Comparing total error against truncation error at
each grid point resulting from the numerical solution
of u" (x) = exp(x) using finite difference discretization
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Introduction

The differential equation u"[x] == €* with Dirichlet boundary conditions u[0] = 0, u[1] = 0 is solved numerically by approximat-
Ui-1=2Ui+Uiyq
h2

the total error e at the same point is given by U; — u; where U; is the numerical solution found at that point and u; is the exact
solution u(x) evaluated at the same point.

A small program is written to show the distribution of e and v along the length of the domain [0, 1] as h is made smaller and
smaller.

Thiswas run for few iterations, where h was divided by half each time, the system was solved for U and the result is shownin a
series of plots.

ing u"[x] by where h is the spacing between grid points. The truncation error 7 at each x; is given by g u@(x) while

Results

nunber of grid points = 9, spacing h=0.125
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2 | truncation_error.

nunber of grid points = 17, spacing h=0.0625
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nunber of grid points = 33, spacing h=0.03125
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nunber of grid points = 65, spacing h=0.015625
total error e truncation error 7
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truncation_error.nb | 3

nunmber of grid points = 129, spacing h=0.0078125

total error e truncation error 7
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m  Observationson the above plots

The total error e was largest in the middle of the grid, and smallest at the edges, while the truncation error was smallest at the left
edge and largest at the right edge.

Comparing e to T on each grid point is useful to understand the distribution of errors along the domain, but for verification that
the numerical solution converges to the exact solution as h becomes smaller, the grid norm of e is the one examined to verify that
it islessthan or equal to the grid norm of 7.

Therefore, the following plots are generated which shows how || e||, comparesto || 7 ||, ash becomessmaller. These norms are
grid norms and not the standard norms.
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|lel|, conpared to ||z]||, |og scale
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= Observationson the above plots

The total error has smaller grid norm. This shows convergence, since thisimpliesthat || e|l<|| A" || || 7 ||, therefore showing
that || A~ ||]= O(1) which isthe condition for convergence. The above results confirms this for this problem.

Printed by Mathematica for Students



