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Problem | Evaluate the transfer function of a linear system represented by the blcck
diagram shown in Fig. P2.14.
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Delay Delay
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Figure P2.14

Problem 2.

(a) Determine the overall amplitude response of the cascade connection shown in P2..3.
consisting of V identical stages, each with a time constant RC equal to t,.

tby Show that as N approaches infinity. the amplitude response of the cascade connection
approaches the Gaussian function expt—%/ T\ where for each value of N. the time
constant T, is selected so that
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CI amplifier CT amplifier ¢ amplifier

Figure P2.15

Problem 5 Determine the pre-envelope y4ir) corresponding to each of the following two
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2 Problem 1

Solution Using transfer function cascading, then the overall transfer function for the

system can be written as

H(f) = H (f) Hi (f) = [H (f)]
Where

H, (f) = )Z((f)

Where
2= { }
1 W

Where

W(f)=r{z@t)—z(t-T)}
=X ()= X ()
= X (f) [t -]

substitute (3) into (2) we obtain

: —j2n fT X (O)m
(f)_WXOt){l e f}_*_ : 5(f)
! —j2n fT
ZJQWfX(f) [1 e f }
Hence
Hi (f) = )Z(_EJ?)
_ J27rf X (f) [1 e*ﬂﬂfT}
X (f)
Hence

Hy (f) = 5 [1 — e727]

j2nf

Hence from (1)

mio= (i)

= —4712 7 (1~ e eIT]

=L o T jamfT
{1 2e +e }

(2nf)’

(1)



Hence

3 Problem 2

3.1 Part(a)

Transfer function for each stage is H; (f) = & ) = Tiafa0

Since RC' = 79, hence

B

Then, for N stages, the overall transfer function is

H(f) = Hy(f)Hx (f)--- Hy (f)

Since they are identical stages, then the transfer function of each stage is the same, and

the above becomes N
1
H = —
(F) (1 —I—j27rf7’0>

Hence the amplitude of the response is given by
1 N
H S

()
12 4 (27Tf7’0>2

1 N
B ((1 +47r2f273>%)
1

(1 + 4m2f272)

N
2

2

Let 7§ = 55 the above becomes
1
- — )
(1+£57)
3.2 Part (b)
Let a = f?72,3 =1, then (1) becomes
1

H (f)] =



But limpy_,o L+ = e hence
(1+%)
1
‘H (f)| = 2.2
e 2
B f27'2
A 2
Which is what we are asked to show.
4 Problem 3
4.1 Part(a)
(a) g (t) = sinc (?)
g+ () =g()+79(t) (1)

Where § (t) is Hilbert transform of g (t) defined as § (t) = g (t) ® %

A

G(f)=—jsgn(f) G(f)
= —j sgn(f) rect(f)

Now find the inverse Fourier transform.

I derive the above to answer problem 4 part (b). The answer is the following (please see
problem 4 part(b) for the derivation

1
g(t)= g (1 — cost)

sin 7t
it

In the above, I used sinc (t) = . If one uses sinc (t) = S‘tﬂ then the answer becomes

g (t)=—=(1—cost) (2)

~ | =

The problem statement seems to want us to use the second definition of sinc (t), so I will
continue the rest of the solution using (1).



Substitute (2) into (1) we obtain

Hence

4.2 Part(b)
g (t) = [1 4+ k cos 27 f,,t] cos (27 f.t)

g+ () = g (t) + 3 (t)
Where § (¢) is Hilbert transform of g (¢) defined as § (t) = g (f) ® =.

