Mathematica 9.01 results for
Charlwood'’s integrals

n42i= Integrate [ArcSin[x] Log[X], X]

ouaz= -2/ 1-x% +x ArcSin[x] (-1+Log[x]) (—l+\/l—X2 ) Log[x] +Log

1+ 1-x2]

X ArcSin[x]
n@3:= Integrate [ _—

5]

1-x2

ouaz= X -4/ 1 -x% ArcSin[x]

Inf44]:= Integrate[ArcSin[Vx+ 1 - w/?] ] x]
outfa4]= - X Ar cSi n{\/x_—\/1+x } -
1+2x-2x V1I+x )2 [2\/-x+ﬁx/1+x (—3—2x+2x/x7\/1+x)+

(1 +Xx)

3+ 2 4ax+4x VIox Log{z\/-x+vx_x/1+x 2 axsax VIix }

|/

(8\/?(—\/X7+\/1+X)3 l+X—\/X7\/l+X)2)

Printed by Wolfram Mathematica Student Edition



2 | mma.nb

4
In[45]:= Integrate[Log [1 +x\ 14+ x2 ] , x]

(5+ﬁ)ArcTan[ 12ﬁ x]
outasl= -2 X + + +\/fArcTan{ # NEY } _
10 (145 -1+35 145
(—5+\E) ArcTanh{ - +2 x]
e - 2 ArcTanh[ 2 x/1+x2}+xLog
10 (145 ) L+vs 1+vs

l+X\/l+X2]

5

Cos[x]2

n46l= Integrate [

]

\/Cos[x]4+Cos[x]2+1

3 i3

S 21 3i-+/3
oussl= — |2 1 Cos [x]2 El lipticPi {7+
2

, JiArcSinh[ -— Tan([x]]|,

-31+V3 31+V3
21iTan[x]?2 21 Tan[x]?2
1-—F 1y —mM8M8M
-31+V3 31+V3

/ I +/15 + 8 Cos [2 x] + Cos [4 X ]
—31'L+\/3_

6
In[47]:= Integrate[Tan[x] V1+Tan[x]?* , x]

1 X 4 ((—1+21)+2m) (-i+Cos[2x])

oua7= — A/ 1+ Tan[x]* - 8Cos[—} Cos [x]% |-
2 2 (i+VT-1 +((-144)+V-1-1 ) Cosx)

8
(2+6i) - ——— -5~/-1+i + (2+41i)V2
N-1-d
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(24+V =271 4V 1ei ) ((-1-214)+2 V141 +Tan[5]?)
Viei ((-1e24)+2V 171 +Tan[5]°)

\/2_
<_4_4j>_(3_5]1)m+<5_3j>m+4<_1_j>3/2m)
2m(<71+1)+m)
(<_1_j>+m) (2]1+V—1-]1 +V—1+]1)

EIIipticF[ArcSin{

| a-2v2]+

Ellipticpi{

1

(2 iV 11 eV 1ed (<7172 i)+2 mnan[gﬁ)
V11 ((71+21>+2x/7171 +Tan[:—]2)

ArcSin[ ],472\5%
N2

((74741)7(174j>m+(471)m+2(7171)3/2m)
2+/-1+i (i+V/-1-1)
(—j+m) (2]'1+\/—1—]'1 +\/—l+]'1)

EIIipticPi[

(284V 171 +V1vd ) ((-1-24)+2/-1+i +Tan[5]?)
N ((71+2 i)+2+/-1-1 +Tan[§—]2)

ArcSin[ ],4-2\/2_]
N2

J(((ij/-l-j -\/-1+j) [(1-211) +2\/T—Tan[2]2])/

((’2“\/*1”'1 +V-1ed ) [(—1+2]1) +2m+Tan[g]2])]

X 12\2
((—1+21’1)+2\/—1—1’1 +Tan[£H -

2Sec[x] Sin[3x] 2 Tan[x] J

\/3+ Cos[4x] \/3+ Cos[4x]

1+Tan[x]* /

V-ol+i ((—12+4Jl)+(7+8i1)\/—1—11) (<2+21>7<271>m) (3+Cos[4x])
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((—1+2j1) +2\/—1—J'1) (-1+Cos[2X])

- 16(:05{5] -
2 (j+\/—1—1’1+((—1+J’L)+\/—1—J’L)OOS[X])2
(2+61‘L)—L—5\/—1+j +<2+4j>ﬁ]
NS

(28415 V=101 ) ((-1-24)+2V-1+i +Tan[5]°)
VEIsi ((-1e2 1) +2 V150 +Tan [ 57

V2

<_4_4j>_<3_sj>m+<5_3j>m+4<_1_wzm)
zm(<-1+j>+m)

(<7171>+m) (2j+v7171 +v71+j)'

EIIipticF{ArcSin[ ],4_2\/2_]+

EIIipticPi[

(21’1+\/—l—ﬂ 1+ ) ((—1—21})+2 N +Tan[;—]2)
VLei ((-1e24)+2 V151 +Tan[5]°)
V2
((-4-41'1) Sl-4i)Vo1-1 +(4-i)V-1+1 +2(-1-1)%2~/"1+1 )
2/ -1+1 (j+\/717]i)

EIIipticPi[ ,
(—i+m) (2]1+\/—1—J'1 +\/—1+Jl)

ArcSin[

}, 4-2\/?%

(2 ieV_1-i +V -1+ ) (<7172 i)+2+ 141 +Tan[g}2)
VIei ((-1e24)+2 V151 +Tan[5]°)

V2

ArcSin[

| 4-2v2]

Sin[g] J(((Ziu\/—l—]i V-1 ((1—211> +2VT‘T6‘”[2]2])/

[(-zmv_l-j +\/-1+]1) ((-1+2j> +2m+Tan[grm
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[(-1+2j>+2\/-1-j +Tang]2] /(\/—1+1’L ((—12+4]’1)+(7+81‘1)\/—1—1’1)

