Ten Hard Integrals

|Nasser M. Abbasil

March 5, 2014 Compiled on September 11, 2023 at 6:20pm

The first 10 integrals from [Kevin Charlwood’s 2008 article "Integration on Computer Algebral
are solved using different CAS systems.

The original post on this topic is [sci.math.symbolic by Martin|
These are the CAS systems used

1.

© %0 N o e WD

10.
11.

Maple 18 on windows 7 (64 bit)

Mathematica 9.01 on windows 7

Rubi 4.1 on Mathematica 9.01 on windows 7

Sage 5.4 using the Sage web server notebook interface

Fricas 1.2 on Linux using sbcl lisp

wxMaxima 12.04.0 (Maxima 5.28.02) on windows 7

Axiom on windows 7 (May 2012) [welcome screen image

sympy on linux (python 2.7.3 full installation. sympy 0.7.1.rc1-3) [starting image|

reduce reduce-windows64-20110414 |help screen message| with the algint package
loaded.

mupad engine in Matlab 2013a symbolic toolbox

xcas 2013 January, version 1.0 on windows 7

Optimal answer to each intergal taken from Rich’s referenced PDF below.

Downloads, references and links

1.

2.

Mathematica downloads

o [Mathematica notebook of the first 20 integrals]

o |Mathematica PDF of the first 20 integrals|

o [Mathematica HI'ML of the first 20 integrals|
Rubi downloads

e [Rubi notebook for the first 20 integrals|

e [Rubi or the first 20 integrals
1



mailto:nma@12000.org
https://php.radford.edu/~ejmt/ContentIndex.php#v2n2
https://php.radford.edu/~ejmt/ContentIndex.php#v2n2
https://groups.google.com/group/sci.math.symbolic/browse_thread/thread/5b821f0e38cd2440?hl=en
axiom_welcome_screen.png
sympy_welcome.png
reduce_version.png
mma/mma.nb
mma/mma.html
rubi/mma_rubi4.nb

3.

e [Rubi HT'ML for the first 20 integrals|

Maple downloads

o [Maple worksheet in wm format|
. worksheet in HTML
o [PDF worksheet in PDF
Maple Problem 10 trace entered as int(x~3*exp(1) “arcsin(x)/sqrt(1-x72),x);
.
.
o [mw] Maple worksheet
Maple Problem 10 trace entered as int(x~3*exp(arcsin(x))/sqrt(1-x72),x);
.
- [PDH
o [mw] Maple worksheet

. [maxima.wxml| Maxima notebook.
. lcopy of Kevin Charlwood’s 2008 paper in PDEF]

. [http://www.apmaths.uwo.ca/~arich/CharlwoodIntegrationProblems.pdf| Albert

Rich pdf file showing 50 integrals and the best antiderivatives expected

. |http://www.apmaths.uwo.ca/ arich/CharlwoodProblems.m| The above is m format.

. http://www.math.utah.edu/fag/reduce/|

9.
10.
11.
12.
13.

lhttp://www.reduce-algebra.com/packages.htm

lhttp://reduce-algebra.sourceforge.net/|

lhttp://www.reduce-algebra.com/docs/reduce.pdf|
xCAS web page]|

http://www.apmaths.uwo.ca/~arich/| Rubi Mathematica package home

The following is summary of results for each integral. Result with a () around it means the
antiderivative contains nonelementary functions.


rubi/mma_rubi4.html
maple/maple_18.mw
maple/maple.html
maple/maple_problem_10_done/maple_10.html
maple/maple_problem_10_done/maple_10.mw
maple/maple_problem_10_not_done/maple_10.html
maple/maple_problem_10_not_done/maple_10.mw
maxima.wxm
http://www.apmaths.uwo.ca/~arich/CharlwoodIntegrationProblems.pdf
http://www.apmaths.uwo.ca/~arich/CharlwoodProblems.m
http://www.math.utah.edu/faq/reduce/
http://www.reduce-algebra.com/packages.htm
http://reduce-algebra.sourceforge.net/
http://www.reduce-algebra.com/docs/reduce.pdf
http://www-fourier.ujf-grenoble.fr/~parisse/giac.html
http://www.apmaths.uwo.ca/~arich/

system 1 ]2 |34 5 [ 6 | 7 | 8 ] 9 [10] score|
Mathematica 9.01 | v |V |V |V | (V)| (V)| ()| )| )|V | 100%
Rubi 4.1 VIVIX N D) 90%
Maple 18 IV DN X ] 90%
Axiom May 2012) |V |V | X |V |V |V |V | V| X |V | 80%
FriCAS 1.2 VIV XX 80%
Sage 5.4 VIV XXX X1V | X |V | X| 4%
Maxima 52802 |V |V | X | X| X | X |V | X | V | X | 40%
xcas 1.0 XX X| V| X |V | X | V|V | X]|a0%
Sympy 0.7.2 XV X|X| X | X | X | X | X |/]| 2%
Reduce 2008 XV XV X | X | X | X | X |X]| 2%
mupad 2013a XX | XV | X | X | X | X |V |X|20%




1 [ arcsin(z)In(z) dx

optimal —2v/1— 22 + /1 — 22 log(z) + tanh ™" (V1 — 22) — z(1 — log(z)) sin~'(z

Integrate [AreSin([x] Log[x] , x]

M 9.01 -2/ 1-x%x% +xArcSin[x] (-1 + Log[x]) +

[-1+4/1-22 | Log[x] + Log 1+4/1-x2

Int[ArceSin[x] Log[x], x]