2G(f) >0
G (=1 ao) f=0
0 f<0
But
G(f)=F [1+ kcos2m f,t] @ F [cos (27 f.t)]
But 1
r [COS (27cht)] = ) [5 (f - fc) +6<f + fc)]
and

F [1+ kcos 2 fut] zd(f)—i-l;w(f—fm)—i-é(f—i—fm)}
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Hence (1) becomes

(Nﬁ:{Mﬁ+Swﬁ—ﬁ@+5ﬁ+ﬁM}®;wﬁ—ﬁﬁ+ﬂf+ﬂﬂ
=5(f)® 16 (f — f)+6(F+ fo)
+§wq—ﬁ@+5u+ﬁM®;wu—ﬁﬁ+ﬂf+ﬂﬂ

= 30N @I(f [+
SO @O(f+ fo)+
S0(f = fm) @0 (f — fo) +
Z0(f=fm) @ (f + fo) +
0+ fm)®@(f = fo)+
S0+ fm) @6 (f + [o)

e IR il e Bl g B e Il A

Hence

G(f) = 30(f + f) +
SO(f = fo)+
0 (f = fm+ fo) +
SO(f = fm = fo)+
ZO(f + [+ fo) +
L0+ fn— 1)

TN

ETN

Hence for f > 0 ,G, (f) = 2G (f) and we obtain

Co(f) =6 (f = SR8~ fuu+ £+ 0T = F = ) F0(F+ fon b J) 46 (F + o fo)

Then (since carrier frequency f. > f,,), we could simplify the above, by keeping positive
frequencies f

Colf) =5 (f ~ f)+ S0 i S5+ F— 1)



or

k
Gy (f) =5(f—fc)+§[5(f—(fm+fc))+5(f—(fc—fm))]

Hence

_ 2m fet _ 27T(fm+fc)t QW(fc_fm)t

gy (t) =¢ +5 (e] + ¢’ )

o 27 fot v 27 fmt j27 fot 27 fot  —j2m fmt

= ¢l + 5 (ej e’ + €’ e’ )

_ pnfet [1 n ’;’ G e—j%fmtﬂ

_ st k

=e 1+ B (2cos (27T fiut))

= /7™t [1 4 kcos (27 ft)]
5 Problem 4

5.1 Part(a)
g(t)=4(1)

5.2 Part(b)
And Since sgn (f) = —1 for f <0 and sgn(f) =1 for f > 0 then

G(f)=—j [—T@Ct (f—i_‘l) + rect (f:‘l)]
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(t)=jr ! [rect (fg‘ll) — rect (‘f;iﬂ (1)

g
1 A _1 .
But f ! (rect <fg4>) = Isinc (%t) e327it and [ ! <7“ect <f;4>> = 1sinc (%t) etizmit
hence (1) becomes

Hence

2
1 1 [ejgt — ejgt]
= —sinc <t -
2 —J
1 eIt — eIt
= sinc (t)
2 2j
()
=sinc | — sin —
A 2
. 1 o sin It
But sinc (515) = %f hence
sinZ 7
G(t) = —=sin -t
o 2
2
= Zsin2 Tt
7t 2
2 (1 1 )
= — |z — gcosmi
Tt \2 2
1
= — (1 — cosmt
— mt)
6 problem 5
S0,
iz
.
| } FiGure 2.47
_-—-2 210 ”|777¥3_“f Problem 2.44

2.45 Consider the square wave g(t) shown in Fig. 2.48. Find the power spectral density, average
power, and autocorrelation function of this square wave. Does the wave have dc power? Explain
your answer.

al

Figure 1: the Problem statement



Hence

13

Sy (f) = rect (ﬁ) 4 rect <£>

Ry (r) = F " (S4(f))

Ry(r)=F! (rect (ﬁ) e <£>>
< ()] e (9)]

= 4sinc (4t) + 2sinc (2¢)

n7l= Plot[4 Sinc[4 t] +2 Sinc[2t], {t, -4Pi, 4Pi},
PlotRange - All]

Out[7]=

10

. el e B
T Nt \/\J‘

Figure 2: Plot for problem 5
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The first integrator input is equal to x(t)-x(t-T). The Fourier transform of this
input signal is [1-exp(-32xfT)X(f). The value of this transform is zero at f=0. It
follows therefore that the Fourier transform of the first integrator output is equal to