(<2+2j>- 2-i)V-1+1 ) \/3 7+ Cos [4X] )+

X 13 ((-1+214)+2V T i | (-i+Cos[2x])
16 Cos | — -
{2] (j+m+((—l+i)+m)ws[x])2

8
(2+61) - — -5vV-1+1 +(2+4]'l)\/7
V-1-1

(28410 V- 1ei ) ((-1-210)+2 V141 +Tan[5]°)
N (<71+2 i)+2+v-1-1 +Tan[;—]2>
V2
(-4-4i) - (3-5i)V-1 -1 +(5-3i)V -1+1 +4(-1-1)%2/"1+1 )
2+ -1+1 ((—1+]'L) +V-1-1 )

Ellipticpi[ ,

((—l—j)+m) (2]1+\/—1—J'1 +\/—1+]'1)

EllipticF[ArcSin[

| 4-2v2 ]+

(2 P13 +y/ 141 ) (<7172 i)+2 v -1+1 +Tan[§]2)
VoL ((-1+21)+2 Vo100 +Tan|[5]%)

\/7
((74741)7(174@\/7171 c(b-iy11d +2 (717]1)3/%/71“1)
2vV-1+1 (]‘H\/—l—j)
(—j+m) (21'1+\/—l—]'1 +\/—1+J'1)’

ArcSin[ ],4—2ﬁ]+

Ellipticpi[

(2 P+ 1-1 +v/ 141 ) ((7172 i)+2 v/ -1+1 +Tan[§]2)
NEE (<71+21)+2m+Tan[:—]2)

V2

ArcSin[

| a-2vz)
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sin[| J([(zl'u\/—l—j VT w-za o2 vTE -man )/

((’2““1*1 +V-Ted [(—1+2]1> +2m+Tang]2])]

((—1+21‘1)+2m+Tan[§r)2/(m((712+4i>+(7+81)m)

(<2+2]1)-<2-11>V—1+j)V3+005[4XJ )-

8
(2+6i) - —— 5/-1+i + (2+41i)2

4003[q
2 Vo1-i

(2 i+m+m) ((7172 i)+2 m+Tan[:—}2)
VLei ((-1+24)+2 V151 +Tan[5]°)
V2
(-4-4i)-(3-5i)V-1-1 +(5-3i)V-1+1 +4 (-1-1)%2/-1+1 )
2vV-1+1 ((-1”1) N1-d )

EllipticPi |
i pticPi {((1j)+m) (2]1+\/*1—Jl +\/*1+]j_)

EIIipticF[ArcSin{ },4_2\/?}+

(2i+V=171 V7101 ) ((-1-24)+2 V141 +Tan[5]°)
N ((71+21)+2\/7171 +Tan[§]2)
V2
((-4-41) S (1-4i)Vol-d +(4-i)V-1l+1 +2(-1-1)¥2~/"1+1 )
2/ -1+1 (le‘\/*l*jl)

EIIipticPi[ :
(—]i+m) (2]'1+\/—1—]'1 +\/—1+J'1)

ArcSin[

[ a-2v2 ]+

(28+V 155 V=100 ) ((-1-24)+2V-1ei +Tan[5]°)
VEIsi ((-1e21)+2 V151 +Tan [ 57

V2

ArcSin[

| 4-2v2]
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[(2 (<71+j) +\/—1—J'1) (<71+21) +2x/717]1) (711+Oos[2x])$in[x})/ (m\/flfj +

2 (<71+21) +2\/71711)Sin[2x}

((—1+Ji) +m) OOS[XJ)3+
(j+m+((—1+i)+m) Oos[x])z

J[((ij/lj 7\/71@) ((172]1) +2m7Tan[g]2])/

((’21*\/*1*1 +V-1vi [(—1+2]1> +2m+Tang]2]))

((—1+2j> 2V-1-1 +Tan[§r)2 /

{\/1+i ((-12+4]1)+<7+811>x/-1-]1) ((2+2:ﬁl)—(2—i)\/—1+i)

((-1+2j> +2x/-1-]1) (-1i+Cos[2x])
_ \3+Cos[4x] | -

(]‘l+m+ ((—1+J'1) +m) CI)S[X])2

4 ((71+2j1)+2\/71711)(711+Oos[2x])
16Cos |~ |-
2 (I'L+\/—l—1'1 +((—1+]i)+\/—1—]i)Q)S[X])2

(2+61i) - 54C1+i ¢+ (2+41i)V2
V-1-1
(2 i+ 1-1 43/ 141 ) ((-1-210)+2 mqan[gf)
A —led ((—1+2 i)+2m+Tan[§]2>
Bl lipticF|ArcSin| [ 4a-2v2 ]

V2
(-4-4i)-(3-5i)V-1-1 +(5-3i)V-1+1 +4 (-1-1)3/%/-1“1)
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2+ -1+1 ((—1+]'L)+\/—1—J'L)
((—l—j)+m) (2]i+\/—l—j1 +\/—1+]'1),

Ellipticpi[

(2 Pe/ 123 +\/ 141 ) ((7172 i)+2 v -1+1 +Tan[§]2)
VoIei ((-1e24)+2 V151 +Tan 57

2
((-4-431)-(1-4i>m+(4-1)m+2(-1-1)3/2m)
2vV-1+1 (]‘H\/—l—j)
(—i+m) (21'].+\/*17]l +\/*1+J']_)’

ArcSin[

[ 4-2v2]~

Ellipticpi{

(2 P+ 1-3 +\/ 141 ) ((7172 i)+2 v/ -1+1 +Tan[§]2)
N ((71+2 i)+2+/-1-1 +Tan[:—]z)

V2

ArcSin[ ],4—2\5]

Sin[4x]\/([(211+\/li —\/71+1'L) [(1—211>+2VT*T3”{§}2)]/

((-21+V—1-j +V 1| ((—1+2]1> +2m+Tang]2)))

X 12\2
((-1+21>+2x/-1-j +Tan[£} ) /(\/—1+J’L ((—12+4J‘1)+(7+81‘L)\/—1—J‘1)

