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Chapter 1
Introduction, Summary of results and
lookup table

1.1 Introduction
This report gives the result of running a number of partial differential equations in Mathe-
matica and Maple. This is work in progress as more PDE’s are being added.

The following are the systems used

1. Mathematica 14.2.1 (64 bit).

2. Maple 2025 (64 bit)

The following are plain text files of the current collection of the PDE’s used in this report.

Mathematica_PDE_IN_CAS_problems.txt

Maple_PDE_IN_CAS_problems.txt

10 minutes real time is used as the time limit to complete a problem. If CAS does not finish
within this time limit, a failed score is given.

All possible options, assumptions and HINTS are tried to obtain a solution. The command
DSolve is used in Mathematica and the command pdsolve in Maple.

In this version, all results are automatically simplified. This is done to reduce the size of the
final solution.

It is possible I missed some option, assumption or HINT, which could help make the CAS
able to solve a given PDE now marked as unsolved. Will correct such a case if found.

Most of the solutions returned are not verified. If a CAS returns a solution, it is assumed to
be correct and that the problem was solved by the CAS.

These problems were collected from textbooks such as

1. Richard Haberman applied partial differential equations, 5th edition

2. David J Logan applied Partial differential equations.

3. Partial differential equations and boundary value problems with Maple by George A.
Articolo, 2nd ed.

4. Handbook of first order partial differential equations (HFOPDE), Volume 1, by Polyanin,
Zaitsev, Moussiaux (2002).

5. Handbook of nonlinear partial differential equations (HNPDE), by Polyanin, Zaitsev
(2004).

1

Mathematica_PDE_IN_CAS_problems.txt
Maple_PDE_IN_CAS_problems.txt
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6. Nonlinear Partial Differential Equations by Lokenath Debnath, 3rd edition. (2012).

7. Introduction to Partial Differential Equations by Peter J. Olver, Springer. (2014).

PDE’s from other text books will be added with time.

Some problems were also collected from Maple and Mathematica help pages, documentation
and technical forums.

Some of these problems I solved by hand. I have tried to verify that all hand solutions are
correct by verifying them using Maple’s pdetest(). Will add more hand solutions in the
future in order to compare with the computer solution.

The following are some PDF files used to collect some problems from

1. PDE_and_BC_during_december_2018.pdf

2. What_is_New_after_Maple_2018.pdf

3. Integral_Transforms_revamped_Oct_2019.pdf
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1.2 Results

The current number of partial differential equations in this report is [ 2012 ].

Mathematica solved [ 1541 ] and Maple solved [ 1805 ].

Table 1.1: Percentage solved by each CAS for all problems
Mathematica Maple

76.59% 89.71%

Table 1.2: Pecentage of solved by each CAS broken down by each chapter
chapter name Number of Problems Mathematica Maple
Miscellaneous PDE’s 149 77.85% 91.28%
Parabolic PDE’s (Diffusion) 130 93.08% 84.62%
Elliptic PDE’s (Laplace, Poisson, Helmholtz) 53 75.47% 77.36%
Hyperbolic PDE’s (Wave) 83 91.57% 87.95%
Handbook of first order partial differential equations 1585 74.89% 90.85%
Handbook of nonlinear partial differential equations 12 8.33% 41.67%

Table 1.3: Percentage of failed due to time out among all problems that could not be solved
Mathematica Maple

3.18% 7.73%

Table 1.4: Total real time used to solve all problems
Mathematica Maple
8.44 (hours) 5.31 (hours)

Table 1.5: Average real time used to solve one problem
Mathematica Maple
15.103 (sec) 9.494 (sec)

List of problems not solved by Maple nor by Mathematica [172] (8.55%)

32, 48, 57, 119, 126, 131, 135, 136, 137, 214, 272, 277, 278, 279, 307, 317, 318, 319, 320, 321,
322, 323, 324, 325, 332, 361, 362, 403, 413, 454, 455, 456, 458, 474, 488, 489, 492, 508, 516,
520, 521, 525, 526, 528, 530, 531, 543, 549, 557, 559, 561, 564, 567, 600, 620, 622, 623, 627,
628, 629, 650, 672, 678, 695, 698, 711, 712, 719, 720, 723, 724, 735, 736, 746, 747, 748, 757,
758, 760, 761, 766, 768, 770, 771, 772, 775, 776, 777, 779, 780, 783, 784, 785, 786, 787, 791,
802, 803, 808, 815, 816, 821, 822, 823, 824, 825, 826, 827, 831, 832, 833, 834, 835, 836, 837,
838, 839, 840, 841, 1029, 1057, 1058, 1172, 1179, 1194, 1366, 1377, 1378, 1383, 1385, 1386,
1387, 1413, 1416, 1417, 1421, 1424, 1428, 1429, 1450, 1451, 1452, 1453, 1457, 1462, 1463,
1555, 1574, 1577, 1578, 1628, 1629, 1632, 1726, 1736, 1748, 1749, 1800, 1906, 1907, 1914,
1915, 1916, 1918, 1960, 2001, 2003, 2008, 2009, 2010, 2011, 2012

List of problems solved by Maple but not by Mathematica [299] (14.86%)

16, 34, 67, 100, 101, 102, 103, 104, 105, 107, 108, 116, 117, 118, 120, 121, 124, 127, 128, 130,
132, 133, 138, 140, 157, 174, 204, 230, 310, 326, 359, 370, 408, 429, 439, 440, 449, 450, 453,
457, 459, 460, 464, 466, 469, 481, 482, 485, 486, 490, 493, 494, 499, 504, 505, 506, 507, 518,
519, 522, 523, 527, 529, 532, 537, 542, 551, 554, 558, 565, 570, 573, 574, 577, 578, 579, 583,
591, 592, 593, 598, 599, 601, 606, 612, 618, 625, 634, 635, 644, 646, 647, 652, 658, 661, 662,
663, 664, 673, 675, 676, 677, 679, 683, 696, 697, 699, 700, 701, 702, 707, 709, 710, 721, 722,
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731, 733, 743, 745, 753, 755, 756, 759, 763, 769, 774, 778, 782, 788, 790, 792, 793, 795, 796,
800, 801, 805, 806, 807, 809, 810, 811, 812, 813, 814, 817, 818, 819, 820, 829, 830, 875, 884,
885, 994, 1004, 1018, 1019, 1036, 1037, 1065, 1066, 1107, 1178, 1180, 1181, 1195, 1210, 1211,
1234, 1235, 1262, 1352, 1374, 1390, 1410, 1414, 1420, 1422, 1423, 1425, 1436, 1437, 1441,
1447, 1454, 1455, 1456, 1459, 1461, 1469, 1480, 1481, 1486, 1487, 1490, 1492, 1493, 1507,
1518, 1558, 1559, 1563, 1566, 1575, 1576, 1608, 1618, 1630, 1648, 1650, 1655, 1664, 1667,
1671, 1678, 1684, 1689, 1695, 1699, 1700, 1703, 1704, 1709, 1711, 1714, 1719, 1720, 1727,
1729, 1730, 1731, 1732, 1733, 1737, 1738, 1740, 1742, 1744, 1745, 1746, 1747, 1779, 1783,
1789, 1791, 1799, 1801, 1803, 1809, 1814, 1818, 1820, 1824, 1826, 1835, 1836, 1840, 1844,
1847, 1853, 1858, 1863, 1867, 1868, 1871, 1872, 1874, 1877, 1878, 1880, 1883, 1884, 1888,
1889, 1898, 1899, 1900, 1901, 1902, 1905, 1909, 1911, 1913, 1917, 1931, 1938, 1948, 1958,
1963, 1964, 1966, 1969, 1970, 1999, 2004, 2005, 2006, 2007

List of problems solved by Mathematica but not by Maple [35] (1.74%)

61, 86, 94, 95, 166, 169, 170, 194, 203, 213, 226, 265, 267, 268, 269, 270, 271, 275, 276, 300,
393, 399, 409, 410, 411, 412, 487, 563, 765, 1208, 1380, 1384, 1409, 1904, 1924

List of problems not solved by Mathematica [471] (23.41%)

16, 32, 34, 48, 57, 67, 100, 101, 102, 103, 104, 105, 107, 108, 116, 117, 118, 119, 120, 121,
124, 126, 127, 128, 130, 131, 132, 133, 135, 136, 137, 138, 140, 157, 174, 204, 214, 230, 272,
277, 278, 279, 307, 310, 317, 318, 319, 320, 321, 322, 323, 324, 325, 326, 332, 359, 361, 362,
370, 403, 408, 413, 429, 439, 440, 449, 450, 453, 454, 455, 456, 457, 458, 459, 460, 464, 466,
469, 474, 481, 482, 485, 486, 488, 489, 490, 492, 493, 494, 499, 504, 505, 506, 507, 508, 516,
518, 519, 520, 521, 522, 523, 525, 526, 527, 528, 529, 530, 531, 532, 537, 542, 543, 549, 551,
554, 557, 558, 559, 561, 564, 565, 567, 570, 573, 574, 577, 578, 579, 583, 591, 592, 593, 598,
599, 600, 601, 606, 612, 618, 620, 622, 623, 625, 627, 628, 629, 634, 635, 644, 646, 647, 650,
652, 658, 661, 662, 663, 664, 672, 673, 675, 676, 677, 678, 679, 683, 695, 696, 697, 698, 699,
700, 701, 702, 707, 709, 710, 711, 712, 719, 720, 721, 722, 723, 724, 731, 733, 735, 736, 743,
745, 746, 747, 748, 753, 755, 756, 757, 758, 759, 760, 761, 763, 766, 768, 769, 770, 771, 772,
774, 775, 776, 777, 778, 779, 780, 782, 783, 784, 785, 786, 787, 788, 790, 791, 792, 793, 795,
796, 800, 801, 802, 803, 805, 806, 807, 808, 809, 810, 811, 812, 813, 814, 815, 816, 817, 818,
819, 820, 821, 822, 823, 824, 825, 826, 827, 829, 830, 831, 832, 833, 834, 835, 836, 837, 838,
839, 840, 841, 875, 884, 885, 994, 1004, 1018, 1019, 1029, 1036, 1037, 1057, 1058, 1065, 1066,
1107, 1172, 1178, 1179, 1180, 1181, 1194, 1195, 1210, 1211, 1234, 1235, 1262, 1352, 1366,
1374, 1377, 1378, 1383, 1385, 1386, 1387, 1390, 1410, 1413, 1414, 1416, 1417, 1420, 1421,
1422, 1423, 1424, 1425, 1428, 1429, 1436, 1437, 1441, 1447, 1450, 1451, 1452, 1453, 1454,
1455, 1456, 1457, 1459, 1461, 1462, 1463, 1469, 1480, 1481, 1486, 1487, 1490, 1492, 1493,
1507, 1518, 1555, 1558, 1559, 1563, 1566, 1574, 1575, 1576, 1577, 1578, 1608, 1618, 1628,
1629, 1630, 1632, 1648, 1650, 1655, 1664, 1667, 1671, 1678, 1684, 1689, 1695, 1699, 1700,
1703, 1704, 1709, 1711, 1714, 1719, 1720, 1726, 1727, 1729, 1730, 1731, 1732, 1733, 1736,
1737, 1738, 1740, 1742, 1744, 1745, 1746, 1747, 1748, 1749, 1779, 1783, 1789, 1791, 1799,
1800, 1801, 1803, 1809, 1814, 1818, 1820, 1824, 1826, 1835, 1836, 1840, 1844, 1847, 1853,
1858, 1863, 1867, 1868, 1871, 1872, 1874, 1877, 1878, 1880, 1883, 1884, 1888, 1889, 1898,
1899, 1900, 1901, 1902, 1905, 1906, 1907, 1909, 1911, 1913, 1914, 1915, 1916, 1917, 1918,
1931, 1938, 1948, 1958, 1960, 1963, 1964, 1966, 1969, 1970, 1999, 2001, 2003, 2004, 2005,
2006, 2007, 2008, 2009, 2010, 2011, 2012

List of problems not solved by Maple [207] (10.29%)

32, 48, 57, 61, 86, 94, 95, 119, 126, 131, 135, 136, 137, 166, 169, 170, 194, 203, 213, 214, 226,
265, 267, 268, 269, 270, 271, 272, 275, 276, 277, 278, 279, 300, 307, 317, 318, 319, 320, 321,
322, 323, 324, 325, 332, 361, 362, 393, 399, 403, 409, 410, 411, 412, 413, 454, 455, 456, 458,
474, 487, 488, 489, 492, 508, 516, 520, 521, 525, 526, 528, 530, 531, 543, 549, 557, 559, 561,
563, 564, 567, 600, 620, 622, 623, 627, 628, 629, 650, 672, 678, 695, 698, 711, 712, 719, 720,
723, 724, 735, 736, 746, 747, 748, 757, 758, 760, 761, 765, 766, 768, 770, 771, 772, 775, 776,
777, 779, 780, 783, 784, 785, 786, 787, 791, 802, 803, 808, 815, 816, 821, 822, 823, 824, 825,
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826, 827, 831, 832, 833, 834, 835, 836, 837, 838, 839, 840, 841, 1029, 1057, 1058, 1172, 1179,
1194, 1208, 1366, 1377, 1378, 1380, 1383, 1384, 1385, 1386, 1387, 1409, 1413, 1416, 1417,
1421, 1424, 1428, 1429, 1450, 1451, 1452, 1453, 1457, 1462, 1463, 1555, 1574, 1577, 1578,
1628, 1629, 1632, 1726, 1736, 1748, 1749, 1800, 1904, 1906, 1907, 1914, 1915, 1916, 1918,
1924, 1960, 2001, 2003, 2008, 2009, 2010, 2011, 2012

List of problems that are hand solved [195] (9.69%)

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 24, 26, 27, 28, 29, 30, 70, 71,
72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 91, 92, 109, 150, 151, 152, 153, 154, 155, 156, 157, 158,
159, 160, 161, 162, 163, 164, 166, 168, 171, 172, 175, 176, 177, 178, 180, 181, 183, 184, 185,
191, 194, 195, 198, 199, 200, 201, 202, 203, 206, 207, 208, 209, 210, 213, 214, 215, 216, 217,
218, 219, 220, 221, 222, 223, 224, 225, 226, 227, 228, 229, 232, 234, 235, 236, 237, 247, 252,
253, 258, 259, 262, 263, 264, 267, 268, 269, 270, 271, 272, 274, 275, 280, 281, 282, 287, 289,
290, 291, 292, 306, 307, 309, 310, 312, 315, 326, 328, 332, 333, 334, 335, 336, 337, 342, 347,
348, 349, 352, 353, 354, 355, 356, 357, 358, 359, 363, 364, 365, 372, 373, 382, 387, 388, 390,
391, 392, 394, 395, 396, 397, 401, 404, 406, 409, 410, 411, 412, 413, 418, 420, 422, 423, 424,
425, 426, 427, 428, 1367, 1368, 1369, 1370, 1514, 1515, 1584, 1585

List of problems that are animated [60] (2.98%)

2, 3, 4, 5, 6, 7, 8, 9, 10, 151, 152, 154, 159, 161, 163, 176, 181, 191, 199, 202, 208, 209, 210,
219, 222, 227, 229, 235, 237, 259, 263, 264, 268, 269, 271, 272, 274, 275, 334, 335, 336, 349,
354, 356, 357, 358, 363, 372, 373, 382, 387, 388, 390, 391, 395, 396, 397, 406, 411, 412



chapter 1. introduction, summary of results and lookup table 6

1.3 Result lookup table

1.3.1 Miscellaneous PDE’s

Table 1.6: Miscellaneous PDE’s breakdown of results. Time in seconds
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1 General first or-

der
Transport equation ut+ux = 0 3 0.031 3 0.097 Yes

2 General first or-
der

Transport equation ut− 3ux =
0 IC u(0, x) = e−x2 . Peter
Olver textbook, 2.2.2 (a)

3 0.005 3 0.128 Yes Yes

3 General first or-
der

Transport equation ut+2ux =
0 IC u(−1, x) = x

1+x2 . Peter
Olver textbook, 2.2.2 (b)

3 0.006 3 0.125 Yes Yes

4 General first or-
der

Transport equation ut + ux +
1
2u = 0 IC u(0, x) = arctan(x).
Peter Olver textbook, 2.2.2 (c)

3 0.004 3 0.149 Yes Yes

5 General first or-
der

Transport equation ut − 4ux +
u = 0 IC u(0, x) = 1

1+x2 . Peter
Olver textbook, 2.2.2 (d)

3 0.004 3 0.161 Yes Yes

6 General first or-
der

Transport equation ut+2ux =
sin x IC u(0, x) = sin x. Peter
Olver textbook, 2.2.5

3 0.046 3 0.21 Yes Yes

7 General first or-
der

Transport equation
ut + 1

1+x2ux = 0 IC
u(x, 0) = 1

1+(3+x)2 . Peter
Olver textbook, page 27

3 0.012 3 0.228 Yes Yes

8 General first or-
der

Transport equation ut−xux =
0 IC u(x, 0) = 1

1+x2 . Pe-
ter Olver textbook, problem
2.2.17

3 0.005 3 0.215 Yes Yes

9 General first or-
der

Transport equation ut + (1 −
2t)ux = 0 IC u(x, 0) = 1

1+x2 .
Peter Olver textbook, problem
2.2.29

3 0.048 3 0.29 Yes Yes

10 General first or-
der

Transport equation
ut + 1

x2+4ux = 0 IC
u(x, 0) = ex

3+12x

3 0.008 3 0.275 Yes Yes

11 General first or-
der

3ux + 5uy = x 3 0.005 3 0.113 Yes

12 General first or-
der

xuy + yux = −4xyu and
u(x, 0) = e−x2

3 0.019 3 0.241 Yes

13 General first or-
der

ut+ux = 0 and u(x, 0) = sin x
and u(0, t) = 0

3 0.122 3 0.384 Yes

14 General first or-
der

ut+cux = 0 and u(x, 0) = e−x2 3 0.005 3 0.128 Yes

15 General first or-
der

(Haberman 12.2.2) ωt − 3ωx =
0 and ω(x, 0) = cosx

3 0.005 3 0.141 Yes

Continued on next page
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Table 1.6 – Miscellaneous PDE’s. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
16 General first or-

der
(Haberman 12.2.4) ωt + cωx =
0 and ω(x, 0) = f(x) and
ω(0, t) = h(t)

7 1.75 3
Solution
con-
tains
unre-
solved
in-
vlaplace
calls

0.418 Yes

17 General first or-
der

(Haberman 12.2.5 (a)) ωt +
cωx = e2x and ω(x, 0) = f(x)

3 0.057 3 0.169 Yes

18 General first or-
der

(Haberman 12.2.5 (d)) ωt +
3tωx = ω(x, t) and ω(x, 0) =
f(x)

3 0.392 3 0.281 Yes

19 General first or-
der

2ux + 5uy = u2(x, y) + 1 3 0.087 3 0.214 Yes

20 General first or-
der

Clairaut equation xux + yuy +
1
2((ux)

2 + (uy)2) = 0
3 0.041 3 0.224 Yes

21 General first or-
der

Clairaut equation. xux + yuy +
1
2((ux)

2 + (uy)2) = 0 with
u(x, 0) = 1

2(1− x2)

3 0.009 3 0.829

22 General first or-
der

Clairaut equation. u = xux +
yuy + sin(ux + uy)

3 0.034 3 0.067

23 General first or-
der

Recover a function from its gra-
dient vector

3 0.045 3 0.267

24 General first or-
der

xfy − fx = g(x)
h(y)f

2 3 0.034 3 0.174 Yes

25 General first or-
der

fx + (fy)2 = f(x, y, z) + z 3 0.067 3 0.627

26 General first or-
der

xux + yuy = u (Example 3.5.1
in Lokenath Debnath)

3 0.017 3 0.104 Yes

27 General first or-
der

xux + yuy = nu Example 3.5.2
in Lokenath Debnath

3 0.013 3 0.105 Yes

28 General first or-
der

x2ux + y2uy = (x+ y)u Exam-
ple 3.5.3 in Lokenath Debnath

3 0.069 3 0.153 Yes

29 General first or-
der

(y − z)ux + (z − x)uy + (x −
y)uz = 0 (Example 3.5.4 in Lo-
kenath Debnath)

3 9.864 3 4.685 Yes

30 General first or-
der

u(x+ y)ux+u(x− y)uy = x2+
y2 (Example 3.5.5 in Lokenath
Debnath)

3 0.257 3 0.858 Yes

31 General first or-
der

ux − uy = 1 with u(x, 0) =
x2 Example 3.5.6 in Lokenath
Debnath

3 0.006 3 0.11

32 General first or-
der

yux + xuy = u with u(x, 0) =
x3 and u(0, y) = y3 Example
3.5.8 in Lokenath Debnath

7 1.238 7 0.589

33 General first or-
der

xux + yuy = xe−u with u = 0
on y = x2 Example 3.5.10 in
Lokenath Debnath

3 0.105 3 0.16

Continued on next page
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Table 1.6 – Miscellaneous PDE’s. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
34 General first or-

der
ut + uux = x with u(x, 0) =
f(x) Example 3.5.11 in Loke-
nath Debnath.

7 2.793 3 0.517

35 General first or-
der

ux = 0 Problem 3.3(a) Loke-
nath Debnath

3 0.004 3 0.07

36 General first or-
der

aux + buy = 0 Problem 3.3(b)
Lokenath Debnath

3 0.007 3 0.155

37 General first or-
der

ux + yuy = 0 Problem 3.3(c)
Lokenath Debnath

3 0.021 3 0.238

38 General first or-
der

(1 + x2)ux + uy = 0 Problem
3.3(d) Lokenath Debnath

3 0.009 3 0.198

39 General first or-
der

2xyux + (x2 + y2)uy = 0 Prob-
lem 3.3(e) Lokenath Debnath

3 0.073 3 0.373

40 General first or-
der

(y+u)ux+yuy = x−y Problem
3.3(f) Lokenath Debnath

3 7.176 3 0.912

41 General first or-
der

y2ux −xyuy = x(u− 2y) Prob-
lem 3.3(g) Lokenath Debnath

3 0.07 3 0.421

42 General first or-
der

yuy − xux = 1 Problem 3.3(h)
Lokenath Debnath

3 0.014 3 0.202

43 General first or-
der

ux + 2xy2uy = 0 Problem 3.4
Lokenath Debnath

3 0.048 3 0.22

44 General first or-
der

3ux + 2uy = 0 with u(x, 0) =
sin x. Problem 3.5(a) Lokenath
Debnath

3 0.004 3 0.195

45 General first or-
der

yux + xuy = 0 with u(0, y) =
e−y2 . Problem 3.5(b) Lokenath
Debnath

3 0.017 3 0.492

46 General first or-
der

xux + yuy = 2xy with u = 2
on y = x2. Problem 3.5(c) Lo-
kenath Debnath

3 0.011 3 0.179

47 General first or-
der

ux + xuy = 0 with u(0, y) =
sin y. Problem 3.5(d) Lokenath
Debnath

3 0.006 3 0.237

48 General first or-
der

yux + xuy = xy with u(0, y) =
e−y2 , u(x, 0) = e−x2 . Problem
3.5(e) Lokenath Debnath

7 2.921 7 0.812

49 General first or-
der

ux + xuy = (y − 1
2x

2)2 with
u(0, y) = ey. Problem 3.5(f)
Lokenath Debnath

3 0.008 3 0.314

50 General first or-
der

xux + yuy = u + 1 with u =
x2 on y = x2 Problem 3.5(g)
Lokenath Debnath

3 0.014 3 0.179

51 General first or-
der

uux−uuy = u2+(x+y)2 with
u(x, 0) = 1 Problem 3.5(h) Lo-
kenath Debnath

3 0.031 3 0.417

52 General first or-
der

xux + (x + y)uy = u + 1 with
u(x, 0) = x2 Problem 3.5(i) Lo-
kenath Debnath

3 0.021 3 0.402

53 General first or-
der

xux + yuy + zuz = 0 Problem
3.8(a) .Lokenath Debnath

3 0.023 3 0.17

Continued on next page
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Table 1.6 – Miscellaneous PDE’s. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
54 General first or-

der
x2ux + y2uy + z(x + y)uz = 0
Problem 3.8(b) Lokenath Deb-
nath

3 0.051 3 0.307

55 General first or-
der

x(y−z)ux+y(z−x)uy+z(x−
y)uz = 0 Problem 3.8(c) Loke-
nath Debnath

3 0.023 3 1.173

56 General first or-
der

yzux−xzuy+xy(x2+y2)uz = 0
Problem 3.8(d) Lokenath Deb-
nath

3 0.058 3 0.379

57 General first or-
der

x(y2 − z2)ux + y(z2 − y2)uy +
z(x2 − y2)uz = 0 Problem
3.8(e) Lokenath Debnath

7 35.91 7 0.457

58 General first or-
der

ux+xuy = y with u(0, y) = y2

Problem 3.9(a) Lokenath Deb-
nath

3 0.006 3 0.219

59 General first or-
der

ux+xuy = y with u(1, y) = 2y
Problem 3.9(b) Lokenath Deb-
nath

3 0.007 3 0.189

60 General first or-
der

(ux + uy)2 − u2 = 0. Problem
3.10 Lokenath Debnath

3 0.009 3 0.189

61 General first or-
der

(y + u)ux + yuy = x − y with
u(x, 1) = 1 + x. Problem 3.11
Lokenath Debnath

3 14.71 7 1.484

62 General first or-
der

2xux + (x + 1)uy = y with
u(1, y) = 2y. Problem 3.14(d)
Lokenath Debnath

3 0.022 3 0.297

63 General first or-
der

xux + yuy = x2 + y2 with
u(x, 1) = x2. Problem 3.14(e)
Lokenath Debnath

3 0.022 3 0.28

64 General first or-
der

y2ux + (xy)uy = x with
u(x, 1) = x2. Problem 3.14(f)
Lokenath Debnath

3 0.023 3 0.387

65 General first or-
der

xux + yuy = xy with u = x2

2
at y = x. Problem 3.14(g) Lo-
kenath Debnath

3 0.016 3 0.178

66 General first or-
der

ux + uuy = 1 with u(0, y) =
ay. Problem 3.16(a) Lokenath
Debnath

3 0.051 3 0.275

67 General first or-
der

(y + u)ux + (x + u)uy = x +
y. Problem 3.17(a) Lokenath
Debnath

7 230.2683 1.62

68 General first or-
der

xu(u2 + xy)ux − yu(u2 +
xy)uy = x4. Problem 3.17(b)
Lokenath Debnath

3 0.037 3 0.28

69 General first or-
der

(x+y)ux+(x−y)uy = 0. Prob-
lem 3.17(c) Lokenath Debnath

3 0.039 3 0.947

70 General first or-
der

yux − xuy = eu with u(0, y) =
y2 − 1

3 0.099 3 0.634 Yes

71 General first or-
der

yux − xuy = eu 3 0.048 3 0.503 Yes

Continued on next page
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Table 1.6 – Miscellaneous PDE’s. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
72 General first or-

der
ut+xux = 0 with u(x, 0) = x2.
Math 5587

3 0.011 3 0.377 Yes

73 General first or-
der

ut + tux = 0 with u(x, 0) = ex 3 0.018 3 0.457 Yes

74 General first or-
der

2ux + 3uy = 1 3 0.009 3 0.162 Yes

75 General first or-
der

xut − tux = 0 3 0.019 3 0.334 Yes

76 General first or-
der

ut+ux = 0 with u(x, 1) = x
1+x2 3 0.007 3 0.206 Yes

77 General first or-
der

uxuy = 1 3 0.004 3 0.152 Yes

78 General first or-
der

uxuy = u with u(x, 0) =
0, u(0, y) = 0

3 1.279 3 0.436 Yes

79 Solved by fac-
toring into two
transport equa-
tions

uxx + uxt − 6utt = 0 3 0.027 3 0.325 Yes

80 Solved by fac-
toring into two
transport equa-
tions

uxx − uxt − 12utt = 0 3 0.013 3 0.491 Yes

81 Solved by fac-
toring into two
transport equa-
tions

uxx − 3uxt − 4utt = 0 3 0.014 3 2.669 Yes

82 Solved by fac-
toring into two
transport equa-
tions

utt − 2uxt − 3uxx = 0 with
u(0, x) = x2, ut(x, 0) = ex

3 0.014 3 2.492

83 Schrodinger
PDE

0 L
f = 0 f = 0

Ih̄ft = − h̄2

2mfxx

Logan textbook, page 30

3 0.406 3 0.879

84 Schrodinger
PDE

Ift = − h̄2

2m∇
2f(x, y)

y

x

f = 0

f = 0

f = 0

f = 0

1

1

f(x, y, 0) = g(x, y)

g(x, y) =
√
2(sin(2πx) sin(πy) + sin(πx) sin(2πy))

In a square, zero potential

3 0.306 3 3.28

85 Schrodinger
PDE 5 10

f(5, t) = 0 f(10, t) = 0Ift = −2fxx

f(x, 2) = −350 + 155x− 22x2 + x3

From Mathematica help pages

3 0.42 3 1.514

Continued on next page
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Table 1.6 – Miscellaneous PDE’s. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
86 Schrodinger

PDE
Ift = −fxx + 2x2f(x, t)

No I.C.

−∞ < x <∞, t > 0

From Mathematica help pages

3 0.008 7
Trivial
solu-
tion.
Maple
does
not
support
∞ in
bound-
ary
condi-
tions

1.974

87 Schrodinger
PDE

Ih̄ft = − h̄2

2mfxx

f(x, 0) = Ax(a− x)

−∞ < x <∞, t > 0

0
a

David Griffiths, page 47

3 30.775 3 1.25

88 Schrodinger
PDE

Ih̄ft = − h̄2

2mfxx + V (x)f(x, t)

f(x, 0) = Ax(a− x)

−∞ < x <∞, t > 0

0
a

David Griffiths, page 47

3 0.325 3 0.796

89 Schrodinger
PDE

Ih̄ft = − h̄2

2m∇
2f(x, y)

y

x

f = 0

f = 0

f = 0

f = 0

1

1

f(x, y, 0) = g(x, y)

g(x, y) =
√

2(sin(2πx) sin(πy) + sin(πx) sin(3πy))

In a square

3 0.307 3 3.898

90 Beam PDE Beam PDE utt + uxxxx = 0 3 2.485 3 0.386
91 Burger’s PDE Inviscid Burgers ux + uuy = 0 3

Implicit
solution

0.03 3 0.215 Yes

92 Burger’s PDE Inviscid Burgers with I.C. ux+
uuy = 0 and u(x, 0) = 1

x+1

3 0.01 3 0.26 Yes

93 Burger’s PDE ut + uux = µuxx 3 0.029 3 0.267
94 Burger’s PDE ut + uux + µuxx with IC 3 11.242 7 0.621
95 Burger’s PDE ut+uux+µuxx IC as UnitBox 3 23.532 7 0.46
96 Black Scholes

PDE
classic Black Scholes model
from finance, European call
version

3 5.177 3 0.786

97 Black Scholes
PDE

Boundary value problem for
the Black Scholes equation

3 1.849 3 1.307

98 Korteweg-
deVries PDE

uxxx + ut − 6uux = 0 3 0.029 3 0.165

99 Tricomi PDE uxx + yuyy = 0 with u(x, 0) =
0, uy(x, 0) = x2

3 8.326 3 2.058

Continued on next page
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Table 1.6 – Miscellaneous PDE’s. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
100 Tricomi PDE uxx + xuyy = 0 7 0.011 3 1.035
101 Keldysh equa-

tion
xuxx + uyy = 0 7 0.007 3 1.319

102 Euler-Poisson-
Darboux
equation

uxx + uyy + β
xux = 0 7 0.01 3 0.31

103 Euler-Poisson-
Darboux
equation

uxx − uyy + β
xux = 0 7 0.009 3 0.515

104 Euler-Poisson-
Darboux
equation

utt − uxx − 2
xux = 0 with

u(x, 0) = 0, ut(x, 0) = g(x)
7 2.679 3 2.225

105 Chaplygin’s
equation

uθθ + v2

1− v2
c2
uvv + vuv = 0 7 0.037 3 0.82

106 Cauchy Rie-
mann PDE’s

Cauchy Riemann PDE with
Prescribe the values of u and
v on the x axis

3 0.005 3 0.185

107 Cauchy Rie-
mann PDE’s

Cauchy Riemann PDE With
extra term on right side

7 0.003 3 0.225

108 Hamilton-
Jacobi PDE

Hamilton-Jacobi type PDE 7 0.041 3 0.342

109 Airy PDE ut + uxxx = 0 3 0.012 3 0.235 Yes
110 Nonlinear

PDE’s
Bateman-Burgers ut + uux =
νuxx

3 0.026 3 0.165

111 Nonlinear
PDE’s

Benjamin Bona Mahony ut +
ux + uu+ x− uxxt = 0

3 0.032 3 0.18

112 Nonlinear
PDE’s

Benjamin Ono ut + Huxx +
uux = 0

3 0.023 3 0.162

113 Nonlinear
PDE’s

Born Infeld (1 − u2t )uxx +
2uxutuxt − (1 + u2x)utt = 0

3 0.013 3 0.222

114 Nonlinear
PDE’s

Boussinesq utt−uxx−uxxxx−
3(u2)xx = 0

3 0.042 3 0.178

115 Nonlinear
PDE’s

Boussinesq type utt − uxx −
2α(uux)x − βuxxtt = 0

3 0.037 3 0.211

116 Nonlinear
PDE’s

Buckmaster ut = (u4)xx +
(u3)x

7 0.082 3
Answer
in
terms of
RootOf.

0.446

117 Nonlinear
PDE’s

Camassa Holm ut + 2kux −
uxxt + 3uux = 2uxuxx + uuxxx

7 0.134 3
Answer
in
terms of
RootOf.

1.537

118 Nonlinear
PDE’s

Chaffee Infante ut = uxx +
λ(u3 − u) = 0

7 0.091 3 0.25

119 Nonlinear
PDE’s

Clarke.
(
θt − γeθ

)
tt

=(
θt − eθ

)
xx

7 0.012 7 0.055

Continued on next page
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Table 1.6 – Miscellaneous PDE’s. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
120 Nonlinear

PDE’s
Degasperis Procesi ut − uxxt +
4uux = 3uxuxx+ uuxxx

7 0.132 3
But
still has
unre-
solved
ODE’s
in
solution

0.593

121 Nonlinear
PDE’s

Dym equation ut = u3uxxx 7 0.074 3
has
RootOf

0.66

122 Nonlinear
PDE’s

Estevez Mansfield Clarkson
utyyy+βuyuyt+βuyyut+utt =
0

3 0.035 3 0.2

123 Nonlinear
PDE’s

Fisher’s ut = u(1− u) + uxx 3 0.043 3 0.22

124 Nonlinear
PDE’s

Hunter Saxton (ut + uux))x =
1
2(ux)

2
7 0.051 3

with
RootOf

0.331

125 Nonlinear
PDE’s

Kadomtsev Petviashvili(
ut + uux + ε2uxxx

)
x
+λuyy =

0

3 0.068 3 0.251

126 Nonlinear
PDE’s

Klein Gordon uxx+uyy+λup =
0

7 0.008 7 0.073

127 Nonlinear
PDE’s

Klein Gordon uxx+uyy+u2 =
0

7 0.18 3 0.828

128 Nonlinear
PDE’s

Khokhlov Zabolotskaya uxt −
(uux)x = uyy

7 0.063 3 0.772

129 Nonlinear
PDE’s

Korteweg de Vries (KdV) ut +
(ux)3 + 6uux = 0

3 0.028 3 0.36

130 Nonlinear
PDE’s

Lin Tsien 2utx+uxuxx−uyy =
0

7 0.075 3 0.524

131 Nonlinear
PDE’s

Liouville uxx + uyy + eλu = 0 7 0.007 7 0.103

132 Nonlinear
PDE’s

Plateau (1 + u2y)uxx −
2uxuyyxy + (1 + u2x)uyy = 0

7 0.042 3 0.434

133 Nonlinear
PDE’s

Rayleigh utt−uxx = ε(ut−u3t ) 7 0.074 3
Has
RootOf

0.52

134 Nonlinear
PDE’s

Sawada Kotera ut + 45u2ux +
15uxuxx+15uuxxx+uxxxxx = 0

3 0.078 3 0.397

135 Nonlinear
PDE’s

Sine Gordon φtt−φxx+sinφ =
0

7 0.009 7 0.088

136 Nonlinear
PDE’s

Sinh Gordon uxt = sinh u 7 0.007 7 0.154

137 Nonlinear
PDE’s

Sinh Poisson uxx + uyy +
sinh u = 0

7 0.007 7 0.083

138 Nonlinear
PDE’s

Thomas equation uxy + αux +
βuy + νuxuy = 0

7 0.061 3 0.951

Continued on next page
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Table 1.6 – Miscellaneous PDE’s. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
139 Nonlinear

PDE’s
phi equation φtt − φxx − φ +
φ3 = 0

3 0.041 3 0.303

140 more miscella-
neous

SSxy + SxSy = 1 7 0.042 3 0.256

141 more miscella-
neous

urr + uθθ = 0 3 22.869 3 0.87

142 more miscella-
neous

uxx + yuyy = 0 3 8.295 3 2.664

143 more miscella-
neous

ut + uxxx = 0 3 0.176 3 2.595

144 more miscella-
neous

uxy = sin(x) sin(y) 3 2.243 3 0.603

145 more miscella-
neous

wt = wx1x1 + wx2x2 + wx3x3 3 1.274 3 0.858

146 more miscella-
neous

Linear PDE, initial conditions
at t = t0

3 1.592 3 0.706

147 more miscella-
neous

second order in time, Linear
PDE, initial conditions at t =
t0

3 1.011 3 1.607

148 more miscella-
neous

Einstein-Weiner ut = −βux +
Duxx

3 0.031 3 0.566

149 more miscella-
neous

Using integral transforms. 3 38.845 3 2.009

1.3.2 Parabolic PDE’s (Diffusion)

Table 1.7: Parabolic PDE’s (Diffusion) breakdown of results. Time in seconds
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
150 Diffusion in 1D

Finite do-
main (bar),
Both ends
homogeneous
BC

0
u = 0

L
ut = kuxx

u(x, 0) = f(x)

u = 0

General initial conditions

3 92.535 3 1.555 Yes

151 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
u = 0

10
ut =

1
100uxx

u(x, 0) = 100

u = 0

Specific initial condition

3 25.196 3 0.827 Yes Yes

152 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
u = 0

1
ut =

1
100uxx

x(1− x)

u = 0

IC u = x(1− x)

3 29.404 3 0.912 Yes Yes

Continued on next page
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Table 1.7 – Parabolic PDE’s (Diffusion). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
153 Diffusion in 1D

Finite do-
main (bar),
Both ends
homogeneous
BC

0

u = 0
L

u = 0ut = kuxx

6 sin( 9nπL )

Haberman 2.3.3 (a)

3 0.055 3 2.379 Yes

154 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
u = 0

40
ut = uxx

u(x, 0) =

{
x 0 ≤ x < 20

40− x 20 ≥ x ≤ 40

u = 0

IC hat function

3 44.575 3 1.102 Yes Yes

155 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0

u = 0
L
u = 0ut = kuxx

3 sin πx
L

− sin 3πx
L

Haberman 2.3.3 (b)

3 0.802 3 2.872 Yes

156 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0

u = 0
L
u = 0ut = kuxx

2 cos 3πx
L

Haberman 2.3.3 (c)

3
but
n = 3
should
be spe-
cial
case

93.233 3
handled
n = 3
case
cor-
rectly.

3.454 Yes

157 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0

u = 0
L
u = 0ut = kuxx

u(x, 0) =

{
1 0 < x ≤ L

2
2 L

2
< x ≤ L

Haberman 2.3.3 (d)

7
(Timed
out)

600. 3 4.566 Yes

158 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

−1
u = 0

1
ut = kuxx

f(x)

u = 0

domain from -1 to +1

3 46.186 3 0.837 Yes

159 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

−1
u = 0

1
ut = kuxx

1− x2

u = 0

domain from -1 to +1

3 92.384 3 0.848 Yes Yes

160 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
u = 0

L
ut = kuxx +Q(x)

u(x, 0) = f(x)

u = 0

with source that depends on
space only (general case)

3 98.212 3 1.603 Yes

Continued on next page
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Table 1.7 – Parabolic PDE’s (Diffusion). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
161 Diffusion in 1D

Finite do-
main (bar),
Both ends
homogeneous
BC

0
u = 0

5
ut =

1
10uxx + x

u(x, 0) = x(5− x)

u = 0

with source that depends on
space only (special case)

3 85.342 3 1.725 Yes Yes

162 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
u = 0

L
ut = kuxx +Q(x, t)

u(x, 0) = f(x)

u = 0

with source that depends on
space and time (general case)

3 49.174 3 2.31 Yes

163 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
u = 0

π
ut = kuxx + e−t sin(3x)

u(x, 0) = x(π − x)

u = 0

with source that depends on
space and time (special case)

3 95.91 3 2.87 Yes Yes

164 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
u = 0

π
ut = uxx + t(π − x)

0

u = 0

Math 4567 Exam

3 26.572 3 1.604 Yes

165 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
u = 0

1
ut = kuxx +Q(x, t)

f(x)

u = 0

With source

3 61.128 3 4.249

166 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
u = 0

1
u = 0ut = uxx − 9ux

e
45
10 (5 sin(πx) + 9 sin(2πx) + 2 sin(3πx))

special initial condition

3 2.824 7
(Timed
out)

600. Yes

167 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

1
u = 0

b
u = 0ut = x2uxx + xux

f(x)

Diffusion Reaction and Euler-
Cauchy Sturm-Liouville

3 25.661 3 2.084

168 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0

u = 0
1
u = 0ut =

1
10uxx + ru

u(x, 0) = 1

Diffusion Reaction. Using
growth form reaction term

3 152.6253 0.882 Yes

Continued on next page
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Table 1.7 – Parabolic PDE’s (Diffusion). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
169 Diffusion in 1D

Finite do-
main (bar),
Both ends
homogeneous
BC

0

u = 0
1

u = 0ut =
1

100
uxx + 1

10
u(1− u

10
)

u(x, 0) = 1

Diffusion Reaction, using logis-
tic form for reaction term

3 3.143 7 2.02

170 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0

u = 0
1

u = 0ut =
1

1000
uxx + 1

100
u+ 1

100
u2 − 5

1000
u3

u(x, 0) = 1

Diffusion Reaction, using
Aleee form for reaction term

3 5.429 7 2.654

171 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0

u = 0
L
u = 0ut = kuxx − αu

f(x)

α > 0

Diffusion Reaction. Haberman
2.3.8

3 93.624 3 1.432 Yes

172 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
u = 0

L
ut = uxx − u

f(x)

u = 0

Diffusion Reaction

3 93.128 3 1.382 Yes

173 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
u = 0

1
ut = 100uxx − u

sin(2πx)− sin(4πx)

u = 0

Diffusion Reaction

3 0.438 3 1.442

174 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
u = 0

π
ut = kuxx − ux

u(x, 0) = sin(x)

u = 0

Diffusion Reaction

7 40.745 3 1.184

175 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
u = 0

L
ut = kuxx + aux

u(x, 0) = f(x)

u = 0
a > 0

Diffusion convection (general
case)

3 32.546 3 1.909 Yes

176 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
u = 0

π
ut = uxx + 5ux

u(x, 0) = sin(x)

u = 0

Diffusion convection (special
case)

3 92.464 3 1.702 Yes Yes

Continued on next page
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Table 1.7 – Parabolic PDE’s (Diffusion). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
177 Diffusion in 1D

Finite do-
main (bar),
Both ends
homogeneous
BC

0

ux = 0
L
u = 0ut = kuxx

f(x)

Haberman 2.4.2 (general case)

3 31.546 3 1.676 Yes

178 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
ux = 0

L
u = 0 ut = kuxx

f(x)

Left end zero, right end insu-
lated, no source

3 26.574 3 1.663 Yes

179 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
ux = 0

L
ut = kuxx

u(x, 0) = T0

u = 0
(insulated)

One end insulated

3 32.074 3 1.793

180 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0

ux = 0
L
ux = 0ut = kuxx

f(x)

Haberman 2.3.7 (general case)

3 31.743 3 1.363 Yes

181 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0

ux = 0
5
ux = 0ut =

1
100uxx

u(x, 0) = x

specific case

3 23.593 3 1.061 Yes Yes

182 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0

ux = 0
L
ux = 0

ut = kuxx

u(x, 0) =

{
0 0 < x ≤ L

2
1 L

2
< x ≤ L

L
2

Haberman 2.4.1 (a)

3 21.49 3 4.548

183 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0

ux = 0
L = 1
ux = 0

ut = kuxx

u(x, 0) =

{
x 0 < x ≤ L

2
1− x L

2
< x ≤ L

L
2

Both ends insulated, no source

3 32.954 3 1.324 Yes

184 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0

ux = 0
L
ux = 0ut = kuxx

6 + 4 cos( 3πx
L

)

Haberman 2.4.1 (b) (special
case)

3 32.144 3 3.016 Yes

Continued on next page
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Table 1.7 – Parabolic PDE’s (Diffusion). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
185 Diffusion in 1D

Finite do-
main (bar),
Both ends
homogeneous
BC

0

ux = 0
L
ux = 0ut = kuxx

−2 sin(πx
L
)

Haberman 2.4.1 (c) (special
case)

3 32.008 3 3.414 Yes

186 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0

ux = 0
L
ux = 0ut = kuxx

−3 cos( 8πx
L

)

Haberman 2.4.1 (d)

3 31.543 3 2.665

187 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
ux = 0

1
ux = 0ut = 13uxx

x2

2 + x

both ends insulated

3 61.651 3 2.144

188 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0

ux = 0
1
ux + u = 0ut = kuxx

1− x3

4

convection heat loss

3 2.423 3 0.936

189 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
ux = 0

L
ut = kuxx + cos(ωt)

x

ux = 0

Pinchover and Rubinstein 6.25

3 58.454 3 3.591

190 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
ux = 0

L
ut = kuxx + ect sin( 2πx

L
)

f(x)

ux = 0

external source

3 43.316 3 9.488

191 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0

ux = 0
π
ux = 0ut = kuxx − βu

u(x, 0) = x

β > 0

Diffusion Reaction (general
case)

3 91.889 3 0.86 Yes Yes

192 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
ux = 0

1
ut = 13uxx + g(x, t)

3 cos(42πx)

ux = 0
g(x, t) = e3t cos(17πx)

Pinchover and Rubinstein 6.23

3 95.055 3 3.445

Continued on next page
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Table 1.7 – Parabolic PDE’s (Diffusion). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
193 Diffusion in 1D

Finite do-
main (bar),
Both ends
homogeneous
BC

0
ux = 0

1
ut = uxx + g(x, t)

π cos(2x)

ux = 0
g(x, t) = t cos(2001x)

Pinchover and Rubinstein 6.21

3 93.818 3 1.96

194 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

1
ux = 0

b
ux + hu = 0ut = x2uxx + xux

lnx

Diffusion Reaction. Euler-
Cauchy Sturm-Liouville

3 32.677 7
(Timed
out)

600. Yes

195 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0

u = 0
1
ux + hu = 0ut = kuxx

f(x)

h > 0

convection heat loss

3 2.286 3 1.516 Yes

196 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
ux + u = 0

L
ut = kuxx

f(x)

ux + u = 0

Mixed BC

3 3.138 3 2.919

197 Diffusion in 1D
Finite do-
main (bar),
Both ends
homogeneous
BC

0
ux = 0

π
ut = kuxx + sin( 2πx

L
)

f(x)

ux = 0

Haberman 8.2.1 (f)

3 93.293 3 2.519

198 Diffusion in 1D
Finite domain
(bar), left end
homogeneous,
right end not

0
ux = 0

L
ut = kuxx

u(x, 0) = f(x)

u = T0

left end insulated (general
case)

3 33.038 3 1.873 Yes

199 Diffusion in 1D
Finite domain
(bar), left end
homogeneous,
right end not

0
ux = 0

5
ut =

1
100

uxx

u(x, 0) = 0

u = 10

left end insulated (special case)

3 20.289 3 1.226 Yes Yes

200 Diffusion in 1D
Finite domain
(bar), left end
homogeneous,
right end not

0
u = 0

L
ut = kuxx

u(x, 0) = f(x)

u = T0

right end nonhomogeneous BC
(general case)

3 95.03 3 1.502 Yes

Continued on next page
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Table 1.7 – Parabolic PDE’s (Diffusion). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
201 Diffusion in 1D

Finite domain
(bar), left end
homogeneous,
right end not

0
u = 0

100
ut =

1
100uxx

u(x, 0) = x

u = 100

right end nonhomogeneous BC
(special case)

3 0.009 3 1.289 Yes

202 Diffusion in 1D
Finite domain
(bar), left end
homogeneous,
right end not

0
u = 0

1
ut = uxx

u(x, 0) =

{
1 x = 1
0 otherwise

u = 1

right end nonhomogeneous BC,
special case

3 14.619 3 0.94 Yes Yes

203 Diffusion in 1D
Finite domain
(bar), left end
homogeneous,
right end not

0

ux + hu = 0
1

u = 1ut = kuxx

0

h > 0

convection heat loss

3 7.353 7
(Timed
out)

600. Yes

204 Diffusion in 1D
Finite domain
(bar), left end
homogeneous,
right end not

0
ux = 0

1
ut = 13uxx

1
2
x2 + x

ux = 1

nonhomogeneous BC

7 1.798 3 2.14

205 Diffusion in 1D
Finite domain
(bar), left end
homogeneous,
right end not

0
u = 0

π
ux = Aut = uxx

0

nonhomogeneous BC

3 62.389 3 0.99

206 Diffusion in 1D
Finite domain
(bar), left end
homogeneous,
right end not

0
u = 0

a
u = aφ(t)

ut = kurr

rf(r)

nonhomogeneous BC

3 54.29 3 3.592 Yes

207 Diffusion in 1D
Finite domain
(bar), right end
homogeneous,
left end not

0

ux = A(t)

L
ut = kuxx

u(x, 0) = 0

u = 0

left end BC depends on time
(general case)

3 65.521 3 3.611 Yes

208 Diffusion in 1D
Finite domain
(bar), right end
homogeneous,
left end not

0
ux = et

5
ut =

1
100

uxx

u(x, 0) = 0

u = 0

left end BC depends on time
(special case)

3 64.923 3 2.507 Yes Yes

209 Diffusion in 1D
Finite domain
(bar), right end
homogeneous,
left end not

0
ux = sin(t)

5
ut =

1
100

uxx

u(x, 0) = 0

u = 0

left end BC depends on time
(special case)

3 65.993 3 2.413 Yes Yes

Continued on next page
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Table 1.7 – Parabolic PDE’s (Diffusion). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
210 Diffusion in 1D

Finite domain
(bar), right end
homogeneous,
left end not

0
u = 1

π
ut = kuxx + e−2t sin(5x)

u(x, 0) = 0

u = 0

Haberman 8.3.6 (special case)

3 154.8433 2.947 Yes Yes

211 Diffusion in 1D
Finite domain
(bar), right end
homogeneous,
left end not

0
u = t

π
ut = uxx

0

u = 0

BC depends on time (special
case)

3 24.685 3 1.381

212 Diffusion in 1D
Finite domain
(bar), Periodic
BC

−L
u(−L, t) = u(L, t)

ux(−L, t) = ux(L, t)

L
ut = kuxx

f(x)

periodic B.C.

Periodic BC (general case). IC
given

3 4.048 3 4.277

213 Diffusion in 1D
Finite domain
(bar), Periodic
BC

−π
u(−π, t) = u(π, t)

ux(−π, t) = ux(π, t)

π
ut = kuxx

periodic B.C.

Periodic BC (general case). No
IC given

3 0.011 7 0.62 Yes

214 Diffusion in 1D
Finite domain
(bar), Periodic
BC

−π
u(−π, t) = u(π, t)

ux(−π, t) = ux(π, t)

π
ut = kuxx − u

periodic B.C.

Periodic BC (general case).
Damped heat PDE. No IC
given

7 0.022 7 0.801 Yes

215 Diffusion in 1D
Finite domain
(bar), Both
ends nonho-
mogeneous
BC

0
u = A

L
ut = kuxx

u(x, 0) = f(x)

u = B

both ends non-homogeneous
BC (general case)

3 93.33 3 1.871 Yes

216 Diffusion in 1D
Finite domain
(bar), Both
ends nonho-
mogeneous
BC

0
u = 20

1
ut = uxx

u(x, 0) = 0

u = 50

non-homogeneous BC (special
case)

3 27.836 3 1.088 Yes

217 Diffusion in 1D
Finite domain
(bar), Both
ends nonho-
mogeneous
BC

0
u = 10

1
ut =

1
20uxx

u(x, 0) = 60x− 50x2 + 10

u = 20

Articolo 8.4.1 (special case)

3 92.982 3 1.029 Yes

218 Diffusion in 1D
Finite domain
(bar), Both
ends nonho-
mogeneous
BC

0
u = A

L
ut = kuxx +Q(x)

u(x, 0) = f(x)

u = B

With source that depends on
space only (general case)

3 103.13 3 1.961 Yes

Continued on next page
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Table 1.7 – Parabolic PDE’s (Diffusion). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
219 Diffusion in 1D

Finite domain
(bar), Both
ends nonho-
mogeneous
BC

0
u = 20

30
ut = kuxx + x

10

u(x, 0) = 60− 2x

u = 50

With source that depends on
space only (special case)

3 154.7713 1.155 Yes Yes

220 Diffusion in 1D
Finite domain
(bar), Both
ends nonho-
mogeneous
BC

0
u = A

L
ut = kuxx +Q(x, t)

u(x, 0) = f(x)

u = B

With source that depends on
space and time only (general
case)

3 48.597 3 2.457 Yes

221 Diffusion in 1D
Finite domain
(bar), Both
ends nonho-
mogeneous
BC

0
u = A(t)

L
ut = kuxx

u(x, 0) = f(x)

u = B(t)

Both ends depend on time
(general case)

3 86.706 3 3.557 Yes

222 Diffusion in 1D
Finite domain
(bar), Both
ends nonho-
mogeneous
BC

0
u = sin(t)

2
ut =

1
10uxx

u(x, 0) = x

u = 2 cos(t)

Both ends depend on time (spe-
cial case)

3 96.834 3 2.968 Yes Yes

223 Diffusion in 1D
Finite domain
(bar), Both
ends nonho-
mogeneous
BC

0
ux = 1

π
ux = −1ut = uxx

sinx

both ends nonhomogeneous

3 64.258 3 2.66 Yes

224 Diffusion in 1D
Finite domain
(bar), Both
ends nonho-
mogeneous
BC

0
u = A

L
ut = kuxx

f(x)

ut = B

Haberman 8.2.1 (a) (general
case)

3 34.899 3 2.049 Yes

225 Diffusion in 1D
Finite domain
(bar), Both
ends nonho-
mogeneous
BC

0
u = A

L
ut = kuxx + k

f(x)

u = B

Haberman 8.2.1 (d) (general
solution)

3 103. 3 1.771 Yes

226 Diffusion in 1D
Finite domain
(bar), Both
ends nonho-
mogeneous
BC

0
u = A(t)

L
ut = kuxx +Q(x)

u(x, 0) = f(x)

u = B(t)

Both ends depend on time with
source that depends on space
only (general solution)

3 128.6777
(Timed
out)

600. Yes

Continued on next page
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Table 1.7 – Parabolic PDE’s (Diffusion). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
227 Diffusion in 1D

Finite domain
(bar), Both
ends nonho-
mogeneous
BC

0
u = sin(t)

2
ut =

1
10uxx + x

u(x, 0) = x

u = 2 cos(t)

Both ends depend on time with
source that depends on space
only (special case)

3 163.2293 3.857 Yes Yes

228 Diffusion in 1D
Finite domain
(bar), Both
ends nonho-
mogeneous
BC

0
u = A(t)

L
ut = kuxx +Q(x, t)

u(x, 0) = f(x)

u = B(t)

Both ends depend on time with
source that depends on time
and space (general solution)

3 69.729 3 3.34 Yes

229 Diffusion in 1D
Finite domain
(bar), Both
ends nonho-
mogeneous
BC

0
u = sin(t)

2
ut =

1
10uxx + xte−t cos(t)

u(x, 0) = x

u = 2 cos(t)

Both ends depend on time with
source present (special case)

3 171.1023 6.242 Yes Yes

230 Diffusion in 1D
Finite domain
(bar), Both
ends nonho-
mogeneous
BC

0
ux = sin(t)

1
ut = uxx + 1 + x cos(t)

1 + cos(2x)

ux = sin(t)

Pinchover and Rubinstein 6.17

7 15.807 3 2.019

231 Diffusion in 1D
Finite domain
(bar), Both
ends nonho-
mogeneous
BC

0
ux = t sin t

5

π
ut = kuxx + x

60− 20x

ux = t cos t
10

nonhomogeneous BC

3 169.1053 4.05

232 Diffusion in 1D
Finite domain
(bar), Both
ends nonho-
mogeneous
BC

0
ux = A(t)

L
ut = uxx +Q(x, t)

f(x)

ux = B(t)

Haberman 8.2.2. (a)

3 94.926 3 3.335 Yes

233 Diffusion in 1D
Finite domain
(bar), Both
ends nonho-
mogeneous
BC

0
u = 5

1
ux + u = 10ut =

1
20uxx + t

−40x2

3 + 45x
2 + 5

Articolo 8.4.3

3 4.935 3 2.803

234 Diffusion in 1D
Semi-infinite
domain 0

u = A ut = kuxx

u(x, 0) = 0
∞

left end constant (general case)

3 60.028 3 0.711 Yes

Continued on next page
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Table 1.7 – Parabolic PDE’s (Diffusion). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
235 Diffusion in 1D

Semi-infinite
domain 0

u = 60 ut =
1
10uxx

u(x, 0) = 0
∞

left end constant (special case)

3
It fail if
assump-
tion
x > 0
is given.
A bug

37.776 3 0.7 Yes Yes

236 Diffusion in 1D
Semi-infinite
domain 0

u = f(t) ut = uxx

0
∞

Logan p. 76. Left end general
function of time (general case)

3 0.454 3 0.969 Yes

237 Diffusion in 1D
Semi-infinite
domain

0
u = sin(t) ut =

1
10uxx

u(x, 0) = 0
∞

Left end function of time (spe-
cial case)

3 30.759 3 1.326 Yes Yes

238 Diffusion in 1D
Semi-infinite
domain 0

u = 1 ut = kuxx

0
∞

nonhomogeneous BC

3 60.023 3 0.432

239 Diffusion in 1D
Semi-infinite
domain −x0

u = 0 ut =
1
4uxx

u(x, t0) = 10
∞

x > |x0|, t > |t0|

I.C. not zero

3
due to
IC/BC
not zero

14.15 3 0.692

240 Diffusion in 1D
Semi-infinite
domain 0

u = µ ut = kuxx

λ
∞

x > 0, t > 0

nonhomogeneous BC

3 60.051 3 0.402

241 Diffusion in 1D
Semi-infinite
domain

0
u = 1 ut = uxx

cosx
∞

x > 0, t > 0

nonhomogeneous BC

3 60.045 3 1.57

242 Diffusion in 1D
Semi-infinite
domain

0

u = t ut = kuxx

0

x
∞

nonhomogeneous B.C.

3 60.026 3 0.877

243 Diffusion in 1D
Semi-infinite
domain

0

ux = 0 ut = kuxx

∞
2 4

Unit triangle I.C.

3 31.526 3 0.918

Continued on next page
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Table 1.7 – Parabolic PDE’s (Diffusion). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
244 Diffusion in 1D

Semi-infinite
domain

x0

ux = 0 ut =
1
4uxx

∞u(x, t0) = 10e−x2

0

I.C. not at t = 0

3 5.371 3 0.87

245 Diffusion in 1D
Semi-infinite
domain u = 0 ut = uxx − ux

∞
u(x, 0) = f(x)

0

Diffusion with advection

3 2.249 3 1.263

246 Diffusion in 1D
Semi-infinite
domain

ut = 0 ut = uxx

∞
u(x, 0) = x2 + 1

0

Practice exam problem

3 60.043 3 0.65

247 Diffusion in 1D
Infinite domain

ut = uxx
∞e−x2

−∞

Inverse exponential I.C.

3 22.122 3 0.617 Yes

248 Diffusion in 1D
Infinite domain

ut = 12uxx + ux sin(t)
∞x−∞

Advection term

3 0.42 3 0.583

249 Diffusion in 1D
Infinite domain

ut = uxx

∞−∞
0−1

2
1
2

1

UnitBox I.C.

3 0.118 3 0.745

250 Diffusion in 1D
Infinite domain

ut = kuxx

∞−∞
0

f(x)

No source

3 1.365 3 1.123

251 Diffusion in 1D
Infinite domain

ut = kuxx +m

∞−∞
0

sinx

constant as source

3 30.401 3 0.722

252 Diffusion in 1D
Infinite domain

ut = uxx

∞−∞
0

No I.C. specified

No intial conditions

3 0.004 3 0.21 Yes

253 Diffusion in 1D
Infinite domain

ut = µuxx − 1

∞−∞
0

1

piecewise I.C.

3
due to
i.c. not
at zero

84.545 3 0.953 Yes

254 Diffusion in 1D
Infinite domain

ut = uxx

∞
u(x, 0) = x

−∞

Practice exam problem

3 20.868 3 0.553

Continued on next page
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Table 1.7 – Parabolic PDE’s (Diffusion). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
255 Diffusion in 2D

Cartesian coor-
dinates (Rect-
angle, Square)

x

y

1

10

ut =
1
10
∇2u(x, y)u = 0

u = 0

u = 0

u = 0

At t = 0, u = x(1− x)(1− y)y

No source

3 3.275 3 1.801

256 Diffusion in 2D
Cartesian coor-
dinates (Rect-
angle, Square)

x

y

1

1

ut =
1
10
∇2u− 1

5
uux = 0

u = 0

u = 0

uy = 0

At t = 0, u = (1− x2)(1− 1
2
y)y

solve for u(x, y, t)

Internal source term

3 7.154 3 2.337

257 Diffusion in 2D
Cartesian coor-
dinates (Rect-
angle, Square)

x

y

1

1

ut =
1
50

∇2u(x, y)ux = 0

u = 0

ux + u = 0

u = 0

At t = 0, u = (1− x2

3
)y(1− y)

solve for u(x, y, t)

Articolo 6.6.3

3 5.044 3 3.939

258 Diffusion in 2D
Polar coordi-
nates (disk,
sector, annu-
lus)

ur = 0

ut = urr +
1
rur

r

Solve for u(r, t)

u(r, 0) = f(r)

0 < r < L, t > 0

L

(insulated)

(boundary conditions)

(initial conditions)

no θ dependency, insulated
(General solution)

3 0.819 3
Cant
get
series
solution

6.217 Yes

259 Diffusion in 2D
Polar coordi-
nates (disk,
sector, annu-
lus)

ur = 0

ut = urr +
1
rur

r

Solve for u(r, t)

u(r, 0) = 2r − r2

0 < r < 1, t > 0

1

(insulated)

(boundary conditions)

(initial conditions)

no θ dependency, insulated
(Specific solution)

3 2.137 3
Do not
under-
stand
Maple
solution

2.874 Yes Yes

Continued on next page
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Table 1.7 – Parabolic PDE’s (Diffusion). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
260 Diffusion in 2D

Polar coordi-
nates (disk,
sector, annu-
lus)

Lur = −hu

ut = urr +
1
rur

r

Solve for u(r, t)

u(r, 0) = f(r)

0 < r < L, t > 0

L

boundary conditions.
Newton’s law of cooling

(initial conditions)

(0 degree outside)

no θ dependency

3 0.232 3 1.7

261 Diffusion in 2D
Polar coordi-
nates (disk,
sector, annu-
lus) u = 0

ut = urr +
1
rur

r

Solve for u(r, t)

u(r, 0) = 1− r

0 < r < 1, t > 0

1

no θ dependency

3 1.152 3 0.739

262 Diffusion in 2D
Polar coordi-
nates (disk,
sector, annu-
lus)

u = 0

ut = k(urr + 1
r
ur) + f(r, t)

r

Solve for u(r, t)

u(r, 0) = 0

0 < r < a, t > 0

a

Haberman 8.3.5 (General solu-
tion)

3 105.8093 1.11 Yes

263 Diffusion in 2D
Polar coordi-
nates (disk,
sector, annu-
lus)

u = 0

ut = k(urr + 1
r
ur) + sin(t)

r

Solve for u(r, t)

u(r, 0) = 0

0 < r < a, t > 0

a = 2

Where k = 1
100

Specific example of the above

3 3.25 3 1.269 Yes Yes

Continued on next page
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Table 1.7 – Parabolic PDE’s (Diffusion). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
264 Diffusion in 2D

Polar coordi-
nates (disk,
sector, annu-
lus)

u = 0

ut = k(urr + 1
r
ur) + rte−t

r

Solve for u(r, t)

u(r, 0) = 0

0 < r < a, t > 0

a = 2

Where k = 1
100

Specific example of the above

3 2.718 3 1.146 Yes Yes

265 Diffusion in 2D
Polar coordi-
nates (disk,
sector, annu-
lus)

u(1, θ, t) = 0

ut =
1
50

(urr +
1
r
ur +

1
r2
uθθ)

Solve for u(r, θ, t)

I.C. u(r, θ, 0) = (r − r3) sin θ

0 < r < 1, 0 < θ < π
2
, t > 0

1
u(r, 0, t) = 0

∂u
∂θ

(r, π
2
, t) = 0 r

θ

Articolo 6.9.1

3 3.368 7 0.758

266 Diffusion in 2D
Polar coordi-
nates (disk,
sector, annu-
lus)

∂u
∂r

(1, θ, t) = 0

ut =
1
25

(urr +
1
r
ur +

1
r2
uθθ)

Solve for u(r, θ, t)

I.C. u(r, θ, 0) = (r − r3

3
) sin θ

0 < r < 1, 0 < θ < π, t > 0

1
u(r, 0, t) = 0

r
θ

u(r, π, t) = 0

Articolo 6.9.2

3 3.49 3 10.656

267 Diffusion in 2D
Polar coordi-
nates (disk,
sector, annu-
lus)

u(a, θ, t) = g(θ)

ut = k(urr +
1
r
ur +

1
r2
uθθ)

Solve for u(r, θ, t)

I.C. u(r, θ, 0) = f(r, θ)

0 < r < a, 0 < θ < 2π, t > 0

r
θ a

(boundary conditions)

Haberman 8.2.5 with θ depen-
dency (General case)

3 239.2037 0.305 Yes

268 Diffusion in 2D
Polar coordi-
nates (disk,
sector, annu-
lus)

u(1, θ, t) = 0

ut = k(urr +
1
r
ur +

1
r2
uθθ)

Solve for u(r, θ, t)

I.C. u(r, θ, 0) = 1− r2

0 < r < 1, 0 < θ < 2π, t > 0

r
θ 1

(boundary conditions)

With θ dependency (Specific
example)

3 6.781 7 0.815 Yes Yes

Continued on next page
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Table 1.7 – Parabolic PDE’s (Diffusion). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
269 Diffusion in 2D

Polar coordi-
nates (disk,
sector, annu-
lus)

u(1, θ, t) = 0

ut = k(urr +
1
r
ur +

1
r2
uθθ)

Solve for u(r, θ, t)

I.C. u(r, θ, 0) = (r − r3) sin θ

0 < r < 1, 0 < θ < 2π, t > 0

r
θ 1

(boundary conditions)

With θ dependency (specific
example)

3 7.919 7 0.866 Yes Yes

270 Diffusion in 2D
Polar coordi-
nates (disk,
sector, annu-
lus)

ur(L, θ, t) = 0

ut = k(urr +
1
r
ur +

1
r2
uθθ)

Solve for u(r, θ, t)

I.C. u(r, θ, 0) = f(r, θ)

0 < r < L,−π < θ < π, t > 0

r
θ L

(Insulated)

Insulated with θ dependency
(General solution)

3 2.886 7 1.843 Yes

271 Diffusion in 2D
Polar coordi-
nates (disk,
sector, annu-
lus)

ur(1, θ, t) = 0

ut = urr +
1
r
ur +

1
r2
uθθ

Solve for u(r, θ, t)

I.C. u(r, θ, 0) = (2r − r2) cos θ sin θ

0 < r < 1,−π < θ < π, t > 0

r
θ 1

(Insulated)

Insulated with θ dependency
(Specific example)

3 11.87 7 1.838 Yes Yes

272 Diffusion in 2D
Polar coordi-
nates (disk,
sector, annu-
lus)

ur(1, θ, t) = 0

ut = urr +
1
r
ur +

1
r2
uθθ

Solve for u(r, θ, t)

I.C. u(r, θ, 0) = (2Lr − r2)θ sin θecos θ

0 < r < 1,−π < θ < π, t > 0

r
θ 1

(Insulated)

Insulated with θ dependency
(Specific example)

7
(Timed
out)

600. 7 1.901 Yes Yes

Continued on next page
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Table 1.7 – Parabolic PDE’s (Diffusion). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
273 Diffusion in 3D

Spherical coor-
dinates

solve for u = (r, t)

r

1

u(1, t) = tI.C. u(r, 0) = 0

ut =
1
r (ru)rr

No angle dependencies

3 61.011 3
Has
unre-
solved
Laplace
inte-
grals

0.525

274 Diffusion in 3D
Cylinderical co-
ordinates

H

a
r θ

z

ut = k
(
urr +

1
rur + uzz

)

u = 0

(bottom side)

u = 0

(top side)

u = 0
(side)

Initial conditions u(r, z, 0) = f(r, z)

(No θ dependency)

u = u(r, z, t)

Haberman 7.9.4 (a)

3 1.743 3 9.997 Yes Yes

275 Diffusion in 3D
Cylinderical co-
ordinates

H

a
r θ

z

ut = k
(
urr +

1
rur + uzz

)

uz = 0

(bottom side)

uz = 0

(top side)

ur = 0
(side)

Initial conditions u(r, z, 0) = f(r, z)
(No θ dependency)

u = u(r, z, t)

Haberman 7.9.4 (b)

3 4.68 7 4.181 Yes Yes

276 Diffusion in 3D
Cylinderical co-
ordinates

H

a
r θ

z

ut = k
(
urr +

1
rur + uzz

)

u = 0

(bottom side)

u = 0

(top side)

ur = 0
(side)

Initial conditions u(r, z, 0) = f(r, z)

u = u(r, z, t)

(No θ dependency)

Haberman 7.9.4 (c)

3 2.333 7 6.657

277 Diffusion in 3D
Cylinderical co-
ordinates

H

a

r
θ

zu = 0

u = 0
(back side)

u = 0

u = 0
(bottom side)

(top side)

ut = k(urr +
1
rur +

1
r2uθθ + uzz)

u = 0

(this side)

(this side)

I.C. u(r, θ, z, 0) = f(r, θ, z)

Haberman 7.9.3 (a)

7 0.015 7 1.047

Continued on next page
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Table 1.7 – Parabolic PDE’s (Diffusion). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
278 Diffusion in 3D

Cylinderical co-
ordinates

H

a

r
θ

zuθ = 0

ur = 0
(back side)

uz = 0

uz = 0
(bottom side)

(top side)

ut = k(urr +
1
rur +

1
r2uθθ + uzz)

uθ = 0

(this side)

(this side)

I.C. u(r, θ, z, 0) = f(r, θ, z)

Haberman 7.9.3 (b)

7 0.01 7 1.136

279 Diffusion in 3D
Cylinderical co-
ordinates

H

a

r
θ

zu = 0

ur = 0
(back side)

u = 0

u = 0
(bottom side)

(top side)

ut = k(urr +
1
rur +

1
r2uθθ + uzz)

uθ = 0

(this side)

(this side)

I.C. u(r, θ, z, 0) = f(r, θ, z)

Haberman 7.9.3 (c)

7 0.012 7 1.143

1.3.3 Elliptic PDE’s (Laplace, Poisson, Helmholtz)

Table 1.8: Elliptic PDE’s (Laplace, Poisson, Helmholtz) breakdown of results. Time in seconds
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
280 Laplace in 2D

Cartesian coor-
dinates

∇2u(x, y) = 0

L

H

x

y

u = 0 u = 0

u = 0

u = f(x)

Rectangle, 3 edges zero, but-
tom edge not

3 1.441 3 23.392 Yes

281 Laplace in 2D
Cartesian coor-
dinates

x

y

1

1u = 0

u = 0

u = 0

f(y) = y(1− y)uxx + uyy = 0

Rectangle, 3 edges zero, right
edge not

3 1.6 3 1.217 Yes

Continued on next page
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Table 1.8 – Elliptic PDE’s (Laplace, Poisson, Helmholtz). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
282 Laplace in 2D

Cartesian coor-
dinates

∇2u(x, y) = 0

a

b

x

y

u = 0 u = 0

δ(x− ξ)

u = 0

Rectangle, 3 edges zero, but-
tom edge has impulse

3 3.91 3 9.684 Yes

283 Laplace in 2D
Cartesian coor-
dinates

∇2u(x, y) = 0

L

H

x

y

∂u
∂x

= 0 ∂u
∂x

= 0

u = 0

u = f(x)

solve for u(x, y)

Haberman 2.5.1 (a)

3 0.857 3 22.092

284 Laplace in 2D
Cartesian coor-
dinates

∇2u(x, y) = 0

L

H

x

y

∂u
∂x

= g(y) ∂u
∂x

= 0

u = 0

u = 0

Haberman 2.5.1 (b)

3 0.893 3 22.111

285 Laplace in 2D
Cartesian coor-
dinates

∇2u(x, y) = 0

L

H

x

y

∂u
∂x

= 0 ∂u
∂x

= g(y)

u = 0

u = 0

Haberman 2.5.1 (c)

3 3.512 3 22.17

286 Laplace in 2D
Cartesian coor-
dinates

∇2u(x, y) = 0

L

H

x

y

u = g(y) u = 0

u = 0

∂u
∂y

= 0

Haberman 2.5.1 (d)

3 3.17 3 34.579

287 Laplace in 2D
Cartesian coor-
dinates

∇2u(x, y) = 0

L

H

x

y

u = 0 u = 0

u = f(x)

u− ∂u
∂y

= 0

Haberman 2.5.1 (e)

3 14.115 3 21.461 Yes

Continued on next page
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Table 1.8 – Elliptic PDE’s (Laplace, Poisson, Helmholtz). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
288 Laplace in 2D

Cartesian coor-
dinates

∇2u(x, y) = 0

1

2

x

y

u = 0 u = 0

u = UnitTriangle(2x− 1)

u = UnitTriangle(2x− 1)

Unit triangle B.C.

3 0.728 3 1.904

289 Laplace in 2D
Cartesian coor-
dinates

∇2u(x, y) = 0

L
x

y

u = A u = 0

u = 0

∞

Top edge at infinity

3 3.233 3 1.632 Yes

290 Laplace in 2D
Cartesian coor-
dinates

∇2u(x, y) = 0

L
x

y

u = 0 u = A

u = 0

∞

Top edge at infinity

3 2.288 3 1.606 Yes

291 Laplace in 2D
Cartesian coor-
dinates

∇2u(x, y) = 0

L

x

y

u = 0

u = A

∞

u = 0

Right edge at infinity

3 2.789 3 1.651 Yes

292 Laplace in 2D
Cartesian coor-
dinates

∇2u(x, y) = 0

L

x

y

u = 0

u = 0

∞

u = e−x

Right edge at infinity

3 89.049 3 6.302 Yes

293 Laplace in 2D
Cartesian coor-
dinates

∇2u(x, y) = 0

1

x

y

u = 0

u = 0

∞

u = f(x)

Right edge at infinity

3 1.348 3 3.834

Continued on next page
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Table 1.8 – Elliptic PDE’s (Laplace, Poisson, Helmholtz). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
294 Laplace in 2D

Cartesian coor-
dinates

Laplace PDE in 2D Cartes-
sian with boundary condition
as Dirac function

3 0.047 3 0.429

295 Laplace in 2D
Cartesian coor-
dinates

∇2u(x, y) = 0

π
x

y

u = 0 u = sinh(π) cos(y)

u = − sinh(x)
π

u = sin(x)

One side homogeneous

3 5.1 3 3.404

296 Laplace in 2D
Cartesian coor-
dinates

∇2u(x, y) = 0

x

y

u = sin y
y

∞

∞

In right half plane

3 4.281 3 0.585

297 Laplace in 2D
Cartesian coor-
dinates

∇2u(x, y) = 0

a

x

y

u = sin y

u = 0

∞

u = 0

Right edge at infinity

3 4.281 3 2.222

298 Laplace in 2D
Cartesian coor-
dinates

y

1
2

− 1
2

x

−∞ < x <∞, y > 0

1

∇2u(x, y) = 0 B.C.

Dirichlet problem Upper half

3 1.507 3 0.633

299 Laplace in 2D
Cartesian coor-
dinates

y

−∞ < y <∞, x > 0

∇2u(x, y) = 0

x

u = sinc(y)
∞

Right half-plane

3 5.029 3 0.705

300 Laplace in 2D
Cartesian coor-
dinates

y y > 0, x > 0

∇2u(x, y) = 0

x

u = − 1
(x−2)2+3

u = − 1
(y−3)2+3

First quadrant

3 92.86 7 2.852

Continued on next page
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Table 1.8 – Elliptic PDE’s (Laplace, Poisson, Helmholtz). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
301 Laplace in 2D

Cartesian coor-
dinates

y

y > 0,−∞ < x <∞

∇2u(x, y) = 0

x

∂u
∂y

(x, 0) =
Unit box

Neumann problem upper half-
plane

3 5.277 3
used
con-
vert(sol,Int).

0.894

302 Laplace in 2D
Cartesian coor-
dinates

y

∇2u(x, y) = 0

x

2

1u = x2(1− x)

u = 0

u = 0

u = 0

Dirichlet problem in a rectan-
gle

3 2.117 3 1.228

303 Laplace in 2D
Cartesian coor-
dinates

y

∇2u(x, y) = 0

x

b

u = 0

u = h(x)

−∞ < x <∞, 0 < y < b

Strip in upper half

3 5.131 3 1.376

304 Laplace in 2D
Cartesian coor-
dinates

y

∇2u(x, y) = 0

x

a

u = 0

u = 0

∞u = sin(y)

in Rectangle, right edge at in-
finity

3 4.392 3 2.306

305 Laplace in 2D
Polar coordi-
nates

u = 0

u = 0

r
θ

ur = f(θ)

urr +
1
r
ur +

1
r2
uθθ = 0

1

Laplace PDE inside quarter
disk, Neumann BC at edge

3 2.417 3 0.649

Continued on next page
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Table 1.8 – Elliptic PDE’s (Laplace, Poisson, Helmholtz). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
306 Laplace in 2D

Polar coordi-
nates

urr +
1
r
ur +

1
r2
uθθ = 0

r
θ

4

u(4, θ) = (r cos θ)4

∇2u(r, θ) = 0

r = 4 and u = x4 at boundary
of disk

3 2.707 3 2.883 Yes

307 Laplace in 2D
Polar coordi-
nates

urr +
1
r
ur +

1
r2
uθθ = 0

r
θ

1

∂u
∂r

= 0

∇2u(r, θ) = 0

r = 1 and ur = x at boundary
of disk

7 0.4 7 0.4 Yes

308 Laplace in 2D
Polar coordi-
nates

urr +
1
r
ur +

1
r2
uθθ = 0

r
θ

a

u(a, θ) = f(θ)

∇2u(r, θ) = 0

Laplace inside disk. General so-
lution

3 0.356 3 1.209

309 Laplace in 2D
Polar coordi-
nates

r
θ

1

u(1, θ) = 1
4
cos θ − 1

4
cos 3θ

∇2u(r, θ) = 0

Laplace inside disk. Specific
boundary conditions

3 3.399 3 1.845 Yes

310 Laplace in 2D
Polar coordi-
nates

u(1, θ) = f(θ)

urr +
1
r
ur +

1
r2
uθθ = 0

Solve for u(r, θ)
0 < r < 1, 0 < θ < π

2
, t > 0

1
u(r, 0) = 0

∂u
∂θ

(r, π
2
) = 0 r

θ

∇2u(r, θ) = 0

Haberman 2.5.5 (c)

7 3.091 3 0.751 Yes

Continued on next page
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Table 1.8 – Elliptic PDE’s (Laplace, Poisson, Helmholtz). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
311 Laplace in 2D

Polar coordi-
nates

u(1, θ) = 0

urr +
1
r
ur +

1
r2
uθθ = 0

Solve for u(r, θ)
0 < r < 1, 0 < θ < π

1
u(r, 0) = 0

r
θ

u(r, π) = 0

∇2u(r, θ) = 0

semi-circle

3 1.397 3 0.683

312 Laplace in 2D
Polar coordi-
nates

a

b
r
θ

∂u
∂r (a, θ) = 0

u(b, θ) = g(θ)

∇2u(r, θ) = 0

Haberman 2.5.8 (b)

3 6.32 3 70.728 Yes

313 Laplace in 2D
Polar coordi-
nates

2
r
θ

u(1, θ) = 0

u(2, θ) = sin(θ)

∇2u(r, θ) = 0

1

Circular annulus

3 1.168 3 1.572

314 Laplace in 2D
Polar coordi-
nates

a

r

θ

u(a, θ) = f(θ)

∇2u(r, θ) = 0

solve for u(r, θ) outside disk

Outside a disk

3 4.008 3 1.229

315 Laplace in 2D
Polar coordi-
nates

r
θ

1

u(1, θ) = 1
4
cos θ − 1

4
cos 3θ

∇2u(r, θ) = 0
outside the disk

Outside a disk

3 3.021 3 1.928 Yes

316 Laplace in 3D
Spherical coor-
dinates

In a sphere 3 0.056 3 0.693

Continued on next page
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Table 1.8 – Elliptic PDE’s (Laplace, Poisson, Helmholtz). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
317 Laplace in 3D

Cylinderical co-
ordinates

H

a
r θ

z

urr +
1
rur +

1
r2uθθ + uzz = 0

u = f(r, θ)

(bottom side)

u = 0

(top side)

u = 0
(side)

Haberman 7.9.1 (a)

7 0.014 7 0.628

318 Laplace in 3D
Cylinderical co-
ordinates

H

a
r θ

z

urr +
1
rur +

1
r2uθθ + uzz = 0

u = f(r) sin(7θ)

(bottom side)

u = 0

(top side)

u = 0
(side)

Haberman 7.9.1 (b)

7 0.012 7 0.642

319 Laplace in 3D
Cylinderical co-
ordinates

H

a
r θ

z

urr +
1
rur +

1
r2uθθ + uzz = 0

u = 0

(bottom side)

u = f(r) cos(3θ)

(top side)

ur = 0
(side)

Haberman 7.9.1 (c)

7 0.013 7 0.698

320 Laplace in 3D
Cylinderical co-
ordinates

H

a
r θ

z

urr +
1
rur +

1
r2uθθ + uzz = 0

uz = f(r) sin(3θ)

(bottom side)

uz = 0

(top side)

ur = 0
(side)

Haberman 7.9.1 (d)

7 0.012 7 0.692

321 Laplace in 3D
Cylinderical co-
ordinates

H

a
r θ

z

urr +
1
rur +

1
r2uθθ + uzz = 0

uz = f(r, θ)

(bottom side)

uz = 0

(top side)

ur = 0
(side)

Haberman 7.9.1 (e)

7 0.016 7 0.712

Continued on next page
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Table 1.8 – Elliptic PDE’s (Laplace, Poisson, Helmholtz). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
322 Laplace in 3D

Cylinderical co-
ordinates

H

a
r θ

z

u = 0

u = 0
(back side)

(front side)

u = f(r, θ)

u = 0
(bottom side)

(top side)

θ = 0θ = π

urr +
1
rur +

1
r2uθθ + uzz = 0

Haberman 7.9.2 (a)

7 0.012 7 0.802

323 Laplace in 3D
Cylinderical co-
ordinates

H

a
r θ

z

u = 0

u = g(θ, z)
(back side)

(front side)

uz = 0

u = 0
(bottom side)

(top side)

θ = 0θ = π

urr +
1
rur +

1
r2uθθ + uzz = 0

Haberman 7.9.2 (b)

7 0.013 7 4.903

324 Laplace in 3D
Cylinderical co-
ordinates

H

a
r θ

z

uθ = 0

ur = g(θ, z)
(back side)

(front side)

uz = 0

uz = 0
(bottom side)

(top side)

θ = 0θ = π

urr +
1
rur +

1
r2uθθ + uzz = 0

Haberman 7.9.2 (c)

7 0.016 7 4.587

325 Laplace in 3D
Cylinderical co-
ordinates

H

a
r θ

z

uθ = f(r, z)

u = 0
(back side)

u = 0

u = 0
(bottom side)

(top side)

urr +
1
rur +

1
r2uθθ + uzz = 0

u = 0

(this half)(this half)

Haberman 7.9.2 (d)

7 0.011 7 0.773

326 Poisson in 2D
Cartesian coor-
dinates

x

y

a

b

−b

u = 0

u = 0

u = 0

u = 0

uxx
A

+
uyy

B
= −2θ

All boundaries at zero

7 0.014 3 6.977 Yes

327 Poisson in 2D
Cartesian coor-
dinates

x

y

4

2

u = 1 + 11x+ x3

uxx + uyy = 6x− 6y

u = −7 + 11x+ x3

u = 109− y3
u = 1− y3

Dirichlet problem in a rectan-
gle

3 1.232 3 0.258

Continued on next page
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Table 1.8 – Elliptic PDE’s (Laplace, Poisson, Helmholtz). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
328 Poisson in 2D

Cartesian coor-
dinates

x

y

uxx + uyy = 6y

−∞ < x <∞
−∞ < y <∞

Poisson PDE in whole 2D
plane

3 30.674 3 0.107 Yes

329 Helmholtz in
2D
Cartesian coor-
dinates

x

y

4

2
uxx + uyy = −5u

u = 0

u = 0u = 0

1 3
u = Unit Triangle

In rectangle

3 62.649 3 2.399

330 Helmholtz in
2D
Cartesian coor-
dinates

x

y

uxx + uyy = −5u

On the whole plane

On whole plane

3
why? It
solved
earlier
with
BC?

0.005 3 0.255

331 Helmholtz in
2D
Cartesian coor-
dinates

x

y

π

uxx + uyy = ku

u = 0

u = 0u = 1

u = 0 π

k > 0

Reduced Helmholtz Inside
square

3 61.781 3 2.916

332 Helmholtz in
3D
Spherical coor-
dinates

Chain reaction PDE 7 0.093 7
trivial
solution

0.707 Yes
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1.3.4 Hyperbolic PDE’s (Wave)

Table 1.9: Hyperbolic PDE’s (Wave) breakdown of results. Time in seconds
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
333 Wave PDE in

1D
Finite length
string

0 L
utt = c2uxx

u(x, 0) = f(x)

ut(x, 0) = g(x)

u = 0 u = 0

(Fixed) (Fixed)

General solution for both ends
fixed. Domain is 0. . . L

3 56.56 3 2.944 Yes

334 Wave PDE in
1D
Finite length
string 0 10

utt = 4uxx

u(x, 0) = 0

ut(x, 0) =
8x(10− x)2

1000

u = 0 u = 0

(Fixed) (Fixed)

both ends fixed, inital position
zero (special case)

3 1.922 3 1.158 Yes Yes

335 Wave PDE in
1D
Finite length
string 0 10

utt = 4uxx

u(x, 0) =
8x(10− x)2

1000

ut(x, 0) = 0

u = 0 u = 0

(Fixed) (Fixed)

both ends fixed, inital velocity
zero (special case)

3 1.518 3 1.221 Yes Yes

336 Wave PDE in
1D
Finite length
string −π π

utt = c2uxx

u(x, 0) = 0

ut(x, 0) = sin2(x)

u = 0 u = 0

(Fixed) (Fixed)

both ends fixed but domain
is −π. . . π. zero intial position,
non zero initial velocity

3 130.55 3 4.77 Yes Yes

337 Wave PDE in
1D
Finite length
string

−1 1
utt = uxx

u(x, 0) = δ(x)

ut(x, 0) = 0

u = 0 u = 0

(Fixed) (Fixed)

both ends fixed but domain is
−1. . . 1. intial position is an im-
pulse, zero initial velocity

3 0.426 3 1.542 Yes

338 Wave PDE in
1D
Finite length
string

0 L
utt = c2uxxu = 0 u = 0

(fixed end)(fixed end)

(No initial conditions)

Logan book, page 28. Both
ends fixed

3 0.617 3 0.476

Continued on next page
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Table 1.9 – Hyperbolic PDE’s (Wave). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
339 Wave PDE in

1D
Finite length
string 0 π

utt = uxx − u

u(x, 0) = 0

ut(x, 0) = 1

u = 0 u = 0

non-zero initial velocity. Both
ends fixed

3 114.7363 0.92

340 Wave PDE in
1D
Finite length
string

0 π
utt = c2uxx + p(x, t) u(π, t) = 0

(fixed end)(fixed end)

u(x, 0) = 0
∂u
∂t (x, 0) = 0

u(0, t) = 0

Logan book page 149)

3 13.944 3 1.034

341 Wave PDE in
1D
Finite length
string

0 L
utt = c2uxx + Q(x, t) u(L, t) = 0

(fixed end)(fixed end)

u(x, 0) = f(x)
∂u
∂t (x, 0) = 0

u(0, t) = 0

Haberman 8.5.2 (a)

3 15.499 3 5.109

342 Wave PDE in
1D
Finite length
string

0 L
utt = c2uxx + g(x) cos(ωt) u(L, t) = 0

(fixed end)(fixed end)

u(x, 0) = f(x)
∂u
∂t (x, 0) = 0

u(0, t) = 0

Haberman 8.5.2 (b)

3 79.383 3 4.204 Yes

343 Wave PDE in
1D
Finite length
string

0 1
vtt = vxx v(1, t) = 0

(fixed end)(fixed end)

v(x, 0) = f(x)
∂v
∂t (x, 0) = g(x)

v(0, t) = 0

Both I.C. not zero

3 142.5743 1.571

344 Wave PDE in
1D
Finite length
string

0 L
utt = c2uxx + 1 u(L, t) = 0

(fixed end)(fixed end)

v(x, 0) = f(x)
∂v
∂t (x, 0) = g(x)

u(0, t) = 0

With constant source

3 65.392 3 3.524

345 Wave PDE in
1D
Finite length
string

0 L
utt = c2uxx +Ax u(L, t) = 0

(fixed end)(fixed end)

u(x, 0) = 0
∂u
∂t (x, 0) = 0

u(0, t) = 0

Logan page 213

3 8.322 3 2.791

346 Wave PDE in
1D
Finite length
string

0 π
utt + 2ut = c2uxx u(π, t) = 0

(fixed end)(fixed end)

u(x, 0) = f(x)
∂u
∂t (x, 0) = 0

u(0, t) = 0

Telegraphy PDE

3 128.95 3 1.691

347 Wave PDE in
1D
Finite length
string

0 π
utt + γ2u = c2uxx u(π, t) = 0

(Fixed)(Fixed)

u(x, 0) = f(x)
∂u
∂t (x, 0) = 0

u(0, t) = 0

dispersion term

Dispersion term present (gen-
eral case)

3
Due to
adding
disper-
sion
term

94.668 3 2.861 Yes

348 Wave PDE in
1D
Finite length
string

0 π
utt + γ2u = c2uxx u(π, t) = 0

(fixed end)(fixed end)

u(x, 0) = sin2(x)
∂u
∂t (x, 0) = 0

u(0, t) = 0

dispersion term

Dispersion term present

3
Due to
adding
disper-
sion
term

175.1053 4.205 Yes

Continued on next page
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Table 1.9 – Hyperbolic PDE’s (Wave). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
349 Wave PDE in

1D
Finite length
string

0 10
utt + ( 18 )

2u = c2uxx u(10, t) = 0
(fixed end)(fixed end)

u(x, 0) ==

 x− 4 4 ≤ x ≤ 5
6− x 5 ≤ x ≤ 6
0 otherwise

∂u
∂t (x, 0) = 0

u(0, t) = 0

dispersion term

Dispersion term present (spe-
cific case)

3
Due to
adding
disper-
sion
term

105.1053 1.926 Yes Yes

350 Wave PDE in
1D
Finite length
string

0 π
utt = 4uxx u(π, t) = 0

(fixed end)(fixed end)

u(x, 0) = sin2(x)
∂u
∂t (x, 0) = 0

u(0, t) = 0

non-zero initial position

3
But
sum
should
not
include
n = 2

110.2913
Handled
n = 2
case
cor-
rectly

4.448

351 Wave PDE in
1D
Finite length
string

0 1
utt = uxx + xe−t u(1, t) = 0

(fixed end)(fixed end)

u(x, 0) = 0
∂u
∂t (x, 0) = 1

u(0, t) = 0

With source

3 17.787 3 4.07

352 Wave PDE in
1D
Finite length
string

0 L
utt = c2uxx ∂u

∂x (L, t) = 0

(free end)
(fixed end)

u(x, 0) = f(x)
∂u
∂t (x, 0) = g(x)

u(0, t) = 0

Right end free (general case)

3 25.165 3 4.099 Yes

353 Wave PDE in
1D
Finite length
string

0 L
utt = c2uxx ∂u

∂x (L, t) = 0

(free end)
(fixed end)

u(x, 0) = f(x)
∂u
∂t (x, 0) = 0

u(0, t) = 0

Right end free, zero initial ve-
locity (general case)

3 11.492 3 3.48 Yes

354 Wave PDE in
1D
Finite length
string

0 3
utt = 16uxx

u(x, 0) =

{
3h
L
x 0 < x < L

3

h L
3
< x < L

ut(x, 0) = 0

u = 0 ux = 0

(Fixed) (Free)

h = 1
10

Right end free, zero initial ve-
locity (special case)

3 70.972 3 1.686 Yes Yes

355 Wave PDE in
1D
Finite length
string

0 L
utt + but = c2uxx ∂u

∂x (L, t) = 0

(Free)
(Fixed)

u(x, 0) = f(x)
∂u
∂t (x, 0) = 0

u(0, t) = 0

damping term

Right end free, zero initial ve-
locity, damping present (gen-
eral case)

3 43.742 3 5.961 Yes

Continued on next page
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Table 1.9 – Hyperbolic PDE’s (Wave). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
356 Wave PDE in

1D
Finite length
string 0 3

utt +
2π
3
ut = c2uxx ∂u

∂x (3, t) = 0

(Free)
(Fixed)

u(x, 0) =

{
1
10x 0 < x < 1
1
10 1 < x < 3

∂u
∂t (x, 0) = 0

u(0, t) = 0

Right end free, zero initial ve-
locity, damping present (spe-
cial case, underdamped)

3 96.738 3 2.967 Yes Yes

357 Wave PDE in
1D
Finite length
string 0 3

utt +
4π
3
ut = c2uxx ∂u

∂x (3, t) = 0

(Free)
(Fixed)

u(x, 0) =

{
1
10x 0 < x < 1
1
10 1 < x < 3

∂u
∂t (x, 0) = 0

u(0, t) = 0

Right end free, zero initial ve-
locity, damping present (spe-
cial case, critical damped)

3 96.689 3 3.183 Yes Yes

358 Wave PDE in
1D
Finite length
string 0 3

utt +
4π
3
ut = c2uxx ∂u

∂x (3, t) = 0

(Free)
(Fixed)

u(x, 0) =

{
1
10x 0 < x < 1
1
10 1 < x < 3

∂u
∂t (x, 0) = 0

u(0, t) = 0

Right end free, zero initial ve-
locity, damping present (spe-
cial case, over damped)

3 98.121 3 3.162 Yes Yes

359 Wave PDE in
1D
Finite length
string

0 1

−utt + u = uxx + 2e−t(x− 1
2
x2 + 1

2
t− 1)

u(x, 0) = x2 − 2x

u(x, 1) = u(x,
1

2
) + e−1

(
1

2
x2 − x

)
−

(
3

4
x2 − 3

2
x

)
e

−1
2

u = 0 ∂u
∂x (1, t) = 0

(free end)(fixed end)

I.C. at different times, right
end free, with source

7 34.86 3 29.077 Yes

360 Wave PDE in
1D
Finite length
string

0 π
utt = 4uxx + (1 + t)x u(π, t) = sin(t)

(oscillating end)(fixed end)

u(x, 0) = 0
∂u
∂t (x, 0) = 0

u(0, t) = 0

Right end oscillates

3 72.812 3 3.504

361 Wave PDE in
1D
Finite length
string

−π π

utt = uxx

u(x, 0) = x

ut(x, 0) = 0
I.C.

Periodic BC
u(−π, t) = u(π, t)

ux(π, 0) = ux(π, t)

Perioidic B.C.

7 1.94 7 0.419

362 Wave PDE in
1D
Finite length
string

0 π

utt = uxx

u(x, 0) = 0

ut(x, 0) = 1
I.C.

u(0, t) = ux(π, t)Mixed B.C.

Mixed B.C.

7 2.49 7 0.372

Continued on next page
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Table 1.9 – Hyperbolic PDE’s (Wave). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
363 Wave PDE in

1D
Finite length
string

0 L

utt = c2uxx

u(x, 0) = 0

ut(x, 0) = 0
I.C.

u(0, t) = 0

(Fixed)
ux(L, t) = C

Left end fixed, right end non-
homogeneous Neumann BC.
Zero initial conditions

3 63.273 3 3.765 Yes Yes

364 Wave PDE in
1D
Semi-infinite
domain

0
utt = c2uxx

(Fixed)

u(x, 0) = f(x)
∂u
∂t (x, 0) = 0

u(0, t) = 0

x > 0, t > 0

∞

Left end fixed, (general case)

3 8.161 3 0.394 Yes

365 Wave PDE in
1D
Semi-infinite
domain

0
utt = c2uxx

(fixed end)

u(x, 0) = sin2(x)
∂u
∂t (x, 0) = 0

u(0, t) = 0

x > 0, t > 0

(π < x < 2π)

Left end fixed with specific ini-
tial position

3 2.799 3 1.048 Yes

366 Wave PDE in
1D
Semi-infinite
domain

0
utt = c2uxx − g

(fixed end)

u(x, 0) = 0
∂u
∂t (x, 0) = 0

u(0, t) = 0

Logan page 115, left end fixed
with source

3 4.677 3 0.399

367 Wave PDE in
1D
Semi-infinite
domain

0
utt = c2uxx

(moving end)

u(x, 0) = 0
∂u
∂t (x, 0) = 0

u(0, t) = g(t)

x > 0, t > 0

Left moving boundary condi-
tion

3 1.304 3 0.411

368 Wave PDE in
1D
Semi-infinite
domain

0
utt = c2uxx

(moving end)

u(x, 0) = sin3(x)
∂u
∂t (x, 0) = 1− e−

x
10

∂u
∂x

(0, t) = 1

x > 0, t > 0

moving Left end

3 15.944 3 0.817

369 Wave PDE in
1D
Semi-infinite
domain

0
utt = uxx

(moving end)

u(x, 1) = e−(x−6)2 + e−(x+6)2

∂u
∂t (x, 1) =

1
2

∂u
∂x

(0, t) = 1

x > 0, t > 0

I.C. at t = 1

3 7.006 3 0.386

370 Wave PDE in
1D
Semi-infinite
domain 0

utt =
1
4uxx

(moving end)

u(x, 0) = e−x2

∂u
∂t (x, 0) = 0

∂u
∂x

(1, t) = 1
x > 0, t > 0

1

B.C. at x = 1

7 77.586 3 0.422

Continued on next page
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Table 1.9 – Hyperbolic PDE’s (Wave). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
371 Wave PDE in

1D
Semi-infinite
domain

0
utt = c2uxx

(Free)

u(x, 0) = f(x)
∂u
∂t (x, 0) = 0

∂u
∂x

(0, t) = 0

∞

Left end free. zero initial veloc-
ity (general solution)

3 8.515 3 0.31

372 Wave PDE in
1D
Semi-infinite
domain 0

utt = c2uxx

(Free)

u(x, 0) =

{
1 4 ≤ x ≤ 5
0 otherwise

∂u
∂t (x, 0) = 0

∂u
∂x

(0, t) = 0

∞

Left end free. zero initial veloc-
ity (Special solution)

3 3.773 3 0.431 Yes Yes

373 Wave PDE in
1D
Semi-infinite
domain 0

utt = c2uxx

(Fixed)

u(x, 0) =

{
1 4 ≤ x ≤ 5
0 otherwise

∂u
∂t (x, 0) = 0

u(0, t) = 0

∞

Left end fixed. zero initial ve-
locity (Special solution)

3 3.599 3 0.385 Yes Yes

374 Wave PDE in
1D
Semi-infinite
domain

0
utt = c2uxx

(Free)

u(x, 0) = 0
∂u
∂t (x, 0) = g(x)

∂u
∂x

(0, t) = 0

∞

Left end free. zero initial posi-
tion (general solution)

3 9.447 3 0.391

375 Wave PDE in
1D
Semi-infinite
domain

0
utt = c2uxx

(Free)

u(x, 0) = f(x)
∂u
∂t (x, 0) = g(x)

∂u
∂x

(0, t) = 0

∞

Left end free. Non zero initial
position and velocity (general
solution)

3 30.77 3 0.409

376 Wave PDE in
1D
Semi-infinite
domain

0
utt = 9uxx + f(x, t)

(free end)

u(x, 0) = 0
∂u
∂t (x, 0) = x3

∂u
∂x

(0, t) = 0

x > 0, t > 0

Left end free with source

3 1.403 3 0.286

377 Wave PDE in
1D
Infinite domain

utt = uxx

∞

u(x, 0) = f(x)

−∞
ut(x, 0) = g(x)

General case. utt = uxx with
u(x, 0) = f(x), ut(x, 0) = g(x)

3 0.022 3 0.229

Continued on next page
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Table 1.9 – Hyperbolic PDE’s (Wave). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
378 Wave PDE in

1D
Infinite domain

0
utt + uxt = c2uxx

−∞ < x <∞, t > 0

No I.C. given

General case. No IC given. utt+
uxt = c2uxx

3 0.006 3 0.286

379 Wave PDE in
1D
Infinite domain

0
utt = c2uxx + f(x, t)

u(x, 1) = g(x)
∂u
∂t (x, 1) = h(x)

−∞ < x <∞, t > 0

utt = c2uxx + f(x, t), IC at
t = 1,u(x, 1) = g(x), ut(x, 1) =
h(x)

3 0.11 3 0.775

380 Wave PDE in
1D
Infinite domain

0

utt = uxx
−∞ < x <∞, t > 0

u(x, 0) = e−x2

∂u
∂t (x, 0) = 1

No source. utt = uxx, with
u(x, 0) = e−x2

, ut(x, 0) = 1

3 0.004 3 0.161

381 Wave PDE in
1D
Infinite domain

0

utt = uxx +m
−∞ < x <∞, t > 0

u(x, 0) = sinx− cos(3x)

e
|x|
6

∂u
∂t (x, 0) = 0

With source term. utt = uxx +
m

3 0.011 3 0.218

382 Wave PDE in
1D
Infinite domain

0

ut + 6u+ uxxx = 0
−∞ < x <∞, t > 0

No I.C. given

non-linear (Solitons)
ut + 6u(x, t)ux + uxxx = 0

3 0.029 3 0.175 Yes Yes

383 Wave PDE in
1D
Infinite domain

0

utt = 3uxx + uxt − 1
−∞ < x <∞, t > 0

No I.C. given

Inhomogeneous PDE 3uxx −
utt + uxt = 1

3 0.004 3 0.206

Continued on next page
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Table 1.9 – Hyperbolic PDE’s (Wave). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
384 Wave PDE in

1D
Infinite domain

utt = uxx

∞
u(x, 0) = sin(x)

−∞

ut(x, 0) = cos(x)

Practice exam problem Math
5587

3 0.511 3 0.225

385 Wave PDE in
1D
Infinite domain

utt = uxx

∞
u(x, 0) = x2

−∞

ut(x, 0) = x

Practice exam problem Math
5587

3 0.003 3 0.169

386 Wave PDE in
1D
Infinite domain

utt = uxx

∞
u(x, 0) = 0

−∞

ut(x, 0) =
4x

1+x2

Practice exam problem Math
5587

3 7.194 3 0.236

387 Wave PDE in
1D
Infinite domain

utt = uxx

∞
u(x, 0) = 1

1+x2

−∞

ut(x, 0) = 0

zero initial velocity

3 0.003 3 0.141 Yes Yes

388 Wave PDE in
1D
Infinite domain

utt = uxx

∞

u(x, 0) = sin(x) − π < x < π

−∞

ut(x, 0) = 0

−π π

zero initial velocity

3 0.004 3 0.323 Yes Yes

389 Wave PDE in
1D
Infinite domain

utt = uxx

∞

u(x, 0) = sin(x)

−∞
ut(x, 0) = −2xe−x2

General case utt = uxx with
u(x, 0) = sin x, ut(x, 0) =
−2xe−x2

3 0.099 3 0.239

390 Wave PDE in
1D
Infinite domain

utt = uxx

∞
u(x, 0) = 1 for 1 < x < 2 and zero otherwise

−∞

ut(x, 0) = 0

General case. utt = uxx dAlem-
bert solution, box function as
initial position

3 0.003 3 0.185 Yes Yes

391 Wave PDE in
1D
Infinite domain

utt = 4uxx + cos t
∞

u(x, 0) = cosx
−∞

ut(x, 0) = sinx

utt = 4uxx + cos(t) dAlem-
bert solution with u(x, 0) =
sin x, ut(x, 0) = cosx

3 1.786 3 0.253 Yes Yes

Continued on next page
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Table 1.9 – Hyperbolic PDE’s (Wave). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
392 Wave PDE in

1D
Infinite domain

utt = c2uxx

∞
u(x, 0) = δ(x− a)

−∞

ut(x, 0) = 0

utt = c2uxx dAlembert so-
lution with u(x, 0) = δ(x −
a), ut(x, 0) = 0

3 81.489 3 0.18 Yes

393 Wave PDE in
1D
Infinite domain

system of 2 inhomogeneous
linear hyperbolic system with
constant coefficients

3 0.211 7 0.396

394 Wave PDE in
2D
Cartesian coor-
dinates

x

y

x = L

y = H

∂2u (x, y, t)

∂t2
= c2

(
∂2u

∂x2
+

∂2u

∂y2

)

u = 0 on all boundaries

Rectangular membrane. Fixed
on all edges, General solution

3 1.341 3 58.092 Yes

395 Wave PDE in
2D
Cartesian coor-
dinates

utt = ( 1
10
)2∇2u(x, y)

1
x

y

2

u = 0
(fixed edge) ∂u

∂t
(x, y, 0) = 0

u(x, y, 0) = x cos y

u = 0
(fixed edge)

u = 0
(fixed edge)

u = 0
(fixed edge)

Rectangular membrane. Fixed
on all edges, zero velocity. Spe-
cific example

3 0.294 3 2.216 Yes Yes

396 Wave PDE in
2D
Cartesian coor-
dinates

utt = ( 1
3
)2∇2u(x, y)

2
x

y

3

u = 0
(fixed edge)

∂u
∂t

(x, y, 0) = 0

u(x, y, 0) = f1(x)f2(y)

u = 0
(fixed edge)

u = 0
(fixed edge)

u = 0
(fixed edge)

All 4 edges fixed, zero initial
velocity, Specific example

3 32.485 3 2.34 Yes Yes

397 Wave PDE in
2D
Cartesian coor-
dinates

utt = ( 1
3
)2∇2u(x, y)

2
x

y

3

u = 0
(fixed edge)

∂u
∂t

(x, y, 0) = 0

u(x, y, 0) = f(x, y)

u = 0
(fixed edge)

u = 0
(fixed edge)

u = 0
(fixed edge)

approximaton of
δ in middle of
rectrangle

All 4 edges fixed, zero initial ve-
locity, Specific example, delta
in center

3 8.389 3 4.691 Yes Yes

Continued on next page
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Table 1.9 – Hyperbolic PDE’s (Wave). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
398 Wave PDE in

2D
Cartesian coor-
dinates

utt = ∇2u(x, y)

1
x

y

2

u = 0
(fixed edge)

∂u
∂t

(x, y, 0) = 0

u(x, y, 0) = f(x, y)

u = 0
(fixed edge)

f(x, y) = 1
10

(x− x2)(2y − y2)

u = 0
(fixed edge)

u = 0
(fixed edge)

All 4 edges fixed

3 4.849 3 2.317

399 Wave PDE in
2D
Cartesian coor-
dinates

utt = c2∇2u(x, y) +Q(x, y, t)

L
x

y

H

u = 0
(fixed edge)

∂u
∂t

(x, y, 0) = 0

u(x, y, 0) = f(x, y)

u = 0
(fixed edge)

u = 0
(fixed edge)

u = 0
(fixed edge)

All edges fixed (Haberman
8.5.5 (a)

3 21.957 7 0.247

400 Wave PDE in
2D
Cartesian coor-
dinates

utt =
1
4
∇2u(x, y)

π
x

y

π

u = 0
(fixed edge)

u = 0
(fixed edge)

∂u
∂x = 0
(free edge)

∂u
∂x = 0

(free edge) ∂u
∂t

(x, y, 0) = 0

u(x, y, 0) = xy(π − y)

2 edgs fixed, 2 free, zero initial
velocity

3 5.353 3 2.994

401 Wave PDE in
2D
Cartesian coor-
dinates

utt = c2∇2u(x, y)

L
x

y

H

u = 0
(fixed edge)

∂u
∂t

(x, y, 0) = 0

u(x, y, 0) = f(x, y)

u = 0
(fixed edge)

u = 0
(fixed edge)

u = 0
(fixed edge)

All 4 edges fixed, zero initial
velocity, general solution

3 1.003 3 174.896Yes

402 Wave PDE in
2D
Cartesian coor-
dinates

utt +
1
10
ut =

1
4
∇2u(x, y)

1
x

y

1

u = 0
(fixed edge)

∂u
∂x = 0
(free edge)

∂u
∂x = 0

(free edge)

∂u
∂t

(x, y, 0) = f(x, y)

u(x, y, 0) = 0

u = 0
(fixed edge)

damping

f(x, y) = x(1 − 1
2
x)(1 − 1

2
y)y

With damping

3 6.8 3 6.113

Continued on next page
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Table 1.9 – Hyperbolic PDE’s (Wave). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
403 Wave PDE in

2D
Cartesian coor-
dinates 0

uxx − 2 sinxuxy − cos2 xuyy − cosxuy = 0

−∞ < x <∞
−∞ < y <∞

On the whole plane

7 0.321 7 0.208

404 Wave PDE in
2D
Polar coordi-
nates

utt = c2(urr +
1
rur)

r

θ
a

u(r, 0) = f(r)
∂u
∂t (r, 0) = g(r)

u(a, t) = 0

no θ dependency, fixed bound-
ary, general case

3 32.335 3
Has
unre-
solved
In-
vlaplace
calls

0.592 Yes

405 Wave PDE in
2D
Polar coordi-
nates

utt = c2(urr +
1
rur)

r

θ
1

u(r, 0) = 1
∂u
∂t (r, 0) =

r
3

u(1, t) = 0

no θ dependency. Specific ex-
ample. Both initial conditions
not zero

3 30.194 3
Has
unre-
solved
In-
vlaplace
calls

84.162

406 Wave PDE in
2D
Polar coordi-
nates

utt = c2(urr +
1
rur)

r

θ
1

u(r, 0) = r
∂u
∂t (r, 0) = 0

u(1, t) = 0

c = 2
10

no θ dependency. Specific ex-
ample. Both initial conditions
not zero

3 20.785 3
Has
unre-
solved
In-
vlaplace
calls.
How
to get
series
solu-
tion?

1.841 Yes Yes

407 Wave PDE in
2D
Polar coordi-
nates

no θ dependency. Using
integral transforms. Source
present. Specific example

3 3.323 3 1.446

Continued on next page
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Table 1.9 – Hyperbolic PDE’s (Wave). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
408 Wave PDE in

2D
Polar coordi-
nates

no θ dependency. Using
integral transforms. Source
present. Specific example

7 2.032 3 0.544

409 Wave PDE in
2D
Polar coordi-
nates

ut = c2(urr +
1
rur +

1
r2uθθ)

r

θ
a

u(r, θ, 0) = f(r, θ)
∂u
∂t

(r, θ, 0) = g(r, θ)

u(a, θ, t) = 0

(Fixed)

θ dependency, fixed on edges,
general solution

3 6.547 7 1.552 Yes

410 Wave PDE in
2D
Polar coordi-
nates

ut = c2∇2u(r, θ)

r

θ
a

u(r, θ, 0) = f(r, θ)
∂u
∂t

(r, θ, 0) = 0

u(a, θ, t) = 0

θ dependency, fixed on edges,
zero initial velocity, general so-
lution

3 3.125 7 1.579 Yes

411 Wave PDE in
2D
Polar coordi-
nates

utt = ( 2
10 )

2∇2u(r, θ)

r

θ
1

u(r, θ, 0) = rθ
∂u
∂t

(r, θ, 0) = 0

u(1, θ, t) = 0

θ dependency, fixed on edges,
zero initial velocity, specific ex-
ample

3 15.046 7 0.828 Yes Yes

Continued on next page
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Table 1.9 – Hyperbolic PDE’s (Wave). Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
412 Wave PDE in

2D
Polar coordi-
nates

utt = ∇2u(r, θ)

r

θ
1

u (r, θ, 0) = 0

ut (r, θ, 0) =

{
1
πε2

if r ≤ ε
0 otherwise

u(1, θ, t) = 0

ε = 1
2

θ dependency, fixed on edges,
zero initial position, specific ex-
ample

3 5.509 7 0.872 Yes Yes

413 Wave PDE in
2D
Polar coordi-
nates

utt = ∇2u(r, θ) +Q(r, θ, t)

r

θ
a

u (r, θ, 0) = f(r, θ)

ut (r, θ, 0) = 0

u(a, θ, t) = 0

θ dependency, fixed on edges,
zero initial position with in-
ternal source (Haberman 8.5.5.
(b)

7 0.034 7 0.244 Yes

414 Wave PDE in
3D
Spherical coor-
dinates

φ

θ
r

utt = c2∇2u(r, θ, φ)

No I.C. no B.C.

3 0.031 3 1.414

415 Wave PDE in
3D
Cylindrical co-
ordinates

r θ

z

utt = ∇2u

(whole 3D)

No I.C. no B.C.

3 0.004 3 0.558
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1.3.5 Handbook of first order partial differential equations

Table 1.10: Handbook of first order partial differential equations breakdown of results. Time
in seconds

# PDE description Mathematica Maple hand
solved?

ani-
mated?

result time result time
416 chapter 1 problem number 1 3 0.009 3 0.099
417 chapter 1 problem number 2 3 0.008 3 0.078
418 chapter 1 problem number 3 3 0.016 3 0.098 Yes
419 chapter 1 problem number 4 3 0.013 3 0.102
420 chapter 1 problem number 5 3 0.029 3 0.135 Yes
421 chapter 1 problem number 6 3 0.033 3 0.167
422 chapter 2

2.1
problem number 1 3 0.009 3 0.109 Yes

423 chapter 2
2.1

problem number 2 3 0.012 3 0.126 Yes

424 chapter 2
2.1

problem number 3 3 0.073 3 0.162 Yes

425 chapter 2
2.1

problem number 4 3 0.021 3 0.127 Yes

426 chapter 2
2.1

problem number 5 3 0.02 3 0.261 Yes

427 chapter 2
2.1

problem number 6 3 0.033 3 0.383 Yes

428 chapter 2
2.1

problem number 7 3 0.046 3 2.017 Yes

429 chapter 2
2.1

problem number 8 7 1.862 3 0.987

430 chapter 2
2.2

problem number 1 3 0.009 3 0.088

431 chapter 2
2.2

problem number 2 3 0.114 3 0.303

432 chapter 2
2.2

problem number 3 3 0.129 3 0.171

433 chapter 2
2.2

problem number 4 3 0.397 3 0.351

434 chapter 2
2.2

problem number 5 3 0.456 3 0.455

435 chapter 2
2.2

problem number 6 3 0.384 3 0.336

436 chapter 2
2.2

problem number 7 3 0.376 3 0.339

437 chapter 2
2.2

problem number 8 3 0.385 3 0.404

438 chapter 2
2.2

problem number 9 3 0.227 3 0.375

439 chapter 2
2.2

problem number 10 7 0.166 3 0.24

440 chapter 2
2.2

problem number 11 7 0.213 3 0.263

441 chapter 2
2.2

problem number 12 3 0.596 3 0.478

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
442 chapter 2

2.2
problem number 13 3 0.082 3 0.128

443 chapter 2
2.2

problem number 14 3 0.209 3 0.427

444 chapter 2
2.2

problem number 15 3 0.35 3 0.32

445 chapter 2
2.2

problem number 16 3 0.673 3 0.514

446 chapter 2
2.2

problem number 17 3 0.735 3 0.493

447 chapter 2
2.2

problem number 18 3 0.233 3 0.264

448 chapter 2
2.2

problem number 19 3 0.346 3 0.283

449 chapter 2
2.2

problem number 20 7 0.245 3 0.499

450 chapter 2
2.2

problem number 21 7 0.214 3 0.869

451 chapter 2
2.2

problem number 22 3 0.376 3 0.506

452 chapter 2
2.2

problem number 23 3 0.376 3 0.492

453 chapter 2
2.2

problem number 24 7 0.314 3 0.479

454 chapter 2
2.2

problem number 25 7
(Timed
out)

600. 7 223.234

455 chapter 2
2.2

problem number 26 7 219.8727 16.483

456 chapter 2
2.2

problem number 27 7 101.4097 1.129

457 chapter 2
2.2

problem number 28 7 0.673 3
solution
con-
tains
RootOf

0.229

458 chapter 2
2.2

problem number 29 7 102.2247 1.055

459 chapter 2
2.2

problem number 30 7 0.385 3 0.314

460 chapter 2
2.2

problem number 31, Hesse’s
equation

7 5.154 3 190.241

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
461 chapter 2

2.3
problem number 1 3

But it
can’t
solve it
when
assum-
ing
b > 0
which is
strange.

0.638 3 0.594

462 chapter 2
2.3

problem number 2 3 0.255 3 0.325

463 chapter 2
2.3

problem number 3 3 0.237 3 0.906

464 chapter 2
2.3

problem number 4 7 0.368 3 0.614

465 chapter 2
2.3

problem number 5 3 1.108 3
Answer
con-
tains
RootOf

0.228

466 chapter 2
2.3

problem number 6 7 0.351 3
Answer
con-
tains
RootOf

0.222

467 chapter 2
2.3

problem number 7 3 0.184 3 0.367

468 chapter 2
2.3

problem number 8 3 0.206 3 0.352

469 chapter 2
2.3

problem number 9 7
(Timed
out)

600. 3 0.123

470 chapter 2
2.4

problem number 1 3 0.081 3 0.149

471 chapter 2
2.4

problem number 2 3 0.391 3 0.516

472 chapter 2
2.4

problem number 3 3 0.288 3 0.505

473 chapter 2
2.4

problem number 4 3 0.583 3 0.492

474 chapter 2
2.4

problem number 5 7 0.68 7
(Timed
out)

600.

475 chapter 2
2.4

problem number 6 3 1.808 3 0.579

476 chapter 2
2.4

problem number 7 3 3.855 3 5.917

477 chapter 2
2.5

problem number 1 3 0.113 3 0.252

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
478 chapter 2

2.5
problem number 2 3 0.296 3 0.53

479 chapter 2
2.5

problem number 3 3 1.671 3 0.296

480 chapter 2
2.5

problem number 4 3 0.926 3 0.877

481 chapter 2
2.5

problem number 5 7 1.478 3 0.68

482 chapter 2
2.5

problem number 6 7 1.362 3 1.052

483 chapter 2
2.5

problem number 7 3 0.52 3 0.301

484 chapter 2
2.5

problem number 8 3 1.992 3 1.167

485 chapter 2
2.5

problem number 9 7 2.032 3 0.96

486 chapter 2
2.5

problem number 10 7 3.278 3 1.676

487 chapter 2
2.5

problem number 11 3 26.396 7 4.524

488 chapter 2
2.5

problem number 12 7 26.123 7 4.009

489 chapter 2
2.5

problem number 13 7 35.946 7 4.983

490 chapter 2
2.5

problem number 14 7 0.737 3
Solution
con-
tains
RootOf

0.302

491 chapter 2
2.5

problem number 15 3 1.736 3 2.096

492 chapter 2
2.5

problem number 16 7 56.194 7 26.865

493 chapter 2
2.5

problem number 17 7 1.618 3 0.922

494 chapter 2
2.5

problem number 18 7 1.805 3 1.114

495 chapter 2
2.5

problem number 19 3 0.706 3 1.815

496 chapter 2
2.5

problem number 20 3 0.269 3 0.329

497 chapter 2
2.5

problem number 21 3 0.537 3 0.394

498 chapter 2
2.5

problem number 22 3 0.555 3 0.338

499 chapter 2
2.5

problem number 23 7 25.519 3 0.441

500 chapter 2
2.5

problem number 24 3 0.373 3 0.344

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
501 chapter 2

2.5
problem number 25 3 0.835 3 0.376

502 chapter 2
2.5

problem number 26 3 1.345 3 0.367

503 chapter 2
2.5

problem number 27 3 0.529 3 0.593

504 chapter 2
2.5

problem number 28 7 0.945 3
Solution
con-
tains
RootOf

0.317

505 chapter 2
2.5

problem number 29 7 0.9 3
Solution
con-
tains
RootOf

0.365

506 chapter 2
2.5

problem number 30 7 1.614 3 1.197

507 chapter 2
2.5

problem number 31 7 10.08 3 1.58

508 chapter 2
2.5

problem number 32 7 99.617 7 23.164

509 chapter 2
2.5

problem number 33 3 0.679 3 0.499

510 chapter 2
2.5

problem number 34 3 0.459 3 0.368

511 chapter 2
2.5

problem number 35 3 0.209 3 0.414

512 chapter 2
2.5

problem number 36 3 0.72 3 0.587

513 chapter 2
2.5

problem number 37 3 3.315 3 0.725

514 chapter 2
2.5

problem number 38 3 2.375 3 0.49

515 chapter 2
2.5

problem number 39 3 0.286 3 0.439

516 chapter 2
2.5

problem number 40 7 118.9877 24.492

517 chapter 2
2.5

problem number 41 3 1.475 3 0.587

518 chapter 2
2.5

problem number 42 7 2.664 3 0.783

519 chapter 2
2.5

problem number 43 7 10.899 3 2.501

520 chapter 2
2.5

problem number 44 7 29.626 7 9.363

521 chapter 2
2.5

problem number 45 7 28.566 7 11.776

522 chapter 2
2.5

problem number 46 7 8.843 3 4.284

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
523 chapter 2

2.5
problem number 47 7 1.556 3 0.303

524 chapter 2
2.5

problem number 48 3 2.048 3 1.003

525 chapter 2
2.5

problem number 49 7 8.95 7 7.112

526 chapter 2
2.5

problem number 50 7 175.31 7 5.536

527 chapter 2
2.5

problem number 51 7 1.686 3 0.407

528 chapter 2
2.5

problem number 52 7 3.208 7 2.657

529 chapter 2
2.5

problem number 53 7 1.694 3 0.945

530 chapter 2
2.5

problem number 54 7 1.661 7 2.519

531 chapter 2
2.5

problem number 55 7
(Timed
out)

600. 7 4.637

532 chapter 2
2.5

problem number 56 7
(Timed
out)

600. 3 1.285

533 chapter 2
3.1

problem number 1 3 0.098 3 0.168

534 chapter 2
3.1

problem number 2 3 0.015 3 0.153

535 chapter 2
3.1

problem number 3 3 0.198 3 0.81

536 chapter 2
3.1

problem number 4 3 0.748 3 0.587

537 chapter 2
3.1

problem number 5 7 1.111 3 0.665

538 chapter 2
3.1

problem number 6 3 0.158 3 0.289

539 chapter 2
3.1

problem number 7 3 0.328 3 0.192

540 chapter 2
3.1

problem number 8 3 0.412 3
Has
RootOf

0.982

541 chapter 2
3.1

problem number 9 3 0.326 3 0.408

542 chapter 2
3.1

problem number 10 7 0.709 3 1.048

543 chapter 2
3.1

problem number 11 7 2.031 7 2.345

544 chapter 2
3.2

problem number 1 3 0.641 3 0.566

545 chapter 2
3.2

problem number 2 3 1.192 3 0.505

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
546 chapter 2

3.2
problem number 3 3 0.351 3 0.336

547 chapter 2
3.2

problem number 4 3 0.413 3 0.406

548 chapter 2
3.2

problem number 5 3 0.282 3 0.275

549 chapter 2
3.2

problem number 6 7 3.114 7 6.303

550 chapter 2
3.2

problem number 7 3 0.422 3 0.308

551 chapter 2
3.2

problem number 8 7 1.864 3 0.427

552 chapter 2
3.2

problem number 9 3 1.035 3 0.6

553 chapter 2
3.2

problem number 10 3 1.194 3 0.595

554 chapter 2
3.2

problem number 11 7 3.667 3 0.922

555 chapter 2
3.2

problem number 12 3 1.947 3 0.479

556 chapter 2
3.2

problem number 13 3 0.557 3 0.336

557 chapter 2
3.2

problem number 14 7 31.364 7 5.512

558 chapter 2
3.2

problem number 15 7 1.952 3 0.96

559 chapter 2
3.2

problem number 16 7 23.016 7 4.137

560 chapter 2
3.2

problem number 17 3 1.429 3 0.889

561 chapter 2
3.2

problem number 18 7 26.928 7 3.621

562 chapter 2
3.2

problem number 19 3 0.425 3 0.595

563 chapter 2
3.2

problem number 20 3 22.462 7 3.879

564 chapter 2
3.2

problem number 21 7 24.434 7 4.163

565 chapter 2
3.2

problem number 22 7 2.609 3 0.614

566 chapter 2
3.2

problem number 23 3 0.878 3 0.382

567 chapter 2
3.2

problem number 24 7 7.386 7 2.769

568 chapter 2
3.2

problem number 25 3 0.39 3 0.458

569 chapter 2
3.2

problem number 26 3 0.477 3 0.605

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
570 chapter 2

3.2
problem number 27 7 102.4393

Solution
con-
tains
RootOf

0.338

571 chapter 2
3.2

problem number 28 3 0.459 3 0.511

572 chapter 2
3.2

problem number 29 3 0.376 3 0.408

573 chapter 2
3.2

problem number 30 7 2.972 3 0.525

574 chapter 2
3.2

problem number 31 7 31.411 3 7.606

575 chapter 2
3.2

problem number 32 3 0.204 3 0.359

576 chapter 2
3.2

problem number 33 3 0.883 3 0.399

577 chapter 2
3.2

problem number 34 7 1.513 3 5.974

578 chapter 2
3.2

problem number 35 7 1.023 3 2.585

579 chapter 2
3.2

problem number 36 7 1.149 3 5.949

580 chapter 2
4.1

problem number 1 3 0.025 3 0.154

581 chapter 2
4.1

problem number 2 3 0.092 3 0.357

582 chapter 2
4.1

problem number 3 3 1.913 3 1.327

583 chapter 2
4.1

problem number 4 7 44.287 3 0.654

584 chapter 2
4.1

problem number 5 3 12.789 3 1.849

585 chapter 2
4.1

problem number 6 3 0.129 3 0.468

586 chapter 2
4.1

problem number 7 3 0.025 3 0.279

587 chapter 2
4.2

problem number 1 3 0.018 3 0.15

588 chapter 2
4.2

problem number 2 3 0.07 3 0.347

589 chapter 2
4.2

problem number 3 3 12.99 3 1.829

590 chapter 2
4.2

problem number 4 3 15.661 3 1.669

591 chapter 2
4.2

problem number 5 7 1.392 3 1.767

592 chapter 2
4.2

problem number 6 7 1.985 3 5.369

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
593 chapter 2

4.2
problem number 7 7 69.365 3 1.934

594 chapter 2
4.2

problem number 8 3 0.136 3 0.264

595 chapter 2
4.3

problem number 1 3 0.025 3 0.188

596 chapter 2
4.3

problem number 2 3 0.114 3 0.167

597 chapter 2
4.3

problem number 3 3 1.662 3 0.999

598 chapter 2
4.3

problem number 4 7 62.417 3 2.921

599 chapter 2
4.3

problem number 5 7 1.78 3 2.171

600 chapter 2
4.3

problem number 6 7 3.063 7
(Timed
out)

600.

601 chapter 2
4.3

problem number 7 7 7.759 3 2.356

602 chapter 2
4.3

problem number 8 3 0.224 3 0.538

603 chapter 2
4.4

problem number 1 3 0.017 3 0.309

604 chapter 2
4.4

problem number 2 3 0.125 3 0.782

605 chapter 2
4.4

problem number 3 3 1.614 3 1.27

606 chapter 2
4.4

problem number 4 7 3.077 3 1.031

607 chapter 2
4.5

problem number 1 3 0.191 3 0.5

608 chapter 2
4.5

problem number 2 3 0.157 3 0.575

609 chapter 2
4.5

problem number 3 3 1.404 3 1.06

610 chapter 2
4.5

problem number 4 3 22.306 3 4.126

611 chapter 2
4.5

problem number 5 3 0.127 3 0.341

612 chapter 2
4.5

problem number 6 7 113.4813 3.481

613 chapter 2
5.1

problem number 1 3 0.074 3 0.283

614 chapter 2
5.1

problem number 3 3 2.937 3 0.282

615 chapter 2
5.1

problem number 4 3 6.203 3 0.349

616 chapter 2
5.2

problem number 1 3 0.197 3 0.413

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
617 chapter 2

5.2
problem number 2 3 0.186 3 0.254

618 chapter 2
5.2

problem number 3 7 1.048 3 0.501

619 chapter 2
5.2

problem number 4 3 0.621 3 0.377

620 chapter 2
5.2

problem number 5 7 24.027 7 2.882

621 chapter 2
5.2

problem number 6 3 1.846 3 1.179

622 chapter 2
5.2

problem number 7 7 28.01 7 2.78

623 chapter 2
5.2

problem number 8 7 24.467 7 2.999

624 chapter 2
5.2

problem number 9 3 0.76 3 0.435

625 chapter 2
5.2

problem number 10 7 2.572 3 1.222

626 chapter 2
5.2

problem number 11 3 0.154 3 0.341

627 chapter 2
5.2

problem number 12 7 12.437 7 1.417

628 chapter 2
5.2

problem number 13 7 26.389 7 1.921

629 chapter 2
5.2

problem number 14 7 24.119 7 1.575

630 chapter 2
5.2

problem number 15 3 0.475 3 0.545

631 chapter 2
5.2

problem number 16 3 0.406 3 0.329

632 chapter 2
5.2

problem number 17 3 1.122 3 0.362

633 chapter 2
5.2

problem number 18 3 0.597 3 0.574

634 chapter 2
5.2

problem number 19 7 3.428 3 1.397

635 chapter 2
5.2

problem number 20 7 3.097 3 1.524

636 chapter 2
5.2

problem number 21 3 0.152 3 0.39

637 chapter 2
5.2

problem number 22 3 0.504 3 0.896

638 chapter 2
5.2

problem number 23 3 0.473 3 0.475

639 chapter 2
6.1

problem number 1 3 0.158 3 0.368

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
640 chapter 2

6.1
problem number 2 3

contains
unre-
solved
integral

6.856 3
contains
unre-
solved
integral

0.603

641 chapter 2
6.1

problem number 3 3 0.532 3
contains
unre-
solved
integral

0.88

642 chapter 2
6.1

problem number 4 3 11.938 3
contains
unre-
solved
integral

0.854

643 chapter 2
6.1

problem number 5 3 0.745 3 1.106

644 chapter 2
6.1

problem number 6 7 4.328 3
contains
unre-
solved
inte-
grals

0.569

645 chapter 2
6.1

problem number 7 3 10.859 3 3.717

646 chapter 2
6.1

problem number 8 7 43.052 3 0.671

647 chapter 2
6.1

problem number 9 7 44.268 3 1.789

648 chapter 2
6.1

problem number 10 3 10.094 3 1.576

649 chapter 2
6.1

problem number 11 3 4.366 3 6.729

650 chapter 2
6.1

problem number 12 7 102.2157 472.988

651 chapter 2
6.1

problem number 13 3 0.618 3 1.076

652 chapter 2
6.1

problem number 14 7 6.749 3 1.944

653 chapter 2
6.2

problem number 1 3 0.169 3
Contains
unre-
solved
integral

0.557

654 chapter 2
6.2

problem number 2 3 3.838 3 0.767

655 chapter 2
6.2

problem number 3 3 0.455 3 1.982

656 chapter 2
6.2

problem number 4 3 8.388 3 1.018

Continued on next page



chapter 1. introduction, summary of results and lookup table 66

Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
657 chapter 2

6.2
problem number 5 3 0.655 3 1.25

658 chapter 2
6.2

problem number 6 7 42.9 3 1.238

659 chapter 2
6.2

problem number 7 3 8.366 3 2.113

660 chapter 2
6.2

problem number 8 3 9.323 3 2.064

661 chapter 2
6.2

problem number 9 7 89.268 3 3.003

662 chapter 2
6.2

problem number 10 7 5.186 3 3.023

663 chapter 2
6.2

problem number 11 7 1.382 3 6.934

664 chapter 2
6.2

problem number 12 7 33.916 3 4.159

665 chapter 2
6.3

problem number 1 3 0.022 3 0.233

666 chapter 2
6.3

problem number 2 3 0.246 3 0.669

667 chapter 2
6.3

problem number 3 3 0.478 3
Has
unre-
solved
inte-
grals

1.106

668 chapter 2
6.3

problem number 4 3 0.631 3 1.229

669 chapter 2
6.3

problem number 5 3 30.326 3 1.431

670 chapter 2
6.3

problem number 6 3 1.346 3 1.592

671 chapter 2
6.3

problem number 7 3 2.852 3 4.405

672 chapter 2
6.3

problem number 8 7 54.105 7
(Timed
out)

600.

673 chapter 2
6.3

problem number 9 7 95.797 3 17.314

674 chapter 2
6.3

problem number 10 3 0.705 3 0.733

675 chapter 2
6.3

problem number 11 7 30.678 3 9.367

676 chapter 2
6.3

problem number 12 7 8.241 3 2.3

677 chapter 2
6.3

problem number 13 7 1.301 3 2.468

678 chapter 2
6.3

problem number 14 7 1.498 7
(Timed
out)

600.

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
679 chapter 2

6.3
problem number 15 7 9.279 3 3.41

680 chapter 2
6.4

problem number 1 3 0.175 3
Has
unre-
solved
integral

0.81

681 chapter 2
6.4

problem number 2 3 1.546 3 1.033

682 chapter 2
6.4

problem number 3 3 5.996 3 1.225

683 chapter 2
6.4

problem number 4 7 49.27 3 1.396

684 chapter 2
6.4

problem number 5 3 3.037 3 1.407

685 chapter 2
6.4

problem number 6 3 0.31 3 0.688

686 chapter 2
6.4

problem number 7 3 0.384 3 1.155

687 chapter 2
6.4

problem number 8 3 0.344 3 1.141

688 chapter 2
6.4

problem number 9 3 2.784 3 1.727

689 chapter 2
6.4

problem number 10 3 2.038 3 2.178

690 chapter 2
6.4

problem number 11 3 0.347 3 0.991

691 chapter 2
6.4

problem number 12 3 2.273 3 1.215

692 chapter 2
6.5

problem number 1 3 0.532 3
Has
unre-
solved
inte-
grals

1.151

693 chapter 2
6.5

problem number 2 3 1.815 3 0.975

694 chapter 2
6.5

problem number 3 3 0.35 3
Mathematica
answer
is sim-
pler

1.647

695 chapter 2
6.5

problem number 4 7 25.926 7 30.902

696 chapter 2
6.5

problem number 5 7 42.13 3 1.034

697 chapter 2
6.5

problem number 6 7 81.561 3 1.69

698 chapter 2
6.5

problem number 7 7 51.053 7 140.449

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
699 chapter 2

6.5
problem number 8 7 25.687 3 1.442

700 chapter 2
6.5

problem number 9 7 25.256 3 1.364

701 chapter 2
6.5

problem number 10 7 2.251 3 1.745

702 chapter 2
6.5

problem number 11 7 10.638 3 1.843

703 chapter 2
7.1

problem number 1 3 0.085 3 0.709

704 chapter 2
7.1

problem number 2 3 0.37 3 0.781

705 chapter 2
7.1

problem number 3 3 0.59 3 0.919

706 chapter 2
7.1

problem number 4 3 0.122 3 0.916

707 chapter 2
7.1

problem number 5 7 1.286 3 1.395

708 chapter 2
7.1

problem number 6 3 0.331 3 2.356

709 chapter 2
7.1

problem number 7 7 25.226 3 4.4

710 chapter 2
7.1

problem number 8 7 1.096 3 1.669

711 chapter 2
7.1

problem number 9 7 56.501 7 38.625

712 chapter 2
7.1

problem number 10 7 38.983 7 46.29

713 chapter 2
7.1

problem number 11 3 1.362 3 0.909

714 chapter 2
7.1

problem number 12 3 0.547 3 1.684

715 chapter 2
7.2

problem number 1 3 0.087 3 0.75

716 chapter 2
7.2

problem number 2 3 2.989 3 0.826

717 chapter 2
7.2

problem number 3 3 10.768 3 0.9

718 chapter 2
7.2

problem number 4 3 0.213 3 0.899

719 chapter 2
7.2

problem number 5 7 2.034 7
(Timed
out)

600.

720 chapter 2
7.2

problem number 6 7 23.822 7 9.506

721 chapter 2
7.2

problem number 7 7 34.767 3 4.753

722 chapter 2
7.2

problem number 8 7 2.503 3 21.002

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
723 chapter 2

7.2
problem number 9 7 32.209 7 36.063

724 chapter 2
7.2

problem number 10 7 66.149 7 45.298

725 chapter 2
7.2

problem number 11 3 1.798 3 0.913

726 chapter 2
7.2

problem number 12 3 0.735 3 1.493

727 chapter 2
7.3

problem number 1 3 0.422 3 0.923

728 chapter 2
7.3

problem number 2 3 3.104 3 0.924

729 chapter 2
7.3

problem number 3 3 13.755 3 1.011

730 chapter 2
7.3

problem number 4 3 0.328 3 1.064

731 chapter 2
7.3

problem number 5 7 1.669 3 1.912

732 chapter 2
7.3

problem number 6 3 0.824 3 1.524

733 chapter 2
7.3

problem number 7 7 33.362 3 3.534

734 chapter 2
7.3

problem number 8 3 0.406 3 0.752

735 chapter 2
7.3

problem number 9 7 31.802 7 7.102

736 chapter 2
7.3

problem number 10 7 39.119 7 13.042

737 chapter 2
7.3

problem number 11 3 0.768 3 1.008

738 chapter 2
7.3

problem number 12 3 0.671 3 1.567

739 chapter 2
7.4

problem number 1 3 0.469 3 0.719

740 chapter 2
7.4

problem number 2 3 4.599 3 0.866

741 chapter 2
7.4

problem number 3 3 16.578 3 1.017

742 chapter 2
7.4

problem number 4 3 0.34 3 1.108

743 chapter 2
7.4

problem number 5 7 1.75 3 3.152

744 chapter 2
7.4

problem number 6 3 0.835 3 2.104

745 chapter 2
7.4

problem number 7 7 34.905 3 4.99

746 chapter 2
7.4

problem number 8 7 31.6 7 5.039

747 chapter 2
7.4

problem number 9 7 32.398 7 8.13
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
748 chapter 2

7.4
problem number 10 7 38.25 7 14.767

749 chapter 2
7.4

problem number 11 3 0.84 3 0.611

750 chapter 2
7.4

problem number 12 3 0.85 3 1.115

751 chapter 2
8.1

problem number 1 3 0.068 3 0.156

752 chapter 2
8.1

problem number 2 3 0.254 3 0.281

753 chapter 2
8.1

problem number 3 7 0.498 3 0.423

754 chapter 2
8.1

problem number 4 3 0.186 3 0.537

755 chapter 2
8.1

problem number 5 7 22.67 3 1.275

756 chapter 2
8.1

problem number 6 7 0.696 3 0.588

757 chapter 2
8.1

problem number 7 7 22.881 7 3.283

758 chapter 2
8.1

problem number 8 7 26.523 7 2.957

759 chapter 2
8.1

problem number 9 7 0.683 3 0.537

760 chapter 2
8.1

problem number 10 7 31.283 7 7.924

761 chapter 2
8.1

problem number 11 7 28.672 7 8.239

762 chapter 2
8.1

problem number 12 3 0.241 3 0.65

763 chapter 2
8.1

problem number 13 7 1.684 3 0.571

764 chapter 2
8.2

problem number 1 3 0.805 3 0.981

765 chapter 2
8.2

problem number 2 3 21.575 7 2.615

766 chapter 2
8.2

problem number 3 7 23.278 7 3.276

767 chapter 2
8.2

problem number 4 3 0.266 3 0.724

768 chapter 2
8.2

problem number 5 7 22.719 7 4.009

769 chapter 2
8.2

problem number 6 7 1.3 3 0.533

770 chapter 2
8.2

problem number 7 7 26.852 7 4.649

771 chapter 2
8.2

problem number 8 7 28.679 7 5.072

772 chapter 2
8.2

problem number 9 7 25.003 7 3.654
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
773 chapter 2

8.2
problem number 10 3 0.291 3 0.734

774 chapter 2
8.2

problem number 11 7 0.395 3 0.82

775 chapter 2
8.3

problem number 1 7 31.824 7 14.565

776 chapter 2
8.3

problem number 2 7 36.406 7 10.252

777 chapter 2
8.3

problem number 3 7 35.875 7 10.867

778 chapter 2
8.4

problem number 1 7 21.868 3 1.345

779 chapter 2
8.4

problem number 2 7 21.646 7 2.801

780 chapter 2
8.4

problem number 3 7 22.068 7 1.761

781 chapter 2
8.4

problem number 4 3 0.167 3 0.408

782 chapter 2
8.5

problem number 1 7 23.328 3 2.081

783 chapter 2
8.5

problem number 2 7 27.481 7 13.761

784 chapter 2
8.5

problem number 3 7 27.987 7 13.225

785 chapter 2
8.5

problem number 4 7 34.31 7 11.501

786 chapter 2
8.5

problem number 5 7 33.778 7 14.532

787 chapter 2
8.6

problem number 1 7 20.953 7 1.834

788 chapter 2
8.6

problem number 2 7 20.936 3 0.701

789 chapter 2
8.6

problem number 3 3 0.109 3 0.252

790 chapter 2
8.6

problem number 4 7 0.452 3 0.63

791 chapter 2
8.6

problem number 5 7 21.376 7 1.464

792 chapter 2
8.6

problem number 6 7 0.315 3 0.287

793 chapter 2
8.6

problem number 7 7 0.692 3 0.214

794 chapter 2
8.6

problem number 8 3 0.208 3 0.33

795 chapter 2
8.6

problem number 9 7 0.8 3 0.298

796 chapter 2
8.6

problem number 10 7 2.656 3 2.

797 chapter 2
8.6

problem number 11 3 0.286 3 0.419
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
798 chapter 2

8.6
problem number 12 3 21.845 3 1.018

799 chapter 2
9.1

problem number 1 3 0.067 3 0.171

800 chapter 2
9.1

problem number 2 7 0.171 3 0.289

801 chapter 2
9.1

problem number 3 7 0.504 3 0.548

802 chapter 2
9.1

problem number 4 7 1.162 7 1.481

803 chapter 2
9.1

problem number 5 7 1.317 7 2.813

804 chapter 2
9.2

problem number 1 3 0.308 3 0.422

805 chapter 2
9.2

problem number 2 7 0.073 3 0.555

806 chapter 2
9.2

problem number 3 7 0.599 3 0.94

807 chapter 2
9.2

problem number 4 7 0.44 3 0.94

808 chapter 2
9.2

problem number 5 7 0.677 7 3.033

809 chapter 2
9.2

problem number 6 7 0.374 3 0.592

810 chapter 2
9.2

problem number 7 7 0.596 3 0.657

811 chapter 2
9.2

problem number 8 7 0.341 3 0.806

812 chapter 2
9.2

problem number 9 7 0.432 3 0.718

813 chapter 2
9.2

problem number 10 7 0.676 3 0.979

814 chapter 2
9.2

problem number 11 7 0.542 3 0.772

815 chapter 2
9.2

problem number 12 7 0.753 7 2.164

816 chapter 2
9.2

problem number 13 7 0.888 7 1.774

817 chapter 2
9.2

problem number 14 7 0.841 3 1.135

818 chapter 2
9.2

problem number 15 7 0.366 3 0.751

819 chapter 2
9.2

problem number 16 7 0.582 3 0.751

820 chapter 2
9.3

problem number 1 7 1.392 3 3.586

821 chapter 2
9.3

problem number 2 7 1.273 7 2.066

822 chapter 2
9.3

problem number 3 7 3.586 7 4.753
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
823 chapter 2

9.3
problem number 4 7 1.292 7 4.578

824 chapter 2
9.3

problem number 5 7 1.228 7 4.411

825 chapter 2
9.3

problem number 6 7 9.153 7 3.244

826 chapter 2
9.3

problem number 7 7 8.043 7 3.139

827 chapter 2
9.3

problem number 8 7 4.247 7 6.753

828 chapter 2
9.3

problem number 9 3 0.068 3 0.321

829 chapter 2
9.3

problem number 11 7 0.451 3 0.757

830 chapter 2
9.3

problem number 12 7 1.139 3 3.312

831 chapter 2
9.3

problem number 13 7 2.643 7 2.798

832 chapter 2
9.3

problem number 14 7 2.535 7 2.823

833 chapter 2
9.3

problem number 15 7 5.303 7 3.095

834 chapter 2
9.3

problem number 16 7 5.63 7 3.146

835 chapter 2
9.3

problem number 17 7 0.857 7 1.996

836 chapter 2
9.3

problem number 18 7 8.036 7 2.86

837 chapter 2
9.3

problem number 19 7 8.146 7 2.805

838 chapter 2
9.3

problem number 20 7 11.529 7 12.126

839 chapter 2
9.3

problem number 21 7 29.225 7 38.229

840 chapter 2
9.3

problem number 22 7 4.7 7 11.285

841 chapter 2
9.3

problem number 23 7 2.191 7 17.705

842 chapter 3
Examples

Example 1 3 0.019 3 0.189

843 chapter 3
Examples

Example 2 3 0.06 3 0.3

844 chapter 3
Examples

Example 3 3 0.006 3 0.127

845 chapter 3
2.1

Problem 1 3 0.01 3 0.175

846 chapter 3
2.1

Problem 2 3 0.023 3 0.173

847 chapter 3
2.1

Problem 3 3 0.032 3 0.227

Continued on next page



chapter 1. introduction, summary of results and lookup table 74

Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
848 chapter 3

2.1
Problem 4 3 0.007 3 0.158

849 chapter 3
2.1

Problem 5 3 0.271 3 0.353

850 chapter 3
2.1

Problem 6 3 0.197 3 0.437

851 chapter 3
2.1

Problem 7 3 0.091 3 0.546

852 chapter 3
2.1

Problem 8 3 0.075 3 0.491

853 chapter 3
2.2

Problem 1 3 0.1 3 0.221

854 chapter 3
2.2

Problem 2 3 0.274 3 0.27

855 chapter 3
2.2

Problem 3 3 0.26 3 0.403

856 chapter 3
2.2

Problem 4 3 0.389 3 0.285

857 chapter 3
2.2

Problem 5 3 0.028 3 0.288

858 chapter 3
2.2

Problem 6 3 0.236 3
Contains
unre-
solved
integral
with
RootOf

0.495

859 chapter 3
2.2

Problem 7 3 0.196 3 0.403

860 chapter 3
2.3

Problem 1 3 0.034 3 0.247

861 chapter 3
2.3

Problem 2 3 0.162 3 0.275

862 chapter 3
2.3

Problem 3 3 0.152 3 0.334

863 chapter 3
2.3

Problem 4 3 0.534 3 0.308

864 chapter 3
2.3

Problem 5 3 0.02 3 0.14

865 chapter 3
2.3

Problem 6 3 0.093 3 0.469

866 chapter 3
2.4

Problem 1 3 0.093 3 0.27

867 chapter 3
2.4

Problem 2 3 0.058 3 0.224

868 chapter 3
2.4

Problem 3 3 0.027 3 0.38

869 chapter 3
2.4

Problem 4 3 0.042 3 0.353
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
870 chapter 3

2.4
Problem 5 3 0.079 3

Result
has
unre-
solved
integral

0.428

871 chapter 3
2.4

Problem 6 3 0.087 3
Result
has
unre-
solved
integral

0.33

872 chapter 3
2.4

Problem 7 3 0.769 3
Result
has
unre-
solved
integral

1.752

873 chapter 3
2.4

Problem 8 3 1.388 3
Result
has
unre-
solved
integral

0.682

874 chapter 3
2.4

Problem 9 3 5.712 3 0.769

875 chapter 3
2.4

Problem 10 7 1.437 3 22.567

876 chapter 3
2.4

Problem 11 3 0.407 3 1.691

877 chapter 3
3.1

Problem 1 3 0.098 3 0.228

878 chapter 3
3.1

Problem 2 3 0.05 3 0.289

879 chapter 3
3.1

Problem 3 3 0.2 3 0.466

880 chapter 3
3.1

Problem 4 3 0.236 3 0.437

881 chapter 3
3.1

Problem 5 3 0.481 3 0.51

882 chapter 3
3.1

Problem 6 3 0.493 3 0.411

883 chapter 3
3.1

Problem 7 3 0.629 3 0.776

884 chapter 3
3.1

Problem 8 7 2.705 3 1.83

885 chapter 3
3.1

Problem 9 7 1.645 3 1.918

886 chapter 3
3.1

Problem 10 3 3.368 3 1.547

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
887 chapter 3

3.1
Problem 11 3 0.46 3 1.242

888 chapter 3
3.2

Problem 1 3 0.269 3 0.298

889 chapter 3
3.2

Problem 2 3 0.046 3 0.449

890 chapter 3
3.2

Problem 3 3 0.081 3 0.406

891 chapter 3
3.2

Problem 4 3 0.425 3 0.596

892 chapter 3
3.2

Problem 5 3 0.677 3 1.415

893 chapter 3
3.2

Problem 6 3 0.06 3 0.248

894 chapter 3
3.2

Problem 7 3 0.058 3 0.303

895 chapter 3
3.2

Problem 8 3 0.657 3 0.459

896 chapter 3
3.2

Problem 9 3 1.123 3 1.085

897 chapter 3
3.2

Problem 10 3 0.569 3 0.717

898 chapter 3
3.2

Problem 11 3 5.1 3 0.927

899 chapter 3
4.1

Problem 1 3 0.153 3 0.391

900 chapter 3
4.1

Problem 2 3 0.094 3 0.346

901 chapter 3
4.1

Problem 3 3 0.295 3 0.386

902 chapter 3
4.1

Problem 4 3
Kernel
Excep-
tion

21.312 3 4.498

903 chapter 3
4.1

Problem 5 3 78.738 3 11.219

904 chapter 3
4.2

Problem 1 3 0.135 3 0.344

905 chapter 3
4.2

Problem 2 3 0.089 3 0.349

906 chapter 3
4.2

Problem 3 3 0.263 3 0.362

907 chapter 3
4.2

Problem 4 3 269.7173 1.637

908 chapter 3
4.2

Problem 5 3 87.511 3 2.426

909 chapter 3
4.3

Problem 1 3 0.131 3 0.302

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
910 chapter 3

4.3
Problem 2 3 0.068 3 0.399

911 chapter 3
4.3

Problem 3 3 0.055 3 0.343

912 chapter 3
4.3

Problem 4 3 181.5443 1.51

913 chapter 3
4.3

Problem 5 3 54.744 3 1.695

914 chapter 3
4.4

Problem 1 3 0.118 3 0.381

915 chapter 3
4.4

Problem 2 3 0.077 3 0.364

916 chapter 3
4.4

Problem 3 3 0.054 3 0.369

917 chapter 3
4.4

Problem 4 3 81.306 3 1.502

918 chapter 3
4.4

Problem 5 3 54.565 3 1.628

919 chapter 3
4.5

Problem 1 3 0.428 3 0.375

920 chapter 3
4.5

Problem 2 3 0.112 3 0.454

921 chapter 3
4.5

Problem 3 3 1.108 3 0.348

922 chapter 3
4.5

Problem 4 3 0.135 3 0.608

923 chapter 3
4.5

Problem 5 3 0.116 3 0.699

924 chapter 3
5.1

Problem 1 3 0.098 3 0.371

925 chapter 3
5.1

Problem 2 3 0.034 3 0.297

926 chapter 3
5.1

Problem 3 3 0.256 3 1.217

927 chapter 3
5.1

Problem 4 3 0.082 3 0.553

928 chapter 3
5.1

Problem 5 3 0.285 3 0.69

929 chapter 3
5.1

Problem 6 3 0.611 3 18.224

930 chapter 3
5.2

Problem 1 3 0.141 3 0.287

931 chapter 3
5.2

Problem 2 3 0.093 3
Result
has
unre-
solved
inte-
grals

0.75

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
932 chapter 3

5.2
Problem 3 3 0.084 3 0.711

933 chapter 3
5.3

Problem 4 3 0.097 3
Result
has
unre-
solved
inte-
grals

0.465

934 chapter 3
5.3

Problem 5 3 0.104 3 0.512

935 chapter 3
5.3

Problem 6 3 1.168 3 1.179

936 chapter 3
6.1

Problem 1 3 0.483 3 0.37

937 chapter 3
6.1

Problem 2 3 0.2 3 0.287

938 chapter 3
6.1

Problem 3 3 0.059 3 0.334

939 chapter 3
6.1

Problem 4 3 59.115 3 2.754

940 chapter 3
6.1

Problem 5 3 89.784 3
Result
has
unre-
solved
inte-
grals

3.296

941 chapter 3
6.2

Problem 1 3 0.753 3 0.173

942 chapter 3
6.2

Problem 2 3 0.168 3 0.195

943 chapter 3
6.2

Problem 3 3 0.053 3 0.181

944 chapter 3
6.2

Problem 4 3 69.327 3 2.083

945 chapter 3
6.2

Problem 5 3 46.782 3 3.337

946 chapter 3
6.3

Problem 1 3 0.122 3 0.405

947 chapter 3
6.3

Problem 2 3 0.069 3 0.334

948 chapter 3
6.3

Problem 3 3 0.065 3 0.278

949 chapter 3
6.3

Problem 4 3 15.663 3 3.287

950 chapter 3
6.3

Problem 5 3 25.218 3 5.378

951 chapter 3
6.4

Problem 1 3 0.137 3 0.359

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
952 chapter 3

6.4
Problem 2 3 0.076 3 0.311

953 chapter 3
6.4

Problem 3 3 0.058 3 0.353

954 chapter 3
6.4

Problem 4 3 16.042 3 2.918

955 chapter 3
6.4

Problem 5 3 25.103 3 4.848

956 chapter 3
6.5

Problem 1 3 0.523 3 0.316

957 chapter 3
6.5

Problem 2 3 0.183 3 0.311

958 chapter 3
6.5

Problem 3 3 1.214 3 0.35

959 chapter 3
6.5

Problem 4 3 0.152 3 1.042

960 chapter 3
6.5

Problem 5 3 0.358 3 0.749

961 chapter 3
6.5

Problem 6 3 0.101 3 0.881

962 chapter 3
7.1

Problem 1 3 0.778 3 0.455

963 chapter 3
7.1

Problem 2 3 0.728 3 0.428

964 chapter 3
7.1

Problem 3 3 0.106 3 0.278

965 chapter 3
7.1

Problem 4 3 0.106 3 2.101

966 chapter 3
7.1

Problem 5 3 0.474 3 1.471

967 chapter 3
7.2

Problem 1 3 0.803 3 0.469

968 chapter 3
7.2

Problem 2 3 1.191 3 0.344

969 chapter 3
7.2

Problem 3 3 0.121 3 0.241

970 chapter 3
7.2

Problem 4 3 0.107 3 1.455

971 chapter 3
7.2

Problem 5 3 0.464 3 1.007

972 chapter 3
7.3

Problem 1 3 0.11 3 0.522

973 chapter 3
7.3

Problem 2 3 0.159 3 0.315

974 chapter 3
7.3

Problem 3 3 0.052 3 0.26

975 chapter 3
7.3

Problem 4 3 0.13 3 4.338

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
976 chapter 3

7.3
Problem 5 3 0.399 3 2.489

977 chapter 3
7.4

Problem 1 3 0.081 3 0.367

978 chapter 3
7.4

Problem 2 3 0.147 3 0.22

979 chapter 3
7.4

Problem 3 3 0.055 3 0.175

980 chapter 3
7.4

Problem 4 3 0.13 3 1.009

981 chapter 3
7.4

Problem 5 3 0.385 3 2.387

982 chapter 3
8.1

Problem 1 3 0.008 3 0.207

983 chapter 3
8.1

Problem 2 3 0.023 3 0.277

984 chapter 3
8.1

Problem 3 3 0.052 3 0.372

985 chapter 3
8.1

Problem 4 3 0.038 3 0.489

986 chapter 3
8.1

Problem 5 3 0.027 3 0.434

987 chapter 3
8.1

Problem 6 3 0.044 3 0.334

988 chapter 3
8.1

Problem 7 3 0.129 3 0.269

989 chapter 3
8.1

Problem 8 3 0.134 3 0.257

990 chapter 3
8.1

Problem 9 3 0.126 3 0.132

991 chapter 3
8.1

Problem 10 3 0.091 3 0.165

992 chapter 3
8.1

Problem 11 3 0.27 3 0.331

993 chapter 3
8.1

Problem 12 3 0.392 3 0.31

994 chapter 3
8.1

Problem 13 7 0.458 3 0.565

995 chapter 3
8.1

Problem 14 3 0.44 3 0.437

996 chapter 3
8.1

Problem 15 3 1.07 3 0.513

997 chapter 3
8.1

Problem 16 3 0.064 3 0.177

998 chapter 3
8.2

Problem 1 3 0.03 3 0.159

999 chapter 3
8.2

Problem 2 3 0.02 3 0.171

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1000 chapter 3

8.2
Problem 3 3 0.069 3 0.182

1001 chapter 3
8.2

Problem 4 3 0.288 3 0.2

1002 chapter 3
8.2

Problem 5 3 0.44 3 0.329

1003 chapter 3
8.2

Problem 6 3 0.048 3 0.129

1004 chapter 3
8.2

Problem 7 7 0.297 3 0.238

1005 chapter 3
8.3

Problem 1 3 0.04 3 0.154

1006 chapter 3
8.3

Problem 2 3 0.018 3 0.091

1007 chapter 3
8.3

Problem 3 3 0.039 3 0.164

1008 chapter 3
8.3

Problem 4 3 0.048 3 0.163

1009 chapter 3
8.3

Problem 5 3 0.05 3 0.26

1010 chapter 3
8.3

Problem 6 3 0.057 3 0.227

1011 chapter 3
8.3

Problem 7 3 0.1 3 0.209

1012 chapter 3
8.3

Problem 8 3 0.202 3 0.471

1013 chapter 3
8.4

Problem 1 3 0.015 3 0.143

1014 chapter 3
8.4

Problem 2 3 0.068 3 0.22

1015 chapter 3
8.4

Problem 3 3 0.063 3 0.169

1016 chapter 3
8.4

Problem 4 3 0.164 3 0.272

1017 chapter 3
8.4

Problem 5 3 0.741 3 0.398

1018 chapter 3
8.4

Problem 6 7 0.488 3 0.696

1019 chapter 3
8.4

Problem 7 7 0.164 3
Contains
RootOf

0.227

1020 chapter 4
1.1

Example 1 3 0.035 3 0.171

1021 chapter 4
1.1

Example 2 3 0.08 3 0.163

1022 chapter 4
1.1

Example 3 3 0.006 3 0.11

1023 chapter 4
2.1

Problem 1 3 0.007 3 0.117

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1024 chapter 4

2.1
Problem 2 3 0.024 3 0.124

1025 chapter 4
2.1

Problem 3 3 0.015 3 0.093

1026 chapter 4
2.1

Problem 4 3 0.019 3 0.131

1027 chapter 4
2.1

Problem 5 3 0.014 3 0.092

1028 chapter 4
2.1

Problem 6 3 0.022 3 0.099

1029 chapter 4
2.1

Problem 7 7 0.215 7 45.744

1030 chapter 4
2.2

Problem 1 3 0.029 3 0.165

1031 chapter 4
2.2

Problem 2 3 0.026 3 0.19

1032 chapter 4
2.2

Problem 3 3 0.166 3 0.16

1033 chapter 4
2.2

Problem 4 3 0.153 3 0.206

1034 chapter 4
2.2

Problem 5 3 0.243 3 0.245

1035 chapter 4
2.2

Problem 6 3 0.079 3 0.213

1036 chapter 4
2.2

Problem 7 7 0.482 3 0.856

1037 chapter 4
2.2

Problem 8 7 3.963 3 0.752

1038 chapter 4
2.3

Problem 1 3 0.022 3 0.146

1039 chapter 4
2.3

Problem 2 3 0.034 3 0.203

1040 chapter 4
2.3

Problem 3 3 0.021 3 0.134

1041 chapter 4
2.3

Problem 4 3 0.147 3 0.221

1042 chapter 4
2.3

Problem 5 3 0.133 3 0.257

1043 chapter 4
2.3

Problem 6 3 0.459 3 0.266

1044 chapter 4
2.4

Problem 1 3 0.108 3 0.2

1045 chapter 4
2.4

Problem 2 case n 6= −1, n 6=
−2

3 0.041 3 0.196

1046 chapter 4
2.4

Problem 2 case n = −1 3 0.056 3 0.155

1047 chapter 4
2.4

Problem 2 case n = −2 3 0.069 3 0.156

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1048 chapter 4

2.4
Problem 3 3 0.025 3 0.181

1049 chapter 4
2.4

Problem 4 3 0.037 3 0.192

1050 chapter 4
2.4

Problem 5 3 0.068 3 0.174

1051 chapter 4
2.4

Problem 6 3 0.134 3 0.165

1052 chapter 4
2.4

Problem 7 3 1.07 3 1.613

1053 chapter 4
2.4

Problem 8 3 0.868 3 0.549

1054 chapter 4
2.4

Problem 9 3 4.314 3 8.935

1055 chapter 4
2.4

Problem 10 3 1.924 3 3.613

1056 chapter 4
2.4

Problem 11 3 0.734 3 1.705

1057 chapter 4
2.4

Problem 12 7 1.009 7
(Timed
out)

600.

1058 chapter 4
2.4

Problem 13 7 1.066 7
(Timed
out)

600.