Rubi 4.1 I
-2+ 1 - x° - x ArcSin[x] + BrcTanh ["-.,"II 1-x2 ] + "--.;'|I 1-x? Liog [ 2
_} Irestart;
int (arcosin(x) *log(x) ,x) ;
1 . 1 . A
- -2 arcsin(x) tan > arcsin(x) |
1+ tan[ L arcsin(x) | - ’
2 J
1 i A A
Maple 18 1 a2 tan[ L arcsin(x) |
—’)tan[Tarcsm[‘c] | In = JW
B ’ 1+t3n[Larcsin|:‘c] |
2 s &
A ™ A
! | 2 t:m[ — arcsin|x)
+ 2 arcsin(x) tan[ = arcsin(x) | In - F— | —4|—1In
2 -
’ | +ta:1[%arcsiu(‘c]l |



optimal/optimal_1_plot.png

integral (arcsin(x) *1n(x), =)
Sage 5.4
(z log(z) — x) arcsin(z) 4+ /—x2 + 1log(z) — 24/ —2*
EE} -> integrate(asin(x)*log(x), x)
Fricas 1.2
P
- x |
(- 2x log(x) + 2x)atan( ) + (2log(x) - 4)\|- x
Type: Union(Expression(
t asin(x)*log(x),x)
sympy 0.7.1 e x)*asin(x), x)
Axiom 5/12
Type: Union(Expressi




Maxima 5.28.02

integrate {asin(x) *log(x),x):

IE :|._-'||:'2 2 i - -
l:nqi—-’-—i-n’-asin(xji:-: logix)—-x)+4)1l-x° log{x)-2 -.,,|1 -x

=] ||

reduce 2008

int (asin(x) *logix) ,x);

/a.rn:sih[_:r Vog(z)dzx

[HTMIL of trace]
PDF of trace

mupad 2013a

evalin(symengine, ’int(asin(x)*log(x) ,x)’)

int(asin(x)*log(x), x)

XCcas

int (asin (x)*log(x),x)

Simplification assuming x near 0+
Simplification assuming x near 0+

[ asin(x) *In(x) dx

[



reduce_logs/1/HTML/trace_1.html

T arcsin(x
V1—x?
optimal _ z —+/1— 22sin"(z)
x ArceSin[x]
Integrate [ —_—, x]
1- %2
M 9.01
- '\.,"I 1 -x° AreSin[x]
X ArcSin[x]
Int.[ , x]
Rubi 4.1 1-x
x -+ 1-x° ArcSin[x]
> restart;
. . . o _
Maple 18 int (x*arcsin (x) /sqrt(1-x*2) ,x) ; .
x — arcsin(x) ) -x" + 1
Sage 5.4 integral (x*arcsin(x) /sgrt(1-x~2), X)
—+/—x? 4+ 1 arcsin(z) + =
(9) -> integrate(x*asin(x)/sqrt(1-x~2), x)
Fricas 1.2
Type: Union(Expression



optimal/optimal_2_plot.png

sympy 0.7.1

>>> Integrate(x*asin(x)/sqrt(1l-x**2),x)
X - (-x**2 + 1)**(1/2)*asin(x)

=

Axiom 5/12

Type: Union(Expression(I

Maxima 5.28.02

(¥15) integrate (x*asin(x)/sgrt(l-x"2),=x);

(205) = —1|| 1-x2 asin(x)

reduce 2008

int (x*asin (x) fegrt (1-x*2) ,x) ;

— <,I' —z? 4 larcsin(x) +x

mupad 2013a

evalin(symengine, ’int (x*asin(x)/sqrt(1-
x72),x)’)

int ((x*asin(x))/(1 - x~2)°(1/2), x)

XCcas

int(x*asin (x) /sqrt(l1-="2),x)

Simplification assuming x near 0+
Simplification assuming x near 0+




3 /arcsin (\/QT— \/5) dzx

(\/5+3\/ﬁ1)fv2 vavatl-e (z+32)sin™ (Vz — Vo +1)

optimal
2
[ [
Integrate [ArcSin [“-,n' x+1 -y x ] R x]
. i —
-X hrcsln['v ®x -y 1l+=x ] -
i n
1+ =) |:1+2}!.—2 -'-,_-"'; W1+ x :I‘ 2 "'-“"Il—x+"-.-'f;"'-.-'l+x
M 9.01 ‘ ' .l'
(c3-2x+2+vx Vi+x)+3y-2-2ax+2x V1+x
Log [2 '\,"Il—x +x 1 x o+ '\,"f—z —ax+as/x J1+x
(82 (V= +V1+x )7 [1ex-Vx1+x)%)
Int[ﬁrcSin["u"x+ 1 -vx ]I x]
Rubi 4.1 '

| —_—
Subst [Im: [*-." 1-%% +x4/ -1+x%%

-X Arn:Sin[‘-" -y l+x ] N 2



optimal/optimal_3_plot.png
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> restart;
int (arcsin (sgrt({x+l) -sgqrt(x) ) =) ;

-

—_— — 3 _ A 1
—[%arcsin{—\:'r+l +\.-':r:]|+%tan[%arcsin{—\:'x+l +~‘.-':c::|| - -
r A [s
83 81
+\.-':c}|| —%tﬂﬂ[%arcsin{—\:'x+l +\.-':c}|| +%arcs1'nl[—\:':c+1
4 = 4
+x ) tan La:ﬁ:si'nl{— fx+1 + -'—‘r]l\|:+£arcsin{— [x+1 +x]
Maple 18 v 2 v v 8 v v
— '\'_1 —
-y x+1 +«;'.\:]|| +—ar+:51'n{—~‘.-'.w:+1 +x'".‘f.']|t3n[—3.t'1251n|[—\ X+
) 2
.8
— 1 . ] — 1
- x+1 +«\.-:c]|t:3n Tarcsm{—\::c+1 + 'r]l| + —tan Tarcsm{
i r L
1 —3Y. (1 .
1+t:m[Tarcs1n|[—\:'x+1 +~\.-':cj.|| | t:m[Tarcmn{—x x+ 1 +
L L i
integral (arcsin(sqrt (x+1)-sgrt(x)), x)
Sage 5.4 ev:aluatel
(18) -> integrate(asin(sqrt(x+1)-sqrt(x)), x)
(18)
|
Fricas 1.2 (8x + 3)atan( + 4% )2 x

Type: Union(Expression(In

sympy 0.7.1

(Vi
L
Ly

>> integrate(asin( sqrt(x+1) - sgrt(x) ),x)
ntegral(-asin(x**(1/2) - (x + 1)**(1/2)), x)

