass RC flte :
to the low-p the random PIo

) 5 5
- is applied A .
e lation function of

> j15 a COnS =
where v1 d autOCOLIE

oower spectral density 21

purput.

R

—I\/\N—r:ltpm

Input c
=

FIGURE P1.14

Figure 3: the Problem statement

Let Sy (f) be the psd of the output, then



But

00
_ /62'07'67]271'de7__'_/6721)767]277de7_
—00

0 00
— /eT(QU—j27rf)d7_+/67(—2v—j27rf)d7_

. 0 00
T(2v—j27f) T(—2v—j27 f)
|:6 :|—oo |:6 ]0
2v—j2nf —2v — j2nf
1 —1
= : + -
20— 92nf  —2v—7j2nf
1 1
= , + ;
2v—j2nf  2v+j2nf
B 4u
o2 4 An2f?

Now we need to find H (f). Using voltage divider H (f) = ;;8% = Rf“ -
727 fC

hence
1

H(f>:j27rfRC+1

Hence

1
V14 (27 fRC)

[H (f)] =

Then

Sy (f HI?

1
4v? + 47T2f2> <1 + (27rfRC’)2>
4v
= (40?1 4722) (1 + An2f2R2C?)
B 4v
4?4 402 (27 fRC)? + Am2 f2 + 4x2 f2 (21 fRC)?
4v
402 4 16022 f2R2C2 + A2 £2 + 1672 f212 f2R2C?
v

o2 40272 f2R202 + w2 f2 + 4mt fAR2C?

Now, R, (7) is the inverse Fourier transform of the above.



4 Problem 4

1.15 A running integrator is defined by

:
(1) = J' x(7) d
Y T )
where x() is the Input, y{t) is the output and T is the mtegrat tion period. Both () and
y(#) are sa“mp'lc functions o§ stationary proCesses X(t) and Y(z), respect! ively. Show that
a1 density of the integrator output 1 related to that of the integrator input

as

.....

syf) = T2 sin(fDSxf)

Figure 4: the Problem statement

(see graded HW for solution)

5 Key solution
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Problem 1.17

- The autocorrelation function of X(t) is

Ry (1) = E[X(t+1) X(£)]

A2 Elcos(24Ft + 2¢F1 — 9 ) cos(23Ft ~ o))

2
%—E[cos(lhrl-'t + 2nF1 — D) + cos(2nF1)]

Averaging over ©, and noting that 6 is uniformly distributed over 2r radians, we get

AZ
Rx(r) = 5= Elcos(2rF1)]

2 =

- 3 S ERn) eosaner)

Next, we note that RX(T) is related to the power spectral density by

Ry(t) =/ Sy(f) cos(2nft) df

-
Pouse—r
Therefore, comparing Eqs, (1) and (2), we deduce that theA spectral density of X(t) is

42

Sx(f) = 'é'fl-“(f)
When the frequency assumes a constant value, fc (say), we have

1
é(f—fc) + -2—6(f+fc)

sip- ) eSS

21
fF(f) =3

T
z

A = ) = A

T §,<(f/u7§

19

e
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{/ Problem /-‘ /@

(a) The power spectral density consists of two components:

(1) A delta function 8(t) at the or»igin, whose inverse Fourier trAans form is one.
(2) A triangular component of unit amplitude and width 2'.‘0, centered at the origin;

.2
the inverse Fourier transform of this ccmponent is fo sine (fot). .

Tnerefore, the autocorrelation function of X(t) is

Re() = 1 + £, sine®(£0)
which is sketched below:

RX(T)

{ ]

{ | !

] 1 1

1 0. 1 2 3
£ £ £

! !
| 1

_ 3 2

£ £ -
0 0 2 0 o - 0

= cos[?-rr(tT_tz)]

(b) Since Rx(r) contains» a constant .component of amplitude 1, it follows thai the dec
power contained in X(t) is 1.