(2+214) - 2-1) V-1+1i ) (3+Cos[4x])%?) -

Xr ((7l+211)+2\/71711)(71'1+Oos[2x])
i+V-1-1 +((—l+]i)+\/—l—]i)COS[X})2

8
(2+6i) - ——— -5~/ "1+i +(2+41i)V2

V-1-1
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(23+V710 V710 ) ((-2-214) 42 mqan[gf)
A —1led ((—1+2 i)+2m+Tan[§]2)
El i pticF|ArcSin| [ 4a-2v2 ]
V2

(-4-4i) - (3-5i)V-1-1 +(5-3i)V-1+1 +4(—1—1’L)3/2\/—1+]'1)
2vV-1+1 ((—1+J’1)+\/—1—]’1)
((—1—]1)+\/—1+]1) (2]i+\/—1—1'1 +\/—1+]i)’

EIIipticPi[

(284171 V7101 ) ((-1-214)+2V1ed +Tan[5]°)
N ((71+21)+2m+Tan[§]2)

ArcSin[ ],472\5%
2

((747451)7(174j>m+(471)m+2(7171>3/2m)
2V 1+1 (iH\/—l—i)
(—j+m) (2]'1+\/—1—]'1 +\/—l+]'1),

EIIipticPi[

(2 PeV 13 +y/ 141 ) ((7172 i)+2 v -1+1 +Tan[§]2)
N (<71+2 1)+2+/-1-1 «Tan| ]2)

V2

ArcSin[

X 2)2

472ﬁ] (<71+2i) c2-1-1 +Tanb]

2

(7((211”/71711 7\/71+j)5ecg] Tan[q ((17211) +2m’Tang]2])/

2

[(-21+V-1-i N E ((-1+21> +2m+Tangr)2] .

((21+V-1-]1 -V—1+j)8ecg]2Tan[2”/

((-21+\/—1—1‘1 Ny ((-1+2]1> +zm+Tan{§]z])) /

[\/—1+J’1 ((—12+4J’1)+(7+8J’1)x/—1—1‘1) ((2+21’L)—(2—]i)\/—1+1'1)

mJ([(ZD\/‘l‘i -V-1+1 ) ((1—211> +2m-Tan[gr)]/
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2i+vV-1-1 +v/-1+1
{ |

(-1+21) +2m+Tan{Z]2]))J .

(( 21)+2\/—1—11)(—11+Oos[2x})
8 Cos | — -
[2} (]'1+\/—1—J'1+((—l+j)+\/—1—]‘1)COS[X})2

J[((zj+V1n B ((1721) +2m—Tan[§]2])/

2

(-1+21) +2m+Tan{§] ))]

—2i+v-1-4 +/-1+1
( )

((—1+211>+2x/_1_11 +Tan[ir)2 [ (2+61) - ~54/- (2+41) V2
2 Vo1-i
(24+V-1-% +v/-1+i | sec[5]” Tan[}]
Vel ((-1+24)+2V-1-i +Tan[} ])_

2

((2j+v7171 +v71+j)3ec{5] Tan[g] ((—1—21>+2m”3”[2m)/

|/

[2\/2_\/(((2]‘1+\/—1—j1 Y ((—1—21>+2m”3"[2ﬁ)/

[m (<_1+2j1> +2m+Ta”[q2]2J
2

[m(( +2v-1-1 + Tan[zrj)]

J[l ((zw,l,j T (-2 v 2V e Tan[2]7)) /

VT (12 2T Tan[ ]|

J[l [(2]@%171 +¢,1+j) (472\5) ((7172j)+2m+Tan[§r])/

(2%7[ 1421 2m+Tang]2))))+

((,4,41-1) ~(3-5i)vV-1-1i +(5-3i)V-1+1i +4 <717]1)3/2x/71+]1)

(2i+V-1-i +v/-1+i | sec[5]* Tan[%]
V-o1+i ((—l+2]i) +2V-1-1 +Tan[§]2) i

((2j+V-1_j Ey Sec[i]zTan[g] ((—1—21'1> +2m+m[§}2)]/
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[ZVZ_J([(ZJ‘HV—l—j N ET ((—1—21>+2m”""”[2r])/
(m(<_1+2j>+2m+Tan[2ﬁ]]

(17((<71+1> +V-1-d ) (<7172]1> +2m*Ta”b} )]/
[((_1_11) PV ((—1+2ﬁ>+2m”"""[2m)]

\/[1((2]1”/1]1 +\/71+]1)(( +2V/-1+1 + Tan[zrj)/

(zm ((71+2i) +2m”a”g]2)))

Jl (VT T (e2vE) (120 v [T/

(2¢—( S14214) zmﬂan{zr])])*

((-4-411) S (1-4i)V-1-1 +(4-i)V-1+1 +2 <-1-]1>3/2x/-1+j)

(2j+\/7171 V-1 i)SEC[X]ZTan[X}
V-1+i ((-1+24) +2V-1-1 +Tan[} ])7

X q2

((21+V-1-]1 +\/—1+j1)Secb] Tan[g] ((—1—21>+2m”3”[ﬂ ))/
N/

[2\5\/(((21‘1+\/11’1 +v71+i) ((—1—21>+2m”"""[2m)/

2
[m(«uuwzmﬂaﬂ[q
2

(m (<_1+211> +2m+Tan[2r])]

(1, ((mm) ((,1,2]-1) +2m+Ta“[2r)]/

(<iev 1e1] ((_1+211) +2m+Tangr)])

N T e e e | (R TR s i1V

(zm[<f1+21>+2m”""”g]2)))

\/[1 ((2i+v7171 +V1e1 ) (4-22) ((—1721>+2m”a"[2m)/

o (122 zmwawzr)m]]/
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(\/—l+1’1 (<712+4]1> . (7+81‘1>\/—1—i) (<2+2j> @2-i)V-1+1 ) /3 +Cos [4x]

2

Tan[x]

y Sec[x]®+1

In[49] Integrate[

. x]