:: I

ETi
L
LYd

=

W
L
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(7) ->
(7) -= integrate(asin(sgrt(x+1)-sqrt(x)),x)
7) ->

Axiom 5/12 => Error detected within library code:

failed - cannot handle that integrand

(%$16) integrate(asin(sgrt(=z+l)-sgrt(x)),=);
Maxima 5.28.02

m A

(%0E)

int {asin{sgrt (x+1) —agrt (=) } ,x) ;

reduce 2008 fﬂrggjn(-\_.-"ax +1-— -.,'_.f?) dzx

evalin(symengine, ’int(asin(sqrt(x+1)-

mupad 2013a sqrt(x)),x)’)

-int(asin(x~(1/2) - (x + 1)7(1/2)), x)

int (asin(sqrt (x+1)-sgrt(x)),x)

Warning, choosing root of [1,0,%% %{-4.[1]%%%.}+%%%{-2 [0]%%%} C
Warning, choosing root of [1,0,%%%{-4.[1]%%%.+%%%{-2 [0]%%%.C
Warning, choosing root of [1,0,%%%{-4.[1]%%%}+%%%{-2,[0]%%% C
Warning, choosing root of [1,0,%%%{-4.[1]%%%}+%%%{-2 [0]%%%. C
Warning, choosing root of [1,0,%%%{-4.[1]%%%}+%%%{-2 [0]%%%. C
XCas Warning, choosing root of [1,0,%%%{-4.[1]%%%.+%%%{-2 [0]%%%.C
Warning, choosing root of [1,0,%%%{-4.[1]%%%}+%%%{-2,[0]%%% C
Warning, choosing root of [1,0,%%%{-4.[1]%%%}+%%%{-2 [0]%%%. C
Warning, choosing root of [1,0,%%%{-4.[1]%%%}+%%%{-2 [0]%%%. C

symZpoly/r2sym{const gen & e const index_m & i const
I
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4 /ln (1+xm) dx

optimal zlog (Va2 + 1z +1) + /2 (1++/5) tan‘1< V5 —2(Va2 +1-
2 (v5—1)tanh™ (\/2 + V5 (Vr2 +1 -I—x)) — 2z
Integrate[ch[l + X \II 1+ x2 ] . x]
I:E- + -x-'? :I ArcTan[ II ;,_ x]
- Wo1+4s
-2x+ : - +
f
‘%.II 10 | 1+4/5)
M 9.01 — — (-5+4/5 ] arer
I 2 I 2 - '
f R — ﬁrcTan[ | — 3 1 + x° ] -
Wo-14+45 V-1 4+45 | _
y Y ~.,I 10 |:._
I 2 I e i i
f — hrcTanh[ f — -xuul+xz]+er:g[l+x-~.q-l+:
I"-I 1++/5 I"'II 1+4/5



optimal/optimal_4_plot.png
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Rubi 4.1

Int[Ln-g[l +xm] , x]

]
1 . | 2
~2x-. | — 1445 p..::c.Ian[I x]+
J 10 : Wo1-45
| — .
1, . | 2 | 2
2,/ = (2445 Pu:n:'.Ian[ |—x]+ | — ~ I
|5 ' W 1445 W 5 (1445 |
‘ 1 I
f2 . | 2 ——— 1,
J = (-1+5 ) arcTan| | —— V144" |42,/ (-2
y 5 : “a,ql -1++/5 I 5
]
l 1 . | 2 | 2
J = |-1+35 ] ArcTamn| | ——— x|+ | ——
y 10 ' Vo145 W 5(1+5 |
‘ 1 I
fE. . | ) -
A (1e4F) m:-:'ranh[ ——— \n'll+x‘]+xl.|:|-g[1+x"
W5 ! : ﬂl+f§




B restart;
int(log (l+x*sgrt (1+x"2)) ,x) ;
7 A
Js arctanh[ — arctanh _,-"_
f_ s .
1n(1+_‘c\.":c:+1}_‘c—2:c+ VoLt ivo ) -
J-2+25 J -2-
2x ) 2x )
s = S
y O arctan arctan
. [u*zﬁ+2;+ [\f-ﬁh;
J2J5 +2 J2J5 +2
A
) = -~ — I
__Ty -.,,."'?—2 y'llTE.ﬁ:tEﬂh L].I _T'\' 2"'\."'?\.5311:‘:1
5 .fl.v?_ 5
Vo L )
e — A e — A
= \,‘._'L:+]. — X = \,‘._'L;I+]. — X
J & arctanh| ——— J 5 arctan| ——
Maple 18 1 ’2+¢"? ) 1 W \,"?—2 )
2 2
< J2+45 < Js —2
= _ ) = _ k'
J 5 arctanh| X 1 —x arctanh| - Al —x
_i \"‘u"f?_— g _|_L yy‘?—z J
10 = 2 =
w\-"?—— vv"?——
e — A — A
'll?afljﬂﬂ \,‘._'L:+]. — X arctan \,‘._'f:_"]. — X
N NA T T I
_ 3 v2+y5 ) _ 1 V2+y5 )
0 V2445 2 J2+45
f A f "
arctanh \._'c:+1—:c arctan \._'c:+1—:c
_L \'—+"~"|'? s +L \.n\,‘u"'?—_ J
2 f 2 I
- \.2"'\.}.? - \.\.'ll?__
integral (In(l+x*sgrt(1+x~2)), x)
Sage 5.4 2224

:1:11:.1g;(+.f:.:‘2 + 1z + 1) — 2z + arctan(z) + [

22+m(




Fricas 1.2

(12) -> integrate(log(l+x*sqrt(1+x~2)), x)