1059 chapter 4
3.1

Problem 1 3 0.121 3 0.196

1060 chapter 4
3.1

Problem 2 3 0.113 3 0.214

1061 chapter 4
3.1

Problem 3 3 0.185 3 0.292

1062 chapter 4
3.1

Problem 4 3 0.314 3 0.293

1063 chapter 4
3.1

Problem 5 3 1.557 3 0.42

1064 chapter 4
3.1

Problem 6 3 0.911 3 0.505

1065 chapter 4
3.1

Problem 7 7 2.009 3 1.498

1066 chapter 4
3.1

Problem 8 7 1.645 3 1.617

1067 chapter 4
3.1

Problem 9 3 2.082 3 1.208

1068 chapter 4
3.1

Problem 10 3 0.397 3 0.225

1069 chapter 4
3.2

Problem 1 3 0.391 3 0.218

1070 chapter 4
3.2

Problem 2 3 0.063 3 0.172

1071 chapter 4
3.2

Problem 3 3 0.063 3 0.201

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1072 chapter 4

3.2
Problem 4 3 0.302 3 0.332

1073 chapter 4
3.2

Problem 5 3 7.406 3 0.993

1074 chapter 4
3.2

Problem 6 3 0.282 3 0.518

1075 chapter 4
3.2

Problem 7 3 0.511 3 0.54

1076 chapter 4
4.1

Problem 1 3 0.33 3 0.217

1077 chapter 4
4.1

Problem 2 3 0.466 3 0.219

1078 chapter 4
4.1

Problem 3 3 0.064 3 0.229

1079 chapter 4
4.1

Problem 4 3 117.9223 1.352

1080 chapter 4
4.1

Problem 5 3 183.13 3 1.667

1081 chapter 4
4.2

Problem 1 3 0.352 3 0.219

1082 chapter 4
4.2

Problem 2 3 0.415 3 0.231

1083 chapter 4
4.2

Problem 3 3 0.058 3 0.233

1084 chapter 4
4.2

Problem 4 3 113.4363 1.137

1085 chapter 4
4.2

Problem 5 3 59.977 3 1.462

1086 chapter 4
4.3

Problem 1 3 0.11 3 0.276

1087 chapter 4
4.3

Problem 2 3 0.066 3 0.266

1088 chapter 4
4.3

Problem 3 3 0.063 3 0.266

1089 chapter 4
4.3

Problem 4 3 78.223 3 1.595

1090 chapter 4
4.3

Problem 5 3 51.715 3 1.911

1091 chapter 4
4.4

Problem 1 3 0.121 3 0.24

1092 chapter 4
4.4

Problem 2 3 0.071 3 0.303

1093 chapter 4
4.4

Problem 3 3 0.058 3 0.264

1094 chapter 4
4.4

Problem 4 3 79.783 3 1.584

1095 chapter 4
4.4

Problem 5 3 53.204 3 1.939

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1096 chapter 4

4.5
Problem 1 3 0.408 3 0.245

1097 chapter 4
4.5

Problem 2 3 0.108 3 0.279

1098 chapter 4
4.5

Problem 3 3 0.093 3 0.445

1099 chapter 4
4.5

Problem 4 3 0.054 3 0.38

1100 chapter 4
4.5

Problem 5 3 0.172 3 0.837

1101 chapter 4
4.5

Problem 6 3 0.474 3 0.772

1102 chapter 4
5.1

Problem 1 3 0.085 3 0.29

1103 chapter 4
5.1

Problem 2 3 0.036 3 0.217

1104 chapter 4
5.1

Problem 3 3 0.078 3 0.437

1105 chapter 4
5.1

Problem 4 3 0.265 3 0.603

1106 chapter 4
5.1

Problem 5 3 0.193 3 0.418

1107 chapter 4
5.1

Problem 6 7 0.381 3 32.919

1108 chapter 4
5.2

Problem 1 3 0.108 3 1.772

1109 chapter 4
5.2

Problem 2 3 0.1 3 0.52

1110 chapter 4
5.2

Problem 3 3 0.099 3 0.447

1111 chapter 4
5.2

Problem 4 3 0.087 3 0.265

1112 chapter 4
5.2

Problem 5 3 0.073 3 0.293

1113 chapter 4
5.2

Problem 6 3 1.063 3 18.611

1114 chapter 4
6.1

Problem 1 3 0.402 3 0.196

1115 chapter 4
6.1

Problem 2 3 0.464 3 0.206

1116 chapter 4
6.1

Problem 3 3 0.057 3 0.167

1117 chapter 4
6.1

Problem 4 3 59.157 3 1.692

1118 chapter 4
6.1

Problem 5 3 87.898 3 2.128

1119 chapter 4
6.2

Problem 1 3 0.408 3 0.196

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1120 chapter 4

6.2
Problem 2 3 0.766 3 0.201

1121 chapter 4
6.2

Problem 3 3 0.058 3 0.191

1122 chapter 4
6.2

Problem 4 3 69.019 3 1.294

1123 chapter 4
6.2

Problem 5 3 45.301 3 1.927

1124 chapter 4
6.3

Problem 1 3 0.076 3 0.228

1125 chapter 4
6.3

Problem 2 3 0.129 3 0.281

1126 chapter 4
6.3

Problem 3 3 0.062 3 0.254

1127 chapter 4
6.3

Problem 4 3 16.268 3 1.822

1128 chapter 4
6.3

Problem 5 3 24.709 3 2.201

1129 chapter 4
6.4

Problem 1 3 0.079 3 0.252

1130 chapter 4
6.4

Problem 2 3 0.135 3 0.301

1131 chapter 4
6.4

Problem 3 3 0.064 3 0.21

1132 chapter 4
6.4

Problem 4 3 16.571 3 1.925

1133 chapter 4
6.4

Problem 5 3 24.73 3 2.347

1134 chapter 4
6.5

Problem 1 3 0.209 3 0.193

1135 chapter 4
6.5

Problem 2 3 0.462 3 0.221

1136 chapter 4
6.5

Problem 3 3 0.105 3 0.6

1137 chapter 4
6.5

Problem 4 3 0.333 3 0.625

1138 chapter 4
6.5

Problem 5 3 0.262 3 0.278

1139 chapter 4
6.5

Problem 6 3 0.152 3 0.27

1140 chapter 4
7.1

Problem 1 3 0.847 3 0.29

1141 chapter 4
7.1

Problem 2 3 0.646 3 0.232

1142 chapter 4
7.1

Problem 3 3 1.818 3 0.292

1143 chapter 4
7.1

Problem 4 3 0.107 3 4.193

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1144 chapter 4

7.1
Problem 5 3 0.483 3 4.063

1145 chapter 4
7.2

Problem 1 3 0.99 3 0.283

1146 chapter 4
7.2

Problem 2 3 1.073 3 0.255

1147 chapter 4
7.2

Problem 3 3 2.239 3 0.276

1148 chapter 4
7.2

Problem 4 3 0.119 3 2.567

1149 chapter 4
7.2

Problem 5 3 0.508 3 2.496

1150 chapter 4
7.3

Problem 1 3 0.099 3 0.443

1151 chapter 4
7.3

Problem 2 3 0.159 3 0.407

1152 chapter 4
7.3

Problem 3 3 0.139 3 0.368

1153 chapter 4
7.3

Problem 4 3 0.14 3 1.959

1154 chapter 4
7.3

Problem 5 3 0.415 3 2.133

1155 chapter 4
7.4

Problem 1 3 0.085 3 0.485

1156 chapter 4
7.4

Problem 2 3 0.156 3 0.344

1157 chapter 4
7.4

Problem 3 3 0.141 3 0.406

1158 chapter 4
7.4

Problem 4 3 0.142 3 1.817

1159 chapter 4
7.4

Problem 5 3 0.406 3 2.083

1160 chapter 4
8.1

Problem 1 3 0.008 3 0.167

1161 chapter 4
8.1

Problem 2 3 0.024 3 0.169

1162 chapter 4
8.1

Problem 3 3 0.036 3 0.184

1163 chapter 4
8.1

Problem 4 3 0.039 3 0.271

1164 chapter 4
8.1

Problem 5 3 0.029 3 0.214

1165 chapter 4
8.1

Problem 6 3 0.039 3 0.178

1166 chapter 4
8.1

Problem 7 3 0.141 3 0.322

1167 chapter 4
8.1

Problem 8 3 0.117 3 0.298

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1168 chapter 4

8.1
Problem 9 3 0.154 3 0.234

1169 chapter 4
8.1

Problem 10 3 0.083 3 0.219

1170 chapter 4
8.1

Problem 11 3 0.295 3 0.299

1171 chapter 4
8.1

Problem 12 3 0.36 3 0.367

1172 chapter 4
8.1

Problem 13 7 20.786 7 2.974

1173 chapter 4
8.1

Problem 14 3 0.315 3 0.445

1174 chapter 4
8.1

Problem 15 3 0.219 3 0.305

1175 chapter 4
8.2

Problem 1 3 0.022 3 0.195

1176 chapter 4
8.2

Problem 2 3 0.019 3 0.179

1177 chapter 4
8.2

Problem 3 3 0.077 3 0.23

1178 chapter 4
8.2

Problem 4 7 0.102 3
contains
RootOf

0.256

1179 chapter 4
8.2

Problem 5 7 20.521 7 1.751

1180 chapter 4
8.2

Problem 6 7 0.174 3
has
RootOf

0.279

1181 chapter 4
8.2

Problem 7 7 0.083 3
has
RootOf

0.258

1182 chapter 4
8.3

Problem 1 3 0.036 3 0.198

1183 chapter 4
8.3

Problem 2 3 0.013 3 0.141

1184 chapter 4
8.3

Problem 3 3 0.036 3 0.204

1185 chapter 4
8.3

Problem 4 3 0.093 3 0.399

1186 chapter 4
8.3

Problem 5 3 0.07 3 0.253

1187 chapter 4
8.3

Problem 6 3 0.09 3 0.232

1188 chapter 4
8.3

Problem 7 3 0.051 3 0.545

1189 chapter 4
8.4

Problem 1 3 0.014 3 0.18

1190 chapter 4
8.4

Problem 2 3 0.062 3 0.207

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1191 chapter 4

8.4
Problem 3 3 0.058 3 0.204

1192 chapter 4
8.4

Problem 4 3 0.164 3 0.298

1193 chapter 4
8.4

Problem 5 3 0.735 3 0.531

1194 chapter 4
8.4

Problem 6 7 20.753 7 2.452

1195 chapter 4
8.4

Problem 7 7 0.107 3
has
RootOf

0.233

1196 chapter 5
2.1

Problem 1 3 0.019 3 0.181

1197 chapter 5
2.1

Problem 2 3 0.022 3 0.105

1198 chapter 5
2.1

Problem 3 3 0.046 3 0.2

1199 chapter 5
2.1

Problem 4 3 0.035 3 0.187

1200 chapter 5
2.1

Problem 5 3 0.341 3 0.248

1201 chapter 5
2.1

Problem 6 3 0.346 3 0.191

1202 chapter 5
2.1

Problem 7 3 7.933 3 460.072

1203 chapter 5
2.1

Problem 8 3 30.645 3 0.938

1204 chapter 5
2.2

Problem 1 3 0.151 3 0.286

1205 chapter 5
2.2

Problem 2 3 0.269 3 0.291

1206 chapter 5
2.2

Problem 3 3 0.021 3 0.221

1207 chapter 5
2.2

Problem 4 3 0.299 3 0.33

1208 chapter 5
2.2

Problem 5 3 51.684 7
(Timed
out)

600.

1209 chapter 5
2.2

Problem 6 3 50.131 3 7.395

1210 chapter 5
2.2

Problem 7 7 42.122 3 0.906

1211 chapter 5
2.2

Problem 8 7 11.488 3 11.386

1212 chapter 5
2.3

Problem 1 3 0.18 3 0.336

1213 chapter 5
2.3

Problem 2 3 0.292 3 0.27

1214 chapter 5
2.3

Problem 3 3 0.828 3 0.347

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1215 chapter 5

2.3
Problem 4 3 0.861 3 0.399

1216 chapter 5
2.3

Problem 5 3 0.653 3 0.401

1217 chapter 5
2.3

Problem 6 3 0.063 3 0.517

1218 chapter 5
2.3

Problem 7 3 1.044 3
contains
RootOf

0.584

1219 chapter 5
2.4

Problem 1 3 0.28 3 0.413

1220 chapter 5
2.4

Problem 2 3 0.137 3 0.256

1221 chapter 5
2.4

Problem 3 3 0.042 3 0.279

1222 chapter 5
2.4

Problem 4 3 0.13 3 0.256

1223 chapter 5
2.4

Problem 5 3 0.196 3 0.777

1224 chapter 5
2.4

Problem 6 3 0.235 3 0.728

1225 chapter 5
2.4

Problem 7 3 0.064 3 0.348

1226 chapter 5
2.4

Problem 8 3 0.084 3 0.309

1227 chapter 5
2.4

Problem 9 3 1.728 3 3.292

1228 chapter 5
2.4

Problem 10 3 0.75 3 6.843

1229 chapter 5
2.4

Problem 11 3 2.064 3 3.138

1230 chapter 5
2.4

Problem 12 3 0.576 3 2.292

1231 chapter 5
3.1

Problem 1 3 0.258 3 0.576

1232 chapter 5
3.1

Problem 2 3 0.292 3 0.685

1233 chapter 5
3.1

Problem 3 3 0.962 3 0.987

1234 chapter 5
3.1

Problem 4 7 2.237 3 2.176

1235 chapter 5
3.1

Problem 5 7 1.377 3 2.265

1236 chapter 5
3.1

Problem 6 3 3.984 3 2.721

1237 chapter 5
3.1

Problem 7 3 0.165 3 0.461

1238 chapter 5
3.1

Problem 8 3 0.136 3 0.715

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1239 chapter 5

3.2
Problem 1 3 0.097 3 0.555

1240 chapter 5
3.2

Problem 2 3 0.079 3 0.544

1241 chapter 5
3.2

Problem 3 3 0.068 3 0.63

1242 chapter 5
3.2

Problem 4 3 0.335 3 1.658

1243 chapter 5
3.2

Problem 5 3 0.178 3 0.625

1244 chapter 5
3.2

Problem 6 3 0.18 3 0.592

1245 chapter 5
3.2

Problem 7 3 1.043 3 1.517

1246 chapter 5
3.2

Problem 8 3 0.052 3 0.469

1247 chapter 5
3.2

Problem 9 3 0.333 3 1.325

1248 chapter 5
3.2

Problem 10 3 0.362 3 0.86

1249 chapter 5
4.1

Problem 1 3 4.477 3 6.066

1250 chapter 5
4.1

Problem 2 3 93.033 3 1.169

1251 chapter 5
4.1

Problem 3 3 58.609 3 4.607

1252 chapter 5
4.1

Problem 4 3 4.213 3 5.028

1253 chapter 5
4.1

Problem 5 3 0.373 3 4.921

1254 chapter 5
4.2

Problem 1 3 4.738 3 5.343

1255 chapter 5
4.2

Problem 2 3 35.491 3 1.149

1256 chapter 5
4.2

Problem 3 3 59.801 3 4.156

1257 chapter 5
4.2

Problem 4 3 0.065 3 0.511

1258 chapter 5
4.2

Problem 5 3 2.1 3 4.151

1259 chapter 5
4.2

Problem 6 3 1.14 3 4.43

1260 chapter 5
4.3

Problem 1 3 6.359 3 1.917

1261 chapter 5
4.3

Problem 2 3 49.644 3 1.131

1262 chapter 5
4.3

Problem 3 7
(Timed
out)

600. 3 3.695

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1263 chapter 5

4.3
Problem 4 3 2.008 3 2.698

1264 chapter 5
4.3

Problem 5 3 0.813 3 3.065

1265 chapter 5
4.4

Problem 1 3 3.187 3 1.918

1266 chapter 5
4.4

Problem 2 3 36.432 3 1.118

1267 chapter 5
4.4

Problem 3 3 62.621 3 3.699

1268 chapter 5
4.4

Problem 4 3 0.276 3 3.123

1269 chapter 5
4.4

Problem 5 3 0.21 3 3.315

1270 chapter 5
4.5

Problem 1 3 1.526 3 5.063

1271 chapter 5
4.5

Problem 2 3 0.833 3 4.796

1272 chapter 5
4.5

Problem 3 3 0.285 3 1.113

1273 chapter 5
4.5

Problem 4 3 0.039 3 1.421

1274 chapter 5
4.5

Problem 5 3 0.122 3 5.109

1275 chapter 5
4.5

Problem 6 3 0.21 3 3.759

1276 chapter 5
5.1

Problem 1 3 0.076 3 0.969

1277 chapter 5
5.1

Problem 2 3 0.04 3 0.636

1278 chapter 5
5.1

Problem 3 3 0.202 3 1.611

1279 chapter 5
5.1

Problem 4 3 0.424 3 0.697

1280 chapter 5
5.1

Problem 5 3 0.094 3 113.977

1281 chapter 5
5.1

Problem 6 3 0.064 3 90.381

1282 chapter 5
5.2

Problem 1 3 0.169 3 0.931

1283 chapter 5
5.2

Problem 2 3 0.054 3 1.02

1284 chapter 5
5.2

Problem 3 3 0.091 3 0.803

1285 chapter 5
5.2

Problem 4 3 0.264 3 1.078

1286 chapter 5
5.2

Problem 5 3 0.129 3 1.022

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1287 chapter 5

5.2
Problem 6 3 0.439 3 2.394

1288 chapter 5
5.2

Problem 7 3 0.187 3 2.554

1289 chapter 5
6.1

Problem 1 3 0.381 3 0.565

1290 chapter 5
6.1

Problem 2 3 21.236 3 6.007

1291 chapter 5
6.1

Problem 3 3 20.776 3 6.999

1292 chapter 5
6.1

Problem 4 3 0.131 3 1.012

1293 chapter 5
6.1

Problem 5 3 0.061 3 1.252

1294 chapter 5
6.1

Problem 6 3 0.162 3 8.69

1295 chapter 5
6.1

Problem 7 3 0.127 3 9.725

1296 chapter 5
6.2

Problem 1 3 0.383 3 0.595

1297 chapter 5
6.2

Problem 2 3 11.989 3 5.005

1298 chapter 5
6.2

Problem 3 3 10.543 3 5.793

1299 chapter 5
6.2

Problem 4 3 0.124 3 1.038

1300 chapter 5
6.2

Problem 5 3 0.053 3 1.191

1301 chapter 5
6.2

Problem 6 3 0.17 3 6.841

1302 chapter 5
6.3

Problem 1 3 0.795 3 0.866

1303 chapter 5
6.3

Problem 2 3 1.89 3 2.02

1304 chapter 5
6.3

Problem 3 3 0.293 3 3.455

1305 chapter 5
6.3

Problem 4 3 0.288 3 2.105

1306 chapter 5
6.3

Problem 5 3 0.185 3 0.929

1307 chapter 5
6.3

Problem 6 3 0.237 3 5.467

1308 chapter 5
6.3

Problem 7 3 0.195 3 6.667

1309 chapter 5
6.4

Problem 1 3 1.793 3 0.961

1310 chapter 5
6.4

Problem 2 3 2.118 3 2.097

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1311 chapter 5

6.4
Problem 3 3 0.267 3 3.38

1312 chapter 5
6.4

Problem 4 3 0.313 3 3.159

1313 chapter 5
6.4

Problem 5 3 0.182 3 1.019

1314 chapter 5
6.4

Problem 6 3 0.244 3 6.105

1315 chapter 5
6.4

Problem 7 3 0.193 3 8.247

1316 chapter 5
6.5

Problem 1 3 21.748 3 5.307

1317 chapter 5
6.5

Problem 2 3 10.8 3 5.966

1318 chapter 5
6.5

Problem 3 3 0.177 3 2.614

1319 chapter 5
6.5

Problem 4 3 0.284 3 3.474

1320 chapter 5
6.5

Problem 5 3 0.345 3 2.135

1321 chapter 5
6.5

Problem 6 3 0.166 3 7.503

1322 chapter 5
6.5

Problem 7 3 0.163 3 2.543

1323 chapter 5
7.1

Problem 1 3 0.565 3 1.275

1324 chapter 5
7.1

Problem 2 3 0.152 3 1.156

1325 chapter 5
7.1

Problem 3 3 1.296 3 1.233

1326 chapter 5
7.1

Problem 4 3 0.069 3 5.362

1327 chapter 5
7.1

Problem 5 3 0.061 3 27.023

1328 chapter 5
7.2

Problem 1 3 0.745 3 1.007

1329 chapter 5
7.2

Problem 2 3 0.157 3 1.016

1330 chapter 5
7.2

Problem 3 3 1.72 3 1.145

1331 chapter 5
7.2

Problem 4 3 0.067 3 3.119

1332 chapter 5
7.2

Problem 5 3 0.06 3 10.259

1333 chapter 5
7.3

Problem 1 3 0.322 3 2.07

1334 chapter 5
7.3

Problem 2 3 0.112 3 2.038

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1335 chapter 5

7.3
Problem 3 3 0.465 3 6.855

1336 chapter 5
7.3

Problem 4 3 0.073 3 3.324

1337 chapter 5
7.3

Problem 5 3 0.061 3 3.662

1338 chapter 5
7.4

Problem 1 3 0.488 3 1.618

1339 chapter 5
7.4

Problem 2 3 0.123 3 41.239

1340 chapter 5
7.4

Problem 3 3 0.557 3 5.642

1341 chapter 5
7.4

Problem 4 3 0.069 3 3.167

1342 chapter 5
7.4

Problem 5 3 0.067 3 3.305

1343 chapter 5
8.1

Problem 1 3 0.024 3 0.493

1344 chapter 5
8.1

Problem 2 3 0.05 3 0.514

1345 chapter 5
8.1

Problem 3 3 0.07 3 0.5

1346 chapter 5
8.1

Problem 4 3 0.042 3 0.493

1347 chapter 5
8.1

Problem 5 3 0.092 3 0.562

1348 chapter 5
8.1

Problem 6 3 0.038 3 0.479

1349 chapter 5
8.1

Problem 7 3 0.147 3 0.526

1350 chapter 5
8.1

Problem 8 3 0.124 3 0.695

1351 chapter 5
8.1

Problem 9 3 0.404 3 1.078

1352 chapter 5
8.1

Problem 10 7 0.576 3 1.481

1353 chapter 5
8.1

Problem 11 3 0.225 3 1.022

1354 chapter 5
8.1

Problem 12 3 0.324 3 0.869

1355 chapter 5
8.2

Problem 1 3 0.025 3 0.442

1356 chapter 5
8.2

Problem 2 3 0.152 3 0.448

1357 chapter 5
8.2

Problem 3 3 0.023 3 0.445

1358 chapter 5
8.2

Problem 4 3 0.056 3 0.534

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1359 chapter 5

8.2
Problem 5 3 0.056 3 0.531

1360 chapter 5
8.2

Problem 6 3 0.274 3 0.665

1361 chapter 5
8.3

Problem 1 3 0.03 3 0.466

1362 chapter 5
8.3

Problem 2 3 0.067 3 0.568

1363 chapter 5
8.3

Problem 3 3 0.039 3 0.563

1364 chapter 5
8.3

Problem 4 3 0.131 3 0.691

1365 chapter 5
8.3

Problem 5 3 0.36 3 1.107

1366 chapter 5
8.3

Problem 6 7 20.839 7 3.134

1367 chapter 6
2.1

Problem 1 3 0.004 3 0.263 Yes

1368 chapter 6
2.1

Problem 2 3 0.048 3 0.274 Yes

1369 chapter 6
2.1

Problem 3 3 0.033 3 0.366 Yes

1370 chapter 6
2.1

Problem 4 3 0.043 3 0.804 Yes

1371 chapter 6
2.1

Problem 5 3 0.026 3 0.399

1372 chapter 6
2.1

Problem 6 3 0.077 3 0.814

1373 chapter 6
2.1

Problem 7 3 0.055 3 0.645

1374 chapter 6
2.1

Problem 8 7 0.031 3 0.388

1375 chapter 6
2.1

Problem 9 3 0.073 3 1.833

1376 chapter 6
2.1

Problem 10 3 0.118 3 0.703

1377 chapter 6
2.1

Problem 11 7 1.204 7 3.154

1378 chapter 6
2.1

Problem 12 7 0.252 7 0.463

1379 chapter 6
2.1

Problem 13 3 0.027 3 0.294

1380 chapter 6
2.1

Problem 14 3 31.637 7 4.808

1381 chapter 6
2.1

Problem 15 3 8.874 3 8.058

1382 chapter 6
2.1

Problem 16 3 9.119 3 7.344

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1383 chapter 6

2.1
Problem 17 7

(Timed
out)

600. 7 24.448

1384 chapter 6
2.1

Problem 18 3 8.639 7 6.631

1385 chapter 6
2.1

Problem 19 7 0.619 7 0.645

1386 chapter 6
2.1

Problem 20 7 2.332 7 0.64

1387 chapter 6
2.1

Problem 21 7 0.044 7 0.655

1388 chapter 6
2.2

Problem 1 3 0.396 3 0.779

1389 chapter 6
2.2

Problem 2 3 0.246 3 0.724

1390 chapter 6
2.2

Problem 3 7
(Timed
out)

600. 3 1.913

1391 chapter 6
2.2

Problem 4 3 0.556 3 0.773

1392 chapter 6
2.2

Problem 5 3 0.026 3 0.681

1393 chapter 6
2.2

Problem 6 3 0.023 3 0.32

1394 chapter 6
2.2

Problem 7 3 0.019 3 0.346

1395 chapter 6
2.2

Problem 8 3 0.025 3 0.275

1396 chapter 6
2.2

Problem 9 3 0.133 3 0.343

1397 chapter 6
2.2

Problem 10 3 0.024 3 0.285

1398 chapter 6
2.2

Problem 11 3 0.087 3 0.674

1399 chapter 6
2.2

Problem 12 3 0.009 3 0.808

1400 chapter 6
2.2

Problem 13 3 0.023 3 0.355

1401 chapter 6
2.2

Problem 14 3 0.083 3 0.5

1402 chapter 6
2.2

Problem 15 3 0.032 3 0.962

1403 chapter 6
2.2

Problem 16 3 0.024 3 1.033

1404 chapter 6
2.2

Problem 17 3 0.046 3 1.457

1405 chapter 6
2.2

Problem 18 3 0.046 3 0.994

1406 chapter 6
2.2

Problem 19 3 0.041 3 0.672

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1407 chapter 6

2.2
Problem 20 3 0.029 3 0.524

1408 chapter 6
2.2

Problem 21 3 0.034 3 2.355

1409 chapter 6
2.2

Problem 22 3 0.034 7 1.904

1410 chapter 6
2.2

Problem 23 7 0.417 3 5.03

1411 chapter 6
2.2

Problem 24 3 0.06 3 1.505

1412 chapter 6
2.2

Problem 25 3 0.363 3 3.027

1413 chapter 6
2.2

Problem 26 7 184.5987 2.556

1414 chapter 6
2.2

Problem 27 7 0.667 3 1.481

1415 chapter 6
2.2

Problem 28 3 0.268 3 2.906

1416 chapter 6
2.2

Problem 29 7 0.173 7 1.349

1417 chapter 6
2.3

Problem 1 7 159.4787 0.471

1418 chapter 6
2.3

Problem 2 3 0.058 3 0.274

1419 chapter 6
2.3

Problem 3 3 0.03 3 0.473

1420 chapter 6
2.3

Problem 4 7 0.022 3 4.685

1421 chapter 6
2.3

Problem 5 7 281.9427 0.435

1422 chapter 6
2.3

Problem 6 7 0.465 3 6.596

1423 chapter 6
2.3

Problem 7 7 0.22 3 2.693

1424 chapter 6
2.3

Problem 8 7 0.115 7 2.484

1425 chapter 6
2.3

Problem 9 7 0.022 3 1.214

1426 chapter 6
2.3

Problem 10 3 0.037 3 1.652

1427 chapter 6
2.3

Problem 11 3 0.303 3 3.492

1428 chapter 6
2.3

Problem 12 7 0.038 7 2.246

1429 chapter 6
2.3

Problem 13 7 0.594 7
(Timed
out)

600.

1430 chapter 6
2.4

Problem 1 3 15.4 3 2.365

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1431 chapter 6

2.4
Problem 2 3 1.969 3 1.567

1432 chapter 6
2.4

Problem 3 3 0.713 3 0.79

1433 chapter 6
2.4

Problem 4 3 2.839 3 3.633

1434 chapter 6
2.4

Problem 5 3 4.755 3 2.776

1435 chapter 6
2.4

Problem 6 3 0.424 3 0.514

1436 chapter 6
2.4

Problem 7 7 0.412 3 1.818

1437 chapter 6
2.4

Problem 8 7 0.031 3 1.094

1438 chapter 6
3.1

Problem 1 3 0.199 3 0.147

1439 chapter 6
3.1

Problem 2 3 0.129 3 0.242

1440 chapter 6
3.1

Problem 3 3 0.176 3 0.295

1441 chapter 6
3.1

Problem 4 7 0.522 3 0.976

1442 chapter 6
3.1

Problem 5 3 0.302 3 0.296

1443 chapter 6
3.1

Problem 6 3 0.344 3 0.495

1444 chapter 6
3.1

Problem 7 3 0.845 3 0.999

1445 chapter 6
3.1

Problem 8 3 0.779 3 0.921

1446 chapter 6
3.2

Problem 1 3 0.437 3 0.618

1447 chapter 6
3.2

Problem 2 7 0.295 3 0.655

1448 chapter 6
3.2

Problem 3 3 1.408 3 0.769

1449 chapter 6
3.2

Problem 4 3 1.612 3 0.601

1450 chapter 6
3.2

Problem 5 7 14.314 7 20.108

1451 chapter 6
3.2

Problem 6 7 14.648 7 190.689

1452 chapter 6
3.2

Problem 7 7 7.02 7 86.529

1453 chapter 6
3.2

Problem 8 7 4.776 7
(Timed
out)

600.

1454 chapter 6
3.2

Problem 9 7 1.131 3 0.835

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1455 chapter 6

3.2
Problem 10 7 1.713 3 0.89

1456 chapter 6
3.2

Problem 11 7 1.366 3 0.721

1457 chapter 6
3.2

Problem 12 7 25.268 7 4.21

1458 chapter 6
3.2

Problem 13 3 0.957 3 0.519

1459 chapter 6
3.2

Problem 14 7 0.783 3 0.768

1460 chapter 6
3.2

Problem 15 3 1.312 3 1.619

1461 chapter 6
3.2

Problem 16 7 1.685 3 9.475

1462 chapter 6
3.2

Problem 17 7 24.925 7 3.393

1463 chapter 6
3.2

Problem 18 7 21.491 7 4.768

1464 chapter 6
4.1

Problem 1 3 0.015 3 0.177

1465 chapter 6
4.1

Problem 2 3 0.114 3 0.375

1466 chapter 6
4.1

Problem 3 3 0.149 3 0.435

1467 chapter 6
4.1

Problem 4 3 0.299 3 0.538

1468 chapter 6
4.1

Problem 5 3 0.377 3 1.628

1469 chapter 6
4.1

Problem 6 7 0.224 3 0.582

1470 chapter 6
4.2

Problem 1 3 0.023 3 0.171

1471 chapter 6
4.2

Problem 2 3 0.024 3 0.159

1472 chapter 6
4.2

Problem 3 3 0.093 3 0.301

1473 chapter 6
4.2

Problem 4 3 0.124 3 0.347

1474 chapter 6
4.2

Problem 5 3 0.291 3 0.381

1475 chapter 6
4.2

Problem 6 3 0.494 3 4.422

1476 chapter 6
4.3

Problem 1 3 0.145 3 0.962

1477 chapter 6
4.3

Problem 2 3 0.058 3 0.174

1478 chapter 6
4.3

Problem 3 3 0.4 3 0.975

1479 chapter 6
4.3

Problem 4 3 1.377 3 1.604

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1480 chapter 6

4.3
Problem 5 7 1.256 3 1.005

1481 chapter 6
4.3

Problem 6 7 0.279 3 2.228

1482 chapter 6
4.4

Problem 1 3 0.145 3 0.584

1483 chapter 6
4.4

Problem 2 3 0.051 3 0.163

1484 chapter 6
4.4

Problem 3 3 0.433 3 0.745

1485 chapter 6
4.4

Problem 4 3 1.375 3 0.844

1486 chapter 6
4.4

Problem 5 7 11.621 3 0.964

1487 chapter 6
4.4

Problem 6 7 0.288 3 1.526

1488 chapter 6
4.5

Problem 1 3 0.247 3 0.51

1489 chapter 6
4.5

Problem 2 3 0.196 3 0.379

1490 chapter 6
4.5

Problem 3 7 0.311 3 0.426

1491 chapter 6
4.5

Problem 4 3 1.198 3 3.531

1492 chapter 6
4.5

Problem 5 7 0.289 3 2.209

1493 chapter 6
4.5

Problem 6 7 0.291 3 1.532

1494 chapter 6
5.1

Problem 1 3 0.053 3 0.427

1495 chapter 6
5.1

Problem 2 3 0.014 3 0.166

1496 chapter 6
5.1

Problem 3 3 0.159 3 0.973

1497 chapter 6
5.1

Problem 4 3 0.138 3 0.281

1498 chapter 6
5.2

Problem 1 3 0.019 3 0.16

1499 chapter 6
5.2

Problem 2 3 0.25 3 0.346

1500 chapter 6
5.2

Problem 3 3 0.194 3 0.821

1501 chapter 6
5.2

Problem 4 3 0.241 3 0.67

1502 chapter 6
5.2

Problem 5 3 0.094 3 0.476

1503 chapter 6
5.2

Problem 6 3 0.836 3 0.642

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1504 chapter 6

6.1
Problem 1 3 0.099 3 0.556

1505 chapter 6
6.1

Problem 2 3 0.106 3 0.649

1506 chapter 6
6.1

Problem 3 3 0.082 3 3.715

1507 chapter 6
6.1

Problem 4 7 0.193 3 1.707

1508 chapter 6
6.1

Problem 5 3 2.092 3 1.352

1509 chapter 6
6.2

Problem 1 3 0.094 3 0.591

1510 chapter 6
6.2

Problem 2 3 0.095 3 0.691

1511 chapter 6
6.2

Problem 3 3 0.091 3 2.957

1512 chapter 6
6.2

Problem 4 3 0.063 3 2.937

1513 chapter 6
6.2

Problem 5 3 2.19 3 1.195

1514 chapter 6
6.3

Problem 1 3 0.134 3 0.533 Yes

1515 chapter 6
6.3

Problem 2 3 0.414 3 0.635 Yes

1516 chapter 6
6.3

Problem 3 3 1.585 3 0.831

1517 chapter 6
6.3

Problem 4 3 0.564 3 0.766

1518 chapter 6
6.3

Problem 5 7 2.053 3 1.111

1519 chapter 6
6.4

Problem 1 3 0.165 3 0.494

1520 chapter 6
6.4

Problem 2 3 0.46 3 0.807

1521 chapter 6
6.4

Problem 3 3 1.461 3 0.866

1522 chapter 6
6.4

Problem 4 3 0.393 3 0.866

1523 chapter 6
6.4

Problem 5 3 2.31 3 0.703

1524 chapter 6
6.5

Problem 1 3 59.996 3 2.286

1525 chapter 6
6.5

Problem 2 3 0.095 3 0.636

1526 chapter 6
6.5

Problem 3 3 0.362 3 0.603

1527 chapter 6
6.5

Problem 4 3 20.523 3 1.602

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1528 chapter 6

6.5
Problem 5 3 0.38 3 0.565

1529 chapter 6
6.5

Problem 6 3 6.099 3 2.04

1530 chapter 6
7.1

Problem 1 3 0.151 3 0.577

1531 chapter 6
7.1

Problem 2 3 0.713 3 0.909

1532 chapter 6
7.1

Problem 3 3 0.035 3 0.419

1533 chapter 6
7.1

Problem 4 3 0.113 3 1.991

1534 chapter 6
7.1

Problem 5 3 0.162 3 0.594

1535 chapter 6
7.2

Problem 1 3 0.163 3 0.525

1536 chapter 6
7.2

Problem 2 3 0.629 3 0.703

1537 chapter 6
7.2

Problem 3 3 0.037 3 0.452

1538 chapter 6
7.2

Problem 4 3 0.106 3 3.279

1539 chapter 6
7.2

Problem 5 3 0.147 3 0.574

1540 chapter 6
7.3

Problem 1 3 0.142 3 0.783

1541 chapter 6
7.3

Problem 2 3 0.472 3 1.974

1542 chapter 6
7.3

Problem 3 3 0.029 3 0.578

1543 chapter 6
7.3

Problem 4 3 0.106 3 1.138

1544 chapter 6
7.3

Problem 5 3 0.153 3 0.818

1545 chapter 6
7.4

Problem 1 3 0.144 3 0.652

1546 chapter 6
7.4

Problem 2 3 0.464 3 37.724

1547 chapter 6
7.4

Problem 3 3 0.03 3 0.51

1548 chapter 6
7.4

Problem 4 3 0.104 3 1.277

1549 chapter 6
7.4

Problem 5 3 0.141 3 0.832

1550 chapter 6
8.1

Problem 1 3 0.01 3 0.139

1551 chapter 6
8.1

Problem 2 3 0.132 3 0.174

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1552 chapter 6

8.1
Problem 3 3 0.07 3 0.174

1553 chapter 6
8.1

Problem 4 3 0.205 3 0.293

1554 chapter 6
8.1

Problem 5 3 0.12 3 0.194

1555 chapter 6
8.1

Problem 6 7 0.014 7 0.641

1556 chapter 6
8.1

Problem 7 3 1.944 3 1.371

1557 chapter 6
8.1

Problem 8 3 0.499 3 0.373

1558 chapter 6
8.1

Problem 9 7 0.346 3 0.582

1559 chapter 6
8.1

Problem 10 7 0.489 3 0.725

1560 chapter 6
8.2

Problem 1 3 0.041 3 0.14

1561 chapter 6
8.2

Problem 2 3 0.528 3 0.341

1562 chapter 6
8.2

Problem 3 3 1.915 3 1.251

1563 chapter 6
8.2

Problem 4 7 0.159 3 0.371

1564 chapter 6
8.2

Problem 5 3 0.109 3 0.188

1565 chapter 6
8.2

Problem 6 3 0.131 3 0.177

1566 chapter 6
8.2

Problem 7 7 0.09 3 0.348

1567 chapter 6
8.3

Problem 1 3 0.027 3 0.151

1568 chapter 6
8.3

Problem 2 3 0.03 3 0.171

1569 chapter 6
8.3

Problem 3 3 0.037 3 0.158

1570 chapter 6
8.3

Problem 4 3 0.075 3 0.175

1571 chapter 6
8.3

Problem 5 3 0.069 3 0.204

1572 chapter 6
8.3

Problem 6 3 0.523 3 0.383

1573 chapter 6
8.3

Problem 7 3 32.474 3 0.812

1574 chapter 6
8.3

Problem 8 7 47.593 7 187.256

1575 chapter 6
8.3

Problem 9 7 0.176 3 1.214

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1576 chapter 6

8.3
Problem 10 7 0.149 3 1.608

1577 chapter 6
8.3

Problem 11 7 32.022 7 0.826

1578 chapter 6
8.3

Problem 12 7 0.99 7 0.846

1579 chapter 7
2.1

Problem 1 3 0.043 3 0.099

1580 chapter 7
2.1

Problem 2 3 0.095 3 0.437

1581 chapter 7
2.1

Problem 3 3 0.038 3 0.112

1582 chapter 7
2.1

Problem 4 3 2.223 3 0.189

1583 chapter 7
2.1

Problem 5 3 0.127 3 0.185

1584 chapter 7
2.1

Problem 6 3 0.118 3 0.153 Yes

1585 chapter 7
2.1

Problem 7 3 0.107 3 0.292 Yes

1586 chapter 7
2.1

Problem 8 3 0.086 3 1.03

1587 chapter 7
2.1

Problem 9 3 0.636 3 0.212

1588 chapter 7
2.2

Problem 1 3 0.08 3 0.108

1589 chapter 7
2.2

Problem 2 3 0.032 3 0.088

1590 chapter 7
2.2

Problem 3 3 0.183 3 0.185

1591 chapter 7
2.2

Problem 4 3 0.07 3 0.12

1592 chapter 7
2.2

Problem 5 3 0.169 3 0.133

1593 chapter 7
2.2

Problem 6 3 0.169 3 0.188

1594 chapter 7
2.2

Problem 7 3 0.098 3 0.155

1595 chapter 7
2.2

Problem 8 3 0.101 3 0.112

1596 chapter 7
2.2

Problem 9 3 0.123 3 0.173

1597 chapter 7
2.3

Problem 1 3 0.03 3 0.096

1598 chapter 7
2.3

Problem 2 3 0.035 3 0.126

1599 chapter 7
2.3

Problem 3 3 0.041 3 0.126

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1600 chapter 7

2.3
Problem 4 3 0.08 3 0.449

1601 chapter 7
2.3

Problem 5 3 0.199 3 0.159

1602 chapter 7
2.4

Problem 1 3 0.207 3 0.152

1603 chapter 7
2.4

Problem 2 3 0.166 3 0.177

1604 chapter 7
2.4

Problem 3 3 0.068 3 0.541

1605 chapter 7
2.4

Problem 4 3 0.129 3 0.717

1606 chapter 7
2.4

Problem 5 3 0.103 3 0.481

1607 chapter 7
2.4

Problem 6 3 0.072 3 1.133

1608 chapter 7
2.4

Problem 7 7 1.315 3 1.955

1609 chapter 7
2.4

Problem 8 3 3.913 3 2.184

1610 chapter 7
2.4

Problem 9 3 5.885 3 3.291

1611 chapter 7
2.4

Problem 10 3 2.469 3 2.505

1612 chapter 7
2.4

Problem 11 3 4.398 3 3.218

1613 chapter 7
2.4

Problem 12 3 0.045 3 0.179

1614 chapter 7
2.4

Problem 13 3 0.239 3 0.433

1615 chapter 7
3.1

Problem 1 3 0.032 3 0.149

1616 chapter 7
3.1

Problem 2 3 0.493 3 0.366

1617 chapter 7
3.1

Problem 3 3 3.052 3 1.339

1618 chapter 7
3.1

Problem 4 7 0.369 3 0.977

1619 chapter 7
3.1

Problem 5 3 0.378 3 0.313

1620 chapter 7
3.1

Problem 6 3 0.289 3 0.463

1621 chapter 7
3.1

Problem 7 3 0.909 3 0.937

1622 chapter 7
3.1

Problem 8 3 0.776 3 0.978

1623 chapter 7
3.2

Problem 1 3 0.585 3 0.567

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1624 chapter 7

3.2
Problem 2 3 0.534 3 0.582

1625 chapter 7
3.2

Problem 3 3 0.288 3 0.17

1626 chapter 7
3.2

Problem 4 3 0.387 3 0.517

1627 chapter 7
3.2

Problem 5 3 0.508 3 10.526

1628 chapter 7
3.2

Problem 6 7 14.63 7 27.483

1629 chapter 7
3.2

Problem 7 7 5.007 7 610.63

1630 chapter 7
3.2

Problem 8 7 4.818 3 30.975

1631 chapter 7
3.2

Problem 9 3 1.142 3 0.455

1632 chapter 7
3.2

Problem 10 7 7.051 7 16.607

1633 chapter 7
3.2

Problem 11 3 1.671 3 1.645

1634 chapter 7
4.1

Problem 1 3 0.405 3 0.424

1635 chapter 7
4.1

Problem 2 3 0.258 3 1.073

1636 chapter 7
4.1

Problem 3 3 1.128 3 0.716

1637 chapter 7
4.1

Problem 4 3 0.163 3 0.905

1638 chapter 7
4.1

Problem 5 3 0.513 3 499.853

1639 chapter 7
4.2

Problem 1 3 0.38 3 0.38

1640 chapter 7
4.2

Problem 2 3 0.239 3 1.02

1641 chapter 7
4.2

Problem 3 3 1.145 3 0.615

1642 chapter 7
4.2

Problem 4 3 0.133 3 0.765

1643 chapter 7
4.2

Problem 5 3 0.182 3 0.402

1644 chapter 7
4.2

Problem 6 3 0.525 3 289.389

1645 chapter 7
4.3

Problem 1 3 0.296 3 0.396

1646 chapter 7
4.3

Problem 2 3 4.64 3 3.478

1647 chapter 7
4.3

Problem 3 3 0.754 3 0.668

1648 chapter 7
4.3

Problem 4 7 0.252 3 103.651

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1649 chapter 7

4.3
Problem 5 3 1.686 3 1.509

1650 chapter 7
4.3

Problem 6 7 1.17 3 0.911

1651 chapter 7
4.3

Problem 7 3 1.133 3 24.542

1652 chapter 7
4.4

Problem 1 3 0.301 3 0.433

1653 chapter 7
4.4

Problem 2 3 4.683 3 3.478

1654 chapter 7
4.4

Problem 3 3 0.779 3 0.638

1655 chapter 7
4.4

Problem 4 7 0.251 3 1.276

1656 chapter 7
4.4

Problem 5 3 1.879 3 0.876

1657 chapter 7
4.4

Problem 6 3 1.263 3 24.752

1658 chapter 7
4.5

Problem 1 3 3.573 3 2.075

1659 chapter 7
4.5

Problem 2 3 0.855 3 0.654

1660 chapter 7
4.5

Problem 3 3 33.925 3 1.273

1661 chapter 7
4.5

Problem 4 3 0.713 3 0.664

1662 chapter 7
4.5

Problem 5 3 0.361 3 0.536

1663 chapter 7
5.1

Problem 1 3 0.028 3
Contains
unre-
solve
integral
because
maple
can not
inte-
grate
lnn(x)

0.189

1664 chapter 7
5.1

Problem 2 7 0.09 3 0.431

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1665 chapter 7

5.1
Problem 3 3 0.034 3

Contains
unre-
solve
integral
because
maple
can not
inte-
grate
lnn(x)

0.208

1666 chapter 7
5.1

Problem 4 3 0.432 3 0.53

1667 chapter 7
5.1

Problem 5 7 0.699 3
Contains
RootOf
and
unre-
solved
inte-
grals
lnn(x)

0.44

1668 chapter 7
5.2

Problem 1 3 0.463 3
Answer
has
unre-
solved
inte-
grals

1.318

1669 chapter 7
5.2

Problem 2 3 2.082 3
Answer
has
unre-
solved
inte-
grals

1.226

1670 chapter 7
5.2

Problem 3 3
Generated
internal
errors
from
solve :
incon-
sistent
or
redun-
dant
tran-
scen-
dental
equa-
tion

0.156 3
Answer
has
unre-
solved
inte-
grals
and
RootOf

0.636

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1671 chapter 7

5.2
Problem 4 7 0.306 3 0.434

1672 chapter 7
5.2

Problem 5 3 2.845 3 0.638

1673 chapter 7
6.1

Problem 1 3 0.424 3 0.447

1674 chapter 7
6.1

Problem 2 3 0.549 3 0.803

1675 chapter 7
6.1

Problem 3 3 0.806 3 0.841

1676 chapter 7
6.1

Problem 4 3 71.824 3 3.598

1677 chapter 7
6.1

Problem 5 3 0.055 3 1.031

1678 chapter 7
6.1

Problem 6 7 2.262 3 3.433

1679 chapter 7
6.2

Problem 1 3 0.469 3 0.478

1680 chapter 7
6.2

Problem 2 3 0.636 3 0.885

1681 chapter 7
6.2

Problem 3 3 0.316 3 0.72

1682 chapter 7
6.2

Problem 4 3 106.4533 2.996

1683 chapter 7
6.2

Problem 5 3 2.509 3 0.994

1684 chapter 7
6.2

Problem 6 7 2.192 3 3.393

1685 chapter 7
6.3

Problem 1 3 0.774 3 0.472

1686 chapter 7
6.3

Problem 2 3 0.486 3 0.628

1687 chapter 7
6.3

Problem 3 3 0.952 3 0.91

1688 chapter 7
6.3

Problem 4 3 37.506 3 4.794

1689 chapter 7
6.3

Problem 5 7 1.544 3 2.306

1690 chapter 7
6.4

Problem 1 3 0.775 3 0.566

1691 chapter 7
6.4

Problem 2 3 0.629 3 0.526

1692 chapter 7
6.4

Problem 3 3 0.536 3 0.903

1693 chapter 7
6.4

Problem 4 3 38.107 3 4.143

1694 chapter 7
6.4

Problem 5 3 13.413 3 3.14

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1695 chapter 7

6.2
Problem 6 7 1.563 3 2.575

1696 chapter 7
6.5

Problem 1 3 0.471 3 0.754

1697 chapter 7
6.5

Problem 2 3 60.819 3 3.845

1698 chapter 7
6.5

Problem 3 3 27.836 3 7.07

1699 chapter 7
6.5

Problem 4 7
(Timed
out)

600. 3 4.06

1700 chapter 7
6.5

Problem 5 7 10.901 3 2.564

1701 chapter 7
7.1

Problem 1 3 0.187 3 0.35

1702 chapter 7
7.1

Problem 2 3 2.278 3 0.306

1703 chapter 7
7.1

Problem 3 7 1.074 3 0.579

1704 chapter 7
7.1

Problem 4 7 1.87 3 0.98

1705 chapter 7
7.1

Problem 5 3
Generates
Solve::in-
cnst:
Incon-
sistent
or
redun-
dant
tran-
scen-
dental
equa-
tion

2.169 3 2.113

1706 chapter 7
7.1

Problem 6 3
Generates
Solve::in-
cnst:
Incon-
sistent
or
redun-
dant
tran-
scen-
dental
equa-
tion

0.654 3 2.006

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1707 chapter 7

7.2
Problem 1 3 0.318 3

Answer
con-
tains
unre-
solved
inte-
grals

0.345

1708 chapter 7
7.2

Problem 2 3 1.716 3 0.321

1709 chapter 7
7.2

Problem 3 7 1.184 3 0.627

1710 chapter 7
7.2

Problem 4 3 2.513 3 3.372

1711 chapter 7
7.2

Problem 5 7 1.103 3 0.615

1712 chapter 7
7.3

Problem 1 3 1.098 3 0.447

1713 chapter 7
7.3

Problem 2 3 0.44 3 0.425

1714 chapter 7
7.3

Problem 3 7 1.369 3 0.894

1715 chapter 7
7.3

Problem 4 3 1.157 3 1.592

1716 chapter 7
7.3

Problem 5 3 0.483 3 1.294

1717 chapter 7
7.4

Problem 1 3 1.066 3 0.397

1718 chapter 7
7.4

Problem 2 3 0.298 3 0.418

1719 chapter 7
7.4

Problem 3 7 1.34 3 0.797

1720 chapter 7
7.4

Problem 4 7 1.565 3 37.863

1721 chapter 7
7.4

Problem 5 3 0.422 3 1.274

1722 chapter 7
8.1

Problem 1 3 0.097 3 0.168

1723 chapter 7
8.1

Problem 2 3 0.275 3 0.167

1724 chapter 7
8.1

Problem 3 3 0.261 3 0.181

1725 chapter 7
8.1

Problem 4 3 0.546 3 0.445

1726 chapter 7
8.1

Problem 5 7 0.423 7 0.648

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1727 chapter 7

8.1
Problem 6 7 39.631 3

Gives
Warn-
ing:
Incom-
plete
separa-
tion

39.499

1728 chapter 7
8.1

Problem 7 3 1.389 3 0.335

1729 chapter 7
8.1

Problem 8 7 0.757 3 0.631

1730 chapter 7
8.1

Problem 9 7 1.489 3 0.744

1731 chapter 7
8.2

Problem 1 7 0.37 3 0.193

1732 chapter 7
8.2

Problem 2 7 0.311 3 0.312

1733 chapter 7
8.2

Problem 3 7 0.484 3 0.177

1734 chapter 7
8.2

Problem 4 3 2.018 3 0.323

1735 chapter 7
8.2

Problem 5 3 3.451 3 0.764

1736 chapter 7
8.2

Problem 6 7 34.241 7 18.227

1737 chapter 7
8.2

Problem 7 7 0.611 3 1.026

1738 chapter 7
8.2

Problem 8 7 0.308 3 1.367

1739 chapter 7
8.3

Problem 1 3
Kernel
mes-
sage
incon-
sistent
or
redun-
dant
tran-
scen-
dental
equa-
tion

0.242 3 0.151

1740 chapter 7
8.3

Problem 2 7 0.145 3 0.133

1741 chapter 7
8.3

Problem 3 3 0.342 3 0.151

1742 chapter 7
8.3

Problem 4 7 0.337 3 0.191

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1743 chapter 7

8.3
Problem 5 3 15.948 3 0.455

1744 chapter 7
8.3

Problem 6 7
(Timed
out)

600. 3 1.046

1745 chapter 7
8.3

Problem 7 7 3.939 3 2.291

1746 chapter 7
8.3

Problem 8 7 0.402 3 1.77

1747 chapter 7
8.3

Problem 9 7 0.386 3 2.334

1748 chapter 7
8.3

Problem 10 7 40.058 7 0.826

1749 chapter 7
8.3

Problem 11 7 0.258 7 0.921

1750 chapter 8
2.1

Problem 1 3 0.245 3 0.151

1751 chapter 8
2.1

Problem 2 3 0.17 3 0.449

1752 chapter 8
2.1

Problem 3 3 0.225 3 0.148

1753 chapter 8
2.1

Problem 4 3 3.478 3 0.221

1754 chapter 8
2.1

Problem 5 3 0.376 3 0.157

1755 chapter 8
2.1

Problem 6 3 0.275 3 0.186

1756 chapter 8
2.1

Problem 7 3 0.36 3 0.365

1757 chapter 8
2.1

Problem 8 3 0.238 3 1.048

1758 chapter 8
2.1

Problem 9 3 1.58 3 0.213

1759 chapter 8
2.2

Problem 1 3 0.163 3 0.14

1760 chapter 8
2.2

Problem 2 3 0.199 3 0.147

1761 chapter 8
2.2

Problem 3 3 0.555 3 0.157

1762 chapter 8
2.2

Problem 4 3 4.385 3 0.494

1763 chapter 8
2.2

Problem 5 3 0.47 3 0.193

1764 chapter 8
2.2

Problem 6 3 0.316 3 0.19

1765 chapter 8
2.2

Problem 7 3 0.219 3 0.174

1766 chapter 8
2.2

Problem 8 3 0.28 3 0.127

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1767 chapter 8

2.2
Problem 9 3 0.35 3 0.19

1768 chapter 8
2.3

Problem 1 3 0.059 3 0.125

1769 chapter 8
2.3

Problem 2 3 0.176 3 0.126

1770 chapter 8
2.3

Problem 3 3 0.126 3 0.138

1771 chapter 8
2.3

Problem 4 3 0.126 3 0.329

1772 chapter 8
2.3

Problem 5 3 0.345 3 0.186

1773 chapter 8
2.4

Problem 1 3 0.529 3 0.2

1774 chapter 8
2.4

Problem 2 3 0.449 3 0.201

1775 chapter 8
2.4

Problem 3 3 0.157 3 0.6

1776 chapter 8
2.4

Problem 4 3 0.297 3 0.685

1777 chapter 8
2.4

Problem 5 3 0.106 3 0.549

1778 chapter 8
2.4

Problem 6 3 0.189 3 1.205

1779 chapter 8
2.4

Problem 7 7 2.481 3 1.972

1780 chapter 8
2.4

Problem 8 3 7.958 3 4.821

1781 chapter 8
2.4

Problem 9 3 11.428 3 3.689

1782 chapter 8
2.4

Problem 10 3 4.869 3 2.47

1783 chapter 8
2.4

Problem 11 7 7.069 3 45.066

1784 chapter 8
2.4

Problem 12 3 0.207 3 0.215

1785 chapter 8
2.4

Problem 13 3 0.602 3 0.388

1786 chapter 8
3.1

Problem 1 3 0.107 3 0.15

1787 chapter 8
3.1

Problem 2 3 0.731 3 0.21

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1788 chapter 8

3.1
Problem 3 3

Generates
Solve::in-
cnst:
Incon-
sistent
or
redun-
dant
tran-
scen-
dental
equa-
tion

6.989 3 1.372

1789 chapter 8
3.1

Problem 4 7 2.609 3 0.888

1790 chapter 8
3.1

Problem 5 3 0.767 3 0.329

1791 chapter 8
3.1

Problem 6 7 2.174 3 0.515

1792 chapter 8
3.1

Problem 7 3 1.82 3 1.002

1793 chapter 8
3.1

Problem 8 3 1.53 3 0.812

1794 chapter 8
3.2

Problem 1 3 1.9 3 0.961

1795 chapter 8
3.2

Problem 2 3 1.752 3 0.621

1796 chapter 8
3.2

Problem 3 3 1.464 3 0.275

1797 chapter 8
3.2

Problem 4 3 1.409 3 0.613

1798 chapter 8
3.2

Problem 5 3 1.235 3 13.61

1799 chapter 8
3.2

Problem 6 7 25.316 3 71.67

1800 chapter 8
3.2

Problem 7 7 8.459 7 391.588

1801 chapter 8
3.2

Problem 8 7 6.962 3 358.999

1802 chapter 8
3.2

Problem 9 3 2.147 3 0.449

1803 chapter 8
3.2

Problem 10 7 1.706 3 0.727

1804 chapter 8
3.2

Problem 11 3 3.202 3 1.668

1805 chapter 8
4.1

Problem 1 3 0.856 3 0.471

1806 chapter 8
4.1

Problem 2 3 21.509 3 0.469

Continued on next page



chapter 1. introduction, summary of results and lookup table 117

Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1807 chapter 8

4.1
Problem 3 3 10.848 3 0.749

1808 chapter 8
4.1

Problem 4 3 13.328 3 0.603

1809 chapter 8
4.1

Problem 5 7 4.665 3 2.15

1810 chapter 8
4.2

Problem 1 3 0.91 3 0.409

1811 chapter 8
4.2

Problem 2 3 18.891 3 0.461

1812 chapter 8
4.2

Problem 3 3 3.835 3 0.707

1813 chapter 8
4.2

Problem 4 3 10.758 3 0.545

1814 chapter 8
4.2

Problem 5 7 4.841 3 1.731

1815 chapter 8
4.3

Problem 1 3 0.544 3 0.398

1816 chapter 8
4.3

Problem 2 3 117.57 3 1.656

1817 chapter 8
4.3

Problem 3 3 1.31 3 0.681

1818 chapter 8
4.3

Problem 4 7 0.759 3 2.108

1819 chapter 8
4.3

Problem 5 3 3.981 3 1.509

1820 chapter 8
4.3

Problem 6 7 8.246 3 1.369

1821 chapter 8
4.4

Problem 1 3 0.638 3 0.377

1822 chapter 8
4.4

Problem 2 3 94.659 3 1.605

1823 chapter 8
4.4

Problem 3 3 1.109 3 0.667

1824 chapter 8
4.4

Problem 4 7 0.525 3 1.447

1825 chapter 8
4.4

Problem 5 3 3.569 3 0.928

1826 chapter 8
4.4

Problem 6 7 6.925 3 1.4

1827 chapter 8
4.5

Problem 1 3 29.418 3 2.045

1828 chapter 8
4.5

Problem 2 3 7.585 3 0.636

1829 chapter 8
4.5

Problem 3 3 145.0043 1.338

1830 chapter 8
4.5

Problem 4 3 1.317 3 0.69

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1831 chapter 8

4.5
Problem 5 3 0.77 3 0.544

1832 chapter 8
5.1

Problem 1 3 0.174 3 0.18

1833 chapter 8
5.1

Problem 2 3 0.499 3 0.2

1834 chapter 8
5.1

Problem 3 3 0.309 3 0.198

1835 chapter 8
5.1

Problem 4 7 1.514 3 0.331

1836 chapter 8
5.1

Problem 5 7 0.076 3 0.483

1837 chapter 8
5.2

Problem 1 3 1.332 3 1.37

1838 chapter 8
5.2

Problem 2 3 3.774 3 1.203

1839 chapter 8
5.2

Problem 3 3 2.478 3 371.407

1840 chapter 8
5.2

Problem 4 7 1.095 3 0.475

1841 chapter 8
5.2

Problem 5 3 2.564 3 0.634

1842 chapter 8
6.1

Problem 1 3 0.989 3 0.462

1843 chapter 8
6.1

Problem 2 3 1.03 3 0.868

1844 chapter 8
6.1

Problem 3 7 4.925 3 1.713

1845 chapter 8
6.1

Problem 4 3 160.5273 4.875

1846 chapter 8
6.1

Problem 5 3 87.572 3 50.671

1847 chapter 8
6.1

Problem 6 7 1.362 3 3.157

1848 chapter 8
6.2

Problem 1 3 0.543 3 0.429

1849 chapter 8
6.2

Problem 2 3 0.692 3 0.921

1850 chapter 8
6.2

Problem 3 3 0.276 3 0.731

1851 chapter 8
6.2

Problem 4 3 156.3333 4.505

1852 chapter 8
6.2

Problem 5 3 70.232 3 52.962

1853 chapter 8
6.2

Problem 6 7 1.36 3 2.803

1854 chapter 8
6.3

Problem 1 3 0.751 3 0.537

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1855 chapter 8

6.3
Problem 2 3 0.514 3 0.663

1856 chapter 8
6.3

Problem 3 3 0.312 3 0.916

1857 chapter 8
6.3

Problem 4 3 52.316 3 1.335

1858 chapter 8
6.3

Problem 5 7 1.249 3 2.027

1859 chapter 8
6.4

Problem 1 3 0.836 3 0.523

1860 chapter 8
6.4

Problem 2 3 0.677 3 0.597

1861 chapter 8
6.4

Problem 3 3 0.584 3 0.99

1862 chapter 8
6.4

Problem 4 3 67.395 3 22.712

1863 chapter 8
6.4

Problem 5 7 1.221 3 2.336

1864 chapter 8
6.5

Problem 1 3 0.637 3 0.809

1865 chapter 8
6.5

Problem 2 3 154.3943 4.551

1866 chapter 8
6.5

Problem 3 3 116.1363 8.987

1867 chapter 8
6.5

Problem 4 7 1.874 3 2.81

1868 chapter 8
6.5

Problem 5 7 1.565 3 2.273

1869 chapter 8
7.1

Problem 1 3 0.22 3 0.37

1870 chapter 8
7.1

Problem 2 3 0.904 3 0.31

1871 chapter 8
7.1

Problem 3 7 0.669 3 0.552

1872 chapter 8
7.1

Problem 4 7 0.784 3 0.884

1873 chapter 8
7.1

Problem 5 3 1.077 3 2.104

1874 chapter 8
7.1

Problem 6 7 0.55 3 0.595

1875 chapter 8
7.2

Problem 1 3 0.035 3 0.369

1876 chapter 8
7.2

Problem 2 3 0.731 3 0.33

1877 chapter 8
7.2

Problem 3 7 0.613 3 0.554

1878 chapter 8
7.2

Problem 4 7 0.736 3 0.707

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1879 chapter 8

7.2
Problem 5 3 1.282 3 3.39

1880 chapter 8
7.2

Problem 6 7 0.616 3 0.575

1881 chapter 8
7.3

Problem 1 3 0.204 3 0.513

1882 chapter 8
7.3

Problem 2 3 0.166 3 0.517

1883 chapter 8
7.3

Problem 3 7 0.442 3 0.763

1884 chapter 8
7.3

Problem 4 7 0.561 3 1.979

1885 chapter 8
7.3

Problem 5 3 0.183 3 1.315

1886 chapter 8
7.4

Problem 1 3 0.218 3 0.4

1887 chapter 8
7.4

Problem 2 3 0.157 3 0.528

1888 chapter 8
7.4

Problem 3 7 0.461 3 0.664

1889 chapter 8
7.4

Problem 4 7 0.602 3 37.981

1890 chapter 8
7.4

Problem 5 3 0.174 3 1.344

1891 chapter 8
8.1

Problem 1 3 0.03 3 0.187

1892 chapter 8
8.1

Problem 2 3 0.133 3 0.17

1893 chapter 8
8.1

Problem 3 3 0.072 3 0.16

1894 chapter 8
8.1

Problem 4 3 0.2 3 0.487

1895 chapter 8
8.1

Problem 5 3 0.131 3 0.348

1896 chapter 8
8.1

Problem 6 3 2.092 3 1.351

1897 chapter 8
8.1

Problem 7 3 0.507 3 0.345

1898 chapter 8
8.1

Problem 8 7 0.32 3 0.618

1899 chapter 8
8.1

Problem 9 7 0.493 3 0.685

1900 chapter 8
8.2

Problem 1 7 0.112 3 0.223

1901 chapter 8
8.2

Problem 2 7 0.148 3 0.333

1902 chapter 8
8.2

Problem 3 7 0.131 3 0.164

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1903 chapter 8

8.2
Problem 4 3 0.591 3 0.285

1904 chapter 8
8.2

Problem 5 3 1.581 7 2.548

1905 chapter 8
8.2

Problem 6 7 0.248 3 0.837

1906 chapter 8
8.2

Problem 7 7 20.438 7 2.671

1907 chapter 8
8.2

Problem 8 7 20.201 7 2.719

1908 chapter 8
8.3

Problem 1 3 0.102 3 0.171

1909 chapter 8
8.3

Problem 2 7 0.041 3 0.184

1910 chapter 8
8.3

Problem 3 3 0.096 3 0.187

1911 chapter 8
8.3

Problem 4 7 0.093 3 0.207

1912 chapter 8
8.3

Problem 5 3 6.549 3 0.457

1913 chapter 8
8.3

Problem 6 7
(Timed
out)

600. 3 1.051

1914 chapter 8
8.3

Problem 7 7 47.181 7 188.909

1915 chapter 8
8.3

Problem 8 7 20.23 7 2.213

1916 chapter 8
8.3

Problem 9 7 20.209 7 2.446

1917 chapter 8
8.3

Problem 10 7 31.743 3 0.475

1918 chapter 8
8.3

Problem 11 7 1.039 7 1.51

1919 chapter 9
2.1

Problem 1 3 0.493 3 0.184

1920 chapter 9
2.1

Problem 2 3 0.484 3 0.777

1921 chapter 9
2.1

Problem 3 3 0.364 3 0.175

1922 chapter 9
2.1

Problem 4 3 0.117 3 0.138

1923 chapter 9
2.1

Problem 5 3 0.193 3 0.209

1924 chapter 9
2.1

Problem 6 3 39.122 7
(Timed
out)

600.

1925 chapter 9
2.1

Problem 7 3 0.181 3 0.314

1926 chapter 9
2.1

Problem 8 3 0.064 3 0.269

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1927 chapter 9

2.1
Problem 9 3 0.349 3 0.761

1928 chapter 9
2.2

Problem 1 3 0.431 3 0.185

1929 chapter 9
2.2

Problem 2 3 0.143 3 0.162

1930 chapter 9
2.2

Problem 3 3 0.356 3 0.205

1931 chapter 9
2.2

Problem 4 7
(Timed
out)

600. 3 40.492

1932 chapter 9
2.2

Problem 5 3 0.062 3 0.181

1933 chapter 9
2.2

Problem 6 3 0.04 3 0.19

1934 chapter 9
2.2

Problem 7 3 0.217 3 0.304

1935 chapter 9
2.3

Problem 1 3 0.4 3 0.157

1936 chapter 9
2.3

Problem 2 3 0.196 3 0.141

1937 chapter 9
2.3

Problem 3 3 0.185 3 0.166

1938 chapter 9
2.3

Problem 4 7
(Timed
out)

600. 3 21.37

1939 chapter 9
2.3

Problem 5 3 0.368 3 0.358

1940 chapter 9
2.4

Problem 1 3 0.161 3 0.28

1941 chapter 9
2.4

Problem 2 3 0.121 3 0.274

1942 chapter 9
2.4

Problem 3 3 0.186 3 1.098

1943 chapter 9
2.4

Problem 4 3 0.124 3 0.244

1944 chapter 9
2.4

Problem 5 3 0.053 3 0.218

1945 chapter 9
2.4

Problem 6 3 0.321 3 0.43

1946 chapter 9
2.4

Problem 7 3 17.558 3 10.411

1947 chapter 9
2.4

Problem 8 3 16.265 3 3.575

1948 chapter 9
2.4

Problem 9 7 11.69 3 67.69

1949 chapter 9
2.4

Problem 10 3 0.065 3 0.246

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1950 chapter 9

2.4
Problem 11 3 0.128 3 0.779

1951 chapter 9
2.4

Problem 12 3 0.235 3 1.465

1952 chapter 9
2.4

Problem 13 3 2.155 3 3.268

1953 chapter 9
2.4

Problem 14 3 0.561 3 0.604

1954 chapter 9
3.1

Problem 1 3 0.058 3 0.184

1955 chapter 9
3.1

Problem 2 3 0.081 3 0.192

1956 chapter 9
3.1

Problem 3 3 0.158 3 0.184

1957 chapter 9
3.1

Problem 4 3 0.144 3 0.279

1958 chapter 9
3.1

Problem 5 7 1.866 3 1.798

1959 chapter 9
3.1

Problem 6 3 2.125 3 1.361

1960 chapter 9
3.1

Problem 7 7 44.264 7
(Timed
out)

600.

1961 chapter 9
3.2

Problem 1 3 0.073 3 0.184

1962 chapter 9
3.2

Problem 2 3 0.088 3 0.201

1963 chapter 9
3.2

Problem 3 7 0.14 3 0.392

1964 chapter 9
3.2

Problem 4 7 1.766 3 3.346

1965 chapter 9
3.2

Problem 5 3 3.162 3 1.777

1966 chapter 9
3.2

Problem 6 7 1.831 3 1.807

1967 chapter 9
3.2

Problem 7 3 0.236 3 0.226

1968 chapter 9
3.2

Problem 8 3 3.569 3 0.53

1969 chapter 9
3.2

Problem 9 7
(Timed
out)

600. 3 1.279

1970 chapter 9
3.2

Problem 10 7 1.676 3 1.321

1971 chapter 9
4.1

Problem 1 3 82.234 3 0.598

1972 chapter 9
4.1

Problem 2 3 1.988 3 0.967

1973 chapter 9
4.1

Problem 3 3 0.836 3 0.649

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1974 chapter 9

4.1
Problem 4 3 98.478 3 1.105

1975 chapter 9
4.1

Problem 5 3 77.222 3 2.592

1976 chapter 9
4.2

Problem 1 3 74.676 3 0.52

1977 chapter 9
4.2

Problem 2 3 1.976 3 0.968

1978 chapter 9
4.2

Problem 3 3 0.89 3 0.591

1979 chapter 9
4.2

Problem 4 3 91.207 3 0.921

1980 chapter 9
4.2

Problem 5 3 65.618 3 2.092

1981 chapter 9
4.3

Problem 1 3 44.279 3 0.558

1982 chapter 9
4.3

Problem 2 3 2.538 3 1.142

1983 chapter 9
4.3

Problem 3 3 1.419 3 0.662

1984 chapter 9
4.3

Problem 4 3 119.6293 1.078

1985 chapter 9
4.3

Problem 5 3 110.8483 1.244

1986 chapter 9
4.4

Problem 1 3 15.524 3 0.535

1987 chapter 9
4.4

Problem 2 3 1.961 3 3.615

1988 chapter 9
4.4

Problem 3 3 0.443 3 0.661

1989 chapter 9
4.4

Problem 4 3 22.205 3 1.096

1990 chapter 9
4.4

Problem 5 3 40.99 3 1.261

1991 chapter 9
4.5

Problem 1 3 32.968 3 0.543

1992 chapter 9
4.5

Problem 2 3 13.496 3 0.505

1993 chapter 9
4.5

Problem 3 3 34.087 3 0.632

1994 chapter 9
4.5

Problem 4 3 0.381 3 0.657

1995 chapter 9
4.5

Problem 5 3 51.445 3 2.342

1996 chapter 9
5.1

Problem 1 3 0.063 3 0.234

1997 chapter 9
5.1

Problem 2 3 0.067 3 0.305

Continued on next page
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Table 1.10 – Handbook of first order partial differential equations. Continued from previous page
# PDE description Mathematica Maple hand

solved?
ani-
mated?

result time result time
1998 chapter 9

5.1
Problem 3 3 0.087 3 0.347

1999 chapter 9
5.1

Problem 4 7 0.184 3 0.416

2000 chapter 9
5.1

Problem 5 3 0.273 3 58.319

1.3.6 Handbook of nonlinear partial differential equations

Table 1.11: Handbook of nonlinear partial differential equations breakdown of results. Time
in seconds

# PDE description Mathematica Maple hand
solved?

ani-
mated?

result time result time
2001 chapter 1

1.1
Problem 1 7 0.277 7 2.138

2002 chapter 1
1.1

Problem 2 3 0.087 3 0.259

2003 chapter 1
1.2

Problem 1 7 0.077 7 2.833

2004 chapter 1
1.2

Problem 2 7 0.084 3 0.272

2005 chapter 1
1.2

Problem 3 7 0.165 3 0.276

2006 chapter 1
1.2

Problem 4 7 0.133 3 0.303

2007 chapter 1
1.2

Problem 5 7 0.552 3 0.696

2008 chapter 1
1.3

Problem 1 7 0.009 7 0.067

2009 chapter 1
1.3

Problem 2 7 0.008 7 0.098

2010 chapter 1
1.3

Problem 3 7 0.016 7 0.113

2011 chapter 1
1.3

Problem 4 7 0.023 7 0.121

2012 chapter 1
1.4

Problem 1 7 0.011 7 0.095
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2.1.48 yux + xuy = xy with u(0, y) = e−y2 , u(x, 0) = e−x2 . Problem 3.5(e) Lokenath
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2.1.49 ux + xuy = (y − 1
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2)2 with u(0, y) = ey. Problem 3.5(f) Lokenath Debnath . . 185

2.1.50 xux + yuy = u+ 1 with u = x2 on y = x2 Problem 3.5(g) Lokenath Debnath . 186
2.1.51 uux − uuy = u2 + (x+ y)2 with u(x, 0) = 1 Problem 3.5(h) Lokenath Debnath 187
2.1.52 xux + (x+ y)uy = u+ 1 with u(x, 0) = x2 Problem 3.5(i) Lokenath Debnath . 187
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2.1.63 xux + yuy = x2 + y2 with u(x, 1) = x2. Problem 3.14(e) Lokenath Debnath . . 194
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2.1.64 y2ux + (xy)uy = x with u(x, 1) = x2. Problem 3.14(f) Lokenath Debnath . . . 194
2.1.65 xux + yuy = xy with u = x2

2 at y = x. Problem 3.14(g) Lokenath Debnath . . 195
2.1.66 ux + uuy = 1 with u(0, y) = ay. Problem 3.16(a) Lokenath Debnath . . . . . . 195
2.1.67 (y + u)ux + (x+ u)uy = x+ y. Problem 3.17(a) Lokenath Debnath . . . . . . 196
2.1.68 xu(u2 + xy)ux − yu(u2 + xy)uy = x4. Problem 3.17(b) Lokenath Debnath . . . 197
2.1.69 (x+ y)ux + (x− y)uy = 0. Problem 3.17(c) Lokenath Debnath . . . . . . . . . 197
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2.1.76 ut + ux = 0 with u(x, 1) = x

1+x2 . . . . . . . . . . . . . . . . . . . . . . . . . . 205
2.1.77 uxuy = 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206
2.1.78 uxuy = u with u(x, 0) = 0, u(0, y) = 0 . . . . . . . . . . . . . . . . . . . . . . . 207

2.1.1 Transport equation ut + ux = 0
problem number 1

Taken from Mathematica Symbolic PDE document

Solve for u(x, t)
ut + ux = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t}] + D[u[x, t], {x}] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �

{{u(x, t) → c1(t− x)}}

Maple 3� �
restart;
pde := diff(u(x, t), t) + diff(u(x, t),x) =0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t))),output='realtime'));� �

u(x, t) = f1(−x+ t)
Hand solution

ut + ux = 0 (1)

Let u ≡ u(x(t) , t). Then
du

dt
= ∂u

∂x

dx

dt
+ ∂u

∂t
(2)

Comparing (1) to (2) then we see that

du

dt
= 0 (3)

dx

dt
= 1 (4)
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(3) says that u is constant. Since no initial conditions are given, let u = F (x(0)) where F
is arbitrary function. To find x(0) we solve (4). The solution to (4) is x = x(0) + t. Hence
x(0) = x− t. Therefore

u(x, t) = F (x− t)

2.1.2 Transport equation ut − 3ux = 0 IC u(0, x) = e−x2. Peter Olver
textbook, 2.2.2 (a)

problem number 2

Added Sept 12, 2019.

Taken from Peter Olver textbook, Introduction to Partial differential equations.

Solve for u(t, x) in ut − 3ux = 0 with IC u(0, x) = e−x2

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[t, x], {t}] -3* D[u[t, x], {x}] == 0;
ic = u[0,x]==Exp[-x^2];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[t, x], {t, x}], 60*10]];� �

{{
u(t, x) → e−(3t+x)2

}}
Maple 3� �
restart;
pde := diff(u(t, x), t) - 3*diff(u(t, x),x) =0;
ic:=u(0,x)=exp(-x^2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(t,x))),output='realtime'));� �

u(t, x) = e−(3t+x)2

Hand solution

Solve
ut − 3ux = 0 (1)

With initial conditions u(x, 0) = e−x2

Solution

Let u = u(x(t) , t). Then
du

dt
= ∂u

∂x

dx

dt
+ ∂u

∂t
(2)

Comparing (1),(2) shows that

du

dt
= 0 (3)

dx

dt
= −3 (4)

Eq (3) gives u = u(x(0)). Using the given initial conditions, this becomes

u = e−x(0)2 (5)

Eq (4) is now used to find x(0). Soving (4) gives x = x(0)−3t. Hence x(0) = x−3t. Therefore
(5) becomes

u(x, t) = e−(x−3t)2
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The following is an animation of the solution

Out[ ]=

time

time 4.40

Figure 2.1: snap shot

Source code used for the above

(*3D*)

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

u[x_, t_] := Exp[-(x + 3 t)^2];

plotStyle = Directive[Orange, Specularity[White, 20]];

Manipulate[

Grid[{{Row[{"time ", NumberForm[time, {4, 2}]}]},

{Quiet@Plot3D[u[x, t], {x, -20, 2}, {t, 0, time},

PlotRange → {All, {0, 6}, {0.1, 1}},

AxesLabel → {Style["x", 12], Style["time", 12], Style["u", 14]},

BaseStyle → 12, PerformanceGoal → "Quality",

ImageSize → 400, PlotPoints → 40,

PlotStyle → plotStyle, Mesh → None,

ViewPoint → {-2.355, 1.645, 1.792},

Boxed → False]

}}

]

,

{{time, 0.01, "time"}, 0.01, 6, .1},

TrackedSymbols ⧴ {time}

]

Figure 2.2: Source code 3D

(*2D*)

u[x_, t_] := Exp[-(x + 3 t)^2];

Manipulate[

Grid[{{Row[{"time ", NumberForm[time, {4, 2}]}]},

{Quiet@Plot[u[x, time], {x, -20, 3},

PlotRange → {All, {0, 1}},

AxesLabel → {Style["x", 12], Style["u", 14]},

BaseStyle → 12,

ImageSize → 400

]

}}

]

,

{{time, 0, "time"}, 0, 6, .1},

TrackedSymbols ⧴ {time}

]

Figure 2.3: Source code 2D
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2.1.3 Transport equation ut + 2ux = 0 IC u(−1, x) = x
1+x2 . Peter

Olver textbook, 2.2.2 (b)
problem number 3

Added Sept 12, 2019.

Taken from Peter Olver textbook, Introduction to Partial differential equations.

Solve for u(t, x) in ut + 2ux = 0 with IC u(−1, x) = x
1+x2

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[t, x], {t}] +2* D[u[t, x], {x}] == 0;
ic = u[-1,x]==x/(1+x^2);
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[t, x], {t, x}], 60*10]];� �

{{
u(t, x) → −2t+ x− 2

4t2 − 4t(x− 2) + x2 − 4x+ 5

}}
Maple 3� �
restart;
pde := diff(u(t, x), t) +2*diff(u(t, x),x) =0;
ic:=u(-1,x)=x/(1+x^2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(t,x))),output='realtime'));� �

u(t, x) = −2− 2t+ x

(−2− 2t+ x)2 + 1
Hand solution

Solve
ut + 2ux = 0

With initial conditions u(−1, x) = x
1+x2 .

Solution

Let u = u(x(t) , t). Then
du

dt
= ∂u

∂x

dx

dt
+ ∂u

∂t
(2)

Comparing (1),(2) shows that

du

dt
= 0 (3)

dx

dt
= 2 (4)

Eq (3) says that u is constant on the chataterstic lines, or u = u(x(−1)). Using the given
initial conditions, this becomes

u(x(t) , t) = x(−1)
1 + x (−1)2

(5)

Eq (4) is now used to find x(−1). Soving (4) gives x = x(0) + 2t. Hence x(−1) = x(0)− 2 or
x(0) = x(−1) + 2. Therefore

x = x(−1) + 2 + 2t
x(−1) = x− 2− 2t
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Now that we found x(−1), we substitute it in (5), giving the solution

u(x(t) , t) = x− 2− 2t
1 + (x− 2− 2t)2

Alternative method. Using Lagrange-charpit method

dt

1 = dx

2 = du

0
Which implies that du = 0 or u = C1. A constant. Integrating dt

1 = dx
2 gives t = 1

2x+ C2 or
C2 = t− 1

2x. But C1 = F (C2) always, where F is arbitrary function. Since C1 = u then

u = F (C2)

u = F

(
t− 1

2x
)

(1)

At t = −1 the above becomes

x

1 + x2
= F

(
−1− 1

2x
)

Let −1− 1
2x = z which implies x = −2(1 + z) The above can be written as

−2(1 + z)
1 + (−2 (1 + z))2

= F (z)

F (z) = − 2(1 + z)
4z2 + 8z + 5

From the above then (1) can be written as

u(t, x) = −
2
(
1 +

(
t− 1

2x
))

4
(
t− 1

2x
)2 + 8

(
t− 1

2x
)
+ 5

= x− 2t− 2
4t2 − 4tx+ 8t+ x2 − 4x+ 5

= x− 2t− 2
1 + (x− 2− 2t)2

The following is an animation of the solution

Out[ ]=

time

time 0.00

-20 -10 10 20 30 40
x

-1.0

-0.5

0.5

1.0
u

Figure 2.4: snap shot

Source code used for the above
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(*3D*)

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""},

NumberPadding → {"0", "0"}, SignPadding → True];

u[x_, t_] :=
x - 2 t - 2

1 + (x - 2 - 2 t)2
;

plotStyle = Directive[Orange, Specularity[White, 20]];

Manipulate[

Grid[{{Row[{"time ", NumberForm[time, {4, 2}]}]},

{

Quiet@Plot3D[u[x, t], {x, -1, 30}, {t, 0, time},

PlotRange → {All, {0, 12}, {-.5, 1}},

AxesLabel → {Style["x", 12], Style["time", 12], Style["u", 14]},

BaseStyle → 12, PerformanceGoal → "Quality",

ImageSize → 400, PlotPoints → 75,

PlotStyle → plotStyle, Mesh → None,

ViewPoint → {1.765, 2.0924, 1.9887}, Boxed → True]

}}

]

,

{{time, 0.1, "time"}, 0.1, 12, .1},

TrackedSymbols ⧴ {time}

]

Figure 2.5: Source code 3D

In[ ]:= (*2D*)

u[x_, t_] :=
x - 2 t - 2

1 + (x - 2 - 2 t)2
;

Manipulate[

Grid[{{Row[{"time ", NumberForm[time, {4, 2}]}]},

{Quiet@Plot[u[x, time], {x, -20, 40},

PlotRange → {All, {-1, 1}},

AxesLabel → {Style["x", 12], Style["u", 14]},

BaseStyle → 12,

ImageSize → 400

]

}}

]

,

{{time, 0, "time"}, 0, 12, .1},

TrackedSymbols ⧴ {time}

]

Figure 2.6: Source code 2D

2.1.4 Transport equation ut + ux + 1
2u = 0 IC u(0, x) = arctan(x).

Peter Olver textbook, 2.2.2 (c)
problem number 4

Added Sept 12, 2019.

Taken from Peter Olver textbook, Introduction to Partial differential equations.

Solve ut + ux + 1
2u = 0 with IC u(0, x) = arctan(x).
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[t, x], {t}] + D[u[t, x], {x}]+1/2*u[t,x] == 0;
ic = u[0,x]==ArcTan[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[t, x], {t, x}], 60*10]];� �

{{
u(t, x) → −e−t/2 arctan(t− x)

}}
Maple 3� �
restart;
pde := diff(u(t, x), t) +diff(u(t, x),x) +1/2*u(t,x)=0;
ic:=u(0,x)=arctan(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(t,x))),output='realtime'));� �

u(t, x) = − arctan (t− x) e− t
2

Hand solution

Solve
ut + ux +

1
2u = 0

With initial conditions u(x, 0) = arctan (x).

Solution

Let u = u(x(t) , t). Then
du

dt
= ∂u

∂x

dx

dt
+ ∂u

∂t
(2)

Comparing (1),(2) shows that

du

dt
= −1

2u (3)
dx

dt
= 1 (4)

Solving (3) gives

du

u
= −1

2 dt

ln |u| = −1
2t+ c

u = u(x(0)) e−t
2

Using the given initial conditions, this becomes

u(x, t) = arctan (x(0)) e−1
2 t (5)

Now we just need to find x(0). From (4)

x = x(0) + t

x(0) = x− t

Substituting the above into (5) gives

u(x, t) = arctan (x− t) e−1
2 t

The following is an animation of the solution
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Out[ ]=

time

time 0.06

-100 -50 50 100
x

-1.5

-1.0

-0.5

0.5

1.0

1.5

u

Figure 2.7: snap shot

Source code used for the above

In[ ]:= padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

u[x_, t_] := ArcTan[x - t] Exp[-2 t];

Manipulate[

Grid[{{Row[{"time ", NumberForm[time, {4, 2}]}]},

{

Quiet@Plot[u[x, time], {x, -100, 100},

PlotRange → {{-100, 100}, {-1.6, 1.6}},

AxesLabel → {Style["x", 12], Style["u", 14]},

BaseStyle → 12, PerformanceGoal → "Quality",

ImageSize → 400,

PlotStyle → Red,

GridLines → Automatic, GridLinesStyle → LightGray

]

}}

]

,

{{time, 0.01, "time"}, 0.01, 1.8, .05},

TrackedSymbols ⧴ {time}

]

Figure 2.8: Source code

2.1.5 Transport equation ut − 4ux + u = 0 IC u(0, x) = 1
1+x2 . Peter

Olver textbook, 2.2.2 (d)
problem number 5

Added Sept 12, 2019.

Taken from Peter Olver textbook, Introduction to Partial differential equations.

Solve ut − 4ux + u = 0 with IC u(0, x) = 1
1+x2

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[t, x], {t}] -4*D[u[t, x], {x}]+u[t,x] == 0;
ic = u[0,x]==1/(1+x^2);
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[t, x], {t, x}], 60*10]];� �

{{
u(t, x) → e−t

16t2 + 8tx+ x2 + 1

}}
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Maple 3� �
restart;
pde := diff(u(t, x), t) -4*diff(u(t, x),x) +u(t,x)=0;
ic:=u(0,x)=1/(1+x^2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(t,x))),output='realtime'));� �

u(t, x) = e−t

16t2 + 8tx+ x2 + 1
Hand solution

ut − 4ux + u = 0 (1)

u(x, 0) = 1
1 + x2

Solution

Let u = u(x(t) , t). Then
du

dt
= ∂u

∂x

dx

dt
+ ∂u

∂t
(2)

Comparing (1),(2) shows that

du

dt
= −u (3)

dx

dt
= −4 (4)

Solving (3) gives

du

u
= −dt

ln |u| = −t+ c

u = u(x(0)) e−t

Using the given initial conditions, this becomes

u = 1
1 + x (0)2

e−t (5)

Now we just need to find x(0). From (4)

x = −4t+ x(0)
x(0) = x+ 4t

Substituting the above into (5) gives

u = e−t

1 + (x+ 4t)2

The above is the method I prefer to solve these problems. Here are some alternative ways

Alternative approach

Let ξ be the characteristic variable defined such that ξ = x− ct. Where characteristic lines
are given by x = x0 + ct. But c = −4 in this problem. Hence characteristic lines are

x = x0 − 4t

And
ξ = x+ 4t
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Then ut− 4ux are transformed to v(t, ξ) as was done in part (a) (will not be repeated) which
results in

ut − 4ux = ∂v

∂t

Substituting the above into (1) gives (where now v is used in place of u).

∂v

∂t
+ v = 0

This is now first order ODE since it only depends on t. Therefore v′ + v = 0. This is linear
in v. Hence the solution is d

dt

(
ve
∫
dt
)
= 0 or vet = F (ξ) where F is arbitrary function of ξ.

Hence
v(t, ξ) = e−tF (ξ)

Converting to u(t, x) gives
u(t, x) = e−tF (x+ 4t) (2)

At u(0, x) = 1
1+x2 the above becomes

1
1 + x20

= F (x0)

From the above then (2) can be written as

u(t, x) = e−t

1 + (x+ 4t)2

An alternative approach to solve transport PDE is by using Lagrange-charpit method

dt

1 = −dx4 = −du
u

Integrating dt
1 = −dx

4 gives t = −1
4x+ C2 or

C2 = t+ 1
4x

Now either dt
1 = −du

u
or −dx

4 = −du
u

can be integrated. The choice is not important. Integrating
dt
1 = −du

u
gives t = − ln u+ C1 or

C1 = t+ ln u

But C1 = F (C2) always, where F is arbitrary function therefore

t+ ln u = F (C2)

t+ ln u = F

(
t+ 1

4x
)

ln u = F

(
t+ 1

4x
)
− t

u = e−teF
(
t+ 1

4x
)

(1)

At u(0, x) = 1
1+x2 the above becomes

1
1 + x2

= eF
( 1
4x
)

F
(x
4

)
= ln

(
1

1 + x2

)
Let z = x

4 , then x = 4z. The above becomes

F (z) = ln
(

1
1 + (4z)2

)



chapter 2. miscellaneous pde’s 139

From the above then (1) can be written as

u(t, x) = e−te
ln
(

1
1+
(
4
(
t+1

4x
))2

)

= e−t

1 +
(
4
(
t+ 1

4x
))2

= e−t

1 + (4t+ x)2

The following is an animation of the solution

Out[ ]=

time

time 0

-15 -10 -5 0 5
x

0.2

0.4

0.6

0.8

1.0
u

Figure 2.9: snap shot

Source code used for the above

In[ ]:= (*3D*)

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

u[x_, t_] :=
Exp[-t]

1 + (4 t + x)2
;

plotStyle = Automatic; (*Directive[Orange,Specularity[White,20]];*)

Manipulate[

Grid[{{Row[{"time ", NumberForm[time, {4, 2}]}]},

{Quiet@Plot3D[u[x, t], {x, -7, 5}, {t, 0, time},

PlotRange → {{-7, 5}, {0, 2}, {0, 2}},

AxesLabel → {Style["x", 12], Style["time", 12], Style["u", 14]},

BaseStyle → 12, PerformanceGoal → "Quality",

ImageSize → 400, PlotPoints → 30, Mesh → None,

PlotStyle → plotStyle,

ViewPoint → {1.996, 2.148, 1.6889}]}}

]

,

{{time, 0.01, "time"}, 0.01, 2, .1},

TrackedSymbols ⧴ {time}

]

Figure 2.10: Source code 3D
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In[ ]:=

(*2D*)

u[x_, t_] :=
Exp[-t]

1 + (4 t + x)2
;

Manipulate[

Grid[{{Row[{"time ", NumberForm[time, {4, 2}]}]},

{

Quiet@Plot[u[x, time], {x, -15, 5},

PlotRange → {All, {0, 1}},

AxesLabel → {Style["x", 12], Style["u", 14]},

BaseStyle → 12,

ImageSize → 400

]

}}

]

,

{{time, 0, "time"}, 0, 3.5, .1},

TrackedSymbols ⧴ {time}

]

Figure 2.11: Source code 2D

2.1.6 Transport equation ut + 2ux = sin x IC u(0, x) = sin x. Peter
Olver textbook, 2.2.5

problem number 6

Added Sept 12, 2019.

Taken from Peter Olver textbook, Introduction to Partial differential equations.

Solve ut + 2ux = sin x with IC u(0, x) = sin x.

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[t, x], {t}] +2*D[u[t, x], {x}]== Sin[x];
ic = u[0,x]==Sin[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[t, x], {t, x}], 60*10]];� �

{{
u(t, x) → 1

2(−2 sin(2t− x) + cos(2t− x)− cos(x))
}}

Maple 3� �
restart;
pde := diff(u(t, x), t) +2*diff(u(t, x),x) =sin(x);
ic:=u(0,x)=sin(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(t,x))),output='realtime'));� �

u(t, x) = −cos (x)
2 − sin (2t− x) + cos (2t− x)

2
Hand solution

Solve
ut + 2ux = sin x (1)

With initial conditions u(x, 0) = sin x .

Solution
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Let u = u(x(t) , t). Then
du

dt
= ∂u

∂x

dx

dt
+ ∂u

∂t
(2)

Comparing (1),(2) shows that
du

dt
= sin x(t) (3)

dx

dt
= 2 (4)

Solving (3) gives ∫
du =

∫
sin x(t) dt (3A)

From (4)
x = 2t+ x(0)

Substituting the above into (3A) gives∫
du =

∫
sin (2t+ x(0)) dt

u = − cos (2t+ x(0))
2 + C (3B)

At t = 0 the above becomes

sin (x(0)) = − cos (x(0))
2 + C

C = sin (x(0)) + cos (x(0))
2

Hence (3B) becomes

u = − cos (2t+ x(0))
2 + sin (x(0)) + cos (x(0))

2
But x(0) = x− 2t, therefore

u(x, t) = − cos (2t+ x− 2t)
2 + sin (x− 2t) + cos (x− 2t)

2

= − cos (x)
2 + sin (x− 2t) + cos (x− 2t)

2
An alternative approach to solve transport PDE is by using Lagrange-charpit method

dt

1 = dx

2 = du

sin x
dt
1 = dx

2 gives dx
dt

= 2 or x = 2t+ C1. Hence

C1 = x− 2t

And dx
2 = du

sinx
gives du

dx
= 1

2 sin x. Integrating gives u = −1
2 cosx+ C2. Therefore

C2 = u+ 1
2 cosx

But C2 = F (C1) where F is arbitrary function. Therefore

u+ 1
2 cosx = F (x− 2t)

u(t, x) = F (x− 2t)− 1
2 cosx (1)

When t = 0, u(0, x) = sin x, therefore the above becomes

sin x = F (x)− 1
2 cosx

F (x) = sin x+ 1
2 cosx

F (z) = sin z + 1
2 cos z
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Therefore the solution (1) can now be written as

u(t, x) =
(
sin (x− 2t) + 1

2 cos (x− 2t)
)
− 1

2 cosx

= sin (x− 2t) + 1
2 cos (x− 2t)− 1

2 cosx

The following is an animation of the solution

Out[ ]=

time

time 20.00

Figure 2.12: snap shot

Source code used for the above

In[ ]:= (*3D*)

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""},

NumberPadding → {"0", "0"}, SignPadding → True];

u[x_, t_] := Sin[x - 2 t] + 1/ 2 Cos[x - 2 t] - 1/ 2 Cos[x];

plotStyle = Directive[Orange, Specularity[White, 20]];

Manipulate[

Grid[{{Row[{"time ", NumberForm[time, {4, 2}]}]},

{

Quiet@Plot3D[u[x, t], {x, -3, 3}, {t, 0, time},

PlotRange → {{-3, 3}, {0, 20}, {-2, 2}},

AxesLabel → {Style["x", 12], Style["time", 12], Style["u", 14]},

BaseStyle → 12, PerformanceGoal → "Quality",

ImageSize → 400, PlotPoints → 30,

PlotStyle → plotStyle,

ViewPoint → {1.996, 2.148, 1.6889}]

}}

]

,

{{time, 0.01, "time"}, 0.01, 20, .1},

TrackedSymbols ⧴ {time}

]

Figure 2.13: Source code 3D
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In[ ]:=

(*2D*)

u[x_, t_] := Sin[x - 2 t] + 1/ 2 Cos[x - 2 t] - 1/ 2 Cos[x];

Manipulate[

Grid[{{Row[{"time ", NumberForm[time, {4, 2}]}]},

{

Quiet@Plot[u[x, time], {x, -15, 15},

PlotRange → {All, {-1.6, 1.6}},

AxesLabel → {Style["x", 12], Style["u", 14]},

BaseStyle → 12,

ImageSize → 400

]

}}

]

,

{{time, 0, "time"}, 0, 15, .05},

TrackedSymbols ⧴ {time}

]

Figure 2.14: Source code 2D

2.1.7 Transport equation ut + 1
1+x2ux = 0 IC u(x, 0) = 1

1+(3+x)2 . Peter
Olver textbook, page 27

problem number 7

Added Sept 12, 2019.

Taken from Peter Olver textbook, Introduction to Partial differential equations. Example
2.4, page 27.

Solve ut + 1
1+x2ux = 0 with IC u(x, 0) = 1

1+(3+x)2

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x,t],t] +1/(1+x^2)*D[u[x,t],x]== 0;
ic = u[x,0]==1/(1+(3+x)^2);
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x,t], {x,t}], 60*10]];� �

u(x, t) →

2
(√

(−3t+ x3 + 3x)2 + 4− 3t+ x3 + 3x
)2/3

3
√
2x3 3

√√
(−3t+ x3 + 3x)2 + 4− 3t+ x3 + 3x+ 3 3

√
2x 3

√√
(−3t+ x3 + 3x)2 + 4− 3t+ x3 + 3x+ 16

(√
(−3t+ x3 + 3x)2 + 4− 3t+ x3 + 3x

)2/3

+ 6 22/3
√

(−3t+ x3 + 3x)2 + 4− 3 3
√
2t 3

√√
(−3t+ x3 + 3x)2 + 4− 3t+ x3 + 3x+ 3

√
2
√
(−3t+ x3 + 3x)2 + 4 3

√√
(−3t+ x3 + 3x)2 + 4− 3t+ x3 + 3x− 12 3

√
2 3

√√
(−3t+ x3 + 3x)2 + 4− 3t+ x3 + 3x− 18 22/3t+ 6 22/3x3 + 18 22/3x+ 2 22/3




Maple 3� �
restart;
pde := diff(u(x,t), t) +1/(1+x^2)*diff(u(x,t),x) =0;
ic:=u(x,0)=1/(1+(3+x)^2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) =
(
4x3 + 12x− 12t+ 4

√
x6 − 6x3t+ 6x4 + 9t2 − 18xt+ 9x2 + 4

)2/3(
x3 +

√
x6 − 6x3t+ 6x4 + 9t2 − 18xt+ 9x2 + 4− 3t+ 3x− 12

) (
4x3 + 12x− 12t+ 4

√
x6 − 6x3t+ 6x4 + 9t2 − 18xt+ 9x2 + 4

)1/3 + 12x3 + 8
(
4x3 + 12x− 12t+ 4

√
x6 − 6x3t+ 6x4 + 9t2 − 18xt+ 9x2 + 4

)2/3 − 36t+ 36x+ 12
√
x6 − 6x3t+ 6x4 + 9t2 − 18xt+ 9x2 + 4 + 4

Hand solution
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Solve
ut +

1
x2 + 1ux = 0

With initial conditiomns u(0, x) = 1
1+(x+3)2

Solution

Let u = u(x(t) , t). Then
du

dt
= ∂u

∂x

dx

dt
+ ∂u

∂t
(2)

Comparing (1),(2) shows that

du

dt
= 0 (3)

dx

dt
= 1
x2 + 1 (4)

Solving (3) gives

u = u(x(0))

= 1
1 + (x (0) + 3)2

(5)

We just need to find x(0) to finish the solution. From (4)(
x2 + 1

)
dx = dt

x3

3 + x = t+ C (6)

At t = 0
x(0)3

3 + x(0) = C

Hence (6) becomes
x3

3 + x− t = x(0)3

3 + x(0)

This is Cubic in x(0). The solution is complicated and will not be given. All what is left is
to substitute this solution back in (5) and this is what the computer did above.

The following is an animation of the solution obtained from CAS. Animation agrees with
textbook screen shots.

Out[ ]=

time

time 21.39

-15 -10 -5 0 5 10
x

0.2

0.4

0.6

0.8

1.0

u

Figure 2.15: snap shot
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Source code used for the above

In[ ]:=

u[x_, t_] := 2 -3 t + 3 x + x
3
+ 4 + 3 t - 3 x - x

3

2

2/3



2× 22/3 - 18× 22/3 t + 18× 22/3 x + 6× 22/3 x3 + 6× 22/3 4 + 3 t - 3 x - x
3

2

- 12× 21/3 -3 t + 3 x + x
3
+ 4 + 3 t - 3 x - x

3

2

1/3

- 3× 21/3 t -3 t + 3 x + x
3
+ 4 + 3 t - 3 x - x

3

2

1/3

+

3× 21/3 x -3 t + 3 x + x
3
+ 4 + 3 t - 3 x - x

3

2

1/3

+ 21/3 x3 -3 t + 3 x + x
3
+ 4 + 3 t - 3 x - x

3

2

1/3

+ 21/3 4 + 3 t - 3 x - x
3

2

-3 t + 3 x + x
3
+ 4 + 3 t - 3 x - x

3

2

1/3

+

16 -3 t + 3 x + x
3
+ 4 + 3 t - 3 x - x

3

2

2/3

;

Manipulate[

Grid[{{Row[{"time ", NumberForm[time, {4, 2}]}]},

{

Quiet@Plot[u[x, time], {x, -15, 12},

PlotRange → {All, {0, 1.1}},

AxesLabel → {Style["x", 12], Style["u", 14]},

BaseStyle → 12,

ImageSize → 400,

PlotPoints → 40,

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}

]

,

{{time, 0, "time"}, 0, 100, .01},

TrackedSymbols ⧴ {time}

]

Figure 2.16: Source code

2.1.8 Transport equation ut − xux = 0 IC u(x, 0) = 1
1+x2 . Peter Olver

textbook, problem 2.2.17
problem number 8

Added Sept 12, 2019.

Taken from Peter Olver textbook, Introduction to Partial differential equations. problem
2.2.17

Solve ut − xux = 0 with IC u(x, 0) = 1
1+x2

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x,t], t] -x*D[u[x,t], x]== 0;
ic = u[x,0]==1/(1+x^2);
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x,t], {x,t}], 60*10]];� �

{{
u(x, t) → 1

e2tx2 + 1

}}
Maple 3� �
restart;
pde := diff(u(x,t), t) -x*diff(u(x,t),x) =0;
ic:=u(x,0)=1/(1+x^2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) = 1
x2e2t + 1

Hand solution

Solve the initial value problem
ut − xux = 0

With initial conditions u(0, x) = 1
1+x2

Solution

Let u = u(x(t) , t). Then
du

dt
= ∂u

∂x

dx

dt
+ ∂u

∂t
(2)
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Comparing (1),(2) shows that

du

dt
= 0 (3)

dx

dt
= −x (4)

Solving (3) gives

u = u(x(0))

= 1
1 + x (0)2

(5)

We just need to find x(0) to finish the solution. From (4)

ln |x| = −t+ C

x = x(0) e−t

x(0) = xet (6)

Substituting (6) in (5) gives
u(x(t) , t) = 1

1 + x2e2t

The following is an animation of the solution

Out[ ]=

time

time 0

-4 -2 0 2 4
x

0.2

0.4

0.6

0.8

1.0

u

Figure 2.17: snap shot

Source code used for the above
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In[ ]:=

(*2D*)

Manipulate[

Grid[{{Row[{"time ", NumberForm[time, {4, 2}]}]},

{

Quiet@Plot[u[x, time], {x, -5, 5},

PlotRange → {All, {0, 1.1}},

AxesLabel → {Style["x", 12], Style["u", 14]},

BaseStyle → 12,

ImageSize → 400, PlotStyle → Red, GridLines → Automatic,

GridLinesStyle → LightGray

]

}}

]

,

{{time, 0, "time"}, 0, 5, .01},

TrackedSymbols ⧴ {time}

]

Figure 2.18: Source code 2D

2.1.9 Transport equation ut + (1− 2t)ux = 0 IC u(x, 0) = 1
1+x2 . Peter

Olver textbook, problem 2.2.29
problem number 9

Added Sept 15, 2019.

Taken from Peter Olver textbook, Introduction to Partial differential equations. problem
2.2.29

Solve ut + (1− 2t)ux = 0 with IC u(x, 0) = 1
1+x2

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x,t], t] +(1-2*t)*D[u[x,t], x]== 0;
ic = u[x,0]==1/(1+x^2);
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x,t], {x,t}], 60*10]];� �

{{
u(x, t) → 1

t4 − 2t3 + 2t2x+ t2 − 2tx+ x2 + 1

}}
Maple 3� �
restart;
pde := diff(u(x,t), t) +(1-2*t)*diff(u(x,t),x) =0;
ic:=u(x,0)=1/(1+x^2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) = 1
(−t2 + t− x)2 + 1

Hand solution

Solve
ut + (1− 2t)ux = 0

with initial conditions u(0, x) = 1
1+x2 .



chapter 2. miscellaneous pde’s 148

Solution

Let u = u(x(t) , t). Then
du

dt
= ∂u

∂x

dx

dt
+ ∂u

∂t
(2)

Comparing (1),(2) shows that

du

dt
= 0 (3)

dx

dt
= (1− 2t) (4)

Solving (3) gives

u = u(x(0))

= 1
1 + x (0)2

(5)

We just need to find x(0) to finish the solution. From (4)

x = t− t2 + C

At t = 0
x(0) = C

Hence

x = t− t2 + x(0)
x(0) = x− t+ t2

Substituting this back into (5) gives

u(x(t) , t) = 1
1 + (x− t+ t2)2

The following is an animation of the solution

time

time 6.00

-40 -30 -20 -10 0
x

0.2

0.4

0.6

0.8

1.0

u

Figure 2.19: snap shot

Source code used for the above
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(*2D*)

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""},

NumberPadding → {"0", "0"}, SignPadding → True];

u[x_, t_] :=
1

1 + x - t + t22

Manipulate[

Grid[{{Row[{"time ", NumberForm[time, {3, 2}]}]},

{

Quiet@Plot[u[x, time], {x, -40, 5},

PlotRange → {All, {0, 1.1}},

AxesLabel → {Style["x", 12], Style["u", 14]},

BaseStyle → 12,

ImageSize → 400, PlotStyle → Red, GridLines → Automatic,

GridLinesStyle → LightGray,

PlotPoints → 40

]

}}

]

,

{{time, 0, "time"}, 0, 6, .01},

TrackedSymbols ⧴ {time}

]

Figure 2.20: Source code 2D

2.1.10 Transport equation ut + 1
x2+4ux = 0 IC u(x, 0) = ex

3+12x

problem number 10

Added Oct 8, 2019.

Exam problem. Math 5587, fall 2019. UMN

solve for u(x, t) the PDE ut + 1
x2+4ux = 0 IC u(x, 0) = ex

3+12x

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x,t], t] +1/(x^2+4)*D[u[x,t], x]== 0;
ic = u[x,0]==Exp[x^3+12*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x,t], {x,t}], 60*10]];� �

{{
u(x, t) → e−3t+x3+12x

}}
Maple 3� �
restart;
pde := diff(u(x,t), t) +1/(x^2+4)*diff(u(x,t),x) =0;
ic:=u(x,0)=exp(x^3+12*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));
sol:=simplify(expand(sol));� �

u(x, t) = ex3−3t+12x

Hand solution

Solve
ut +

1
x2 + 4ux = 0

with initial conditions u(x, 0) = ex
3+12x.

Solution
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Let u = u(x(t) , t). Then
du

dt
= ∂u

∂x

dx

dt
+ ∂u

∂t
(2)

Comparing (1),(2) shows that

du

dt
= 0 (3)

dx

dt
= 1
x2 + 4 (4)

Solving (3) gives

u = u(x(0))

= ex(0)
3+12x(0) (5)

We just need to find x(0) to finish the solution. From (4)

x3

3 + 4x = t+ C (6)

At t = 0

x(0)3

3 + 4x(0) = C

Hence (6) becomes

x3

3 + 4x = t+ x(0)3

3 + 4x(0)

x(0)3 = 3
(
x3

3 + 4x− t− 4x(0)
)

= x3 + 12x− 3t− 12x(0)

Substituting this back into (5) gives

u(x(t) , t) = exp
(
x3 + 12x− 3t− 12x(0) + 12x(0)

)
= ex

3+12x−3t

The following is an animation of the solution

Out[ ]=

time

time 2.25

-1.0 -0.5 0.5 1.0 1.5 2.0
x

-2

2

4

6

8

10
u

Figure 2.21: snap shot
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Source code used for the above

In[ ]:=

(*2D*)

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""},

NumberPadding → {"0", "0"}, SignPadding → True];

u[x_, t_] := Expx3 + 12 x - 3 t;

Manipulate[

Grid[{{Row[{"time ", NumberForm[time, {3, 2}]}]},

{

Quiet@Plot[u[x, time], {x, -1, 2},

PlotRange → {{-1, 2}, {-2, 10}},

AxesLabel → {Style["x", 12], Style["u", 14]},

BaseStyle → 12,

ImageSize → 400, PlotStyle → Red, GridLines → Automatic,

GridLinesStyle → LightGray,

PlotPoints → 40

]

}}

]

,

{{time, 0, "time"}, 0, 10, .01},

TrackedSymbols ⧴ {time}

]

Figure 2.22: Source code 2D

2.1.11 3ux + 5uy = x

problem number 11

Taken from Mathematica help pages

Solve for u(x, y)
3ux + 5uy = x

Mathematica 3� �
ClearAll["Global`*"];
sol = AbsoluteTiming[TimeConstrained[DSolve[3*D[u[x, y], x] + 5*D[u[x, y], y] == x, u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → x2

6 + c1

(
y − 5x

3

)}}
Maple 3� �
restart;
interface(showassumed=0);
pde :=3*diff(u(x, y), x) + 5*diff(u(x, y), y) = x;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �

u(x, y) = x2

6 + f1

(
−5x

3 + y

)
Hand solution

Solve

3ux + 5uy = x

ux +
5
3uy =

x

3 (1)

Solution
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Let u = u(y(x) , x). Then
du

dx
= ∂u

∂y

dy

dx
+ ∂u

∂x
(2)

Comparing (1),(2) shows that

du

dx
= x

3 (3)
dy

dx
= 5

3 (4)

Solving (3) gives

u = x2

6 + C1

C1 = u− x2

6

From (4)

y = 5
3x+ C2

C2 = y − 5
3x

Let C1 = F (C2) where F is arbutrary function. This gives

u− x2

6 = F

(
y − 5

3x
)

u(x, y) = F

(
y − 5

3x
)
+ x2

6

2.1.12 xuy + yux = −4xyu and u(x, 0) = e−x2

problem number 12

Taken from Mathematica help pages

Solve for u(x, y)
xuy + yux = −4xyu

with initial value u(x, 0) = e−x2

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[u[x, y], y] + y*D[u[x, y], x] == -4*x*y*u[x, y];
ic = u[x, 0] == Exp[-x^2];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → e−x2−y2

}}
Maple 3� �
restart;
pde := x*diff(u(x, y), y) + y*diff(u(x, y), x) = -4*x*y*u(x, y);
ic := u(x, 0) = exp(-x^2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic], u(x, y))),output='realtime'));� �

u(x, y) = e−x2−y2

Hand solution
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Solve
xuy + yux = −4xyu

with u(x, 0) = e−x2 .

Solution

Let u ≡ u(x(y) , y). We’ve taken y as the independent variable for x(y) here, since the initial
conditions has y(0) in it. The PDE can be written as

uy +
y

x
ux = −4yu (1)

Then
du

dy
= ∂u

∂x

dx

dy
+ ∂u

∂y
(2)

Comparing (1),(2) shows that

du

dy
= −4yu (3)

dx

dy
= y

x
(4)

Solving (3) gives

ln |u| = −4y2
2 + C1

u = C1e
−2y2 (5)

At y = 0, using initial conditions the above becomes

e−x(0)2 = C1

(5) becomes

u = e−x(0)2e−2y2

= e−x(0)2−2y2 (5A)

All what is left is to find x(0) to finish the solution. From (4)

x2

2 = y2

2 + C2 (6)

At y = 0
x(0)2

2 = C2

Hence (6) becomes

x2

2 = y2

2 + x(0)2

2
x(0)2 = x2 − y2

Substituting the above in (5A) gives

u(x(y) , x) = e−
(
x2−y2

)
−2y2

= e−x2−y2

The following is a plot of the above solution showing the initial conditions are red line
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Figure 2.23: Solution e−x2−y2

u[x_, y_] := Exp[-x^2 - y^2];

initialCurve = ParametricPlot3D[{x, 0, Exp[-x^2]}, {x, -2, 2},

PlotStyle -> Red];

solution = Plot3D[u[x, y], {x, -2, 2}, {y, -2, 2},

ColorFunction -> "TemperatureMap"];

Graphics3D[{

First@solution,

First@initialCurve,

Arrow[{{0, 0, 0}, {2.6, 0, 0}}],

Arrow[{{0, 0, 0}, {0, 2.8, 0}}],

Text["x", {2.7, 0, 0}, {-1, 0}],

Text["y", {0, 2.9, 0}, {-1, 0}]

}, SphericalRegion -> True,

Boxed → False, BaseStyle → 12,

ImageSize → 300, PlotRange → All]

Figure 2.24: Code used for the plot

2.1.13 ut + ux = 0 and u(x, 0) = sin x and u(0, t) = 0
problem number 13

Taken from Mathematica help pages

Solve for u(x, t)
ut + ux = 0

with initial value u(x, 0) = sin x and boundary value u(0, t) = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] + D[u[x, t], x] == 0;
bc = u[0, t] == 0;
ic = u[x, 0] == Sin[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}], 60*10]];� �

{{u(x, t) → (θ(t− x)− 1) sin(t− x)}}

Maple 3� �
restart;
pde := diff(u(x,t),t)+diff(u(x,t),x)=0;
bc := u(0,t)=0;
ic := u(x,0)=sin(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t)) assuming x>0),output='realtime'));� �

u(x, t) = − sin (t− x)Heaviside (−t+ x)
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Hand solution

Since initial and boundary conditions are given, the Laplace transform method will be used to
solve this PDE. Let U(x, s) be the Laplace transform of u(x, t). Applying Laplace transform
to the PDE gives

sU − u(x, 0) + dU

dx
= 0

dU

dx
+ sU = sin x

Integrating factor is µ = e
∫
sdx = esx. Multiplying the above by µ gives

d

dx
(Uesx) = esx sin x

Integrating

Uesx =
∫
esx sin xdx+ C

= esx(s sin x− cosx)
1 + s2

+ C

U(x, s) = s sin x− cosx
1 + s2

+ Ce−sx

Applying boundary conditions U(0, s) = 0 gives

0 = −1
1 + s2

+ C

C = 1
1 + s2

Hence

U(x, s) = s sin x− cosx
1 + s2

+ e−sx

1 + s2

= s sin x
1 + s2

− cosx
1 + s2

+ e−sx

1 + s2

Applying inverse Laplace transform gives

u(x, t) = cos t sin x− cosx sin t+Heaviside (t− x) sin (t− x)
= − sin (t− x) + Heaviside (t− x) sin (t− x)
= (Heaviside (t− x)− 1) sin (t− x)

2.1.14 ut + cux = 0 and u(x, 0) = e−x2

problem number 14

Taken from Mathematica help pages

Solve for u(x, t)
ut + cux = 0

With initial conditions u(x, 0) = e−x2

Mathematica 3� �
ClearAll["Global`*"];
ic = u[x, 0] == Exp[-x^2];
pde = D[u[x, t], {t}] + c*D[u[x, t], {x}] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → e−(x−ct)2

}}
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Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x, t), t) + c* diff(u(x, t),x) =0;
ic := u(x,0)=exp(-x^2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) = e−(tc−x)2

Hand solution

Solve
ut + cux = 0 (1)

with initial conditions u(x, 0) = e−x2 .

Solution

Let u = u(x(t) , t). Then
du

dt
= ∂u

∂x

dx

dt
+ ∂u

∂t
(2)

Comparing (1),(2) shows that

du

dt
= 0 (3)

dx

dt
= c (4)

Solving (3) gives

u = u(x(0))

= e−x(0)2 (5)

We need to find x(0). From (4)

x = ct+ x(0)
x(0) = x− ct

Then (5) becomes
u(x(t) , t) = e−(x−ct)2

2.1.15 (Haberman 12.2.2) ωt − 3ωx = 0 and ω(x, 0) = cos x
problem number 15

Added Nov 25, 2018.

Problem 12.2.2 from Richard Haberman applied partial differential equations book, 5th
edition

Solve for u(x, t)
ωt − 3ωx = 0

With initial conditions ω(x, 0) = cos x.

See my HW 12, Math 322, UW Madison.
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, t], t] - 3*D[w[x, t], x] == 0;
ic = w[x, 0] == Cos[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, w[x, t], {x, t}], 60*10]];� �

{{w(x, t) → cos(3t+ x)}}

Maple 3� �
restart;
pde := diff(w(x,t),t)-3*diff(w(x,t),x)=0;
ic:=w(x,0)=cos(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],w(x,t))),output='realtime'));� �

w(x, t) = cos (x+ 3t)
Hand solution

Solve
wt − 3wx = 0 (1)

With I.C. w(x, 0) = cos x

Solution

Let w = w(x(t) , t). Then
dw

dt
= ∂w

∂x

dx

dt
+ ∂w

∂t
(2)

Comparing (1),(2) shows that

dw

dt
= 0 (3)

dx

dt
= −3 (4)

Solving (3) gives

w = w(x(0))
= cos (x(0)) (5)

We need to find x(0). From (4)

x = −3t+ x(0)
x(0) = x+ 3t

Hence (5) becomes

w(x(t) , t) = cos (x+ 3t)
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2.1.16 (Haberman 12.2.4) ωt + cωx = 0 and ω(x, 0) = f(x) and
ω(0, t) = h(t)

problem number 16

Added Nov 25, 2018.

Problem 12.2.4 from Richard Haberman applied partial differential equations book, 5th
edition

Solve for u(x, t)
ωt + cωx = 0

With c > 0. For x > 0, t > 0 if ω(x, 0) = f(x) and ω(0, t) = h(t).

See my HW 12, Math 322, UW Madison.

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, t], t] + c*D[w[x, t], x] == 0;
ic = w[x, 0] == f[x];
bc = w[0, t] == h[t];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, w[x, t], {x, t}, Assumptions -> c > 0 && x > 0 && t > 0], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,t),t)+c*diff(w(x,t),x)=0;
ic:=w(x,0)=f(x);
bc:=w(0,t)=h(t);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],w(x,t)) assuming t>0,x>0,c>0),output='realtime'));� �

w(x, t) =
Heaviside

(
t− x

c

)
h
(
t− x

c

)
c− L−1

(
e− sx

c

∫ 0
f(_a) e s_a

c d_a, s, t
)
+ L−1(e− sx

c

∫
f(x) e sxc dx, s, t

)
c

Solution contains unresolved invlaplace calls
Hand solution

∂w

∂t
+ c

∂w

∂x
= 0 (1)

Let
w ≡ w(x(t) , t)

Hence
dw

dt
= ∂w

∂t
+ ∂w

∂x

dx

dt
(2)

Comparing given (1) and (2), we see that if we let dx
dt

= c in (2), then we obtain (1). Hence
we conclude that dw

dt
= 0. Therefore, w(x(t) , t) is constant. At t = 0, we are given that

w(x(t) , t) = f(x(0)) t = 0 (3)

We just now need to determine x(0). This is found from dx
dt

= c, which has the solution
x(t) = x(0) + ct . Hence x(0) = x(t)− ct. Therefore (3) becomes

w(x, t) = f(x− ct)
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This is valid for x > ct. We now start all over again, and look at Let

w ≡ w(x, t(x))

Hence
dw

dx
= ∂w

∂x
+ ∂w

∂t

dt

dx
(4)

Comparing (4) and (1), we see that if we let dt
dx

= 1
c
in (4), then we obtain (1). Hence we

conclude that dw
dx

= 0. Therefore, w(x, t(x)) is constant. At x = 0, we are given that

w(x, t(x)) = h(t(0)) x = 0 (5)

We just now need to determine t(0). This is found from dt
dx

= 1
c
, which has the solution

t(x) = t(0) + 1
c
x . Hence t(0) = t(x)− 1

c
x. Therefore (5) becomes

w(x, t) = h

(
t− 1

c
x

)
Valid for t > x

c
or x < ct. Therefore, the solution is

w(x, t) =
{

f(x− ct) x > ct

h
(
t− 1

c
x
)

x < ct

2.1.17 (Haberman 12.2.5 (a)) ωt + cωx = e2x and ω(x, 0) = f(x)
problem number 17

Added Nov 25, 2018.

Problem 12.2.5 (a) from Richard Haberman applied partial differential equations book, 5th
edition

Solve for u(x, t)
ωt + cωx = e2x

With ω(x, 0) = f(x).

See my HW 12, Math 322, UW Madison.

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, t], t] + c*D[w[x, t], x] == Exp[2*x];
ic = w[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[Simplify[DSolve[{pde, ic}, w[x, t], {x, t}, Assumptions -> c > 0 && x > 0 && t > 0]], 60*10]];� �

{{
w(x, t) → f(x− ct) + e2x(1− e−2ct)

2c

}}
Maple 3� �
restart;
pde := diff(w(x,t),t)+c*diff(w(x,t),x)=exp(2*x);
ic:=w(x,0)=f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],w(x,t)) assuming t>0,x>0,c>0),output='realtime'));� �

w(x, t) = 2f(−ct+ x) c− e−2ct+2x + e2x
2c

Hand solution
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Using the method of characteristics, the systems of characteristic lines are (from the PDE
itself)

dt

ds
= 1 (1)

dx

ds
= c (2)

du

ds
= e2x (3)

With initial conditions at s = 0

t(0) = t1, x(0) = t2, u(0) = t3

And u(x, 0) = f(x) becomes
t3 = f(t2) , t1 = 0 (4)

Equation (1) gives

t = s+ t1

= s (5)

Equation (2) gives
x = cs+ t2 (6)

From (5,6) solving for t2 gives

t2 = x− cs

= x− ct (7)

Equation (3) gives

du = e2xds

= e2(cs+t2)ds

Integrating

u = e2(cs+t2)

2c + t3

Using (7,4,5) in the above gives the solution

u(x, t) = e2(ct+(x−ct))

2c + f(x− ct)

= 1
2ce

2x + f(x− ct)

My solution is not the same as CAS, but it was verified OK using Maple pdetest.

2.1.18 (Haberman 12.2.5 (d)) ωt + 3tωx = ω(x, t) and ω(x, 0) = f(x)
problem number 18

Added Nov 25, 2018.

Problem 12.2.5 (d) from Richard Haberman applied partial differential equations book, 5th
edition

Solve for u(x, t)
ωt + 3tωx = ω(x, t)

with ω(x, 0) = f(x).

See my HW 12, Math 322, UW Madison.
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, t], t] + 3*t*D[w[x, t], x] == w[x, t];
ic = w[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[Simplify[DSolve[{pde, ic}, w[x, t], {x, t}]], 60*10]];� �

{
w(x, t) → e−

√
t2f

(
x− 3t2

2

)}
{
w(x, t) → e

√
t2f

(
x− 3t2

2

)}

Maple 3� �
restart;
pde := diff(w(x,t),t)+3*t*diff(w(x,t),x)=w(x,t);
ic:=w(x,0)=f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],w(x,t))),output='realtime'));� �

w(x, t) = f

(
−3t2

2 + x

)
et

Hand solution

Solve
∂w

∂t
+ 3t∂w

∂x
= w(x, t) (1)

With initial conditions w(x, 0) = f(x)

Solution

Let w ≡ w(x(t) , t) then
dw

dt
= ∂w

∂x

dx

dt
+ ∂w

∂t
(2)

Comparing (1,2) shows that

dw

dt
= w (3)

dx

dt
= 3t (4)

Solving (3) gives

w = Cet

From initial conditions at t = 0, the above becomes f(x(0)) = C. Hence the above becomes

w(x, t) = f(x(0)) et (5)

From (4)

x = 3
2t

2 + x(0)

x(0) = x− 3
2t

2
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Substituting the above in (5) gives

w(x(t) , t) = f

(
x− 3

2t
2
)
et

Alternative solution

Using the method of characteristics, the systems of characteristic lines are (from the PDE
itself)

dt

ds
= 1 (1)

dx

ds
= 3t (2)

dw

ds
= w (3)

With initial conditions at s = 0

t(0) = t1, x(0) = t2, w(0) = t3

And w(x, 0) = f(x) becomes
t3 = f(t2) , t1 = 0 (4)

Equation (1) gives

t = s+ t1

= s (5)

Equation (2) gives, after replacing t by s from (5)

dx

ds
= 3s

x = 3
2s

2 + t2 (6)

Solving for t2 gives
t2 = x− 3

2s
2 (7)

Equation (3) gives

lnw = s+ t3

w = t3e
s

= f(t2) es

Using (7,5) in the above gives the solution

w(x, t) = f

(
x− 3

2t
2
)
et

2.1.19 2ux + 5uy = u2(x, y) + 1
problem number 19

Taken from Mathematica help pages

General solution for a quasilinear first-order PDE

Solve for u(x, y)
2ux + 5uy = u2(x, y) + 1
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Mathematica 3� �
ClearAll["Global`*"];
pde = 2*D[u[x, y], x] + 5*D[u[x, y], y] == u[x, y]^2 + 1;
sol = AbsoluteTiming[TimeConstrained[Simplify[DSolve[pde, u[x, y], {x, y}]], 60*10]];� �

{{
u(x, y) → tan

(
x

2 + c1

(
y − 5x

2

))}}
Maple 3� �
restart;
interface(showassumed=0);
pde := 2* diff(u(x, y), x) + 5*diff(u(x, y), y) = u(x, y)^2 + 1;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde, u(x, y))),output='realtime'));� �

u(x, y) = tan
(
x

2 +
f1
(
−5x

2 + y
)

2

)
Hand solution

Solve for u(x, y) in 2ux+5uy = u2+1. Using the Lagrange-charpit method, the characteristic
equations are

dx

2 = dy

5 = du

u2 + 1
From the first pair of equation we obtain

5dx = 2dy
5x = 2y + C1

C1 = 5x− 2y

Now we can pick the pair dy
5 = du

u2+1 or dx
2 = du

u2+1 to solve for u. It does not matter which.
Using

dx

2 = du

u2 + 1
Integrating gives

1
2x = arctan (u) + C2

C2 =
1
2x− arctan (u)

C1 and C2 are always related by C2 = F (C1) where F is arbitrary function. Hence

1
2x− arctan (u) = F (5x− 2y)

arctan (u) = 1
2x− F (5x− 2y)

u(x, y) = tan
(
1
2x− F (5x− 2y)

)
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2.1.20 Clairaut equation xux + yuy + 1
2((ux)

2 + (uy)2) = 0
problem number 20

Taken from Mathematica Symbolic PDE document

nonlinear first-order PDE, the Clairaut equation

Solve for u(x, y)
xux + yuy +

1
2((ux)

2 + (uy)2) = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = u[x, y] == x*D[u[x, y], {x}] + y*D[u[x, y], {y}] + (1/2)*(D[u[x, y], {x}]^2 + D[u[x, y], {y}]^2);
sol = AbsoluteTiming[TimeConstrained[Simplify[DSolve[pde, u[x, y], {x, y}]], 60*10]];� �

{{
u(x, y) → c1x+ c2y +

1
2
(
c1

2 + c2
2)}}

Maple 3� �
restart;
interface(showassumed=0);
pde := x*diff(u(x, y), x) + y*diff(u(x, y),y) + 1/2 * ( diff(u(x, y), x)^2 + diff(u(x, y), y)^2)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y),'build')),output='realtime'));� �
u(x, y) = −x

2

2 −x
√
x2 + 2_c1

2 −_c1 ln
(
x+

√
x2 + 2_c1

)
+c1−

y2

2 −y
√
y2 − 2_c1

2 +_c1 ln
(
y +

√
y2 − 2_c1

)
+c2

Hand solution

Assuming the solution is u(x, y) = X(x) + Y (y). Substituting this into the PDE gives

xX ′ + yY ′ + 1
2

(
(X ′)2 + (Y ′)2

)
= 0

1
2(X

′)2 + xX ′ = −1
2(Y

′)2 − yY ′

The above is possible when each side is equal to same constant, say C1. This gives two ODE’s

1
2(X

′)2 + xX ′ = C1 (1)
1
2(Y

′)2 + yY ′ = −C1 (2)

ODE (1) becomes

(X ′)2 + 2xX ′ − 2C1 = 0

X ′ = −b
2a ± 1

2a
√
b2 − 4ac

= −2x
2 ± 1

2
√
4x2 + 8C1

= −x±
√
x2 + 2C1

For the case X ′ = −x+
√
x2 + 2C1, the solution is

X(x) =
∫

−x+
√
x2 + 2C1dx+ C2

= −x
2

2 + x
√
x2 + 2C1

2 + C1 ln
(
x+

√
x2 + 2C1

)
+ C2
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For the case X ′ = −x−
√
x2 + 2C1, the solution is

X(x) =
∫

−x−
√
x2 + 2C1dx+ C2

= −x
2

2 − x
√
x2 + 2C1

2 − C1 ln
(
x+

√
x2 + 2C1

)
+ C2

Combining the above two solutions to one gives

X(x) = −x
2

2 ± x
√
x2 + 2C1

2 ± C1 ln
(
x+

√
x2 + 2C1

)
+ C2 (3)

ODE (2) becomes

(Y ′)2 + 2yY ′ + 2C1 = 0

Y ′ = −b
2a ± 1

2a
√
b2 − 4ac

= −2y
2 ± 1

2
√

4y2 − 8C1

= −y ±
√
y2 − 2C1

For the case Y ′ = −y +
√
x2 − 2C1, the solution is

Y (y) =
∫

−y +
√
y2 − 2C1dy + C2

= −y2

2 + y
√
y2 − 2C1

2 − C1 ln
(
y +

√
y2 − 2C1

)
+ C3

For the case Y ′ = −y −
√
y2 − 2C1, the solution is

Y (y) =
∫

−y −
√
y2 + 2C1dy + C2

= −y
2

2 − y
√
x2 − 2C1

2 + C1 ln
(
y +

√
y2 − 2C1

)
+ C3

Combining the above two solutions to one gives

Y (x) = −y
2

2 ± y
√
y2 − 2C1

2 ± C1 ln
(
y +

√
y2 − 2C1

)
+ C3 (4)

From (3,4) the final solution is

u(x, y) = X(x) + Y (x)

=
(
−x

2

2 ± x
√
x2 + 2C1

2 ± C1 ln
(
x+

√
x2 + 2C1

)
+ C2

)
+
(
−y

2

2 ± y
√
y2 − 2C1

2 ± C1 ln
(
y +

√
y2 − 2C1

)
+ C3

)
= −x

2

2 ± x

2
√
x2 + 2C1 ± C1 ln

(
x+

√
x2 + 2C1

)
− y2

2 ± y

2
√
y2 − 2C1 ± C1 ln

(
y +

√
y2 − 2C1

)
+ C4

Where C4 = C2 + C3.

2.1.21 Clairaut equation. xux + yuy + 1
2((ux)

2 + (uy)2) = 0 with
u(x, 0) = 1

2(1− x2)
problem number 21

Taken from Mathematica Symbolic PDE document

Clairaut equation with initial value

Solve for u(x, y)
xux + yuy +

1
2((ux)

2 + (uy)2) = 0

With u(x, 0) = 1
2(1− x2)
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Mathematica 3� �
ClearAll["Global`*"];
pde = u[x, y] == x*D[u[x, y], {x}] + y*D[u[x, y], {y}] + (1/2)*(D[u[x, y], {x}]^2 + D[u[x, y], {y}]^2);
ic = u[x, 0] == (1*(1 - x^2))/2;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → −x

2

2 + y + 1
2

}}
Maple 3� �
restart;
interface(showassumed=0);
pde := x*diff(u(x, y), x) + y*diff(u(x, y),y) + 1/2 * ( diff(u(x, y), x)^2 + diff(u(x, y), y)^2)=0;
ic := u(x,0)=1/2*(1-x^2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,y))),output='realtime'));� �

u(x, y) = −(x− y + 1) (x− y − 1)
2

u(x, y) = −(x+ y + 1) (x+ y − 1)
2

2.1.22 Clairaut equation. u = xux + yuy + sin(ux + uy)
problem number 22

Taken from Mathematica DSolve help pages

Another example of nonlinear Clairaut equation

Solve for u(x, y)
u = xux + yuy + sin(ux + uy)

Mathematica 3� �
ClearAll["Global`*"];
pde = u[x, y] == x*D[u[x, y], x] + y*D[u[x, y], y] + Sin[D[u[x, y], x] + D[u[x, y], y]];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y], {x, y}], 60*10]];� �

{{u(x, y) → c1x+ c2y + sin(c1 + c2)}}

Maple 3� �
restart;
pde := u(x,y)= x*diff(u(x,y),x)+y*diff(u(x,y),y)+sin(diff(u(x,y),x)+diff(u(x,y),y));
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �

u(x, y) = x_c1 + y_c2 + sin (_c1 + _c2)
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2.1.23 Recover a function from its gradient vector
problem number 23

Taken from Mathematica DSolve help pages

Solve for f(x, y)

∂f

∂x
= xy cos(xy) + sin(xy)

∂f

∂y
= −e−y + x2 cos(xy)

Mathematica 3� �
ClearAll["Global`*"];
eq1 = D[f[x, y], x] == x*y*Cos[x*y] + Sin[x*y];
eq2 = D[f[x, y], y] == -E^(-y) + x^2*Cos[x*y];

sol = AbsoluteTiming[TimeConstrained[DSolve[{eq1, eq2}, f[x, y], {x, y}], 60*10]];� �
{{
f(x, y) → x sin(xy) + e−y + c1

}}
Maple 3� �
restart;
eq1:=diff(f(x,y),x)=x*y*cos(x*y)+sin(x*y);
eq2:=diff(f(x,y),y)=-exp(-y)+x^2*cos(x*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve({eq1,eq2},f(x,y))),output='realtime'));� �

{f(x, y) = x sin (xy) + e−y + c1}

2.1.24 xfy − fx = g(x)
h(y)f

2

problem number 24

Taken from Maple pdsolve help pages

General solution of a first order nonlinear PDE

Solve for f(x, y)

xfy − fx = g(x)
h(y)f

2

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[f[x, y], y] - D[f[x, y], x] == (f[x, y]^2*g[x])/h[y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, f[x, y], {x, y}], 60*10]];� �


f(x, y) → − 1∫ x

1 − g(K[1])
h
(
x2
2 −K[1]2

2 +y
)dK[1] + c1

(
x2

2 + y
)


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Maple 3� �
restart;
pde := x*diff(f(x,y),y)-diff(f(x,y),x)=f(x,y)^2*g(x)/h(y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,f(x,y))),output='realtime'));� �

f(x, y) = 1∫ x g(_a)
h
(
−_a2

2 +x2
2 +y

)d_a+ f1
(
x2

2 + y
)

Hand solution

Solve for f(x, y) in xfy − fx = g(x)
h(y)f

2. Using the Lagrange-charpit method, the characteristic
equations are

dy

x
= −dx

1 = df
g(x)
h(y)f

2

From the first pair of equation we obtain

dy = −xdx

y = −x
2

2 + C1

C1 = y + x2

2 (1)

Using −dx = df
g(x)
h(y)f

2 as choice of the second pair of equations. Hence df
f2 = − g(x)

h(y)dx. But from

(1) y = C1 − x2

2 , therefore
df

f 2 = − g(x)
h
(
C1 − x2

2

)dx
Integrating gives

− 1
f
= −

∫ x

0

g(s)
h
(
C1 − s2

2

)ds+ C2

C2 = − 1
f
+
∫ x

0

g(s)
h
(
C1 − s2

2

)ds
But C2 = F (C1) where F is arbitrary function. Therefore

− 1
f
+
∫ x

0

g(s)
h
(
C1 − s2

2

)ds = F

(
y + x2

2

)
− 1
f
= F

(
1
2
(
2y + x2

))
−
∫ x

0

g(s)
h
(
C1 − s2

2

)ds
1
f
=
∫ x

0

g(s)
h
(
C1 − s2

2

)ds− F

(
1
2
(
2y + x2

))
f = 1∫ x

0
g(s)

h
(
C1− s2

2

)ds− F
(1
2 (2y + x2)

)
But C1 = 1

2(2y + x2) and the above becomes

f(x, y) = 1∫ x

0
g(s)

h
(

1
2 (2y+x2)− s2

2

)ds− F
(1
2 (2y + x2)

)



chapter 2. miscellaneous pde’s 169

2.1.25 fx + (fy)2 = f(x, y, z) + z

problem number 25

Taken from Maple pdsolve help pages, probem 5

Nonlinear first order PDE

Solve for f(x, y, z)

fx + (fy)2 = f(x, y, z) + z

Mathematica 3� �
ClearAll["Global`*"];
pde = D[f[x, y, z], x] + D[f[x, y, z], y]^2 == f[x, y, z] + z;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, f[x, y, z], {x, y, z}], 60*10]];� �

f(x, y, z) → 1

4

(c1(z))2W

−
exp

(
(x−1)c1(z)+c2(z)+y

c1(z)

)
c1(z)

 2 + 2(c1(z))2W

−
exp

(
(x−1)c1(z)+c2(z)+y

c1(z)

)
c1(z)

− 4z




Maple 3� �
restart;
pde := diff(f(x,y,z),x) + (diff(f(x,y,z),y))^2 = f(x,y,z)+z;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,f(x,y,z),'build')),output='realtime'));� �

f(x, y, z) = −e2xc23 − c5((c3y + c4z + c1) ex + c5z)
c25

2.1.26 xux + yuy = u (Example 3.5.1 in Lokenath Debnath)
problem number 26

Added June 2, 2019.

From example 3.5.1, page 210 nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)

xux + yuy = u

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[u[x, y], x] + y*D[u[x, y], y] ==u[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → xc1

(y
x

)}}
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Maple 3� �
restart;
pde :=x*diff(u(x,y),x)+y*diff(u(x,y),y)=u(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �

u(x, y) = f1
(y
x

)
x

Hand solution

Solve
xux + yuy = u

Using the Lagrange-charpit method

dx

x
= dy

y
= du

u

The first pair of equations gives
x = C1y

And dx
x
= du

u
gives

x = C2u

Since C2 = G(C1) then x
u
= G

(
x
y

)
or u = xG−1

(
x
y

)
. Let G−1 = F . Then the solution

u(x, y) = xF

(
x

y

)

2.1.27 xux + yuy = nu Example 3.5.2 in Lokenath Debnath
problem number 27

Added June 2, 2019.

From example 3.5.2, page 211 nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)

xux + yuy = nu

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[u[x, y], x] + y*D[u[x, y], y] ==n*u[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → xnc1

(y
x

)}}
Maple 3� �
restart;
pde :=x*diff(u(x,y),x)+y*diff(u(x,y),y)=n*u(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �

u(x, y) = f1
(y
x

)
xn

Hand solution
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Solve
xux + yuy = nu

Using the Lagrange-charpit method

dx

x
= dy

y
= du

nu

The first pair of equations gives
x = C1y

And dx
x
= du

nu
gives

ln x = 1
n
ln u+ C2

x = C2u
1
n

xn = C3u

Since C3 = G(C1) then xn

u
= G

(
x
y

)
or u = xnG−1

(
x
y

)
. Let G−1 = F . Then the solution

u(x, y) = xnF

(
x

y

)

2.1.28 x2ux + y2uy = (x+ y)u Example 3.5.3 in Lokenath Debnath
problem number 28

Added June 2, 2019.

From example 3.5.3, page 211 nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)

x2ux + y2uy = (x+ y)u

Mathematica 3� �
ClearAll["Global`*"];
pde = x^2*D[u[x, y], x] + y^2*D[u[x, y], y] ==(x+y)*u[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → xyc1

(
1
x
− 1
y

)}}
Maple 3� �
restart;
pde :=x^2*diff(u(x,y),x)+y^2*diff(u(x,y),y)=(x+y)*u(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �

u(x, y) = f1

(
−y + x

yx

)
xy

Hand solution

Solve
x2ux + y2uy = (x+ y)u

Using the Lagrange-charpit method

dx

x2
= dy

y2
= du

(x+ y)u
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The first pair of equations gives
−1
x
= −1

y
+ C1 (1)

And dx
x2 = du

(x+y)u gives
(x+ y)
x2

dx = du

u

But from (1) 1
y
= 1

x
+ C1 or 1

y
= 1+xC1

x
or y = x

1+xC1
Therefore the above becomes(

x+ x
1+xC1

)
x2

dx = du

u
(x(1 + xC1) + x)
x2 (1 + xC1)

dx = du

u

2x+ x2C1

x2 + x3C1
dx = du

u
2 + xC1

x+ x2C1
dx = du

u

2 ln x− ln (1 + C1x) = ln u+ C2

ln x2

1 + C1x
= ln u+ C2

x2

1 + C1x
= C2u

But C1 = 1
y
− 1

x
hence the above becomes

x2

1 +
(

1
y
− 1

x

)
x
= C2u

x2

1 +
(

x−y
yx

)
x
= C2u

yx2

y + (x− y) = C2u

yx = C2u

Since C2 = G(C1) then yx
u
= G

(
1
y
− 1

x

)
or

u = yxG−1
(
1
y
− 1
x

)
= yxG−1

(
y − x

yx

)
Let G−1 = F

u = yxF

(
y − x

yx

)
Where F is arbitrary function.

2.1.29 (y − z)ux + (z − x)uy + (x− y)uz = 0 (Example 3.5.4 in
Lokenath Debnath)

problem number 29

From example 3.5.4, page 212 nonlinear pde’s by Lokenath Debnath, 3rd edition.

First order PDE of three unknowns. Solve for u(x, y, z)

(y − z)ux + (z − x)uy + (x− y)uz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = (y - z)*D[u[x, y, z], x] + (z - x)*D[u[x, y, z], y] + (x - y)*D[u[x, y, z], z] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y, z], {x, y, z}], 60*10]];� �

{{u(x, y, z) → c1(x+ y + z,−x(y + z)− yz)}}

Maple 3� �
restart;
pde :=(y-z)*diff(u(x,y,z),x)+(z-x)*diff(u(x,y,z),y)+(x-y)*diff(u(x,y,z),z)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y,z),'build')),output='realtime'));� �

u(x, y, z) = c3c4c5e(x+y+z)c1+
c2
(
x2+y2+z2

)
2

Hand solution

Solve
(y − z)ux + (z − x)uy + (x− y)uz = 0

The following method works only when the sum of the coefficients of ux, uy, uz is zero. This
is the case here. Hence we write

du = 0 (1)
dx+ dy + dz = (y − z) + (z − x) + (x− y) = 0 (2)

We need one more equation which is

xdx+ ydy + ydz = x(y − z) + y(z − x) + z(x− y) = 0 (3)

Integrating (1,2,3) gives

u = C1

x+ y + z = C2

x2 + y2 + z2 = C3

And since we know that C1 = F (C2, C3) where F is arbitrary function, then the solution is

u(x, y, z) = F
(
x+ y + z, x2 + y2 + z2

)
Again, the above method only worked because of the special value of the coefficients. If the
PDE was (2y − z)ux + (z − x)uy + (x− y)uz = 0 for example, then the above method will
not work and we have to use the Lagrange-Charpit equations. But since the equations will
be coupled, this would make the solution harder.

2.1.30 u(x+ y)ux + u(x− y)uy = x2 + y2 (Example 3.5.5 in Lokenath
Debnath)

problem number 30

Added June 2, 2019.

From example 3.5.5, page 214 nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)

u(x+ y)ux + u(x− y)uy = x2 + y2

with u = 0 on y = 2x
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Mathematica 3� �
ClearAll["Global`*"];
pde = u[x,y]*(x+y)*D[u[x, y], x] + u[x,y]*(x-y)*D[u[x, y], y] ==x^2+y^2;
ic = u[x,2*x]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic} ,u[x, y], {x, y}], 60*10]];� �

{
u(x, y) → −

√
2
7
√

2x2 + 3xy − 2y2
}

{
u(x, y) →

√
2
7
√

2x2 + 3xy − 2y2
}

{
u(x, y) → −

√
2
7
√

2x2 + 3xy − 2y2
}

{
u(x, y) →

√
2
7
√

2x2 + 3xy − 2y2
}

Maple 3� �
restart;
pde :=u(x,y)*(x+y)*diff(u(x,y),x)+u(x,y)*(x-y)*diff(u(x,y),y)=x^2+y^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �

u(x, y) = −
√

−x2 + 2xy + y2

√√√√−2xy − f1
(
− 1√

−x2+2xy+y2

)
x2 − 2xy − y2

Hand solution

Solve
u(x+ y)ux + u(x− y)uy = x2 + y2

With u = 0 on y = 2x. This solution follows the book method, but adds more details and
more steps to make it more clear.

The following method works only when we can find two equations when the sum of the
coefficients is zero. We see that

ydx+ xdy − udu = y(u(x+ y)) + x(u(x− y))− u
(
x2 + y2

)
= yux+ y2u+ x2u− yxu− ux2 − y2u

= 0 (1)

But we need one more equation. We see that

xdx− ydy − udu = x(u(x+ y))− y(u(x− y))− u
(
x2 + y2

)
= ux2 + uxy − yux+ y2u− ux2 − y2u

= 0 (2)

Now we just Integrate (1,2). Rewriting (1) as

ydx+ xdy − udu = 0

d

(
xy − 1

2u
2
)

= 0 (1A)
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And rewriting (2) as

xdx− ydy − udu = 0

d

(
1
2
(
x2 − y2 − u2

))
= 0 (2A)

Then integrating (1A,2A) now gives

xy − 1
2u

2 = C1 (1C)
1
2
(
x2 − y2 − u2

)
= C2 (2C)

Since u = 0 on y = 2x, then the above becomes

x(2x) = C1

1
2
(
x2 − (2x)2

)
= C2

Or

2x2 = C1

−3
2x

2 = C2

Or C1
C2

= 2x2

− 3
2x

2 = −4
3 . Hence −4C2 = 3C1. Using this on (1C,2C) gives

−4
(
1
2
(
x2 − y2 − u2

))
= 3
(
xy − 1

2u
2
)

−2
(
x2 − y2 − u2

)
= 3xy − 3

2u
2

−2x2 + 2y2 + 2u2 = 3xy − 3
2u

2

u2
(
2 + 3

2

)
= 3xy + 2x2 − 2y2

7
2u

2 = 3xy + 2x2 − 2y2

Hence the solution is
u(x, y) = ±

√
2
7 (3xy + 2x2 − 2y2)

2.1.31 ux − uy = 1 with u(x, 0) = x2 Example 3.5.6 in Lokenath
Debnath

problem number 31

Added June 2, 2019.

From example 3.5.6, page 214 nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)

ux − uy = 1

with u(x, 0) = x2

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], x] - D[u[x, y], y] ==1;
ic = u[x,0]==x^2;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic} ,u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → x2 + 2xy + (y − 1)y

}}
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Maple 3� �
restart;
pde := diff(u(x,y),x)-diff(u(x,y),y)=1;
ic := u(x,2)=x^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,y))),output='realtime'));� �

u(x, y) = (−2 + x+ y)2 + 2− y

2.1.32 yux + xuy = u with u(x, 0) = x3 and u(0, y) = y3 Example 3.5.8
in Lokenath Debnath

problem number 32

Added June 2, 2019.

From example 3.5.8, page 216 nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)

yux + xuy = u

with with u(x, 0) = x3 and u(0, y) = y3

Mathematica 7� �
ClearAll["Global`*"];
pde = y*D[u[x, y], x] +x*D[u[x, y], y] ==u[x,y];
ic = {u[x,0]==x^3,u[0,y]==y^3};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic} ,u[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde :=y*diff(u(x,y),x)+x*diff(u(x,y),y)=u(x,y);
ic := u(x,0)=x^3,u(0,y)=y^3;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,y))),output='realtime'));� �
sol=()

2.1.33 xux + yuy = xe−u with u = 0 on y = x2 Example 3.5.10 in
Lokenath Debnath

problem number 33

Added June 2, 2019.

From example 3.5.10, page 218 nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)

xux + yuy = xe−u

with u = 0 on y = x2
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Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[u[x, y], x] +y*D[u[x, y], y] ==x*Exp[-u[x,y]];
ic = u[x,x^2]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → log

(
−y
x
+ x+ 1

)}}
Maple 3� �
restart;
pde :=x*diff(u(x,y),x)+y*diff(u(x,y),y)=x*exp(-u(x,y));
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �

u(x, y) = ln
(
x+ f1

(y
x

))

2.1.34 ut + uux = x with u(x, 0) = f(x) Example 3.5.11 in Lokenath
Debnath.

problem number 34

Added June 2, 2019.

From example 3.5.11, page 219 nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
ut + uux = x

with u(x, 0) = f(x)

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, t], t] +u[x,t]*D[u[x, t], x] ==x;
ic = u[x,0]==f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x, t], {x, t}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(u(x,t),t)+u(x,t)*diff(u(x,t),x)=x;
ic := u(x,0)=f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �
u(x, t) = f

(
RootOf

((
e2tf(_Z) + e2t_Z− 2 etx− f(_Z) + _Z

)
(f(_Z) + _Z)

))
et+RootOf

((
e2tf(_Z) + e2t_Z− 2 etx− f(_Z) + _Z

)
(f(_Z) + _Z)

)
et−x
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2.1.35 ux = 0 Problem 3.3(a) Lokenath Debnath
problem number 35

Added June 2, 2019.

Problem 3.3(a) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
ux = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], x] ==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde ,u[x, y], {x, y}], 60*10]];� �

{{u(x, y) → c1(y)}}

Maple 3� �
restart;
pde := diff(u(x,y),x)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �

u(x, y) = f1(y)

2.1.36 aux + buy = 0 Problem 3.3(b) Lokenath Debnath
problem number 36

Added June 2, 2019.

Problem 3.3(b) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
aux + buy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[u[x, y], x] + b*D[u[x, y], y] ==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde ,u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → c1

(
y − bx

a

)}}
Maple 3� �
restart;
pde :=a*diff(u(x,y),x)+b*diff(u(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �

u(x, y) = f1

(
ya− bx

a

)
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2.1.37 ux + yuy = 0 Problem 3.3(c) Lokenath Debnath
problem number 37

Added June 2, 2019.

Problem 3.3(c) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
ux + yuy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], x] + y*D[u[x, y], y] ==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde ,u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → c1

(
e−xy

)}}
Maple 3� �
restart;
pde := diff(u(x,y),x)+y*diff(u(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �

u(x, y) = f1
(
y e−x

)
2.1.38 (1 + x2)ux + uy = 0 Problem 3.3(d) Lokenath Debnath
problem number 38

Added June 2, 2019.

Problem 3.3(d) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
(1 + x2)ux + uy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = (1+x^2)*D[u[x, y], x] + D[u[x, y], y] ==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde ,u[x, y], {x, y}], 60*10]];� �

{{u(x, y) → c1(y − arctan(x))}}

Maple 3� �
restart;
pde :=(1+x^2)*diff(u(x,y),x)+diff(u(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �

u(x, y) = f1(− arctan (x) + y)
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2.1.39 2xyux + (x2 + y2)uy = 0 Problem 3.3(e) Lokenath Debnath
problem number 39

Added June 2, 2019.

Problem 3.3(e) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
2xyux + (x2 + y2)uy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = 2*x*y*D[u[x, y], x] + (x^2+y^2)*D[u[x, y], y] ==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde ,u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → c1

(
y2

x
− x

)}}
Maple 3� �
restart;
pde :=2*x*y*diff(u(x,y),x)+(x^2+y^2)*diff(u(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �

u(x, y) = f1

(
−x2 + y2

x

)

2.1.40 (y + u)ux + yuy = x− y Problem 3.3(f) Lokenath Debnath
problem number 40

Added June 3, 2019.

Problem 3.3(f) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
(y + u)ux + yuy = x− y

Mathematica 3� �
ClearAll["Global`*"];
pde = (y+u[x,y])*D[u[x, y], x] + y*D[u[x, y], y] ==x-y;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde ,u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → x(y2 + c1

2)− y3 + c1(c1 − 2c2)y
y2 − c12

}}
Maple 3� �
restart;
pde :=(y+u(x,y))*diff(u(x,y),x)+y*diff(u(x,y),y)=x-y;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y),'build')),output='realtime'));� �

u(x, y) = −c1y − y +
√
c21x

2 + (2xy + 2c2) c1 + y2

c1
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2.1.41 y2ux − xyuy = x(u− 2y) Problem 3.3(g) Lokenath Debnath
problem number 41

Added June 3, 2019.

Problem 3.3(g) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
y2ux − xyuy = x(u− 2y)

Mathematica 3� �
ClearAll["Global`*"];
pde = y^2*D[u[x, y], x] - x*y*D[u[x, y], y] ==x*(u[x,y]-2*y);
sol = AbsoluteTiming[TimeConstrained[DSolve[pde ,u[x, y], {x, y}], 60*10]];� �

{
u(x, y) →

√
y2c1

( 1
2
(
x2+y2

))
−x2

√
−y2√

−y4
if x = 0 ∨ y ≥ 0

}
{
u(x, y) →

√
−y2x2+

√
y2c1

( 1
2
(
x2+y2

))√
−y4

if x = 0 ∨ y ≤ 0
}

Maple 3� �
restart;
pde :=y^2*diff(u(x,y),x)- x*y*diff(u(x,y),y)=x*(u(x,y)-2*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �

u(x, y) = −x
2

y
+ f1(x2 + y2)√

−y2

2.1.42 yuy − xux = 1 Problem 3.3(h) Lokenath Debnath
problem number 42

Added June 3, 2019.

Problem 3.3(h) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
yuy − xux = 1

Mathematica 3� �
ClearAll["Global`*"];
pde = y*D[u[x, y], y] - x*D[u[x, y], x] ==1;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde ,u[x, y], {x, y}], 60*10]];� �

{{u(x, y) → − log(x) + c1(xy)}}
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Maple 3� �
restart;
pde :=y*diff(u(x,y),y)- x*diff(u(x,y),x)=1;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �

u(x, y) = − ln (x) + f1(yx)

2.1.43 ux + 2xy2uy = 0 Problem 3.4 Lokenath Debnath
problem number 43

Added June 3, 2019.

Problem 3.4 nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
ux + 2xy2uy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], x] + 2*x*y^2*D[u[x,y],y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde ,u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → c1

(
−x

2y + 1
y

)}}
Maple 3� �
restart;
pde := diff(u(x,y),x)+ 2*x*y^2*diff(u(x,y),y)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �

u(x, y) = f1

(
y x2 + 1

y

)

2.1.44 3ux + 2uy = 0 with u(x, 0) = sin x. Problem 3.5(a) Lokenath
Debnath

problem number 44

Added June 3, 2019.

Problem 3.5(a) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
3ux + 2uy = 0

with u(x, 0) = sin x
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Mathematica 3� �
ClearAll["Global`*"];
pde = 3*D[u[x, y], x] + 2*D[u[x,y],y] == 0;
ic = u[x,0]==Sin[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic} ,u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → sin

(
x− 3y

2

)}}
Maple 3� �
restart;
pde :=3*diff(u(x,y),x)+ 2*diff(u(x,y),y)= 0;
ic := u(x,0)=sin(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,y))),output='realtime'));� �

u(x, y) = sin
(
x− 3y

2

)

2.1.45 yux + xuy = 0 with u(0, y) = e−y2. Problem 3.5(b) Lokenath
Debnath

problem number 45

Added June 3, 2019.

Problem 3.5(b) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
yux + xuy = 0

with u(0, y) = e−y2

Mathematica 3� �
ClearAll["Global`*"];
pde = y*D[u[x, y], x] + x*D[u[x,y],y] == 0;
ic = u[0,y]==Exp[-y^2];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic} ,u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → ex

2−y2
}}

Maple 3� �
restart;
pde :=y*diff(u(x,y),x)+ x*diff(u(x,y),y)= 0;
ic := u(0,y)=exp(-y^2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,y))),output='realtime'));� �

u(x, y) = e(x−y)(x+y)
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2.1.46 xux + yuy = 2xy with u = 2 on y = x2. Problem 3.5(c)
Lokenath Debnath

problem number 46

Added June 3, 2019.

Problem 3.5(c) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
xux + yuy = 2xy

with with u = 2 on y = x2.

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[u[x, y], x] + y*D[u[x,y],y] == 0;
ic = u[x,x^2]==2;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic} ,u[x, y], {x, y}], 60*10]];� �

{{u(x, y) → 2}}

Maple 3� �
restart;
pde :=x*diff(u(x,y),x)+ y*diff(u(x,y),y)= 0;
ic := u(x,x^2)=2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �

u(x, y) = f1
(y
x

)

2.1.47 ux + xuy = 0 with u(0, y) = sin y. Problem 3.5(d) Lokenath
Debnath

problem number 47

Added June 3, 2019.

Problem 3.5(d) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
ux + xuy = 0

with u(0, y) = sin y.

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], x] + x*D[u[x,y],y] == 0;
ic = u[0,y]==Sin[y];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic} ,u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → − sin

(
1
2
(
x2 − 2y

))}}
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Maple 3� �
restart;
pde := diff(u(x,y),x)+ x*diff(u(x,y),y)= 0;
ic := u(0,y)=sin(y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,y))),output='realtime'));� �

u(x, y) = − sin
(
x2

2 − y

)

2.1.48 yux + xuy = xy with u(0, y) = e−y2, u(x, 0) = e−x2. Problem
3.5(e) Lokenath Debnath

problem number 48

Added June 3, 2019.

Problem 3.5(e) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
yux + xuy = xy

with u(0, y) = e−y2 , u(x, 0) = e−x2 for x > 0, y > 0

Mathematica 7� �
ClearAll["Global`*"];
pde = y*D[u[x, y], x] + x*D[u[x,y],y] == x*y;
ic = {u[0,y]==Exp[-y^2],u[x,0]==Exp[-x^2]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic} ,u[x, y], {x, y},Assumptions->{x>0,y>0}], 60*10]];� �
Failed

Maple 7� �
restart;
pde :=y*diff(u(x,y),x)+ x*diff(u(x,y),y)= x*y;
ic := u(0,y)=exp(-y^2),u(x,0)=exp(-x^2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,y)) assuming x>0,y>0),output='realtime'));� �
sol=()

2.1.49 ux + xuy = (y − 1
2x

2)2 with u(0, y) = ey. Problem 3.5(f)
Lokenath Debnath

problem number 49

Added June 3, 2019.

Problem 3.5(f) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)

ux + xuy = (y − x2

2 )2

with u(0, y) = ey.
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], x] + x*D[u[x,y],y] == (y-x^2/2)^2;
ic = u[0,y]==Exp[y];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic} ,u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → 1

4x
(
x2 − 2y

)2 + ey−
x2
2

}}
Maple 3� �
restart;
pde := diff(u(x,y),x)+ x*diff(u(x,y),y)= (y-x^2/2)^2;
ic := u(0,y)=exp(y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,y)) ),output='realtime'));� �

u(x, y) = x y2 − y x3 + x5

4 + ey−x2
2

2.1.50 xux + yuy = u+ 1 with u = x2 on y = x2 Problem 3.5(g)
Lokenath Debnath

problem number 50

Added June 3, 2019.

Problem 3.5(g) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
xux + yuy = u+ 1

with u = x2 on y = x2.

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[u[x, y], x] + y*D[u[x,y],y] == u[x,y]+1;
ic = u[x,x^2]==x^2;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic} ,u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → x2

y
+ y − 1

}}
Maple 3� �
restart;
pde :=x*diff(u(x,y),x)+ y*diff(u(x,y),y)= u(x,y)+1;
ic := u(x,x^2)=x^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y)) ),output='realtime'));� �

u(x, y) = f1
(y
x

)
x− 1



chapter 2. miscellaneous pde’s 187

2.1.51 uux − uuy = u2 + (x+ y)2 with u(x, 0) = 1 Problem 3.5(h)
Lokenath Debnath

problem number 51

Added June 3, 2019.

Problem 3.5(h) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
uux − uuy = u2 + (x+ y)2

With u(x, 0) = 1.

Mathematica 3� �
ClearAll["Global`*"];
pde = u[x,y]*D[u[x, y], x] - u[x,y]*D[u[x, y], y]== u[x,y]^2+ (x+y)^2;
ic = u[x,0]==1;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic} ,u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) →

√
e−2y (x2 + 2xy + y2 + 1)− (x+ y)2

}}
Maple 3� �
restart;
pde :=u(x,y)*diff(u(x,y),x)- u(x,y)*diff(u(x,y),y)= u(x,y)^2+(x+y)^2;
ic := u(x,0)=1;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,y))),output='realtime'));� �

u(x, y) =
√

e−2yx2 + 2 e−2yxy + e−2yy2 − x2 − 2xy − y2 + e−2y

2.1.52 xux + (x+ y)uy = u+ 1 with u(x, 0) = x2 Problem 3.5(i)
Lokenath Debnath

problem number 52

Added June 3, 2019.

Problem 3.5(i) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
xux + (x+ y)uy = u+ 1

With u(x, 0) = x2.

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[u[x, y], x] +(x+y)*D[u[x, y], y]== u[x,y]+1;
ic = u[x,0]==x^2;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic} ,u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → x2e−

y
x + e

y
x − 1

}}
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Maple 3� �
restart;
pde :=x*diff(u(x,y),x)+(x+y)*diff(u(x,y),y)= u(x,y)+1;
ic := u(x,0)=x^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,y))),output='realtime'));� �

u(x, y) = e−
y
xx2 + e

y
x − 1

2.1.53 xux + yuy + zuz = 0 Problem 3.8(a) .Lokenath Debnath
problem number 53

Added June 3, 2019.

Problem 3.8(a) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y, z)
xux + yuy + zuz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[u[x, y,z], x] +y*D[u[x, y,z], y]+z*D[u[x, y,z], z]== 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde ,u[x, y,z], {x, y,z}], 60*10]];� �

{{
u(x, y, z) → c1

(y
x
,
z

x

)}}
Maple 3� �
restart;
pde :=x*diff(u(x,y,z),x)+diff(u(x,y,z),y)+diff(u(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y,z))),output='realtime'));� �

u(x, y, z) = f1(− ln (x) + y,− ln (x) + z)

2.1.54 x2ux + y2uy + z(x+ y)uz = 0 Problem 3.8(b) Lokenath
Debnath

problem number 54

Added June 3, 2019.

Problem 3.8(b) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y, z)
x2ux + y2uy + z(x+ y)uz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = x^2*D[u[x, y,z], x] +y^2*D[u[x, y,z], y]+z*(x+y)*D[u[x, y,z], z]== 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde ,u[x, y,z], {x, y,z}], 60*10]];� �

{{
u(x, y, z) → c1

(
1
x
− 1
y
,
z

xy

)}}
Maple 3� �
restart;
pde :=x^2*diff(u(x,y,z),x)+y^2*diff(u(x,y,z),y)+z*(x+y)*diff(u(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y,z))),output='realtime'));� �

u(x, y, z) = f1

(
−y + x

yx
,
z

xy

)

2.1.55 x(y − z)ux + y(z − x)uy + z(x− y)uz = 0 Problem 3.8(c)
Lokenath Debnath

problem number 55

Added June 3, 2019.

Problem 3.8(c) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y, z)
x(y − z)ux + y(z − x)uy + z(x− y)uz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*(y-z)*D[u[x, y,z], x] +y*(z-x)*D[u[x, y,z], y]+z*(x-y)*D[u[x, y,z], z]== 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde ,u[x, y,z], {x, y,z}], 60*10]];� �

{{u(x, y, z) → c1(−xyz, x+ y + z)}}

Maple 3� �
restart;
pde :=x*(y-z)*diff(u(x,y,z),x)+y*(z-x)*diff(u(x,y,z),y)+z*(x-y)*diff(u(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y,z),'build')),output='realtime'));� �

u(x, y, z) = c4c5x
c2yc2zc2e(−x−y−z)c1+c2

c3
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2.1.56 yzux − xzuy + xy(x2 + y2)uz = 0 Problem 3.8(d) Lokenath
Debnath

problem number 56

Added June 3, 2019.

Problem 3.8(d) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y, z)
yzux − xzuy + xy(x2 + y2)uz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = y*z*D[u[x, y,z], x] - x*z*D[u[x, y,z], y]+x*y*(x^2+y^2)*D[u[x, y,z], z]== 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde ,u[x, y,z], {x, y,z}], 60*10]];� �

{{
u(x, y, z) → c1

(
1
2
(
x2 + y2

)
,
1
2
(
−x4 − x2y2 + z2

))}}
Maple 3� �
restart;
pde :=y*z*diff(u(x,y,z),x) - x*z*diff(u(x,y,z),y)+x*y*(x^2+y^2)*diff(u(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y,z))),output='realtime'));� �

u(x, y, z) = f1
(
x2 + y2,−x4 − x2y2 + z2

)
2.1.57 x(y2 − z2)ux + y(z2 − y2)uy + z(x2 − y2)uz = 0 Problem 3.8(e)

Lokenath Debnath
problem number 57

Added June 3, 2019.

Problem 3.8(e) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y, z)

x(y2 − z2)ux + y(z2 − y2)uy + z(x2 − y2)uz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*(y^2-z^2)*D[u[x, y,z], x] +y*(z^2-y^2)*D[u[x, y,z], y]+z*(x^2-y^2)*D[u[x, y,z], z]== 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde ,u[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
pde :=x*(y^2-z^2)*diff(u(x,y,z),x) + y*(z^2-y^2)*diff(u(x,y,z),y)+z*(x^2-y^2)*diff(u(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y,z))),output='realtime'));� �
sol=()
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2.1.58 ux + xuy = y with u(0, y) = y2 Problem 3.9(a) Lokenath
Debnath

problem number 58

Added June 3, 2019.

Problem 3.9(a) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
ux + xuy = y

With u(0, y) = y2.

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], x] +x*D[u[x, y], y]== y;
ic = u[0,y]==y^2;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic} ,u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → x4

4 − x3

3 − x2y + xy + y2
}}

Maple 3� �
restart;
pde := diff(u(x,y),x) + x*diff(u(x,y),y)= y;
ic := u(0,y)=y^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,y))),output='realtime'));� �

u(x, y) = −x
3

3 + xy +
(
−x

2

2 + y

)2

2.1.59 ux + xuy = y with u(1, y) = 2y Problem 3.9(b) Lokenath
Debnath

problem number 59

Added June 3, 2019.

Problem 3.9(b) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
ux + xuy = y

With u(1, y) = 2y.

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], x] +x*D[u[x, y], y]== y;
ic = u[1,y]==2*y;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic} ,u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → −x

3

3 − x2

2 + xy + y + 5
6

}}
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Maple 3� �
restart;
pde := diff(u(x,y),x) + x*diff(u(x,y),y)= y;
ic := u(1,y)=2*y;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,y))),output='realtime'));� �

u(x, y) = −1
3x

3 + xy + 5
6 − 1

2x
2 + y

2.1.60 (ux + uy)2 − u2 = 0. Problem 3.10 Lokenath Debnath
problem number 60

Added June 3, 2019.

Problem 3.10 nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
(ux + uy)2 − u2 = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = (D[u[x, y], x] +D[u[x, y], y])^2-u[x,y]^2== 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde ,u[x, y], {x, y}], 60*10]];� �

{
u(x, y) → e−xc1(y − x)

}
{u(x, y) → exc1(y − x)}

Maple 3� �
restart;
pde :=(diff(u(x,y),x) + diff(u(x,y),y))^2-u(x,y)^2= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �

u(x, y) = c1e
−_c2y−x
_c2+1

2.1.61 (y + u)ux + yuy = x− y with u(x, 1) = 1 + x. Problem 3.11
Lokenath Debnath

problem number 61

Added June 3, 2019.

Problem 3.11 nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
(y + u)ux + yuy = x− y

With u(x, 1) = 1 + x.



chapter 2. miscellaneous pde’s 193

Mathematica 3� �
ClearAll["Global`*"];
pde = (y+u[x,y])*D[u[x, y], x] +y*D[u[x, y], y]== x-y;
ic=u[x,1]==1+x;

sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic} ,u[x, y], {x, y}], 60*10]];� �
{}

Maple 7� �
restart;
pde :=(y+u(x,y))*diff(u(x,y),x) + y*diff(u(x,y),y)= x-y;
ic := u(x,1)=1+x;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,y))),output='realtime'));� �
sol=()

2.1.62 2xux + (x+ 1)uy = y with u(1, y) = 2y. Problem 3.14(d)
Lokenath Debnath

problem number 62

Added June 3, 2019.

Problem 3.14(d) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
2xux + (x+ 1)uy = y

With u(1, y) = 2y with x > 0

Mathematica 3� �
ClearAll["Global`*"];
pde = 2*x*D[u[x, y], x] +(x+1)*D[u[x, y], y]== y;
ic=u[1,y]==2*y;

sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic} ,u[x, y], {x, y}, Assumptions->x>0], 60*10]];� �
{{

u(x, y) → 1
8
(
−2(x− 2y + 4) log(x)− 6x− log2(x) + 16y + 6

)}}
Maple 3� �
restart;
pde :=2*x*diff(u(x,y),x) + (x+1)*diff(u(x,y),y)= y;
ic := u(1,y)=2*y;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,y)) assuming x>0),output='realtime'));� �

u(x, y) = − ln (x)2

8 + (4y − 2x− 8) ln (x)
8 + 2y − 3x

4 + 3
4
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2.1.63 xux + yuy = x2 + y2 with u(x, 1) = x2. Problem 3.14(e)
Lokenath Debnath

problem number 63

Added June 3, 2019.

Problem 3.14(e) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
xux + yuy = x2 + y2

With u(x, 1) = x2 with x > 0, y > 0.