. 2
. , o . _ i Cos [x] Sec[] 3i_/3
ou9= — | i Cos [X] EII|pt|cF{1ArcS| nh[\@ ) -
—3j,+\E§- 3j,+VG;
2
1 i Cos [x] Sec | ] 3i-+/3 X 14
EIIipticPi[—(3+Ji\/?), jArcSinhW? 2=, Sec{{
6 “3i+4/3 3i+V3 2

ﬁ—szan[g]z ﬁ+31‘1Tan[§]2

J(4+3Cos[x]+Oos[3x})Sec[x}3 /
-31+V3 31+V3
A
Cos [x] Sec | = X -4
V3 —M [1+3Tan[f]]
-3-1+/3 2

8

In[48]:= Integrate[\/Tan [x]?+2Tan[x] +2 , x]

Out[48]= —

4 Cos [X]

[(EHipticF[ArcSinN(((Root [1+251-2813 4214 & 2] -Root [1+281-251% s 114 &, 4])

(—Root [1+2m1-2m1% 4014 & 1] +Tan[§m/
2

[(Root [1+281-201%+11% & 1] -Root [1+2n1-2n1%+u1* & 4])

(7Root [1+281-201%+01% & 2] +Tan[2”)”,

- ((Root [1+251 -211%+11% & 2| -Root [1+2u1-2u1%+u1* & 3])
(Root [1+2n1-2n1% +11% & 1] -Root [1+2n1-2u1%+n1*&, 4]))/
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((-Root [1+211-2n1%+11* & 1] +Root [1+2n1-2n1%+11* &, 3])
(Root [1+2m1-2n1%+n1* & 2] -Root [1+2n1-211%+n1? &, 4]))}
(1-Root [1+211-2n1%+ 1% &, 1])_E||ipticpi[
((-1+Root [1+2nu1-2n1%+11*& 2]) (-Root [1+2n1-211%+nu1" & 1]+
Root [1+2u1-2u1%+u1* & 4])) /((-1+Root [1+2ul-2nu1%+ul*& 1])
(-Root [1+211-211%+n1% & 2] +Root [1+2n1-211%+11* & 4])),

ArcSin[\/[((Root [1+201-201%+11% & 2] -Root [1+2n11-211%+11% & 4])

(-Root [1+281-201% 014 & 1] +Tan[§m/
2
[(Root [1+281-201%+11% & 1] -Root [1+2n1-2n1%+u1* & 4])

(7Root [1+201-201%+ 014 8, 2] +Tan[2”)”,

- ((Root [1+251 -211%+11% & 2| -Root [1+2n11-2u1%+u1* & 3])
(Root [1+211-2411%+n1* & 1] -Root [1+2n1-2u1+n1%& 4]))/
((-Root [1+281-201%+u1* & 1] +Root [1+2ul-2nu1%+ul*&, 3])
(Root [1+211-211%+11* & 2] -Root [1+2n1 -211%+ 11" &, 4]))}

(-Root [1+211-211%+11% & 1] +Root [1+2u1-2n1%+u1* &, 2])]
(-Root [1+2n1-211%+11% & 1] +Root [1+2u1-2u1%+u1" & 4])
J(((Root [1+281-211%+01% & 2| -Root [1+2u1-211%+u1* & 4])

(—Root [142m1-2m13 1014 & 1] +Tan[2”)/
[(Root [1+281-201%+11% & 1] -Root [1+251-2u1%+01* & 4])
(—Root (14201 -2m13 1 014 & 2] +Tan[i”])

2

2
(-Root (14201 -2m1% s u1% & 2] +Tan[§”
J(((—Root [1+201-211%+u1% & 1] +Root [1+2u1-2u1%+u1* & 2])

(7Root (14201 -2m13 401t &, 3}+Tan[gm/
(<7Root [1+281-201%+51% & 1] +Root [1+2n1-2n01%+11* & 3])

(—Root (14281 2:1°% +u1% & 2] +Tan[§”])
J(((—Root [1+201-211%+11% & 1] +Root [1+2u1-2u1%+u1* & 2])

(7Root (14201 -2m1% 401t &, 4}+Tan[gm/

(<7Root [1+281-201%+51% & 1] +Root [1+2m1-2n01%+11* & 4])

(*Rom [1+201-201%+u1% & 2] +Ta“[§})])]/
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[(1+Root [1+281-211%+11% & 1]) (1-Root [1+2u1-2u1%+n1* & 2])

(-Root [1+2n1-211%+11% & 1] +Root [1+2n1-2n1%+u1" & 2])
(Root [1+2m1-211%+u1* & 2] -Root [1+2n11-2n11%+01" & 4])

JMTang] 2tan[ 2] ran[ X' ] ]

((2_]1> [EllipticF{ArcSin[J([(Root [1+221 2813214 & 2] - Root |

1+2u1-201%+11* & 4]) [—Root [1+2n1-201%+01% & 1] +Tan[—
2

[(Root [1+281-201%+11% & 1] -Root [1+2n1-2n1%+u1* & 4])
(—Root [1+281-201%+ 514 8, 2] +Tan[2”)”,

- ((Root [1+251 -211%+11% & 2] -Root [1+2u1-2n1%+u1* & 3])
(Root [1+211-211%+n1* & 1] -Root [1+2n1-2u1%+n1%& 4]))/
((-Root [1+2u1-2n1%+u1* & 1] +Root [1+2nl-2nu1%+11* &, 3])
(Root [1+211-2u1%+n1* & 2] -Root [1+2n1-211°+u1" &, 4]))}
(i-Root[1+251-251%+51% & 1]) -EllipticPi|
((-i+Root [1+2n1-2n1%+11*& 2]) (-Root [1+2n1-2u1%+u1% & 1]+
Root [1+2m1-2m1%+u1* & 4])) / ((-i+Root [1+2m1-2m1%+u1* & 1])
(-Root [1+211-211%+u1% & 2] +Root [1+2n1-2n1%+u1* & 4])),

ArcSin[\/{((Root [1+281-201%+11% & 2] -Root [1+2n1-2a1%+ 51" & 4])

(—Root (14281 -2m1° +u1% & 1] +Tan[in)/
2
((Root [1+281-211%+11% & 1] -Root [1+2u1-2n1%+u1* & 4])