(12)
$em=mm==- -
| +-+
A J\NIS + 1
atan
- +-
+-+ | 2 -+ |
((\]S - 1)\|x + 1 - x\|5 + x)\|\
/
ROOT
PR
+-+ 3 | 2
(- 8x\|5 16x 8x)\|x +
+
.
16x + 4
+
R -
+-+ | 2 2 +-+
- 2X\]2 \|x + 1 + (2x + 2)\]|2
+
e -
| +-+
\[\[5 -1
log
$e=e==- - +-
+-+ - +-4 |
((\]5 + 1)\|x +1 - x\|5 - x)\|\
+
2 +-4
(2x + 2)\|2
+
A + frssssasa +
| +-+ | +-+ +-+ +-+
\J\IS - 1 log(\|\|5 -1 + x\|2) + 2x\]2 lo
+
SR LR + $rmmmenaa +
| +-+ | +-+ +-+
- \JNIS - 1 log(- \J\|5 -1 + x\|2)
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sympy 0.7.1

>>> integrate(log(l+x* sqrt(1+x**2)),x)
Integral(log(x*(x**2 + 1)**(1/2) + 1), x)

=




->
8) -> integrate(log(l+x*sqrt(l+x~2)),x)

8) ->
(8)
R +
| +-+
VAVIS -1
log
+------ + e +
+-+ | 2 +-+ | +-+
((\]5 + 1)\x +1 - x\|5 - x)\|\|5 -1
+
2 +-+
(2x + 2)\|2
+
Fo-mmmm-- + Fo-mmmm-- + +----
| +-+ | +-+ +-+ +-+ | 2
VIVS - 1 log(\ N5 - 1+ x\|2 ) + 2x\]2 log(x\|x +
+
R + R +
| +-+ | +-+ +-+
- %NS - 1 log(- \|\I5 -1 + x\]2)
+
Fo-mmmm-- +
| +-+
Axiom 5/12 _ MAs-1
log
+ F---m-m- - +
+-+ | 2 +-+ | +-+
((- %5 - 1)\|x +1 + x\]5 + x)\|\]5 -1 -
+
2 +-+
(2x + 2)\|2
+
R + +---
$o------- + +-+ | 2 +-+ | +-
| +-+ ((\]5 - 1)\]x +1 - x\|5 + x)\|\]5
2\|\|5 + 1 atan(-----=-==-cccrcmrrmnrenrceerereeeas
t------ +
+-+ | 2 2 +-
202 \x +1 + (- 2x - 2)\]|2
+
R +
$o------- + | +-+
| +-+ \VAIS + 1 +-+
- 2\|\|5 + 1 atan(----------- ) - 4x\|2
+-+
x\ |2
!
+-+
2\|2

Type: Union(Expressio
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Maxima 5.28.02

integrate (log (l+x¥sgrt (14x"2)) , =) ;

2
2x°+1
J‘ dx +x lc-g(x 1||x2+1 +1)+atan{x]—2
1||:-:2+1 {33+x}+:-:2+1

reduce 2008

14: int(log(l+x*sqgrt (l+x"2)) ,x) ;

[T/ Vrisl+z) o= yei+i+a)
2 yVvE+ 2 /5arctan T ; -2 A B+ 2 arctan I Ty e
V Ve + AT S

,h,.-"ﬁ —2log (\_.-"rf +1- ,,'_."'q'E -2+ r) - 1,'_."'\;'3 —2log (1_-"':= +1+ \.-"1,,.-"3 -2+ r) +2

mupad 2013a

evalin(symengine, ’int (log(1+x*sqrt(1+x~2)),x)’)

result in



mupad_4.txt

19

fint (log (1+x*sqrt (1+x72)),x)]

rootof([[1, -1, 3, 27 1 [1, 0, -6, -40, 29 ] D*In([x=("
) 64 |
rootof([[-1, 1, -3, 27 1, [1, 0, -6, -40, 29 ] ])*In(|x+\

64

rootof([[1, -1, -9, 23 ] [1, 0, -14, -40, -11 ] ])*atan(

1

16
xcas rootof([[-1, 2, 7 1 [1, 0, -14, -40, 11 ] )*in( \/;

32
rootof([[1, 2, -7 1. [1, 0, -14, 40, 11 ] ]}*m{\/f

32

5. 39 ] [1, 0, 6, -40, 29 ] D*ata

El 2 2 El

rootof([[1, 3

-2 *(m

64

E
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dx

° / \/ cos?(

z) + cos?(x) + 1

. z 1 -1 sin(z) cos(z) (cos? (z)+1)
optimal T 3 + 3 tan <\/cos4(z)+cos2(:1:)+1 cos2(z)+1
La
a5
=1
La
Co 2
Inte-grate[ s[x] v x]
Cos[x]* +Cos[x]? + 1

. 3 i3 | i i

M 9.01 -2 i-::ns[x]‘EllipticPi[— - , iArc‘.Sinh[ [ - — Tan[x]], -

2 2 *-.1I -3i++3 3i

I|I1 2iTan[x]* ||.1 2iTan[x]* |/ ||I : Ji5-8coszx

-— - —_— - + 3
\ -31i++/3 Y 3i++/3 32443
Cos[x]?
Int.[ . x]
"q'rﬂ-crs [x]* + Cos[x]? + 1

. . . NN P el . | zi 314

Rubi 4.1 EllipticPi [: [3-1+3 |, Arcﬂln[ [ - — 'Ian[x]] y —

0 | W 2ie) 2 3i-

| L]

| Ti - _ ZTan[x]< | ZTan[x

3 - ‘I_ |1+ Tan[x]*| |1+—|_ (1 + =

Woo2isy 3 A 2-i-j2 4| 2+1 4 4

b 5



Martin_5_plot.png
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restart;
int (cos (x) *2/=sqrt (cos (x) “4+cos (x) *241) ,x) ;

-

2./ —{cns[?x]: + 4cos(2x) + ?]l {cns(?x]: — 1] {—J

L 1YT) | (-1+1J3) (cos(2x) — 1) (cos(2)
J o (-3+1J3 ) (cos(2x) + 1) '