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[u[x, y], x] +y*D[u[x, y], y]== x^2+y^2;
ic=u[x,1]==x^2;

sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic} ,u[x, y], {x, y},Assumptions->{x>0,y>0}], 60*10]];� �
{{

u(x, y) → x2y2 + x2 + y4 − y2

2y2

}}
Maple 3� �
restart;
pde :=x*diff(u(x,y),x) + y*diff(u(x,y),y)= x^2+y^2;
ic := u(x,1)=x^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,y)) assuming x>0,y>0),output='realtime'));� �

u(x, y) = x2

2 + y2

2 + x2

2y2 − 1
2

2.1.64 y2ux + (xy)uy = x with u(x, 1) = x2. Problem 3.14(f)
Lokenath Debnath

problem number 64

Added June 3, 2019.

Problem 3.14(f) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
y2ux + (xy)uy = x

With u(x, 1) = x2.

Mathematica 3� �
ClearAll["Global`*"];
pde = y^2*D[u[x, y], x] +(x*y)*D[u[x, y], y]== x;
ic=u[x,1]==x^2;

sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic} ,u[x, y], {x, y}], 60*10]];� �
{{

u(x, y) → x2 − y2 + log (y2)
2 + 1

}}



chapter 2. miscellaneous pde’s 195

Maple 3� �
restart;
pde :=y^2*diff(u(x,y),x) + (x*y)*diff(u(x,y),y)= x;
ic := u(x,1)=x^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,y)) ),output='realtime'));� �

u(x, y) = ln (y2)
2 + x2 − y2 + 1

2.1.65 xux + yuy = xy with u = x2

2 at y = x. Problem 3.14(g)
Lokenath Debnath

problem number 65

Added June 3, 2019.

Problem 3.14(g) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
xux + yuy = xy

With u = x2

2 at y = x.

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[u[x, y], x] +y*D[u[x, y], y]== x*y;
ic=u[x,x]==x^2/2;

sol = AbsoluteTiming[TimeConstrained[DSolve[pde ,u[x, y], {x, y}], 60*10]];� �
{{

u(x, y) → xy

2 + c1
(y
x

)}}
Maple 3� �
restart;
pde :=x*diff(u(x,y),x) + y*diff(u(x,y),y)= x*y;
ic := u(x,x)=x^2/2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y)) ),output='realtime'));� �

u(x, y) = xy

2 + f1
(y
x

)

2.1.66 ux + uuy = 1 with u(0, y) = ay. Problem 3.16(a) Lokenath
Debnath

problem number 66

Added June 3, 2019.

Problem 3.16(a) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
ux + uuy = 1

With u(0, y) = ay.
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], x] +u[x,y]*D[u[x, y], y]== 1;
ic=u[0,y]==a*y;

sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic} ,u[x, y], {x, y}], 60*10]];� �
{{

u(x, y) → ax2 + 2ay + 2x
2ax+ 2

}}
Maple 3� �
restart;
pde := diff(u(x,y),x) + u(x,y)*diff(u(x,y),y)=1;
ic := u(0,y)=a*y;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,y)) ),output='realtime'));� �

u(x, y) = (x2 + 2y) a+ 2x
2ax+ 2

2.1.67 (y + u)ux + (x+ u)uy = x+ y. Problem 3.17(a) Lokenath
Debnath

problem number 67

Added June 3, 2019.

Problem 3.17(a) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
(y + u)ux + (x+ u)uy = x+ y

Mathematica 7� �
ClearAll["Global`*"];
pde = (y+u[x,y])*D[u[x, y], x] +(x+u[x,y])*D[u[x, y], y]== x+y;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde ,u[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde :=(y+u(x,y))*diff(u(x,y),x) + (x+u(x,y))*diff(u(x,y),y)=x+y;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y),'build') ),output='realtime'));� �

u(x, y) =
−e

3c2c1
y RootOf

((
e

3c2c1
y c1 + e

3c2c1
y

)
_Z9 + (3c31x3 + 9c21x2y + 9c1x y2 + 3y3)_Z3 − c31x

3 − 3c21x2y − 3c1x y2 − y3
)6

− (x+ y) (c1x+ y)2

(c1x+ y)2



chapter 2. miscellaneous pde’s 197

2.1.68 xu(u2 + xy)ux − yu(u2 + xy)uy = x4. Problem 3.17(b)
Lokenath Debnath

problem number 68

Added June 3, 2019.

Problem 3.17(b) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
xu(u2 + xy)ux − yu(u2 + xy)uy = x4

Mathematica 3� �
ClearAll["Global`*"];
pde = x*u[x,y]*(u[x,y]^2+x*y)*D[u[x, y], x] -y*u[x,y]*(u[x,y]^2+x*y)*D[u[x, y], y]== x^4;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde ,u[x, y], {x, y}], 60*10]];� �

{
u(x, y) → −

√
−xy −

√
4c1(xy) + x4 + x2y2

}
{
u(x, y) →

√
−xy −

√
4c1(xy) + x4 + x2y2

}
{
u(x, y) → −

√
−xy +

√
4c1(xy) + x4 + x2y2

}
{
u(x, y) →

√
−xy +

√
4c1(xy) + x4 + x2y2

}

Maple 3� �
restart;
pde :=x*u(x,y)*(u(x,y)^2+x*y)*diff(u(x,y),x) -y*u(x,y)*(u(x,y)^2+x*y)*diff(u(x,y),y)=x^4;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y)) ),output='realtime'));� �

u(x, y) =
√

−xy −
√
x4 + 4f1 (xy)

2.1.69 (x+ y)ux + (x− y)uy = 0. Problem 3.17(c) Lokenath Debnath
problem number 69

Added June 3, 2019.

Problem 3.17(c) nonlinear pde’s by Lokenath Debnath, 3rd edition.

Solve for u(x, y)
(x+ y)ux + (x− y)uy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = (x+y)*D[u[x, y], x] +(x-y)*D[u[x, y], y]== 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde ,u[x, y], {x, y}], 60*10]];� �

{
u(x, y) → c1

(
log
(
−
√
−x2 + 2xy + y2

))}
{
u(x, y) → c1

(
1
2 log

(
−x2 + 2xy + y2

))}

Maple 3� �
restart;
pde :=(x+y)*diff(u(x,y),x) +(x-y)*diff(u(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y)) ),output='realtime'));� �

u(x, y) = f1

(
− 1√

−x2 + 2xy + y2

)

2.1.70 yux − xuy = eu with u(0, y) = y2 − 1
problem number 70

Added May 21, 2019.

Characteristics, with IC

Taken from "the method of Characteristics" by Ryan C. Daileda. Page 16 http://ramanuja
n.math.trinity.edu/rdaileda/teach/s15/m3357/lectures/lecture_1_22_slides.pdf

Solve for u(x, y)

yux − xuy = eu

With initial conditions u(0, y) = y2 − 1.

Mathematica 3� �
ClearAll["Global`*"];
pde = y*D[u[x, y], x] - x*D[u[x, y], y] == Exp[u[x, y]];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, u[0, y] == y^2 - 1}, u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → − log

(
arctan

(
x√
y2

)
+ e−x2−y2+1

)}}
Maple 3� �
restart;
pde :=y*diff(u(x,y),x)-x*diff(u(x,y),y)=exp(u(x,y));
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,u(0,y)=y^2-1],u(x,y))),output='realtime'));� �

u(x, y) = ln

 1
− arctan

(
x
y

)
+ e−x2−y2+1


Hand solution

http://ramanujan.math.trinity.edu/rdaileda/teach/s15/m3357/lectures/lecture_1_22_slides.pdf
http://ramanujan.math.trinity.edu/rdaileda/teach/s15/m3357/lectures/lecture_1_22_slides.pdf
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Solve

yux − xuy = eu

u(0, y) = y2 − 1

The characteristic equations (using s as the parameter) are

dx

ds
= y (1)

dy

ds
= −x (2)

du

ds
= eu (3)

With initial point at s = 0 which can be written as u(0, ξ) = ξ2−1. The idea of this method is
to use (1,2) to obtain expressions for s, ξ. These are the unknowns. Then using these in (3) to
obtain the final solution u(x, y). One problem that we see right away, is that (1,2) are coupled.
When this happens, we must decouple them first. Differentiating (1) gives d2x

ds2
= y′ = −x.

Hence (1) becomes x′′(s) + x = 0. This has solution

x(s) = c1 cos s+ c2 sin s (4)

But from (1), we see that x′(s) = y. Therefore

y(s) = −c1 sin s+ c2 cos s (5)

We made some progress. Found x(s) , y(s). But need to solve for c1, c2. This is done using
the initial point, which is always at s = 0. When s = 0, using u(0, ξ) = ξ2 − 1, which says
x(0) = 0 and y(0) = ξ. Using x(0) = 0 when s = 0 then from (4) we obtain 0 = c1. Now the
solutions becomes

x(s) = c2 sin s
y(s) = c2 cos s

Now we use the second initial condition on y(s) which says y(0) = ξ. Hence from the second
equation above, ξ = c2. Therefore the solution now becomes

x(s) = ξ sin s (6)
y(s) = ξ cos s (7)

This is as far as we can go. Remembering that we are after expressions for s and ξ. Dividing
(6/7) gives

x

y
= tan (s)

s = arctan
(
x

y

)
(8)

Good. We obtained relation for s in terms of x, y. What about ξ?. By equation (6) and (7)
and adding them we obtain

x2(s) + y2(s) = ξ2

ξ =
√
x2 + y2 (9)

Good. (8,9) is what we wanted. Equations (1,2) have done their job. We used them to find
s, ξ. Now we move on to (3) which is

du

ds
= eu

Solving it gives
−e−u = s+ C
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But at s = 0 we know that u(0) = ξ2 − 1. −e−
(
ξ2−1

)
= C. Then the above becomes

−e−u = s− e−
(
ξ2−1

)

We are almost there. We just need now to go back to x, y from s, ξ. By using (8,9) the above
becomes

−e−u = arctan
(
x

y

)
− e−

(
x2+y2−1

)

e−u = − arctan
(
x

y

)
+ e−

(
x2+y2−1

)

We can stop here. But if assume u > 0 then the above can be simplified more

−u = ln
(
− arctan

(
x

y

)
+ e−

(
x2+y2−1

))
u(x, y) = − ln

(
− arctan

(
x

y

)
+ e−

(
x2+y2−1

))
= − ln

(
−
(
arctan

(
x

y

)
− e−

(
x2+y2−1

)))

= ln

 1
−
(
arctan

(
x
y

)
− e−(x2+y2−1)

)


I used document titled "The method of Characteristics" by Ryan C. Daileda for help which
is a very useful document.

2.1.71 yux − xuy = eu

problem number 71

Added May 21, 2019.

This is same problem as above, but without I.C. given.

Solve for u(x, y)

yux − xuy = eu

No IC are given.

Mathematica 3� �
ClearAll["Global`*"];
pde = y*D[u[x, y], x] - x*D[u[x, y], y] == Exp[u[x, y]];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → − log

(
arctan

(
x√
y2

)
− c1

(
1
2
(
x2 + y2

)))}}
Maple 3� �
restart;
pde :=y*diff(u(x,y),x)-x*diff(u(x,y),y)=exp(u(x,y));
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �

u(x, y) = ln

− 1
arctan

(
x
y

)
+ f1 (x2 + y2)


Hand solution
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Solve
yux − xuy = eu

Since no initial conditions are given, I find using Lagrange-charpit method is better here
than using characteristic equations with parameter s. The Lagrange-charpit equations for
the above PDE are

dx

y
= −dy

x
= du

eu

The first two equations gives

xdx = −ydy
x2

2 = −y
2

2 + C1

C1 =
1
2
(
x2 + y2

)
C1 =

(
x2 + y2

)
(1)

Where the 2 is absorbed by the constant. We now need to decide to either solve −dy
x

= du
eu

together or dx
y
= du

eu
. It does not matter which pair to pick. Using the second pair gives

dx

y
= du

eu

But from (1), y =
√
C1 − x2 (taking only the positive root) and the above equation now

becomes

dx√
C1 − x2

= du

eu

Integrating gives

arctan
(

x√
C1 − x2

)
= −e−u + C2

arctan
(
x

y

)
= −e−u + C2

C2 = arctan
(
x

y

)
+ e−u

In this method, the constants C1, C2 are always related by C2 = F (C1) where F is an
arbitrary function. Hence we obtain

arctan
(
x

y

)
+ e−u = F

(
x2 + y2

)
e−u = F

(
x2 + y2

)
− arctan

(
x

y

)
For positive u the above simplifies to

−u = ln
(
F
(
x2 + y2

)
− arctan

(
x

y

))
u(x, y) = − ln

(
F
(
x2 + y2

)
− arctan

(
x

y

))
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2.1.72 ut + xux = 0 with u(x, 0) = x2. Math 5587
problem number 72

Added May 23, 2019.

From Math 5587 midterm I, Fall 2016, practice exam, problem 3.

Solve for u(x, t)

ut + xux = 0

With with u(x, 0) = x2

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] + x*D[u[x, t], x] == 0;
ic = u[x,0]==x^2;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → e−2tx2

}}
Maple 3� �
restart;
pde := diff(u(x,t),t)+x*diff(u(x,t),x)=0;
ic :=u(x,0)=x^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) = x2e−2t

Hand solution

Solve ut + xux = 0 with u(x, 0) = x2. Using the method of characteristics, the systems of
characteristic lines are (from the PDE itself)

dt

ds
= 1 (1)

dx

ds
= x (2)

du

ds
= 0 (3)

With initial conditions at s = 0

t(0) = 0, x(0) = ξ, u(0) = ξ2

Equation (1) gives

t = s+ t(0)
= s (5)

Equation (2) gives

ln x = s+ x(0)
x = ξes (6)

From (5,6) solving for ξ gives

ξ = xe−s

= xe−t (7)
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Equation (3) gives

u = u(0)
= ξ2

= x2e−2t

2.1.73 ut + tux = 0 with u(x, 0) = ex

problem number 73

Added May 23, 2019.

From Math 5587 midterm I, Fall 2016, practice exam, problem 4.

Solve for u(x, t)

ut + tux = 0

With with u(x, 0) = ex

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] + t*D[u[x, t], x] == 0;
ic = u[x,0]==Exp[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → ex−

t2
2

}}
Maple 3� �
restart;
pde := diff(u(x,t),t)+t*diff(u(x,t),x)=0;
ic :=u(x,0)=exp(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) = e− t2
2 +x

Hand solution

Solve ut + xux = 0 with u(x, 0) = ex. Using the method of characteristics, the systems of
characteristic lines are (from the PDE itself)

dt

ds
= 1 (1)

dx

ds
= t (2)

du

ds
= 0 (3)

With initial conditions at s = 0

t(0) = 0, x(0) = ξ, u(0) = eξ

Equation (1) gives

t = s+ t(0)
= s (5)
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Equation (2) now becomes dx
ds

= s, whose solution is

x = s2

2 + x(0)

x = s2

2 + ξ (6)

From (5,6) solving for ξ gives

ξ = x− s2

2

= x− t2

2 (7)

Equation (3) gives

u = u(0)
= eξ

= e

(
x− t2

2

)

2.1.74 2ux + 3uy = 1
problem number 74

Added May 23, 2019.

From Math 5587 midterm I, Fall 2016, practice exam, problem 5.

Solve for u(x, y)

2ux + 3uy = 1

Mathematica 3� �
ClearAll["Global`*"];
pde = 2 D[u[x, y], x] + 3*D[u[x, y], y] == 1;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → x

2 + c1

(
y − 3x

2

)}}
Maple 3� �
restart;
pde :=2*diff(u(x,y),x)+3*diff(u(x,y),y)=1;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �

u(x, y) = x

2 + f1

(
−3x

2 + y

)
Hand solution

Solve 2ux + 3uy = 1. Using the method of characteristics

dx

2 = dy

3 = du

1

From the first pair of equations we obtain 1
2x = 1

3y + C1 or C1 = 1
2x − 1

3y. From the pair
dx
2 = du

1 we obtain
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1
2x = u+ C2 or C2 = 1

2x− u. But C2 = F (C1) where F is arbitrary function. Hence

1
2x− u = F

(
1
2x−

1
3y
)

u = 1
2x− F

(
1
2x−

1
3y
)

2.1.75 xut − tux = 0
problem number 75

Added May 23, 2019.

From Math 5587 midterm I, Fall 2016, practice exam, problem 6.

Solve for u(x, t) with x > 0, t > 0 and u(x, 0) = x2

xut − tux = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x D[u[x, t], t] - t*D[u[x, t], x] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → c1

(
1
2
(
t2 + x2

))}}
Maple 3� �
restart;
pde :=x*diff(u(x,t),t)-t*diff(u(x,t),x)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t))),output='realtime'));� �

u(x, t) = f1
(
t2 + x2

)
Hand solution

Solve xut − tux = 0. Using the method of characteristics

dt

x
= −dx

t
= du

0

From the first pair of equations we obtain tdt = −xdx or t2

2 = −x2

2 + C1 or C1 = t2

2 + x2

2 .
From du = 0 then u = C2. But C2 = F (C1) where F is arbitrary function. Hence

u = F

(
t2

2 + x2

2

)

2.1.76 ut + ux = 0 with u(x, 1) = x
1+x2

problem number 76

Added May 27, 2019.

From UMN Math 5587 HW2, Fall 2016, problem 3.

Solve for u(x, t) with x > 0, t > 0 and initial conditions not zero u(x, 1) = x
1+x2

ut + ux = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] + D[u[x, t], x] == 0;
ic = u[x,1]== x/(1+1+x^2);
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → −t+ x+ 1

t2 − 2t(x+ 1) + x2 + 2x+ 3

}}
Maple 3� �
restart;
pde := diff(u(x,t),t)+diff(u(x,t),x)=0;
ic := u(x,1)= x/(1+x^2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) = 1 + x− t

(1 + x− t)2 + 1
Hand solution

Solve ut + ux = 0 with initial conditions u(x, 1) = x
1+x2 . The characteristic equations are

dt

ds
= 1 (1)

dx

ds
= 1 (2)

du

ds
= 0 (3)

At s = 0 we have x(0) = ξ, t(1) = 1, u(0) = ξ
1+ξ2

. Solving (1) gives t = s + t(1) = s + 1.
Solving (2) gives x = s + x(0) = s + ξ. From these solutions we solve for ξ, which gives
ξ = x− s = x− (t− 1). Hence

ξ = x− t+ 1

Equation (3) gives

u = u(0)

= ξ

1 + ξ2

Hence
u(x, y) = x− t+ 1

1 + (x− t+ 1)2

2.1.77 uxuy = 1
problem number 77

Added May 27, 2019.

From UMN Math 5587 HW2, Fall 2016, problem 5(a).

Solve for u(x, y)

uxuy = 1
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], x] * D[u[x, y], y] == 1;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → x

c2
+ c2y + c1

}}
Maple 3� �
restart;
pde := diff(u(x,y),x)*diff(u(x,y),y)=1;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y),HINT=`+`,'build')),output='realtime'));� �

u(x, y) = x

_c2
+ c1 + _c2y + c2

Hand solution

Solve uxuy = 1. Let u = f(x)+ g(y). The pde becomes f ′(x) g′(y) = 1 or f ′(x) = 1
g′(y) . Hence

both are constant, say λ. Therefore f ′(x) = λ or f(x) = λx+ C1 and similarly, 1
g′(y) = λ or

g′(y) = 1
λ
or g(y) = y

λ
+ C2. Therefore the solution becomes

u(x, y) = f(x) + g(y)

= λx+ C1 +
y

λ
+ C2

2.1.78 uxuy = u with u(x, 0) = 0, u(0, y) = 0
problem number 78

Added May 27, 2019.

From UMN Math 5587 HW2, Fall 2016, problem 5(b).

Solve for u(x, y)

uxuy = u

With u(x, 0) = 0, u(0, y) = 0.

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], x] * D[u[x, y], y] == u[x,y];
bc={u[x,0]==0,u[0,y]==0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc},u[x, y], {x, y}], 60*10]];� �

{}

Maple 3� �
restart;
pde := diff(u(x,y),x)*diff(u(x,y),y)=u(x,y);
bc := u(x,0)=0,u(0,y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(x,y),HINT=`*`)),output='realtime'));� �

u(x, y) = xy
Hand solution
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Solve uxuy = u with u(x, 0) = 0, u(0, y) = 0.

Let u = X(x)Y (y). The pde becomes (X ′Y ) (Y ′X) = XY or X ′Y ′ = 1 or X ′ = 1
Y ′ . Hence

both sides are constant, say λ. Therefore we have 2 differential equations to solve

X ′ = λ

And 1
Y ′ = λ

The solution to the first one is X(x) = λx + C1. The solution to the second equation is
Y (y) = 1

λ
y + C2.

Since u = X(x)Y (y) then the solution is

u(x, y) = (λx+ C1)
(
1
λ
y + C2

)
= xy + C2λx+

C1

λ
y + C1C2

Using the condition u(x, 0) = 0 gives

0 = C2λx+ C1C2

Differentiating gives
0 = C2λ

But λ 6= 0 for nontrivial solution, hence C2 = 0. Therefore (1) reduces to

u(x, y) = xy + C1

λ
y

Using the condition u(0, y) = 0 gives
0 = C1

λ
y

Hence C1 = 0. Therefore the solution becomes

u(x, y) = xy
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2.2 Solved by factoring into two transport equations

Local contents
2.2.1 uxx + uxt − 6utt = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209
2.2.2 uxx − uxt − 12utt = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210
2.2.3 uxx − 3uxt − 4utt = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212
2.2.4 utt − 2uxt − 3uxx = 0 with u(0, x) = x2, ut(x, 0) = ex . . . . . . . . . . . . . . 214

2.2.1 uxx + uxt − 6utt = 0
problem number 79

Added May 23, 2019.

From Math 5587 midterm I, Fall 2016, practice exam, problem 8.

Solve for u(x, t) with u(x, 0) = x and ut(x, 0) = 0 by factoring the PDE into two transport
PDE

uxx + uxt − 6utt = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {x,2}] + D[D[u[x,t],x],t] - 6*D[u[x, t], {t,2}] == 0;
ic = {u[x,0]==x, Derivative[0,1][u][x,0]==0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x, t], {x, t}], 60*10]];� �

{{u(x, t) → x}}

Maple 3� �
restart;
pde := diff(u(x,t),x$2)+diff(diff(u(x,t),x),t) - 6 * diff(u(x,t),t$2)=0;
ic := u(x,0)=x, eval( diff(u(x,t),t),t=0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) = x
Hand solution

Solve uxx + uxt − 6utt = 0 with u(x, 0) = x and ut(x, 0) = 0. Writing the PDE as(
∂

∂x
+ 3 ∂

∂t

)(
∂

∂x
− 2 ∂

∂t

)
u = 0

Let
∂u

∂x
− 2∂u

∂t
= w(x, t) (1)

Then the PDE becomes
∂w

∂x
+ 3∂w

∂t
= 0 (2)

From (1),
w(x, 0) = ux(x, 0)− 2ut(x, 0)

But u(x, 0) = x hence ux(x, 0) = 1, and ut(x, 0) = 0. Therefore the above gives

w(x, 0) = 1
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Hence we need to solve (2) for w(x, t) with the above initial condition. The characteristics
for (2) are

dx

ds
= 1

dt

ds
= 3

dw

ds
= 0

With x(0) = ξ, t(0) = 0, w(0) = 1. The above equations give

x = s+ x(0) = s+ ξ

t = 3s
w = u(0) = 1

Hence
w(x, y) = 1

From (1)
∂u

∂x
− 2∂u

∂t
= 1 (3)

with u(x, 0) = x. The characteristics for (3) are
dx

ds
= 1

dt

ds
= −2

du

ds
= 1

With x(0) = ξ, t(0) = 0, u(0) = ξ. The above equations give

x = s+ x(0) = s+ ξ

t = −2s
u = s+ u(0) = s+ ξ

But s = − t
2 and ξ = x− s = x−

(
− t

2

)
= x+ t

2 , hence

u(x, t) = − t

2 + x+ t

2
= x

2.2.2 uxx − uxt − 12utt = 0
problem number 80

Added May 23, 2019.

From Math 5587 midterm I, Fall 2016, practice exam, problem 9.

Solve for u(x, t) with u(x, 0) = 0 and ut(x, 0) = x by factoring the PDE into two transport
PDE

uxx − uxt − 12utt = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {x,2}] - D[D[u[x,t],x],t] - 12*D[u[x, t], {t,2}] == 0;
ic = {u[x,0]==0, Derivative[0,1][u][x,0]==x};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → tx− t2

24

}}
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Maple 3� �
restart;
pde := diff(u(x,t),x$2)-diff(diff(u(x,t),x),t) - 12 * diff(u(x,t),t$2)=0;
ic := u(x,0)=0, eval( diff(u(x,t),t),t=0)=x;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) = − 1
24t

2 + tx

Hand solution

Solve uxx − uxt − 12utt = 0 with u(x, 0) = x and ut(x, 0) = x. Writing the PDE as(
∂

∂x
+ 3 ∂

∂t

)(
∂

∂x
− 4 ∂

∂t

)
u = 0

Let
∂u

∂x
− 4∂u

∂t
= w(x, t) (1)

Then the PDE becomes
∂w

∂x
+ 3∂w

∂t
= 0 (2)

From (1),
w(x, 0) = ux(x, 0)− 4ut(x, 0)

But u(x, 0) = 0 hence ux(x, 0) = 0, and ut(x, 0) = x. Therefore the above gives

w(x, 0) = −4x

Hence we need to solve (2) for w(x, t) with the above initial condition. The characteristics
for (2) are

dx

ds
= 1

dt

ds
= 3

dw

ds
= 0

With x(0) = ξ, t(0) = 0, w(0) = −4ξ. The above equations give

x = s+ x(0) = s+ ξ

t = 3s
w = u(0) = −4ξ

Solving for ξ, s from the first 2 equations. ξ = x− s = x− t
3 . From the last equation above

w(x, y) = −4
(
x− t

3

)
Using the above into (1) gives

∂u

∂x
− 4∂u

∂t
= −4

(
x− t

3

)
(3)

with u(x, 0) = 0. The characteristics for (3) are

dx

ds
= 1

dt

ds
= −4

du

ds
= −4

(
x− t

3

)
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With x(0) = ξ, t(0) = 0, u(0) = 0. The above equations give

x = s+ x(0) = s+ ξ

t = −4s

Solving the above for s, ξ gives ξ = x− s = x+ t
4 . Therefore

du
ds

= −4
(
x− t

3

)
becomes

du

ds
= −4

(
s+ ξ − (−4s)

3

)
= −4

(
s+ ξ + 4s

3

)
= −28

3 s− 4ξ

Solving the above gives

u = −28
3
s2

2 − 4ξs+ u(0)

= −28
3
s2

2 − 4ξs

Converting to x, t

u(x, y) = −28
3
1
2

(
− t

4

)2

− 4
(
x+ t

4

)(
− t

4

)
= − 1

24
(
t2 − 24xt

)
= − 1

24t
2 + xt

2.2.3 uxx − 3uxt − 4utt = 0
problem number 81

Added May 25, 2019.

From HW 3, UMN Math 5587, Fall 2016, problem 2.

Solve for u(x, t) with u(x, 0) = ex and ut(x, 0) = 0 by factoring the PDE into two transport
PDE

uxx − 3uxt − 4utt = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {x,2}] - 3*D[D[u[x,t],x],t] - 4*D[u[x, t], {t,2}] == 0;
ic = {u[x,0]==Exp[x], Derivative[0,1][u][x,0]==0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → 1

5
(
4e5t/4 + 1

)
ex−t

}}
Maple 3� �
restart;
pde := diff(u(x,t),x$2)-3*diff(diff(u(x,t),x),t) - 4 * diff(u(x,t),t$2)=0;
ic := u(x,0)=exp(x), eval( diff(u(x,t),t),t=0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) = ex−t

5 + 4 ex+ t
4

5
Hand solution
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Solve uxx − 3uxt − 4utt = 0 with u(x, 0) = ex and ut(x, 0) = x. Writing the PDE as(
∂

∂x
+ ∂

∂t

)(
∂

∂x
− 4 ∂

∂t

)
u = 0

Let
∂u

∂x
− 4∂u

∂t
= w(x, t) (1)

Then the PDE becomes
∂w

∂x
+ ∂w

∂t
= 0 (2)

From (1),
w(x, 0) = ux(x, 0)− 4ut(x, 0)

But u(x, 0) = ex hence ux(x, 0) = ex, and ut(x, 0) = 0. Therefore the above gives

w(x, 0) = ex

Hence we need to solve (2) for w(x, t) with the above initial condition. The characteristics
for (2) are

dx

ds
= 1

dt

ds
= 1

dw

ds
= 0

With x(0) = ξ, t(0) = 0, w(0) = eξ. The above equations give

x = s+ x(0) = s+ ξ

t = s

w = u(0) = eξ

Since ξ = x− s = x− t, then the last equation above gives

w(x, y) = ex−t

Using the above into (1) gives
∂u

∂x
− 4∂u

∂t
= ex−t (3)

with u(x, 0) = ex. The characteristics for (3) are

dx

ds
= 1

dt

ds
= −4

du

ds
= ex−t

With x(0) = ξ, t(0) = 0, u(0) = eξ. The above two equations give

x = s+ x(0) = s+ ξ

t = −4s

Solving the above for s, ξ gives ξ = x− s = x+ t
4 . Therefore

du
ds

= ex−t becomes

du

ds
= es+ξ−(−4s)

= e5s+ξ
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Solving the above gives

u = 1
5e

5s+ξ + u(0)

= 1
5e

5s+ξ + eξ

Converting to x, t, using s = −t
4 and ξ = x+ t

4 gives

u(x, y) = 1
5e

5
(−t

4
)
+
(
x+ t

4
)
+ e

(
x+ t

4
)

= 1
5e

x−t + e
(
x+ t

4
)

2.2.4 utt − 2uxt − 3uxx = 0 with u(0, x) = x2, ut(x, 0) = ex

problem number 82

Added Oct 6, 2019.

Problem 2.4.19 Peter Olver, Into to Partial differential equations 4th edition

Solve utt − 2uxt − 3uxx = 0 with u(0, x) = x2, ut(x, 0) = ex

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t,2}] - 2*D[D[u[x,t],x],t] - 3*D[u[x, t], {x,2}] == 0;
ic = {u[x,0]==x^2, Derivative[0,1][u][x,0]==Exp[x]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → 3t2 − ex−t

4 + 1
4e

3t+x + x2
}}

Maple 3� �
restart;
pde := diff(u(x,t),t$2)-2*diff(diff(u(x,t),x),t) - 3 * diff(u(x,t),t$2)=0;
ic := u(x,0)=x^2, D[2](u)(x,0)=exp(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) = ex − e−t+x + x2
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2.3 Schrodinger PDE

Local contents
2.3.1 Logan textbook, page 30 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215
2.3.2 In a square, zero potential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216
2.3.3 From Mathematica help pages . . . . . . . . . . . . . . . . . . . . . . . . . . . 217
2.3.4 From Mathematica help pages . . . . . . . . . . . . . . . . . . . . . . . . . . . 218
2.3.5 David Griffiths, page 47 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219
2.3.6 David Griffiths, page 47 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220
2.3.7 In a square . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220

2.3.1 Logan textbook, page 30
problem number 83

From page 30, David J Logan textbook, applied PDE textbook.

Schrodinger PDE with zero potential (Logan p. 30)

Solve
I~ft = − ~2

2mfxx

With boundary conditions

f(0, t) = 0
f(L, 0) = 0

0 L
f = 0 f = 0

Ih̄ft = − h̄2

2mfxx

Figure 2.25: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = I*h*D[f[x, t], t] == -((h^2*D[f[x, t], {x, 2}])/(2*m));
bc = {f[0, t] == 0, f[L, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, f[x, t], {x, t}, Assumptions -> L > 0], 60*10]];
sol = sol /. K[1] -> n;� �

{{
f(x, t) →

∞∑
n=1

e−
ihn2π2t
2L2m cn sin

(nπx
L

)}}

Maple 3� �
restart;
interface(showassumed=0);
pde :=I*h*diff(f(x,t),t)=-h^2/(2*m)*diff(f(x,t),x$2);
bc:=f(0,t)=0,f(L,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],f(x,t)) assuming L>0),output='realtime'));� �

f(x, t) =
∞∑
n=1

f1(n) sin
(nπx
L

)
e−

ih π2n2t
2mL2
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2.3.2 In a square, zero potential
problem number 84

With initial and boundary conditions. In a square, zero potential.

Solve for f(x, y, t)

Ift = − ~2

2m∇2f(x, y)

With boundary conditions

f(0, y, t) = 0
f(1, y, t) = 0
f(x, 1, t) = 0
f(x, 0, t) = 0

And initial conditions f(x, y, 0) =
√
2(sin(2πx) sin(πy) + sin(πx) sin(2πy))

Ift = − h̄2

2m∇
2f(x, y)

y

x

f = 0

f = 0

f = 0

f = 0

1

1

f(x, y, 0) = g(x, y)

g(x, y) =
√
2(sin(2πx) sin(πy) + sin(πx) sin(2πy))

Figure 2.26: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = I*D[f[x, y, t], {t}] == -((hBar^2*Laplacian[f[x, y, t], {x, y}])/(2*m));
initSum = f[x, y, 0] == Sqrt[2]*(Sin[2*Pi*x]*Sin[Pi*y] + Sin[Pi*x]*Sin[2*Pi*y]);
bcs = {f[0, y, t] == 0, f[1, y, t] == 0, f[x, 1, t] == 0, f[x, 0, t] == 0};

sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bcs, initSum}, f[x, y, t], {x, y, t}], 60*10]];� �
{{

f(x, y, t) → 2
√
2 sin(πx) sin(πy)e− 5iπ2hBar2t

2m (cos(πx) + cos(πy))
}}

Maple 3� �
restart;
interface(showassumed=0);
pde := I* diff(f(x,y,t),t) = -hBar^2/(2*m) * (diff(f(x,y,t),x$2) + diff(f(x,y,t),y$2));
ic := f(x, y, 0) = sqrt(2)*(sin(2*Pi*x)*sin(Pi*y) + sin(Pi*x)*sin(2*Pi*y));
bc := f(0, y, t) = 0,

f(1, y, t) = 0,
f(x, 1, t) = 0,
f(x, 0, t) = 0;

cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],f(x,y,t))),output='realtime'));� �
f(x, y, t) = 2

√
2 e− 5i hBar2 t π2

2m (cos (πy) + cos (πx)) sin (πx) sin (πy)
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2.3.3 From Mathematica help pages
problem number 85

Taken from Mathematica DSolve help pages

Initial value problem with Dirichlet boundary conditions. 1D, zero potential.

Solve for f(x, t)
Ift = −2fxx

With boundary conditions

f(5, t) = 0
f(10, t) = 0

And initial conditions f(x, 2) = f(x) where f(x) = −350 + 155x− 22x2 + x3

5 10
f(5, t) = 0 f(10, t) = 0Ift = −2fxx

f(x, 2) = −350 + 155x− 22x2 + x3

Figure 2.27: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = I*D[f[x, t], t] == -2*D[f[x, t], {x, 2}];
g[x_] := -350 + 155*x - 22*x^2 + x^3;

ic = f[x, 2] == g[x];
bc = {f[5, t] == 0, f[10, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, f[x, t], {x, t}], 60*10]];
sol = sol /. K[1] -> n;� �

{{
f(x, t) →

∞∑
n=1

100(7 + 8(−1)n) e− 2
25 in

2π2(t−2) sin
(1
5nπ(x− 5)

)
n3π3

}}

Maple 3� �
restart;
pde :=I*diff(f(x,t),t)=-2*diff(f(x,t),x$2);
bc:=f(5,t)=0,f(10,t)=0;
g:=x->-350+155*x-22*x^2+x^3;
ic:=f(x,2)=g(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],f(x,t))),output='realtime'));� �

f(x, t) =
100
(

∞∑
n=1

e−
2iπ2n2(−2+t)

25 sin
(
nπx
5
)
(8+7(−1)n)

n3

)
π3
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2.3.4 From Mathematica help pages
problem number 86

Taken from Mathematica DSolve help pages

Solve a Schrodinger equation with potential over the whole real line.

Solve for f(x, t)
Ift = −fxx + 2x2f(x, t)

With boundary conditions

f(−∞, t) = 0
f(∞, t) = 0

Ift = −fxx + 2x2f(x, t)

No I.C.

−∞ < x <∞, t > 0

Figure 2.28: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = I*D[f[x, t], t] == -D[f[x, t], {x, 2}] + 2*x^2*f[x, t];
bc = {f[-Infinity, t] == 0, f[Infinity, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, f[x, t], {x, t}], 60*10]];
sol = sol /. K[1] -> n;� �

{{
f(x, t) →

∞∑
n=0

e
−x2+2i(2n+1)t√

2 cnHermiteH
(
n,

4
√
2x
)}}

Maple 7� �
restart;
pde :=I*diff(f(x,t),t)=-diff(f(x,t),x$2)+2*x^2*f(x,t);
bc:=f(-infinity ,t)=0,f(infinity,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],f(x,t))),output='realtime'));� �

f(x, t) = 0

Trivial solution. Maple does not support ∞ in boundary conditions
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2.3.5 David Griffiths, page 47
problem number 87

Taken from Introduction to Quantum mechanics, second edition, by David Griffiths, page
47.

Solve for f(x, t)

I~ft = − ~2

2mfxx

With initial conditions f(x, 0) = Ax(a− x) for 0 ≤ x ≤ a and zero otherwise.

Ih̄ft = − h̄2

2mfxx

f(x, 0) = Ax(a− x)

−∞ < x <∞, t > 0

0
a

Figure 2.29: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
ic = Piecewise[{{A*x*(a - x), 0 <= x <= a}, {0, True}}];
pde = I*h*D[f[x, t], t] == -((h^2*D[f[x, t], {x, 2}])/(2*m));
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, f[x, 0] == ic}, f[x, t], {x, t}, Assumptions -> a > 0], 60*10]];� �


f(x, t) →

∫∞
−∞ −

A exp
(
− iK[1](2am−2xm+htK[1])

2m

)(
aK[1]+eiaK[1](aK[1]+2i)−2i

)
K[1]3 dK[1]
2π




Maple 3� �
restart;
ic:=f(x,0)=piecewise(0<=x and x<=a,A*x*(a-x),0);
pde :=I*h*diff(f(x,t),t) = -h^2/(2*m)*diff(f(x,t),x$2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',dsolve([pde,ic],f(x,t)) assuming a>0),output='realtime'));
sol:=convert(sol,Int);� �

f(x, t) = −

(∫∞
−∞

e−
is
(
(a−x)m+hst2

)
m

s2
dsa+

∫∞
−∞

e−
is(hst−2xm)

2m
s2

dsa− 2i
∫∞
−∞

e−
is
(
(a−x)m+hst2

)
m

s3
ds+ 2i

∫∞
−∞

e−
is(hst−2xm)

2m
s3

ds

)
A

2π
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2.3.6 David Griffiths, page 47
problem number 88

Taken from Introduction to Quantum mechanics, second edition, by David Griffiths, page 47.
This is the same as the above problem but has an extra V (x)f(x, t) terms where V (x) is the
infinite square well potential defined by V (x) = 0 if 0 ≤ x ≤ a and V (x) = ∞ otherwise.

Solve for f(x, t)

I}ft = − }2

2mfxx + V (x)f(x, t)

With initial conditions f(x, 0) = Ax(a− x) for 0 ≤ x ≤ a and zero otherwise.

Ih̄ft = − h̄2

2mfxx + V (x)f(x, t)

f(x, 0) = Ax(a− x)

−∞ < x <∞, t > 0

0
a

Figure 2.30: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
ic = f[x, y, 0] == Sqrt[2]*(Sin[2*Pi*x]*Sin[Pi*y] + Sin[Pi*x]*Sin[3*Pi*y]);
bc = {f[0, y, t] == 0, f[1, y, t] == 0, f[x, 1, t] == 0, f[x, 0, t] == 0};
pde = I*h*D[f[x, y, t], t] == -((h^2*(D[f[x, y, t], {x, 2}] + D[f[x, y, t], {y, 2}]))/(2*m));
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, f[x, y, t], {x, y, t}], 60*10]];� �

{{
f(x, y, t) →

√
2e− 5iπ2ht

m

(
sin(πx) sin(3πy) + sin(2πx) sin(πy)e 5iπ2ht

2m

)}}
Maple 3� �
restart;
V:=x->piecewise(0<=x and x<=a,0,infinity);
ic:=f(x,0)=piecewise(0<=x and x<=a,A*x*(a-x),0);
pde :=I*h*diff(f(x,t),t)=-h^2/(2*m)*diff(f(x,t),x$2) +V(x)*f(x,t);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],f(x,t)) assuming a>0),output='realtime'));� �
Failed to convert to latex

2.3.7 In a square
problem number 89

Added December 20, 2018.

Example 28, taken from https://www.mapleprimes.com/posts/209970-Exact-Solutio
ns-For-PDE-And-Boundary--Initial-Conditions-2018

In 2 space dimensions Solve for f(x, y, t)

I}ft = − }2

2m∇2f

https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
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With initial conditions f(x, y, 0) =
√
2(sin(2πx) sin(πy) + sin(πx) sin(3πy)) and boundary

conditions

f(0, y, t) = 0
f(1, y, t) = 0
f(x, 1, t) = 0
f(x, 0, t) = 0

Ih̄ft = − h̄2

2m∇
2f(x, y)

y

x

f = 0

f = 0

f = 0

f = 0

1

1

f(x, y, 0) = g(x, y)

g(x, y) =
√

2(sin(2πx) sin(πy) + sin(πx) sin(3πy))

Figure 2.31: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
ic = f[x, y, 0] == Sqrt[2]*(Sin[2*Pi*x]*Sin[Pi*y]+Sin[Pi*x]*Sin[3*Pi*y]);
bc = {f[0, y, t] == 0, f[1, y, t] == 0, f[x, 1, t] == 0, f[x, 0, t] == 0};
pde = I*h*D[f[x, y,t], t] == -h^2/(2*m)*(D[f[x, y, t], {x, 2}]+D[f[x, y, t], {y, 2}]);
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, f[x, y, t], {x, y, t}], 60*10]];� �

{{
f(x, y, t) →

√
2e− 5iπ2ht

m

(
sin(πx) sin(3πy) + sin(2πx) sin(πy)e 5iπ2ht

2m

)}}
Maple 3� �
restart;
pde := I*hbar* diff(f(x, y, t), t) = - hbar^2/(2*m)* (diff(f(x, y, t), x$2)+diff(f(x, y, t), y$2));
ic := f(x, y, 0) = sqrt(2)*(sin(2*Pi*x)*sin(Pi*y)+sin(Pi*x)*sin(3*Pi*y));
bc := f(0, y, t) = 0, f(1, y, t) = 0, f(x, 1, t) = 0, f(x, 0, t) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic,bc],f(x,y,t))),output='realtime'));� �

f(x, y, t) =
√
2
(
sin (πx) sin (3πy) e− 5i hbar t π2

m + sin (πy) sin (2πx) e− 5i hbar t π2
2m

)



chapter 2. miscellaneous pde’s 222

2.4 Beam PDE

Local contents
2.4.1 Beam PDE utt + uxxxx = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222

2.4.1 Beam PDE utt + uxxxx = 0
problem number 90

Added January 20, 2018.

Beam PDE with zero initial velocity. Solve

utt + uxxxx = 0

With boundary conditions

u(0, t) = −12t2

f(1, t) = 1− 12t2

∂2u

∂x2
u(0, t) = 0

∂2u

∂x2
u(1, t) = 12

And initial conditions

u(x, 0) = x4

∂u

∂t
u(x, 0) = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] + D[u[x, t], {x, 4}] == 0;
bc = {u[0, t] == -12*t^2, u[1, t] == 1 - 12*t^2, Derivative[2, 0][u][0, t] == 0, Derivative[2, 0][u][1, t] == 12};
ic = {u[x, 0] == x^4, Derivative[0, 1][u][x, 0] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t], 60*10]];� �

{{
u(x, t) → x4 − 12t2

}}
Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t$2)+diff(u(x,t),x$4)=0;
bc := u(0,t)=-12*t^2,

u(1,t)=1-12*t^2,D[1,1](u)(0,t)=0,
D[1,1](u)(1,t)=12;

ic := u(x,0)=x^4,D[2](u)(x,0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t),HINT=`+`)),output='realtime'));� �

u(x, t) = x4 − 12t2
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2.5 Burger’s PDE

Local contents
2.5.1 Inviscid Burgers ux + uuy = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . 223
2.5.2 Inviscid Burgers with I.C. ux + uuy = 0 and u(x, 0) = 1

x+1 . . . . . . . . . . . 224
2.5.3 ut + uux = µuxx . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225
2.5.4 ut + uux + µuxx with IC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226
2.5.5 ut + uux + µuxx IC as UnitBox . . . . . . . . . . . . . . . . . . . . . . . . . . 226

2.5.1 Inviscid Burgers ux + uuy = 0
problem number 91

Taken from Mathematica Symbolic PDE document

quasilinear first-order PDE, scalar conservation law

Solve for u(x, y)
ux + uuy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], {x}] + u[x, y]*D[u[x, y], {y}] == 0;
sol = AbsoluteTiming[TimeConstrained[Simplify[DSolve[pde, u[x, y], {x, y}]], 60*10]];� �

{{
u(x, t) → x4 − 12t2

}}
Implicit solution

Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x, y), x) + u(x,y)*diff(u(x, y),y) =0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));
sol:=DEtools:-remove_RootOf(sol);� �

−y + u(x, y)x+ f1(u(x, y)) = 0
Hand solution

Solve for u(x, y) in ux + u uy = 0. Using the Lagrange-Charpit method, the characteristic
equations are

dx

1 = dy

u
= du

0
From the first pair of equation we obtain

u = dy

dx

But du = 0 or u = C2. Hence the above becomes

dy

dx
= C2

y = xC2 + C1

C1 = y − xC2
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Since C2 = F (C1) where F is arbitrary function, then

u(x, y) = F (y − ux)

2.5.2 Inviscid Burgers with I.C. ux + uuy = 0 and u(x, 0) = 1
x+1

problem number 92

Taken from Mathematica Symbolic PDE document

quasilinear first-order PDE, scalar conservation law with initial value

Solve for u(x, y)
ux + uuy = 0

With u(x, 0) = 1
x+1

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], {x}] + u[x, y]*D[u[x, y], {y}] == 0;
ic = u[x, 0] == 1/(x + 1);
sol = AbsoluteTiming[TimeConstrained[Simplify[DSolve[{pde, ic}, u[x, y], {x, y}]], 60*10]];� �

{{
u(x, y) → y + 1

x+ 1

}}
Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x, y), x) + u(x,y)*diff(u(x, y),y) =0;
ic := u(x,0)=1/(x+1);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,y))),output='realtime'));� �

u(x, y) = y + 1
x+ 1

Hand solution

Using the method of characteristics, the systems of characteristic lines are (from the PDE
itself)

dx

ds
= 1 (1)

dy

ds
= u (2)

du

ds
= 0 (3)

With initial conditions at s = 0

x(0) = t1, y(0) = t2, u(0) = t3

We are given that u(x, 0) = 1
1+x

. This initial condition translates to

t3 =
1

1 + t1
, t2 = 0 (4)

Equation (1) gives
x = s+ t1 (5)
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Equation (2) gives

y = su+ t2

= su (7)

Equation (3) gives
u = t3

Hence the solution is

u = t3

= 1
1 + t1

= 1
1 + (x− s)

= 1
1 +

(
x− y

u

)
Solving for u gives

u
(
1 +

(
x− y

u

))
= 1

u+ xu− y = 1
u(1 + x) = 1 + y

u = 1 + y

1 + x

2.5.3 ut + uux = µuxx

problem number 93

From Mathematica symbolic PDE document.

viscous fluid flow with no initial conditions

Solve for u(x, t)
ut + uux = µuxx

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t}] + u[x, t]*D[u[x, t], {x}] == \[Mu]*D[u[x, t], {x, 2}];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → −2c1µ tanh(c2t+ c1x+ c3)−

c2
c1

}}
Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x, t), t) + u(x, t)*diff(u(x, t), x) = mu* diff(u(x,t),x$2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde, u(x, t))),output='realtime'));� �

u(x, t) = −2 tanh (c2x+ c3t+ c1)µ c22 − c3
c2
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2.5.4 ut + uux + µuxx with IC
problem number 94

From Mathematica symbolic PDE document.

Viscous fluid flow with initial conditions.

Solve for u(x, t)
ut + uux + µuxx

With initial conditions

u(x, 0) =
{

1 x < 0
0 x ≥ 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t}] + u[x, t]*D[u[x, t], {x}] == mu*D[u[x, t], {x, 2}];
ic = u[x, 0] == Piecewise[{{1, x < 0}, {0, x >= 1}}];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, u[x, t], {x, t}, Assumptions -> mu > 0], 60*10]];� �



u(x, t) →
1

e
− t−2x

4µ
(
erf
(

x
2√µ

√
t

)
+1
)

erf
(

t−x
2√µ

√
t

)
+1

+ 1




Maple 7� �
restart;
interface(showassumed=0);
pde := diff(u(x, t), t)+u(x, t)*(diff(u(x, t), x)) = mu*(diff(u(x, t), x$2));
ic := u(x, 0) = piecewise(x>=0,0,x<0,1);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic],u(x,t)) assuming mu > 0),output='realtime'));� �
sol=()

2.5.5 ut + uux + µuxx IC as UnitBox
problem number 95

From Mathematica DSolve help pages.

Viscous fluid flow with initial conditions as UnitBox

Solve for u(x, t)
ut + uux = µuxx

With initial conditions

u(x, 0) =
{

1 |x| ≤ 1
2

0 otherwise
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t}] + u[x, t]*D[u[x, t], {x}] == mu*D[u[x, t], {x, 2}];
ic = u[x, 0] == UnitBox[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, u[x, t], {x, t}], 60*10]];� �

u(x, t) → e

t+1
4µ

(
erf
(

2t−2x+1
4
√
µt

)
− erf

(
2t−2x−1
4
√
µt

))
e
t+1
4µ

(
erfc

(
2t−2x−1
4
√
µt

)
− erfc

(
2t−2x+1
4
√
µt

))
+ e

x
2µ

(
erfc

(
1−2x
4
√
µt

)
+ e

1
2
/
µerfc

(
2x+1
4
√
µt

))



Maple 7� �
restart;
interface(showassumed=0);
pde := diff(u(x, t), t)+u(x, t)*(diff(u(x, t), x)) = mu*(diff(u(x, t), x$2));
ic := u(x,0)=piecewise( x< -1/2 or x>1/2,0, 1);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic],u(x,t)) assuming mu > 0,t>0),output='realtime'));� �
sol=()
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2.6 Black Scholes PDE

Local contents
2.6.1 classic Black Scholes model from finance, European call version . . . . . . . . 228
2.6.2 Boundary value problem for the Black Scholes equation . . . . . . . . . . . . 228

2.6.1 classic Black Scholes model from finance, European call
version

problem number 96

From Mathematica symbolic PDE document.

Solve for V (S, t) where V is the price of the option as a function of stock price S and time t.
r is the risk-free interest rate, and σ is the volatility of the stock.

∂V

∂t
+ 1

2σ
2S2∂

2V

∂S2 = rV − rS
∂V

∂S

With boundary condition V (S, T ) = max{S − k, 0}

Reference https://en.wikipedia.org/wiki/Black%E2%80%93Scholes_equation See the
European call version at bottom of the page.

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == (1*sigma^2*D[u[x, t], {x, 2}])/2;
ic = u[x, 0] == k*Exp[x - 1]*HeavisideTheta[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, u[x, t], {x, t}, Assumptions -> k > 0], 60*10]];� �

{{
u(x, t) → 1

2e
tσ2
2 +x−1k

√
1

σ2t

√
σ2t

(
erf
(√

1
σ2t

(
tσ2+x

)
√
2

)
+ 1
)

if <
( 1
σ2t

)
> 0

}}

Maple 3� �
restart;
pde := diff(u(x,t),t) = 1/2*sigma^2*diff(u(x,t),x$2);
ic := u(x, 0) = k*exp(x - 1)*Heaviside(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t)) assuming k>0),output='realtime'));� �

u(x, t) = k e−1

(
−iF−1

(
e− s2σ2t

2

i+ s
, s, x

)
+ F−1

(
e− s2σ2t

2 F(ex, x, s) , s, x
))

2.6.2 Boundary value problem for the Black Scholes equation
problem number 97

From Mathematica DSolve help pages.

Solve for V (t, s)
∂v

∂t
+ 1

2σ
2s2

∂2v

∂s2
+ (r − q)s∂v

∂s
− rv(t, s) = 0

With boundary condition v(T, s) = ψ(s)

Reference https://en.wikipedia.org/wiki/Black%E2%80%93Scholes_equation

https://en.wikipedia.org/wiki/Black%E2%80%93Scholes_equation
https://en.wikipedia.org/wiki/Black%E2%80%93Scholes_equation
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[v[t, s], t] + (1*sigma^2*s^2*D[v[t, s], {s, 2}])/2 + (r - q)*s*D[v[t, s], s] - r*v[t, s] == 0;
bc = v[T, s] == psi[s];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, v[t, s], {t, s}], 60*10]];� �


v(t, s) →

er(t−T ) ∫∞
−∞ ψ

(
eK[1]) exp(− (

−K[1]+ 1
2 (t−T )

(
2q−2r+σ2)+log(s)

)2
2σ2(T−t)

)
dK[1]

√
2π
√
σ2(T − t)




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(v(t, s), t) +s^2*(diff(v(t, s), s, s))/(2*sigma^2)+(r-q)*s*(diff(v(t, s), s))-r*v(t, s) = 0;
ic:=v(T, s) = psi(s);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],v(t,s))),output='realtime'));� �

v(t, s) = M−1

(
M(ψ(s) , s, s) e

(
(s(−r+q)−r)σ2+ s

2
2 + s2

)
(−t+T )

σ2 , s, s

)
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2.7 Korteweg-deVries PDE

Local contents
2.7.1 uxxx + ut − 6uux = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 230

2.7.1 uxxx + ut − 6uux = 0
problem number 98

From Mathematica symbolic PDE document.

Korteweg-deVries (waves on shallow water surfaces) with no initial conditions

Solve for u(x, t)
uxxx + ut − 6uux = 0

Reference https://en.wikipedia.org/wiki/Korteweg%E2%80%93de_Vries_equation

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {x, 3}] + D[u[x, t], {t}] - 6*u[x, t]*D[u[x, t], {x}] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → 12c13 tanh2(c2t+ c1x+ c3)− 8c13 + c2

6c1

}}
Maple 3� �
restart;
pde := diff(u(x,t),x$3)+ diff(u(x,t),t)-6*u(x,t)* diff(u(x,t),x)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t))),output='realtime'));� �

u(x, t) = 12c32 tanh (c2x+ c3t+ c1)2 − 8c32 + c3
6c2

https://en.wikipedia.org/wiki/Korteweg%E2%80%93de_Vries_equation
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2.8 Tricomi PDE

Local contents
2.8.1 uxx + yuyy = 0 with u(x, 0) = 0, uy(x, 0) = x2 . . . . . . . . . . . . . . . . . . 231
2.8.2 uxx + xuyy = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 231

2.8.1 uxx + yuyy = 0 with u(x, 0) = 0, uy(x, 0) = x2

problem number 99

From Mathematica DSolve helps pages.

Boundary value problem for the Tricomi equation.

Solve for u(x, y)
uxx + yuyy = 0

With boundary conditions

u(x, 0) = 0
∂u

∂y
(x, 0) = x2

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], {x, 2}] + y*D[u[x, y], {y, 2}] == 0;
bc = {u[x, 0] == 0, Derivative[0, 1][u][x, 0] == x^2};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → −y

(
y − x2

)}}
Maple 3� �
restart;
pde := diff(u(x,y),x$2)+ y*diff(u(x,y),y$2)=0;
bc := u(x,0)=0,(D[2](u))(x,0)=x^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(x,y))),output='realtime'));� �

u(x, y) = y
(
x2 − y

)
2.8.2 uxx + xuyy = 0
problem number 100

Added June 20, 2019

Taken from http://people.maths.ox.ac.uk/chengq/outreach/The%20Tricomi%20Equa
tion.pdf

Solve for u(x, y)
uxx + xuyy = 0

http://people.maths.ox.ac.uk/chengq/outreach/The%20Tricomi%20Equation.pdf
http://people.maths.ox.ac.uk/chengq/outreach/The%20Tricomi%20Equation.pdf


chapter 2. miscellaneous pde’s 232

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, y], {x, 2}] + x*D[u[x, y], {y, 2}] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(u(x,y),x$2)+ x*diff(u(x,y),y$2)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y),'build')),output='realtime'));� �
u(x, y) =

(
c1AiryAi

(
−(−_c1)1/3 x

)
+ c2AiryBi

(
−(−_c1)1/3 x

))
(c3 sin (

√_c1 y) + c4 cos (
√_c1 y))
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2.9 Keldysh equation

Local contents
2.9.1 xuxx + uyy = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233

2.9.1 xuxx + uyy = 0
problem number 101

Added June 20, 2019

Taken from http://people.maths.ox.ac.uk/chengq/outreach/The%20Tricomi%20Equa
tion.pdf

Solve for u(x, y)
xuxx + uyy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*D[u[x, y], {x, 2}] + D[u[x, y], {y, 2}] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := x*diff(u(x,y),x$2)+ diff(u(x,y),y$2)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y),'build')),output='realtime'));� �
u(x, y) =

√
x (c3 sin (

√_c1 y) + c4 cos (
√_c1 y))

(
BesselJ

(
1, 2

√
−_c1

√
x
)
c1 + BesselY

(
1, 2

√
−_c1

√
x
)
c2
)

http://people.maths.ox.ac.uk/chengq/outreach/The%20Tricomi%20Equation.pdf
http://people.maths.ox.ac.uk/chengq/outreach/The%20Tricomi%20Equation.pdf
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2.10 Euler-Poisson-Darboux equation

Local contents
2.10.1 uxx + uyy + β

x
ux = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234

2.10.2 uxx − uyy + β
x
ux = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234

2.10.3 utt − uxx − 2
x
ux = 0 with u(x, 0) = 0, ut(x, 0) = g(x) . . . . . . . . . . . . . . . 235

2.10.1 uxx + uyy + β
xux = 0

problem number 102

Added June 20, 2019

Taken from http://people.maths.ox.ac.uk/chengq/outreach/The%20Tricomi%20Equa
tion.pdf

Solve for u(x, y)
uxx + uyy +

β

x
ux = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, y], {x, 2}] + D[u[x, y], {y, 2}] + beta/x*D[u[x,y],x] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y], {x, y}, Assumptions->beta>0], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(u(x,y),x$2)+ diff(u(x,y),y$2) + beta/x*diff(u(x,y),x)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y),'build') assuming beta>0),output='realtime'));� �
u(x, y) = x

1
2−

β
2 (c3 sin (

√_c1 y) + c4 cos (
√_c1 y))

(
BesselJ

(
β

2 − 1
2 ,

√
−_c1 x

)
c1 + BesselY

(
β

2 − 1
2 ,

√
−_c1 x

)
c2

)

2.10.2 uxx − uyy + β
xux = 0

problem number 103

Added June 20, 2019

Taken from http://people.maths.ox.ac.uk/chengq/outreach/The%20Tricomi%20Equa
tion.pdf

Solve for u(x, y)
uxx − uyy +

β

x
ux = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, y], {x, 2}] - D[u[x, y], {y, 2}] + beta/x*D[u[x,y],x] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y], {x, y}, Assumptions->beta>0], 60*10]];� �
Failed

http://people.maths.ox.ac.uk/chengq/outreach/The%20Tricomi%20Equation.pdf
http://people.maths.ox.ac.uk/chengq/outreach/The%20Tricomi%20Equation.pdf
http://people.maths.ox.ac.uk/chengq/outreach/The%20Tricomi%20Equation.pdf
http://people.maths.ox.ac.uk/chengq/outreach/The%20Tricomi%20Equation.pdf
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Maple 3� �
restart;
pde := diff(u(x,y),x$2)- diff(u(x,y),y$2) + beta/x*diff(u(x,y),x)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y),'build') assuming beta>0),output='realtime'));� �

u(x, y) = c3((x− y) c1 − c2)−
β
2 β

β
2

(
− 1
(2x+ 2y) c1 + 2c2

)β
2

2.10.3 utt − uxx − 2
xux = 0 with u(x, 0) = 0, ut(x, 0) = g(x)

problem number 104

Added Oct 6, 2019

Problem 2.4.18 from Peter Olver, Intoduction to Partial differential equations, 4th edition.

Solve for u(x, t)
utt − uxx −

2
x
ux = 0

With u(x, 0) = 0, ut(x, 0) = g(x). Note, in the book, it says to assume g(x) is even function.
In the code below, this assumption is not used. When I find the correct way to implement
this assumption in CAS, will have to re-run these.

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] - D[u[x, t], {x, 2}] - 2/x*D[u[x,t],x] == 0;
ic = {u[x,0]==0,Derivative[0,1][u][x,0]==g[x]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, u[x, t], {x, t}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(u(x,t),t$2)- diff(u(x,t),x$2) - 2/x*diff(u(x,t),x)=0;
ic:= u(x,0)=0, D[2](u)(x,0)=g(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t)) ),output='realtime'));� �

u(x, t) =
∞∑
n=0

t2n+1(proc(U)option operator, arrow; diff(diff(U, x), x) + 2 ∗ xˆ−1 ∗ diff(U, x)end proc; )(n) (g(x))
(2n+ 1)!



chapter 2. miscellaneous pde’s 236

2.11 Chaplygin’s equation

Local contents
2.11.1 uθθ + v2

1− v2
c2
uvv + vuv = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 236

2.11.1 uθθ + v2

1−v2
c2
uvv + vuv = 0

problem number 105

Added June 20, 2019 From https://en.wikipedia.org/wiki/Chaplygin%27s_equation

Solve for u(θ, v)

uθθ +
v2

1− v2

c2

uvv + vuv = 0

Here c is the speed of sound.

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[theta, v], {theta, 2}] + v^2/(1-v^2/c^2)* D[u[theta,v],{v,2}]+v*D[u[theta,v],v]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[theta, v], {theta, v}, Assumptions->c>0], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(u(theta,v),theta$2)+ v^2/(1-v^2/c^2)* diff(u(theta,v),v$2)+v*diff(u(theta,v),v)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(theta,v),'build') assuming c>0),output='realtime'));� �

u(θ, v) =
e

−4√_c1 θ c
2+v2

4c2
(
WhittakerW

(
−_c1

2 + 1
2 ,

i
√_c1
2 , v2

2c2

)
c4 +WhittakerM

(
−_c1

2 + 1
2 ,

i
√_c1
2 , v2

2c2

)
c3
) (
c1e2

√_c1 θ + c2
)

v

https://en.wikipedia.org/wiki/Chaplygin%27s_equation
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2.12 Cauchy Riemann PDE’s

Local contents
2.12.1 Cauchy Riemann PDE with Prescribe the values of u and v on the x axis . . . 237
2.12.2 Cauchy Riemann PDE With extra term on right side . . . . . . . . . . . . . . 238

2.12.1 Cauchy Riemann PDE with Prescribe the values of u and
v on the x axis

problem number 106

From Mathematica DSolve helps pages.

Solve for u(x, y), v(x, y

∂u

∂x
= ∂v

∂y
∂u

∂y
= −∂v

∂x

With boundary conditions

u(x, 0) = x3

v(x, 0) = 0

Mathematica 3� �
ClearAll["Global`*"];
ClearAll[u, v, x, y];
pde1 = D[u[x, y], x] == D[v[x, y], y];
pde2 = D[u[x, y], y] == -D[v[x, y], x];

bc = {u[x, 0] == x^3, v[x, 0] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde1, pde2, bc}, {u[x, y], v[x, y]}, {x, y}], 60*10]];� �

{{
u(x, y) → x3 − 3xy2, v(x, y) → 3x2y − y3

}}
Maple 3� �
restart;
pde1:= diff(u(x,y),y)=diff(v(x,y),x);
pde2:= diff(u(x,y),x)=-diff(v(x,y),y);
bc := u(x,0)=x^3,v(x,0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde1,pde2,bc],[u(x,y),v(x,y)])),output='realtime'));� �

{u(x, y) = x3 − 3x y2, v(x, y) = −3x2y + y3}
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2.12.2 Cauchy Riemann PDE With extra term on right side
problem number 107

Solve for u(x, y), v(x, y

∂u

∂x
= ∂v

∂y
∂u

∂y
= −∂v

∂x
+ y

Mathematica 7� �
ClearAll["Global`*"];
ClearAll[u, v, x, y];
pde1 = D[u[x, y], x] == D[v[x, y], y];
pde2 = D[u[x, y], y] == -D[v[x, y], x] + y;

sol = AbsoluteTiming[TimeConstrained[DSolve[{pde1, pde2}, {u[x, y], v[x, y]}, {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde1:= diff(u(x,y),y)=diff(v(x,y),x);
pde2:= diff(u(x,y),x)=-diff(v(x,y),y)+y;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde1,pde2],[u(x,y),v(x,y)])),output='realtime'));� �
{
u(x, y) = −if1(−ix+ y) + if2(ix+ y) + yx+ c1, v(x, y) = f1(−ix+ y) + f2(ix+ y) + x2

2

}
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2.13 Hamilton-Jacobi PDE

Local contents
2.13.1 Hamilton-Jacobi type PDE . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239

2.13.1 Hamilton-Jacobi type PDE
problem number 108

Taken from Maple pdsolve help pages, which is taken from Landau, L.D. and Lifshitz, E.M.
Translated by Sykes, J.B. and Bell, J.S. Mechanics. Oxford: Pergamon Press, 1969

Solve for S(t, ξ, η, φ)

− ∂

∂t
S(t, ξ, η, φ) = 1/2

(
∂
∂ξ
S(t, ξ, η, φ)

)2
(ξ2 − 1)

σ2m (−η2 + ξ2) + 1/2

(
∂
∂η
S(t, ξ, η, φ)

)2
(−η2 + 1)

σ2m (−η2 + ξ2) + 1/2

(
∂
∂φ
S(t, ξ, η, φ)

)2
σ2m (ξ2 − 1) (−η2 + 1) +

a(ξ) + b(η)
−η2 + ξ2

Mathematica 7� �
ClearAll["Global`*"];
pde = -D[s[t, \[Zeta], \[Eta], \[Phi]], t] == ((\[Zeta]^2 - 1)*D[s[t, \[Zeta], \[Eta], \[Phi]], \[Zeta]]^2)/(2*\[Sigma]^2*m*(-\[Eta]^2 + \[Zeta]^2)) + ((-\[Eta]^2 - 1)*D[s[t, \[Zeta], \[Eta], \[Phi]], \[Eta]]^2)/(2*\[Sigma]^2*m*(-\[Eta]^2 + \[Zeta]^2)) + (1*D[s[t, \[Zeta], \[Eta], \[Phi]], \[Phi]]^2)/(2*\[Sigma]^2*m*(\[Zeta]^2 - 1)*(-\[Eta]^2 - 1)) + (a[\[Zeta]] + b[\[Zeta]])/(-\[Eta]^2 + \[Zeta]^2);
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, s[t, \[Zeta], \[Eta], \[Phi]], {t, \[Zeta], \[Eta], \[Phi]}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := -diff(S(t,xi,eta,phi),t) =1/2*diff(S(t,xi,eta,phi),xi)^2*(xi^2-1)/sigma^2/m/(xi^2-eta^2)+ 1/2*diff(S(t,xi,eta,phi),eta)^2*(1-eta^2)/m/sigma^2/(xi^2-eta^2)+ 1/2*diff(S(t,xi,eta,phi),phi)^2/m/sigma^2/(xi^2-1)/(1-eta^2)+ (a(xi)+b(eta))/(xi^2-eta^2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,'build')),output='realtime'));� �

S(t, ξ, η, φ) = _c1t+_c4φ−
∫ √

(−2ξ2 + 2)mσ2a (ξ)− 2m (ξ − 1) (ξ + 1) (ξ2_c1 + _c3)σ2 − _c24
ξ2 − 1 dξ−

∫ √
(2η2 − 2)mσ2b (η)− 2m (η − 1) (η + 1) (η2_c1 + _c3)σ2 − _c24

η2 − 1 dη+c1+c2+c3+c4
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2.14 Airy PDE

Local contents
2.14.1 ut + uxxx = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 240

2.14.1 ut + uxxx = 0
problem number 109

Added May 30, 2019.

Airy PDE

Solve for u(x, t)

ut + uxxx = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] + D[u[x, t], {x,3}] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �
{{

u(x, t) → x3(c11t+ c4) + x2(c3 − 60c6t) + x(c2 − 24c5t)− 3t(c11t+ 2c4)−
c11x

6

120 + c6x
5 + c5x

4 + c1

}}
Maple 3� �
restart;
pde := diff(u(x,t),t)+diff(u(x,t),x$3)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t),'build')),output='realtime'));� �

u(x, t) = c4

(
c1e−

_c1/31 x
(
1+i

√
3
)

2 + c2e
_c1/31 x

(
i
√
3−1

)
2 + c3e_c1/31 x

)
e−_c1t

Hand solution

Solve for ut + uxxx = 0 on the real line for t > 0. Let u = T (t)X(t). The pde becomes

T ′X +X ′′′T = 0
T ′

T
= −X

′′′

X
= −λ

Hence X ′′′ + λX = 0. This ODE has solution

X(x) = C1e

(
−λ

1
3
2 − i

2λ
1
3
√
3
)
x

+ C2e

(
−λ

1
3
2 + i

2λ
1
3
√
3
)
x

+ C3e
λ

1
3x

The ODE T ′ + λT = 0 has the solution T (t) = C4e
−λt. Therefore the solution to the PDE is

T (t)X(t) given by

u(x, t) = C4e
−λt

C1e

(
−λ

1
3
2 − i

2λ
1
3
√
3
)
x

+ C2e

(
−λ

1
3
2 + i

2λ
1
3
√
3
)
x

+ C3e
λ

1
3x


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2.15 Nonlinear PDE’s

Local contents
2.15.1 Bateman-Burgers ut + uux = νuxx . . . . . . . . . . . . . . . . . . . . . . . . 241
2.15.2 Benjamin Bona Mahony ut + ux + uu+ x− uxxt = 0 . . . . . . . . . . . . . . 242
2.15.3 Benjamin Ono ut +Huxx + uux = 0 . . . . . . . . . . . . . . . . . . . . . . . 243
2.15.4 Born Infeld (1− u2t )uxx + 2uxutuxt − (1 + u2x)utt = 0 . . . . . . . . . . . . . . 243
2.15.5 Boussinesq utt − uxx − uxxxx − 3(u2)xx = 0 . . . . . . . . . . . . . . . . . . . . 244
2.15.6 Boussinesq type utt − uxx − 2α(uux)x − βuxxtt = 0 . . . . . . . . . . . . . . . 244
2.15.7 Buckmaster ut = (u4)xx + (u3)x . . . . . . . . . . . . . . . . . . . . . . . . . . 245
2.15.8 Camassa Holm ut + 2kux − uxxt + 3uux = 2uxuxx + uuxxx . . . . . . . . . . . 246
2.15.9 Chaffee Infante ut = uxx + λ(u3 − u) = 0 . . . . . . . . . . . . . . . . . . . . . 246
2.15.10 Clarke.

(
θt − γeθ

)
tt
=
(
θt − eθ

)
xx

. . . . . . . . . . . . . . . . . . . . . . . . . 247
2.15.11 Degasperis Procesi ut − uxxt + 4uux = 3uxuxx+ uuxxx . . . . . . . . . . . . . 247
2.15.12 Dym equation ut = u3uxxx . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 248
2.15.13 Estevez Mansfield Clarkson utyyy + βuyuyt + βuyyut + utt = 0 . . . . . . . . . 249
2.15.14 Fisher’s ut = u(1− u) + uxx . . . . . . . . . . . . . . . . . . . . . . . . . . . . 249
2.15.15 Hunter Saxton (ut + uux))x = 1

2(ux)
2 . . . . . . . . . . . . . . . . . . . . . . . 251

2.15.16 Kadomtsev Petviashvili (ut + uux + ε2uxxx)x + λuyy = 0 . . . . . . . . . . . . 252
2.15.17 Klein Gordon uxx + uyy + λup = 0 . . . . . . . . . . . . . . . . . . . . . . . . 253
2.15.18 Klein Gordon uxx + uyy + u2 = 0 . . . . . . . . . . . . . . . . . . . . . . . . . 253
2.15.19 Khokhlov Zabolotskaya uxt − (uux)x = uyy . . . . . . . . . . . . . . . . . . . . 254
2.15.20 Korteweg de Vries (KdV) ut + (ux)3 + 6uux = 0 . . . . . . . . . . . . . . . . . 254
2.15.21 Lin Tsien 2utx + uxuxx − uyy = 0 . . . . . . . . . . . . . . . . . . . . . . . . . 255
2.15.22 Liouville uxx + uyy + eλu = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . 255
2.15.23 Plateau (1 + u2y)uxx − 2uxuyyxy + (1 + u2x)uyy = 0 . . . . . . . . . . . . . . . . 256
2.15.24 Rayleigh utt − uxx = ε(ut − u3t ) . . . . . . . . . . . . . . . . . . . . . . . . . . 256
2.15.25 Sawada Kotera ut + 45u2ux + 15uxuxx + 15uuxxx + uxxxxx = 0 . . . . . . . . . 257
2.15.26 Sine Gordon φtt − φxx + sinφ = 0 . . . . . . . . . . . . . . . . . . . . . . . . . 258
2.15.27 Sinh Gordon uxt = sinh u . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 258
2.15.28 Sinh Poisson uxx + uyy + sinh u = 0 . . . . . . . . . . . . . . . . . . . . . . . . 259
2.15.29Thomas equation uxy + αux + βuy + νuxuy = 0 . . . . . . . . . . . . . . . . . 259
2.15.30 phi equation φtt − φxx − φ+ φ3 = 0 . . . . . . . . . . . . . . . . . . . . . . . . 260

2.15.1 Bateman-Burgers ut + uux = νuxx

problem number 110

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Bateman-Burgers.

Solve for u(x, t)

ut + uux = νuxx

https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] + u[x, t]*D[u[x, t], x] == v*D[u[x, t], {x, 2}];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → −2c1v tanh(c2t+ c1x+ c3)−

c2
c1

}}
Maple 3� �
restart;
pde := diff(u(x,t),t)+u(x,t)*diff(u(x,t),x)=v*diff(u(x,t),x$2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t))),output='realtime'));� �

u(x, t) = −2v c22 tanh (c2x+ c3t+ c1)− c3
c2

2.15.2 Benjamin Bona Mahony ut + ux + uu+ x− uxxt = 0
problem number 111

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Solve for u(x, t)

ut + ux + uu+ x− uxxt = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] + D[u[x, t], x] + u[x, t]*D[u[x, t], x] - D[D[u[x, t], {x, 2}], t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → 12c1c2 tanh2(c2t+ c1x+ c3)− 1− 8c1c2 −

c2
c1

}}
Maple 3� �
restart;
pde := diff(u(x,t),t)+diff(u(x,t),x)+u(x,t)*diff(u(x,t),x)-diff(u(x,t),x,x,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t))),output='realtime'));� �

u(x, t) =
4c22c3

(
1− 3 sech (c2x+ c3t+ c1)2

)
− c2 − c3

c2

https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
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2.15.3 Benjamin Ono ut +Huxx + uux = 0
problem number 112

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Benjamin Ono. Solve for u(x, t)

ut +Huxx + uux = 0

Important note. H above is meant to be Hilbert transform. https://en.wikipedia.org/w
iki/Benjamin%E2%80%93Ono_equation However, here in the code below it is taken as just
a scalar. Need to correct this when I have time.

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] + h*D[u[x, t], {x, 2}] + u[x, t]*D[u[x, t], x] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → 2c1h tanh(c2t+ c1x+ c3)−

c2
c1

}}
Maple 3� �
restart;
pde := diff(u(x,t),t)+H*diff(u(x,t),x$2)+u(x,t)*diff(u(x,t),x)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t))),output='realtime'));� �

u(x, t) = 2H c22 tanh (c2x+ c3t+ c1)− c3
c2

2.15.4 Born Infeld (1− u2t )uxx + 2uxutuxt − (1 + u2x)utt = 0
problem number 113

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Born Infeld. Solve for u(x, t)

(1− u2t )uxx + 2uxutuxt − (1 + u2x)utt = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = (1 - D[u[x, t], t]^2)*D[u[x, t], {x, 2}] + 2*D[u[x, t], x]*D[u[x, t], t]*D[D[u[x, t], x], t] - (1 + D[u[x, t], x]^2)*D[u[x, t], {t, 2}] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �

{{u(x, t) → c1(t+ x) + c2(t− x)}}

https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/Benjamin%E2%80%93Ono_equation
https://en.wikipedia.org/wiki/Benjamin%E2%80%93Ono_equation
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
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Maple 3� �
restart;
pde :=(1-diff(u(x,t),t)^2)*diff(u(x,t),x$2)+2*diff(u(x,t),x)*diff(u(x,t),t)*diff(u(x,t),x,t)-(1+diff(u(x,t),x)^2)*diff(u(x,t),t$2)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t))),output='realtime'));� �

u(x, t) = c7 tanh ((−t+ x) c2 + c1)3 + c5 tanh ((−t+ x) c2 + c1) + c4

2.15.5 Boussinesq utt − uxx − uxxxx − 3(u2)xx = 0
problem number 114

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Boussinesq. Solve for u(x, t)

utt − uxx − uxxxx − 3(u2)xx = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] - D[u[x, t], {x, 2}] - D[u[x, t], {x, 4}] - 3*D[u[x, t]^2, {x, 2}] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → 1

6

(
−12c12 tanh2(c2t+ c1x+ c3)− 1 + 8c12 +

c2
2

c12

)}}
Maple 3� �
restart;
pde := diff(u(x,t),t$2)-diff(u(x,t),x$2)-diff(u(x,t),x$4)- 3 * diff( u(x,t)^2, x$2)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t))),output='realtime'));� �

u(x, t) = −2c22 tanh (c2x+ c3t+ c1)2 +
8c42 − c22 + c23

6c22

2.15.6 Boussinesq type utt − uxx − 2α(uux)x − βuxxtt = 0
problem number 115

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Boussinesq type PDE. Solve for u(x, t)

utt − uxx − 2α(uux)x − βuxxtt = 0

https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] - D[u[x, t], {x, 2}] - D[u[x, t], {x, 4}] - 3*D[u[x, t]^2, {x, 2}] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → 1

6

(
−12c12 tanh2(c2t+ c1x+ c3)− 1 + 8c12 +

c2
2

c12

)}}
Maple 3� �
restart;
pde := diff(u(x,t),t$2)-diff(u(x,t),x$2)-2*alpha*diff( (u(x,t)*diff(u(x,t),x)) ,x) - beta*diff(u(x,t),x,x,t,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t))),output='realtime'));� �

u(x, t) = 12 sech (c2x+ c3t+ c1)2 c22c23β + (−4c23β − 1) c22 + c23
2c22α

2.15.7 Buckmaster ut = (u4)xx + (u3)x
problem number 116

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Buckmaster. Solve for u(x, t)
ut = (u4)xx + (u3)x

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == D[u[x, t]^4, {x, 2}] + D[u[x, t]^3, x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(u(x,t),t)= diff(u(x,t)^4,x$2)+diff(u(x,t)^3,x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t))),output='realtime'));� �

u(x, t) = RootOf
(
c1x+ c2t+ c3 + 4c21

∫ _Z _f3

c1_f3 + 4c3c21 − c2_f
d_f+ c4

)
Answer in terms of RootOf.

https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
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2.15.8 Camassa Holm ut + 2kux − uxxt + 3uux = 2uxuxx + uuxxx

problem number 117

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Camassa Holm. Solve for u(x, t)

ut + 2kux − uxxt + 3uux = 2uxuxx + uuxxx

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, t], t] + 2*k*D[u[x, t], x] - D[D[u[x, t], {x, 2}], t] + 3*u[x, t]*D[u[x, t], x] == 2*D[u[x, t], x]*D[u[x, t], {x, 2}] + u[x, t]*D[u[x, t], {x, 3}];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(u(x,t),t)+2*k*diff(u(x,t),x)- diff(u(x,t),x,x,t)+3*u(x,t)*diff(u(x,t),x)=2*diff(u(x,t),x)*diff(u(x,t),x$2)+u(x,t)*diff(u(x,t),x$3);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t))),output='realtime'));� �

Expression too large to display

Answer in terms of RootOf.

2.15.9 Chaffee Infante ut = uxx + λ(u3 − u) = 0
problem number 118

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Chaffee Infante equation. Solve for u(x, t)

ut = uxx + λ(u3 − u) = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, t], t] - D[u[x, t], {x, 2}] + lambda*(u[x, t]^3 - u[x, t]) == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(u(x,t),t)-diff(u(x,t),x$2)+lambda*(u(x,t)^3-u(x,t))=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t))),output='realtime'));� �

u(x, t) =
tanh

(
−3λt

4 +
√
2
√
λx

4 + c1
)

2 − 1
2

https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
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2.15.10 Clarke.
(
θt − γeθ

)
tt
=
(
θt − eθ

)
xx

problem number 119

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Clarke equation. Solve for θ(x, t) (
θt − γeθ

)
tt
=
(
θt − eθ

)
xx

Mathematica 7� �
ClearAll["Global`*"];
pde = D[D[theta[x, t], t] - gamma*Exp[theta[x, t]], {t, 2}] == D[D[theta[x, t], t] - Exp[theta[x, t]], {x, 2}];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, theta[x, t], {x, t}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(diff(theta(x,t),t)-g*exp(theta(x,t)),t$2) = diff( diff(theta(x,t),t)-exp(theta(x,t)),x$2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,theta(x,t))),output='realtime'));� �
sol=()

2.15.11 Degasperis Procesi ut − uxxt + 4uux = 3uxuxx+ uuxxx

problem number 120

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Degasperis Procesi. Solve for u(x, t)

ut − uxxt + 4uux = 3uxuxx+ uuxxx

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, t], t] - D[D[u[x, t], {x, 2}], t] + 4*u[x, t]*D[u[x, t], x] == 3*D[u[x, t], x]*D[u[x, t], {x, 2}] + u[x, t]*D[u[x, t], {x, 3}];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �
Failed

https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
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Maple 3� �
restart;
pde := diff(u(x,t),t)-diff(u(x,t),x,x,t)+4*u(x,t)*diff(u(x,t),x)=3*diff(u(x,t),x)*diff(u(x,t),x$2)+u(x,t)*diff(u(x,t),x$3);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t),'build')),output='realtime'));� �

u(x, t) = f3(x)
−t_c2 + c2

where



f3(x) = _awhere



(

d2

d_a2_b(_a)
)
_b(_a)2_a+

(
d

d_a_b(_a)
)2

_b(_a)_a+ _b(_a)
(

d
d_a_b(_a)

)
(_c2 + 3_b(_a))− _a(_c2 + 4_b(_a))

_a = 0

 ,

{
_a = f3(x) ,_b(_a) =

d

dx
f3(x)

}
,

{
x =

∫ 1
_b (_a)d_a+ c1, f3(x) = _a

}




But still has unresolved ODE’s in solution

2.15.12 Dym equation ut = u3uxxx

problem number 121

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Dym equation. Solve for u(x, t)
ut = u3uxxx

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == u[x, t]^3*D[u[x, t], {x, 3}];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(u(x,t),t)=u(x,t)^3 * diff(u(x,t),x$3);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t),'build')),output='realtime'));� �

u(x, t) =

RootOf

−
∫ _Z 1

RootOf

− ln(_f)+2
∫ _Z _h

2 21/3
(
−_c21

)1/3
RootOf

(
AiryBi(_Z)21/3

(
−_c21

)1/3
c1_h+21/3

(
−_c21

)1/3
_hAiryAi(_Z)+2AiryBi(1,_Z)c1_c1+2AiryAi(1,_Z)_c1

)
+_h2

d_h+c2

d_f+ x+ c3


(−3_c1t+ c4)1/3

has RootOf

https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
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2.15.13 Estevez Mansfield Clarkson utyyy + βuyuyt + βuyyut + utt = 0
problem number 122

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Estevez Mansfield Clarkson equation. Solve for u(x, y, t)

utyyy + βuyuyt + βuyyut + utt = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[D[u[x, y, t], t], {y, 3}] + beta*D[u[x, y, t], y]*D[D[u[x, y, t], y], t] + beta*D[u[x, y, t], {y, 2}]*D[u[x, y, t], t] + D[u[x, y, t], {t, 2}] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y, t], {x, y, t}], 60*10]];� �

{{
u(x, y, t) → 6c1(x) tanh (−4t(c1(x))3 + yc1(x) + c3(x))

β
+ c4(x)

}}
Maple 3� �
restart;
beta='beta';
pde := diff(u(x,y,t),t,y,y,y)+ beta*diff(u(x,y,t),y)*diff(u(x,y,t),y,t) + beta*diff(u(x,y,t),y$2)*diff(u(x,y,t),t) + diff(u(x,y,t),t$2)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y,t))),output='realtime'));� �

u(x, y, t) = 6c3 tanh (−4c33t+ c2x+ c3y + c1)
β

+ c5

2.15.14 Fisher’s ut = u(1− u) + uxx

problem number 123

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Fisher’s equation. Solve for u(x, t)

ut = u(1− u) + uxx

https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == u[x, t]*(1 - u[x, t]) + D[u[x, t], {x, 2}];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �
{
u(x, t) → 1

4

(
1 + tanh

(
1
12

(
5t−

√
6x− 12c3

)))
2
}

{
u(x, t) → −1

4

(
−3 + tanh

(
1
12

(
5t− i

√
6x− 12c3

)))(
1 + tanh

(
1
12

(
5t− i

√
6x− 12c3

)))}
{
u(x, t) → −1

4

(
−3 + tanh

(
1
12

(
5t+ i

√
6x− 12c3

)))(
1 + tanh

(
1
12

(
5t+ i

√
6x− 12c3

)))}
{
u(x, t) → 1

4

(
1 + tanh

(
1
12

(
5t+

√
6x− 12c3

)))
2
}

{
u(x, t) → 1

4

(
1 + tanh

(
5t
12 − x

2
√
6
+ c3

))
2
}

{
u(x, t) → −1

4

(
−3 + tanh

(
5t
12 − ix

2
√
6
+ c3

))(
1 + tanh

(
5t
12 − ix

2
√
6
+ c3

))}
{
u(x, t) → −1

4

(
−3 + tanh

(
5t
12 + ix

2
√
6
+ c3

))(
1 + tanh

(
5t
12 + ix

2
√
6
+ c3

))}
{
u(x, t) → 1

4

(
1 + tanh

(
5t
12 + x

2
√
6
+ c3

))
2
}
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Maple 3� �
restart;
pde := diff(u(x,t),t)= u(x,t)*(1-u(x,t))+ diff(u(x,t),x$2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',PDEtools:-TWSolutions(pde,u(x,t))),output='realtime'));� �

{u(x, t) = 1}u(x, t) =
tanh

(
− 5t

12 +
√
6x
12 + c1

)2
4 −

tanh
(
− 5t

12 +
√
6x
12 + c1

)
2 + 1

4

u(x, t) =
tanh

(
5t
12 −

√
6x
12 + c1

)2
4 +

tanh
(

5t
12 −

√
6x
12 + c1

)
2 + 1

4

u(x, t) =
tanh

(
− 5t

12 −
√
6x
12 + c1

)2
4 −

tanh
(
− 5t

12 −
√
6x
12 + c1

)
2 + 1

4

u(x, t) =
tanh

(
5t
12 +

√
6x
12 + c1

)2
4 +

tanh
(

5t
12 +

√
6x
12 + c1

)
2 + 1

4

u(x, t) = −
tanh

(
− 5t

12 +
i
√
6x

12 + c1
)2

4 −
tanh

(
− 5t

12 +
i
√
6x

12 + c1
)

2 + 3
4

u(x, t) = −
tanh

(
5t
12 −

i
√
6x

12 + c1
)2

4 +
tanh

(
5t
12 −

i
√
6x

12 + c1
)

2 + 3
4

u(x, t) = −
tanh

(
− 5t

12 −
i
√
6x

12 + c1
)2

4 −
tanh

(
− 5t

12 −
i
√
6x

12 + c1
)

2 + 3
4

u(x, t) = −
tanh

(
5t
12 +

i
√
6x

12 + c1
)2

4 +
tanh

(
5t
12 +

i
√
6x

12 + c1
)

2 + 3
4



2.15.15 Hunter Saxton (ut + uux))x = 1
2(ux)

2

problem number 124

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Hunter Saxton. Solve for u(x, t)

(ut + uux))x = 1
2(ux)

2

https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[D[u[x, t], t] + u[x, t]*D[u[x, t], x], x] == (1*D[u[x, t], x]^2)/2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff( (diff(u(x,t),t)+ u(x,t)* diff(u(x,t),x)) , x) = 1/2* (diff(u(x,t),x))^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t),'build')),output='realtime'));� �

u(x, t) =
2RootOf

(
−x_c31 − c2_c31 − 2

√
_Z c1_c1 + 2c21 ln

(√
_Z_c1 + c1

)
+ _Z_c21

)
_c1t+ 2c3

with RootOf

2.15.16 Kadomtsev Petviashvili (ut + uux + ε2uxxx)x + λuyy = 0
problem number 125

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Kadomtsev Petviashvili. Solve for u(x, y, t)(
ut + uux + ε2uxxx

)
x
+ λuyy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[D[u[x, y, t], t] + u[x, y, t]*D[u[x, y, t], x] + eps^2*D[u[x, y, t], {x, 3}], t] + lambda*D[u[x, y, t], {y, 2}] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y, t], {x, y, t}], 60*10]];� �
{{

u(x, y, t) → −12c3c13eps2 tanh2(c3t+ c1x+ c2y + c4) + c3(c3 − 8c13eps2) + c2
2λ

c1c3

}}
Maple 3� �
restart;
pde := diff( diff(u(x,y,t),t)+u(x,y,t)*diff(u(x,y,t),x)+epsilon^2* diff(u(x,y,t),x$3),x)+ lambda*diff(u(x,y,t),y$2)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y,t))),output='realtime'));� �

u(x, y, t) = 12 sech (c2x+ c3y + c4t+ c1)2 c42ε2 − 4c42ε2 − c23λ− c2c4
c22

https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
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2.15.17 Klein Gordon uxx + uyy + λup = 0
problem number 126

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Klein Gordon (nonlinear). Solve for u(x, y)

uxx + uyy + λup = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] + lambda*u[x, y]^p == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(u(x,y),x$2)+diff(u(x,y),y$2)+lambda*u(x,y)^p=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y),'build')),output='realtime'));� �
sol=()

2.15.18 Klein Gordon uxx + uyy + u2 = 0
problem number 127

Added December 27, 2018.

Special case Klein Gordon (nonlinear). Solve for u(x, y)

uxx + uyy + u2 = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] + u[x, y]^2 == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(u(x,y),x$2)+diff(u(x,y),y$2)+u(x,y)^2=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �

u(x, y) = −6WeierstrassP (c1x+ c2y + 2c3, 0, c4)
(
c21 + c22

)

https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
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2.15.19 Khokhlov Zabolotskaya uxt − (uux)x = uyy

problem number 128

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Khokhlov Zabolotskaya. Solve for u(x, y, t)

uxt − (uux)x = uyy

Mathematica 7� �
ClearAll["Global`*"];
pde = D[D[u[x, y, t], x], t] - D[u[x, y, t]*D[u[x, y, t], x], x] == D[u[x, y, t], {y, 2}];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y, t], {x, y, t}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(u(x,y,t),x,t)- diff( (u(x,y,t)* diff(u(x,y,t),x)) ,x ) = diff(u(x,y,t),y$2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y,t))),output='realtime'));� �

u(x, y, t) = c3c1 − c22 +
√

2c31c4x+ (2c2c4y + 2c3c4t+ c23 + 2c24 + 2c5) c21 − 2c1 c22c3 + c42
c21

2.15.20 Korteweg de Vries (KdV) ut + (ux)3 + 6uux = 0
problem number 129

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Korteweg de Vries (KdV). Solve for u(x, t)

ut + uxxx + 6uux = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] + D[u[x, t], {x,3}] + 6*u[x, t]*D[u[x, t], x] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → −12c13 tanh2(c2t+ c1x+ c3)− 8c13 + c2

6c1

}}

https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
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Maple 3� �
restart;
pde := diff(u(x,t),t)+ diff( u(x,t),x$3 ) + 6 * u(x,t)* diff(u(x,t),x) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t))),output='realtime'));� �

u(x, t) = −12c32 tanh (c2x+ c3t+ c1)2 + 8c32 − c3
6c2

2.15.21 Lin Tsien 2utx + uxuxx − uyy = 0
problem number 130

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Lin Tsien equation. Solve for u(x, y, t)

2utx + uxuxx − uyy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = 2*D[u[x, y, t], t, x] + D[u[x, y, t], x]*D[u[x, y, t], {x, 2}] - D[u[x, y, t], {y, 2}] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y, t], {x, y, t}], 60*10]];� �
Failed

Maple 3� �
restart;
pde :=2*diff(u(x,y,t),t,x)+ diff(u(x,y,t),x)* diff(u(x,y,t),x$2) - diff(u(x,y,t),y$2) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y,t))),output='realtime'));� �

u(x, y, t) = c4 + c5(c1x+ c2y + c3t+ c4)

2.15.22 Liouville uxx + uyy + eλu = 0
problem number 131

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Liouville equation. Solve for u(x, y)

uxx + uyy + eλu = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] + Exp[lam*u[x, y]] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y], {x, y}], 60*10]];� �
Failed

https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
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Maple 7� �
restart;
pde := diff(u(x,y),x$2)+ diff(u(x,y),y$2)+exp(lambda*u(x,y))=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �
sol=()

2.15.23 Plateau (1 + u2y)uxx − 2uxuyyxy + (1 + u2x)uyy = 0
problem number 132

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Plateau. Solve for u(x, y)

(1 + u2y)uxx − 2uxuyyxy + (1 + u2x)uyy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (1 + D[u[x, y], y]^2)*D[u[x, y], {x, 2}] - 2*D[u[x, y], x]*D[u[x, y], y]*D[u[x, y], x, y] + (1 + D[u[x, y], x]^2)*D[u[x, y], {y, 2}] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde :=(1+diff(u(x,y),y)^2)* diff(u(x,y),x$2)-2* diff(u(x,y),x)*

diff(u(x,y),y)*diff(u(x,y),x,y)+
(1+diff(u(x,y),x)^2)*diff(u(x,y),y$2)=0;

cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �
u(x, y) = c7 tanh ((−iy + x) c2 + c1)3 + c5 tanh ((−iy + x) c2 + c1) + c4

2.15.24 Rayleigh utt − uxx = ε(ut − u3t )
problem number 133

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Rayleigh. Solve for u(x, t)
utt − uxx = ε(ut − u3t )

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] - D[u[x, t], {x, 2}] == epsilon*(D[u[x, t], t] - D[u[x, t], t]^3);
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �
Failed

https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
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Maple 3� �
restart;
pde := diff(u(x,t),t$2)-diff(u(x,t),x$2)=epsilon*(diff(u(x,t),t)-diff(u(x,t),t)^3);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t),'build')),output='realtime'));� �

u(x, t) = _c1x2

2 + c1x+ c2 +
∫

RootOf
(
t+
∫ _Z 1

_f3ε− _fε− _c1
d_f+ c3

)
dt+ c4

Has RootOf

2.15.25 Sawada Kotera ut + 45u2ux + 15uxuxx + 15uuxxx + uxxxxx = 0
problem number 134

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Sawada Kotera. Solve for u(x, t)

ut + 45u2ux + 15uxuxx + 15uuxxx + uxxxxx = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] + 45*u[x, t]^2*D[u[x, t], x] + 15*D[u[x, t], x]*D[u[x, t], {x, 2}] + 15*u[x, t]*D[u[x, t], {x, 3}] + D[u[x, t], {x, 5}] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �

{
u(x, t) → −4

3c1
2(−2 + 3 tanh2 (−16c15t+ c1x+ c3

))}
{
u(x, t) → −30c15/2 tanh2(c2t+ c1x+ c3) + 20c15/2 +

√
20c15 − 5c2

15√c1

}
{
u(x, t) → 20c15/2 −

√
20c15 − 5c2

15√c1
− 2c12 tanh2(c2t+ c1x+ c3)

}

Maple 3� �
restart;
pde := diff(u(x,t),t)+45* u(x,t)^2* diff(u(x,t),x)+ 15* diff(u(x,t),x)*diff(u(x,t),x$2)+15*u(x,t)*diff(u(x,t),x$3)+diff(u(x,t),x$5);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',PDEtools:-TWSolutions(pde,u(x,t))),output='realtime'));� �

{u(x, t) = c4}{
u(x, t) = −4 tanh

(
−16c52t+ c2x+ c1

)2
c22 +

8c22
3

}
{
u(x, t) = −2 tanh (c2x+ c3t+ c1)2 c22 −

−20c32 +
√

20c62 − 5c2c3
15c2

}
{
u(x, t) = −2 tanh (c2x+ c3t+ c1)2 c22 +

20c32 +
√
20c62 − 5c2c3
15c2

}

https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
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2.15.26 Sine Gordon φtt − φxx + sinφ = 0
problem number 135

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Sine Gordon. Solve for u(x, t)
φtt − φxx + sinφ = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[phi[x, t], {t, 2}] - D[phi[x, t], {x, 2}] + Sin[phi[x, t]] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, phi[x, t], {x, t}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(phi(x,t),t$2)-diff(phi(x,t),x$2)+sin(phi(x,t))=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,phi(x,t))),output='realtime'));� �
sol=()

2.15.27 Sinh Gordon uxt = sinh u
problem number 136

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Sinh Gordon. Solve for u(x, t)
uxt = sinh u

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, t], x, t] == Sinh[u[x, t]];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(u(x,t),x,t)=sinh(u(x,t));
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t))),output='realtime'));� �
sol=()

https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
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2.15.28 Sinh Poisson uxx + uyy + sinh u = 0
problem number 137

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Sinh Poisson. Solve for u(x, t)
uxx + uyy + sinh u = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] + Sinh[u[x, y]] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(u(x,y),x$2)+diff(u(x,y),y$2)+ sinh(u(x,y))=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �
sol=()

2.15.29 Thomas equation uxy + αux + βuy + νuxuy = 0
problem number 138

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

Thomas equation. Solve for u(x, t)

uxy + αux + βuy + νuxuy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, y], x, y] + alpha*D[u[x, y], x] + beta*D[u[x, y], y] + nu*D[u[x, y], x]*D[u[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(u(x,y),x,y)+alpha*diff(u(x,y),x)+beta*diff(u(x,y),y)

+nu* diff(u(x,y),x)*diff(u(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y),'build')),output='realtime'));� �

u(x, y) =

− ln

 α2−2αβ+β2−4_c1ν

ν2
(
e(x−y)

√
α2−2αβ+β2−4_c1νc1−c2

)2

− ln

 α2+2αβ+β2−4_c1ν

ν2
(
e(x+y)

√
α2+2αβ+β2−4_c1νc3−c4

)2

+ (−x+ y)
√
α2 − 2αβ + β2 − 4_c1ν + (−x− y)

√
α2 + 2αβ + β2 − 4_c1ν − 2βx− 2αy − 4 ln (2)

2ν

https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
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2.15.30 phi equation φtt − φxx − φ+ φ3 = 0
problem number 139

Added December 27, 2018.

Taken from https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differenti
al_equations

phi equation. Solve for phi(x, t)

φtt − φxx − φ+ φ3 = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[phi[x, t], t, t] - D[phi[x, t], x, x] - phi[x, t] + phi[x, t]^3 == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, phi[x, t], {x, t}], 60*10]];� �

{
φ(x, t) → − tanh

(
c2t−

√
1
2 + c22x+ c3

)}
{
φ(x, t) → tanh

(
c2t−

√
1
2 + c22x+ c3

)}
{
φ(x, t) → − tanh

(
c2t+

√
1
2 + c22x+ c3

)}
{
φ(x, t) → tanh

(
c2t+

√
1
2 + c22x+ c3

)}

Maple 3� �
restart;
pde := diff(phi(x,t),t$2)-diff(phi(x,t),x$2) - phi(x,t) + phi(x,t)^3=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',PDEtools:-TWSolutions(pde,phi(x,t))),output='realtime'));� �

{φ(x, t) = −1}
{φ(x, t) = 1}{
φ(x, t) = − tanh

(
−
√

4c22 − 2 t
2 + c2x+ c1

)}
{
φ(x, t) = tanh

(√
4c22 − 2 t

2 + c2x+ c1

)}
{
φ(x, t) = tanh

(
−
√
4c22 − 2 t

2 + c2x+ c1

)}
{
φ(x, t) = − tanh

(√
4c22 − 2 t

2 + c2x+ c1

)}

https://en.wikipedia.org/wiki/List_of_nonlinear_partial_differential_equations
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2.16 more miscellaneous
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2.16.1 SSxy + SxSy = 1
problem number 140

Taken from Maple pdsolve help pages, problem 4. A second order PDE

Solve for S(x, y)
SSxy + SxSy = 1

Mathematica 7� �
ClearAll["Global`*"];
pde = s[x, y]*D[s[x, y], x, y] + D[s[x, y], x]*D[s[x, y], y] == 1;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, s[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := S(x,y)*diff(S(x,y),y,x) + diff(S(x,y),x)*diff(S(x,y),y) = 1;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,S(x,y),'build')),output='realtime'));� �

S(x, y) = RootOf
(
_Z2 − 2f1(y)− 2yx− f2(x)

)
2.16.2 urr + uθθ = 0
problem number 141

Added December 20, 2018.

Taken from https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-A
nd-Boundary--Initial-Conditions-2018

Second order PDE in Polar coordinates. Solve for u(r, θ)

urr + uθθ = 0

With boundary conditions

u(2, θ) = 3 sin(2θ) + 1

https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[r, theta], {r, 2}] + D[u[r, theta], {theta, 2}] == 0;
bc = u[2, theta] == 3*Sin[2*theta] + 1;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[r, theta], {r, theta}], 60*10]];� �

{{
u(r, θ) → { 6e4−2r cos(θ) sin(θ) + 1 r ≥ 2

Indeterminate True if r 6= 2
}}

Maple 3� �
restart;
pde := diff(u(r, theta), r$2)+diff(u(r, theta), theta$2) = 0;
bc := u(2, theta) = 3*sin(2*theta)+1;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc], u(r,theta),method = Fourier)),output='realtime'));� �

u(r, θ) = 1 + 3i sinh (−2iθ + 2r − 4)

2.16.3 uxx + yuyy = 0
problem number 142

Added December 20, 2018.

Taken from https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-A
nd-Boundary--Initial-Conditions-2018

Laplace like PDE with polynomial solution. Solve for u(x, y)

uxx + yuyy = 0

With boundary conditions

u(x, 0) = 0
∂u

∂y
(x, 0) = x2

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], {x, 2}] + y*D[u[x, y], {y, 2}] == 0;
bc = {u[x, 0] == 0, Derivative[0, 1][u][x, 0] == x^2};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → −y

(
y − x2

)}}
Maple 3� �
restart;
pde := diff(u(x, y), x$2)+y*(diff(u(x, y), y$2)) = 0;
bc := u(x,0)=0, eval(diff(u(x,y),y),y=0)=x^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc], u(x, y))),output='realtime'));� �

u(x, y) = y
(
x2 − y

)

https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018


chapter 2. miscellaneous pde’s 263

2.16.4 ut + uxxx = 0
problem number 143

Added December 20, 2018.

Taken from https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-A
nd-Boundary--Initial-Conditions-2018

Third oder PDE. Solve for u(x, y)
ut + uxxx = 0

With initial conditions

u(x, 0) = f(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == -D[u[x, t], {x, 3}];
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) →

∫∞
−∞ eiK[1]

(
tK[1]2+x

) ∫∞
−∞ e−ixK[1]f(x) dxdK[1]
2π

}}

Maple 3� �
restart;
pde := diff(u(x, t), t)=- diff(u(x, t), x$3);
ic := u(x,0)=f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic],u(x,t))),output='realtime'));� �

u(x, t) =

∫∞
−∞

f(−ζ)
√

− x+ζ
(−t)1/3

BesselK

 1
3 ,−

2
√
3 (x+ζ)

√
− x+ζ

(−t)1/3

9(−t)1/3


(−t)1/3

dζ

3π

2.16.5 uxy = sin(x) sin(y)
problem number 144

Added December 20, 2018.

Taken from https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-A
nd-Boundary--Initial-Conditions-2018

PDE solved by Laplace transform. Solve for u(x, y)

uxy = sin(x) sin(y)

With boundary conditions

u(x, 0) = 1 + cos(x)
∂u

∂y
(0, y) = −2 sin y

https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], y, x] == Sin[x]*Sin[y];
bc = {u[x, 0] == 1 + Cos[x], Derivative[0, 1][u][0, y] == -2*Sin[y]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], x, y], 60*10]];� �

{{u(x, y) → (cos(x) + 1) cos(y)}}

Maple 3� �
restart;
pde := diff(u(x, y), y,x)=sin(x)*sin(y);
bc := u(x,0)=1+cos(x),eval( diff(u(x,y),y),x=0)=-2*sin(y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc],u(x,y))),output='realtime'));� �

u(x, y) = cos (y) (1 + cos (x))

2.16.6 wt = wx1x1 + wx2x2 + wx3x3

problem number 145

Added December 20, 2018.

Example 25, Taken from https://www.mapleprimes.com/posts/209970-Exact-Solutio
ns-For-PDE-And-Boundary--Initial-Conditions-2018

Linear PDE, initial conditions at t = 1. Solve for w(x1, x2, x3, t)

wt = wx1x1 + wx2x2 + wx3x3

With initial condition w(x1, x2, x3, 1) = eax21 + x2x3

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x1, x2, x3, t], t] == D[w[x1, x2, x3, t], {x1, 2}] + D[w[x1, x2, x3, t], {x2, 2}] + D[w[x1, x2, x3, t], {x3, 2}];
ic = w[x1, x2, x3, 1] == Exp[a]*x1^2 + x2*x3;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, w[x1, x2, x3, t], {x1, x2, x3, t}], 60*10]];� �

{{
w(x1, x2, x3, t) → ea

(
2t+ x12 − 2

)
+ x2x3

}}
Maple 3� �
restart;
pde := diff(w(x1, x2, x3, t), t) = diff(w(x1, x2, x3, t), x1$2)+diff(w(x1, x2, x3, t), x2$2)+diff(w(x1, x2, x3, t), x3$2);
ic := w(x1, x2, x3, 1) = exp(a)*x1^2+x2*x3;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic],w(x1,x2,x3,t))),output='realtime'));� �

w(x1, x2, x3, t) =
(
x12+2t− 2

)
ea + x2 x3

https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
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2.16.7 Linear PDE, initial conditions at t = t0

problem number 146

Added December 20, 2018.

Example 26, Taken from https://www.mapleprimes.com/posts/209970-Exact-Solutio
ns-For-PDE-And-Boundary--Initial-Conditions-2018

Solve for w(x1, x2, x3, t)

∂w

∂t
= ∂w2

∂x1x2
+ ∂w2

∂x1x3
+ ∂w2

∂x23
+ ∂w2

∂x2x3

With initial condition w(x1, x2, x3, t0) = ex1 + x2 − 3x3

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x1, x2, x3, t], t] == D[w[x1, x2, x3, t], x1, x2] + D[w[x1, x2, x3, t], x1, x3] + D[w[x1, x2, x3, t], {x3, 2}] - D[w[x1, x2, x3, t], x2, x3];
ic = w[x1, x2, x3, t0] == Exp[x1] + x2 - 3*x3;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, w[x1, x2, x3, t], {x1, x2, x3, t}], 60*10]];� �

{{
w(x1, x2, x3, t) → ex1 + x2− 3x3

}}
Maple 3� �
restart;
pde := diff(w(x1, x2, x3, t), t)= diff(w(x1,x2,x3,t),x1,x2)+diff(w(x1,x2,x3,t),x1,x3)+diff(w(x1,x2,x3,t),x3$2)-diff(w(x1,x2,x3,t),x2,x3);
ic := w(x1, x2, x3, t0) = exp(x1)+x2-3*x3;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic],w(x1,x2,x3,t))),output='realtime'));� �

w(x1, x2, x3, t) = ex1 + x2−3 x3

2.16.8 second order in time, Linear PDE, initial conditions at
t = t0

problem number 147

Added December 20, 2018.

Example 27, Taken from https://www.mapleprimes.com/posts/209970-Exact-Solutio
ns-For-PDE-And-Boundary--Initial-Conditions-2018

Solve for w(x1, x2, x3, t)

∂w2

∂t2
= ∂w2

∂x1x2
+ ∂w2

∂x1x3
+ ∂w2

∂x23
− ∂w2

∂x2x3

With initial condition

w(x1, x2, x3, t0) = x31x
2
2 + x3

∂w

∂t
(x1, x2, x3, t0) = −x2x3 + x1

https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x1, x2, x3, t], {t, 2}] == D[w[x1, x2, x3, t], x1, x2] + D[w[x1, x2, x3, t], x1, x3] + D[w[x1, x2, x3, t], {x3, 2}] - D[w[x1, x2, x3, t], x2, x3];
ic = {w[x1, x2, x3, t0] == x1^3*x2^2 + x3, Derivative[0, 0, 0, 1][w][x1, x2, x3, t0] == -(x2*x3) + x1};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, w[x1, x2, x3, t], {x1, x2, x3, t}], 60*10]];� �
{{

w(x1, x2, x3, t) → t4x1
2 + t3

(
1
6 − 2t0x1

)
+ t2

(
3t02x1− t0

2 + 3x12x2
)
+ t

(
−2t03x1 + t02

2 − 6t0x12x2 + x1− x2x3
)
+ t04x1

2 − t03
6 + 3t02x12x2− t0x1 + t0x2x3 + x13x22 + x3

}}
Maple 3� �
restart;
pde := diff(w(x1, x2, x3, t), t$2)= diff(w(x1,x2,x3,t),x1,x2)+diff(w(x1,x2,x3,t),x1,x3)+diff(w(x1,x2,x3,t),x3$2)-diff(w(x1,x2,x3,t),x2,x3);
ic := w(x1, x2, x3, t0) = x1^3*x2^2+x3, eval( diff( w(x1,x2,x3,t),t),t=t0)=-x2*x3+x1;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic],w(x1,x2,x3,t))),output='realtime'));� �

w(x1, x2, x3, t) = x13 x22+x3+3(t− t0)2 x12 x2+(t− t0)4 x1
2 +

(t− t0)
(
(t− t0)2 − 6 x2 x3+6 x1

)
6

2.16.9 Einstein-Weiner ut = −βux +Duxx

problem number 148

Added January 2, 2018.

Einstein-Weiner PDE. Solve for u(x, t) with x > 0, t > 0

ut = −βux +Duxx

Assuming β > 0, D > 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == beta*D[u[x, t], x] + d*D[u[x, t], {x, 2}];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}, Assumptions -> {beta > 0, d > 0, x > 0, t > 0}], 60*10]];� �

{{u(x, t) → cosh(c2(βt+ c2dt+ x) + c1) + sinh(c2(βt+ c2dt+ x) + c1) + 1}}

Maple 3� �
restart;
pde := diff(u(x,t),t)=-beta*diff(u(x,t),x)+d*diff(u(x,t),x$2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t),'build') assuming d>0,beta>0,x>0,t>0),output='realtime'));� �

u(x, t) =
√

exβd c3
(
c1e

x
√
β2−4d_c1

d + c2

)
e−

2_c1td+x
√
β2−4d_c1

2d
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2.16.10 Using integral transforms.
problem number 149

Added Oct 6, 2019.

Taken from https://www.mapleprimes.com/posts/211274-Integral-Transforms-revam
ped-And-PDE

Solve
x2

∂2

∂x2
u(x, y) + x

∂

∂x
u(x, y) + ∂2

∂y2
u(x, y) = 0

With boundary conditions

u(x, 1) =
{
1 0 ≤ x and x < 1
0 1 < x

u(x, 0) = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x^2*D[u[x, y], {x, 2}] + x*D[u[x, y], x] + D[u[x, y], {y, 2}] ==0;
bc = {u[x, 0] == 0, u[x, 1] == Piecewise[{{1, 0 <= x < 1}, {0, 1 < x}}]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y}], 60*10]];� �

u(x, y) →

Integrate
[
x− 149

33 −iK[1] csc
( 149

33 +iK[1]
)
sin
(
y
( 149

33 +iK[1]
))

149
33 +iK[1] , {K[1],−∞,∞},Assumptions → K[1] ∈ R

]
2π




Maple 3� �
restart;
pde := x^2*diff(u(x, y), x, x) + x*diff(u(x, y), x) + diff(u(x, y), y, y) = 0;
iv := u(x, 0) = 0, u(x, 1) = piecewise(0 <= x and x < 1, 1, 1 < x, 0);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,iv],u(x,y))),output='realtime'));� �

u(x, y) = M−1
(
sin (sy) csc (s)

s
, s, x

)

https://www.mapleprimes.com/posts/211274-Integral-Transforms-revamped-And-PDE
https://www.mapleprimes.com/posts/211274-Integral-Transforms-revamped-And-PDE


chapter 2. miscellaneous pde’s 268



Chapter 3
Parabolic PDE’s (Diffusion)

Local contents
3.1 Diffusion in 1D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 270
3.2 Diffusion in 2D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 479
3.3 Diffusion in 3D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 525

269



chapter 3. parabolic pde’s (diffusion) 270

3.1 Diffusion in 1D

Local contents
3.1.1 Finite domain (bar), Both ends homogeneous BC . . . . . . . . . . . . . . . . 270
3.1.2 Finite domain (bar), left end homogeneous, right end not . . . . . . . . . . . . 368
3.1.3 Finite domain (bar), right end homogeneous, left end not . . . . . . . . . . . . 386
3.1.4 Finite domain (bar), Periodic BC . . . . . . . . . . . . . . . . . . . . . . . . . 400
3.1.5 Finite domain (bar), Both ends nonhomogeneous BC . . . . . . . . . . . . . . 407
3.1.6 Semi-infinite domain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 453
3.1.7 Infinite domain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 469

3.1.1 Finite domain (bar), Both ends homogeneous BC

Local contents
3.1.1.1 [150] General initial conditions . . . . . . . . . . . . . . . . . . . . . . . . . 271
3.1.1.2 [151] Specific initial condition . . . . . . . . . . . . . . . . . . . . . . . . . . 274
3.1.1.3 [152] IC u = x(1− x) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 277
3.1.1.4 [153] Haberman 2.3.3 (a) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 279
3.1.1.5 [154] IC hat function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 280
3.1.1.6 [155] Haberman 2.3.3 (b) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 282
3.1.1.7 [156] Haberman 2.3.3 (c) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 284
3.1.1.8 [157] Haberman 2.3.3 (d) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 285
3.1.1.9 [158] domain from -1 to +1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 287
3.1.1.10 [159] domain from -1 to +1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 289
3.1.1.11 [160] with source that depends on space only (general case) . . . . . . . . . 291
3.1.1.12 [161] with source that depends on space only (special case) . . . . . . . . . 293
3.1.1.13 [162] with source that depends on space and time (general case) . . . . . . . 296
3.1.1.14 [163] with source that depends on space and time (special case) . . . . . . . 299
3.1.1.15 [164] Math 4567 Exam . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 302
3.1.1.16 [165] With source . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 304
3.1.1.17 [166] special initial condition . . . . . . . . . . . . . . . . . . . . . . . . . . 305
3.1.1.18 [167] Diffusion Reaction and Euler-Cauchy Sturm-Liouville . . . . . . . . . 308
3.1.1.19 [168] Diffusion Reaction. Using growth form reaction term . . . . . . . . . . 309
3.1.1.20 [169] Diffusion Reaction, using logistic form for reaction term . . . . . . . . 311
3.1.1.21 [170] Diffusion Reaction, using Aleee form for reaction term . . . . . . . . . 312
3.1.1.22 [171] Diffusion Reaction. Haberman 2.3.8 . . . . . . . . . . . . . . . . . . . 313
3.1.1.23 [172] Diffusion Reaction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 315
3.1.1.24 [173] Diffusion Reaction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 317
3.1.1.25 [174] Diffusion Reaction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 318
3.1.1.26 [175] Diffusion convection (general case) . . . . . . . . . . . . . . . . . . . . 319
3.1.1.27 [176] Diffusion convection (special case) . . . . . . . . . . . . . . . . . . . . 322
3.1.1.28 [177] Haberman 2.4.2 (general case) . . . . . . . . . . . . . . . . . . . . . . 325
3.1.1.29 [178] Left end zero, right end insulated, no source . . . . . . . . . . . . . . . 328
3.1.1.30 [179] One end insulated . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 331
3.1.1.31 [180] Haberman 2.3.7 (general case) . . . . . . . . . . . . . . . . . . . . . . 332
3.1.1.32 [181] specific case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 337
3.1.1.33 [182] Haberman 2.4.1 (a) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 339
3.1.1.34 [183] Both ends insulated, no source . . . . . . . . . . . . . . . . . . . . . . 340
3.1.1.35 [184] Haberman 2.4.1 (b) (special case) . . . . . . . . . . . . . . . . . . . . 345
3.1.1.36 [185] Haberman 2.4.1 (c) (special case) . . . . . . . . . . . . . . . . . . . . . 346
3.1.1.37 [186] Haberman 2.4.1 (d) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 348
3.1.1.38 [187] both ends insulated . . . . . . . . . . . . . . . . . . . . . . . . . . . . 349
3.1.1.39 [188] convection heat loss . . . . . . . . . . . . . . . . . . . . . . . . . . . . 350
3.1.1.40 [189] Pinchover and Rubinstein 6.25 . . . . . . . . . . . . . . . . . . . . . . 351



chapter 3. parabolic pde’s (diffusion) 271

3.1.1.41 [190] external source . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 352
3.1.1.42 [191] Diffusion Reaction (general case) . . . . . . . . . . . . . . . . . . . . . 353
3.1.1.43 [192] Pinchover and Rubinstein 6.23 . . . . . . . . . . . . . . . . . . . . . . 358
3.1.1.44 [193] Pinchover and Rubinstein 6.21 . . . . . . . . . . . . . . . . . . . . . . 359
3.1.1.45 [194] Diffusion Reaction. Euler-Cauchy Sturm-Liouville . . . . . . . . . . . . 360
3.1.1.46 [195] convection heat loss . . . . . . . . . . . . . . . . . . . . . . . . . . . . 363
3.1.1.47 [196] Mixed BC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 366
3.1.1.48 [197] Haberman 8.2.1 (f) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 367

3.1.1.1 [150] General initial conditions

problem number 150

Added June 9, 2019

Solve the heat equation
ut = uxx

For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = 0
u(L, t) = 0

Initial condition is u(x, 0) = f(x)

0
u = 0

L
ut = kuxx

u(x, 0) = f(x)

u = 0

Figure 3.1: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, u[L, t] == 0};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t},Assumptions->{k>0,L>0}], 60*10]];
sol = sol /. {K[1] -> n}� �


u(x, t) →

∞∑
n=1

2e−
kn2π2t
L2
(∫ L

0 f(x) sin
(
nπx
L

)
dx
)
sin
(
nπx
L

)
L




Maple 3� �
restart;
pde := diff(u(x,t), t) = k*diff(u(x,t), x, x);
bc := u(0,t) = 0, u(L,t) = 0;
ic := u(x,0) = f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, ic, bc],u(x,t)) assuming k>0,L>0),output='realtime'));� �

u(x, t) = 2

 ∞∑
n=1

sin
(
nπx
L

)
e−

k π2n2t
L2

∫ L

0 f(x) sin
(
nπx
L

)
dx

L


Hand solution
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Solve

ut = kuxx

BC

u(0, t) = 0 t > 0
u(L, t) = 0 t > 0

Initial conditions
u(x, 0) = f(x) 0 < x < L

Solution

Using separation of variables, let u(x, t) = X(x)T (t). Substituting this back into the PDE
gives

T ′X = kX ′′T

1
k

T ′

T
= X ′′

X
= −λ

Where the separation constant is some real value −λ. This gives the following two ODE’s to
solve

T ′ + λkT = 0 (1)
X ′′ + λX = 0 (2)

Starting with the spatial ODE in order to obtain the eigenvalues and eigenfunctions. The
boundary conditions on the spatial ODE become

X(0) = 0
X(L) = 0

There are three cases to consider, depending on if λ < 0, λ = 0, λ > 0. Each one of these
cases give a different solution.

Case 1 Assuming λ < 0. Therefore −λ is positive say µ. The solution (2) can now be written
as

X(x) = c1 cosh (
√
µx) + c2 sinh (

√
µx) (3B)

Applying left boundary conditions to (3B) gives

0 = c1

The solution (3B) now reduces to

X(x) = c2 sinh (
√
µx)

Applying right side boundary conditions to the above results in

0 = c2 sinh (
√
µL)

But sinh
(√

µL
)
6= 0 since it was assumed µ is not zero and sinh is only zero when its

argument is zero. The only possibility then is that c2 = 0, which leads to trivial solution.
Therefore λ < 0 is not an eigenvalue.

Case 2. Assuming λ = 0. The ODE becomes X ′′ = 0, which has the solution

X(x) = c1x+ c2

Applying left side B.C. gives
0 = c2
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The solution now reduces to
X(x) = c1x

Applying right side B.C. gives
0 = c1L

Leading to the trivial solution. Therefore λ = 0 is not an eigenvalue.

Case 3 Assuming λ > 0. In this case equation
√
−λ is complex and solution to equation (2)

can be expressed in terms of trig functions using Euler relation which results in

X(x) = c1 cos
(√

λx
)
+ c2 sin

(√
λx
)

(4)

Applying left side B.C. gives
0 = c1

Solution (4) now reduces to
X(x) = C2 sin

(√
λx
)

(5)

Applying right side B.C. gives
0 = C2 sin

(√
λL
)

Non-trivial solution implies sin
(√

λL
)
= 0 or

√
λL = nπ for n = 1, 2, 3, · · · . Therefore the

eigenvalues are
λn =

(nπ
L

)2
n = 1, 2, 3, · · ·

And the corresponding eigenfunctions from (5) are

Xn(x) = Cn sin
(√

λnx
)

(6)

Now that the eigenvalues are known, the solution to the time ODE (1) can be found.

T ′ + λnkT = 0

This has the solution (using an integrating factor method)

Tn(t) = e−λnkt (7)

The constant of integration is not needed for (7) since it will be absorbed with the constant of
integration coming from solution of the spatial ODE (6) when these solutions are multiplied
with each others below. Therefore the fundamental solution is

un(x, t) = Tn(t)Xn(x)

Linear combination of fundamental solutions is also a solution (since this is a linear PDE).
Therefore the general solution is given by

u(x, t) =
∞∑
n=1

un

=
∞∑
n=1

Tn(t)Xn(x)

=
∞∑
n=1

Cne
−kλnt sin

(√
λnx

)
(8)

The initial condition is now used to determine cn, . At t = 0, u(x, 0) = f(x) and the above
becomes

f(x) =
∞∑
n=1

Cn sin
(√

λnx
)
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Multiplying both sides of the above equation by eigenfunction sin
(√

λmx
)
and integrating

over the domain of f(x) gives∫ L

0
f(x) sin

(√
λmx

)
dx =

∫ L

0

∞∑
n=1

Cn sin
(√

λnx
)
sin
(√

λmx
)
dx

Interchanging the order of summation and integration gives∫ L

0
f(x) sin

(√
λmx

)
dx =

∞∑
n=1

Cn

∫ L

0
sin
(√

λnx
)
sin
(√

λmx
)
dx

By the orthogonality of the sine functions, all terms in the right side vanish except when
n = m, leading to ∫ L

0
f(x) sin

(√
λmx

)
dx = Cm

∫ L

0
sin2

(√
λmx

)
dx

= Cm
L

2

Therefore (replacing m back to n now, since it is arbitrary)

Cn = 2
L

∫ L

0
f(x) sin

(√
λnx

)
dx n = 1, 2, 3, · · ·

Summary of solution

u(x, t) =
∞∑
n=1

Cne
−
(
nπ
L

)2
λnt sin

(nπ
L
x
)

3.1.1.2 [151] Specific initial condition

problem number 151

Added June 20, 2019

Solve the heat equation
ut = kuxx

For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = 0
u(L, t) = 0

Initial condition is u(x, 0) = f(x) using the following specific values

f(x) = 100

k = 1
100

L = 10

0
u = 0

10
ut =

1
100uxx

u(x, 0) = 100

u = 0

Figure 3.2: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
k=1/100;
L=10;
f=100;

pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, u[L, t] == 0};
ic = u[x, 0] == f;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}], 60*10]];
sol = sol /. {K[1] -> n}� �

{{
u(x, t) →

∞∑
n=1

−
200(−1 + (−1)n) e−n2π2t

10000 sin
(
nπx
10

)
nπ

}}

Maple 3� �
restart;
k:=1/100;
L:=10;
f:=100;
pde := diff(u(x,t), t) = k*diff(u(x,t), x, x);
bc := u(0,t) = 0, u(L,t) = 0;
ic := u(x,0) = f;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, ic, bc],u(x,t))),output='realtime'));� �

u(x, t) = −
200
(

∞∑
n=1

((−1)n−1) sin
(
nπx
10
)
e−

π2n2t
10000

n

)
π

Hand solution

The basic solution for this type of PDE was already given in problem 3.1.1.1 on page 272 as

u(x, t) =
∞∑
n=1

Cne
−
(
nπ
L

)2
λnt sin

(nπ
L
x
)

Cn = 2
L

∫ L

0
f(x) sin

(nπ
L
x
)
dx n = 1, 2, 3, · · ·

In this case L = 10, k = 1
100 , f(x) = 100. Hence the solution becomes

Cn = 2
10

∫ 10

0
100 sin

(nπ
10 x

)
dx

= 200
πn

(1− cos (nπ))

= 200
πn

(
1 + (−1)n+1)

Hence
u(x, t) = 200

π

∞∑
n=1

1
n

(
1 + (−1)n+1) e−(nπ10 )2λnt sin(nπ10 x)

The following is an animation of the solution
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Out[ ]=

time 1

time = 0.00 seconds

0 2 4 6 8 10
x0

20

40

60

80

100

U

Figure 3.3: Initial state

Source code used for the above

In[ ]:= ClearAll[x, y, t, n, k]

L = 10;

k = 1/ 100;

f = 100;

numberOfTerms = 100;

mySol[x_, t_] =
200

π
* Sum

1

n
1 + (-1)n+1

 Exp- 
n π

10

2
t Sin

n π

10
x, {n, 1, numberOfTerms};

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

Figure 3.4: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {2, 2}], " seconds"}]},

{

Plot[Evaluate[mySol[x, t]], {x, 0, L},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, L}, {0, 110}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 50, 0.1}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 3.5: Code for animation
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3.1.1.3 [152] IC u = x(1− x)

problem number 152

Added June 11, 2019

Solve the heat equation
ut =

1
100uxx

For 0 < x < 1 and t > 0. The boundary conditions are

u(0, t) = 0
u(L, t) = 0

Initial condition is u(x, 0) = x(1− x)

0
u = 0

1
ut =

1
100uxx

x(1− x)

u = 0

Figure 3.6: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == 1/100*D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, u[1, t] == 0};
ic = u[x, 0] == x*(1-x);
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t},Assumptions->{k>0,L>0}], 60*10]];
sol = sol /. {K[1] -> n}� �

{{
u(x, t) →

∞∑
n=1

− 4(−1 + (−1)n) e− 1
100n

2π2t sin(nπx)
n3π3

}}

Maple 3� �
restart;
pde := diff(u(x,t), t) = 1/100*diff(u(x,t), x, x);
bc := u(0,t) = 0, u(1,t) = 0;
ic := u(x,0) = x*(1-x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, ic, bc],u(x,t))),output='realtime'));� �

u(x, t) = −
4
(

∞∑
n=1

((−1)n−1) sin(nπx)e−
π2n2t
100

n3

)
π3

Hand solution

Solve ut = 1
100uxx with 0 < x < 1 and initial conditions u(x, 0) = x(1− x)

The basic solution for this type of PDE was already given in problem 3.1.1.1 on page 272 as

u(x, t) =
∞∑
n=1

Bne
−kλnt sin

(√
λnx

)
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Where λn =
(
nπ
L

)2
, n = 1, 2, 3, · · · and sin

(√
λnx

)
are the eigenfunctions. Here L = 1 and

k = 1
100 . Hence the solution becomes

u(x, t) =
∞∑
n=1

Bne
−k(nπ)2t sin (nπx)

At t = 0
x(1− x) =

∞∑
n=1

Bn sin (nπx)

Multiplying both sides by sin (mπx) and integrating gives∫ 1

0
x(1− x) sin (mπx) dx =

∫ 1

0

∞∑
n=1

Bn sin (nπx) sin (mπx) dx

By orthogonality of sin function the above simplifies to∫ 1

0
x(1− x) sin (nπx) dx = Bn

∫ 1

0
sin2 (nπx) dx∫ 1

0
x(1− x) sin (nπx) dx = 1

2Bn

But
∫ 1
0 x(1− x) sin (nπx) dx =

2
(
1+(−1)n+1

)
n3π3 . Hence

Bn =
4
(
1 + (−1)n+1)

n3π3

And the solution becomes

u(x, t) =
∞∑
n=1

4
(
1 + (−1)n+1)

n3π3 e−k(nπ)2t sin (nπx)

This is animation of the solution for 30 seconds. (Animation will only show in the HTML
version)

Source code used for the above

In[ ]:= ClearAll[x, t, n, lam]

L0 = 1;

k = 1/ 100;

pde = D[u[x, t], {t, 1}] == k* D[u[x, t], {x, 2}];

ic = u[x, 0] ⩵ x (1 - x);

bc = {u[0, t] ⩵ 0, u[L0, t] ⩵ 0};

maxTime = 30;

lam[n_] := (n Pi/ L0)^2;

numberOfTerms = 10;

mySol = Sum
4 1 + (-1)n+1

n3 π3
Exp[- k lam[n] t] Sin[Sqrt[lam[n]] x], {n, 1, numberOfTerms};

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

Manipulate[

Module[{x0},

Plot[ Evaluate[Quiet[N[mySol /. {x → x0, t → time}]]], {x0, 0, 1},

PlotLabel → Row[{t, " sec,", " U at center=",

padIt2@Evaluate[Quiet[N[mySol /. {x → 1/ 2, t → time}]], {3, 2}]}],

PlotRange → {{0, 1}, {0, .3}},

GridLines → Automatic, GridLinesStyle → LightGray, PlotStyle → Red

]

],

{{time, 0, "time"}, 0, 35, .01, Appearance → "Labeled"}]

In[ ]:= ClearAll[x, t];

r = Table[

Plot[ Evaluate[Quiet[mySol /. {x → x0, t → time}]], {x0, 0, 1},

PlotLabel → Row[{padIt2[time, {4, 2}], " sec,", " Temperature at center = ",

padIt2@Evaluate[Quiet[mySol /. {x → 1/ 2, t → time}], {4, 3}]}],

PlotRange → {{0, 1}, {0, .3}},

GridLines → Automatic, GridLinesStyle → LightGray, PlotStyle → Red

],

{time, 0, 30, .08}];

In[ ]:= Export["anim.gif", r, "DisplayDurations" → Table[0.04, {Length@r}]]

Figure 3.7: Source code
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3.1.1.4 [153] Haberman 2.3.3 (a)

problem number 153

This is problem 2.3.3, part (a) from Richard Haberman applied partial differential equations,
5th edition.

Consider the heat equation
ut = kuxx

Subject to boundary conditions u(0, t) = 0 and u(L, t) = 0 with the temperature initially
u(x, 0) = 6 sin

(9πx
L

)

0

u = 0
L

u = 0ut = kuxx

6 sin( 9nπL )

Figure 3.8: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
NumericQ[L] =. ;
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, u[L, t] == 0};
ic = u[x, 0] == 6*Sin[(9*Pi*x)/L];
NumericQ[L] = True;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];
NumericQ[L] =. ;� �

{{
u(x, t) → 6e−

81π2kt
L2 sin

(
9πx
L

)}}
Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
bc := u(0,t)=0,u(L,t)=0;
ic := u(x,0)=6*sin(9*Pi*x/L);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t)) assuming k>0,L>0),output='realtime'));� �

u(x, t) = 6 sin
(
9πx
L

)
e−

81k π2t
L2

Hand solution

Solve ut = kuxx with 0 < x < L and initial conditions u(x, 0) = 6 sin
(9πx

L

)
.

The basic solution for this type of PDE was already given in problem 3.1.1.1 on page 272 as

u(x, t) =
∞∑
n=1

Bne
−kλnt sin

(√
λnx

)
Where λn =

(
nπ
L

)2
, n = 1, 2, 3, · · · and sin

(√
λnx

)
are the eigenfunctions. At t = 0

6 sin
(
9πx
L

)
=

∞∑
n=1

Bn sin
(nπ
L
x
)
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For n = 9
6 sin

(
9πx
L

)
= B9 sin

(
9π
L
x

)
Hence B9 = 6 and all other terms are zero. Therefore the solution is

u(x, t) = B9 sin
(√

λ9x
)
e−kλ9t

= 6 sin
(
9π
L
x

)
e−k

( 9π
L

)2
t

= 6 sin
(
9π
L
x

)
e−k 81π2

L2 t

3.1.1.5 [154] IC hat function

problem number 154

Added Feb 10, 2018.

Solve the heat equation

ut = uxx

For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = 0
u(40, t) = 0

Initial condition is

u(x, 0) =
{

x 0 ≤ x < 20
40− x 20 ≥ x ≤ 40

0
u = 0

40
ut = uxx

u(x, 0) =

{
x 0 ≤ x < 20

40− x 20 ≥ x ≤ 40

u = 0

Figure 3.9: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
f = Piecewise[{{x, Inequality[0, LessEqual, x, Less, 20]}, {40 - x, 20 <= x <= 40}}];
pde = D[u[x, t], t] == D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, u[40, t] == 0};
ic = u[x, 0] == f;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t], 60*10]];
sol = sol /. K[1] -> n;� �

{{
u(x, t) →

∞∑
n=1

640e−n2π2t
1600 cos

(
nπ
4

)
sin3 (nπ

4

)
sin
(
nπx
40

)
n2π2

}}
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Maple 3� �
restart;
interface(showassumed=0);
f:=piecewise(0<x and x<20,x,20<x and x<40,(40-x));
pde := diff(u(x,t),t)=diff(u(x,t),x$2);
ic := u(x,0)=f;
bc := u(0,t)=0,u(40,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t))),output='realtime'));� �

u(x, t) =
160
(

∞∑
n=1

sin
(
nπx
40
)
e−

π2n2t
1600 sin

(
nπ
2
)

n2

)
π2

Hand solution

Solve ut = kuxx with 0 < x < 40 and initial conditions u(x, 0) = f(x) as hat function.

The basic solution for this type of PDE was already given in problem 3.1.1.1 on page 272 as

u(x, t) =
∞∑
n=1

Bne
−kλnt sin

(√
λnx

)
Where λn =

(
nπ
L

)2
, n = 1, 2, 3, · · · and sin

(√
λnx

)
are the eigenfunctions. Here L = 40 and

k = 1. Hence the solution becomes

u(x, t) =
∞∑
n=1

Bne
−
(
nπ
40
)2

t sin
(nπ
40 x

)
At t = 0

f(x) =
∞∑
n=1

Bn sin
(nπ
40 x

)
Multiplying both sides by sin (mπx) and integrating gives

∫ 40

0
f(x) sin

(mπ
40 x

)
dx =

∫ 40

0

∞∑
n=1

Bn sin
(nπ
40 x

)
sin
(mπ
40 x

)
dx

By orthogonality of sin function the above simplifies to

∫ 40

0
f(x) sin

(nπ
40 x

)
dx = Bn

∫ 40

0
sin2

(nπ
40 x

)
dx∫ 20

0
x sin

(nπ
40 x

)
dx+

∫ 40

20
(40− x) sin

(nπ
40 x

)
dx = 20Bn

But
∫ 20
0 x sin

(
nπ
40 x
)
dx+

∫ 40
20 (40− x) sin

(
nπ
40 x
)
dx = 3200

n2π2 sin
(
nπ
2

)
. Hence

Bn = 160
n2π2 sin

(nπ
2

)
And the solution becomes

u(x, t) =
∞∑
n=1

160
n2π2 sin

(nπ
2

)
e−
(
nπ
40
)2

t sin
(nπ
40 x

)
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When n is even the terms are zero Hence

u(x, t) =
∞∑

n=1,3,5,···

160
n2π2 sin

(nπ
2

)
e−
(
nπ
40
)2

t sin
(nπ
40 x

)
Or

u(x, t) =
∞∑
n=1

160
(2n− 1)2 π2

sin
(
(2n− 1) π

2

)
e
−
(

(2n−1)π
40

)2
t sin

(
(2n− 1) π

40 x

)
This is animation of the solution for 400 seconds. (Animation will only show in the HTML
version)

Source code used for the above

ClearAll[x, t, n, lam]

L0 = 40;

k = 1;

pde = D[u[x, t], {t, 1}] == k* D[u[x, t], {x, 2}];

lam[n_] := 
(2 n - 1) π

L0
;

numberOfTerms = 15;

mySol = Sum
160

(2 n - 1)2 π2
Sin

(2 n - 1) π

2
 Exp- k lam[n]2 t Sin[lam[n] x], {n, 1, numberOfTerms};

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

Manipulate[

Module[{x0},

Plot[ Quiet[mySol /. {x → x0, t → time}], {x0, 0, L0},

PlotLabel → Row[{padIt2[t, {4, 2}], " sec,", " U at center=",

padIt2@Evaluate[Quiet[N[mySol /. {x → 20, t → time}]], {4, 3}]}],

PlotRange → {{0, L0}, {0, 20}},

GridLines → Automatic, GridLinesStyle → LightGray, PlotStyle → Red

]

],

{{time, 0, "time"}, 0, 400, .01, Appearance → "Labeled"}]

In[ ]:= ClearAll[x, t];

r = Table[

Plot[Quiet[mySol /. {x → x0, t → time}], {x0, 0, L0},

PlotLabel → Row[{padIt2[time, {4, 2}], " sec,", " Temperature at center = ",

padIt2@Evaluate[Quiet[mySol /. {x → L0/ 2, t → time}], {4, 3}]}],

PlotRange → {{0, L0}, {0, L0/ 2}},

GridLines → Automatic, GridLinesStyle → LightGray, PlotStyle → Red

],

{time, 0, 400, 1.0}];

In[ ]:= Export["anim.gif", r, "DisplayDurations" → Table[0.01, {Length@r}]]

Figure 3.10: Source code

3.1.1.6 [155] Haberman 2.3.3 (b)

problem number 155

This is problem 2.3.3, part (b) from Richard Haberman applied partial differential equations,
5th edition.

Consider the heat equation

∂u

∂t
= k

∂2u

∂x2

Subject to boundary conditions u(0, t) = 0 and u(L, t) = 0 with the temperature initially
u(x, 0) = 3 sin πx

L
− sin 3πx

L
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0

u = 0
L
u = 0ut = kuxx

3 sin πx
L

− sin 3πx
L

Figure 3.11: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
NumericQ[L] =. ;
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, u[L, t] == 0};
ic = u[x, 0] == 3*Sin[(Pi*x)/L] - Sin[(3*Pi*x)/L];
NumericQ[L] = True;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];
NumericQ[L] =. ;� �

{{
u(x, t) → e−

9π2kt
L2 sin

(πx
L

)(
3e

8π2kt
L2 − 2 cos

(
2πx
L

)
− 1
)}}

Maple 3� �
restart;
interface(showassumed=0);
assume(L>0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
bc := u(0,t)=0,u(L,t)=0;
ic := u(x,0)=3*sin(Pi*x/L)-sin(3*Pi*x/L);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t))),output='realtime'));� �

u(x, t) =
(
3 sin

(πx
L

)
e

8k π2t
L2 − sin

(
3πx
L

))
e−

9k π2t
L2

Hand solution

Solve ut = kuxx with 0 < x < L and initial conditions u(x, 0) = 3 sin
(
πx
L

)
− sin

(3πx
L

)
.

The basic solution for this type of PDE was already given in problem 3.1.1.1 on page 272 as

u(x, t) =
∞∑
n=1

Bne
−kλnt sin

(√
λnx

)
Where the eigenvalues are λn =

(
nπ
L

)2 for n = 1, 2, 3, · · · and sin
(√

λnx
)
are the eigenfunc-

tions.

Initial conditions are now applied. Setting t = 0, the above becomes

u(x, 0) = 3 sin πx
L

− sin 3πx
L

=
∞∑
n=1

Bn sin
(nπ
L
x
)

As the series is unique, the terms coefficients must match for those shown only, and all other
Bn terms vanish. This means that by comparing terms

3 sin
(πx
L

)
− sin

(
3πx
L

)
= B1 sin

(πx
L

)
+B3 sin

(
3π
L
x

)
Therefore

B1 = 3
B3 = −1
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And all other Bn = 0. The solution is

u(x, t) = 3 sin
(π
L
x
)
e−k

(
π
L

)2
t − sin

(
3π
L
x

)
e−k

( 3π
L

)2
t

3.1.1.7 [156] Haberman 2.3.3 (c)

problem number 156

This is problem 2.3.3, part (c) from Richard Haberman applied partial differential equations,
5th edition.

Consider the heat equation

ut = kuxx

Subject to boundary conditions u(0, t) = 0 and u(L, t) = 0 with the temperature initially
u(x, 0) = 2 cos 3πx

L

0

u = 0
L
u = 0ut = kuxx

2 cos 3πx
L

Figure 3.12: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, u[L, t] == 0};
ic = u[x, 0] == 2*Cos[(3*Pi*x)/L];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> L > 0], 60*10]];
sol = sol/. K[1]->n;� �


u(x, t) →

∞∑
n=1

4(1 + (−1)n) e−
kn2π2t
L2 n sin

(
nπx
L

)
(n2 − 9) π




but n = 3 should be special case

Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
bc := u(0,t)=0,u(L,t)=0;
ic := u(x,0)=2*cos(3*Pi*x/L);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t)) assuming L>0),output='realtime'));� �

u(x, t) =
−16 sin

( 2πx
L

)
e−

4k π2t
L2

5 + 4
(

∞∑
n=4

sin
(
nπx
L

)
e−

k π2n2t
L2 n(1+(−1)n)

n2−9

)
π

handled n = 3 case correctly.
Hand solution

Solve ut = kuxx with 0 < x < L and initial conditions u(x, 0) = 2 cos
(3πx

L

)
.
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The basic solution for this type of PDE was already given in problem 3.1.1.1 on page 272 as

u(x, t) =
∞∑
n=1

Bne
−kλnt sin

(√
λnx

)
Where λn =

(
nπ
L

)2
, n = 1, 2, 3, · · · and sin

(√
λnx

)
are the eigenfunctions. Initial conditions

are now applied. Setting t = 0, the above becomes

u(x, 0) = 2 cos
(
3π
L
x

)
=

∞∑
n=1

Bn sin
(nπ
L
x
)

Multiplying both sides by sin
(
mπ
L
x
)
and integrating∫ L

0
2 cos

(
3π
L
x

)
sin
(mπ
L
x
)
dx =

∫ L

0

∞∑
n=1

Bn sin
(nπ
L
x
)
sin
(mπ
L
x
)
dx

=
∞∑
n=1

Bn

∫ L

0
sin
(nπ
L
x
)
sin
(mπ
L
x
)
dx

By orthogonality of sin functions the above simplifies to∫ L

0
2 cos

(
3π
L
x

)
sin
(mπ
L
x
)
dx = Bm

∫ L

0
sin2

(mπ
L
x
)
dx

= Bm
L

2

Bm = 4
L

∫ L

0
cos
(
3π
L
x

)
sin
(mπ
L
x
)
dx

For m = 3, B3 = 0. For m 6= 3

Bm = 4
L

(
1 + (−1)m

m2 − 9
nL

π

)
= 4n

π

(
1 + (−1)m

m2 − 9

)
Hence the solution becomes

u(x, t) =
∞∑

n=1,n6=3

4n
π

(
1 + (−1)n

n2 − 9

)
sin
(nπ
L
x
)
e−k

(
nπ
L

)2
t

= 4
π

∞∑
n=1,n 6=3

n

(
1 + (−1)n

n2 − 9

)
sin
(nπ
L
x
)
e−k

(
nπ
L

)2
t

When n is odd, all terms become zero, hence the above can be also be written as

u(x, t) = 8
π

∞∑
n=2,4,6,···

(
n

n2 − 9

)
sin
(nπ
L
x
)
e−k

(
nπ
L

)2
t

3.1.1.8 [157] Haberman 2.3.3 (d)

problem number 157

This is problem 2.3.3, part (d) from Richard Haberman applied partial differential equations,
5th edition.

Consider the heat equation

∂u

∂t
= k

∂2u

∂x2

Subject to boundary conditions u(0, t) = 0 and u(L, t) = 0 with the temperature initially

u(x, 0) =
{

1 0 < x ≤ L
2

2 L
2 < x ≤ L
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0

u = 0
L
u = 0ut = kuxx

u(x, 0) =

{
1 0 < x ≤ L

2
2 L

2
< x ≤ L

Figure 3.13: PDE specification

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, u[L, t] == 0};
ic = u[x, 0] == Piecewise[{{1, Inequality[0, Less, x, LessEqual, L/2]}, {2, L/2 < x < L}}];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> L > 0], 60*10]];
sol = sol /. K[1] -> n;� �
$Aborted

Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
bc := u(0,t)=0,u(L,t)=0;
ic := u(x,0)=piecewise(0<x and x<=L/2,1,L/2<x and x<L,2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t)) assuming L>0),output='realtime'));� �

u(x, t) =
2
(

∞∑
n=1

e−
k π2n2t
L2 (

1+cos
(
nπ
2
)
−2(−1)n

)
sin
(
nπx
L

)
n

)
π

Hand solution

The basic solution for this type of PDE was already given in problem 3.1.1.1 on page 272 as

u(x, t) =
∞∑
n=1

Bne
−kλnt sin

(√
λnx

)
Where λn =

(
nπ
L

)2
, n = 1, 2, 3, · · · and sin

(√
λnx

)
are the eigenfunctions. Initial conditions

are now applied. Setting t = 0, the above becomes

f(x) =
∞∑
n=1

Bn sin
(nπ
L
x
)

(3)

Where
f(x) =

{
1 0 < x ≤ L

2
2 L

2 < x < L

Multiplying both sides of (3) by sin
(
mπ
L
x
)
and integrating over the domain gives∫ L

0
sin
(mπ
L
x
)
f(x) dx =

∫ L

0

[
∞∑
n=1

Bn sin
(mπ
L
x
)
sin
(nπ
L
x
)]

dx

Interchanging the order of integration and summation∫ L

0
sin
(mπ
L
x
)
f(x) dx =

∞∑
n=1

[
Bn

(∫ L

0
sin
(mπ
L
x
)
sin
(nπ
L
x
)
dx

)]
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But
∫ L

0 sin
(
mπ
L
x
)
sin
(
nπ
L
x
)
dx = 0 for n 6= m, hence only one term survives∫ L

0
sin
(mπ
L
x
)
f(x) dx = Bm

∫ L

0
sin2

(mπ
L
x
)
dx

Renaming m back to n and since
∫ L

0 sin2 (mπ
L
x
)
dx = L

2 the above becomes∫ L

0
sin
(nπ
L
x
)
f(x) dx = L

2Bn

Bn = 2
L

∫ L

0
sin
(nπ
L
x
)
f(x) dx

= 2
L

(∫ L
2

0
sin
(nπ
L
x
)
f(x) dx+

∫ L

L
2

sin
(nπ
L
x
)
f(x) dx

)

= 2
L

(∫ L
2

0
sin
(nπ
L
x
)
dx+ 2

∫ L

L
2

sin
(nπ
L
x
)
dx

)

= 2
L

− cos
(
nπ
L
x
)

nπ
L

∣∣∣∣∣
L
2

0

+ 2
− cos

(
nπ
L
x
)

nπ
L

∣∣∣∣∣
L

L
2


= 2
nπ

((
− cos

(nπ
L
x
))L

2

0
+ 2
(
− cos

(nπ
L
x
))L

L
2

)
= 2
nπ

([
− cos

(
nπ

L

L

2

)
+ cos (0)

]
+ 2
[
− cos (nπ) + cos

(nπ
2

)])
= 2
nπ

(
− cos

(nπ
2

)
+ 1− 2 cos (nπ) + 2 cos

(nπ
2

))
= 2
nπ

(
cos
(nπ

2

)
+ 1− 2 cos (nπ)

)
Hence the solution is

u(x, t) =
∞∑
n=1

Bn sin
(nπ
L
x
)
e−k

(
nπ
L

)2
t

With

Bn = 2
nπ

(
cos
(nπ

2

)
− 2 cos (nπ) + 1

)
= 2
nπ

(
1− 2(−1)n + cos

(nπ
2

))
= 2
nπ

(
1 + 2(−1)n+1 + cos

(nπ
2

))
Therefore

u(x, t) =
∞∑
n=1

2
nπ

(
1− 2(−1)n + cos

(nπ
2

))
sin
(nπ
L
x
)
e−k

(
nπ
L

)2
t

3.1.1.9 [158] domain from -1 to +1

problem number 158

Solve the heat equation

∂u

∂t
= ∂2u

∂x2

For −1 < x < 1 and t > 0. The boundary conditions are zero at both ends. Initial condition
is u(x, 0) = f(x)
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−1
u = 0

1
ut = kuxx

f(x)

u = 0

Figure 3.14: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 1}] == D[u[x, t], {x, 2}];
ic = u[x, 0] == f[x];
bc = {u[-1, t] == 0, u[1, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �

u(x, t) →

∞∑
K[1]=1

2e− 1
4π

2tK[1]2 sin
(
1
2π(x+ 1)K[1]

)∫ 1

−1

1
2f(x) sin

(
1
2π(x+ 1)K[1]

)
dx




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t) =diff(u(x,t),x$2);
ic := u(x,0) = f(x);
bc := u(-1,t)=0, u(1,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic, bc],u(x,t)) assuming t>0),output='realtime'));� �

u(x, t) =
∞∑
n=1

sin
(
nπ(x+ 1)

2

)
e−π2n2t

4

∫ 1

−1
f(x) sin

(
nπ(x+ 1)

2

)
dx

Hand solution

Solve ut = kuxx with −1 < x < 1 and initial conditions u(x, 0) = f(x) and B.C. u(−1, t) =
u(1, t) = 0.

Let ξ = x+ 1 where x = −1· · · 1 Therefore ξ = 0· · · 2. This also implies mapping the initial
temperature to f(x+ a). Now the ODE is solved

ut = uξξ

u(0, t) = 0
u(2, t) = 0

The basic solution for this type of PDE was already given in problem 3.1.1.1 on page 272 as

u(ξ, t) =
∞∑
n=1

Bne
−kλnt sin

(√
λnξ
)

Where λn =
(
nπ
L

)2
, n = 1, 2, 3, · · · and sin

(√
λnξ
)
are the eigenfunctions. Here L = 2. Hence

the solution becomes

u(ξ, t) =
∞∑
n=1

Bne
−k
(
nπ
2
)2

t sin
(nπ

2 ξ
)
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Changing back to x

u(x, t) =
∞∑
n=1

Bne
−k
(
nπ
2
)2

t sin
(nπ

2 (x+ 1)
)

At t = 0

f(x) =
∞∑
n=1

Bne
−k
(
nπ
2
)2

t sin
(nπ

2 (x+ 1)
)

Multiplying both sides by sin
(
mπ
2 (x+ 1)

)
and integrating gives

∫ 1

−1
f(x) sin

(mπ
2 (x+ 1)

)
dx =

∫ 1

−1

∞∑
n=1

Bn sin
(mπ

2 (x+ 1)
)
sin
(nπ

2 (x+ 1)
)
dx

By orthogonality of sin function the above simplifies to

∫ 1

−1
f(x) sin

(nπ
2 (x+ 1)

)
dx = Bn

∫ 1

−1
sin2

(nπ
2 (x+ 1)

)
dx∫ 1

−1
f(x) sin

(nπ
2 (x+ 1)

)
dx = Bn

Hence

Bn =
∫ 1

−1
f(x) sin

(nπ
2 (x+ 1)

)
dx

And the solution becomes

u(x, t) =
∞∑
n=1

(∫ 1

−1
f(x) sin

(nπ
2 (x+ 1)

)
dx

)
e−k

(
nπ
2
)2

t sin
(nπ

2 (x+ 1)
)

3.1.1.10 [159] domain from -1 to +1

problem number 159

Solve the heat equation

∂u

∂t
= ∂2u

∂x2

For −1 < x < 1 and t > 0. The boundary conditions are zero at both ends. Initial condition
is u(x, 0) = 1− x2

−1
u = 0

1
ut = kuxx

1− x2

u = 0

Figure 3.15: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 1}] == D[u[x, t], {x, 2}];
ic = u[x, 0] == 1-x^2;
bc = {u[-1, t] == 0, u[1, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �


u(x, t) →

∞∑
K[1]=1

−
16
(
−1 + (−1)K[1]) e− 1

4π
2tK[1]2 sin

(1
2π(x+ 1)K[1]

)
π3K[1]3




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t) =diff(u(x,t),x$2);
ic := u(x,0) = 1-x^2;
bc := u(-1,t)=0, u(1,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic, bc],u(x,t)) assuming t>0),output='realtime'));� �

u(x, t) = −
16
(

∞∑
n=1

sin
(
nπ(x+1)

2

)
e−

π2n2t
4 ((−1)n−1)

n3

)
π3

Hand solution

Solve ut = uxx with −1 < x < 1 and initial conditions u(x, 0) = f(x) = 1 − x2 and B.C.
u(−1, t) = u(1, t) = 0.

The basic solution for this type of PDE was already given in problem 3.1.1.9 on page 288 as

u(x, t) =
∞∑
n=1

(∫ 1

−1
f(x) sin

(nπ
2 (x+ 1)

)
dx

)
e−k

(
nπ
2
)2

t sin
(nπ

2 (x+ 1)
)

Replacing f(x) = 1− x2 then

∫ 1

−1
f(x) sin

(nπ
2 (x+ 1)

)
dx =

∫ 1

−1

(
1− x2

)
sin
(nπ

2 (x+ 1)
)
dx

=
16
(
1 + (−1)n+1)
n3π3

Hence the solution becomes, using k = 1

u(x, t) =
∞∑
n=1

16
(
1 + (−1)n+1)
n3π3 e−

(
nπ
2
)2

t sin
(nπ

2 (x+ 1)
)

This is animation of the solution for 2 seconds. (Animation will only show in the HTML
version)

Source code used for the above



chapter 3. parabolic pde’s (diffusion) 291

In[ ]:= ClearAll[x, t, n, lam]

L0 = 2;

k = 1;

pde = D[u[x, t], {t, 1}] == k* D[u[x, t], {x, 2}];

lam[n_] := 
n π

L0
;

numberOfTerms = 15;

mySol = Sum
16 1 + (-1)n+1

n3 π3
Exp- lam[n]2 t Sin[lam[n] (x + 1)], {n, 1, numberOfTerms};

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

Manipulate[

Module[{x0},

Plot[ Quiet[mySol /. {x → x0, t → time}], {x0, -1, 1},

PlotLabel → Row[{padIt2[time, {4, 2}], " sec,", " U at center = ",

padIt2@Evaluate[Quiet[N[mySol /. {x → 0, t → time}]], {4, 3}]}],

PlotRange → {{-1, 1}, {0, 1}},

GridLines → Automatic, GridLinesStyle → LightGray, PlotStyle → Red, ImageSize → 300

]

],

{{time, 0, "time"}, 0, 2, .01, Appearance → "Labeled"}]

In[ ]:= ClearAll[x, t];

r = Table[

Plot[ Quiet[mySol /. {x → x0, t → time}], {x0, -1, 1},

PlotLabel → Row[{padIt2[time, {4, 2}], " sec,", " U at center = ",

padIt2@Evaluate[Quiet[N[mySol /. {x → 0, t → time}]], {4, 3}]}],

PlotRange → {{-1, 1}, {0, 1}},

GridLines → Automatic, GridLinesStyle → LightGray, PlotStyle → Red, ImageSize → 300

],

{time, 0, 2, 0.1}];

In[ ]:= Export["anim.gif", r, "DisplayDurations" → Table[0.4, {Length@r}]]

Figure 3.16: Source code

3.1.1.11 [160] with source that depends on space only (general case)

problem number 160

Added July 3, 2019

Solve the heat equation for u(x, t)

ut = kuxx +Q(x)

For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = 0
u(L, t) = 0

Initial condition is u(x, 0) = f(x)

0
u = 0

L
ut = kuxx +Q(x)

u(x, 0) = f(x)

u = 0

Figure 3.17: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + Q[x];
bc = {u[0, t] == 0, u[L, t] == 0};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t},Assumptions->{k>0,L>0}], 60*10]];� �



u(x, t) →

∞∑
K[1]=1

√
2


(
1−e

− kπ2tK[1]2

L2

)∫ L
0

√
2Q(x) sin

(
πxK[1]
L

)
√
L

dx

L2

kπ2K[1]2 + e−
kπ2tK[1]2

L2
∫ L

0

√
2f(x) sin

(
πxK[1]
L

)
√
L

dx

 sin
(

πxK[1]
L

)
√
L




Maple 3� �
restart;
pde := diff(u(x,t),t)= k*diff(u(x,t),x$2) + Q(x);
bc := u(0, t) = 0, u(L, t) = 0;
ic := u(x, 0) = f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, ic, bc], u(x, t)) assuming L>0,k>0),output='realtime'));� �

u(x, t) =
−
∫ x

0

∫ _a
0 Q(_a) d_ad_aL2 +

∫ L

0

∫ _z1
0 Q(_z1) d_z1d_z1xL+ 2

(
∞∑
n=1

sin
(
nπx
L

)
e−

π2n2kt
L2

∫ L

0

(∫ _a
0

∫ _z1
0 Q(_z1) d_z1d_z1L+ f(_a) kL−

∫ L

0

∫ _z1
0 Q(_z1) d_z1d_z1_a

)
sin
(
nπ_a
L

)
d_a

)
k L2

Hand solution

Let the solution be
u(x, t) =

∞∑
n=1

an(t) Φn(x) (1)

Where Φn(x) are the eigenfunctions of the eigenvalue problem for the pde ut = kuxx with
u(0, x) = 0, u(L, x) = 0. This was solved in problem 3.1.1.1 on page 272 and Φn(x) was found
as

Φn(x) = sin
(√

λnx
)

λn =
(nπ
L

)2
n = 1, 2, 3, · · ·

Hence (1) becomes

u(x, t) =
∞∑
n=1

an(t) sin
(√

λnx
)

(1A)

Substituting this back into the original given PDE gives
∞∑
n=1

a′n(t) Φn(x) = k
∞∑
n=1

an(t) Φ′′
n(x) +

∞∑
n=1

qnΦn(x)

Where Q(x) =
∑∞

n=1 qnΦn(x). Since Φ′′
n(x) = −λnΦn(x), then the above simplifies to

∞∑
n=1

a′n(t) Φn(x) = −k
∞∑
n=1

an(t)λnΦn(x) +
∞∑
n=1

qnΦn(x)

a′n(t) + kλnan(t) = qn (2)
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We now need to find qn. By orthogonality∫ L

0
Q(x) Φn(x) dx =

∫ L

0
qnΦ2

n(x) dx

But
∫ L

0 Φ2
n(x) dx =

∫ L

0 sin2 (nπ
L
x
)
dx = L

2 and the above becomes

qn = 2
L

∫ L

0
Q(x) Φn(x) dx

Using the above in (2) gives

a′n(t) + kλnan(t) =
2
L

∫ L

0
Q(x) Φn(x) dx

The integrating factor is I = ekλnt. Hence the above becomes

d

dt

(
an(t) ekλnt

)
= 2
L
ekλnt

∫ L

0
Q(x) Φn(x) dx

an(t) ekλnt =
∫ t

0

2
L
ekλns

(∫ L

0
Q(x) Φn(x) dx

)
ds+ an(0)

an(t) = an(0) e−kλnt + e−kλnt

∫ t

0

2
L
ekλns

(∫ L

0
Q(x) Φn(x) dx

)
ds

Therefore the solution (1A) becomes

u(x, t) =
∞∑
n=1

[
an(0) e−kλnt + e−kλnt

∫ t

0

2
L
ekλnτ

(∫ L

0
Q(s) Φn(s) ds

)
dτ

]
Φn(x) (3)

At t = 0

f(x) =
∞∑
n=1

an(0)Φn(x)∫ L

0
f(x) Φn(x) dx =

∫ L

0
an(0)Φ2

n(x) dx

an(0) =
2
L

∫ L

0
f(x) Φn(x) dx

The solution (3) becomes

u(x, t) =
∞∑
n=1

[(
2
L

∫ L

0
f(s) Φn(s) ds

)
e−kλnt + e−kλnt

∫ t

0

2
L
ekλnτ

(∫ L

0
Q(s) Φn(s) ds

)
dτ

]
Φn(x)

=
∞∑
n=1

e−kλntΦn(x)
(
2
L

∫ L

0
f(s) Φn(s) ds

)
+

∞∑
n=1

e−kλntΦn(x)
(∫ t

0

2
L
ekλnτ

(∫ L

0
Q(s) Φn(s) ds

)
dτ

)
Where

Φn(x) = sin
(√

λnx
)

λn =
(nπ
L

)2
n = 1, 2, 3, · · ·

3.1.1.12 [161] with source that depends on space only (special case)

problem number 161

Added July 4, 2019

Solve the heat equation for u(x, t)

ut = kuxx +Q(x)



chapter 3. parabolic pde’s (diffusion) 294

For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = 0
u(L, t) = 0

Initial condition is u(x, 0) = f(x) using the following values

L = 5

k = 1
10

f(x) = x(5− x)
Q(x) = x

0
u = 0

5
ut =

1
10uxx + x

u(x, 0) = x(5− x)

u = 0

Figure 3.18: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
L=5; k=1/10; f=x*(5-x); Q=x;
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + Q;
bc = {u[0, t] == 0, u[L, t] == 0};
ic = u[x, 0] == f;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t},Assumptions->{k>0,L>0}], 60*10]];
sol = sol/.K[1]->n;� �

u(x, t) →

∞∑
n=1

−
100(−1 + (−1)n) e− 1

250n
2π2t sin

(
nπx
5

)
n3π3 +

∞∑
n=1

−
2500(−1)n

(
1− e−

1
250n

2π2t
)
sin
(
nπx
5

)
n3π3




Maple 3� �
restart;
L=5;
k=1/10;
f=x*(5-x);
Q=x;
pde := diff(u(x,t),t)= k*diff(u(x,t),x$2) + Q;
bc := u(0, t) = 0, u(L, t) = 0;
ic := u(x, 0) = f;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, ic, bc], u(x, t)) assuming L>0,k>0),output='realtime'));� �

u(x, t) =
4
(

∞∑
n=1

sin
(
nπx
L

)
e−

k π2n2t
L2 (

−π2fk n2+L2Q
)
((−1)n−1)

n3

)
+ (Lx− x2)Qπ3

2k π3
Hand solution
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Solve

ut = kuxx +Q(x)
u(0, t) = 0
u(L, 0) = 0
u(x, 0) = f(x)

With k = 1
10 , L = 5, f(x) = x(5− x) , Q(x) = x.