(7Root (14271 -2m1% 4514 & 2] +Tan[§mﬂ,

- ((Root [1+2n1 -211%+11% & 2| -Root [1+2u11-2u1%+u1* & 3])
(Root [1+211-211%+n1* & 1] -Root [1+2n1-2u1°+n1%& 4]))/
((-Root [1+211-211%+u1* & 1] +Root [1+211-2nr1%+n1% & 3])
(Root [1+211-211% +11* & 2] -Root [1+2#1 -211%+ 11" &, 4]))}

(-Root [1+211-211%+11% & 1] +Root [1+2n1 -2n1%+n1* &, 2])]
(-Root [1+211 -211%+u1% & 1] +Root [1+2n1 -211%+11* & 4])

J(((Root [1+281-211%+01% & 2| -Root [1+2u1-2u1% +u1* & 4])
(7Root [1+2m1-2m1% 4 11% & 1] +Tan[in)/
2
[(Root [1+281-201%+11% & 1] -Root [1+2n51-2n1%+u1* & 4])
X

(*Rom [1+281-201%+01% & 2] +Ta"[5})])
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(-Root [1+281-201%+01% & 2] +Tan[§”2
J(((—Root [1+201-211%+11% & 1] +Root [1+2u1-2n1%+u1* & 2])
(7Root [1+2m1-2m13 411t g, 3}+Tan[gm/
[(7Root [1+2n1-201%+11% & 1] +Root [1+2n61-2n1%+nu1* & 3])
(—Root (14281 2:1°% + 514 & 2] +Tan[2”])
J(((—Root [1+201-211%+11% & 1] +Root [1+2u1-2n1%+u1* & 2])

(—Root [1+201-201% 014 &, 4] +Tan[i”)/
2
[(7R00t [1+201-201%+11% & 1] +Root [1+2n1-2u1%+n1* & 4])

(_ROOI [1+2t11—2£t13+1114 & 2| +Tan[)2(”])]/

[(—1‘1+Root [1+201-211%+01% & 1]) (i-Root [1+2ul-2u1%+u1" & 2])

(-Root [1+211-211%+51% & 1] +Root [1+2n1-211%+n1* & 2])
(Root [1+211-2#1%+n1* & 2] -Root [1+2n1-211%+u1% & 4])

J1+2Tan{)2(] -2Tang]3+Tan[g]4 ] -

((2“1) [EllipticF[ArcSinW(((Root [1+221 2813+ 214 & 2] - Root |

mma.nb | 15

1+2n1-201%+11% & 4]) (—Root [1+281-201%+ 01" & 1] +Tan[2”)/

((Root [1+281-211%+11% & 1] -Root [1+2u1-2u1%+u1* & 4])

(—Root (142012012 4514 & 2] +Tan[2”)”,

- ((Root [1+2n1-211%+11% & 2| -Root [1+2u1-2u1%+u1* & 3])

(Root [1+2m1-211% +11* & 1] -Root [1+2#1-211%+11* & 4])) /
((-Root [1+2#1-281%+u1* & 1] +Root [1+2a1-2r1%+n1% & 3])

(Root [1+2n1-2u1%+n1* & 2] -Root [1+2n1-2n13+u1% &, 4]))}

(-i-Root [1+2n1-2:1% +m1% & 1]) -Eliptichi|

((i+Root [1+211-241%+u1" & 2]) (-Root [1+281-2n1%+u1* & 1]+

Root [1+211-211%+u1* & 4])) / ((i+Root [1+2a1-211%+u1%& 1])

(-Root [1+211-211%+11% & 2] +Root [1+2u1-2n1%+u1* & 4])),

ArcSin[J[((Root [1+281-211%+ 01" & 2| -Root [1+2n1-2n1%+u1* & 4])

(—Root [142m1-2m13 1014 & 1] +Tan[2”)/

[(Root [1+201-201%+11% & 1] -Root [1+2n1-2n11%+ 01" & 4])
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(—Root [1+281-2013 014 &, 2] +Tan[2”)”,

- ((Root [1+251 -211%+11% & 2] -Root [1+2u1-2u1%+u1* & 3])
(Root [1+211-211%+n1* & 1] -Root [1+2n1-2u1+n1%& 4]))/
((-Root [1+2u1-2n1%+u1* & 1] +Root [1+2nl-2nu1%+11* &, 3])
(Root [1+211-2u1%+n1* & 2] -Root [1+2n1-211°+u1" &, 4]))}

(-Root [1+211-211%+11% & 1] +Root [1+2n1-2n1%+u1* &, 2])]
(-Root [1+211-211%+11% & 1] +Root [1+2n1-2n1%+u1" & 4])
J(((Root [1+281-211%+01% & 2| -Root [1+2n11-211%+ 11" & 4])

(—Root [142m1-2m13 1014 & 1] +Tan[§”]/
[(Root [1+201-201%+11% & 1] -Root [1+2n11 -211%+ 11" & 4])
(—Root [1+281-201%+01% & 2] +Tan[i”])

2

2
(-Root [1+281-201%+01% & 2] +Tan[iH
2

J(((—Root [1+281-211%+11% & 1] +Root [1+2u1-2n1%+u1* & 2])
(7Root [1+2m1-2m13 401t &, 3}+Tan[gm/

[(7Root [1+201-201%+11% & 1] +Root [1+2n81-2n1%+nu1" & 3])
(—Root (14281 2:1°% +u1% & 2] +Tan[2”])

J(((—Root [1+281-211%+11% & 1] +Root [1+2u1-2n1%+u1* & 2])

(—Root (14201 -201% 014 & 4] +Tan[i”)/
2
[(7R00t [1+201-201%+11% & 1] +Root [1+2n61-2nu1%+nu1" & 4])

(_ROOI [1+2t11—2£t13+1114 & 2| +Tan[)2(”])]/

[(]’1+R00t [1+281-201%+ 11" & 1)) (-i-Root [1+2nl-2nu1%+11* &, 2])

(-Root [1+211-211%+51% & 1] +Root [1+2n1-211%+n1* & 2])
(Root [1+211-2#1%+n1* & 2] -Root [1+2n1-211%+nu1% & 4])

J1+2Tan{)2(] —2Tan{§]3+Tan[2]4

[[EllipticF[ArcSin[J(((Root [1+2m1-2m1% 1% &, 2] -Root [L+211 -2m13+11* & 4])

(—Root [1+281-201%+01% & 1] +Tan[2”)/
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[(Root [1+201-201%+11% & 1] -Root [1+2n1-211%+ 01" & 4])

(—Root [1+281-201% 014 &, 2] +Tan[2mﬂ.