THd 125 W) = X)X H=T)=2 W= x i
» 2 = e [1-exp(~52xf TYIX(£) Iy
%) = Jout ZUY) = [, wth)dh —>z¢/ m,;h/[,)gézj
Sbce Wie)=0 = 24)- WL (5) d5er &
The transf!.r function cf the first stage of the system of ﬁ’i P2 s therefore equal

to ,W; 2

/A J/T,ff d/f/f/ - : 7 -dfT
= W- = [1-exp( 2Tl = E_Z,/_%— ] {, ’W) Te  SGrne(
d

The second stage of the system is identical to the first stage. The overall transfer

function of the system is therefore /7!/)/) — A///)E),(/é///)!) -4_2/’7_ /2///7_ —:{Z/zf?
Cai [

1 2 ~d% e =2
H(f) = 5 [1-expt-JenfT)]"= sre T z=e 7
2
fT)- - 3ufT
. exp(-szn)(j‘a(J'Jzzf”( iz )}

2
2xp(-32%fT) \:Si:f.ﬁ]

= T2 stne?(fT) exp(-32a£T)

2" peted
_;-;;; Jrmpalse NELpete 4 %}7‘ fﬁ%/
o = S e ZH) = i) . A=

5[”/4/ /[5/76 S,-7) Jatty = UE)-4E-T)
> fH) = /2@7//’/_;/72) e

=5 gp) = ;,/f/g/////j_ 7‘§¢w///7)2;7f7
SE) = %/,ZZ/ = 7 g/m(/dz// ¢
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Problem 2. ~

(a) The transfer function of the i{th stage of the system of Fig. p2.6 1s .

1
B (1) = 735,F5C

1

l+j2wfro

wnere it is assumed that the buffer amplifier has a constant gain of one. The overall

transfer function of the system is therefore

H(f)

"
[ =1

Hi(”

i=1

1

) (1eg2xr7)"

The. corresponding amplitude response is

1

H(L£)Y =
[1+(2xer)°1 <
(b) Let
Ta = Tz
0 ‘th

Then, we may rewrite the expression for the amplitude response as

1 ) > N/2
[H(E)} = [I-i— T‘-(fT)

In the 1imit, as N approaches infinity, we have

» N/2

(O = lim [1+ KT}
Nooo

- A1 24
= expl 5 * l‘(t"l') 1

£ 2
= exp(--z—-
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Problem 3 _. /w,,pg // /é/f/w/»f //F;&(;)_Z"

(a) g(t) = sinc(t) = -E-i-:é—’—tl GIE) = ﬂ*f&lé// ._,—E:L——’} £
Glt)=261) = nect (£ - 5,) /57,, p

l-cos(xt) gf//)-’e’ g/,,m/f ) EOZ,T “

™ -)’ff[%) §/me[#/) J 2/7_34 yg

Therefore, £7z

We note that

gty =

g(t) + Jg(t)

g+(t.) =
d// = % = g/ﬁ c zé /
_ sin(nmt) . 1-cos(nt) [) /5[)/ / 7 [/z/
- wt 7t
= -JEU - cos{mt) = j sin(n't)jl é ‘W :317/ J7
r \ .
= %[1 - exp(imt)] = :—I”—z'{[ I Jﬂ-f[ d”‘é/?, }6 )x /—%Lg)mﬂ‘f"/"/ }-&J
(p) glt) = [1+k cos(ZTfmt)]cc's(anct) - é’/}‘,—:o[%) e

cos(2nf t) + £ cosl2n( £ef )t + £ costan(s -f )t]

Since the Hilbert transform of cos(27ft) is equal to sin(27mft), it follows that

;(t) = sin(?wrfct) + % sin[?ﬂ(t‘c+fm)t] + % sin[21r(f‘c-fm)t]

Where it is assumed that f,>f . Therefore,

exp(ijfct) + -‘% expl ij(fc+fm)t] + % expl j2( t‘c-fm)t:

, k
1+ % exp(j2nf t) + 5 exp(-j2uf t))Jexp(j2nf t)

z [1 +k cos(anmt)]exp(er{fct)
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1 Problem 1 o

Problem ) Evaluate the transfer function of a lincar system represented by the block
diagram shown in Fig. P2 14,

>((+] WO - Z0 .