The general problem above was solved in 3.1.1.11 on page 292 and the solution is

u(x, t) =
∞∑
n=1

e−kλntΦn(x)
(
2
L

∫ L

0
f(s) Φn(s) ds

)
+

∞∑
n=1

e−kλntΦn(x)
(∫ t

0

2
L
ekλnτ

(∫ L

0
Q(s) Φn(s) ds

)
dτ

)
Where

Φn(x) = sin
(√

λnx
)

λn =
(nπ
L

)2
n = 1, 2, 3, · · ·

Substituting the specific values given above into this solution gives

u(x, t) =
∞∑
n=1

e−
1
10
(
nπ
5
)2

t sin
(nπ

5 x
)(2

5

∫ 5

0
s(5− s) sin

(nπ
5 s
)
ds

)
+

∞∑
n=1

e−
1
10
(
nπ
5
)2

t sin
(nπ

5 x
)(∫ t

0

2
5e

1
10
(
nπ
5
)2

τ

(∫ 5

0
s sin

(nπ
5 s
)
ds

)
dτ

)

Animation is below

Out[ ]=

time 54

time = 26.500 seconds

0 1 2 3 4 5
x0

20

40

60

80
U

Figure 3.19: Initial state

Source code used for the above
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In[ ]:= ClearAll[x, t, n, f, A, B, s, mySol]

L = 5;

k = 1/ 10;

f[x_] := x (5 - x);

Q[x_] := x;

ϕ[x_, n_] := Sin λ x;

λ = 
n π

L

2
;

numberOfTerms = 15;

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

In[ ]:= int1 = Integrate[Q[s]*ϕ[s, n], {s, 0, L}];

int1 = Assuming[Element[n, Integers] && n > 0, Simplify[int1]];

int2 = Integrate
2

L
Exp[k λ τ] int1, {τ, 0, t};

int3 = Integrate
2

L
f[s]×ϕ[s, n], {s, 0, L};

int3 = Assuming[Element[n, Integers] && n > 0, Simplify[int3]];

mySol[x_, t_] = Chop@N@Sum[Exp[-k λ t] ϕ[x, n] int3, {n, 1, numberOfTerms}] + Chop@N@Sum[Exp[-k λ t] ϕ[x, n] int2, {n, 1, numberOfTerms}];

Figure 3.20: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 3}], " seconds"}]},

{

Quiet@Plot[Evaluate[mySol[x, t]], {x, 0, L},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, L}, {0, 80}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 100, .5}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 3.21: Code for animation

3.1.1.13 [162] with source that depends on space and time (general case)

problem number 162

Added June 23, 2019

Solve the heat equation for u(x, t)

ut = kuxx +Q(x, t)

For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = 0
u(L, t) = 0

Initial condition is u(x, 0) = f(x)

0
u = 0

L
ut = kuxx +Q(x, t)

u(x, 0) = f(x)

u = 0

Figure 3.22: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + Q[x,t];
bc = {u[0, t] == 0, u[L, t] == 0};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t},Assumptions->{k>0,L>0}], 60*10]];� �

u(x, t) →

∞∑
K[1]=1

√
2
(∫ t

0 e
− kπ2K[1]2(t−K[2])

L2 Integrate
[√

2Q(x,K[2]) sin
(
πxK[1]
L

)
√
L

, {x, 0, L},Assumptions → k > 0 ∧ L > 0
]
dK[2] + e−

kπ2tK[1]2

L2
∫ L

0

√
2f(x) sin

(
πxK[1]
L

)
√
L

dx

)
sin
(

πxK[1]
L

)
√
L




Maple 3� �
restart;
pde := diff(u(x,t),t)= k*diff(u(x,t),x$2) + Q(x,t);
bc := u(0, t) = 0, u(L, t) = 0;
ic := u(x, 0) = f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, ic, bc], u(x, t)) assuming L>0,k>0),output='realtime'));� �

u(x, t) =
2
(

∞∑
n=1

sin
(
nπx
L

)
e−

k π2n2t
L2

∫ L

0 f(τ) sin
(
nπτ
L

)
dτ

)
+ 2

∫ t

0

(
∞∑
n=1

sin
(
nπx
L

)
e−

k π2n2(t−τ)
L2

∫ L

0 Q(x, τ) sin
(
nπx
L

)
dx

)
dτ

L
Hand solution

Solving

ut = kvxx +Q(x, t) (1)
u(0, t) = 0
u(L, t) = 0
u(x, 0) = f(x)

Let the solution be
u(x, t) =

∞∑
n=1

an(t) Φn(x) (1)

Where Φn(x) are the eigenfunctions of the eigenvalue problem for the pde ut = kuxx with
u(0, x) = 0, u(L, x) = 0. This was solved in problem 3.1.1.1 on page 272 and Φn(x) was found
as

Φn(x) = sin
(√

λnx
)

λn =
(nπ
L

)2
n = 1, 2, 3, · · ·

Hence (1) becomes

u(x, t) =
∞∑
n=1

an(t) sin
(√

λnx
)

(1A)

Substituting this back into the original given PDE gives
∞∑
n=1

a′n(t) Φn(x) = k
∞∑
n=1

an(t) Φ′′
n(x) +

∞∑
n=1

qn(t) Φn(x)
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Where Q(x, t) =
∑∞

n=1 qn(t) Φn(x). Since Φ′′
n(x) = −λnΦn(x), then the above simplifies to

∞∑
n=1

a′n(t) Φn(x) = −k
∞∑
n=1

an(t)λnΦn(x) +
∞∑
n=1

qn(t) Φn(x)

a′n(t) + kλnan(t) = qn(t) (2)

We now need to find qn(t). By orthogonality∫ L

0
Q(x, t) Φn(x) dx =

∫ L

0
qn(t) Φ2

n(x) dx

But
∫ L

0 Φ2
n(x) dx =

∫ L

0 sin2 (nπ
L
x
)
dx = L

2 and the above becomes

qn(t) =
2
L

∫ L

0
Q(x, t) Φn(x) dx

Using the above in (2) gives

a′n(t) + kλnan(t) =
2
L

∫ L

0
Q(x, t) Φn(x) dx

The integrating factor is I = ekλnt. Hence the above becomes

d

dt

(
an(t) ekλnt

)
= 2
L
ekλnt

∫ L

0
Q(x, t) Φn(x) dx

an(t) ekλnt =
∫ t

0

2
L
ekλns

(∫ L

0
Q(x, s) Φn(x) dx

)
ds+ an(0)

an(t) = an(0) e−kλnt + e−kλnt

∫ t

0

2
L
ekλns

(∫ L

0
Q(x, s) Φn(x) dx

)
ds

Therefore the solution (1A) becomes

u(x, t) =
∞∑
n=1

[
an(0) e−kλnt + e−kλnt

∫ t

0

2
L
ekλnτ

(∫ L

0
Q(s, τ) Φn(s) ds

)
dτ

]
Φn(x) (3)

At t = 0

f(x) =
∞∑
n=1

an(0)Φn(x)∫ L

0
f(x) Φn(x) dx =

∫ L

0
an(0)Φ2

n(x) dx

an(0) =
2
L

∫ L

0
f(x) Φn(x) dx

The solution (3) becomes

u(x, t) =
∞∑
n=1

[(
2
L

∫ L

0
f(s) Φn(s) ds

)
e−kλnt + e−kλnt

∫ t

0

2
L
ekλnτ

(∫ L

0
Q(s, τ) Φn(s) ds

)
dτ

]
Φn(x)

=
∞∑
n=1

e−kλntΦn(x)
(
2
L

∫ L

0
f(s) Φn(s) ds

)
+

∞∑
n=1

e−kλntΦn(x)
(∫ t

0

2
L
ekλnτ

(∫ L

0
Q(s, τ) Φn(s) ds

)
dτ

)
Where

Φn(x) = sin
(√

λnx
)

λn =
(nπ
L

)2
n = 1, 2, 3, · · ·
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3.1.1.14 [163] with source that depends on space and time (special case)

problem number 163

Added July 5, 2019

Solve the heat equation for u(x, t)

ut = kuxx +Q(x, t)

For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = 0
u(L, t) = 0

Initial condition is u(x, 0) = f(x). Using the following values

L = π

k = 1
300

Q(x, t) = e−t sin(3x)
f(x) = x(π − x)

0
u = 0

π
ut = kuxx + e−t sin(3x)

u(x, 0) = x(π − x)

u = 0

Figure 3.23: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
L=Pi; f=x*(Pi-x); k=1/300; Q=Exp[-t]*Sin[3*x];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + Q;
bc = {u[0, t] == 0, u[L, t] == 0};
ic = u[x, 0] == f;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}], 60*10]];
sol = sol /. K[1] -> n� �

{{
u(x, t) →

∞∑
n=1

− 4(−1 + (−1)n) e−n2t
300 sin(nx)

n3π
+ 100

97 e
−t
(
e97t/100 − 1

)
sin(3x)

}}
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Maple 3� �
restart;
L:=Pi;
f:=x*(Pi-x);
k:=1/300;
Q:=exp(-t)*sin(3*x);
pde := diff(u(x,t),t)= k*diff(u(x,t),x$2) + Q;
bc := u(0, t) = 0, u(L, t) = 0;
ic := u(x, 0) = f;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, ic, bc], u(x, t))),output='realtime'));� �

u(x, t) =
−100 e−t sin(3x)π

97 + 100 sin(3x)e−
3t
100 π

97 − 4
(

∞∑
n=1

(−1+(−1)n) sin(nx)e−
n2t
300

n3

)
π

Hand solution

Solving

ut = kuxx +Q(x, t)
u(0, t) = 0
u(L, 0) = 0
u(x, 0) = f(x)

With k = 1
300 , L = π, f(x) = x(π − x) , Q(x) = e−t sin (3x) .

The general problem above was solved in 3.1.6.4 on page 459 and the solution is

u(x, t) =
∞∑
n=1

e−kλntΦn(x)
(
2
L

∫ L

0
f(s) Φn(s) ds

)
+

∞∑
n=1

e−kλntΦn(x)
(∫ t

0

2
L
ekλnτ

(∫ L

0
Q(s, τ) Φn(s) ds

)
dτ

)
Where

Φn(x) = sin
(√

λnx
)

λn =
(nπ
L

)2
n = 1, 2, 3, · · ·

Substituting the specific values given above into this solution gives

Φn(x) = sin (nx)
λn = n2 n = 1, 2, 3, · · ·

And

u(x, t) =
∞∑
n=1

e−
1

300n
2t sin (nx)

(
2
π

∫ π

0
s(π − s) sin (ns) ds

)
+

∞∑
n=1

e−
1

300n
2t sin (nx)

(∫ t

0

2
π
e

1
300n

2τe−τ

(∫ π

0
sin (3s) sin (ns) ds

)
dτ

)
But

∫ π

0 s(π − s) sin (ns) ds = 2−2(−1)n
n3 and

∫ π

0 sin (3s) sin (ns) ds = 0 when n 6= 3 and for
n = 3 it is π

2 . Hence the above reduces to

u(x, t) = 4
∞∑
n=1

(
1− (−1)n

πn3

)
e−

1
300n

2t sin (nx) + e−
1

300 (3)
2t sin (3x)

(∫ t

0

2
π
e

1
300 (9)

2τe−τ
(π
2

)
dτ

)
= 4

∞∑
n=1

(
1− (−1)n

πn3

)
e−

1
300n

2t sin (nx) + e−
9t
300 sin (3x)

(∫ t

0
e

9τ
300 e−τdτ

)
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But
∫ t

0 e
9τ
300 e−τdτ = 100

97 − 100e
−97
100 t

97 . Hence the above becomes

u(x, t) = 4
∞∑
n=1

(
1− (−1)n

πn3

)
e−

1
300n

2t sin (nx) + e−
9t
300 sin (3x)

(
100
97 − 100e−97

100 t

97

)

= 4
∞∑
n=1

(
1− (−1)n

πn3

)
e−

1
300n

2t sin (nx) + sin (3x)
(
100
97 e

− 3t
100 − 100e−t

97

)
= 4

∞∑
n=1

(
1− (−1)n

πn3

)
e−

1
300n

2t sin (nx)− 100e−t

97 sin (3x) + 100
97 e

− 3t
100 sin (3x)

Animation is below

Out[ ]=

time 13

time = 6.000 seconds

0.0 0.5 1.0 1.5 2.0 2.5 3.0
x0.0

0.5

1.0

1.5

2.0

2.5

3.0
U

Figure 3.24: Initial state

Source code used for the above

ClearAll[x, t, n, f, A, B, s, mySol]

L = π;

k = 1/ 300;

f[x_] := x (π - x);

Q[x_, t_] := Exp[-t] Sin[3 x];

ϕ[x_, n_] := Sin[n x];

λ = n2;

numberOfTerms = 15;

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

mySol[x_, t_] = N4* SumExp[-k λ t] ϕ[x, n]
1 - (-1)n

π n3
, {n, 1, numberOfTerms} -

100 Exp[-t]

97
Sin[3 x] +

100

97
Exp

-3 t

100
 Sin[3 x];

Figure 3.25: Source code
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In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 3}], " seconds"}]},

{

Quiet@Plot[Evaluate[mySol[x, t]], {x, 0, L},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, L}, {0, 3}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 200, .5}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 3.26: Code for animation

3.1.1.15 [164] Math 4567 Exam

problem number 164

Added April 3, 2019.

Exam question. Math 4567 UMN. Spring 2019.

Solve the heat equation
ut = uxx + t(π − x)

For 0 < x < π and t > 0. The boundary conditions are

u(0, t) = 0
u(π, t) = 0

Initial condition is u(x, 0) = 0.

0
u = 0

π
ut = uxx + t(π − x)

0

u = 0

Figure 3.27: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == D[u[x, t], {x, 2}] + t*(Pi-x);
bc = {u[0,t] == 0, u[Pi,t] == 0};
ic = u[x, 0] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t, Assumptions -> t > 0], 60*10]];
sol = sol /. K[1] -> n;� �


u(x, t) →

∞∑
n=1

2
(
tn2 + e−n2t − 1

)
sin(nx)

n5



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Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=diff(u(x,t),x$2)+t*(Pi-x);
ic := u(x,0)=0;
bc := u(0,t)=0, u(Pi,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic,bc],u(x,t)) assuming t>0),output='realtime'));� �

u(x, t) = 2

 ∞∑
n=1

sin (nx)
(
e−n2t + n2t− 1

)
n5


Hand solution

Let u(x, t) =
∑∞

n=1Bn(t)Xn(x), where Xn(x) are the eigenfunctions of the homogeneous
PDE ut = uxx. These are known to be Xn(x) = sin

(√
λnx

)
where λn = n2, n = 1, 2, 3, · · · .

Hence
Xn(x) = sin (nx) n = 1, 2, 3, · · ·

Therefore the solution becomes

u(x, t) =
∞∑
n=1

Bn(t) sin (nx) (A)

Substituting this into the PDE ut = uxx + t(π − x) gives
∞∑
n=1

B′
n(t)Xn(x) =

∞∑
n=1

Bn(t)X ′′
n(x) +

∞∑
n=1

qn(t)Xn(x)

Where
∑∞

n=1 qn(t)Xn(x) is the Fourier series expansion of t(π − x). ButX ′′
n(x) = −λnXn(x) =

−n2Xn(x). Hence the above becomes
∞∑
n=1

B′
n(t)Xn(x) = −

∞∑
n=1

n2Bn(t)Xn(x) +
∞∑
n=1

qn(t)Xn(x)

B′
n(t)Xn(x) + n2Bn(t)Xn(x) = qn(t)Xn(x)

B′
n(t) + n2Bn(t) = qn(t) (1)

This is first order ODE which is now solved for Bn. But first qn(t) is found. Since

t(π − x) =
∞∑
n=1

qn(t)Xn(x)

Applying orthogonality. Integrating both sides and multiplying by Xm(x) gives∫ π

0
t(π − x)Xm(x) dx =

∞∑
n=1

qn(t)
∫ π

0
Xn(x)Xm(x) dx

=
∞∑
n=1

qn(t)
∫ π

0
sin (nx) sin (mx) dx

= qm(t)
∫ π

0
sin2 (mx) dx

= π

2 qm(t)

Therefore

qn(t) =
2
π

∫ π

0
t(π − x) sin (nx) dx

= 2t(πn− sin (nπ))
πn2
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But n is integer, hence the above simplifies to

qn(t) =
2t
n

Hence (1) becomes
B′

n(t) + n2Bn(t) =
2t
n

Integrating factor is I = e
∫
n2dt = en

2t. The above becomes

d

dt

(
Bne

n2t
)
= 2t
n
en

2t

Integrating

Bne
n2t = 2

n

∫ t

0
sen

2sds+ C

Bn(t) =
2
n
e−n2t

∫ t

0
sen

2sds+ Ce−n2t (2)

At t = 0, Bn(0) = 0. The above reduces to

0 = C

Therefore (2) becomes

Bn(t) =
2
n
e−n2t

∫ t

0
sen

2sds

= 2
n

∫ t

0
sen

2(s−t)ds

=
2
(
n2t+ e−n2t − 1

)
n5

Hence Eq. (A) becomes

u(x, t) =
∞∑
n=1

2
(
n2t+ e−n2t − 1

)
n5 sin (nx)

3.1.1.16 [165] With source

problem number 165

Taken from Maple PDE help pages

Solve the heat equation for u(x, t)

ut = kuxx +Q(x, t)

For 0 < x < 1 and t > 0. The boundary conditions are

u(0, t) = 0
u(1, t) = 0

Initial condition is u(x, 0) = f(x)

0
u = 0

1
ut = kuxx +Q(x, t)

f(x)

u = 0

Figure 3.28: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + Q[x, t];
bc = {u[0, t] == 0, u[1, t] == 0};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t, Assumptions -> {k > 0, t > 0, x > 0, x < 1}], 60*10]];� �

u(x, t) →

∞∑
K[1]=1

√
2
(∫ t

0
e−kπ2K[1]2(t−K[2])Integrate

[√
2Q(x,K[2]) sin(πxK[1]), {x, 0, 1},Assumptions → k > 0 ∧ t > 0 ∧ x > 0 ∧ x < 1

]
dK[2] + e−kπ2tK[1]2

∫ 1

0

√
2f(x) sin(πxK[1]) dx

)
sin(πxK[1])




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x, t), t) = k*(diff(u(x, t), x, x))+Q(x, t);
bc := u(0, t) = 0, u(l, t) = 0;
ic := u(x, 0) = f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, bc,ic], u(x, t)) assuming 0 <= x and x <= l and k>0 and t>0),output='realtime'));� �

u(x, t) = 2

 ∞∑
n=1

sin
(
nπx
l

)
e−

k π2n2t
l2

∫ l

0 f(τ) sin
(
nπτ
l

)
dτ

l

+2
∫ t

0

 ∞∑
n=1

sin
(
nπx
l

)
e−

k π2n2(t−τ)
l2

∫ l

0 Q(x, τ) sin
(
nπx
l

)
dx

l

 dτ

3.1.1.17 [166] special initial condition

problem number 166

Added April 28, 2019.

Taken from https://mathematica.stackexchange.com/questions/197155/solving-a-h
eat-equation-problem

Solve u(x, t)
ut = uxx − 9ux

For 0 < x < 1 and t > 0. The boundary conditions are

u(0, t) = 0
u(1, t) = 0

Initial condition u(x, 0) = e
45
10 (5 sin(πx) + 9 sin(2πx) + 2 sin(3πx))

0
u = 0

1
u = 0ut = uxx − 9ux

e
45
10 (5 sin(πx) + 9 sin(2πx) + 2 sin(3πx))

Figure 3.29: PDE specification

https://mathematica.stackexchange.com/questions/197155/solving-a-heat-equation-problem
https://mathematica.stackexchange.com/questions/197155/solving-a-heat-equation-problem
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == D[u[x, t], {x, 2}] - 9*D[u[x, t], x];
ic = u[x, 0] == Exp[45/10 x]*(5 Sin[Pi*x] + 9 Sin[2*Pi*x] + 2 Sin[3*Pi*x]);
bc = {u[0, t] == 0, u[1, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → e−

9
4
((
9+4π2)t−2x

)
sin(πx)

(
18e5π2t cos(πx) + 5e8π2t + 4 cos(2πx) + 2

)}}
Maple 7� �
restart;
pde := diff(u(x,t),t)= diff(u(x, t), x$2) - 9*diff(u(x,t),x);
bc := u(0,t)=0,u(1,t)=0;
ic := u(x, 0) = exp(45/10*x)*(5*sin(Pi*x) + 9*sin(2*Pi*x) + 2*sin(3*Pi*x));
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve({pde, ic, bc}, u(x, t))),output='realtime'));� �
time expired
Hand solution

Solve

ut = uxx − 9ux
IC

u(x, 0) = e
45
10x(5 sin (πx) + 9 sin (2πx) + 2 sin (3πx))

BC

u(0, x) = 0
u(1, x) = 0

Let u = X(x)T (t), the PDE becomes

T ′X = X ′′T − 9X ′T

T ′

T
= X ′′

X
− 9X

′

X
= −λ

Where λ is the seperation constant. From B.C. we know λ > 0. Hence the eigenvalue ODE is

X ′′ − 9X ′ + λX = 0

The solution to the above is

X(x) = C1e
1
2
(
9−

√
81−4λ

)
x + C2e

1
2
(
9+

√
81−4λ

)
x

= e
9x
2

(
C1e

− 1
2
√
81−4λx + C2e

1
2
√
81−4λx

)
At X(0) = 0 this gives

0 = C1 + C2

And at X(1) = 0

0 = e
9
2

(
C1e

− 1
2
√
81−4λ + C2e

1
2
√
81−4λ

)
0 = e

9
2

(
C1e

− 1
2
√
81−4λ − C1e

1
2
√
81−4λ

)
0 = C1e

9
2

(
e−

1
2
√
81−4λ − e

1
2
√
81−4λ

)
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For nontrivial solution we want

e−
1
2
√
81−4λ − e

1
2
√
81−4λ = 0

e−
1
2
√
81−4λ = e

1
2
√
81−4λ (1)

Case 81− 4λ > 0

This means 81− 4λ must be zero or
λ = 81

4
But using this eigenvalue makes the eigenfunction zero as shown below

X(x) = e
9x
2

(
C1e

− 1
2
√
81−4λx − C1e

1
2
√
81−4λx

)
= C1e

9x
2

(
e−

1
2
√
81−4λx − e

1
2
√
81−4λx

)
= C1e

9x
2 (1− 1)

= 0

Therefore λ = 81
4 can not be used as eigenfunction.

Case 81− 4λ < 0

Then (1) becomes

e−
i
2
√
4λ−81 = e

i
2
√
4λ−81

cos
(
1
2
√
4λ− 81

)
− i sin

(
1
2
√
4λ− 81

)
= cos

(
1
2
√
4λ− 81

)
+ i sin

(
1
2
√
4λ− 81

)
2i sin

(
1
2
√
4λ− 81

)
= 0

sin
(
1
2
√
4λ− 81

)
= 0

1
2
√
4λ− 81 = nπ n = 1, 2, · · ·

Hence
1
4(4λ− 81) = n2π2

4λ = 81 + 4n2π2

λn = 81
4 + n2π2

The corresponding eigenfunctions are (and since C2 = −C1) then

Xn(x) = Cn

(
e

1
2
(
9−

√
81−4λn

)
x − e

1
2
(
9+

√
81−4λn

)
x
)

= Cn

(
e

1
2
(
9−i

√
4λn−81

)
x − e

1
2
(
9+i

√
4λn−81

)
x
)

= Cne
9x
2

(
e−

i
2
√
4λn−81x − e

i
2
√
4λn−81x

)
= Cne

9x
2

(
cos
(
1
2
√
4λn − 81x

)
− i sin

(
1
2
√

4λn − 81x
)
− cos

(
1
2
√
4λn − 81x

)
− sin

(
1
2
√
4λn − 81x

))
= Cne

9x
2

(
−2i sin

(
1
2
√

4λn − 81x
))

= Ane
9x
2 sin

(
1
2
√

4λn − 81x
)

Hence the solution is
u(x, t) =

∞∑
n=1

Xn(t)Tn(t)

But T ′ + λnT = 0 has solution T = e−λnt. Therefore the solution becomes

u(x, t) =
∞∑
n=1

Ane
−λnte

9x
2 sin

(
1
2
√

4λn − 81x
)
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At t = 0

e
45
10x(5 sin (πx) + 9 sin (2πx) + 2 sin (3πx)) =

∞∑
n=1

Ane
9x
2 sin

(
1
2
√

4λn − 81x
)

But λn = 81
4 + n2π2. The above becomes

e
45
10x(5 sin (πx) + 9 sin (2πx) + 2 sin (3πx)) = A1e

9x
2 sin

(
1
2

√
4
(
81
4 + π2

)
− 81x

)

+ A2e
9x
2 sin

(
1
2

√
4
(
81
4 + 4π2

)
− 81x

)

+ A3e
9x
2 sin

(
1
2

√
4
(
81
4 + 9π2

)
− 81x

)
+ · · ·

Or

e
45
10x(5 sin (πx) + 9 sin (2πx) + 2 sin (3πx)) = A1e

9x
2 sin

(
1
2
√
4π2x

)
+ A2e

9x
2 sin

(
1
2
√
16π2x

)
+ A3e

9x
2 sin

(
1
2
√
36π2x

)
+ · · ·

Or

e
45
10x(5 sin (πx) + 9 sin (2πx) + 2 sin (3πx)) = A1e

9x
2 sin (πx)

+ A2e
9x
2 sin (2πx)

+ A3e
9x
2 sin (3πx)

+ · · ·

By comparing coefficients, we see that A1e
9x
2 = 5e 45

10x or A1 = e
( 45
10−

9
2
)
x = 5 and A2 = 9 and

A3 = 2 and and all other An for n > 3 are zero. Hence the solution becomes

u(x, t) = 5e−λ1te
9x
2 sin

(
1
2
√

4λ1 − 81x
)
+ 9e−λ2te

9x
2 sin

(
1
2
√

4λ2 − 81x
)
+ 2e−λ3te

9x
2 sin

(
1
2
√

4λ3 − 81x
)

= e−
( 81

4 +π2)te 9x
2 sin (πx) + e−

( 81
4 +4π2)te 9x

2 sin (2πx) + e−
( 81

4 +9π2)te 9x
2 sin (3πx)

= e−
81
4 t+ 9

2x
(
5e−π2t sin (πx) + 9e−4π2t sin (2πx) + 2e−9π2t sin (3πx)

)
3.1.1.18 [167] Diffusion Reaction and Euler-Cauchy Sturm-Liouville

problem number 167

Added May 5, 2019.

Solve u(x, t)
ut = x2uxx + xux

For 1 < x < b and t > 0. The boundary conditions are

u(1, t) = 0
u(b, t) = 0

Initial condition u(x, 0) = f(x)
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1
u = 0

b
u = 0ut = x2uxx + xux

f(x)

Figure 3.30: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == x^2*D[u[x, t], {x, 2}] + x*D[u[x, t], x];
ic = u[x, 0] == f[x];
bc = {u[1, t] == 0, u[b, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}, Assumptions -> b > 1], 60*10]];� �


u(x, t) →

∞∑
K[1]=1

2e−
π2tK[1]2

log2(b)

(∫ b

1
f(x) sin

(
πK[1] log(x)

log(b)

)
x

dx

)
sin
(

πK[1] log(x)
log(b)

)
log(b)




Maple 3� �
restart;
pde := diff( u(x,t),t)= x^2*diff(u(x,t),x$2)+x*diff(u(x,t),x);
bc := u(1,t)=0,u(b,t)=0;
ic := u(x,0)=f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve({pde, ic, bc}, u(x, t)) assuming b>1 ),output='realtime'));� �

u(x, t) =
2
(

∞∑
n=1

sin
(

nπ ln(x)
ln(b)

)
e−

π2n2t
ln(b)2

∫ b

1
f(x) sin

(
nπ ln(x)
ln(b)

)
x

dx

)
ln (b)

3.1.1.19 [168] Diffusion Reaction. Using growth form reaction term

problem number 168

Added December 29, 2018.

Solve for u(x, t) in
ut = kuxx + ru

with k = 1
10 , r = 1 and 0 < x < 1 and t > 0. With boundary conditions

u(0, t) = 0
u(1, t) = 0

And initial conditions u(x, 0) = 1.

0

u = 0
1
u = 0ut =

1
10uxx + ru

u(x, 0) = 1

Figure 3.31: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
k = 1/10;
r = 1;

pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + r*u[x, t];
bc = {u[0, t] == 0, u[1, t] == 0};
ic = u[x, 0] == 1;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �


u(x, t) →

∞∑
K[1]=1

−
2
(
−1 + (−1)K[1]) et− 1

10π
2tK[1]2 sin(πxK[1])

πK[1]




Maple 3� �
restart;
k:=1/10;
r:=1;
pde := diff(u(x,t), t) = k*diff(u(x, t), x$2) + r*u(x,t);
bc := u(0,t)=0,u(1,t)=0;
ic := u(x,0) = 1;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc,ic], u(x,t))),output='realtime'));� �

u(x, t) = −
2
(

∞∑
n=1

e−
t
(
π2n2−10

)
10 ((−1)n−1) sin(nπx)

n

)
π

Hand solution

Solution added 4/3/2019.

ut = kuxx + ru t > 0, 0 < x < 1
u(0, t) = 0
u(1, t) = 0
u(x, 0) = 1

Let u = vert. Hence ut = vte
rt+vrert and uxx = vxxe

rt. Hence the PDE becomes vtert+vrert =
vxxe

rt + rvert which simplifies to

vt = kvxx t > 0, 0 < x < 1
v(0, t) = 0
v(1, t) = 0

The above is now in canonical form, it is standard heat PDE with homogeneous B.C. This
has the solution

v(x, t) =
∞∑
n=1

Bne
−n2π2t sin (nπx)

Therefore

u = vert

u =
∞∑
n=1

Bne
−t
(
n2π2−r

)
sin (nπx)

At t = 0 the above becomes
1 =

∞∑
n=1

Bn sin (nπx)
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Hence Bn are sin Fourier coefficient of 1 which is

Bn = 2
∫ 1

0
sin (nπx) dx

= 2
(
− 1
nπ

)
(cosnπx)10

= −2
nπ

((−1)n − 1)

Hence the solution becomes

u =
∞∑
n=1

−2
nπ

((−1)n − 1) e−t
(
n2π2−r

)
sin (nπx)

But r = 1
10 , therefore

u(x, t) = − 2
π

∞∑
n=1

((−1)n − 1)
n

e−t
(
n2π2− 1

10
)
sin (nπx)

3.1.1.20 [169] Diffusion Reaction, using logistic form for reaction term

problem number 169

Added December 29, 2018.

Solve for u(x, t) in
ut = kuxx + ru

(
1− u

α

)
with k = 1

100 , r =
1
10 , α = 10 and 0 < x < 1 and t > 0.

With boundary conditions

u(0, t) = 0
u(1, t) = 0

And initial conditions u(x, 0) = 1.

0

u = 0
1

u = 0ut =
1

100
uxx + 1

10
u(1− u

10
)

u(x, 0) = 1

Figure 3.32: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
k = 1/100;
r = 1/10;
alpha = 10;

pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + r*u[x, t]*(1 - u[x, t]/alpha);
bc = {u[0, t] == 0, u[1, t] == 0};
ic = u[x, 0] == 1;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �

{}
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Maple 7� �
restart;
k := 1/100;
r := 1/10;
alpha := 10;
pde := diff(u(x, t), t)= k*diff(u(x, t),x$2) + r*u(x, t)*(1- u(x,t)/alpha);
bc := u(0, t) = 0, u(1, t) = 0;
ic := u(x, 0) =1;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic, bc], u(x, t))),output='realtime'));� �
sol=()

3.1.1.21 [170] Diffusion Reaction, using Aleee form for reaction term

problem number 170

Added December 29, 2018.

Solve for u(x, t) in
ut = kuxx + αu+ βu2 − γu3

with k = 1
1000 , α = 1

100 , β = 1
100 , γ = 5

1000 and 0 < x < 1 and t > 0.

With boundary conditions

u(0, t) = 0
u(1, t) = 0

And initial conditions u(x, 0) = 1.

0

u = 0
1

u = 0ut =
1

1000
uxx + 1

100
u+ 1

100
u2 − 5

1000
u3

u(x, 0) = 1

Figure 3.33: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
k = 1/1000;
alpha = 1/10;
beta = 1/100;
gamma = 5/1000;

pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + alpha*u[x, t] + beta*u[x, t]^2 - gamma*u[x, t]^3;
bc = {u[0, t] == 0, u[1, t] == 0};
ic = u[x, 0] == 1;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �

{}
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Maple 7� �
restart;
k := 1/100;
alpha:=1/100;
beta:=1/1000;
g:=5/1000;
pde := diff(u(x, t), t)= k*diff(u(x, t),x$2) +

alpha*u(x,t)+ beta*u(x,t)^2 - g*u(x,t)^3;
bc := u(0, t) = 0, u(1, t) = 0;
ic := u(x, 0) =1;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, ic, bc], u(x, t))),output='realtime'));� �
sol=()

3.1.1.22 [171] Diffusion Reaction. Haberman 2.3.8

problem number 171

This is problem 2.3.8, from Richard Haberman applied partial differential equations, 5th
edition.

Consider the heat equation

ut = kuxx − αu

This corresponds to a one-dimentional rod either with heat loss through the lateral sides
with outside temperature zero degrees (α > 0) or with insulated sides with a heat sink
propertional to the temperature.

Suppose the boundary conditions are u(0, t) = 0, u(L, t) = 0, solve with the temperature
initially u(x, 0) = f(x) if α > 0

0

u = 0
L
u = 0ut = kuxx − αu

f(x)

α > 0

Figure 3.34: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] - alpha*u[x, t];
bc = {u[0, t] == 0, u[L, t] == 0};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> {L > 0, alpha > 0}], 60*10]];� �


u(x, t) →

∞∑
K[1]=1

√
2e

−t

(
kπ2K[1]2

L2 +α

)(∫ L

0

√
2f(x) sin

(
πxK[1]
L

)
√
L

dx

)
sin
(

πxK[1]
L

)
√
L



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Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2)-alpha*u(x,t);
bc := u(0,t)=0,u(L,t)=0;
ic := u(x,0)=f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t)) assuming L>0,alpha>0),output='realtime'));� �

u(x, t) = 2

 ∞∑
n=1

e−
t
(
π2k n2+αL2)

L2 sin
(
nπx
L

) ∫ L

0 f(x) sin
(
nπx
L

)
dx

L


Hand solution

∂u

∂t
= k

∂2u

∂x2
− αu

∂u

∂t
+ αu = k

∂2u

∂x2

Assuming u(x, t) = X(x)T (t) and substituting in the above gives

XT ′ + αXT = kTX ′′

Dividing by kXT 6= 0
T ′

kT
+ α

k
= X ′′

X

Since each side depends on different independent variable and both are equal, they must be
both equal to same constant, say −λ. Where λ is assumed real.

1
k

T ′

T
+ α

k
= X ′′

X
= −λ

The two ODE’s are

1
k

T ′

T
+ α

k
= −λ

X ′′

X
= −λ

Or

T ′ + (α + λk)T = 0
X ′′ + λX = 0

The solution to the space ODE is the familiar (where λ > 0 is only possible case, As found
in Haberman problem 2.3.3, part d. Since it has the same B.C.)

Xn = Bn sin
(nπ
L
x
)

n = 1, 2, 3, · · ·

Where λn =
(
nπ
L

)2. The time ODE is now solved.

dTn
dt

+ (α + λnk)Tn = 0

This has the solution

Tn(t) = e−(α+λnk)t

= e−αte−
(
nπ
L

)2
kt
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For the same eigenvalues. Notice that no need to add a constant here, since it will be absorbed
in the Bn when combined in the following step below. Therefore the solution to the PDE is

un(x, t) = Tn(t)Xn(x)

But for linear system sum of eigenfunctions is also a solution. Hence

u(x, t) =
∞∑
n=1

un(x, t)

=
∞∑
n=1

Bn sin
(nπ
L
x
)
e−αte−

(
nπ
L

)2
kt

= e−αt
∞∑
n=1

Bn sin
(nπ
L
x
)
e−
(
nπ
L

)2
kt

Where e−αt was moved outside since it does not depend on n. From initial condition

u(x, 0) = f(x) =
∞∑
n=1

Bn sin
(nπ
L
x
)

Applying orthogonality of sin as before to find Bn results in

Bn = 2
L

∫ L

0
sin
(nπ
L
x
)
f(x) dx

Hence the solution becomes

u(x, t) = 2
L
e−αt

(
∞∑
n=1

(∫ L

0
sin
(nπ
L
x
)
f(x) dx

)
sin
(nπ
L
x
)
e−
(
nπ
L

)2
kt

)

= 2
L

∞∑
n=1

(∫ L

0
sin
(nπ
L
x
)
f(x) dx

)
sin
(nπ
L
x
)
e
−t
(
n2π2k+αL2

L2

)

Hence it is clear that in the limit as t becomes large u(x, t) → 0 since α > 0 and

lim
t→∞

u(x, t) = 0

3.1.1.23 [172] Diffusion Reaction

problem number 172

Solve the heat equation

ut = uxx − u(x, t)

For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = 0
u(L, t) = 0

Initial condition is u(x, 0) = f(x)

0
u = 0

L
ut = uxx − u

f(x)

u = 0

Figure 3.35: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] + u[x, t] == D[u[x, t], {x, 2}];
ic = u[x, 0] == f[x];
bc = {u[0, t] == 0, u[L, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t], 60*10]];� �

u(x, t) →

∞∑
K[1]=1

√
2e

t

(
−π2K[1]2

L2 −1
)√

1
L

(∫ L

0

√
2
√

1
L
f(x) sin

(
πxK[1]
L

)
dx

)
sin
(
πxK[1]
L

)


Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)+u(x,t)=diff(u(x,t),x$2);
ic := u(x,0)=f(x);
bc := u(0,t)=0,u(L,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t)) assuming L>0),output='realtime'));� �

u(x, t) = 2

 ∞∑
n=1

e−
t
(
π2n2+L2)

L2 sin
(
nπx
L

) ∫ L

0 f(x) sin
(
nπx
L

)
dx

L


Hand solution

ut = uxx − u

u(0, t) = 0
u(L, t) = 0
u(x, 0) = f(x)

Let u(x, t) = v(x, t) e−t , hence ut = vte
−t− ve−t and uxx = vxxe

−t. Therefore the above PDE
becomes

vte
−t − ve−t = vxxe

−t − ve−t

vt = vxx

With boundary conditions

v(0, t) = 0
v(L, t) = 0

The solution to this PDE is known, since it has homogenouse BC and it is in standard form.
The solution is

v(x, t) =
∞∑
n=1

Bne
−
(
nπ
L

)2
t sin

(nπ
L
x
)



chapter 3. parabolic pde’s (diffusion) 317

Hence

u(x, t) = e−t
∞∑
n=1

Bne
−
(
n2π2
L2

)
t sin

(nπ
L
x
)

=
∞∑
n=1

Bne
−
(
n2π2
L2

)
t−t sin

(nπ
L
x
)

=
∞∑
n=1

Bne
−t
(
n2π2
L2 +1

)
sin
(nπ
L
x
)

=
∞∑
n=1

Bne
−t
(
n2π2+L2

L2

)
sin
(nπ
L
x
)

(1)

Applying initial conditions u(x, 0) = f(x) gives

f(x) =
∞∑
n=1

Bn sin
(nπ
L
x
)

Hence Bn are the Fourier sine coefficients of f(x)

Bn = 2
L

∫ L

0
f(x) sin

(nπ
L
x
)
dx

Therefore the solution in (1) becomes

u(x, t) =
∞∑
n=1

2
L

(∫ L

0
f(x) sin

(nπ
L
x
)
dx

)
e
−t
(
n2π2+L2

L2

)
sin
(nπ
L
x
)

= 2
L

∞∑
n=1

sin
(nπ
L
x
)
e
−t
(
n2π2+L2

L2

)(∫ L

0
f(x) sin

(nπ
L
x
)
dx

)

3.1.1.24 [173] Diffusion Reaction

problem number 173

Added Feb 10, 2018.

Solve the heat equation

ut + u(x, t) = 100uxx

For 0 < x < 1 and t > 0. The boundary conditions are

u(0, t) = 0
u(1, t) = 0

Initial condition is u(x, 0) = sin(2πx)− sin(5πx)

0
u = 0

1
ut = 100uxx − u

sin(2πx)− sin(4πx)

u = 0

Figure 3.36: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == 100*D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, u[1, t] == 0};
ic = u[x, 0] == Sin[2*Pi*x] - Sin[5*Pi*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → e−400π2t sin(2πx)− e−2500π2t sin(5πx)

}}
Maple 3� �
restart;
pde := diff(u(x,t),t)=100*diff(u(x,t),x$2);
ic := u(x,0)=sin(2*Pi*x)-sin(5*Pi*x);
bc := u(0,t)=0,u(1,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t))),output='realtime'));� �

u(x, t) = sin (2πx) e−400π2t − sin (5πx) e−2500π2t

3.1.1.25 [174] Diffusion Reaction

problem number 174

Added June 23, 2019.

Solve the heat equation

ut = kuxx − ux

For 0 < x < π and t > 0. The boundary conditions are

u(0, t) = 0
u(π, t) = 0

Initial condition u(x, 0) = sin(x)

0
u = 0

π
ut = kuxx − ux

u(x, 0) = sin(x)

u = 0

Figure 3.37: PDE specification

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] - u[x,t]*x;
bc = {u[0, t] == 0, u[Pi, t] == 0};
ic = u[x, 0] == Sin[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> k > 0], 60*10]];� �
Failed



chapter 3. parabolic pde’s (diffusion) 319

Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2)- u(x,t)*x;
ic := u(x,0)=sin(x);
bc := u(0,t)=0,u(Pi,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t)) assuming k>0),output='realtime'));� �

u(x, t) = −

(
∞∑
n=0

(
−AiryAi

(−λn+x
k1/3

)
AiryBi

(
− λn

k1/3

)
+AiryBi

(−λn+x
k1/3

)
AiryAi

(
− λn

k1/3

)) (
AiryAi

(
− λn

k1/3

) ∫ π

0 sin (x)AiryBi
(−λn+x

k1/3

)
dx− AiryBi

(
− λn

k1/3

) ∫ π

0 sin (x)AiryAi
(−λn+x

k1/3

)
dx
)
(sinh (λnt)− cosh (λnt))∫ π

0 AiryBi
(−λn+x

k1/3

)2
dxAiryAi

(
− λn

k1/3

)2 − 2AiryBi
(
− λn

k1/3

) ∫ π

0 AiryAi
(−λn+x

k1/3

)
AiryBi

(−λn+x
k1/3

)
dxAiryAi

(
− λn

k1/3

)
+AiryBi

(
− λn

k1/3

)2 ∫ π

0 AiryAi
(−λn+x

k1/3

)2
dx

)
where

{
−AiryAi

(
−λn + π

k1/3

)
AiryBi

(
− λn
k1/3

)
+AiryBi

(
−λn + π

k1/3

)
AiryAi

(
− λn
k1/3

)
= 0 ∧ −∞ ≤ λn ≤ ∞

}

3.1.1.26 [175] Diffusion convection (general case)

problem number 175

Added June 23, 2019.

Solve the heat equation

ut = kuxx + aux

Where a > 0. For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = 0
u(L, t) = 0

Initial condition u(x, 0) = f(x)

0
u = 0

L
ut = kuxx + aux

u(x, 0) = f(x)

u = 0
a > 0

Figure 3.38: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + a*D[u[x, t], x];
bc = {u[0, t] == 0, u[L, t] == 0};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> {k > 0,a>0,L>0}], 60*10]];� �

u(x, t) → e−

a(at+2x)
4k

∞∑
K[1]=1

2e−
kπ2tK[1]2

L2
(∫ L

0 e
ax
2k f(x) sin

(
πxK[1]

L

)
dx
)
sin
(

πxK[1]
L

)
L



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Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2)+ a*diff(u(x,t),x);
ic := u(x,0)=f(x);
bc := u(0,t)=0,u(L,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t)) assuming k>0,a>0,L>0),output='realtime'));� �

u(x, t) = −2

 ∞∑
n=0

(
sinh

( (
4π2k2n2+L2a2

)
t

4L2k

)
− cosh

( (
4π2k2n2+L2a2

)
t

4L2k

)) (
cosh

(
xa
2k

)
− sinh

(
xa
2k

))
sin
(
πxn
L

) ∫ L

0 f(x)
(
cosh

(
xa
2k

)
− sinh

(
xa
2k

))
sin
(
πxn
L

)
exak dx

L


Hand solution

Solve

ut = kuxx + aux

u(0, t) = 0
u(L, 0) = 0
u(x, 0) = f(x)

Trying separation of variables. Let u = XT , then the PDE becomes

T ′X = kX ′′T + aX ′T

1
k

T ′

T
= X ′′

X
+ a

k

X ′

X
= −λ

Where λ is separation constant. Hence

T ′ + kλT = 0

Which has solution T (t) = e−kλt (the constant of integration is not needed, it will be combined
with constant coming from the spatial ODE), and the spatial ODE is

X ′′

X
+ a

k

X ′

X
= −λ

X ′′ + a

k
X ′ + λX = 0

X(0) = 0
X(L) = 0

The characteristic equation is r2 + a
k
r + λ = 0.

Case λ = 0 Then r2 + a
k
r = 0 or r

(
r + a

k

)
= 0. Hence r = 0 or r = −a

k
. So the solution is

X(x) = c1 + c2e
− a
k
x

At X(0) = 0 the above gives 0 = c1 + c2. Therefore the solution is X(x) = c1
(
1− e

−a
k

x
)
.

At X(L) = 0 then c1
(
1− e

a
k
L
)
= 0. This means this for non-trivial solution e

−a
k

L = 1 or
−a
k
L = 0. Hence λ = 0 is not an eigenvalue.

Case λ < 0 Then r2 + a
k
r + λ = 0 or r = −b

2 ±
√
b2−4ac
2a = −a

2k ±
√
a2
k2−4λ
2 . Since λ < 0 then the

term under the sqrt root is positive. Hence the solution will have real roots. Not complex
conjugate. Hence the solution is pure exponentials. Let a2

k2
− 4λ = α and a

2k = β then

r1 = −β +
√
α

r2 = −β −
√
α
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Then X(x) = c1 cosh ((−β + α)x) + c2 sinh ((−β − α)x). At X(0) = 0 this gives 0 = c1.
Hence solution is X(x) = c2 sinh ((−β − α)x). At X(L) = 0, this gives

0 = c2 sinh ((−β − α)L)

For non-trivial solution, sinh ((−β − α)L) = 0. But this is zero only when (−β − α)L or
β = −α. Or −a

2k = −
√

a2

k2
− 4λ. Or a2

4k2 = a2

k2
− 4λ or

4λ = a2

k2
− a2

4k2

λ = 3
16
a2

k2

But λ was assumed negative. Hence this is not possible. λ < 0 is not eigenvalue.

Case λ > 0 Then r2 + a
k
r + λ = 0 or r = −a

2k ± 1
2

√
a2

k2
− 4λ = −a

2k ±
√

a2

4k2 − λ. Since λ > 0
then the term under the sqrt root can be negative. Then only when λ > a2

4k2 will there be
complex roots. Therefore assuming λ > a2

4k2 , then

r1 =
−a
2k + i

√
λ− a2

4k2

r2 =
−a
2k − i

√
λ− a2

4k2

The solution is

X(x) = e
−a
2k x

(
c1 cos

(√
λ− a2

4k2x
)

+ c2 sin
(√

λ− a2

4k2x
))

At X(0) = 0 this gives 0 = c1. Hence solution is

X(x) = e
−a
2k xc2 sin

(√
λ− a2

4k2x
)

At X(L) = 0, this gives

0 = e
−a
2k πc2 sin

(√
λ− a2

4k2L
)

For non-trivial solution, sin
(√

λ− a2

4k2L

)
= 0 or

√
λ− a2

4k2L = nπ. Hence

λ− a2

4k2 =
(nπ
L

)2
n = 1, 2, 3, · · ·

λn =
(nπ
L

)2
+ a2

4k2 n = 1, 2, 3, · · ·

And the corresponding eigenfunction is

Xn(x) = e
−a
2k x sin

(nπ
L
x
)

n = 1, 2, 3, · · ·

Therefore the solution is

u(x, t) =
∞∑
n=1

cne
−kλnte

−a
2k x sin

(nπ
L
x
)

cn is found from initial conditions. At t = 0

f(x) =
∞∑
n=1

cne
−a
2k x sin

(nπ
L
x
)

e
a
2kxf(x) =

∞∑
n=1

cn sin
(nπ
L
x
)
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Therefore, by orthogonality∫ L

0
e
a
2kxf(x) sin

(nπ
L
x
)
dx = cn

∫ L

0
sin2

(nπ
L
x
)
dx∫ L

0
e
a
2kxf(x) sin

(nπ
L
x
)
dx = cn

L

2

cn = 2
L

∫ L

0
e
a
2kxf(x) sin

(nπ
L
x
)
dx

Hence the solution becomes

u(x, t) =
∞∑
n=1

(
2
L

∫ L

0
e
a
2kxf(x) sin

(nπ
L
x
)
dx

)
e−kλnte

−a
2k x sin

(nπ
L
x
)

Where λn =
(
nπ
L

)2 + a2

4k2 n = 1, 2, 3, · · ·

u(x, t) =
∞∑
n=1

(
2
L

∫ L

0
e
a
2kxf(x) sin

(nπ
L
x
)
dx

)
e
−k
(
n2π2
L2 + a2

4k2

)
t
e

−a
2k x sin

(nπ
L
x
)

3.1.1.27 [176] Diffusion convection (special case)

problem number 176

Added June 23, 2019.

Solve the heat equation

ut = kuxx + aux

Where a > 0. For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = 0
u(L, t) = 0

Initial condition u(x, 0) = f(x) using the following values

f(x) = sin(x)
k = 1
a = 5
L = π

0
u = 0

π
ut = uxx + 5ux

u(x, 0) = sin(x)

u = 0

Figure 3.39: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
f=Sin[x];
L=Pi;
k=1;
a=5;
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + a*D[u[x, t], x];
bc = {u[0, t] == 0, u[L, t] == 0};
ic = u[x, 0] == f;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �



u(x, t) → −

−Integrate
[ (

1+e−iπK
)
eK(−Kt+5it+ix)

1−K2 , {K,−∞,∞},Assumptions → K ∈ C
]
+
∫ −∞
∞

exp
(
it
√

4K[1]2+25K[1]+ 1
2x
(
2iK[1]+

√
4K[1]2+25−5

)) 1+e
− 1

2π
(
2iK[1]+

√
4K[1]2+25−5

)
1
4

(
2iK[1]+

√
4K[1]2+25−5

)2
+1

− 1+e
1
2π
(
2iK[1]+

√
4K[1]2+25+5

)
1
4

(
2iK[1]+

√
4K[1]2+25+5

)2
+1


−1+e

π

(
2iK[1]+

√
4K[1]2+25

) dK[1] +
∫∞
−∞ exp

(
−it
√

4K[1]2 + 25K[1]− 1
2x
(
−2iK[1] +

√
4K[1]2 + 25 + 5

)) 2
(
1+exp

(
− 1

2π
(
−2iK[1]+

√
4K[1]2+25−5

)))
(
−1+e2iπK[1]−π

√
4K[1]2+25

)(
2iK[1]

(√
4K[1]2+25−5

)
+5
√

4K[1]2+25−27
) + 2ie2iπK[1]

(
1+e

1
2π
(
−2iK[1]+

√
4K[1]2+25+5

))
(
e2iπK[1]−eπ

√
4K[1]2+25

)(
2K[1]

(√
4K[1]2+25+5

)
+i
(
5
√

4K[1]2+25+27
))
 dK[1]

2π




Maple 3� �
restart;
f:=sin(x);
L:=Pi;
k:=1;
a:=5;
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2)+ a*diff(u(x,t),x);
ic := u(x,0)=f;
bc := u(0,t)=0,u(L,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t)) ),output='realtime'));� �

u(x, t) =
160
(

∞∑
n=0

n
(
(−1)ne

5π
2 +1

)
sin(nx)

(
sinh

(
t n2+ 25

4 t
)
−cosh

(
t n2+ 25

4 t
))(

cosh
( 5x

2
)
−sinh

( 5x
2
))

16n4+168n2+841

)
π

Hand solution

Solve

ut = kuxx + aux

u(0, t) = 0
u(L, 0) = 0
u(x, 0) = f(x)

With a = 5, k = 1, L = π, f(x) = sin (x). The above problem was solved in 3.1.1.26 on page
320 and the solution is

u(x, t) =
∞∑
n=1

(
2
L

∫ L

0
e
a
2kxf(x) sin

(nπ
L
x
)
dx

)
e−kλnte

−a
2k x sin

(nπ
L
x
)

Where λn =
(
nπ
L

)2 + a2

4k2 n = 1, 2, 3, · · ·

u(x, t) =
∞∑
n=1

(
2
L

∫ L

0
e
a
2kxf(x) sin

(nπ
L
x
)
dx

)
e
−k
(
n2π2
L2 + a2

4k2

)
t
e

−a
2k x sin

(nπ
L
x
)
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Substituting for f(x) = sin (x) the above becomes

u(x, t) =
∞∑
n=1

(
2
L

∫ L

0
e
a
2kx sin (x) sin

(nπ
L
x
)
dx

)
e
−k
(
n2π2
L2 + a2

4k2

)
t
e

−a
2k x sin

(nπ
L
x
)

But ∫ π

0
e
a
2kx sin (x) sin (nx) dx =

−16nak3
(
1 + (−1)n eπa2k

)
a4 + 16k4 (n2 − 1)2 + 8a2k2 (1 + n2)

Hence the solution becomes

u(x, t) = −32ak3
L

∞∑
n=1

(
n
(
1 + (−1)n eπa2k

)
a4 + 16k4 (n2 − 1)2 + 8a2k2 (1 + n2)

)
e
−k
(
n2π2
L2 + a2

4k2

)
t
e

−a
2k x sin

(nπ
L
x
)

But L = π, hence

u(x, t) = −32ak3
π

∞∑
n=1

(
n
(
1 + (−1)n eπa2k

)
a4 + 16k4 (n2 − 1)2 + 8a2k2 (1 + n2)

)
e
−k
(
n2+ a2

4k2

)
t
e

−a
2k x sin (nx)

And a = 5

u(x, t) = −160k3
π

∞∑
n=1

 n
(
1 + (−1)n e 5π

2k

)
625 + 16k4 (n2 − 1)2 + 200k2 (1 + n2)

 e
−k
(
n2+ 25

5k2

)
t
e

−5
2k x sin (nx)

And k = 1

u(x, t) = −160
π

∞∑
n=1

 n
(
1 + (−1)n e 5π

2

)
625 + 16 (n2 − 1)2 + 200 (1 + n2)

 e−
(
n2+ 25

4
)
te

−5
2 x sin (nx)

Animation is below

Out[ ]=

time 36

time = 0.175 seconds, a = 5

0.0 0.5 1.0 1.5 2.0 2.5 3.0
x0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4
U

Figure 3.40: Initial state

Source code used for the above

In[ ]:= ClearAll[x, y, t, n, k]

L = Pi;

numberOfTerms = 100;

a = 5;

k = 1;

mySol[x_, t_] =
-32 a k3

Pi
Sum

n 1 + (-1)n Exp Pi a

2 k


a4 + 16 k4 -1 + n22
+ 8 a2 k2 1 + n2

Exp-k n^2 +
a2

4 k2
t Exp

-a

2 k
x Sin[n x], {n, 1, numberOfTerms};

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

Figure 3.41: Source code
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In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 3}], " seconds, a = ", 5}]},

{

Quiet@Plot[Evaluate[mySol[x, t]], {x, 0, L},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, L}, {0, 1.4}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 0.95, .005}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 3.42: Code for animation

The following animations for a = 1, a = 7. Showing the effect of increasing the convection
factor a on the solution.

a = 1 a = 7

Out[ ]=

time 36

time = 0.175 seconds, a = 5

0.0 0.5 1.0 1.5 2.0 2.5 3.0
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Out[ ]=

time 36

time = 0.175 seconds, a = 5

0.0 0.5 1.0 1.5 2.0 2.5 3.0
x0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4
U

3.1.1.28 [177] Haberman 2.4.2 (general case)

problem number 177

This is problem 2.4.2 from Richard Haberman applied partial differential equations, 5th
edition.

Solve the heat equation

ut = kuxx

The boundary conditions are ux(0, t) = 0, u(L, t) = 0 with the temperature initially u(x, 0) =
f(x)

0

ux = 0
L
u = 0ut = kuxx

f(x)

Figure 3.43: PDE specification



chapter 3. parabolic pde’s (diffusion) 326

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {Derivative[1, 0][u][0, t] == 0, u[L, t] == 0};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> {L > 0 && k > 0}], 60*10]];
sol = sol /. {K[1] -> n, K[2] -> x};� �


u(x, t) →

2
∞∑
n=0

e−
k(2πn+π)2t

4L2 cos
(

(2n+1)πx
2L

) ∫ L

0 cos
(

(2n+1)πx
2L

)
f(x) dx

L




Maple 3� �
restart;
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
bc:=D[1](u)(0,t)=0,u(L,t)=0;
ic := u(x,0)=f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t)) assuming L>0,k>0),output='realtime'));� �

u(x, t) = 2

 ∞∑
n=0

cos
(

(1+2n)πx
2L

)
e−

k π2(1+2n)2t
4L2

∫ L

0 f(x) cos
(

(1+2n)πx
2L

)
dx

L


Hand solution

Solve

∂u

∂t
= κ

∂2u

∂x2

Let u(x, t) = T (t)X(x), then the PDE becomes
1
κ
T ′X = X ′′T

Dividing by XT
1
κ

T ′

T
= X ′′

X
Since each side depends on different independent variable and both are equal, they must be
both equal to same constant, say −λ. Where λ is real.

1
κ

T ′

T
= X ′′

X
= −λ

The two ODE’s are

T ′ + kλT = 0 (1)
X ′′ + λX = 0 (2)

Per problem statement, λ ≥ 0, so only two cases needs to be examined.

Case λ = 0

The space equation becomes X ′′ = 0 with the solution

X = Ax+ b

Hence left B.C. implies X ′(0) = 0 or A = 0. Therefore the solution becomes X = b. The
right B.C. implies X(L) = 0 or b = 0. Therefore this leads to X = 0 as the only solution.
This results in trivial solution. Therefore λ = 0 is not an eigenvalue.
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Case λ > 0

Starting with the space ODE, the solution is

X(x) = A cos
(√

λx
)
+B sin

(√
λx
)

X ′(x) = −A
√
λ sin

(√
λx
)
+B

√
λ cos

(√
λx
)

Left B.C. gives

0 = X ′(0)
= B

√
λ

Hence B = 0 since it is assumed λ 6= 0 and λ > 0. Solution becomes

X(x) = A cos
(√

λx
)

Applying right B.C. gives

0 = X(L)

= A cos
(√

λL
)

A = 0 leads to trivial solution. Therefore cos
(√

λL
)
= 0 or

√
λ = nπ

2L n = 1, 3, 5, · · ·

= (2n− 1) π
2L n = 1, 2, 3· · ·

Hence

λn =
(nπ
2L

)2
n = 1, 3, 5, · · ·

= (2n− 1)2 π2

4L2 n = 1, 2, 3· · ·

Therefore
Xn(x) = An cos

(nπ
2Lx

)
n = 1, 3, 5, · · ·

And the corresponding time solution

Tn = e−k
(
nπ
2L
)2

t n = 1, 3, 5, · · ·

Hence

un(x, t) = XnTn

u(x, t) =
∞∑

n=1,3,5,···

An cos
(nπ
2Lx

)
e−k

(
nπ
2L
)2

t

=
∞∑
n=1

An cos
(
(2n− 1) π

2L x

)
e
−k
(

(2n−1)π
2L

)2
t

From initial conditions
f(x) =

∞∑
n=1,3,5,···

An cos
(nπ
2Lx

)
Multiplying both sides by cos

(
mπ
2L x

)
and integrating∫ L

0
f(x) cos

(mπ
2L x

)
dx =

∫ ( ∞∑
n=1,3,5,···

An cos
(mπ
2L x

)
cos
(nπ
2Lx

))
dx
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Interchanging order of summation and integration and applying orthogonality results in∫ L

0
f(x) cos

(mπ
2L x

)
dx = Am

L

2

An = 2
L

∫ L

0
f(x) cos

(nπ
2Lx

)
dx

Therefore the solution is

u(x, t) = 2
L

∞∑
n=1,3,5,···

[∫ L

0
f(x) cos

(nπ
2Lx

)
dx

]
cos
(nπ
2Lx

)
e−k

(
nπ
2L
)2

t

= 2
L

∞∑
n=0

(∫ L

0
f(x) cos

(
(2n+ 1) π

2L x

)
dx

)
cos
(
(2n+ 1) π

2L x

)
e
−k
(

(2n+1)π
2L

)2
t

3.1.1.29 [178] Left end zero, right end insulated, no source

problem number 178

Added January 13, 2020.

Problem 4.1.4, Introduction to Partial Differential Equations by Peter Olver ISBN 9783319020983.

Solve the heat equation

ut = kuxx

The boundary conditions are ux(0, t) = 0, ux(L, t) = 0 with the temperature initially u(x, 0) =
f(x)

0
ux = 0

L
u = 0 ut = kuxx

f(x)

Figure 3.44: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, Derivative[1, 0][u][L, t] == 0};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> {L > 0 && k > 0}], 60*10]];
sol = sol /. {K[1] -> n, K[2] -> x};� �


u(x, t) →

2
∞∑
n=1

e−
k(1−2n)2π2t

4L2
(∫ L

0 f(x) sin
(

(2n−1)πx
2L

)
dx
)
sin
(

(2n−1)πx
2L

)
L



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Maple 3� �
restart;
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
bc:=u(0,t)=0,D[1](u)(L,t)=0;
ic := u(x,0)=f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t)) assuming L>0,k>0),output='realtime'));� �

u(x, t) = 2

 ∞∑
n=0

sin
(

(1+2n)πx
2L

)
e−

k π2(1+2n)2t
4L2

∫ L

0 f(x) sin
(

(1+2n)πx
2L

)
dx

L


Hand solution

The problem to solve is to solve for u(x, t) in

ut = kuxx 0 < x < L, t > 0

With boundary conditions

u(0, t) = 0
ux(L, t) = 0

And initial conditions
u(x, 0) = f(x)

Let u(x, t) = T (t)X(x), then the PDE becomes

T ′X = kX ′′T

Dividing by XT
1
k

T ′

T
= X ′′

X

Since each side depends on different independent variable and both are equal, they must be
both equal to same constant, say −λ. Where λ is real.

1
k

T ′

T
= X ′′

X
= −λ

The two ODE’s are
T ′ + λkT = 0 (1)

And the eigenvalue ODE

X ′′ + λX = 0 (2)
X(0) = 0
X ′(L) = 0

Now we solve (2) to find the eigenvalues and eigenfunctions.

Case λ < 0

Let −λ = ω2. Hence the ODE is X ′′ − ω2X = 0 and the solution becomes

X(x) = C1 cosh (ωx) + C2 sinh (ωx)

At x = 0 the above gives
0 = C1

Hence the solution now becomes

X(x) = C2 sinh (ωx)
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Taking derivative gives
X ′(x) = ωC2 sinh (ωx)

At x = L

0 = ωC2 cosh (ωL)

But cosh (ωL) is never zero. Therefore C2 = 0 which leads to trivial solution. Therefore λ < 0
is not eigenvalue.

Case λ = 0

The space equation becomes X ′′ = 0 with the solution

X = Ax+B

At x = 0 the above gives 0 = B. Therefore the solution is X = Ax. Taking derivative
gives X ′ = A. At x = L this gives 0 = A. Which leads to trivial solutions. Therefore
λ = 0 is not an eigenvalue.

Case λ > 0

Starting with the space ODE, the solution is

X(x) = A cos
(√

λx
)
+B sin

(√
λx
)

Left B.C. gives
0 = A

The solution becomes
X(x) = B sin

(√
λx
)

Taking derivative gives
X ′(x) =

√
λB cos

(√
λx
)

Applying right B.C. gives
0 =

√
λB cos

(√
λL
)

For non trivial solution we want cos
(√

λL
)
= 0 or

√
λ = nπ

2L n = 1, 3, 5, · · ·

Hence the eigenvalues are

λn =
(nπ
2L

)2
n = 1, 3, 5, · · ·

Therefore the eigenfunctions are

Xn(x) = sin
(nπ
2Lx

)
n = 1, 3, 5, · · ·

Now that we found the eigenvalues, we can solve the time ODE (1).

T ′
n + kλnT = 0

Tn = Bne
−kλnt

= Bne
−k
(
nπ
2L
)2

t

Hence the fundamental solution is

un(x, t) = XnTn

u(x, t) =
∞∑

n=1,3,5,···

Bn sin
(nπ
2Lx

)
e−k

(
nπ
2L
)2

t (3)
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From initial conditions
f(x) =

∞∑
n=1,3,5,···

Bn sin
(nπ
2Lx

)
Multiplying both sides by sin

(
mπ
2L x

)
and integrating∫ L

0
f(x) sin

(mπ
2L x

)
dx =

∫ L

0

(
∞∑

n=1,3,5,···

Bn sin
(mπ
2L xx

)
sin
(nπ
2Lx

))
dx

Interchanging order of summation and integration and applying orthogonality between cos
functions results in ∫ L

0
f(x) sin

(mπ
2L x

)
dx =

∫ L

0
Bm sin2

(mπ
2L x

)
dx

= Bm
L

2

Therefore
Bn = 2

L

∫ L

0
f(x) sin

(nπ
2Lx

)
dx

Therefore the solution is (3) becomes

u(x, t) = 2
L

∞∑
n=1,3,5,···

(∫ L

0
f(x) sin

(nπ
2Lx

)
dx

)
sin
(nπ
2Lx

)
e−k

(
nπ
2L
)2

t

= 2
L

∞∑
n=0

(∫ L

0
f(x) sin

(
(2n+ 1) π

2L x

)
dx

)
sin
(
(2n+ 1) π

2L x

)
e
−
(

(2n+1)π
2L

)2
t

3.1.1.30 [179] One end insulated

problem number 179

Added June 9, 2019

Solve the heat equation for u(x, t)
ut = kuxx

For 0 < x < L and t > 0. The boundary conditions are

ux(0, t) = 0
u(L, t) = T0

Where T0 > 0 and initial condition is u(x, 0) = 0

0
ux = 0

L
ut = kuxx

u(x, 0) = T0

u = 0
(insulated)

Figure 3.45: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {Derivative[1,0][u][0, t] == 0, u[1, t] == T0};
ic = u[x, 0] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t},Assumptions->{T0>0,k>0,L>0}], 60*10]];
sol= sol/.{K[1]->n};� �

{{
u(x, t) → 2

∞∑
n=0

−
2e− 1

4k(2πn+π)2tT0 cos(nπ) cos
(1
2(2n+ 1)πx

)
2πn+ π

+ T0
}}

Maple 3� �
restart;
pde := diff(u(x,t),t)= k*diff(u(x,t),x$2);
ic := u(x,0)=0;
bc := D[1](u)(0,t) =0,u(L,t)=T0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic,bc],u(x,t)) assuming T0>0,k>0,L>0),output='realtime'));� �

u(x, t) = −

4

 ∞∑
n=0

cos
(

(1+2n)πx
2L

)
e−

k π2(1+2n)2t
4L2 (−1)n T0

1+2n


π

+ T0

3.1.1.31 [180] Haberman 2.3.7 (general case)

problem number 180

This is problem 2.3.7, from Richard Haberman applied partial differential equations, 5th
edition.

Consider the heat equation

ut = kuxx

Subject to boundary conditions ux(0, t) = 0 , ux(L, t) = 0 with initial conditions u(x, 0) =
f(x)

0

ux = 0
L
ux = 0ut = kuxx

f(x)

Figure 3.46: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {Derivative[1, 0][u][0, t] == 0, Derivative[1, 0][u][L, t] == 0};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> {L > 0, k > 0, t > 0}], 60*10]];
sol = sol /. {K[1] -> n, K[2] -> x};� �


u(x, t) →

2
∞∑
n=1

e−
kn2π2t
L2 cos

(
nπx
L

) ∫ L

0 cos
(
nπx
L

)
f(x) dx+

∫ L

0 f(x) dx

L




Maple 3� �
restart;
interface(showassumed=0);
assume(L>0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
bc:=D[1](u)(0,t)=0,D[1](u)(L,t)=0;
ic := u(x,0)=f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t))),output='realtime'));� �

u(x, t) =

∫ L

0 f(x) dx+ 2
(

∞∑
n=1

cos
(
nπx
L

)
e−

k π2n2t
L2

∫ L

0 f(x) cos
(
nπx
L

)
dx

)
L

Hand solution

∂u

∂t
= k

∂2u

∂x2

ux(0, t) = 0
ux(L, t) = 0
u(x, 0) = f(x)

Let u(x, t) = T (t)X(x), then the PDE becomes
1
k
T ′X = X ′′T

Dividing by XT 6= 0
1
k

T ′

T
= X ′′

X
Since each side depends on different independent variable and both are equal, they must be
both equal to same constant, say −λ. Where λ is assumed real.

1
k

T ′

T
= X ′′

X
= −λ

The two ODE’s generated are

T ′ + kλT = 0 (1)
X ′′ + λX = 0 (2)

Starting with the space ODE equation (2), with corresponding boundary conditions dX
dx
(0) =

0, dX
dx
(L) = 0. Assuming the solution is X(x) = erx, Then the characteristic equation is

r2 + λ = 0
r2 = −λ
r = ±

√
−λ
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The following cases are considered.

case λ < 0 In this case, −λ and also
√
−λ are positive. Hence the roots ±

√
−λ are both real.

Let √
−λ = s

Where s > 0. This gives the solution

X(x) = A cosh (sx) +B sinh (sx)
dX

dx
= A sinh (sx) +B cosh (sx)

Applying the left B.C. gives

0 = dX

dx
(0)

= B cosh (0)
= B

The solution becomes X(x) = A cosh (sx) and hencedX
dx

= A sinh (sx). Applying the right
B.C. gives

0 = dX

dx
(L)

= A sinh (sL)

A = 0 result in trivial solution. Therefore assuming sinh (sL) = 0 implies sL = 0 which
is not valid since s > 0 and L 6= 0. Hence only trivial solution results from this case.
λ < 0 is not an eigenvalue.

case λ = 0

The ODE becomes
d2X

dx2
= 0

The solution is

X(x) = c1x+ c2

dX

dx
= c1

Applying left boundary conditions gives

0 = dX

dx
(0)

= c1

Hence the solution becomes X(x) = c2. Therefore dX
dx

= 0. Applying the right B.C. provides
no information.

Therefore this case leads to the solution X(x) = c2. Associated with this one eigenvalue,
the time equation becomes dT0

dt
= 0 hence T0 is constant, say α. Hence the solution u0(x, t)

associated with this λ = 0 is

u0(x, t) = X0T0

= c2α

= A0

where constant c2α was renamed toA0 to indicate it is associated with λ = 0. λ = 0 is an eigenvalue.

case λ > 0

Hence −λ is negative, and the roots are both complex.

r = ±i
√
λ
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The solution is

X(x) = A cos
(√

λx
)
+B sin

(√
λx
)

dX

dx
= −A

√
λ sin

(√
λx
)
+B

√
λ cos

(√
λx
)

Applying the left B.C. gives

0 = dX

dx
(0)

= B
√
λ cos (0)

= B
√
λ

ThereforeB = 0 as λ > 0. The solution becomesX(x) = A cos
(√

λx
)
and dX

dx
= −A

√
λ sin

(√
λx
)
.

Applying the right B.C. gives

0 = dX

dx
(L)

= −A
√
λ sin

(√
λL
)

A = 0 gives a trivial solution. Selecting sin
(√

λL
)
= 0 gives

√
λL = nπ n = 1, 2, 3, · · ·

Or
λn =

(nπ
L

)2
n = 1, 2, 3, · · ·

Therefore the space solution is

Xn(x) = An cos
(nπ
L
x
)

n = 1, 2, 3, · · ·

The time solution is found by solving

dTn
dt

+ kλnTn = 0

This has the solution

Tn(t) = e−kλnt

= e−k
(
nπ
L

)2
t n = 1, 2, 3, · · ·

For the same set of eigenvalues. Notice that no need to add a constant here, since it will
be absorbed in the An when combined in the following step below. Since for λ = 0 the
time solution was found to be constant, and for λ > 0 the time solution is e−k

(
nπ
L

)2
t, then

no time solution will grow with time. Time solutions always decay with time as the exponent
−k
(
nπ
L

)2
t is negative quantity. The solution to the PDE for λ > 0 is

un(x, t) = Tn(t)Xn(x) n = 0, 1, 2, 3, · · ·

But for linear system sum of eigenfunctions is also a solution. Hence

u(x, t) = uλ=0(x, t) +
∞∑
n=1

un(x, t)

= A0 +
∞∑
n=1

An cos
(nπ
L
x
)
e−k

(
nπ
L

)2
t

From the solution found above, setting t = 0 gives

f(x) = A0 +
∞∑
n=1

An cos
(nπ
L
x
)
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Multiplying both sides with cos
(
mπ
L
x
)
where in this problem m = 0, 1, 2, · · · (since there was

an eigenvalue associated with λ = 0), and integrating over the domain gives∫ L

0
f(x) cos

(mπ
L
x
)
dx =

∫ L

0
cos
(mπ
L
x
)(

A0 +
∞∑
n=1

An cos
(nπ
L
x
))

dx

=
∫ L

0
A0 cos

(mπ
L
x
)
dx+

∫
cos
(mπ
L
x
) ∞∑

n=1

An cos
(nπ
L
x
)
dx

=
∫ L

0
A0 cos

(mπ
L
x
)
dx+

∫ L

0

∞∑
n=1

An cos
(mπ
L
x
)
cos
(nπ
L
x
)
dx

Interchanging the order of summation and integration∫ L

0
f(x) cos

(mπ
L
x
)
dx =

∫ L

0
A0 cos

(mπ
L
x
)
dx+

∞∑
n=1

An

∫ L

0
cos
(mπ
L
x
)
cos
(nπ
L
x
)
dx (1)

case m = 0

When m = 0 then cos
(
mπ
L
x
)
= 1 and the above simplifies to∫ L

0
f(x) dx =

∫ L

0
A0dx+

∞∑
n=1

An

∫ L

0
cos
(nπ
L
x
)
dx

But
∫ L

0 cos
(
nπ
L
x
)
dx = 0 and the above becomes∫ L

0
f(x) dx =

∫ L

0
A0dx

= A0L

Therefore
A0 =

1
L

∫ L

0
f(x) dx

case m > 0

From (1), one term survives in the integration when only n = m, hence∫ L

0
f(x) cos

(mπ
L
x
)
dx = A0

∫ L

0
cos
(mπ
L
x
)
dx+ Am

∫ L

0
cos2

(mπ
L
x
)
dx

But
∫ L

0 cos
(
mπ
L
x
)
dx = 0 and the above becomes∫ L

0
f(x) cos

(mπ
L
x
)
dx = Am

L

2

Therefore
An = 2

L

∫ L

0
f(x) cos

(nπ
L
x
)
dx

For n = 1, 2, 3, · · ·

Therefore the solution is

u(x, t) = A0 +
∞∑
n=1

An cos
(nπ
L
x
)
e−k

(
nπ
L

)2
t

= 1
L

∫ L

0
f(x) dx+ 2

L

∞∑
n=1

(∫ L

0
f(x) cos

(nπ
L
x
)
dx

)
cos
(nπ
L
x
)
e−k

(
nπ
L

)2
t

In the limit as t → ∞ the term e−k
(
nπ
L

)2
t → 0. What is left is A0. But A0 = 1

L

∫ L

0 f(x) dx
from above. This quantity is the average of the initial temperature.
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3.1.1.32 [181] specific case

problem number 181

Added June 21, 2019

Solve

ut = kuxx

Subject to boundary conditions ux(0, t) = 0 , ux(L, t) = 0 with initial conditions u(x, 0) =
f(x) using the following values

L = 5

k = 1
100

f(x) = x

0

ux = 0
5
ux = 0ut =

1
100uxx

u(x, 0) = x

Figure 3.47: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
k=1/100;
L=5;
f=x;
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {Derivative[1, 0][u][0, t] == 0, Derivative[1, 0][u][L, t] == 0};
ic = u[x, 0] == f;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];
sol = sol /. {K[1] -> n, K[2] -> x};� �

{{
u(x, t) → 2

5

∞∑
n=1

25(−1 + (−1)n) e−n2π2t
2500 cos

(
nπx
5

)
n2π2 + 5

2

}}

Maple 3� �
restart;
L:=5;
k:=1/100;
f:=x;
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
bc:=D[1](u)(0,t)=0,D[1](u)(L,t)=0;
ic := u(x,0)=f;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t))),output='realtime'));� �

u(x, t) =

5π2

2 + 10
(

∞∑
n=1

((−1)n−1) cos
(
nπx
5
)
e−

π2n2t
2500

n2

)
π2
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Hand solution

The general solution for this type of PDE is given in problem 3.1.1.31 on page 333 as

u(x, t) = A0 +
∞∑
n=1

An cos
(nπ
L
x
)
e−k

(
nπ
L

)2
t (1)

In this problem u(x, 0) = f(x) = x, L = 5, k = 1
100 . Hence the above becomes

u(x, t) = A0 +
∞∑
n=1

An cos
(nπ

5 x
)
e
−
(

1
100
(
nπ
5
)2

t
)

(2)

At t = 0 the above becomes

x = A0 +
∞∑
n=1

An cos
(nπ

5 x
)

For n = 0 orthogonality gives ∫ 5

0
xdx =

∫ 5

0
A0dx

25
2 = 5A0

A0 =
5
2

For n > 0 ∫ 5

0
x cos

(nπ
5 x
)
dx =

∫ 5

0
An cos2

(nπ
5 x
)
dx

25
n2π2 (−1 + (−1)n) = 5

2An

An = 10
n2π2 (−1 + (−1)n)

Hence the solution (2) becomes

u(x, t) = 5
2 + 10

π2

∞∑
n=1

1
n2 (−1 + (−1)n) cos

(nπ
5 x
)
e−

n2π2
2500 t

The following is an animation of the solution

Out[ ]=

time 1

time = 00 seconds

0 1 2 3 4 5
x0

1

2

3

4

5
U

Figure 3.48: Initial state

Source code used for the above
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In[ ]:= ClearAll[x, y, t, n, k]

L = 5;

k = 1/ 100;

f = x;

numberOfTerms = 10;

mySol[x_, t_] =
5

2
+
10

π2
Sum

1

n2
-1 + (-1)n

 Exp-
n2 π2

2500
t Cos

n π

5
x, {n, 1, numberOfTerms};

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"},

SignPadding → True];

Figure 3.49: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {2, 2}], " seconds"}]},

{

Plot[Evaluate[mySol[x, t]], {x, 0, L},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, L}, {0, 5}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 700, 2}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 3.50: Code for animation

3.1.1.33 [182] Haberman 2.4.1 (a)

problem number 182

This is problem 2.4.1 part(a) from Richard Haberman applied partial differential equations,
5th edition.

Consider the heat equation

ut = kuxx

The boundary conditions are ux(0, t) = 0 , ux(L, t) = 0. Initial conditions

u(x, 0) =
{

0 x < L
2

1 x > L
2
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0

ux = 0
L
ux = 0

ut = kuxx

u(x, 0) =

{
0 0 < x ≤ L

2
1 L

2
< x ≤ L

L
2

Figure 3.51: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {Derivative[1, 0][u][0, t] == 0, Derivative[1, 0][u][L, t] == 0};
ic = u[x, 0] == Piecewise[{{0, x < L/2}, {1, x > L/2}}];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> {L > 0 && k > 0}], 60*10]];
sol = sol /. {K[1] -> n};� �


u(x, t) →

2
∞∑
n=1

− e
− kn2π2t

L2 L cos
(
nπx
L

)
sin
(
nπ
2
)

nπ

L
+ 1

2




Maple 3� �
restart;
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
bc:=D[1](u)(0,t)=0,D[1](u)(L,t)=0;
ic := u(x,0)=piecewise(0<x and x<=L/2,0,L/2<x and x<L,1);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t)) assuming k>0,L>0),output='realtime'));� �

u(x, t) = 1
2 −

2
(

∞∑
n=1

cos
(
nπx
L

)
e−

k π2n2t
L2 sin

(
nπ
2
)

n

)
π

3.1.1.34 [183] Both ends insulated, no source

problem number 183

Added January 13, 2020

This is problem 4.1.7 Introduction to Partial Differential Equations by Peter Olver ISBN
9783319020983.

Solve

ut = kuxx

The boundary conditions are ux(0, t) = 0 , ux(L, t) = 0. Initial conditions

u(x, 0) =
{

x 0 < x < L
2

1− x L
2 < x < L

UseL=1.
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0

ux = 0
L = 1
ux = 0

ut = kuxx

u(x, 0) =

{
x 0 < x ≤ L

2
1− x L

2
< x ≤ L

L
2

Figure 3.52: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
L=1;
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {Derivative[1, 0][u][0, t] == 0, Derivative[1, 0][u][L, t] == 0};
ic = u[x, 0] == Piecewise[{{x, 0<x < L/2}, {1-x, L/2<=x<L}}];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> k > 0], 60*10]];
sol = sol /. K[1] -> n;� �

{{
u(x, t) → 2

∞∑
n=1

4e−kn2π2t cos
(
nπ
2

)
cos(nπx) sin2 (nπ

4

)
n2π2 + 1

4

}}

Maple 3� �
restart;
L:=1;
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
bc:=D[1](u)(0,t)=0,D[1](u)(L,t)=0;
ic := u(x,0)=piecewise(0<x and x<=L/2,x,L/2<x and x<L,1-x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t)) assuming k>0),output='realtime'));� �

u(x, t) = 1
4 +

2
(

∞∑
n=1

(
− cos(nπx)e−k π2n2t

(
−2 cos

(
nπ
2
)
+1+(−1)n

)
n2

))
π2

Hand solution

Let u(x, t) = T (t)X(x), then the PDE becomes
1
k
T ′X = X ′′T

Dividing by XT 6= 0
1
k

T ′

T
= X ′′

X
Since each side depends on different independent variable and both are equal, they must be
both equal to same constant, say −λ. Where λ is assumed real.

1
k

T ′

T
= X ′′

X
= −λ

The two ODE’s generated are
T ′ + kλT = 0 (1)

And the eigenvalue ODE

X ′′ + λX = 0 (2)
X ′(0) = 0
X ′(L) = 0
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Starting with the eigenvalue ODE equation (2). The following cases are considered.

case λ < 0

In this case, −λ is positive. Let −λ = ω2. Hence the ODE is X ′′ − ω2X = 0 and the solution
becomes

X(x) = C1 cosh (ωx) + C2 sinh (ωx)

Therefore
X ′ = C1 sinh (ωx) + C2 cosh (ωx)

Applying the left B.C. gives
0 = C2

Therefore the solution becomes X(x) = C1 cosh (ωx) and X ′(x) = C1 sinh (ωx). Applying
the right B.C. gives

0 = C1 sinh (ωL)

For non-trivial solution we want sinh (ωL) = 0. But this is not possible since sinh is zero
when its argument is zero, which is not the case here. Hence only trivial solution results from
this case. λ < 0 is not an eigenvalue.

case λ = 0

The solution is

X(x) = c1x+ c2

X ′(x) = c1

Applying left boundary conditions gives

0 = c1

Hence the solution becomes X(x) = c2. Therefore dX
dx

= 0. Applying the right B.C. provides
no information. Any c2 will work. Therefore this case leads to the solution X(x) = c2.
Associated with this one eigenvalue, the time equation becomes T ′

0(t) = 0 hence T0(t) is a
constant. Hence the solution u0(x, t) associated with this λ = 0 is

u0(x, t) = X0T0

= A0

where constant c2T0 was renamed to A0
2 to indicate it is associated with λ = 0. λ = 0 is an eigenvalue

with eigenfunction constant A0
2 .

case λ > 0

The solution is

X(x) = c1 cos
(√

λx
)
+ c2 sin

(√
λx
)

X ′(x) = −c1
√
λ sin

(√
λx
)
+ c2

√
λ cos

(√
λx
)

Applying the left B.C. gives
0 = c2

√
λ

Therefore c2 = 0 as λ > 0. The solution becomes

X(x) = c1 cos
(√

λx
)

And X ′(x) = −c1
√
λ sin

(√
λx
)
. Applying the right B.C. gives

0 = −c1
√
λ sin

(√
λL
)
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c1 = 0 gives a trivial solution. Selecting sin
(√

λL
)
= 0 gives

√
λL = nπ n = 1, 2, 3, · · ·

Or
λn =

(nπ
L

)2
n = 1, 2, 3, · · ·

Therefore the eigenfunctions are

Xn(x) = cos
(nπ
L
x
)

n = 1, 2, 3, · · ·

The time solution is found by solving

T ′
n(t) + kλnTn(t) = 0

This has the solution

Tn(t) = Ane
−kλnt

= Ane
−k
(
nπ
L

)2
t n = 1, 2, 3, · · ·

The solution to the PDE is

un(x, t) = Tn(t)Xn(x) n = 0, 1, 2, 3, · · ·

But for linear system sum of eigenfunctions is also a solution. Hence

u(x, t) = u0(x, t) +
∞∑
n=1

un(x, t)

= A0

2 +
∞∑
n=1

An cos
(nπ
L
x
)
e−k

(
nπ
L

)2
t (1)

From the solution found above, setting t = 0 gives

f(x) = A0

2 +
∞∑
n=1

An cos
(nπ
L
x
)

Hence A0, An are the Fourier cos coefficients for the function f(x). Doing an even extension
of f(x) from [−L,L], then A0

2 is the average of the function f(x) over [−L,L]. But this
average is seen as 2

( 1
2×

1
2
)

2 = 1
4 . The term 1

2 ×
1
2 is the area of f(x) from [0, L].

A0

2 = 1
4

For An

An = 1
L

∫ L

−L

f(x) cos
(nπ
L
x
)
dx

Replacing L = 1 and using the definition of f(x) given above gives

An =
∫ 1

−1
f(x) cos

(nπ
L
x
)
dx

But f(x) is even (after even extending) and cos is even, hence the above becomes

An = 2
∫ 1

0
f(x) cos (nπx) dx

= 2
(∫ 1

2

0
x cos (nπx) dx+

∫ 1

1
2

(1− x) cos (nπx) dx
)

= 2
(∫ 1

2

0
x cos (nπx) dx+

∫ 1

1
2

cos (nπx) dx−
∫ 1

1
2

x cos (nπx) dx
)

(2)
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But ∫ b

a

x cos (nπx) dx = 1
nπ

[x sin (nπx)]ba −
1
nπ

∫ b

a

sin (nπx) dx

= 1
nπ

[x sin (nπx)]ba +
1

n2π2 [cos (nπx)]
b
a (3)

When a = 0, b = 1
2 the above gives∫ 1
2

0
x cos (nπx) dx = 1

nπ
[x sin (nπx)]

1
2
0 + 1

n2π2 [cos (nπx)]
1
2
0

= 1
nπ

(
1
2 sin

(nπ
2

))
+ 1
n2π2

(
cos
(nπ

2

)
− 1
)

= 1
2nπ sin

(nπ
2

)
+ 1
n2π2

(
cos
(nπ

2

)
− 1
)

= 1
2nπ sin

(nπ
2

)
+ 1
n2π2 cos

(nπ
2

)
− 1
n2π2 (4)

And when a = 1
2 , b = 1 (3) gives∫ 1

1
2

x cos (nπx) dx = 1
nπ

[x sin (nπx)]11
2
+ 1
n2π2 [cos (nπx)]

1
1
2

= 1
nπ

[
sin (nπ)− 1

2 sin
(nπ

2

)]
+ 1
n2π2

[
cos (nπ)− cos

(nπ
2

)]
= − 1

2nπ sin
(nπ

2

)
+ 1
n2π2 cos (nπ)−

1
n2π2 cos

(nπ
2

)
(5)

Substituting (4,5) into (2) gives

An

2 = 1
2nπ sin

(nπ
2

)
+ 1
n2π2 cos

(nπ
2

)
− 1
n2π2

+
∫ 1

1
2

cos (nπx) dx

−
(
− 1
2nπ sin

(nπ
2

)
+ 1
n2π2 cos (nπ)−

1
n2π2 cos

(nπ
2

))
Or

An

2 = 1
2nπ sin

(nπ
2

)
+ 1
n2π2 cos

(nπ
2

)
− 1
n2π2

+ 1
nπ

0︷ ︸︸ ︷
sin (nπ)− 1

nπ
sin
(nπ

2

)
+ 1

2nπ sin
(nπ

2

)
− 1
n2π2 cos (nπ) +

1
n2π2 cos

(nπ
2

)
Or

An

2 =
(

1
nπ

sin
(nπ

2

)
+ 2
n2π2 cos

(nπ
2

)
− 1
n2π2

)
− 1
nπ

sin
(nπ

2

)
− 1
n2π2 cos (nπ)

=
2 cos

(
nπ
2

)
− 1− (−1)n

n2π2

Therefore the solution (1) becomes, after replacing L = 1

u(x, t) = 1
4 + 2

∞∑
n=1

2 cos
(
nπ
2

)
− 1− (−1)n

n2π2 cos (nπx) e−kn2π2t
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3.1.1.35 [184] Haberman 2.4.1 (b) (special case)

problem number 184

This is problem 2.4.1 part(b) from Richard Haberman applied partial differential equations,
5th edition.

Solve the heat equation

ut = kuxx

The boundary conditions are ux(0, t) = 0, ux(L, t) = 0 with the temperature initially u(x, 0) =
6 + 4 cos

(3πx
L

)

0

ux = 0
L
ux = 0ut = kuxx

6 + 4 cos( 3πx
L

)

Figure 3.53: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
NumericQ[L] =. ;
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {Derivative[1, 0][u][0, t] == 0, Derivative[1, 0][u][L, t] == 0};
ic = u[x, 0] == 6 + 4*Cos[(3*Pi*x)/L];
NumericQ[L] = True;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];
sol = sol /. {K[1] -> n};
NumericQ[L] =. ;� �


u(x, t) →

2
∞∑
n=1

2e−
kn2π2t
L2 L

(
n2−27

)
cos
(
nπx
L

)
sin(nπ)

n(n2−9)π

L
+ 6




Maple 3� �
restart;
interface(showassumed=0);
assume(L>0 and k>0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
bc:=D[1](u)(0,t)=0,D[1](u)(L,t)=0;
ic := u(x,0)=6+4*cos(3*Pi*x/L);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t))),output='realtime'));� �

u(x, t) = 6 + 4 cos
(
3πx
L

)
e−

9k π2t
L2

Hand solution

The general solution for this type of PDE is given in problem 3.1.1.31 on page 333 as

u(x, t) = A0 +
∞∑
n=1

An cos
(nπ
L
x
)
e−k

(
nπ
L

)2
t (1)
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In this example u(x, 0) = f(x) = 6 + 4 cos 3πx
L
. Hence at t = 0 the above becomes

f(x) = A0 +
∞∑
n=1

An cos
(nπ
L
x
)

6 + 4 cos 3πx
L

= A0 +
∞∑
n=1

An cos
(nπ
L
x
)

Comparing terms shows that

A0 = 6
A3 = 4

And all other An = 0. Hence the solution (1) is

u(x, t) = 6 + 4 cos
(
3π
L
x

)
e−k

( 3π
L

)2
t

3.1.1.36 [185] Haberman 2.4.1 (c) (special case)

problem number 185

This is problem 2.4.1 part(c) from Richard Haberman applied partial differential equations,
5th edition.

Solve the heat equation

ut = kuxx

The boundary conditions are ux(0, t) = 0, ux(L, t) = 0 with the temperature initially u(x, 0) =
−2 sin πx

L

0

ux = 0
L
ux = 0ut = kuxx

−2 sin(πx
L
)

Figure 3.54: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {Derivative[1, 0][u][0, t] == 0, Derivative[1, 0][u][L, t] == 0};
ic = u[x, 0] == -2*Sin[(Pi*x)/L];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> {L > 0 && k > 0}], 60*10]];
sol = sol /. K[1] -> n;� �


u(x, t) →

2
∞∑
n=1

2(1+(−1)n)e−
kn2π2t
L2 L cos

(
nπx
L

)
(n2−1)π

L
− 4
π



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Maple 3� �
restart;
interface(showassumed=0);
assume(L>0 and k>0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
bc:=D[1](u)(0,t)=0,D[1](u)(L,t)=0;
ic := u(x,0)=-2*sin(Pi*x/L);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t))),output='realtime'));� �

u(x, t) =
−4 + 4

(
∞∑
n=2

cos
(
nπx
L

)
e−

k π2n2t
L2 (1+(−1)n)

n2−1

)
π

Hand solution

The general solution for this type of PDE is given in problem 3.1.1.31 on page 333 as

u(x, t) = A0 +
∞∑
n=1

An cos
(nπ
L
x
)
e−k

(
nπ
L

)2
t (1)

At t = 0 the above becomes

f(x) = A0 +
∞∑
n=1

An cos
(nπ
L
x
)

−2 sin πx
L

= A0 +
∞∑
n=1

An cos
(nπ
L
x
)

Multiplying both sides by cos
(
mπ
L
x
)
and integrating gives

−2
∫ L

0
sin
(πx
L

)
cos
(mπ
L
x
)
dx =

∫ L

0

(
A0 cos

(mπ
L
x
)
+ cos

(mπ
L
x
) ∞∑

n=1

An cos
(nπ
L
x
))

dx

=
∫ L

0
A0 cos

(mπ
L
x
)
dx+

∫ L

0

∞∑
n=1

An cos
(mπ
L
x
)
cos
(nπ
L
x
)
dx

Interchanging the order of integration and summation∫ L

0
−2 sin

(πx
L

)
cos
(mπ
L
x
)
dx =

∫ L

0
A0 cos

(mπ
L
x
)
dx+

∞∑
n=1

An

∫ L

0
cos
(mπ
L
x
)
cos
(nπ
L
x
)
dx

Case m = 0

The above becomes

−2
∫ L

0
sin
(πx
L

)
dx =

∫ L

0
A0dx+

∞∑
n=1

An

∫ L

0
cos
(nπ
L
x
)
dx

But
∫ L

0 cos
(
nπ
L
x
)
dx = 0 hence∫ L

0
−2 sin

(πx
L

)
dx =

∫ L

0
A0dx

A0L = −2
∫ L

0
sin
(πx
L

)
dx

A0L = −2
(
−
cos
(
πx
L

)
π
L

)L

0

= −2L
π

(
− cos

(
πL

L

)
+ cos

(
π0
L

))
= −2L

π
(−(−1) + 1)

= −4L
π
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Hence
A0 =

−4
π

Case m > 0

∫ L

0
−2 sin

(πx
L

)
cos
(mπ
L
x
)
dx =

∫ L

0
A0 cos

(mπ
L
x
)
dx+

∞∑
n=1

An

∫ L

0
cos
(mπ
L
x
)
cos
(nπ
L
x
)
dx

One term survives the summation resulting in∫ L

0
−2 sin

(πx
L

)
cos
(mπ
L
x
)
dx = −4

π

∫ L

0
cos
(mπ
L
x
)
dx+ Am

∫ L

0
cos2

(mπ
L
x
)
dx

But
∫ L

0 cos
(
mπ
L
x
)
dx = 0 and

∫ L

0 cos2
(
mπ
L
x
)
dx = L

2 , therefore∫ L

0
−2 sin

(πx
L

)
cos
(mπ
L
x
)
dx = Am

L

2

An = −4
L

∫ L

0
sin
(πx
L

)
cos
(nπ
L
x
)
dx

But ∫ L

0
sin
(πx
L

)
cos
(nπ
L
x
)
dx = −L(1 + cos (nπ))

π (n2 − 1)
Therefore

An = 4(1 + cos (nπ))
π (n2 − 1)

= 4(−1)n + 1
π (n2 − 1) n = 1, 2, 3, · · ·

Hence the solution becomes

u(x, t) = −4
π

+ 4
π

∞∑
n=1

(−1)n + 1
(n2 − 1) cos

(nπ
L
x
)
e−k

(
nπ
L

)2
t

3.1.1.37 [186] Haberman 2.4.1 (d)

problem number 186

This is problem 2.4.1 part(d) from Richard Haberman applied partial differential equations,
5th edition.

Solve the heat equation

∂u

∂t
= k

∂2u

∂x2

The boundary conditions are ∂u
∂x
(0, t) = 0 and ∂u

∂x
(L, t) = 0 with the temperature initially

u(x, 0) = −3 cos 8πx
L

0

ux = 0
L
ux = 0ut = kuxx

−3 cos( 8πx
L

)

Figure 3.55: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
NumericQ[L] =. ;

pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {Derivative[1, 0][u][0, t] == 0, Derivative[1, 0][u][L, t] == 0};
ic = u[x, 0] == -3*Cos[(8*Pi*x)/L];
NumericQ[L] = True;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];
sol = sol /. {K[1] -> n};
NumericQ[L] =. ;� �


u(x, t) →

2
∞∑
n=1

− 3e−
kn2π2t
L2 Ln cos

(
nπx
L

)
sin(nπ)

(n2−64)π

L




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
bc:=D[1](u)(0,t)=0,D[1](u)(L,t)=0;
assume(L>0 and k>0);
ic := u(x,0)=-3*cos(8*Pi*x/L);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t))),output='realtime'));� �

u(x, t) = −3 cos
(
8πx
L

)
e−

64k π2t
L2

3.1.1.38 [187] both ends insulated

problem number 187

Added December 20, 2018.

Taken from https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-A
nd-Boundary--Initial-Conditions-2018

Solve the heat equation for u(x, t)

ut = 13uxx

For 0 < x < 1 and t > 0. The boundary conditions are

∂u

∂x
(0, t) = 0

∂u

∂x
(1, t) = 1

Initial condition is u(x, 0) = 1
2x

2 + x

https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
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0
ux = 0

1
ux = 0ut = 13uxx

x2

2 + x

Figure 3.56: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == 13*D[u[x, t], {x, 2}];
bc = {Derivative[1, 0][u][0, t] == 0, Derivative[1, 0][u][1, t] == 1};
ic = u[x, 0] == (1*x^2)/2 + x;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t], 60*10]];� �

u(x, t) → 1

2

2
∞∑

K[1]=1

2
(
−1 + (−1)K[1]) e−13π2tK[1]2 cos(πxK[1])

π2K[1]2 + 26t+ x2 + 1




Maple 3� �
restart;
pde := diff(u(x, t), t) = 13*(diff(u(x, t), x$2));
bc := eval( diff(u(x,t),x),x=0)=0 , eval( diff(u(x,t),x),x=1)=1;
ic := u(x,0)=1/2*x^2+x;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, bc,ic],u(x,t))),output='realtime'));� �

u(x, t) =
4
(

∞∑
n=1

cos(nπx)e−13π2n2t(−1+(−1)n)
n2

)
+ (x2 + 26t+ 1) π2

2π2

3.1.1.39 [188] convection heat loss

problem number 188

This problem is taken from Maple primes post

Left end insulated, right end has convection heat loss https://www.mapleprimes.com/po
sts/209681-Solving-PDEs-With-Initial-And-Boundary

Solve the heat equation

ut = kuxx

The boundary conditions are, on the left end ∂u
∂x
(0, t) = 0 and on the right end ∂u

∂x
(1, t) =

−u(1, t) with the temperature initially u(x, 0) = 1− 1
4x

3

0

ux = 0
1
ux + u = 0ut = kuxx

1− x3

4

Figure 3.57: PDE specification

https://www.mapleprimes.com/posts/209681-Solving-PDEs-With-Initial-And-Boundary
https://www.mapleprimes.com/posts/209681-Solving-PDEs-With-Initial-And-Boundary


chapter 3. parabolic pde’s (diffusion) 351

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
ic = u[x, 0] == 1 - (1*x^3)/4;
bc = {Derivative[1, 0][u][0, t] == 0, Derivative[1, 0][u][1, t] == -u[1, t]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> {k > 0, t > 0}], 60*10]];� �

u(x, t) → {

∞∑
K[1]=1

−
e−ktK[2,K[1]] cos

(
x
√

K[2,K[1]]
)(

3 cos
(√

K[2,K[1]]
)
(K[2,K[1]]−2)−3

√
K[2,K[1]](K[2,K[1]]+2) sin

(√
K[2,K[1]]

)
+6
)

√
2
√

3−cos
(
2
√

K[2,K[1]]
)
K[2,K[1]]2

√
sin2

(√
K[2,K[1]]

)
+1

tan
(√

K[2, K[1]]
)
= 1√

K[2,K[1]] ∧K[1] ∈ Z ∧K[1] ≥ 1 ∧K[2, K[1]] > 0

Indeterminate True




Maple 3� �
restart;
pde := diff(u(x,t), t) = k*(diff(u(x,t), x, x));
ic := u(x,0) = 1-(1/4)*x^3;
bc := eval(diff(u(x,t), x), x = 0) = 0, eval(diff(u(x,t), x), x = 1)+u(1,t) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t)) assuming t>0,k>0),output='realtime'));� �

u(x, t) =
3
(

∞∑
n=0

e−kλ2nt
((
−λ2

n+2
)
cos(λn)−2+

(
λ3
n+2λn

)
sin(λn)

)
cos(λnx)

λ3
n(sin(λn) cos(λn)+λn)

)
2 where{tan (λn)λn − 1 = 0 ∧ 0 < λn}

3.1.1.40 [189] Pinchover and Rubinstein 6.25

problem number 189

Added July 2, 2018. Taken from Maple 2018.1 document, originally exercise 6.25 from
Pinchover and Rubinstein.

Solve the heat equation

ut = kuxx + cos(wt)

For 0 < x < L and t > 0. The boundary conditions are

∂u

∂x
(0, t) = 0

∂u

∂x
(L, t) = 0

Initial condition is u(x, 0) = x.

0
ux = 0

L
ut = kuxx + cos(ωt)

x

ux = 0

Figure 3.58: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + Cos[w*t];
bc = {Derivative[1, 0][u][0, t] == 0, Derivative[1, 0][u][L, t] == 0};
ic = u[x, 0] == x;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t, Assumptions -> {L > 0, t > 0, k > 0}], 60*10]];� �


u(x, t) →

∞∑
K[1]=1

2
(
−1 + (−1)K[1]) e− kπ2tK[1]2

L2 L cos
(

πxK[1]
L

)
π2K[1]2 + L

2 + sin(tw)
w




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x, t), t) = k*(diff(u(x, t), x, x))+cos(w*t);
bc := (D[1](u))(L, t) = 0, (D[1](u))(0, t) = 0;
ic := u(x, 0) = x;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic,bc],u(x,t)) assuming L>0),output='realtime'));� �

u(x, t) = L

2 +
2L
(

∞∑
n=1

cos
(
nπx
L

)
e−

k π2n2t
L2 ((−1)n−1)
n2

)
π2 + sin (wt)

w

3.1.1.41 [190] external source

problem number 190

Added March 18, 2018.

Solve the heat equation

∂u

∂t
= k

∂2u

∂x2
+
(
e−ct sin

(
2πx
L

))
For 0 < x < L and t > 0. The boundary conditions are

∂u

∂x
(0, t) = 0

∂u

∂x
(L, t) = 0

Initial condition is u(x, 0) = f(x).

0
ux = 0

L
ut = kuxx + ect sin( 2πx

L
)

f(x)

ux = 0

Figure 3.59: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + Exp[-(c*t)]*Sin[(2*Pi*x)/L];
bc = {Derivative[1, 0][u][0, t] == 0, Derivative[1, 0][u][L, t] == 0};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t, Assumptions -> {L > 0, k > 0, t > 0}], 60*10]];� �



u(x, t) →

∞∑
K[1]=1

√
2 cos

(
πxK[1]

L

)e− kπ2tK[1]2

L2
∫ L

0

√
2 cos

(
πxK[1]
L

)
f(x)

√
L

dx+

 {
2
√
2
(
−1+(−1)K[1])e−t

(
kπ2K[1]2

L2 +c
)(

−ect+e
kπ2tK[1]2

L2

)
L5/2

π(K[1]2−4)(kπ2K[1]2−cL2) K[1] 6= 2
0 True




√
L

+
∫ L

0
f(x)√

L
dx

√
L




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2)+(exp(-c*t)*sin(2*Pi*x/L));
ic := u(x,0)=f(x);
bc := D[1](u)(0,t)=0, D[1](u)(L,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic,bc],u(x,t)) assuming L>0,t>0,k>0),output='realtime'));� �

u(x, t) =
∫ L

0 f(x) dx
L

+2

 ∞∑
n=1

cos
(
nπx
L

)
e−

k π2n2t
L2

∫ L

0 f(x) cos
(
nπx
L

)
dx

L

−

8L2


3


∞∑
n=3

−
cos
(
nπx
L

)(
(−1)n−1

)(
L2c−π2k

)e
− k π2n2t

L2 −e−ct


(
n2−4

)(
−π2k n2+L2c

)



2 + cos
(
πx
L

)(
e−ct − e−

k π2t
L2

)


3π (L2c− π2k)

3.1.1.42 [191] Diffusion Reaction (general case)

problem number 191

Added June 9, 2019

Consider the heat equation
ut = kuxx − βu

Suppose the boundary conditions are ux(0, t) = 0, ux(π, t) = 0, solve with the temperature
initially u(x, 0) = x

0

ux = 0
π
ux = 0ut = kuxx − βu

u(x, 0) = x

β > 0

Figure 3.60: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] - beta*u[x, t];
bc = {Derivative[1,0][u][0, t] == 0, Derivative[1,0][u][Pi, t] == 0};
ic = u[x, 0] == x;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> {beta > 0,k>0}], 60*10]];� �


u(x, t) →

∞∑
K[1]=1

2
(
−1 + (−1)K[1]) e−t

(
kK[1]2+β

)
cos(xK[1])

πK[1]2 + 1
2πe

−βt




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2)-beta*u(x,t);
bc:= D[1](u)(0,t)=0,D[1](u)(Pi,t)=0;
ic := u(x,0)=x;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t)) assuming beta>0),output='realtime'));� �

u(x, t) = π e−βt

2 +
2
(

∞∑
n=1

((−1)n−1) cos(nx)e−t
(
k n2+β

)
n2

)
π

Hand solution

Solve

∂u

∂t
= k

∂2u

∂x2
− βu 0 < x < π, t > 0

with, k > 0, β > 0

∂u(0, t)
∂x

= 0

∂u(π, t)
∂x

= 0

And initial conditions
u(x, 0) = x

Solution

Let u = X(x)T (t). Substituting into the PDE gives

T ′X = kX ′′T − βXT

Dividing by XT 6= 0 gives

T ′

T
= kX ′′

X
− β

T ′

T
+ β = kX ′′

X
T ′

kT
+ β

k
= X ′′

X

Since each sides depends on different variable and both are equal, they must be equal to
same constant, say −λ

T ′

αT
+ β

α
= X ′′

X
= −λ
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This gives two ODE’s to solve

X ′′ + λX = 0 (1)
X ′(0) = 0
X ′(π) = 0

And

T ′

kT
+ β

k
= −λ (2)

T ′ + βT = −λkT
T ′ + T (λk + β) = 0

Starting with (1).

Assuming λ < 0, the solution is

X(x) = A cosh
(√

−λx
)
+B sinh

(√
−λx

)
X ′ =

√
−λA sinh

(√
−λx

)
+
√
−λB cosh

(√
−λx

)
Applying first B.C. gives 0 =

√
−λB, hence B = 0. Therefore the solution becomes X(x) =

A cosh
(√

−λx
)
and X ′ =

√
−λA sinh

(√
−λx

)
. Applying second B.C. gives

0 =
√
−λA sinh

(√
−λπ

)
But sinh

(√
−λπ

)
= 0 only when its argument is zero, which is not the case here. This means

A = 0, leading to trivial solution. Therefore λ < 0 is not eigenvalue.

Assuming λ = 0. The solution is X = Ax + B. Hence X ′ = A. Applying first B.C. Gives
A = 0. Hence solution is X = B. Second boundary condition gives no additional information.
Therefore X = 1 (constant) is the eigenfunction associated with λ = 0.

Assuming λ > 0. The solution is

X = A cos
(√

λx
)
+B sin

(√
λx
)

X ′ = −
√
λA sin

(√
λx
)
+
√
λB cos

(√
λx
)

Applying first B.C. gives 0 =
√
λB, henceB = 0. and the solution becomesX = A cos

(√
λx
)
, X ′ =

−
√
λA sin

(√
λx
)
. Applying second B.C. gives

0 = −
√
λA sin

(√
λπ
)

Therefore

sin
(√

λπ
)
= 0

√
λπ = nπ n = 1, 2, 3, · · ·
λ = n2 n = 1, 2, 3, · · ·

Therefore the space solution is

X(x) = A0 +
∞∑
n=1

An cos (nx) (3)

Now the time ODE (2) is solved.

T ′ + T (λk + β) = 0



chapter 3. parabolic pde’s (diffusion) 356

Integrating factor is e
∫
λk+βdt = e(λk+β)t. Hence d

dt

(
Te(λk+β)t) = 0 or Te(λk+β)t = c where c

is constant. Therefore
T (t) = ce−(λk+β)t

For λ = 0, the solution is
T0(t) = c0e

−βt

and for λ > 0, the solution is
Tn(t) = cne

−
(
n2k+β

)
t

Hence the time domain solution is

T (t) = c0e
−βt +

∞∑
n=1

cne
−
(
n2k+β

)
t (4)

Combining (3,4) the solution is

un = XnTn

u(x, t) =
∞∑
n=0

XnTn

= c0e
−βt +

∞∑
n=1

bn cos (nx) e−
(
n2k+β

)
t (5)

where both constants from space and time eigenfunctions are combined into one constant bn
above in the sum. Now initial conditions are used to find coefficients. At t = 0

u(x, 0) = c0 +
∞∑
n=1

bn cos (nx)

x = c0 +
∞∑
n=1

bn cos (nx)

Multiplying both sides by cos (mx) and integrating gives∫ π

0
x cosmxdx =

∫ π

0

(
c0 cosmx+

∞∑
n=1

bn cosmx cos (nx)
)
dx

For m = 0, all terms in the sum in RHS vanish, and only c0 left∫ π

0
xdx =

∫ π

0
c0dx

= c0π

Hence

c0 =
1
π

∫ π

0
xdx (6)

= 1
π

π2

2
= π

2
For n > 0 ∫ π

0
x cosmxdx =

∫ π

0

∞∑
n=1

bn cosmx cos (nx) dx

=
∞∑
n=1

bn

∫ π

0
cosmx cos (nx) dx

All terms in the sum vanish except for n = m. The above becomes∫ π

0
x cosmxdx = bn

π

2

bn = 2
π

∫ π

0
x cosmxdx (7)
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Using integration by part,
∫ π

0 x cosnxdx, let u = x, dv = cosnx,→ du = 1, v = sinnx
n

,
therefore ∫ π

0
x cosnxdx =

(
x
sinnx
n

)π

0
− 1
n

∫ π

0
sinnxdx

= 1
n
(π sinnπ − 0) + 1

n

(cosnx
n

)π
0

= 0 + 1
n2 (cosnx)

π
0

= 1
n2 (cosnπ − 1)

Hence

bn = 2
π

∫ π

0
x cosmxdx

= 2
π

(−1n − 1)
n2

Therefore the final solution is, from (5), by combing all above results, becomes

u(x, t) = c0e
−βt +

∞∑
n=1

bn cos (nx) e−
(
n2k+β

)
t

= π

2 e
−βt + 2

π

∞∑
n=1

(−1n − 1)
n2 cos (nx) e−

(
n2k+β

)
t

This is animation of the solution for k = 1, β = 2 for 2 seconds. (Animation will only show
in the HTML version)

Out[ ]=

time 0.26

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5
0.26 sec, U at center=1.21

Figure 3.61: Screen shot

Source code used for the above
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beta = 1; k = 2;

T0[x_, t_, m_] := Quiet
Pi

2
Exp[-beta t] +

2

Pi
Sum

((-1)^n - 1 )

n2
Cos[n x] Exp[ -(n^2 k + beta) t], {n, 1, m};

p = Plot3D[T0[x, t, 20], {x, 0, Pi}, {t, 0, .1}, PlotRange → All, AxesLabel → {x, "sec", u}, BaseStyle → 15]

In[ ]:= padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

Manipulate[

Plot[T0[x, t, 20], {x, 0, Pi},

PlotLabel → Row[{t, " sec,", " U at center=", padIt2[N@T0[Pi/ 2, t, 100], {3, 2}]}],

PlotRange → {{0, Pi}, {0, 3.5}}, GridLines → Automatic, GridLinesStyle → LightGray, PlotStyle → Red

],

{{t, 0, "time"}, 0, 2, .01, Appearance → "Labeled"}]

In[ ]:= r = Table[

Plot[T0[x, t, 20], {x, 0, Pi},

PlotLabel → Row[{padIt2[t, {3, 2}], " sec,", " U at center = ", padIt2[N@T0[Pi/ 2, t, 100], {3, 2}]}],

PlotRange → {{0, Pi}, {0, 3.5}},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

],

{t, 0, 2, .01}];

In[ ]:= Export["anim.gif", r, "DisplayDurations" → Table[0.1, {Length@r}]]

Out[ ]= anim.gif

Figure 3.62: Source code

3.1.1.43 [192] Pinchover and Rubinstein 6.23

problem number 192

Added July 2, 2018.

4th example from Maple document for new improvements in Maple 2018.1, originally taken
from Pinchover and Rubinstein’s exercise 6.23 .

Solve the heat equation on bar

ut = uxx + g(x, t)

Where g(x, t) = e3t cos(17πx) for 0 < x < 1 and t > 0. The boundary conditions are

∂u

∂x
(0, t) = 0

∂u

∂x
(1, t) = 0

Initial condition is u(x, 0) = f(x) where f(x) = 3 cos(42πx).

0
ux = 0

1
ut = 13uxx + g(x, t)

3 cos(42πx)

ux = 0
g(x, t) = e3t cos(17πx)

Figure 3.63: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
f[x] := 3*Cos[42*Pi*x];
g[x, t] := Exp[3*t]*Cos[17*x*Pi];

pde = D[u[x, t], t] == D[u[x, t], {x, 2}] + g[x, t];
bc = {Derivative[1, 0][u][0, t] == 0, Derivative[1, 0][u][1, t] == 0};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �

u(x, t) →

∞∑
K[1]=1

√
2 cos(πxK[1])

(∫ t

0
e−π2K[1]2(t−K[2])

(
{

e3K[2]
√
2 K[1] = 17
0 True

)
dK[2] + e−π2tK[1]2

(
{

3√
2 K[1] = 42
0 True

))


Maple 3� �
restart;
f := x->3*cos(42*x*Pi);
g :=(x,t)->exp(3*t)*cos(17*x*Pi);
pde := diff(u(x, t), t)= (diff(u(x, t), x, x)) + g(x, t);
bc := (D[1](u))(0, t) = 0, (D[1](u))(1, t) = 0;
ic := u(x, 0) = f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', simplify(pdsolve([pde, ic, bc],u(x,t)))),output='realtime'));� �

u(x, t) = 3 cos (42πx) e−1764π2t +
cos (17πx)

(
e3t − e−289π2t

)
289π2 + 3

3.1.1.44 [193] Pinchover and Rubinstein 6.21

problem number 193

added July 2, 2018.

Taken from Maple document for new improvements in Maple 2018.1, originally taken from
Pinchover and Rubinstein’s exercise 6.21

Solve the heat equation on bar

ut = uxx + g(x, t)

Where g(x, t) = t cos(2001x) for 0 < x < π and t > 0. The boundary conditions are

∂u

∂x
(0, t) = 0

∂u

∂x
(1, t) = 0

Initial condition is u(x, 0) = f(x) where f(x) = π cos(2x).

0
ux = 0

1
ut = uxx + g(x, t)

π cos(2x)

ux = 0
g(x, t) = t cos(2001x)

Figure 3.64: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == D[u[x, t], {x, 2}] + t*Cos[2001*x];
bc = {Derivative[1, 0][u][0, t] == 0, Derivative[1, 0][u][Pi, t] == 0};
ic = u[x, 0] == Pi*Cos[2*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �

u(x, t) →

∞∑
K[1]=1

√
2
π
cos(xK[1])

(∫ t

0
e−K[1]2(t−K[2])

(
{

√
π
2K[2] K[1] = 2001
0 True

)
dK[2] + e−tK[1]2

(
{

π3/2
√
2 K[1] = 2
0 True

))


Maple 3� �
restart;
pde := diff(u(x, t), t)= (diff(u(x, t), x, x)) + t*cos(2001*x);
bc := (D[1](u))(0, t) = 0, (D[1](u))(Pi, t) = 0;
ic := u(x, 0) = Pi*cos(2*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, ic, bc],u(x,t))),output='realtime'));� �

u(x, t) = (4004001t+ e−4004001t − 1) cos (2001x)
16032024008001 + cos (2x) e−4tπ

3.1.1.45 [194] Diffusion Reaction. Euler-Cauchy Sturm-Liouville

problem number 194

Added April 20, 2019.

Solve the parabolic pde for u(x, t)

ut = x2uxx + xux

For 1 < x < b and t > 0. The boundary conditions are

ux(1, t) = 0
hu(b, t) + ux(b, t) = 0

Where h > 0. Initial condition is u(x, 0) = ln x

1
ux = 0

b
ux + hu = 0ut = x2uxx + xux

lnx

Figure 3.65: PDE specification



chapter 3. parabolic pde’s (diffusion) 361

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == x^2*D[u[x, t], {x, 2}] + x*D[u[x, t], x];
ic = u[x, 0] == Log[x];
bc = {Derivative[1, 0][u][1, t] == 0, h*u[b, t] + Derivative[1, 0][u][b, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}, Assumptions -> {b > 1, t > 0, h > 0}], 60*10]];� �

u(x, t) → {

∞∑
K[1]=1

2be−tK[2,K[1]]h cos
(√

K[2,K[1]] log(x)
)(

cos
(√

K[2,K[1]] log(b)
)
+
√

K[2,K[1]] log(b) sin
(√

K[2,K[1]] log(b)
)
−1
)

K[2,K[1]]
(
sin2

(√
K[2,K[1]] log(b)

)
+bh log(b)

) bh√
K[2,K[1]] = tan

(√
K[2, K[1]] log(b)

)
∧K[1] ∈ Z ∧K[1] ≥ 1 ∧K[2, K[1]] > 0

Indeterminate True




Maple 7� �
restart;
pde := diff(u(x,t),t)=x^2*diff(u(x,t),x$2)+x*diff(u(x,t),x);
bc:=eval( diff(u(x,t),x),x=1)=0,h*u(b,t)+eval( diff(u(x,t),x),x=b)=0;
ic := u(x,0)=ln(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve({pde, ic, bc}, u(x, t))),output='realtime'));� �
time expired
Hand solution

Solve
ut = x2uxx + xux (1)

With 1 < x < b, t > 0. BC

ux(1, t) = 0
hu(b, t) + ux(b, t) = 0

Where h > 0. And initial conditions

u(x, 0) = ln x

Let u = X(x)T (x). Substituting into (1) gives

T ′X = x2X ′′T + xX ′T

T ′

T
= x2

X ′′

X
+ x

X ′

X
= −λ

Where λ is the separation constant. From the boundary conditions, we know that λ will
be only positive. So we do not need to check for possibility of negative of zero eigenvalue.
Letting λ = α2, then the above reduces to

x2X ′′ + xX ′ + α2X = 0 (2)
T ′ + α2T = 0 (3)

Equation (2) is Euler ODE. Assuming X = xr, then X ′ = rxr−1, X ′′ = r(r − 1)xr−2.
Substituting back into (2) gives the characteristic equation

r(r − 1)xr + rxr + α2xr = 0
r2 + α2 = 0

r = ±iα

Hence the solution to (2) is

X(x) = Axiα +Bx−iα

= Aelnxiα +Belnx−iα

= Aeiα lnx +Be−iα lnx
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Which using Euler relation can be written as (using new constants, but the name of the
constants kept the same for simplicity)

X(x) = A cos (α ln x) +B sin (α ln x)

Applying first BC. X ′(1, t) = 0 gives

X ′(x) = −α
x
A sin (α ln x) +B

α

x
cos (α ln x)

0 = −αA sin (α ln 1) +Bα cos (α ln 1)
= Bα

Since α > 0 then B = 0. Hence the solution becomes

X(x) = A cos (α ln x)

Applying second BC. hX(b) +X ′(b) = 0 gives

hA cos (α ln b)− A
α

b
sin (α ln b) = 0

h− α

b
tan (α ln b) = 0

tan (α ln b) = hb

α
(4)

There is no analytical solution to the above. The eigenvalues αn are the solutions to the
above nonlinear equation. Therefore the eigenfunctions are

Xn(x) = cos (αn ln x)

With eigenvalues αn > 0 given by solutions to (4). The solution to the time ODE is

T ′
n + α2

nTn = 0
Tn(t) = Tn(0) e−α2

nt

Hence the solution to (1) is

u(x, t) =
∞∑
n=1

Tn(0) e−α2
nt cos (αn ln x) (5)

At t = 0
ln x =

∞∑
n=1

Tn(0) cos (αn ln x)

Applying orthogonality gives∫ b

1
ln x cos (αn ln x) dx = Tn(0)

∫ b

1
cos2 (αn ln x) dx

Tn(0) =
∫ b

1 ln x cos (αn ln x) dx∫ b

1 cos2 (αn ln x) dx

Hence the solution (5) becomes

u(x, t) =
∞∑
n=1

(∫ b

1 ln x cos (αn ln x) dx∫ b

1 cos2 (αn ln x) dx

)
e−α2

nt cos (αn ln x)
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3.1.1.46 [195] convection heat loss

problem number 195

Added April 28, 2019

Problem 4, section 74, Fourier series and Boundary value problem, 8th edition by Brown and
Churchill.

Solve the heat equation

ut = kuxx

For 0 < x < 1, t > 0. The boundary conditions are, on the left end u(0, t) = 0 and on the
right end ux(1, t) = −hu(1, t) with h > 0. Initial conditions u(x, 0) = f(x)

0

u = 0
1
ux + hu = 0ut = kuxx

f(x)

h > 0

Figure 3.66: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
ic = u[x, 0] == f[x];
bc = {u[0, t] == 0, Derivative[1, 0][u][1, t] == -h u[1, t]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> {k > 0, t > 0, h > 0}], 60*10]];� �

u(x, t) → {

∞∑
K[1]=1

−

√
2e−ktK[2,K[1]]√h

∫ 1
0 −

2
√
hf(x) sin

(
x
√
K[2,K[1]]

)
√

2h+cos
(
2
√
K[2,K[1]]

)
+1

dx

 sin
(
x
√

K[2,K[1]]
)

√
cos2

(√
K[2,K[1]]

)
+h

h tan
(√

K[2, K[1]]
)
+
√
K[2, K[1]] = 0 ∧K[1] ∈ Z ∧K[1] ≥ 1 ∧K[2, K[1]] > 0

Indeterminate True




Maple 3� �
restart;
pde := diff(u(x,t), t) = k*(diff(u(x,t), x, x));
ic := u(x,0) = f(x);
bc := u(0,t)=0, eval(diff(u(x,t), x), x = 1)=-h*u(1,t);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t)) assuming k>0,h>0,t>0),output='realtime'));� �

u(x, t) = −2
(

∞∑
n=0

h sin (h tan (λn)x) e−k tan(λn)2h2t
∫ 1
0 f(x) sin (h tan (λn)x) dx| tan (λn) |

−h| tan (λn) |+ cos (h tan (λn)) sin (h| tan (λn) |)

)
where{λn − h csgn (tan (λn)) tan (λn) = 0 ∧ −∞ ≤ λn ≤ ∞}

Hand solution

To solve the PDE, we first check the boundary conditions by writing them as

a1u(0, t) + a2ux(0, t) = 0
b1u(1, t) + b2ux(1, t) = 0
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Then a1 = 0, a2 = 0. Hence a1a2 = 0. And b1 = 1, b2 = h. Then since it is assumed that
h > 0, then b1b2 ≥ 0. And since q(x) = 0 from the PDE itself, then we know that eigenvalues
must be λ ≥ 0.

Let u = X(x)T (t) then the PDE becomes

T ′X = X ′′T

T ′

T
= X ′′

X
= −λ

Hence the Sturm Liouville problem is

X ′′ + λX = 0
X(0) = 0

X ′(1) + hX(1) = 0

Where p(x) = 1.

Case λ = 0

Solution is
X(x) = Ax+B

At x = 0
0 = B

Hence solution becomes
X(x) = Ax

At x = 1 the second boundary conditions gives

A+ hA = 0
A(1 + h) = 0

For non trivial solution 1 + h = 0 or h = −1. But we assumed that h > 0. Therefore λ = 0
is not eigenvalue.

Case λ > 0

Let λ = α2, α > 0. Hence solution is

X(x) = A cos (αx) +B sin (αx)

At X(0) = 0
0 = A

The solution becomes
X(x) = B sin (αx)

At x = 1 the second boundary conditions gives

Bα cos (α) + hB sin (α) = 0
α cos (α) + h sin (α) = 0

tan (α) = −α
h

Therefore the eigenvalues are given by solution to

tan (αn) = −αn

h
n = 1, 2, 3, · · ·

And eigenfunctions are
Xn(x) = sin (αnx)

The normalized eigenfunctions are

φn(x) =
Xn(x)

‖Xn (x)‖
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But

‖Xn(x)‖2 =
∫ 1

0
p(x)X2

n(x) dx

=
∫ 1

0
sin2 (αnx) dx

= 1
2

∫ 1

0
1− cos (2αnx) dx

= 1
2

(
1−

[
sin (2αnx)

2αn

]1
0

)

= 1
2

(
1− 1

2αn
[sin (2αnx)]10

)
= 1

2

(
1− sin (2αn)

2αn

)
= 1

2 − sin (2αn)
4αn

But sin (2αn) = 2 sinαn cosαn and αn = −h sin(αn)
cos(αn) , therefore the above becomes

‖Xn(x)‖2 =
1
2 + 2 sinαn cosαn

4h sin(αn)
cos(αn)

= 1
2 + cos2 αn

2h

= h+ cos2 αn

2h
Hence

φn(x) =
Xn(x)√
h+cos2 αn

2h

=
√

2h
h+ cos2 αn

sin (αnx)

Now we use generalized Fourier series to find the solution. Let

u(x, t) =
∞∑
n=1

Bn(t)φn(x) (1)

Substituting this back into the PDE gives
∞∑
n=1

B′
n(t)φn(x) = k

∞∑
n=1

Bn(t)φ′′
n(x)

But φ′′
n(x) = −λnφn(x) = −α2

nφn(x). The above becomes
∞∑
n=1

B′
n(t)φn(x) = −k

∞∑
n=1

Bn(t)α2
nφn(x)

B′
n(t) + kα2

nBn(t) = 0

The solution is
Bn(t) = Bn(0) e−kα2

nt

Hence (1) becomes

u(x, t) =
∞∑
n=1

Bn(0) e−kα2
ntφn(x)

At t = 0 the above becomes
f(x) =

∞∑
n=1

Bn(0)φn(x)



chapter 3. parabolic pde’s (diffusion) 366

Therefore

Bn(0) = 〈f(x) , φn(x)〉

=
∫ 1

0
p(x) f(x)φn(x) dx

=
√

2h
h+ cos2 αn

∫ 1

0
f(x) sin (αnx) dx

Therefore

Bn(t) = Bn(0) e−kα2
nt

=
(√

2h
h+ cos2 αn

∫ 1

0
f(x) sin (αnx) dx

)
e−kα2

nt

and solution (1) becomes

u(x, t) =
∞∑
n=1

√
2h

h+ cos2 αn

(∫ 1

0
f(x) sin (αnx) dx

)
e−kα2

nt

√
2h

h+ cos2 αn
sin (αnx)

= 2h
h+ cos2 αn

∞∑
n=1

(∫ 1

0
f(x) sin (αnx) dx

)
e−kα2

nt sin (αnx)

3.1.1.47 [196] Mixed BC

problem number 196

Solve the heat equation

∂u

∂t
= k

∂2u

∂x2

For 0 < x < L and t > 0. The boundary conditions are
∂u

∂x
(0, t) + u(0, t) = 0

∂u

∂x
(L, t) + u(L, t) = 0

And initial condition u(x, 0) = f(x)

0
ux + u = 0

L
ut = kuxx

f(x)

ux + u = 0

Figure 3.67: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {Derivative[1, 0][u][0, t] + u[0, t] == 0, Derivative[1, 0][u][L, t] + u[L, t] == 0};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> {k > 0, x > 0, x < L}], 60*10]];� �

u(x, t) → {

∞∑
K[1]=1

√
2e−ktK[2,K[1]]

∫ L
0

√
2f(x)

√
K[2,K[1]]+1

(
cos
(
x
√
K[2,K[1]]

)√
K[2,K[1]]−sin

(
x
√
K[2,K[1]]

))
√

(K[2,K[1]]+1)
(
K[2,K[1]]L+L+cos

(
2L
√
K[2,K[1]]

)
−1
) dx

√K[2,K[1]]+1
(
cos
(
x
√

K[2,K[1]]
)√

K[2,K[1]]−sin
(
x
√

K[2,K[1]]
))

√
2K[2,K[1]] cos2

(
L
√

K[2,K[1]]
)
+2 cos2

(
L
√

K[2,K[1]]
)
+LK[2,K[1]]2+L+2LK[2,K[1]]−2K[2,K[1]]−2

(K[2, K[1]] + 1) sin
(
L
√
K[2, K[1]]

)
= 0 ∧K[1] ∈ Z ∧K[1] ≥ 1 ∧K[2, K[1]] > 0

Indeterminate True






chapter 3. parabolic pde’s (diffusion) 367

Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
ic := u(x,0)=f(x);
bc:=D[1](u)(0,t)+u(0,t)=0,D[1](u)(L,t)+u(L,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t)) assuming k>0,x>0,x<L),output='realtime'));� �

u(x, t) = 2

 ∞∑
n=1

(
−πn cos

(
nπx
L

)
+ sin

(
nπx
L

)
L
)
e−

k π2n2t
L2

∫ L

0 f(x)
(
−πn cos

(
nπx
L

)
+ sin

(
nπx
L

)
L
)
dx

L (π2n2 + L2)


3.1.1.48 [197] Haberman 8.2.1 (f)

problem number 197

added March 18, 2018.

This is problem 8.2.1, part(f) from Richard Haberman applied partial differential equations
5th edition.

Solve the heat equation

∂u

∂t
= k

∂2u

∂x2
+ sin

(
2πx
L

)
For 0 < x < L and t > 0. The boundary conditions are

∂u

∂x
(0, t) = 0

∂u

∂x
(L, t) = 0

Initial condition is u(x, 0) = f(x).

0
ux = 0

π
ut = kuxx + sin( 2πx

L
)

f(x)

ux = 0

Figure 3.68: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + Sin[(2*Pi*x)/L];
bc = {Derivative[1, 0][u][0, t] == 0, Derivative[1, 0][u][L, t] == 0};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t, Assumptions -> {L > 0, k > 0, t > 0}], 60*10]];� �




u(x, t) →
∞∑

K[1]=1

√
2 cos

(
πxK[1]

L

)

(
1−e

− kπ2tK[1]2

L2

) {
0 K[1] = 2

2
√
2
(
−1+(−1)K[1])√L

π(K[1]2−4) True

L2

kπ2K[1]2 + e−
kπ2tK[1]2

L2
∫ L

0

√
2 cos

(
πxK[1]
L

)
f(x)

√
L

dx


√
L

+
∫ L

0
f(x)√

L
dx

√
L




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2)+sin(2*Pi*x/L);
ic := u(x,0)=f(x);
bc := D[1](u)(0,t)=0, D[1](u)(L,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic,bc],u(x,t)) assuming L>0,t>0,k>0),output='realtime'));� �

u(x, t) =
4c2π2kL+ L3 sin

(2πx
L

)
− 2L2xπ − 2

(
∞∑
n=1

cos
(
nπx
L

)
e−

k π2n2t
L2

∫ L

0

(
−4f(x) π2k + 4c2π2k + L2 sin

(2πx
L

)
− 2Lxπ

)
cos
(
nπx
L

)
dx

)
−
∫ L

0

(
−4f(x) π2k + 4c2π2k + L2 sin

(2πx
L

)
− 2Lxπ

)
dx

4π2kL

3.1.2 Finite domain (bar), left end homogeneous, right end not

Local contents
3.1.2.1 [198] left end insulated (general case) . . . . . . . . . . . . . . . . . . . . . 369
3.1.2.2 [199] left end insulated (special case) . . . . . . . . . . . . . . . . . . . . . . 370
3.1.2.3 [200] right end nonhomogeneous BC (general case) . . . . . . . . . . . . . . 373
3.1.2.4 [201] right end nonhomogeneous BC (special case) . . . . . . . . . . . . . . 374
3.1.2.5 [202] right end nonhomogeneous BC, special case . . . . . . . . . . . . . . . 376
3.1.2.6 [203] convection heat loss . . . . . . . . . . . . . . . . . . . . . . . . . . . . 378
3.1.2.7 [204] nonhomogeneous BC . . . . . . . . . . . . . . . . . . . . . . . . . . . . 382
3.1.2.8 [205] nonhomogeneous BC . . . . . . . . . . . . . . . . . . . . . . . . . . . . 383
3.1.2.9 [206] nonhomogeneous BC . . . . . . . . . . . . . . . . . . . . . . . . . . . . 384
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3.1.2.1 [198] left end insulated (general case)

problem number 198

Added June 21, 2019

Solve the heat equation

ut = kuxx

For 0 < x < L and t > 0. The boundary conditions are

ux(0, t) = 0
u(L, t) = T0

Initial condition is u(x, 0) = f(x).

0
ux = 0

L
ut = kuxx

u(x, 0) = f(x)

u = T0

Figure 3.69: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] ;
bc = {Derivative[1, 0][u][0, t] == 0, u[L, t] == T0};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t, Assumptions -> {L > 0, k > 0, t > 0}], 60*10]];
sol = sol/.K[1]->n;� �

u(x, t) →

2
∞∑
n=0

e−
k(2πn+π)2t

4L2 cos
(

(2n+1)πx
2L

) ∫ L

0 cos
(

(2n+1)πK[2]
2L

)
(f(K[2])− T0) dK[2]

L
+ T0




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
ic := u(x,0)=f(x);
bc := D[1](u)(0,t)=0, u(L,t)=T0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic,bc],u(x,t)) assuming L>0,t>0,k>0),output='realtime'));� �

u(x, t) =
2
(

∞∑
n=0

cos
(

(1+2n)πx
2L

)
e−

k π2(1+2n)2t
4L2

∫ L

0 (−T0+f(x)) cos
(

(1+2n)πx
2L

)
dx

)
L

+ T0
Hand solution

Solve ut = kuxx with u(x, 0) = f(x) and ux(0, t) = 0, u(L, t) = T0. Since the right end is
not homogeneous, we need to find a reference function. Let r(x) = Ax+B. Then r′(x) = A.
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Since ux(0, t) = 0, then A = 0. Hence r(x) = B. Since u(L, 0) = T0, then r(L) = T0. Hence
B = T0. Therefore r(x) = T0. Now let the solution be

u(x, t) = v(x, t) + r(x) (1)

Where v(x, t) solves the same pde but with homogeneous boundary conditions

vt = kvxx

vx(0, t) = 0
v(L, 0) = 0
v(x, 0) = u(x, 0)− r(x)

= F (x)

The above general PDE was solved in problem 3.1.1.28 on page 326 and the solution is

v(x, t) = 2
L

∞∑
n=0

(∫ L

0
F (x) cos

(
(2n+ 1) π

2L x

)
dx

)
cos
(
(2n+ 1) π

2L x

)
e
−k
(

(2n+1)π
2L

)2
t

Since here F (x) = u(x, 0)− r(x) = f(x)− T0 the above becomes

v(x, t) = 2
L

∞∑
n=0

(∫ L

0
(f(x)− T0) cos

(
(2n+ 1) π

2L x

)
dx

)
cos
(
(2n+ 1) π

2L x

)
e
−k
(

(2n+1)π
2L

)2
t

(2)
From (1,2) the final solution is

u(x, t) = T0+
2
L

∞∑
n=0

(∫ L

0
(f(x)− T0) cos

(
(2n+ 1) π

2L x

)
dx

)
cos
(
(2n+ 1) π

2L x

)
e
−k
(

(2n+1)π
2L

)2
t

3.1.2.2 [199] left end insulated (special case)

problem number 199

Added June 21, 2019

Solve the heat equation

ut = kuxx

For 0 < x < L and t > 0. The boundary conditions are

ux(0, t) = 0
u(L, t) = T0

Initial condition is u(x, 0) = f(x). Using the following values

L = 5
T0 = 10

k = 1
100

f(x) = 0

0
ux = 0

5
ut =

1
100

uxx

u(x, 0) = 0

u = 10

Figure 3.70: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
L=5;
k=1/100;
f=0;
T0=10;
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] ;
bc = {Derivative[1, 0][u][0, t] == 0, u[L, t] == T0};
ic = u[x, 0] == f;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t], 60*10]];
sol = sol/.K[1]->n;� �


u(x, t) → 2

5

 ∞∑
n=0

−
100e−

(2πn+π)2t
10000 cos(nπ) cos

( 1
10(2n+ 1)πx

)
2πn+ π

+ 25




Maple 3� �
restart;
L:=5;
k:=1/100;
f:=0;
T0:=10;
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
ic := u(x,0)=f;
bc := D[1](u)(0,t)=0, u(L,t)=T0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic,bc],u(x,t)) ),output='realtime'));� �

u(x, t) =
−40

(
∞∑
n=0

(−1)n cos
(

(1+2n)πx
10

)
e−

π2(1+2n)2t
10000

1+2n

)
+ 10π

π
Hand solution

The general solution for this type of PDE is given in problem 3.1.1.28 on page 326 as

u(x, t) = T0+
2
L

∞∑
n=0

(∫ L

0
(f(x)− T0) cos

(
(2n+ 1) π

2L x

)
dx

)
cos
(
(2n+ 1) π

2L x

)
e
−k
(

(2n+1)π
2L

)2
t

In this problem u(x, 0) = f(x) = 0, L = 5, k = 1
100 and T0 = 10, Hence the above becomes

u(x, t) = 10 + 2
5

∞∑
n=0

(∫ 5

0
−10 cos

(
(2n+ 1) π

10 x

)
dx

)
cos
(
(2n+ 1) π

10 x

)
e
− 1

100

(
(2n+1)π

10

)2
t

But
∫ 5
0 −10 cos

(
(2n+1)π

10 x
)
dx = −100 cos(πn)

π(1+2n) = −100(−1)n
π(1+2n) and the above becomes

u(x, t) = 10 + 2
5

∞∑
n=0

−100(−1)n

π (1 + 2n) cos
(
(2n+ 1) π

10 x

)
e
− 1

100

(
(2n+1)π

10

)2
t

= 10− 40
π

∞∑
n=0

(−1)n

(1 + 2n) cos
(
(2n+ 1) π

10 x

)
e
− 1

100

(
(2n+1)π

10

)2
t

The following is an animation of the solution
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Out[ ]=

time 1

time = 0000 seconds

1 2 3 4 5
x0

2

4

6

8

10

12
U

Figure 3.71: Initial state

Source code used for the above

In[ ]:= ClearAll[x, y, t, n, k]

L = 5;

numberOfTerms = 20;

mySol[x_, t_] = 10 -
40

π
Sum

(-1)n

1 + 2 n
Exp

- 1

100

(2 n + 1) π

10

2
t Cos

(2 n + 1) π

10
x, {n, 0, numberOfTerms};

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"},

SignPadding → True];

Figure 3.72: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 2}], " seconds"}]},

{

Plot[Evaluate[mySol[x, t]], {x, 0, L},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, L}, {-1.5, 12}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 2500, 10}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 3.73: Code for animation
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3.1.2.3 [200] right end nonhomogeneous BC (general case)

problem number 200

Added June 20, 2019

Solve the heat equation
ut = kuxx

For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = 0
u(L, t) = T0

Initial condition is u(x, 0) = f(x)

0
u = 0

L
ut = kuxx

u(x, 0) = f(x)

u = T0

Figure 3.74: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, u[L, t] == T0};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t},Assumptions->k>0], 60*10]];
sol = sol /. K[1] -> n� �


u(x, t) →

∞∑
n=1

2e−
kn2π2t
L2
(∫ L

0

(
f(x)− T0x

L

)
sin
(
nπx
L

)
dx
)
sin
(
nπx
L

)
L

+ T0x
L




Maple 3� �
restart;
pde := diff(u(x,t), t) = k*diff(u(x,t), x$2);
bc := u(0,t) = 0, u(L,t) = T0;
ic := u(x,0) = f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, ic, bc],u(x,t)) assuming k>0),output='realtime'));� �

u(x, t) = 2

 ∞∑
n=1

sin
(
nπx
L

)
e−

k π2n2t
L2

∫ L

0 (f(x)L− T0x) sin
(
nπx
L

)
dx

L2

+ T0x
L

Hand solution

Since the right side boundary condition is not homogeneous, then we need to first find a
reference function. Let r(x) = Ax+B. At x = 0, 0 = B. Hence r(x) = Ax. At x = L, T0 = AL,
hence A = T0

L
. Therefore

r(x) = T0
L
x

Now let u(x, t) = v(x, t)+r(x) where vt = vxx but with homogeneous BC v(0, t) = 0, v(L, 0) =
0. The basic solution for this type of PDE was already given in problem 3.1.1.1 on page 272
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as
v(x, t) =

∞∑
n=1

Bne
−kλnt sin

(√
λnx

)
Where λn =

(
nπ
L

)2
, n = 1, 2, 3, · · · and sin

(√
λnx

)
are the eigenfunctions. Hence

u(x, t) = r(x) + v(x, t)

= T0
L
x+

∞∑
n=1

Bne
−kλnt sin

(√
λnx

)
(1)

At t = 0
f(x)− T0

L
x =

∞∑
n=1

Bne
−kλnt sin

(√
λnx

)
Multiplying both sides by sin

(√
λn′x

)
and integrating∫ L

0

(
f(x)− T0

L
x

)
sin
(√

λn′x
)
dx =

∫ L

0

∞∑
n=1

Bn sin
(√

λn′x
)
sin
(√

λx
)
dx

Moving integration inside summation and by orthogonality of sin function the above reduces
to ∫ L

0

(
f(x)− T0

L
x

)
sin
(√

λnx
)
dx = Bn

∫ L

0
sin2

(nπ
L
x
)
dx∫ L

0

(
f(x)− T0

L
x

)
sin
(√

λnx
)
dx = L

2Bn

Bn = 2
L

∫ L

0

(
f(x)− T0

L
x

)
sin
(√

λnx
)
dx

Therefore the solution from (1) is

u(x, t) = T0
L
x+ 2

L

∞∑
n=1

(∫ L

0

(
f(x)− T0

L
x

)
sin
(√

λnx
)
dx

)
e−kλnt sin

(√
λnx

)
3.1.2.4 [201] right end nonhomogeneous BC (special case)

problem number 201

Added June 20, 2019

Solve the heat equation
ut = kuxx

For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = 0
u(L, t) = T0

Initial condition is u(x, 0) = f(x) using these values

k = 1
100

L = 100
T0 = 100

f(x) = x

0
u = 0

100
ut =

1
100uxx

u(x, 0) = x

u = 100

Figure 3.75: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
k=1/100;
L=100;
T0=100;
f=x;
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, u[L, t] == T0};
ic = u[x, 0] == f;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}], 60*10]];
sol = sol /. K[1] -> n� �

{{u(x, t) → x}}

Maple 3� �
restart;
L:=100;
k:=1/100;
T0:=100;
f:=x;
pde := diff(u(x,t), t) = k*diff(u(x,t), x$2);
bc := u(0,t) = 0, u(L,t) = T0;
ic := u(x,0) = f;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, ic, bc],u(x,t)) ),output='realtime'));� �

u(x, t) = x
Hand solution

The general solution for this type of PDE is given in problem 3.1.2.3 on page 373 as

u(x, t) = T0
L
x+ 2

L

∞∑
n=1

(∫ L

0

(
f(x)− T0

L
x

)
sin
(√

λnx
)
dx

)
e−kλnt sin

(√
λnx

)
With λn =

(
nπ
L

)2
, n = 1, 2, 3, · · · . In this problem

L = 100

k = 1
100

T0 = 100
f(x) = x

Hence the solution becomes

u(x, t) = x+ 2
100

∞∑
n=1

(∫ 100

0
(x− x) sin

( nπ
100x

)
dx

)
e−

1
100
(
nπ
100
)2

t sin
( nπ
100x

)
= x+ 0
= x
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3.1.2.5 [202] right end nonhomogeneous BC, special case

problem number 202

Added July 2, 2018. Can not find where I found this PDE.

Solve the heat equation
ut = uxx

For 0 < x < 1 and t > 0. The boundary conditions are

u(0, t) = 0
u(1, t) = 1

Initial condition is u(x, 0) =
{

1 x = 1
0 otherwise

0
u = 0

1
ut = uxx

u(x, 0) =

{
1 x = 1
0 otherwise

u = 1

Figure 3.76: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, u[1, t] == 1};
ic = u[x, 0] == Piecewise[{{1, x == 1}, {0, True}}];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t], 60*10]];
sol = sol /. K[1] -> n� �

{{
u(x, t) →

∞∑
n=1

2(−1)ne−n2π2t sin(nπx)
nπ

+ x

}}

Maple 3� �
restart;
pde := diff(u(x,t), t) = diff(u(x,t), x$2);
bc := u(0,t) = 0, u(1,t) = 1;
ic := u(x,0) = piecewise(x = 1, 1, true,0);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, ic, bc],u(x,t))),output='realtime'));� �

u(x, t) = x+
2
(

∞∑
n=1

sin(nπx)e−π2n2t(−1)n
n

)
π

Hand solution

The general solution for this type of PDE is given in problem 3.1.2.3 on page 373 as

u(x, t) = T0
L
x+ 2

L

∞∑
n=1

(∫ L

0

(
f(x)− T0

L
x

)
sin
(√

λnx
)
dx

)
e−kλnt sin

(√
λnx

)
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With λn =
(
nπ
L

)2
, n = 1, 2, 3, · · · . In this problem

L = 1
k = 1
T0 = 1

f(x) =
{

1 x = 1
0 otherwise

Hence the solution becomes

u(x, t) = x+ 2
∞∑
n=1

(∫ 1

0
(f(x)− x) sin (nπx) dx

)
e−(nπ)2t sin (nπx) (1)

But ∫ 1

0
(f(x)− x) sin (nπx) dx =

∫ 1

0
f(x) sin (nπx) dx−

∫ 1

0
x sin (nπx) dx

= 0−
∫ 1

0
x sin (nπx) dx

∫ 1
0 x sin (nπx) dx = (−1)n+1

nπ
, hence∫ 1

0
(f(x)− x) sin (nπx) dx = −(−1)n+1

nπ

= (−1)n

nπ

Therefore (1) becomes

u(x, t) = x+ 2
∞∑
n=1

(−1)n

nπ
e−(nπ)2t sin (nπx)

This is animation of the solution for 0.3 seconds. (Animation will show only in the HTML
version).

Out[ ]=

time 0.08

0.2 0.4 0.6 0.8 1.0
x

-0.2

0.0

0.2

0.4

0.6

0.8

1.0
u(x,t)

0.08 sec, U at center=0.21

Figure 3.77: Screen shot

Source code used for the above
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In[ ]:= L = 1;

u[x_, t_, m_] := x +
2

Pi
QuietSum

(-1)^n

n
Sin[n π x] Exp -(n π)

2 t, {n, 1, m};

Plot[u[x, 0, 20], {x, 0, L}, PlotRange → All]

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""},

NumberPadding → {"0", "0"}, SignPadding → True];

Manipulate

Plotu[x, t, 20], {x, 0, L},

PlotLabel → RowpadIt2[t, {3, 2}], " sec,", " U at center=", padIt2N@u
L

2
, t, 20, {3, 2},

PlotRange → {{0, L}, {-.2, 1}}, GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red, AxesLabel → {"x", "u(x,t)"},

BaseStyle → 12

,

{{t, 0, "time"}, 0, 0.4, .01, Appearance → "Labeled"}

r = Table

Plotu[x, t, 20], {x, 0, L},

PlotLabel → RowpadIt2[t, {3, 2}], " sec,", " U at center=", padIt2N@u
L

2
, t, 20, {3, 2},

PlotRange → {{0, L}, {-.2, 1}}, GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red, AxesLabel → {"x", "u(x,t)"}, BaseStyle → 12

,

{t, 0, 0.3, .01};

In[ ]:= Export["anim.gif", r, "DisplayDurations" → Table[If[i < 10, 0.5, 0.3], {i, Length@r}]]

Out[ ]= anim.gif

Figure 3.78: Source code

3.1.2.6 [203] convection heat loss

problem number 203

Added April 28, 2019

Problem 2, section 77, Fourier series and Boundary value problem, 8th edition by Brown and
Churchill.

Solve the heat equation

ut = uxx

For 0 < x < 1, t > 0. The boundary conditions are ux(0, t) = hu(0, t) and on the right end
u(1, t) = 1 with h > 0. Initial conditions u(x, 0) = 0

0

ux + hu = 0
1

u = 1ut = kuxx

0

h > 0

Figure 3.79: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == D[u[x, t], {x, 2}];
ic = u[x, 0] == 0;
bc = {Derivative[1, 0][u][0, t] == h * u[0,t], u[1, t] == 1};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions->h>0], 60*10]];� �


u(x, t) → { x2 +
∞∑

K[1]=1

√
2
√
h

√
2e−tK[2,K[1]](2h+cos

(√
K[2,K[1]]

)
((h−2)K[2,K[1]]−2h)−

√
K[2,K[1]](2h+K[2,K[1]]−2) sin

(√
K[2,K[1]]

))
K[2,K[1]]3/2

√
h
(
− cos2

(√
K[2,K[1]]

)
+h+2

)
+

(
h−cos2

(√
K[2,K[1]]

))
K[2,K[1]]

h

−
2
√
2
(
1−e−tK[2,K[1]])(h(cos(√K[2,K[1]]

)
−1
)
−
√
K[2,K[1]] sin

(√
K[2,K[1]]

))
K[2,K[1]]3/2

√
h
(
− cos2

(√
K[2,K[1]]

)
+h+2

)
+

(
h−cos2

(√
K[2,K[1]]

))
K[2,K[1]]

h

(√K[2,K[1]] cos
(
x
√

K[2,K[1]]
)
+h sin

(
x
√

K[2,K[1]]
))

√
h3−cos2

(√
K[2,K[1]]

)
h2+2h2+K[2,K[1]]h−cos2

(√
K[2,K[1]]

)
K[2,K[1]]

h tan
(√

K[2, K[1]]
)
+
√
K[2, K[1]] = 0 ∧K[1] ∈ Z ∧K[1] ≥ 1 ∧K[2, K[1]] > 0

Indeterminate True




Maple 7� �
restart;
pde := diff(u(x,t), t) = (diff(u(x,t), x, x));
ic := u(x,0) = 0;
bc := eval(diff(u(x,t), x), x = 0) = h*u(0,t), u(1,t) = 1;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t)) assuming h>0),output='realtime'));� �
time expired
Hand solution

Solve

ut = uxx 0 < x < 1, t > 0

With boundary conditions

ux(0, t)− hu(0, t) = 0
u(1, t) = 1

With h > 0. And initial conditions u(x, 0) = f(x).

Because the second B.C. is not zero, we need to introduce a reference function r(x) which
satisfies the nonhomogeneous boundary conditions.

Let r(x) = Ax+B. When x = 0 then the first BC gives

A− hB = 0

And the second BC gives
A+B = 1

From the first equation A = hB. Substituting in the second equation give hB + B = 1 or
B(1 + h) = 1 or B = 1

1+h
. Hence A = h

1+h
. Therefore

r(x) = Ax+B

= h

1 + h
x+ 1

1 + h

= hx+ 1
1 + h

(1)

To verify. rx = h
1+h

. When x = 0 then r(0) = 1
1+h

. Hence rx(0)− hr(0) = h
1+h

− h 1
1+h

= 0 as
expected. And when x = 1 then r(1) = 1 as expected. Now that we found r(x) then we write

u(x, t) = v(x, t) + r(x)
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Where v(x, t) is the solution to the homogenous PDE

vt = vxx 0 < x < 1, t > 0

With boundary conditions

vx(0, t)− hv(0, t) = 0
v(1, t) = 0

We can now solve for v(x, t) using separation of variables since boundary conditions are
homogenous. Separation of variables gives

X ′′ + λX = 0
X ′(0)− hX(0) = 0

X(1) = 0

The above is known eigenvalue problem which we found before. It has the following eigen-
functions and eigenvalues

φn(x) =
√

2h
h+ cos2 αn

sin (αn(1− x)) n = 1, 2, · · ·

tan (αn) =
−αn

h

With αn > 0. Hence the solution v(x, t) using generalized Fourier series is

v(x, t) =
∞∑
n=1

Bn(t)φn(x) (2)

Substituting into the PDE vt = vxx gives
∞∑
n=1

B′
n(t)φn(x) =

∞∑
n=1

Bn(t)φ′′
n(x)

= −
∞∑
n=1

Bn(t)α2
nφn(x)

Therefore the ODE is
B′

n(t) + α2
nBn(t) = 0

The solution is
Bn(t) = Bn(0) e−α2

nt

Hence (2) becomes

v(x, t) =
∞∑
n=1

Bn(0) e−α2
ntφn(x)

And since u(x, t) = v(x, t) + r(x) then

u(x, t) =
∞∑
n=1

Bn(0) e−α2
ntφn(x) +

hx+ 1
1 + h

Now we find Bn(0) from initial conditions. At t = 0 the above becomes

0 =
∞∑
n=1

Bn(0)φn(x) +
hx+ 1
1 + h

−hx+ 1
1 + h

=
∞∑
n=1

Bn(0)φn(x)
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Hence

Bn(0) =
〈
−hx+ 1

1 + h
, φn(x)

〉
= −

∫ 1

0
p(x) hx+ 1

1 + h
φn(x) dx

= −
∫ 1

0

hx+ 1
1 + h

√
2h

h+ cos2 αn
sin (αn(1− x)) dx

= − 1
1 + h

√
2h

h+ cos2 αn

∫ 1

0
(hx+ 1) sin (αn(1− x)) dx (3)

But∫ 1

0
(hx+ 1) sin (αn(1− x)) dx =

∫ 1

0
sin (αn(1− x)) dx+ h

∫ 1

0
x sin (αn(1− x)) dx

=
[
cos (αn(1− x))

αn

]1
0
+ h

[
αnx cos (αn(1− x)) + sin (αn(1− x))

α2
n

]1
0

= 1− cos (αn)
αn

+ h

α2
n

[αnx cos (αn(1− x)) + sin (αn(1− x))]10

= 1− cos (αn)
αn

+ h

α2
n

[αn − sinαn]

= αn − αn cos (αn) + hαn − h sinαn

α2
n

But sin(αn)
cos(αn) = −αn

h
or h sin (αn) = −αn cos (αn) or −h sinαn = αn cos (αn), hence the above

simplifies to ∫ 1

0
(hx+ 1) sin (αn(1− x)) dx = αn + hαn

α2
n

= 1 + h

αn

Therefore (3) becomes

Bn(0) =
−1
1 + h

√
2h

h+ cos2 αn

(
1 + h

αn

)
= − 1

αn

√
2h

h+ cos2 αn

Hence final solution becomes

u(x, t) = hx+ 1
1 + h

+
∞∑
n=1

Bn(0) e−α2
ntφn(x)

= hx+ 1
1 + h

+
∞∑
n=1

Bn(0) exp
(
−α2

nt
)√ 2h

h+ cos2 αn
sin (αn(1− x))

= hx+ 1
1 + h

+
∞∑
n=1

− 1
αn

√
2h

h+ cos2 αn
exp

(
−α2

nt
)√ 2h

h+ cos2 αn
sin (αn(1− x))

= hx+ 1
1 + h

− 2h
∞∑
n=1

sin (αn(1− x))
αn (h+ cos2 αn)

exp
(
−α2

nt
)
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3.1.2.7 [204] nonhomogeneous BC

problem number 204

Added July 2, 2018.

Second example from Maple document for new improvements in Maple 2018.1

Solve the heat equation

ut = 13uxx

For 0 < x < 1 and t > 0. The boundary conditions are

∂u

∂x
(0, t) = 0

∂u

∂x
(1, t) = 1

Initial condition is u(x, 0) = 1
2x

2 + x.

0
ux = 0

1
ut = 13uxx

1
2
x2 + x

ux = 1

Figure 3.80: PDE specification

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, t], x] == 13*D[u[x, t], {x, 2}];
bc = {Derivative[1, 0][u][0, t] == 0, Derivative[1, 0][u][1, t] == 1};
ic = u[x, 0] == (1*x^2)/2 + x;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(u(x, t), t) = 13*(diff(u(x, t), x, x));
bc := D[1](u)(0,t)=0,D[1](u)(1,t)=1;
ic := u(x, 0) = 1/2*x^2+x;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', simplify(pdsolve([pde, ic, bc],u(x,t)))),output='realtime'));� �

u(x, t) =
4
(

∞∑
n=1

cos(nπx)e−13π2n2t(−1+(−1)n)
n2

)
+ (x2 + 26t+ 1) π2

2π2
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3.1.2.8 [205] nonhomogeneous BC

problem number 205

Added March 31, 2019.

Solve the heat equation for u(x, t)
ut = kuxx

For 0 < x < π and t > 0. The boundary conditions are

u(0, t) = 0
ux(π, t) = A

Initial condition is u(x, 0) = 0

0
u = 0

π
ux = Aut = uxx

0

Figure 3.81: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == D[u[x, t], {x, 2}] ;
ic = u[x, 0] == 0;
bc = {u[0,t] == 0, Derivative[1, 0][u][Pi, t] == A};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t},Assumptions->A>0], 60*10]];� �


u(x, t) →

∞∑
K[1]=1

8(−1)K[1]Ae−
1
4 t(1−2K[1])2 sin

(
x
(
K[1]− 1

2

))
π(1− 2K[1])2 + Ax




Maple 3� �
restart;
pde := diff(u(x, t), t) = diff(u(x, t), x$2):
ic := u(x, 0) = 0:
bc := u(0,t)=0, eval( diff(u(x,t),x),x=Pi)=A:
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve({pde, ic, bc}, u(x, t)) assuming A>0),output='realtime'));� �

u(x, t) = −
8
(

∞∑
n=0

sin
(( 1

2+n
)
x
)
e−

(1+2n)2t
4 (−1)nA

(1+2n)2

)
π

+ xA
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3.1.2.9 [206] nonhomogeneous BC

problem number 206

Added April 15, 2019.