- ((Root [1+211-211%+11% & 2] -Root [1+2nl-2u1%+n1* &, 3])
(Root [1+2n1-241%+n1* & 1] -Root [1+2n1-251%+n1% & 4]))/
((-Root [1+2m1-2n1%+11* & 1] +Root [1+2n1-2n1%+n1* &, 3])

(Root [1+2n1-2n1%+n1* & 2] -Root [1+2n1-211%+u1% &, 4]))}

(-1-Root [1+281-2=1% +=1% & 1]) -Eliptichi|
((1+Root [1+2n1-211%+11% & 2]) (-Root [1+2m1-2a1%+11* & 1]+
Root [1+2n1-2u1%+n1% & 4])) /((1+Root [1+2u1-2n1%+u1"& 1])
(-Root [1+211-211%+n1% & 2] +Root [1+2n1-211%+11* & 4])),

ArcSin[J[((Root [1+201-201%+081% & 2] -Root [1+2n11-211%+n1% & 4])
(7Root (14201 -2m1% +11% & 1] +Tan[in)/
2
[(Root [1+281-201%+11% & 1] -Root [1+2n1-2n1%+u1* & 4])

(—Root [1+281-2013 014 g, 2] +Tan[2”)”,

- ((Root [1+211-211%+51% & 2] -Root [1+2n1-2u1%+11* & 3])
(Root [1+211-2#11%+n1* & 1] -Root [1+2n1-2u1%+n1"& 4]))/
((-Root [1+2#1-2n1%+11* & 1] +Root [1+2n1-2n11%+11* &, 3])

(Root [1+2n1-2n1%+n1* & 2] -Root [1+2n1-2u1°+u1? &, 4]))}
(-Root [1+211-211%+11% & 1] +Root [1+2n1-2n1%+u1* &, 2])]
(-Root [1+2n1-211%+11% & 1] +Root [1+2n1-2n1%+u1" & 4])
J(((Root [1+281-211%+11% & 2] -Root [1+2 11 -211%+n1* & 4])
(—Root [142m1-2m13 1014 & 1] +Tan[2”]/
[(Root [1+201-201%+11% & 1] -Root [1+2n1-2n11%+ 01" & 4])
(—Root [1+201-201%+01% & 2] +Tan[2”])
X 2
(-Root [1+281-201%+ 014 &, 2] +Tan[fH
2
J(((—Root [1+281-201%+11% & 1] +Root [1+2n1-2n1%+u1* & 2])
(—Root (14201 -2u13 014 &, 3}+Tan[gm/
[(7Root [1+2n1-201% +11% & 1] +Root [1+2n1-2n1%+n1* & 3])

(—Root (14201 -2m13 1 014 & 2] +Tan[2”])

J(((—Root [1+281-201%+11% & 1] +Root [1+2u1-2n1%+u1* & 2])
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(—Root [1+2m1-2m1% 4514 & 4] +Tan[in)/
2

((7Root [1+281-201% + 51" & 1] +Root [1+2m1-2n01%+11* &, 4])

(7R00t [1+281-201%+01% & 2] *Tan[gn))]/

[(1+Root [1+2n1-201%+11% & 1]) (-1-Root [1+2n1-2r1%+n1% & 2])

(-Root [1+211-211%+11% & 1] +Root [1+2u1-2u1%+u1% & 2])
(Root [1+211-2#1%+n1* & 2] -Root [1+2n1-2u1°+nu1% & 4])

\/1+2Tan{)2(] -2Tang]3+Tan[2]4 ] N

[2E||ipticF[ArcSinW(((-Root [1+201-201%+01% & 2] +Root [1+2nl-2m13 +11* &, 4])

(—Root [1e2m1- 2013 4014 & 1] +Tan[gm/
((—Root [1+2n1-201%+11% & 1] +Root [1+2n01 -2+ 01" & 4])

(—Root [1+281-2013 014 &, 2] +Tah{§”]ﬂ,

((Root [1+2n1-211%+n1% & 2] -Root [1+2n1-2n1%+u1* &, 3])
(Root [1+2n1-2u1%+n1% & 1] -Root [1+2n1-2u1%+u1*&, 4]))/
((Root [1+2n1-211%+11% & 1] -Root [1+2u1-2u1%+n1" & 3])

(Root [1+2n1-2n1%+n1% & 2] -Root [1+2n11-211%+11% & 4}))}
(Root [1+2m1-211%+u1* & 1] -Root [1+2#1-2n1%+01% & 4])

J[((—Root [1+281-201%+11% & 2] +Root [1+251-2a1%+01* & 4])

(—Root [1+201-201% 014 g, 1] +Tan[2”)/
((7Root [1+281-201% +51% & 1] +Root [1+2m1-2n01%+11* & 4])
(7Root [1+2m1-2m1% + 11% & 2] +Tan[g”))
(—Root (14201 -2m13 + 514 & 2] +Tan[g”2
J[((Root [1+281-201%+11% & 1] +Root [1+251-2a1%+01% & 2])
(—Root [1+281-201%+01% & 3] +Tan[2”)/
((7Root [1+281-201% + 11" & 1] +Root [1+2m1-2nr1%+11* & 3])
(—Root [1+201-201%+ 014 &, 2] +Tan[§”))

J[((Root [1+281-201%+11% & 1] +Root [1+2n51-2a1%+51* & 2])

(—Root (14201 -2m° +u1% & 4] +Tan[im/
2
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[(-Root [1+2n1-201%+11% & 1] +Root [1+2n1-2nu1%+n1* & 4])

(_ROOI [1+2n1-2n13+n14 & 2] +Tan[)2(”])]/

[(Root [1+281-201%+ 51" & 1] +Root [1+2u1-2n1%+u1* & 2])

(-Root [1+211 -211%+n1% & 2] +Root [1+2n1 -211%+11* & 4])

|

J1+2Tan{2] 72Tan{2]3+Tan[g]4

e

\/2+2Tan[xJ +Tan[x]?

