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1 Questions
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tu Find the Fourier transfomm of the half-cosine pulse shown in Fig. P2 4(al

thi Zrplv the time-shifting property to the result ohtained in part fa) to evaluate the spectrum
of the half-sine pulse shown in Fig. P2.4(h)

fc1 What is the spectrum of a hall-sine pulse having a duration equal to aT?

idr What is the spectrum of the negative hall-sine puise shown in Fig. P2.4(c)?

fe) Find the spectrum of the single sine pulse shown in Fig. P2.4(d). f
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Problem. A, Any function gir} can be split unambiguously into an even part and an odd part.

e By F=agn+adn = j )= (fé ) Tjﬂ (7[)

The even part is defined by

&(nr ot +at-n)
and the odd part is defined by )
yam-—‘gl'.tlll)—ulfl)] ) . /” s p,% Vz /f) P
(et J7 / e
(1 Fualuate the even and odd parts of a rectangular pulse defined by 4 /
" ( t & \715 { 14 /
3(1]——)4 rect \.T’ 3

[y What are the Fourier transforms of these two parts of the pulse?
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Problem Dietermine the inverse Fourier transform of the frequency function G( /) defined
by the am/p}iludc and phase spectra shown in Fig. P .
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2 Problem 2.1

2.1 part(a)

Let F (g (t)) be the Fourier Transform of ¢ (¢), i.e. F (g (t)) = G (f). First we use the given
hint and note that g (t) can be written as follows

g (t) = Acos (?) rect (;)

Start by writing Zras 27 fot, where fo = % Now using the property that multiplication
in time domain is the same as convolution in frequency domain, we obtain

G(f)=F (Acos (2mfot)) @ F (rect <;>) (1)

But

F (Acos (2rfot)) = A F (cos (27 fot))

_ A F <€j2ﬂ’f0t ‘|‘2€j2ﬂ-'f0t>

_ ‘;1 [ (¥t g et
A

=3 { 2 (€j27rfot) s (eijTrfot)}

But £ (eﬂ”fot> =46(f— fo) and F (e‘j%fot) =4 (f + fo)hence the above becomes

A

F (Acos (27 fot)) = 3 [6(f = fo)+ 0 (f+ fo)] (2)

Substitute (2) into (1) we obtain

A

=560 —fo)+ 5(f+f0)]®F<TBCt(;)>

G (f)

But F (rect (%)) = T'sinc (fT), hence the above becomes

A

= ZL8(f = fo) + 8(f + fo)l © Tsinc (f7)

F(g(t)

Now using the property of convolution with a delta, we obtain

G (f) =4 [sinc((f — fo) T) + sinc ((f + fo) T)]

note: by doing more trigonometric manipulations, the above can be written as

2AT cos(mfT
G (f) = 7r(1—4f(27{2))




2.2 part(b)
Apply the time shifting property g (t) <= G (f), hence g (t — tg) <= e 72"/ G (f)

From part(a) we found that F (g (t)) = 4L [ sinc ((f — fo) T) 4+ sinc ((f + fo) T)], so in
this part, the function in part(a) is shlfted in time to the right by amount T , let the new

function be A (¢) ;hence we need to multiply G (f) by e 927/Z hence

(o= 5) -

= H(f)
AT

_ o—imIT (2 [ sinc ((f — fo)T) + sinc ((f + fo) T)]>

2.3 part(c)

Using the time scaling property ¢ (t) <= G (f), hence g (at) <= ﬁG (g), and since we
found in part(b) that H (f) = e=/™/T (AT [ sinc ((f — fo)T) + sinc ((f + fo)T)D, hence

PRt} = gt (4 [sine (£ = ) T) + sine ((+ £0) 7)])

2.4 part(d)
Let f (t) be the function which is shown in figure 2.4c, we see that
f(t) ==h(=t)
where h (t) is the function shown in figure 2.4(b). We found in part(b) that
; AT :
H(f) = eI (55 [sine (£ = fo) T) + sine (f + fo) 7))

Now using the property that h (t) <= H (f) then h(—t) < ﬁH (—f) = H(-f),
hence

FAf ()} = =T (AL [sine (—f — fo) T) + sinc((—f + fo) T)])

2.5 part(e)

This function, call it g; (¢), is the sum of the functions shown in figure 2.4(b) and figure
2.4(c), then the Fourier transform of g, (¢) is the sum of the Fourier transforms of the
functions in these two figures (using the linearity of the Fourier transforms). Hence