Solve the heat equation for u(x, t)
ut = kurr

For 0 < r < a and t > 0. The boundary conditions are

u(0, t) = 0
u(a, t) = aφ(t)

Initial condition is u(r, 0) = rf(r)

0
u = 0

a
u = aφ(t)

ut = kurr

rf(r)

Figure 3.82: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[r, t], t] == k*D[u[r, t], {r, 2}] ;
ic = u[r, 0] == r*f[r];
bc = {u[0, t] == 0, u[a, t] == a*phi[t]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[r, t], {r, t}], 60*10]];� �

u(r, t) →

∞∑
K[1]=1

√
2
√

1
a

e− kπ2tK[1]2

a2

∫ a

0

√
2
√

1
a
r(f(r)− φ(0)) sin

(
πrK[1]
a

)
dr +

∫ t

0

(−1)K[1]√2e−
kπ2K[1]2(t−K[2])

a2 φ′(K[2])( 1
a

)3/2
πK[1]

dK[2]

 sin
(
πrK[1]
a

)
+ rφ(t)




Maple 3� �
restart;
pde := diff(u(r, t), t) = k*diff(u(r, t), r$2):
ic := u(r,0)=r*f(r);
bc := u(0,t)=0,u(a,t)=a*phi(t);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve({pde, ic, bc}, u(r, t))),output='realtime'));� �

u(r, t) = 2

 ∞∑
n=1

sin
(
nπr
a

)
e−

k π2n2t
a2

∫ a

0 τ(−φ(0) + f(τ)) sin
(
nπτ
a

)
dτ

a

+

2
∫ t

0

 ∞∑
n=1

sin
(
nπr
a

)
e−

k π2n2(t−τ)
a2 (−1)n

(
d
dτ

φ(τ)
)
a

n

 dτ

π
+rφ(t)

Hand solution

Solve
ut = kurr t > 0, 0 < r < a (1)

With boundary conditions

u(0, t) = 0
u(a, t) = aφ(t)
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And initial conditions
u(r, 0) = rf(r)

Since the boundary conditions are not homogeneous, the first step is to convert them to
homogeneous. This is done using a reference function which needs to only satisfy the boundary
conditions. This reference function can be seen to be v(r, t) = rφ(t). Now we write

u(r, t) = w(r, t) + v(r, t)

Where w(r, t) satisfies the PDE but with homogeneous B.C. Substituting the above into (1)
gives

wt(r, t) + rφ′(t) = kwrr

wt(r, t) = kwrr − rφ′(t) (2)

With boundary conditions

w(0, t) = 0
w(a, t) = 0

The solution to the homogeneous PDE wt(r, t) = kwrr with the above boundary conditions
is easily found and known. The eigenvalues are λn =

(
nπ
a

)2
, n = 1, 2, · · · and eigenfunctions

Φn(r) = sin
(√

λnr
)
. Let the solution to (2), using eigenfunction expansion be

w(r, t) =
∞∑
n=1

Cn(t) Φn(r) (2A)

Substituting the above back into (2) gives
∞∑
n=1

C ′
n(t) Φn(r) = k

∞∑
n=1

Cn(t) Φ′′
n(r)−

∞∑
n=1

qn(t) Φn(r) (3)

Where qn(t) are the Fourier coefficients of rφ′(t) which are found by

rφ′(t) =
∞∑
n=1

qn(t) Φn(r)

Applying orthogonality using Φn(r) gives∫ a

0
rφ′(t) Φm(r) dr =

∫ a

0

∞∑
n=1

qn(t) Φn(r) Φm(r) dr

=
∞∑
n=1

qn(t)
∫ r

0
Φn(r) Φm(r) dr

But
∫ a

0 Φn(r) Φm(r) dr =
∫ a

0 sin
(
nπ
a
r
)
sin
(
mπ
a
r
)
dr = a

2 for n = m only, and the above
becomes

2
a

∫ a

0
rφ′(t) Φm(s) dr = qm(t)

Substituting the above back into (3) gives
∞∑
n=1

C ′
n(t) Φn(r) = k

∞∑
n=1

Cn(t) Φ′′
n(r)−

∞∑
n=1

(
2
a

∫ a

0
rφ′(t) Φm(r) dr

)
Φn(r)

But Φ′′
n(r) = −λnΦn(r) and above simplifies to

∞∑
n=1

C ′
n(t) Φn(r) + k

∞∑
n=1

Cn(t)λnΦn(r) = −
∞∑
n=1

(
2
a

∫ a

0
rφ′(t) Φm(r) dr

)
Φn(r)

C ′
n(t) + kCn(t)λn = −2

a

∫ a

0
rφ′(t) Φm(r) dr

= −2
a
φ′(t)

∫ a

0
r sin

(nπ
a
r
)
dr

= −2
a
φ′(t) (−1)n+1 a2

nπ

= −2aφ′(t) (−1)n+1

nπ
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This is first order ODE in C(t). The solution is

Cn(t) = e−kλntCn(0) + 2ae−kλnt
(−1)n+1

nπ

∫ t

0
φ′(τ) ekλnτdτ

From (2A)

w(r, t) =
∞∑
n=1

(
e−kλntCn(0) + 2ae−kλnt

(−1)n+1

nπ

∫ t

0
φ′(τ) ekλnτdτ

)
sin
(nπ
a
r
)

Hence

u(r, t) = w(r, t) + v(r, t)

=
∞∑
n=1

(
e−kλntCn(0) + 2ae−kλnt

(−1)n+1

nπ

∫ t

0
φ′(τ) ekλnτdτ

)
sin
(nπ
a
r
)
+ rφ(t) (4)

At t = 0 the above becomes

rf(r) =
∞∑
n=1

Cn(0) sin
(nπ
a
r
)
+ rφ(0)

∞∑
n=1

Cn(0) sin
(nπ
a
r
)
= r(f(r)− φ(0))

Hence Cn(0) is the Fourier sine coefficients of r(f(r)− φ(0))

a

2Cn(0) =
∫ a

0
r(f(r)− φ(0)) sin

(nπ
a
r
)
dr

Cn(0) =
2
a

∫ a

0
r(f(r)− φ(0)) sin

(nπ
a
r
)
dr

Substituting this into (4) gives the final solution as

u(r, t) = rφ(t) +
∞∑
n=1

(
e−kλnt

(
2
a

∫ a

0
r(f(r)− φ(0)) sin

(nπ
a
r
)
dr

)
+ 2ae−kλnt (−1)n+1

nπ

∫ t

0
φ′(τ) ekλnτdτ

)
sin
(nπ

a
r
)

= rφ(t) +
∞∑
n=1

(
e−kλnt

(
2
a

∫ a

0
r(f(r)− φ(0)) sin

(nπ
a
r
)
dr

)
+ 2a(−1)n+1

nπ

∫ t

0
φ′(τ) e−kλn(t−τ)dτ

)
sin
(nπ

a
r
)

= rφ(t) +
∞∑
n=1

e−kλnt

(
2
a

∫ a

0
r(f(r)− φ(0)) sin

(nπ
a
r
)
dr

)
sin
(nπ

a
r
)
+

∞∑
n=1

2a(−1)n+1

nπ

∫ t

0
φ′(τ) e−kλn(t−τ)dτ sin

(nπ
a
r
)

Or

u(r, t) = rφ(t)

+ 2
a

∞∑
n=1

e−kλnt sin
(nπ
a
r
)(∫ a

0
r(f(r)− φ(0)) sin

(nπ
a
r
)
dr

)
+ 2a

π

∞∑
n=1

(−1)n+1

n
sin
(nπ
a
r
)∫ t

0
φ′(τ) e−kλn(t−τ)dτ

Where λn =
(
nπ
a

)2.
3.1.3 Finite domain (bar), right end homogeneous, left end not

Local contents
3.1.3.1 [207] left end BC depends on time (general case) . . . . . . . . . . . . . . . 387
3.1.3.2 [208] left end BC depends on time (special case) . . . . . . . . . . . . . . . 390
3.1.3.3 [209] left end BC depends on time (special case) . . . . . . . . . . . . . . . 393
3.1.3.4 [210] Haberman 8.3.6 (special case) . . . . . . . . . . . . . . . . . . . . . . . 396
3.1.3.5 [211] BC depends on time (special case) . . . . . . . . . . . . . . . . . . . . 399
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3.1.3.1 [207] left end BC depends on time (general case)

problem number 207

Added June 21, 2019

Solve the heat equation for u(x, t)
ut = kuxx

For 0 < x < L and t > 0. The boundary conditions are

ux(0, t) = A(t)
u(L, t) = 0

And initial condition is u(x, 0) = 0

0

ux = A(t)

L
ut = kuxx

u(x, 0) = 0

u = 0

Figure 3.83: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {Derivative[1,0][u][0, t] == A[t], u[L, t] == 0};
ic = u[x, 0] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t},Assumptions->{k>0,L>0}], 60*10]];� �



u(x, t) →

∞∑
K[1]=1

√
2 cos

(
πx(2K[1]−1)

2L

)(
4
√
2e−

kπ2t(1−2K[1])2

4L2 A(0)L3/2

π2(1−2K[1])2 +
∫ t

0

4
√
2 exp

(
− kπ2(1−2K[1])2(t−K[2])

4L2

)
L3/2A′(K[2])

π2(1−2K[1])2 dK[2]
)

√
L

+ A(t)(x− L)




Maple 3� �
restart;
pde := diff(u(x,t),t)= k*diff(u(x,t),x$2);
ic := u(x,0)=0;
bc := D[1](u)(0,t) =A(t),u(L,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic,bc],u(x,t)) assuming k>0,L>0),output='realtime'));� �

u(x, t) =

8
∫ t

0

 ∞∑
n=0

cos
(

(1+2n)πx
2L

)
e−

(t−τ)k π2
(
1
2+n

)2
L2

(
d
dτ

A(τ)
)
L

(1+2n)2

 dτ + 8

 ∞∑
n=0

cos
(

(1+2n)πx
2L

)
e−

k π2(1+2n)2t
4L2 A(0)L

(1+2n)2

+ (−L+ x)A(t) π2

π2
Hand solution
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This 1D heat PDE has left one end with boundary condition that is time dependent.

ut = kuxx 0 < x < L, t > 0
ux(0, t) = A(t)
u(L, t) = 0
u(x, 0) = 0

Solution

Since the boundary condition is not homogeneous, we need to first find a reference function
r(x, t). Let

r(x, t) = A(t) (x− L)
This function only needs to satisfy the nonhomogeneous boundary conditions given. i.e.
∂r
∂x
(0, t) = A(t) , r(L, t) = 0. Now we can write

u(x, t) = v(x, t) + r(x, t) (1)

Since r(x, t) satisfies the nonhomogeneous B.C’s, then v(x, t) satisfies the homogeneous
boundary conditions. Substituting the above back into the original PDE gives

vt + rt = k(vxx + rxx)
vt + A′(t) (x− L) = kvxx

vt = kvxx + A′(t) (L− x)
= kvxx +Q(x, t) (2)

The PDE vt = kvxx + Q(x, t) has now homogeneous B.C. vx(0, t) = 0, v(L, 0) = 0. Where
Q(x, t) = A′(t) (L− x). The method of eigenfunction expansion is now used to solve (2). Let

v(x, t) =
∞∑
n=1

an(t) Φn(x)

Substituting this back into (2) gives
∞∑
n=1

a′n(t) Φn(x) = k
∞∑
n=1

an(t) Φ′′
n(x) +Q(x, t)

= k
∞∑
n=1

an(t) Φ′′
n(x) +

∞∑
n=1

qn(t) Φn(x)

Where Q(x, t) =
∑∞

n=1 qn(t) Φn(x). Now, since Φ′′
n(x) = −λnΦn(x) then the above reduces to

∞∑
n=1

a′n(t) Φn(x) + k
∞∑
n=1

an(t)λnΦn(x) =
∞∑
n=1

qn(t) Φn(x)

a′n(t) + kλnan(t) = qn(t) (3)

The eigenfunctions Φn(x) come from solving the eigenvalue problem in vt = kvxx with
homogeneous boundary conditions vx(0, t) = 0, v(L, t) = 0. This was solved before in problem
3.1.1.28 on page 326. The eigenfunctions were found to be Φn(x) = cos

(√
λnx

)
, n = 1, 3, 5, · · ·

with eigenvalues λn =
(
nπ
2L

)2
, n = 1, 3, 5, · · · . Before solving the ODE (3), we need to first

find qn(t). Orthogonality is now used to find qn(t)

Q(x, t) =
∞∑

n=1,3,5,···

qn(t) cos
(√

λnx
)

A′(t) (L− x) =
∞∑

n=1,3,5,···

qn(t) cos
(√

λnx
)

∫ L

0
A′(t) (L− x) cos

(√
λnx

)
dx = L

2 qn(t)

qn(t) =
2A′(t)
L

∫ L

0
(L− x) cos

(nπ
2Lx

)
dx

= −2A′(t)
L

(
4L2(cos (nπ2 )− 1

)
π2n2

)
n = 1, 3, 5, · · ·
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But cos
(
nπ
2

)
− 1 = −1 for n = 1, 3, 5, · · · . Hence the above becomes

qn(t) =
2A′(t)
L

(
4L2

π2n2

)
n = 1, 3, 5, · · ·

= 8A′(t)L
π2n2

Hence (3) becomes

a′n(t) + kλnan(t) = qn(t) n = 1, 2, 3, · · ·

a′n(t) + k
(nπ
2L

)2
an(t) =

8A′(t)L
π2n2

a′n(t) + kλnan(t) =
8A′(t)L
π2n2

Integrating factor is ekλnt. Hence the above becomes

d

dt

(
a(t) ekλnt

)
= 8A′(t)L

π2n2 ekλnt

Integrating gives

an(t) ekλnt =
∫ t

0

8A′(τ)L
π2n2 ekλnτdτ + an(0)

an(t) = an(0) e−kλnt + e−kλnt

∫ t

0

8A′(τ)L
π2n2 ekλnτdτ

Hence

v(x, t) =
∞∑
n=1

an(t) Φn(x)

=
∞∑

n=1,3,5,···

(
an(0) e−kλnt + 8L

π2n2 e
−kλnt

∫ t

0
A′(τ) ekλnτdτ

)
cos
(√

λnx
)

Since u(x, t) = v(x, t) + r(x, t) then

u(x, t) = A(t) (x− L) +
∞∑

n=1,3,5,···

(
an(0) e−kλnt + 8L

π2n2 e
−kλnt

∫ t

0
A′(τ) ekλnτdτ

)
cos
(√

λnx
)
(4)

At t = 0, u(x, 0) = 0 and the above becomes

0 = A(0) (x− L) +
∞∑

n=1,3,5,···

an(0) cos
(√

λnx
)

A(0) (L− x) =
∞∑

n=1,3,5,···

an(0) cos
(√

λnx
)

Applying orthogonality∫ L

0
(L− x) cos

(√
λnx

)
dx = an(0)

L

2

an(0) =
2A(0)
L

∫ L

0
(L− x) cos

(√
λnx

)
dx

= 2A(0)
L

(
−
cos
(
L
√
λn
)
− 1

λn

)

But cos
(
L
√
λn
)
− 1 = cos

(
Lnπ

2L

)
− 1 = cos

(
nπ
2

)
− 1 = −1 for n = 1, 3, 5, · · · , and the above

becomes
an(0) =

2A(0)
Lλn
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Therefore the solution (4) is

u(x, t) = A(t) (x− L) +
∞∑

n=1,3,5,···

e−kλnt

(
2A(0)
Lλn

+ 8L
π2n2

∫ t

0
A′(τ) ekλnτ

)
cos
(√

λnx
)

Where λn =
(
nπ
2L

)2. Hence
u(x, t) = A(t) (x− L) +

∞∑
n=1,3,5,···

e−k
(
nπ
2L
)2

t

(
2A(0)
L
(
nπ
2L

)2 + 8L
π2n2

∫ t

0
A′(τ) ek

(
nπ
2L
)2

τdτ

)
cos
(nπ
2Lx

)

3.1.3.2 [208] left end BC depends on time (special case)

problem number 208

Added June 22, 2019

Solve the heat equation for u(x, t)
ut = kuxx

For 0 < x < L and t > 0. The boundary conditions are

ux(0, t) = A(t)
u(L, t) = 0

And initial condition is u(x, 0) = 0. Using the following values

L = 5

k = 1
100

A(t) = et

0
ux = et

5
ut =

1
100

uxx

u(x, 0) = 0

u = 0

Figure 3.84: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
L=5;
k=1/100;
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {Derivative[1,0][u][0, t] == Exp[t], u[L, t] == 0};
ic = u[x, 0] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}], 60*10]];� �

u(x, t) →

∞∑
K[1]=1

40e−
π2t(1−2K[1])2

10000 cos
( 1
10πx(2K[1]− 1)

) (
π2(1− 2K[1])2 + 10000e

π2t(1−2K[1])2
10000 +t

)
(π2(1− 2K[1])2 + 10000) (π − 2πK[1])2 + et(x− 5)



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Maple 3� �
restart;
k:=1/100;
L:=5;
pde := diff(u(x,t),t)= k*diff(u(x,t),x$2);
ic := u(x,0)=0;
bc := D[1](u)(0,t) =exp(t),u(L,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic,bc],u(x,t))),output='realtime'));� �

u(x, t) =

40

 ∞∑
n=0

((
n+ 1

2
)2

π2e−
π2(1+2n)2t

10000 +2500 et
)

cos
(

(1+2n)πx
10

)
4
(
n+ 1

2
)2(2500+(n+ 1

2
)2

π2
)

+ (x− 5) etπ2

π2
Hand solution

This PDE general solution was obtained in problem 3.1.3.1 on page 387 as

u(x, t) = A(t) (x− L) +
∞∑

n=1,3,5,···

e−k
(
nπ
2L
)2

t

(
2A(0)
L
(
nπ
2L

)2 + 8L
π2n2

∫ t

0
A′(τ) ek

(
nπ
2L
)2

τdτ

)
cos
(nπ
2Lx

)
When A(t) = et, the above becomes

u(x, t) = et(x− L) +
∞∑

n=1,3,5,···

e−k
(
nπ
2L
)2

t

(
2

L
(
nπ
2L

)2 + 8L
π2n2

∫ t

0
e(τ) ek

(
nπ
2L
)2

τdτ

)
cos
(nπ
2Lx

)
But ∫ t

0
e(τ) ek

(
nπ
2L
)2

τdτ = ek
(
nπ
2L
)2

t+t − 1
k
(
nπ
2L

)2 + 1
And the general solution becomes

u(x, t) = et(x− L) +
∞∑

n=1,3,5,···

e−k
(
nπ
2L
)2

t

(
2

L
(
nπ
2L

)2 + 8L
π2n2

ek
(
nπ
2L
)2

t+t − 1
k
(
nπ
2L

)2 + 1

)
cos
(nπ
2Lx

)
= et(x− L) +

∞∑
n=1,3,5,···

(
2e−k

(
nπ
2L
)2

t

L
(
nπ
2L

)2 + 8L
π2n2

et − e−k
(
nπ
2L
)2

t

k
(
nπ
2L

)2 + 1

)
cos
(nπ
2Lx

)

= et(x− L) +
∞∑

n=1,3,5,···

e−k
(
nπ
2L
)2

t

 2
L
(
nπ
2L

)2 − 8L(
k
(
nπ
2L

)2 + 1
)
π2n2

+ 8Let(
k
(
nπ
2L

)2 + 1
)
π2n2

cos
(nπ
2Lx

)

= et(x− L) +
∞∑

n=1,3,5,···

 8L
n2π2 − 8L(

k
(
nπ
2L

)2 + 1
)
π2n2

 e−k
(
nπ
2L
)2

t + 8Let(
k
(
nπ
2L

)2 + 1
)
π2n2

cos
(nπ
2Lx

)

In this problem L = 5, k = 1
100 , hence the above becomes

u(x, t) = et(x− 5)+
∞∑

n=1,3,5,···

 40
n2π2 − 40(

k
(
nπ
10

)2 + 1
)
π2n2

 e−
n2π2
10000 t + 40et(

k
(
nπ
10

)2 + 1
)
π2n2

 cos
(nπ
10 x

)
The following is an animation of the solution
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Out[ ]=

time 13

time = 012 seconds

1 2 3 4 5
x

-10000

-8000

-6000

-4000

-2000

0
U

Figure 3.85: Initial state

Source code used for the above

In[ ]:= ClearAll[x, y, t, n, k]

L = 5;

k = 1/ 100;

numberOfTerms = 80;

mySol[x_, t_] =

Exp[t] (x - L) + Sum
8 L

n2 π2
-

8 L

k 
n π

2 L

2
+ 1 n2 π2

Exp-k 
n π

2 L

2
t +

8 L Exp[t]

k 
n π

2 L

2
+ 1 n2 π2

Cos
n π

2 L
x,

{n, 1, numberOfTerms, 2};

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"},

SignPadding → True];

Figure 3.86: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 2}], " seconds"}]},

{

Plot[Evaluate[mySol[x, t]], {x, 0, L},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, L}, {-1.5, 12}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 2500, 10}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 3.87: Code for animation
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3.1.3.3 [209] left end BC depends on time (special case)

problem number 209

Added June 22, 2019

Solve the heat equation for u(x, t)
ut = kuxx

For 0 < x < L and t > 0. The boundary conditions are

ux(0, t) = A(t)
u(L, t) = 0

And initial condition is u(x, 0) = 0. Using the following values

L = 5

k = 1
100

A(t) = sin(t)

0
ux = sin(t)

5
ut =

1
100

uxx

u(x, 0) = 0

u = 0

Figure 3.88: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
L=5;
k=1/100;
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {Derivative[1,0][u][0, t] == Sin[t], u[L, t] == 0};
ic = u[x, 0] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}], 60*10]];� �

u(x, t) →

∞∑
K[1]=1

400000 cos
( 1
10πx(2K[1]− 1)

) (
π2 cos(t)(1− 2K[1])2 − e−

π2t(1−2K[1])2
10000 π2(1− 2K[1])2 + 10000 sin(t)

)
(π4(1− 2K[1])4 + 100000000) (π − 2πK[1])2 + (x− 5) sin(t)



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Maple 3� �
restart;
k:=1/100;
L:=5;
pde := diff(u(x,t),t)= k*diff(u(x,t),x$2);
ic := u(x,0)=0;
bc := D[1](u)(0,t) =sin(t),u(L,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic,bc],u(x,t))),output='realtime'));� �

u(x, t) =

−400000

 ∞∑
n=0

−

(
−
(
n+ 1

2
)2

π2e−
π2(1+2n)2t

10000 +
(
n+ 1

2
)2

π2 cos(t)+2500 sin(t)
)

cos
(

(1+2n)πx
10

)
16
(
n+ 1

2
)2(6250000+(n+ 1

2
)4

π4
)


+ (x− 5) sin (t) π2

π2
Hand solution

This PDE general solution was obtained in problem 3.1.3.1 on page 387 as

u(x, t) = A(t) (x− L) +
∞∑

n=1,3,5,···

e−kλnt

(
2A(0)
Lλn

+ 8L
π2n2

∫ t

0
A′(τ) ekλnτdτ

)
cos
(√

λnx
)

Where λn =
(
nπ
2L

)2
, n = 1, 3, 5, · · · . When A(t) = sin (t), the above becomes

u(x, t) = sin (t) (x− L) +
∞∑

n=1,3,5,···

e−kλnt

(
8L
π2n2

∫ t

0
cos (τ) ekλnτdτ

)
cos
(√

λnx
)

But ∫ t

0
cos (τ) ekλnτdτ = kλne

kλnt cos (t) + ekλnt sin (t)− kλn
k2λ2n + 1

And the general solution becomes

u(x, t) = (x− L) sin (t) +
∞∑

n=1,3,5,···

e−kλnt

(
8L
π2n2

(
kλne

kλnt cos (t) + ekλnt sin (t)− kλn
k2λ2n + 1

))
cos
(√

λnx
)

= (x− L) sin (t) +
∞∑

n=1,3,5,···

8L
π2n2

(
kλn cos (t) + sin (t)− kλne

−kλnt

k2λ2n + 1

)
cos
(√

λnx
)

In this problem L = 5, k = 1
100 , hence the above becomes

u(x, t) = (x− 5) sin (t)+
∞∑

n=1,3,5,···

40
π2n2

 1
100

(
nπ
10

)2 cos (t) + sin (t)− 1
100

(
nπ
10

)2
e−

1
100
(
nπ
10
)2

t(
1

100

(
nπ
10

)2)2 + 1

 cos
(nπ
10 x

)

The following is an animation of the solution
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Out[ ]=

time 12

time = 00011 seconds

1 2 3 4 5
x

-0.10

-0.05

0.00

0.05

0.10
U

Figure 3.89: Initial state

Source code used for the above

In[ ]:= ClearAll[x, y, t, n, k]

L = 5;

k = 1/ 100;

λ = 
n π

2 L

2
;

numberOfTerms = 40;

mySol[x_, t_] =

NSin[t] (x - L) + Sum
8 L

n2 π2

k λ Cos[t] + Sin[t] - k λ Exp[-k λ t]

k2 λ2 + 1
Cos λ x, {n, 1, numberOfTerms, 2};

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"},

SignPadding → True];

Figure 3.90: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {5, 1}], " seconds"}]},

{

Plot[Evaluate[mySol[x, t]], {x, 0, L},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, L}, {-0.1, 0.1}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 50, 1}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.1]

Figure 3.91: Code for animation
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3.1.3.4 [210] Haberman 8.3.6 (special case)

problem number 210

Added Nov 25, 2018.

Problem 8.3.6 from Richard Haberman applied partial differential equations book, 5th edition

Solve the heat equation for u(x, t)

ut = uxx + sin(5x)e−2t

For 0 < x < π and t > 0. The boundary conditions are

u(0, t) = 1
u(π, t) = 0

Initial condition is u(x, 0) = 0

0
u = 1

π
ut = kuxx + e−2t sin(5x)

u(x, 0) = 0

u = 0

Figure 3.92: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == D[u[x, t], {x, 2}] + Sin[5*x]*Exp[-2*t];
bc = {u[0, t] == 1, u[Pi, t] == 0};
ic = u[x, 0] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t], 60*10]];� �

u(x, t) →

∞∑
K[1]=1

(√
2
π

∫ t

0
e−K[1]2(t−K[2])

(
{ e−2K[2]√π

2 K[1] = 5
0 True

)
dK[2]− 2e−tK[1]2

πK[1]

)
sin(xK[1])− x

π
+ 1




Maple 3� �
restart;
pde := diff(u(x,t),t)= diff(u(x,t),x$2)+ sin(5*x)*exp(-2*t);
ic := u(x,0)=0;
bc := u(0,t) =1,u(Pi,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic,bc],u(x,t))),output='realtime'));� �

u(x, t) =
−46

(
∞∑
n=1

sin(nx)e−n2t
n

)
+ π(e−2t − e−25t) sin (5x)− 23x+ 23π

23π
Hand solution

This problem has nonhomogeneous B.C. and non-homogenous in the PDE itself (source
present). First step is to use reference function to remove the nonhomogeneous B.C. then
use the method of eigenfunction expansion on the resulting problem. Let

r(x) = c1x+ c2
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At x = 0, r(x) = 1, hence 1 = c2 and at x = π, r(x) = 0, hence 0 = c1π + 1 or c1 = − 1
π
,

therefore
r(x) = 1− x

π

Therefore
u(x, t) = v(x, t) + r(x)

Where v(x, t) solution for the given PDE but with homogeneous B.C., therefore

vt = vxx + e−2t sin 5x (1)
v(0, t) = 0
v(π, t) = 0
v(x, 0) = f(x)

= u(x, 0)− r(x)

= 0−
(
1− x

π

)
= x

π
− 1

We now solve (1). This is a PDE with homogeneous B.C. of the form vt = vxx +Q(x, t). The
general solution to above PDE was solved in 3.1.6.4 on page 459 and the solution is

v(x, t) =
∞∑
n=1

e−kλntΦn(x)
(
2
L

∫ L

0
f(s) Φn(s) ds

)
+

∞∑
n=1

e−kλntΦn(x)
(∫ t

0

2
L
ekλnτ

(∫ L

0
Q(s, τ) Φn(s) ds

)
dτ

)
(2)

Where

Φn(x) = sin
(√

λnx
)

(3)

λn =
(nπ
L

)2
n = 1, 2, 3, · · ·

Replacing L = π, f(x) = x
π
− 1, Q(x, t) = e−2t sin (5x) into (3,2) gives

Φn(x) = sin (nx) (3A)
λn = n2 n = 1, 2, 3, · · ·

And

v(x, t) =
∞∑
n=1

e−kn2t sin (nx)
(
2
π

∫ π

0

( s
π
− 1
)
sin (ns) ds

)
+

∞∑
n=1

e−kn2t sin (nx)
(∫ t

0

2
π
ekn

2τe−2τ
(∫ π

0
sin (5s) sin (ns) ds

)
dτ

)
(2A)

But
∫ π

0

(
s
π
− 1
)
sin (ns) ds = −1

n
since n is integer. And

∫ π

0 sin 5s sin (ns) ds = 0 when n 6= 5
and for n = 5 it becomes π

2 . Using these values in the above gives

v(x, t) =
∞∑
n=1

e−kn2t sin (nx)
(
−2
πn

)
+ e−k(5)2t sin (5x)

(∫ t

0

2
π
ek(5)

2τe−2τ
(π
2

)
dτ

)
(2C)

= − 2
π

∞∑
n=1

e−kn2t sin (nx)
n

+ e−25kt sin (5x)
(∫ t

0
e25kτe−2τdτ

)
(3.1)

But
∫ t

0 e
25kτe−2τdτ = −1+e25kt−2t

25k−2 and the above becomes
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v(x, t) = − 2
π

∞∑
n=1

e−kn2t sin (nx)
n

+ e−25kt sin (5x)
(
−1 + e25kt−2t

25k − 2

)
= − 2

π

∞∑
n=1

1
n
e−kn2t sin (nx) + sin (5x)

(
−e−25kt + e−2t

25k − 2

)

Since u(x, t) = v(x, t) + r(x) then the final solution is

u(x, t) =
(
1− x

π

)
−

(
2
π

∞∑
n=1

1
n
e−kn2t sin (nx)

)
+ sin (5x)

(
−e−25kt + e−2t

25k − 2

)
Animation is below using k = 1, the solution becomes

u(x, t) =
(
1− x

π

)
−

(
2
π

∞∑
n=1

1
n
e−n2t sin (nx)

)
+ sin (5x)

(
e−2t − e−25t

23

)

Out[ ]=

time 8

time = 0.070 seconds

0.5 1.0 1.5 2.0 2.5 3.0
x
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0.0
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0.4
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Figure 3.93: Initial state

Source code used for the above

In[ ]:= ClearAll[x, t, n, f, A, B, s, mySol]

L = π;

k = 1;

f[x_] := 0;

Q[x_, t_] := Exp[-2 t] Sin[5 x];

ϕ[x_, n_] := Sin[n x];

λ = n2;

numberOfTerms = 35;

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

mySol[x_, t_] = N1 -
x

π
 -

2

π
Sum

1

n
Exp[-k λ t] ϕ[x, n] , {n, 1, numberOfTerms} + Sin[5 x] 

Exp[-2 t] - Exp[-25 k t]

25 k - 2
;

Figure 3.94: Source code
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In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 3}], " seconds"}]},

{

Quiet@Plot[Evaluate[mySol[x, t]], {x, 0, L},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, L}, {-.2, 1}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 2, .01}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 3.95: Code for animation

3.1.3.5 [211] BC depends on time (special case)

problem number 211

added March 8, 2018. Exam problem

Solve the heat equation
ut = uxx

For 0 < x < π and t > 0. The boundary conditions are

u(0, t) = t

u(π, t) = 0

Initial condition is u(x, 0) = 0.

0
u = t

π
ut = uxx

0

u = 0

Figure 3.96: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 1}] == D[u[x, t], {x, 2}];
bc = {u[0, t] == t, u[Pi, t] == 0};
ic = u[x, 0] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];
sol = sol /. {K[1] -> n};� �


u(x, t) →

∞∑
n=1

−

(
2− 2e−n2t

)
sin(nx)

n3π
− tx

π
+ t



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Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=diff(u(x,t),x$2);
bc := u(0,t)=t,u(Pi,t)=0;
ic := u(x,0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,bc,ic],u(x,t))),output='realtime'));� �

u(x, t) =
12
(

∞∑
n=1

sin(nx)e−n2t
n3

)
− 2π2x+ (3x2 + 6t) π − x3 − 6tx

6π

3.1.4 Finite domain (bar), Periodic BC

Local contents
3.1.4.1 [212] Periodic BC (general case). IC given . . . . . . . . . . . . . . . . . . . 400
3.1.4.2 [213] Periodic BC (general case). No IC given . . . . . . . . . . . . . . . . . 401
3.1.4.3 [214] Periodic BC (general case). Damped heat PDE. No IC given . . . . . . 404

3.1.4.1 [212] Periodic BC (general case). IC given

problem number 212

Solve the heat equation
ut = kuxx

For −L < x < L and t > 0. The boundary conditions are periodic

u(−L, t) = u(L, t)
∂u

∂x
(−L, t) = ∂u

∂x
(L, t)

And initial conditions u(x, 0) = f(x)

−L
u(−L, t) = u(L, t)

ux(−L, t) = ux(L, t)

L
ut = kuxx

f(x)

periodic B.C.

Figure 3.97: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {u[-L, t] == u[L, t], Derivative[1, 0][u][-L, t] == Derivative[1, 0][u][L, t]};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> L > 0], 60*10]];� �

u(x, t) →

∞∑
K[1]=1

e−
kπ2tK[1]2

L2

(
cos
(

πxK[1]
L

) ∫ L

−L

cos
(
πxK[1]
L

)
f(x)

√
L

dx+
(∫ L

−L

f(x) sin
(
πxK[1]
L

)
√
L

dx

)
sin
(

πxK[1]
L

))
√
L

+
∫ L

−L
f(x)√
2
√
L
dx

√
2
√
L



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Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
bc := u(-L,t)=u(L,t),eval(diff(u(r,t),r),r=-L)=eval(diff(u(r,t),r),r=L);
ic := u(x,0)=f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t)) assuming L>0),output='realtime'));� �

u(x, t) =

∫ L
−L f(x)dx

2 +
(

∞∑
n=1

e−
k π2n2t
L2

(∫ L

−L
f(x) sin

(
nπx
L

)
dx sin

(
nπx
L

)
+
∫ L

−L
f(x) cos

(
nπx
L

)
dx cos

(
nπx
L

)))
L

3.1.4.2 [213] Periodic BC (general case). No IC given

problem number 213

Added Sept 21, 2019

Solve the heat equation
ut = kuxx

For −π < x < π and t > 0. The boundary conditions are periodic

u(−π, t) = u(π, t)
∂u

∂x
(−π, t) = ∂u

∂x
(π, t)

No initial conditions give.

−π
u(−π, t) = u(π, t)

ux(−π, t) = ux(π, t)

π
ut = kuxx

periodic B.C.

Figure 3.98: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {u[-Pi, t] == u[Pi, t], Derivative[1, 0][u][-Pi, t] == Derivative[1, 0][u][Pi, t]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, t], {x, t}], 60*10]];� �

{{u(x, t) → c1}}

Maple 7� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
bc := u(-Pi,t)=u(Pi,t),D[1](u)(-Pi,0)=D[1](u)(Pi,0);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(x,t)) ),output='realtime'));� �
sol=()
Hand solution
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Solve the heat equation ut = kuxx with periodic boundary conditions u(t,−π) = u(t, π) , ux(t,−π) =
ux(t, π)

Solution

Using separation of variables, Let u(x, t) = T (t)X(x). Substituting this into ut = kuxx gives
T ′X = TX ′′. Dividing by XT 6= 0 gives

1
k

T ′

T
= X ′′

X
= −λ

Where λ is the seperation constant. This gives the following ODE’s to solve

X ′′(x) + λX(x) = 0
T ′(t) + λkT (t) = 0

Where λ is the separation constant. Eigenfunctions are solutions to the spatial ODE.

X(x) = c1e
√
−λx + c2e

−
√
−λx (1)

To determine the actual eigenfunctions and eigenvalues, boundary conditions are used. Start-
ing with the spatial ODE above, and transferring the boundary condition to X, it becomes

X ′′(x) + λX(x) = 0
X(−π) = X(π)
X ′(−π) = X ′(π)

This is an eigenvalue boundary value problem. The solution is

X(x) = c1e
√
−λx + c2e

−
√
−λx (1)

case λ < 0

Since λ < 0, then −λ is positive. Let µ = −λ, where µ is now positive. The solution (1)
becomes

X(x) = c1e
√
µx + c2e

−√
µx

The above can be written as

X(x) = c1 cosh (
√
µx) + c2 sinh (

√
µx) (2)

Applying first B.C. X(−π) = X(π) using (2) gives

c1 cosh (
√
µπ) + c2 sinh (−

√
µπ) = c1 cosh (

√
µπ) + c2 sinh (

√
µπ)

c2 sinh (−
√
µπ) = c2 sinh (

√
µπ)

But sinh is only zero when its argument is zero which is not the case here. Therefore the
above implies that c2 = 0. The solution (2) now reduces to

X(x) = c1 cosh (
√
µx) (3)

Taking derivative gives
X ′(x) = c1

√
µ sinh (√µx) (4)

Applying the second BC X ′(−π) = X ′(π) using (4) gives

c1
√
µ sinh (−√

µπ) = c1
√
µ sinh (√µx)

But sinh is only zero when its argument is zero which is not the case here. Therefore the
above implies that c1 = 0. This means a trivial solution. Therefore λ < 0 is not an eigenvalue.

case λ = 0



chapter 3. parabolic pde’s (diffusion) 403

In this case the solution is X(x) = c1 + c2x. Applying first BC X(−π) = X(π) gives

c1 − c2π = c1 + c2π

−c2π = c2π

This gives c2 = 0. The solution now becomes X(x) = c1 and X ′(x) = 0. Applying the
second boundary conditions X ′(−π) = X ′(π) is not satisfies (0 = 0). Therefore λ = 0 is an
eigenvalue with eigenfunction X0(0) = 1 (selected c1 = 1 since an arbitrary constant).

case λ > 0

The solution in this case is

X(x) = c1e
√
−λx + c2e

−
√
−λx

= c1e
i
√
λx + c2e

−i
√
λx

Which can be rewritten as (the constants c1, c2 below will be different than the above c1, c2,
but kept the same name for simplicity).

X(x) = c1 cos
(√

λx
)
+ c2 sin

(√
λx
)

(5)

Applying first B.C. X(−π) = X(π) using the above gives

c1 cos
(√

λπ
)
+ c2 sin

(
−
√
λπ
)
= c1 cos

(√
λπ
)
+ c2 sin

(√
λπ
)

c2 sin
(
−
√
λπ
)
= c2 sin

(√
λπ
)

There are two choices here. If sin
(
−
√
λπ
)
6= sin

(√
λπ
)
, then this implies that c2 = 0. If

sin
(
−
√
λπ
)
= sin

(√
λπ
)
then c2 6= 0. Assuming for now that sin

(
−
√
λπ
)
= sin

(√
λπ
)
.

This happens when
√
λπ = nπ, n = 1, 2, 3, · · · , or

λn = n2 n = 1, 2, 3, · · ·

Using this choice, we will now look to see what happens using the second BC. The solution
(5) now becomes

X(x) = c1 cos (nx) + c2 sin (nx) n = 1, 2, 3, · · ·

Therefore
X ′(x) = −c1n sin (nx) + c2n cos (nx)

Applying the second BC X ′(−π) = X ′(π) using the above gives

c1n sin (nπ) + c2n cos (nπ) = −c1n sin (nπ) + c2n cos (nπ)
c1n sin (nπ) = −c1n sin (nπ)

0 = 0

Since n is integer. Therefore this means that using λn = n2 will satisfy both boundary
conditions with c2 6= 0, c1 6= 0. This means the solution (5) becomes

Xn(x) = An cos (nx) +Bn sin (nx) n = 1, 2, 3, · · ·

The above says that there are two eigenfunctions in this case. They are

Xn(x) =
{

cos (nx)
sin (nx)

Since there is also zero eigenvalue, then the complete set of eigenfunctions become

Xn(x) =


1

cos (nx)
sin (nx)
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Now that the eigenvalues are found, the solution to the time ODE can be found. Recalling
that the time ODE from above was found to be

T ′(t) + λkT (t) = 0

For the zero eigenvalue case, the above reduces to T ′(t) = 0 which has the solution T0(t) = C0.
For non zero eigenvalues λn = n2, the ODE becomes T ′(t) + n2T (t) = 0, whose solution is
T0(t) = Cne

−kn2t.

Putting all the above together, gives the fundamental solution as

un(x, t) =


C0

Cn cos (nx) e−kn2t n = 1, 2, 3, · · ·
Bn sin (nx) e−kn2t n = 1, 2, 3, · · ·

Therefore the complete solution is the sum of the above solutions

u(x, t) = C0 +
∞∑
n=1

e−kn2t(Cn cos (nx) +Bn sin (nx))

The constants C0, Cn, Bn can be found from initial conditions.

3.1.4.3 [214] Periodic BC (general case). Damped heat PDE. No IC given

problem number 214

Added Sept 21, 2019

Solve the heat equation
ut = kuxx − u(x, t)

For −π < x < π and t > 0. The boundary conditions are periodic

u(−π, t) = u(π, t)
∂u

∂x
(−π, t) = ∂u

∂x
(π, t)

No initial conditions give.

−π
u(−π, t) = u(π, t)

ux(−π, t) = ux(π, t)

π
ut = kuxx − u

periodic B.C.

Figure 3.99: PDE specification

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] -u[x,t];
bc = {u[-Pi, t] == u[Pi, t], Derivative[1, 0][u][-Pi, t] == Derivative[1, 0][u][Pi, t]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, t], {x, t}], 60*10]];� �
Failed

Maple 7� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2)-u(x,t);
bc := u(-Pi,t)=u(Pi,t),D[1](u)(-Pi,0)=D[1](u)(Pi,0);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(x,t)) ),output='realtime'));� �
sol=()
Hand solution
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Solve the heat equation ut = kuxx − u with periodic boundary conditions u(t,−π) =
u(t, π) , ux(t,−π) = ux(t, π)

Solution

Using separation of variables, Let u(x, t) = T (t)X(x). Substituting this into ut = kuxx gives
T ′X = TX ′′. Dividing by XT 6= 0 gives

1
k

T ′

T
+XT = X ′′

X
= −λ

Where λ is the seperation constant. This gives the following ODE’s to solve

X ′′(x) + λX(x) = 0
T ′(t) + k(1 + λ)T (t) = 0

Where λ is the separation constant. Eigenfunctions are solutions to the spatial ODE.

X(x) = c1e
√
−λx + c2e

−
√
−λx (1)

To determine the actual eigenfunctions and eigenvalues, boundary conditions are used. Trans-
ferring the boundary condition to X, it becomes

X ′′(x) + λX(x) = 0
X(−π) = X(π)
X ′(−π) = X ′(π)

This is an eigenvalue boundary value problem. The solution is

X(x) = c1e
√
−λx + c2e

−
√
−λx (1)

case λ < 0

Since λ < 0, then −λ is positive. Let µ = −λ, where µ is now positive. The solution (1)
becomes

X(x) = c1e
√
µx + c2e

−√
µx

The above can be written as

X(x) = c1 cosh (
√
µx) + c2 sinh (

√
µx) (2)

Applying first B.C. X(−π) = X(π) using (2) gives

c1 cosh (
√
µπ) + c2 sinh (−

√
µπ) = c1 cosh (

√
µπ) + c2 sinh (

√
µπ)

c2 sinh (−
√
µπ) = c2 sinh (

√
µπ)

But sinh is only zero when its argument is zero which is not the case here. Therefore the
above implies that c2 = 0. The solution (2) now reduces to

X(x) = c1 cosh (
√
µx) (3)

Taking derivative gives
X ′(x) = c1

√
µ sinh (√µx) (4)

Applying the second BC X ′(−π) = X ′(π) using (4) gives

c1
√
µ sinh (−√

µπ) = c1
√
µ sinh (√µx)

But sinh is only zero when its argument is zero which is not the case here. Therefore the
above implies that c1 = 0. This means a trivial solution. Therefore λ < 0 is not an eigenvalue.

case λ = 0
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In this case the solution is X(x) = c1 + c2x. Applying first BC X(−π) = X(π) gives

c1 − c2π = c1 + c2π

−c2π = c2π

This gives c2 = 0. The solution now becomes X(x) = c1 and X ′(x) = 0. Applying the
second boundary conditions X ′(−π) = X ′(π) is not satisfies (0 = 0). Therefore λ = 0 is an
eigenvalue with eigenfunction X0(0) = 1 (selected c1 = 1 since an arbitrary constant).

case λ > 0

The solution in this case is

X(x) = c1e
√
−λx + c2e

−
√
−λx

= c1e
i
√
λx + c2e

−i
√
λx

Which can be rewritten as (the constants c1, c2 below will be different than the above c1, c2,
but kept the same name for simplicity).

X(x) = c1 cos
(√

λx
)
+ c2 sin

(√
λx
)

(5)

Applying first B.C. X(−π) = X(π) using the above gives

c1 cos
(√

λπ
)
+ c2 sin

(
−
√
λπ
)
= c1 cos

(√
λπ
)
+ c2 sin

(√
λπ
)

c2 sin
(
−
√
λπ
)
= c2 sin

(√
λπ
)

There are two choices here. If sin
(
−
√
λπ
)
6= sin

(√
λπ
)
, then this implies that c2 = 0. If

sin
(
−
√
λπ
)
= sin

(√
λπ
)
then c2 6= 0. Assuming for now that sin

(
−
√
λπ
)
= sin

(√
λπ
)
.

Then happens when
√
λπ = nπ, n = 1, 2, 3, · · · , or

λn = n2 n = 1, 2, 3, · · ·

Using this choice, we will now look to see what happens using the second BC. The solution
(5) now becomes

X(x) = c1 cos (nx) + c2 sin (nx) n = 1, 2, 3, · · ·

Therefore
X ′(x) = −c1n sin (nx) + c2n cos (nx)

Applying the second BC X ′(−π) = X ′(π) using the above gives

c1n sin (nπ) + c2n cos (nπ) = −c1n sin (nπ) + c2n cos (nπ)
c1n sin (nπ) = −c1n sin (nπ)

0 = 0

Since n is integer. Therefore this means that using λn = n2 will satisfy both boundary
conditions with c2 6= 0, c1 6= 0. This means the solution (5) becomes

Xn(x) = An cos (nx) +Bn sin (nx) n = 1, 2, 3, · · ·

The above says that there are two eigenfunctions in this case. They are

Xn(x) =
{

cos (nx)
sin (nx)

Since there is also zero eigenvalue, then the complete set of eigenfunctions become

Xn(x) =


1

cos (nx)
sin (nx)
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Now that the eigenvalues are found, the solution to the time ODE can be found. Recalling
that the time ODE from above was found to be

T ′(t) + k(λ+ 1)T (t) = 0

For the zero eigenvalue case, the above reduces to T ′(t) + kT (t) = 0 which has the solution
T0(t) = C0e

−kt. For non zero eigenvalues λn = n2, the ODE becomes T ′(t)+k(n2 + 1)T (t) = 0,
whose solution is T0(t) = Cne

−k
(
n2+1

)
t.

Putting all the above together, gives the fundamental solution as

un(t, x) =


C0e

−kt

Cn cos (nx) e−k
(
n2+1

)
t n = 1, 2, 3, · · ·

Bn sin (nx) e−k
(
n2+1

)
t n = 1, 2, 3, · · ·

Therefore the complete solution is the sum of the above solutions

u(t, x) = C0e
−kt +

∞∑
n=1

e−k
(
n2+1

)
t(Cn cos (nx) +Bn sin (nx))

The constants C0, Cn, Bn can be found from initial conditions.

3.1.5 Finite domain (bar), Both ends nonhomogeneous BC

Local contents
3.1.5.1 [215] both ends non-homogeneous BC (general case) . . . . . . . . . . . . . 408
3.1.5.2 [216] non-homogeneous BC (special case) . . . . . . . . . . . . . . . . . . . 410
3.1.5.3 [217] Articolo 8.4.1 (special case) . . . . . . . . . . . . . . . . . . . . . . . . 411
3.1.5.4 [218] With source that depends on space only (general case) . . . . . . . . . 412
3.1.5.5 [219] With source that depends on space only (special case) . . . . . . . . . 415
3.1.5.6 [220] With source that depends on space and time only (general case) . . . 418
3.1.5.7 [221] Both ends depend on time (general case) . . . . . . . . . . . . . . . . 420
3.1.5.8 [222] Both ends depend on time (special case) . . . . . . . . . . . . . . . . . 424
3.1.5.9 [223] both ends nonhomogeneous . . . . . . . . . . . . . . . . . . . . . . . . 427
3.1.5.10 [224] Haberman 8.2.1 (a) (general case) . . . . . . . . . . . . . . . . . . . . 430
3.1.5.11 [225] Haberman 8.2.1 (d) (general solution) . . . . . . . . . . . . . . . . . . 432
3.1.5.12 [226] Both ends depend on time with source that depends on space only
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(special case) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 436
3.1.5.14 [228] Both ends depend on time with source that depends on time and space

(general solution) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 440
3.1.5.15 [229] Both ends depend on time with source present (special case) . . . . . 442
3.1.5.16 [230] Pinchover and Rubinstein 6.17 . . . . . . . . . . . . . . . . . . . . . . 445
3.1.5.17 [231] nonhomogeneous BC . . . . . . . . . . . . . . . . . . . . . . . . . . . . 446
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3.1.5.19 [233] Articolo 8.4.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 451
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3.1.5.1 [215] both ends non-homogeneous BC (general case)

problem number 215

Added June 22, 2019

Solve the heat equation
ut = kuxx

For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = A

u(L, t) = B

Initial condition is u(x, 0) = f(x)

0
u = A

L
ut = kuxx

u(x, 0) = f(x)

u = B

Figure 3.100: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {u[0, t] == A, u[L, t] == B};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t},Assumptions->{k>0,L>0,t>0}], 60*10]];
sol = sol /. K[1] -> n;� �

u(x, t) →

∞∑
n=1

2e−
kn2π2t
L2
(∫ L

0

(
−A+ (A−B)x

L
+ f(x)

)
sin
(
nπx
L

)
dx
)
sin
(
nπx
L

)
L

+ x(B − A)
L

+ A




Maple 3� �
restart;
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
ic := u(x,0)=f(x);
bc := u(0,t)=A, u(L,t)=B;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t)) assuming k>0,L>0,t>0),output='realtime'));� �

u(x, t) =
−2
(

∞∑
n=1

sin
(
nπx
L

)
e−

k π2n2t
L2

∫ L

0 ((L− x)A+ xB − f(x)L) sin
(
nπx
L

)
dx

)
+ AL2 + x(−A+B)L

L2
Hand solution

Solve
ut = kuxx t > 0, 0 < x < L (1)

BC are

u(0, t) = A

u(L, t) = B
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Initial conditions
u(x, 0) = f(x)

Solution

Since boundary conditions are nonhomogeneous, then the first step is to reduce the problem
to one with homogeneous B.C. to be able to use separation of variables (separation of variables
can only be done on a PDE with homogeneous B.C.)

This is done by using steady state solution. Let the total solution be

u(x, t) = v(x, t) + r(x) (2)

Where v(x, t) is the transient solution which satisfies homogeneous version of the B.C. and
r(x) is the steady state solution which do not depend on time and just needs to satisfy the
nonhomogeneous BC. Since r(x) is the steady state solution, then the PDE becomes an ODE

0 = kr′′(x)
r(0) = A

r(L) = B

This has the solution r(x) = c1x + c2. Using BC at x = 0 leads to A = c2. Therefore the
solution is r(x) = c1x+ A. Using BC at x = L gives B = c1L+ A or c1 = B−A

L
. Hence

r(x) =
(
B − A

L

)
x+ A

Therefore (1) becomes

u(x, t) = v(x, t) +
(
B − A

L

)
x+ A

Substituting the above back in the original PDE ut = kuxx gives

vt = kvxx

v(0) = 0
v(L) = 0

v(x, 0) = F (x)
= u(x, 0)− r(x)

= f(x)−
(
B − A

L
x+ A

)
(3)

The above PDE was solved in problem 3.1.1.1 on page 272 and the solution is

v(x, t) =
∞∑
n=1

(
2
L

∫ L

0
F (s) sin

(√
λns
)
ds

)
e−kλnt sin

(√
λnx

)
(4)

λn =
(nπ
L

)2
n = 1, 2, 3, · · ·

Substituting (3) into (4) gives

v(x, t) = 2
L

∞∑
n=1

(∫ L

0

(
f(s)−

(
B − A

L
s+ A

))
sin
(√

λns
)
ds

)
e−kλnt sin

(√
λnx

)
From (2)

u(x, t) = v(x, t) + r(x)

= A+
(
B − A

L

)
x+ 2

L

∞∑
n=1

(∫ L

0

(
f(s)−

(
B − A

L
s+ A

))
sin
(√

λns
)
ds

)
e−kλnt sin

(√
λnx

)
= A+

(
B − A

L

)
x+ 2

L

∞∑
n=1

(∫ L

0

(
f(s)−

(
B − A

L
s+ A

))
sin
(nπ
L
s
)
ds

)
e−k

(
nπ
L

)2
t sin

(nπ
L
x
)
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3.1.5.2 [216] non-homogeneous BC (special case)

problem number 216

Taken from Maple PDE help pages

Solve the heat equation
ut = uxx

For 0 < x < 1 and t > 0. The boundary conditions are

u(0, t) = 20
u(1, t) = 50

Initial condition is u(x, 0) = 0

0
u = 20

1
ut = uxx

u(x, 0) = 0

u = 50

Figure 3.101: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == D[u[x, t], {x, 2}];
bc = {u[0, t] == 20, u[1, t] == 50};
ic = u[x, 0] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t], 60*10]];
sol = sol /. K[1] -> n;� �


u(x, t) → −

2
∞∑
n=1

(20−50(−1)n)e−n2π2t sin(nπx)
n

π
+ 30x+ 20




Maple 3� �
restart;
pde := diff(u(x,t),t)=diff(u(x,t),x$2);
ic := u(x,0)=0;
bc := u(0,t)=20, u(1,t)=50;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t))),output='realtime'));� �

u(x, t) = 20 + 30x+
20
(

∞∑
n=1

(−2+5(−1)n) sin(nπx)e−π2n2t
n

)
π

Hand solution

The general solution to
ut = kuxx t > 0, 0 < x < L (1)

BC are

u(0, t) = A

u(L, t) = B
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Initial conditions
u(x, 0) = f(x)

Is given in problem 3.1.5.1 on page 408 as

u(x, t) = A+
(
B − A

L

)
x+ 2

L

∞∑
n=1

(∫ L

0

(
f(x)−

(
B − A

L
x+ A

))
sin
(√

λnx
)
dx

)
e−kλnt sin

(√
λnx

)
Where λn =

(
nπ
L

)2
, n = 1, 2, 3, · · · . Substituting A = 20, B = 50, L = 1, k = 1, f(x) = 0 gives

the solution as

u(x, t) = 20 + 30x+ 2
∞∑
n=1

(∫ 1

0
−(30x+ 20) sin (nπx) dx

)
e−kn2π2t sin (nπx)

But
∫ 1
0 −(30x+ 20) sin (nπx) dx = 50(−1)n−20

nπ
and the above becomes

u(x, t) = 20 + 30x+ 2
∞∑
n=1

(
50(−1)n − 20

nπ

)
e−kn2π2t sin (nπx)

= 20 + 30x+
∞∑
n=1

(
100(−1)n − 40

nπ

)
e−kn2π2t sin (nπx)

3.1.5.3 [217] Articolo 8.4.1 (special case)

problem number 217

Added December 20, 2018.

Example 8.4.1 from Partial differential equations and boundary value problems with Maple
by George A. Articolo, 2nd ed.

Solve the heat equation for u(x, t)
ut = kuxx

For 0 < x < 1 and t > 0. The boundary conditions are

u(0, t) = 10
u(1, t) = 20

Initial condition is u(x, 0) = 60x− 50x2 + 10 and k = 1
20

0
u = 10

1
ut =

1
20uxx

u(x, 0) = 60x− 50x2 + 10

u = 20

Figure 3.102: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
k = 1/20;
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {u[0, t] == 10, u[1, t] == 20};
ic = u[x, 0] == 60*x - 50*x^2 + 10;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t], 60*10]];
sol = sol /. K[1] -> n;� �

{{
u(x, t) →

∞∑
n=1

− 200(−1 + (−1)n) e− 1
20n

2π2t sin(nπx)
n3π3 + 10(x+ 1)

}}
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Maple 3� �
restart;
k := 1/20;
pde := diff(u(x,t),t)= k*diff(u(x,t),x$2);
bc := u(0, t) = 10, u(1, t) = 20;
ic := u(x, 0) = 60*x - 50*x^2 + 10;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, ic, bc], u(x, t))),output='realtime'));� �

u(x, t) = 10 + 10x−
200
(

∞∑
n=1

((−1)n−1) sin(nπx)e−
π2n2t

20

n3

)
π3

Hand solution

The general solution to
ut = kuxx t > 0, 0 < x < L (1)

BC are

u(0, t) = A

u(L, t) = B

with Initial conditions
u(x, 0) = f(x)

Is given in problem 3.1.5.1 on page 408 as

u(x, t) = A+
(
B − A

L

)
x+ 2

L

∞∑
n=1

(∫ L

0

(
f(x)−

(
B − A

L
x+ A

))
sin
(√

λnx
)
dx

)
e−kλnt sin

(√
λnx

)
Where λn =

(
nπ
L

)2
, n = 1, 2, 3, · · · . Substituting A = 10, B = 20, L = 1, k = 1

20 , f(x) =
60x− 50x2 + 10 gives the solution as

u(x, t) = 10 + 10x+ 2
∞∑
n=1

(∫ 1

0

(
60x− 50x2 + 10− (10x+ 10)

)
sin (nπxx) dx

)
e−

1
20n

2π2t sin (nπxx)

= 10 + 10x+ 2
∞∑
n=1

(∫ 1

0

(
50x− 50x2

)
sin (nπxx) dx

)
e−

1
20n

2π2t sin (nπxx)

But
∫ 1
0 (50x− 50x2) sin (nπxx) dx = 100−100(−1)n

n3π3 and the above becomes

u(x, t) = 10 + 10x+ 2
∞∑
n=1

100
(
1− (−1)n

n3π3

)
e−

1
20n

2π2t sin (nπxx)

= 10 + 10x−
∞∑
n=1

200
(
(−1)n − 1
n3π3

)
e−

1
20n

2π2t sin (nπxx)

3.1.5.4 [218] With source that depends on space only (general case)

problem number 218

Added July 6,2019

Solve the heat equation for u(x, t)

ut = kuxx +Q(x)

For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = A

u(1, t) = B
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Initial condition is u(x, 0) = f(x)

0
u = A

L
ut = kuxx +Q(x)

u(x, 0) = f(x)

u = B

Figure 3.103: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + Q[x];
bc = {u[0, t] == A, u[L, t] == B};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t},Assumptions->{k>0,L>0}], 60*10]];� �



u(x, t) →

∞∑
K[1]=1

√
2


(
1−e

− kπ2tK[1]2

L2

)∫ L
0

√
2Q(x) sin

(
πxK[1]
L

)
√
L

dx

L2

kπ2K[1]2 + e−
kπ2tK[1]2

L2
∫ L

0

√
2(−Bx+A(x−L)+Lf(x)) sin

(
πxK[1]
L

)
L3/2 dx

 sin
(

πxK[1]
L

)
√
L

+ x(B − A)
L

+ A




Maple 3� �
restart;
pde := diff(u(x,t),t)= k*diff(u(x,t),x$2)+Q(x);
bc := u(0, t) = A, u(L, t) = B;
ic := u(x, 0) = f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, ic, bc], u(x, t)) assuming L>0,k>0),output='realtime'));� �

u(x, t) =
−2
(

∞∑
n=1

sin
(
nπx
L

)
e−

π2n2kt
L2

∫ L

0 − sin
(
nπ_a
L

) (
−_a

∫ L

0

∫ _z1
0 Q(_z1) d_z1d_z1+

∫ _a
0

∫ _z1
0 Q(_z1) d_z1d_z1L+ (f(_a)L− AL+ _a(A−B)) k

)
d_a

)
+ x

∫ L

0

∫ _a
0 Q(_a) d_ad_aL−

∫ x

0

∫ _a
0 Q(_a) d_ad_aL2 + AL2k + (−A+B)xkL

k L2
Hand solution

Solving
ut = kuxx +Q(x) (1)

With initial conditions u(x, 0) = f(x) and boundary conditions u(0, t) = A, u(L, t) = B with
0 < x < L, t > 0

Since boundary conditions are nonhomogeneous, the first step is to reduce the problem to
one with homogeneous B.C. to be able to use separation of variables. This is done by using
steady state solution. Let the total solution be

u(x, t) = v(x, t) + r(x) (2)

Where v(x, t) is the transient solution which satisfies the homogeneous B.C. and r(x) is the
steady state solution which do not depend on time and just needs to satisfy the nonhomoge-
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neous BC. Since r(x) is the steady state solution, then the PDE becomes an ODE

0 = kr′′(x)
r(0) = A

r(L) = B

This has the solution r(x) = c1x + c2. Using BC at x = 0 leads to A = c2. Therefore the
solution is r(x) = c1x+ A. Using BC at x = L gives B = c1L+ A or c1 = B−A

L
. Hence

r(x) =
(
B − A

L

)
x+ A (3)

Substituting (2) back in the original PDE ut = kuxx +Q(x) gives

vt = kvxx +Q(x) (4)
v(0, t) = 0
v(L, t) = 0

The initial conditions are

v(x, 0) = F (x)
= u(x, 0)− r(x)

= f(x)−
((

B − A

L

)
x+ A

)
The general solution to (4) was solved in 3.1.1.11 on page 292 and the solution is

v(x, t) =
∞∑
n=1

e−kλntΦn(x)
(
2
L

∫ L

0
F (s) Φn(s) ds

)
+

∞∑
n=1

e−kλntΦn(x)
(∫ t

0

2
L
ekλnτ

(∫ L

0
Q(s) Φn(s) ds

)
dτ

)
Φn(x) = sin

(√
λnx

)
λn =

(nπ
L

)2
n = 1, 2, 3, · · ·

But F (x) = f(x)−
((

B−A
L

)
x+ A

)
in this case, hence the solution becomes

v(x, t) =
∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)( 2

L

∫ L

0

(
f(s)−

((
B − A

L

)
s+ A

))
sin
(nπ
L
s
)
ds

)
+

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ t

0

2
L
ek
(
nπ
L

)2
τ

(∫ L

0
Q(s) sin

(nπ
L
s
)
ds

)
dτ

)
Since u(x, t) = v(x, t) + r(x), then the final solution is

u(x, t) =
(
B − A

L

)
x+ A+

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)( 2

L

∫ L

0

(
f(s)−

((
B − A

L

)
s+ A

))
sin
(nπ
L
s
)
ds

)
+

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ t

0

2
L
ek
(
nπ
L

)2
τ

(∫ L

0
Q(s) sin

(nπ
L
s
)
ds

)
dτ

)
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3.1.5.5 [219] With source that depends on space only (special case)

problem number 219

Added July 6,2019

Solve the heat equation for u(x, t)

ut = kuxx +Q(x)

For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = A

u(1, t) = B

Initial condition is u(x, 0) = f(x), Using the following values

A = 20
B = 50

f(x) = 60− 2x
L = 30

k = 1
10

Q(x) = x

10

0
u = 20

30
ut = kuxx + x

10

u(x, 0) = 60− 2x

u = 50

Figure 3.104: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
A=20; B=50; f=60-2*x; L=30; k=1/10; Q=x/10;
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + Q;
bc = {u[0, t] == A, u[L, t] == B};
ic = u[x, 0] == f;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t], 60*10]];� �

u(x, t) →

∞∑
K[1]=1

−
20e−

π2tK[1]2
9000

(
−
((
4 + 5(−1)K[1]) π2K[1]2

)
− 2700(−1)K[1] + 2700(−1)K[1]e

π2tK[1]2
9000

)
sin
( 1
30πxK[1]

)
π3K[1]3 + x+ 20



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Maple 3� �
restart;
A:=20;
B:=50;
f:=60-2*x;
L:=30;
k:=1/10;
Q:=x/10;
pde := diff(u(x,t),t)= k*diff(u(x,t),x$2)+Q;
bc := u(0, t) = A, u(L, t) = B;
ic := u(x, 0) = f;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, ic, bc], u(x, t))),output='realtime'));� �

u(x, t) = 20− x3

6 + 151x+
20
(

∞∑
n=1

(
5(−1)nn2π2+4π2n2+2700(−1)n

)
sin
(
nπx
30
)
e−

π2n2t
9000

n3

)
π3

Hand solution

Solving

ut = kvxx +Q(x) (1)
u(0, t) = A

u(L, t) = B

u(x, 0) = f(x)

Where A = 20, B = 50, f(x) = 60− 2x,Q(x) = x
10 , k = 1

10 , L = 30.

The general solution to above PDE was solved in 3.1.5.4 on page 413 and the solution is

u(x, t) =
(
B − A

L

)
x+ A+

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)( 2

L

∫ L

0

(
f(s)−

((
B − A

L

)
s+ A

))
sin
(nπ
L
s
)
ds

)
+

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ t

0

2
L
ek
(
nπ
L

)2
τ

(∫ L

0
Q(s) sin

(nπ
L
s
)
ds

)
dτ

)
Replacing the specific values, the solution becomes

u(x, t) = x+ 20 +
∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)( 2

30

∫ 30

0
(60− 2s− (s+ 20)) sin

(nπ
30 s

)
ds

)
+

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ t

0

2
30e

k
(
nπ
L

)2
τ

(∫ 30

0

s

10 sin
(nπ
30 s

)
ds

)
dτ

)
Or

u(x, t) = x+ 20 + 1
15

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ 30

0
(40− 3s) sin

(nπ
30 s

)
ds

)
+ 1

150

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ t

0
ek
(
nπ
L

)2
τ

(∫ 30

0
s sin

(nπ
30 s

)
ds

)
dτ

)
But

∫ 30
0 (40− 3s) sin

(
nπ
30 s
)
ds = 1500(−1)n+1200

nπ
and

∫ 30
0 s sin

(
nπ
30 s
)
ds = −900(−1)n

nπ
, hence the

above becomes

u(x, t) = x+ 20 + 1
15

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(1500(−1)n + 1200

nπ

)
+ 1

150

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ t

0
ek
(
nπ
L

)2
τ

(
−900(−1)n

nπ

)
dτ

)
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Or

u(x, t) = x+ 20 + 300
15

∞∑
n=1

(
5(−1)n + 4

nπ

)
e−k

(
nπ
L

)2
t sin

(nπ
L
x
)

− 900
150

∞∑
n=1

(−1)n

nπ
e−k

(
nπ
L

)2
t sin

(nπ
L
x
)(∫ t

0
ek
(
nπ
L

)2
τdτ

)

But
∫ t

0 e
k
(
nπ
L

)2
τdτ =

[
e
k
(
nπ
L

)2
τ

k
(
nπ
L

)2
]t
0
= e

k
(
nπ
L

)2
t−1

k
(
nπ
L

)2 , therefore the above becomes

u(x, t) = x+ 20 + 300
15

∞∑
n=1

(
5(−1)n + 4

nπ

)
e−k

(
nπ
L

)2
t sin

(nπ
L
x
)

− 900
150

∞∑
n=1

(−1)n

nπ
e−k

(
nπ
L

)2
t sin

(nπ
L
x
)(ek(nπL )2t − 1

k
(
nπ
L

)2
)

Or

u(x, t) = x+ 20 + 20
∞∑
n=1

(
5(−1)n + 4

nπ

)
e−k

(
nπ
L

)2
t sin

(nπ
L
x
)

− 900
150

∞∑
n=1

(−1)n

nπk
(
nπ
L

)2 sin(nπL x
)(

1− e−k
(
nπ
L

)2
t
)

Finally replacing the remaining variables in the above for L, k gives

u(x, t) = x+ 20 + 20
∞∑
n=1

(
5(−1)n + 4

nπ

)
e−

1
10
(
nπ
30
)2

t sin
(nπ
30 x

)
− 900

150

∞∑
n=1

9000(−1)n

n3π3 sin
(nπ
30 x

)(
1− e−

1
10
(
nπ
30
)2

t
)

Or

u(x, t) = x+ 20 + 20
∞∑
n=1

(
5(−1)n + 4

nπ

)
e−

1
10
(
nπ
30
)2

t sin
(nπ
30 x

)
− 54000

∞∑
n=1

(−1)n

n3π3 sin
(nπ
30 x

)(
1− e−

1
10
(
nπ
30
)2

t
)

Or

u(x, t) = (x+ 20)+20
∞∑
n=1

(
5(−1)n + 4

nπ

)
e−

π2n2
9000 t sin

(nπ
30 x

)
−54000

∞∑
n=1

(−1)n

n3π3 sin
(nπ
30 x

)(
1− e−

π2n2
9000 t

)
Animation is below

Out[ ]=

time 1616

time = 80.750 seconds

5 10 15 20 25 30
x0

50

100

150

200

250
U

Figure 3.105: Initial state
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Source code used for the above

In[ ]:= ClearAll[x, t, n, f, A, B, s, mySol]

L = 30;

k = 1/ 10;

f[x_] := 60 - 2 x;

Q[x_] := x/ 10;

λ = 
n π

L

2
;

ϕ[x_, n_] := Sin λ x;

numberOfTerms = 50;

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

mySol[x_, t_] = x + 20 + 20 Chop@N@Sum
(5 (-1)n + 4)

n π
Exp[-k λ t] ϕ[x, n] , {n, 1, numberOfTerms} - 54 000 Chop@N@Sum

(-1)n

n3 π3
(1 - Exp[-k λ t]) ϕ[x, n], {n, 1, numberOfTerms};

Figure 3.106: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 3}], " seconds"}]},

{

Quiet@Plot[Evaluate[mySol[x, t]], {x, 0, L},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, L}, {-20, 250}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 100, .1}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 3.107: Code for animation

3.1.5.6 [220] With source that depends on space and time only (general case)

problem number 220

Added July 6,2019

Solve the heat equation for u(x, t)

ut = kuxx +Q(x, t)

For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = A

u(1, t) = B

Initial condition is u(x, 0) = f(x)

0
u = A

L
ut = kuxx +Q(x, t)

u(x, 0) = f(x)

u = B

Figure 3.108: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + Q[x,t];
bc = {u[0, t] == A, u[L, t] == B};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t},Assumptions->{k>0,L>0}], 60*10]];� �

u(x, t) →

∞∑
K[1]=1

√
2
(∫ t

0 e
− kπ2K[1]2(t−K[2])

L2 Integrate
[√

2Q(x,K[2]) sin
(
πxK[1]
L

)
√
L

, {x, 0, L},Assumptions → k > 0 ∧ L > 0
]
dK[2] + e−

kπ2tK[1]2

L2
∫ L

0

√
2(−AL+f(x)L+Ax−Bx) sin

(
πxK[1]
L

)
L3/2 dx

)
sin
(

πxK[1]
L

)
√
L

+ x(B − A)
L

+ A




Maple 3� �
restart;
pde := diff(u(x,t),t)= k*diff(u(x,t),x$2)+Q(x,t);
bc := u(0, t) = A, u(L, t) = B;
ic := u(x, 0) = f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, ic, bc], u(x, t)) assuming L>0,k>0),output='realtime'));� �

u(x, t) =
−2
(

∞∑
n=1

sin
(
nπx
L

)
e−

k π2n2t
L2

∫ L

0 (−f(τ)L+ (−A+B) τ + AL) sin
(
nπτ
L

)
dτ

)
+ 2

∫ t

0

(
∞∑
n=1

sin
(
nπx
L

)
e−

k π2n2(t−τ)
L2

∫ L

0 Q(x, τ) sin
(
nπx
L

)
dx

)
dτL+ AL2 + x(−A+B)L

L2
Hand solution

Solving
ut = kuxx +Q(x, t) (1)

With initial conditions u(x, 0) = f(x) and boundary conditions u(0, t) = A, u(L, t) = B with
0 < x < L, t > 0

Since boundary conditions are nonhomogeneous, the first step is to reduce the problem to
one with homogeneous B.C. to be able to use separation of variables. This is done by using
steady state solution. Let the total solution be

u(x, t) = v(x, t) + r(x) (2)

Where v(x, t) is the transient solution which satisfies the homogeneous B.C. and r(x) is the
steady state solution which do not depend on time and just needs to satisfy the nonhomoge-
neous BC. Since r(x) is the steady state solution, then the PDE becomes an ODE

0 = kr′′(x)
r(0) = A

r(L) = B

This has the solution r(x) = c1x + c2. Using BC at x = 0 leads to A = c2. Therefore the
solution is r(x) = c1x+ A. Using BC at x = L gives B = c1L+ A or c1 = B−A

L
. Hence

r(x) =
(
B − A

L

)
x+ A (3)

Substituting (2) back in the original PDE ut = kuxx +Q(x, t) gives

vt = kvxx +Q(x, t) (4)
v(0, t) = 0
v(L, t) = 0
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The initial conditions are

v(x, 0) = F (x)
= u(x, 0)− r(x)

= f(x)−
((

B − A

L

)
x+ A

)
The general solution to (4) was solved in 3.1.6.4 on page 459 and the solution is

v(x, t) =
∞∑
n=1

e−kλntΦn(x)
(
2
L

∫ L

0
f(s) Φn(s) ds

)
+

∞∑
n=1

e−kλntΦn(x)
(∫ t

0

2
L
ekλnτ

(∫ L

0
Q(s, τ) Φn(s) ds

)
dτ

)
Φn(x) = sin

(√
λnx

)
λn =

(nπ
L

)2
n = 1, 2, 3, · · ·

But F (x) = f(x)−
((

B−A
L

)
x+ A

)
in this case, hence the solution becomes

v(x, t) =
∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)( 2

L

∫ L

0

(
f(s)−

((
B − A

L

)
s+ A

))
sin
(nπ
L
s
)
ds

)
+

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ t

0

2
L
ek
(
nπ
L

)2
τ

(∫ L

0
Q(s, τ) sin

(nπ
L
s
)
ds

)
dτ

)
Since u(x, t) = v(x, t) + r(x), then the final solution is

u(x, t) =
(
B − A

L

)
x+ A+

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)( 2

L

∫ L

0

(
f(s)−

((
B − A

L

)
s+ A

))
sin
(nπ
L
s
)
ds

)
+

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ t

0

2
L
ek
(
nπ
L

)2
τ

(∫ L

0
Q(s, τ) sin

(nπ
L
s
)
ds

)
dτ

)

3.1.5.7 [221] Both ends depend on time (general case)

problem number 221

Added June 23, 2019

Solve the heat equation for u(x, t)
ut = kuxx

For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = A(t)
u(L, t) = B(t)

Initial condition is u(x, 0) = f(x)

0
u = A(t)

L
ut = kuxx

u(x, 0) = f(x)

u = B(t)

Figure 3.109: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {u[0, t] == A[t], u[L, t] == B[t]};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t},Assumptions->{k>0,L>0}], 60*10]];� �


u(x, t) →
∞∑

K[1]=1

√
2
(
e−

kπ2tK[1]2

L2
∫ L

0

√
2(−LA(0)+xA(0)−xB(0)+Lf(x)) sin

(
πxK[1]
L

)
L3/2 dx+

∫ t

0

√
2e−

kπ2K[1]2(t−K[2])
L2

√
L
(
(−1)K[1]B′(K[2])−A′(K[2])

)
πK[1] dK[2]

)
sin
(

πxK[1]
L

)
√
L

+ x(B(t)− A(t))
L

+ A(t)




Maple 3� �
restart;
pde := diff(u(x,t),t)= k*diff(u(x,t),x$2);
bc := u(0, t) = A(t), u(L, t) = B(t);
ic := u(x, 0) = f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, ic, bc], u(x, t)) assuming L>0,k>0),output='realtime'));� �

u(x, t) =

2L
(

∞∑
n=1

sin
(
nπx
L

)
e−

k π2n2t
L2 ∫ L

0 −((L−τ)A(0)−f(τ)L+τB(0)) sin
(
nπτ
L

)
dτ

L2

)
π + 2

∫ t

0

 ∞∑
n=1

−
sin
(
nπx
L

)
e−

k π2n2(t−τ)
L2

(
−(−1)n

(
d
dτ

B(τ)
)
+ d
dτ

A(τ)
)

n

 dτL+ π((−x+ L)A(t) + xB(t))

Lπ
Hand solution

ut = kuxx (1)
u(0, t) = A(t)
u(L, t) = B(t)
u(x, 0) = f(x)

Since boundary conditions are nonhomogeneous, the first step is to reduce the problem to
one with homogeneous B.C. to be able to use separation of variables. This is done by using
a reference solution r(x, t) which only needs to satisfy the B.C. Let the total solution be

u(x, t) = v(x, t) + r(x, t) (2)

Where v(x, t) is the transient solution which satisfies the homogeneous B.C. We see that

r(x, t) = A(t) + B(t)− A(t)
L

x

= A(t)
(
L− x

L

)
+ B(t)

L
x (3)

Satisfies the nonhomogeneous. Substituting (2) back into the original PDE (1) gives

∂

∂t
(v(x, t) + r(x, t)) = k

∂2

∂x2
(v(x, t) + r(x, t))

vt(x, t) + rt(x, t) = kvxx(x, t) + krxx(x, t)

But rxx(x, t) = 0 and rt = A′(t)
(
L−x
L

)
+ B′(t)

L
x and the above PDE becomes

vt(x, t) = kvxx(x, t)− rt(x, t)
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Let

Q(x, t) = −rt(x, t)

= −
(
A′(t)

(
L− x

L

)
+ B′(t)

L
x

)
Therefore the problem has been transformed to

vt = kvxx +Q(x, t)
v(0, t) = 0
v(L, t) = 0
v(0, x) = F (x)

= u(x, 0)− r(x, 0)

= f(x)−
(
A(0)

(
L− x

L

)
+ B(0)

L
x

)
The above problem was solved in 3.1.6.4 on page 459. The solution is

v(x, t) =
∞∑
n=1

[(
2
L

∫ L

0
F (s) Φn(s) ds

)
e−kλnt + e−kλnt

∫ t

0

2
L
ekλnτ

(∫ L

0
Q(s, τ) Φn(s) dx

)
dτ

]
Φn(x)

(4)
Where

Φn(x) = sin
(√

λnx
)

λn =
(nπ
L

)2
n = 1, 2, 3, · · ·

Hence (4) becomes

v(x, t) = 2
L

∞∑
n=1

e−kλnt sin
(nπ
L
x
)(∫ L

0
F (s) sin

(nπ
L
s
)
ds

)
+ 2
L

∞∑
n=1

e−kλnt sin
(nπ
L
x
)∫ t

0
ekλnτ

(∫ L

0
Q(s, τ) sin

(nπ
L
s
)
dx

)
dτ

Since u(x, t) = r(x, t) + v(x, t) then the final solution becomes

u(x, t) =
(
A(t)

(
L− x

L

)
+ B(t)

L
x

)
+ 2
L

∞∑
n=1

e−kλnt sin
(nπ
L
x
)(∫ L

0
F (s) sin

(nπ
L
s
)
ds

)
+ 2
L

∞∑
n=1

e−kλnt sin
(nπ
L
x
)∫ t

0
ekλnτ

(∫ L

0
Q(s, τ) sin

(nπ
L
s
)
ds

)
dτ

Or

u(x, t) =
(
A(t)

(
L− x

L

)
+ B(t)

L
x

)
+ 2
L

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ L

0

(
f(s)−

(
A(0)

(
L− s

L

)
+ B(0)

L
s

))
sin
(nπ
L
s
)
ds

)
+ 2
L

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ t

0
ek
(
nπ
L

)2
τ

(∫ L

0
Q(s, τ) sin

(nπ
L
s
)
ds

)
dτ

)
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Or

u(x, t) =
(
A(t)

(
L− x

L

)
+ B(t)

L
x

)
+ 2
L2

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ L

0
(f(s)L− (A(0) (L− s) +B(0) s)) sin

(nπ
L
s
)
ds

)
+ 2
L

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ t

0
ek
(
nπ
L

)2
τ

(∫ L

0
Q(s, τ) sin

(nπ
L
s
)
ds

)
dτ

)

Or, since here Q(x, t) = −
(
A′(t)

(
L−x
L

)
+ B′(t)

L
x
)
the above becomes

u(x, t) =
(
A(t)

(
L− x

L

)
+ B(t)

L
x

)
+ 2
L2

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ L

0
(f(s)L− (A(0) (L− s) +B(0) s)) sin

(nπ
L
s
)
ds

)
+ 2
L

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ t

0
ek
(
nπ
L

)2
τ

(∫ L

0

(
B′(τ)
L

s− A′(τ)
(
L− s

L

))
sin
(nπ
L
s
)
ds

)
dτ

)

Or

u(x, t) =
(
A(t)

(
L− x

L

)
+ B(t)

L
x

)
+ 2
L2

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ L

0
f(s)L sin

(nπ
L
s
)
− A(0) (L− s) sin

(nπ
L
s
)
−B(0) s sin

(nπ
L
s
)
ds

)
+ 2
L

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ t

0
ek
(
nπ
L

)2
τ

(∫ L

0

B′(τ)
L

s sin
(nπ
L
s
)
− A′(τ)

(
L− s

L

)
sin
(nπ
L
s
)
ds

)
dτ

)

Or

u(x, t) =
(
A(t)

(
L− x

L

)
+ B(t)

L
x

)
(5)

+ 2
L2

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ L

0
f(s)L sin

(nπ
L
s
)
− A(0) (L− s) sin

(nπ
L
s
)
−B(0) s sin

(nπ
L
s
)
ds

)
+ 2
L2

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ t

0
ek
(
nπ
L

)2
τ

(∫ L

0
B′(τ) s sin

(nπ
L
s
)
− A′(τ) (L− s) sin

(nπ
L
s
)
ds

)
dτ

)

But∫ L

0
f(s)L sin

(nπ
L
s
)
− A(0) (L− s) sin

(nπ
L
s
)
−B(0) s sin

(nπ
L
s
)
ds =

L

∫ L

0
f(s) sin

(nπ
L
s
)
ds− A(0)

∫ L

0
(L− s) sin

(nπ
L
s
)
ds−B(0)

∫ L

0
s sin

(nπ
L
s
)
ds

Since
∫ L

0 (L− s) sin
(
nπ
L
s
)
ds = L2

nπ
and

∫ L

0 s sin
(
nπ
L
s
)
dx = −L2(−1)n

nπ
, then the above becomes∫ L

0
f(s) sin

(nπ
L
s
)
− A(0)

(
L− s

L

)
sin
(nπ
L
s
)
− B(0)

L
s sin

(nπ
L
s
)
ds =

L

∫ L

0
f(s) sin

(nπ
L
s
)
ds− A(0) L

2

nπ
+B(0) L

2(−1)n

nπ
(6)
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And∫ L

0
B′(τ) s sin

(nπ
L
s
)
− A′(τ) (L− s) sin

(nπ
L
s
)
ds = −A′(τ)

∫ L

0
(L− s) sin

(nπ
L
s
)
ds+B′(τ)

∫ L

0
s sin

(nπ
L
s
)
ds

(7)

= −A′(τ) L
2

nπ
+B′(τ) L

2(−1)n

nπ

Substituting (6,7) back into (5) gives

u(x, t) =
(
A(t)

(
L− x

L

)
+ B(t)

L
x

)
+ 2
L2

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(

L

∫ L

0
f(s) sin

(nπ
L
s
)
ds− A(0) L

2

nπ
+B(0) L

2(−1)n

nπ

)
− 2
L2

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ t

0
ek
(
nπ
L

)2
τ

(
−B′(τ) L

2(−1)n

nπ
+ A′(τ) L

2

nπ

)
dτ

)

Or

u(x, t) =
(
A(t)

(
L− x

L

)
+ B(t)

L
x

)
+ 2
L2

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ L

0
f(s)L sin

(nπ
L
s
)
ds− A(0) L

2

nπ
+B(0) L

2(−1)n

nπ

)
− 2

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)( 1

nπ

∫ t

0
ek
(
nπ
L

)2
τ (−(−1)nB′(τ) + A′(τ)) dτ

)

3.1.5.8 [222] Both ends depend on time (special case)

problem number 222

Added June 26, 2019

Solve the heat equation for u(x, t)
ut = kuxx

For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = A(t)
u(L, t) = B(t)

Initial condition is u(x, 0) = f(x) using the following values

L = 2

k = 1
10

f(x) = x

A(t) = sin(t)
B(t) = 2 cos(t)

0
u = sin(t)

2
ut =

1
10uxx

u(x, 0) = x

u = 2 cos(t)

Figure 3.110: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
f=x;
L=2;
k=1/10;
A=Sin[t];
B=2*Cos[t];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {u[0, t] == A, u[L, t] == B};
ic = u[x, 0] == f;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}], 60*10]];� �

u(x, t) →

∞∑
K[1]=1

80
(
e−

1
40π

2tK[1]2π2K[1]2 − 80(−1)K[1]e−
1
40π

2tK[1]2 + cos(t)
(
80(−1)K[1] − π2K[1]2

)
− 2
(
(−1)K[1]π2K[1]2 + 20

)
sin(t)

)
sin
(1
2πxK[1]

)
πK[1] (π4K[1]4 + 1600) − 1

2x sin(t) + x cos(t) + sin(t)




Maple 3� �
restart;
f:=x;
L:=2;
k:=1/10;
A:=sin(t);
B:=2*cos(t);
pde := diff(u(x,t),t)= k*diff(u(x,t),x$2);
bc := u(0, t) = A, u(L, t) = B;
ic := u(x, 0) = f;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, ic, bc], u(x, t)) ),output='realtime'));� �

u(x, t) =

−160

 ∞∑
n=1

sin
(
nπx
2
)(

2π2 sin(t)(−1)nn2+π2 cos(t)n2−π2e−
π2n2t

40 n2−80 cos(t)(−1)n+80(−1)ne−
π2n2t

40 +40 sin(t)
)

n(π4n4+1600)

+ (−x+ 2) π sin (t) + 2πx cos (t)

2π
Hand solution

The basic solution for this type of PDE was already given in problem 3.1.5.7 on page 421 as

u(x, t) =
(
A(t)

(
L− x

L

)
+ B(t)

L
x

)
+ 2
L2

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ L

0
f(s)L sin

(nπ
L
s
)
ds− A(0) L

2

nπ
+B(0) L

2(−1)n

nπ

)
− 2

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)( 1

nπ

∫ t

0
ek
(
nπ
L

)2
τ (−(−1)nB′(τ) + A′(τ)) dτ

)

In this problem we have

L = 2

k = 1
10

f(x) = x

A(t) = sin (t)
B(t) = 2 cos (t)
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This is animation of the above solution using these specific values for 20 seconds. (Animation
will only show in the HTML version)

Out[ ]=

time 108

time = 5.350 seconds

0.5 1.0 1.5 2.0
x

-2

-1

0

1

2
U

Figure 3.111: Initial state

Source code used for the above

In[ ]:= ClearAll[x, t, n, f, A, B, s, mySol]

L = 2;

A[t_] := Sin[t];

B[t_] := 2 Cos[t];

k = 1/ 10;

f[x_] := x;

numberOfTerms = 10;

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

firstIntegral = AssumingElement[n, Integers], L Integratef[x] Sin
n Pi

L
x, {x, 0, L};

secondIntegral =
1

n Pi
IntegrateExp

k n2 Pi2 s

L2
 A'[s] - (-1)n B'[s] , {s, 0, t};

mySol[x_, t_] =

N@SimplifyA[t] 
L - x

L
 +

B[t]

L
x +

2.0

L2
SumExp-k

n Pi

L

2

t Sin
n Pi

L
x firstIntegral -

A[0] L2

n Pi
+

(-1)n B[0] L2

n Pi
, {n, 1, numberOfTerms} -

2.0 SumExp-k
n Pi

L

2

t Sin
n Pi

L
x (secondIntegral), {n, 1, numberOfTerms};

Figure 3.112: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 3}], " seconds"}]},

{

Quiet@Plot[Evaluate[mySol[x, t]], {x, 0, L},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, 2}, {-2, 2}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 20, .05}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 3.113: Code used for animation
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3.1.5.9 [223] both ends nonhomogeneous

problem number 223

Added January 18, 2019.

Solve the heat equation for u(x, t)
ut = uxx

For 0 < x < π and t > 0. The boundary conditions are

ux(0, t) = 1
ux(1, t) = −1

Initial condition is u(x, 0) = sin(x)

0
ux = 1

π
ux = −1ut = uxx

sinx

Figure 3.114: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == D[u[x, t], {x, 2}] + (x - (1*x^2)/Pi);
ic = u[x, 0] == Sin[x];
bc = {Derivative[1, 0][u][0, t] == 1, Derivative[1, 0][u][Pi, t] == -1};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}], 60*10]];� �



u(x, t) →

∞∑
K[1]=1

e−tK[1]2 cos(xK[1])

√
2πK[1]4

 {
0 K[1] = 1

−
(
1+(−1)K[1])√ 2

π

K[1]2(K[1]2−1) True

− 2
(
1 + (−1)K[1]) (−1 + etK[1]2

)
πK[1]4 − 2t+ x2 − 2

π
+ 1

6π(t− 1) + x




Maple 3� �
restart;
pde := diff(u(x, t), t) = diff(u(x, t), x$2):
ic := u(x, 0) = sin(x):
bc := eval(diff(u(x,t),x),x=0)=1, eval( diff(u(x,t),x),x=Pi)=-1:
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve({pde, ic, bc}, u(x, t))),output='realtime'));� �

u(x, t) =
−π2

6 + πx− x2 − 2
(

∞∑
n=2

cos(nx)e−n2t((−1)n+1)
n2(n2−1)

)
− 2t+ 2

π
Hand solution

Since the boundary conditions are not homogeneous, we can’t use separation of variables.
Let the solution be

u = v(x, t) + r(x)

Where v(x, t) is the solution to vt = vxx and homogenous B.C. vx(0, t) = 0, vx(π, t) = 0 and
r(x) is any reference solution which only needs to satisfy the nonhomogeneous boundary
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conditions: r′(0) = 1, r′(π) = −1. By guessing, let r(x) = Ax+ Bx2. Let see if this satisfies
the boundary conditions. r′ = A + 2Bx. At x = 0 this implies 1 = A. Hence r = x + Bx2.
Now r′ = 1 + 2Bx. At x = π this gives −1 = 1 + 2Bπ or B = − 1

π
. Therefore

r(x) = x− 1
π
x2

Substituting u = v(x, t) + r(x) into the PDE ut = uxx and noting that r′′(x) = − 2
π
gives

vt = vxx −
2
π

(1)

PDE (1) is now solved using eigenfunction expansion. We need to find eigenfunctions and
eigenvalues of vt = vxx with vx(0, t) = 0, vx(π, t) = 0. This is known PDE and have eigen-
functions and eigenvalues as follows. For zero eigenvalue, the eigenfunction is an arbitrary
constant. Say β. let β = 1 since scale is not important.

Φ0(x) = 1

And for n = 1, 2, 3, · · ·

Φn(x) = cos
(√

λnx
)

= cos (nx)

with eigenvalues λn = n2 for n = 1, 2, 3, · · · . Now we can eigenfunction expansion and assume
the solution to (1) is

v(x, t) =
∞∑
n=0

An(t) Φn(x) (2)

Plugging this into the PDE (1) gives
∞∑
n=0

A′
n(t) Φn(x) =

∞∑
n=0

An(t) Φ′′
n(x)−

2
π

But Φ′′
n(x) = −λnΦn(x) and the above simplifies to

∞∑
n=0

A′
n(t) Φn(x) = −

∞∑
n=0

An(t)λnΦn(x)−
2
π

Since eigenfunctions are complete, we can expand 2
π
using them and the above becomes

∞∑
n=0

A′
n(t) Φn(x) = −

∞∑
n=0

An(t)λnΦn(x)−
∞∑
n=0

CnΦn(x)

A′
n(t) Φn(x) + An(t)λnΦn(x) = −CnΦn(x)

A′
n(t) + An(t)λn = −Cn (3)

To find Cn
∞∑
n=0

CnΦn(x) =
2
π

For n = 0
C0Φ0(x) =

2
π

But Φ0(x) = 1, hence
C0 =

2
π

All other Cm for m > 0 are zero. Hence (3) becomes, for n = 0 (since λ0 = 0)

A′
0(t) = − 2

π

A0(t) = − 2
π
t+B0
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Where B0 is integration constant. For n > 0 (3) becomes

A′
n(t) + An(t)n2 = 0

This has the solution
An(t) = Bne

−n2t

Where Bn is constant of integration. Hence from (2)

v(x, t) =
∞∑
n=0

An(t) Φn(x)

= A0(t) +
∞∑
n=1

An(t) Φn(x)

= − 2
π
t+B0 +

∞∑
n=1

Bne
−n2t cos (nx)

Since u = v(x, t) + r(x) then the solution becomes

u(x, t) =
(
x− 1

π
x2
)
− 2
π
t+B0 +

∞∑
n=1

Bne
−n2t cos (nx) (4)

At t = 0
sin (x) =

(
x− 1

π
x2
)
+B0 +

∞∑
n=1

Bn cos (nx) (5)

case n = 0∫ π

0
sin (x) cos

(√
λ0x
)
dx =

∫ π

0

(
x− 1

π
x2
)
cos
(√

λ0x
)
dx+

∫ π

0
B0 cos

(√
λ0x
)
dx

But λ0 = 0 hence ∫ π

0
sin (x) dx =

∫ π

0

(
x− 1

π
x2
)
dx+

∫ π

0
B0dx

2 = π2

6 +B0π

B0 =
2
π
− π

6
For n > 0, Multiplying both sides of (5) by cos (mx) and integrating∫ π

0
sin (x) cos (mx) dx =

∫ π

0

(
x− 1

π
x2
)
cos (mx) dx+

∞∑
n=1

Bn

∫ π

0
cos (nx) cos (mx) dx

For m = 1

0 = 0 +B1
π

2
B1 = 0

For m > 1

− 1 + (−1)m

m2 (−1 +m2) = π

2Bm

Bm = −2
π

(
1
m2

(−1)m + 1
m2 − 1

)
Hence solution (4) becomes

u(x, t) =
(
x− 1

π
x2
)
− 2
π
t− π

6 + 2
π
+

∞∑
n=1

Bne
−n2t cos (nx)

u(x, t) =
(
x− 1

π
x2
)
− 2
π
t− π

6 + 2
π
+

∞∑
n=2

−2
π

(
1
n2

(−1)n + 1
n2 − 1

)
e−n2t cos (nx)
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3.1.5.10 [224] Haberman 8.2.1 (a) (general case)

problem number 224

Added Nov 27, 2018

This is problem 8.2.1 part(a) from Richard Haberman applied partial differential equations
5th edition.

Solve the heat equation

∂u

∂t
= k

∂2u

∂x2

For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = A

∂u

∂x
(L, t) = B

Initial condition is u(x, 0) = f(x)

0
u = A

L
ut = kuxx

f(x)

ut = B

Figure 3.115: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = {u[0, t] == A, Derivative[1, 0][u][L, t] == B};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t, Assumptions -> L > 0], 60*10]];� �

u(x, t) →

∞∑
K[1]=1

√
2e−

kπ2t(1−2K[1])2

4L2

(∫ L

0 −
√
2(A+Bx−f(x)) sin

(
πx(2K[1]−1)

2L

)
√
L

dx

)
sin
(

πx(2K[1]−1)
2L

)
√
L

+ A+Bx




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
ic := u(x,0)=f(x);
bc := u(0,t)=A, eval( diff(u(x,t),x),x=L)=B;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t)) assuming L>0),output='realtime'));� �

u(x, t) = −2

 ∞∑
n=0

sin
(

(1+2n)πx
2L

)
e−

k π2(1+2n)2t
4L2

∫ L

0 (Bx+ A− f(x)) sin
(

(1+2n)πx
2L

)
dx

L

+Bx+A

Hand solution
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Let
u(x, t) = v(x, t) + uE(x) (1)

We can look for uE(x) which is the steady state solution that satisfies the non-homogenous
boundary conditions. In (1) v(x, t) satisfies the PDE itself but with homogenous boundary
conditions. The first step is to find uE(x). We use the equilibrium solution in this case. At
equilibrium ∂uE(x,t)

∂t
= 0 and hence the solution is given d2uE

∂x2 = 0 or

uE(x) = c1x+ c2

At x = 0, uE(x) = A, Hence
c2 = A

And solution becomes uE(x) = c1x+ A. at x = L, ∂uE(x)
∂x

= c1 = B, Therefore

uE(x) = Bx+ A

Now we plug-in (1) into the original PDE, this gives
∂v(x, t)
∂t

= k

(
∂2v(x, t)
∂x

+ ∂2uE(x)
∂x

)
But ∂2uE(x)

∂x
= 0, hence we need to solve

∂v(x, t)
∂t

= k
∂2v(x, t)
∂x

for v(x, t) = u(x, t) − uE(x) with homogenous boundary conditions v(0, t) = 0, ∂v(L,t)
∂t

= 0
and initial conditions

v(x, 0) = u(x, 0)− uE(x)
= f(x)− (Bx+ A)

This PDE we already solved before and we know that it has the following solution

v(x, t) =
∞∑

n=1,3,5,···

bn sin
(√

λnx
)
e−kλnt

λn =
(nπ
2L

)2
n = 1, 3, 5, · · · (2)

With bn found from orthogonality using initial conditions v(x, 0) = f(x)− (Bx+ A)

v(x, 0) =
∞∑

n=1,3,5,···

bn sin
(√

λnx
)

∫ L

0
(f(x)− (Bx+ A)) sin

(√
λmx

)
dx =

∫ L

0

∞∑
n=1,3,5,···

bn sin
(√

λnx
)
sin
(√

λmx
)
dx

∫ L

0
(f(x)− (Bx+ A)) sin

(√
λmx

)
dx = bm

L

2
Hence

bn = 2
L

∫ L

0
(f(x)− (Bx+ A)) sin

(√
λnx

)
dx n = 1, 3, 5, · · · (3)

Therefore, from (1) the solution is

u(x, t) =
∞∑

n=1,3,5,···

bn sin
(√

λnx
)
e−kλnt +

uE(x)︷ ︸︸ ︷
Bx+ A

= Bx+ A+
∞∑

n=1,3,5,···

(
2
L

∫ L

0
(f(x)− (Bx+ A)) sin

(√
nπ

L
x

)
dx

)
sin
(√

nπ

L
x

)
e−k

(
nπ
L

)2
t

Or

u(x, t) = Bx+A+
∞∑
n=0

(
2
L

∫ L

0
(f(x)− (Bx+ A)) sin

(√
(2n+ 1) π

2L x

)
dx

)
sin
(√

(2n+ 1) π
2L x

)
e
−k
(

(2n+1)π
2L

)2
t
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3.1.5.11 [225] Haberman 8.2.1 (d) (general solution)

problem number 225

This is problem 8.2.1 part(d) from Richard Haberman applied partial differential equations
5th edition.

Solve the heat equation
∂u

∂t
= k

∂2u

∂x2
+ k

For 0 < x < 1 and t > 0. The boundary conditions are

u(0, t) = A

u(L, t) = B

Initial condition is u(x, 0) = f(x)

0
u = A

L
ut = kuxx + k

f(x)

u = B

Figure 3.116: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + k;
bc = {u[0, t] == A0, u[L0, t] == B0};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t], 60*10]];� �

u(x, t) →

∞∑
K[1]=1

−

√
2e−

kπ2tK[1]2

L02

(√
2
(
−1 + (−1)K[1])(−1 + e

kπ2tK[1]2

L02

)
L02 −

√
1
L0π

3
(∫ L0

0

√
2
( 1
L0

)3/2 (−A0L0 + f(x)L0 + A0x− B0x) sin
(

πxK[1]
L0

)
dx
)
K[1]3

)
sin
(

πxK[1]
L0

)
π3K[1]3 + x(B0− A0)

L0 + A0




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2)+k;
ic := u(x,0)=f(x);
bc := u(0,t)=A, u(L,t)=B;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t))),output='realtime'));� �

u(x, t) = −

 ∞∑
n=1

sin
(
nπx
L

)
e−

k π2n2t
L2

∫ L

0 2 sin
(
nπx
L

) (
−f(x)L+ L2x

2 +
(
−x2

2 + A
)
L− x(A−B)

)
dx

L2

−x
2

2 −
x
(
−L2

2 + A−B
)

L
+A

Hand solution

Let
u(x, t) = v(x, t) + uE(x) (1)

Where uE(x) is the equilibrium solution which needs to satisfy only the nonhomogeneous
B.C. And v(x, t) is transient solution to heat PDE with homogeneous B.C.
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At equilibrium, ut = kuxx +Q(x) becomes

0 = ku′′E +Q(x)
= ku′′E + k

= k(u′′E + 1)

Hence
u′′E = −1

The solution to this ODE is
uE = c1x+ c2 −

1
2x

2

At x = 0, the above gives
A = c2

And at x = L

B = c1L+ A− 1
2L

2

c1 =
B − A+ 1

2L
2

L

= B

L
− A

L
+ 1

2L

Hence
uE =

(
B

L
− A

L
+ 1

2L
)
x+ A− 1

2x
2

Hence from (1)

u(x, t) = v(x, t) + uE (1A)

= v(x, t) +
(
B

L
− A

L
+ 1

2L
)
x+ A− 1

2x
2

Substituting this in ut = kuxx + k gives

vt = k(vxx − 1) + k

= kvxx (2)

We need to solve the above for v(x, t), but with homogeneous B.C. v(0, t) = 0, v(L, t) = 0.
The eigenvalues for the homogeneous PDE vt = kvxx with these boundary conditions is
known to be λn =

(
nπ
L

)2 , for n = 1, 2, · · · and the corresponding eigenfunctions are Xn(x) =
sin
(√

λnx
)
. Now, using eigenfunction expansion, let

v(x, t) =
∞∑
n=1

bn(t)Xn(x) (3)

Substituting (3) into (2) gives
∞∑
n=1

b′n(t)Xn(x) = k
∞∑
n=1

bn(t)X ′′
n(x)

But X ′′
n(x) = −λnXn(x), therefore the above becomes

∞∑
n=1

b′n(t)Xn(x) + k
∞∑
n=1

λnbn(t)Xn(x) = 0

Since the above is true for each n and since eigenfunctions can not be zero, the above simplifies
to

b′n(t) + kλnbn(t) = 0 (4)

This is linear in b(t). The solution using integrating factor is

bn(t) = b0(0) e−k
(
nπ
L

)2
t
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Therefore (3) becomes

v(x, t) =
∞∑
n=1

bn(t)Xn(x)

=
∞∑
n=1

b0(0) e−k
(
nπ
L

)2
t sin

(nπ
L
x
)

And from (1)

u(x, t) = v(x, t) + uE(x)

=

uE︷ ︸︸ ︷(
B

L
− A

L
+ 1

2L
)
x+ A− 1

2x
2 +

∞∑
n=1

b0(0) e−k
(
nπ
L

)2
t sin

(nπ
L
x
)

(5)

At t = 0 the above becomes

f(x) = Bx

L
− Ax

L
+ 1

2Lx+ A− 1
2x

2 +
∞∑
n=1

b0(0) sin
(nπ
L
x
)

For n > 0, and applying orthogonality∫ L

0
f(x) sin

(nπ
L
x
)
dx =

∫ L

0

(
Bx

L
− Ax

L
+ 1

2Lx+ A− 1
2x

2
)
sin
(nπ
L
x
)
dx+

∫ L

0
b0(0) sin2

(nπ
L
x
)
dx

Hence ∫ L

0

(
f(x)−

(
Bx

L
− Ax

L
+ 1

2Lx+ A− 1
2x

2
))

sin
(nπ
L
x
)
dx = L

2 b0(0)

Therefore

b0(0) =
2
L

∫ L

0

(
f(x)−

(
Bx

L
− Ax

L
+ 1

2Lx+ A− 1
2x

2
))

sin
(nπ
L
x
)
dx

Substituting the above in (5) gives

u(x, t) =
(
Bx

L
− Ax

L
+ 1

2Lx+ A− 1
2x

2
)

+
∞∑
n=1

(
2
L

∫ L

0

(
f(x)−

(
Bx

L
− Ax

L
+ 1

2Lx+ A− 1
2x

2
))

sin
(nπ
L
x
)
dx

)
e−k nπ

L
t sin

(nπ
L
x
)

3.1.5.12 [226] Both ends depend on time with source that depends on space
only (general solution)

problem number 226

Added July 3, 2019

Solve the heat equation
ut = kuxx +Q(x)

For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = A(t)
u(L, t) = B(t)

Initial condition is u(x, 0) = f(x)

0
u = A(t)

L
ut = kuxx +Q(x)

u(x, 0) = f(x)

u = B(t)

Figure 3.117: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + Q[x];
bc = {u[0, t] == A[t], u[L, t] == B[t]};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t},Assumptions->{L>0,k>0}], 60*10]];� �

u(x, t) →

∞∑
K[1]=1

√
2
(∫ t

0 e
− kπ2K[1]2(t−K[2])

L2 Integrate
[√

2 sin
(
πxK[1]
L

)
(LQ(x)+(x−L)A′(K[2])−xB′(K[2]))

L3/2 , {x, 0, L},Assumptions → k > 0 ∧ L > 0
]
dK[2] + e−

kπ2tK[1]2

L2
∫ L

0

√
2(−LA(0)+xA(0)−xB(0)+Lf(x)) sin

(
πxK[1]
L

)
L3/2 dx

)
sin
(

πxK[1]
L

)
√
L

+ x(B(t)− A(t))
L

+ A(t)




Maple 7� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2)+Q(x);
ic := u(x,0)=f(x);
bc := u(0,t)=A(t), u(L,t)=B(t);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t)) assuming L>0,k>0),output='realtime'));� �
time expired Possible bug. Maple can solve with Q(x, t) source but not with Q(x)
Hand solution

Solve

ut = kuxx +Q(x)
u(0, t) = A(t)
u(L, 0) = B(t)
u(x, 0) = f(x)

Since boundary conditions are nonhomogeneous, the first step is to reduce the problem to
one with homogeneous B.C. to be able to use separation of variables. This is done by using
a reference solution r(x, t) which only needs to satisfy the B.C. Let the total solution be

u(x, t) = v(x, t) + r(x, t) (2)

Where v(x, t) is the transient solution which satisfies the homogeneous B.C. One can easily
see that the reference function is

r(x, t) = A(t) + B(t)− A(t)
L

x (3)

Substituting (1) back into the original PDE gives

∂

∂t
(v(x, t) + r(x, t)) = k

∂2

∂x2
(v(x, t) + r(x, t)) +Q(x)

vt(x, t) + rt(x, t) = kvxx(x, t) + krxx(x, t) +Q(x)

But rxx(x, t) = 0 and rt = A′(t) + B′(t)−A′(t)
L

x and PDE becomes

vt(x, t) = kvxx(x, t)− rt(x, t) +Q(x)

Let

Q̃(x) = Q(x)− rt(x, t)

= Q(x)−
(
A′(t) + B′(t)− A′(t)

L
x

)
(4)
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Therefore the problem has been transformed to

vt = kvxx + Q̃(x)
v(0, t) = 0
v(L, t) = 0
v(0, x) = F (x)

= u(x, 0)− r(x, 0)

= f(x)−
(
A(0) + B(0)− A(0)

L
x

)
The basic solution for this type of PDE was already given in problem 3.1.1.11 on page 292
and the solution is

v(x, t) =
∞∑
n=1

e−kλntΦn(x)
(
2
L

∫ L

0
F (s) Φn(s) ds

)
+

∞∑
n=1

e−kλntΦn(x)
(∫ t

0

2
L
ekλnτ

(∫ L

0
Q(s) Φn(s) ds

)
dτ

)
Where

Φn(x) = sin
(√

λnx
)

λn =
(nπ
L

)2
n = 1, 2, 3, · · ·

Hence, using our Q̃(x) and F (x) found above into this solution gives

v(x, t) = 2
L

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L

x
)(∫ L

0

(
f(s)−

(
A(0) + B(0)−A(0)

L
s

))
sin
(nπ
L

s
)
ds

)

+ 2
L

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L

x
)(∫ t

0
ek
(
nπ
L

)2
τ

(∫ L

0

(
Q(s)−

(
A′(τ) + B′(τ)−A′(τ)

L
s

))
sin
(nπ
L

s
)
ds

)
dτ

)

Since u(x, t) = v(x, t) + r(x, t) then the final solution is

u(x, t) = A(t) + B(t)− A(t)
L

x

+ 2
L

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ L

0

(
f(s)−

(
A(0) + B(0)− A(0)

L
s

))
sin
(nπ
L
s
)
ds

)
+ 2
L

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ t

0
ek
(
nπ
L

)2
τ

(∫ L

0

(
Q(s)−

(
A′(τ) + B′(τ)− A′(τ)

L
s

))
sin
(nπ
L
s
)
ds

)
dτ

)

3.1.5.13 [227] Both ends depend on time with source that depends on space
only (special case)

problem number 227

Added July 4, 2019

Solve the heat equation

ut = kuxx +Q(x)

For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = A(t)
u(L, t) = B(t)
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Initial condition is u(x, 0) = f(x) using these values

L = 2

k = 1
10

A(t) = sin(t)
B(t) = 2 cos(t)
Q(x) = x

f(x) = x

0
u = sin(t)

2
ut =

1
10uxx + x

u(x, 0) = x

u = 2 cos(t)

Figure 3.118: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
L=2;
k=1/10;
A=Sin[t];
B=Cos[t];
f=x;
Q=x;
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + Q;
bc = {u[0, t] == A, u[L, t] == B};
ic = u[x, 0] == f;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}], 60*10]];� �

u(x, t) →

∞∑
K[1]=1

−
80
(
π4 cos(t)K[1]4 + 40π2 sin(t)K[1]2 − e−

1
40π

2tK[1]2(π4K[1]4 + 2(−1)K[1] (π4K[1]4 − 20π2K[1]2 + 1600)
)
+ (−1)K[1] (π4(sin(t) + 2)K[1]4 − 40π2 cos(t)K[1]2 + 3200)

)
π3K[1]3 (π4K[1]4 + 1600) − 2(−1)K[1]e−

1
40π

2tK[1]2

πK[1]

 sin
(
1
2πxK[1]

)
+ 1

2x(cos(t)− sin(t)) + sin(t)




Maple 3� �
restart;
L:=2;
k:=1/10;
A:=sin(t);
B:=cos(t);
f:=x;
Q:=x;
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2)+Q;
ic := u(x,0)=f;
bc := u(0,t)=A, u(L,t)=B;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t)) ),output='realtime'));� �

u(x, t) =

−12

 ∞∑
n=1

sin
(
nπx
2
)(((

π6n6−80π4n4+3200π2n2−128000
)
(−1)n−40π4n4)e−π2n2t

40 +40n2π2((π2n2 sin(t)−40 cos(t)
)
(−1)n+cos(t)π2n2+40 sin(t)

))
n3(π4n4+1600)

+ (−3x+ 6) π3 sin (t) + 3xπ3 cos (t) + (−10x3 + 40x) π3

6π3
Hand solution
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Solve

ut = kuxx +Q(x)
u(0, t) = A(t)
u(L, 0) = B(t)
u(x, 0) = f(x)

With k = 1
10 , L = 2, f(x) = x,Q(x) = x,A(t) = sin (t) , B(t) = 2 cos (t).

The general problem above was solved in 3.1.5.12 on page 435 and the solution is

u(x, t) = A(t) + B(t)−A(t)
L

x

+ 2
L

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L

x
)(∫ L

0

(
f(s)−

(
A(0) + B(0)−A(0)

L
s

))
sin
(nπ
L

s
)
ds

)

+ 2
L

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L

x
)(∫ t

0
ek
(
nπ
L

)2
τ

(∫ L

0

(
Q(s)−

(
A′(τ) + B′(τ)−A′(τ)

L
s

))
sin
(nπ
L

s
)
ds

)
dτ

)

Substituting the specific values given above into this solution gives

u(x, t) = sin (t) + 2 cos (t)− sin (t)
2 x

+
∞∑
n=1

e−
1
10
(
nπ
2
)2

t sin
(nπ

2 x
)(∫ 2

0

(
s−

(
A(0) + B(0)−A(0)

2 s

))
sin
(nπ

2 s
)
ds

)

+
∞∑
n=1

e−
1
10
(
nπ
2
)2

t sin
(nπ

2 x
)∫ t

0
e

1
10
(
nπ
2
)2

τ

(∫ 2

0

(
s−

(
A′(τ) + B′(τ)−A′(τ)

2 s

))
sin
(nπ

2 s
)
ds

)
dτ

But A(0) = 0, B(0) = 2, A′(t) = cos (t) , B′(t) = −2 sin (t) and the above becomes

u(x, t) = sin (t) + 2 cos (t)− sin (t)
2 x

+
∞∑
n=1

e−
1
10
(
nπ
2
)2

t sin
(nπ

2 x
)(∫ 2

0

(
s−

(
0 + 2− 0

2 s

))
sin
(nπ

2 s
)
ds

)

+
∞∑
n=1

e−
1
10
(
nπ
2
)2

t sin
(nπ

2 x
)∫ t

0
e

1
10
(
nπ
2
)2

τ

(∫ 2

0

(
s−

(
cos (τ) +

(
−2 sin (τ)− cos (τ)

2

)
s

))
sin
(nπ

2 s
)
ds

)
dτ

Or

u(x, t) = sin (t) + 2 cos (t)− sin (t)
2 x

+
∞∑
n=1

e−
1
10
(
nπ
2
)2

t sin
(nπ

2 x
)∫ t

0
e

1
10
(
nπ
2
)2

τ

(∫ 2

0

(
s−

(
cos (τ)−

(
2 sin (τ) + cos (τ)

2

)
s

))
sin
(nπ

2 s
)
ds

)
dτ

Animation is below
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Out[ ]=

time 238

time = 11.850 seconds

0.5 1.0 1.5 2.0
x

-2

0

2

4

6
U

Figure 3.119: Initial state

Source code used for the above

In[ ]:= ClearAll[x, t, n, f, A, B, s, mySol]

L = 2;

A[t_] := Sin[t];

B[t_] := 2 Cos[t];

k = 1/ 10;

f[x_] := x;

Q[x_, t_] := x;

numberOfTerms = 10;

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

In[ ]:= sol = Integrate s - Cos[tau] -
2 Sin[tau] + Cos[tau]

L
* s Sin

n Pi s

L
, {s, 0, L};

sol2 = Assuming[Element[n, Integers] && n > 0, Simplify[sol]];

sol3 = N@IntegrateExpk
n Pi

L

2

tau* sol2, {tau, 0, t};

mySol[x_, t_] = Chop@N@Simplify Sin[t] +
2 Cos[t] - Sin[t]

L
x + SumExp-k

n Pi

L

2

t Sin
n Pi

L
x (sol3), {n, 1, numberOfTerms};

Figure 3.120: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 3}], " seconds"}]},

{

Quiet@Plot[Evaluate[mySol[x, t]], {x, 0, L},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, 2}, {-2, 6}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 30, .05}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 3.121: Code for animation
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3.1.5.14 [228] Both ends depend on time with source that depends on time
and space (general solution)

problem number 228

Added June 27, 2019

Solve the heat equation
ut = kuxx +Q(x, t)

For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = A(t)
u(L, t) = B(t)

Initial condition is u(x, 0) = f(x)

0
u = A(t)

L
ut = kuxx +Q(x, t)

u(x, 0) = f(x)

u = B(t)

Figure 3.122: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + Q[x,t];
bc = {u[0, t] == A[t], u[L, t] == B[t]};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t},Assumptions->{L>0,k>0}], 60*10]];� �

u(x, t) →

∞∑
K[1]=1

√
2
(∫ t

0 e
− kπ2K[1]2(t−K[2])

L2 Integrate
[√

2 sin
(
πxK[1]
L

)
(LQ(x,K[2])+(x−L)A′(K[2])−xB′(K[2]))

L3/2 , {x, 0, L},Assumptions → k > 0 ∧ L > 0
]
dK[2] + e−

kπ2tK[1]2

L2
∫ L

0

√
2(−LA(0)+xA(0)−xB(0)+Lf(x)) sin

(
πxK[1]
L

)
L3/2 dx

)
sin
(

πxK[1]
L

)
√
L

+ x(B(t)− A(t))
L

+ A(t)




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2)+Q(x,t);
ic := u(x,0)=f(x);
bc := u(0,t)=A(t), u(L,t)=B(t);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t)) assuming L>0,k>0),output='realtime'));� �

u(x, t) =
−2
∫ t

0

(
∞∑
n=1

sin
(
nπx
L

)
e−

k π2n2(t−τ)
L2

∫ L

0 − sin
(
nπx
L

) (
(−L+ x)

(
d
dτ
A(τ)

)
+Q(x, τ)L− x

(
d
dτ
B(τ)

))
dx

)
dτ − 2

(
∞∑
n=1

sin
(
nπx
L

)
e−

k π2n2t
L2

∫ L

0 ((L− τ)A(0)− f(τ)L+ τB(0)) sin
(
nπτ
L

)
dτ

)
+ (L2 − Lx)A(t) + xB(t)L

L2
Hand solution

Solve

ut = kuxx +Q(x, t)
u(0, t) = A(t)
u(L, 0) = B(t)
u(x, 0) = f(x)
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Since boundary conditions are nonhomogeneous, the first step is to reduce the problem to
one with homogeneous B.C. to be able to use separation of variables. This is done by using
a reference solution r(x, t) which only needs to satisfy the B.C. Let the total solution be

u(x, t) = v(x, t) + r(x, t) (2)

Where v(x, t) is the transient solution which satisfies the homogeneous B.C. One can easily
see that the reference function is

r(x, t) = A(t) + B(t)− A(t)
L

x (3)

Substituting (1) back into the original PDE gives

∂

∂t
(v(x, t) + r(x, t)) = k

∂2

∂x2
(v(x, t) + r(x, t)) +Q(x, t)

vt(x, t) + rt(x, t) = kvxx(x, t) + krxx(x, t) +Q(x, t)

But rxx(x, t) = 0 and rt = A′(t) + B′(t)−A′(t)
L

x and PDE becomes

vt(x, t) = kvxx(x, t)− rt(x, t) +Q(x, t)

Let

Q̃(x, t) = Q(x, t)− rt(x, t)

= Q(x, t)−
(
A′(t) + B′(t)− A′(t)

L
x

)
(4)

Therefore the problem has been transformed to

vt = kvxx + Q̃(x, t)
v(0, t) = 0
v(L, t) = 0
v(0, x) = F (x)

= u(x, 0)− r(x, 0)

= f(x)−
(
A(0) + B(0)− A(0)

L
x

)
The basic solution for this type of PDE was already given in problem 3.1.6.4 on page 459
and the solution is

v(x, t) =
∞∑
n=1

e−kλntΦn(x)
(
2
L

∫ L

0
F (s) Φn(s) ds

)
+

∞∑
n=1

e−kλntΦn(x)
(∫ t

0

2
L
ekλnτ

(∫ L

0
Q̃(s, τ) Φn(s) ds

)
dτ

)
Where

Φn(x) = sin
(√

λnx
)

λn =
(nπ
L

)2
n = 1, 2, 3, · · ·

Hence, using our Q̃(x, τ) and F (x) found above into this solution gives

v(x, t) = 2
L

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L

x
)(∫ L

0

(
f(s)−

(
A(0) + B(0)−A(0)

L
s

))
sin
(nπ
L

s
)
ds

)

+ 2
L

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L

x
)(∫ t

0
ek
(
nπ
L

)2
τ

(∫ L

0

(
Q(s, τ)−

(
A′(τ) + B′(τ)−A′(τ)

L
s

))
sin
(nπ
L

s
)
ds

)
dτ

)
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Since u(x, t) = v(x, t) + r(x, t) then the final solution is

u(x, t) = A(t) + B(t)− A(t)
L

x

+ 2
L

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ L

0

(
f(s)−

(
A(0) + B(0)− A(0)

L
s

))
sin
(nπ
L
s
)
ds

)
+ 2
L

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L
x
)(∫ t

0
ek
(
nπ
L

)2
τ

(∫ L

0

(
Q(s, τ)−

(
A′(τ) + B′(τ)− A′(τ)

L
s

))
sin
(nπ
L
s
)
ds

)
dτ

)

3.1.5.15 [229] Both ends depend on time with source present (special case)

problem number 229

Added June 27, 2019

Solve the heat equation
ut = kuxx +Q(x, t)

For 0 < x < L and t > 0. The boundary conditions are

u(0, t) = A(t)
u(L, t) = B(t)

Initial condition is u(x, 0) = f(x) using these values

L = 2

k = 1
10

A(t) = sin(t)
B(t) = 2 cos(t)

Q(x, t) = xte−t cos(t)
f(x) = x

0
u = sin(t)

2
ut =

1
10uxx + xte−t cos(t)

u(x, 0) = x

u = 2 cos(t)

Figure 3.123: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
L=2;
k=1/10;
A=Sin[t];
B=Cos[t];
f=x;
Q=x*t*Exp[-t]*Cos[t];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + Q;
bc = {u[0, t] == A, u[L, t] == B};
ic = u[x, 0] == f;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}], 60*10]];� �



u(x, t) →

∞∑
K[1]=1

2e− 1
40π

2tK[1]2
(

40
(
−80(−1)K[1]π2(π2K[1]2−80

)(
π4K[1]4+1600

)
K[1]2−

(
40(−1)K[1]−π2K[1]2

)(
π4K[1]4−80π2K[1]2+3200

)2−e
1
40 t

(
π2K[1]2−40

)(
cos(t)

(
2(−1)K[1](π4K[1]4+1600

)(
t
(
π6K[1]6−120π4K[1]4+6400π2K[1]2−128000

)
−40π2K[1]2

(
π2K[1]2−80

))
−et

(
40(−1)K[1]−π2K[1]2

)(
π4K[1]4−80π2K[1]2+3200

)2)+(et((−1)K[1]π2K[1]2+40
)(
π4K[1]4−80π2K[1]2+3200

)2+80(−1)K[1](π4K[1]4+1600
)(
t
(
π4K[1]4−80π2K[1]2+3200

)
−80

(
π2K[1]2−40

)))
sin(t)

))
(π4K[1]4+1600)(π4K[1]4−80π2K[1]2+3200)2 − (−1)K[1]

)
sin
(1
2πxK[1]

)
πK[1] + 1

2x(cos(t)− sin(t)) + sin(t)




Maple 3� �
restart;
L:=2;
k:=1/10;
A:=sin(t);
B:=cos(t);
f:=x;
Q:=x*t*exp(-t)*cos(t);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2)+Q;
ic := u(x,0)=f;
bc := u(0,t)=A, u(L,t)=B;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t)) ),output='realtime'));� �

u(x, t) =

−4

 ∞∑
n=1

(((
π12n12−160π10n10+19200π8n8−1280000π6n6+56320000π4n4−2048000000π2n2+32768000000

)
(−1)n−40π2n2(π4n4−80π2n2+3200

)2)e−π2n2t
40 +80

((
t π6n6−120

(
t+ 1

3
)
π4n4+6400

(
t+ 1

2
)
π2n2−128000t

)
cos(t)+40 sin(t)

(
t π4n4−80π2(t+1)n2+3200t+3200

))(
π4n4+1600

)
(−1)ne−t+40

((
sin(t)π2n2−40 cos(t)

)
(−1)n+cos(t)π2n2+40 sin(t)

)(
π4n4−80π2n2+3200

)2) sin
(
nπx
2
)

n(π4n4+1600)(π4n4−80π2n2+3200)2

+ (−x+ 2) π sin (t) + x cos (t) π

2π
Hand solution

Solve

ut = kuxx +Q(x, t)
u(0, t) = A(t)
u(L, 0) = B(t)
u(x, 0) = f(x)

With k = 1
10 , L = 2, f(x) = x,Q(x, t) = xte−t cos (t) , A(t) = sin (t) , B(t) = 2 cos (t).
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The general problem above was solved in 3.1.5.14 on page 440 and the solution is

u(x, t) = A(t) + B(t)−A(t)
L

x

+ 2
L

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L

x
)(∫ L

0

(
f(s)−

(
A(0) + B(0)−A(0)

L
s

))
sin
(nπ
L

s
)
ds

)

+ 2
L

∞∑
n=1

e−k
(
nπ
L

)2
t sin

(nπ
L

x
)∫ t

0
ek
(
nπ
L

)2
τ

(∫ L

0

(
Q(s, τ)−

(
A′(τ) + B′(τ)−A′(τ)

L
x

))
sin
(nπ
L

s
)
ds

)
dτ

Substituting the specific values given above into this solution gives

u(x, t) = sin (t) + 2 cos (t)− sin (t)
2 x

+
∞∑
n=1

e−
1
10
(
nπ
2
)2

t sin
(nπ

2 x
)(∫ 2

0

(
s−

(
A(0) + B(0)−A(0)

2 s

))
sin
(nπ

2 s
)
ds

)

+
∞∑
n=1

e−
1
10
(
nπ
2
)2

t sin
(nπ

2 x
)∫ t

0
e

1
10
(
nπ
2
)2

τ

(∫ 2

0

(
sτe−τ cos (τ)−

(
A′(τ) + B′(τ)−A′(τ)

2 s

))
sin
(nπ

2 s
)
ds

)
dτ

But A(0) = 0, B(0) = 2, A′(t) = cos (t) , B′(t) = −2 sin (t) and the above becomes

u(x, t) = sin (t) + 2 cos (t)− sin (t)
2 x

+
∞∑
n=1

e−
1
10
(
nπ
2
)2

t sin
(nπ

2 x
)(∫ 2

0

(
s−

(
0 + 2− 0

2 s

))
sin
(nπ

2 s
)
ds

)

+
∞∑
n=1

e−
1
10
(
nπ
2
)2

t sin
(nπ

2 x
)∫ t

0
e

1
10
(
nπ
2
)2

τ

(∫ 2

0

(
sτe−τ cos (τ)−

(
cos (τ) +

(
−2 sin (τ)− cos (τ)

2

)
s

))
sin
(nπ

2 s
)
ds

)
dτ

Or

u(x, t) = sin (t) + 2 cos (t)− sin (t)
2 x

+
∞∑
n=1

e−
1
10
(
nπ
2
)2

t sin
(nπ

2 x
)∫ t

0
e

1
10
(
nπ
2
)2

τ

(∫ 2

0

(
sτe−τ cos (τ)−

(
cos (τ)−

(
2 sin (τ) + cos (τ)

2

)
s

))
sin
(nπ

2 s
)
ds

)
dτ

Animation is below

Out[ ]=

time 123

time = 6.100 seconds

0.5 1.0 1.5 2.0
x

-2

-1

0

1

2
U

Figure 3.124: Initial state

Source code used for the above



chapter 3. parabolic pde’s (diffusion) 445

In[ ]:= ClearAll[x, t, n, f, A, B, s, mySol]

L = 2;

A[t_] := Sin[t];

B[t_] := 2 Cos[t];

k = 1/ 10;

f[x_] := x;

Q[x_, t_] := x t Exp[-t] Cos[t];

numberOfTerms = 10;

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

In[ ]:= sol = Integrate s* tau* Exp[-tau] Cos[tau] - Cos[tau] -
2 Sin[tau] + Cos[tau]

L
* s Sin

n Pi s

L
, {s, 0, L};

sol2 = Assuming[Element[n, Integers] && n > 0, Simplify[sol]];

sol3 = N@IntegrateExpk
n Pi

L

2

tau* sol2, {tau, 0, t};

mySol[x_, t_] = Chop@N@Simplify Sin[t] +
2 Cos[t] - Sin[t]

L
x + SumExp-k

n Pi

L

2

t Sin
n Pi

L
x (sol3), {n, 1, numberOfTerms};

Figure 3.125: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 3}], " seconds"}]},

{

Quiet@Plot[Evaluate[mySol[x, t]], {x, 0, L},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, 2}, {-2, 2}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 20, .05}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 3.126: Code for animation

3.1.5.16 [230] Pinchover and Rubinstein 6.17

problem number 230

Added July 2, 2018.

Pinchover and Rubinstein’s exercise 6.17. Taken from Maple document for new improvements
in Maple 2018.1

Solve the heat equation

∂

∂t
u(x, t)− ∂2

∂x2
u(x, t) = 1 + x cos (t)

For 0 < x < 1 and t > 0. The boundary conditions are

∂u

∂x
(0, t) = sin(t)

∂u

∂x
(1, t) = sin(t)

Initial condition is u(x, 0) = 1 + cos(2πx).
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0
ux = sin(t)

1
ut = uxx + 1 + x cos(t)

1 + cos(2x)

ux = sin(t)

Figure 3.127: PDE specification

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, t], x] == D[u[x, t], {x, 2}] + 1 + x*Cos[t];
bc = {Derivative[1, 0][u][0, t] == Sin[t], Derivative[1, 0][u][1, t] == Sin[t]};
ic = u[x, 0] == 1 + Cos[2*Pi*x];
sol = AbsoluteTiming[TimeConstrained[Simplify[DSolve[{pde, ic, bc}, u[x, t], x, t]], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(u(x, t), t)= (diff(u(x, t), x, x)) + 1+x*cos(t);
bc := (D[1](u))(0, t) = sin(t), (D[1](u))(1, t) = sin(t);
ic := u(x, 0) = 1+cos(2*Pi*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, ic, bc],u(x,t))),output='realtime'));� �

u(x, t) = 1 + cos (2πx) e−4π2t + t+ x sin (t)

3.1.5.17 [231] nonhomogeneous BC

problem number 231

Added March 28, 2018. A problem from my PDE animation page.

Solve the heat equation

ut = kuxx + x

For 0 < x < π and t > 0. The boundary conditions are

u(0, t) = t sin t
5

u(π, t) = t cos t
10

Initial condition is u(x, 0) = 60− 20x.

0
ux = t sin t

5

π
ut = kuxx + x

60− 20x

ux = t cos t
10

Figure 3.128: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == D[u[x, t], {x, 2}] + x;
bc = {u[0, t] == (t*Sin[t])/5, u[Pi, t] == (t*Cos[t])/10};
ic = u[x, 0] == 60 - 2*x;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t, Assumptions -> {t > 0, x > 0}], 60*10]];� �



u(x, t) →

10π
∞∑

K[1]=1

e−tK[1]2

20
(
30+(−1)K[1](−30+π)

)
K[1]2+

−(−1)K[1]K[1]8+10(−1)K[1]πK[1]8−10(−1)K[1]etK[1]2πK[1]8−4K[1]6+(−1)K[1]K[1]4+20(−1)K[1]πK[1]4−20(−1)K[1]etK[1]2πK[1]4+etK[1]2 cos(t)
(
(−1)K[1]K[1]6+4K[1]4−(−1)K[1]K[1]2+t

(
(−1)K[1]−2K[1]2

)(
K[1]4+1

))
K[1]2−etK[1]2(2(K[1]4−(−1)K[1]K[1]2−1

)
K[1]2+t

(
(−1)K[1]K[1]2+2

)(
K[1]4+1

))
sin(t)K[1]2+10(−1)K[1]π−10(−1)K[1]etK[1]2π(

K[1]4+1
)2

 sin(xK[1])

5πK[1]3 + 2t(π − x) sin(t) + tx cos(t)

10π




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=diff(u(x,t),x$2)+x;
ic := u(x,0)=(60-2*x);
bc := u(0,t)=t/5*sin(t), u(Pi,t)=t/10*cos(t);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic,bc],u(x,t)) assuming t>0,x>0),output='realtime'));� �

u(x, t) =

2

 ∞∑
n=1

20
(((

(π−30)n10+
(
π
2−

1
20
)
n8+(2π−60)n6+

(
π+ 1

20
)
n4+(π−30)n2+π

2
)
(−1)n+30n10+30n2+ 299n6

5

)
e−n2t+

(
n2
(
n6+n4t−n2+t

)
cos(t)

20 −
n4
(
n4t−2n2+t

)
sin(t)

20 −
π
(
n4+1

)2
2

)
(−1)n−

n2
(
n2
(
n4t−2n2+t

)
cos(t)+sin(t)

(
n6+n4t−n2+t

))
10

)
sin(nx)

n3(n4+1)2

+ (2π − 2x) t sin (t) + cos (t) tx

10π

3.1.5.18 [232] Haberman 8.2.2. (a)

problem number 232

Added Nov 27, 2018.

Problem 8.2.2 part(a) from Richard Haberman applied partial differential equations book,
5th edition

Solve the heat equation for u(x, t)

ut = uxx +Q(x, t)

For 0 < x < L and t > 0. The boundary conditions are

∂u

∂x
(0, t) = A(t)

∂u

∂x
(L, t) = B(t)

Initial condition is u(x, 0) = f(x)

For hand solution see my HW9, Math 322, UW Madison. The text does not actually asks to
solve this PDE but only to reduce the problem to one with homogeneous B.C.
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0
ux = A(t)

L
ut = uxx +Q(x, t)

f(x)

ux = B(t)

Figure 3.129: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + Q[x, t];
bc = {Derivative[1, 0][u][0, t] == A[t], Derivative[1, 0][u][L, t] == B[t]};
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t, Assumptions -> L > 0], 60*10]];� �

u(x, t) →

∞∑
K[1]=1

√
2 cos

(
πxK[1]

L

)(
e−

kπ2tK[1]2

L2
∫ L

0
cos
(
πxK[1]
L

)
(x(x(A(0)−B(0))−2LA(0))+2Lf(x))

√
2L3/2 dx+

∫ t

0 e
− kπ2K[1]2(t−K[2])

L2 Integrate
[
cos
(
πxK[1]
L

)(
A′(K[2])x2−B′(K[2])x2−2LA′(K[2])x−2kA(K[2])+2kB(K[2])+2LQ(x,K[2])

)
√
2L3/2 , {x, 0, L},Assumptions → L > 0

]
dK[2]

)
√
L

+

∫ t

0 Integrate
[
2LQ(x,K[2])−2LxA′(K[2])+x2A′(K[2])−2kA(K[2])−x2B′(K[2])+2kB(K[2])

2L3/2 , {x, 0, L},Assumptions → L > 0
]
dK[2] +

∫ L

0
−2A(0)Lx+A(0)x2−B(0)x2+2Lf(x)

2L3/2 dx
√
L

+ x2(B(t)− A(t))
2L + xA(t)




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)+k*diff(u(x,t),x$2)+Q(x,t);
ic := u(x,0)=f(x);
bc := eval( diff(u(x,t),x),x=0)=A(t), eval( diff(u(x,t),x),x=L)=B(t);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic,bc],u(x,t)) assuming L>0),output='realtime'));� �

u(x, t) =
2xA(t)L2 + x2B(t)L− x2A(t)L− 2

(
∞∑
n=1

∫ L

0 (2τA(0)L− τ 2A(0) + τ 2B(0)− 2f(τ)L) cos
(
nπτ
L

)
dτ cos

(
nπx
L

)
e
k π2n2t
L2

)
−
∫ L

0 (2τA(0)L− τ 2A(0) + τ 2B(0)− 2f(τ)L) dτ −
∫ t

0

(∫ L

0

(
(2Lx− x2)

(
d
dτ
A(τ)

)
+ x2

(
d
dτ
B(τ)

)
+ 2Q(x, τ)L− 2k(A(τ)−B(τ))

)
dx+ 2

(
∞∑
n=1

∫ L

0 2 cos
(
nπx
L

)(
x
(
L− x

2

) (
d
dτ
A(τ)

)
+

x2
(
d
dτ

B(τ)
)

2 +Q(x, τ)L− k(A(τ)−B(τ))
)
dx cos

(
nπx
L

)
e
k π2n2(t−τ)

L2

))
dτ

2L2
Hand solution

Solve

ut = kuxx +Q(x, t)
ux(0, t) = A(t)
ux(L, 0) = B(t)
u(x, 0) = f(x)

Let
u(x, t) = v(x, t) + r(x, t) (1)

Since the problem has time dependent source function Q(x, t) then r(x, t) is now a reference
function that only needs to satisfy the non-homogenous boundary conditions which in this
problem are at both ends and v(x, t) has homogenous boundary conditions. The first step is
to find r(x, t). Let

r(x, t) = c1(t)x+ c2(t)x2

Then
∂r(x, t)
∂x

= c1(t) + 2c2(t)x

At x = 0
A(t) = c1(t)
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And at x = L

B(t) = c1(t) + 2c2(t)L

c2(t) =
B(t)− c1(t)

2L
Solving for c1, c2 gives

r(x, t) = A(t)x+
(
B(t)− A(t)

2L

)
x2 (2)

Replacing (1) into the original PDE ut = kuxx +Q(x, t) gives

∂

∂t
(v(x, t)− r(x, t)) = k

∂2

∂x
(v(x, t)− r(x, t)) +Q(x, t)

∂v

∂t
− ∂r

∂t
= k

∂2v

∂x2
− k

∂2r

∂x2
+Q(x, t)

But rxx = B(t)−A(t)
L

, hence the above reduces to

vt = kvxx +Q(x, t)− k
B(t)− A(t)

L
+ rt (3)

Let
Q̃(x, t) = Q(x, t) + rt − k

B(t)− A(t)
L

Then (3) becomes

vt = kvxx + Q̃(x, t) (4)
vt(0, t) = 0
vt(L, t) = 0

And initial condition is

v(x, 0) = F (x)
= u(x, 0)− r(x, 0)

= f(x)−
(
A(0)x+

(
B(0)− A(0)

2L

)
x2
)

PDE (4) with its homogenous boundary conditions is standard one, its corresponding eigen-
value boundary value ODE X ′′ + λX = 0 has λ = 0 as eigenvalue with corresponding
eigenfunction Φ0(x) = 1 and λn =

(
nπ
L

)2 for n = 1, 2, 3, · · · with corresponding eigenfunc-
tions Φn(x) = cos

(√
λnx

)
. Using these, we can write the solution to (4) using eigenfunction

expansion as

v(x, t) =
∞∑
n=0

cn(t) Φn(x) (4A)

Hence vt(x, t) =
∑∞

n=0 c
′
n(t) Φn(x) and vxx(x, t) =

∑∞
n=0 cn(t) Φ′′

n(x). Substituting these into
(4) gives

∞∑
n=0

c′n(t) Φn(x) =
∞∑
n=0

cn(t) Φ′′
n(x) + Q̃(x, t)

Expanding Q̃(x, t) using same eigenfunctions since they are complete, the above becomes
∞∑
n=0

c′n(t) Φn(x) =
∞∑
n=0

cn(t) Φ′′
n(x) +

∞∑
n=0

bn(t) Φn(x)

But Φ′′
n(x) = −λnΦn(x) and the above becomes

∞∑
n=0

c′n(t) Φn(x) = −
∞∑
n=0

cn(t)λnΦn(x) +
∞∑
n=0

bn(t) Φn(x)

c′n(t) Φn(x) + cn(t)λnΦn(x) = bn(t) Φn(x)
c′n(t) + cn(t)λn = bn(t)

c′n(t) + cn(t)
n2π2

L2 = bn(t) (5)
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To find bn(t), since Q̃(x, t) = Q(x, t) + ∂r
∂t

− kB(t)−A(t)
L

then

Q(x, t) + ∂r

∂t
− k

B(t)− A(t)
L

=
∞∑
n=0

bn(t) Φn(x)

Multiplying both sides by Φm(x) and integrating gives∫ L

0

(
Q(x, t) + ∂r

∂t
− k

B(t)− A(t)
L

)
Φm(x) dx =

∫ L

0

∞∑
n=0

bn(t) Φn(x) Φm(x) dx

=
∞∑
n=0

bn(t)
(∫ L

0
Φn(x) Φm(x) dx

)
By orthogonality∫ L

0

(
Q(x, t) + rt − k

B(t)− A(t)
L

)
Φm(x) dx = bm(t)

∫ L

0
Φ2

m(x) dx

When m = 0,Φ0(x) = 1 and the above gives∫ L

0
Q(x, t) + rt − k

B(t)− A(t)
L

dx = b0(t)
∫ L

0
dx

b0(t) =
1
L

∫ L

0
Q(x, t) + rt − k

B(t)− A(t)
L

dx

When m = 1, 2, 3, · · ·∫ L

0

(
Q(x, t) + rt − k

B(t)− A(t)
L

)
cos
(mπ
L
x
)
dx = bm(t)

∫ L

0
cos2

(mπ
L
x
)
dx∫ L

0

(
Q(x, t) + rt − k

B(t)− A(t)
L

)
cos
(mπ
L
x
)
dx = bm(t)

L

2

bm(t) =
2
L

∫ L

0

(
Q(x, t) + rt − k

B(t)− A(t)
L

)
cos
(mπ
L
x
)
dx

Therefore (5) is now solved. When n = 0 (5) becomes

c′0(t) + c0(t)
n2π2

L2 = b0(t)

c′0(t) = b0(t)

c′0(t) =
1
L

∫ L

0
Q(x, t) + rt − k

B(t)− A(t)
L

dx

Hence
c0(t) =

∫ t

0

(
1
L

∫ L

0
Q(x, τ) + rτ − k

B(τ)− A(τ)
L

dx

)
dt+ C0

For n = 1, 2, 3, · · · (5) becomes

c′n(t) + cn(t)
n2π2

L2 = bn(t)

= 2
L

∫ L

0

(
Q(x, τ) + rτ − k

B(τ)− A(τ)
L

)
cos
(nπ
L
x
)
dx

Integrating factor is I = e
∫
n2π2
L2 dt = e

n2π2
L2 t and the solution to the above becomes

d

dt

(
cn(t) e

n2π2
L2 t

)
= 2e

n2π2
L2 t

L

∫ L

0

(
Q(x, t) + rt − k

B(t)−A(t)
L

)
cos
(nπ
L

x
)
dx

cn(t) e
n2π2
L2 t =

∫ t

0

2e
n2π2
L2 τ

L

∫ L

0

(
Q(x, τ) + rτ − k

B(τ)−A(τ)
L

)
cos
(nπ
L

x
)
dx

 dt+ Cn

cn(t) = e−
n2π2
L2 t

∫ t

0

2e
n2π2
L2 τ

L

∫ L

0

(
Q(x, τ) + rτ − k

B(τ)−A(τ)
L

)
cos
(nπ
L

x
)
dx

 dt+ Cne
−n2π2

L2 t
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Now that we found cn(t) for n = 0, 1, 2, 3, · · · the solution for v(x, t) is found from 4A.

v(x, t) =
∞∑
n=0

cn(t)Φn(x)

=
∫ t

0

(
1
L

∫ L

0
Q(x, τ) + rτ − k

B(τ)−A(τ)
L

dx

)
dt+ C0 +

∞∑
n=1

cn(t)Φn(x)

=
∫ t

0

(
1
L

∫ L

0
Q(x, τ) + rτ − k

B(τ)−A(τ)
L

dx

)
dt+ C0

+
∞∑
n=1

e−
n2π2
L2 t

∫ t

0

2e
n2π2
L2 τ

L

∫ L

0

(
Q(x, τ) + rτ − k

B(τ)−A(τ)
L

)
cos
(nπ
L

x
)
dx

 dt+ Cne
−n2π2

L2 t

 cos
(nπ
L

x
)

But
u(x, t) = v(x, t) + r(x, t)

Hence

u(x, t) = A(t)x+
(
B(t)−A(t)

2L

)
x2 +

∫ t

0

(
1
L

∫ L

0
Q(x, τ) + rτ − k

B(τ)−A(τ)
L

dx

)
dt+ C0

+
∞∑
n=1

e−
n2π2
L2 t

∫ t

0

2e
n2π2
L2 τ

L

∫ L

0

(
Q(x, τ) + rτ − k

B(τ)−A(τ)
L

)
cos
(nπ
L

x
)
dx

 dt+ Cne
−n2π2

L2 t

 cos
(nπ
L

x
)

But

rτ = d

dt

(
A(τ)x+

(
B(τ)− A(τ)

2L

)
x2
)

= 2LA′(τ)x+ (B′(τ)− A′(τ))x2
2L

Hence

u(x, t) = C0 +A(t)x+
(
B(t)−A(t)

2L

)
x2

+
1

2L2

∫ t

0

(∫ L

0
2LQ(x, τ) + 2LA′(τ)x+

(
B′(τ)−A′(τ)

)
x2 − 2k(B(τ)−A(τ)) dx

)
dt+

∞∑
n=1

cos
nπ

L
x

e
−n2π2

L2 t
∫ t

0

 e
n2π2
L2 τ

L2

∫ L

0

(
2LQ(x, τ) + 2LA′(τ)x+

(
B′(τ)−A′(τ)

)
x2 − 2k(B(τ)−A(τ))

)
cos
(nπ

L
x
)
dx

 dt+ Cne
−n2π2

L2 t



The constants C0, Cn are found from initial conditions u(x, 0) = f(x).

3.1.5.19 [233] Articolo 8.4.3

problem number 233

Added December 20, 2018.

Example 8.4.3 from Partial differential equations and boundary value problems with Maple
by George A. Articolo, 2nd ed.

Solve the heat equation for u(x, t)

ut = kuxx + t
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For 0 < x < 1 and t > 0. The boundary conditions are

u(0, t) = 5

u(1, t) + ∂u

∂x
(1, t) = 10

Initial condition is u(x, 0) = −40x2

3 + 45x
2 + 5 and k = 1

20

0
u = 5

1
ux + u = 10ut =

1
20uxx + t

−40x2

3 + 45x
2 + 5

Figure 3.130: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
k = 1/20;
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + t;
bc = {u[0, t] == 5, u[1, t] + Derivative[1, 0][u][1, t] == 10};
ic = u[x, 0] == (-40*x^2)/3 + (45*x)/2 + 5;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t], 60*10]];� �


u(x, t) → { 5x
2 +

∞∑
K[1]=1

−

√
2

 40e−
1
20 tK[2,K[1]](cos(√K[2,K[1]]

)
−1
)(
e

1
20 tK[2,K[1]](tK[2,K[1]]−20)+20

)
√

cos
(
2
√
K[2,K[1]]

)
+3K[2,K[1]]5/2

+
40e−

1
20 tK[2,K[1]](cos(√K[2,K[1]]

)
(K[2,K[1]]+4)+

√
K[2,K[1]] sin

(√
K[2,K[1]]

)
−4
)

3
√

cos
(
2
√
K[2,K[1]]

)
+3K[2,K[1]]3/2

 sin
(
x
√

K[2,K[1]]
)

√
cos2

(√
K[2,K[1]]

)
+1

+ 5 tan
(√

K[2, K[1]]
)
+
√
K[2, K[1]] = 0 ∧K[1] ∈ Z ∧K[1] ≥ 1 ∧K[2, K[1]] > 0

Indeterminate True




Maple 3� �
restart;
pde := diff(u(x, t), t) = (1/20)*(diff(u(x, t), x$2))+t;
bc := u(0, t) = 5, (u(1, t)+ eval( diff(u(x,t),x),x=1)) = 10;
ic := u(x, 0) = -40*x^2/3+45*x/2+5;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, bc,ic], u(x, t))),output='realtime'));� �

u(x, t) =
40
(

∞∑
n=0

(
− e−

λ2nt
20 sin(λnx)

(
−4+λ2

n cos(λn)+λn sin(λn)+4 cos(λn)
)

λ2
n(− cos(λn) sin(λn)+λn)

))
3 +2

∫ t

0

 ∞∑
n=0

−e−
λ2n(t−τ)

20 sin (λnx) τ(−1 + cos (λn))
− cos (λn) sin (λn) + λn

 dτ+5x
2 +5where{tan (λn) + csgn (λn)λn = 0 ∧ −∞ ≤ λn ≤ ∞∧ λn 6= 0}
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3.1.6 Semi-infinite domain

Local contents
3.1.6.1 [234] left end constant (general case) . . . . . . . . . . . . . . . . . . . . . . 453
3.1.6.2 [235] left end constant (special case) . . . . . . . . . . . . . . . . . . . . . . 455
3.1.6.3 [236] Logan p. 76. Left end general function of time (general case) . . . . . 457
3.1.6.4 [237] Left end function of time (special case) . . . . . . . . . . . . . . . . . 459
3.1.6.5 [238] nonhomogeneous BC . . . . . . . . . . . . . . . . . . . . . . . . . . . . 461
3.1.6.6 [239] I.C. not zero . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 461
3.1.6.7 [240] nonhomogeneous BC . . . . . . . . . . . . . . . . . . . . . . . . . . . . 462
3.1.6.8 [241] nonhomogeneous BC . . . . . . . . . . . . . . . . . . . . . . . . . . . . 463
3.1.6.9 [242] nonhomogeneous B.C. . . . . . . . . . . . . . . . . . . . . . . . . . . . 464
3.1.6.10 [243] Unit triangle I.C. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 465
3.1.6.11 [244] I.C. not at t = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 466
3.1.6.12 [245] Diffusion with advection . . . . . . . . . . . . . . . . . . . . . . . . . . 467
3.1.6.13 [246] Practice exam problem . . . . . . . . . . . . . . . . . . . . . . . . . . 468

3.1.6.1 [234] left end constant (general case)

problem number 234

Added July 6, 2019 Solve the heat equation for x > 0, t > 0

ut = kuxx

The boundary conditions are u(0, t) = A and initial conditions u(x, 0) = 0

0
u = A ut = kuxx

u(x, 0) = 0
∞

Figure 3.131: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = u[0, t] == A;
ic = u[x, 0] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> {k>0,x > 0,t>0}], 60*10]];� �



u(x, t) →
xIntegrate

[
Ae

− x2
4kt−4kK[2]

(t−K[2])3/2 , {K[2], 0, t},Assumptions → True
]

2
√
π
√
k




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Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
ic := u(x,0)=0;
bc := u(0,t)=A;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic,bc],u(x,t)) assuming k>0,x>0,t>0),output='realtime'));� �

u(x, t) = A

(
1− erf

(
x

2
√
k
√
t

))
Hand solution

Solving

ut = kuxx t > 0, x > 0 (1)
u(0, t) = A

u(x, 0) = 0

And u(x, t) <∞ as x→ ∞. This means u(x, t) is bounded. This conditions is always needed
to solve these problems.

Let U(x, s) be the Laplace transform of u(x, t). Defined as

L(u, t) =
∫ ∞

0
e−stu(x, t) dt

Applying Laplace transform to the original PDE (1) gives

sU(x, s)− u(x, 0) = kUxx(x, s)

But u(x, 0) = 0, therefore the above becomes

Uxx −
s

k
U = 0

The solution to this differential equation is

U(x, s) = c1e

√
s
k
x + c2e

−
√

s
k
x

Since u(x, t) is bounded in the limit as x → ∞ and k > 0, therefore it must be that c1 = 0
to keep the solution bounded. The above simplifies to

U(x, s) = c2e
−
√

s
k
x (2)

At x = 0 , u(0, t) = A. Therefore U(0, s) = L(u(0, t)) = L(A) = 1
s
A. Hence at x = 0 the

above gives
1
s
A = c2

Therefore (2) becomes
U(x, s) = A

s
e
−
√

s
k
x (3)

From tables, the inverse Laplace transform of the above is (since x > 0, k > 0)

u(x, t) = A erfc
(

x

2
√
kt

)
= A

(
1− erf

(
x

2
√
kt

))
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3.1.6.2 [235] left end constant (special case)

problem number 235

Added July 6, 2019 Solve the heat equation for x > 0, t > 0

ut = kuxx

The boundary conditions are u(0, t) = A and initial conditions u(x, 0) = 0, using

A = 60

k = 1
10

0
u = 60 ut =

1
10uxx

u(x, 0) = 0
∞

Figure 3.132: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
k=1/10; A=60;
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = u[0, t] == A;
ic = u[x, 0] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �

u(x, t) → {

√
5
2πxIntegrate

[
60e

− 5x2
2(t−K[2])

(t−K[2])3/2 , {K[2], 0, t},Assumptions → True
]

x > 0

Indeterminate True




It fail if assumption x > 0 is given. A bug

Maple 3� �
restart;
k:=1/10;
A:=60;
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
ic := u(x,0)=0;
bc := u(0,t)=A;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic,bc],u(x,t)) assuming x>0),output='realtime'));� �

u(x, t) = −60 erf
(√

10x
2
√
t

)
+ 60

Hand solution

Solving on semi-infinite domain

ut = kuxx t > 0, x > 0
u(0, t) = A

u(x, 0) = 0
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With A = 60, k = 1
10

The general problem above was solved in 3.1.6.1 on page 454 and the solution is

u(x, t) = A

(
1− erf

(
x

2
√
kt

))
Substituting the specific values given above into this solution gives

u(x, t) = 60

1− erf

 x

2
√

t
10


Animation is below

Out[ ]=

time 17

time = 01600 seconds

0 50 100 150 200
x0

10

20

30

40

50

60
U

Figure 3.133: Initial state

Source code used for the above

In[ ]:= ClearAll[x, t, n, f, A, B, s, mySol]

k = 1/ 10;

A = 60;

L = 200;

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

mySol[x_, t_] = A (1 - Erf[x/(2 Sqrt[k t])]);

Figure 3.134: Source code
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In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {5, 0}], " seconds"}]},

{

Quiet@Plot[Evaluate[mySol[x, t]], {x, 0, L},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, L}, {0, 61}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 30 000, 100}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 3.135: Code for animation

3.1.6.3 [236] Logan p. 76. Left end general function of time (general case)

problem number 236

This is problem at page 76 from David J Logan text book.

Solve the heat equation for x > 0, t > 0

ut = kuxx

The boundary conditions are u(0, t) = f(t) and initial conditions u(x, 0) = 0

0
u = f(t) ut = uxx

0
∞

Figure 3.136: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = u[0, t] == f[t];
ic = u[x, 0] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> {t > 0, x > 0,k>0}], 60*10]];
sol = sol /. {K[2] -> z}� �



u(x, t) →
xIntegrate

[
f(z)e−

x2
4kt−4kz

(t−z)3/2 , {z, 0, t},Assumptions → True
]

2
√
π
√
k




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Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
ic := u(x,0)=0;
bc := u(0,t)=f(t);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic,bc],u(x,t)) assuming t>0,x>0,k>0),output='realtime'));� �

u(x, t) =
x
∫ t

0
f(ζ)e

− x2
4k(t−ζ)

(t−ζ)3/2
dζ

2
√
π
√
k

Hand solution

Solving on semi-infinite domain

ut = kuxx t > 0, x > 0 (1)
u(0, t) = f(t)
u(x, 0) = 0

With k > 0 and u(x, t) < ∞ as x → ∞. This means u(x, t) is bounded. This conditions is
always needed to solve these problems.

Let U(x, s) be the Laplace transform of u(x, t). Defined as

L(u, t) =
∫ ∞

0
e−stu(x, t) dt

Applying Laplace transform to the original PDE (1) gives

sU(x, s)− u(x, 0) = kUxx(x, s)

But u(x, 0) = 0, therefore the above becomes

Uxx −
s

k
U = 0

The solution to this differential equation is

U(x, s) = c1e

√
s
k
x + c2e

−
√

s
k
x

Since u(x, t) is bounded in the limit as x → ∞ and k > 0, therefore it must be that c1 = 0
to keep the solution bounded. The above simplifies to

U(x, s) = c2e
−
√

s
k
x (2)

At x = 0 , u(0, t) = f(t). Therefore U(0, s) = L(f(t)) = F (s). Hence at x = 0 the above gives

F (s) = c2

Therefore (2) becomes
U(x, s) = F (s) e−

√
s
k
x (3)

By convolution, the above becomes

u(x, t) = f(t)~G(x, t) (4)

Where G(x, t) is the inverse transform of e−
√

s
k
x which is xe

−x2
4kt

2
√
kπt

3
2
. Hence (4) becomes

u(x, t) = f(t)~ xe
−x2
4kt

2
√
kπt

3
2

= x

2
√
kπ

∫ t

0

f(τ)
(t− τ)

3
2
e

−x2
4k(t−τ)dτ

For k = 1
u(x, t) = x

2
√
π

∫ t

0

f(τ)
(t− τ)

3
2
e

−x2
4(t−τ)dτ
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3.1.6.4 [237] Left end function of time (special case)

problem number 237

Added July 7, 2019 Solve the heat equation for x > 0, t > 0

ut = kuxx

The boundary conditions are u(0, t) = sin(t) and initial conditions u(x, 0) = 0 using k = 1
10

0
u = sin(t) ut =

1
10uxx

u(x, 0) = 0
∞

Figure 3.137: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
k=1/10;
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = u[0, t] == Sin[t];
ic = u[x, 0] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> {t > 0, x > 0}], 60*10]];� �

u(x, t) →

√
5
2πxIntegrate

sin(K[2])e−
5x2

2(t−K[2])

(t−K[2])3/2 , {K[2], 0, t},Assumptions → True




Maple 3� �
restart;
interface(showassumed=0);
k:=1/10;
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
ic := u(x,0)=0;
bc := u(0,t)=sin(t);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic,bc],u(x,t)) assuming t>0,x>0),output='realtime'));� �

u(x, t) =
√
10x

∫ t

0
e−

5x2
2ζ sin(t−ζ)
ζ3/2

dζ

2
√
π

Hand solution

Solving

ut = kuxx t > 0, x > 0 (1)
u(0, t) = f(t)
u(x, 0) = 0

Using k = 1
10 and f(t) = sin (t).

The general solution was solved in problem 3.1.6.3 on page 458 and the solution was found
to be

u(x, t) = x

2
√
kπ

∫ t

0

f(τ)
(t− τ)

3
2
e

−x2
4k(t−τ)dτ
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Replacing the given values above, the solution becomes

u(x, t) =
√

5
2
x√
π

∫ t

0

sin (τ)
(t− τ)

3
2
e

−5x2
2(t−τ)dτ

We could also use the following form of the solution

u(x, t) =
√

5
2
x√
π

∫ t

0

sin (t− τ)
τ

3
2

e
−5x2
2τ dτ

Animation is below

Out[ ]=

time 73

time = 7.20 seconds

2 4 6 8 10
x

-1.0

-0.5

0.0

0.5

1.0
U

Figure 3.138: Initial state

Source code used for the above

In[ ]:= ClearAll[x, t, n, f, A, B, s, mySol]

k = 1/ 10;

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

mySol[x_?NumericQ, t_?NumericQ] :=
x

2 Sqrt[Pi k]
NIntegrate

Exp- x2

4 k s


s
3
2

Sin[t - s], {s, 0, t}, Method → {"GlobalAdaptive", "SymbolicProcessing" → 0}

Figure 3.139: Source code

tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {3, 2}], " seconds"}]},

{

Quiet@Plot[Evaluate[mySol[x, t]], {x, 0, 10},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, 10}, {-1, 1}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0.001, 20, 0.1}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 3.140: Code for animation
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3.1.6.5 [238] nonhomogeneous BC

problem number 238

Solve the heat equation
∂u

∂t
= k

∂2u

∂x2

For x > 0 and t > 0. The boundary conditions is u(0, t) = 1 and And initial condition
u(x, 0) = 0

0
u = 1 ut = kuxx

0
∞

Figure 3.141: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = u[0, t] == 1;
ic = u[x, 0] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> {t > 0, k > 0, x > 0}], 60*10]];� �



u(x, t) →
xIntegrate

[
e
− x2

4kt−4kK[2]

(t−K[2])3/2 , {K[2], 0, t},Assumptions → True
]

2
√
π
√
k




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
ic := u(x,0)=0:
bc := u(0,t)=1;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic,bc],u(x,t),HINT = boundedseries) assuming t>0,x>0,k>0),output='realtime'));� �

u(x, t) = 1− erf
(

x

2
√
tk

)

3.1.6.6 [239] I.C. not zero

problem number 239

Added December 20, 2018.

From https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-B
oundary--Initial-Conditions-2018

Solve the heat equation for u(x, t)
∂u

∂t
= 1

4
∂2u

∂x2

With initial condition
u(x, t0) = 10;

https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
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And boundary conditions
u(−x0, t) = 0

For x > |x0| and t > |t0|.

−x0

u = 0 ut =
1
4uxx

u(x, t0) = 10
∞

x > |x0|, t > |t0|

Figure 3.142: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == (1/4)*D[u[x, t], {x, 2}];
bc = u[-x0, t] == 0;
ic = u[x, t0] == 10;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], x, t, Assumptions -> {t > Abs[t0], x > Abs[x0]}], 60*10]];� �

{{
u(x, t) → { 10erf

(
x+x0√
t−t0

)
x+ x0 > 0

Indeterminate True

}}
due to IC/BC not zero

Maple 3� �
restart;
pde := diff(u(x, t), t) = (1/4)*(diff(u(x, t), x$2));
bc := u(-x0, t) = 0;
ic := u(x, t0) = 10;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, bc,ic],u(x,t)) assuming x>abs(x0), t>abs(t0)),output='realtime'));� �

u(x, t) = 10 erf
(
x+ x0√
t− t0

)

3.1.6.7 [240] nonhomogeneous BC

problem number 240

Solve the heat equation

∂u

∂t
= k

∂2u

∂x2

For x > 0 and t > 0. The boundary conditions is u(0, t) = µ and And initial condition
u(x, 0) = λ
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0
u = µ ut = kuxx

λ
∞

x > 0, t > 0

Figure 3.143: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
bc = u[0, t] == lambda;
ic = u[x, 0] == mu;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> {t > 0, k > 0, x > 0}], 60*10]];� �


u(x, t) →
x
√
ktIntegrate

[
λe

− x2
4kt−4kK[2]

(t−K[2])3/2 , {K[2], 0, t},Assumptions → True
]
+
√
kIntegrate

[
µ
(
e−

(x−K[1])2
4kt − e−

(K[1]+x)2
4kt

)
, {K[1], 0,∞},Assumptions → True

]
2
√
πk

√
t




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
ic := u(x,0)=mu:
bc := u(0,t)=lambda;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic,bc],u(x,t),HINT = boundedseries) assuming t>0,x>0,k>0),output='realtime'));� �

u(x, t) = (−λ+ µ) erf
(

x

2
√
tk

)
+ λ

3.1.6.8 [241] nonhomogeneous BC

problem number 241

From Mathematica DSolve help pages. Solve the heat equation for u(x, t) on half the line
x > 0 and t > 0

∂u

∂t
= ∂2u

∂x2

With initial condition
u(x, 0) = cos x

And boundary conditions
u(0, t) = 1
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0
u = 1 ut = uxx

cosx
∞

x > 0, t > 0

Figure 3.144: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == D[u[x, t], {x, 2}];
ic = u[x, 0] == Cos[x];
bc = u[0, t] == 1;
sol = AbsoluteTiming[TimeConstrained[FullSimplify[DSolve[{pde, ic, bc}, u[x, t], {x, t}]], 60*10]];� �

u(x, t) → {

Integrate
[(

e−
(x−K[1])2

4t −e−
(x+K[1])2

4t

)
cos(K[1]),{K[1],0,∞},Assumptions→True

]
+
√
txIntegrate

 e− x2
4(t−K[2])

(t−K[2])3/2
,{K[2],0,t},Assumptions→True


2
√
π
√
t

x > 0
Indeterminate True




Maple 3� �
restart;
pde := diff(u(x, t), t)=diff(u(x, t), x$2);
ic := u(x,0)=cos(x);
bc := u(0,t)=1;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t)) assuming t>0 and x>0),output='realtime'));� �

u(x, t) = −
erf
(

2it−x
2
√
t

)
e−ix−t

2 +
eix−t erf

(
2it+x
2
√
t

)
2 − erf

(
x

2
√
t

)
+ 1

3.1.6.9 [242] nonhomogeneous B.C.

problem number 242

Solve the heat equation for u(x, t) on half the line x > 0 and t > 0

ut = kuxx

With initial condition
u(x, 0) = 0

And boundary conditions u(0, t) = t. Solution is bounded at infinity.

0

u = t ut = kuxx

0

x
∞

Figure 3.145: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
ic = u[x, 0] == 0;
bc = u[0, t] == t;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}, Assumptions -> {k > 0, x > 0, t > 0}], 60*10]];� �



u(x, t) →
xIntegrate

[
K[2]e

− x2
4kt−4kK[2]

(t−K[2])3/2 , {K[2], 0, t},Assumptions → True
]

2
√
π
√
k




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x, t), t)=k*diff(u(x, t), x$2);
ic := u(x,0)=0;
bc := u(0,t)=t;
assume(x>0);
assume(t>0);
assume(k>0);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t))),output='realtime'));� �

u(x, t) = −
2 e− x2

4kt tx
√
k +

√
π
(
erf
(

x
2
√
k
√
t

)
− 1
) (

2k t3/2 +
√
t x2
)

2
√
t
√
π k

3.1.6.10 [243] Unit triangle I.C.

problem number 243

From Mathematica DSolve help pages. Solve the heat equation for u(x, t) on half the line
x > 0 and t > 0

ut = uxx

With initial condition
u(x, 0) = UnitTriagle[x-3]

And boundary conditions
∂u

∂x
(0, t) = 0

0

ux = 0 ut = kuxx

∞
2 4

Figure 3.146: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == D[u[x, t], {x, 2}];
ic = u[x, 0] == UnitTriangle[x - 3];
bc = Derivative[1, 0][u][0, t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}], 60*10]];� �

u(x, t) → {

1
2

 erf
(

|x−4|
2
√
t

)
(x−4)2

|4−x| + (x+ 2)erf
(

x+2
2
√
t

)
− 2(x+ 3)erf

(
x+3
2
√
t

)
+ (x+ 4)erf

(
x+4
2
√
t

)
−

2(x−3)2erf
(

|x−3|
2
√
t

)
|3−x| +

(x−2)2erf
(

|x−2|
2
√
t

)
|2−x| +

2
(
e−

(x−4)2
4t −2e−

(x−3)2
4t +e−

(x−2)2
4t +e−

(x+2)2
4t −2e−

(x+3)2
4t +e−

(x+4)2
4t

)
√
t

√
π

 x > 0

Indeterminate True




Maple 3� �
restart;
pde := diff(u(x, t), t)=diff(u(x, t), x$2);
ic := u(x,0)=piecewise( x>2 and x<3,-2+x, x>3 and x<4, 4-x, 0);
bc:=(D[1](u))(0,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t)) assuming t>0 and x>0),output='realtime'));� �

u(x, t) =
e−

(−4+x)2
4t

√
t− 2 e−

(−3+x)2
4t

√
t+ e−

(−2+x)2
4t

√
t+ e−

(2+x)2
4t

√
t− 2 e−

(3+x)2
4t

√
t+ e−

(x+4)2
4t

√
t+

√
π
(
(−4+x) erf

(
−4+x
2
√
t

)
+(−2x+6) erf

(
−3+x
2
√
t

)
+erf

(
−2+x
2
√
t

)
(−2+x)+(2+x) erf

(
2+x
2
√
t

)
+(−2x−6) erf

(
3+x
2
√
t

)
+erf

(
x+4
2
√
t

)
(x+4)

)
2√

π

3.1.6.11 [244] I.C. not at t = 0

problem number 244

Added December 20, 2018.

Taken from https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-A
nd-Boundary--Initial-Conditions-2018

Solve for u(x, t) for t > 0, x > 0
ut =

1
4uxx

With initial condition
u(x, t0) = 10e−x2

And boundary conditions
∂u

∂x
(x0, t) = 0

x0

ux = 0 ut =
1
4uxx

∞u(x, t0) = 10e−x2

0

Figure 3.147: PDE specification

https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == (1*D[u[x, t], {x, 2}])/4;
ic = u[x, t0] == 10*Exp[-x^2];
bc = Derivative[1, 0][u][x0, t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}, Assumptions -> {x > 0, t > 0}], 60*10]];� �

u(x, t) → {

5
(
e
− x2
t−t0+1

(
erf
(

x+(−t+t0−1)x0√
t2−2t0t+t+(t0−1)t0

)
+1
)
+e

− (x−2x0)2
t−t0+1 erfc

(
x+(t−t0−1)x0√
(t−t0)(t−t0+1)

))
√
t−t0+1 x > x0

Indeterminate True




Maple 3� �
restart;
pde := diff(u(x, t), t) = 1/4*(diff(u(x, t), x$2));
bc := eval( diff(u(x,t),x),x=x0)=0;
ic := u(x,t0)=10*exp(-x^2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc,ic],u(x,t)) assuming x>0,t>0),output='realtime'));� �

u(x, t) = −
5 e−

x2
t−t0+1

((
erf
(

(t−t0−1) x0+x√
t−t0+1

√
t−t0

)
− 1
)
e

4 x0(x−x0)
t−t0+1 + erf

(
(t−t0+1) x0−x√
t−t0+1

√
t−t0

)
− 1
)

√
t− t0+1

3.1.6.12 [245] Diffusion with advection

problem number 245

Added April 5, 2019.

Solve for u(x, t) in
ut = uxx − ux

For t > 0, x > 0. With boundary conditions u(0, t) = 0 and intitial conditions u(x, 0) = f(x)

u = 0 ut = uxx − ux

∞
u(x, 0) = f(x)

0

Figure 3.148: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == D[u[x, t], {x, 2}] - D[u[x, t], x];
ic = u[x, 0] == f[x];
bc = u[0, t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}, Assumptions -> {x > 0, t > 0}], 60*10]];� �

u(x, t) → e

x
2−

t
4

 {
Integrate

[
e−

K[1]
2

(
e−

(x−K[1])2
4t −e−

(x+K[1])2
4t

)
f(K[1]),{K[1],0,∞},Assumptions→True

]
2
√
π
√
t

x > 0
Indeterminate True





Maple 3� �
restart;
pde := diff(u(x,t),t)=diff(u(x,t),x$2)- diff(u(x,t),x);
ic := u(x,0)=f(x);
bc := u(0,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, ic, bc], u(x, t))assuming t>0,x>0),output='realtime'));� �

u(x, t) = ex2

L−1

∫ 0 f(_a)
√
e_a

√
e_a

√
1+4s

d_a
√
ex

√
1+4s

√
1 + 4s

, s, t

− L−1

∫ 0 f(_a)
√

e_a
√
1+4s

√
e_a d_a

√
ex

√
1+4s

√
1 + 4s

, s, t

− L−1

√
ex

√
1+4s

∫ f(x)
√
ex
√

ex
√

1+4s
dx

√
1 + 4s

, s, t

+ L−1

 ∫ f(x)
√

ex
√
1+4s

√
ex dx

√
1 + 4s

√
ex

√
1+4s

, s, t


3.1.6.13 [246] Practice exam problem

problem number 246

Added May 23, 2019.

From Math 5587 midterm I, Fall 2016, practice exam, problem 13.

Solve for u(x, t) with IC u(x, 0) = x2 + 1 and BC ut(0, t) = 1 for x > 0, t > 0

ut = uxx

ut = 0 ut = uxx

∞
u(x, 0) = x2 + 1

0

Figure 3.149: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == D[u[x,t],{x,2}];
ic = u[x,0]==x^2+1;
bc = u[0,t]==1;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic,bc}, u[x, t], {x, t}], 60*10]];� �

u(x, t) → {

Integrate
[(

e−
(x−K[1])2

4t −e−
(x+K[1])2

4t

)(
K[1]2+1

)
,{K[1],0,∞},Assumptions→True

]
+
√
txIntegrate

 e− x2
4(t−K[2])

(t−K[2])3/2
,{K[2],0,t},Assumptions→True


2
√
π
√
t

x > 0
Indeterminate True




Maple 3� �
restart;
pde := diff(u(x,t),t)= diff(u(x,t),x$2);
ic := u(x,0)=x^2+1;
bc :=u(0,t)=1;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t))),output='realtime'));� �

u(x, t) = −2L−1
(
e−

√
s x

s2
, s, t

)
+ x2 + 2t+ 1

3.1.7 Infinite domain

Local contents
3.1.7.1 [247] Inverse exponential I.C. . . . . . . . . . . . . . . . . . . . . . . . . . . 469
3.1.7.2 [248] Advection term . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 472
3.1.7.3 [249] UnitBox I.C. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 472
3.1.7.4 [250] No source . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 473
3.1.7.5 [251] constant as source . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 474
3.1.7.6 [252] No intial conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 475
3.1.7.7 [253] piecewise I.C. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 476
3.1.7.8 [254] Practice exam problem . . . . . . . . . . . . . . . . . . . . . . . . . . 477

3.1.7.1 [247] Inverse exponential I.C.

problem number 247

From Mathematica DSolve help pages. Solve the heat equation for u(x, t) on real line with
t > 0

ut = uxx

With initial condition
u(x, 0) = e−x2

ut = uxx
∞e−x2

−∞

Figure 3.150: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == D[u[x, t], {x, 2}];
ic = u[x, 0] == E^(-x^2);
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → e

− x2
4t+1√

4+ 1
t

√
t
if <

(1
t

)
≥ −4

}}

Maple 3� �
restart;
pde := diff(u(x, t), t)=diff(u(x, t), x$2);
ic := u(x,0)=exp(-x^2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic],u(x,t)) assuming t>0),output='realtime'));� �

u(x, t) = e−
x2

1+4t
√
1 + 4t

Hand solution

Solve
∂u

∂t
= ∂2u

∂x2

On −∞ < x <∞, t > 0 with u(x, 0) = f(x) = e−x2 . The first step is to find Green function
for the above PDE. Taking Fourier transform of both sides w.r.t. x, using û(k, t) as the
Fourier transform of u(x, t) gives

d

dt
û(k, t) = (ik)2 û(k, t)

= −k2û(k, t)
d

dt
û(k, t) + k2û(k, t) = 0

The solution to the above is
û(k, t) = Ce−k2t (1)

At t = 0,
û(k, 0) = F(h(x))

Therefore
C = F(h(x))

And (1) becomes
û(k, t) = F(h(x)) e−k2t

To find Green function, we replace h(x) by δ(x− ξ) where ξ is the location of the pulse. But
F(δ(x− ξ) ; k) = 1√

2π

∫∞
−∞ δ(x− ξ) e−ikxdx = 1√

2πe
−iξk. Therefore the above becomes

Ĝ(k, t) = 1√
2π
e−iξke−k2t

The above is the Fourier transform of the Green function. Now we invert it

G(x, t) = 1√
2π

∫ ∞

−∞

(
1√
2π
e−iξke−k2t

)
eikxdk

= 1
2π

∫ ∞

−∞
e−iξk−k2t+ikxdk (2)
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We would like to use Gaussian as the integrand, hence we want to change −iξk − k2t+ ikx

to −
(
k
√
t− A

)2. We do this by completing the square.