X1)

3+Cos[2x]+2Sin[2X]
(1+Cos[x])?

mma.nb | 19

9
In[50]:= Integrate[Sin[x] ArcTan[\/ Sec[x] -1 ] x]

1
outs0l= -ArcTan{x/(l-Oos[x}) Sec [x] } Cos [x] + 5(Jos[x] V(1-Cos[x]) Sec[x] -

X X Tan[X
cm[-}cm[—] El|ipticF{ArcSin[—4], 17712ﬁ]+
4 2
3-2+2
Tan[ﬂ
2Eliptichi [-3+2V2, -ArcSin|———"——] 17-1272 |
3-2+/2
X 42 X -2
(-1+Sec[x1>J3-2\/2_-Tan{4] \/1+(—3+2\/?)Tan{4] /
Tan[%]
8|-|(-3+2V2) EllipticF[ArcSin| [ 17-12v2]
\3-2+2
Tan[2
2B liptichi [-3+2V2, -ArcSin| 4 [, 17-12v2 ]
\3-2+/2
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/

X 12
/-1 +Sec[x] JBZ\/?Tanb—}

SJ v (-3 2W)Tan[4]2J+

1/ SJS—Z\/Z_—Tan[X]Z Bl i pticFlArcsin| Tan|4 ] | 17-12v2 |+
4 3-2+2
2E lipticPi [_3+2V2_, _Arcsin[ Tan[&] ],17_12\/2_] Sec[i]zx/-1+8ec[x}
\3-2+2 4
\/1+(_3+2\/2_)Tan[xr+1cSc{X]2 El i pticF[ArcSin| Tan(4] | 17-12v2 ]+
4 8 4
3-2+2
Tan[%]
2EllipticPi [73+2V2_, 7ArcSin[ ],17712\/2_]
3-2+/2

V-1+Sec[x] JszﬁTan[z]z J1+(3+2ﬁ)TanE]2 _

EOot[i]\/fl+8ec[x} JSZﬁTan[ir Jl+(3+2ﬁ)Tan[ir
2 4 4 4

23-22

(%] X 12
8 s3]/
4\/? Tan [ \/ (17-1227) Tan [}

32v_

Tan[% ] 17(17 12+/2 | Tan[%]? 17(_ +2/27) Tan[ %]’ )
3-2+/2 3-2+/2

1/ (4\/—1+Sec[x] )cm[i] EllipticF[ArcSin[M}, 17-12\/2_} .
4 3-2+/2
Tan[%]
2B lipticPi[-3+2v2, -ArcSin| [, 17-12v2 ]
\3-2+2
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X

SeC[X}J?)—Z\/?—Tan[[JZ \/1+(-3+2ﬁ) Tan[%}2 Tan [x]

10

x3 Exp[ArcSin[x]]

In[51]:= Integrate[

. x]

1 .
oufs1) — — e eSiniX [15 [-x+«/1-x2 ) -3Cos[3ArcSin[x]] +Sin[3ArcSin[x]]
40

1-x2

11

nis2i= Integrate[ (X * Log[1l + Xx~2] » Log[X + SQrt[1 +x™2]]1) /7 SqQrt[l + X271, X]

ousz- 4x —2 ArcTan[x] - 24/ 1+ x2 Log[x+x/1+x2}+|_og[1+x2} (—x+x/1+x2 Log{x+x/1+x2 ]]

12

3= Integrate[ArcTan[xX + Sqrt[l - x~2]1], X]

oufsa= X ArcTan [x +/1-x2 ] +

16

~8ArcSin(x] +2\2+2iV3 AcTan|((1+iV3 -2x? (—1+x2))/ (—3j—ﬁ+2ﬁx4+

x3 [76721\/3772mm 6+Ziﬁ—2mm

3j-ﬁ+2mm) ]-2 2:2i+/3 ArcTan[

(1093 202 (-10x?]) /|35 -73 293 xtw2x 232145 2203 1|
2x3(3+jﬁ+mm]+xz 3i-v3 +2v6-6iv3 J1-x B

2V2-2i+3 ArcTanH(71+x2) (71+j1\/37+2x2))/
[31‘1—\/3_+2\/3_x4+x [6—21‘1\/3_—2\/2+211\/3_ WJ+

x3 (76+211\/3772\/2+211\/37 \J1-x2 3i-+/3 +26+613 x/17x2]
242-2i+/3 ArcTanH(71+x2) (71+j1\/37+2x2))/

+ X +

X2

+x2

| +
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[31‘17\/37+2\/37x4+2x3 [3fjﬁ+mm)+

3+iV3 +V2+2iV3 J1-x2 | +x2|-3i-V3 +26+6iV3 «/1-x2J ]-

2Log{%jf_+x2]+ziﬁ|_og[%j\/? xz}—ZLog{%i(jJﬂ/Sﬁ)H@]f
21W|_ogg-( ﬁ)ﬂﬂ,

2-24+3 Log[16 1+ v_x+x)2}+

2:2i3 Log|[16 [1+ v_x+x)2}+

2-2i3 Log[(4 4Wx+4x2) }7

24213 Log|(4- 4Wx+4xH7

2+2i/3 Log(3i+ -(-j+ﬁ)x4+2jmm+

2

51x + X

242 2iv8 152 |ex[3:51v3 +3i6 6iv3 1 x|~
3[3j+3ﬁ+mmﬂ+im

Loo[3 4 VT - (-4 VT) st 25/2 205 VIR +51x2 [20 2 20F VIR -
3[3—311%_-ij)_“ _31+5ﬁ+3mm)}+

iv2-2iv3 Log[ 3i+3 - ( )x“ 2iv2+2iV3 /1
5 1 x2 [2+\/2+21ﬁ\/1—x2]+x 3-5i+/3 -31V6+61i+v3 J1-%x2 |-