+1)
Maple 18 . __ . __
2 n:is[; x| +2+1)3 IJ3 ;cus(_« x)—2 Ellipt
J (I3 +3) (cos(2x) +1)  (-3+1y3 ) (cos(2x) + 1)
" (-14+1J3 ) (cos(2x)—1) -3+1J3 ) (1+1/3)(-3+1,
J (34103 ) (eosi2)+ 1) -1+13 (13 +3) (-1+1,
=+ I\.‘IT]
J (cos{2x) — 1) (cos(2x) + 1) {cus(? x)+2+ L‘.-'T]l {I\:’T —cos(2x) -
J cos(2 .‘r:]2 +4dcos(2x) +7 }'
integral (cos(x) ~2/5grt (cos (%) ~4+cos (x) ~2+
Sage 5.4 ()’
f CcOs I d:L‘
f i 2
L.-'cu:rs {z] +cos I{:r} +1
rate( cos(x)”2/sqrt(cos(x)"4 + cos(x)"2 +1), x)
Fricas 1.2 == Error detected within library code:

Imaginary part is nonzero. Cannot retract.

sympy 0.7.1
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Axiom 5/12

(9] ->
(9) -> integrate( cos(x)~2/sqrt(cos(x)~4+cos(x)~2+1),x)
(3] -=
(9)
atan

5 4 3
(cos(x) + 2cos(x) + cos(x) )sin(x)

\|cos(x) + 4cos(x) + 6Gcos(x) + 4cos(x) + 1

5]
dcos(x) - 2

Type: Union(Expressio

Maxima 5.28.02

integrate (cos (x) "2/sgrtcos(x) "d44+cos (x) "2+1) ,x) ;

j cos{ X }2
d x
\Jcos{x}l4 -.'--::Ds{x]l‘ +1

reduce 2008

int( cos(x)*2/sqrt(cos(x) *4+cos(x)*2+1) ,x) ;

/‘\/COS[I}_I + cos(z)? + 1 cos

r:os{:;r'}J" + r:*n::rs{:;:c*}'2 +1

mupad 2013a

evalin(symengine, ’int (cos(x)~2/sqrt(cos(x) “4+cos(x) "2+1) ,x)’

int (cos(x)~2/(cos(x)"4 + cos(x)"2 + 1)~(1/2), x)

Xcas

int (cos (x)"2/sqrt (cos (x) ~d+cos () “2+1) , x)
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6 / tan(z) \/ 1 + tan*(x) dz

tanh—1! < 1—tan2 (z) >
optimal $y/tan*(z) + 1 — V2 75 CRLY /A Lsinh™" (tan?(z))
Fixi
M 9.01 click to vie
Int[Tan[x] "u'rl +Tan[x]? , x]
Rubi 4.1 z
o Arn:]‘anh[ _2-Tan[x]
1 - JE o) 14Tan[x]® 1
- — ArcSinh|[Tan[x]*] - L + =1+ Tz
2 ' 2 2
> restart;
int (tan (x) *sgqrt (l+tan (x) *4) ,x) ;
1 5y 2 5 1 ) ~
Maple 18 ) w"lr {1 + tan(:c]“] — 2tan(x)” — ) arcaﬂh{tzm[:c]”]
_ 2 =N
—%y’?arctanh % (-2tan(x) :rz].,,z
- \,‘."r [1 + tan(_‘c]:"r -2 tan(_‘c]:"
integral{tan{x}*§g£3{1+tan[x}“4}, %)
Sage 5.4

[/tan(z)* + 1 tan(z) dz
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Fricas 1.2

(21) -> integrate( tan(x)*sgrt{l+tan(x)~4), x)

2legih|tan(x) + 1 - tan(x) )
+
$rreccnnasaad
+=+ 2 +=+ | 4 4
+-+ (272 tan(x) - 2%]2 )v|tan(x) + 1 + 3tan(x) - 2tan(x
]2 logl

2tan(x)

Type: Union{Expression(Integer

sympy 0.7.1

tan(x)* sqri(l+tan(x)**4),x)
an(x)**4 + 1)**(1/2)*tan(x), x)
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Axiom 5/12

(18)
(18) -= integrate( tan(x)*sgrt(l+tan(x)"4),x)
(18) -

(18)

+-+ 4 -+ 2
(4\|2 cos(x) - 2\|2 cos(x) )

4 2
Bcosi(x) - Bcosi(x)

4 p
(2cos(x) - 2cos(x)

cosi(x)

2
- dcos(x) + 2

- 2CC

Type: Union(Expressic
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Maxima 5.28.02

integrate (tan (x) *sgrt (l+tan(x) ~4),x);

Itan{x]than{x]4+1 dx

reduce 2008

int (tan (x) *sgrt (l+tan(x) *4) ,x

) ;
f\/tan($)4 + 1 tan

mupad 2013a

evalin(symengine, ’int (tan(x)*sqrt(1+tan(x)~4),x)’)

int (tan(x)*(tan(x)"4 + 1)~(1/2), x)

Xcas

lint (tan(x) *sgrt(l+tan(x)~4), =)

t 22 tan( }2 ’ 2*tan( }2
\/ 20 ) m{\/uq )+l
5 21 7 ty
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. tan(z) J

V/sec3(z) + 1

optimal —2tanh™! ( sec3(z) + 1)
Tan[x]
In[23]:= Integrate[— r X
A/ sec[x]¥ +1
) | i Cos[x] 5EE‘.[§]2 3i_+/3
ouzn= - |iCoa[x]® EllipticF[i Ar-:Sinh[-f 3 —— , -~
3 -3i+4/3 3i++/3
1 o | iCoa[x] SEG[E]E
Elliptil:'.Pi[— (3243, iArcSinh[~.f3 i —— ]
M 9.01 6 ' : ' -3i++/3
i N —SiTan[ﬂz 3 .3
4 (4 +3Co3[x] +Co3[3x]) SE::'.[J{.]a § _‘
\ -3i++/3 3i
| Coa[x] SEG[%]E ) _—
V3 | —————— [1+3Tan[ -] |
o -3-:43 - 24
Tan[x]
In[Z2]:= Int[ _, x]
. 3
Rubi 4.1 \'sec(x]? + 1
2 3
Cut[22]= — g &rcTanh[“\, 1+ Sec[x] ]
restart;
Maple 18 int (tan(x) /sqrt(sec(x) *3+1) ,x) ;
2 3
"3 ar-:tanh(\. se-c:li:c:l3 +1 )
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integral{tan(x)EEQEE(SEC(X}“3+1}, )