−iξk − k2t+ ikx = −
(
k
√
t− A

)2
= −

(
k2t+ A2 − 2Ak

√
t
)

= −k2t− A2 + 2Ak
√
t

Comparing sides then 2Ak
√
t = k(−iξ + ix) or A = −iξ+ix

2
√
t
. Therefore

−iξk − k2t+ ikx = −
(
k
√
t− −iξ + ix

2
√
t

)2

+ A2

= −
(
k
√
t− −iξ + ix

2
√
t

)2

+
(
−iξ + ix

2
√
t

)2

Hence

e−iξk−k2t+ikx = e
−
(
k
√
t−−iξ+ix

2
√
t

)2
+
(

−iξ+ix
2
√
t

)2

= e
−
(
k
√
t−−iξ+ix

2
√
t

)2
e

(
−iξ+ix
2
√
t

)2

Substituting the above into (2) gives

G(x, t) = 1
2π

∫ ∞

−∞
e
−
(
k
√
t−−iξ+ix

2
√
t

)2
e

(
−iξ+ix
2
√
t

)2
dk

= 1
2πe

(
−iξ+ix
2
√
t

)2 ∫ ∞

−∞
e
−
(
k
√
t−−iξ+ix

2
√
t

)2
dk

To evaluate
∫∞
−∞ e

−
(
k
√
t−−iξ+ix

2
√
t

)2
dk, let u = k

√
t, then du =

√
tdk. The above becomes

G(x, t) = 1
2πe

(
−iξ+ix
2
√
t

)2 ∫ ∞

−∞
e
−
(
u−−iξ+ix

2
√
t

)2 du√
t

= 1
2π

√
t
e

(
−iξ+ix
2
√
t

)2 ∫ ∞

−∞
e
−
(
u−−iξ+ix

2
√
t

)2
du

Now the integral is Gaussian.
∫∞
−∞ e

−
(
u−−iξ+ix

2
√
t

)2
du =

√
π and the above becomes

G(x, t) =
√
π

2π
√
t
e

(
−iξ+ix
2
√
t

)2

= 1
2
√
πt
e

(
i
(

−ξ+x
2
√
t

))2

= 1
2
√
πt
e−

(x−ξ)2
4t

Now that we found the Green function for the PDE, we can find the solution as

u(x, t) =
∫ ∞

−∞
G(ξ, t)h(ξ) dξ

=
∫ ∞

−∞

1
2
√
πt
e−

(x−ξ)2
4t h(ξ) dξ

= 1√
4πt

∫ ∞

−∞
e−

(x−ξ)2
4t e−ξ2dξ

But
∫∞
−∞ e−

(x−ξ)2
4t e−ξ2dξ = 2e−

x2
1+4t

√
π√

1+4t
t

, hence the above becomes

u(x, t) = 1√
4πt

2e−
x2

1+4t
√
π√

1+4t
t

= e−
x2

1+4t
√
1 + 4t
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3.1.7.2 [248] Advection term

problem number 248

From Mathematica DSolve help pages. Solve the heat equation for u(x, t) on real line with
t > 0

ut = 12uxx + ux sin t

With initial condition
u(x, 0) = x

ut = 12uxx + ux sin(t)
∞x−∞

Figure 3.151: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == 12*D[u[x, t], {x, 2}] + Sin[t]*D[u[x, t], x];
ic = u[x, 0] == x;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, u[x, t], {x, t}], 60*10]];� �

{{u(x, t) → − cos(t) + x+ 1}}

Maple 3� �
restart;
pde := diff(u(x,t),t)= 12* diff(u(x,t),x$2)+sin(t)*diff(u(x,t),x);
ic := u(x,0)=x;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) = − cos (t) + x+ 1

3.1.7.3 [249] UnitBox I.C.

problem number 249

From Mathematica DSolve help pages. Solve the heat equation for u(x, t) on real line with
t > 0

ut = uxx

With initial condition
u(x, 0) = UnitBox[x]

Where UnitBox is equal to 1 if |x| ≤ 1
2 and zero otherwise.

ut = uxx

∞−∞
0−1

2
1
2

1

Figure 3.152: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == D[u[x, t], {x, 2}];
ic = u[x, 0] == UnitBox[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → 1

2

(
erf
(
2x+ 1
4
√
t

)
− erf

(
2x− 1
4
√
t

))}}
Maple 3� �
restart;
pde := diff(u(x, t), t)=diff(u(x, t), x$2);
ic := u(x,0)=piecewise( x< -1/2 or x>1/2,0, 1);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic],u(x,t)) assuming t>0),output='realtime'));� �

u(x, t) = −
erf
(

2x−1
4
√
t

)
2 +

erf
(

1+2x
4
√
t

)
2

3.1.7.4 [250] No source

problem number 250

Solve the heat equation
ut = kuxx

For −∞ < x <∞ and t > 0, and initial condition is u(x, 0) = f(x)

ut = kuxx

∞−∞
0

f(x)

Figure 3.153: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}];
ic = u[x, 0] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, u[x, t], {x, t}, Assumptions -> {t > 0, k > 0}], 60*10]];
sol[[2]] = sol[[2]] /. K[1] -> s;� �

{{
u(x, t) →

∫∞
−∞ es(ix−kst) ∫∞

−∞ e−isxf(x)dxds
2π

}}
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Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2);
ic := u(x,0)=f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t)) assuming t>0,k>0),output='realtime'));� �

u(x, t) =
∫∞
−∞ f(−ζ) e−

(x+ζ)2
4kt dζ

2
√
π
√
k
√
t

3.1.7.5 [251] constant as source

problem number 251

Solve the heat equation
ut = kuxx +m

For −∞ < x <∞ and t > 0. Initial condition is u(x, 0) = sin(x)

ut = kuxx +m

∞−∞
0

sinx

Figure 3.154: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == k*D[u[x, t], {x, 2}] + m;
ic = u[x, 0] == Sin[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → e−kt sin(x) +mt

}}
Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t)=k*diff(u(x,t),x$2)+m;
ic := u(x,0)=sin(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) = sin (x) e−tk + tm
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3.1.7.6 [252] No intial conditions

problem number 252

Solve the heat equation for u(x, t)
ut = uxx

ut = uxx

∞−∞
0

No I.C. specified

Figure 3.155: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == D[u[x, t], {x, 2}];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �

{{u(x, t) → cosh(c2(x+ c2t) + c1) + sinh(c2(x+ c2t) + c1) + 1}}

Maple 3� �
restart;
pde := diff(u(x, t), t)=diff(u(x, t), x$2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t),'build') assuming t>0),output='realtime'));� �

u(x, t) = c3e_c1t−
√_c1 x

(
e2

√_c1 xc1 + c2
)

Hand solution

Solve
∂u

∂t
= ∂2u

∂x2

for t > 0,−∞ < x <∞. Let u = X(x)T (t) then we obtain

T ′X = X ′′T

Dividing by XT 6= 0
T ′

T
= X ′′

X
= −λ

(Only positive eigenvalues are possible). The two ODE’s are

T ′ + λT = 0 (1)
X ′′ + λX = 0 (2)

Solution for (2) is X(x) = C1e
√
λx + C2e

−
√
λx and solution for (1) is T (t) = C3e

−λt. Hence

u(x, t) = C3e
−λt
(
C1e

√
λx + C2e

−
√
λx
)

= C3e
−λtC1e

√
λx + C3e

−λtC2e
−
√
λx

= C3e
−λtC1e

√
λx + C3e

−λtC2

e
√
λx
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3.1.7.7 [253] piecewise I.C.

problem number 253

Added December 20, 2018.

From https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-B
oundary--Initial-Conditions-2018

Solve the heat equation for u(x, t) on real line with t > 0

ut = µuxx − 1

With initial condition

u(x, 1) =
{
0 x ≥ 0
1 x < 0

ut = µuxx − 1

∞−∞
0

1

Figure 3.156: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] + 1 == mu*D[u[x, t], {x, 2}];
ic = u[x, 1] == Piecewise[{{1, x <= 0}, {0, x > 0}}];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, u[x, t], x, t, Assumptions -> mu > 0], 60*10]];� �

{{
u(x, t) →

∫∞
−∞

ieK[1](ix−µ(t−1)K[1])

K[1] dK[1]
2π

}}
due to i.c. not at zero

Maple 3� �
restart;
pde := diff(u(x, t), t)+1 = mu* diff(u(x, t), x$2);
ic := u(x, 1) = piecewise(0 <= x, 0, x < 0, 1);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic],u(x,t)) assuming mu>0, t>0),output='realtime'));� �

u(x, t) = 3
2 −

erf
(

x
2√µ

√
t−1

)
2 − t

Hand solution

Solve
ut = µuxx − 1

for t > 0,−∞ < x <∞ with initial conditions u(x, 0) = f(x) =
{

0 x ≥ 0
1 x < 0

Let v = u+ t. Hence u = v − t and ut = vt − 1 and ux = vx and uxx = vxx. The above PDE
becomes

vt − 1 = µvxx − 1
vt = µvxx (1)

https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
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Initial conditions do not change. They are v(x, 0) = u(x, 0) =
{

0 x ≥ 0
1 x < 0 . Using Green

function for 1D heat PDE on the real line, (also called heat Kernel)

G(x, t) = 1√
4πµt

e
−x2
4µt

Then the solution to (1) is

v(x, t) =
∫ ∞

−∞
f(x′)G(x− x′, t) dx′

=
∫ 0

−∞

1√
4πµt

e
−
(
x−x′

)2
4µt dx′

v(x, t) = −1√
4πµt

∫ ∞

0
e

−
(
x−x′

)2
4µt dx′

But
∫∞
0 e

−
(
x−x′

)2
4µt dx′ =

√
πµt
(
1 + erf

(
x

2
√
µt

))
, hence

v(x, t) = −1
2

(
1 + erf

(
x

2
√
µt

))
Since u = v − t then

u(x, t) = −1
2

(
1 + erf

(
x

2
√
µt

))
− t

= −1
2 − 1

2 erf
(

x

2
√
µt

)
− t

3.1.7.8 [254] Practice exam problem

problem number 254

Added May 23, 2019.

From Math 5587 midterm I, Fall 2016, practice exam, problem 14.

Solve for u(x, t) with IC u(x, 0) = x for −∞ < x <∞, t > 0

ut = uxx

ut = uxx

∞
u(x, 0) = x

−∞

Figure 3.157: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] == D[u[x,t],{x,2}];
ic = u[x,0]==x;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x, t], {x, t}], 60*10]];� �

{{u(x, t) → x if <(t) ≥ 0 }}



chapter 3. parabolic pde’s (diffusion) 478

Maple 3� �
restart;
pde := diff(u(x,t),t)= diff(u(x,t),x$2);
ic := u(x,0)=x;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) = x
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3.2 Diffusion in 2D

Local contents
3.2.1 Cartesian coordinates (Rectangle, Square) . . . . . . . . . . . . . . . . . . . . 479
3.2.2 Polar coordinates (disk, sector, annulus) . . . . . . . . . . . . . . . . . . . . . 483

3.2.1 Cartesian coordinates (Rectangle, Square)

Local contents
3.2.1.1 [255] No source . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 479
3.2.1.2 [256] Internal source term . . . . . . . . . . . . . . . . . . . . . . . . . . . . 480
3.2.1.3 [257] Articolo 6.6.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 481

3.2.1.1 [255] No source

problem number 255

Taken from Maple help pages on PDE. Solve the heat equation for u(x, y, t)

ut =
1
10∇

2u(x, y)

For 0 < x < 1 and 0 < y < 1 and t > 0. The boundary conditions are

u(0, y, t) = 0
u(1, y, t) = 0
u(x, 0, t) = 0
u(x, 1, t) = 0

Initial condition is u(x, y, 0) = x(1− x)(1− y)y.

x

y

1

10

ut =
1
10
∇2u(x, y)u = 0

u = 0

u = 0

u = 0

At t = 0, u = x(1− x)(1− y)y

Figure 3.158: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y, t], t] == (1*(D[u[x, y, t], {x, 2}] + D[u[x, y, t], {y, 2}]))/10;
ic = u[x, y, 0] == x*(1 - x)*(1 - y)*y;
bc = {u[0, y, t] == 0, u[1, y, t] == 0, u[x, 0, t] == 0, u[x, 1, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, y, t], {x, y, t}], 60*10]];� �

u(x, y, t) → {

∞∑
K[1]=1

∞∑
K[3]=1

16
(
−1+(−1)K[1])(−1+(−1)K[3])e 1

10 t
(
−π2K[1]2−π2K[3]2

)
sin(πxK[1]) sin(πyK[3])

π6K[1]3K[3]3 (K[1]|K[3]) ∈ Z ∧K[1] ≥ 1 ∧K[3] ≥ 1

Indeterminate True



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Maple 3� �
restart;
pde := diff(u(x, y, t), t) = 1/10*(diff(u(x, y, t), x$2)+diff(u(x, y, t), y$2));
bc := u(0, y, t) = 0, u(1, y, t) = 0, u(x, 0, t) = 0, u(x, 1, t) = 0;
ic := u(x, y, 0) = x*(1-x)*(1-y)*y;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,y,t))),output='realtime'));� �

u(x, y, t) =

16


∞∑

n1=1

∞∑
n=1

−
sin(nπx)e−

t π2
(
n2+n12

)
10

(
−(−1)n+n1+(−1)n1+(−1)n−1

)
sin(n1πy)

n3


n13


π6

3.2.1.2 [256] Internal source term

problem number 256

Taken from Maple help pages on PDE

Solve the heat equation for u(x, y, t)

∂u

∂t
= 1/10

(
∂2u

∂x2
+ ∂2u

∂y2

)
− 1

5u(x, y, t);

For 0 < x < 1 and 0 < y < 1 and t > 0. The boundary conditions are

∂u

∂x
u(0, y, t) = 0

u(1, y, t) = 0
u(x, 0, t) = 0

∂u

∂y
u(x, 1, t) = 0

Initial condition is u(x, y, 0) = (1− x2)(1− 1
2y)y.

x

y

1

1

ut =
1
10
∇2u− 1

5
uux = 0

u = 0

u = 0

uy = 0

At t = 0, u = (1− x2)(1− 1
2
y)y

solve for u(x, y, t)

Figure 3.159: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y, t], t] == (1*(D[u[x, y, t], {x, 2}] + D[u[x, y, t], {y, 2}]))/10 - (1*u[x, y, t])/5;
ic = u[x, y, 0] == (-x^2 + 1)*(1 - (1/2)*y)*y;
bc = {Derivative[1, 0, 0][u][0, y, t] == 0, u[1, y, t] == 0, u[x, 0, t] == 0, Derivative[0, 1, 0][u][x, 1, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, y, t], {x, y, t}], 60*10]];� �

u(x, y, t) → {

∞∑
K[1]=1

∞∑
K[3]=1

− 512(−1)K[1] exp
(
t
( 1
10
(
− 1

4π
2(2K[1]−1)2− 1

4π
2(2K[3]−1)2

)
− 1

5
))

cos
( 1
2πx(2K[1]−1)

)
sin
( 1
2πy(2K[3]−1)

)
π6(2K[1]−1)3(2K[3]−1)3 (K[1]|K[3]) ∈ Z ∧K[1] ≥ 1 ∧K[3] ≥ 1

Indeterminate True




Maple 3� �
restart;
pde := diff(u(x, y, t), t) = 1/10*(diff(u(x, y, t), x$2)+diff(u(x, y, t), y$2)) - 1/5 * u(x,y,t);
ic := u(x, y, 0) = (-x^2+1)*(1-(1/2)*y)*y;
bc := (D[1](u))(0, y, t) = 0,

u(1, y, t) = 0,
u(x, 0, t) = 0,
(D[2](u))(x, 1, t) = 0;

cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic,bc], u(x, y, t))),output='realtime'));� �

u(x, y, t) =

512

 ∞∑
n1=0

∞∑
n=0

(−1)ne−

(
2+
(
n2+n12 +n+n1+1

2
)
π2
)
t

10 cos
(
πx(1+2n)

2

)
sin
(
πy(2 n1+1)

2

)
(1+2n)3

(2 n1+1)3


π6

3.2.1.3 [257] Articolo 6.6.3

problem number 257

Added December 20, 2018.

Example 6.6.3 from Partial differential equations and boundary value problems with Maple/-
George A. Articolo, 2nd ed :

We seek the temperature distribution in a thin rectangular plate over the finite two-dimensional
domain D = (x, y)s.t.0 < x < 1, 0 < y < 1. The lateral surfaces of the plate are insulated.
The boundaries y = 0 and y = 1 are fixed at temperature 0, the boundary x = 0 is insu-
lated, and the boundary x = 1 is losing heat by convection into a surrounding medium at
temperature 0. The initial temperature distribution f(x, y) is

u(x, y, 0) =
(
1− x2

3

)
y(1− y)

The thermal diffusivity is k = 1
50 . Solve for u(x, y, t) the heat PDE

∂u

∂t
= k

(
∂2u

∂x2
+ ∂2u

∂y2

)
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With 0 < x < 1, 0 < y < 1 and t > 0. Boundary conditions are

∂u

∂x
(0, y, t) = 0

∂u

∂x
(1, y, t) + u(1, y, t) = 0

u(x, 0, t) = 0
u(x, 1, t) = 0

x

y

1

1

ut =
1
50

∇2u(x, y)ux = 0

u = 0

ux + u = 0

u = 0

At t = 0, u = (1− x2

3
)y(1− y)

solve for u(x, y, t)

Figure 3.160: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
k = 1/50;
pde = D[u[x, y, t], t] == k*(D[u[x, y, t], {x, 2}] + D[u[x, y, t], {y, 2}]);
bc = {Derivative[1, 0, 0][u][0, y, t] == 0, Derivative[1, 0, 0][u][1, y, t] + u[1, y, t] == 0, u[x, 0, t] == 0, u[x, 1, t] == 0};
ic = u[x, y, 0] == (1 - (1/3)*x^2)*y*(1 - y);
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, y, t], {x, y, t}], 60*10]];� �

u(x, y, t) → {

∞∑
K[1]=1

∞∑
K[3]=1

8
(
−1+(−1)K[3])e 1

50 t
(
−π2K[3]2−K[2,K[1]]

)
cos
(
x
√

K[2,K[1]]
)
sin(πyK[3])

(
2 cos

(√
K[2,K[1]]

)
K[2,K[1]] −

2(K[2,K[1]]+1) sin
(√

K[2,K[1]]
)

K[2,K[1]]3/2

)
3π3K[3]3

(
sin2

(√
K[2,K[1]]

)
+1
) tan

(√
K[2, K[1]]

)
= 1√

K[2,K[1]] ∧ (K[1]|K[3]) ∈ Z ∧K[1] ≥ 1 ∧K[3] ≥ 1 ∧K[2, K[1]] > 0

Indeterminate True



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Maple 3� �
restart;
k:=1/50;
pde := diff(u(x, y, t), t) = k*(diff(u(x, y, t), x$2)+diff(u(x, y, t), y$2));
bc_left_edge:=eval( diff(u(x,y,t),x),x=0)=0;
bc_right_edge:= eval( diff(u(x,y,t),x),x=1)+u(1,y,t)=0;
bc_bottom_edge:=u(x,0,t)=0;
bc_top_edge:=u(x,1,t)=0;
bc:=bc_left_edge,bc_right_edge,bc_bottom_edge,bc_top_edge;
ic := u(x, y, 0) = (1-(1/3)*x^2)*y*(1-y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc,ic], u(x, y, t)) assuming 0 <= x, x <= 1, 0 <= y, y <= 1),output='realtime'));� �

u(x, y, t) = −

16

 ∞∑
n1=1

∞∑
n=0

e−
t
(
π2 n12 +λ2n

)
50 cos(λnx)

(
λ2n sin(λn)−λn cos(λn)+sin(λn)

)(
(−1)n1−1

)
sin(n1πy)

λ2n(sin(λn) cos(λn)+λn)

n13


3π3 where{tan (λn)λn − 1 = 0 ∧ 0 < λn}

3.2.2 Polar coordinates (disk, sector, annulus)

Local contents
3.2.2.1 [258] no θ dependency, insulated (General solution) . . . . . . . . . . . . . . 483
3.2.2.2 [259] no θ dependency, insulated (Specific solution) . . . . . . . . . . . . . . 486
3.2.2.3 [260] no θ dependency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 489
3.2.2.4 [261] no θ dependency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 490
3.2.2.5 [262] Haberman 8.3.5 (General solution) . . . . . . . . . . . . . . . . . . . . 491
3.2.2.6 [263] Specific example of the above . . . . . . . . . . . . . . . . . . . . . . . 494
3.2.2.7 [264] Specific example of the above . . . . . . . . . . . . . . . . . . . . . . . 497
3.2.2.8 [265] Articolo 6.9.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 499
3.2.2.9 [266] Articolo 6.9.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 500
3.2.2.10 [267] Haberman 8.2.5 with θ dependency (General case) . . . . . . . . . . . 502
3.2.2.11 [268] With θ dependency (Specific example) . . . . . . . . . . . . . . . . . . 508
3.2.2.12 [269] With θ dependency (specific example) . . . . . . . . . . . . . . . . . . 511
3.2.2.13 [270] Insulated with θ dependency (General solution) . . . . . . . . . . . . . 513
3.2.2.14 [271] Insulated with θ dependency (Specific example) . . . . . . . . . . . . . 519
3.2.2.15 [272] Insulated with θ dependency (Specific example) . . . . . . . . . . . . . 522

3.2.2.1 [258] no θ dependency, insulated (General solution)

problem number 258

Added June 1, 2019

Solve the heat equation in polar coordinates for u(r, t)

ut = k(urr +
1
r
ur)

For 0 < r < L and t > 0. The boundary conditions are such it is insulated

ur(L, t) = 0

Initial condition is u(r, 0) = f(r).
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ur = 0

ut = urr +
1
rur

r

Solve for u(r, t)

u(r, 0) = f(r)

0 < r < L, t > 0

L

(insulated)

(boundary conditions)

(initial conditions)

Figure 3.161: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[r, t], t] == k*(D[u[r, t], {r, 2}] + 1/r*D[u[r, t], r]);
ic = u[r, 0] == f[r];
bc = Derivative[1,0][u][L, t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[r, t], {r, t}, Assumptions->{r<L,L>0,k>0,t>0}], 60*10]];� �

u(r, t) →

∞∑
K[1]=1

√
2e−

kt
(
j1,K[1]

)2
L2 BesselJ

(
0, rj1,K[1]

L

) ∫ L

0

√
2rBesselJ

(
0,
rj1,K[1]

L

)
f(r)

LBesselJ
(
0,j1,K[1]

) dr

LBesselJ
(
0, j1,K[1]

) +
√
2
∫ L

0

√
2rf(r)
L

dr

L




Maple 3� �
restart;
pde := diff(u(r,t),t)= k*(diff(u(r,t),r$2)+ 1/r*diff(u(r,t),r));
ic := u(r,0)=f(r);
bc := D[1](u)(L,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(r,t)) assuming k>0,r>0,L>0,r<L,t>0 ),output='realtime'));� �

u(r, t) = −
√
kL−1

L(−D(f) (L) , t, s) BesselJ
(
0,

√
−s r√
k

)
√
−s BesselJ

(
1,

√
−sL√
k

) , s, t

+
√
k

∫ 0

r−L

L−1

L
(

(−τ−L)D(2)(f)(τ+L)−D(f)(τ+L)
τ+L

, t, s
)
BesselJ

(
0,

√
−s (r−τ)√

k

)
√
−s BesselJ

(
1,

√
−sL√
k

) , s, t

 dτ

+f(r)

Cant get series solution
Hand solution

Solve for u(r, t)

ut = k

(
urr +

1
r
ur

)
|u(0, t)| <∞
ur(L, t) = 0
u(r, 0) = f(r)

for 0 < r < L . Let u = RT . Substituting in the PDE gives

T ′R

k
= R′′T + 1

r
R′T

T ′

kT
= R′′

R
+ 1
r

R′

R
= −λ
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The above gives the following ODE’s to solve

T ′ + λkT = 0

And

R′′ + 1
r
R′ + λR = 0 (1)

R′(L) = 0
R(0) <∞

Case λ < 0

Let λ = −n2 for positive n. (1) becomes

R′′ + 1
r
R′ − n2R = 0

r2R′′ + rR′ − n2r2R = 0

This is a Bessel ODE whose solution is R(r) = C1 BesselI (0, nr) + C2 Besselk (0, nr). Since
R(r) is bounded at r = 0 then C2 = 0 since Besselk blows up at r = 0. The solution becomes
R(r) = C1 BesselI (0, nr). Then R′(r) = C1 BesselI (1, nr). Hence we need to solve for n in
the following R′(L) = 0 = BesselI (1, nL). But BesselI has zero only at zero. Therefore λ < 0
is not possible eigenvalue.

Case λ = 0

Equation (1) becomes R′′ + 1
r
R′ = 0. The solution is R(r) = C1 ln (r) + C2. Since bounded

at r = 0 then C1 = 0. The solution becomes R(r) = C2 and R′(r) = 0. Which satisfies the
boundary condition for any constant C2. Therefore λ = 0 is an eigenvalue with eigenfunction
R0(r) = 1 as the choice of the constant.

Case λ > 0

Equation (1) becomes
r2R′′ + rR′ + λr2R = 0

This is a Bessel ODE whose solution is R(r) = C1 BesselJ
(
0,
√
λr
)
+ C2 BesselY

(
0,
√
λr
)
.

Since R(r) is bounded at r = 0 then C2 = 0 since BesselY blows up at r = 0. The solution
becomes R(r) = C1 BesselJ

(
0,
√
λr
)
. Then R′(r) = −C1 BesselJ

(
1,
√
λr
)
. Absorbing the

minus sign into the constant, hence R′(r) = C1 BesselJ
(
1,
√
λr
)
. At r = L we want

0 = C1 BesselJ
(
1,
√
λL
)

For non-trivial solution,
√
λL are the zeros of the BesselJ (1, x). Let these zeros be Λn where

n = 1, 2, · · · . Hence √
λnL = Λn n = 1, 2, · · ·

λn =
(
Λn

L

)2

The corresponding eigenfunctions are

Rn(r) = BesselJ
(
0, Λn

L
r

)
n = 1, 2, · · ·

Now that we found the eigenvalues and eigenfunctions, we can solve the time ODE. For the
zero eigenvalue λ = 0 the ODE T ′ + λkT = 0 becomes T ′ = 0, hence T0(t) is a constant.

For λ > 0 the time ODE has solution Tn(t) = e−kλnt = e
−k
(

Λn
L

)2
t. Therefore the complete

solution is
u(r, t) = C0 +

∞∑
n=1

Cne
−k
(

Λn
L

)2
t BesselJ

(
0, Λn

L
r

)
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Now we find the constants from the initial conditions. At t = 0

f(r) = C0 +
∞∑
n=1

Cn BesselJ
(
0, Λn

L
r

)
For n = 0, applying orthogonality gives∫ L

0
f(r) rdr =

∫ L

0
C0rdr

= C0
L2

2

C0 =
2
L2

∫ L

0
f(r) rdr

For n > 0 ∫ L

0
f(r) BesselJ

(
0, Λn

L
r

)
rdr =

∫ L

0
Cn BesselJ2

(
0, Λn

L
r

)
rdr

Cn =
∫ L

0 f(r) BesselJ
(
0, Λn

L
r
)
rdr∫ L

0 BesselJ2
(
0, Λn

L
r
)
rdr

Hence the final solution is

u(r, t) = 2
L2

∫ L

0
f(r) rdr +

∞∑
n=1

(∫ L

0 f(r) BesselJ
(
0, Λn

L
r
)
rdr∫ L

0 BesselJ2
(
0, Λn

L
r
)
rdr

)
e
−k
(

Λn
L

)2
t BesselJ

(
0, Λn

L
r

)
Where Λn are the zeros of the BesselJ (1, x).

3.2.2.2 [259] no θ dependency, insulated (Specific solution)

problem number 259

Added June 1, 2019

Solve the heat equation in polar coordinates for u(r, t)

ut = k(urr +
1
r
ur)

For 0 < r < L and t > 0 and k = 1, L = 1. The boundary conditions are such it is insulated

ur(L, t) = 0

Initial condition is u(r, 0) = 2Lr − r2.

ur = 0

ut = urr +
1
rur

r

Solve for u(r, t)

u(r, 0) = 2r − r2

0 < r < 1, t > 0

1

(insulated)

(boundary conditions)

(initial conditions)

Figure 3.162: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
k=1;
L=1;

pde = D[u[r, t], t] == k*(D[u[r, t], {r, 2}] + 1/r*D[u[r, t], r]);
ic = u[r, 0] == 2*L*r-r^2;
bc = Derivative[1,0][u][L, t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[r, t], {r, t}], 60*10]];� �

u(r, t) →

∞∑
K[1]=1

−
2e−t

(
j1,K[1]

)2 BesselJ (0, rj1,K[1]
) (2BesselJ

(
2,j1,K[1]

)(
j1,K[1]

)
2 − 2

3 1F2
(3
2 ; 1,

5
2 ;−

1
4

(
j1,K[1]

) 2)− BesselJ
(
3,j1,K[1]

)
j1,K[1]

)
BesselJ

(
0, j1,K[1]

)
2 + 5

6




Maple 3� �
restart;
k:=1;
L:=1;
pde := diff(u(r,t),t)= k*(diff(u(r,t),r$2)+ 1/r*diff(u(r,t),r));
ic := u(r,0)= 2*L*r-r^2;
bc := D[1](u)(L,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(r,t))),output='realtime'));� �

u(r, t) = −

(∫ r−1

0
L−1

(
L
(4τ+2

τ+1 , t, s
)
BesselJ

(
0,
√
−s (r − τ)

)
BesselJ

(
1,
√
−s
)√

−s
, s, t

)
dτ

)
− r2 + 2r

Do not understand Maple solution
Hand solution

Solve for u(r, t)

ut = k

(
urr +

1
r
ur

)
|u(0, t)| <∞
ur(1, t) = 0
u(r, 0) = 2Lr − r2

for 0 < r < L.

The basic solution for this type of PDE was already given in problem 3.2.2.1 on page 484 as

u(r, t) = 2
L2

∫ L

0
f(r) rdr +

∞∑
n=1

(∫ L

0 f(r) BesselJ
(
0, Λn

L
r
)
rdr∫ L

0 BesselJ2
(
0, Λn

L
r
)
rdr

)
e
−k
(

Λn
L

)2
t BesselJ

(
0, Λn

L
r

)
Where Λn are the zeros of the BesselJ (1, x). In this problem L = 1 and k = 1, f(r) =
2Lr − r2. This is animation of the above solution using these specific values for for 0.2
seconds. (Animation will only show in the HTML version)
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Out[ ]=

Figure 3.163: Initial state

Source code used for the above

In[ ]:= ClearAll[r, u, t, lam, mySol]

L = 1;

k = 1;

f = 2 L r - r2;

maxTime = 30;

numberOfTerms = 10;

z = N@Table[ BesselJZero[1, n], {n, 1, numberOfTerms}]; (*zeros Of BesselJ1*)

An = Table
Integratef BesselJ0, z〚n〛

L
r r, {r, 0, L}

Integrate BesselJ0, z〚n〛

L
r2 r, {r, 0, L}

, {n, 1, numberOfTerms};

mySol[r_, t_] =
2

L2
Integrate[r f, {r, 0, L}] + SumAn〚n〛 Exp- k 

z〚n〛

L

2
t BesselJ0,

z〚n〛

L
r, {n, 1, numberOfTerms};

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

(*display initial conditions*)

Figure 3.164: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 3}]}]},

{Row[{"Current temperature in the middle of disk is ", padIt2[mySol[0, t], {4, 3}], " degrees"}]},

{Row[{"Initial temperature u = (2 L r-r^2)"}]},

{ParametricPlot3D[{r Cos[θ], r Sin[θ], Evaluate[mySol[r, t]]}, {r, 0, L}, {θ, 0, 2 Pi},

BaseStyle → 15,

ImageMargins → 3,

Mesh → 25,

PerformanceGoal → "Quality",

BoxRatios → {1, 1, 0.4},

PlotRange → {Automatic, Automatic, {0, (f /. r → L)}},

ImageSize → 500,

ColorFunctionScaling → False,

ColorFunction → ColorData[{"TemperatureMap", {0, (f /. r → L)}}],

AxesLabel → {"x", "y", "U"},

ViewPoint → {0.623, -2.678, 0.896},

Boxed → True, Axes → True

]

}}],

{t, 0, 0.18, .001}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → Table[.05, {Length[tab]}]]

Figure 3.165: Code used for animation
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3.2.2.3 [260] no θ dependency

problem number 260

Added June 1, 2019

Solve the heat equation in polar coordinates for u(r, t)

ut = k(urr +
1
r
ur)

For 0 < r < L and t > 0. The boundary conditions are Newton Law of cooling, where h > 0

Lu(L, t) = −hu(L, t)

Initial condition is u(r, 0) = f(r).

Lur = −hu

ut = urr +
1
rur

r

Solve for u(r, t)

u(r, 0) = f(r)

0 < r < L, t > 0

L

boundary conditions.
Newton’s law of cooling

(initial conditions)

(0 degree outside)

Figure 3.166: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[r, t], t] == k*(D[u[r, t], {r, 2}] + 1/r*D[u[r, t], r]);
ic = u[r, 0] == f[r];
bc = L*Derivative[1,0][u][L, t] == -h*u[L,t];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[r, t], {r, t}, Assumptions->{r<L,L>0,k>0,t>0,h>0}], 60*10]];� �

u(r, t) → {

∞∑
K[1]=1

√
2e−ktK[2,K[1]]2 BesselJ(0,rK[2,K[1]])

(∫ L
0

√
2rBesselJ(0,rK[2,K[1]])f(r)K[2,K[1]]

BesselJ(0,LK[2,K[1]])
√
h2+L2K[2,K[1]]2

dr

)
K[2,K[1]]

LBesselJ(0,LK[2,K[1]])
√

h2
L2+K[2,K[1]]2

hBesselJ(0, LK[2, K[1]]) = LBesselJ(1, LK[2, K[1]])K[2, K[1]] ∧K[1] ∈ Z ∧K[1] ≥ 1 ∧K[2, K[1]] > 0

Indeterminate True




Maple 3� �
restart;
pde := diff(u(r,t),t)= k*(diff(u(r,t),r$2)+ 1/r*diff(u(r,t),r));
ic := u(r,0)=f(r);
bc := L*D[1](u)(L,t)=-h*u(L,t);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(r,t)) assuming k>0,r>0,L>0,r<L,t>0,h>0 ),output='realtime'));� �

u(r, t) =
2
(

∞∑
n=0

∫ L
0 (ln(L)f(L)h−h ln(r)f(L)+f(L)−f(r)) BesselJ

(
0,λnr

L

)
rdrBesselJ

(
0,λnr

L

)(
sinh

(
kλ2nt
L2

)
−cosh

(
kλ2nt
L2

))
BesselJ(0,λn)2+BesselJ(1,λn)2

)
+ L2(h ln (L)− ln (r)h+ 1) f(L)

L2 where{−BesselJ (0, λn)h+ BesselJ (1, λn)λn = 0 ∧ −∞ ≤ λn ≤ ∞}
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3.2.2.4 [261] no θ dependency

problem number 261

Taken from Mathematica DSolve help pages

Solve the heat equation in polar coordinates for u(r, t)

∂u

∂t
= ∂2u

∂r2
+ 1
r

∂u

∂r

For 0 < r < 1 and t > 0. The boundary conditions are

u(1, t) = 0

Initial condition is u(r, 0) = 1− r.

u = 0

ut = urr +
1
rur

r

Solve for u(r, t)

u(r, 0) = 1− r

0 < r < 1, t > 0

1

Figure 3.167: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[r, t], t] == D[u[r, t], {r, 2}] + (1*D[u[r, t], r])/r;
ic = u[r, 0] == 1 - r;
bc = u[1, t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[r, t], {r, t}], 60*10]];
sol = sol /. K[1] -> n;� �
{{

u(r, t) →
∞∑
n=1

e−t(j0,n)2πBesselJ (0, rj0,n) (BesselJ (1, j0,n)HHH0(j0,n)− BesselJ (0, j0,n)HHH1(j0,n))
BesselJ (1, j0,n) 2 (j0,n) 2

}}

Maple 3� �
restart;
pde := diff(u(r,t),t)= diff(u(r,t),r$2)+ 1/r*diff(u(r,t),r);
ic := u(r,0)=1-r;
bc := u(1,t) =0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(r,t),HINT =boundedseries(r=0))),output='realtime'));� �

u(r, t) = −π

(
∞∑
n=1

BesselJ (0, λnr) (BesselJ (1, λn) StruveH (0, λn)− BesselJ (0, λn) StruveH (1, λn)) (sinh (λ2nt)− cosh (λ2nt))(
BesselJ (0, λn)2 + BesselJ (1, λn)2

)
λ2n

)
where{λn = BesselJZeros (0, n) ∧ 0 < λn}
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3.2.2.5 [262] Haberman 8.3.5 (General solution)

problem number 262

Added Nov 24, 2018.

Problem 8.3.5 from Richard Haberman applied partial differential equations book, 5th edition

Solve for u(r, t)
ut = k(urr + 1/rur) + f(r, t)

Inside the circle (r < a) with u = 0 at r = a and initially u = 0.

One of the problems here, is how to tell CAS the implicit condition when solving this which
is that u(0, t) <∞.

u = 0

ut = k(urr + 1
r
ur) + f(r, t)

r

Solve for u(r, t)

u(r, 0) = 0

0 < r < a, t > 0

a

Figure 3.168: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[r, t], t] == k*(D[u[r, t], {r, 2}] + D[u[r, t], r]/r) + f[r, t];
ic = u[r, 0] == 0;
bc = u[a, t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[r, t], {r, t}, Assumptions -> r < a], 60*10]];� �



u(r, t) →

∞∑
K[1]=1

√
2BesselJ

(
0, rj0,K[1]

a

) ∫ t

0 e
−
k
(
j0,K[1]

)2(t−K[2])

a2 Integrate
[√

2rBesselJ
(
0,
rj0,K[1]

a

)
f(r,K[2])

aBesselJ
(
1,j0,K[1]

) , {r, 0, a},Assumptions → a ≥ 0 ∧ r < a

]
dK[2]

aBesselJ
(
1, j0,K[1]

)



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Maple 3� �
restart;
pde := diff(u(r,t),t)= k*(diff(u(r,t),r$2)+ 1/r*diff(u(r,t),r)) + f(r,t);
ic := u(r,0)=0;
bc := u(a,t) =0;
#do not use HINT=boundedseries below, Maple will not solve it then
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(r,t)) assuming r<a),output='realtime'));� �

u(r, t) = −

∫ 0

r−a

L−1

L
(
−f(τ+a,t)

k
, t, s

)
BesselJ

(
0,
√

− s
k
(r − τ)

)
BesselJ

(
0,
√

− s
k
a
) , s, t

 dτ


Hand solution

Since this problem has homogeneous B.C. but has time dependent source (i.e. non-homogenous
in the PDE itself), then we will use the method of eigenfunction expansion. In this method,
we first find the eigenfunctions φn(x) of the associated homogenous PDE without the source
being present. Then use these φn(x) to expand the source f(x, t) as generalized Fourier
series. We now switch to the associated homogenous PDE in order to find the eigenfunctions.
u ≡ u(r, t). There is no θ. Hence

∂u(r, t)
∂t

= k

(
∂2u

∂r2
+ 1
r

∂u

∂r

)
(1)

u(a, t) = 0
|u(0, t)| <∞
u(r, 0) = 0

We need to solve the above in order to find the eigenfunctions φn(r). Let u = R(r)T (t).
Substituting this back into (1) gives

T ′R = k

(
R′′T + 1

r
R′T

)
Dividing by RT

1
k

T ′

T
= R′′

R
+ 1
r

R′

R
= −λ

Where λ is the separation constant. The above gives

T ′ + kλT = 0

And
rR′′ +R′ + λrR = 0

This is a singular Sturm-Liouville ODE. Standard form is

(rR′)′ = −λrR

Hence

p = r

q = 0
σ = r

The ODE rR′′ +R′ + λrR = 0 is Bessel ODE whose solution is

R(r) = C1 BesselJ
(
0,
√
λr
)
+ C2 BesselY

(
0,
√
λr
)

Since BesselY
(
0,
√
λr
)
blows up at r = 0, then C2 = 0 and the solution becomes

R(r) = C1 BesselJ
(
0,
√
λr
)
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At r = a the above becomes 0 = C1 BesselJ
(
0,
√
λa
)
. Non trivial solution requires that

√
λa are the zeros of BesselJ (0, x). Let the zeros be called Λn, n = 1, 2, 3, · · · . Therefore√
λna = Λn or

λn =
(
Λn

a

)2

n = 1, 2, 3, · · ·

The corresponding eigenfunctions are Rn(r) = BesselJ
(
0, Λn

a
r
)
. Now that the eigenfunctions

for the homogeneous PDE are found, eigenfunction expansion is used to find the general
solution. Let

u(r, t) =
∞∑
n=1

an(t) BesselJ
(
0, Λn

a
r

)
(2)

Where an(t) is function of time since it includes the time solution in it. Substituting the
above back into the original nonhomogeneous PDE

ut = k∇2u+ f(r, t) (3)

= k

(
∂2u

∂r2
+ 1
r

∂u

∂r

)
+ f(r, t)

Where∇2u = −λru. Substituting (2) into (3), and using f(r, t) =
∑∞

n=1 bn(t) BesselJ
(
0, Λn

a
r
)

gives

∞∑
n=1

a′n(t) BesselJ
(
0, Λn

a
r

)
= kan(t)

( ∞∑
n=1

BesselJ′′
(
0, Λn

a
r

)
+ 1

r
BesselJ′

(
0, Λn

a
r

))
+

∞∑
n=1

bn(t) BesselJ
(
0, Λn

a
r

)

But
∑∞

n=1 BesselJ
′′ (0, Λn

a
r
)
+ 1

r
BesselJ′ (0, Λn

a
r
)
= −λn BesselJ

(
0, Λn

a
r
)
. The above becomes

∞∑
n=1

a′n(t) BesselJ
(
0, Λn

a
r

)
= −kan(t)

∞∑
n=1

(
Λn

a

)2
BesselJ

(
0, Λn

a
r

)
+

∞∑
n=1

bn(t) BesselJ
(
0, Λn

a
r

)
∞∑
n=1

(
a′n(t) + k

(
Λn

a

)2
an(t)

)
BesselJ

(
0, Λn

a
r

)
=

∞∑
n=1

bn(t) BesselJ
(
0, Λn

a
r

)

The above simplifies to

a′n(t) + k

(
Λn

a

)2

an(t) = bn(t)

The solution is

an(t) = e
−k
(

Λn
a

)2
t
∫ t

0
bn(τ) ek

(
Λn
a

)2
τ
dτ + an(0) e−k

(
Λn
a

)2
t

Hence the solution (2) becomes

u(r, t) =
∞∑
n=1

(
e
−k
(

Λn
a

)2
t

(∫ t

0
bn(τ) ek

(
Λn
a

)2
τ
dτ

)
+ an(0) e−k

(
Λn
a

)2
t

)
BesselJ

(
0, Λn

a
r

)
To find an(0), putting t = 0 in the above gives

0 =
∞∑
n=1

an(0) BesselJ
(
0, Λn

a
r

)
Hence an(0) = 0. Therefore an(t) becomes.

an(t) = e
−k
(

Λn
a

)2
t
∫ t

0
bn(τ) ek

(
Λn
a

)2
τ
dτ

Hence the solution from (2) now becomes

u(r, t) =
∞∑
n=1

(
e
−k
(

Λn
a

)2
t
∫ t

0
bn(τ) ek

(
Λn
a

)2
τ
dτ

)
BesselJ

(
0, Λn

a
r

)
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And finally, to find bn(t), which is the generalized Fourier coefficient of the expansion of the
source in (3) above, orthogonality is used as follows∫ a

0
f(r, t) BesselJ

(
0, Λn

a
r

)
rdr = bn(t)

∫ a

0
BesselJ2

(
0, Λn

a
r

)
rdr

bn(t) =
∫ a

0 f(r, t) BesselJ
(
0, Λn

a
r
)
rdr∫ a

0 BesselJ2
(
0, Λn

a
r
)
rdr

Summary of solution

u(r, t) =
∞∑
n=1

an(t) BesselJ
(
0, Λn

a
r

)
=

∞∑
n=1

(∫ t

0
bn(τ) ek

(
Λn
a

)2
τ
dτ

)
e
−k
(

Λn
a

)2
t BesselJ

(
0, Λn

a
r

)
Where

bn(t) =
∫ a

0 f(r, t) BesselJ
(
0, Λn

a
r
)
rdr∫ a

0 BesselJ2
(
0, Λn

a
r
)
rdr

3.2.2.6 [263] Specific example of the above

problem number 263

Added June 16,2019

Problem 8.3.5 from Richard Haberman applied partial differential equations book, 5th edition,
but added specific values for parameters in order to do animations

Solve for u(r, t)
ut = k(urr + 1/rur) + f(r, t)

Inside the circle (r < a) with u = 0 at r = a and initially u = 0. Let k = 1
100 , a = 2. Let

f(r, t) = sin(t)

u = 0

ut = k(urr + 1
r
ur) + sin(t)

r

Solve for u(r, t)

u(r, 0) = 0

0 < r < a, t > 0

a = 2

Where k = 1
100

Figure 3.169: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
a=2;
k=1/100;
f=Sin[t];

pde = D[u[r, t], t] == k*(D[u[r, t], {r, 2}] + D[u[r, t], r]/r) + f;
ic = u[r, 0] == 0;
bc = u[a, t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[r, t], {r, t}, Assumptions -> r < a], 60*10]];� �

u(r, t) →

∞∑
K[1]=1

800BesselJ
(
0, 12rj0,K[1]

) (
sin(t)

(
j0,K[1]

) 2 + 400
(
e−

1
400 t

(
j0,K[1]

)2 − cos(t)
))

BesselJ
(
1, j0,K[1]

)
j0,K[1]

((
j0,K[1]

)
4 + 160000

)



Maple 3� �
restart;
a:=2;
k:=1/100;
f:=sin(t);
pde := diff(u(r,t),t)= k*(diff(u(r,t),r$2)+ 1/r*diff(u(r,t),r)) + f;
ic := u(r,0)=0;
bc := u(a,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(r,t)) assuming r<a),output='realtime'));� �

u(r, t) = −

(∫ 0

r−2
L−1

(
L(−100 sin (t) , t, s) BesselJ

(
0, 10

√
−s (r − τ)

)
BesselJ

(
0, 20

√
−s
) , s, t

)
dτ

)
Hand solution

The basic solution for this type of PDE was already given in problem 3.2.2.5 on page 492 as

u(r, t) =
∞∑
n=1

an(t) BesselJ
(
0, Λn

a
r

)
=

∞∑
n=1

(∫ t

0
bn(τ) ek

(
Λn
a

)2
τ
dτ

)
e
−k
(

Λn
a

)2
t BesselJ

(
0, Λn

a
r

)
Where

bn(t) =
∫ a

0 f(r, t) BesselJ
(
0, Λn

a
r
)
rdr∫ a

0 BesselJ2
(
0, Λn

a
r
)
rdr

Where Λn are the nth zeros of BesselJ (0, x). In this problem

a = 2

k = 1
100

f(r, t) = sin (t)

This is animation of the above solution using these specific values for for 50 seconds. (Ani-
mation will only show in the HTML version)
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Out[ ]=

time 798

time = 39.850
Current temperature in the middle of disk is 1.384 degrees

Initial temperature u = 0

Figure 3.170: Initial state

Source code used for the above

In[ ]:= ClearAll[r, u, t, lam, mySol]

a = 2;

k = 1/ 100;

f = Sin[t];

maxTime = 30;

numberOfTerms = 20;

z = N@Table[ BesselJZero[0, n], {n, 1, numberOfTerms}]; (*zeros Of BesselJ0*)

bn = Table
Integratef BesselJ0, z〚n〛

a
r r, {r, 0, a}

Integrate BesselJ0, z〚n〛

a
r2 r, {r, 0, a}

, {n, 1, numberOfTerms};

mySol[r_, t_] = Chop@SumIntegrate(bn〚n〛 /. t → s) Exp k 
z〚n〛

a

2
s, {s, 0, t} Exp- k 

z〚n〛

a

2
t BesselJ0,

z〚n〛

a
r, {n, 1, numberOfTerms};

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

Figure 3.171: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 3}]}]},

{Row[{"Current temperature in the middle of disk is ", padIt2[mySol[0, t], {4, 3}], " degrees"}]},

{Row[{"Initial temperature u = 0"}]},

{ParametricPlot3D[{r Cos[θ], r Sin[θ], Evaluate[mySol[r, t]]}, {r, 0, a}, {θ, -Pi, Pi},

BaseStyle → 15,

ImageMargins → 3,

Mesh → 25,

PerformanceGoal → "Speed",

BoxRatios → {1, 1, 0.4},

PlotRange → {Automatic, Automatic, {-1, 2}},

ImageSize → 500,

ColorFunctionScaling → False,

ColorFunction → ColorData[{"TemperatureMap", {0, 1}}],

AxesLabel → {"x", "y", "U"},

ViewPoint → {0.796 , -2.725 , 0.5471},

Boxed → True, Axes → True

]

}}],

{t, 0, 50, .05}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → Table[.05, {Length[tab]}]]

Figure 3.172: Code used for animation
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3.2.2.7 [264] Specific example of the above

problem number 264

Added June 16,2019

Problem 8.3.5 from Richard Haberman applied partial differential equations book, 5th edition,
but added specific values for the parameters in order to do animations

Solve for u(r, t)
ut = k(urr + 1/rur) + f(r, t)

Inside the circle (r < a) with u = 0 at r = a and initially u = 0. Let k = 1
100 , a = 2. Let

f(r, t) = rte−t

u = 0

ut = k(urr + 1
r
ur) + rte−t

r

Solve for u(r, t)

u(r, 0) = 0

0 < r < a, t > 0

a = 2

Where k = 1
100

Figure 3.173: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
a=2;
k=1/100;
f=r*t*Exp[-t];

pde = D[u[r, t], t] == k*(D[u[r, t], {r, 2}] + D[u[r, t], r]/r) + f;
ic = u[r, 0] == 0;
bc = u[a, t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[r, t], {r, t}, Assumptions -> r < a], 60*10]];� �

u(r, t) →

∞∑
K[1]=1

−
1600BesselJ

(
0, 12rj0,K[1]

) (
e−t
(
400(t+ 1)− t

(
j0,K[1]

) 2)− 400e− 1
400 t

(
j0,K[1]

)2)
1F2
(3
2 ; 1,

5
2 ;−

1
4

(
j0,K[1]

) 2)
3BesselJ

(
1, j0,K[1]

)
2
((
j0,K[1]

)
2 − 400

)
2



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Maple 3� �
restart;
a:=2;
k:=1/100;
f:=r*t*exp(-t);
pde := diff(u(r,t),t)= k*(diff(u(r,t),r$2)+ 1/r*diff(u(r,t),r)) + f;
ic := u(r,0)=0;
bc := u(a,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(r,t)) assuming r<a),output='realtime'));� �

u(r, t) = −

(∫ 0

−2+r

L−1

(
L(−100(τ + 2) t e−t, t, s) BesselJ

(
0, 10

√
−s (r − τ)

)
BesselJ

(
0, 20

√
−s
) , s, t

)
dτ

)
Hand solution

The basic solution for this type of PDE was already given in problem 3.2.2.5 on page 492 as

u(r, t) =
∞∑
n=1

an(t) BesselJ
(
0, Λn

a
r

)
=

∞∑
n=1

(∫ t

0
bn(τ) ek

(
Λn
a

)2
τ
dτ

)
e
−k
(

Λn
a

)2
t BesselJ

(
0, Λn

a
r

)
Where

bn(t) =
∫ a

0 f(r, t) BesselJ
(
0, Λn

a
r
)
rdr∫ a

0 BesselJ2
(
0, Λn

a
r
)
rdr

Where Λn are the nth zeros of BesselJ (0, x). In this problem

a = 2

k = 1
100

f(r, t) = rte−t

This is animation of the above solution using these specific values for for 100 seconds.
(Animation will only show in the HTML version)

Out[ ]=

time 201

time = 10.000
Current temperature in the middle of disk is 0.499 degrees

Initial temperature u = 0

Figure 3.174: Initial state

Source code used for the above
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In[ ]:= ClearAll[r, u, t, lam, mySol]

a = 2;

k = 1/ 100;

f = r* t* Exp[-t];

maxTime = 30;

numberOfTerms = 10;

z = N@Table[ BesselJZero[0, n], {n, 1, numberOfTerms}]; (*zeros Of BesselJ0*)

bn = Table
Integratef BesselJ0, z〚n〛

a
r r, {r, 0, a}

Integrate BesselJ0, z〚n〛

a
r2 r, {r, 0, a}

, {n, 1, numberOfTerms};

mySol[r_, t_] = Chop@SumIntegrate(bn〚n〛 /. t → s) Exp k 
z〚n〛

a

2
s, {s, 0, t} Exp- k 

z〚n〛

a

2
t BesselJ0,

z〚n〛

a
r, {n, 1, numberOfTerms};

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

Figure 3.175: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 3}]}]},

{Row[{"Current temperature in the middle of disk is ", padIt2[mySol[0, t], {4, 3}], " degrees"}]},

{Row[{"Initial temperature u = 0"}]},

{ParametricPlot3D[{r Cos[θ], r Sin[θ], Evaluate[mySol[r, t]]}, {r, 0, a}, {θ, -Pi, Pi},

BaseStyle → 15,

ImageMargins → 3,

Mesh → 25,

PerformanceGoal → "Speed",

BoxRatios → {1, 1, 0.4},

PlotRange → {Automatic, Automatic, {0, 2}},

ImageSize → 500,

ColorFunctionScaling → False,

ColorFunction → ColorData[{"TemperatureMap", {0, 1}}],

AxesLabel → {"x", "y", "U"},

ViewPoint → {0.796 , -2.725 , 0.5471},

Boxed → True, Axes → True

]

}}],

{t, 0, 110, .05}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

Export["anim.gif", tab, "DisplayDurations" → Table[.01, {Length[tab]}]]

Figure 3.176: Code used for animation

3.2.2.8 [265] Articolo 6.9.1

problem number 265

Added December 20, 2018.

Example 6.9.1 from Partial differential equations and boundary value problems with Maple/-
George A. Articolo, 2nd ed :

We seek the temperature distribution u(r, θ, t) in a thin circular plate over the two-dimensional
domain D = {(r, θ)|0 < r < 1, 0 < θ < π

2}.

The lateral surfaces of the plate are insulated. The edges r = 1 and θ = 0 are at a fixed
temperature of 0, and the edge θ = π

2 is insulated. The initial temperature distribution
u(r, θ, 0) = f(r, θ) is u(r, θ, 0) = (r − r3) sin(θ).

The thermal diffusivity is k = 1
50 .

Solve for u(r, θ, t) the heat PDE

ut = k

(
urr +

1
r
ur +

1
r2
uθθ

)
With boundary conditions

|u(0, θ, t)| <∞
u(1, θ, t) = 0
u(r, 0, t) = 0

∂u

∂θ
(1, π2 , t) = 0
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u(1, θ, t) = 0

ut =
1
50

(urr +
1
r
ur +

1
r2
uθθ)

Solve for u(r, θ, t)

I.C. u(r, θ, 0) = (r − r3) sin θ

0 < r < 1, 0 < θ < π
2
, t > 0

1
u(r, 0, t) = 0

∂u
∂θ

(r, π
2
, t) = 0 r

θ

Figure 3.177: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
k = 1/50;
pde = D[u[r, theta, t], t] == k*(D[u[r, theta, t], {r, 2}] + D[u[r, theta, t], r]/r + (1*D[u[r, theta, t], {theta, 2}])/r^2);
bcOnR = u[1, theta, t] == 0;
bcOnTheta = {u[r, 0, t] == 0, Derivative[0, 1, 0][u][r, Pi/2, t] == 0};

ic = u[r, theta, 0] == (r - (1*r^3)/3)*Sin[theta];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bcOnR, bcOnTheta, ic}, u[r, theta, t], {r, theta, t},Assumptions -> t > 0], 60*10]];� �

u(r, θ, t) → {

∞∑
K[3]=1

4e−
1
50 t

(
j1,K[3]

)2
BesselJ

(
1,rj1,K[3]

)(
BesselJ

(
3,j1,K[3]

)
+BesselJ

(
2,j1,K[3]

)
j1,K[3]

)
sin(θ)

3BesselJ
(
0,j1,K[3]

)
2
(
j1,K[3]

)
2 (K[1]|K[3]) ∈ Z ∧K[1] ≥ 1 ∧K[3] ≥ 1

Indeterminate True




Maple 7� �
restart;
k:=1/50;
pde := diff(u(r, theta, t), t) = k*( diff(u(r, theta, t), r$2) + 1/r* diff(u(r, theta, t), r) + 1/r^2 * diff(u(r ,theta, t), theta$2) );
bc_on_r:= u(1,theta,t)=0;
bc_on_theta:= u(r,0,t)=0, eval(diff(u(r,theta,t),theta),theta=Pi/2)=0;
ic := u(r,theta,0)=(r-1/3*r^3)*sin(theta);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc_on_r, bc_on_theta, ic], u(r, theta, t),HINT = boundedseries(r = [0])) assuming r<a,t>0),output='realtime'));� �
sol=()

3.2.2.9 [266] Articolo 6.9.2

problem number 266

Added December 20, 2018.

Example 6.9.2 from Partial differential equations and boundary value problems with Maple/-
George A. Articolo, 2nd ed :

We seek the temperature distribution in a thin circular plate over the two-dimensional domain
D = {(r, θ)|0 < r < 1, 0 < θ < π}. The lateral surfaces of the plate are insulated. The sides
θ = 0 and θ = π are at a fixed temperature of 0, and the edge r = 1 is insulated. The initial
temperature distribution is u(r, θ, 0) =

(
r − r3

3

)
sin θ.

The thermal diffusivity is k = 1
25 . Solve for u(r, θ, t) the heat PDE

ut = k

(
urr +

1
r
ur +

1
r2
uθθ

)
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With boundary conditions

|u(0, θ, t) <∞
u(1, θ, t) = 0
u(r, 0, t) = 0
u(r, π, t)0

∂u
∂r

(1, θ, t) = 0

ut =
1
25

(urr +
1
r
ur +

1
r2
uθθ)

Solve for u(r, θ, t)

I.C. u(r, θ, 0) = (r − r3

3
) sin θ

0 < r < 1, 0 < θ < π, t > 0

1
u(r, 0, t) = 0

r
θ

u(r, π, t) = 0

Figure 3.178: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
k = 1/25;
pde = D[u[r, theta, t], t] == k*(D[u[r, theta, t], {r, 2}] + D[u[r, theta, t], r]/r + (1*D[u[r, theta, t], {theta, 2}])/r^2);
bcOnR = Derivative[1, 0, 0][u][1, theta, t] == 0;
bcOnTheta = {u[r, 0, t] == 0, u[r, Pi, t] == 0};

ic = u[r, theta, 0] == (r - (1*r^3)/3)*Sin[theta];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bcOnR, bcOnTheta, ic}, u[r, theta, t], {r, theta, t}], 60*10]];� �

u(r, θ, t) → {

∞∑
K[3]=1

4e−
1
25 tK[2,1,K[3]]2 BesselJ(1,rK[2,1,K[3]])(BesselJ(3,K[2,1,K[3]])+BesselJ(2,K[2,1,K[3]])K[2,1,K[3]]) sin(θ)

3K[2,1,K[3]]((BesselJ(0,K[2,1,K[3]])2+BesselJ(1,K[2,1,K[3]])2)K[2,1,K[3]]−2BesselJ(0,K[2,1,K[3]]) BesselJ(1,K[2,1,K[3]])) (K[1]|K[3]) ∈ Z ∧ BesselJ(K[1]− 1, K[2, K[1], K[3]]) = BesselJ(K[1] + 1, K[2, K[1], K[3]]) ∧K[1] ≥ 1 ∧K[3] ≥ 1 ∧K[2, 1, K[3]] > 0 ∧K[2, K[1], K[3]] > 0

Indeterminate True




Maple 3� �
restart;
k:=1/25;
pde := diff(u(r, theta, t), t) = k*( diff(u(r, theta, t), r$2) + 1/r* diff(u(r, theta, t), r) + 1/r^2 * diff(u(r, theta, t), theta$2) );
bc_on_r:= eval(diff(u(r,theta,t),r),r=1)=0;
bc_on_theta:= u(r,0,t)=0, u(r,Pi,t)=0;
ic := u(r,theta,0)=(r-1/3*r^3)*sin(theta);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc_on_r, bc_on_theta, ic], u(r, theta, t),HINT = boundedseries(r = [0]))),output='realtime'));� �

u(r, θ, t) =
4
(

∞∑
n=0

BesselJ(1,λnr) sin(θ)e−
λ2nt
25
(
−BesselJ(0,λn)λ3

n+BesselJ(1,λn)λ2
n−4λn BesselJ(0,λn)+8BesselJ(1,λn)

)
λ3
n

(
BesselJ(0,λn)2λn+BesselJ(1,λn)2λn−2BesselJ(0,λn) BesselJ(1,λn)

)
)

3 where{BesselJ (1, λn)− λn BesselJ (0, λn) = 0 ∧ 0 < λn}
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3.2.2.10 [267] Haberman 8.2.5 with θ dependency (General case)

problem number 267

Added Feb 24, 2019.

Problem 8.2.5 from from Richard Haberman applied partial differential equations book, 5th
edition.

Solve the initial value problem for a two-dimensional heat equation inside a circle (of radius
a) ut = k∇2u with time-independent boundary conditions:

u(a, θ, t) = g(θ)

And initial conditions u(r, θ, 0) = f(r, θ). There is an implied periodic boundary conditions
on θ

u(r,−π, t) = u(r, π, t)
∂u

∂θ
(r,−π, t) = ∂u

∂θ
(r, π, t)

u(a, θ, t) = g(θ)

ut = k(urr +
1
r
ur +

1
r2
uθθ)

Solve for u(r, θ, t)

I.C. u(r, θ, 0) = f(r, θ)

0 < r < a, 0 < θ < 2π, t > 0

r
θ a

(boundary conditions)

Figure 3.179: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[r, theta, t], t] == k*(D[u[r, theta, t], {r, 2}] + D[u[r, theta, t], r]/r + D[u[r, theta, t], {theta, 2}]/r^2);
bcOnR = u[a, theta, t] == g[theta];
bcOnTheta = {u[r, -Pi, t] == u[r, Pi, t], Derivative[0, 1, 0][u][r, -Pi, t] == Derivative[0, 1, 0][u][r, Pi, t]};
ic = u[r, theta, 0] == f[r, theta];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bcOnR, bcOnTheta, ic}, u[r, theta, t], {r, theta, t}, Assumptions -> {a > 0, r<a, k > 0,t>0}], 60*10]];� �


u(r, θ, t) →
 {

∞∑
K[3]=1

e
−
kt
(
j0,K[3]

)2
a2 BesselJ

(
0,
rj0,K[3]

a

)∫ a
0
∫ π
−π rBesselJ

(
0,
rj0,K[3]

a

)(
2πf(r,θ)−Integrate[g(θ),{θ,−π,π},Assumptions→a>0∧k>0∧t>0∧r<a]−2π

∞∑
K[1]=1

a−K[1]rK[1](cos(θK[1])Integrate[cos(θK[1])g(θ),{θ,−π,π},Assumptions→a>0∧k>0∧t>0∧r<a]+Integrate[g(θ) sin(θK[1]),{θ,−π,π},Assumptions→a>0∧k>0∧t>0∧r<a] sin(θK[1]))
π

)
dθdr

2a2π2 BesselJ
(
1,j0,K[3]

)
2 +

∞∑
K[3]=1

 ∞∑
K[1]=1

e−
kt
(
jK[1],K[3]

)2
a2

BesselJ
(
K[1],

rjK[1],K[3]
a

)
cos(θK[1])

∫ a
0
∫ π
−π rBesselJ

(
K[1],

rjK[1],K[3]
a

)
cos(θK[1])

(
2πf(r,θ)−Integrate[g(θ),{θ,−π,π},Assumptions→a>0∧k>0∧t>0∧r<a]−2π

∞∑
K[1]=1

a−K[1]rK[1](cos(θK[1])Integrate[cos(θK[1])g(θ),{θ,−π,π},Assumptions→a>0∧k>0∧t>0∧r<a]+Integrate[g(θ) sin(θK[1]),{θ,−π,π},Assumptions→a>0∧k>0∧t>0∧r<a] sin(θK[1]))
π

)
dθdr

a2π2 BesselJ
(
K[1]−1,jK[1],K[3]

)
2 +

BesselJ
(
K[1],

rjK[1],K[3]
a

)(∫ a
0
∫ π
−π rBesselJ

(
K[1],

rjK[1],K[3]
a

)
sin(θK[1])

(
2πf(r,θ)−Integrate[g(θ),{θ,−π,π},Assumptions→a>0∧k>0∧t>0∧r<a]−2π

∞∑
K[1]=1

a−K[1]rK[1](cos(θK[1])Integrate[cos(θK[1])g(θ),{θ,−π,π},Assumptions→a>0∧k>0∧t>0∧r<a]+Integrate[g(θ) sin(θK[1]),{θ,−π,π},Assumptions→a>0∧k>0∧t>0∧r<a] sin(θK[1]))
π

)
dθdr

)
sin(θK[1])

a2π2 BesselJ
(
K[1]−1,jK[1],K[3]

)
2


 (K[1]|K[3]) ∈ Z ∧K[1] ≥ 1 ∧K[3] ≥ 1

Indeterminate True

+
∞∑

K[1]=1

a−K[1]rK[1]
(
cos(θK[1])

∫ π

−π
cos(θK[1])g(θ) dθ +

(∫ π

−π
g(θ) sin(θK[1]) dθ

)
sin(θK[1])

)
π

+
∫ π

−π
g(θ) dθ
2π




Maple 7� �
restart;
pde := diff(u(r,theta,t),t)=k*(diff(u(r,theta,t),r$2) + 1/r*diff(u(r,theta,t),r)+1/r^2*diff(u(r,theta,t),theta$2));
bcOnR:= u(a,theta,t)=g(theta);
bcOnTheta:= u(r,-Pi,t)=u(r,Pi,t),eval(diff(u(r,theta,t),theta),theta=-Pi)=eval(diff(u(r,theta,t),theta),theta=Pi);
ic := u(r,theta,0)=f(r,theta);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bcOnR,bcOnTheta, ic], u(r, theta, t), HINT = boundedseries(r = [0])) assuming a>0,r<a,k>0,t>0),output='realtime'));� �
sol=()
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Hand solution

Solve

∂u(r, θ, t)
∂t

= k

(
∂2u

∂r2
+ 1
r

∂u

∂r
+ 1
r2
∂2u

∂θ2

)
|u(0, θ, t)| <∞
u(a, θ, t) = g(θ)

u(r,−π, t) = u(r, π, t)
∂u

∂θ
(r,−π, t) = ∂u

∂θ
(r, π, t)

With initial conditions u(r, θ, 0) = f(r, θ).

Since the boundary conditions are not homogenous, and since there are no time dependent
sources, then in this case we look for uE(r, θ) which is solution at steady state which needs to

satisfy the nonhomogeneous B.C., where u(r, θ, t) =
transient︷ ︸︸ ︷
v(r, θ, t) +

steady state︷ ︸︸ ︷
uE(r, θ) and v(r, θ, t) solves

the PDE but with homogenous B.C. Therefore, we need to find equilibrium (steady state)
solution for Laplace PDE on disk, that only needs to satisfy the nonhomogeneous B.C.

∇2uE = 0
∂2uE
∂r2

+ 1
r

∂uE
∂r

+ 1
r2
∂2uE
∂θ2

= 0

With boundary condition

|uE(0, θ)| < θ

uE(a, θ) = g(θ)
uE(r,−π) = uE(r, π)

∂uE
∂θ

(r,−π) = ∂uE
∂θ

(r, π)

Let
uE(r, θ) = R(r)Θ(θ)

Where R(r) is the solution in radial dimension and Θ(θ) is solution in angular dimension.
Substituting uE(r, θ) in the PDE gives

R′′Θ+ 1
r
R′Θ+ 1

r2
Θ′′R = 0

Dividing by R(r) Φ(θ)

R′′

R
+ 1
r

R′

R
+ 1
r2

Θ′′

Θ = 0

r2
R′′

R
+ r

R′

R
= −Θ′′

Θ

Hence each side is equal to constant, say λ and we obtain

r2
R′′

R
+ r

R′

R
= λ

−Θ′′

Θ = λ

Or

r2R′′ + rR′ − λR = 0 (1)
Θ′′ + λΘ = 0 (2)
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We start with Φ ODE. The boundary conditions on (3) are

Θ(−π) = Θ(π)
∂Θ
∂θ

(−π) = ∂Θ
∂θ

(π)

case λ = 0 The solution is Φ = c1θ + c2. Hence we obtain, from first initial conditions

−πc1 + c2 = πc1 + c2

c1 = 0

Second boundary conditions just says that c2 = c2, so any constant will do. Hence λ = 0 is an eigenvalue
with constant being eigenfunction.

case λ > 0 The solution is

Θ(θ) = c1 cos
√
λθ + c2 sin

√
λθ

The first boundary conditions gives

c1 cos
(
−
√
λπ
)
+ c2 sin

(
−
√
λπ
)
= c1 cos

(√
λπ
)
+ c2 sin

(√
λπ
)

c1 cos
(√

λπ
)
− c2 sin

(√
λπ
)
= c1 cos

(√
λπ
)
+ c2 sin

(√
λπ
)

2c2 sin
(√

λπ
)
= 0 (3)

From second boundary conditions we obtain

Θ′(θ) = −
√
λc1 sin

√
λθ + c2

√
λ cos

√
λθ

Therefore

−
√
λc1 sin

(
−
√
λπ
)
+ c2

√
λ cos

(
−
√
λπ
)
= −

√
λc1 sin

(√
λπ
)
+ c2

√
λ cos

(√
λπ
)

√
λc1 sin

(√
λπ
)
+ c2

√
λ cos

(√
λπ
)
= −

√
λc1 sin

(√
λπ
)
+ c2

√
λ cos

(√
λπ
)

√
λc1 sin

(√
λπ
)
= −

√
λc1 sin

(√
λπ
)

2c1 sin
(√

λπ
)
= 0 (4)

Both (3) and (4) are satisfied if
√
λπ = nπ n = 1, 2, 3, · · ·
λ = n2 n = 1, 2, 3, · · ·

Therefore

Θn(θ) =
λ=0︷︸︸︷
A0 +

∞∑
n=1

An cos (nθ) +Bn sin (nθ) (5)

Now we go back to the R ODE (1) given by r2R′′+ rR′−λnR = 0 and solve it. This is Euler
ODE whose solution is found by substituting R(r) = rα. The solution comes out to be

Rn(r) = c0 +
∞∑
n=1

cnr
n (6)

Combining (5,6) we now find uE as

uEn(r, θ) = Rn(r)Θn(θ)

uE(r, θ) = A0 +
∞∑
n=1

rn(An cos (nθ) +Bn sin (nθ)) (7)
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Where c0 was combined with A0. Now the above equilibrium solution needs to satisfy the
non-homogenous B.C. uE(a, θ) = g(θ). Using orthogonality on (7) to find An, Bn gives

g(θ) = A0 +
∞∑
n=1

an(An cos (nθ) +Bn sin (nθ))

For n = 0 ∫ 2π

0
g(θ) dθ = A0

∫ 2π

0
dθ

A0 =
1
2π

∫ 2π

0
g(θ) dθ

For n > 0, applying orthogonality using cosine to find An gives∫ 2π

0
g(θ) cos (nθ) dθ = An

∫ 2π

0
cos2 (nθ) andθ

An = 1
π

∫ 2π

0
g(θ) cos (nθ) dθ

Similarly, applying orthogonality using sin to find Bn gives

Bn = 1
π

∫ 2π

0
g(θ) sin (nθ) dθ

Therefore, we have found uE(r, θ) completely now. It is given by (7)

uE(r, θ) = A0 +
∞∑
n=1

rn(An cos (nθ) +Bn sin (nθ)) (7A)

A0 =
1
2π

∫ 2π

0
g(θ) dθ

An = 1
π

∫ 2π

0
g(θ) cos (nθ) dθ

Bn = 1
π

∫ 2π

0
g(θ) sin (nθ) dθ

Now, since u(r, θ, t) = v(r, θ, t) + uE(r, θ), then we need to solve now for v(r, θ, t) with
homogeneous boundary conditions

vt(r, θ, t) = k

(
∂2v

∂r2
+ 1
r

∂v

∂r
+ 1
r2
∂2v

∂θ2

)
(8)

|v(0, θ, t)| < θ

v(a, θ, t) = 0
v(r,−π, t) = v(r, π, t)

∂v

∂θ
(r,−π, t) = ∂v

∂θ
(r, π, t)

Let v(r, θ, t) = R(r)Θ(θ)T (t). Substituting into (8) gives

T ′RΘ = k

(
R′′TΘ+ 1

r
R′TΘ+ 1

r2
Θ′′RT

)
Dividing by R(r)Θ(θ)T (t) 6= 0 gives

1
k

T ′

T
= R′′

R
+ 1
r

R′

R
+ 1
r2

Θ′′

Θ
Let first separation constant be −λ, hence the above becomes

1
k

T ′

T
= −λ

R′′

R
+ 1
r

R′

R
+ 1
r2

Θ′′

Θ = −λ
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Or

T ′ + λkT = 0

r2
R′′

R
+ r

R′

R
+ r2λ = −Θ′′

Θ
We now separate the second equation above using µ giving

r2
R′′

R
+ r

R′

R
+ r2λ = µ

−Θ′′

Θ = µ

Or

R′′ + 1
r
R′ +R

(
λ− µ

r2

)
= 0 (9)

Θ′′ + µΘ = 0 (10)

Equation (9) is Sturm-Liouville ODE with boundary conditions R(a) = 0 and bounded at
r = 0 and (10) has periodic boundary conditions as was solved above. The solution to (10)
is given in (5) above, no change for this part.

Θn(θ) =
λ=0︷︸︸︷
α0 +

∞∑
n=1

αn cos (nθ) + βn sin (nθ) (11)

Therefore (9) becomes R′′+ 1
r
R′+R

(
λ− n2

r2

)
= 0 with n = 0, 1, 2, · · · . We found the solution

to this Sturm-Liouville before, it is given by

Rnm(r) = Jn
(√

λnmr
)

n = 0, 1, 2, · · · ,m = 1, 2, 3, · · · (12)

Where
√
λnm = a

znm
where a is the radius of the disk and znm is the mth zero of the Bessel

function of order n. This is found numerically. We now just need to find the time solution
from T ′ + λnmkT = 0. For This has solution

Tnm(t) = e−kλnmt (13)

Now we combine (11,12,13) to find solution for v(r, θ, t), and combining constants gives

vnm(r, θ, t) = Θn(θ)Rnm(r)Tnm(t)

v(r, θ, t) = α0,1J0
(√

λ0,1r
)
+

∞∑
n=1

∞∑
m=1

Jn
(√

λnmr
)
e−kλnmt(αnm cos (nθ) + βnm sin (nθ))

=
∞∑
n=0

∞∑
m=1

Jn
(√

λnmr
)
(αnm cos (nθ) + βnm sin (nθ)) (14)

We now need to find α0, αnn, βnm, which are found from initial conditions on v(r, θ, 0) which
is given by

v(r, θ, 0) = u(r, θ, 0)− uE(r, θ)
= f(r, θ)− uE(r, θ)

Hence from (14), at t = 0

f(r, θ)− uE(r, θ) =
∞∑
n=0

∞∑
m=1

Jn
(√

λnmr
)
(αnm cos (nθ) + βnm sin (nθ)) (15)

For each n, inside the m sum, cos (nθ) and sin (nθ) will be constant. So we need to apply or-
thogonality twice in order to remove both sums. Multiplying (15) by cos (n′θ) and integrating
gives∫ π

−π

(f(r, θ)− uE(r, θ)) cos (n′θ) dθ =
∫ π

−π

∞∑
n=0

(
∞∑

m=1

αnnJn
(√

λnmr
))

cos (nθ) cos (n′θ) dθ

+
∫ π

−π

∞∑
n=1

(
∞∑

m=1

βnmJn
(√

λnmr
))

sin (nθ) cos (n′θ)
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The second sum in the RHS above goes to zero due to
∫ π

−π
sin (nθ) cos (n′θ) dθ and we end

up with ∫ π

−π

(f(r, θ)− uE(r, θ)) cos (nθ) dθ = αnn

∫ π

−π

cos2 (nθ)
∞∑

m=1

Jn
(√

λnmr
)
dθ

We now apply orthogonality again, but on Bessel functions and remembering to add the
weight r, the above becomes∫ a

0

∫ π

−π
(f(r, θ)− uE(r, θ)) cos (nθ) Jn

(√
λnm′r

)
rdθdr = αnn

∫ a

0

∫ π

−π
cos2 (nθ)

∞∑
m=1

Jn
(√

λnmr
)
Jn
(√

λnm′r
)
rdθdr

= αnn

∫ a

0

∫ π

−π
cos2 (nθ) J2

n

(√
λnm′r

)
rdθdr

Therefore

αnn =
∫ a

0

∫ π

−π
(f(r, θ)− uE(r, θ)) cos (nθ) Jn

(√
λnmr

)
rdθdr∫ a

0

∫ π

−π
cos2 (nθ) J2

n

(√
λnmr

)
rdθdr

n = 0, 1, 2, · · · ,m = 1, 2, 3, · · ·

We will repeat the same thing to find βnm. The only difference now is to use sinnθ. repeating
these steps gives

βnm =
∫ a

0

∫ π

−π
(f(r, θ)− uE(r, θ)) sin (nθ) Jn

(√
λnmr

)
rdθdr∫ a

0

∫ π

−π
sin2 (nθ) J2

n

(√
λnmr

)
rdθdr

n = 0, 1, 2, · · · ,m = 1, 2, 3, · · ·

This complete the solution.

Summary of solution

u(r, θ, t) = v(r, θ, t) + uE(r, θ)

= uE(r, θ) +
∞∑
n=0

∞∑
m=1

Jn
(√

λnmr
)
e−kλnmt(αnn cos (nθ) + βnm sin (nθ))

Where

uE(r, θ) = A0 +
∞∑
n=1

rn(An cos (nθ) +Bn sin (nθ))

A0 =
1
2π

∫ 2π

0
g(θ) dθ

An = 1
π

∫ 2π

0
g(θ) cos (nθ) dθ

Bn = 1
π

∫ 2π

0
g(θ) sin (nθ) dθ

And

αnn =
∫ a

0

∫ π

−π
(f(r, θ)− uE(r, θ)) cos (nθ) Jn

(√
λnmr

)
rdθdr∫ a

0

∫ π

−π
cos2 (nθ) J2

n

(√
λnmr

)
rdθdr

n = 0, 1, 2, · · · ,m = 1, 2, 3, · · ·

And

βnm =
∫ a

0

∫ π

−π
(f(r, θ)− uE(r, θ)) sin (nθ) Jn

(√
λnmr

)
rdθdr∫ a

0

∫ π

−π
sin2 (nθ) J2

n

(√
λnmr

)
rdθdr

n = 0, 1, 2, · · · ,m = 1, 2, 3, · · ·

Where
√
λnm = a

znm
where a is the radius of the disk and znm is the mth zero of the Bessel

function of order n.
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3.2.2.11 [268] With θ dependency (Specific example)

problem number 268

Added June 12, 2019

Solve the initial value problem for a two-dimensional heat equation inside a circle (of radius
a = 1) ut = k∇2u with k = 1 with time-independent boundary conditions:

u(1, θ, t) = 0

And initial conditions u(r, θ, 0) = 1− r2. There is an implied periodic boundary conditions
on θ

u(r,−π, t) = u(r, π, t)
∂u

∂θ
(r,−π, t) = ∂u

∂θ
(r, π, t)

u(1, θ, t) = 0

ut = k(urr +
1
r
ur +

1
r2
uθθ)

Solve for u(r, θ, t)

I.C. u(r, θ, 0) = 1− r2

0 < r < 1, 0 < θ < 2π, t > 0

r
θ 1

(boundary conditions)

Figure 3.180: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
k=1;
a=1;
pde = D[u[r, theta, t], t] == k*(D[u[r, theta, t], {r, 2}] + D[u[r, theta, t], r]/r + D[u[r, theta, t], {theta, 2}]/r^2);
bcOnR = u[a, theta, t] == 0;
bcOnTheta = {u[r, -Pi, t] == u[r, Pi, t], Derivative[0, 1, 0][u][r, -Pi, t] == Derivative[0, 1, 0][u][r, Pi, t]};
ic = u[r, theta, 0] == 1-r^2;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bcOnR, bcOnTheta, ic}, u[r, theta, t], {r, theta, t}], 60*10]];� �

u(r, θ, t) → {

∞∑
K[3]=1

4e−t
(
j0,K[3]

)2
BesselJ

(
0,rj0,K[3]

)
BesselJ

(
2,j0,K[3]

)
BesselJ

(
1,j0,K[3]

)
2
(
j0,K[3]

)
2 (K[1]|K[3]) ∈ Z ∧K[1] ≥ 1 ∧K[3] ≥ 1

Indeterminate True




Maple 7� �
restart;
a:=1;
k:=1;
pde := diff(u(r,theta,t),t)=k*(diff(u(r,theta,t),r$2) + 1/r*diff(u(r,theta,t),r)+1/r^2*diff(u(r,theta,t),theta$2));
bcOnR:= u(a,theta,t)=0;
bcOnTheta:= u(r,-Pi,t)=u(r,Pi,t),eval(diff(u(r,theta,t),theta),theta=-Pi)=eval(diff(u(r,theta,t),theta),theta=Pi);
ic := u(r,theta,0)=1-r^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bcOnR,bcOnTheta, ic], u(r, theta, t), HINT = boundedseries(r = [0]))),output='realtime'));� �
sol=()
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Hand solution

Solve

∂u(r, θ, t)
∂t

= k

(
∂2u

∂r2
+ 1
r

∂u

∂r
+ 1
r2
∂2u

∂θ2

)
|u(0, θ, t)| <∞
u(a, θ, t) = 0

u(r,−π, t) = u(r, π, t)
∂u

∂θ
(r,−π, t) = ∂u

∂θ
(r, π, t)

u(r, θ, 0) = 1− r2

With t > 0, 0 < r < a where a = 1, k = 1.

This problem was solved in problem 3.2.2.10 on page 503 (since B.C. is zero, we just need to
use v(r, θ, t) in the solution given in the above problem). Hence

u(r, θ, t) =
∞∑
n=0

∞∑
m=1

Jn
(√

λnmr
)
e−kλnmt(Anm cos (nθ) +Bnm sin (nθ))

Where

Anm =
∫ a

0

∫ π

−π
f(r, θ) cos (nθ) Jn

(√
λnmr

)
rdθdr∫ a

0

∫ π

−π
cos2 (nθ) J2

n

(√
λnmr

)
rdθdr

n = 0, 1, 2, · · · ,m = 1, 2, 3, · · ·

And

Bnm =
∫ a

0

∫ π

−π
f(r, θ) sin (nθ) Jn

(√
λnmr

)
rdθdr∫ a

0

∫ π

−π
sin2 (nθ) J2

n

(√
λnmr

)
rdθdr

n = 0, 1, 2, · · · ,m = 1, 2, 3, · · ·

Where
√
λnm = a

znm
and znm is the mth zero of the Bessel function of order n. where a is the

radius of the disk and znm is the mth zero of the Bessel function of order n. Since in this
problem k = 1, a = 1, f(r, θ) = 1− r2 then

u(r, θ, t) =
∞∑
n=0

∞∑
m=1

Jn
(√

λnmr
)
e
− t

z2nm (Anm cos (nθ) +Bnm sin (nθ))

Anm =

∫ 1
0

∫ π

−π
(1− r2) cos (nθ) Jn

(
r

znm

)
rdθdr∫ 1

0

∫ π

−π
cos2 (nθ) J2

n

(
r

znm

)
rdθdr

n = 0, 1, 2, · · · ,m = 1, 2, 3, · · ·

Bnm =

∫ 1
0

∫ π

−π
(1− r2) sin (nθ) Jn

(
r

znm

)
rdθdr∫ 1

0

∫ π

−π
sin2 (nθ) J2

n

(
r

znm

)
rdθdr

n = 0, 1, 2, · · · ,m = 1, 2, 3, · · ·

Where
√
λnm = a

znm
where a is the radius of the disk and znm is the mth zero of the Bessel

function of order n.

This is animation of the solution for 0.4 seconds. (Animation will only show in the HTML
version)
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Out[ ]=

Figure 3.181: Initial state

Source code used for the above

In[ ]:= ClearAll[a, c, n, m, r, theta, f, g, θ, t, f, n, lam0, A0, A, B, B0, lam];

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

a = 1;

k = 1; (*Thermal diffusivity m^2/second*)

maxN = 10;

maxM = 10;

f = (a - r^2);

A0[n_, m_] := A〚n + 1, m〛;

B0[n_, m_] := B〚n + 1, m〛;

lam0[n_, m_] := lam〚n + 1, m〛;

getEigenvalue[n_, m_] := Module[{x}, x = BesselJZero[n, m]; N[(x/ a)^2]];

lam = Table[getEigenvalue[n, m], {n, 0, maxN - 1}, {m, 1, maxM}];

A = Table
Integratef Cos[n θ] r BesselJn, r lam0[n, m] , {r, 0, a}, {θ, -Pi, Pi}

IntegrateCos[n θ]2 r BesselJn, r lam0[n, m] 
2
, {r, 0, a}, {θ, -Pi, Pi}

, {n, 0, maxN - 1}, {m, 1, maxM};

B = TableIfn ⩵ 0, 0,
Integratef Sin[n θ] r BesselJn, r lam0[n, m] , {r, 0, a}, {θ, -Pi, Pi}

IntegrateSin[n θ]2 r BesselJn, r lam0[n, m] 
2
, {r, 0, a}, {θ, -Pi, Pi}

, {n, 0, maxN - 1}, {m, 1, maxM};

u[r_, θ_, t_] := SumSum BesselJn, r lam0[n, m]  Exp[-k lam0[n, m] t] (A0[n, m] Cos[n θ] + B0[n, m] Sin[n θ]), {m, 1, maxM}, {n, 0, maxN - 1}

Figure 3.182: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 3}]}]},

{Row[{"Current temperature in the middle of disk is ", padIt2[u[0, 0, t], {4, 3}], " degrees"}]},

{Row[{"Initial temperature u = (1-r^2)"}]},

{ParametricPlot3D[{r Cos[theta], r Sin[theta], Evaluate[u[r, theta, t]]}, {r, 0, 1}, {theta, 0, 2 Pi},

BaseStyle → 15,

ImageMargins → 5,

Mesh → 25,

PerformanceGoal → "Speed",

BoxRatios → {1, 1, 0.4},

PlotRange → {Automatic, Automatic, {0, 1}},

ImageSize → 500,

ColorFunctionScaling → False,

ColorFunction → ColorData[{"TemperatureMap", {0, .8}}],

AxesLabel → {"x", "y", "U(r,0)"},

ViewPoint → {2.17, -2.4, 1}

]

}}],

{t, 0, 0.4, .01}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → Table[.35, {Length[tab]}]]

Figure 3.183: Animation part of code
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3.2.2.12 [269] With θ dependency (specific example)

problem number 269

Added June 12, 2019

Solve the initial value problem for a two-dimensional heat equation inside a circle (of radius
a = 1) ut = k∇2u with k = 1 with time-independent boundary conditions:

u(1, θ, t) = 0

And initial conditions u(r, θ, 0) = (r − r3) sin θ. There is an implied periodic boundary
conditions on θ

u(r,−π, t) = u(r, π, t)
∂u

∂θ
(r,−π, t) = ∂u

∂θ
(r, π, t)

u(1, θ, t) = 0

ut = k(urr +
1
r
ur +

1
r2
uθθ)

Solve for u(r, θ, t)

I.C. u(r, θ, 0) = (r − r3) sin θ

0 < r < 1, 0 < θ < 2π, t > 0

r
θ 1

(boundary conditions)

Figure 3.184: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
k=1;
a=1;
pde = D[u[r, theta, t], t] == k*(D[u[r, theta, t], {r, 2}] + D[u[r, theta, t], r]/r + D[u[r, theta, t], {theta, 2}]/r^2);
bcOnR = u[a, theta, t] == 0;
bcOnTheta = {u[r, -Pi, t] == u[r, Pi, t], Derivative[0, 1, 0][u][r, -Pi, t] == Derivative[0, 1, 0][u][r, Pi, t]};
ic = u[r, theta, 0] == (r-r^3)*Sin[theta];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bcOnR, bcOnTheta, ic}, u[r, theta, t], {r, theta, t}], 60*10]];� �

u(r, θ, t) → {

∞∑
K[3]=1

4e−t
(
j1,K[3]

)2
BesselJ

(
1,rj1,K[3]

)
BesselJ

(
3,j1,K[3]

)
sin(θ)

BesselJ
(
0,j1,K[3]

)
2
(
j1,K[3]

)
2 (K[1]|K[3]) ∈ Z ∧K[1] ≥ 1 ∧K[3] ≥ 1

Indeterminate True




Maple 7� �
restart;
a:=1;
k:=1;
pde := diff(u(r,theta,t),t)=k*(diff(u(r,theta,t),r$2) + 1/r*diff(u(r,theta,t),r)+1/r^2*diff(u(r,theta,t),theta$2));
bcOnR:= u(a,theta,t)=0;
bcOnTheta:= u(r,-Pi,t)=u(r,Pi,t),eval(diff(u(r,theta,t),theta),theta=-Pi)=eval(diff(u(r,theta,t),theta),theta=Pi);
ic := u(r,theta,0)=(r-r^3)*sin(theta);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bcOnR,bcOnTheta, ic], u(r, theta, t), HINT = boundedseries(r = [0]))),output='realtime'));� �
sol=()
Hand solution
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Solve
∂u(r, θ, t)

∂t
= k

(
∂2u

∂r2
+ 1
r

∂u

∂r
+ 1
r2
∂2u

∂θ2

)
|u(0, θ, t)| <∞
u(a, θ, t) = 0

u(r,−π, t) = u(r, π, t)
∂u

∂θ
(r,−π, t) = ∂u

∂θ
(r, π, t)

u(r, θ, 0) =
(
r − r3

)
sin θ

for 0 < r < a where a = 1, k = 1.

This problem was solved in problem 3.2.2.10 on page 503 (since B.C. is zero, we just need to
use v(r, θ, t) in the solution given in the above problem). Hence

u(r, θ, t) =
∞∑
n=0

∞∑
m=1

Jn
(√

λnmr
)
e−kλnmt(Anm cos (nθ) +Bnm sin (nθ))

Where

Anm =
∫ a

0

∫ π

−π
f(r, θ) cos (nθ) Jn

(√
λnmr

)
rdθdr∫ a

0

∫ π

−π
cos2 (nθ) J2

n

(√
λnmr

)
rdθdr

n = 0, 1, 2, · · · ,m = 1, 2, 3, · · ·

And

Bnm =
∫ a

0

∫ π

−π
f(r, θ) sin (nθ) Jn

(√
λnmr

)
rdθdr∫ a

0

∫ π

−π
sin2 (nθ) J2

n

(√
λnmr

)
rdθdr

n = 0, 1, 2, · · · ,m = 1, 2, 3, · · ·

Where
√
λnm = a

znm
and znm is the mth zero of the Bessel function of order n and a is the

radius of the disk and znm is the mth zero of the Bessel function of order n. Since in this
problem k = 1, a = 1, f(r, θ) = (r − r3) sin θ then the above solution becomes

u(r, θ, t) =
∞∑
n=0

∞∑
m=1

An cos (nθ) Jn
(√

λnmr
)
e
− t

z2nm +
∞∑
n=1

∞∑
m=1

Bn sin (nθ) Jn
(√

λnmr
)
e
− t

z2nm

An =

∫ 1
0

∫ π

−π
(r − r3) sin θ cos (nθ) Jn

(
r

znm

)
rdθdr∫ 1

0

∫ π

−π
cos2 (nθ) J2

n

(
r

znm

)
rdθdr

Bn =

∫ 1
0

∫ π

−π
(r − r3) sin θ sin (nθ) Jn

(
r

znm

)
rdθdr∫ 1

0

∫ π

−π
sin2 (nθ) J2

n

(
r

znm

)
rdθdr

This is animation of the solution for 0.11 seconds. (Animation will only show in the HTML
version)

Out[ ]=

Figure 3.185: Initial state
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Source code used for the above

In[ ]:= ClearAll[a, c, n, m, r, theta, f, g, θ, t, f, n, lam0, A0, A, B, B0, lam];

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

a = 1;

k = 1; (*Thermal diffusivity m^2/second*)

maxN = 10;

maxM = 10;

f = r - r3 Sin[θ];

A0[n_, m_] := A〚n + 1, m〛;

B0[n_, m_] := B〚n + 1, m〛;

lam0[n_, m_] := lam〚n + 1, m〛;

getEigenvalue[n_, m_] := Module[{x}, x = BesselJZero[n, m]; N[(x/ a)^2]];

lam = Table[getEigenvalue[n, m], {n, 0, maxN - 1}, {m, 1, maxM}];

A = Table
Integratef Cos[n θ] r BesselJn, r lam0[n, m] , {r, 0, a}, {θ, -Pi, Pi}

IntegrateCos[n θ]2 r BesselJn, r lam0[n, m] 
2
, {r, 0, a}, {θ, -Pi, Pi}

, {n, 0, maxN - 1}, {m, 1, maxM};

B = TableIfn ⩵ 0, 0,
Integratef Sin[n θ] r BesselJn, r lam0[n, m] , {r, 0, a}, {θ, -Pi, Pi}

IntegrateSin[n θ]2 r BesselJn, r lam0[n, m] 
2
, {r, 0, a}, {θ, -Pi, Pi}

, {n, 0, maxN - 1}, {m, 1, maxM};

u[r_, θ_, t_] := SumSum BesselJn, r lam0[n, m]  Exp[-k lam0[n, m] t] (A0[n, m] Cos[n θ] + B0[n, m] Sin[n θ]), {m, 1, maxM}, {n, 0, maxN - 1}

Figure 3.186: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 3}]}]},

{Row[{"Current temperature in the middle of disk is ", padIt2[u[0, 0, t], {4, 3}], " degrees"}]},

{Row[{"Initial temperature u = (1-r^2)"}]},

{ParametricPlot3D[{r Cos[theta], r Sin[theta], Evaluate[u[r, theta, t]]}, {r, 0, 1}, {theta, 0, 2 Pi},

BaseStyle → 15,

ImageMargins → 5,

Mesh → 25,

PerformanceGoal → "Speed",

BoxRatios → {1, 1, 0.4},

PlotRange → {Automatic, Automatic, {-0.35, 0.38}},

ImageSize → 500,

ColorFunctionScaling → False,

ColorFunction → ColorData[{"TemperatureMap", {0, .2}}],

AxesLabel → {"x", "y", "U(r,0)"},

ViewPoint → {2.17, -2.4, 1}

]

}}],

{t, 0, 0.11, .005}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → Table[.5, {Length[tab]}]]

Figure 3.187: Animation part of code

3.2.2.13 [270] Insulated with θ dependency (General solution)

problem number 270

Added June 13, 2019

Solve for u(r, θ, t), the initial value problem for a two-dimensional heat equation inside a
circle of radius a

ut = k∇2u

with time-independent boundary conditions:

ur(a, θ, t) = 0

And initial conditions u(r, θ, 0) = f(r, θ). There is an implied periodic boundary conditions
on θ

u(r,−π, t) = u(r, π, t)
∂u

∂θ
(r,−π, t) = ∂u

∂θ
(r, π, t)

The solution is bounded at r = 0.
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ur(L, θ, t) = 0

ut = k(urr +
1
r
ur +

1
r2
uθθ)

Solve for u(r, θ, t)

I.C. u(r, θ, 0) = f(r, θ)

0 < r < L,−π < θ < π, t > 0

r
θ L

(Insulated)

Figure 3.188: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[r, theta, t], t] == k*(D[u[r, theta, t], {r, 2}] + D[u[r, theta, t], r]/r + D[u[r, theta, t], {theta, 2}]/r^2);
bcOnR = Derivative[1,0,0][u][L, theta, t] == 0;
bcOnTheta = {u[r, -Pi, t] == u[r, Pi, t], Derivative[0, 1, 0][u][r, -Pi, t] == Derivative[0, 1, 0][u][r, Pi, t]};
ic = u[r, theta, 0] == f[r,theta];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bcOnR, bcOnTheta, ic}, u[r, theta, t], {r, theta, t},Assumptions->{L>0,r>0,r<L,t>0,k>0}], 60*10]];� �

u(r, θ, t) → {

∫ L
0
∫ π
−π rf(r,θ)dθdr

L2π
+

∞∑
K[3]=1

e−ktK[2,0,K[3]]2 BesselJ(0,rK[2,0,K[3]])
(∫ L

0
∫ π
−π rBesselJ(0,rK[2,0,K[3]])f(r,θ)dθdr

)√
K[2,0,K[3]]

L2π
√

BesselJ(0,LK[2,0,K[3]])2+BesselJ(1,LK[2,0,K[3]])2
√

(BesselJ(0,LK[2,0,K[3]])2+BesselJ(1,LK[2,0,K[3]])2)K[2,0,K[3]] +
∞∑

K[3]=1

(
∞∑

K[1]=1
e−ktK[2,K[1],K[3]]2

(
2BesselJ(K[1],rK[2,K[1],K[3]])

(∫ L
0
∫ π
−π rBesselJ(K[1],rK[2,K[1],K[3]])f(r,θ) sin(θK[1])dθdr

)
sin(θK[1])K[2,K[1],K[3]]3/2

Lπ
√

L(BesselJ(K[1]−1,LK[2,K[1],K[3]])2+BesselJ(K[1],LK[2,K[1],K[3]])2)K[2,K[1],K[3]]−2BesselJ(K[1]−1,LK[2,K[1],K[3]]) BesselJ(K[1],LK[2,K[1],K[3]])K[1]
√

K[2,K[1],K[3]](L(BesselJ(K[1]−1,LK[2,K[1],K[3]])2+BesselJ(K[1],LK[2,K[1],K[3]])2)K[2,K[1],K[3]]−2BesselJ(K[1]−1,LK[2,K[1],K[3]]) BesselJ(K[1],LK[2,K[1],K[3]])K[1]) +
2BesselJ(K[1],rK[2,K[1],K[3]]) cos(θK[1])

(∫ L
0
∫ π
−π rBesselJ(K[1],rK[2,K[1],K[3]]) cos(θK[1])f(r,θ)dθdr

)
K[2,K[1],K[3]]3/2

Lπ
√

L(BesselJ(K[1]−1,LK[2,K[1],K[3]])2+BesselJ(K[1],LK[2,K[1],K[3]])2)K[2,K[1],K[3]]−2BesselJ(K[1]−1,LK[2,K[1],K[3]]) BesselJ(K[1],LK[2,K[1],K[3]])K[1]
√

K[2,K[1],K[3]](L(BesselJ(K[1]−1,LK[2,K[1],K[3]])2+BesselJ(K[1],LK[2,K[1],K[3]])2)K[2,K[1],K[3]]−2BesselJ(K[1]−1,LK[2,K[1],K[3]]) BesselJ(K[1],LK[2,K[1],K[3]])K[1])

))
BesselJ(K[1]− 1, LK[2, K[1], K[3]]) = BesselJ(K[1] + 1, LK[2, K[1], K[3]]) ∧ (K[1]|K[3]) ∈ Z ∧K[1] ≥ 1 ∧K[3] ≥ 1 ∧K[2, K[1], K[3]] > 0

Indeterminate True




Maple 7� �
restart;
pde := diff(u(r,theta,t),t)=k*(diff(u(r,theta,t),r$2) + 1/r*diff(u(r,theta,t),r)+1/r^2*diff(u(r,theta,t),theta$2));
bcOnR:= D[1](u)(L,theta,t)=0;
bcOnTheta:= u(r,-Pi,t)=u(r,Pi,t),eval(diff(u(r,theta,t),theta),theta=-Pi)=eval(diff(u(r,theta,t),theta),theta=Pi);
ic := u(r,theta,0)=f(r,theta);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bcOnR,bcOnTheta, ic], u(r, theta, t)) assuming L>0,r>0,r<L,t>0,k>0),output='realtime'));� �
sol=()
Hand solution

Solve
∂u(r, θ, t)

∂t
= k

(
∂2u

∂r2
+ 1
r

∂u

∂r
+ 1
r2
∂2u

∂θ2

)
With boundary conditions

|u(0, θ, t)| <∞
ut(L, θ, t) = g(θ)
u(r,−π, t) = u(r, π, t)

∂u

∂θ
(r,−π, t) = ∂u

∂θ
(r, π, t)

And initial conditions u(r, θ, 0) = f(r, θ). Let y(r, θ, t) = R(r)Θ(θ)T (t). Substituting into
(1) gives

T ′RΘ = k

(
R′′TΘ+ 1

r
R′TΘ+ 1

r2
Θ′′RT

)
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Dividing by R(r)Θ(θ)T (t) 6= 0 gives

1
k

T ′

T
= R′′

R
+ 1
r

R′

R
+ 1
r2

Θ′′

Θ

Let first separation constant be −λ, hence the above becomes

1
k

T ′

T
= −λ

R′′

R
+ 1
r

R′

R
+ 1
r2

Θ′′

Θ = −λ

Or

T ′ + λkT = 0

r2
R′′

R
+ r

R′

R
+ r2λ = −Θ′′

Θ = µ

Hence

r2
R′′

R
+ r

R′

R
+ r2λ = µ

−Θ′′

Θ = µ

Or

r2R′′(r) + rR′(r) +R(r)
(
r2λ− µ

)
= 0 (2)

Θ′′(θ) + µΘ(θ) = 0 (3)

Equation (2) is Sturm-Liouville ODE with boundary conditions R′(a) = 0 and bounded at
r = 0 and (3) has periodic boundary conditions.

We start with Θ ODE. The boundary conditions on (3) are

Θ(−π) = Θ(π)
∂Θ
∂θ

(−π) = ∂Θ
∂θ

(π)

Negative µ is not possible, since this gives exponential and the boundary conditions on Θ(θ)
are periodic.

case µ = 0 The solution is Φ = c1θ + c2. Hence we obtain, from first initial conditions

−πc1 + c2 = πc1 + c2

c1 = 0

Second boundary conditions just says that c2 = c2, so any constant will do. Hence µ = 0 is an eigenvalue
with constant being eigenfunction Θ0(θ) = 1.

case µ > 0 The solution is

Θ(θ) = c1 cos
√
µθ + c2 sin

√
µθ

The first boundary conditions gives

c1 cos (−
√
µπ) + c2 sin (−

√
µπ) = c1 cos (

√
µπ) + c2 sin (

√
µπ)

c1 cos (
√
µπ)− c2 sin (

√
µπ) = c1 cos (

√
µπ) + c2 sin (

√
µπ)

2c2 sin (
√
µπ) = 0 (4)

From second boundary conditions we obtain

Θ′(θ) = −√
µc1 sin

√
µθ + c2

√
µ cos√µθ
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Therefore

−√
µc1 sin (−

√
µπ) + c2

√
µ cos (−√

µπ) = −√
µc1 sin (

√
µπ) + c2

√
λ cos (√µπ)

√
µc1 sin (

√
µπ) + c2

√
µ cos (√µπ) = −√

µc1 sin (
√
µπ) + c2

√
µ cos (√µπ)

√
µc1 sin (

√
µπ) = −√

µc1 sin (
√
µπ)

2c1 sin (
√
µπ) = 0 (5)

Both (4) and (5) are satisfied if
√
µπ = nπ n = 1, 2, 3, · · · (5A)
µ = n2 n = 1, 2, 3, · · ·

Therefore µn = 1, 4, 9, 16, · · · . Or √µn = n = 1, 2, 3, · · ·

Θn(θ) =
n=0︷︸︸︷
A0 +

∞∑
n=1

An cos (
√
µnθ) +Bn sin (

√
µnθ) (6)

= A0 +
∞∑
n=1

An cos (nθ) +Bn sin (nθ) (3.2)

Now we go back to the R(r) ODE (2) given by r2R′′+ rR′+R(r2λ− µ) = 0 or since µn = n2,
we write it as r2R′′ + rR′ +R(r2λ− n2) = 0 for n = 0, 1, 2, · · · .

Case n = 0

The R(r) ODE becomes r2R′′ + rR′ + λr2R = 0. This is a Bessel ODE. If λ < 0, this leads
to solution (contains Besselk and BesselI) that can not satisfy the boundary conditions. If
λ = 0 then the ODE becomes r2R′′ + rR′ = 0 whose solution is R(r) = C1 ln (r) + C2. Since
bounded at r = 0. Then R(r) = C2. Hence R′(r) = 0. Which satisfies the boundary condition
at r = L for any constant C2. Therefore λ = 0 is possible eigenvalue with constant as its
eigenfunction R0(r) = 1.

If λ > 0 the ODE is a Bessel ODE whose solution is

R(r) = C1 BesselJ
(
0,
√
λr
)
+ C2 BesselY

(
0,
√
λr
)

We set C2 = 0 since BesselY
(
0,
√
λr
)
blows up at r = 0. Hence R(r) = C1 BesselJ

(
0,
√
λr
)

and R′(r) = −C1
√
λBesselJ

(
1,
√
λr
)
. At r = L we obtain

R′(L) = −C1
√
λBesselJ

(
1,
√
λL
)
= 0. Therefore for non-trivial solution we want

√
λL to

be the zeros of BesselJ (1, x). Let these zeros be Λm, m = 1, 2, 3, · · · . Hence√
λ0,mL = Λm

λ0,m =
(
Λm

L

)2

m = 1, 2, 3, · · ·

Where we added zero as subscript to λ0,m to indicate that this is associated with Case n = 0.
Hence the eigenfunctions for µ = 0 are

R0,m(r) = BesselJ
(
0, Λm

L
r

)
n = 0,m = 1, 2, 3, · · ·

And Θ0(θ) = 1.

Case n > 0

The R(r) ODE becomes r2R′′ + rR′ +R(r2λ− n2) = 0.

This is a Bessel ODE. If λ < 0, this leads to solution that can not satisfy the boundary
conditions (contains Besselk and BesselI). If λ = 0 then the ODE becomes r2R′′+rR′−n2R =
0. This is Euler ODE whose solution is R(r) = C1r

n + C2r
−n. Since bounded at r = 0.
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Then C2 = 0 and the solution becomes R(r) = C1r
n. Hence R′(r) = C1nr

n−1. At r = L

this becomes C1nL
n−1 = 0. Since L 6= 0, then this gives C1 = 0, trivial solution. Hence

λ = 0 is not possible eigenvalue when µ > 0.

If λ > 0 the ODE becomes r2R′′ + rR′ + R(r2λ− n2) = 0 with now λ positive. This is a
Bessel ODE whose solution is

Rn(r) = C1 BesselJ
(
n,

√
λr
)
+ C2 BesselY

(
n,

√
λr
)

n = 1, 2, 3, · · ·

Since R(r) is bounded at r = 0 then C2 = 0 and the above becomes

Rn(r) = C1 BesselJ
(
n,

√
λr
)

n = 1, 2, 3, · · ·

Therefore
R′

n(r) = C1
d

dr
BesselJ

(
n,

√
λr
)

At r = L

R′
n(L) = C1

d

dr
BesselJ

(
n,

√
λL
)

For non-trivial solution we want

d

dr
BesselJ

(
n,

√
λL
)
= 0 (7)

The eigenvalues λ are solved for numerically by finding all zeros of d
dx

BesselJ (n, x). Let these
zeros be called Γnm for n = 1, 2, 3, · · · ,m = 1, 2, 3, · · · . Hence√

λnmL = Γnm

λnm =
(
Γnm

L

)2

n = 1, 2, 3, · · · ,m = 1, 2, 3, · · ·

With associated eigenfunctions Rn,m(r) = BesselJ
(
n, Γnm

L
r
)
. Now that we solved for Rn,m(r)

and Θn,m(θ), what is left is to solve 1
k
T ′

T
= −λnm.

For n = 0

For λ = 0 the solution is constant. Say T00(t) = 1. For λ > 0 the solution is T0m(t) = e−kλ0mt.
Where λ0,m =

(Λm
L

)2
,m = 1, 2, 3, · · · and Λm are the zeros of BesselJ (1, x).

For n > 0 In this case λ > 0 only. The solution is Tnm(t) = e−kλnmt. Where λn,m are now the

solutions of (7). Hence Tnm(t) = e
−k
(

Γnm
L

)2
t

The solution now becomes

u(r, θ, t) =
arbitrary constant︷ ︸︸ ︷

R0,0(r)Θ0,0(θ)T0,0(t) +
n=0,m>0︷ ︸︸ ︷

R0,m(r)Θ0,m(θ)T0.m(t) +
n>0,m>0︷ ︸︸ ︷

Rn,m(r)Θn,m(θ)Tn.m(t)

Or

u(r, θ, t) = β0

+
∞∑

m=1

α0,m BesselJ
(
0, Λm

L
r

)
e
−k
(

Λm
L

)2
t

+
∞∑
n=1

∞∑
m=1

e
−k
(

Γnm
L

)2
t BesselJ

(
n,

Γnm

L
r

)
(Anm cos (nθ) +Bnm sin (nθ))

Where Γnm are the mth zeros d
dx

BesselJ (n, x) and Λm are the mth zeros of BesselJ (1, x).
These have to be found numerically.

Now we find the constants β0, αm, Anm, Bnm. For n = 0,m = 0, and at initial conditions at
t = 0, and applying orthogonality gives (all eigenfunctions are constants, assumed 1, in this
case)
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∫ π

−π

∫ L

0
f(r, θ) rdrdθ = β0

∫ π

−π

∫ L

0
rdrdθ

β0 =
∫ π

−π

∫ L

0 f(r, θ) rdrdθ
πL2

For n = 0,m > 0∫ π

−π

∫ L

0
f(r, θ) BesselJ

(
0, Λm

L
r

)
rdrdθ = α0,m

∫ π

−π

∫ L

0
BesselJ2

(
0, Λm

L
r

)
rdrdθ

= 2πα0,m

∫ L

0
BesselJ2

(
0, Λm

L
r

)
rdr

α0,m =
∫ π

−π

∫ L

0 f(r, θ) BesselJ
(
0, Λm

L
r
)
rdrdθ

2π
∫ L

0 BesselJ2
(
0, Λm

L
r
)
rdr

For n > 0,m > 0, applying orthogonality on BesselJ
(
n, Γnm

L
r
)
gives∫ L

0
f(r, θ) BesselJ

(
n,

Γnm

L
r

)
rdr =

∞∑
n=1

∫ L

0
BesselJ2

(
n,

Γnm

L
r

)
rdr(Anm cos (nθ) +Bnm sin (nθ))

applying orthogonality on cos (nθ) the above becomes∫ π

−π

∫ L

0
f(r, θ) BesselJ

(
n,

Γnm

L
r

)
cos (nθ) rdrdθ = Anm

∫ π

−π

∫ L

0
BesselJ2

(
n,

Γnm

L
r

)
cos2 (nθ) rdrdθ

Anm =
∫ π

−π

∫ L

0 f(r, θ) BesselJ
(
n, Γnm

L
r
)
cos (nθ) rdrdθ∫ π

−π

∫ L

0 BesselJ2
(
n, Γnm

L
r
)
cos2 (nθ) rdrdθ

Similarly

Bnm =
∫ π

−π

∫ L

0 f(r, θ) BesselJ
(
n, Γnm

L
r
)
sin (nθ) rdrdθ∫ π

−π

∫ L

0 BesselJ2
(
n, Γnm

L
r
)
sin2 (nθ) rdrdθ

This complete the solution. In summary, the solution is

u(r, θ, t) = β0

+
∞∑

m=1

α0,m BesselJ
(
0, Λm

L
r

)
e
−k
(

Λm
L

)2
t

+
∞∑
n=1

∞∑
m=1

e
−k
(

Γnm
L

)2
t BesselJ

(
n,

Γnm

L
r

)
(Anm cos (nθ) +Bnm sin (nθ))

Where

β0 =
∫ π

−π

∫ L

0 f(r, θ) rdrdθ
πL2

α0,m =
∫ π

−π

∫ L

0 f(r, θ) BesselJ
(
0, Λm

L
r
)
rdrdθ

2π
∫ L

0 BesselJ2
(
0, Λm

L
r
)
rdr

Anm =
∫ π

−π

∫ L

0 f(r, θ) BesselJ
(
n, Γnm

L
r
)
cos (nθ) rdrdθ∫ π

−π

∫ L

0 BesselJ2
(
n, Γnm

L
r
)
cos2 (nθ) rdrdθ

Bnm =
∫ π

−π

∫ L

0 f(r, θ) BesselJ
(
n, Γnm

L
r
)
sin (nθ) rdrdθ∫ π

−π

∫ L

0 BesselJ2
(
n, Γnm

L
r
)
sin2 (nθ) rdrdθ

And Γnm are the mth zeros of d
dx

BesselJ (n, x) and Λm are the mth zeros of BesselJ (1, x).
These have to be found numerically.
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3.2.2.14 [271] Insulated with θ dependency (Specific example)

problem number 271

Added June 15, 2019

Solve for u(r, θ, t), the initial value problem for a two-dimensional heat equation inside a
circle of radius a

ut = k∇2u

For t > 0 and 0 < r < L with L = 1, k = 1 and time-independent boundary conditions:

ur(L, θ, t) = 0

And initial conditions u(r, θ, 0) = (2Lr−r2) cos θ sin θ. There is an implied periodic boundary
conditions on θ

u(r,−π, t) = u(r, π, t)
∂u

∂θ
(r,−π, t) = ∂u

∂θ
(r, π, t)

The solution is bounded at r = 0.

ur(1, θ, t) = 0

ut = urr +
1
r
ur +

1
r2
uθθ

Solve for u(r, θ, t)

I.C. u(r, θ, 0) = (2r − r2) cos θ sin θ

0 < r < 1,−π < θ < π, t > 0

r
θ 1

(Insulated)

Figure 3.189: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
L=1;
k=1;
pde = D[u[r, theta, t], t] == k*(D[u[r, theta, t], {r, 2}] + D[u[r, theta, t], r]/r + D[u[r, theta, t], {theta, 2}]/r^2);
bcOnR = Derivative[1,0,0][u][L, theta, t] == 0;
bcOnTheta = {u[r, -Pi, t] == u[r, Pi, t], Derivative[0, 1, 0][u][r, -Pi, t] == Derivative[0, 1, 0][u][r, Pi, t]};
ic = u[r, theta, 0] == (2*L*r-r^2)*Cos[theta]*Sin[theta];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bcOnR, bcOnTheta, ic}, u[r, theta, t], {r, theta, t},Assumptions->{r>0,r<L,t>0}], 60*10]];� �

u(r, θ, t) → {

∞∑
K[3]=1

e−tK[2,2,K[3]]2 BesselJ(2,rK[2,2,K[3]])
(
2 1F2

( 5
2 ;3,

7
2 ;−

1
4K[2,2,K[3]]2

)
−5Hypergeometric0F1Regularized

(
4,− 1

4K[2,2,K[3]]2
))
K[2,2,K[3]]3 sin(2θ)

40((BesselJ(1,K[2,2,K[3]])2+BesselJ(2,K[2,2,K[3]])2)K[2,2,K[3]]−4BesselJ(1,K[2,2,K[3]]) BesselJ(2,K[2,2,K[3]])) BesselJ(K[1]− 1, K[2, K[1], K[3]]) = BesselJ(K[1] + 1, K[2, K[1], K[3]]) ∧ (K[1]|K[3]) ∈ Z ∧K[1] ≥ 1 ∧K[3] ≥ 1 ∧K[2, K[1], K[3]] > 0

Indeterminate True



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Maple 7� �
restart;
k:=1;
L:=1;
pde := diff(u(r,theta,t),t)=k*(diff(u(r,theta,t),r$2) + 1/r*diff(u(r,theta,t),r)+1/r^2*diff(u(r,theta,t),theta$2));
bcOnR:= D[1](u)(L,theta,t)=0;
bcOnTheta:= u(r,-Pi,t)=u(r,Pi,t),eval(diff(u(r,theta,t),theta),theta=-Pi)=eval(diff(u(r,theta,t),theta),theta=Pi);
ic := u(r,theta,0)= (2*L*r-r^2)*cos(theta)*sin(theta);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bcOnR,bcOnTheta, ic], u(r, theta, t)) assuming r>0,r<L,t>0),output='realtime'));� �
sol=()
Hand solution

Solve for u(r, θ, t)

ut = k

(
∂2u

∂r2
+ 1
r

∂u

∂r
+ 1
r2
∂2u

∂θ2

)
With boundary conditions

|u(0, θ, t)| <∞
ut(L, θ, t) = 0
u(r,−π, t) = u(r, π, t)

∂u

∂θ
(r,−π, t) = ∂u

∂θ
(r, π, t)

And initial conditions

u(r, θ, 0) = f(r, θ) =
(
2rL− r2

)
cos θ sin θ

L = 1
k = 1

The basic solution for this type of PDE was already given in problem 3.2.2.13 on page 514 as

u(r, θ, t) = β0

+
∞∑

m=1

α0,m BesselJ
(
0, Λm

L
r

)
e
−k
(

Λm
L

)2
t

+
∞∑
n=1

∞∑
m=1

e
−k
(

Γnm
L

)2
t BesselJ

(
n,

Γnm

L
r

)
(Anm cos (nθ) +Bnm sin (nθ))

Where

β0 =
∫ π

−π

∫ L

0 f(r, θ) rdrdθ
πL2

α0,m =
∫ π

−π

∫ L

0 f(r, θ) BesselJ
(
0, Λm

L
r
)
rdrdθ

2π
∫ L

0 BesselJ2
(
0, Λm

L
r
)
rdr

Anm =
∫ π

−π

∫ L

0 f(r, θ) BesselJ
(
n, Γnm

L
r
)
cos (nθ) rdrdθ∫ π

−π

∫ L

0 BesselJ2
(
n, Γnm

L
r
)
cos2 (nθ) rdrdθ

Bnm =
∫ π

−π

∫ L

0 f(r, θ) BesselJ
(
n, Γnm

L
r
)
sin (nθ) rdrdθ∫ π

−π

∫ L

0 BesselJ2
(
n, Γnm

L
r
)
sin2 (nθ) rdrdθ

And Γnm are themth zeros of d
dx

BesselJ (n, x) and Λm are themth zeros of BesselJ (1, x). These
have to be found numerically. This is animation of the solution for 0.2 seconds. (Animation
will only show in the HTML version)
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Out[ ]=

Figure 3.190: Initial state

Source code used for the above

Get["G:\\nabbasi\\data\\mathematica_stuff\\besselZeros_old_package\\BesselZeros.m"];

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

L = 1;

k = 1; (*Thermal diffusivity m^2/second*)

maxN = 10;

maxM = 10;

f = (2 * L * r - r^2) Cos[θ] Sin[θ] ;

besselJ1Zero = N@Table[BesselJZero[1, m], {m, 1, maxM}];

besselJnPrimeZero = N@Table[BesselJPrimeZeros[n, m]〚m〛, {n, 1, maxN}, {m, 1, maxM}];

beta0 =
1

π L2
Integrate[f * r, {θ, -Pi, Pi}, {r, 0, L}];

alpha0M = Table

Integratef * r BesselJ0, besselJ1Zero〚m〛

L
r, {θ, -Pi, Pi}, {r, 0, L}

2 π Integrater BesselJ0, besselJ1Zero〚m〛

L
r

2
, {r, 0, L}

, {m, 1, maxM};

Anm = Table

Integratef * r BesselJn, besselJnPrimeZero〚n,m〛

L
r Cos[n θ], {θ, -Pi, Pi}, {r, 0, L}

Integrater BesselJn, besselJnPrimeZero〚n,m〛

L
r

2
Cos[n θ]

2, {θ, -Pi, Pi}, {r, 0, L}

, {n, 1, maxN}, {m, 1, maxM};

Bnm = Table

Integratef * r BesselJn, besselJnPrimeZero〚n,m〛

L
r Sin[n θ], {θ, -Pi, Pi}, {r, 0, L}

Integrater BesselJn, besselJnPrimeZero〚n,m〛

L
r

2
Sin[n θ]

2, {θ, -Pi, Pi}, {r, 0, L}

, {n, 1, maxN}, {m, 1, maxM};

u[r_, θ_, t_] := beta0 +

Sum alpha0M〚m〛 BesselJ0,
besselJ1Zero〚m〛

L
r Exp-k

besselJ1Zero〚m〛

L

2

t , {m, 1, maxM} +

SumSumExp-k
besselJnPrimeZero〚n, m〛

L

2

t BesselJn,
besselJnPrimeZero〚n, m〛

L
r

(Anm〚n, m〛 Cos[n θ] + Bnm〚n, m〛 Sin[n θ]), {n, 1, maxN}, {m, 1, maxM};

Figure 3.191: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 3}]}]},

{Row[{"Current temperature in the middle of disk is ", padIt2[u[0, 0, t], {4, 3}], " degrees"}]},

{Row[{"Initial temperature u = (2 L r-r^2)Cos[θ]Sin[θ]"}]},

{ParametricPlot3D[{r Cos[theta], r Sin[theta], Evaluate[u[r, theta, t]]}, {r, 0, 1}, {theta, 0, 2 Pi},

BaseStyle → 15,

ImageMargins → 5,

Mesh → 25,

PerformanceGoal → "Speed",

BoxRatios → {1, 1, 0.4},

PlotRange → {Automatic, Automatic, {-0.5, 0.5}},

ImageSize → 500,

ColorFunctionScaling → False,

ColorFunction → ColorData[{"TemperatureMap", {0, .4}}],

AxesLabel → {"x", "y", "U(r,0)"},

ViewPoint → {4.03, 1.133, 1.15}

]

}}],

{t, 0, 0.3, .005}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → Table[.25, {Length[tab]}]]

Figure 3.192: Code for animation
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3.2.2.15 [272] Insulated with θ dependency (Specific example)

problem number 272

Added June 15, 2019

Solve for u(r, θ, t), the initial value problem for a two-dimensional heat equation inside a
circle of radius a

ut = k∇2u

For t > 0 and 0 < r < L with L = 1, k = 1 and time-independent boundary conditions:

ur(L, θ, t) = 0

And initial conditions u(r, θ, 0) = (2Lr−r2)θ sin θecos θ. There is an implied periodic boundary
conditions on θ

u(r,−π, t) = u(r, π, t)
∂u

∂θ
(r,−π, t) = ∂u

∂θ
(r, π, t)

The solution is bounded at r = 0.

ur(1, θ, t) = 0

ut = urr +
1
r
ur +

1
r2
uθθ

Solve for u(r, θ, t)

I.C. u(r, θ, 0) = (2Lr − r2)θ sin θecos θ

0 < r < 1,−π < θ < π, t > 0

r
θ 1

(Insulated)

Figure 3.193: PDE specification

Mathematica 7� �
ClearAll["Global`*"];
L=1;
k=1;
pde = D[u[r, theta, t], t] == k*(D[u[r, theta, t], {r, 2}] + D[u[r, theta, t], r]/r + D[u[r, theta, t], {theta, 2}]/r^2);
bcOnR = Derivative[1,0,0][u][L, theta, t] == 0;
bcOnTheta = {u[r, -Pi, t] == u[r, Pi, t], Derivative[0, 1, 0][u][r, -Pi, t] == Derivative[0, 1, 0][u][r, Pi, t]};
ic = u[r, theta, 0] == (2*L*r - r^2)*theta*Sin[theta]*Exp[Cos[theta]];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bcOnR, bcOnTheta, ic}, u[r, theta, t], {r, theta, t},Assumptions->{r>0,r<L,t>0}], 60*10]];� �
$Aborted
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Maple 7� �
restart;
k:=1;
L:=1;
pde := diff(u(r,theta,t),t)=k*(diff(u(r,theta,t),r$2) + 1/r*diff(u(r,theta,t),r)+1/r^2*diff(u(r,theta,t),theta$2));
bcOnR:= D[1](u)(L,theta,t)=0;
bcOnTheta:= u(r,-Pi,t)=u(r,Pi,t),eval(diff(u(r,theta,t),theta),theta=-Pi)=eval(diff(u(r,theta,t),theta),theta=Pi);
ic := u(r,theta,0)= (2*L*r -r^2)*theta*sin(theta)*exp(cos(theta));
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bcOnR,bcOnTheta, ic], u(r, theta, t)) assuming r>0,r<L,t>0),output='realtime'));� �
sol=()
Hand solution

Solve for u(r, θ, t)

ut = k

(
∂2u

∂r2
+ 1
r

∂u

∂r
+ 1
r2
∂2u

∂θ2

)
With boundary conditions

|u(0, θ, t)| <∞
ut(L, θ, t) = 0
u(r,−π, t) = u(r, π, t)
uθ(r,−π, t) = uθ(r, π, t)

And initial conditions

u(r, θ, 0) = f(r, θ) =
(
2rL− r2

)
θ sin θecos θ

L = 1
k = 1

The basic solution for this type of PDE was already given in problem 3.2.2.13 on page 514 as

u(r, θ, t) = β0+
∞∑

m=1

α0,m BesselJ
(
0, Λm

L
r

)
e
−k
(

Λm
L

)2
t+

∞∑
n=1

∞∑
m=1

e
−k
(

Γnm
L

)2
t BesselJ

(
n,

Γnm

L
r

)
(Anm cos (nθ) +Bnm sin (nθ))

Where

β0 =
∫ π

−π

∫ L

0 f(r, θ) rdrdθ
πL2

α0,m =
∫ π

−π

∫ L

0 f(r, θ) BesselJ
(
0, Λm

L
r
)
rdrdθ

2π
∫ L

0 BesselJ2
(
0, Λm

L
r
)
rdr

Anm =
∫ π

−π

∫ L

0 f(r, θ) BesselJ
(
n, Γnm

L
r
)
cos (nθ) rdrdθ∫ π

−π

∫ L

0 BesselJ2
(
n, Γnm

L
r
)
cos2 (nθ) rdrdθ

Bnm =
∫ π

−π

∫ L

0 f(r, θ) BesselJ
(
n, Γnm

L
r
)
sin (nθ) rdrdθ∫ π

−π

∫ L

0 BesselJ2
(
n, Γnm

L
r
)
sin2 (nθ) rdrdθ

And Γnm are themth zeros of d
dx

BesselJ (n, x) and Λm are themth zeros of BesselJ (1, x). These
have to be found numerically. This is animation of the solution for0.18 seconds. (Animation
will only show in the HTML version)
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Out[ ]=

Figure 3.194: Initial state

Source code used for the above

In[ ]:= Get["G:\\nabbasi\\data\\mathematica_stuff\\besselZeros_old_package\\BesselZeros.m"];

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

L = 1;

k = 1; (*Thermal diffusivity m^2/second*)

maxN = 10;

maxM = 10;

f = (2 * L * r - r^2) θ Sin[θ] Exp[Cos[θ]] ;

besselJ1Zero = N@Table[BesselJZero[1, m], {m, 1, maxM}];

besselJnPrimeZero = N@Table[BesselJPrimeZeros[n, m]〚m〛, {n, 1, maxN}, {m, 1, maxM}];

beta0 =
1

π L2
Integrate[f * r, {θ, -Pi, Pi}, {r, 0, L}];

alpha0M = Table

Integratef * r BesselJ0, besselJ1Zero〚m〛

L
r, {θ, -Pi, Pi}, {r, 0, L}

2 π Integrater BesselJ0, besselJ1Zero〚m〛

L
r

2
, {r, 0, L}

, {m, 1, maxM};

Anm = Table

Integratef * r BesselJn, besselJnPrimeZero〚n,m〛

L
r Cos[n θ], {θ, -Pi, Pi}, {r, 0, L}

Integrater BesselJn, besselJnPrimeZero〚n,m〛

L
r

2
Cos[n θ]

2, {θ, -Pi, Pi}, {r, 0, L}

, {n, 1, maxN}, {m, 1, maxM};

Bnm = Table

Integratef * r BesselJn, besselJnPrimeZero〚n,m〛

L
r Sin[n θ], {θ, -Pi, Pi}, {r, 0, L}

Integrater BesselJn, besselJnPrimeZero〚n,m〛

L
r

2
Sin[n θ]

2, {θ, -Pi, Pi}, {r, 0, L}

, {n, 1, maxN}, {m, 1, maxM};

u[r_, θ_, t_] := beta0 +

Sum alpha0M〚m〛 BesselJ0,
besselJ1Zero〚m〛

L
r Exp-k

besselJ1Zero〚m〛

L

2

t , {m, 1, maxM} +

SumSumExp-k
besselJnPrimeZero〚n, m〛

L

2

t BesselJn,
besselJnPrimeZero〚n, m〛

L
r (Anm〚n, m〛 Cos[n θ] + Bnm〚n, m〛 Sin[n θ]), {n, 1, maxN}, {m, 1, maxM};

Figure 3.195: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 3}]}]},

{Row[{"Current temperature in the middle of disk is ", padIt2[u[0, 0, t], {4, 3}], " degrees"}]},

{Row[{"Initial temperature u = (2*L*r-r^2) θ Sin[θ] Exp[Cos[θ]] "}]},

{ParametricPlot3D[{r Cos[θ], r Sin[θ], u[r, θ, t]}, {r, 0, 1}, {θ, -Pi, Pi},

BaseStyle → 15,

ImageMargins → 3,

Mesh → 25,

PerformanceGoal → "Speed",

BoxRatios → {1, 1, 0.4},

PlotRange → {Automatic, Automatic, {-.1, 2}},

ImageSize → 500,

ColorFunctionScaling → False,

ColorFunction → ColorData[{"TemperatureMap", {0, .8}}],

AxesLabel → {"x", "y", "u(r,θ)"},

ViewPoint → {-3.70, -1.245, 1.9}

]

}}],

{t, 0, 0.18, .001}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → Table[.12, {Length[tab]}]]

Out[ ]= anim.gif

Figure 3.196: Code for animation
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3.3 Diffusion in 3D

Local contents
3.3.1 Spherical coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 525
3.3.2 Cylinderical coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 526

3.3.1 Spherical coordinates

Local contents
3.3.1.1 [273] No angle dependencies . . . . . . . . . . . . . . . . . . . . . . . . . . . 525

3.3.1.1 [273] No angle dependencies

problem number 273

Added March 28, 2019.

Problem 1, section 41, Fourier series and boundary value problems 8th edition by Brown and
Churchill.

Solve ut = ∇u where ∇u = 1
r
(ru)rr in Spherical coordinates with initial conditions u(r, 0) = 0

and boundary conditions u(1, t) = t

solve for u = (r, t)

r

1

u(1, t) = tI.C. u(r, 0) = 0

ut =
1
r (ru)rr

Figure 3.197: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[r, t], t] == (k*D[r*u[r, t], {r, 2}])/r;
ic = u[r, 0] == 0;
bc = u[1, t] == t;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[r, t], {r, t}, Assumptions -> {t > 0, k > 0}], 60*10]];� �


u(r, t) →

∞∑
K[1]=1

2(−1)K[1]
(
1− e−kπ2tK[1]2

)
sin(πrK[1])

kπ3rK[1]3 + t



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Maple 3� �
restart;
pde := diff(u(r,t),t)= k/r*diff(r*u(r,t),r$2);
ic := u(r,0)=0;
bc := u(1,t) =t;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(r,t),HINT =boundedseries(r=0)) assuming t>0,k>0) ,output='realtime'));� �

u(r, t) =
L−1

(
csch

(√
s√
k

)
sinh

(√
s r√
k

)
s2

, s, t

)
r

Has unresolved Laplace integrals

3.3.2 Cylinderical coordinates

Local contents
3.3.2.1 [274] Haberman 7.9.4 (a) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 526
3.3.2.2 [275] Haberman 7.9.4 (b) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 529
3.3.2.3 [276] Haberman 7.9.4 (c) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 534
3.3.2.4 [277] Haberman 7.9.3 (a) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 535
3.3.2.5 [278] Haberman 7.9.3 (b) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 536
3.3.2.6 [279] Haberman 7.9.3 (c) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 537

3.3.2.1 [274] Haberman 7.9.4 (a)

problem number 274

Added May 26, 2019.

Problem 7.9.4 (a) from Richard Haberman Applied Partial Differential Equations, 4th edition.

Solve Heat PDE ut = k∇2u inside cylinder with radius a and height H with initial condi-
tions u(r, θ, z, 0) = f(r, z) independent of θ if the boundary conditions are u(r, θ, 0, t) = 0,
u(r, θ,H, t) = 0, u(a, θ, z, t) = 0.

Since it says independent of θ, will use the PDE as

ut = k

(
urr +

1
r
ur + uzz

)
Instead of the full Laplacian

ut = k

(
urr +

1
r
ur +

1
r2
uθθ + uzz

)

H

a
r θ

z

ut = k
(
urr +

1
rur + uzz

)

u = 0

(bottom side)

u = 0

(top side)

u = 0
(side)

Initial conditions u(r, z, 0) = f(r, z)

(No θ dependency)

u = u(r, z, t)

Figure 3.198: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
lap = Laplacian[u[r, z, t], {r, theta, z}, "Cylindrical"];
bc = {u[r, 0, t] == 0, u[r, H, t] == 0, u[a, z,t] == 0};
ic = u[r, z, 0] == f[r,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[{D[u[r,z,t],t]==k*lap, bc, ic}, u[r, z,t], {r, z,t}, Assumptions -> {a > 0, r < a, H > 0}], 60*10]];� �

u(r, z, t) → {

∞∑
K[1]=1

∞∑
K[3]=1

4 exp
(
−kt

((
j0,K[3]

)2
a2 +π2K[1]2

H2

))
BesselJ

(
0,
rj0,K[3]

a

)(∫ a
0
∫H
0 rBesselJ

(
0,
rj0,K[3]

a

)
f(r,z) sin

(
πzK[1]
H

)
dzdr

)
sin
(
πzK[1]
H

)
a2H BesselJ

(
1,j0,K[3]

)
2 k > 0 ∧ (K[1]|K[3]) ∈ Z ∧K[1] ≥ 0 ∧K[3] ≥ 0 ∧H2(j0,K[3]

) 2 + a2π2K[1]2 > 0

Indeterminate True




Maple 3� �
restart;
lap:=VectorCalculus:-Laplacian(u(r,z,t),'cylindrical'[r,theta,z]);
bc := u(r,0,t)=0,u(r,H,t)=0, u(a,z,t)=0;
ic := u(r,z,0) = f(r,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([diff(u(r,z,t),t) = k*lap,bc,ic],u(r,z,t)) assuming a>0,r<a,H>0,k>0),output='realtime'));� �

u(r, z, t) = 4

 ∞∑
n1=1

∞∑
n=1

sin
(
nπz
H

)
e−

kt
(
π2a2n2+H2λ2n1

)
H2a2 BesselJ

(
0, λn1r

a

) (∫ a

0 BesselJ
(
0, λn1r

a

)
r
(∫ H

0 sin
(
nπz
H

)
f(r, z) dz

)
AllSolutions

dr
)
AllSolutions

H a2 hypergeom
([1

2

]
, [1, 2] ,−λ2n1

)
where{λn1 = BesselJZeros (0, n1) ∧ 0 ≤ λn1}

Hand solution

Solve ut = k∇2u inside cylinder with radius a and height H with initial conditions u(r, z, 0) =
f(r, z) independent of θ if the boundary conditions are u(r, 0, t) = 0, u(r,H, t) = 0, u(a, z, t) =
0

Let u(r, z, t) = T (t) Φ(r, z). Substituting into the PDE gives

T ′(t) Φ(r, z) = k
(
T (t)∇2Φ

)
T ′

kT
= ∇2Φ

Φ (r, z) = −λ

Where λ is the separation constant assumed positive. This gives T ′ + λkT = 0 with solution
T (t) = Ce−kλt. And

∇2Φ + λΦ(r, z) = 0 (1)

Where ∇2Φ(r, z) = Φrr + 1
r
Φr + Φzz in this case, the Laplacian in cylindrical with no θ

dependency. Let Φ(r, z) = R(r)Z(z). Substituting in (1) gives

R′′Z + 1
r
R′ + Z ′′ + λRZ = 0

R′′

R
+ 1
r

R′

R
+ λ = −Z

′′

Z
= υ (2)

Where υ is the second separation constant assumed positive. This gives

Z ′′ + υZ = 0
Z(z) = A cos

(√
υz
)
+B sin

(√
υz
)

At z = 0, Z = 0, hence A = 0 and the solution becomes Z(z) = B sin
(√

υz
)
. At z = H,Z = 0,

hence for non-trivial solution we want
√
υH = nπ, n = 1, 2, 3, · · · . Therefore

υn =
(nπ
H

)2
n = 1, 2, 3, · · ·
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And the corresponding eigenfunctions

Zn(z) = sin
(nπ
H
z
)

From (2) the radial equation becomes
R′′

R
+ 1
r

R′

R
+ λ =

(nπ
H

)2
R′′ + 1

r
R′ +

(
λ−

(nπ
H

)2)
R = 0

This is Bessel ODE. The solution is

Rn(r) = C1J0

(√
λ−

(nπ
H

)2
r

)
+ C2Y0

(√
λ−

(nπ
H

)2
r

)

Since Y0 blows up at r = 0, it is discarded leaving Rn(r) = C1J0

(√
λ−

(
nπ
H

)2
r

)
. At

r = a,Rn(a) = 0. For non-trivial solution we want J0
(√

λ−
(
nπ
H

)2
a

)
= 0. Therefore√

λ−
(
nπ
H

)2
a are the zeros of Bessel function J0(x). This allows us to determine all possible

values of
√
λ−

(
nπ
H

)2 (since a is given constant). Let the mth zero of J0(x) be called Λm.
Hence √

λ−
(nπ
H

)2
a = Λm m = 1, 2, 3, · · ·√

λ−
(nπ
H

)2
= Λm

a

λnm = Λ2
m

a2
+
(nπ
H

)2
n = 1, 2, 3, · · · ,m = 1, 2, 3, · · ·

For each n, there are m values of λnm. The corresponding radial eigenfunction is

Rm(r) = J0

(
Λm

a
r

)
m = 1, 2, 3, · · ·

Therefore the complete solution is

u(r, z, t) =
∞∑
n=1

∞∑
m=1

Anme
−kλnmt sin

(nπ
H
z
)
J0

(
Λm

a
r

)

=
∞∑
n=1

∞∑
m=1

Anme
−k

(
Λ2
m
a2 +

(
nπ
H

)2)
t
sin
(nπ
H
z
)
J0

(
Λm

a
r

)
What is left is to determine Anm. This is done using initial conditions by using orthogonality.
At t = 0

f(r, z) =
∞∑
n=1

∞∑
m=1

Anm sin
(nπ
H
z
)
J0

(
Λm

a
r

)
Multiplying both sides by rJ0

(
Λm′
a
r
)
and integrating∫ a

0
f(r, z) J0

(
Λm′

a
r

)
rdr =

∫ a

0

∞∑
n=1

∞∑
m=1

Anm sin
(nπ
H
z
)
J0

(
Λm

a
r

)
J0

(
Λm′

a
r

)
rdr∫ a

0
f(r, z) J0

(
Λm

a
r

)
rdr =

∞∑
n=1

Anm sin
(nπ
H
z
)∫ a

0
J2
0

(
Λm

a
r

)
rdr

Multiplying both sides by sin
(
n′π
H
z
)
and integrating∫ H

0

(∫ a

0
f(r, z) J0

(
Λm

a
r

)
rdr

)
sin
(
n′π

H
z

)
dz =

∫ H

0

∞∑
n=1

Anm sin
(nπ
H
z
)
sin
(
n′π

H
z

)(∫ a

0
J2
0

(
Λm

a
r

)
rdr

)
dz∫ H

0

∫ a

0
f(r, z) J0

(
Λm

a
r

)
sin
(nπ
H
z
)
rdrdz = Anm

∫ H

0

∫ a

0
sin2

(nπ
H
z
)
J2
0

(
Λm

a
r

)
rdrdz

Anm =
∫ H

0

∫ a

0 f(r, z) J0
(Λm

a
r
)
sin
(
nπ
H
z
)
rdrdz∫ H

0

∫ a

0 sin2 (nπ
H
z
)
J2
0
(Λm

a
r
)
rdrdz
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Hence the final solution is

u(r, z, t) =
∞∑
n=1

∞∑
m=1

∫ H

0

∫ a

0 f(r, z) J0
(Λm

a
r
)
sin
(
nπ
H
z
)
rdrdz∫ H

0

∫ a

0 sin2 (nπ
H
z
)
J2
0
(Λm

a
r
)
rdrdz

e
−k

(
Λ2
m
a2 +

(
nπ
H

)2)
t
sin
(nπ
H
z
)
J0

(
Λm

a
r

)
Where Λm is themth zero of J0(x). To verify the solution, it is compared to numerical solution,
using the following values a = 1, H = 3, k = 1

100 , f(r, z) = (a− r) sin
(

z
H
π
)
. The summation

was taken up to n = 10,m = 10. This animation only looks at cross section of the cylinder
in the middle. The height indicates the amount of heat. As time passes the cylinder cools
down. It runs for 15 seconds. (The animation will only show on the HTML version, not the
PDE version of this report).

The following is the source code used to generate the above

ClearAll[t, r, m, n, f];

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""},

NumberPadding → {"0", "0"}, SignPadding → True];

nTerms = 10;

a = 1;

H = 3;

k = 1/ 100;

f[r_, z_, theta_] := (a - r) Sin[Pi / H* z];

(*f[r_,z_,theta_]:=Sin[r Pi]Sin[z/H *Pi];*)

lam = Table[ BesselJZero[0, m], {m, 1, nTerms}] // N;

A = Table
Integrate[Integrate[f[r, z, 0]* BesselJ[0, lam〚m〛/ a* r ]* r, {r, 0, a}]* Sin[n* Pi/ H* z], {z, 0, H}]

Integrate[Integrate[BesselJ[0, lam〚m〛/ a* r ]^2* r, {r, 0, a}] Sin[n* Pi/ H* z]^2, {z, 0, H}]
,

{n, 1, nTerms}, {m, 1, nTerms};

mySol[r_, z_, t_] := SumSum A〚n, m〛* Exp-k*
lam〚m〛2

a2
+

n* Pi

H

2

t* Sin
n Pi

H
z BesselJ[0, lam〚m〛* r/ a],

{n, 1, nTerms}, {m, 1, nTerms};

Figure 3.199: Code to generate solution

In[ ]:= framesMySolVer2 = Table[

Print["t=", t];

Grid[{

{Row[{"current time = ", padIt2[t, {3, 2}]}]},

{Row[{"Tempreature in middle of cylinder = ", padIt2[mySol[0, 1.5, t], {5, 4}]}]},

{Plot3D[mySol[Sqrt[x^2 + y^2], 1.5, t],

Element[{x, y}, Disk[{0, 0}, 1]],

PerformanceGoal → "Speed",

PlotRange → {All, All, {0, 1}}, Mesh → Full,

ImageSize → 400

]

}}],

{t, 0, 15, 0.1}];

In[ ]:= Manipulate[

framesMySolVer2〚i〛,

{{i, 1, "time"}, 1, Length@framesMySolVer2, 1, Appearance → "Labeled"}

]

In[ ]:= Export["anim_plot3d_3.gif", framesMySolVer2,

"DisplayDurations" → Table[0.05, {Length[framesMySolVer2]}]]

Figure 3.200: Code to make animation and export it

3.3.2.2 [275] Haberman 7.9.4 (b)

problem number 275

Added May 26, 2019.

Problem 7.9.4 (b) from Richard Haberman Applied Partial Differential Equations, 4th edition.

Solve Heat PDE ut = k∇2u inside cylinder with radius a and height H with initial con-
ditions u(r, z, 0) = f(r, z) independent of θ, subject to boundary conditions uz(r, 0, t) = 0,
uz(r,H, t) = 0, ur(a, z, t) = 0.

Since it says independent of θ, will use the PDE as

ut = k

(
urr +

1
r
ur + uzz

)
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Instead of the full Laplacian

ut = k

(
urr +

1
r
ur +

1
r2
uθθ + uzz

)

H

a
r θ

z

ut = k
(
urr +

1
rur + uzz

)

uz = 0

(bottom side)

uz = 0

(top side)

ur = 0
(side)

Initial conditions u(r, z, 0) = f(r, z)
(No θ dependency)

u = u(r, z, t)

Figure 3.201: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
lap = Laplacian[u[r, z, t], {r, theta, z}, "Cylindrical"];
bc = {Derivative[0,1,0][u][r,0, t] == 0, Derivative[0,1,0][u][r, H, t] == 0, Derivative[1,0,0][u][a, z,t] == 0};
ic = u[r,z, 0] == f[r,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[{D[u[r,z,t],t]==k*lap, bc, ic}, u[r, z,t], {r, z,t}, Assumptions -> {a > 0, r < a, H > 0}], 60*10]];� �

u(r, z, t) → {

2
∫ a
0
∫H
0 rf(r,z)dzdr
a2H

+
∞∑

K[1]=1

4e−
kπ2tK[1]2

H2 cos
(
πzK[1]
H

) ∫ a
0
∫H
0 r cos

(
πzK[1]
H

)
f(r,z)dzdr

a2H
+

∞∑
K[3]=1

2e−ktK[2,0,K[3]]2 BesselJ(0,rK[2,0,K[3]])
(∫ a

0
∫H
0 rBesselJ(0,rK[2,0,K[3]])f(r,z)dzdr

)√
K[2,0,K[3]]

a2H
√

BesselJ(0,aK[2,0,K[3]])2+BesselJ(1,aK[2,0,K[3]])2
√

(BesselJ(0,aK[2,0,K[3]])2+BesselJ(1,aK[2,0,K[3]])2)K[2,0,K[3]] +
∞∑

K[1]=1

∞∑
K[3]=1

4 exp
(
−kt

(
π2K[1]2

H2 +K[2,0,K[3]]2
))

BesselJ(0,rK[2,0,K[3]]) cos
(
πzK[1]
H

)(∫ a
0
∫H
0 rBesselJ(0,rK[2,0,K[3]]) cos

(
πzK[1]
H

)
f(r,z)dzdr

)√
K[2,0,K[3]]

a2H
√

BesselJ(0,aK[2,0,K[3]])2+BesselJ(1,aK[2,0,K[3]])2
√

(BesselJ(0,aK[2,0,K[3]])2+BesselJ(1,aK[2,0,K[3]])2)K[2,0,K[3]] (K[1]|K[3]) ∈ Z ∧ BesselJ(1, aK[2, 0, K[3]]) = 0 ∧K[1] ≥ 0 ∧K[3] ≥ 0 ∧ k > 0 ∧K[2, 0, K[3]] > 0 ∧ π2K[1]2 +H2K[2, 0, K[3]]2 > 0

Indeterminate True




Maple 7� �
restart;
lap:=VectorCalculus:-Laplacian(u(r,z,t),'cylindrical'[r,theta,z]);
bc:=eval(diff(u(r,z,t),z),z=0)=0,eval(diff(u(r,z,t),z),z=H)=0, eval(diff(u(r,z,t),r),r=a)=0;
ic := u(r,z,0) = f(r,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([diff(u(r,z,t),t) = k*lap,bc,ic],u(r,z,t)) assuming a>0,r<a,H>0,k>0),output='realtime'));� �
sol=()
Hand solution

Solve ut = k∇2u inside cylinder with radius a and height H with initial conditions u(r, z, 0) =
f(r, z) independent of θ if the boundary conditions are uz(r, 0, t) = 0, uz(r,H, t) = 0, ur(a, z, t) =
0

Let u(r, z, t) = T (t) Φ(r, z). Substituting into the PDE gives

T ′(t) Φ(r, z) = k
(
T (t)∇2Φ

)
T ′

kT
= ∇2Φ

Φ (r, z) = −λ

Where λ is the separation constant assumed positive. This gives T ′ + λkT = 0 with solution
T (t) = Ce−kλt. And

∇2Φ + λΦ(r, z) = 0 (1)
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Where ∇2Φ(r, z) = Φrr + 1
r
Φr + Φzz in this case, the Laplacian in cylindrical with no θ

dependency. Let Φ(r, z) = R(r)Z(z). Substituting in (1) gives

R′′Z + 1
r
R′ + Z ′′ + λRZ = 0

R′′

R
+ 1
r

R′

R
+ λ = −Z

′′

Z
= υ (2)

Where υ is the second separation. Then Z ′′ + υZ = 0

case υ = 0

This gives

Z(z) = Az +B

Z ′ = A

At z = 0, Z ′ = 0, hence A = 0. The solution becomes Z(z) = B and Z ′(z) = 0. Which
satisfies the boundary conditions at z = H. Hence υ = 0 is eigenvalue with Z0 = 1 as
eigenfunction.

case υ > 0

Z ′′ + υZ = 0
Z(z) = A cos

(√
υz
)
+B sin

(√
υz
)

Z ′(z) = −A
√
υ sin

(√
υz
)
+B

√
υ cos

(√
υz
)

At z = 0, Z ′ = 0, hence B = 0 and the solution becomes Z(z) = A cos
(√

υz
)
and Z ′(z) =

−A
√
υ sin

(√
υz
)
. At z = H,Zt = 0, hence for non-trivial solution we want

√
υH = nπ, n =

1, 2, 3, · · · . Therefore
υn =

(nπ
H

)2
n = 1, 2, 3, · · ·

And the corresponding eigenfunctions

Zn(z) = cos
(nπ
H
z
)

From (2) the radial equation becomes

R′′

R
+ 1
r

R′

R
+ λ = v

case υ = 0

The above becomes
R′′

0 +
1
r
R′

0 +R0λ0 = 0

This is Bessel ODE whose solution is

R0(r) = c1J0
(√

λ0r
)
+ c2Y0

(√
λ0r
)

Since Y0 blows at r = 0 the solution becomes

R0(r) = c1J0
(√

λ0r
)

R′
0(r) = c1J

′
0

(√
λ0r
)

= −c1
√
λ0J1

(√
λ0r
)

At r = a then R′
0(a) = 0. For nontrivial solution we want J1

(√
λa
)
= 0. Hence

√
λa are

zeros of J1(x). This determines λ. Let Λm be the zeros of J1(x), therefore√
λ0a = Λm n = 0,m = 1, 2, 3, · · ·

λ0,m =
(
Λm

a

)2

m = 1, 2, 3, · · ·



chapter 3. parabolic pde’s (diffusion) 532

Hence the radial eigenfunction for υ = 0 is given by

R0,m(r) = c1J0

(
Λm

a
r

)
m = 1, 2, 3, · · ·

case υ > 0

R′′

R
+ 1
r

R′

R
+ λ =

(nπ
H

)2
R′′ + 1

r
R′ +

(
λ−

(nπ
H

)2)
R = 0

This is Bessel ODE. The solution is

Rn(r) = C1J0

(√
λ−

(nπ
H

)2
r

)
+ C2Y0

(√
λ−

(nπ
H

)2
r

)

Since Y0 blows up at r = 0, it is discarded leaving Rn(r) = C1J0

(√
λ−

(
nπ
H

)2
r

)
. Hence

R′
n(r) = C1J

′
0

(√
λ−

(
nπ
H

)2
r

)
= −C1

√
λ−

(
nπ
H

)2
J1

(√
λ−

(
nπ
H

)2
r

)
At r = a,R′

n(a) = 0. For non-trivial solution we want J1
(√

λ−
(
nπ
H

)2
a

)
= 0. Therefore√

λ−
(
nπ
H

)2
a are the zeros of Bessel function J1(x). This allows us to determine all possible

values of
√
λ−

(
nπ
H

)2 (since a is given constant). Let the mth zero of J1(x) be called Λm.
Hence √

λ−
(nπ
H

)2
a = Λm m = 1, 2, 3, · · ·√

λ−
(nπ
H

)2
= Λm

a

λnm = Λ2
m

a2
+
(nπ
H

)2
n = 1, 2, 3, · · · ,m = 1, 2, 3, · · ·

For each n, there are m values of λnm. The corresponding radial eigenfunction is

Rm(r) = J0

(
Λm

a
r

)
m = 1, 2, 3, · · ·

Now we look at the time solution again. T (t) = Ce−kλt. For n = 0 this gives T0,m(t) =

C0,me
−kλ0,mt = C0,me

−k
(

Λm
a

)2
t. For n > 0 the solution becomes

Tn,m(t) = Cn,me
−kλn,mt = Ce

−k

(
Λ2
m
a2 +

(
nπ
H

)2)
t

Therefore the complete solution is

u(r, z, t) =
∞∑

m=1

BmR0,m(r)T0,m(t) +
∞∑
n=1

∞∑
m=1

Anme
−kλnmt cos

(nπ
H
z
)
J0

(
Λm

a
r

)

=
∞∑

m=1

BmJ0

(
Λm

a
r

)
e
−k
(

Λm
a

)2
t +

∞∑
n=1

∞∑
m=1

Anme
−k

(
Λ2
m
a2 +

(
nπ
H

)2)
t
cos
(nπ
H
z
)
J0

(
Λm

a
r

)
What is left is to determine Anm and Bm. This is done using initial conditions by using
orthogonality. At t = 0

f(r, z) =
∞∑

m=1

BmJ0

(
Λm

a
r

)
+

∞∑
n=1

∞∑
m=1

Anm cos
(nπ
H
z
)
J0

(
Λm

a
r

)
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For n = 0

f(r, z) =
∞∑

m=1

BmJ0

(
Λm

a
r

)
∫ a

0
f(r, z) J0

(
Λm′

a
r

)
rdr =

∫ a

0

∞∑
m=1

BmJ0

(
Λm

a
r

)
J0

(
Λm′

a
r

)
rdr∫ a

0
f(r, 0) J0

(
Λm

a
r

)
rdr =

∫ a

0
BmJ

2
0

(
Λm

a
r

)
rdr

Bm =
∫ a

0 f(r, 0) J0
(Λm

a
r
)
rdr∫ a

0 J
2
0
(Λm

a
r
)
rdr

m = 1, 2, 3, · · ·

Integrating again both sides over z gives (we can think of cos
(
nπ
H
z
)
= 1 with n = 0 as the

eigenfunction in this case).

∫ H

0

∫ a

0
f(r, 0) J0

(
Λm

a
r

)
rdrdz = Bm

∫ H

0

∫ a

0
J2
0

(
Λm

a
r

)
rdrdz

Bm =
∫ H

0

∫ a

0 f(r, 0) J0
(Λm

a
r
)
rdrdz∫ H

0

∫ a

0 J
2
0
(Λm

a
r
)
rdrdz

For n > 0
f(r, z) =

∞∑
n=1

∞∑
m=1

Anm cos
(nπ
H
z
)
J0

(
Λm

a
r

)
Multiplying both sides by rJ0

(
Λm′
a
r
)
and integrating

∫ a

0
f(r, z) J0

(
Λm′

a
r

)
rdr =

∫ a

0

∞∑
n=1

∞∑
m=1

Anm cos
(nπ
H
z
)
J0

(
Λm

a
r

)
J0

(
Λm′

a
r

)
rdr∫ a

0
f(r, z) J0

(
Λm

a
r

)
rdr =

∞∑
n=1

Anm cos
(nπ
H
z
)∫ a

0
J2
0

(
Λm

a
r

)
rdr

Multiplying both sides by cos
(
n′π
H
z
)
and integrating∫ H

0

(∫ a

0
f(r, z) J0

(
Λm

a
r

)
rdr

)
cos
(
n′π

H
z

)
dz =

∫ H

0

∞∑
n=1

Anm sin
(nπ
H
z
)
cos
(
n′π

H
z

)(∫ a

0
J2
0

(
Λm

a
r

)
rdr

)
dz∫ H

0

∫ a

0
f(r, z) J0

(
Λm

a
r

)
cos
(nπ
H
z
)
rdrdz = Anm

∫ H

0

∫ a

0
cos2

(nπ
H
z
)
J2
0

(
Λm

a
r

)
rdrdz

Anm =
∫ H

0

∫ a

0 f(r, z) J0
(Λm

a
r
)
cos
(
nπ
H
z
)
rdrdz∫ H

0

∫ a

0 cos2
(
nπ
H
z
)
J2
0
(Λm

a
r
)
rdrdz

Hence the final solution is

u(r, z, t) =
∞∑

m=1

BmJ0

((
Λm

a

)2

r

)
e
−k
(

Λm
a

)2
t+

∞∑
n=1

∞∑
m=1

Anme
−k

(
Λ2
m
a2 +

(
nπ
H

)2)
t
cos
(nπ
H
z
)
J0

(
Λm

a
r

)

With

Anm =
∫ H

0

∫ a

0 f(r, z) J0
(Λm

a
r
)
cos
(
nπ
H
z
)
rdrdz∫ H

0

∫ a

0 cos2
(
nπ
H
z
)
J2
0
(Λm

a
r
)
rdrdz

Bm =
∫ H

0

∫ a

0 f(r, 0) J0
(Λm

a
r
)
rdrdz∫ H

0

∫ a

0 J
2
0
(Λm

a
r
)
rdrdz

Where Λm is the mth zero of J1(x).
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To verify the solution, it is compared to numerical solution, using the following values a =
1, H = 3, k = 1

100 , f(r, z) = (a− r) sin
(

z
H
π
)
. The summation was taken up to n = 10,m = 10.

This animation only looks at cross section of the cylinder in the middle. The height indicates
the amount of heat. As time passes the initial temperature averages inside (cylinder is
insulated). It runs for 15 seconds. (The animation will only show on the HTML version, not
the PDE version of this report).

The following is the source code used to generate the above

In[ ]:= ClearAll[t, r, m, n, f, A, B];

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""},

NumberPadding → {"0", "0"}, SignPadding → True];

nTerms = 10;

a = 1;

H = 3;

k = 1/ 100;

f[r_, z_, theta_] := (a - r) Sin[Pi / H* z];

lam = Table[ BesselJZero[1, m], {m, 1, nTerms}] // N;

B = Table
IntegrateIntegratef[r, 0, 0]* BesselJ0, lam〚m〛

a
r  r, {r, 0, a}, {z, 0, H}

IntegrateIntegrateBesselJ0, lam〚m〛

a
* r 

2
* r, {r, 0, a}, {z, 0, H}

, {m, 1, nTerms};

A = Table
IntegrateIntegratef[r, z, 0]* BesselJ0, lam〚m〛

a
r  r, {r, 0, a} Cos n Pi

H
* z, {z, 0, H}

IntegrateIntegrateBesselJ0, lam〚m〛

a
r 

2 r, {r, 0, a} Cos n Pi

H
* z2, {z, 0, H}

, {n, 1, nTerms}, {m, 1, nTerms};

mySol[r_, z_, t_] := SumB〚m〛 Exp-k
lam〚m〛2

a2
t BesselJ0, 

lam〚m〛

a

2
r, {m, 1, nTerms} +

SumSum A〚n, m〛* Exp-k
lam〚m〛2

a2
+

n Pi

H

2

t Cos
n Pi

H
* z BesselJ0,

lam〚m〛

a
r, {n, 1, nTerms}, {m, 1, nTerms};

Figure 3.202: Code to generate solution

In[ ]:= framesMySolVer2 = Table[

Print["t=", t];

Grid[{

{Row[{"current time = ", padIt2[t, {3, 2}]}]},

{Row[{"Tempreature in middle of cylinder = ", padIt2[mySol[0, 1.5, t], {5, 4}]}]},

{Plot3D[mySol[Sqrt[x^2 + y^2], 1.5, t],

Element[{x, y}, Disk[{0, 0}, 1]],

PerformanceGoal → "Speed",

PlotRange → {All, All, {-0.125, .22}}, Mesh → Full,

ImageSize → 400

]

}}],

{t, 0, 15, 0.1}];

In[ ]:= Manipulate[

framesMySolVer2〚i〛,

{{i, 1, "time"}, 1, Length@framesMySolVer2, 1, Appearance → "Labeled"}

]

In[ ]:= Export["anim.gif", framesMySolVer2,

"DisplayDurations" → Table[0.1, {Length[framesMySolVer2]}]]

Out[ ]= anim.gif

Figure 3.203: Code to make animation and export it

3.3.2.3 [276] Haberman 7.9.4 (c)

problem number 276

Added May 26, 2019.

Problem 7.9.4 (c) from Richard Haberman Applied Partial Differential Equations, 4th edition.

Solve Heat PDE ut = k∇2u inside cylinder with radius a and height H with initial conditions
u(r, z, 0) = f(r, z) subject to boundary conditions u(r, 0, t) = 0, u(r,H, t) = 0, ur(a, z, t) = 0.

Since it says independent of θ, will use the PDE as

ut = k

(
urr +

1
r
ur + uzz

)
Instead of full Laplacian

ut = k

(
urr +

1
r
ur +

1
r2
uθθ + uzz

)
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H

a
r θ

z

ut = k
(
urr +

1
rur + uzz

)

u = 0

(bottom side)

u = 0

(top side)

ur = 0
(side)

Initial conditions u(r, z, 0) = f(r, z)

u = u(r, z, t)

(No θ dependency)

Figure 3.204: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
lap = Laplacian[u[r, z, t], {r, theta, z}, "Cylindrical"];
bc = {u[r, 0, t] == 0, u[r, H, t] == 0, Derivative[1,0,0][u][a, z,t] == 0};
ic = u[r, z, 0] == f[r,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[{D[u[r,z,t],t]==k*lap, bc, ic}, u[r, z,t], {r, z,t}, Assumptions -> {a > 0, r < a, H > 0}], 60*10]];� �

u(r, z, t) → {

∞∑
K[1]=1

4e−
kπ2tK[1]2

H2
(∫ a

0
∫H
0 rf(r,z) sin

(
πzK[1]
H

)
dzdr

)
sin
(
πzK[1]
H

)
a2H

+
∞∑

K[1]=1

∞∑
K[3]=1

4 exp
(
−kt

(
π2K[1]2

H2 +K[2,0,K[3]]2
))

BesselJ(0,rK[2,0,K[3]])
(∫ a

0
∫H
0 rBesselJ(0,rK[2,0,K[3]])f(r,z) sin

(
πzK[1]
H

)
dzdr

)√
K[2,0,K[3]] sin

(
πzK[1]
H

)
a2H

√
BesselJ(0,aK[2,0,K[3]])2+BesselJ(1,aK[2,0,K[3]])2

√
(BesselJ(0,aK[2,0,K[3]])2+BesselJ(1,aK[2,0,K[3]])2)K[2,0,K[3]] (K[1]|K[3]) ∈ Z ∧ BesselJ(1, aK[2, 0, K[3]]) = 0 ∧K[1] ≥ 0 ∧K[3] ≥ 0 ∧ k > 0 ∧K[2, 0, K[3]] > 0 ∧ π2K[1]2 +H2K[2, 0, K[3]]2 > 0

Indeterminate True




Maple 7� �
restart;
lap:=VectorCalculus:-Laplacian(u(r,z,t),'cylindrical'[r,theta,z]);
bc := u(r,0,t)=0,u(r,H,t)=0, eval(diff(u(r,z,t),r),r=a)=0;
ic := u(r,z,0) = f(r,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([diff(u(r,z,t),t) = k*lap,bc,ic],u(r,z,t)) assuming a>0,r<a,H>0,k>0),output='realtime'));� �
sol=()

3.3.2.4 [277] Haberman 7.9.3 (a)

problem number 277

Added May 26, 2019.

Problem 7.9.3 (a) from Richard Haberman Applied Partial Differential Equations, 4th edition.

Solve Heat PDE ut = k∇2u inside quarter circular cylinder 0 < θ < π
2 with radius a

and height H with initial conditions u(r, θ, z, 0) = f(rθ, z) subject to boundary conditions
u(r, θ, 0, t) = 0, u(r, θ,H, t) = 0, u(r, 0, z, t) = 0, u(r, π2 , z, t) = 0, u(a, θ, z, t) = 0.

ut = k

(
urr +

1
r
ur +

1
r2
uθθ + uzz

)
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H

a

r
θ

zu = 0

u = 0
(back side)

u = 0

u = 0
(bottom side)

(top side)

ut = k(urr +
1
rur +

1
r2uθθ + uzz)

u = 0

(this side)

(this side)

I.C. u(r, θ, z, 0) = f(r, θ, z)

Figure 3.205: PDE specification

Mathematica 7� �
ClearAll["Global`*"];
lap = Laplacian[u[r, theta, z, t], {r, theta, z}, "Cylindrical"];
bc = {u[r, theta, 0, t] == 0, u[r, theta, H, t] == 0, u[r, 0, z,t] == 0,u[r,Pi/2,z,t]==0,u[a,Pi,z,t]==0};
ic = u[r, theta, z, 0] == f[r,theta,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[{D[u[r,theta,z,t],t]==k*lap, bc, ic}, u[r, theta, z,t], {r, theta, z,t}, Assumptions -> {a > 0, r < a, H > 0,theta>0,theta<Pi/2}], 60*10]];� �
Failed

Maple 7� �
restart;
lap:=VectorCalculus:-Laplacian(u(r,theta,z,t),'cylindrical'[r,theta,z]);
bc := u(r,theta,0,t)=0,u(r,theta,H,t)=0, u(r,0,z,t)=0, u(r,Pi/2,z,t)=0,u(a,Pi,z,t)=0;
ic := u(r,theta,z,0) = f(r,theta,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([diff(u(r,theta,z,t),t) = k*lap,bc,ic],u(r,theta,z,t)) assuming a>0,r<a,H>0,theta>0,theta<Pi/2,k>0),output='realtime'));� �
sol=()

3.3.2.5 [278] Haberman 7.9.3 (b)

problem number 278

Added May 26, 2019.

Problem 7.9.3 (b) from Richard Haberman Applied Partial Differential Equations, 4th edition.

Solve Heat PDE ut = k∇2u inside quarter circular cylinder 0 < θ < π
2 with radius a

and height H with initial conditions u(r, θ, z, 0) = f(rθ, z) subject to boundary conditions
uz(r, θ, 0, t) = 0, uz(r, θ,H, t) = 0, uθ(r, 0, z, t) = 0, uθ(r, π2 , z, t) = 0, ur(a, θ, z, t) = 0.

ut = k

(
urr +

1
r
ur +

1
r2
uθθ + uzz

)
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H

a

r
θ

zuθ = 0

ur = 0
(back side)

uz = 0

uz = 0
(bottom side)

(top side)

ut = k(urr +
1
rur +

1
r2uθθ + uzz)

uθ = 0

(this side)

(this side)

I.C. u(r, θ, z, 0) = f(r, θ, z)

Figure 3.206: PDE specification

Mathematica 7� �
ClearAll["Global`*"];
lap = Laplacian[u[r, theta, z, t], {r, theta, z}, "Cylindrical"];
bc = {Derivative[0,0,1,0][u][r, theta, 0, t] == 0, Derivative[0,0,1,0][u][r, theta, H, t] == 0, Derivative[0,1,0,0][u][r, 0, z,t] == 0,Derivative[0,1,0,0][u][r,Pi/2,z,t]==0,Derivative[1,0,0,0][u][a,theta,z,t]==0};
ic = u[r, theta, z, 0] == f[r,theta,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[{D[u[r,theta,z,t],t]==k*lap, bc}, u[r, theta, z,t], {r, theta, z,t}, Assumptions -> {a > 0, r < a, H > 0,theta>0,theta<Pi/2}], 60*10]];� �
Failed

Maple 7� �
restart;
lap:=VectorCalculus:-Laplacian(u(r,theta,z,t),'cylindrical'[r,theta,z]);
bc:=eval(diff(u(r,theta,z,t),z),z=0)=0,eval(diff(u(r,theta,z,t),z),z=H)=0,eval(diff(u(r,theta,z,t),theta),theta=0)=0,eval(diff(u(r,theta,z,t),theta),theta=Pi/2)=0,eval(diff(u(r,theta,z,t),r),r=a)=0;
ic := u(r,theta,z,0) = f(r,theta,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([diff(u(r,theta,z,t),t) = k*lap,bc,ic],u(r,theta,z,t)) assuming a>0,r<a,H>0,theta>0,theta<Pi/2,k>0),output='realtime'));� �
sol=()

3.3.2.6 [279] Haberman 7.9.3 (c)

problem number 279

Added May 26, 2019.

Problem 7.9.3 (c) from Richard Haberman Applied Partial Differential Equations, 4th edition.