F gy (t) =e ™7 (AQT [ sine ((f = fo)T) + sinc ((f + fo) T)])

T (2 [sine (—f — o) T) + sime(—f + 1))



The above can be simplified to
AT /. imfT —jnfT : jmfT —JnfT
F(gl(t))ZT(smc((f—i—fU)T) [e] + e’ }+smc((f—f0)T) {ej +e/ D

— AQT (sinc ((f + fo) T) [2cos (mfT)] + sinc ((f — fo) T) [2cos (7 fT)])

Hence

F (g1 (t)) = AT cos (nfT) [sinc ((f + fo) T') + sinc ((f — fo) T)]

3 Problem 2.2

Given g (t) = e 'sin (27 f.t) u (t) find F (g (t)) Answer:

Flg(®) = F (eu(t)) & F (sin (2nf.0)) M
But ]
F (sin (27 fot)) = 5 [6(f=f)=o(f+ [l (2)
and
e u = /e te= 12t g — 7o_t(1+j27rf)dt
[ —t(14-j27f) } 0_1
(1+]27rf) —(1+jg2nf)
_ 1 3)
1+ j2nf (

Substitute (2) and (3) into (1) we obtain

1
1+ jg2nf

Fg)=o-[6(f—fo)—0(f+[)]®

?
i 1 _ 1
2] 1+j27r(f_fc) 1+j27r(f+fc>

4 Problem 2.3

4.1 part(a)




hence it is a rect function with duration 7" and centered at % and it has height A

g(t)+g(=t)
Ge = 2 (1>
g(t)—g(—t
o= =3
Hence g, = % [A rect (% — %) + A rect (%t — %)} which is a rectangular pulse of duration

2T and centered at zero and height A
9o =13 [A rect (i — 1) — A rect (_—t — 1)} which is shown in the figure below

T 2 T 2
A
g(t)
0 T/2 T
Al2
even part of g(t)
T T
Al2
T odd part of g(t)
T
-A/2

Figure 1: rectangular pulse

4.2 part(b)

Flg(t) =F (A rect (t ;ﬁ))

= AT sinc (fT) e 723
= AT sinc (fT) e ™71 (2)



Now using the property that g (t) < G (f), then g (—t) < G (—f), then we write
F(g(=t)=G(=f)
= AT sinc (—fT) ™71

Now, using linearity of Fourier transform, then from (1) we obtain

G0y - (120

[F(g(@) +F (g(=1))]

= — [AT sinc (fT) e ™1 + AT sinc (—fT) ej”fT}

AT , :
=5 {sine (fT) e ™7 4 sinc (—fT) e]”fT}

— N =

[\]

sin(—wfT) _ —sin(wfT)
—nfT —7fT

now sinc (— 1) = = sinc (f7T), hence the above becomes

_ AT sinc (fT) { eI 4 ejﬂfT}
2

_ AT'sinc (fT)

-2

F (ge (1))
[ 2cos (mfT)]

Hence

F (ge (t)) = AT sinc (fT) cos (m fT)

Now to find the Fourier transform of the odd part

o= 2090
Hence
(o) = r (105250
_ ; IF (g(8) — F (g(t))]
= 2 [AT sine (/) e AT sine (—fT) ]

= A2T {sinc (fT) e 7™ —sinc (fT) eijT}

AT sinc (fT) [e*j”fT B ej”fT}
2
. —AT sinc (fT) [ ejﬂfT _ €7jﬁfT}
2
—AT sinc (fT)

= ) [ 2jsin (7 fT)]




Hence

F (go(t)) = —jAT sinc (fT)sin (7 fT)

5 Problem 2.4

G(f) = |G ()] eGP

Hence from the diagram given, we write

1 xez -W<f<0
1 xe72 0<f<W

G(f)Z{

Therefore, we can use a rect function now to express G (f) over the whole f range as

follows w w
G (f) = €% rect <f+m/2> — e I2rect (JC_I/VQ)

Now, noting that ¢ (t — tg) < e 72™0 and 6 (t + to) < €/*™ and W sinc (tW) < rect (%)

and noting that shift in frequency by %becomes multiplication by e’ﬂ”t%, then now we
write