Sage 5.4 |
1 1 1 1
3 log +1-1) — 3 log - +1+1
COs {:r} cos {I]
(17) -=
(17) -> integrate( tan(x)/sqrt(sec(x)”3+1), x)
_ 3 2 |4cos(x) - 4cos(x) + 4
Fricas 1.2 log((- cos(x) - cos(x) )
cos(x) + cos(x)
Type: Union(Expression(
>>> integrate(tan(x)/sqrt(sec(x)**3+1),x)
sympy 0.7.1 raceback (most recent call last):
File "=stdin=", line 1, in <module=
NameError: name ‘sec' is not defined
(11) ->
(11) -> integrate( tan(x)/sgrt(sec(x)"3+1),x)
(11) -=
(11)
6 5 3 2
(- 4cos(x) - 4cos(x) - 2cos(x) - 2cos(x) )
Axiom 5/12

|4cos(x) - 4cos(x) + 4

V| cos(x) + cos(x)

6 3
8cos(x) + Becos(x) + 1

Type: Union(Expressi
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Maxima 5.28.02

1ntegrate (tan( HEqrt sec “3+l], );

ng] -'-l l ng] -'-l -'-l
cr:usix] ::r:n.six:l J

reduce 2008

int (tan (x) /sgrt(sec(x) *3+1) ,x):

\/sec{:r}g + 1tan(x)
f dx

Sec{.r] =

mupad 2013a

evalin(symengine, ’int (tan(x)/sqrt(sec(x)~3+1),x)’)

int(tan(x)/(1/cos(x)"3 + 1)~(1/2), x)

XCas

int (tan (z) /sqrt (sec (z) “3+1), =)

Warning, integration of abs or sign assumes constant sign by intervals (

Check Vector [abs(cos(x))]
Discontinuities at zeroes of cos(x) were not checked

2

1 1
/") (5
j CGS{x}4+CGS{x} cos{ax) >




8 / \/tanz(a:) + 2tan(z) + 2dzx

30

. 1 — 1+\/5tanz —\/\/5—1 1 -1 \/5—11
optimal \/3 (1+/5) tan™ (}2 \/tan(x)((ta)rl(x)+2)+2> _\/5 (v/5 —1) tanh <\/5 =
sinh ™! (tan(z) + 1)
|
|
M 9.01
Int["-.J'rTan[:-:]: +2Tan[x] +2 , x]
o 1 . - 4-21i) +
Rubi 4.1 ErcSinh[l + Tan[x]] - E iv1-21 E—‘;rn:Ianh_ —
2-/1-21 2
1 —_— r 4+21)+072+21) Tan[x
—iv1l+231i ARrcTanh
= 2+/1+21 4/ 2+2Tan[x] + Tan[x]2
Maple 18
integral (sgrt(tan(x)~2+2*¥tan(x)+2), X)
Traceback (click to the left of this Lk
Sage 5.4
FuntimeError: ECL says: Error executin
cannot be imaginary; found %1
L)
(18) -> integrate( sgrt(tan(x)~2+2*tan(x)+2), x)
Fricas 1.2 2
Vtan(%A) + 2tan(%A) + 2 d%A
Type: Union(Expression |
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sympy 0.7.1

>>> integrate( sgrt( tan(x)**2 + 2 *tan(x)+2),x)

Integral((tan(x)**2 + 2*tan(x) + 2)**(1/2), x)

e

Axiom 5/12

HTML

Maxima 5.28.02

(¥112) integrate(sgrt(tan(x)~2+2Z*tan(x)+2),x);
sign: argument canncot be imaginary; found %i

—— an errcr. To debug this try: debugmode(trus)

reduce 2008

int (sgrt(tan(x) “2+2*tan (x)+2) ,x) ;

-/\/‘talru[;r,‘}2 + 2tan(z) + 2d.

mupad 2013a

evalin(symengine, ’int (sqrt(tan(x) ~2+2xtan(x)+2),x)’)

int ((2*tan(x) + tan(x)~2 + 2)~(1/2), x)

XcCas

Iint{sqrt{tan{x]“2+2*tan{xj+2],x]

13 1 1

— — 2 -

((8 ) ) +8*8 ) }*Iﬂ{{\/taﬂ{x} °42 *tan(x)+ 2=tan(x)) + (=8 ) (V2
64

:1_3 j? (V tan(x) 2+ 2%tan(x)+ 2-tan(x)-
(-(8 ") =8*(\/2)+8*8 " )*atan(

1
r
8

32

3
1 5 1

(~(8 ) =8 *BE}*M{{\/taﬂ{x} 2+2"‘tan{x}+ 2-tan(x)) +8?*{\/§}|
64

] =

% 3 4 {\/tan{x} 2+2 *fan(x)+2=tan(x)-

(6" +8%(v2)+8%8 " )atan(

1
T
8

2 7.
E
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9 / sin(x) arctan (\/W) dx

optimal 1 cos(z)y/sec(z) — 1+ 3 tan™* (\/Sec(:v) - 1) — cos(z) tan™! < sec(z) -
Fixi
Mo01
Int.[Sin[x] ﬁurr:.Tan["-.." Sec[x] - 1 ], :-:]
Rubi 4.1 L
- E—‘Lrn:'.Ian[*-" -1+ 5Sec[x] | - E—‘Lrn:'.Ian[*-" -1+ Sec[x] | Cos[x] +
2 |
restart;
Maple 18 int (sin(x) *arctan (sgrt (sec (x) _l},} X)) ;
|5in(_r] arctan{\." sec(x) — 1 } dx
integral (sin(x) *arctan(sgrt(sec(x)-1)), x)
Sage 5.4