Solve Heat PDE ut = k∇2u inside quarter circular cylinder 0 < θ < π
2 with radius a

and height H with initial conditions u(r, θ, z, 0) = f(rθ, z) subject to boundary conditions
u(r, θ, 0, t) = 0, u(r, θ,H, t) = 0, uθ(r, 0, z, t) = 0, u(r, π2 , z, t) = 0, ur(a, θ, z, t) = 0.

ut = k

(
urr +

1
r
ur +

1
r2
uθθ + uzz

)
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H

a

r
θ

zu = 0

ur = 0
(back side)

u = 0

u = 0
(bottom side)

(top side)

ut = k(urr +
1
rur +

1
r2uθθ + uzz)

uθ = 0

(this side)

(this side)

I.C. u(r, θ, z, 0) = f(r, θ, z)

Figure 3.207: PDE specification

Mathematica 7� �
ClearAll["Global`*"];
lap = Laplacian[u[r, theta, z, t], {r, theta, z}, "Cylindrical"];
bc = {u[r, theta, 0, t] == 0, u[r, theta, H, t] == 0, u[r, 0, z,t] == 0,u[r,Pi/2,z,t]==0,u[a,Pi,z,t]==0};
ic = u[r, theta, z, 0] == f[r,theta,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[{D[u[r,theta,z,t],t]==k*lap, bc}, u[r, theta, z,t], {r, theta, z,t}, Assumptions -> {a > 0, r < a, H > 0,theta>0,theta<Pi/2}], 60*10]];� �
Failed

Maple 7� �
restart;
lap:=VectorCalculus:-Laplacian(u(r,theta,z,t),'cylindrical'[r,theta,z]);
bc := u(r,theta,0,t)=0,u(r,theta,H,t)=0, eval(diff(u(r,theta,z,t),theta),theta=0)=0, u(r,Pi/2,z,t)=0,eval(diff(u(r,theta,z,t),r),r=a)=0;
ic := u(r,theta,z,0) = f(r,theta,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([diff(u(r,theta,z,t),t) = k*lap,bc,ic],u(r,theta,z,t)) assuming a>0,r<a,H>0,theta>0,theta<Pi/2,k>0),output='realtime'));� �
sol=()
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4.1.1.1 [280] Rectangle, 3 edges zero, buttom edge not

problem number 280

Added Nov 20, 2019

Solve Laplace PDE
∂2u

∂x2
+ ∂2u

∂y2
= 0

inside a rectangle 0 ≤ x ≤ L, 0 ≤ y ≤ H, with following boundary conditions

u(x, 0) = f(x)
u(x,H) = 0
u(0, y) = 0
u(L, y) = 0
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∇2u(x, y) = 0

L

H

x

y

u = 0 u = 0

u = 0

u = f(x)

Figure 4.1: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], {x, 2}] + D[u[x, y], {y, 2}] == 0;
bc = {u[x,0]==f[x], u[x, H] == 0, u[0, y] == 0,u[L,y]==0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y}, Assumptions -> {0 <= x <= L && 0 <= y <= H}], 60*10]];
sol = sol /. {K[1] -> n};� �
{{

u(x, y) →
∞∑
n=1

csch
(
Hnπ

L

)
FourierSinCoefficient

[
f(x), x, n,FourierParameters →

{
1, π
L

}]
sin
(nπx
L

)
sinh

(
nπ(H − y)

L

)}}

Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,y),x$2)+diff(u(x,y),y$2)=0;
assume(L>0 and H>0);
bc:=u(x,0)=f(x), u(x, H) = 0, u(0,y) = 0,u(L,y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,bc],u(x,y)) assuming(0<=x and x<=L and 0<=y and y<=H)),output='realtime'));� �

u(x, y) =
2
(

∞∑
n=1

sin
(
nπx
L

) ∫ L

0 sin
(
nπx
L

)
f(x) dx csch

(
nπH
L

)
sinh

(
nπ(H−y)

L

))
L

Hand solution

Solve

∇2u = 0 on a rectangle R = {0 < x < a, 0 < y < b}
u(x, 0) = f(x)
u(x,H) = 0
u(0, y) = 0
u(L, y) = 0

Solution

Let u(x, y) = X(x)Y (x). Substituting this into the PDE ∂2u
∂x2 + ∂2u

∂y2
= 0 and simplifying gives

X ′′

X
= −Y

′′

Y

Each side depends on different independent variable and they are equal, therefore they must
be equal to same constant.

X ′′

X
= −Y

′′

Y
= ±λ
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Since the boundary conditions along the x direction are the homogeneous ones, −λ is selected
in the above.

X ′′

X
= −Y

′′

Y
= −λ

Two ODE’s are obtained
X ′′ + λX = 0 (1)

With the boundary conditions

X(0) = 0
X(L) = 0

And
Y ′′ − λY = 0 (2)

With the boundary conditions

Y (0) = f(x)
Y (H) = 0

Case λ < 0

The solution to (1) is

X = A cosh
(√

|λ|x
)
+B sinh

(√
|λ|x

)
At x = 0, the above gives 0 = A. Hence X = B sinh

(√
|λ|x

)
. At x = L this gives

X = B sinh
(√

|λ|L
)
. But sinh

(√
|λ|L

)
= 0 only at 0 and

√
|λ|L 6= 0, therefore B = 0 and

this leads to trivial solution. Hence λ < 0 is not an eigenvalue.

Case λ = 0

X = Ax+B

Hence at x = 0 this gives 0 = B and the solution becomes X = B. At x = L, B = 0. Hence
the trivial solution. λ = 0 is not an eigenvalue.

Case λ > 0

Solution is
X = A cos

(√
λx
)
+B sin

(√
λx
)

At x = 0 this gives 0 = A and the solution becomes X = B sin
(√

λx
)
. At x = L

0 = B sin
(√

λL
)

For non-trivial solution sin
(√

λL
)
= 0 or

√
λL = nπ where n = 1, 2, 3, · · · , therefore

λn =
(nπ
L

)2
n = 1, 2, 3, · · ·

Eigenfunctions are
Xn(x) = Bn sin

(nπ
L
x
)

n = 1, 2, 3, · · · (3)

For the Y ODE, the solution is

Yn = Cn cosh
(nπ
L
y
)
+Dn sinh

(nπ
L
y
)

(4)
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Applying B.C. at y = H gives

0 = Cn cosh
(nπ
L
H
)
+Dn sinh

(nπ
L
H
)

Cn = −Dn

sinh
(
nπ
L
H
)

cosh
(
nπ
L
H
)

= −Dn tanh
(nπ
L
H
)

Hence (4) becomes

Yn = −Dn tanh
(nπ
L
H
)
cosh

(nπ
L
y
)
+Dn sinh

(nπ
L
y
)

= Dn

(
sinh

(nπ
L
y
)
− tanh

(nπ
L
H
)
cosh

(nπ
L
y
))

Now the complete solution is produced

un(x, y) = YnXn

= Dn

(
sinh

(nπ
L
y
)
− tanh

(nπ
L
H
)
cosh

(nπ
L
y
))

Bn sin
(nπ
L
x
)

Let DnBn = Bn since a constant. (no need to make up a new symbol).

un(x, y) = Bn

(
sinh

(nπ
L
y
)
− tanh

(nπ
L
H
)
cosh

(nπ
L
y
))

sin
(nπ
L
x
)

Sum of eigenfunctions is the solution, hence

u(x, y) =
∞∑
n=1

Bn

(
sinh

(nπ
L
y
)
− tanh

(nπ
L
H
)
cosh

(nπ
L
y
))

sin
(nπ
L
x
)

(5)

The nonhomogeneous boundary condition is now resolved. At y = 0

u(x, 0) = f(x)

Therefore (5) becomes

f(x) =
∞∑
n=1

−Bn tanh
(nπ
a
b
)
sin
(nπ
a
x
)

Multiplying both sides by sin
(
mπ
L
x
)
and integrating gives∫ L

0
f(x) sin

(mπ
L
x
)
dx = −

∫ a

0
sin
(mπ
L
x
) ∞∑

n=1

Bn tanh
(nπ
L
H
)
sin
(nπ
L
x
)
dx

= −
∞∑
n=1

Bn tanh
(nπ
L
b
)∫ L

0
sin
(nπ
L
x
)
sin
(mπ
L
x
)
dx

= −Bn tanh
(mπ
L
H
)(L

2

)
Hence

Bn = − 2
L

∫ L

0 f(x) sin
(
nπ
L
x
)
dx

tanh
(
nπ
L
H
)

The solution (5) becomes

u(x, y) = − 2
L

∞∑
n=1

∫ L

0 f(x) sin
(
nπ
L
x
)
dx

tanh
(
nπ
L
H
) (

sinh
(nπ
L
y
)
− tanh

(nπ
L
H
)
cosh

(nπ
L
y
))

sin
(nπ
L
x
)

= − 2
L

∞∑
n=1

∫ L

0
f(x) sin

(nπ
L
x
)
dx

(
sinh

(
nπ
L
y
)

tanh
(
nπ
L
H
) − cosh

(nπ
L
y
))

sin
(nπ
L
x
)
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4.1.1.2 [281] Rectangle, 3 edges zero, right edge not

problem number 281

Added January 12, 2020

Solve Laplace PDE inside square ∇2u(x, y) = 0 with 0 ≤ x ≤ 1, 0 ≤ y ≤ 1, with following
boundary conditions

u(x, 0) = 0
u(x, 1) = 0
u(0, y) = 0
u(1, y) = y(1− y)

x

y

1

1u = 0

u = 0

u = 0

f(y) = y(1− y)uxx + uyy = 0

Figure 4.2: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
a=1;b=1;
pde = Laplacian[u[x,y],{x,y}] == 0;
bc = {u[x,0]==0, u[x, b] == 0, u[0, y] == 0,u[a,y]==y*(1-y)};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y}], 60*10]];
sol = sol /. {K[1] -> n};� �

{{
u(x, y) →

∞∑
n=1

− 4(−1 + (−1)n) csch(nπ) sin(nπy) sinh(nπx)
n3π3

}}

Maple 3� �
restart;
a:=1;
b:=1;
pde := VectorCalculus:-Laplacian(u(x,y),'cartesian'[x,y])=0;
bc:=u(x,0)=0, u(x, b) = 0, u(0,y) = 0,u(a,y)=y*(1-y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,bc],u(x,y)) ),output='realtime'));� �

u(x, y) = −
4
(

∞∑
n=1

((−1)n−1) csch(πn) sin(nπy) sinh(nπx)
n3

)
π3

Hand solution

a is used for the length of the x dimension and b for the length of the y dimension.

Solution
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Let u(x, y) = X(x)Y (x). Substituting this into the PDE gives

X ′′Y + Y ′′X = 0

Dividing throughout by XY 6= 0 and simplifying gives

X ′′

X
= −Y

′′

Y
= λ

This gives the eigenvalue ODE

Y ′′ + λY = 0 (1)
Y (0) = 0
Y (b) = 0

The solution to (1) gives the eigenvalues λn =
(
nπ
L

)2 for n = 1, 2, 3· · · and since L = b, this
becomes

λn =
(nπ
b

)2
n = 1, 2, · · ·

And the corresponding eigenfunction

Yn(y) = cn sin
(√

λny
)

= cn sin
(nπ
b
y
)

Therefore the corresponding nonhomogeneous X(x) ODE

X ′′
n − λnXn = 0 (2)

Xn(0) = 0
Xn(a) = y − y2

The solution to (2), since λn is positive is

Xn(x) = An cosh
(√

λnx
)
+Bn sinh

(√
λnx

)
= An cosh

(nπ
b
x
)
+Bn sinh

(nπ
b
x
)

Boundary conditions X(0) = 0 gives
0 = An

The solution (3) now simplifies to

Xn(x) = Bn sinh
(nπ
b
x
)

Hence the fundamental solution is

un(x, y) = XnYn

= cn sinh
(nπ
b
x
)
sin
(nπ
b
y
)

Where the constants Bn is merged with cn. The solution is

u(x, y) =
∞∑
n=1

cn sinh
(nπ
b
x
)
sin
(nπ
b
y
)

(3)

cn is now found by applying the boundary condition at x = a. The above becomes

y − y2 =
∞∑
n=1

cn sinh
(nπ
b
a
)
sin
(nπ
b
y
)

Multiplying both sides by sin
(
mπ
b
y
)
and integrating gives∫ b

0

(
y − y2

)
sin
(mπ
b
y
)
dy =

∞∑
n=1

cn sinh
(nπ
b
a
)(∫ b

0
sin
(mπ
b
y
)
sin
(nπ
b
y
)
dy

)
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By orthogonality the above reduces to∫ b

0

(
y − y2

)
sin
(mπ
b
y
)
dy = cn sinh

(mπ
b
a
)∫ b

0
sin2

(mπ
b
y
)
dy

= b

2cm sinh
(mπ
b
a
)

Therefore
cn = 2

b

1
sinh

(
mπ
b
a
) ∫ b

0

(
y − y2

)
sin
(nπ
b
y
)
dy

Now replacing a = 1, b = 1, the above becomes

cn = 2
sinh (nπ)

∫ 1

0

(
y − y2

)
sin (nπy) dy

= 2
sinh (nπ)

(
−2(−1 + (−1)n)

n3π3

)
= −4

sinh (nπ)
(−1 + (−1)n)

n3π3

Hence the solution (3) becomes

u(x, y) = −4
π3

∞∑
n=1

(−1 + (−1)n)
n3

sinh (nπx)
sinh (nπ) sin (nπy)

This is a 3D plot of the solution.

In[40]:= mySol[x_, y_] := -4 / Pi^3 Sum
(-1 + (-1)^n)

n^3

Sinh[n Pi x]

Sinh[n Pi]
Sin[n Pi y] , {n, 1, 2}

Plot3D[mySol[x, y], {x, 0, 1}, {y, 0, 1}, AxesLabel → {"x", "y", "u(x,y)"}, BaseStyle → 14]

Out[41]=

This is a contour plot
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ContourPlot[Evaluate[mySol[x, y]], {x, 0, 1}, {y, 0, 1}, AxesLabel → {x, y},

PlotRange → {-1, 1}, Contours → 100, PlotTheme -> "Scientific", PlotLegends → Automatic]

Out[16]=

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

0.019

0.057

0.095

0.133

0.171

0.209

0.247

4.1.1.3 [282] Rectangle, 3 edges zero, buttom edge has impulse

problem number 282

Added Jan. 8, 2020.

This is Problem 6.3.10 from Introduction to Partial Differential Equations by Peter Olver
ISBN 9783319020983.

Solve

∇2u = 0 on a rectangle R = {0 < x < a, 0 < y < b}
u(x, 0) = f(x)
u(x, b) = 0
u(0, y) = 0
u(a, y) = 0

When the boundary data f(x) = δ(x− ξ) is a delta function at a point 0 < ξ < a.

∇2u(x, y) = 0

a

b

x

y

u = 0 u = 0

δ(x− ξ)

u = 0

Figure 4.3: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] == 0;
f[x_] := DiracDelta[x - zeta];
bc = {u[x, 0] == f[x], u[x, b] == 0, u[0, y] == 0, u[a, y] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y}, Assumptions -> {0 <= x <= a && 0 <= y <= b && 0 < zeta < a}], 60*10]];
sol = sol /. {K[1] -> n};� �


u(x, y) →

∞∑
n=1

2csch
(
bnπ
a

)
sin
(
nπx
a

)
sin
(
nπζ
a

)
sinh

(
nπ(b−y)

a

)
a




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,y),x$2)+diff(u(x,y),y$2)=0;
f:=x->Dirac(x-zeta);
bc:=u(x,0)=f(x), u(x, b) = 0, u(0,y) = 0,u(a,y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,bc],u(x,y)) assuming(0<=x and x<=a and 0<=y and y<=b and 0<zeta and zeta<a)),output='realtime'));� �

u(x, y) = 2

 ∞∑
n=1

csch
(
nπb
a

)
sin
(
nπx
a

)
sin
(
nπζ
a

)
sinh

(
πn(b−y)

a

)
a


Hand solution

Let u(x, y) = X(x)Y (x). Substituting this into the PDE ∂2u
∂x2 + ∂2u

∂y2
= 0 and simplifying gives

X ′′

X
= −Y

′′

Y

Each side depends on different independent variable and they are equal, therefore they must
be equal to same constant.

X ′′

X
= −Y

′′

Y
= ±λ

Since the boundary conditions along the x direction are the homogeneous ones, −λ is selected
in the above.

X ′′

X
= −Y

′′

Y
= −λ

Two ODE’s are obtained
X ′′ + λX = 0 (1)

With the boundary conditions

X(0) = 0
X(a) = 0

And
Y ′′ − λY = 0 (2)

With the boundary conditions

Y (0) = f(x)
Y (b) = 0

In all these cases λ will turn out to be positive. This is shown below.
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Case λ < 0

The solution to (1) is

X = A cosh
(√

|λ|x
)
+B sinh

(√
|λ|x

)
At x = 0, the above gives 0 = A. Hence X = B sinh

(√
|λ|x

)
. At x = a this gives X =

B sinh
(√

|λ|a
)
. But sinh

(√
|λ|a

)
= 0 only at 0 and

√
|λ|a 6= 0, therefore B = 0 and this

leads to trivial solution. Hence λ < 0 is not an eigenvalue.

Case λ = 0

X = Ax+B

Hence at x = 0 this gives 0 = B and the solution becomes X = B. At x = a, B = 0. Hence
the trivial solution. λ = 0 is not an eigenvalue.

Case λ > 0

Solution is
X = A cos

(√
λx
)
+B sin

(√
λx
)

At x = 0 this gives 0 = A and the solution becomes X = B sin
(√

λx
)
. At x = a

0 = B sin
(√

λa
)

For non-trivial solution sin
(√

λa
)
= 0 or

√
λa = nπ where n = 1, 2, 3, · · · , therefore

λn =
(nπ
a

)2
n = 1, 2, 3, · · ·

Eigenfunctions are
Xn(x) = Bn sin

(nπ
a
x
)

n = 1, 2, 3, · · · (3)

For the Y ODE, the solution is

Yn = Cn cosh
(nπ
a
y
)
+Dn sinh

(nπ
a
y
)

(4)

Applying B.C. at y = b gives

0 = Cn cosh
(nπ
a
b
)
+Dn sinh

(nπ
a
b
)

Cn = −Dn

sinh
(
nπ
a
b
)

cosh
(
nπ
a
b
)

= −Dn tanh
(nπ
a
b
)

Hence (4) becomes

Yn = −Dn tanh
(nπ
a
b
)
cosh

(nπ
a
y
)
+Dn sinh

(nπ
a
y
)

= Dn

(
sinh

(nπ
a
y
)
− tanh

(nπ
a
b
)
cosh

(nπ
a
y
))

Now the complete solution is produced

un(x, y) = YnXn

= Dn

(
sinh

(nπ
a
y
)
− tanh

(nπ
a
b
)
cosh

(nπ
a
y
))

Bn sin
(nπ
a
x
)

Let DnBn = Bn since a constant. (no need to make up a new symbol).

un(x, y) = Bn

(
sinh

(nπ
a
y
)
− tanh

(nπ
a
b
)
cosh

(nπ
a
y
))

sin
(nπ
a
x
)
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Sum of eigenfunctions is the solution, hence

u(x, y) =
∞∑
n=1

Bn

(
sinh

(nπ
a
y
)
− tanh

(nπ
a
b
)
cosh

(nπ
a
y
))

sin
(nπ
a
x
)

(5)

The nonhomogeneous boundary condition is now resolved. At y = 0

u(x, 0) = f(x) = δ(x− ξ)

Therefore (5) becomes

δ(x− ξ) =
∞∑
n=1

−Bn tanh
(nπ
a
b
)
sin
(nπ
a
x
)

Multiplying both sides by sin
(
mπ
a
x
)
and integrating gives∫ a

0
δ(x− ξ) sin

(mπ
a
x
)
dx = −

∫ a

0
sin
(mπ
a
x
) ∞∑

n=1

Bn tanh
(nπ
a
b
)
sin
(nπ
a
x
)
dx

= −
∞∑
n=1

Bn tanh
(nπ
a
b
)∫ a

0
sin
(nπ
a
x
)
sin
(mπ
a
x
)
dx

= −Bn tanh
(mπ
a
b
)(a

2

)
Hence

Bn = −2
a

∫ a

0 δ(x− ξ) sin
(
nπ
a
x
)
dx

tanh
(
nπ
a
b
)

But
∫ a

0 δ(x− ξ) sin
(
mπ
L
x
)
dx = sin

(
mπ
L
ξ
)
by the property delta function. Therefore

Bn = −2
a

sin
(
nπ
a
ξ
)

tanh
(
nπ
a
b
)

This completes the solution. (4) becomes

u(x, y) = −2
a

∞∑
n=1

sin
(
nπ
a
ξ
)

tanh
(
nπ
a
b
)(sinh(nπ

a
y
)
− tanh

(nπ
a
b
)
cosh

(nπ
a
y
))

sin
(nπ
a
x
)

= −2
a

∞∑
n=1

sin
(nπ
a
ξ
)
sin
(nπ
a
x
)( sinh

(
nπ
a
y
)

tanh
(
nπ
a
b
) − cosh

(nπ
a
y
))

Looking at the solution above, it is composed of functions that are all differentiable. Hence
the solution is infinitely differentiable inside the rectangle.

Here is a plot of the above solution using a = π, b = 1
2 , ξ = 1.

Figure 4.4: Plot of u(x, y)
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u[x_, y_, ξ_] :=
-2

a


n=1

300

Sin
n π

a
ξ Sin

n π

a
x

Sinh n π

a
y

Tanh n π

a
b

- Cosh
n π

a
y ;

a = Pi; b = 1  2; ξ = 1;

p = Plot3Du[x, y, ξ], {x, 0, a}, {y, 0, b}, PlotRange → {Automatic, Automatic, {-3, 7}},

PlotPoints → 40, AxesLabel → {"x", "y", "u(x,y)"},

ColorFunction → Function{x, y, z}, Hue.45 1 - z;

Figure 4.5: Code used for the above plot

4.1.1.4 [283] Haberman 2.5.1 (a)

problem number 283

This is problem 2.5.1 part (a) from Richard Haberman applied partial differential equations,
5th edition

Solve Laplace equation
∂2u

∂x2
+ ∂2u

∂y2
= 0

inside a rectangle 0 ≤ x ≤ L, 0 ≤ y ≤ H, with following boundary conditions

∂u

∂x
(0, y) = 0

∂u

∂x
(L, y) = 0

u(x, 0) = 0
u(x,H) = f(x)

∇2u(x, y) = 0

L

H

x

y

∂u
∂x

= 0 ∂u
∂x

= 0

u = 0

u = f(x)

solve for u(x, y)

Figure 4.6: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], {x, 2}] + D[u[x, y], {y, 2}] == 0;
bc = {Derivative[1, 0][u][0, y] == 0, Derivative[1, 0][u][L, y] == 0, u[x, 0] == 0, u[x, H] == f[x]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y}, Assumptions -> {0 <= x <= L && 0 <= y <= H}], 60*10]];
sol = sol /. {K[1] -> n};� �

u(x, y) →

∞∑
n=1

2 cos
(
nπx
L

)
csch

(
Hnπ
L

) (∫ L

0 cos
(
nπx
L

)
f(x) dx

)
sinh

(
nπy
L

)
L

+
y
∫ L

0 f(x) dx
HL



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Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,y),x$2)+diff(u(x,y),y$2)=0;
assume(L>0 and H>0);
bc:=D[1](u)(0,y)=0,D[1](u)(L,y)=0,u(x,0)=0,u(x,H)=f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,bc],u(x,y)) assuming(0<=x and x<=L and 0<=y and y<=H)),output='realtime'));
#these simplifications below to convert answer to one that match standard;
sol:=convert(sol,trigh);
sol:=simplify(expand(sol));� �

u(x, y) =

y
∫ L
0 f(x)dx

H
+ 2
(

∞∑
n=1

cos
(
nπx
L

) ∫ L

0 f(x) cos
(
nπx
L

)
dx csch

(
nπH
L

)
sinh

(
nπy
L

))
L

4.1.1.5 [284] Haberman 2.5.1 (b)

problem number 284

This is problem 2.5.1 part (b) from Richard Haberman applied partial differential equations,
5th edition

Solve Laplace equation
∂2u

∂x2
+ ∂2u

∂y2
= 0

inside a rectangle 0 ≤ x ≤ L, 0 ≤ y ≤ H, with following boundary conditions

∂u

∂x
(0, y) = g(y)

∂u

∂x
(L, y) = 0

u(x, 0) = 0
u(x,H) = 0

∇2u(x, y) = 0

L

H

x

y

∂u
∂x

= g(y) ∂u
∂x

= 0

u = 0

u = 0

Figure 4.7: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], {x, 2}] + D[u[x, y], {y, 2}] == 0;
bc = {Derivative[1, 0][u][0, y] == g[y], Derivative[1, 0][u][L, y] == 0, u[x, 0] == 0, u[x, H] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y}, Assumptions -> {0 <= x <= L && 0 <= y <= H}], 60*10]];
sol = sol /. {K[1] -> n};� �


u(x, y) →

∞∑
n=1

−
2 cosh

(
nπ(L−x)

H

)
csch

(
Lnπ
H

) (∫ H

0 g(y) sin
(
nπy
H

)
dy
)
sin
(
nπy
H

)
nπ




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,y),x$2)+diff(u(x,y),y$2)=0;
assume(L>0 and H>0):
bc:=D[1](u)(0,y)=g(y),D[1](u)(L,y)=0,u(x,0)=0,u(x,H)=0:
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,bc],u(x,y)) assuming(0<=x and x<=L and 0<=y and y<=H)),output='realtime'));
sol:=convert(sol,trigh);� �

u(x, y) = −
2
(

∞∑
n=1

sin
(nπy
H

) ∫H
0 sin

(nπy
H

)
g(y)dy csch

(
nπL
H

)
cosh

(
πn(L−x)

H

)
n

)
π

4.1.1.6 [285] Haberman 2.5.1 (c)

problem number 285

This is problem 2.5.1 part (c) from Richard Haberman applied partial differential equations,
5th edition

Solve Laplace equation
∂2u

∂x2
+ ∂2u

∂y2
= 0

inside a rectangle 0 ≤ x ≤ L, 0 ≤ y ≤ H, with following boundary conditions

∂u

∂x
(0, y) = 0

u(L, y) = g(y)
u(x, 0) = 0
u(x,H) = 0

∇2u(x, y) = 0

L

H

x

y

∂u
∂x

= 0 ∂u
∂x

= g(y)

u = 0

u = 0

Figure 4.8: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], {x, 2}] + D[u[x, y], {y, 2}] == 0;
bc = {Derivative[1, 0][u][0, y] == 0, u[L, y] == g[y], u[x, 0] == 0, u[x, H] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y}, Assumptions -> {0 <= x <= L && 0 <= y <= H}], 60*10]];� �

u(x, y) →

∞∑
K[1]=1

√
2
√

1
H

cosh
(
πxK[1]
H

)∫ H

0

√
2g(y) sin

(
πyK[1]

H

)
√
H

dy

 sech
(
LπK[1]
H

)
sin
(
πyK[1]
H

)


Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,y),x$2)+diff(u(x,y),y$2)=0;
assume(L>0 and H>0);
bc:=D[1](u)(0,y)=0,u(L,y)=g(y),u(x,0)=0,u(x,H)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,bc],u(x,y)) assuming(0<=x and x<=L and 0<=y and y<=H)),output='realtime'));
sol:=convert(sol,trigh);� �

u(x, y) =
2
(

∞∑
n=1

sin
(
nπy
H

) ∫ H

0 sin
(
nπy
H

)
g(y) dy sech

(
nπL
H

)
cosh

(
nπx
H

))
H

4.1.1.7 [286] Haberman 2.5.1 (d)

problem number 286

This is problem 2.5.1 part (d) from Richard Haberman applied partial differential equations,
5th edition

Solve Laplace equation
∂2u

∂x2
+ ∂2u

∂y2
= 0

inside a rectangle 0 ≤ x ≤ L, 0 ≤ y ≤ H, with following boundary conditions

u(0, y) = g(y)
u(L, y) = 0

∂u

∂y
u(x, 0) = 0

u(x,H) = 0
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∇2u(x, y) = 0

L

H

x

y

u = g(y) u = 0

u = 0

∂u
∂y

= 0

Figure 4.9: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], {x, 2}] + D[u[x, y], {y, 2}] == 0;
bc = {u[0, y] == g[y], u[L, y] == 0, Derivative[0, 1][u][x, 0] == 0, u[x, H] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y}, Assumptions -> {0 <= x <= L && 0 <= y <= H}], 60*10]];
sol = sol/.K[1]->n;� �

u(x, y) →

∞∑
n=1

√
2 cos

(
(2n−1)πy

2H

)
csch

(
L(2n−1)π

2H

)(∫ H

0

√
2 cos

(
(2n−1)πy

2H

)
g(y)

√
H

dy

)
sinh

(
(2n−1)π(L−x)

2H

)
√
H




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,y),x$2)+diff(u(x,y),y$2)=0;
assume(L>0 and H>0);
bc := u(0,y)=g(y),u(L,y)=0,D[2](u)(x,0)=0,u(x,H)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(x,y)) assuming(0<=x and x<=L and 0<=y and y<=H)),output='realtime'));
sol:=convert(sol,trigh);� �

u(x, y) =
2
(

∞∑
n=0

(
− cos

(
(1+2n)πy

2H

) ∫ H

0 cos
(

(1+2n)πy
2H

)
g(y) dy sinh

(
(−L+x)

( 1
2+n

)
π

H

)
csch

(
(1+2n)πL

2H

)))
H

4.1.1.8 [287] Haberman 2.5.1 (e)

problem number 287

This is problem 2.5.1 part (e) from Richard Haberman applied partial differential equations,
5th edition

Solve Laplace equation
∂2u

∂x2
+ ∂2u

∂y2
= 0
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inside a rectangle 0 ≤ x ≤ L, 0 ≤ y ≤ H, with following boundary conditions

u(0, y) = 0
u(L, y) = 0

u(x, 0)− ∂u

∂y
u(x, 0) = 0

u(x,H) = f(x)

∇2u(x, y) = 0

L

H

x

y

u = 0 u = 0

u = f(x)

u− ∂u
∂y

= 0

Figure 4.10: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], {x, 2}] + D[u[x, y], {y, 2}] == 0;
bc = {u[0, y] == 0, u[L, y] == 0, u[x, 0] - Derivative[0, 1][u][x, 0] == 0, u[x, H] == f[x]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y}, Assumptions -> {0 <= x <= L && 0 <= y <= H}], 60*10]];
sol = sol/.K[1]->n;� �

u(x, y) →

∞∑
n=1

√
2
√

1
L

(∫ L

0

√
2f(x) sin

(
nπx
L

)
√
L

dx
)
sin
(
nπx
L

) (
nπ cosh

(
nπy
L

)
+ L sinh

(
nπy
L

))
nπ cosh

(
Hnπ
L

)
+ L sinh

(
Hnπ
L

)



Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,y),x$2)+diff(u(x,y),y$2)=0;
assume(L>0 and H>0);
bc := u(0,y)=0,u(L,y)=0,u(x,0)-D[2](u)(x,0)=0,u(x,H)=f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(x,y)) assuming(0<=x and x<=L and 0<=y and y<=H)),output='realtime'));
sol:=convert(sol,trigh);� �

u(x, y) =
2
(

∞∑
n=1

sin
(
nπx
L

) ∫ L
0 sin

(
nπx
L

)
f(x)dx

(
πn cosh

(nπy
L

)
+L sinh

(nπy
L

))
πn cosh

(
nπH
L

)
+L sinh

(
nπH
L

)
)

L
Hand solution

Let u(x, y) = X(x)Y (x). Substituting this into the PDE ∂2u
∂x2 + ∂2u

∂y2
= 0 and simplifying gives

X ′′

X
= −Y

′′

Y

Each side depends on different independent variable and they are equal, therefore they must
be equal to same constant.

X ′′

X
= −Y

′′

Y
= ±λ



chapter 4. elliptic pde’s (laplace, poisson, helmholtz) 557

Since the boundary conditions along the x direction are the homogeneous ones, −λ is selected
in the above. Two ODE’s (1,2) are obtained as follows

X ′′ + λX = 0 (1)

With the boundary conditions

X(0) = 0
X(L) = 0

And
Y ′′ − λY = 0 (2)

With the boundary conditions

Y (0) = Y ′(0)
Y (H) = f(x)

In all these cases λ will turn out to be positive. This is shown for this problem only and not
be repeated again.

Case λ < 0

The solution to (1) us

X = A cosh
(√

|λ|x
)
+B sinh

(√
|λ|x

)
At x = 0, the above gives 0 = A. Hence X = B sinh

(√
|λ|x

)
. At x = L this gives

X = B sinh
(√

|λ|L
)
. But sinh

(√
|λ|L

)
= 0 only at 0 and

√
|λ|L 6= 0, therefore B = 0 and

this leads to trivial solution. Hence λ < 0 is not an eigenvalue.

Case λ = 0

X = Ax+B

Hence at x = 0 this gives 0 = B and the solution becomes X = B. At x = L, B = 0. Hence
the trivial solution. λ = 0 is not an eigenvalue.

Case λ > 0

Solution is
X = A cos

(√
λx
)
+B sin

(√
λx
)

At x = 0 this gives 0 = A and the solution becomes X = B sin
(√

λx
)
. At x = L

0 = B sin
(√

λL
)

For non-trivial solution sin
(√

λL
)
= 0 or

√
λL = nπ where n = 1, 2, 3, · · · , therefore

λn =
(nπ
L

)2
n = 1, 2, 3, · · ·

Eigenfunctions are
Xn(x) = Bn sin

(nπ
L
x
)

n = 1, 2, 3, · · · (3)

For the Y ODE, the solution is

Yn = Cn cosh
(nπ
L
y
)
+Dn sinh

(nπ
L
y
)

Y ′
n = Cn

nπ

L
sinh

(nπ
L
y
)
+Dn

nπ

L
cosh

(nπ
L
y
)
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Applying B.C. at y = 0 gives

Y (0) = Y ′(0)

Cn cosh (0) = Dn
nπ

L
cosh (0)

Cn = Dn
nπ

L

The eigenfunctions Yn are

Yn = Dn
nπ

L
cosh

(nπ
L
y
)
+Dn sinh

(nπ
L
y
)

= Dn

(nπ
L

cosh
(nπ
L
y
)
+ sinh

(nπ
L
y
))

Now the complete solution is produced

un(x, y) = YnXn

= Dn

(nπ
L

cosh
(nπ
L
y
)
+ sinh

(nπ
L
y
))

Bn sin
(nπ
L
x
)

Let DnBn = Bn since a constant. (no need to make up a new symbol).

un(x, y) = Bn

(nπ
L

cosh
(nπ
L
y
)
+ sinh

(nπ
L
y
))

sin
(nπ
L
x
)

Sum of eigenfunctions is the solution, hence

u(x, y) =
∞∑
n=1

Bn

(nπ
L

cosh
(nπ
L
y
)
+ sinh

(nπ
L
y
))

sin
(nπ
L
x
)

The nonhomogeneous boundary condition is now resolved. At y = H

u(x,H) = f(x)

Therefore
f(x) =

∞∑
n=1

Bn

(nπ
L

cosh
(nπ
L
H
)
+ sinh

(nπ
L
H
))

sin
(nπ
L
x
)

Multiplying both sides by sin
(
mπ
L
x
)
and integrating gives∫ L

0
f(x) sin

(mπ
L
x
)
dx =

∫ L

0
sin
(mπ
L
x
) ∞∑

n=1

Bn

(nπ
L

cosh
(nπ
L
H
)
+ sinh

(nπ
L
H
))

sin
(nπ
L
x
)
dx

=
∞∑
n=1

Bn

(nπ
L

cosh
(nπ
L
H
)
+ sinh

(nπ
L
H
))∫ L

0
sin
(nπ
L
x
)
sin
(mπ
L
x
)
dx

= Bm

(mπ
L

cosh
(mπ
L
H
)
+ sinh

(mπ
L
H
)) L

2

Hence

Bn = 2
L

∫ L

0 f(x) sin
(
nπ
L
x
)
dx(

nπ
L
cosh

(
nπ
L
H
)
+ sinh

(
nπ
L
H
)) (4)

This completes the solution. In summary

u(x, y) =
∞∑
n=1

Bn

(nπ
L

cosh
(nπ
L
y
)
+ sinh

(nπ
L
y
))

sin
(nπ
L
x
)

With Bn given by (4).
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4.1.1.9 [288] Unit triangle B.C.

problem number 288

Taken from Mathematica DSolve help pages.

Solve Laplace equation
∂2u

∂x2
+ ∂2u

∂y2
= 0

inside a rectangle 0 ≤ x ≤ 1, 0 ≤ y ≤ 2, with following boundary conditions

u(0, y) = 0
u(1, y) = 0
u(x, 0) = UnitTriagle(2 x-1)
u(x, 2) = UnitTriagle(2 x-1)

∇2u(x, y) = 0

1

2

x

y

u = 0 u = 0

u = UnitTriangle(2x− 1)

u = UnitTriangle(2x− 1)

Figure 4.11: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] == 0;
L0 = 1;
H0 = 2;

bc = DirichletCondition[u[x, y] == Piecewise[{{UnitTriangle[2*x - L0], y == 0 || y == H0}}, 0], True];
domain = Rectangle[{0, 0}, {L0, H0}];

sol = AbsoluteTiming[TimeConstrained[Simplify[DSolve[{pde, bc}, u[x, y], Element[{x, y}, domain]]], 60*10]];
sol = sol /. K[1] -> n;� �

{{
u(x, y) →

∞∑
n=1

8csch(2nπ) sin
(
nπ
2

)
sin(nπx)(sinh(nπ(2− y)) + sinh(nπy))

n2π2

}}

Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,y),x$2)+diff(u(x,y),y$2)=0;
f:=x-> piecewise(x>0 and x<1/2, 2*x, x>1/2 and x<1, 2-2*x);
bc := u(0,y)=0,u(1,y)=0,u(x,0)=f(x),u(x,2)=f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(x,y)) assuming x>0,y>0),output='realtime'));� �

u(x, y) =
8
(

∞∑
n=1

sin(nπx) sin
(
nπ
2
)
cosh(nπ(−1+y)) sech(nπ)

n2

)
π2
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4.1.1.10 [289] Top edge at infinity

problem number 289

Added December 20, 2018.

Example 21, Taken from https://www.mapleprimes.com/posts/209970-Exact-Solutio
ns-For-PDE-And-Boundary--Initial-Conditions-2018

Solve Laplace equation
uxx + uyy = 0

Inside a rectangle 0 ≤ x ≤ L, 0 ≤ y ≤ ∞, with following boundary conditions

u(0, y) = A

u(L, y) = 0
u(x, 0) = 0

∇2u(x, y) = 0

L
x

y

u = A u = 0

u = 0

∞

Figure 4.12: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] == 0;
bc = {u[0, y] == A, u[L, y] == 0, u[x, 0] == 0};
sol = AbsoluteTiming[TimeConstrained[Simplify[DSolve[{pde, bc}, u[x, y], {x, y}, Assumptions -> {x > 0, y > 0, L > 0}]], 60*10]];� �


u(x, y) → A

(
−iL log

(
1− e

iπ(x+iy)
L

)
+ iL log

(
1− e−

π(y+ix)
L

)
+ π(L− x)

)
πL




Maple 3� �
restart;
pde := diff(u(x, y), x$2)+diff(u(x, y), y$2) = 0;
bc_left_edge := u(0, y) = A;
bc_right_edge:= u(L, y) = 0;
bc_bottom_edge:= u(x, 0) = 0;
bc:=bc_left_edge ,bc_right_edge,bc_bottom_edge;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc], HINT = boundedseries(y = infinity)) assuming x>0,y>0,L>0),output='realtime'));� �

u(x, y) = A(L− x)
L

−
2
(

∞∑
n=1

sin
(
nπx
L

)
e−

nπy
L A

n

)
π

Hand solution

https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
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Let
u = U + v (1)

Where U satisfies ∇2U = 0 but with right edge boundary conditions zero, and v(x) satisfies
the nonhomogeneous boundary conditions v(0) = A, v(L) = 0. This implies

v(x) = A
(
1− x

L

)
Hence u = U + A

(
1− x

L

)
. Substituting this back in ∇2u = 0 gives

∇2U = 0

But with boundary condition on right edge being zero now. Let U = X(x)Y (x). Substituting
this in the above gives

X ′′

X
+ Y ′′

Y
= 0

We want the eigenvalue problem to be in the X direction. Hence

X ′′ + λX = 0
X(0) = 0
X(L) = 0

This has eigenvalues λn =
(
nπ
L

)2
, n = 1, 2, · · · with eigenfunctions Xn(x) = sin

(√
λnx

)
. The

Y ode is

Y ′′
n − λnYn = 0

Yn(0) = 0

Since λn > 0 then the solution is Yn(y) = c1ne
√
λny + c2ne

−
√
λny. Since Yn(y) is bounded, then

c1n = 0 and the Yn(y) = c2ne
−
√
λny. Hence

U(x, y) =
∞∑
n=1

Xn(x)Yn(y)

=
∞∑
n=1

Bn sin
(√

λnx
)
e−

√
λny

=
∞∑
n=1

Bn sin
(nπ
L
x
)
e−

nπ
L

y

Using the above in (1) gives the solution

u(x, y) = A
(
1− x

L

)
+

∞∑
n=1

Bn sin
(nπ
L
x
)
e−

nπ
L

y (2)

At y = 0 the above gives

0 = A
(
1− x

L

)
+

∞∑
n=1

Bn sin
(nπ
L
x
)

A
(x
L
− 1
)
=

∞∑
n=1

Bn sin
(nπ
L
x
)

Therefore Bn are the Fourier sine coefficients of A
L
x

Bn = 2
L

∫ L

0
A
(x
L
− 1
)
sin
(nπ
L
x
)
dx

= 2A
L

∫ L

0

(x
L
− 1
)
sin
(nπ
L
x
)
dx

= −2A
L

L

nπ

= −2A
nπ

Hence the solution (2) becomes

u(x, y) = A
(
1− x

L

)
− 2A

π

∞∑
n=1

1
n
sin
(nπ
L
x
)
e−

nπ
L

y
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4.1.1.11 [290] Top edge at infinity

problem number 290

Added March 19, 2019

Solve Laplace equation
uxx + uyy = 0

Inside a rectangle 0 ≤ x ≤ L, 0 ≤ y ≤ ∞, with following boundary conditions

u(0, y) = 0
u(L, y) = A

u(x, 0) = 0

∇2u(x, y) = 0

L
x

y

u = 0 u = A

u = 0

∞

Figure 4.13: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] == 0;
bc = {u[0, y] == 0, u[L, y] == A, u[x, 0] == 0};
sol = AbsoluteTiming[TimeConstrained[Simplify[DSolve[{pde, bc}, u[x, y], {x, y}, Assumptions -> {x > 0, y > 0, L > 0}]], 60*10]];� �


u(x, y) → A

(
iL log

(
1 + e

iπ(x+iy)
L

)
− iL log

(
1 + e−

π(y+ix)
L

)
+ πx

)
πL




Maple 3� �
restart;
pde := diff(u(x, y), x$2)+diff(u(x, y), y$2) = 0;
bc_left_edge := u(0, y) = 0;
bc_right_edge:= u(L, y) = A;
bc_bottom_edge:= u(x, 0) = 0;
bc:=bc_left_edge ,bc_right_edge,bc_bottom_edge;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc], HINT = boundedseries(y = infinity)) assuming x>0,y>0,L>0),output='realtime'));� �

u(x, y) = Ax

L
+

2
(

∞∑
n=1

(−1)n sin
(
nπx
L

)
e−

nπy
L A

n

)
π

Hand solution
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Let
u = U + v (1)

Where U satisfies ∇2U = 0 but with right edge boundary conditions zero, and v(x) satisfies
the nonhomogeneous boundary conditions v(0) = 0A, v(L) = A. This implies

v(x) = A
x

L

Hence u = U + A
L
x. Substituting this back in ∇2u = 0 gives

∇2U = 0

But with boundary condition on right edge being zero now. Let U = X(x)Y (x). Substituting
this in the above gives

X ′′

X
+ Y ′′

Y
= 0

We want the eigenvalue problem to be in the X direction. Hence

X ′′ + λX = 0
X(0) = 0
X(L) = 0

This has eigenvalues λn =
(
nπ
L

)2
, n = 1, 2, · · · with eigenfunctions Xn(x) = sin

(√
λnx

)
. The

Y ode is

Y ′′
n − λnYn = 0

Yn(0) = 0

Since λn > 0 then the solution is Yn(y) = c1ne
√
λny + c2ne

−
√
λny. Since Yn(y) is bounded, then

c1n = 0 and the Yn(y) = c2ne
−
√
λny. Hence

U(x, y) =
∞∑
n=1

Xn(x)Yn(y)

=
∞∑
n=1

Bn sin
(√

λnx
)
e−

√
λny

=
∞∑
n=1

Bn sin
(nπ
L
x
)
e−

nπ
L

y

Using the above in (1) gives the solution

u(x, y) = A

L
x+

∞∑
n=1

Bn sin
(nπ
L
x
)
e−

nπ
L

y (2)

At y = 0 the above gives

0 = A

L
x+

∞∑
n=1

Bn sin
(nπ
L
x
)

−A
L
x =

∞∑
n=1

Bn sin
(nπ
L
x
)

Therefore Bn are the Fourier sine coefficients of −A
L
x

Bn = − 2
L

∫ L

0

A

L
x sin

(nπ
L
x
)
dx

= −2A
L2

∫ L

0
x sin

(nπ
L
x
)
dx

= −2A
L2

(−1)n+1 L2

nπ

= 2A
nπ

(−1)n

Hence the solution (2) becomes

u(x, y) = A

L
x+ 2A

π

∞∑
n=1

(−1)n

n
sin
(nπ
L
x
)
e−

nπ
L

y
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4.1.1.12 [291] Right edge at infinity

problem number 291

Added March 19, 2019.

Solve Laplace equation
uxx + uyy = 0

Inside a rectangle 0 ≤ y ≤ L, 0 ≤ x ≤ ∞, with following boundary conditions

u(0, y) = 0
u(x, 0) = A

u(x, L) = 0

∇2u(x, y) = 0

L

x

y

u = 0

u = A

∞

u = 0

Figure 4.14: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] == 0;
bc = {u[0, y] == 0, u[x, 0] == A, u[x, L] == 0};
sol = AbsoluteTiming[TimeConstrained[Simplify[DSolve[{pde, bc}, u[x, y], {x, y}, Assumptions -> {x > 0, y > 0, L > 0}]], 60*10]];� �


u(x, y) → A

(
−iL log

(
1− e−

π(x−iy)
L

)
+ iL log

(
1− e−

π(x+iy)
L

)
+ π(L− y)

)
πL




Maple 3� �
restart;
pde := diff(u(x, y), x$2)+diff(u(x, y), y$2) = 0;
bc_left_edge := u(0, y) = 0;
bc_top_edge:= u(x, L) = 0;
bc_bottom_edge:= u(x, 0) = A;
bc:=bc_left_edge ,bc_top_edge,bc_bottom_edge;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc], HINT = boundedseries(x = infinity)) assuming x>0,y>0,L>0),output='realtime'));� �

u(x, y) = A(L− y)
L

−
2
(

∞∑
n=1

e−
nπx
L sin

(nπy
L

)
A

n

)
π

Hand solution

Let
u(x, y) = U(x, y) + v(y) (1)
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Where U satisfies ∇2U = 0 but with bottom edge boundary conditions zero, and v(y) satisfies
the nonhomogeneous boundary conditions v(0) = A, v(L) = 0. This implies

v(y) = A
(
1− y

L

)
Substituting (1) back in ∇2u = 0 results in

∇2U = 0

But with boundary condition on bottom edge as U = 0. Now we can use separation of
variables. Let U = X(x)Y (x). Substituting this in the above gives

X ′′

X
+ Y ′′

Y
= 0

We want the eigenvalue problem to be in the Y direction. Hence
Y ′′

Y
= −X

′′

X
= −λ

Therefore the eigenvalue problem is

Y ′′ + λY = 0
Y (0) = 0
Y (L) = 0

This has eigenvalues λn =
(
nπ
L

)2
, n = 1, 2, · · · with eigenfunctions Yn(x) = sin

(√
λny
)
. The

X ode is

X ′′
n − λnXn = 0

Xn(0) = 0

Since λn > 0 then the solution is Xn(y) = c1ne
√
λnx + c2ne

−
√
λnx. Since Xn(x) is bounded,

then c1n = 0 and the Xn(x) = c2ne
−
√
λnx. Hence by superposition the solution is

U(x, y) =
∞∑
n=1

Xn(x)Yn(y)

=
∞∑
n=1

Bn sin
(√

λny
)
e−

√
λnx

=
∞∑
n=1

Bn sin
(nπ
L
y
)
e−

nπ
L

x

Substituting the above in (1) gives

u(x, y) = A
(
1− y

L

)
+

∞∑
n=1

Bn sin
(nπ
L
y
)
e−

nπ
L

x (2)

At x = 0 the above gives

0 = A
(
1− y

L

)
+

∞∑
n=1

Bn sin
(nπ
L
y
)

A
( y
L
− 1
)
=

∞∑
n=1

Bn sin
(nπ
L
y
)

Therefore Bn are the Fourier sine coefficients of A
(
y
L
− 1
)

Bn = 2
L

∫ L

0
A
( y
L
− 1
)
sin
(nπ
L
y
)
dy

= 2A
L

∫ L

0

( y
L
− 1
)
sin
(nπ
L
y
)
dy

= −2A
L

L

nπ

= −2A
nπ
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Hence the solution (2) becomes

u(x, y) = A
(
1− y

L

)
− 2A

π

∞∑
n=1

1
n
sin
(nπ
L
y
)
e−

nπ
L

x

4.1.1.13 [292] Right edge at infinity

problem number 292

Added March 20, 2019.

Solve Laplace equation
uxx + uyy = 0

Inside a rectangle 0 ≤ y ≤ L, 0 ≤ x ≤ ∞, with following boundary conditions

u(0, y) = 0
u(x, L) = e−x

u(x, 0) = 0

∇2u(x, y) = 0

L

x

y

u = 0

u = 0

∞

u = e−x

Figure 4.15: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] == 0;
bc = {u[0, y] == 0, u[x, L] == Exp[-x], u[x, 0] == 0};
sol = AbsoluteTiming[TimeConstrained[Simplify[DSolve[{pde, bc}, u[x, y], {x, y}, Assumptions -> {x > 0, y > 0, L > 0}]], 60*10]];� �
{{

u(x, y) → {
∫∞
0

2csch(LK[1])K[1] sin(xK[1]) sinh(yK[1])
πK[1]2+π

dK[1] x ≥ 0 ∧ y ≥ 0 ∧ L > 0
Indeterminate True

}}
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Maple 3� �
restart;
pde := diff(u(x, y), x$2)+diff(u(x, y), y$2) = 0;
bc_left_edge := u(0, y) = 0;
bc_top_edge:= u(x, L) = exp(-x);
bc_bottom_edge:= u(x, 0) = 0;
bc:=bc_left_edge ,bc_top_edge,bc_bottom_edge;
#I need to find out how Maple obtained the above solution. It seems to have unknown constant in it
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc],u(x,y)) assuming x>0,y>0,L>0),output='realtime'));� �

u(x, y) = −
2
(

∞∑
n=1

sin
(nπy
L

)(
L2 cosh

(
nπx
L

)
f1(n)+sinh

(
nπx
L

)
f1(n)π2n2+((−πn−2L)(−1)n+Lf1(n)πn)e

nπx
L −L

(
−(−1)ne−x+f1(n)(πn+L)

))
n(πn+L)

)
π

+y e
−x

L
Hand solution

Let u = X(x)Y (x). Substituting this in ∇2u = 0
X ′′

X
+ Y ′′

Y
= 0

We want the eigenvalue problem to be in the X direction. Hence
X ′′

X
= −Y

′′

Y
= −λ

Therefore the eigenvalue problem is

X ′′ + λX = 0
X(0) = 0

|X(x)| <∞

case λ < 0

Solution is X(x) = c1 cosh
(√

−λx
)
+ c2 sinh

(√
−λx

)
. Since X(0) = 0 then c1 = 0. Solution

becomes X(x) = c2 sinh
(√

−λx
)
. Since sinh is not bounded on x > 0 as x→ ∞ then c2 = 0.

Therefore λ < 0 is not eigenvalue.

case λ = 0

Solution is X(x) = c1x+ c2. At x = 0 this gives c2 = 0. Hence solution is X(x) = c1x. This
is bounded as x→ ∞ only when c1 = 0. Therefore λ = 0 is not eigenvalue.

case λ > 0

Let λ = α2, α > 0. Then solution is X(x) = c1 cos (αx) + c2 sin (αx). At x = 0 this results in
0 = c1. Hence the eigenvalues are λ = α2 for all real positive real numbers and eigenfunctions
are

Xα(x) = sin (αx)
For the Y ode,

Y ′′ − α2Y = 0
Y (0) = 0

The solution is Yα(y) = c1e
αy + c2e

−αy. Since Y (0) = 0 then c2 = −c1 and the solution
becomes Yα(y) = c1(eαy − e−αy) = c1 sinh (αy). Hence the solution is generalized linear
combination of Y (y)X(x) given by Fourier integral (since eigenvalues are continuous now
and not discrete)

u(x, y) =
∫ ∞

0
A(α)Yα(y)Xα(x) dα

=
∫ ∞

0
A(α) sinh (αy) sin (αx) dα (1)
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When y = L, then above becomes

e−x =
∫ ∞

0
(A(α) sinh (αL)) sin (αx) dα

Hence the coefficient A(α) sinh (αL) is given by

A(α) sinh (αL) = 2
π

∫ ∞

0
e−x sin (αx) dx

= 2
π

α

1 + α2

Therefore A(α) = 2
π sinh(αL)

α
1+α

. The solution (1) becomes

u(x, y) = 2
π

∫ ∞

0

α sinh (αy) sin (αx)
(1 + α2) sinh (αL) dα

4.1.1.14 [293] Right edge at infinity

problem number 293

Added April 4, 2019.

Second midterm exam problem, Math 4567, UMN. Spring 2019.

Solve Laplace equation
uxx + uyy = 0

Inside a rectangle 0 ≤ y ≤ 1, 0 ≤ x ≤ ∞, with following boundary conditions

u(0, y) = 0
u(x, 1) = f(x)
u(x, 0) = 0

∇2u(x, y) = 0

1

x

y

u = 0

u = 0

∞

u = f(x)

Figure 4.16: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] == 0;
bc = {u[0, y] == 0, u[x, 1] == f[x], u[x, 0] == 0};
sol = AbsoluteTiming[TimeConstrained[Simplify[DSolve[{pde, bc}, u[x, y], {x, y}, Assumptions -> {x > 0, y > 0}]], 60*10]];� �
{{

u(x, y) → {
∫∞
0

2csch(K[1])
(∫∞

0 f(x) sin(xK[1]) dx
)
sin(xK[1]) sinh(yK[1])

π
dK[1] x ≥ 0 ∧ y ≥ 0

Indeterminate True

}}



chapter 4. elliptic pde’s (laplace, poisson, helmholtz) 569

Maple 3� �
restart;
pde := diff(u(x, y), x$2)+diff(u(x, y), y$2) = 0;
bc_left_edge := u(0, y) = 0;
bc_top_edge:= u(x, 1) = f(x);
bc_bottom_edge:= u(x, 0) = 0;
bc:=bc_left_edge ,bc_top_edge,bc_bottom_edge;
#Maple can not solve it when using boundedseries(x = infinity)
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc],u(x,y)) assuming x>0,y>0),output='realtime'));� �

u(x, y) =
yf(x) π + 2

∫ x

0

(
∞∑
n=1

sin(nπy)
(
f1(n) sinh(nπ(−x+τ))nπ+enπ(x−τ)

(
d2
dτ2 f(τ)

)
(−1)n

)
n

)
dτ + 2

(
∞∑
n=1

sin(nπy)(−f1(n) sinh(nπx)nπ+enπxf(0)(−1)n)
n

)
π

4.1.1.15 [294] Laplace PDE in 2D Cartessian with boundary condition as
Dirac function

problem number 294

Added December 20, 2018

Taken from https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-A
nd-Boundary--Initial-Conditions-2018

Solve Laplace equation for u(x, y)

∂2u

∂x2
+ ∂2u

∂y2
= 0

With boundary condition

u(x, 0) = δ(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] == 0;
bc = u[x, 0] == DiracDelta[x];
sol = AbsoluteTiming[TimeConstrained[Simplify[DSolve[{pde, bc}, u[x, y], x, y]], 60*10]];� �

{{
u(x, y) → {

y
π(x2+y2) y ≥ 0

Indeterminate True

}}

Maple 3� �
restart;
pde := diff(u(x,y),x$2)+diff(u(x,y),y$2)=0;
bc := u(x, 0) = Dirac(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc],u(x,y),method=Fourier)),output='realtime'));
sol:=convert(sol,Int);� �

u(x, y) =
∫∞
−∞ es(ix−y)ds

2π

https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
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4.1.1.16 [295] One side homogeneous

problem number 295

Added December 20, 2018

Taken from https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-A
nd-Boundary--Initial-Conditions-2018

Solve Laplace equation for u(x, y)
uxx + uyy = 0

With boundary condition

u(0, y) = 0
u(π, y) = sinh(π) cos(y)
u(x, 0) = sin(x)
u(x, π) = − sinh(x)

∇2u(x, y) = 0

π
x

y

u = 0 u = sinh(π) cos(y)

u = − sinh(x)
π

u = sin(x)

Figure 4.17: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] == 0;
bc = {u[0, y] == 0, u[Pi, y] == Sinh[Pi]*Cos[y], u[x, 0] == Sin[x], u[x, Pi] == -Sinh[x]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], x, y], 60*10]];� �

u(x, y) →

∞∑
K[1]=1

csch(πK[1])
(
2
(
1 + (−1)K[1])K[1] sin(yK[1]) sinh(π) sinh(xK[1])

π (K[1]2 − 1) + δ(K[1]− 1) sin(xK[1]) sinh((π − y)K[1])− FourierSinCoefficient[sinh(x), x,K[1],FourierParameters → {1, 1}] sin(xK[1]) sinh(yK[1])
)


Maple 3� �
restart;
pde := diff(u(x, y), x$2)+diff(u(x, y), y$2) = 0;
bc_left_side := u(0,y) = 0;
bc_right_side := u(Pi,y) = sinh(Pi)*cos(y);
bc_bottom_side := u(x,0) = sin(x);
bc_top_side := u(x,Pi) = -sinh(x);
bc := bc_left_side,bc_right_side,bc_bottom_side,bc_top_side;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(x,y))),output='realtime'));� �

u(x, y) =
2 sinh (π)

(
∞∑
n=2

sin(ny) sinh(nx) csch(πn)n(1+(−1)n)
n2−1

)
π

−sin (x) csch (π) sinh (y − π)+
2 sinh (π)

(
∞∑
n=1

n(−1)n csch(πn) sin(nx) sinh(ny)
n2+1

)
π

https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
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4.1.1.17 [296] In right half plane

problem number 296

PDE example 18 from Maple help page

see march_20_2019_11_pm.tex for start of solution. Not completed yet

Solve Laplace equation
uxx + uyy = 0

With boundary conditions

u(0, y) = sin y
y

∇2u(x, y) = 0

x

y

u = sin y
y

∞

∞

Figure 4.18: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], {x, 2}] + D[u[x, y], {y, 2}] == 0;
bc = u[0, y] == Sin[y]/y;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y}, Assumptions -> 0 < x], 60*10]];� �

{{
u(x, y) → (sinh(x)− cosh(x))(x cos(y)− y sin(y)) + x

x2 + y2

}}
Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,y),x$2)+diff(u(x,y),y$2)=0;
bc := u(0,y)=sin(y)/y;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(x,y)) assuming x>0),output='realtime'));� �

u(x, y) = sin (ix− y) + (−ix+ y) f2(−ix+ y) + (ix− y) f2(ix+ y)
ix− y
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4.1.1.18 [297] Right edge at infinity

problem number 297

Solve Laplace equation
uxx + uyy = 0

With boundary conditions

u(0, y) = sin y
u(x, 0) = 0
u(x, a) = 0
u(∞, y) = 0

∇2u(x, y) = 0

a

x

y

u = sin y

u = 0

∞

u = 0

Figure 4.19: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y], {x, 2}] + D[u[x, y], {y, 2}] == 0;
bc = {u[x, 0] == 0, u[x, a] == 0, u[0, y] == Sin[y]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y}, Assumptions -> a > 0], 60*10]];� �

u(x, y) → {

ie−
π(x+iy)

a π

(
−e

2iπy
a (a+π)Hypergeometric2F1

(
2,1− a

π
,2− a

π
,−e−

π(x−iy)
a

)
+(a+π)Hypergeometric2F1

(
2,1− a

π
,2− a

π
,−e−

π(x+iy)
a

)
+(π−a)

(
e
2iπy
a Hypergeometric2F1

(
2,a+π

π
, a
π
+2,−e−

π(x−iy)
a

)
−Hypergeometric2F1

(
2,a+π

π
, a
π
+2,−e−

π(x+iy)
a

)))
sin(a)

2a(π2−a2) 0 ≤ y ≤ a ∧ x ≥ 0
Indeterminate True




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,y),x$2)+diff(u(x,y),y$2)=0;
bc := u(x,0)=0, u(x,a)=0, u(0,y)=sin(y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve({pde, bc}, u(x,y)) assuming a>0),output='realtime'));� �

u(x, y) = 2


∞∑
n=1

sin
(
nπy
a

)(
enπxa nπ

({
1 a = nπ

(−1)n sin(a)
−nπ+a

otherwise

)
− f1(n) (nπ + a) sinh

(
nπx
a

))
nπ + a


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4.1.1.19 [298] Dirichlet problem Upper half

problem number 298

Taken from Mathematica DSolve help pages

Solve for u(x, y)

uxx + yyy = 0

Boundary conditions u(x, 0) = 1 for −1
2 ≤ x ≤ 1

2 and x = 0 otherwise. This is called UnitBox
in Mathematica.

y

1
2

− 1
2

x

−∞ < x <∞, y > 0

1

∇2u(x, y) = 0 B.C.

Figure 4.20: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] == 0;
bc = u[x, 0] == UnitBox[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y},Assumptions -> {y > 0, -Infinity < x < Infinity}], 60*10]];� �
{{

u(x, y) → − i(log(−2x+ 2iy − 1)− log(−2x+ 2iy + 1) + log(2x+ 2iy − 1)− log(2x+ 2iy + 1))
2π

}}
Maple 3� �
restart;
pde := diff(u(x,y),x$2)+ diff(u(x,y),y$2)=0;
bc := u(x,0) =piecewise( x< -1/2 or x>1/2,0, 1);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(x,y)) assuming y>0,-infinity<x,x<infinity),output='realtime'));� �

u(x, y) = −f2(ix− y) + f2(ix+ y)
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4.1.1.20 [299] Right half-plane

problem number 299

Taken from Mathematica DSolve help pages

Solve for u(x, y)

uxx + yyy = 0

Boundary conditions u(0, y) = sinc(y).

y

−∞ < y <∞, x > 0

∇2u(x, y) = 0

x

u = sinc(y)
∞

Figure 4.21: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] == 0;
bc = u[0, y] == Sinc[y];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y},Assumptions -> {x > 0, -Infinity < y < Infinity}], 60*10]];� �

{{
u(x, y) → (sinh(x)− cosh(x))(x cos(y)− y sin(y)) + x

x2 + y2

}}
Maple 3� �
restart;
pde := diff(u(x,y),x$2)+ diff(u(x,y),y$2)=0;
bc := u(0,y) =sin(y)/y;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(x,y))assuming x>0,y>-infinity,y<infinity),output='realtime'));� �

u(x, y) = sin (ix− y) + (−ix+ y) f2(−ix+ y) + (ix− y) f2(ix+ y)
ix− y

4.1.1.21 [300] First quadrant

problem number 300

Taken from Mathematica DSolve help pages

Solve for u(x, y)

uxx + yyy = 0



chapter 4. elliptic pde’s (laplace, poisson, helmholtz) 575

Boundary conditions

u(x, 0) = − 1
(x− 2)2 + 3

u(0, y) = 1
(y − 3)2 + 1

y y > 0, x > 0

∇2u(x, y) = 0

x

u = − 1
(x−2)2+3

u = − 1
(y−3)2+3

Figure 4.22: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] == 0;
bc = {u[x, 0] == -((x - 2)^2 + 3)^(-1), u[0, y] == 1/((y - 3)^2 + 1)};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y},Assumptions -> {x > 0, y > 0}], 60*10]];� �

u(x, y) → {

4xy
(
Integrate

[
K[1](

x2+(y−K[1])2
)(
K[1]2−6K[1]+10

)(
x2+(y+K[1])2

) ,{K[1],0,∞},Assumptions→True
]
+Integrate

[
− K[2](

y2+(x−K[2])2
)(
K[2]2−4K[2]+7

)(
y2+(x+K[2])2

) ,{K[2],0,∞},Assumptions→True
])

π
x ≥ 0 ∧ y ≥ 0

Indeterminate True




Maple 7� �
restart;
pde := diff(u(x,y),x$2)+ diff(u(x,y),y$2)=0;
bc := u(x, 0) = (-1/((x - 2)^2 + 3)), u(0, y) = 1/((y - 3)^2 + 1);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(x,y))assuming x>0,y>0),output='realtime'));� �
sol=()

4.1.1.22 [301] Neumann problem upper half-plane

problem number 301

Taken from Mathematica DSolve help pages

Solve for u(x, y)

∇2u(x, y) = 0

Boundary conditions ∂u
∂y
(x, 0) = UnitBox[x] where UnitBox[x] is 1 for −1

2 ≤ x ≤ 1
2 and 0

otherwise. This is called UnitBox in Mathematica.
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y

y > 0,−∞ < x <∞

∇2u(x, y) = 0

x

∂u
∂y

(x, 0) =
Unit box

Figure 4.23: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] == 0;
bc = Derivative[0, 1][u][x, 0] == UnitBox[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y},Assumptions -> y>0], 60*10]];� �

u(x, y) → 4y arctan

(
x+ 1

2
y

)
− 2x log ((1− 2x)2 + 4y2) + log ((1− 2x)2 + 4y2) + 2x log ((2x+ 1)2 + 4y2) + log ((2x+ 1)2 + 4y2) + 4y cot−1 ( 2y

1−2x

)
− 4− 2 log(4)

4π




Maple 3� �
restart;
pde := diff(u(x,y),x$2)+ diff(u(x,y),y$2)=0;
bc:=eval(diff(u(x,y),y),y=0)= piecewise( x< -1/2 or x>1/2,0, 1);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(x,y))assuming y>0),output='realtime'));
sol:=convert(sol,Int);� �

u(x, y) =
i

(
−
∫∞
−∞

e
s(2ix−2y−i)

2
s2

ds+
∫∞
−∞

e
s(2ix−2y+i)

2
s2

ds

)
2π

used convert(sol,Int).

4.1.1.23 [302] Dirichlet problem in a rectangle

problem number 302

Taken from Mathematica DSolve help pages

Solve for u(x, y)

∂2u

∂x2
+ ∂2u

∂y2
= 0

Boundary conditions u(x, 0) = x2(1− x), u(x, 2) = 0, u(0, y) = 0, u(1, y) = 0.
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y

∇2u(x, y) = 0

x

2

1u = x2(1− x)

u = 0

u = 0

u = 0

Figure 4.24: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] == 0;
bc = {u[x, 0] == x^2*(1 - x), u[x, 2] == 0, u[0, y] == 0, u[1, y] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y}], 60*10]];
sol = sol /. K[1] -> n� �

{{
u(x, y) →

∞∑
n=1

− 4(1 + 2(−1)n) csch(2nπ) sin(nπx) sinh(nπ(2− y))
n3π3

}}

Maple 3� �
restart;
pde := diff(u(x,y),x$2)+ diff(u(x,y),y$2)=0;
bc := u(x, 0) = x^2*(1 - x),u(x, 2) = 0, u(0, y) = 0, u(1, y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(x,y))),output='realtime'));� �

u(x, y) =
4
(

∞∑
n=1

(1+2(−1)n) sin(nπx) csch(2πn) sinh(πn(−2+y))
n3

)
π3

4.1.1.24 [303] Strip in upper half

problem number 303

Added December 20, 2018.

Taken from https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-A
nd-Boundary--Initial-Conditions-2018

Solve for u(x, y)

∂2u

∂x2
+ ∂2u

∂y2
= 0

Boundary conditions

u(x, 0) = 0
u(x, b) = h(x)

https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
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y

∇2u(x, y) = 0

x

b

u = 0

u = h(x)

−∞ < x <∞, 0 < y < b

Figure 4.25: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] == 0;
bc = {u[x, 0] == 0, u[x, b] == h[x]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y}, Assumptions -> {0 < y < b, b > 0}], 60*10]];� �

{{
u(x, y) →

∫∞
−∞ eixK[1]csch(bK[1]) sinh(yK[1])

∫∞
−∞ e−ixK[1]h(x)dxdK[1]

2π

}}

Maple 3� �
restart;
pde := diff(u(x, y), x$2)+diff(u(x, y), y$2)=0;
bc := u(x,0)=0,u(x,b)=h(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc],u(x,y)) assuming 0<y, y<b, b>0),output='realtime'));
sol:=convert(sol,Int);� �

u(x, y) =
−
∫∞
−∞

∫∞
−∞ h(_t1)e−i_t1sd_t1es(xi+b−y)

sb
∫ 1
0 e2_t1sbd_t1

dsb−
∫∞
−∞

∫∞
−∞ h(_t1)e−i_t1sd_t1es(xi+2b)

sb
∫ 1
0 e2_t1sbd_t1

dsy +
∫∞
−∞

∫∞
−∞ h(_t1)e−i_t1sd_t1es(xi+b+y)

sb
∫ 1
0 e2_t1sbd_t1

dsb+ y
(
4h(x) π +

∫∞
−∞

∫∞
−∞ h(_t1)e−i_t1sd_t1eisx

sb
∫ 1
0 e2_t1sbd_t1

ds
)

4πb

4.1.1.25 [304] in Rectangle, right edge at infinity

problem number 304

Added December 20, 2018.

Example 23, Taken from https://www.mapleprimes.com/posts/209970-Exact-Solutio
ns-For-PDE-And-Boundary--Initial-Conditions-2018

Solve for u(x, y)

∂2u

∂x2
+ ∂2u

∂y2
= 0

Boundary conditions

u(x, 0) = 0
u(x, a) = 0
u(0, y) = sin(y)
u(∞, y) = 0

https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
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y

∇2u(x, y) = 0

x

a

u = 0

u = 0

∞u = sin(y)

Figure 4.26: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] == 0;
bc = {u[x, 0] == 0, u[x, a] == 0, u[0, y] == Sin[y]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y}, Assumptions -> a > 0], 60*10]];� �

u(x, y) → {

ie−
π(x+iy)

a π

(
−e

2iπy
a (a+π)Hypergeometric2F1

(
2,1− a

π
,2− a

π
,−e−

π(x−iy)
a

)
+(a+π)Hypergeometric2F1

(
2,1− a

π
,2− a

π
,−e−

π(x+iy)
a

)
+(π−a)

(
e
2iπy
a Hypergeometric2F1

(
2,a+π

π
, a
π
+2,−e−

π(x−iy)
a

)
−Hypergeometric2F1

(
2,a+π

π
, a
π
+2,−e−

π(x+iy)
a

)))
sin(a)

2a(π2−a2) 0 ≤ y ≤ a ∧ x ≥ 0
Indeterminate True




Maple 3� �
restart;
pde := diff(u(x, y), x$2)+diff(u(x, y), y$2) = 0;
bc_left_edge:=u(0, y) = sin(y);
bc_lower_edge:=u(x, 0) = 0;
bc_top_edge:=u(x,a)=0;
bc:=bc_left_edge,bc_lower_edge,bc_top_edge;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc ], u(x, y)) assuming a>0),output='realtime'));� �

u(x, y) = 2


∞∑
n=1

sin
(
nπy
a

)(
enπxa πn

({
1 a = πn

(−1)n sin(a)
−πn+a

otherwise

)
− f1(n) (πn+ a) sinh

(
nπx
a

))
πn+ a



4.1.2 Polar coordinates
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4.1.2.1 [305] Laplace PDE inside quarter disk, Neumann BC at edge

problem number 305

Added December 20, 2018.

Example 20, Taken from https://www.mapleprimes.com/posts/209970-Exact-Solutio
ns-For-PDE-And-Boundary--Initial-Conditions-2018

Solve Laplace equation in polar coordinates inside quarter disk with 0 < r < 1 and 0 < θ < π
2

Solve for u(r, θ)

urr +
1
r
ur +

1
r2
uθθ = 0

Boundary conditions

u(r, 0) = 0

u(r, π2 ) = 0

ur(1, θ) = f(θ)

u = 0

u = 0

r
θ

ur = f(θ)

urr +
1
r
ur +

1
r2
uθθ = 0

1

Figure 4.27: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[r, theta], {r, 2}] + (1*D[u[r, theta], r])/r + (1*D[u[r, theta], {theta, 2}])/r^2 == 0;
bcOnR = {Derivative[1, 0][u][1, theta] == f[theta]};
bcOnTheta = {u[r, 0] == 0, u[r, Pi/2] == 0};

sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bcOnR, bcOnTheta}, u[r, theta], {r, theta}, Assumptions -> {r > 0, r < 1, theta > 0, theta < Pi/2}], 60*10]];� �

u(r, θ) →

∞∑
K[1]=1

r2K[1]
(∫ π

2
0

2f(θ) sin(2θK[1])√
π

dθ
)
sin(2θK[1])

√
πK[1]




https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
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Maple 3� �
restart;
pde := diff(u(r, theta), r$2)+1/r* diff(u(r, theta), r)+1/r^2* diff(u(r, theta), theta$2)= 0;
bc_on_theta:=u(r, 0) = 0, u(r,Pi/2) = 0;
bc_on_r:= eval( diff(u(r,theta),r),r=1)=f(theta);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc_on_theta,bc_on_r], u(r, theta), HINT = boundedseries(r = [0])) assuming theta>0, theta < (1/2)*Pi, r>0, r < 1),output='realtime'));� �

u(r, θ) =
2
(

∞∑
n=1

∫ π2
0 f(θ) sin(2nθ)dθr2n sin(2nθ)

n

)
π

4.1.2.2 [306] r = 4 and u = x4 at boundary of disk

problem number 306

Added Nov 10, 2019.

Problem 4.3.25 part c. Peter J. Olver, Introduction to Partial Differential Equations, 2014
edition.

Solve Laplace equation in polar coordinates inside a disk

Solve ∇2u = 0 with x2 + y2 < 4 and boundary conditions u = x4, x2 + y2 = 4.

urr +
1
r
ur +

1
r2
uθθ = 0

r
θ

4

u(4, θ) = (r cos θ)4

∇2u(r, θ) = 0

Figure 4.28: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[r, theta], {r, 2}] + (D[u[r, theta], r])/r + (D[u[r, theta], {theta, 2}])/r^2 == 0;
bc = u[4, theta] == (4*Cos[theta])^4;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[r, theta], {r, theta}], 60*10]];
sol = sol /. K[1] -> n;� �

{{
u(r, θ) → 1

8r
4 cos(4θ) + 8r2 cos(2θ) + 96

}}
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Maple 3� �
restart;
pde := diff(u(r, theta), r$2) + diff(u(r, theta), r)/r + diff(u(r, theta), theta$2)/r^2 = 0;
bc := u(4, theta) = (4*cos(theta))^4, u(r, -Pi) = u(r, Pi), (D[2](u))(r, -Pi) = (D[2](u))(r, Pi);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc], u(r, theta))),output='realtime'));� �

u(r, θ) = r4 cos (2θ)2

4 − r4

8 + 8r2 cos (2θ) + 96
Hand solution

Solve the following boundary value problems ∇2u = 0, x2 + y2 < 4, u = x4, x2 + y2 = 4

Solution

In polar coordinates, where x = r cos θ, y = r sin θ, we need to solve for u(r, θ) inside disk of
radius r0 = 4. The Laplace PDE in polar coordinates is

urr +
1
r
ur +

1
r2
uθθ = 0 0 < r < r0,−π < θ < π

u(r0, θ) = f(θ) = (r0 cos θ)4

u(−π) = u(π)
uθ(−π) = uθ(π)

Let the solution be
u(r, θ) = R(r)Θ(θ)

Substituting this assumed solution back into the (A) gives

r2R′′Θ+ rR′Θ+RΘ′′ = 0

Dividing the above by RΘ gives

r2
R′′

R
+ r

R′

R
+ Θ′′

Θ = 0

r2
R′′

R
+ r

R′

R
= −Θ′′

Θ

Since each side depends on different independent variable and they are equal, they must be
equal to the same constant. say λ.

r2
R′′

R
+ r

R′

R
= −Θ′′

Θ = λ

This results in the following two ODE’s. The boundaries conditions in original PDE are
transferred to each ODE which results in

Θ′′ + λΘ = 0 (1)
Θ(−π) = Θ(π)
Θ′(−π) = Θ′(π)

And
r2R′′ + rR′ − λR = 0 (2)

Starting with ODE (1) with periodic boundary conditions.

Case λ < 0 The solution is

Θ(θ) = A cosh
(√

|λ|θ
)
+B sinh

(√
|λ|θ

)
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First B.C. gives

Θ(−π) = Θ(π)

A cosh
(
−
√

|λ|π
)
+B sinh

(
−
√

|λ|π
)
= A cosh

(√
|λ|π

)
+B sinh

(√
|λ|π

)
A cosh

(√
|λ|π

)
−B sinh

(√
|λ|π

)
= A cosh

(√
|λ|π

)
+B sinh

(√
|λ|π

)
2B sinh

(√
|λ|π

)
= 0

But sinh = 0 only at zero and λ 6= 0, hence B = 0 and the solution becomes

Θ(θ) = A cosh
(√

|λ|θ
)

Θ′(θ) = A
√
λ cosh

(√
|λ|θ

)
Applying the second B.C. gives

Θ′(−π) = Θ′(π)

A
√

|λ| cosh
(
−
√

|λ|π
)
= A

√
|λ| cosh

(√
|λ|π

)
A
√

|λ| cosh
(√

|λ|π
)
= A

√
|λ| cosh

(√
|λ|π

)
2A
√

|λ| cosh
(√

|λ|π
)
= 0

But cosh is never zero, hence A = 0. Therefore trivial solution and λ < 0 is not an eigenvalue.

Case λ = 0 The solution is Θ = Aθ +B. Applying the first B.C. gives

Θ(−π) = Θ(π)
−Aπ +B = πA+B

2πA = 0
A = 0

And the solution becomes Θ = B0. A constant. Hence λ = 0 is an eigenvalue.

Case λ > 0

The solution becomes

Θ = A cos
(√

λθ
)
+B sin

(√
λθ
)

Θ′ = −A
√
λ sin

(√
λθ
)
+B

√
λ cos

(√
λθ
)

Applying first B.C. gives

Θ(−π) = Θ(π)

A cos
(
−
√
λπ
)
+B sin

(
−
√
λπ
)
= A cos

(√
λπ
)
+B sin

(√
λπ
)

A cos
(√

λπ
)
−B sin

(√
λπ
)
= A cos

(√
λπ
)
+B sin

(√
λπ
)

2B sin
(√

λπ
)
= 0 (3)

Applying second B.C. gives

Θ′(−π) = Θ′(π)

−A
√
λ sin

(
−
√
λπ
)
+B

√
λ cos

(
−
√
λπ
)
= −A

√
λ sin

(√
λπ
)
+B

√
λ cos

(√
λπ
)

A
√
λ sin

(√
λπ
)
+B

√
λ cos

(√
λπ
)
= −A

√
λ sin

(√
λπ
)
+B

√
λ cos

(√
λπ
)

A
√
λ sin

(√
λπ
)
= −A

√
λ sin

(√
λπ
)

2A sin
(√

λπ
)
= 0 (4)
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Equations (3,4) can be both zero only if A = B = 0 which gives trivial solution, or when
sin
(√

λπ
)
= 0. Therefore taking sin

(√
λπ
)
= 0 gives a non-trivial solution. Hence

√
λπ = nπ n = 1, 2, 3, · · ·
λn = n2 n = 1, 2, 3, · · ·

Hence the eigenfunctions are

{1, cos (nθ) , sin (nθ)} n = 1, 2, 3, · · · (5)

Now the R equation is solved

The case for λ = 0 gives from (2)

r2R′′ + rR′ = 0

R′′ + 1
r
R′ = 0 r 6= 0

The solution to this is
R0(r) = A ln r + C

Since u is bounded at r = 0 we want A = 0. Hence R0(r) is just a constant.

Case λ > 0 The ODE (2) becomes

r2R′′ + rR′ − n2R = 0 n = 1, 2, 3, · · ·

Let R = rp, the above becomes

r2p(p− 1) rp−2 + rprp−1 − n2rp = 0
p(p− 1) rp + prp − n2rp = 0

p(p− 1) + p− n2 = 0
p2 = n2

p = ±n

Hence the solution is

Rn(r) = Cnr
n +Dn

1
rn

n = 1, 2, 3, · · ·

Since u is bounded at r = 0 we want D = 0. Hence Rn(r) = Cnr
n.

The complete solution for R(r) is

R(r) = C0 +
∞∑
n=1

Cnr
n (6)

Using (5),(6) gives

un(r, θ) = RnΘn

u(r, θ) =
(
C0 +

∞∑
n=1

Cnr
n

)(
A0 +

∞∑
n=1

An cos (nθ) +Bn sin (nθ)
)

Combining constants to simplify things gives

u(r, θ) = a0
2 +

∞∑
n=1

rn(An cos (nθ) +Bn sin (nθ)) (7)

When r = r0 the above becomes

f(θ) = a0
2 +

∞∑
n=1

rn0 (An cos (nθ) +Bn sin (nθ))
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Hence

a0 =
1
π

∫ π

−π

f(θ) dθ

rn0An = 1
π

∫ π

−π

f(θ) cos (nθ) dθ

An = 1
πrn0

∫ π

−π

f(θ) cos (nθ) dθ

And

rn0Bn = 1
π

∫ π

−π

f(θ) sin (nθ) dθ

Bn = 1
πrn0

∫ π

−π

f(θ) sin (nθ) dθ

Hence (7) becomes

u(r, θ) = 1
2π

∫ π

−π

f(θ) dθ+1
π

∞∑
n=1

(
r

r0

)n(
cos (nθ)

∫ π

−π

f(θ) cos (nθ) dθ + sin (nθ)
∫ π

−π

f(θ) sin (nθ) dθ
)

(8)
In this problem f(θ) = (r0 cos θ)4 where r0 = 4, hence

A0 =
1
π

∫ π

−π

256 cos4 θdθ

= 256
π

∫ π

−π

cos4 θdθ

= 256
π

(
3θ
8 + 1

4 sin (2θ) + 1
32 sin (4θ)

)π

−π

= 256
π

(
3π
8 + 3π

8

)
= 256

π

(
3π
4

)
= 192

And

An = 1
π

∫ π

−π

256 cos4 (θ) cos (nθ) dθ

= 256
π

∫ π

−π

cos4 (θ) cos (nθ) dθ

To evaluate the above integral, we will start by using the identity

cos4 (θ) = 3
8 + 1

8 cos (4θ) + 1
2 cos (2θ)

Therefore the integral now becomes

An = 256
π

∫ π

−π

(
3
8 + 1

8 cos (4θ) + 1
2 cos (2θ)

)
cos (nθ) dθ

= 256
π

[
3
8

∫ π

−π

cos (nθ) dθ + 1
8

∫ π

−π

cos (4θ) cos (nθ) dθ + 1
2

∫ π

−π

cos (2θ) cos (nθ) dθ
]

(1)

But
∫ π

−π
cos (nθ) dθ = 0 and

∫ π

−π
cos (4θ) cos (nθ) dθ is not zero, only for n = 4 by orthogonality

of cosine functions. Hence∫ π

−π

cos (4θ) cos (nθ) dθ =
∫ π

−π

cos2 (4θ) dθ

= π
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And similarly,
∫ π

−π
cos (2θ) cos (nθ) dθ is not zero, only for n = 2 by orthogonality of cosine

functions. Hence ∫ π

−π

cos (2θ) cos (nθ) dθ =
∫ π

−π

cos2 (2θ) dθ

= π

Using these results in (1) gives, for n = 2

A2 =
256
π

[
1
2

∫ π

−π

cos2 (2θ) dθ
]

= 256
π

(π
2

)
= 128

And for n = 4

A4 =
256
π

[
1
8

∫ π

−π

cos2 (4θ) dθ
]

= 256
π

(π
8

)
= 32

And all other An are zero. Now that we found all An, and since Bn = 0 for all n (because
f(θ) is even function) then the solution (8) becomes

u(r, θ) = 192
2 + a2

(r
4

)2
cos (2θ) + a4

(r
4

)4
cos (4θ)

= 96 + 128
(
r2

16

)
cos (2θ) + 32 r

4

256 cos (4θ)

Therefore
u(r, θ) = 96 + 8r2 cos (2θ) + 1

8r
4 cos (4θ)

Here is plot of the above solution.

sol = 96 + 8 r2 Cos[2 θ] +
1

8
r4 Cos[4 θ];

ParametricPlot3D[{r Cos[θ], r Sin[θ], sol}, {r, 0, 4}, {θ, 0, 2 Pi},

AxesLabel → {x, y, "u(x,y"}, ImageSize → 400, BoxRatios → {1, 1, 1}, BaseStyle → 14]

Figure 4.29: Solution plot to the above problem with code used
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4.1.2.3 [307] r = 1 and ur = x at boundary of disk

problem number 307

Added January 8, 2020.

Problem 4.3.25 part d, Peter J. Olver, Introduction to Partial Differential Equations, 2014
edition.

Solve Laplace equation in polar coordinates inside a disk of radius 1.

Solve ∇2u = 0 and boundary conditions ∂u
∂n

= x.

urr +
1
r
ur +

1
r2
uθθ = 0

r
θ

1

∂u
∂r

= 0

∇2u(r, θ) = 0

Figure 4.30: PDE specification

Mathematica 7� �
ClearAll["Global`*"];
pde = Laplacian[u[r, theta], {r, theta}, "Polar"] == 0;
bc = {Derivative[1, 0][u][1, theta] == Cos[theta], u[r, -Pi] == u[r, Pi], Derivative[0, 1][u][r, -Pi] == Derivative[0, 1][u][r, Pi]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[r, theta], {r, theta}], 60*10]];� �
Failed

Maple 7� �
restart;
pde:=VectorCalculus:-Laplacian(u(r,theta),'polar'[r,theta])=0;
bc := D[1](u)(1, theta) = cos(theta), u(r, -Pi) = u(r, Pi), (D[2](u))(r, -Pi) = (D[2](u))(r, Pi);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc], u(r, theta))),output='realtime'));� �
sol=()
Hand solution

In polar coordinates, where x = r cos θ, y = r sin θ, we need to solve for u(r, θ) inside disk of
radius r0 = 1. The Laplace PDE in polar coordinates is

urr +
1
r
ur +

1
r2
uθθ = 0 0 < r < 1,−π < θ < π

ur(1, θ) = f(θ) = cos θ
u(−π) = u(π)
uθ(−π) = uθ(π)



chapter 4. elliptic pde’s (laplace, poisson, helmholtz) 588

Using separation of variables, let u(r, θ) = R(r)Θ(θ) the solution is given by

u(r, θ) = a0
2 +

∞∑
n=1

anr
n cos (nθ) + bnr

n sin (nθ) (1)

At r = r0 = 1 we have that ∂u(r,θ)
∂r

= cos θ (since x = r cos θ but r = 1 at boundary). The
above becomes

cos θ =
∞∑
n=1

nanr
n−1 cos (nθ) + nbnr

n−1 sin (nθ)

Therefore n = 1 is only term that survives in the sum. Hence a1 = 1 and all others are zero.
The solution (1) becomes

u(r, θ) = a0
2 + r cos (θ)

The solution is not unique as there is a0 arbitrary constant.

4.1.2.4 [308] Laplace inside disk. General solution

problem number 308

Solve Laplace equation in polar coordinates inside a disk

Solve for u(r, θ)

urr +
1
r
ur +

1
r2
uθθ = 0

With 0 ≤ r ≤ a, 0 < θ ≤ 2π Boundary conditions

u(a, θ) = f(θ)
|u(0, θ)| <∞
u(r, 0) = u(r, 2π)

∂u

∂θ
(r, 0) = ∂u

∂θ
(r, 2π)

urr +
1
r
ur +

1
r2
uθθ = 0

r
θ

a

u(a, θ) = f(θ)

∇2u(r, θ) = 0

Figure 4.31: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[r, theta], {r, 2}] + (1*D[u[r, theta], r])/r + (1*D[u[r, theta], {theta, 2}])/r^2 == 0;
bc = u[a, theta] == f[theta];
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[r, theta], {r, theta}, Assumptions -> a < r && a > 0 && Inequality[0, Less, theta, LessEqual, 2*Pi]], 60*10]];
sol = sol /. K[1] -> n;� �

u(r, θ) →

∞∑
n=1

(
r
a

)n (cos(nθ) ∫ π

−π
cos(nθ)f(θ) dθ +

(∫ π

−π
f(θ) sin(nθ) dθ

)
sin(nθ)

)
π

+
∫ π

−π
f(θ) dθ
2π




Maple 3� �
restart;
interface(showassumed=0);
pde := (diff(r*(diff(u(r, theta), r)), r))/r +(diff(u(r, theta), theta, theta))/r^2 = 0;
bc := u(a, theta) = f(theta),

u(r, -Pi) = u(r, Pi),
(D[2](u))(r, -Pi) = (D[2](u))(r, Pi);

cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc], u(r, theta), HINT = boundedseries(r=0))),output='realtime'));� �

u(r, θ) =

∫ π
−π f(θ)dθ

2 +
(

∞∑
n=1

(∫ π

−π
f(θ) sin (nθ) dθ sin (nθ) +

∫ π

−π
f(θ) cos (nθ) dθ cos (nθ)

) (
a
r

)−n
)

π

4.1.2.5 [309] Laplace inside disk. Specific boundary conditions

problem number 309

Added January 12, 2020

Solve uxx + uyy = 0 on disk x2 + y2 < 1 with boundary condition xy2 when x2 + y2 = a.
Where a = 1 in this problem. Express solution in x, y

The first step is to convert the boundary condition to polar coordinates. Since x = r cos θ, y =
r sin θ, then at the boundary u(r, θ) = r cos θ(r sin θ)2. But r = 1 (the radius). Hence at the
boundary, u(1, θ) = f(θ) where

f(θ) = cos θ sin2 θ

= cos θ
(
1− cos2 θ

)
= cos θ − cos3 θ

But cos3 θ = 3
4 cos θ +

1
4 cos 3θ. Therefore the above becomes

f(θ) = cos θ −
(
3
4 cos θ + 1

4 cos 3θ
)

= 1
4 cos θ − 1

4 cos 3θ (1)

The above is also seen as the Fourier series of f(θ). The PDE in polar coordinates is

urr +
1
r
ur +

1
r2
uθθ = 0
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r
θ

1

u(1, θ) = 1
4
cos θ − 1

4
cos 3θ

∇2u(r, θ) = 0

Figure 4.32: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
a = 1;
pde = Laplacian[u[r, theta], {r, theta}, "Polar"] == 0;
f[theta_] := 1/4*(Cos[theta] - Cos[3*theta]);
bc = {u[a, theta] == f[theta], u[r, -Pi] == u[r, Pi], Derivative[0, 1][u][r, -Pi] == Derivative[0, 1][u][r, Pi]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[r, theta], {r, theta}], 60*10]];� �

{{
u(r, θ) → 1

4
(
r cos(θ)− r3 cos(3θ)

)}}
Maple 3� �
restart;
f:=theta-> 1/4*(cos(theta) - cos(3*theta));
a:=1;
pde := VectorCalculus:-Laplacian(u(r,theta),'polar'[r,theta]);
bc := u(a, theta) = f(theta),u(r, -Pi) = u(r, Pi),(D[2](u))(r, -Pi) = (D[2](u))(r, Pi);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc], u(r, theta), HINT = boundedseries(r=0))),output='realtime'));
sol:=simplify(subs(cos(theta)^3=trigsubs(cos(theta)^3)[2],sol),size);� �

u(r, θ) = − cos (θ)3 r3 + (3r3 + r) cos (θ)
4

Hand solution

Solve uxx + uyy = 0 on disk x2 + y2 < 1 with boundary condition xy2 when x2 + y2 = a.
Where a = 1 in this problem. Express solution in x, y

The first step is to convert the boundary condition to polar coordinates. Since x = r cos θ, y =
r sin θ, then at the boundary u(r, θ) = r cos θ(r sin θ)2. But r = 1 (the radius). Hence at the
boundary, u(1, θ) = f(θ) where

f(θ) = cos θ sin2 θ

= cos θ
(
1− cos2 θ

)
= cos θ − cos3 θ

But cos3 θ = 3
4 cos θ +

1
4 cos 3θ. Therefore the above becomes

f(θ) = cos θ −
(
3
4 cos θ + 1

4 cos 3θ
)

= 1
4 cos θ − 1

4 cos 3θ (1)

The above is also seen as the Fourier series of f(θ). The PDE in polar coordinates is

urr +
1
r
ur +

1
r2
uθθ = 0
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The solution is known to be

u(r, θ) = c0
2 +

∞∑
n=1

rn(cn cos (nθ) + kn sin (nθ)) (2)

Since the above solution is the same as f(θ) when r = 1, then equating (2) when r = 1 to
(1) gives

1
4 cos θ − 1

4 cos 3θ = c0
2 +

∞∑
n=1

(cn cos (nθ) + kn sin (nθ))

By comparing terms on both sides, this shows by inspection that

c0 = 0

c1 =
1
4

c3 =
−1
4

And all other cn, kn are zero. Using the above result back in (2) gives the solution as

u(r, θ) = r
4 cos θ −

r3

4 cos 3θ (3)

This solution is now converted to xy using the formula

rn cosnθ =
n∑

k=0
even

(
n

k

)
xn−k(−1)

k
2 yk

=
n∑

k=0
even

n!
k! (n− k)!x

n−k(−1)
k
2 yk

For n = 1 the above gives

r cos θ = 1!
0! (1− 0)!x

1−0(−1)0 y0

= x (4)

And for n = 3

r3 cos 3θ = 3!
0! (3− 0)!x

3−0(−1)0 y0 + 3!
2! (3− 2)!x

3−2(−1)1 y2

= x3 − 3xy2 (5)

Using (4,5) in (3) gives the solution in x, y

u(x, y) = 1
4x−

1
4(x

3 − 3xy2) (6)

This is now verified that is satisfies the PDE uxx + uyy = 0.

∂u

∂x
= 1

4 − 1
4
(
3x2 − 3y2

)
∂2u

∂x2
= −6

4x

And

∂u

∂y
= 6

4xy

∂2u

∂y2
= 6

4x

Therefore ∂2u
∂x2 + ∂2u

∂y2
= 0.
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Now the boundary conditions u(x, y) = xy2 are also verified. This condition applies when
x2 + y2 = 1 or y2 = 1− x2. Substituting this into (6) gives

u(x, y)@D = 1
4x−

1
4

x3 − 3x
y2︷ ︸︸ ︷(

1− x2
)

Simplifying gives

u(x, y)@D = 1
4x−

1
4
(
x3 −

(
3x− 3x3

))
= 1

4x−
1
4x

3 + 1
4
(
3x− 3x3

)
= 1

4x−
1
4x

3 + 3
4x−

3
4x

3

= x− x3

= x
(
1− x2

)
= xy2

Verified. This is 3D plot of the solution

In[76]:= ParametricPlot3D[{r Cos[t], r Sin[t], r/ 4 Cos[t] - r^3/ 4 Cos[3 t]},

{r, 0, 1}, {t, 0, 2 Pi}, AxesLabel → {x, y, "u(x,y)"},

PlotLabel → "3D plot of solution to problem 4", ImageSize → 500]

Out[76]=

This is a contour plot
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In[96]:= ContourPlot[1 / 4 x - 1 / 4 (x^3 - 3 x y^2), {x, -1, 1}, {y, -1, 1}, AxesLabel → {x, y},

Contours → 50, PlotLegends → Automatic, ColorFunction → "Pastel",

Epilog → {Thick, Circle[]},

PlotRange → {-1, 1},

RegionFunction → Function[{x, y, z}, Norm[{x, y}] < 1.]]

Out[96]=

-1.0 -0.5 0.0 0.5 1.0
-1.0

-0.5

0.0

0.5

1.0

-0.351

-0.234

-0.117

0

0.117

0.234

0.351

4.1.2.6 [310] Haberman 2.5.5 (c)

problem number 310

This is problem 2.5.5 part (c) from Richard Haberman applied partial differential equations,
5th edition

Solve Laplace equation
urr +

1
r
ur +

1
r2
uθθ = 0

Inside quarter circle of radius 1 with 0 ≤ θ ≤ π
2 and 0 ≤ r ≤ 1, with following boundary

conditions

u(r, 0) = 0

u(r, π2 ) = 0
∂u

∂r
(1, θ) = f(θ)

u(1, θ) = f(θ)

urr +
1
r
ur +

1
r2
uθθ = 0

Solve for u(r, θ)
0 < r < 1, 0 < θ < π

2
, t > 0

1
u(r, 0) = 0

∂u
∂θ

(r, π
2
) = 0 r

θ

∇2u(r, θ) = 0

Figure 4.33: PDE specification
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[r, theta], {r, 2}] + (1*D[u[r, theta], r]*1*D[u[r, theta], {theta, 2}])/(r*r^2) == 0;
bc = {Derivative[1, 0][u][1, theta] == f[theta], u[r, Pi/2] == 0, u[r, 0] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[r, theta], {r, theta}, Assumptions -> {0 <= r <= 1 && 0 <= theta <= Pi/2}], 60*10]];� �
Failed

Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(r,theta),r$2)+ 1/r*diff(u(r,theta),r)+1/r^2*diff(u(r,theta),theta$2)=0;
bc := u(r,0)=0,u(r,Pi/2)=0,D[1](u)(1,theta)=f(theta);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(r,theta),HINT=boundedseries(r=0)) assuming 0<=theta,theta<=Pi/2,0<=r,r<=1),output='realtime'));� �

u(r, θ) =
2
(

∞∑
n=1

∫ π2
0 f(θ) sin(2nθ)dθr2n sin(2nθ)

n

)
π

Hand solution

The Laplace PDE in polar coordinates is

r2
∂2u

∂r2
+ r

∂u

∂r
+ ∂2u

∂θ2
= 0 (A)

With boundary conditions

u(r, 0) = 0

u
(
r,
π

2

)
= 0 (B)

u(1, θ) = f(θ)

Assuming the solution can be written as

u(r, θ) = R(r)Θ(θ)

And substituting this assumed solution back into the (A) gives

r2R′′Θ+ rR′Θ+RΘ′′ = 0

Dividing the above by RΘ 6= 0 gives

r2
R′′

R
+ r

R′

R
+ Θ′′

Θ = 0

r2
R′′

R
+ r

R′

R
= −Θ′′

Θ
Since each side depends on different independent variable and they are equal, they must be
equal to same constant. say λ.

r2
R′′

R
+ r

R′

R
= −Θ′′

Θ = λ

This results in the following two ODE’s. The boundaries conditions in (B) are also transferred
to each ODE. This gives

Θ′′ + λΘ = 0
Θ(0) = 0 (1)

Θ
(π
2

)
= 0
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And

r2R′′ + rR′ − λR = 0 (2)
|R(0)| <∞

Starting with (1). Consider the Case λ < 0. The solution in this case will be

Θ = A cosh
(√

λθ
)
+B sinh

(√
λθ
)

Applying first B.C. gives A = 0. The solution becomes Θ = B sinh
(√

λθ
)
. Applying second

B.C. gives
0 = B sinh

(√
λ
π

2

)
But sinh is zero only when

√
λπ

2 = 0 which is not the case here. Therefore B = 0 and hence
trivial solution. Hence λ < 0 is not an eigenvalue.

Case λ = 0 The ODE becomes Θ′′ = 0 with solution Θ = Aθ + B. First B.C. gives 0 = B.
The solution becomes Θ = Aθ. Second B.C. gives 0 = Aπ

2 , hence A = 0 and trivial solution.
Therefore λ = 0 is not an eigenvalue.

Case λ > 0 The ODE becomes Θ′′ + λΘ = 0 with solution

Θ = A cos
(√

λθ
)
+B sin

(√
λθ
)

The first B.C. gives 0 = A. The solution becomes

Θ = B sin
(√

λθ
)

And the second B.C. gives
0 = B sin

(√
λ
π

2

)
For non-trivial solution sin

(√
λπ

2

)
= 0 or

√
λπ

2 = nπ for n = 1, 2, 3, · · · . Hence the eigenval-
ues are √

λn = 2n
λn = 4n2 n = 1, 2, 3, · · ·

And the eigenfunctions are

Θn(θ) = Bn sin (2nθ) n = 1, 2, 3, · · · (3)

Now the R ODE is solved. There is one case to consider, which is λ > 0 based on the above.
The ODE is

r2R′′ + rR′ − λnR = 0
r2R′′ + rR′ − 4n2R = 0 n = 1, 2, 3, · · ·

This is Euler ODE. Let R(r) = rp. Then R′ = prp−1 and R′′ = p(p− 1) rp−2. This gives

r2
(
p(p− 1) rp−2)+ r

(
prp−1)− 4n2rp = 0((

p2 − p
)
rp
)
+ prp − 4n2rp = 0

rpp2 − prp + prp − 4n2rp = 0
p2 − 4n2 = 0

p = ±2n

Hence the solution is
R(r) = Cr2n +D

1
r2n
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Applying the condition that |R(0)| <∞ implies D = 0, and the solution becomes

Rn(r) = Cnr
2n n = 1, 2, 3, · · · (4)

Using (3,4) the solution un(r, θ) is

un(r, θ) = RnΘn

= Cnr
2nBn sin (2nθ)

= Bnr
2n sin (2nθ)

Where CnBn was combined into one constant Bn. (No need to introduce new symbol). The
final solution is

u(r, θ) =
∞∑
n=1

un(r, θ)

=
∞∑
n=1

Bnr
2n sin (2nθ)

Now the nonhomogeneous condition is applied to find Bn.

∂

∂r
u(r, θ) =

∞∑
n=1

Bn(2n) r2n−1 sin (2nθ)

Hence ∂
∂r
u(1, θ) = f(θ) becomes

f(θ) =
∞∑
n=1

2Bnn sin (2nθ)

Multiplying by sin (2mθ) and integrating gives∫ π
2

0
f(θ) sin (2mθ) dθ =

∫ π
2

0
sin (2mθ)

∞∑
n=1

2Bnn sin (2nθ) dθ

=
∞∑
n=1

2nBn

∫ π
2

0
sin (2mθ) sin (2nθ) dθ (5)

When n = m then∫ π
2

0
sin (2mθ) sin (2nθ) dθ =

∫ π
2

0
sin2 (2nθ) dθ

=
∫ π

2

0

(
1
2 − 1

2 cos 4nθ
)
dθ

= 1
2[θ]

π
2
0 − 1

2

[
sin 4nθ
4n

]π
2

0

= π

4 −
(

1
8n

(
sin 4n

2 π
)
− sin (0)

)
And since n is integer, then sin 4n

2 π = sin 2nπ = 0 and the above becomes π
4 .

Now for the case when n 6= m using sinA sinB = 1
2(cos (A−B)− cos (A+B)) then∫ π

2

0
sin (2mθ) sin (2nθ) dθ =

∫ π
2

0

1
2(cos (2mθ − 2nθ)− cos (2mθ + 2nθ)) dθ

= 1
2

∫ π
2

0
cos (2mθ − 2nθ) dθ − 1

2

∫ π
2

0
cos (2mθ + 2nθ) dθ

= 1
2

∫ π
2

0
cos ((2m− 2n) θ) dθ − 1

2

∫ π
2

0
cos ((2m+ 2n) θ) dθ

= 1
2

[
sin ((2m− 2n) θ)

(2m− 2n)

]π
2

0
− 1

2

[
sin ((2m+ 2n) θ)

(2m+ 2n)

]π
2

0

= 1
4 (m− n) [sin ((2m− 2n) θ)]

π
2
0 − 1

4 (m+ n) [sin ((2m+ 2n) θ)]
π
2
0

= 1
4 (m− n)

[
sin
(
(2m− 2n) π2

)
− 0
]
− 1

4 (m+ n)

[
sin
(
(2m+ 2n) π2

)
− 0
]
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Since 2m − 2nπ
2 = π(m− n) which is integer multiple of π and also (2m+ 2n) π

2 is integer
multiple of π then the whole term above becomes zero. Therefore (5) becomes∫ π

2

0
f(θ) sin (2mθ) dθ = 2mBm

π

4

Hence
Bn = 2

πn

∫ π
2

0
f(θ) sin (2nθ) dθ

Summary: the final solution is

u(r, θ) = 2
π

∞∑
n=1

1
n

[∫ π
2

0
f(θ) sin (2nθ) dθ

] (
r2n sin (2nθ)

)

4.1.2.7 [311] semi-circle

problem number 311

Solve Laplace equation
urr +

1
r
ur +

1
r2
uθθ = 0

Inside semi-circle of radius 1 with 0 ≤ θ ≤ π and 0 ≤ r ≤ 1, with following boundary
conditions

u(r, 0) = 0
u(r, π) = 0
u(1, θ) = f(θ)

u(1, θ) = 0

urr +
1
r
ur +

1
r2
uθθ = 0

Solve for u(r, θ)
0 < r < 1, 0 < θ < π

1
u(r, 0) = 0

r
θ

u(r, π) = 0

∇2u(r, θ) = 0

Figure 4.34: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[r, theta], {r, 2}] + (1/r) D[u[r, theta], r] + 1/r^2*D[u[r, theta], {theta, 2}] == 0;
bc = {u[r, 0] == 0, u[r, Pi] == 0, u[1, theta] == f[theta]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[r, theta], {r, theta}, Assumptions -> {0 < r <= 1 && 0 < theta < Pi}], 60*10]];� �


u(r, θ) →

∞∑
K[1]=1

√
2
π
rK[1]

(∫ π

0

√
2
π
f(θ) sin(θK[1]) dθ

)
sin(θK[1])



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Maple 3� �
restart;
pde := diff(u(r,theta),r$2)+1/r*diff(u(r,theta),r)+1/r^2*diff(u(r,theta),theta$2)=0;
bc := u(r,0)=0,u(r,Pi)=0,u(1,theta)=f(theta);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(r,theta),HINT=boundedseries) assuming 0<r,r<1,0<theta,theta<Pi),output='realtime'));� �

u(r, θ) =
2
(

∞∑
n=1

∫ π

0 f(θ) sin (nθ) dθr
n sin (nθ)

)
π

4.1.2.8 [312] Haberman 2.5.8 (b)

problem number 312

This is problem 2.5.8 part (b) from Richard Haberman applied partial differential equations,
5th edition

Solve Laplace equation ∇2u(r, θ) = 0 or

urr +
1
r
ur +

1
r2
uθθ = 0

Inside circular annulus a < r < b subject to the following boundary conditions

∂u

∂r
(a, θ) = 0

u(b, θ) = g(θ)

a

b
r
θ

∂u
∂r (a, θ) = 0

u(b, θ) = g(θ)

∇2u(r, θ) = 0

Figure 4.35: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[r, theta], {r, 2}] + 1/r*D[u[r, theta], r] + 1/r^2*D[u[r, theta], {theta, 2}] == 0;
bc = {Derivative[1, 0][u][a, theta] == 0, u[b, theta] == g[theta]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[r, theta], {r, theta}, Assumptions -> a < r < b], 60*10]];� �

u(r, θ) → {

∫ 2π
0 g(K[2]) dK[2]

2π +
∞∑

K[1]=1

(
cos(θK[1])

(
a2K[1]bK[1]

(∫ 2π
0

cos(K[1]K[2])g(K[2])
π

dK[2]
)
r−K[1]

a2K[1]+b2K[1] +
bK[1]

(∫ 2π
0

cos(K[1]K[2])g(K[2])
π

dK[2]
)
rK[1]

a2K[1]+b2K[1]

)
+
(

a2K[1]bK[1]
(∫ 2π

0
g(K[2]) sin(K[1]K[2])

π
dK[2]

)
r−K[1]

a2K[1]+b2K[1] +
bK[1]

(∫ 2π
0

g(K[2]) sin(K[1]K[2])
π

dK[2]
)
rK[1]

a2K[1]+b2K[1]

)
sin(θK[1])

)
a ≤ r ≤ b

Indeterminate True






chapter 4. elliptic pde’s (laplace, poisson, helmholtz) 599

Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(r,theta),r$2)+1/r*diff(u(r,theta),r)+1/r^2*diff(u(r,theta),theta$2)=0;
bc:=D[1](u)(a,theta)=0,u(b,theta)=g(theta);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(r,theta)) assuming a<r,r<b),output='realtime'));� �
u(r, θ) = −F−1

(
a2sF(g(θ) , θ, s)

b2s + a2s
, s, θ

)
−F−1

(
b2sF(g(θ) , θ, s)

b2s + a2s
, s, θ

)
+F−1

(
F(g(θ) , θ, s) a2sr−sbs

b2s + a2s
, s, θ

)
+F−1

(
rsbsF(g(θ) , θ, s)

b2s + a2s
, s, θ

)
+g(θ)

Hand solution

The Laplace PDE in polar coordinates is

r2
∂2u

∂r2
+ r

∂u

∂r
+ ∂2u

∂θ2
= 0 (A)

With

∂u

∂r
(a, θ) = 0

u(b, θ) = g(θ) (B)

Assuming the solution can be written as

u(r, θ) = R(r)Θ(θ)

And substituting this assumed solution back into the (A) gives

r2R′′Θ+ rR′Θ+RΘ′′ = 0

Dividing the above by RΘ gives

r2
R′′

R
+ r

R′

R
+ Θ′′

Θ = 0

r2
R′′

R
+ r

R′

R
= −Θ′′

Θ

Since each side depends on different independent variable and they are equal, they must be
equal to same constant. say λ.

r2
R′′

R
+ r

R′

R
= −Θ′′

Θ = λ

This results in the following two ODE’s. The boundaries conditions in (B) are also transferred
to each ODE. This results in

Θ′′ + λΘ = 0 (1)
Θ(−π) = Θ(π)
Θ′(−π) = Θ′(π)

And

r2R′′ + rR′ − λR = 0 (2)
R′(a) = 0

Starting with (1)

Case λ < 0 The solution is

Θ(θ) = A cosh
(√

|λ|θ
)
+B sinh

(√
|λ|θ

)
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First B.C. gives

Θ(−π) = Θ(π)

A cosh
(
−
√

|λ|π
)
+B sinh

(
−
√

|λ|π
)
= A cosh

(√
|λ|π

)
+B sinh

(√
|λ|π

)
A cosh

(√
|λ|π

)
−B sinh

(√
|λ|π

)
= A cosh

(√
|λ|π

)
+B sinh

(√
|λ|π

)
2B sinh

(√
|λ|π

)
= 0

But sinh = 0 only at zero and λ 6= 0, hence B = 0 and the solution becomes

Θ(θ) = A cosh
(√

|λ|θ
)

Θ′(θ) = A
√
λ cosh

(√
|λ|θ

)
Applying the second B.C. gives

Θ′(−π) = Θ′(π)

A
√

|λ| cosh
(
−
√

|λ|π
)
= A

√
|λ| cosh

(√
|λ|π

)
A
√

|λ| cosh
(√

|λ|π
)
= A

√
|λ| cosh

(√
|λ|π

)
2A
√

|λ| cosh
(√

|λ|π
)
= 0

But cosh is never zero, hence A = 0. Therefore trivial solution and λ < 0 is not an eigenvalue.

Case λ = 0 The solution is Θ = Aθ +B. Applying the first B.C. gives

Θ(−π) = Θ(π)
−Aπ +B = πA+B

2πA = 0
A = 0

And the solution becomes Θ = B0. A constant. Hence λ = 0 is an eigenvalue.

Case λ > 0

The solution becomes

Θ = A cos
(√

λθ
)
+B sin

(√
λθ
)

Θ′ = −A
√
λ sin

(√
λθ
)
+B

√
λ cos

(√
λθ
)

Applying first B.C. gives

Θ(−π) = Θ(π)

A cos
(
−
√
λπ
)
+B sin

(
−
√
λπ
)
= A cos

(√
λπ
)
+B sin

(√
λπ
)

A cos
(√

λπ
)
−B sin

(√
λπ
)
= A cos

(√
λπ
)
+B sin

(√
λπ
)

2B sin
(√

λπ
)
= 0 (3)

Applying second B.C. gives

Θ′(−π) = Θ′(π)

−A
√
λ sin

(
−
√
λπ
)
+B

√
λ cos

(
−
√
λπ
)
= −A

√
λ sin

(√
λπ
)
+B

√
λ cos

(√
λπ
)

A
√
λ sin

(√
λπ
)
+B

√
λ cos

(√
λπ
)
= −A

√
λ sin

(√
λπ
)
+B

√
λ cos

(√
λπ
)

A
√
λ sin

(√
λπ
)
= −A

√
λ sin

(√
λπ
)

2A sin
(√

λπ
)
= 0 (4)
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Equations (3,4) can be both zero only if A = B = 0 which gives trivial solution, or when
sin
(√

λπ
)
= 0. Therefore taking sin

(√
λπ
)
= 0 gives a non-trivial solution. Hence

√
λπ = nπ n = 1, 2, 3, · · ·
λn = n2 n = 1, 2, 3, · · ·

Hence the solution for Θ is

Θ = A0 +
∞∑
n=1

An cos (nθ) +Bn sin (nθ) (5)

Now the R equation is solved

The case for λ = 0 gives

r2R′′ + rR′ = 0

R′′ + 1
r
R′ = 0 r 6= 0

As was done in last problem, the solution to this is

R(r) = A ln |r|+ C

Since r > 0 no need to keep worrying about |r| and is removed for simplicity. Applying the
B.C. gives

R′ = A
1
r

Evaluating at r = a gives
0 = A

1
a

Hence A = 0, and the solution becomes

R(r) = C0

Which is a constant.

Case λ > 0 The ODE in this case is

r2R′′ + rR′ − n2R = 0 n = 1, 2, 3, · · ·

Let R = rp, the above becomes

r2p(p− 1) rp−2 + rprp−1 − n2rp = 0
p(p− 1) rp + prp − n2rp = 0

p(p− 1) + p− n2 = 0
p2 = n2

p = ±n

Hence the solution is
Rn(r) = Crn +D

1
rn

n = 1, 2, 3, · · ·

Applying the boundary condition R′(a) = 0 gives

R′
n(r) = nCnr

n−1 − nDn
1

rn+1

0 = R′
n(a)

= nCna
n−1 − nDn

1
an+1

= nCna
2n − nDn

= Cna
2n −Dn

Dn = Cna
2n



chapter 4. elliptic pde’s (laplace, poisson, helmholtz) 602

The solution becomes

Rn(r) = Cnr
n + Cna

2n 1
rn

n = 1, 2, 3, · · ·

= Cn

(
rn + a2n

rn

)
Hence the complete solution for R(r) is

R(r) = C0 +
∞∑
n=1

Cn

(
rn + a2n

rn

)
(6)

Using (5),(6) gives

un(r, θ) = RnΘn

u(r, θ) =
[
C0 +

∞∑
n=1

Cn

(
rn + a2n

rn

)][
A0 +

∞∑
n=1

An cos (nθ) +Bn sin (nθ)
]

= D0 +
∞∑
n=1

An cos (nθ)Cn

(
rn + a2n

rn

)
+

∞∑
n=1

Bn sin (nθ)Cn

(
rn + a2n

rn

)
Where D0 = C0A0. To simplify more, AnCn is combined to An and BnCn is combined to Bn.
The full solution is

u(r, θ) = D0 +
∞∑
n=1

An

(
rn + a2n

rn

)
cos (nθ) +

∞∑
n=1

Bn

(
rn + a2n

rn

)
sin (nθ)

The final nonhomogeneous B.C. is applied.

u(b, θ) = g(θ)

g(θ) = D0 +
∞∑
n=1

An

(
bn + a2n

bn

)
cos (nθ) +

∞∑
n=1

Bn

(
bn + a2n

bn

)
sin (nθ)

For n = 0, integrating both sides give∫ π

−π

g(θ) dθ =
∫ π

−π

D0dθ

D0 =
1
2π

∫ π

−π

g(θ) dθ

For n > 0, multiplying both sides by cos (mθ) and integrating gives∫ π

−π

g(θ) cos (mθ) dθ =
∫ π

−π

D0 cos (mθ) dθ

+
∫ π

−π

∞∑
n=1

An

(
bn + a2n

bn

)
cos (mθ) cos (nθ) dθ

+
∫ π

−π

∞∑
n=1

Bn

(
bn + a2n

bn

)
cos (mθ) sin (nθ) dθ

Hence ∫ π

−π

g(θ) cos (mθ) dθ =
∫ π

−π

D0 cos (mθ) dθ

+
∞∑
n=1

An

(
bn + a2n

bn

)∫ π

−π

cos (mθ) cos (nθ) dθ

+
∞∑
n=1

Bn

(
bn + a2n

bn

)∫ π

−π

cos (mθ) sin (nθ) dθ (7)

But ∫ π

−π

cos (mθ) cos (nθ) dθ = π n = m 6= 0∫ π

−π

cos (mθ) cos (nθ) dθ = 0 n 6= m



chapter 4. elliptic pde’s (laplace, poisson, helmholtz) 603

And ∫ π

−π

cos (mθ) sin (nθ) dθ = 0

And ∫ π

−π

D0 cos (mθ) dθ = 0

Then (7) becomes ∫ π

−π

g(θ) cos (nθ) dθ = πAn

(
bn + a2n

bn

)
An = 1

π

∫ π

−π
g(θ) cos (nθ) dθ
bn + a2n

bn

(8)

Again, multiplying both sides by sin (mθ) and integrating gives∫ π

−π

g(θ) sin (mθ) dθ =
∫ π

−π

D0 sin (mθ) dθ

+
∫ π

−π

∞∑
n=1

An

(
bn + a2n

bn

)
sin (mθ) cos (nθ) dθ

+
∫ π

−π

∞∑
n=1

Bn

(
bn + a2n

bn

)
sin (mθ) sin (nθ) dθ

Hence ∫ π

−π

g(θ) sin (mθ) dθ =
∫ π

−π

D0 sin (mθ) dθ

+
∞∑
n=1

An

(
bn + a2n

bn

)∫ π

−π

sin (mθ) cos (nθ) dθ

+
∞∑
n=1

Bn

(
bn + a2n

bn

)∫ π

−π

sin (mθ) sin (nθ) dθ (9)

But ∫ π

−π

sin (mθ) sin (nθ) dθ = π n = m 6= 0∫ π

−π

sin (mθ) sin (nθ) dθ = 0 n 6= m

And ∫ π

−π

sin (mθ) cos (nθ) dθ = 0

And ∫ π

−π

D0 sin (mθ) dθ = 0

Then (9) becomes ∫ π

−π

g(θ) sin (nθ) dθ = πBn

(
bn + a2n

bn

)
Bn = 1

π

∫ π

−π
g(θ) sin (nθ) dθ
bn + a2n

bn

This complete the solution. Summary

u(r, θ) = D0 +
∞∑
n=1

An

(
rn + a2n

rn

)
cos (nθ) +

∞∑
n=1

Bn

(
rn + a2n

rn

)
sin (nθ)

D0 =
1
2π

∫ π

−π

g(θ) dθ

An = 1
π

∫ π

−π
g(θ) cos (nθ) dθ
bn + a2n

bn

Bn = 1
π

∫ π

−π
g(θ) sin (nθ) dθ
bn + a2n

bn
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4.1.2.9 [313] Circular annulus

problem number 313

Solve Laplace equation
urr +

1
r
ur +

1
r2
uθθ = 0

Inside circular annulus 1 < r < 2 subject to the following boundary conditions

u(1, θ) = 0
u(2, θ) = sin θ

2
r
θ

u(1, θ) = 0

u(2, θ) = sin(θ)

∇2u(r, θ) = 0

1

Figure 4.36: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[r, theta], {r, 2}] + (1*D[u[r, theta], r])/r + (1*D[u[r, theta], {theta, 2}])/r^2 == 0;
bc = {u[1, theta] == 0, u[2, theta] == Sin[theta]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[r, theta], {r, theta}], 60*10]];� �

{{
u(r, θ) → {

2
(
r2−1

)
sin(θ)

3r 1 ≤ r ≤ 2
Indeterminate True

}}

Maple 3� �
restart;
pde := diff(u(r,theta),r$2)+1/r*diff(u(r,theta),r)+1/r^2*diff(u(r,theta),theta$2)=0;
bc := u(1,theta)=0,u(2,theta)=sin(theta);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(r,theta))),output='realtime'));� �

u(r, θ) = 2 sin (θ) (r2 − 1)
3r
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4.1.2.10 [314] Outside a disk

problem number 314

Solve Laplace equation in polar coordinates outside a disk

Solve for u(r, θ)

urr +
1
r
ur +

1
r2
uθθ = 0

a ≤ r

0 < θ ≤ 2π

Boundary conditions

u(a, θ) = f(θ)
|u(0, θ)| <∞
u(r, 0) = u(r, 2π)

∂u

∂θ
(r, 0) = ∂u

∂θ
(r, 2π)

a

r

θ

u(a, θ) = f(θ)

∇2u(r, θ) = 0

solve for u(r, θ) outside disk

Figure 4.37: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[r, theta], {r, 2}] + 1/r*D[u[r, theta], r] + 1/r^2*D[u[r, theta], {theta, 2}] == 0;
bc = {u[a, theta] == f[theta], u[r, -Pi] == u[r, Pi], Derivative[0, 1][u][r, -Pi] == Derivative[0, 1][u][r, Pi]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[r, theta], {r, theta}, Assumptions -> {a > 0, r > a}], 60*10]];� �

u(r, θ) →

∞∑
K[1]=1

a−K[1]rK[1]
(
cos(θK[1])

∫ π

−π
cos(θK[1])f(θ)√

π
dθ +

(∫ π

−π
f(θ) sin(θK[1])√

π
dθ
)
sin(θK[1])

)
√
π

+
∫ π

−π
f(θ)√
2π dθ√
2π




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(r, theta), r$2) + 1/r* diff(u(r,theta),r) + 1/r^2* diff(u(r, theta), theta$2) = 0;
bc := u(a, theta) = f(theta), u(r, -Pi) = u(r, Pi), (D[2](u))(r, -Pi) = (D[2](u))(r, Pi);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc], u(r, theta), HINT = boundedseries(r=infinity))),output='realtime'));� �

u(r, θ) =

∫ π
−π f(θ)dθ

2 +
(

∞∑
n=1

(∫ π

−π
f(θ) sin (nθ) dθ sin (nθ) +

∫ π

−π
f(θ) cos (nθ) dθ cos (nθ)

) (
r
a

)−n
)

π
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4.1.2.11 [315] Outside a disk

problem number 315

Added January 13, 2020

Laplace PDE in polar coordinates outside a disk

Solve uxx + uyy = 0 outside disk x2 + y2 > 1 with boundary condition xy2 when x2 + y2 = a.
Where a = 1 in this problem. Express solution in x, y

The first step is to convert the boundary condition to polar coordinates. Since x = r cos θ, y =
r sin θ, then at the boundary u(r, θ) = r cos θ(r sin θ)2. But r = 1 (the radius). Hence at the
boundary, u(1, θ) = f(θ) where

f(θ) = cos θ sin2 θ

= cos θ
(
1− cos2 θ

)
= cos θ − cos3 θ

But cos3 θ = 3
4 cos θ +

1
4 cos 3θ. Therefore the above becomes

f(θ) = cos θ −
(
3
4 cos θ + 1

4 cos 3θ
)

= 1
4 cos θ − 1

4 cos 3θ (1)

The above is also seen as the Fourier series of f(θ). The PDE in polar coordinates is

urr +
1
r
ur +

1
r2
uθθ = 0

r
θ

1

u(1, θ) = 1
4
cos θ − 1

4
cos 3θ

∇2u(r, θ) = 0
outside the disk

Figure 4.38: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
a=1;
pde = Laplacian[u[r, theta], {r, theta}, "Polar"] == 0;
f[theta_] := 1/4*(Cos[theta] - Cos[3*theta]);
bc = {u[a, theta] == f[theta], u[r, -Pi] == u[r, Pi], Derivative[0, 1][u][r, -Pi] == Derivative[0, 1][u][r, Pi]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[r, theta], {r, theta}, Assumptions -> r > a], 60*10]];� �

{{
u(r, θ) → 1

4
(
r cos(θ)− r3 cos(3θ)

)}}
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Maple 3� �
restart;
f:=theta-> 1/4*(cos(theta) - cos(3*theta));
a:=1;
pde := VectorCalculus:-Laplacian(u(r,theta),'polar'[r,theta]);
bc := u(a, theta) = f(theta),u(r, -Pi) = u(r, Pi),(D[2](u))(r, -Pi) = (D[2](u))(r, Pi);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc], u(r, theta), HINT = boundedseries(r=infinity))),output='realtime'));
sol:=simplify(subs(cos(theta)^3=trigsubs(cos(theta)^3)[2],expand(sol)),size);� �

u(r, θ) =
cos (θ)

(
−4 cos (θ)2 + r2 + 3

)
4r3

Hand solution

The first step is to convert the boundary condition to polar coordinates. Since x = r cos θ, y =
r sin θ, then at the boundary u(r, θ) = r cos θ(r sin θ)2. But r = 1 (the radius). Hence at the
boundary, u(1, θ) = f(θ) where

f(θ) = cos θ sin2 θ

= cos θ
(
1− cos2 θ

)
= cos θ − cos3 θ

But cos3 θ = 3
4 cos θ +

1
4 cos 3θ. Therefore the above becomes

f(θ) = cos θ −
(
3
4 cos θ + 1

4 cos 3θ
)

= 1
4 cos θ − 1

4 cos 3θ (1)

The above is also seen as the Fourier series of f(θ). The PDE in polar coordinates is

urr +
1
r
ur +

1
r2
uθθ = 0

The solution is known to be

u(r, θ) = c0
2 +

∞∑
n=1

r−n(cn cos (nθ) + kn sin (nθ)) (2)

Since the above solution is the same as f(θ) when r = 1, then equating (2) when r = 1 to
(1) gives

1
4 cos θ − 1

4 cos 3θ = c0
2 +

∞∑
n=1

(cn cos (nθ) + kn sin (nθ))

By comparing terms on both sides, this shows by inspection that

c0 = 0

c1 =
1
4

c3 =
−1
4

And all other cn, kn are zero. Using the above result back in (2) gives the solution as

u(r, θ) = r−1

4 cos θ − r−3

4 cos 3θ

= r2 cos (θ)− cos (3θ)
4r3 (3)

This is 3D plot of the solution
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polarSolution[r_, phi_] := (r^-1)/ 4 Cos[phi] - (r^-3)/ 4 Cos[3 phi];

In[49]:= ParametricPlot3D[{r Cos[t], r Sin[t], polarSolution[r, t]},

{r, 1, 2}, {t, 0, 2 Pi}, AxesLabel → {x, y, "u(x,y)"},

PlotLabel → "3D plot of solution outside disk", ImageSize → 500]

Out[49]=

This is a contour plot

In[52]:= ContourPlot[polarSolution[Sqrt[x^2 + y^2], ArcTan[x, y]], {x, -2, 2}, {y, -2, 2},

AxesLabel → {x, y},

Contours → 50, PlotLegends → Automatic, ColorFunction → "Pastel",

Epilog → {Thick, Circle[]},

PlotRange → {-2, 2},

RegionFunction → Function[{x, y, z}, Norm[{x, y}] > 1.]]

Out[52]=

-2 -1 0 1 2
-2

-1

0

1

2

-0.312

-0.234

-0.156

-0.078

0

0.078

0.156

0.234

0.312
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4.2 Laplace in 3D

Local contents
4.2.1 Spherical coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 609
4.2.2 Cylinderical coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 610

4.2.1 Spherical coordinates

Local contents
4.2.1.1 [316] In a sphere . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 609

4.2.1.1 [316] In a sphere

problem number 316

Taken from Maple pdsolve help pages

Solve for u(r, θ, φ). Where θ is the polar angle and φ is the azimuthal angle. Hence 0 < θ < π

and −π < φ < π.

∂

∂r

(
r2
∂u

∂r

)
+ 1

sin θ
∂

∂θ

(
sin θ∂u

∂θ

)
+ 1

sin2 θ

∂2u

∂φ2 = 0

Mathematica 3� �
ClearAll["Global`*"];
lap = Laplacian[f[r, theta, phi], {r, theta, phi}, "Spherical"];
sol = AbsoluteTiming[TimeConstrained[DSolve[lap == 0, f[r, theta, phi], {r, theta, phi}], 60*10]];� �
{{

f(r, θ, φ) → {
√
2r− 1

2
√
4c7+1− 1

2

(
c1r

√
4c7+1 + c2

) (
c4Hypergeometric2F1

(1
4

(
−
√
4c7 + 1 + 2√c8 + 1

)
, 14
(√

4c7 + 1 + 2√c8 + 1
)
, 12 , cos

2(θ)
)
+ c3 cos(θ)Hypergeometric2F1

(1
4

(
−
√
4c7 + 1 + 2√c8 + 3

)
, 14
(√

4c7 + 1 + 2√c8 + 3
)
, 32 , cos

2(θ)
)
sgn(sin(θ))

)
(− sin2(θ))

√
c8
2
(
c6 cos

(
φ
√
c8
)
+ c5 sin

(
φ
√
c8
))

−π ≤ θ ≤ π ∧ 0 ≤ φ ≤ π

Indeterminate True

}}

Maple 3� �
restart;
PDE := diff(r^2*diff(F(r,theta,phi),r),r)+ 1/sin(theta)*diff(sin(theta)*diff(F(r,theta,phi),theta),theta)+ 1/sin(theta)^2*diff(F(r,theta,phi),phi$2) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(PDE,F(r,theta,phi),'build')),output='realtime'));� �

F (r, θ, φ) =

(
− sin (θ)2

)√_c2
2
(
hypergeom

([√_c2
2 +

√
1+4_c1

4 + 3
4 ,

√_c2
2 −

√
1+4_c1

4 + 3
4

]
,
[3
2

]
, cos(2θ)2 + 1

2

)
cos (θ) c4 + hypergeom

([√_c2
2 +

√
1+4_c1

4 + 1
4 ,

√_c2
2 −

√
1+4_c1

4 + 1
4

]
,
[1
2

]
, cos(2θ)2 + 1

2

)
c3
)(

r
√

1+4_c1
2 c1 + r−

√
1+4_c1

2 c2
) (
c5 sin

(√_c2 φ
)
+ c6 cos

(√_c2 φ
))

√
r
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4.2.2 Cylinderical coordinates

Local contents
4.2.2.1 [317] Haberman 7.9.1 (a) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 610
4.2.2.2 [318] Haberman 7.9.1 (b) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 611
4.2.2.3 [319] Haberman 7.9.1 (c) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 612
4.2.2.4 [320] Haberman 7.9.1 (d) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 612
4.2.2.5 [321] Haberman 7.9.1 (e) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 613
4.2.2.6 [322] Haberman 7.9.2 (a) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 614
4.2.2.7 [323] Haberman 7.9.2 (b) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 615
4.2.2.8 [324] Haberman 7.9.2 (c) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 616
4.2.2.9 [325] Haberman 7.9.2 (d) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 616

4.2.2.1 [317] Haberman 7.9.1 (a)

problem number 317

Added May 25, 2019.

Problem 7.9.1 (a) from Richard Haberman Applied Partial Differential Equations, 4th edition.

Solve Laplace PDE inside circular cylinder subject to boundary conditions u(r, θ, 0) = f(r, θ),
u(r, θ,H) = 0, u(a, θ, z) = 0.

urr +
1
r
ur +

1
r2
uθθ + uzz = 0

H

a
r θ

z

urr +
1
rur +

1
r2uθθ + uzz = 0

u = f(r, θ)

(bottom side)

u = 0

(top side)

u = 0
(side)

Figure 4.39: PDE specification

Mathematica 7� �
ClearAll["Global`*"];
lap = Laplacian[u[r, theta, z], {r, theta, z}, "Cylindrical"];
bc = {u[r, theta, 0] == f[r, theta], u[r, theta, H] == 0, u[a, theta, z] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{lap == 0, bc}, u[r, theta, z], {r, theta, z}, Assumptions -> {a > 0, r < a, H > 0}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde :=VectorCalculus:-Laplacian(u(r,theta,z),'cylindrical'[r,theta,z])=0;
bc := u(r, theta, 0) = f(r, theta), u(r, theta, H) = 0, u(a, theta, z) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(r,theta,z)) assuming a>0,r<a,H>0),output='realtime'));� �
sol=()

4.2.2.2 [318] Haberman 7.9.1 (b)

problem number 318

Added May 25, 2019.

Problem 7.9.1 (b) from Richard Haberman Applied Partial Differential Equations, 4th edition.

Solve Laplace PDE inside circular cylinder subject to boundary conditions u(r, θ, 0) =
f(r) sin(7θ), u(r, θ,H) = 0, u(a, θ, z) = 0.

urr +
1
r
ur +

1
r2
uθθ + uzz = 0

H

a
r θ

z

urr +
1
rur +

1
r2uθθ + uzz = 0

u = f(r) sin(7θ)

(bottom side)

u = 0

(top side)

u = 0
(side)

Figure 4.40: PDE specification

Mathematica 7� �
ClearAll["Global`*"];
lap = Laplacian[u[r, theta, z], {r, theta, z}, "Cylindrical"];
bc = {u[r, theta, 0] == f[r]*Sin[7*theta], u[r, theta, H] == 0, u[a, theta, z] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{lap == 0, bc}, u[r, theta, z], {r, theta, z}, Assumptions -> {a > 0, r < a, H > 0}], 60*10]];� �
Failed

Maple 7� �
restart;
pde :=VectorCalculus:-Laplacian(u(r,theta,z),'cylindrical'[r,theta,z])=0;
bc := u(r, theta, 0) = f(r)*sin(7*theta), u(r, theta, H) = 0, u(a, theta, z) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(r,theta,z)) assuming a>0,r<a,H>0),output='realtime'));� �
sol=()
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4.2.2.3 [319] Haberman 7.9.1 (c)

problem number 319

Added May 25, 2019.

Problem 7.9.1 (c) from Richard Haberman Applied Partial Differential Equations, 4th edition.

Solve Laplace PDE inside circular cylinder subject to boundary conditions u(r, θ, 0) = 0,
u(r, θ,H) = f(r) cos(3θ), ur(a, θ, z) = 0.

urr +
1
r
ur +

1
r2
uθθ + uzz = 0

H

a
r θ

z

urr +
1
rur +

1
r2uθθ + uzz = 0

u = 0

(bottom side)

u = f(r) cos(3θ)

(top side)

ur = 0
(side)

Figure 4.41: PDE specification

Mathematica 7� �
ClearAll["Global`*"];
lap = Laplacian[u[r, theta, z], {r, theta, z}, "Cylindrical"];
bc = {u[r, theta, 0] == 0, u[r, theta, H] == f[r]*Cos[3*theta], Derivative[1,0,0][u][a, theta, z] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{lap == 0, bc}, u[r, theta, z], {r, theta, z}, Assumptions -> {a > 0, r < a, H > 0}], 60*10]];� �
Failed

Maple 7� �
restart;
pde :=VectorCalculus:-Laplacian(u(r,theta,z),'cylindrical'[r,theta,z])=0;
bc := u(r, theta, 0) = 0, u(r, theta, H) = f(r)*cos(3*theta), eval(diff(u(r,theta,z),r),r=a)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(r,theta,z)) assuming a>0,r<a,H>0),output='realtime'));� �
sol=()

4.2.2.4 [320] Haberman 7.9.1 (d)

problem number 320

Added May 25, 2019.

Problem 7.9.1 (d) from Richard Haberman Applied Partial Differential Equations, 4th edition.

Solve Laplace PDE inside circular cylinder subject to boundary conditions uz(r, θ, 0) =
f(r) sin(3θ), uz(r, θ,H) = 0, ur(a, θ, z) = 0.

urr +
1
r
ur +

1
r2
uθθ + uzz = 0
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H

a
r θ

z

urr +
1
rur +

1
r2uθθ + uzz = 0

uz = f(r) sin(3θ)

(bottom side)

uz = 0

(top side)

ur = 0
(side)

Figure 4.42: PDE specification

Mathematica 7� �
ClearAll["Global`*"];
lap = Laplacian[u[r, theta, z], {r, theta, z}, "Cylindrical"];
bc = {Derivative[0,0,1][u][r, theta, 0] == f[r]*Sin[3*theta], Derivative[0,0,1][u][r, theta, H] == 0, Derivative[1,0,0][u][a, theta, z] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{lap == 0, bc}, u[r, theta, z], {r, theta, z}, Assumptions -> {a > 0, r < a, H > 0}], 60*10]];� �
Failed

Maple 7� �
restart;
pde :=VectorCalculus:-Laplacian(u(r,theta,z),'cylindrical'[r,theta,z])=0;
bc:=eval(diff(u(r,theta,z),z),z=0)=f(r)*sin(3*theta), eval(diff(u(r,theta,z),z),z=H)= 0, eval(diff(u(r,theta,z),r),r=a)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(r,theta,z)) assuming a>0,r<a,H>0),output='realtime'));� �
sol=()

4.2.2.5 [321] Haberman 7.9.1 (e)

problem number 321

Added May 25, 2019.

Problem 7.9.1 (e) from Richard Haberman Applied Partial Differential Equations, 4th edition.

Solve Laplace PDE inside circular cylinder subject to boundary conditions uz(r, θ, 0) = f(r, θ),
uz(r, θ,H) = 0, ur(a, θ, z) = 0.

urr +
1
r
ur +

1
r2
uθθ + uzz = 0

H

a
r θ

z

urr +
1
rur +

1
r2uθθ + uzz = 0

uz = f(r, θ)

(bottom side)

uz = 0

(top side)

ur = 0
(side)

Figure 4.43: PDE specification
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Mathematica 7� �
ClearAll["Global`*"];
lap = Laplacian[u[r, theta, z], {r, theta, z}, "Cylindrical"];
bc = {Derivative[0,0,1][u][r, theta, 0] == f[r,theta], Derivative[0,0,1][u][r, theta, H] == 0, Derivative[1,0,0][u][a, theta, z] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{lap == 0, bc}, u[r, theta, z], {r, theta, z}, Assumptions -> {a > 0, r < a, H > 0}], 60*10]];� �
Failed

Maple 7� �
restart;
pde :=VectorCalculus:-Laplacian(u(r,theta,z),'cylindrical'[r,theta,z])=0;
bc:=eval(diff(u(r,theta,z),z),z=0)=f(r,theta), eval(diff(u(r,theta,z),z),z=H)= 0, eval(diff(u(r,theta,z),r),r=a)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(r,theta,z)) assuming a>0,r<a,H>0),output='realtime'));� �
sol=()

4.2.2.6 [322] Haberman 7.9.2 (a)

problem number 322

Added May 25, 2019.

Problem 7.9.2 (a) from Richard Haberman Applied Partial Differential Equations, 4th edition.

Solve Laplace PDE inside semicircular cylinder subject to boundary conditions u(r, θ, 0) = 0,
u(r, θ,H) = f(r, θ), u(r, 0, z) = 0, u(r, π, z) = 0, u(a, θ, z) = 0.

urr +
1
r
ur +

1
r2
uθθ + uzz = 0

H

a
r θ

z

u = 0

u = 0
(back side)

(front side)

u = f(r, θ)

u = 0
(bottom side)

(top side)

θ = 0θ = π

urr +
1
rur +

1
r2uθθ + uzz = 0

Figure 4.44: PDE specification

Mathematica 7� �
ClearAll["Global`*"];
lap = Laplacian[u[r, theta, z], {r, theta, z}, "Cylindrical"];
bc = {u[r, theta, 0] == 0, u[r, theta, H] == f[r,theta], u[r, 0, z] == 0,u[r,Pi,z]==0,u[a,theta,z]==0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{lap == 0, bc}, u[r, theta, z], {r, theta, z}, Assumptions -> {a > 0, r < a, H > 0,theta>0,theta<Pi}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde :=VectorCalculus:-Laplacian(u(r,theta,z),'cylindrical'[r,theta,z])=0;
bc := u(r,theta,0)=0, u(r,theta,H)= f(r,theta), u(r,0,z)=0, u(r,Pi,z)=0,u(a,theta,z)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(r,theta,z)) assuming a>0,r<a,H>0,theta>0,theta<Pi),output='realtime'));� �
sol=()

4.2.2.7 [323] Haberman 7.9.2 (b)

problem number 323

Added May 25, 2019.

Problem 7.9.2 (b) from Richard Haberman Applied Partial Differential Equations, 4th edition.

Solve Laplace PDE inside semicircular cylinder subject to boundary conditions u(r, θ, 0) = 0,
uz(r, θ,H) = 0, u(r, 0, z) = 0, u(r, π, z) = 0, u(a, θ, z) = g(θ, z).

urr +
1
r
ur +

1
r2
uθθ + uzz = 0

H

a
r θ

z

u = 0

u = g(θ, z)
(back side)

(front side)

uz = 0

u = 0
(bottom side)

(top side)

θ = 0θ = π

urr +
1
rur +

1
r2uθθ + uzz = 0

Figure 4.45: PDE specification

Mathematica 7� �
ClearAll["Global`*"];
lap = Laplacian[u[r, theta, z], {r, theta, z}, "Cylindrical"];
bc = {u[r, theta, 0] == 0, Derivative[0,0,1][u][r, theta, H] == 0, u[r, 0, z] == 0,u[r,Pi,z]==0,u[a,theta,z]==g[theta,z]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{lap == 0, bc}, u[r, theta, z], {r, theta, z}, Assumptions -> {a > 0, r < a, H > 0,theta>0,theta<Pi}], 60*10]];� �
Failed

Maple 7� �
restart;
pde :=VectorCalculus:-Laplacian(u(r,theta,z),'cylindrical'[r,theta,z])=0;
bc := u(r,theta,0)=0, eval(diff(u(r,theta,z),z),z=H)=0, u(r,0,z)=0, u(r,Pi,z)=0,u(a,theta,z)=g(theta,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(r,theta,z)) assuming a>0,r<a,H>0,theta>0,theta<Pi),output='realtime'));� �
sol=()
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4.2.2.8 [324] Haberman 7.9.2 (c)

problem number 324

Added May 25, 2019.

Problem 7.9.2 (c) from Richard Haberman Applied Partial Differential Equations, 4th edition.

Solve Laplace PDE inside semicircular cylinder subject to boundary conditions uz(r, θ, 0) = 0,
uz(r, θ,H) = 0, uθ(r, 0, z) = 0, uθ(r, π, z) = 0, ur(a, θ, z) = g(θ, z).

urr +
1
r
ur +

1
r2
uθθ + uzz = 0

H

a
r θ

z

uθ = 0

ur = g(θ, z)
(back side)

(front side)

uz = 0

uz = 0
(bottom side)

(top side)

θ = 0θ = π

urr +
1
rur +

1
r2uθθ + uzz = 0

Figure 4.46: PDE specification

Mathematica 7� �
ClearAll["Global`*"];
lap = Laplacian[u[r, theta, z], {r, theta, z}, "Cylindrical"];
bc = {Derivative[0,0,1][u][r, theta, 0] == 0, Derivative[0,0,1][u][r, theta, H] == 0, Derivative[0,1,0][u][r, 0, z] == 0,Derivative[1,0,0][u][r,Pi,z]==0,Derivative[1,0,0][u][a,theta,z]==g[theta,z]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{lap == 0, bc}, u[r, theta, z], {r, theta, z}, Assumptions -> {a > 0, r < a, H > 0,theta>0,theta<Pi}], 60*10]];� �
Failed

Maple 7� �
restart;
pde :=VectorCalculus:-Laplacian(u(r,theta,z),'cylindrical'[r,theta,z])=0;
bc:=eval(diff(u(r,theta,z),z),z=0)=0, eval(diff(u(r,theta,z),z),z=H)=0, eval(diff(u(r,theta,z),theta),theta=0)=0, eval(diff(u(r,theta,z),theta),theta=Pi)=0,eval(diff(u(r,theta,z),r),r=a)=g(theta,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(r,theta,z)) assuming a>0,r<a,H>0,theta>0,theta<Pi),output='realtime'));� �
sol=()

4.2.2.9 [325] Haberman 7.9.2 (d)

problem number 325

Added May 26, 2019.

Problem 7.9.2 (d) from Richard Haberman Applied Partial Differential Equations, 4th edition.

Solve Laplace PDE inside semicircular cylinder subject to boundary conditions u(r, θ, 0) = 0,
u(r, 0, z) = 0, u(a, θ, z) = 0, u(r, θ,H) = 0, uθ(r, π, z) = f(r, z).

urr +
1
r
ur +

1
r2
uθθ + uzz = 0
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H

a
r θ

z

uθ = f(r, z)

u = 0
(back side)

u = 0

u = 0
(bottom side)

(top side)

urr +
1
rur +

1
r2uθθ + uzz = 0

u = 0

(this half)(this half)

Figure 4.47: PDE specification

Mathematica 7� �
ClearAll["Global`*"];
lap = Laplacian[u[r, theta, z], {r, theta, z}, "Cylindrical"];
bc = {u[r, theta, 0] == 0, u[r, 0, z] == 0, u[a, theta, z] == 0,u[r,theta,H]==0,Derivative[0,1,0][u][r,Pi,z]==f[r,z]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{lap == 0, bc}, u[r, theta, z], {r, theta, z}, Assumptions -> {a > 0, r < a, H > 0,theta>0,theta<Pi}], 60*10]];� �
Failed

Maple 7� �
restart;
pde :=VectorCalculus:-Laplacian(u(r,theta,z),'cylindrical'[r,theta,z])=0;
bc := u(r,theta,0)=0,u(r,0,z)=0, u(a,theta,z)=0, u(r,theta,H)=0,eval(diff(u(r,theta,z),theta),theta=Pi)=f(r,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(r,theta,z)) assuming a>0,r<a,H>0,theta>0,theta<Pi),output='realtime'));� �
sol=()
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4.3 Poisson in 2D

Local contents
4.3.1 Cartesian coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 618

4.3.1 Cartesian coordinates

Local contents
4.3.1.1 [326] All boundaries at zero . . . . . . . . . . . . . . . . . . . . . . . . . . . 618
4.3.1.2 [327] Dirichlet problem in a rectangle . . . . . . . . . . . . . . . . . . . . . 622
4.3.1.3 [328] Poisson PDE in whole 2D plane . . . . . . . . . . . . . . . . . . . . . 623

4.3.1.1 [326] All boundaries at zero

problem number 326

Added March 13, 2019.

Solve for u(x, y)

uxx
A

+ uxx
B

= −2θ

Where A,B, θ are constants, and the boundary conditions are

u(x,−b) = 0
u(x, b) = 0

u(−a, y) = 0
u(a, y) = 0

x

y

a

b

−b

u = 0

u = 0

u = 0

u = 0

uxx
A

+
uyy

B
= −2θ

Figure 4.48: PDE specification

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, y], {x, 2}]/A + D[u[x, y], {y, 2}]/B == -2*theta;
bc = {u[x, -b] == 0, u[x, b] == 0, u[-a, y] == 0, u[a, y] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := diff(u(x,y),x$2)/A+diff(u(x,y),y$2)/B = -2*theta;
bc := u(x,-b)=0, u(x,b)=0, u(-a,y)=0, u(a,y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(x,y))),output='realtime'));� �

u(x, y) =

 ∞∑
n=1

 csgn
( 1
a

)
sin
(
nπx
a

)(
e−

nπ csgn
(
1
a

)√
B y

a
√
A f2(n) + e

nπ csgn
(
1
a

)√
B y

a
√
A f1(n)

)
a = 0

0 otherwise

+θA
(
a2 − x2

)
Hand solution

solve
uxx
A

+ uyy
B

= −2θ

Buxx + Auyy = −2θAB
= C

Where C = −2θAB is a new constant. With boundary conditions

u(x,−b) = 0
u(x, b) = 0

u(−a, y) = 0
u(a, y) = 0

To simplify solution, shift the rectangle so its lower left corner on the origin. Let x̃ = x+ a,
and ỹ = y + b. The boundary conditions becomes

u(x̃, 0) = 0
u(x̃, 2b) = 0
u(0, ỹ) = 0
u(2a, ỹ) = 0

And the pde becomes Bux̃x̃ + Auỹỹ = C. Instead of keep writing x̃, ỹ, will use x, y, but
remember that these are shifted version. At the end, we shift back.

Hence the PDE to solve is Buxx + Auyy = C with BC

u(x, 0) = 0
u(x, 2b) = 0
u(0, y) = 0
u(2a, y) = 0

Using eigenfunction expansion method. Let

u(x, y) =
∞∑
n=1

bn(y)Xn(x) (1)

Where Xn(x) is eigenfunctions for X ′′(x) + λnX(x) = 0 with boundary conditions X(0) =
X(2a) = 0. This has eigenfunctions as Xn(x) = sin

(√
λnx

)
with eigenvalues λn =

(
nπ
2a

)2 for
n = 1, 2, · · · .

Substituting (1) into the PDE Buxx + Auyy = C gives

B
∞∑
n=1

bn(y)X ′′
n(x) + A

∞∑
n=1

b′′n(y)Xn(x) = C
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Expanding C (a constant) as Fourier sine series the above becomes

B
∞∑
n=1

bn(y)X ′′
n(x) + A

∞∑
n=1

b′′n(y)Xn(x) =
∞∑
n=1

qnXn(x)

But X ′′
n(x) = −λnXn(x), hence the above becomes

−B
∞∑
n=1

λnbn(y)Xn(x) + A
∞∑
n=1

b′′n(y)Xn(x) =
∞∑
n=1

qnXn(x)

Ab′′n(y)−Bλnbn(y) = qn (1A)

But

C =
∞∑
n=1

qnXn(x)∫ 2a

0
CXn(x) dx = qn

∫ 2a

0
X2

n(x) dx∫ 2a

0
C sin

(√
λnx

)
dx = qn

∫ 2a

0
sin2

(√
λnx

)
dx

−C√
λn

((−1)n − 1) = qna

qn = −C
a
√
λn

((−1)n − 1)

Hence (1A) becomes
Ab′′n(y)−Bλnbn(y) =

−C
a
√
λn

((−1)n − 1)

This is standard second order linear ODE. The solution is

bn(y) = Dne

√
B
A
λny + Ene

−
√
B
A
λny + C

aBλ
3
2
n

((−1)n − 1)

Using the above in (1) gives the solution

u(x, y) =
∞∑
n=1

(
Dne

√
B
A
λny + Ene

−
√
B
A
λny + C

aBλ
3
2
n

((−1)n − 1)
)
Xn(x) (1A)

We now need to find Dn, En.

Case n even

When n is even ((−1)n − 1) = 0 and the solution (1A) becomes

u(x, y) =
∞∑
n=1

(
Dne

√
B
A
λny + Ene

−
√
B
A
λny

)
Xn(x)

At y = 0 the above gives

0 =
∞∑
n=1

(Dn + En) sin
(√

λnx
)

Therefore
Dn + En = 0 (2)

And at y = 2b

0 =
∞∑
n=1

(
Dne

√
B
A
λn2b + Ene

−
√
B
A
λn2b
)
sin
(√

λnx
)

Therefore
Dne

√
B
A
λn2b + Ene

−
√
B
A
λn2b = 0 (3)

From (2,3) we see that Dn = En = 0, Hence u(x, y) = 0 when n even.

Case n odd
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When n is odd ((−1)n − 1) = −2 and the solution (1A) becomes

u(x, y) =
∞∑
n=1

(
Dne

√
B
A
λny + Ene

−
√
B
A
λny − 2C

aBλ
3
2
n

)
Xn(x)

At y = 0 the above gives

0 =
∞∑
n=1

(
Dn + En −

2C

aBλ
3
2
n

)
sin
(√

λnx
)

Therefore
Dn + En −

2C

aBλ
3
2
n

= 0 (4)

And at y = 2b

0 =
∞∑
n=1

(
Dne

√
B
A
λn2b + Ene

−
√
B
A
λn2b − 2C

aBλ
3
2
n

)
sin
(√

λnx
)

Therefore
Dne

√
B
A
λn2b + Ene

−
√
B
A
λn2b − 2C

aBλ
3
2
n

= 0 (5)

Solving (4,5) for Dn, En gives

Dn = 2C

aBλ
3
2
n

1

1 + e

√
B
A
λn2b

En = 2C

aBλ
3
2
n

e

√
B
A
λn2b

1 + e

√
B
A
λn2b

Therefore the final solution from (1A) becomes

u(x, y) =
∞∑

n=1,3,5,···

(
Dne

√
B
A
λny + Ene

−
√
B
A
λny − 2C

aBλ
3
2
n

)
Xn(x)

=
∞∑

n=1,3,5,···

( 2C

aBλ
3
2
n

1

1 + e

√
B
A
λn2b

)
e

√
B
A
λny +

 2C

aBλ
3
2
n

e

√
B
A
λn2b

1 + e

√
B
A
λn2b

 e−
√
B
A
λny − 2C

aBλ
3
2
n

 sin
(√

λnx
)

Where λn =
(
nπ
2a

)2. Switching back to original coordinates using x̃ = x + a, and ỹ = y + b,
then the above is

u(x, y) =
∞∑

n=1,3,5,···

( 2C

aBλ
3
2
n

1

1 + e

√
B
A
λn2b

)
e

√
B
A
λn(y+b) +

 2C

aBλ
3
2
n

e

√
B
A
λn2b

1 + e

√
B
A
λn2b

 e

(
−
√
B
A
λny+b

)
− 2C

aBλ
3
2
n

 sin
(√

λn(x+ a)
)

Where C = −2θAB, hence

u(x, y) =
∞∑

n=1,3,5,···

(−4θAB

aBλ
3
2
n

1

1 + e

√
B
A
λn2b

)
e

√
B
A
λn(y+b) +

−4θAB

aBλ
3
2
n

e

√
B
A
λn2b

1 + e

√
B
A
λn2b

 e−
√
B
A
λn(y+b) + 4θAB

aBλ
3
2
n

 sin
(√

λn(x+ a)
)

=
∞∑

n=1,3,5,···

(−4θA

aλ
3
2
n

1

1 + e

√
B
A
λn2b

)
e

√
B
A
λn(y+b) +

−4θA

aλ
3
2
n

e

√
B
A
λn2b

1 + e

√
B
A
λn2b

 e−
√
B
A
λn(y+b) + 4θA

aλ
3
2
n

 sin
(√

λn(x+ a)
)
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4.3.1.2 [327] Dirichlet problem in a rectangle

problem number 327

Taken from Mathematica DSolve help pages.

Solve for u(x, y)

uxx + uyy = 6x− 6y

Boundary conditions

u(x, 0) = 1 + 11x+ x3

u(x, 2) = −7 + 11x+ x3

u(0, y) = 1− y3

u(4, y) = 109− y3

x

y

4

2

u = 1 + 11x+ x3

uxx + uyy = 6x− 6y

u = −7 + 11x+ x3

u = 109− y3
u = 1− y3

Figure 4.49: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] == 6*x - 6*y;
bc = {u[x, 0] == 1 + 11*x + x^3, u[x, 2] == -7 + 11*x + x^3, u[0, y] == 1 - y^3, u[4, y] == 109 - y^3};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → x3 + 11x− y3 + 1

}}
Maple 3� �
restart;
pde := diff(u(x,y),x$2)+diff(u(x,y),y$2)=6*x-6*y;
bc := u(x,0)=1+11*x+x^3,

u(x,2)=-7+11*x+x^3,
u(0,y)=1-y^3,
u(4,y)=109-y^3;

cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(x,y))),output='realtime'));� �
u(x, y) = x3 − y3 + 11x+ 1



chapter 4. elliptic pde’s (laplace, poisson, helmholtz) 623

4.3.1.3 [328] Poisson PDE in whole 2D plane

problem number 328

Added January 13, 2020

Solve Poisson PDE
∂2f

∂x2
+ ∂2f

∂y2
= 6y

x

y

uxx + uyy = 6y

−∞ < x <∞
−∞ < y <∞

Figure 4.50: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] == 6*y;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → c1(x− iy) + c2(x+ iy) + 3x2y

}}
Maple 3� �
restart;
pde:=VectorCalculus:-Laplacian(u(x,y),'cartesian'[x,y])=6*y;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y))),output='realtime'));� �

u(x, y) = f1(−ix+ y) + f2(ix+ y) + 3x2y
Hand solution

Solve Poisson PDE
∂2f

∂x2
+ ∂2f

∂y2
= 6y

The solution is
f = fh + fp (1)

Where fh is the homogenous solution to Laplace ∂2f
∂x2 + ∂2f

∂y2
= 0 and fp is a particular solution.

The homogeneous solution is easily found as follows. Let

fh = F (mx+ y)

Then ∂fh
∂x

= mF ′ and ∂2fh
∂x2 = m2F ′′ and ∂fh

∂y
= F ′ and ∂2fh

∂y2
= F ′′. Substituting these into
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∂2fh
∂x2 + ∂2fh

∂y2
= 0 gives

m2F ′′ + F ′′ = 0
m2 + 1 = 0

m = ±i

Since we assumed fh = F (mx+ y), then the homogeneous solution is sum of two arbitrary
functions (one for each root of m)

fh = F1(ix+ y) + F2(−ix+ y)

To find particular solution, let
fp = Axnym (2)

Hence ∂fp
∂x

= Anxn−1ym and ∂2fp
∂x2 = An(n− 1)xn−2ym and ∂fp

∂y
= Axnmym−1 and ∂2fp

∂y2
=

Axnm(m− 1) ym−2. Substituting these into ∂2fp
∂x2 + ∂2fp

∂y2
= 6y gives

An(n− 1)xn−2ym + Axnm(m− 1) ym−2 = 6y
ym
(
An(n− 1)xn−2 + Axnm(m− 1) y−2) = 6y

Comparing terms, then m = 1 and

An(n− 1)xn−2 + Axnm(m− 1) y−2 = 6

Since m = 1 then the above simplifies to

An(n− 1)xn−2 = 6

Since there is no x in RHS, then n− 2 = 0 or n = 2 and the above becomes

2A(2− 1) = 6
A = 3

Hence (2) becomes
fp = Axnym = 3x2y

And the complete solution (1) is

f(x, y) = fh + fp

= F1(ix+ y) + F2(−ix+ y) + 3x2y
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4.4 Helmholtz in 2D

Local contents

4.4.0.1 [329] In rectangle

problem number 329

Taken from Mathematica DSolve help pages.

Solve for u(x, y)

uxx + uyy + 5u(x, y) = 0

Boundary conditions

u(x, 0) = UnitTriangle[x-2]
u(x, 2) = 0
u(0, y) = 0
u(4, y) = 0

x

y

4

2
uxx + uyy = −5u

u = 0

u = 0u = 0

1 3
u = Unit Triangle

Figure 4.51: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = {Laplacian[u[x, y], {x, y}] + 5*u[x, y] == 0};
bc = {u[x, 0] == Piecewise[{{-1 + x, x > 1 && x < 2}, {3 - x, x > 2 && x < 3}}], u[x, 2] == 0, u[0, y] == 0, u[4, y] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y}], 60*10]];
sol = sol /. K[1] -> n� �
{{

u(x, y) →
∞∑
n=1

64
(
cos
(
nπ
8

)
+ cos

(3nπ
8

))
csch

(1
2

√
n2π2 − 80

)
sin3 (nπ

8

)
sin
(
nπx
4

)
sinh

(1
4

√
n2π2 − 80(2− y)

)
n2π2

}}
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Maple 3� �
restart;
pde := diff(u(x,y),x$2)+diff(u(x,y),y$2)+5*u(x,y)=0;
bc := u(x,0)=piecewise( x>1 and x<2, -1+x,x>2 and x<3 ,3-x),

u(x,2)=0,
u(0,y)=0,
u(4,y)=0;

cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(x,y))),output='realtime'));� �

u(x, y) = −
32
(

∞∑
n=1

sin
(
nπx
4
)
cos
(
nπ
4
)
sin
(
nπ
4
)(
cos
(
nπ
4
)
−1
)(

cos
(√

−π2n2+80 y
4

)
−sin

(√
−π2n2+80 y

4

)
cot
(√

−π2n2+80
2

))
n2

)
π2

4.4.0.2 [330] On whole plane

problem number 330

Added December 27, 2018.

Solve for u(x, y)

uxx + uyy + 5u(x, y) = 0

x

y

uxx + uyy = −5u

On the whole plane

Figure 4.52: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = {Laplacian[u[x, y], {x, y}] + 5*u[x, y] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, y], {x, y}], 60*10]];� �

{{
u(x, y) → e

√
c5(−x)(c1e2√c5x + c2

) (
c4 cos

(√
5 + c5y

)
+ c3 sin

(√
5 + c5y

))}}
why? It solved earlier with BC?

Maple 3� �
restart;
pde := diff(u(x,y),x$2)+diff(u(x,y),y$2)+5*u(x,y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,y),'build')),output='realtime'));� �

u(x, y) =
(
c1e2

√_c1 x + c2
) (
c3 sin

(√
_c1 + 5 y

)
+ c4 cos

(√
_c1 + 5 y

))
e−

√_c1 x
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4.4.0.3 [331] Reduced Helmholtz Inside square

problem number 331

Added December 20, 2018.

Example 24, taken from https://www.mapleprimes.com/posts/209970-Exact-Solutio
ns-For-PDE-And-Boundary--Initial-Conditions-2018

Solve for u(x, y)

∂2u

∂x2
+ ∂2u

∂y2
− ku(x, y) = 0

With k > 0. It is called reduced Helmholtz, because of the minus sign above. Otherwise,
standard Helmholtz has a positive sign.

Boundary conditions

u(x, 0) = 0
u(x, π) = 0
u(0, y) = 1
u(π, y) = 0

x

y

π

uxx + uyy = ku

u = 0

u = 0u = 1

u = 0 π

k > 0

Figure 4.53: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = Laplacian[u[x, y], {x, y}] - k*u[x, y] == 0;
bc = {u[x, 0] == 0, u[x, Pi] == 0, u[0, y] == 1, u[Pi, y] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, y], {x, y}, Assumptions -> k > 0], 60*10]];� �

u(x, y) →

∞∑
K[1]=1

−
2
(
−1 + (−1)K[1]) csch(π√K[1]2 + k

)
sin(yK[1]) sinh

(
(π − x)

√
K[1]2 + k

)
πK[1]




https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
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Maple 3� �
restart;
pde := diff(u(x, y), x$2)+diff(u(x, y), y$2)-k*u(x, y) = 0;
bc_left_edge:=u(0, y) = 1;
bc_lower_edge:=u(x, 0) = 0;
bc_top_edge:=u(x,Pi)=0;
bc_right_edge:=u(Pi,y)=0;
bc:=bc_left_edge,bc_lower_edge,bc_top_edge,bc_right_edge;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc ], u(x, y)) assuming k>0),output='realtime'));� �

u(x, y) = −
2
(

∞∑
n=1

((−1)n−1) sin(ny) csch
(√

n2+k π
)
sinh

(√
n2+k (π−x)

)
n

)
π
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4.5 Helmholtz in 3D

Local contents
4.5.1 Spherical coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 629

4.5.1 Spherical coordinates

Local contents
4.5.1.1 [332] Chain reaction PDE . . . . . . . . . . . . . . . . . . . . . . . . . . . . 629

4.5.1.1 [332] Chain reaction PDE

problem number 332

Added May 7, 2019.

Assume φ independence. Solve for u(r, θ, t)

ut = k(λu+∇2(u))

Where ∇2(u) = 1
r2

∂
∂r
(r2ur) + 1

r2 sin θ
∂
∂θ
(sin θuθ) with k > 0.

Boundary conditions u(R, θ, t) = 0.

Mathematica 7� �
ClearAll["Global`*"];
U = u[r, theta, t];
pde = D[U, t] == k*(lambda*U + (1/r^2)*D[r^2*D[U, r], r] + (1/(r^2*Sin[theta]))*D[Sin[theta]*D[U, theta], theta]);
bc = u[R, theta, t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, U, {r, theta, t}, Assumptions -> {k > 0, r < R}], 60*10]];� �
Failed

Maple 7� �
restart;
U := u(r,theta,t);
pde := diff(U,t) = k*(lambda*U +1/r^2* diff(r^2*diff(U,r),r)+ 1/(r^2*sin(theta))*diff(sin(theta)*diff(U,theta),theta));
bc := u(R,theta,t) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc], U) assuming k>0, r<R),output='realtime'));� �

u(r, θ, t) = 0

trivial solution
Hand solution

Solve for u(r, θ, t) in spherical coordinates (assuming φ independence) the chain reaction
equation 1

k
ut = λu+∇2u with boundary conditions u(R, θ, t) = 0.