5l _w
gt)=r"" (672 rect (JC—'—M/Q>> —F (eﬂ'grect (f W2 ))
F

@) o (e () - ) o

(5

g(t) = [5 (t + ;T) ® W sinc (tW) e‘j%tvg] — [5 (t — ;T) ® W sinc (tW) 6j27rtvgv}

= W sinc ((t + ;T) W) e_j%(”g)% — W sinc ((t — ;T) W) eﬂ”(t_g)%

= W sinc ((t + ;) W) e IWEITWE _ Wsine ((t — ;T) W> eITWi=iTW 3

Hence

Hence

g(t)= We*@ (sinc ((t + g) W) e—I™Wt _ gine ((t _ g) W) eijt)




6 Key solution

Ze 473 \E| -

Problem 2.1

(a) The half-cosine pulse g(t) of Fig. P2.f(a) may be considered as the product of the
rectangular function rect(t/T) and the sinusoidal wave A cos(xt/T). Since

rect(%) == T sinc(fT)
A cos(3E) = BL6(f- Jp) + 6(f+ 3]

and multiplication in the time domain is transformed into convolution in the frequency
domain, it follows that

G(E) = [T stne(rD] ¥y (3l6(0- 3 + 6(f+ 31
where lﬁ- denotes convolution. Therefore, noting that
S1RC(ST) 4% §(f- 2p) = stnelT(f- 3p))
sine(fT) 7,{}' 5(f+ -12,?) = sine(T(f+ -;—T)]
we obtain the desired result
_AT 1 1
- G(f) = = [sine(fT- 2—) + sinc(fT+ 5)]
(b) The half-sine pulse of Fig. P2.}(b) may be obtained by shifting the half-cosine pulse
to the right by T/2 seconds., Since a time shift of T/2 seconds is equivalent to multipli-
cation by exp(-jnfT) in the frequency domain, it follows that the Fourier transform of the
half-sine pulse is
AT 1 1
G(f) = =5 [sinc(fT- 3) + sine(fT+ 5)]&XP(-j‘lfT)
(¢) The Fourier transform of a half-sine pulse of duration aT is equal to

L2lAT [sinc(afT - 3 + sine(afT + 3))exp(-grafT)

(d) The Fourier transform of the negative half-sine pulse shown in Fig. P2.l(e¢) is
obtained from the result of part (¢) by putting as -1, and multiplying the result by -1,
and so we find that its Fourier transform is equal to
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== G4 5 S # )

- ;—T-[sinc(f‘h %) + sinc(fT~ %)]exp(,j:r‘l‘)

N

(e) The full-sine pulse of Fig. P2.1(d) may be considered as the superposition of the

hal f-sine pulses shown in parts (b) and (c¢) of the figure,
pulse is therefore

The Fourier transform of this

G(f) = % [sinc(fT- %) + sinc(fT+ %)][exp(-Jtt‘r)-exp(JrfT)]

s -JAT[sine(fT- 3) + sinc(fT+ }))sin(afT)

sin(xfT- -;—) sin(xfT+ -'2-)
= ~JAT < + sin(«fT)
fT- 5 afT+ ;

s ~JAT[- cos(:ﬂ') . °°’("'£)]sm(:rr)
"1- 3 T+ 3

Ju[sin(bﬂ')

- 3in(2efT),
T

afTex

JAT(- sin(2ufT-x)

sin(2nfT+x )]
o fT-x

xfTex

JAT[sinc(2f T+1) = sinc(2fT-1)]

Problem 2.2

Consider next an exponentially damped sinusoidal wave defined by (see Fig. 1) :

g(t)=expl — t)sin(2nf s hdt)

In this case, we note that

1
sin(2nf1)= E.; [exp(j2nfa) —exp( — j2rf1)]

Therefore, applying the frequency-shifting property to the Fourier transform pair
we find that the Fourier transform of the damped sinusoidal wave of Fig. 1 1s

G()_l[ 1 1
=5

_ 2xf, ]
(1+)2%f P +Qnf P

L+j2n(f—f)  V+j2n(f+f.)
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Figure | Damped sinusoidal wave.