cos(z) -1

— cos(z) arcta]]( - M{x{];]) — {T{z} + 3 ar
(=)
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Fricas 1.2 == Error detected within library code:
failed - cannot handle that integrand
(19) -> |
update: per  |post on sci.math.symbolic on June
BTW: Current developement FriCAS can also do #9:
(3) —> integrate(sin(x)*atan(sqrt(sec(x) - 1)), x)
(3)
fomm————
+
|- cos(x)
cos(x) |--——————-
oo
+ \l  cos(x)
- 2cos(x)atan(\|sec(x) - 1 ) + atan(-—--—--—--——-———-
)
cos(x) - 1
+
Fo— +
|- cos(x) + 1
cos(x) |-——=————-———-
\l  cos(x)
/
2
Type: Union(Express
>»> integrate( sin(x)*atan(sqrt(sec(x)-1)),x)
sympy 0.7.1 raceback (most recent call last):
File "=stdin=", line 1, in <module=
NameError: name 'sec' is not defined
(13) ->
(13) -= integrate( sin(x)*atan(sqrt(sec(x)-1)),x)
Axiom 5/12 1)

== Error detected within library code:
th

failed - cannot handle that integrand

(13) -> |
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Maxima 5.28.02

integrate (sin(x) *atan (sgrt(sec(x)-1)),x);

W(_;E;?;?_IW cnsix] 1
ata
cos{x)—1 ni cos(x) cnsix]
—cos(x) atan]

cos{X)

2 ({cos(x)-

co=s(x)

reduce 2008

int(sin(x) *atan (sgrt(sec(x)-1)) ,x) ;

arctan (\/sec(:r) — 1) s

mupad 2013a

evalin(symengine,’int(sin(x)*atan(sqrt(sec(x)-

1)),x)?)
pretty(ans)
/
| 3 asin(cos(x
cos(x) | ~————————
| 3
// 1 \1/2 \ \ 2 cos(x)
- atan| | --——-- -1 | cos(x) - ———————————m——m————

\ \ cos(x) / /
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Xcas

Nint (sin(x) *atan (sqrt (sec(x)-1) ]L ®)

Warning, integration of abs or sign assumes constant sign by intervals |
Check Vector [abs(cos(x))]

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Discontinuities at zeroes of cos(x) were not checked
Evaluation time: 11.933

—(— cos(x 2 cos(x)sign(cos(x)) cos(z
—atan<\/ (& coo(®) +Cosiz§2g (con(a)) oo )) cos () + 2(—sign(co
1 1 1, : 3 1
@I 3 asin(2 - —cos (z) + 1) + 2(sign(cos (z)))” - Gin(oos

sign(cos(x 2 —(— cos(x 2 cos(x)— —(— cos(x 2
(sign(cos(x)))”(2/ —( (z))=+cos(z) 1)—(sign(cos(a:)))2+2v ( (@)*+

—2.— cos(z)—1 —2.— cos(z)

1
abs(sign(cos(z))) atan ( abs(sign(cos(z)))-2
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3 jarcsin(x)
xIr'e
10 / G
V1 — 22
optimal (2% — 3v1 — 2%2? — 3v/1 — 2% + 32) esin ' (@)
IZIZI:.EI
=01
=015
=015
e
%° Bxp[ArcSin[x]]
Integrate[ ' .:-.'.]
M 9.01 1-=
1 arcsinmx] (.o | f z ) . . .
-— g |15 |—H.—"-.,-1—}L -3Co3[3Arciin[x]] + 3in
an . . .
x? Exp[ArcSin[x]]
Int.[ ' .H:]
Rubi 4.1 1-x
i Ainedin[x] ¥ - i E.F'_"I:E:i:.:x] 33 _ i _ Airedin [x] "'.llll 1 - }LE 3 i &
10 10 10 10
_} restart:
int(x*3*exp(l) *arcsin(x) /sgrt(1-x*2) ,x);
Maple 18 L ' S arcsingy) 2 i rcsing vl ' _ '_:
0 (.T 3y .T-+1)1, P 0 ¢ (.T .
integral (x*3*exp(arcsin(x))/sgrt(1-x~2),
Sage 5.4
f IEEarcain[z} d‘-r
|
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Fricas 1.2

(19) -»
(19) -» integrate(x*3*exp(asin(x))/sqrt(l-x"2),x)

R s 2
2 | 2
¢ - 3)\]-x +1

Type: Union(Expression{Integer),...)

sympy 0.7.1

e( x**3*exp(asin(x))/sqrt(l-x**2),x)
(x))/10 - 3#x*#2%(-x**2 + 1)*#(1/2)*exp(asin(x)) /18 + 3*x*exp(as
sin(x))/1@

Axiom 5/12

Type: Union{Expression(Integer),...

Maxima 5.28.02

integrate (x"3%explasin(x)) //sqgrt(1-x"2),x):
33 %Easin{xﬁ

dx

-

1-=°

reduce 2008

int( x*3%exp (asin(x))/sgrt(l-x"2) ,x);

£%re sin(x) ‘1.3

—_—dz
V/ == .?."2 + 1

mupad 2013a

evalin(symengine,’int (x~3*exp(asin(x))/sqrt(1-
x72),x)’)

int ((x"3%exp(asin(x)))/(1 - x72)"(1/2), x)
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Xcas

int (x"3%exp (asin(x)) /sqrt(l1-=z"2), =)

Simplification assuming x near 0+
Simplification assuming x near 0+
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zlog(1 + z?)log(z + /1 + z2)
V1+a?