Tie) -{ T :{: F ;[; " dt fren 2
o ey

Figure P2.14

Solution Using transfer function cascading, then the overall transfer function for the system can
be written as

H(f) = Hi (f) H (f) = [H: (f)]* (1)
Where
_z{()
Where
Z(f)= { w( }
=J Wf)+—— (f) 2
Where

W) =F{z@) - z(t-T))
= X (f) = X (f) eI

=X (f) [1 - e7T] 3)
substitute (3) into (2) we obtain
X (0 '_ZOJQW\
2()= g (1) L - ) QLT )
X (f)[1 - e omIT] (4)

Hence

==X (f) [1 - e‘j2”fT]
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Hence

Hence from (1)

Hence

H(f) = (ﬁ - e‘j2"fT:|>2

= —gap L=
— [1 _ 267]21rfT + eA]47rfT]
(2nf)*
H(f)= (21:11')7 [2e7920IT — gma4nIT \_}’]
Vo gmph wﬁj i
Gee %ol .




22

2 Problem 2

Problemn 2.

1at Determine the overall amplitude response of the cascade connection shown in P23
consisting of .Y identical stages, each with a time constamt RC equal to 1,

1b) Show that as N approaches infinity. the amplitude response of the cascade connection
approaches the Gaussian function expl =47 T3L where for each value of . the time
constant 1, is selected so that

R X X

l Bufter I Buther I Butter
< smoplifiar ¢ "1' amalifiar CT amplitir
—— -__I_‘ -

Figure P2.15
2.1 Part(a)
Transfer function for each stage is H; (f) = ;—'.((% = ﬁﬂTC
Since RC = 19, hence .
Hi(f)=7——F—F—
(f) 1+ 527 fm

Then, for N stages, the overall transfer function is

H(f) = Hi (f) H2(f)--- Hyn (f)

Since they are identical stages, then the transfer function of each stage is the same, and the above

becomes N
1
4= (55e7m)

Hence the amplitude of the response is given by

H ()] = (H—H%)N

1
12 + (27rf'ro)2

_ (_1_)"

N
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2
Let 78 = ;5 the above becomes

H(f)l = —Fx (1)
(1 + %,T—Q) ?
2.2 Part (b)
Let a = f272, 8 = 1, then (1) becomes
H ()] =
1+ )™

But limy_.0c —2% = €*? hence
(1+8)

»
4
)

5 () j

Which is what we are asked to show.
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3 Problem 3
Problem 5 Oetermine the pre-envelope g 44 corresponding to cach of the following Lwo
ugnals’ o _
=i (Mol Fise XJ?L > _(_._:_"Z_é. Fee pr1e b & 9/

ibi gitrm (1 +& oM Infolr 1 Joos(2nf 11

(a) g(t) = sinc (2)

9+ (t) =g () + 3§ (¢) (1)
Where § () is Hilbert transform of g (t) defined as g (t) = g(t) ® &

G(f)=—jsgn(f) G(f)
= —j sgn(f) rect(f)
Now find the inverse Fourier transform.

I derive the above to answer problem 4 part (b). The answer is the following (please see problem 4
part(b) for the derivation

g@t) = 7rlt (1 — cosmt)

—

In the above, I used sinc (t) = % If one uses sinc (t) = % then the answer becoines
~
1
\g )= 7 (1- cost)/ ? (2)
.

"~

The problem statement seems to want us to use the second definition of sinc (t), so [ will continue
the rest of the solution using (1).