]ix3[—3j1+3\/?+\/6+6j1ﬁ \J1-x? ]71\/2721\5
Log|-3i++3 - 2+2i+/3 ~x2 _5ix?
- (13 ] xt -2

3+3]'l\/37+]'l\/6+6]'l\/37 \/l—X2]+J'1X

—_—

smmsmm]]

x3

13

Integrate[x » ArcTan[x + Sqrt[1l - x~2]] / Sqrt[1l - x"2], X]

_Aresinix] 41 ArcTan|x ++/1 - ] +

! (731+ﬁ)ArcTan[3711\/37—1211x+4\5x7

4 6(1711\/37)
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12iV3 x2-12ix3-4/3 x3-3x*-iV3 x*-21 (1 LW) x /1

6(1-iV3) x2\J1-x% -2i [2(1-13) x \/7/
(j-vs_-ex+6jﬁx+3oﬂxz-2v?x2+6x3+181ﬁx3+111x4+3v3_x4”-

1

3-1V3 +12ix-4+/3 x-121i+3 x%+

(—31‘1+\/?)ArcTan[

4 6(1-11\/?)
12ix3+4V3 x3-3x4-1V3 x*+21i (1 IW) x /1

6(1-i3| x2~J1-x2 v2i |2 (1 lv_) \/7/

(117\/3 i 6Xx-6iV3 x+30ix2-23 x2-6x3-18i /3 x3+11ix*+33 x‘ﬂ -

! (31‘1+\/?)ArcTan{—3—11\/3_—1211x—4\/3_x—121'1\/?x2—
4 /6 (1+iV3]
12ix3+4+/3 x3+3x4-1/3 x*-21i (1+1J_) x /1
6(1+iﬁ) x2~/1-x2 -21i 2(1+1‘1\§) x3 /1 - x2 /
(7117\/?76x761'1\@x730]ixz72\Ex2+6x371811ﬁx371111x4+3ﬁx4)]+
! (3j+\/§)ArcTan[737iﬁ+121x+4ﬁx7121\/?x2+
416 (1+iV3]

12ix3-4+/3 x3+3x%-iV3 x*+2i (1+1v_) x /1

6(1”1@) x2+1-x2 +21i 2(1+jﬁ) x34/1-x2 /
(7117\/?+6x+6j\/?x730j1x272\/?x276x3+18j1\/?x3711]ix4+3\/?x4)]7
]i(—3]i+\/?) Log[(—j+\/?—2x)2(j+\/3_—2x)2]

+

8 6(1—11\/?)

i (31+V3_) Log[(—]i+\/?—2x)2 (jm/?-Zxﬂ

+

8 6(1+iﬁ)
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2

i (—3]i+\/?) Log[(—j+\/?+2x) (j+\/3_+2x)2]

8 6(1—11\/?)

i (3]'1+\/3—) Log[(—]i+\/?+2x)2 (]'L+\/?+2X)2}

+

8 6(1+11\E)

(31‘1+\/3_) Log[—%—j‘zﬁ +x2}

+

83
(—31‘1+\/?) Log[7%+i2ﬁ +x2]
83 '
1
8 6(1711\/?)

(31+\/_>Log[31+\/_ 3x-5ivV3 x+10ix2+3x3-3i V3 x3+
ix* -3 x*+21i 1 11\/_ \/ﬁ—Bn 1 1\/_) x4/ 1

1 Jl\/i \/ﬁ—l (1—]’1\/37) x3m},

(31“/ )Log{e,“x/ +3x+5iv3 x+10ix2-3x3+31/3 x3+

8 6(1—1’1\/?)
ixt -3 x4 21 1 Jl\/_ \/ﬁ+31 l ]l\/_) x4/ 1
1 Jl\/_ W+1 (1 ]l\/_) 341 }

(31+\/_)Log[ 3i+v3 +3x-5iV3 x-10ix2-3x3-3i3 x3-

8 |6 1+jﬁ)

ixt -3 xt-2i [2(1+3V3 ] 1-x? -84 6 (14iV3 ) x x/1-x2

2 (1403 ) x®1-x® —i [6 (1403 ) x¥1-x2 -

(31+W)Log[31+r 3x+5ivV3 x-10ix2+3x3+31+/3 x3-

8 6(1+:|1\E)
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ix4 -3 x*-21 2(1”1\/?) J1-x2 <31 |6
2 (1+iV3) x2N1-x® i [6(1+iV3) x¥1-x2 |
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14
Integrate [ArcSin([x] / (1+Sqrt[l-x”"2]), x]
(_1+m) AreSiniX]  arcsingx)?
. _Log[1+ 1—X2 }
N 2
15

Integrate[Log[X + SQrt[l +x"2]]1/ (1 -x"2)"~(3/2), X]

1 1:x2 ArcSin[x2] 2xLog|x+/1+x2 ]

—J1-%x% |- -
1-x4

N

-1 +x2

16

Integrate[ArcSin[x] / (1 +Xx"2)"~(3/2), X]

X ArcSin[x] ArcSin|[x2]

3/ 1 +x2 2

17

Integrate[Log[X + SArt[x~2-11]1/ (L+Xx"2)~(3/2), X]

2 x Log {x + m} 1 (1) Log[x e/ -1ext |
A/ -1+x4
2+/1+x2

18

Integrate[Log[X] / (X2 » SQrt[x"2-1]), X]

Jo1ex? +J71+x2 Log [X] ~Log[x s [-1 x|
X

X
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19

ﬁ— EArcTanh[x/l+x3 ]

3 3

20

Integrate[X x Log[X + SQrt[x"2 -1]] / Sqrt[x"2 -1], X]

X+ -1+ x? LOg[X+\/—l+X2 }
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