Problem 2.3
{a) The even part ge(t) of a pulse g(t) is given by
ge(t) z %{g(t) + g(=-t)]
Therefore, for g(t) = A rect(% - %). we obtain
Moot < 1 t )
ge(t) = slrect(y = 3) + rect(- ¢ - 3)]
= %[rect(-?_%)]

which is shown illustrated below:

g(t)

ge(t)

A/2

-T T
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¢ odd part of g(t) is defined by
g,(t) = He(t) - gl-t))
z %[rect(;— - %) - rect (- % - %)]
which is illustrated below:

go(t)

N

=T

'
[N

(b) The Fourier transform of the even part is
G (f) = AT sinc(2T)
The Fourier transform of the odd part 1is

G, () = % sinc(fT) exp(-JafT)

- % sinc(fT) exp( JxfT)

=z % sine(fT) sin(xfT)

Problem é.ﬂ

exp(J%), A<r<o
G(f) =4 exp(=3 3, 0<rew
0, otherwl se

YT a ke

Therefore, applying the formula for the inverse Fourier transform, we get

. 0 v
glt) =/
=

exp(§ Dexp(s2rrt)df + / exp(-3 Pexp(yanrerdt
0

Replacing f with -f in the first integral and then interchanging the 1limits of

integration:
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EE &4

g(t)

S #

]

s expl-garft + § 3) « exply2nft - $3))df
0

2/ cos(aft- Hdf

£ O x

2/ sin(2sft)d

_ cos(2sft) v
* 1 0

1 .
-'—t{‘l-coa(Zth)]

o

. % sinZ(xWt)
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1 Problem 2.1

1.1 part(a)

Let F (g (t)) be the Fourier Transform of g (¢), i.e. F (g(t)) = G(f). First we use the given hint
and note that g (t) can be written as follows

g(t) = Acos (’%) rect (%)

Start by writing Ztas 27 fot, where fo = 3. Now using the property that multiplication in time

domain is the same as convolution in frequency domain, we obtain

G (f) = F (Acos (2 fot)) & F (rect (%)) (1)
But
F (Acos (2 fot)) = A F (cos (27 fot))
ar (ej%fot +2 e—i2mfot )
- -‘2‘1 (52t 4 g=smht)
= G LF @)+ £ ()

But F (e72"0f) = §(f — fo) and F (e79*") = § (f + fo)hence the above becomes

F (Acos (27 fot)) = g [6(f = fo)+ 6 (f + fo)] / (2)

Substitute (2) into (1) we obtain
G =516~ o+ S+ ] F (rect (1)) /
But F (rect (%)) = T'sinc (fT), hence the above becomes

Flo(t) = 5160~ fo)+ (7 + fu)] ® Tsinc (/T)

Now using the property of convolution with a delta, we obtain

L

Ay 7))6(.6’)7'%

‘G(f):ATT[SiHC((f—'fo)T)wL sinc((f+f0)T)]|}£o -

note: by doing more trigonometric manipulations, the above can be written as

_ 2ATcos(nfT
G (f) = Zssrt
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1.2 part(b)

Apply the time shifting property g (t) <= G (f), hence g (t — to) <= e 92" G (f)

From part(a) we found that F (g (¢)) = 4L [ sinc((f — fo) T) + sinc((f + fo) T)], so in this part,
the function in part(a) is shifted in time to the right by amount Z, let the new function be k (t) ,hence

we need to multiply G (f) by e -327/% hence

F (g (t— g)) — F(h(t)
=H
(“;—T s (f = f)T) + sine (f + ) 7))
/

Using the time scaling property g (t) <= G (f), hence g (at) < ﬁG (‘5), and since we found in
part b) that H (f) = e 9T (4L [ sinc ((f — fo) T) + sinc ((f + fo) T)]), hence

U e ‘
b—,;T <’_,F@(at) = T}l—le'j”fT (4L [ sinc ((*5 — fo) T) + sinc ((5 + fo) T)]) y& yo/e/h‘% ‘
VShed b e U
wilae {, X

1.3 part(c)

1.4 part(d)
Let f (t) be the function which is shown in figure 2.4c, we see that

f(t)=—h(=t)
where h (t) is the function shown in figure 2.4(b). We found in part(b) that

H(7) =7 (4L Lsine((f = ) T) + sine (£ + 1) T)))

Now using the property that h (t) <= H (f) then h(~t) <= = H (—f) = H (~f). hence

[F{f #)} = ™7 (& [sinc ((—f — fyfT) + sinc((—f + fo) T)])|

v/
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1.5 part(e)

then the Fourier transform of g (t) is the sum of the Fourier transforms of the functions in thgée

This function, call it g; (¢), is the sum of the functions shown in figure 2.4(b) and figure 2.4(c)
two figures (using the linearity of the Fourier transforms). Hence L/

F (a1 (0) = 7 (58 [sine (f = f0)T) + sine((f + ) 7))
- ot (AF [sine((~f = J) T) + sine(~f + )T}
The above can be simplified to
F (g () = 55 (sine ((f + fo) ) [ 4+ &™) 4 sime (f = fo) T) [9797 + 73T