Substitute (2) into (1) we obtain

. .1
g+ (t) = sinc (t) + Jié«lc—_ cost)

__sin(t) +jl (1 eit+e—jt)

t t 2
let—edt 1 ([ eftte
t 23 + t (J 23 )
let—edt j lelfte
- T
t 25 t t 2
_let 5 1eft

=iy Tt iy )<
Hence \

o, () =1G+e")|  Gee Gol.

— |
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3.1 Part(b)

g (t) = [1 + kcos2m ft] cos (2m f.t)

9+ () =g (&) +4 (1)
Where § (t) is Hilbert transform of g (¢t) defined as §(¢) = g(t) ® ﬁ

2G(f) >0
G+(f)={G(0) /=0

0 <0
But
G(f)=F [14 kcos2nm frt] ® F [cos (2 f.t)] (1)
But )
F lcos @n )] = 5[50 = £ + 8 (f + )
and

F I+ kcos2nfnt] = (1) + 5 16(f = fm) + 67 + f)

Hence (1) becomes

G(f)

(@567~ £ +6(F+ 1)

{51+ 560 - +5G+ @ 5160 - 507+ 1)
)
F B S @5~ )45+ L)

= 25(N@6(f - [+

S8 (@ + 1)+
RS- fm @ (- 10+

RS- fm@s(f+ i)+

RS+ @87 f+

k

U+ ) @E(f+ 1)




Hence
G(f) = g5(f +fo)+
o(f-f)+
0(f = fmt fo) +
6(f—fm—f)+
§(f+ fm + fo) +
6 (f + fm = fo)

SN Il BN B

4

Hence for f > 0 ,G4 (f) = 2G (f) and we obtain
k
Ge(N=8(f =S+ 50 = fn + J) +6(f = o = f) + 8 ([ + fru + ) + 8 (f + frn = Jo)]

Then (since carrier frequency f. > f.), we could simplify the above, by keeping positive frequencies
f

k

Gi(N)=0(f =)+ (f = fn = f) + 8 (f + fin = fo)]

or

Co()=8(f = )+ 260 = U+ ) + 8 (fe = )]

Hence

gs (t) = ei2nfet | g (ej21r(fm+fc)t + ej21r(f¢—fm)t)

— ejZ‘lrfct + g (ej21rfmtej21rfct + ej27rfcte—j27rfmt)

k

— ej?‘rrfct [1 + 5 (ej27rfmt e—j?‘ﬂfmt)]

k

= ei?miet [1 +t3 (2cos 27rfmt))}

= ™ 1 + k cos (27 fmt)]
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4 Problem 4

prokes 4] Vonlly fe fellomy #T
o) if gm= S = 8W=7

: J— E t
oof  gu) =32t > FH) =

4.1 Part(a)

gt)=4(t)

i=ge

17 1
=7—r/6(T)t—TdT

=%/6(7)%d~r

oo

1

=E 6(’7’) T
_ L
ot
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4.2 Part(b)

Hence

And Since sgn (f) =

But £! (rect (%}i)) = 3sinc (3t) e
becomes

i
_gmint ¢)
—1for f <0 and sgn(f) =1 for f > 0 then

=

> -:‘L— cvectl)
' (S ™

a( = —g?;ct (& ) o (£ :

2

(1)

(4t) e*9:73t, hence (1)




5 problem 5

fﬂd/v;:-,g) ,44,5,,;,,//;491 .44 of e Sbwosc

S ;

|2
!
i
P
|
FiGuRre 2.47

I Y 1T Problem 2.44

2.45 Consider the square wave g(t) shown in Fig. 2.48. Find the power spectral density, average M

_power, and autocorrelation function of this square wave. Does the wave have dc power? Explain
7

your answer.

~

oin

Rg(T)=F—1(Sg(f)) ‘Zi(o' = (Z

mo = (e (D) e (5) |
=F! [rect (é)u]/,fl [rect (g)]
= 4sinc (4t) + Asigc (2t)

n7)= Plot[4 Sinc[4 t] +2Sinc[2¢t], {t, -4Pi, 4Pi},

Hence

PlotRange = All]

OutlPE J l\

~10 NALs
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