11 dx

| - | . _
4x-2ArcTan[x] -2% 1 +x° Ln:g[:-r. +% 1+x° | +Log|l +x°

optimal ’

Flxi

Integrate[ (X« Log[l + x*2] w Log[x + Sgre[l + x~2]]) /Sgre[l + x~2], x]

M 9.01 — — L — —
4x-2ArcTan[x] -24% 1 +x° Lc:g[x—'x-' 1+x° —Lc:g[l— x‘_ |—x—'x-' 1+x° Lc:g[x—'x-' 1+x°
Int[{(x+*Log[l+x*2] *Log[x+ Sgrt[1l+x"*2]]) /Sgrt[l+=x*2], x]

Rubi 4.1

4 x - 2 RBrcTan[x] —xLog[l+x2] -2 1+ x° I.Dg[)-ii—'\,l'llil_+)-:2 ] +'\|,I'II]_+:'-L2 Log[l+x2] Log[

=> restart;
intg:= x*log(l+x"2) *log (x+sgrt(1+x"2)) /sgrt(1+x"2);

ntg = ﬂn(xz + 1] ln(-’f + \/xz——i—l)
Maple 18 et

=> int (intg,x) ;
xln(x2 + l] ln(er N . +1 ) &

\fx2+1 )
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Arciin[x]

2

-1 +2x

'_‘l

3 BrcTan [

=

optimal W3

1
+— Y3 Arn:'Ian[
4

“1++/3 x

1 -
W 1 -x

L}

] +XArcTan [x

+ "'.llI 1-x°

1
] + — 3 3 ArcTan
4

] "

[

=
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M 9.01

Integrate [ArcTan([x + Sgrt[l -x*~2]], x]

xk_rcIan[x+V'll—x2 ] . 11—6 ‘—akrcsin[x] 2 2.2:43

Arcian[!'!'hiv’?_zxz] (-1+%%)) / l_si_x@afz\!?xhxa l_e_zix@-zw'lz_zixf’? NE-

x°
x[&+21x’?_2w"2_2nf? le—x2\+x2[3i—\."’?+2wfﬁ—ﬁixq V'Il—xz]] _242.2:47

ArcIan[Hl»,iv’?-Zxﬂ [-1+47))/ l-si-x@a,zw.f?xﬂzxl-a-ix’?»f\n"z-zlw. R J+

2%° [3+ix’?+\;‘|2-21x@ w'll—x‘n]+x‘nr31—\.'?+2‘jﬁ—ﬁi\."’? wfl-xz]] _242-2:43

ArcIan[l:l:—l+x‘n:l ;:-1+iw.f?+2x2'|'|_,-"" [3i-x@+2xf’?x*+x [G-Zix@-zwfm m’?]»,x“
[—6+21\. 7 o2y 2.2:43 f[si-v’?»,zv"my"l-f]]]»,zv'm

Arc‘.Ian[!:[—l+x2:l {-1+iw.’?+2x2'|'|_,-" [3' VE o+243 w2kt [3-1\.’?+V"2+2n’? y’?]»f
2x[-3+n 7.o2o2:v3 J1x2 ] l31—\.3+2"ullﬁ+61\. NE. x‘]]

2Log[_%_ij?+x2]+2ixf’?Log[_§_nf+;:2]_2Lng[§i!:i+v’?:|+f]_

2ixf§Lng[£i!:i+x.f’?:|+x2]_

iya2o2:43 I.ng[16|1+ NERo
iV2e2iv3 I.ng[lﬁ (1443 x+%|
iv2o2143 Lng[!:4—4\."'?x+4x‘nl| ]-
iy2.2:43 Lng[!:4_4xf’?x+4x2'|2]_

i

iV2e2iv3 Lng[ain.’?-!:-in.’?jxhznflz-zn’? NS +5if[2+\1"2-21\.’? V'Il-le+

x[3+51x’§+31\n"6_61x’? \J'Il-xz]+ix [31+3\. 7.6 6143 Jiog ]]+
iV2.2:3 Lag[sinf’?_!:_inf’?jxhznn'lz_znf’? N +51x2l2+v"2_2i\!? V'Il-xz]+

P [3_3ixf’?_iw"e_ai\.f’? V1ot ]_ixl_si»,sv’?

\

iya2o2:43 Lc.g[_sin-’?_!:inf’?]x*_zi\n"z»,zn@ NETT _51x2[2+\f2+2ix!? N

+

x[s_snf?_ai\-"e»feix@ \J'Il—xz]—ixa [—3i+3\. cfecaivzs Jiow x‘]

\

iVa2-2:43 Lng[-sin.-’?-!:in.f?]x‘-z:t\n"z»,zlw. \,"1 ¥ -51x‘l2+m"2+21w.@ N

+

i [3+31x’?+im"ﬁ+ﬁi\.’? y’l-f]+ix[31+5m’?+3\;"ﬁ+ﬁm Jiog ]H

b
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Int[ArcTan[x + Sgrt[l - x*2]], x]
hrcTan[ = ]
| Y -
. | == ki Yl 1-m<
ArcSin[x] 3 I 1-2x= | i+
- + — 43 ArcTan[ — ] + +
2 4 -\,13 -\,13
Rubi 4.1
1 4
— (zi1-+/3) ArcTan[ -
12 " ' | —
[ a3 Lf z
Vooae3
Al
Y -
{— NS x
1, —_ WooEe 3 — R
— 31+ ArcTan[ = ] +xArcTan[x+'\,ll—x‘] ——Log[l—x‘
V1-x2
=> restart;
intg:= arctan(sqgrt{l-xz*2)+x);
int(intg,x) ;
infg := arcia.n( v —_‘(1 +1 +I)
s m— q 3 ¢ — !
Iarctan(\. -+ 1 +I} 7%1n(f17r+ 1)7%\. 3 arctan[%(zrfl]\.q\‘ +%1n[ (" ‘r+.|1 1}
J x
3\ 2 - h
(113251 1) P B (251 -1) (113 (241 1) )
X J N & x J
2 . \ . 2
Maple 18 L Wger o) ) (A -1 —Lxﬁh{ (J2+1-1)
8 12 x ) 12
3 2 - 3
(c1+1y3) (V241 —1) oy (JZ2+1-1) . (1+1/3) (V241 -1) -,
x ) 8 @ x )
2 . 3 . 2
+irJTln[ (251 -1) N (1-1y3) (/2 +1-1) . 7L1n[ (251 -1)
8 £ x H £
s
A 2 - Y
21 1) N (11321 1) )
2 x
4

! [\.”?ln[ (‘
X

(-3 F1 ) el
x ) 8
M@[w]
x /
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