= A2—T (sinc ((f + fo) T) [2cos (7 fT)] + sinc ((f — fo) T) [2cos (w fT)])

Hence

|F (91 () = AT cos (nfT) [sinc ((f + fo) T) + sinc ((f — fo) T)]]
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2 Problem 2.2

Given g (t) = e *sin (2nf.t) u (¢) find F (g (t)) Answer:
F(g(t)=F (eu(t)) ®F (sin(2nf.t))

But L
F (sin (2 fot)) = % [6(f—fo)—6(f+fo)

and

(o]

[e o]
8 'u(t) /e ~g21rftdt / ~t(1+j21rf)dt
0

t(l+]27rf)] 0—1

T —(+j2nf) —(Q1+j2nf)
1

"~ 1+j2nf

Substitute (2) and (3) into (1) we obtain

Flo®) =56 =)= 8(f + )@ T35z

1 1 1

T2 1+2n(f-f) 1+52n(f+f)

1)

2)

|
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3 Problem 2.3

3.1 part(a)

hence it is a rect function with duration T and centered at % and it has height A

e

9o =

_gt)+g(=1)

gt) —g(-t)

(1)

Hence g. = § [A rect (£ — 3) + A rect (7 — })] which is a rectangular pulse of duration 2T and

centered at zero and height A

9o =1 [Arect (£ — §) — Arect (F — )] which is shown in the figure below

even part of g(t)

A
a(t)
0 T2
A2
-T
A/2
-T

odd part of g(t)
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3.2 part(b)

-1
F(g(t))=F(A'rect( 7 ))

= AT sinc (fT) e/
= AT sinc (fT) e ¥™/7 (2)

Now using the property that g (t) <& G (f), then g(—t) & G (—f), then we write

F(g(=t) =G(=f)
= AT sinc (—fT) ™7 3)

Now, using linearity of Fourier transform, then from (1) we obtain

F (e ) = (295250

= LIF)+Fe-)

- % [AT sine (fT) e~7™/T + AT sinc(—fT) e/™/T]

N

= g [sinc (fT) e ™7 +sinc (- fT) ™7

now sinc (— fT') = S8=mfD) — =sin(nfT) _ gine (£T)), hence the above becomes
fT 7 fT
AT sinc (fT » i
F(ge () = ATICUTN [ posmar 3 famary
= w [ 2cos (n£T)]

Hence

F (92 (1) = AT sing (/T) X (/) 3(% Y AA/MW

Now to find the Fourier transform of the oaa part
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Hence
_ (9@ —g(-?)
F(g0(t) = j (#)
=5 [F (g®) = F (g(-1))]
= 3 [AT sine (fT) 3" — AT sinc(~T) "]
- :“22 [sinc (fT) e — sinc (fT) €™/7]
_ ATSiI;C (fT) [e_j,rfr_r _ ejrfT]
- __ATSIQHC—W [ emIT — e=imIT]
_ #ﬂc(m [ 25 sin (T
Hence

[F (4. (8) = —jAT sinc (fT)sin (w\fy




4 Problem 2.4

G (1) =1G (f)| eF==o)
Hence from the diagram given, we write \(

G(f)z{ lxej?l -W<f<0 /

1xe™2 0<f<WwW

Therefore, we can use a rect function now to express G (f) over the whole f range as follows

G(f) = €% rect (f_;/%) — e Jirect (f ;V%>

Now, noting that & (t —to) < e 9™ and § (t+1t) < €™ and Wsinc (tW) « rect () and

noting that shift in frequency by ¥ becomes multiplication by e~92"%  then now we write

gt)=r7" (e"% rect (f;'v%>) _ (e—"%rect< ;V%))
=) e (rm (f;/%)) —F (e ) @ F (rect (f ;V%))

Hence
g(t) = [5 (t + g) ® W sinc (tW) e‘j%t%] _ [5 (t _ g) ® W sinc (tW) 6j2wt%]
= W sinc ((t + g) W) e 327(t+3) % _ W since ((t - g) W) 2 (t-3) %
= Wsinc ((t + g) W) e I™Wt=I™WE _ W sinc ((t - 12_r) W) eITWi-itW3
Hence

gt) = We"# sinc ((¢t + ) W) e 9™Wt _sinc ((t — Z) W) ™V
2 2

Yo Jil.
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