(¢) The mean-square value of X(t) is given by

Ex%(t)]

RX(O)

=1
+f0

The ac power contained in X(f) is therefore equal to fo.
(d) If the ing r i i i :

e sampling rate is fo/n, where n is an integer, the samples are uncorrelated.
They are not, however, statistically independent. They would be stétistically independent

if X(t) were a Gaussian process.
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1 Problem 1 >0

‘/ 1.12 The power spectral depsiry of a random process X2y is shown i Flpure PLILZ It soneists
of a delta function at f + G and a triangular component.
{a}) Determine anc sketch the aviocorrelaon funcsion R, of Xori
(b} What 15 the DC power contained in X 107
1€} Whar is the AC power contained in X102
td) Whar sampling rates will give uncorrelated samples of X202 Ars the sampe s statis-
ucally independens?

FIGURE P1.12

Solution

1.1 Part(a)
Assuming stationary process,
A ()
/
But S, (f) =6 (f) + tre (i%)’ hence

R (1) & S: (f)

Ro(r) = F! (5 (f) + tri (%))
- 0.§

= e ()] e

But F! (tm‘ (R%)) = foﬂrfl;%"r—"ﬂ, and £~1 (6 (f)) = 1, hence the above becomes

Hence

dc part AC part
,-/\ t‘_—. —
R.(m)="1 +fp sinc? (foT)
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1.2 Part(b)

P (0) =1+ f

Hence DC power in X (t) is given /

1.3 Part(c)

The AC power is /

|94

1.4 Part(d)
Since R, (7) = 1 + fysinc? (fo7), we need to make this zero. But this has no real root as solution
(assuming fo > 0)
To obtain a solution, I will only consider the AC part.
Hence we need to solve for 7 in

R, (1) = fosinc? (for) =0
i.e. the AC part only.
This is zero when sinc? (fy7) = 0 or when sin (7 fo7) = 0 or when
nfor =km, k=%£1,%£2,.--. Y
Hence when 7= 1 T

gty 7
@ orpefi] & o

@ wi 7R %amqﬂ)zs §'ta~f/:7;ﬁca‘|\, TMQ]/Z*‘DW&MLT?
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3 Problem 3

.
{114 & random telegrapr signal Xir, characterized by thr 2utudoreaton Tuacnon

Ryr = exp~lo -

P1.14. Deterrine the

RC flter of Figure cme flter

ass
o the low-p ¢ random process at

jed t
where v is  CORSTATG s 2pP orrelation function of th

power spectral density and autoc

output.

[&]

FicURE P1.14

Let S, (f) be the psd of the output, then

Sy (f) = S (f) |H (NI

But

Sz (f) = F (R (7))

0 oo
— /e2vfe—j27rfrd7_ + ‘/e—2vfewj27rfrd7_
—00 0
0 [e)
— / T(2v— ]27rf)d1_ + / T(—2v— ]27|'f)d7_
—00 0
[eT(2”—j27ff)] |: T(— 2v—]21rf)]
T T 2u—jonf —2v— jorf
1 -1
= —— o+ _
20— j2nf —2v-—j2nf
1 1
= — -+ .
20— j2nf  2v+j52nf
_ 4v
T 42 44y f2

Now we need to find H (f). Using voltage divider H (f) = Y4} = s
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hence

1
H)= Sapro
Hence
H ()] = .
+ (27 fRC)?
Then
Sy (f) = S (f)1H (F)I?

(4112 + 47r2f2) (1 + (27r1fRC’)2)

4y
T @+ 47r2f2\U/l +4n? f2R2C?)
4v
" 4u? 4 402 (20 fRC)? + 42 f2 + an? f2 (2 f RC)?
4u

Tt 16v272 f2R2C? + 472 f2 + 1672 f2n2 f2 R2C?
v

T 07 + 40?72 [2R2C? + 12 [% + 4w [*R2C?

Now, R, (7) is the inverse Fourier transform of the above.

/75 /5 /S "71'\"1""

See  Gol . _y
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4 Problem 4
““ 1.15 A running integrator is defined by

j x{7) dv
T

where x(t) is the input, y(?) is the output, and T is the integration pericd. Both x(¢) and
y(t} are sample functions of stationary processes X(t) and Y(t), respectively. Show thart
the power spectral density of the integrator output is related to that of th: integrator input

y()

as

Sy(f) = T? sind(fT)Sx(f)
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