1
k
ut = λu+∇2u

= λu+
(

1
r2

∂

∂r

(
r2ur

)
+ 1
r2 sin θ

∂

∂θ
(sin θuθ)

)
= λu+ 1

r2
(
2rur + r2urr

)
+ 1
r2 sin θ

∂

∂θ
(sin θuθ)
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Let u = R(r)Θ(θ)T (t). Substituting into the above gives

1
k
T ′RΘ = λTRΘ+ 1

r2
(
2rR′ΘT + r2R′′ΘT

)
+ 1
r2 sin θ

∂

∂θ
(sin θ(Θ′RT ))

1
k
T ′RΘ = λTRΘ+ 2

r
R′ΘT +R′′ΘT + RT

r2 sin θ
∂

∂θ
(Θ′ sin θ)

Dividing by TRΘ gives

1
k

T ′

T
= λ+ 2

r

R′

R
+ R′′

R
+ 1

Θr2 sin θ
∂

∂θ
(Θ′ sin θ)

The left side depends on t only and the right depends on r, θ only. Let the separation variable
be −n. This gives the following 2 equations

1
k

T ′

T
= −n (1)

λ+ 2
r

R′

R
+ R′′

R
+ 1

Θr2 sin θ
∂

∂θ
(Θ′ sin θ) = −n (2)

Now we consider (2). Multiplying both sides of (2) by r2 gives

λr2 + 2rR
′

R
+ r2

R′′

R
+ 1

Θ sin θ
∂

∂θ
(Θ′ sin θ) = −nr2

2rR
′

R
+ r2

R′′

R
+ r2(λ+ n) = − 1

Θ sin θ
∂

∂θ
(Θ′ sin θ)

The left side depends on r and the right side depends on θ. Let the separation variable be
l(l + 1) where l is integer. Hence we obtain the following two equations

− 1
Θ sin θ

∂

∂θ
(Θ′ sin θ) = l(l + 1) (4)

2rR
′

R
+ r2

R′′

R
+ r2(λ+ n) = l(l + 1) (5)

Starting with (4)

∂

∂θ
(Θ′ sin θ) + l(l + 1)Θ sin θ = 0

Θ′′ sin θ +Θ′ cos θ + l(l + 1)Θ sin θ = 0

Using the substitution z = cos θ the above becomes(
1− z2

)
Θ′′ − 2zΘ′ + l(l + 1)Θ = 0

This Legendre ODE. Solution is Pl(θ). The other solution to the above ODE is ignored as
not bounded. Now back to solving (5). Writing it as

2rR′ + r2R′′ + r2(λ+ n)R = l(l + 1)R
r2R′′ + 2rR′ +

(
r2(λ+ n)− l(l + 1)

)
R = 0 (6)

This can be converted to Bessel ODE using substitution. First let v = r
√

(λ+ n). Then
R′(r) =

√
(λ+ n)R′(v) , R′′(r) = (λ+ n)R′′(v) and (6) becomes

(λ+ n) r2R′′(v) + 2r
√

(λ+ n)R′(v) +
(
r2(λ+ n)− l(l + 1)

)
R = 0

v2R′′(v) + 2vR′(v) +
(
v2 − l(l + 1)

)
R = 0 (7)

Now, we apply second transformation R(v) = Z(v)√
v

Then

R′(v) = Z ′(v)√
v

− 1
2Z(v)

1
v

3
2

R′′(v) = Z ′′(v)√
v

− 1
2Z

′(v) 1
v

3
2
− 1

2Z
′(v) 1

v
3
2
− 1

2

(
−3
2

)
Z(v) 1

v
5
2

= Z ′′(v)√
v

− Z ′(v) 1
r

3
2
+ 3

4Z(v)
1
v

5
2
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Hence (7) becomes

v2
(
Z ′′(v)√

v
− Z ′(v) 1

r
3
2
+ 3

4Z(v)
1
v

5
2

)
+ 2v

(
Z ′(v)√

v
− 1

2Z(v)
1
v

3
2

)
+
(
v2 − l(l + 1)

) Z(v)√
v

= 0

Multiplying by
√
v gives

v2
(
Z ′′(v)− Z ′(v) 1

v
+ 3

4Z(v)
1
v2

)
+ 2v

(
Z ′(v)− 1

2Z(v)
1
v

)
+
(
v2 − l(l + 1)

)
Z(v) = 0(

v2Z ′′(v)− vZ ′(v) + 3
4Z(v)

)
+ (2vZ ′(v)− Z(v)) +

(
v2 − l(l + 1)

)
Z(v) = 0

v2Z ′′(v) + vZ ′(v) + 1
4Z(v) +

(
v2 − l(l + 1)

)
Z(v) = 0

v2Z ′′(v) + vZ ′(v) +
(
v2 − l(l + 1) + 1

4

)
Z(v) = 0

v2Z ′′(v) + vZ ′(v) +
(
v2 − l2 + l + 1

4

)
Z(v) = 0

v2Z ′′(v) + vZ ′(v) +
(
v2 −

(
l + 1

2

)2
)
Z(v) = 0

This is now in standard Bessel ODE form. Comparing it to v2Z ′′(v)+vZ ′(v)+(v2 − d2)Z(v) =
0 shows the order is d = l + 1

2 . The solutions are

Z(v) = c1Jl+ 1
2
(v) + c2Yl+ 1

2
(v)

But R(v) = Z(v)√
v
, hence

R(v) = c1
Jl+ 1

2
(v)

√
v

+ c2
Yl+ 1

2
(v)

√
v

But v = r
√
λ+ n then above becomes

R(r) = c1
Jl+ 1

2

(
r
√

(λ+ n)
)

√
r
√

(λ+ n)
+ c2

Yl+ 1
2

(
r
√
(λ+ n)

)
√
r
√
(λ+ n)

The solution assumed bounded at r = 0 hence c2 = 0 and the above becomes

R(r) = c1
Jl+ 1

2

(
r
√

(λ+ n)
)

√
r
√
(λ+ n)

Let m2 = (λ+ n), hence

R(r) = c1
Jl+ 1

2
(mr)

√
mr

= jl(mr)

where jl(mr) are the spherical Bessel functions. Boundary conditions at r = R gives

jl(mR) = 0

Hence mR or
√
λ+ nR are the zeros of spherical Bessel functions jl(mR). There are infinite

zeros for each l. Let the vth zero of jl be called Zl,v. Then mRl,v = Zl,v or
√
λ+ nl,v =

Zl,v
R

. or

n =
(
Zl,v

R

)2

− λ

The solution to the time ODE is therefore

Tl,v = Al,ve
−nkt

= Al,ve
−
((Zl,v

R

)2
−λ

)
kt
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Hence the complete solution is

u(r, θ, t) = e−iαktPl(θ) jl(mr)

=
∞∑
l=1

∞∑
v=0

Al,ve
−nktPl(θ) jl

(
Zl,v

R
r

)
Al.v constants still need to be found from initial conditions. For each l, we have infinite sum
over all v′s zeros of jl.
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5.1.1.1 [333] General solution for both ends fixed. Domain is 0. . . L

problem number 333

Added July 7,2019

Solve for u(x, t) for t > 0 and 0 < x < L

utt = c2uxx

With boundary condition both ends fixed

u(0, t) = 0
u(L, t) = 0

And initial conditions

u(x, 0) = f(x)
ut(x, 0) = g(x)

0 L
utt = c2uxx

u(x, 0) = f(x)

ut(x, 0) = g(x)

u = 0 u = 0

(Fixed) (Fixed)

Figure 5.1: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}];
ic = {u[x, 0] == f[x], Derivative[0, 1][u][x, 0] == g[x]};
bc = {u[0, t] == 0, u[L, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}, Assumptions->L>0], 60*10]];� �


u(x, t) → {
∞∑

K[1]=1

√
2
√

1
L
sin
(

πxK[1]
L

)cos
(
πt
√

c2K[1]2
L2

)∫ L

0

√
2f(x) sin

(
πxK[1]
L

)
√
L

dx+
L

∫ L
0

√
2g(x) sin

(
πxK[1]
L

)
√
L

dx

 sin
(
πt

√
c2K[1]2
L2

)
π|c||K[1]|

 K[1] ∈ Z ∧ ((L < 0 ∧ ((c < 0 ∧K[1] ≥ 1) ∨ (c > 0 ∧K[1] ≥ 1))) ∨ (L > 0 ∧ ((c < 0 ∧K[1] ≥ 1) ∨ (c > 0 ∧K[1] ≥ 1))))

Indeterminate True




Maple 3� �
restart;
pde := diff(u(x,t),t$2)=c^2*diff(u(x,t),x$2);
bc := u(0,t)=0,u(L,t)=0;
ic := u(x,0)=f(x),eval(diff(u(x,t),t),t=0)=g(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic, bc],u(x,t)) assuming L>0),output='realtime'));� �

u(x, t) =
2
(

∞∑
n=1

sin
(
nπx
L

)(∫ L
0 sin

(
nπx
L

)
f(x)dx cos

(
cnπt
L

)
πnc+

∫ L
0 sin

(
nπx
L

)
g(x)dx sin

(
cnπt
L

)
L
)

ncL

)
π

Hand solution
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Solving for t > 0, 0 < x < L

utt = c2uxx

With BC

u(0, t) = 0
u(L, t) = 0

And initial conditions

u(x, 0) = f(x)
ut(x, 0) = g(x)

Let u = X(x)T (t). The PDE becomes

T ′′X

c2
= X ′′T

1
c2
T ′′

T
= X ′′

X
= −λ

Where λ is separation constant. Hence the eigenvalue ODE is

X ′′ + λX = 0
X(0) = 0
X(L) = 0

From the boundary conditions, we see that λ > 0 is the only possible value. Therefore the
solution to the above ODE is

X(x) = A cos
(√

λx
)
+B sin

(√
λx
)

Since X(0) = 0 then A = 0 and the solution becomes X(x) = B sin
(√

λx
)
. Since X(L) = 0

then for non trivial solution we want
√
λL = nπ or

λn =
(nπ
L

)2
n = 1, 2, 3, · · ·

Hence the eigenfunctions are

Φn(x) = sin
(nπ
L
x
)

n = 1, 2, 3, · · ·

The time ODE now becomes
T ′′ + c2

(nπ
L

)2
T = 0

Which has the solution

T (t) = Dn cos
(
c
nπ

L
t
)
+ En sin

(
c
nπ

L
t
)

Therefore the complete solution becomes

u(x, t) =
∞∑
n=1

(
Dn cos

(
c
nπ

L
t
)
+ En sin

(
c
nπ

L
t
))

Φn(x) (1)

At t = 0 the above becomes
f(x) =

∞∑
n=1

DnΦn(x)

Applying orthogonality gives∫ L

0
f(x) Φn(x) dx = Dn

∫ L

0
Φ2

n(x) dx

= L

2Dn
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Hence
Dn = 2

L

∫ L

0
f(x) Φn(x) dx (2)

Taking time derivative of (1) gives

ut(x, t) =
∞∑
n=1

(
−cnπ

L
Dn sin

(
c
nπ

L
t
)
+ Enc

nπ

L
cos
(
c
nπ

L
t
))

Φn(x)

At t = 0 the above becomes
g(x) =

∞∑
n=1

Enc
nπ

L
Φn(x)

Applying orthogonality gives∫ L

0
g(x) Φn(x) dx = Enc

nπ

L

∫ L

0
Φ2

n(x) dx

= L

2Enc
nπ

L

= 1
2Encnπ

Hence
En = 2

cnπ

∫ L

0
g(x) Φn(x) dx (3)

Using (2,3) in (1) gives the final solution as

u(x, t) = 2
L

∞∑
n=1

(∫ L

0
f(s) sin

(nπ
L
s
)
ds

)
cos
(
c
nπ

L
t
)
sin
(nπ
L
x
)

+ 2
cπ

∞∑
n=1

1
n

(∫ L

0
g(s) sin

(nπ
L
s
)
ds

)
sin
(
c
nπ

L
t
)
sin
(nπ
L
x
)

5.1.1.2 [334] both ends fixed, inital position zero (special case)

problem number 334

Added July 8,2019

Solve for u(x, t) for t > 0 and 0 < x < L

utt = c2uxx

With boundary condition both ends fixed

u(0, t) = 0
u(L, t) = 0

And initial conditions

u(x, 0) = f(x)
ut(x, 0) = g(x)

Using the following values

L = 10
c = 2

f(x) = 0

g(x) = 8x(L− x)2
L3
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0 10
utt = 4uxx

u(x, 0) = 0

ut(x, 0) =
8x(10− x)2

1000

u = 0 u = 0

(Fixed) (Fixed)

Figure 5.2: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
L=10; c=2; f=0; g=(8*x*(L-x)^2)/L^3;
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}];
ic = {u[x, 0] == f, Derivative[0, 1][u][x, 0] == g};
bc = {u[0, t] == 0, u[L, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}], 60*10]];
sol = sol/.K[1]->n;� �

{{
u(x, t) →

∞∑
n=1

160(2 + (−1)n) sin
(
nπt
5

)
sin
(
nπx
10

)
n4π4

}}

Maple 3� �
restart;
L:=10;
c:=2;
f:=0;
g:=(8*x*(L-x)^2)/L^3;
pde := diff(u(x,t),t$2)=c^2*diff(u(x,t),x$2);
bc := u(0,t)=0,u(L,t)=0;
ic := u(x,0)=f,eval(diff(u(x,t),t),t=0)=g;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic, bc],u(x,t))),output='realtime'));� �

u(x, t) =
160
(

∞∑
n=1

((−1)n+2) sin
(
nπx
10
)
sin
(
nπt
5
)

n4

)
π4

Hand solution

Solving the wave PDE on string with both ends fixed

utt = c2uxx t > 0, x > 0

With BC

u(0, t) = 0
u(L, t) = 0

And initial conditions

u(x, 0) = f(x) = 0

ut(x, 0) = g(x) = 8x(L− x)2

L3

Using c = 2, L = 10.
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The general problem PDE was solved in 5.1.1.1 on page 636 and the solution is

u(x, t) = 2
L

∞∑
n=1

(∫ L

0
f(x) sin

(nπ
L
x
)
dx

)
cos
(
c
nπ

L
t
)
sin
(nπ
L
x
)

+ 2
cπ

∞∑
n=1

1
n

(∫ L

0
g(x) sin

(nπ
L
x
)
dx

)
sin
(
c
nπ

L
t
)
sin
(nπ
L
x
)

Substituting the specific values given above into this solution gives

u(x, t) = 1
π

∞∑
n=1

1
n

(∫ 10

0

8x(10− x)2

103 sin
(nπ
10 x

)
dx

)
sin
(
2nπ10 t

)
sin
(nπ
10 x

)
But

∫ 10
0

8x(10−x)2
103 sin

(
nπ
10 x
)
dx = 160(2+(−1)n)

n3π3 , hence the solution becomes

u(x, t) = 1
π4

∞∑
n=1

160(2 + (−1)n)
n4 sin

(nπ
5 t
)
sin
(nπ
10 x

)
Animation is below

Out[ ]=

time 44

time = 04.30 seconds

2 4 6 8 10
x

-2

-1

0

1

2
U

Figure 5.3: Initial state

Source code used for the above

In[ ]:= ClearAll[x, t, n, f, A, B, s, mySol]

c = 2;

L = 10;

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

numberOfTerms = 15;

mySol[x_, t_] =
1

π4
Sum

160 (2 + (-1)n)

n4
Sin

n π

5
t Sin

n π

10
x, {n, 1, numberOfTerms};

Figure 5.4: Source code
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In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 2}], " seconds"}]},

{

Quiet@Plot[Evaluate[mySol[x, t]], {x, 0, L},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, L}, {-2, 2}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 100, 0.1}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 5.5: Code for animation

5.1.1.3 [335] both ends fixed, inital velocity zero (special case)

problem number 335

Added July 8,2019

Solve for u(x, t) for t > 0 and 0 < x < L

utt = c2uxx

With boundary condition both ends fixed

u(0, t) = 0
u(L, t) = 0

And initial conditions

u(x, 0) = f(x)
ut(x, 0) = g(x)

Using the following values

L = 10
c = 2

f(x) = 8x(L− x)2
L3

g(x) = 0

0 10
utt = 4uxx

u(x, 0) =
8x(10− x)2

1000

ut(x, 0) = 0

u = 0 u = 0

(Fixed) (Fixed)

Figure 5.6: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
L=10; c=2; g=0; f=(8*x*(L-x)^2)/L^3;
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}];
ic = {u[x, 0] == f, Derivative[0, 1][u][x, 0] == g};
bc = {u[0, t] == 0, u[L, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}], 60*10]];
sol = sol/.K[1]->n;� �

{{
u(x, t) →

∞∑
n=1

32(2 + (−1)n) cos
(
nπt
5

)
sin
(
nπx
10

)
n3π3

}}

Maple 3� �
restart;
L:=10;
c:=2;
g:=0;
f:=(8*x*(L-x)^2)/L^3;
pde := diff(u(x,t),t$2)=c^2*diff(u(x,t),x$2);
bc := u(0,t)=0,u(L,t)=0;
ic := u(x,0)=f,eval(diff(u(x,t),t),t=0)=g;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic, bc],u(x,t))),output='realtime'));� �

u(x, t) =
32
(

∞∑
n=1

((−1)n+2) sin
(
nπx
10
)
cos
(
nπt
5
)

n3

)
π3

Hand solution

Solving the wave PDE on string with both ends fixed

utt = c2uxx t > 0, x > 0

With BC

u(0, t) = 0
u(L, t) = 0

And initial conditions

u(x, 0) = f(x) = 8x(L− x)2

L3

ut(x, 0) = g(x) = 0

Using c = 2, L = 10.

The general problem PDE was solved in 5.1.1.1 on page 636 and the solution is

u(x, t) = 2
L

∞∑
n=1

(∫ L

0
f(x) sin

(nπ
L
x
)
dx

)
cos
(
c
nπ

L
t
)
sin
(nπ
L
x
)

+ 2
cπ

∞∑
n=1

1
n

(∫ L

0
g(x) sin

(nπ
L
x
)
dx

)
sin
(
c
nπ

L
t
)
sin
(nπ
L
x
)

Substituting the specific values given above into this solution gives

u(x, t) = 1
5

∞∑
n=1

(∫ 10

0

8x(10− x)2

103 sin
(nπ
10 x

)
dx

)
cos
(nπ

5 t
)
sin
(nπ
10 x

)
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But
∫ 10
0

8x(10−x)2
103 sin

(
nπ
10 x
)
dx = 160(2+(−1)n)

n3π3 , hence the solution becomes

u(x, t) = 32
∞∑
n=1

(2 + (−1)n)
n3π3 cos

(nπ
5 t
)
sin
(nπ
10 x

)
Animation is below

Out[ ]=

time 38

time = 03.70 seconds

2 4 6 8 10
x

-2

-1

0

1

2
U

Figure 5.7: Initial state

Source code used for the above

In[ ]:= ClearAll[x, t, n, f, A, B, s, mySol]

c = 2;

L = 10;

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

numberOfTerms = 15;

mySol[x_, t_] = 32 Sum
(2 + (-1)n)

n3 π3
Sin

n π

5
t Sin

n π

10
x, {n, 1, numberOfTerms};

Figure 5.8: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 2}], " seconds"}]},

{

Quiet@Plot[Evaluate[mySol[x, t]], {x, 0, L},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, L}, {-2, 2}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 100, 0.1}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 5.9: Code for animation
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5.1.1.4 [336] both ends fixed but domain is −π. . . π. zero intial position, non
zero initial velocity

problem number 336

Added sept 23 ,2019

Solve for u(x, t) for t > 0 and −π < x < π

utt = c2uxx

With boundary condition

u(−π, t) = 0
u(π, t) = 0

And initial conditions

u(x, 0) = 0
ut(x, 0) = sin(x)2

−π π
utt = c2uxx

u(x, 0) = 0

ut(x, 0) = sin2(x)

u = 0 u = 0

(Fixed) (Fixed)

Figure 5.10: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}];
ic = {u[x, 0] == 0, Derivative[0, 1][u][x, 0] == Sin[x]^2};
bc = {u[-Pi, t] == 0, u[Pi, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}], 60*10]];� �


u(x, t) →
∞∑

K[1]=1

4
(

{
0 K[1] = 4∫ π

−π
− sin2(x) sin

( 1
2 (−x−π)K[1]

)
2π dx True

)
sin
(

1
2

√
c2tK[1]

)
sin
(1
2(x+ π)K[1]

)
√
c2K[1]




Maple 3� �
restart;
pde := diff(u(x,t),t$2)=c^2*diff(u(x,t),x$2);
bc := u(-Pi,t)=0,u(Pi,t)=0;
ic := u(x,0)=0,D[2](u)(x,0)=sin(x)^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic, bc],u(x,t))),output='realtime'));� �

u(x, t) =

64 cos
(
x
2
)
sin
(
ct
2
)

15 + 32
(

∞∑
n=5

sin
(
n(x+π)

2

)
sin
(
cnt
2
)
((−1)n−1)

n2c(n2−16)

)
c− 64 cos

( 3x
2
)
sin
( 3ct

2
)

63

πc
Hand solution
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Solve

utt = c2uxx

With BC

u(−π, t) = 0
u(π, t) = 0

And initial conditions

u(x, 0) = 0
ut(x, 0) = sin2 (x)

Let ξ = x+ π. When x = −π, ξ = 0 and when x = π, ξ = 2π. In terms of ξ, the new pde in
U(ξ, t) becomes

Utt = c2Uξξ

With BC

U(0, t) = 0
U(2π, t) = 0

And initial conditions

U(ξ, 0) = 0
Ut(ξ, 0) = sin2 (ξ)

Let U = X(ξ)T (t). The PDE becomes

T ′′X

c2
= X ′′T

1
c2
T ′′

T
= X ′′

X
= −λ

Where λ is separation constant. Hence the eigenvalue ODE is

X ′′ + λX = 0
X(0) = 0
X(2π) = 0

From the boundary conditions, we see that λ > 0 is the only possible value. Therefore the
solution to the above ODE is

X(x) = A cos
(√

λξ
)
+B sin

(√
λξ
)

Since X(0) = 0 then A = 0 and the solution becomes X(ξ) = B sin
(√

λξ
)
. Since X(2π) = 0

then for non trivial solution we want
√
λ2π = nπ or

λn =
(n
2

)2
n = 1, 2, 3, · · ·

Hence the eigenfunctions are

Xn(ξ) = sin
(n
2 ξ
)

n = 1, 2, 3, · · ·
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The time ODE now becomes

T ′′
n + c2λnTn = 0

T ′′
n + c2

(n
2

)2
Tn = 0

T ′′
n + c2n2

4 Tn = 0

Which has the solution

Tn(t) = Dn cos
(cn
2 t
)
+ En sin

(cn
2 t
)

Therefore the complete solution becomes

U(ξ, t) =
∞∑
n=1

(
Dn cos

(cn
2 t
)
+ En sin

(cn
2 t
))

sin
(n
2 ξ
)

(1)

Switching back to x the above becomes

u(x, t) =
∞∑
n=1

(
Dn cos

(cn
2 t
)
+ En sin

(cn
2 t
))

sin
(n
2 (x+ π)

)
(1A)

At t = 0 the above becomes

0 =
∞∑
n=1

Dn sin
(n
2 (x+ π)

)
Dn = 0

The solution (1A) simplifies to

u(x, t) =
∞∑
n=1

En sin
(cn
2 t
)
sin
(n
2 (x+ π)

)
(2)

Taking time derivative of (2) gives

ut(x, t) =
∞∑
n=1

(
En

cn

2 cos
(cn
2 t
))

sin
(n
2 (x+ π)

)
At t = 0 the above becomes

sin2 (x) =
∞∑
n=1

En
cn

2 sin
(n
2 (x+ π)

)
Applying orthogonality gives∫ π

−π

sin2 (x) sin
(n
2 (x+ π)

)
dx = En

cn

2

∫ π

−π

sin2
(n
2 (x+ π)

)
dx

= En
πcn

2

For the LHS, for n even
∫ π

−π
sin2 (x) sin

(
n
2 (x+ π)

)
dx = 0. Hence En = 0 for all n even. For

n odd ∫ π

−π

sin2 (x) sin
(n
2 (x+ π)

)
dx = 16(cos (nπ)− 1)

(n2 − 16)n

= 16((−1)n − 1)
(n2 − 16)n

But n is odd, hence the above simplifies more to
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∫ π

−π

sin2 (x) sin
(n
2 (x+ π)

)
dx = −32

(n2 − 16)n

Therefore

En = 2
nπc

−32
(n2 − 16)n

= −64
n2πc (n2 − 16)

Therefore the final solution (2) now becomes

u(x, t) =
∞∑

n=1,3,5,···

−64
n2πc (n2 − 16) sin

(cn
2 t
)
sin
(n
2 (x+ π)

)

The following is an animation of the solution for c = 2. Using c = 2 then the solution above
becomes

u(x, t) =
∞∑

n=1,3,5,···

−32
n2π (n2 − 16) sin (nt) sin

(n
2 (x+ π)

)

Out[ ]=

time

time 2.60

-π - π

2

π

2
π

x

-1.0

-0.5

0.5

1.0
u

Figure 5.11: snap shot

Source code used for the above
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(*2D*)

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""},

NumberPadding → {"0", "0"}, SignPadding → True];

u[x_, t_, max_] := Sum
-32

n2 π n2 - 16
Sin[n t] Sin

n

2
(x + π), {n, 1, max, 2}

Manipulate[

Grid[{{Row[{"time ", NumberForm[time, {4, 2}]}]},

{

Quiet@Plot[u[x, time, 7], {x, -Pi, Pi},

PlotRange → {All, {-1, 1}},

AxesLabel → {Style["x", 12], Style["u", 14]},

BaseStyle → 12,

ImageSize → 400, PlotStyle → Red,

GridLines → {Range[-Pi, Pi, Pi/ 4], Automatic},

GridLinesStyle → LightGray,

Ticks → {Range[-Pi, Pi, Pi/ 2], Automatic}

]

}}

]

,

{{time, 0, "time"}, 0, 20, .1},

TrackedSymbols ⧴ {time}

]

Figure 5.12: Source code 2D

5.1.1.5 [337] both ends fixed but domain is −1. . . 1. intial position is an
impulse, zero initial velocity

problem number 337

Added January 8 ,2020

Problem 6.3.31 Introduction to Partial Dfferential Equations by Peter Olver, ISBN 9783319020983.

Solve

utt = uxx

u(−1, t) = 0
u(1, t) = 0
u(x, 0) = δ(x)

∂u(x, 0)
∂t

= 0

−1 1
utt = uxx

u(x, 0) = δ(x)

ut(x, 0) = 0

u = 0 u = 0

(Fixed) (Fixed)

Figure 5.13: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == D[u[x, t], {x, 2}];
bc = {u[-1, t] == 0, u[1, t] == 0};
ic = {u[x, 0] == DiracDelta[x], Derivative[0, 1][u][x, 0] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}], 60*10]];� �


u(x, t) →

∞∑
K[1]=1

cos
(
1
2πtK[1]

)
sin
(
1
2πK[1]

)
sin
(
1
2π(x+ 1)K[1]

)


Maple 3� �
restart;
pde := diff(u(x,t),t$2)=diff(u(x,t),x$2);
bc:=u(-1,t)=0,u(1,t)=0;
ic := u(x,0)=Dirac(x), D[2](u)(x,0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic, bc],u(x,t))),output='realtime'));� �

u(x, t) =
∞∑
n=1

sin
(nπ

2

)
sin
(
nπ(x+ 1)

2

)
cos
(
nπt

2

)
Hand solution

Since the boundary conditions are at x = −1 and at x = 1, it is a little easier to solve this
by first shifting the boundaries to x = 0 and x = 2. This is done by transformation. Let

z = x+ 1

When x = −1 then z = 0 and when x = 1 then z = 2. The PDE in terms of z remains the
same but the B.C. are shifted. Hence we want to solve for v(z, t) in

vtt = vzz

v(0, t) = 0
v(2, t) = 0

No need to worry about initial conditions now, since we will transform back to x before
applying initial conditions and therefore will use the original initial conditions. This PDE is
now solved by separation. Let v = Z(z)T (t). Substituting into the PDE gives

T ′′Z = Z ′′T

T ′′

T
= Z ′′

Z
= −λ

This gives the boundary value ODE

Z ′′ + λZ = 0 (1)
Z(0) = 0
Z(2) = 0

And the time ODE
T ′′ + λT = 0 (2)

Solving (1). From the boundary conditions we know only λ > 0 is an eigenvalue. Hence for
λ > 0 the solution is

Z(z) = A cos
(√

λz
)
+B sin

(√
λz
)
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At z = 0 this gives A = 0. Hence the solution now becomes Z(z) = B sin
(√

λz
)
. At z = 2

the above gives 0 = B sin
(
2
√
λ
)
. For non-trivial solution we want sin

(
2
√
λ
)
= 0 which

implies 2
√
λ = nπ or

λn =
(nπ

2

)2
n = 1, 2, 3, · · ·

And the corresponding eigenfunctions

Zn(z) = sin
(nπ

2 z
)

n = 1, 2, 3, · · ·

The time ODE (2) now becomes

T ′′ +
(nπ

2

)2
T = 0

Which has solution
Tn(t) = An cos

(nπ
2 t
)
+Bn sin

(nπ
2 t
)

Hence the complete solution is

v(z, t) =
∞∑
n=1

(
An cos

(nπ
2 t
)
+Bn sin

(nπ
2 t
))

sin
(nπ

2 z
)

We are now ready to switch back from z to x. Since z = x+ 1 then the above becomes

u(x, t) =
∞∑
n=1

(
An cos

(nπ
2 t
)
+Bn sin

(nπ
2 t
))

sin
(nπ

2 (x+ 1)
)

(3)

Now we apply initial conditions to find An, Bn. At t = 0, u(x, 0) = δ(x). Hence the above
gives

δ(x) =
∞∑
n=1

An sin
(nπ

2 (x+ 1)
)

Multiplying both sides by sin
(
mπ
2 (x+ 1)

)
and Integrating gives∫ 1

−1
δ(x) sin

(mπ
2 (x+ 1)

)
dx =

∞∑
n=1

An

∫ 1

−1
sin
(nπ

2 (x+ 1)
)
sin
(mπ

2 (x+ 1)
)
dx

By orthogonality of sin functions only term survives and the above simplifies to

∫ 1

−1
δ(x) sin

(mπ
2 (x+ 1)

)
dx = Am

1︷ ︸︸ ︷∫ 1

−1
sin2

(mπ
2 (x+ 1)

)
dx

= Am

But
∫ 1
−1 δ(x) sin

(
mπ
2 (x+ 1)

)
dx = sin

(
mπ
2

)
since that is where x = 0. The above reduces to

An = sin
(nπ

2

)
n = 1, 2, 3, · · ·

The solution (1) becomes

u(x, t) =
∞∑
n=1

(
sin
(nπ

2

)
cos
(nπ

2 t
)
+Bn sin

(nπ
2 t
))

sin
(nπ

2 (x+ 1)
)

(4)

Taking time derivatives

∂

∂t
u(x, t) =

∞∑
n=1

(
−nπ2 sin

(nπ
2

)
sin
(nπ

2 t
)
+ nπ

2 Bn cos
(nπ

2 t
))

sin
(nπ

2 (x+ 1)
)

At t = 0 the above becomes

0 =
∞∑
n=1

nπ

2 Bn sin
(nπ

2 (x+ 1)
)

Therefore Bn = 0. Hence the solution (4) becomes

u(x, t) =
∞∑
n=1

sin
(nπ

2

)
cos
(nπ

2 t
)
sin
(nπ

2 (x+ 1)
)

(5)

Notice that sin
(
nπ
2

)
is zero when n is even.



chapter 5. hyperbolic pde’s (wave) 650

5.1.1.6 [338] Logan book, page 28. Both ends fixed

problem number 338

This is problem at page 28, David J Logan textbook, applied PDE textbook. No initial
conditions given

utt = c2uxx

With boundary condition

u(0, t) = 0
u(L, t) = 0

0 L
utt = c2uxxu = 0 u = 0

(fixed end)(fixed end)

(No initial conditions)

Figure 5.14: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, u[L, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc}, u[x, t], {x, t}, Assumptions -> {L > 0}], 60*10]];� �


u(x, t) → {
∞∑

K[1]=1

√
2
√

1
L
sin
(

πxK[1]
L

)cos
(

πt|c|K[1]
L

) ∫ L

0

√
2
√

1
L
sin
(

πxK[1]
L

)
u(x, 0) dx+

L

∫ L
0

√
2 sin

(
πxK[1]
L

)
u(0,1)(x,0)

√
L

dx

 sin
(
πt|c|K[1]

L

)
π|c|K[1]

 K[1] ∈ Z ∧K[1] ≥ 1 ∧ c2K[1]2 > 0

Indeterminate True




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t$2)=c^2*diff(u(x,t),x$2);
bc := u(0,t)=0,u(L,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc],u(x,t)) assuming L>0),output='realtime'));� �

u(x, t) =
∞∑
n=1

sin
(nπx
L

)(
f1(n) sin

(
cnπt

L

)
+ f2(n) cos

(
cnπt

L

))
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5.1.1.7 [339] non-zero initial velocity. Both ends fixed

problem number 339

Added Feb 25, 2019. Exam 1 problem, MATH 4567 Applied Fourier Analysis, University of
Minnesota, Twin Cities.

Solve for u(x, t)
utt = uxx − u

With boundary condition

u(0, t) = 0
u(π, t) = 0

And initial conditions

u(x, 0) = 0
ut(x, 0) = 1

0 π
utt = uxx − u

u(x, 0) = 0

ut(x, 0) = 1

u = 0 u = 0

Figure 5.15: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == D[u[x, t], {x, 2}] - u[x, t];
ic = {u[x, 0] == 0, Derivative[0, 1][u][x, 0] == 1};
bc = {u[0, t] == 0, u[Pi, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}], 60*10]];� �

u(x, t) → {

∞∑
K[1]=1

−
2
(
−1+(−1)K[1]) sin(xK[1]) sin

(
t
√

K[1]2+1
)

√
πK[1]

√
πK[1]2+π

K[1] ∈ Z ∧K[1] ≥ 1

Indeterminate True




Maple 3� �
restart;
pde := diff(u(x,t),t$2)=diff(u(x,t),x$2)-u(x,t);
bc := u(0,t)=0,u(Pi,t)=0;
ic := u(x,0)=0,eval(diff(u(x,t),t),t=0)=1;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic, bc],u(x,t))),output='realtime'));� �

u(x, t) = −
2
(

∞∑
n=1

((−1)n−1) sin(nx) sin
(√

n2+1 t
)

√
n2+1n

)
π
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5.1.1.8 [340] Logan book page 149)

problem number 340

This is problem at page 149, David J Logan textbook, applied PDE textbook.

∂2u

∂t2
= c2

∂2u

∂x2
+ p(x, t)

With boundary conditions

u(π, 0) = 0
u(0, t) = 0

With initial conditions

∂u

∂t
(x, 0) = 0

u(x, 0) = 0

0 π
utt = c2uxx + p(x, t) u(π, t) = 0

(fixed end)(fixed end)

u(x, 0) = 0
∂u
∂t (x, 0) = 0

u(0, t) = 0

Figure 5.16: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}] + p[x, t];
bc = {u[0, t] == 0, u[Pi, t] == 0};
ic = {u[x, 0] == 0, Derivative[0, 1][u][x, 0] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �

u(x, t) → {

∞∑
K[1]=1

√
2
π

(∫ t

0

(∫ π
0

√
2
π
p(x,K[2]) sin(xK[1]) dx

)
sin
(√

c2K[1]2(t−K[2])
)

√
c2K[1]2 dK[2]

)
sin(xK[1]) K[1] ∈ Z ∧ ((c < 0 ∧K[1] ≥ 1) ∨ (c > 0 ∧K[1] ≥ 1))

Indeterminate True




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t$2)=c^2*diff(u(x,t),x$2)+p(x,t);
bc := u(0,t)=0,u(Pi,t)=0;
ic := u(x,0)=0,D[2](u)(x,0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t))),output='realtime'));� �

u(x, t) =
2
∫ t

0

(
∞∑
n=1

∫ π
0 sin(nx)p(x,τ)dx sin(nx) sin(cn(t−τ))

nc

)
dτ

π
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5.1.1.9 [341] Haberman 8.5.2 (a)

problem number 341

Added Nov 25, 2018.

This is problem 8.5.2 (a), Richard Haberman applied partial differential equations book, 5th
edition

Both ends fixed end, initial position given, zero initial velocity, with source that depends on
time and space.

Consider a vibrating string with time-dependent forcing:

∂2u

∂t2
= c2

∂2u

∂x2
+Q(x, t)

With boundary conditions

u(0, t) = 0
u(L, t) = 0

With initial conditions

ut(x, 0) = 0
u(x, 0) = f(x)

my hand solution in in the file feb_24_2019_4_24_pm.tex, but I need to go over my solution
again to make sure it is correct.

0 L
utt = c2uxx + Q(x, t) u(L, t) = 0

(fixed end)(fixed end)

u(x, 0) = f(x)
∂u
∂t (x, 0) = 0

u(0, t) = 0

Figure 5.17: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}] + Q[x, t];
bc = {u[0, t] == 0, u[L, t] == 0};
ic = {u[x, 0] == f[x], Derivative[0, 1][u][x, 0] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �

u(x, t) → {

∞∑
K[1]=1

√
2
√

1
L

cos
(
πt
√

c2K[1]2
L2

)∫ L

0

√
2
√

1
L
f(x) sin

(
πxK[1]

L

)
dx+

∫ t

0

(∫ L
0

√
2
√

1
L
Q(x,K[2]) sin

(
πxK[1]
L

)
dx
)
sin
(
π

√
c2K[1]2
L2 (t−K[2])

)

π

√
c2K[1]2
L2

dK[2]

 sin
(

πxK[1]
L

)
K[1] ∈ Z ∧ ((L < 0 ∧ ((c < 0 ∧K[1] ≥ 1) ∨ (c > 0 ∧K[1] ≥ 1))) ∨ (L > 0 ∧ ((c < 0 ∧K[1] ≥ 1) ∨ (c > 0 ∧K[1] ≥ 1))))

Indeterminate True



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Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t$2)=c^2*diff(u(x,t),x$2)+Q(x,t);
bc := u(0,t)=0,u(L,t)=0;
ic := u(x,0)=f(x), eval( diff(u(x,t),t),t=0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t)) assuming L>0),output='realtime'));� �

u(x, t) = 2
(

∞∑
n=1

∫ L

0 sin
(
nπτ
L

)
f(τ) dτ sin

(
nπx
L

)
cos
(
cnπt
L

)
L

)
+
2
∫ t

0

(
∞∑
n=1

∫ L
0 sin

(
nπx
L

)
Q(x,τ)dx sin

(
nπx
L

)
sin
(
cnπ(t−τ)

L

)
nc

)
dτ

π

5.1.1.10 [342] Haberman 8.5.2 (b)

problem number 342

Added Nov 25, 2018.

This is problem 8.5.2 (b), Richard Haberman applied partial differential equations book, 5th
edition.

Both ends fixed end, initial position given, zero initial velocity, with source that depends on
time and space.

Consider a vibrating string with time-dependent forcing:

utt = c2uxx + g(x) cos(ωt)

With boundary conditions

u(0, t) = 0
u(L, t) = 0

With initial conditions

ut(x, 0) = 0
u(x, 0) = f(x)

0 L
utt = c2uxx + g(x) cos(ωt) u(L, t) = 0

(fixed end)(fixed end)

u(x, 0) = f(x)
∂u
∂t (x, 0) = 0

u(0, t) = 0

Figure 5.18: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}] + g[x]*Cos[w*t];
bc = {u[0, t] == 0, u[L, t] == 0};
ic = {u[x, 0] == f[x], Derivative[0, 1][u][x, 0] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �

u(x, t) → {

∞∑
K[1]=1

√
2
√

1
L

cos
(
πt
√

c2K[1]2
L2

)∫ L

0

√
2
√

1
L
f(x) sin

(
πxK[1]

L

)
dx+

∫ t

0

(∫ L
0

√
2
√

1
L
cos(wK[2])g(x) sin

(
πxK[1]
L

)
dx
)
sin
(
π

√
c2K[1]2
L2 (t−K[2])

)

π

√
c2K[1]2
L2

dK[2]

 sin
(

πxK[1]
L

)
K[1] ∈ Z ∧ ((L < 0 ∧ ((c < 0 ∧K[1] ≥ 1) ∨ (c > 0 ∧K[1] ≥ 1))) ∨ (L > 0 ∧ ((c < 0 ∧K[1] ≥ 1) ∨ (c > 0 ∧K[1] ≥ 1))))

Indeterminate True




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t$2)=c^2*diff(u(x,t),x$2)+ g(x)*cos(w*t);
bc := u(0,t)=0,u(L,t)=0;
ic := u(x,0)=0, eval( diff(u(x,t),t),t=0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t)) assuming L>0),output='realtime'));� �

u(x, t) =
2L
(
−
(

∞∑
n=1

sin
(
nπx
L

) ∫ L
0 sin

(
nπx
L

)
g(x)dx cos(wt)c

−π2c2n2+L2w2

)
+
(

∞∑
n=1

sin
(
nπx
L

) ∫ L
0 sin

(
nπx
L

)
g(x)dx cos

(
cnπt
L

)
c

−π2c2n2+L2w2

))
c

Hand solution

Let
u(x, t) =

∞∑
n=1

An(t)φn(x)

Where we used = instead of ∼ above, since the PDE given has homogeneous B.C. We know
that φn(x) = sin

(√
λnx

)
for n = 1, 2, 3, · · · where λn =

(
nπ
L

)2. Substituting the above in the
given PDE gives

∞∑
n=1

A′′
n(t)φn(x) = c2

∞∑
n=1

An(t)
d2φn(x)
dx2

+Q(x, t)

But Q(x, t) =
∑∞

n=1 qn(t)φn(x), hence the above becomes
∞∑
n=1

A′′
n(t)φn(x) = c2

∞∑
n=1

An(t)
d2φn(x)
dx2

+
∞∑
n=1

gn(t)φn(x)

But d2φn(x)
dx2 = −λnφn(x), hence

∞∑
n=1

A′′
n(t)φn(x) = −c2

∞∑
n=1

λnAn(t)φn(x) +
∞∑
n=1

gn(t)φn(x)

Multiplying both sides by φm(x) and integrating gives∫ L

0

∞∑
n=1

A′′
n(t)φm(x)φn(x) dx = −c2

∫ L

0

∞∑
n=1

λnAn(t)φm(x)φn(x) dx+
∫ L

0

∞∑
n=1

gn(t)φm(x)φn(x) dx

A′′
n(t)

∫ L

0
φ2
n(x) dx = −c2λnAn(t)

∫ L

0
φ2
n(x) dx+ gn(t)

∫ L

0
φ2
n(x) dx

Hence
A′′

n(t) + c2λnAn(t) = gn(t)
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Now we solve the above ODE. Let solution be

An(t) = Ah
n(t) + Ap

n(t)

Which is the sum of the homogenous and particular solutions. The homogenous solution is

Ah
n(t) = c1n cos

(
c
√
λnt
)
+ c2n sin

(
c
√
λnt
)

And the particular solution depends on qn(t). Once we find qn(t), we plug-in everything
back into u(x, t) =

∑∞
n=1An(t)φn(x) and then use initial conditions to find c1n , c2n , the two

constant of integrations. Now we are given that Q(x, t) = g(x) cos (ωt). Hence

gn(t) =
∫ L

0 Q(x, t)φn(x) dx∫ L

0 φ2
n (x) dx

=
cos (ωt)

∫ L

0 g(x)φn(x) dx∫ L

0 φ2
n (x) dx

= cos (ωt) γn

Where

γn =
∫ L

0 g(x)φn(x) dx∫ L

0 φ2
n (x) dx

is constant that depends on n. Now we use the above in result found in part (a)

A′′
n(t) + c2λnAn(t) = γn cos (ωt) (1)

We know the homogenous solution from part (a).

Ah
n(t) = c1n cos

(
c
√
λnt
)
+ c2n sin

(
c
√
λnt
)

We now need to find the particular solution. Will solve using method of undetermined
coefficients.

Case 1 ω 6= c
√
λn (no resonance)

We can now guess
Ap

n(t) = z1 cos (ωt) + z2 sin (ωt)

Plugging this back into (1) gives

(z1 cos (ωt) + z2 sin (ωt))′′ + c2λn(z1 cos (ωt) + z2 sin (ωt)) = γn cos (ωt)
(−ωz1 sin (ωt) + ωz2 cos (ωt))′ + c2λn(z1 cos (ωt) + z2 sin (ωt)) = γn cos (ωt)
−ω2z1 cos (ωt)− ω2z2 sin (ωt) + c2λn(z1 cos (ωt) + z2 sin (ωt)) = γn cos (ωt)

Collecting terms

cos (ωt)
(
−ω2z1 + c2λnz1

)
+ sin (ωt)

(
−ω2z2 + c2λnz2

)
= γn cos (ωt)

Therefore we obtain two equations in two unknowns

−ω2z1 + c2λnz1 = γn

−ω2z2 + c2λnz2 = 0

From the second equation, z2 = 0 and from the first equation

z1
(
c2λn − ω2) = γn

z1 =
γn

c2λn − ω2

Hence

Ap
n(t) = z1 cos (ωt) + z2 sin (ωt)

= γn
c2λn − ω2 cos (ωt)
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Therefore

An(t) = Ah
n(t) + Ap

n(t)

= c1n cos
(
c
√
λnt
)
+ c2n sin

(
c
√
λnt
)
+ γn
c2λn − ω2 cos (ωt)

Now we need to find c1n , c2n . Since

u(x, t) =
∞∑
n=1

An(t)φn(x)

=
∞∑
n=1

(
c1n cos

(
c
√
λnt
)
+ c2n sin

(
c
√
λnt
)
+ γn
c2λn − ω2 cos (ωt)

)
sin
(nπ
L
x
)

At t = 0 the above becomes

f(x) =
∞∑
n=1

(
c1n +

γn
c2λn − ω2

)
sin
(nπ
L
x
)

=
∞∑
n=1

c1n sin
(nπ
L
x
)
+

∞∑
n=1

γn
c2λn − ω2 sin

(nπ
L
x
)

Applying orthogonality∫ L

0
f(x) sin

(mπ
L
x
)
dx =

∫ L

0

∞∑
n=1

c1n sin
(nπ
L
x
)
sin
(mπ
L
x
)
dx+

∫ L

0

∞∑
n=1

γn
c2λn − ω2 sin

(nπ
L
x
)
sin
(mπ
L
x
)
dx∫ L

0
f(x) sin

(mπ
L
x
)
dx = c1n

∫ L

0
sin2

(nπ
L
x
)
dx+ γn

c2λn − ω2

∫ L

0
sin2

(nπ
L
x
)
dx

Rearranging∫ L

0
f(x) sin

(mπ
L
x
)
dx− γn

c2λn − ω2

∫ L

0
sin2

(nπ
L
x
)
dx = c1n

∫ L

0
sin2

(nπ
L
x
)
dx

c1n =
∫ L

0 f(x) sin
(
mπ
L
x
)
dx∫ L

0 sin2 (nπ
L
x
)
dx

− γn
c2λn − ω2

= 2
L

∫ L

0
f(x) sin

(mπ
L
x
)
dx− γn

c2λn − ω2

We now need to find c2n . For this we need to differentiate the solution once.

∂u(x, t)
∂t

=
∞∑
n=1

(
−c
√
λnc1n sin

(
c
√
λnt
)
+ c
√
λnc2n cos

(
c
√
λnt
)
− γn
c2λn − ω2ω sin (ωt)

)
sin
(nπ
L
x
)

Applying initial conditions ∂u(x,0)
∂t

= 0 gives

0 =
∞∑
n=1

c
√
λnc2n sin

(nπ
L
x
)

Hence
c2n = 0

Therefore the final solution is

An(t) = c1n cos
(
c
√
λnt
)
+ γn
c2λn − ω2 cos (ωt)

And
u(x, t) =

∞∑
n=1

An(t) sin
(nπ
L
x
)

Where
c1n = 2

L

∫ L

0
f(x) sin

(mπ
L
x
)
dx− γn

c2λn − ω2
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Case 2 ω = c
√
λn Resonance case. Now we can’t guess Ap

n(t) = z1 cos (ωt) + z2 sin (ωt) so we
have to use

Ap
n(t) = z1t cos (ωt) + z2t sin (ωt)

Substituting this in A′′
n(t) + c2λnAn(t) = γn cos (ωt) gives

(z1t cos (ωt) + z2t sin (ωt))′′ + c2λn(z1t cos (ωt) + z2t sin (ωt)) = γn cos (ωt) (2)

But

(z1t cos (ωt) + z2t sin (ωt))′′ = (z1 cos (ωt)− z1ωt sin (ωt) + z2 sin (ωt) + z2ωt cos (ωt))′

= −z1ω sin (ωt)−
(
z1ω sin (ωt) + z1ω

2t cos (ωt)
)

+ z2ω cos (ωt) +
(
z2ω cos (ωt)− z2ω

2t sin (ωt)
)

= −2z1ω sin (ωt)− z1ω
2t cos (ωt) + 2z2ω cos (ωt)− z2ω

2t sin (ωt)

Hence (2) becomes

−2z1ω sin (ωt)−z1ω2t cos (ωt)+2z2ω cos (ωt)−z2ω2t sin (ωt)+c2λn(z1t cos (ωt) + z2t sin (ωt)) = γn cos (ωt)

Comparing coefficients we see that 2z2ω = γn or

z2 =
γn
2ω

And z1 = 0. Therefore
Ap

n(t) =
γn
2ωt sin (ωt)

Therefore

An(t) = Ah
n(t) + Ap

n(t)

= c1n cos
(
c
√
λnt
)
+ c2n sin

(
c
√
λnt
)
+ γn

2c
√
λn
t sin (ωt)

We now can find c1n , c2n from initial conditions.

u(x, t) =
∞∑
n=1

An(t)φn(x)

=
∞∑
n=1

(
c1n cos

(
c
√
λnt
)
+ c2n sin

(
c
√
λnt
)
+ γn

2c
√
λn
t sin (ωt)

)
sin
(nπ
L
x
)

(4)

At t = 0

f(x) =
∞∑
n=1

c1n sin
(nπ
L
x
)

c1n = 2
L

∫ L

0
f(x) sin

(nπ
L
x
)
dx

Taking time derivative of (4) and setting it to zero will give c2n. Since initial speed is zero
then c2n = 0. Hence

An(t) = c1n cos
(
c
√
λnt
)
+ γn

2c
√
λn
t sin (ωt)

This completes the solution.

Summary of solution

The solution is given by

u(x, t) =
∞∑
n=1

An(t)φn(x)

Case ω 6= c
√
λn

An(t) = c1n cos
(
c
√
λnt
)
+ γn
c2λn − ω2 cos (ωt)
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And
c1n = 2

L

∫ L

0
f(x) sin

(mπ
L
x
)
dx− γn

c2λn − ω2

And

γn =
∫ L

0 g(x)φn(x) dx∫ L

0 φ2
n (x) dx

And λn =
(
nπ
L

)2
, n = 1, 2, 3,

Case ω = c
√
λn (resonance)

An(t) = c1n cos
(
c
√
λnt
)
+ γn

2c
√
λn
t sin (ωt)

And
c1n = 2

L

∫ L

0
f(x) sin

(nπ
L
x
)
dx

5.1.1.11 [343] Both I.C. not zero

problem number 343

Added July 2, 2018.

Taken from Maple 2018.1 improvements to PDE’s document. Solve

vtt = vxx

For t > 0 and 0 < x < 1. With boundary conditions

v(0, t) = 0
v(1, 0) = 0

With initial conditions

v(x, 0) = f(x)
∂v

∂t
(x, 0) = g(x)

Where f(x) = − e2x−ex+1−x+e1−x
e2−1 and g(x) = 1 + e2x−ex+1−x+e1−x

e2−1

0 1
vtt = vxx v(1, t) = 0

(fixed end)(fixed end)

v(x, 0) = f(x)
∂v
∂t (x, 0) = g(x)

v(0, t) = 0

Figure 5.19: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[v[x, t], {t, 2}] == D[v[x, t], {x, 2}];
bc = {v[0, t] == 0, v[1, t] == 0};
ic = {v[x, 0] == -((Exp[2]*x - Exp[x + 1] - x + Exp[1 - x])/(Exp[2] - 1)), Derivative[0, 1][v][x, 0] == 1 + (Exp[2]*x - Exp[x + 1] - x + Exp[1 - x])/(Exp[2] - 1)};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, v[x, t], {x, t}], 60*10]];
sol = sol /. K[1] -> n;� �

v(x, t) →

∞∑
n=1

2 cos(nπt)
∫ 1

0
−(e2x− x+ e1−x − ex+1) sin(nπx)

−1 + e2
dx+

2
(∫ 1

0

(
e2x−x+e1−x−ex+1

−1+e2
+ 1
)
sin(nπx) dx

)
sin(nπt)

nπ

 sin(nπx)



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Maple 3� �
restart;
pde := diff(v(x, t), t, t)=(diff(v(x, t), x, x));
bc := v(0, t) = 0, v(1, t) = 0;
ic := v(x, 0) = -(exp(2)*x-exp(x+1)-x+exp(1-x))/(exp(2)-1),

(D[2](v))(x, 0) = 1+(exp(2)*x-exp(x+1)-x+exp(1-x))/(exp(2)-1);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic,bc],v(x,t))),output='realtime'));� �

v(x, t) = −
2
(

∞∑
n=1

sin(nπx)
((
(−1)nn2π2−π2n2+2(−1)n−1

)
sin(nπt)−(−1)n cos(nπt)πn

)
n2(π2n2+1)

)
π2

5.1.1.12 [344] With constant source

problem number 344

Added July 2, 2018.

Third example, from Maple 2018.1 improvements to PDE’s document. What_is_New_af-
ter_Maple_2018.pdf

Solve
∂2u

∂t2
= c2

∂2u

∂x2
+ 1

For t > 0 and 0 < x < L. With boundary conditions

u(0, t) = 0
u(L, 0) = 0

With initial conditions

u(x, 0) = f(x)
∂u

∂t
(x, 0) = g(x)

0 L
utt = c2uxx + 1 u(L, t) = 0

(fixed end)(fixed end)

v(x, 0) = f(x)
∂v
∂t (x, 0) = g(x)

u(0, t) = 0

Figure 5.20: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}] + 1;
bc = {u[0, t] == 0, u[L, t] == 0};
ic = {u[x, 0] == f[x], Derivative[0, 1][u][x, 0] == g[x]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> L > 0], 60*10]];� �



u(x, t) → {

∞∑
K[1]=1

√
2
√

1
L
sin
(

πxK[1]
L

)√
2
(
−1+(−1)K[1])(cos( cπtK[1]

L

)
−1
)
L5/2

c2π3K[1]3 +

∫ L
0

√
2g(x) sin

(
πxK[1]
L

)
√
L

dx

 sin
(
πt

√
c2K[1]2
L2

)
L

π|c||K[1]| + cos
(
πt
√

c2K[1]2
L2

)∫ L

0

√
2f(x) sin

(
πxK[1]
L

)
√
L

dx

 if
(
t
∣∣∣ 1√

c2K[1]2

)
∈ R K[1] ∈ Z ∧ ((L < 0 ∧ ((c < 0 ∧K[1] ≥ 1) ∨ (c > 0 ∧K[1] ≥ 1))) ∨ (L > 0 ∧ ((c < 0 ∧K[1] ≥ 1) ∨ (c > 0 ∧K[1] ≥ 1))))

Indeterminate True




Maple 3� �
restart;
interface(showassumed=0);
f='f';
pde :=diff(u(x, t), t, t) = c^2* diff(u(x, t), x, x) + 1;
bc := u(0, t) = 0, u(L, t) = 0;
ic := u(x, 0) = f(x), (D[2](u))(x, 0) = g(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde, ic, bc],u(x,t)) assuming L>0),output='realtime'));� �

u(x, t) =
2
(

∞∑
n=1

sin
(
nπx
L

)(
2
∫ L
0 sin

(
nπx
L

)
g(x)dx sin

(
cnπt
L

)
cL−

∫ L
0 sin

(
nπx
L

)(
−2f(x)c2+Lx−x2)dx cos

(
cnπt
L

)
πn
)

n c2L

)
c2 + x(−x+ L) π

2π c2

5.1.1.13 [345] Logan page 213

problem number 345

This is problem at page 213, David J Logan textbook, applied PDE textbook. Both ends
fixed end, with source.

utt = c2uxx + Ax

With boundary conditions

u(L, 0) = 0
u(0, t) = 0

With initial conditions
∂u

∂t
(x, 0) = 0

u(x, 0) = 0

0 L
utt = c2uxx +Ax u(L, t) = 0

(fixed end)(fixed end)

u(x, 0) = 0
∂u
∂t (x, 0) = 0

u(0, t) = 0

Figure 5.21: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}] + A*x;
bc = {u[0, t] == 0, u[L, t] == 0};
ic = {u[x, 0] == 0, Derivative[0, 1][u][x, 0] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �

u(x, t) → { −

iAL3
(
PolyLog

(
3,−e−

iπ(ct−x)
L

)
−PolyLog

(
3,−e

iπ(ct−x)
L

)
+2PolyLog

(
3,−e−

iπx
L

)
−2PolyLog

(
3,−e

iπx
L

)
−PolyLog

(
3,−e−

iπ(ct+x)
L

)
+PolyLog

(
3,−e

iπ(ct+x)
L

))
2c2π3 K[1] ∈ Z ∧ c 6= 0 ∧ L 6= 0 ∧K[1] ≥ 1

Indeterminate True




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t$2)=c^2*diff(u(x,t),x$2)+A* x;
bc := u(0,t)=0,u(L,t)=0;
ic := u(x,0)=0,D[2](u)(x,0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,bc,ic],u(x,t)) assuming L>0),output='realtime'));� �

u(x, t) =
2L3
(

∞∑
n=1

(−1)n sin
(
nπx
L

)
cos
(
cnπt
L

)
A

n3c2

)
π3 + Ax(L2 − x2)

6c2

5.1.1.14 [346] Telegraphy PDE

problem number 346

Both ends fixed with damping Solve

utt + 2ut = c2uxx

With boundary conditions

u(0, t) = 0
u(π, 0) = 0

With initial conditions

∂u

∂t
(x, 0) = 0

u(x, 0) = f(x)

0 π
utt + 2ut = c2uxx u(π, t) = 0

(fixed end)(fixed end)

u(x, 0) = f(x)
∂u
∂t (x, 0) = 0

u(0, t) = 0

Figure 5.22: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] + 2*D[u[x, t], t] == D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, u[Pi, t] == 0};
ic = {Derivative[0, 1][u][x, 0] == 0, u[x, 0] == f[x]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], x, t], 60*10]];� �

u(x, t) → {

∞∑
K[1]=1

e−t
√

2
π
sin(xK[1])

(
cos
(

1
2t
√

4K[1]2 − 4
) ∫ π

0

√
2
π
f(x) sin(xK[1]) dx+

sin
(

1
2 t
√

4K[1]2−4
) ∫ π

0

√
2
π
f(x) sin(xK[1]) dx√

K[1]2−1

)
K[1] ∈ Z ∧K[1] ≥ 2

Indeterminate True




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t$2)+2*diff(u(x,t),t)=diff(u(x,t),x$2);
ic :=D[2](u)(x,0)=0,u(0,t)=0,u(x,0)=f(x);
bc := u(0,t)=0,u(Pi,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol', pdsolve([pde,ic,bc],u(x,t)) assuming t>0),output='realtime'));� �

u(x, t) =

∞∑
n=1

 2
∫ π

0 sin (x) f(x) dx sin (x) e−t(t+ 1) n = 1∫ π
0 sin(nx)f(x)dx sin(nx)e−t

(
i
√
n2−1+1

)((√
n2−1−i

)
e2i
√
n2−1 t+

√
n2−1+i

)
√
n2−1 1 < n

π

5.1.1.15 [347] Dispersion term present (general case)

problem number 347

Added July 12, 2019.

Solve
utt + γ2u(x, t) = c2uxx

Dispersion term γ2u(x, t) causes the shape of the original wave to distort with time. With
0 < x < L and t > 0 and with boundary conditions

u(0, t) = 0
u(L, 0) = 0

With initial conditions

∂u

∂t
(x, 0) = 0

u(x, 0) = f(x)

0 π
utt + γ2u = c2uxx u(π, t) = 0

(Fixed)(Fixed)

u(x, 0) = f(x)
∂u
∂t (x, 0) = 0

u(0, t) = 0

dispersion term

Figure 5.23: PDE specification



chapter 5. hyperbolic pde’s (wave) 664

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] + gamma^2*u[x, t] == c^2 D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, u[L, t] == 0};
ic = {Derivative[0, 1][u][x, 0] == 0, u[x, 0] == f[x]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t},Assumptions->L>0], 60*10]];� �

u(x, t) → {

∞∑
K[1]=1

√
2
√

1
L
cos
(
t

√
c2
(

γ2

c2
+ π2K[1]2

L2

))(∫ L

0

√
2f(x) sin

(
πxK[1]
L

)
√
L

dx

)
sin
(

πxK[1]
L

)
K[1] ∈ Z ∧ γ ∈ R ∧ ((L < 0 ∧ ((c < 0 ∧K[1] ≥ 1) ∨ (c > 0 ∧K[1] ≥ 1))) ∨ (L > 0 ∧ ((c < 0 ∧K[1] ≥ 1) ∨ (c > 0 ∧K[1] ≥ 1))))

Indeterminate True




Due to adding dispersion term

Maple 3� �
restart;
interface(showassumed=0);
pde :=diff(u(x,t),t$2)+gamma^2*u(x,t)=c^2*diff(u(x,t),x$2);
bc := u(0,t)=0,u(L,t)=0;
ic := u(x,0)=f(x),D[2](u)(x,0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t)) assuming L>0),output='realtime'));� �

u(x, t) = 2

 ∞∑
n=1

sin
(
nπx
L

)
cos
(√

π2c2n2+L2γ2 t
L

) ∫ L

0 sin
(
nπx
L

)
f(x) dx

L


Hand solution

Solving for t > 0, 0 < x < L

∂2u

∂t2
+ γ2u = c2

∂2u

∂x2
0 < x < L, t > 0

With BC

u(0, t) = 0
u(L, t) = 0

And initial conditions

u(x, 0) = f(x)
ut(x, 0) = 0

Dispersion term γ2u causes the shape of the original wave to distort with time. Using
separation of variables, Let u = X(x)T (t) . Substituting this back in the PDE gives

T ′′X + γ2XT = c2X ′′T

1
c2

(
T ′′

T
+ γ2

)
= X ′′

X
= −λ

The eigenvalue ODE is

X ′′ + λX = 0
X(0) = 0
X(L) = 0

The eigenvalues are λn =
(
nπ
L

)2
, n = 1, 2, 3, · · · and the eigenfunctions are Xn(x) =

cn sin
(
nπ
L
x
)
. The time ODE becomes

T ′′ +
(
γ2 + c2λn

)
T = 0
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The solution is

Tn(t) = An cos
(√

γ2 + c2λnt
)
+Bn sin

(√
γ2 + c2λnt

)
Taking time derivatives gives

T ′
n(t) = −

√
γ2 + c2λnAn sin

(√
γ2 + c2λnt

)
+Bn

√
γ2 + c2λn cos

(√
γ2 + c2λnt

)
At time t = 0, the above is zero (initial velocity is zero), which gives

0 = Bn

√
γ2 + c2λn

Hence Bn = 0 and the time ODE solution becomes

Tn(t) = An cos
(√

γ2 + c2λnt
)

Hence the fundamental solution is

un(x, t) = TnXn

= cn cos
(√

γ2 + c2
(nπ
L

)2
t

)
sin
(nπ
L
x
)

Therefore the solution is

u(x, t) =
∞∑
n=1

cn cos
(
1
L

√
(L2γ2 + c2n2π2)t

)
sin
(nπ
L
x
)

cn is found from initial position. At t = 0 the above becomes

f(x) =
∞∑
n=1

cn sin
(nπ
L
x
)

Applying orthogonality gives∫ L

0
f(x) sin

(nπ
L
x
)
dx = cn

L

2

cn = 2
L

∫ L

0
f(x) sin

(nπ
L
x
)
dx

Hence solution is

u(x, t) =
∞∑
n=1

(
2
L

∫ L

0
f(s) sin

(nπ
L
s
)
ds

)
cos
(
1
L

√
(L2γ2 + c2n2π2)t

)
sin
(nπ
L
x
)

5.1.1.16 [348] Dispersion term present

problem number 348

Solve
utt + γ2u(x, t) = c2uxx

Dispersion term γ2u(x, t) causes the shape of the original wave to distort with time. With
0 < x < π and t > 0 and with boundary conditions

u(0, t) = 0
u(π, 0) = 0

With initial conditions
∂u

∂t
(x, 0) = 0

u(x, 0) = sin2(x)
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0 π
utt + γ2u = c2uxx u(π, t) = 0

(fixed end)(fixed end)

u(x, 0) = sin2(x)
∂u
∂t (x, 0) = 0

u(0, t) = 0

dispersion term

Figure 5.24: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] + gamma^2*u[x, t] == c^2*D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, u[Pi, t] == 0};
ic = {Derivative[0, 1][u][x, 0] == 0, u[x, 0] == Sin[x]^2};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �

u(x, t) → {

∞∑
K[1]=1

√
2
π
cos
(
t

√
c2
(

γ2

c2
+K[1]2

))(
{

0 K[1] = 2∫ π

0

√
2
π
sin2(x) sin(xK[1]) dx True

)
sin(xK[1]) K[1] ∈ Z ∧ γ ∈ R ∧ ((c < 0 ∧K[1] ≥ 1) ∨ (c > 0 ∧K[1] ≥ 1))

Indeterminate True




Due to adding dispersion term

Maple 3� �
restart;
interface(showassumed=0);
pde :=diff(u(x,t),t$2)+gamma^2*u(x,t)=c^2*diff(u(x,t),x$2);
bc := u(0,t)=0,u(Pi,t)=0;
ic := u(x,0)=sin(x)^2,(D[2](u))(x,0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t))),output='realtime'));� �

u(x, t) =

8 sin(x) cos
(√

c2+γ2 t
)

3 + 4
(

∞∑
n=3

((−1)n−1) sin(nx) cos
(√

c2n2+γ2 t
)

n3−4n

)
π

Hand solution

Solving for t > 0, 0 < x < L

∂2u

∂t2
+ γ2u = ∂2u

∂x2
0 < x < L, t > 0 (1)

With BC

u(0, t) = 0
u(L, t) = 0

And initial conditions

u(x, 0) = f(x)
ut(x, 0) = 0

Where now L = π, f(x) = sin2 (x).

The general solution for (1) was found in problem 5.1.1.15 on page 664 as

u(x, t) =
∞∑
n=1

(
2
L

∫ L

0
f(s) sin

(nπ
L
s
)
ds

)
cos
(
t

L

√
L2γ2 + c2n2π2

)
sin
(nπ
L
x
)
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Using the above specific values for this problem, the solution becomes

u(x, t) =
∞∑
n=1

(
2
π

∫ π

0
f(s) sin

(nπ
π
s
)
ds

)
cos
(
t

π

√
π2γ2 + c2n2π2

)
sin
(nπ
π
x
)

=
∞∑
n=1

(
2
π

∫ π

0
f(s) sin (ns) ds

)
cos
(√

γ2 + c2n2t
)
sin (nx)

But ∫ π

0
sin2 (s) sin (ns) ds =

∫ π

0

(
1
2 − 1

2 cos (2s)
)
sin (ns) ds

=
∫ π

0

1
2 sin (ns) ds− 1

2

∫ π

0
cos (2s) sin (ns) ds

= 1− (−1)n

2n − 1
2

∫ π

0
cos (2s) sin (ns) ds

∫ π

0 cos (2s) sin (ns) ds = −2
3 for n = 1 and

∫ π

0 cos (2s) sin (ns) ds = 0 For n = 2 and
∫ π

0 cos (2s) sin (ns) ds =
(1−(−1)n)n

n2−4 for n > 2. Hence

∫ π

0
sin2 (s) sin (ns) ds =


1−(−1)

2 + 1
3 = 4

3 n = 1
1−(−1)n

2n = 0 n = 2
1−(−1)n

2n − 1
2
(1−(−1)n)n

n2−4 = 2
n
(−1)n−1
n2−4 n > 2

The solution becomes

u(x, t) =
(
2
π

)
4
3 cos

(√
γ2 + c2t

)
sin (x) +

∞∑
n=3

(
2
π

2
n

(−1)n − 1
n2 − 4

)
cos
(√

γ2 + c2n2t
)
sin (nx)

= 8
3π cos

(√
γ2 + c2t

)
sin (x) + 4

π

∞∑
n=3

(−1)n − 1
n (n2 − 4) cos

(√
γ2 + c2n2t

)
sin (nx)

5.1.1.17 [349] Dispersion term present (specific case)

problem number 349

Added July 12, 2019 Solve
utt + γ2u(x, t) = c2uxx

Dispersion term γ2u(x, t) causes the shape of the original wave to distort with time. With
0 < x < L and t > 0 and with boundary conditions

u(0, t) = 0
u(π, 0) = 0

With initial conditions

∂u

∂t
(x, 0) = 0

u(x, 0) = f(x)

Using the following values

L = 10

γ = 1
8

f(x) =


x− 4 4 ≤ x ≤ 5
6− x 5 ≤ x ≤ 6
0 otherwise

c = 1
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0 10
utt + ( 18 )

2u = c2uxx u(10, t) = 0
(fixed end)(fixed end)

u(x, 0) ==

 x− 4 4 ≤ x ≤ 5
6− x 5 ≤ x ≤ 6
0 otherwise

∂u
∂t (x, 0) = 0

u(0, t) = 0

dispersion term

Figure 5.25: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
gamma=1/8; c=1; L=10;
f=Piecewise[{{x-4,4<=x<=5},{6-x,5<x<=6},{0,True}}];
pde = D[u[x, t], {t, 2}] + gamma^2*u[x, t] == c^2*D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, u[L, t] == 0};
ic = {Derivative[0, 1][u][x, 0] == 0, u[x, 0] == f};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �

u(x, t) → {

∞∑
K[1]=1

−
20 cos

(
t
√

1
100π

2K[1]2+ 1
64

)(
sin
( 2
5πK[1]

)
−2 sin

( 1
2πK[1]

)
+sin

( 3
5πK[1]

))
sin
( 1
10πxK[1]

)
π2K[1]2 K[1] ∈ Z ∧K[1] ≥ 1

Indeterminate True




Due to adding dispersion term

Maple 3� �
restart;
local gamma;
gamma:=1/8;
c:=1;
L:=10;
f:=piecewise(4<=x and x<=5, x-4,5<x and x<=6,6-x,true,0);
pde :=diff(u(x,t),t$2)+gamma^2*u(x,t)=c^2*diff(u(x,t),x$2);
bc := u(0,t)=0,u(L,t)=0;
ic := u(x,0)=f,(D[2](u))(x,0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t))),output='realtime'));� �

u(x, t) = −
20
(

∞∑
n=1

(
sin
( 2nπ

5
)
−2 sin

(
nπ
2
)
+sin

( 3nπ
5
))

sin
(
nπx
10
)
cos
(√

16π2n2+25 t
40

)
n2

)
π2

Hand solution

Solve for 0 < x < L, t > 0
∂2u

∂t2
+ γ2u = c2

∂2u

∂x2

Boundary conditions, t > 0 (both ends fixed)

u(0, t) = 0
u(L, t) = 0

Initial conditions, t = 0
∂u(x, 0)
∂t

= 0

u(x, 0) = f(x)
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Using L = 10, γ = 1/8, c = 1 and initial position

f(x) =


x− 4 4 ≤ x ≤ 5
6− x 5 ≤ x ≤ 6
0 otherwise

The general solution to the above PDE was given in problem 5.1.1.15 on page 664 as

u(x, t) =
∞∑
n=1

(
2
L

∫ L

0
f(s) sin

(nπ
L
s
)
ds

)
cos
(
1
L

√
(L2γ2 + c2n2π2)t

)
sin
(nπ
L
x
)

Replacing given values in the above solution results in

u(x, t) =
∞∑
n=1

(
2
10

∫ 10

0
f(s) sin

(nπ
10 s

)
ds

)
cos

 1
10

√√√√(100(1
8

)2

+ n2π2

)
t

 sin
(nπ
10 x

)

= 2
10

∞∑
n=1

(∫ 10

0
f(s) sin

(nπ
10 s

)
ds

)
cos
(

1
10

√
1
16

(
100
4 + 16n2π2

)
t

)
sin
(nπ
10 x

)
(1)

= 2
10

∞∑
n=1

(∫ 10

0
f(s) sin

(nπ
10 s

)
ds

)
cos
(

1
40

√
25 + 16n2π2t

)
sin
(nπ
10 x

)
(5.1)

But

∫ 10

0
f(x) sin

(nπ
10 x

)
ds =

100
(
2 sin

(
nπ
2

)
− sin

(2nπ
5

)
− sin

(3nπ
5

))
n2π2

Hence the solution (1) becomes

u(x, t) = 2
10

∞∑
n=1

100
(
2 sin

(
nπ
2

)
− sin

(2nπ
5

)
− sin

(3nπ
5

))
n2π2 cos

(
1
40

√
25 + 16n2π2t

)
sin
(nπ
10 x

)
= 20
π2

∞∑
n=1

1
n2

(
2 sin

(nπ
2

)
− sin

(
2nπ
5

)
− sin

(
3nπ
5

))
cos
(

1
40

√
25 + 16n2π2t

)
sin
(nπ
10 x

)
Animation is below. The left one uses γ = 1

8 and the right one uses larger value of γ = 5
8 in

order to show the effect of larger dispersion.

Out[ ]=

time 1

time = 0.00 seconds

2 4 6 8 10
x

-1.0

-0.5

0.0

0.5

1.0
U

Figure 5.26: Initial state
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Source code used for the above

In[ ]:= ClearAll[x, t, n, f, A, B, s, mySol]

gamma = 1/ 8; c = 1; L = 10;

f = Piecewise[{{x - 4, 4 ≤ x ≤ 5}, {6 - x, 5 < x ≤ 6}, {0, True}}];

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

numberOfTerms = 50;

mySol[x_, t_] =
20

π2
Sum

1

n2
2 Sin

n π

2
 - Sin

2 n π

5
 - Sin

3 n π

5
 Cos

1

10

50

32
+ n2 π2 t Sin

n π

10
x, {n, 1, numberOfTerms};

Figure 5.27: Source code

tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {3, 2}], " seconds"}]},

{

Quiet@Plot[Evaluate[mySol[x, t]], {x, 0, L},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, L}, {-1, 1}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 80, 0.1}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 5.28: Code for animation

5.1.1.18 [350] non-zero initial position

problem number 350

Added March 9, 2018. Solve
utt = 4uxx

With boundary conditions

u(0, t) = 0
u(π, 0) = 0

With initial conditions

∂u

∂t
(x, 0) = 0

u(x, 0) = sin2(x)

0 π
utt = 4uxx u(π, t) = 0

(fixed end)(fixed end)

u(x, 0) = sin2(x)
∂u
∂t (x, 0) = 0

u(0, t) = 0

Figure 5.29: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == 4*D[u[x, t], {x, 2}];
ic = {Derivative[0, 1][u][x, 0] == 0, u[x, 0] == Sin[x]^2};
bc = {u[0, t] == 0, u[Pi, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];
sol = sol /. K[1] -> n;� �


u(x, t) →

∞∑
n=1

2 cos(2nt)
(

{ 0 n = 2∫ π

0 sin2(x) sin(nx) dx True

)
sin(nx)

π




But sum should not include n = 2

Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t$2)= 4*diff(u(x,t),x$2);
bc := u(0,t)=0,u(Pi,t)=0;
ic := u(x,0)=sin(x)^2,D[2](u)(x,0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t))),output='realtime'));� �

u(x, t) =

8 sin(x) cos(2t)
3 + 4

(
∞∑
n=3

((−1)n−1) sin(nx) cos(2nt)
n3−4n

)
π

Handled n = 2 case correctly

5.1.1.19 [351] With source

problem number 351

Added December 20, 2018.

Example 18, Taken from https://www.mapleprimes.com/posts/209970-Exact-Solutio
ns-For-PDE-And-Boundary--Initial-Conditions-2018

Solve for u(x, t) with 0 < x < 1 and t > 0

∂2u

∂t2
= ∂2u

∂x2
+ xe−t

With boundary conditions

u(0, t) = 0
u(1, 0) = 0

With initial conditions

u(x, 0) = 0
∂u

∂t
(x, 0) = 1

https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
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0 1
utt = uxx + xe−t u(1, t) = 0

(fixed end)(fixed end)

u(x, 0) = 0
∂u
∂t (x, 0) = 1

u(0, t) = 0

Figure 5.30: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == D[u[x, t], {x, 2}] + x*Exp[-t];
ic = {u[x, 0] == 0, Derivative[0, 1][u][x, 0] == 0};
bc = {u[0, t] == 0, u[1, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �

u(x, t) → {

e−i((−i+π)t+πx)
(
ie2iπt+tπ2(i+π)Hypergeometric2F1

(
1,−i+π

π
,2− i

π
,−eiπ(t−x)

)
+eiπt(1−iπ)π2 Hypergeometric2F1

(
1,−i+π

π
,2− i

π
,−e−iπx

)
+ieiπ(t+2x)π3 Hypergeometric2F1

(
1,−i+π

π
,2− i

π
,−eiπx

)
−eiπ(t+2x)π2 Hypergeometric2F1

(
1,−i+π

π
,2− i

π
,−eiπx

)
−ie2iπt+t+2iπxπ3 Hypergeometric2F1

(
1,−i+π

π
,2− i

π
,−eiπ(t+x)

)
+e2iπt+t+2iπxπ2 Hypergeometric2F1

(
1,−i+π

π
,2− i

π
,−eiπ(t+x)

)
−iet+2iπxπ3 Hypergeometric2F1

(
1, i+π

π
,2+ i

π
,−e−iπ(t−x)

)
−et+2iπxπ2 Hypergeometric2F1

(
1, i+π

π
,2+ i

π
,−e−iπ(t−x)

)
−ieiπtπ3 Hypergeometric2F1

(
1, i+π

π
,2+ i

π
,−e−iπx

)
−eiπtπ2 Hypergeometric2F1

(
1, i+π

π
,2+ i

π
,−e−iπx

)
+ieiπ(t+2x)π3 Hypergeometric2F1

(
1, i+π

π
,2+ i

π
,−eiπx

)
+eiπ(t+2x)π2 Hypergeometric2F1

(
1, i+π

π
,2+ i

π
,−eiπx

)
+ietπ3 Hypergeometric2F1

(
1, i+π

π
,2+ i

π
,−e−iπ(t+x)

)
+etπ2 Hypergeometric2F1

(
1, i+π

π
,2+ i

π
,−e−iπ(t+x)

)
+ieiπt+t+iπxπ3 log

(
1+e−iπ(t−x)

)
+ieiπt+t+iπxπ log

(
1+e−iπ(t−x)

)
−ieiπt+t+iπxπ3 log

(
1+eiπ(t−x)

)
−ieiπt+t+iπxπ log

(
1+eiπ(t−x)

)
+2ieiπ(t+x)π3 log

(
1+e−iπx

)
+2ieiπ(t+x)π log

(
1+e−iπx

)
−2ieiπ(t+x)π3 log

(
1+eiπx

)
−2ieiπ(t+x)π log

(
1+eiπx

)
−ieiπt+t+iπxπ3 log

(
1+e−iπ(t+x)

)
−ieiπt+t+iπxπ log

(
1+e−iπ(t+x)

)
+ieiπt+t+iπxπ3 log

(
1+eiπ(t+x)

)
+ieiπt+t+iπxπ log

(
1+eiπ(t+x)

)
−eiπt+t+iπx PolyLog

(
2,−e−iπ(t−x)

)
−eiπt+t+iπxπ2 PolyLog

(
2,−e−iπ(t−x)

)
−eiπt+t+iπx PolyLog

(
2,−eiπ(t−x)

)
−eiπt+t+iπxπ2 PolyLog

(
2,−eiπ(t−x)

)
+eiπt+t+iπx PolyLog

(
2,−e−iπ(t+x)

)
+eiπt+t+iπxπ2 PolyLog

(
2,−e−iπ(t+x)

)
+eiπt+t+iπx PolyLog

(
2,−eiπ(t+x)

)
+eiπt+t+iπxπ2 PolyLog

(
2,−eiπ(t+x)

))
2π2(1+π2) K[1] ∈ Z ∧K[1] ≥ 1

Indeterminate True




Maple 3� �
restart;
pde := diff(u(x, t), t$2) = diff(u(x, t), x$2)+x*exp(-t);
bc := u(0,t)=0,u(1,t)=0;
ic := u(x,0)=0,eval(diff(u(x,t),t),t=0)=1;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc,ic],u(x,t))),output='realtime'));� �

u(x, t) = −
2
(

∞∑
n=1

sin(nπx)
((
(−1)nπ2n2−π2n2+2(−1)n−1

)
sin(nπt)+(−1)nπn

(
e−t−cos(nπt)

))
n2(π2n2+1)

)
π2

5.1.1.20 [352] Right end free (general case)

problem number 352

Added July 8, 2019
utt = c2uxx

With boundary conditions

u(0, t) = 0
ux(L, t) = 0

With initial conditions

u(x, 0) = f(x)
ut(x, 0) = g(x)
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0 L
utt = c2uxx ∂u

∂x (L, t) = 0

(free end)
(fixed end)

u(x, 0) = f(x)
∂u
∂t (x, 0) = g(x)

u(0, t) = 0

Figure 5.31: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, Derivative[1, 0][u][L, t] == 0};
ic = {Derivative[0, 1][u][x, 0] == g[x], u[x, 0] == f[x]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> L>0], 60*10]];� �



u(x, t) → { ∞∑

K[1]=1

√
2 sin

(
πx(2K[1]−1)

2L

)
cos

(
1
2πt

√
c2(2K[1]−1)2

L2

)∫ L
0

√
2f(x) sin

(
πx(2K[1]−1)

2L

)
√
L

dx+

2L

∫L0
√

2g(x) sin
(
πx(2K[1]−1)

2L

)
√
L

dx

 sin
(

1
2πt

√
c2(2K[1]−1)2

L2

)

π|c||1−2K[1]|


√
L

K[1] ∈ Z ∧ ((L < 0 ∧ ((c < 0 ∧K[1] ≥ 1) ∨ (c > 0 ∧K[1] ≥ 1))) ∨ (L > 0 ∧ ((c < 0 ∧K[1] ≥ 1) ∨ (c > 0 ∧K[1] ≥ 1))))

Indeterminate True




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t$2)=c^2*diff(u(x,t),x$2);
bc := u(0,t)=0,D[1](u)(L,t)=0;
ic := D[2](u)(x,0)=g(x),u(x,0)=f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t)) assuming L>0),output='realtime'));� �

u(x, t) =
2
(

∞∑
n=0

2 sin
(

(1+2n)πx
2L

)(
cos
(
c(1+2n)πt

2L

)
πc
( 1
2+n

) ∫ L
0 sin

(
(1+2n)πx

2L

)
f(x)dx+

∫ L
0 sin

(
(1+2n)πx

2L

)
g(x)dx sin

(
c(1+2n)πt

2L

)
L
)

(1+2n)cL

)
π

Hand solution

Solving for 0 < x < L
∂2u

∂t2
= c2

∂2u

∂x2
0 < x < L, t > 0

Boundary conditions, t > 0

u(0, t) = 0
∂u

∂x

∣∣∣∣
x=L

= 0

Initial conditions, t = 0

ut(x, 0) = g(x)
u(x, 0) = f(x)
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Separation of variables gives the eigenvalue ODE

X ′′ + λX = 0
X(0) = 0
X ′(L) = 0

Only λ > 0 gives non-trivial solution from the nature of the boundary conditions. Hence
solution is

X(x) = A cos
(√

λx
)
+B sin

(√
λx
)

Since X(0) = 0 then the above gives 0 = A and the solution becomes

X(x) = B sin
(√

λx
)

Taking derivatives
X ′(x) =

√
λB cos

(√
λx
)

Since X ′(L) = 0 the above becomes

0 =
√
λB cos

(√
λL
)

Which implies
√
λL = nπ

2 for n = 1, 3, 5, · · · or

λn =
(nπ
2L

)2
n = 1, 3, 5, · · ·

Hence the eigenfunctions are

Φn(x) = sin
(√

λnx
)

n = 1, 3, 5, · · ·

The time ODE now becomes
T ′′ + c2

(nπ
2L

)2
T = 0

Which has the solution

T (t) = Dn cos
(
c
nπ

2Lt
)
+ En sin

(
c
nπ

2Lt
)

Therefore the complete solution becomes

u(x, t) =
∞∑

n=1,3,5,···

(
Dn cos

(
c
nπ

2Lt
)
+ En sin

(
c
nπ

2Lt
))

Φn(x) (1)

At t = 0 the above becomes
f(x) =

∞∑
n=1,3,5,···

DnΦn(x)

Applying orthogonality gives∫ L

0
f(x) Φn(x) dx = Dn

∫ L

0
Φ2

n(x) dx

= L

2Dn

Hence
Dn = 2

L

∫ L

0
f(x) Φn(x) dx (2)

Taking time derivative of (1) gives

ut(x, t) =
∞∑

n=1,3,5,···

(
−cnπ2LDn sin

(
c
nπ

2Lt
)
+ Enc

nπ

L
cos
(
c
nπ

2Lt
))

Φn(x)
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At t = 0 the above becomes

g(x) =
∞∑

n=1,3,5,···

Enc
nπ

2LΦn(x)

Applying orthogonality gives∫ L

0
g(x) Φn(x) dx = Enc

nπ

L

∫ L

0
Φ2

n(x) dx

= L

2Enc
nπ

2L
= 1

4Encnπ

Hence
En = 4

cnπ

∫ L

0
g(x) Φn(x) dx (3)

Using (2,3) in (1) gives the final solution as

u(x, t) = 2
L

∞∑
n=1,3,5,···

(∫ L

0
f(x) sin

(nπ
2Lx

)
dx

)
cos
(
c
nπ

2Lt
)
sin
(nπ
2Lx

)
+ 4
cπ

∞∑
n=1,3,5,···

1
n

(∫ L

0
g(x) sin

(nπ
2Lx

)
dx

)
sin
(
c
nπ

2Lt
)
sin
(nπ
2Lx

)

Or

u(x, t) = 2
L

∞∑
n=0

(∫ L

0
f(x) sin

(
(2n+ 1) π

2L x

)
dx

)
cos
(
c
(2n+ 1) π

2L t

)
sin
(
(2n+ 1) π

2L x

)
+ 4
cπ

∞∑
n=0

1
(2n+ 1)

(∫ L

0
g(x) sin

(
(2n+ 1) π

2L x

)
dx

)
sin
(
c
(2n+ 1) π

2L t

)
sin
(
(2n+ 1) π

2L x

)

5.1.1.21 [353] Right end free, zero initial velocity (general case)

problem number 353

Added July 8, 2019
utt = c2uxx

With boundary conditions

u(0, t) = 0
ux(L, t) = 0

With initial conditions

u(x, 0) = f(x)
ut(x, 0) = 0

0 L
utt = c2uxx ∂u

∂x (L, t) = 0

(free end)
(fixed end)

u(x, 0) = f(x)
∂u
∂t (x, 0) = 0

u(0, t) = 0

Figure 5.32: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, Derivative[1, 0][u][L, t] == 0};
ic = {Derivative[0, 1][u][x, 0] == 0, u[x, 0] == f[x]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> L>0], 60*10]];� �

u(x, t) → {

∞∑
K[1]=1

√
2 cos

(
1
2πt

√
c2(2K[1]−1)2

L2

)∫ L
0

√
2f(x) sin

(
πx(2K[1]−1)

2L

)
√
L

dx

 sin
(
πx(2K[1]−1)

2L

)
√
L

K[1] ∈ Z ∧ ((L < 0 ∧ ((c < 0 ∧K[1] ≥ 1) ∨ (c > 0 ∧K[1] ≥ 1))) ∨ (L > 0 ∧ ((c < 0 ∧K[1] ≥ 1) ∨ (c > 0 ∧K[1] ≥ 1))))

Indeterminate True




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t$2)=c^2*diff(u(x,t),x$2);
bc := u(0,t)=0,D[1](u)(L,t)=0;
ic := D[2](u)(x,0)=0,u(x,0)=f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t)) assuming L>0),output='realtime'));� �

u(x, t) = 2

 ∞∑
n=0

∫ L

0 sin
(

(1+2n)πx
2L

)
f(x) dx sin

(
(1+2n)πx

2L

)
cos
(

c(1+2n)πt
2L

)
L


Hand solution

Solving for 0 < x < L

utt = c2uxx 0 < x < L, t > 0

Boundary conditions, t > 0

u(0, t) = 0
∂u

∂x

∣∣∣∣
x=L

= 0

Initial conditions, t = 0

ut(x, 0) = g(x) = 0
u(x, 0) = f(x)

The general PDE was solved in 5.1.1.20 on page 673 and the solution is

u(x, t) = 2
L

∞∑
n=0

(∫ L

0
f(x) sin

(
(2n+ 1) π

2L x

)
dx

)
cos
(
c
(2n+ 1) π

2L t

)
sin
(
(2n+ 1) π

2L x

)
+ 4
cπ

∞∑
n=0

1
(2n+ 1)

(∫ L

0
g(x) sin

(
(2n+ 1) π

2L x

)
dx

)
sin
(
c
(2n+ 1) π

2L t

)
sin
(
(2n+ 1) π

2L x

)

But here g(x) = 0, hence the above reduces to

u(x, t) = 2
L

∞∑
n=0

(∫ L

0
f(x) sin

(
(2n+ 1) π

2L x

)
dx

)
cos
(
c
(2n+ 1) π

2L t

)
sin
(
(2n+ 1) π

2L x

)
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5.1.1.22 [354] Right end free, zero initial velocity (special case)

problem number 354

Added July 8, 2019
utt = c2uxx

With boundary conditions

u(0, t) = 0
ux(L, t) = 0

With initial conditions

u(x, 0) = f(x)
ut(x, 0) = 0

Using the following values

c = 4
L = 3

h = 1
10

f(x) =
{ 3h

L
x 0 < x < L

3
h L

3 < x < L

0 3
utt = 16uxx

u(x, 0) =

{
3h
L
x 0 < x < L

3

h L
3
< x < L

ut(x, 0) = 0

u = 0 ux = 0

(Fixed) (Free)

h = 1
10

Figure 5.33: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
L=3; c=4; h=1/10;
f=Piecewise[{{3*h/L*x,0<x<L/3},{h,L/3<x<L}}];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, Derivative[1, 0][u][L, t] == 0};
ic = {Derivative[0, 1][u][x, 0] == 0, u[x, 0] == f};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �

u(x, t) → {

∞∑
K[1]=1

−
12 cos

( 1
3π(K[1]+1)

)
cos
(

2
3πt
√

(2K[1]−1)2
)
sin
( 1
6πx(2K[1]−1)

)
5π2(1−2K[1])2 K[1] ∈ Z ∧K[1] ≥ 1

Indeterminate True



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Maple 3� �
restart;
L:=3;
c:=4;
h:=1/10;
f:=piecewise(0<x and x<L/3,3*h/L*x,L/3<x and x<L,h);
pde := diff(u(x,t),t$2)=c^2*diff(u(x,t),x$2);
bc := u(0,t)=0,D[1](u)(L,t)=0;
ic := D[2](u)(x,0)=0,u(x,0)=f;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t))),output='realtime'));� �

u(x, t) =
12
(

∞∑
n=0

sin
(

(1+2n)π
6

)
sin
(

(1+2n)πx
6

)
cos
(

2(1+2n)πt
3

)
(1+2n)2

)
5π2

Hand solution

Solving the wave PDE on string

utt = c2uxx t > 0, x > 0

Boundary conditions, t > 0

u(0, t) = 0
∂u

∂x

∣∣∣∣
x=L

= 0

Initial conditions, t = 0

u(x, 0) = f(x) =
{ 3h

L
x 0 < x < L

3
h L

3 < x < L

ut(x, 0) = 0

Using c = 4, L = 3, h = 1
10 . Hence f(x) =

{ 1
10x 0 < x < 1
1
10 1 < x < 3

The general problem PDE was solved in 5.1.1.21 on page 676 and the solution is

u(x, t) = 2
L

∞∑
n=0

(∫ L

0
f(s) sin

(
(2n+ 1) π

2L s

)
ds

)
cos
(
(2n+ 1) π

2L ct

)
sin
(
(2n+ 1) π

2L x

)
Substituting the specific values given above into this solution gives

u(x, t) = 2
3

∞∑
n=0

(∫ L

0
f(s) sin

(
(2n+ 1) π

6 s

)
ds

)
cos
(
4(2n+ 1) π

6 t

)
sin
(
(2n+ 1) π

6 x

)
But∫ L

0
f(x) sin

(
(2n+ 1) π

6 x

)
dx =

∫ L
3

0
f(x) sin

(
(2n+ 1) π

6 x

)
dx+

∫ L

L
3

f(x) sin
(
(2n+ 1) π

6 x

)
dx

= 1
10

∫ 1

0
x sin

(
(2n+ 1) π

6 x

)
dx+ 1

10

∫ 3

1
sin
(
(2n+ 1) π

6 x

)
dx

= 18
5π2 (2n+ 1)2

sin
(
(2n+ 1) π

6

)
Hence the solution becomes

u(x, t) = 2
3

∞∑
n=0

18
5π2 (2n+ 1)2

sin
(
(2n+ 1) π

6

)
cos
(
2
3(2n+ 1) πt

)
sin
(
1
6(2n+ 1) πx

)
= 36

15π2

∞∑
n=0

1
(2n+ 1)2

sin
(
(2n+ 1) π

6

)
cos
(
2
3(2n+ 1) πt

)
sin
(
1
6(2n+ 1) πx

)
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Animation is below

Out[ ]=

time 279

time = 02.78 seconds

0.5 1.0 1.5 2.0 2.5 3.0
x

-0.10

-0.05

0.00

0.05

0.10

U

Figure 5.34: Initial state

Source code used for the above

In[ ]:= ClearAll[x, t, n, f, A, B, s, mySol]

c = 4;

L = 3;

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

numberOfTerms = 25;

mySol[x_, t_] =
36

15 π2
Sum

1

(2 n + 1)2
Sin

(2 n + 1) π

6
 Cos

2

3
(2 n + 1) π t Sin

1

6
(2 n + 1) π x, {n, 0, numberOfTerms};

Figure 5.35: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 2}], " seconds"}]},

{

Quiet@Plot[Evaluate[mySol[x, t]], {x, 0, L},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, L}, {-0.12, 0.12}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 10, 0.01}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 5.36: Code for animation



chapter 5. hyperbolic pde’s (wave) 680

5.1.1.23 [355] Right end free, zero initial velocity, damping present (general
case)

problem number 355

Added July 9, 2019
utt + but = c2uxx

For t > 0 and 0 < x < L and boundary conditions

u(0, t) = 0
ux(L, t) = 0

With initial conditions

u(x, 0) = f(x)
ut(x, 0) = 0

0 L
utt + but = c2uxx ∂u

∂x (L, t) = 0

(Free)
(Fixed)

u(x, 0) = f(x)
∂u
∂t (x, 0) = 0

u(0, t) = 0

damping term

Figure 5.37: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] + b*D[u[x,t],t] == c^2*D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, Derivative[1, 0][u][L, t] == 0};
ic = {Derivative[0, 1][u][x, 0] == 0, u[x, 0] == f[x]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions->{b>0,L>0}], 60*10]];� �



u(x, t) → { ∞∑

K[1]=1

√
2e−

bt
2 sin

(
πx(2K[1]−1)

2L

)
cos

(
1
2 t

√
c2π2(2K[1]−1)2

L2 −b2

)∫ L
0

√
2f(x) sin

(
πx(2K[1]−1)

2L

)
√
L

dx+

2

∫L0 bf(x) sin
(
πx(2K[1]−1)

2L

)
√

2
√
L

dx

 sin
(

1
2 t
√
c2π2(2K[1]−1)2

L2 −b2
)

√
c2π2(1−2K[1])2

L2 −b2


√
L

K[1] ∈ Z ∧
((

L < 0 ∧
((

c < 0 ∧
((

b < −
√

c2

L2π ∧K[1] >
√
b2L2
c2

2π + 1
2

)
∨
(
b = −

√
c2

L2π ∧K[1] ≥ 2
)
∨
(
−
√

c2

L2π < b <
√

c2

L2π ∧K[1] ≥ 1
)
∨
(
b =

√
c2

L2π ∧K[1] ≥ 2
)
∨
(
b >

√
c2

L2π ∧K[1] >
√
b2L2
c2

2π + 1
2

)))
∨
(
c > 0 ∧

((
b < −

√
c2

L2π ∧K[1] >
√
b2L2
c2

2π + 1
2

)
∨
(
b = −

√
c2

L2π ∧K[1] ≥ 2
)
∨
(
−
√

c2

L2π < b <
√

c2

L2π ∧K[1] ≥ 1
)
∨
(
b =

√
c2

L2π ∧K[1] ≥ 2
)
∨
(
b >

√
c2

L2π ∧K[1] >
√
b2L2
c2

2π + 1
2

)))))
∨
(
L > 0 ∧

((
c < 0 ∧

((
b < −

√
c2

L2π ∧K[1] >
√
b2L2
c2

2π + 1
2

)
∨
(
b = −

√
c2

L2π ∧K[1] ≥ 2
)
∨
(
−
√

c2

L2π < b <
√

c2

L2π ∧K[1] ≥ 1
)
∨
(
b =

√
c2

L2π ∧K[1] ≥ 2
)
∨
(
b >

√
c2

L2π ∧K[1] >
√
b2L2
c2

2π + 1
2

)))
∨
(
c > 0 ∧

((
b < −

√
c2

L2π ∧K[1] >
√
b2L2
c2

2π + 1
2

)
∨
(
b = −

√
c2

L2π ∧K[1] ≥ 2
)
∨
(
−
√

c2

L2π < b <
√

c2

L2π ∧K[1] ≥ 1
)
∨
(
b =

√
c2

L2π ∧K[1] ≥ 2
)
∨
(
b >

√
c2

L2π ∧K[1] >
√
b2L2
c2

2π + 1
2

))))))
Indeterminate True




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Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t$2) + b*diff(u(x,t),t) = c^2*diff(u(x,t),x$2);
bc := u(0,t)=0,D[1](u)(L,t)=0;
ic := D[2](u)(x,0)=0,u(x,0)=f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t)) assuming L>0,b>0),output='realtime'));� �

u(x, t) =
∞∑
n=0

e−
(
bL+

√
−4c2

(
1
2+n

)2
π2+b2L2

)
t

2L

((
bL+

√
−4c2

(1
2 + n

)2
π2 + b2L2

)
e
t

√
−4c2

(
1
2+n

)2
π2+b2L2

L − bL+
√

−4c2
(1
2 + n

)2
π2 + b2L2

)
sin
(

(1+2n)πx
2L

) ∫ L

0 sin
(

(1+2n)πx
2L

)
f(x) dx√

−4c2
(1
2 + n

)2
π2 + b2L2 L

Hand solution

Solving for t > 0, 0 < x < L

utt + but = c2uxx 0 < x < L, t > 0

Boundary conditions

u(0, t) = 0
∂u

∂x

∣∣∣∣
x=L

= 0

Initial conditions, t = 0

ut(x, 0) = 0
u(x, 0) = f(x)

Separation of variables gives

T ′′X + bT ′X = c2X ′′T

1
c2

(
T ′′

T
+ b

T ′

T

)
= X ′′

X
= −λ

The eigenvalue ODE is

X ′′ + λX = 0
X(0) = 0
X ′(L) = 0

Only λ > 0 gives non-trivial solution from the nature of the boundary conditions. Hence
solution is

X(x) = A cos
(√

λx
)
+B sin

(√
λx
)

Since X(0) = 0 then the above gives 0 = A and the solution becomes

X(x) = B sin
(√

λx
)

Taking derivatives
X ′(x) =

√
λB cos

(√
λx
)

Since X ′(L) = 0 the above becomes

0 =
√
λB cos

(√
λL
)

Which implies
√
λL = nπ

2 for n = 1, 3, 5, · · · or

λn =
(nπ
2L

)2
n = 1, 3, 5, · · ·
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Hence the eigenfunctions are

Φn(x) = sin
(√

λnx
)

n = 1, 3, 5, · · ·

The time ODE now becomes

1
c2

(
T ′′

T
+ b

T ′

T

)
= −λn

T ′′

T
+ b

T ′

T
= −c2λn

T ′′ + bT ′ + c2λnT = 0

The characteristic equation r2 + br+ c2λn = 0 has the roots r = −B
2A ± 1

2A

√
B2 − 4AC → r =

−b
2 ± 1

2
√
b2 − 4c2λn or

r = −b
2 ± 1

2
√
b2 − 4c2λn

Case b2 < 4c2λn for all n. This is called the underdamped case, which generates damped
oscillations. The roots becomes

r = −b
2 ± 1

2i
√

4c2λn − b2

Let βn = 1
2
√
4c2λn − b2, then

r = −b
2 ± iβn

Hence the solution is
Tn(t) = e

−b
2 t(Dn cos (βnt) + En sin (βnt))

Therefore the complete solution becomes

u(x, t) =
∞∑

n=1,3,5,···

e
−b
2 t(Dn cos (βnt) + En sin (βnt)) Φn(x) (1)

At t = 0 the above becomes
f(x) =

∞∑
n=1,3,5,···

DnΦn(x)

Applying orthogonality gives∫ L

0
f(x) Φn(x) dx = Dn

∫ L

0
Φ2

n(x) dx

= L

2Dn

Hence
Dn = 2

L

∫ L

0
f(x) Φn(x) dx (2)

Taking time derivative of (1) gives

ut(x, t) =
∞∑

n=1,3,5,···

−b
2 e

−b
2 t(Dn cos (βnt) + En sin (βnt)) Φn(x)+e

−b
2 t(−βnDn sin (βnt) + Enβn cos (βnt)) Φn(x)

At t = 0 since g(x) = 0 then the above becomes

0 =
∞∑

n=1,3,5,···

(
−b
2 Dn + Enβn

)
Φn(x)

0 = −b
2 Dn + Enβn

En = bDn

2βn
(3)
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Using (2,3), the solution (1) now becomes

u(x, t) =
∞∑

n=1,3,5,···

e
−b
2 t

(
Dn cos (βnt) +

bDn

2βn
sin (βnt)

)
Φn(x)

=
∞∑

n=1,3,5,···

Dne
−b
2 t

(
cos (βnt) +

b

2βn
sin (βnt)

)
Φn(x)

Or

u(x, t) =
∞∑

n=1,3,5,···

(
2
L

∫ L

0
f(s) Φn(s) ds

)
e

−b
2 t

(
cos (βnt) +

b

2βn
sin (βnt)

)
Φn(x)

But βn = 1
2
√
4c2λn − b2,λn =

(
nπ
2L

)2 and Φn(x) = sin
(
nπ
2Lx
)
, hence the above becomes

u(x, t) =
∞∑

n=1,3,5,···

(
2
L

∫ L

0
f(s) sin

(nπ
2Ls

)
ds

)
e

−b
2 t cos

(
1
2

√
4c2
(nπ
2L

)2
− b2t

)
sin
(nπ
2Lx

)

+
∞∑

n=1,3,5,···

(
2
L

∫ L

0
f(s) sin

(nπ
2Ls

)
ds

)
e

−b
2 t

b sin
(

1
2

√
4c2
(
nπ
2L

)2 − b2t

)
√
4c2
(
nπ
2L

)2 − b2
sin
(nπ
2Lx

)
Or

u(x, t) =
∞∑
n=0

(
2
L

∫ L

0
f(s) sin

(
(2n+ 1) π

2L s

)
ds

)
e

−b
2 t cos

1
2

√
4c2
(
(2n+ 1) π

2L

)2

− b2t

 sin
(
(2n+ 1) π

2L x

)

+
∞∑
n=0

(
2
L

∫ L

0
f(s) sin

(
(2n+ 1) π

2L s

)
ds

)
e

−b
2 t

b sin
(

1
2

√
4c2
(

(2n+1)π
2L

)2
− b2t

)
√
4c2
(

(2n+1)π
2L

)2
− b2

sin
(
(2n+ 1) π

2L x

)

Case b2 = 4c2
(
nπ
2L

)2. We see that for n = 1 it becomes critical, because then b = πc
L

and now
and the discriminant is zero in this case. This is called the critical damped case. For n > 1,
it becomes underdamped, which is the above case. So we only need to find solution for n = 1.
In this case, the solution to T ′′ + bT ′ + c2λ1T = 0 is

T1(t) = D1e
−b
2 t + E1te

−b
2 t

Therefore the complete solution becomes

u(x, t) =
(
D1e

−b
2 t + E1te

−b
2 t
)
sin
( π
2Lx

)
+

∞∑
n=3,5,···

(
Dne

−b
2 t + Ente

−b
2 t
)
sin
(√

λnx
)

(4)

For n = 1, At t = 0, from intial conditions (4) becomes

f(x) = D1 sin
( π
2Lx

)
By orthognailty the above gives

D1 =
2
L

∫ L

0
f(x) sin

( π
2Lx

)
dx (5)

Taking time derivative of (4) for n = 1, gives

u(x, t) =
(
−b
2 D1e

−b
2 t + E1

(
e

−b
2 t − b

2te
−b
2 t

))
sin
( π
2Lx

)
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At t = 0 and since g(x) = 0, then the above becomes

0 =
(
−b
2 D1 + E1

)
sin
( π
2Lx

)
−b
2 D1 + E1 = 0

E1 =
b

2D1 (6)

Using (5,6) then (4) becomes

u(x, t) = D1

(
e

−b
2 t + b

2te
−b
2 t

)
sin
( π
2Lx

)
+

∞∑
n=3,5,···

(
Dne

−b
2 t + Ente

−b
2 t
)
sin
(√

λnx
)

=
(
2
L

∫ L

0
f(x) sin

( π
2Lx

)
dx

)(
e

−b
2 t + b

2te
−b
2 t

)
sin
( π
2Lx

)
+

∞∑
n=3,5,···

(
2
L

∫ L

0
f(s) sin

(√
λns
)
ds

)(
e

−b
2 t + bt

2 e
−b
2 t

)
sin
(√

λnx
)

For the case of n > 1, the solution was found in the above underdamped case. Putting all
these together, gives the solution as

u(x, t) =
(
2
L

∫ L

0
f(s) sin

( π
2Ls

)
ds

)(
e

−b
2 t + b

2te
−b
2 t

)
sin
( π
2Lx

)
+

∞∑
n=2

(
2
L

∫ L

0
f(s) sin

(
(2n+ 1) π

2L s

)
ds

)
e

−b
2 t cos

1
2

√
4c2
(
(2n+ 1) π

2L

)2

− b2t

 sin
(
(2n+ 1) π

2L x

)

+
∞∑
n=2

(
2
L

∫ L

0
f(s) sin

(
(2n+ 1) π

2L s

)
ds

)
e

−b
2 t

b sin
(

1
2

√
4c2
(

(2n+1)π
2L

)2
− b2t

)
√
4c2
(

(2n+1)π
2L

)2
− b2

sin
(
(2n+ 1) π

2L x

)

Case b2 > 4c2
(
nπ
2L

)2. Will consider only the case when this is true for n = 1 only. If this is
true for larger n, then same solution needs to be summed for each mode. But for simplicity,
will consider n = 1 here. In this case, the roots are

r = −b
2 ± 1

2
√
b2 − 4c2λ1

Where now b2−4c2λ1 is positive. Hence we get r1 = −b
2 + 1

2
√
b2 − 4c2λ1, r2 = −b

2 − 1
2
√
b2 − 4c2λ1

or

r1 =
−b
2 + 1

2

√
b2 − 4c2

( π
2L

)2
r1 =

−b
2 − 1

2

√
b2 − 4c2

( π
2L

)2
And the solution to T ′′

1 + bT ′
1 + c2λ1T = 0 is

T1(t) = e
−b
2 t

(
D1e

1
2

√
b2−4c2

(
π
2L
)2

t + E1e
−1
2

√
b2−4c2

(
π
2L
)2

t

)
For the rest of the modes, the solution is from above

Tn(t) = e
−b
2 t(Dn cos (βnt) + En sin (βnt)) n = 3, 5, 7, · · ·

Hence the complete solution becomes

u(x, t) = e
−b
2 t

(
D1e

1
2

√
b2−4c2

(
π
2L
)2

t + E1e
−1
2

√
b2−4c2

(
π
2L
)2

t

)
sin
( π
2Lx

)
(7)

+
∞∑

n=3,5,···

e
−b
2 t(Dn cos (βnt) + En sin (βnt)) sin

(nπ
2Lx

)
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At t = 0 and for n = 1, the above becomes

f(x) = (D1 + E1) sin
( π
2Lx

)
Hence

(D1 + E1) =
2
L

∫ L

0
f(x) sin

( π
2Lx

)
dx (8)

Taking time derivative of (7) and for n = 1 at t = 0 it gives

0 =
(
−b
2 (D1 + E1) +

(
1
2

√
b2 − 4c2

( π
2L

)2
D1 − E1

1
2

√
b2 − 4c2

( π
2L

)2))
sin
( π
2Lx

)
Hence

−b
2 (D1 + E1) +

(
1
2

√
b2 − 4c2

( π
2L

)2
D1 − E1

1
2

√
b2 − 4c2

( π
2L

)2)
= 0

−E1

(
b

2 + 1
2

√
b2 − 4c2

( π
2L

)2)
=
(
b

2 − 1
2

√
b2 − 4c2

( π
2L

)2)
D1

E1 =
− b

2 +
1
2

√
b2 − 4c2

(
π
2L

)2
b
2 +

1
2

√
b2 − 4c2

(
π
2L

)2 D1

(9)

From (8,9)

D1 =
2
L

∫ L

0
f(x) sin

( π
2Lx

)
dx− E1

D1 −
b
2 −

1
2

√
b2 − 4c2

(
π
2L

)2
b
2 +

1
2

√
b2 − 4c2

(
π
2L

)2D1 =
2
L

∫ L

0
f(x) sin

( π
2Lx

)
dx

D1 =
2
L

∫ L

0 f(x) sin
(

π
2Lx
)
dx

1−
b
2−

1
2

√
b2−4c2

(
π
2L
)2

b
2+

1
2

√
b2−4c2

(
π
2L
)2

=
b
2 +

1
2

√
b2 − 4c2

(
π
2L

)2√
b2 − 4c2

(
π
2L

)2 2
L

∫ L

0
f(x) sin

( π
2Lx

)
dx

And therefore

E1 =
− b

2 +
1
2

√
b2 − 4c2

(
π
2L

)2
b
2 +

1
2

√
b2 − 4c2

(
π
2L

)2
 b

2 +
1
2

√
b2 − 4c2

(
π
2L

)2√
b2 − 4c2

(
π
2L

)2
 2
L

∫ L

0
f(x) sin

( π
2Lx

)
dx

=
− b

2 +
1
2

√
b2 − 4c2

(
π
2L

)2√
b2 − 4c2

(
π
2L

)2 2
L

∫ L

0
f(x) sin

( π
2Lx

)
dx

For n > 1 the solution is the same as the underdamped case above. Hence the complete
solution becomes from (7)

u(x, t) = e
−b
2 t

(
D1e

1
2

√
b2−4c2

(
π
2L
)2

t + E1e
−1
2

√
b2−4c2

(
π
2L
)2

t

)
sin
( π
2Lx

)
+

∞∑
n=3,5,···

e
−b
2 t(Dn cos (βnt) + En sin (βnt)) sin

(nπ
2Lx

)
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Or

u(x, t) = e
−b
2 t

 b
2 +

1
2

√
b2 − 4c2

(
π
2L

)2√
b2 − 4c2

(
π
2L

)2
 2
L

(∫ L

0
f(s) sin

(√
π

2Ls
)
ds

)
e

1
2

√
b2−4c2

(
π
2L
)2

t sin
( π
2Lx

)

+ e
−b
2 t

− b
2 +

1
2

√
b2 − 4c2

(
π
2L

)2√
b2 − 4c2

(
π
2L

)2
 2
L

(∫ L

0
f(s) sin

(√
π

2Ls
)
ds

)
e

−1
2

√
b2−4c2

(
π
2L
)2

t sin
( π
2Lx

)

+
∞∑

n=3,5,···

(
2
L

∫ L

0
f(s) sin

(nπ
2Ls

)
ds

)
e

−b
2 t cos

(
1
2

√
4c2
(nπ
2L

)2
− b2t

)
sin
(nπ
2Lx

)

+
∞∑

n=3,5,···

(
2
L

∫ L

0
f(s) sin

(nπ
2Ls

)
ds

)
e

−b
2 t

b sin
(

1
2

√
4c2
(
nπ
2L

)2 − b2t

)
√
4c2
(
nπ
2L

)2 − b2
sin
(nπ
2Lx

)
Or

u(x, t) = e
−b
2 t

 b
2 +

1
2

√
b2 − 4c2

(
π
2L

)2√
b2 − 4c2

(
π
2L

)2
 2
L

(∫ L

0
f(s) sin

(√
π

2Ls
)
ds

)
e

1
2

√
b2−4c2

(
π
2L
)2

t sin
( π
2Lx

)

+ e
−b
2 t

− b
2 +

1
2

√
b2 − 4c2

(
π
2L

)2√
b2 − 4c2

(
π
2L

)2
 2
L

(∫ L

0
f(s) sin

(√
π

2Ls
)
ds

)
e

−1
2

√
b2−4c2

(
π
2L
)2

t sin
( π
2Lx

)

+
∞∑
n=1

(
2
L

∫ L

0
f(s) sin

(
(2n+ 1) π

2L s

)
ds

)
e

−b
2 t cos

1
2

√
4c2
(
(2n+ 1) π

2L

)2

− b2t

 sin
(
(2n+ 1) π

2L x

)

+
∞∑
n=1

(
2
L

∫ L

0
f(s) sin

(
(2n+ 1) π

2L s

)
ds

)
e

−b
2 t

b sin
(

1
2

√
4c2
(

(2n+1)π
2L

)2
− b2t

)
√
4c2
(

(2n+1)π
2L

)2
− b2

sin
(
(2n+ 1) π

2L x

)

5.1.1.24 [356] Right end free, zero initial velocity, damping present (special
case, underdamped)

problem number 356

Added July 9, 2019
utt + but = c2uxx

For t > 0 and 0 < x < L and boundary conditions

u(0, t) = 0
ux(L, t) = 0

With initial conditions

u(x, 0) = f(x)
ut(x, 0) = 0

Using the following values

L = 3
c = 4

f(x) =
{ 3h

L
x 0 < x < L

3
h L

3 < x < L

h = 1
10

b = 1
2
πc

L
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Hence b = 2π
3

0 3
utt +

2π
3
ut = c2uxx ∂u

∂x (3, t) = 0

(Free)
(Fixed)

u(x, 0) =

{
1
10x 0 < x < 1
1
10 1 < x < 3

∂u
∂t (x, 0) = 0

u(0, t) = 0

Figure 5.38: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
L=3; c=4; h=1/10; b=1/2*(Pi*c/L);
f=Piecewise[{{3*h/L*x,0<x<L/3},{h,L/3<x<L}}];
pde = D[u[x, t], {t, 2}] + b*D[u[x,t],t] == c^2*D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, Derivative[1, 0][u][L, t] == 0};
ic = {Derivative[0, 1][u][x, 0] == 0, u[x, 0] == f};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �

u(x, t) → {

∞∑
K[1]=1

√
2
3e

−πt
3 sin

(1
6πx(2K[1]− 1)

)(
−

6
√
6 cos

( 1
3π(K[1]+1)

)
cos
(

1
2 t
√

16
9 π2(2K[1]−1)2− 4π2

9

)
5π2(1−2K[1])2 −

6
√
6 cos

( 1
3π(K[1]+1)

)
sin
(

1
2 t
√

16
9 π2(2K[1]−1)2− 4π2

9

)
5π2(1−2K[1])2

√
16K[1]2−16K[1]+3

)
K[1] ∈ Z ∧K[1] ≥ 1

Indeterminate True




Maple 3� �
restart;
L:=3;
c:=4;
h:=1/10;
b:=1/2*(Pi*c/L);
f:=piecewise(0<x and x<L/3,3*h/L*x,L/3<x and x<L,h);
pde := diff(u(x,t),t$2) + b*diff(u(x,t),t) = c^2*diff(u(x,t),x$2);
bc := u(0,t)=0,D[1](u)(L,t)=0;
ic := D[2](u)(x,0)=0,u(x,0)=f;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t)) ),output='realtime'));� �

u(x, t) =

6

 ∞∑
n=0

sin
(

(1+2n)πx
6

)
sin
(

(1+2n)π
6

)
e−

π
(
i
√

16n2+16n+3+1
)
t

3

(
i+
(√

16n2+16n+3−i
)
e
2i
√

16n2+16n+3πt
3 +

√
16n2+16n+3

)
√
16n2+16n+3 (1+2n)2


5π2

Hand solution

Solving the wave PDE on string underdamped case t > 0, 0 < x < L

utt + but = c2uxx 0 < x < L, t > 0

Boundary conditions

u(0, t) = 0
∂u

∂x

∣∣∣∣
x=L

= 0
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Initial conditions, t = 0

ut(x, 0) = 0
u(x, 0) = f(x)

Using

f(x) =
{ 3h

L
x 0 < x < L

3
h L

3 < x < L

b = 2π
3

c = 4
L = 3

Hence the PDE becomes utt + 2π
3 ut = 16uxx. The general solution to the above PDE was

given in problem 5.1.1.23 on page 681. The eigenvalues are given as

λn =
(
(2n+ 1) π

2L

)2

n = 0, 1, 2, · · ·

And the discriminant is b2 − 4c2λn = b2 − 4c2
(

(2n+1)π
2L

)2
= b2 − (4) (16)

(
(2n+1)2π2

36

)
. For

n = 0 this gives b2 − 16
9 π

2. But b = 2π
3 . Hence discriminant is

(2π
3

)2 − 16
9 π

2 = −4
3π

2. Since
discriminant is negative, then this is underdamped wave with damped oscillations as the
solution given from the above problem as

u(x, t) =
∞∑
n=0

(
2
L

∫ L

0
f(s) sin

(
(2n+ 1)π

2L s

)
ds

)
e

−b
2 t cos

1
2

√
4c2
(
(2n+ 1)π

2L

)2
− b2t

 sin
(
(2n+ 1)π

2L x

)

+
∞∑
n=0

(
2
L

∫ L

0
f(s) sin

(
(2n+ 1)π

2L s

)
ds

)
e

−b
2 t

b sin
(

1
2

√
4c2
(
(2n+1)π

2L

)2
− b2t

)
√
4c2
(
(2n+1)π

2L

)2
− b2

sin
(
(2n+ 1)π

2L x

)

Replacing given values in the above solution results in

u(x, t) =
∞∑
n=0

(
2
3

∫ 3

0
f(s) sin

(
(2n+ 1)π

2L s

)
ds

)
e

−π
3 t

cos

1
2

√
64
(
(2n+ 1)π

6

)2
−
(
2π
3

)2
t

 sin
(
(2n+ 1)π

6 x

)

(1)

+
∞∑
n=0

(
2
3

∫ 3

0
f(s) sin

(
(2n+ 1)π

6 s

)
ds

)
e

−π
3 t

2π
3

sin
(

1
2

√
64
(
(2n+1)π

6

)2
−
(2π

3
)2
t

)
√
64
(
(2n+1)π

6

)2
−
(2π

3
)2

 sin
(
(2n+ 1)π

6 x

)

But∫ 3

0
f(s) sin

(
(2n+ 1) π

6 s

)
= 1

10

∫ 1

0
x sin

(
(2n+ 1) π

6 x

)
dx+ 1

10

∫ 3

1
sin
(
(2n+ 1) π

6 x

)
dx

= 18
5π2 (2n+ 1)2

sin
(
(2n+ 1) π

6

)
Hence the solution (1) becomes

u(x, t) =
∞∑
n=0

(
2
3

18
5π2 (2n+ 1)2

sin
(
(2n+ 1)π

6

))
e

−π
3 t

cos

1
2

√
64
(
(2n+ 1)π

6

)2
−
(
2π
3

)2
t

 sin
(
(2n+ 1)π

6 x

)

(2)

+
∞∑
n=0

(
2
3

18
5π2 (2n+ 1)2

sin
(
(2n+ 1)π

6

))
e

−π
3 t

2π
3

sin
(

1
2

√
64
(
(2n+1)π

6

)2
−
(2π

3
)2
t

)
√
64
(
(2n+1)π

6

)2
−
(2π

3
)2

 sin
(
(2n+ 1)π

6 x

)
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Animation is below

Out[ ]=

time 1

time = 0.00 seconds

0.5 1.0 1.5 2.0 2.5 3.0
x

-0.02

0.00

0.02

0.04

0.06

0.08

0.10

U

Figure 5.39: Initial state

Source code used for the above

ClearAll[x, t, n, f, A, B, s, mySol]

c = 4;

L = 3;

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

numberOfTerms = 16;

z =
2

3

18

5 π2 (2 n + 1)2
Sin

(2 n + 1) π

6
;

mySol[x_, t_] = Sumz Exp
-π t

3
 Sin

(2 n + 1) π

6
x Cos

1

2
64 

(2 n + 1) π

6

2
- 

2 π

3

2
t , {n, 0, numberOfTerms}

+Sumz Exp
-π t

3
 Sin

(2 n + 1) π

6
x

2 π

3

Sin 1

2
64  (2 n+1) π

6

2
- 

2 π

3

2 t

64  (2 n+1) π

6

2
- 

2 π

3

2

, {n, 0, numberOfTerms};

Figure 5.40: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {3, 2}], " seconds"}]},

{

Quiet@Plot[Evaluate[mySol[x, t]], {x, 0, L},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, L}, {-0.02, 0.11}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 4, 0.01}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 5.41: Code for animation
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5.1.1.25 [357] Right end free, zero initial velocity, damping present (special
case, critical damped)

problem number 357

Added July 10, 2019
utt + but = c2uxx

For t > 0 and 0 < x < L and boundary conditions

u(0, t) = 0
ux(L, t) = 0

With initial conditions

u(x, 0) = f(x)
ut(x, 0) = 0

Using the following values

L = 3
c = 4

f(x) =
{ 3h

L
x 0 < x < L

3
h L

3 < x < L

h = 1
10

b = πc

L

Hence b = 4π
3

0 3
utt +

4π
3
ut = c2uxx ∂u

∂x (3, t) = 0

(Free)
(Fixed)

u(x, 0) =

{
1
10x 0 < x < 1
1
10 1 < x < 3

∂u
∂t (x, 0) = 0

u(0, t) = 0

Figure 5.42: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
L=3; c=4; h=1/10; b=Pi*c/L;
f=Piecewise[{{3*h/L*x,0<x<L/3},{h,L/3<x<L}}];
pde = D[u[x, t], {t, 2}] + b*D[u[x,t],t] == c^2*D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, Derivative[1, 0][u][L, t] == 0};
ic = {Derivative[0, 1][u][x, 0] == 0, u[x, 0] == f};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �

u(x, t) → {

∞∑
K[1]=1

√
2
3e

− 2πt
3 sin

(1
6πx(2K[1]− 1)

)(
−

6
√
6 cos

( 1
3π(K[1]+1)

)
cos
(

1
2 t
√

16
9 π2(2K[1]−1)2− 16π2

9

)
5π2(1−2K[1])2 −

3
√
6 cos

( 1
3π(K[1]+1)

)
sin
(

1
2 t
√

16
9 π2(2K[1]−1)2− 16π2

9

)
5π2

√
(K[1]−1)K[1](2K[1]−1)2

)
K[1] ∈ Z ∧K[1] ≥ 2

Indeterminate True



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Maple 3� �
restart;
L:=3;
c:=4;
h:=1/10;
b:=Pi*c/L;
f:=piecewise(0<x and x<L/3,3*h/L*x,L/3<x and x<L,h);
pde := diff(u(x,t),t$2) + b*diff(u(x,t),t) = c^2*diff(u(x,t),x$2);
bc := u(0,t)=0,D[1](u)(L,t)=0;
ic := D[2](u)(x,0)=0,u(x,0)=f;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t)) ),output='realtime'));� �

u(x, t) =
∞∑
n=0


4 sin

(
πx
6
)
e−

2πt
3
(
πt+ 3

2
)

5π2 n = 0

3
(√

3 sin
(
πn
3
)
+cos

(
πn
3
))

e−
4t
(
i
√
n
√
n+1+1

2
)
π

3 sin
(

(1+2n)πx
6

)(
i+
(
2
√
n
√
n+1−i

)
e
8iπ

√
n
√
n+1 t

3 +2
√
n
√
n+1

)
10

√
n
√
n+1π2(1+2n)2 0 < n

Hand solution

Solving the wave PDE on string underdamped case t > 0, 0 < x < L

utt + but = c2uxx 0 < x < L, t > 0

Boundary conditions

u(0, t) = 0
∂u

∂x

∣∣∣∣
x=L

= 0

Initial conditions, t = 0

ut(x, 0) = 0
u(x, 0) = f(x)

Using

f(x) =
{ 3h

L
x 0 < x < L

3
h L

3 < x < L

b = 4π
3

c = 4
L = 3

h = 1
10

Hence the PDE becomes utt + 4π
3 ut = 16uxx. The general solution to the above PDE was

given in problem 5.1.1.23 on page 681. The eigenvalues are given as

λn =
(
(2n+ 1) π

2L

)2

n = 0, 1, 2, · · ·

And the discriminant is b2−4c2λn = b2−4c2
(

(2n+1)π
2L

)2
= b2− (4) (16)

(
(2n+1)2π2

36

)
. For n = 0

this gives b2 −
(4
3π
)2. But b = 4π

3 . Hence discriminant is zero for n = 0. This means this is
critically damped in first mode. Using the the solution for this case from the above general
solution as
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u(x, t) =
(
2
L

∫ L

0
f(s) sin

( π
2Ls

)
ds

)(
e

−b
2 t + b

2te
−b
2 t

)
sin
( π
2Lx

)
+

∞∑
n=1

(
2
L

∫ L

0
f(s) sin

(
(2n+ 1) π

2L s

)
ds

)
e

−b
2 t cos

1
2

√
4c2
(
(2n+ 1) π

2L

)2

− b2t

 sin
(
(2n+ 1) π

2L x

)

+
∞∑
n=1

(
2
L

∫ L

0
f(s) sin

(
(2n+ 1) π

2L s

)
ds

)
e

−b
2 t

b sin
(

1
2

√
4c2
(

(2n+1)π
2L

)2
− b2t

)
√
4c2
(

(2n+1)π
2L

)2
− b2

sin
(
(2n+ 1) π

2L x

)

Replacing given values in the above solution results in

u(x, t) =
(
2
3

∫ 3

0
f(x) sin

(π
6x
)
dx

)(
e

−2πt
3 + b

2te
−2πt

3

)
sin
(π
6x
)

(1)

+
∞∑
n=1

(
2
3

∫ 3

0
f(s) sin

(
(2n+ 1) π

6 s

)
ds

)
e

−2πt
3 cos

1
2

√
64
(
(2n+ 1) π

6

)2

−
(
4π
3

)2

t

 sin
(
(2n+ 1) π

2L x

)

+
∞∑
n=1

(
2
3

∫ 3

0
f(s) sin

(
(2n+ 1) π

6 s

)
ds

)
e

−b
2 t

(4π
3

)
sin
(

1
2

√
64
(

(2n+1)π
6

)2
−
(4π

3

)2
t

)
√
64
(

(2n+1)π
6

)2
−
(4π

3

)2 sin
(
(2n+ 1) π

6 x

)

But

∫ 3

0
f(x) sin

(π
6x
)
dx = 9

5π2

And∫ 3

0
f(s) sin

(
(2n+ 1) π

6 s

)
= 1

10

∫ 1

0
x sin

(
(2n+ 1) π

6 x

)
dx+ 1

10

∫ 3

1
sin
(
(2n+ 1) π

6 x

)
dx

= 18
5π2 (2n+ 1)2

sin
(
(2n+ 1) π

6

)
Hence the solution (1) becomes

u(x, t) = 6
5π2

(
e

−2πt
3 + 2

3πte
−2πt

3

)
sin
(π
6x
)

(1)

+
∞∑
n=1

12
5π2 (2n+ 1)2

sin
(
(2n+ 1) π

6

)
e

−2πt
3 cos

1
2

√
64
(
(2n+ 1) π

6

)2

−
(
4π
3

)2

t

 sin
(
(2n+ 1) π

6 x

)

+
∞∑
n=1

12
5π2 (2n+ 1)2

sin
(
(2n+ 1) π

6

)
e

−2πt
3

(4π
3

)
sin
(

1
2

√
64
(

(2n+1)π
6

)2
−
(4π

3

)2
t

)
√

64
(

(2n+1)π
6

)2
−
(4π

3

)2 sin
(
(2n+ 1) π

6 x

)

Animation is below
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Out[ ]=

time 1

time = 0.00 seconds

0.5 1.0 1.5 2.0 2.5 3.0
x

-0.02

0.00

0.02

0.04

0.06

0.08

0.10

0.12
U

Figure 5.43: Initial state

Source code used for the above

In[ ]:= padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

numberOfTerms = 50;

z =
12

5 π2 (2 n + 1)2
Sin

(2 n + 1) π

6
;

mySol[x_, t_] =
6

5 π2
Exp

-2 π t

3
 +

2

3
π t Exp

-2 π t

3
 Sin

π

6
x + Sumz Exp

-2 π t

3
 Sin

(2 n + 1) π

6
x Cos

1

2
64 

(2 n + 1) π

6

2
- 

4 π

3

2
t , {n, 1, numberOfTerms} +

Sumz Exp
-2 π t

3
 Sin

(2 n + 1) π

6
x

4 π

3

Sin 1

2
64  (2 n+1) π

6

2
- 

4 π

3

2 t

64  (2 n+1) π

6

2
- 

4 π

3

2

, {n, 1, numberOfTerms};

Figure 5.44: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {3, 2}], " seconds"}]},

{

Quiet@Plot[Evaluate[mySol[x, t]], {x, 0, L},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, L}, {-0.01, 0.11}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 2.9, 0.01}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 5.45: Code for animation
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5.1.1.26 [358] Right end free, zero initial velocity, damping present (special
case, over damped)

problem number 358

Added July 11, 2019
utt + but = c2uxx

For t > 0 and 0 < x < L and boundary conditions

u(0, t) = 0
ux(L, t) = 0

With initial conditions

u(x, 0) = f(x)
ut(x, 0) = 0

Using the following values

L = 3
c = 4

f(x) =
{ 3h

L
x 0 < x < L

3
h L

3 < x < L

h = 1
10

b = 3
2
πc

L

Hence b = 2π

0 3
utt +

4π
3
ut = c2uxx ∂u

∂x (3, t) = 0

(Free)
(Fixed)

u(x, 0) =

{
1
10x 0 < x < 1
1
10 1 < x < 3

∂u
∂t (x, 0) = 0

u(0, t) = 0

Figure 5.46: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
L=3; c=4; h=1/10; b=3/2*Pi*c/L;
f=Piecewise[{{3*h/L*x,0<x<L/3},{h,L/3<x<L}}];
pde = D[u[x, t], {t, 2}] + b*D[u[x,t],t] == c^2*D[u[x, t], {x, 2}];
bc = {u[0, t] == 0, Derivative[1, 0][u][L, t] == 0};
ic = {Derivative[0, 1][u][x, 0] == 0, u[x, 0] == f};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �

u(x, t) → {

∞∑
K[1]=1

√
2
3e

−πt sin
(1
6πx(2K[1]− 1)

)(
−

6
√
6 cos

( 1
3π(K[1]+1)

)
cos
(

1
2 t
√

16
9 π2(2K[1]−1)2−4π2

)
5π2(1−2K[1])2 −

18
√
6 cos

( 1
3π(K[1]+1)

)
sin
(

1
2 t
√

16
9 π2(2K[1]−1)2−4π2

)
5π2(1−2K[1])2

√
16K[1]2−16K[1]−5

)
K[1] ∈ Z ∧K[1] ≥ 2

Indeterminate True






chapter 5. hyperbolic pde’s (wave) 695

Maple 3� �
restart;
L:=3;
c:=4;
h:=1/10;
b:=3/2*Pi*c/L;
f:=piecewise(0<x and x<L/3,3*h/L*x,L/3<x and x<L,h);
pde := diff(u(x,t),t$2) + b*diff(u(x,t),t) = c^2*diff(u(x,t),x$2);
bc := u(0,t)=0,D[1](u)(L,t)=0;
ic := D[2](u)(x,0)=0,u(x,0)=f;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,t)) ),output='realtime'));� �

u(x, t) =

6

 ∞∑
n=0

sin
(

(1+2n)π
6

)
sin
(

(1+2n)πx
6

)
e−

π
(√

−16n2−16n+5+3
)
t

3

((√
−16n2−16n+5+3

)
e
2πt

√
−16n2−16n+5

3 +
√
−16n2−16n+5−3

)
(1+2n)2

√
−16n2−16n+5


5π2

Hand solution

Solving the wave PDE on string underdamped case t > 0, 0 < x < L

utt + but = c2uxx 0 < x < L, t > 0

Boundary conditions

u(0, t) = 0
∂u

∂x

∣∣∣∣
x=L

= 0

Initial conditions, t = 0

ut(x, 0) = 0
u(x, 0) = f(x)

Using

f(x) =
{ 3h

L
x 0 < x < L

3
h L

3 < x < L

b = 2π
c = 4
L = 3

h = 1
10

Hence the PDE becomes utt + 2πut = 16uxx. The general solution to the above PDE was
given in problem 5.1.1.23 on page 681. The eigenvalues are given as

λn =
(
(2n+ 1) π

2L

)2

n = 0, 1, 2, · · ·

And the discriminant is b2−4c2λn = b2−4c2
(

(2n+1)π
2L

)2
= b2− (4) (16)

(
(2n+1)2π2

36

)
. For n = 0

this gives b2 −
(4
3π
)2. But b = 2π. Hence discriminant is positive for n = 0. This means this

is critically damped in first mode. Using the the solution for this case from the above general
solution as
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u(x, t) = e
−b
2 t

 b
2 +

1
2

√
b2 − 4c2

(
π
2L

)2√
b2 − 4c2

(
π
2L

)2
 2
L

(∫ L

0
f(s) sin

(√
π

2Ls
)
ds

)
e

1
2

√
b2−4c2

(
π
2L
)2

t sin
( π
2Lx

)

+ e
−b
2 t

− b
2 +

1
2

√
b2 − 4c2

(
π
2L

)2√
b2 − 4c2

(
π
2L

)2
 2
L

(∫ L

0
f(s) sin

(√
π

2Ls
)
ds

)
e

−1
2

√
b2−4c2

(
π
2L
)2

t sin
( π
2Lx

)

+
∞∑
n=1

(
2
L

∫ L

0
f(s) sin

(
(2n+ 1) π

2L s

)
ds

)
e

−b
2 t cos

1
2

√
4c2
(
(2n+ 1) π

2L

)2

− b2t

 sin
(
(2n+ 1) π

2L x

)

+
∞∑
n=1

(
2
L

∫ L

0
f(s) sin

(
(2n+ 1) π

2L s

)
ds

)
e

−b
2 t

b sin
(

1
2

√
4c2
(

(2n+1)π
2L

)2
− b2t

)
√
4c2
(

(2n+1)π
2L

)2
− b2

sin
(
(2n+ 1) π

2L x

)

Replacing given values in the above solution results in

u(x, t) = e−πt

π + 1
2

√
4π2 − 64

(
π
6

)2√
4π2 − 64

(
π
6

)2
 2

3

(∫ 3

0
f(s) sin

(√
π

6 s
)
ds

)
e

1
2

√
4π2−64

(
π
6
)2

t sin
(π
6x
)
(1)

+ e−πt

−π + 1
2

√
4π2 − 64

(
π
6

)2√
4π2 − 64

(
π
6

)2
 2

3

(∫ 3

0
f(s) sin

(√
π

6 s
)
ds

)
e

−1
2

√
4π2−64

(
π
6
)2

t sin
(π
6x
)

+
∞∑
n=1

(
2
3

∫ 3

0
f(s) sin

(
(2n+ 1) π

6 s

)
ds

)
e−πt cos

1
2

√
64
(
(2n+ 1) π

6

)2

− 4π2t

 sin
(
(2n+ 1) π

6 x

)

+
∞∑
n=1

(
2
3

∫ 3

0
f(s) sin

(
(2n+ 1) π

6 s

)
ds

)
e−πt

2π sin
(

1
2

√
64
(

(2n+1)π
6

)2
− 4π2t

)
√

64
(

(2n+1)π
6

)2
− 4π2

sin
(
(2n+ 1) π

6 x

)

But

∫ 3

0
f(x) sin

(π
6x
)
dx = 9

5π2

And∫ 3

0
f(s) sin

(
(2n+ 1) π

6 s

)
= 1

10

∫ 1

0
x sin

(
(2n+ 1) π

6 x

)
dx+ 1

10

∫ 3

1
sin
(
(2n+ 1) π

6 x

)
dx

= 18
5π2 (2n+ 1)2

sin
(
(2n+ 1) π

6

)
Hence the solution (1) becomes
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u(x, t) = e−πt

π +
√
π2 − 16

(
π
6

)2
2
√
π2 − 16

(
π
6

)2
( 6

5π2

)
e

√
π2−16

(
π
6
)2

t sin
(π
6x
)

(2)

+ e−πt

−π +
√
π2 − 16

(
π
6

)2
2
√
π2 − 16

(
π
6

)2
( 6

5π2

)
e−
√

π2−16
(
π
6
)2

t sin
(π
6x
)

+
∞∑
n=1

12
5π2 (2n+ 1)2

sin
(
(2n+ 1) π

6

)
e−πt cos

√16
(
(2n+ 1) π

6

)2

− π2t

 sin
(
(2n+ 1) π

6 x

)

+
∞∑
n=1

12
5π2 (2n+ 1)2

sin
(
(2n+ 1) π

6

)
e−πt

π sin
(√

16
(

(2n+1)π
6

)2
− π2t

)
√
16
(

(2n+1)π
6

)2
− π2

sin
(
(2n+ 1) π

6 x

)

Animation is below

Out[ ]=

time 1

time = 0.00 seconds

0.5 1.0 1.5 2.0 2.5 3.0
x0.00

0.02
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0.06

0.08

0.10
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Figure 5.47: Initial state

Source code used for the above

In[ ]:= padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

numberOfTerms = 16;

z =
12

5 π2 (2 n + 1)2
Sin

(2 n + 1) π

6
;

mySol[x_, t_] = Exp[-π t]

π + π2 - 16  π

6

2

2 π2 - 16  π

6

2

6

5 π2
Exp π

2
- 16 

π

6

2
t Sin

π

6
x + Exp[-π t]

-π + π2 - 16  π

6

2

2 π2 - 16  π

6

2

6

5 π2
Exp- π

2
- 16 

π

6

2
t Sin

π

6
x +

Sumz Exp[- π t] Cos 16 
(2 n + 1) π

6

2
- π

2 t Sin
(2 n + 1) π

6
x, {n, 1, numberOfTerms} +

Sumz Exp[- π t]

π Sin 16  (2 n+1) π

6

2
- π2 t

16  (2 n+1) π

6

2
- π2

Sin
(2 n + 1) π

6
x, {n, 1, numberOfTerms};

Figure 5.48: Source code
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In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {3, 2}], " seconds"}]},

{

Quiet@Plot[Evaluate[mySol[x, t]], {x, 0, L},

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, L}, {-0.01, 0.11}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 4, 0.01}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 5.49: Code for animation

5.1.1.27 [359] I.C. at different times, right end free, with source

problem number 359

Added July 2, 2018. This is Example 2 (pde 10) taken fromMaple documentWhat_is_New_af-
ter_Maple_2018.pdf

Solve
−utt + u(x, t) = uxx + 2e−t

(
x− 1

2x
2 + 1

2t− 1
)

With boundary condition

u(0, t) = 0
∂u(1, t)
∂x

= 0

And initial conditions

u(x, 0) = x2 − 2x

u(x, 1) = u(x, 12) + e−1
(
1
2x

2 − x

)
−
(
3
4x

2 − 3
2x
)
e

−1
2

0 1

−utt + u = uxx + 2e−t(x− 1
2
x2 + 1

2
t− 1)

u(x, 0) = x2 − 2x

u(x, 1) = u(x,
1

2
) + e−1

(
1

2
x2 − x

)
−

(
3

4
x2 − 3

2
x

)
e

−1
2

u = 0 ∂u
∂x (1, t) = 0

(free end)(fixed end)

Figure 5.50: PDE specification
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Mathematica 7� �
ClearAll["Global`*"];
pde = -D[u[x, t], {t, 2}] + u[x, t] == D[u[x, t], {x, 2}] + 2*Exp[-t]*(x - (1/2)*x^2 + (1/2)*t - 1);
bc = {u[0, t] == 0, Derivative[1, 0][u][1, t] == 0};
ic = {u[x, 0] == x^2 - 2*x, u[x, 1] == u[x, 1/2] + ((1/2)*x^2 - x)*Exp[-1] - ((3*x^2)/4 - (3/2)*x)*Exp[-2^(-1)]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], x, t], 60*10]];� �
Failed

Maple 3� �
restart;
pde := -diff(u(x, t), t, t) + u(x, t) = diff(u(x, t), x, x)+ 2*exp(-t)*(x-(1/2)*x^2+(1/2)*t-1);
ic := u(x, 0) = x^2-2*x,

u(x, 1) = u(x, 1/2)+((1/2)*x^2-x)*exp(-1)-(3/4*(x^2)-3/2*x)*exp(-1/2);
bc := u(0, t) = 0, eval(diff(u(x, t), x), {x = 1}) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic, bc],u(x,t))),output='realtime'));� �

u(x, t) = −e−tx(x− 2) (t− 2)
2

Hand solution

Solve
−utt + u = uxx + 2e−t

(
x− 1

2x
2 + 1

2t− 1
)

t > 0, 0 < x < 1 (1)

Boundary conditions

u(0, t) = 0
∂u

∂x

∣∣∣∣
x=1

= 0

Initial conditions, t = 0

u(x, 0) = x2 − 2x

u(x, 1) = u

(
x,

1
2

)
+ e−1

(
1
2x

2 − x

)
−
(
3
4x

2 − 3
2x
)
e

−1
2

Since boundary conditions are homogeneous, we can directly use eigenfunction expansion
method. Let the solution be

u(x, t) =
∞∑
n=1

cn(t) Φn(x) (2)

Where Φn(x) are the eigenfunctions of the corresponding homogeneous PDE −utt + u = uxx.
Using separation of variables, Let u = X(x)T (t) . Substituting this back in −utt + u = uxx
gives

−T ′′X +XT = X ′′T

−T
′′

T
+ 1 = X ′′

X
= −λ

The eigenvalue ODE is

X ′′ + λX = 0
X(0) = 0
X ′(1) = 0

This is known to have the eigenvalues are λn =
(
nπ
2L

)2 =
(
nπ
2

)2 , since L = 1. This is for
n = 1, 3, 5, · · · and the eigenfunctions are Φn(x) = sin

(√
λnx

)
= sin

(
nπ
2 x
)
. Therefore the
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solution (2) is

u(x, t) =
∞∑

n=1,3,5,···

cn(t) sin
(nπ

2 x
)

=
∞∑

n=1,3,5,···

cn(t) Φn(x)

Substituting this back into (1) gives

−
∞∑

n=1,3,5,···

c′′n(t) Φn(x) +
∞∑

n=1,3,5,···

cn(t) Φn(x) =
∞∑

n=1,3,5,···

cn(t) Φ′′
n(x) +

∞∑
n=1,3,5,···

bn(t) Φn(x) (3)

Where
∑∞

n=1,3,5,··· bn(t) Φ(x) = 2e−t
(
x− 1

2x
2 + 1

2t− 1
)
. By orthogonality this becomes∫ 1

0
2e−t

(
x− 1

2x
2 + 1

2t− 1
)
Φn(x) dx = bn(t)

∫ 1

0
Φ2

n(x) dx

2e−t

∫ 1

0

(
x− 1

2x
2 + 1

2t− 1
)
sin
(nπ

2 x
)
dx = 1

2bn(t)

But 2e−t
∫ 1
0

(
x− 1

2x
2 + 1

2t− 1
)
sin
(
nπ
2 x
)
dx = 2e−t

(
8+(t−2)n2π2)
n3π3 . Hence the above gives

bn(t) =
4e−t(8 + (t− 2)n2π2)

n3π3

Substituting the above into (3) gives

−
∞∑

n=1,3,5,···

c′′n(t) Φn(x)+
∞∑

n=1,3,5,···

cn(t) Φn(x) =
∞∑

n=1,3,5,···

cn(t) Φ′′
n(x)+

∞∑
n=1,3,5,···

4e−t(8 + (t− 2)n2π2)
n3π3 Φn(x)

But Φ′′
n(x) = −λnΦn(x), hence the above simplifies to

−c′′n(t) + cn(t) = −λncn(t) +
4e−t(8 + (t− 2)n2π2)

n3π3

−c′′n(t) + (1 + λn) cn(t) =
4e−t(8 + (t− 2)n2π2)

n3π3

c′′n(t)−
(
1 + n2π2

4

)
cn(t) = −4e−t(8 + (t− 2)n2π2)

n3π3

The solution to this second order ODE can be found to be

cn(t) = Ane
−
√
n2π2+4t

2 +Bne
√
n2π2+4t

2 + 16(t− 2) e−t

n3π3

Hence (2) becomes

u(x, t) =
∞∑

n=1,3,5,···

(
Ane

−
√
n2π2+4t

2 +Bne
√
n2π2+4t

2 + 16(t− 2) e−t

n3π3

)
sin
(nπ

2 x
)

(4)

At t = 0 the above becomes

x2 − 2x =
∞∑

n=1,3,5,···

(
An +Bn −

32
n3π3

)
sin
(nπ

2 x
)

Applying orthogonality gives∫ 1

0

(
x2 − 2x

)
sin
(nπ

2 x
)
dx =

(
An +Bn −

32
n3π3

)
1
2

But
∫ 1
0 (x2 − 2x) sin

(
nπ
2 x
)
dx = − 16

n3π3 , hence the above gives

− 32
n3π3 = An +Bn −

32
n3π3 (5)

An = −Bn
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Therefore the solution (4) now becomes

u(x, t) =
∞∑

n=1,3,5,···

An

(
e

−
√
n2π2+4t

2 − e
√
n2π2+4t

2 + 16(t− 2) e−t

n3π3

)
sin
(nπ

2 x
)

(6)

The second initial conditions is u(x, 1) = u
(
x, 12
)
+ e−1(1

2x
2 − x

)
−
(3
4x

2 − 3
2x
)
e

−1
2 . At t = 1

the above gives

u(x, 1) =
∞∑

n=1,3,5,···

An

(
e

−
√
n2π2+4
2 − e

√
n2π2+4

2 − 16e−1

n3π3

)
sin
(nπ

2 x
)

At t = 1
2 Eq (6) gives

u

(
x,

1
2

)
=

∞∑
n=1,3,5,···

An

(
e

−
√
n2π2+4
4 − e

√
n2π2+4

4 − 24e− 1
2

n3π3

)
sin
(nπ

2 x
)

Hence the second initial conditions implies

∞∑
n=1,3,5,···

An

(
e

−
√

n2π2+4
2 − e

√
n2π2+4

2 −
16

n3π3 e
−1
)

sin
(nπ

2
x
)

−
∞∑

n=1,3,5,···
An

(
e

−
√

n2π2+4
4 − e

√
n2π2+4

4 −
24

n3π3 e
− 1

2

)
sin
(nπ

2
x
)
= e−1

(
1
2
x2 − x

)
−
(
3
4
x2 −

3
2
x

)
e

−1
2

Or

∞∑
n=1,3,5,···

An

(
−2 sinh

(√
n2π2 + 4

2

)
−

16
n3π3 e

−1
)

sin
(nπ

2
x
)

−
∞∑

n=1,3,5,···
An

(
−2 sinh

(√
n2π2 + 4

4

)
−

24
n3π3 e

− 1
2

)
sin
(nπ

2
x
)
= e−1

(
1
2
x2 − x

)
−
(
3
4
x2 −

3
2
x

)
e

−1
2

Simplifying gives

∞∑
n=1,3,5,···

An

(
2 sinh

(√
n2π2 + 4

4

)
− 2 sinh

(√
n2π2 + 4

2

)
−

16
n3π3 e

−1 +
24

n3π3 e
− 1

2

)
sin
(nπ

2
x
)
=

e−1
(
1
2
x2 − x

)
−
(
3
4
x2 −

3
2
x

)
e

−1
2

Applying orthogonality gives

An

(
2 sinh

(√
n2π2 + 4

4

)
− 2 sinh

(√
n2π2 + 4

2

)
−

16
n3π3 e

−1 +
24

n3π3 e
− 1

2

)
1
2
=
∫ 1

0

(
e−1

(
1
2
x2 − x

)
−
(
3
4
x2 −

3
2
x

)
e

−1
2

)
sin
(nπ

2
x
)
dx

But
∫ 1
0

(
e−1(1

2x
2 − x

)
−
(3
4x

2 − 3
2x
)
e

−1
2

)
sin
(
nπ
2 x
)
dx = −8e−

1
2−12e−1

n3π3 , hence the above be-
comes

An

(
2 sinh

(√
n2π2 + 4

4

)
− 2 sinh

(√
n2π2 + 4

2

)
− 16
n3π3 e

−1 + 24
n3π3 e

− 1
2

)
= −16e−1

n3π3 + 24e− 1
2

n3π3

2An

(
sinh

(√
n2π2 + 4

4

)
− sinh

(√
n2π2 + 4

2

))
+ An

(
−16e−1

n3π3 + 24e− 1
2

n3π3

)
= −16e−1

n3π3 + 24e− 1
2

n3π3

Since this is true for all n = 1, 3, 5, · · · then

An

(
sinh

(√
n2π2 + 4

4

)
− sinh

(√
n2π2 + 4

2

))
= 0

An = 1

Which implies sinh
(√

n2π2+4
4

)
−sinh

(√
n2π2+4

2

)
= 0 but this is not possible for n = 1, 3, 5, · · · .

Something went wrong. I need to look at this again.
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5.1.1.28 [360] Right end oscillates

problem number 360

Added December 20, 2018.

Left end fixed, right end oscillates, initially at rest. With source that depends on time and
space.

Example 19, Taken from https://www.mapleprimes.com/posts/209970-Exact-Solutio
ns-For-PDE-And-Boundary--Initial-Conditions-2018

Solve for u(x, t) with 0 < x < π and t > 0

∂2u

∂t2
= 4∂

2u

∂x2
+ (1 + t)x

With boundary conditions

u(0, t) = 0
u(π, 0) = sin(t)

With initial conditions

u(x, 0) = 0
∂u

∂t
(x, 0) = 0

0 π
utt = 4uxx + (1 + t)x u(π, t) = sin(t)

(oscillating end)(fixed end)

u(x, 0) = 0
∂u
∂t (x, 0) = 0

u(0, t) = 0

Figure 5.51: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == 4*D[u[x, t], {x, 2}] + (1 + t)*x;
ic = {u[x, 0] == 0, Derivative[0, 1][u][x, 0] == 0};
bc = {u[0, t] == 0, u[Pi, t] == Sin[t]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �

u(x, t) → {

x sin(t)
π

+
∞∑

K[1]=1

√
2
π
sin(xK[1])

 (−1)|K[1]| sin
(
2t
√

K[1]2
)

√
2π|K[1]|K[1] −

(−1)|K[1]|

(
8 sin(t)K[1]2+2π(t+1)

(
4K[1]2−1

)
−2π cos(2tK[1])

(
4K[1]2−1

)
+
(
π−4(1+π)K[1]2

)
sin(2tK[1])

K[1]

)
4
√
2πK[1]3(4K[1]2−1)

 K[1] ∈ Z ∧K[1] ≥ 1

Indeterminate True




https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
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Maple 3� �
restart;
pde := diff(u(x, t), t$2) = 4*diff(u(x, t), x$2)+(1+t)*x;
bc := u(0,t)=0,u(Pi,t)=sin(t);
ic := u(x,0)=0,eval(diff(u(x,t),t),t=0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc,ic],u(x,t))),output='realtime'));� �

u(x, t) =

 ∞∑
n=1

16 sin(nx)

(n4+1
4π n

2− 1
16π

)
sin(2nt)−

(
π
(
−n2+1

4
)
cos(2nt)+sin(t)n2+

(
n− 1

2
)(
n+1

2
)
π(1+t)

)
n

2

(−1)n

4n6−n4


4 + x sin (t)

π

5.1.1.29 [361] Perioidic B.C.

problem number 361

Added May 26, 2019.

Taken from midterm 2 sample exam. UMN Math 5587, Fall 2016. Problem 8

Solve for u(x, t) with −π < x < π and t > 0

utt = uxx

With boundary conditions

u(−π, t) = u(π, t)
ux(−π, 0) = ux(π, t)

With initial conditions

u(x, 0) = x

ut(x, 0) = 0

−π π

utt = uxx

u(x, 0) = x

ut(x, 0) = 0
I.C.

Periodic BC
u(−π, t) = u(π, t)

ux(π, 0) = ux(π, t)

Figure 5.52: PDE specification

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == D[u[x, t], {x, 2}] ;
ic = {u[x, 0] == x, Derivative[0, 1][u][x, 0] == 0};
bc = {u[-Pi, t] == u[Pi,t], Derivative[1, 0][u][-Pi, t] ==Derivative[1, 0][u][Pi, t] };
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := diff(u(x, t), t$2) = diff(u(x, t), x$2);
bc := u(-Pi,t)=u(Pi,t),eval(diff(u(x,t),x),x=-Pi)=eval(diff(u(x,t),x),x=Pi);
ic := u(x,0)=x,eval(diff(u(x,t),t),t=0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc,ic],u(x,t))),output='realtime'));� �
sol=()

5.1.1.30 [362] Mixed B.C.

problem number 362

Added May 26, 2019.

Taken from midterm 2 sample exam. UMN Math 5587, Fall 2016. Problem 10

Solve for u(x, t) with 0 < x < π and t > 0

utt = uxx

With boundary conditions u(0, t) = ut(π, t) and initial conditions

u(x, 0) = 0
ut(x, 0) = 1

0 π

utt = uxx

u(x, 0) = 0

ut(x, 0) = 1
I.C.

u(0, t) = ux(π, t)Mixed B.C.

Figure 5.53: PDE specification

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == D[u[x, t], {x, 2}] ;
ic = {u[x, 0] == 0, Derivative[0, 1][u][x, 0] == 1};
bc = u[0, t] == Derivative[1, 0][u][Pi, t] ;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(u(x, t), t$2) = diff(u(x, t), x$2);
bc := u(0,t)=eval(diff(u(x,t),x),x=Pi);
ic := u(x,0)=0,eval(diff(u(x,t),t),t=0)=1;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc,ic],u(x,t))),output='realtime'));� �
sol=()
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5.1.1.31 [363] Left end fixed, right end non-homogeneous Neumann BC. Zero
initial conditions

problem number 363

Added January 12, 2020.

Solve for u(x, t) with 0 < x < L and t > 0

utt = c2uxx

With boundary conditions u(0, t) = 0, ux(L, t) = C and zero initial conditions

u(x, 0) = 0
ut(x, 0) = 0

For animations use L = 10, c = 1, C = 5

0 L

utt = c2uxx

u(x, 0) = 0

ut(x, 0) = 0
I.C.

u(0, t) = 0

(Fixed)
ux(L, t) = C

Figure 5.54: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}];
ic = {u[x, 0] == 0, Derivative[0, 1][u][x, 0] == 0};
bc = {u[0, t] == 0, Derivative[1, 0][u][L, t] == C0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t},Assumptions->L>0], 60*10]];� �

u(x, t) → { C0x+

∞∑
K[1]=1

8(−1)K[1]C0L cos
(
πt
√
c2(2K[1]−1)2

2L

)
sin
(
πx(2K[1]−1)

2L

)
π2(1−2K[1])2 K[1] ∈ Z ∧ ((c < 0 ∧K[1] ≥ 1) ∨ (c > 0 ∧K[1] ≥ 1))

Indeterminate True




Maple 3� �
restart;
pde := diff(u(x, t), t$2) = c^2*diff(u(x, t), x$2);
bc := u(0,t)=0, D[1](u)(L,t)=C0;
ic := u(x,0)=0,D[2](u)(x,0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc,ic],u(x,t)) assuming L>0),output='realtime'));� �

u(x, t) = −
8L
(

∞∑
n=0

(−1)n sin
(

(1+2n)πx
2L

)
cos
(
c(1+2n)πt

2L

)
C0

(1+2n)2

)
π2 + xC0

Hand solution

Let
u(x, t) = v(x, t) + uE(x) (2)

uE(x) is the steady state solution which only needs to satisfy the non-homogeneous boundary
conditions. At equilibrium ∂2u(x,t)

∂t2
= 0 and the PDE becomes ∂2uE(x,t)

∂t2
= 0 or the ODE
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d2uE(x,t)
dx2 = 0 with B.C. uE(0) = 0, u′E(L) = C. The solution to this ODE is

uE(x) = c1x+ c2

At first B.C.
0 = c2

Solution becomes uE(x) = c1x. At second B.C. u′E(x) = c1 = C. Therefore solution is

uE(x) = Cx

Hence
u(x, t) = v(x, t) + Cx

v(x, t) is the solution to the PDE but with homogeneous B.C. Plugging (2) into (1) gives

∂2v(x, t)
∂t2

+ ∂2uE(x, t)
∂t2

= c

(
∂2v(x, t)
∂x2

+ ∂2uE(x, t)
∂x2

)
But ∂2uE(x,t)

∂x2 = 0 and also ∂2uE(x,t)
∂t2

= 0, hence above becomes

∂2v(x, t)
∂t2

= c
∂2v(x, t)
∂x2

With v(x, t) having now homogeneous B.C.

v(0, t) = 0
∂v(L, t)
∂x

= 0

And initial conditions given by

v(x, 0) = u(x, 0)− uE(x)
= 0− Cx

= −Cx

And

∂v(x, 0)
∂t

= ∂u(x, 0)
∂t

− ∂uE(x)
∂t

= 0

In summary, the PDE to solve for v(x, t) is

∂2v(x, t)
∂t2

= c
∂2v(x, t)
∂x2

(3)

v(0, t) = 0
∂v(L, t)
∂x

= 0

v(x, 0) = −Cx
∂v(x, 0)
∂t

= 0

Now we solve for PDE (3) for v(x, t) using separation of variables since the boundary
conditions in space are now homogeneous. Let v(x, t) = X(x)T (t) and the PDE becomes

1
c
T ′′X = X ′′T

Dividing by XT 6= 0 gives
1
c

T ′′

T
= X ′′

X
= −λ (4)
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Where λ is some real positive constant. The space ODE becomes

X ′′ + λX = 0
X(0) = 0
X ′(L) = 0

Case λ < 0: Let The solution is

X(x) = c1 cosh
(√

λx
)
+ c2 sinh

(√
λx
)

At x = 0
0 = c1

Hence solution becomes
X(x) = c2 sinh

(√
λx
)

Taking derivative
X ′(x) =

√
λc2 cosh

(√
λx
)

Using second boundary conditions gives

0 =
√
λc2 cosh

(√
λL
)

Since cosh is zero only when its argument is zero. But we assumed
√
λ not zero here, then

c2 = 0 in only other choice. Hence this gives trivial solution. Therefore λ < 0 is not possible.

Case λ = 0

X ′′ = 0
X(0) = 0
X ′(L) = 0

Solution is X(x) = c1x+ c2. First B.C. gives 0 = c2. Solution becomes X(x) = c1x. Second
B.C. gives c1 = 0. This gives trivial solution again. Hence λ = 0 is not possible eigenvalue.

Case λ > 0: The solution becomes

X(x) = B1 cos
(√

λx
)
+B2 sin

(√
λx
)

AT first B.C.
0 = B1

Hence solution becomes
X(x) = B2 sin

(√
λx
)

Taking derivative
X ′(x) =

√
λB2 cos

(√
λx
)

At second B.C.
0 =

√
λB2 cos

(√
λL
)

To avoid trivial solution, take cos
(√

λL
)
= 0 or

√
λL = π

2 ,
3π
2 ,

5π
2 , · · · or

√
λ = π

2L,
3π
2L,

5π
2L, · · ·√

λn =
(nπ
2L

)
n = 1, 3, 5, · · ·

= (2n+ 1) π
2L n = 0, 1, 2, · · · (5)

Hence the space solution is

Xn(x) = Bn sin
(√

λnx
)

n = 1, 3, 5, · · · (6)
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Now we solve the time ODE T (t) from (4), which is

T ′′ + λcT = 0

The solution is
Tn(t) = Dn cos

(√
λnct

)
+ En sin

(√
λnct

)
Therefore

v(x, t) =
∞∑
n=0

Tn(t)Xn(x)

=
∞∑
n=0

(
Dn cos

(√
λnct

)
+ En sin

(√
λnct

))
sin
(√

λnx
)

Where constant Bn merged with the other constants. Now At t = 0

−Cx =
∞∑
n=0

Dn sin
(√

λnx
)

Applying orthogonality

−
∫ L

0
Cx sin

(
(2n+ 1) π

2L x

)
dx = Dn

∫ L

0
sin2

(
(2n+ 1) π

2L x

)
dx

−C
∫ L

0
x sin

(
(2n+ 1) π

2L x

)
dx = Dn

L

2

−C
(

4(−1)n L2

(π + 2nπ)2
)

= Dn
L

2

Dn = −C 8(−1)n L
(π + 2nπ)2

Therefore

v(x, t) =
∞∑
n=0

(
−C 8(−1)n L

(π + 2nπ)2
cos
(√

λnct
)
+ En sin

(√
λnct

))
sin
(√

λnx
)

Taking time derivative

∂v(x, t)
∂t

=
∞∑
n=0

(
C

8(−1)n L
(π + 2nπ)2

(2n+ 1) π
2L sin

(√
λnct

)
+ En

√
λnc cos

(√
λnct

))
sin
(√

λnx
)

At t = 0
0 =

∞∑
n=0

En

√
λnc sin

(√
λnx

)
Hence En = 0. Therefore solution becomes

v(x, t) =
∞∑
n=0

−C 8(−1)n L
(π + 2nπ)2

cos
(√

λnct
)
sin
(√

λnx
)

Therefore, since u(x, t) = v(x, t) + uE(x) then

u(x, t) = Cx− C
∞∑
n=0

8(−1)n L
(π + 2nπ)2

cos
(
(2n+ 1) π

2L
√
ct

)
sin
(
(2n+ 1) π

2L x

)
(7)

This animation runs for 40 seconds for L = 10, c = 1, C = 5. The solution becomes

u(x, t) = 5x− 5
∞∑
n=0

80(−1)n

(π + 2nπ)2
cos
(
(2n+ 1) π

20
√
10t
)
sin
(
(2n+ 1) π

20 x

)
(7)
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Figure 5.55: snap shot

Code used for the above is� �
L=10;c=1; C0=5;
sqrtLam= (2 n +1) Pi/(2 L);
Manipulate[
mysol=C0 x-C0 Sum[(8.0(-1)^n L)/(Pi+2n \[Pi])^2 Sin[sqrtLam x] Cos[sqrtLam Sqrt[c] t],{n,0,numberOfTerms}%
];
Grid[{{Row[{"Solution at time = ",i}]},
{Plot[mysol/.t->i,{x,0,10},PlotRange->{{0,10},{-10,100}}%
,ImageSize->500,GridLines->Automatic,GridLinesStyle->LightGray,PlotStyle->Red]}%
}],
{{i,0,"time"},0,100,.1,Appearance->"Labeled"},
{{numberOfTerms,1,"n"},1,1000,1,Appearance->"Labeled"}
]� �
5.1.2 Semi-infinite domain

Local contents
5.1.2.1 [364] Left end fixed, (general case) . . . . . . . . . . . . . . . . . . . . . . . 710
5.1.2.2 [365] Left end fixed with specific initial position . . . . . . . . . . . . . . . . 712
5.1.2.3 [366] Logan page 115, left end fixed with source . . . . . . . . . . . . . . . . 713
5.1.2.4 [367] Left moving boundary condition . . . . . . . . . . . . . . . . . . . . . 714
5.1.2.5 [368] moving Left end . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 715
5.1.2.6 [369] I.C. at t = 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 716
5.1.2.7 [370] B.C. at x = 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 717
5.1.2.8 [371] Left end free. zero initial velocity (general solution) . . . . . . . . . . . 718
5.1.2.9 [372] Left end free. zero initial velocity (Special solution) . . . . . . . . . . . 719
5.1.2.10 [373] Left end fixed. zero initial velocity (Special solution) . . . . . . . . . . 722
5.1.2.11 [374] Left end free. zero initial position (general solution) . . . . . . . . . . 724
5.1.2.12 [375] Left end free. Non zero initial position and velocity (general solution) . 725
5.1.2.13 [376] Left end free with source . . . . . . . . . . . . . . . . . . . . . . . . . 726
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5.1.2.1 [364] Left end fixed, (general case)

problem number 364

Added July 12, 2019 Solve for u(x, t) with t > 0 and x > 0

utt = c2uxx

With boundary conditions

u(0, t) = 0

With initial conditions

ut(x, 0) = 0
u(x, 0) = f(x)

0
utt = c2uxx

(Fixed)

u(x, 0) = f(x)
∂u
∂t (x, 0) = 0

u(0, t) = 0

x > 0, t > 0

∞

Figure 5.56: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}];
bc = u[0, t] == 0;
ic = {u[x, 0] == f[x], Derivative[0, 1][u][x, 0] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> {t > 0,x > 0,c>0}], 60*10]];� �


u(x, t) → {

1
2(f(x− ct) + f(ct+ x)) x > ct
1
2(f(ct+ x)− f(ct− x)) x ≤ ct

Indeterminate True




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t$2)=c^2*diff(u(x,t),x$2);
ic := u(x,0)=f(x),D[2](u)(x,0)=0;
bc := u(0,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t),HINT = boundedseries(x=0)) assuming t>0,x>0,c>0),output='realtime'));� �

u(x, t) =
L−1

(
e− sx

c

∫ 0 e− s_a
c f(_a) d_a, s, t

)
− L−1

(
e− sx

c

∫ 0 e s_a
c f(_a) d_a, s, t

)
− L−1(e sxc ∫ e− sx

c f(x) dx, s, t
)
+ L−1(e− sx

c

∫
e sxc f(x) dx, s, t

)
2c

Hand solution

Solving on semi-infinite domain for u(x, t)

∂2u

∂t2
= c2

∂2u

∂x2
0 < x <∞, t > 0 (1)
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With BC

u(0, t) = 0
u(∞, t) <∞

And initial conditions

u(x, 0) = f(x)
ut(x, 0) = 0

Seperation of variables method

Let u(x, t) = X(x)T (t). The PDE in (1) becomes

T ′′

c2T
= X ′′

X
= −λ

Hence

X ′′ + λX = 0
X(0) = 0
X(∞) <∞

It is clear that λ can not be negative because it gives a solution that blows up. For λ = 0,
the solution is X(x) = Ax + B and because X(0) = 0 this implies B = 0. Hence solution
is X(x) = Ax. And this blows up as x increases unless A = 0. Hence λ = 0 is not valid
eigenvalue. Therefore λ > 0. Let λ = α2, α > 0 and the solution becomes

X(x) = Aα cos (αx) +Bα sin (αx)

At x = 0 the above gives
0 = Aα

Therefore the solution becomes

Xα(x) = Bα sin (αx) α > 0 (1)

The time domain ODE becomes

T ′′ + c2α2T = 0
T = Cα cos (αct) +Dα sin (αct)

T ′(t) = −cαCα sin (αct) + cαDα cos (αct)

And at t = 0, T ′(0) = 0, hence the above becomes

0 = cαDα

Which means Dα = 0. Therefore

T = Cα cos (αct) α > 0 (2)

From (1,2) the complete solution is therefore

u(x, t) =
∫ ∞

0
Aα cos (αct) sin (αx) dα (3)

Where Aα, Cα are merged into one constant. Now the last initial condition is applied, which
is u(x, 0) = f(x) to the above which gives

f(x) =
∫ ∞

0
Aα sin (αx) dα
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Hence
Aα = 2

π

∫ ∞

0
f(x) sin (αx) dx

Using the above in (3) gives the final solution as

u(x, t) = 2
π

∫ ∞

0

(∫ ∞

0
f(s) sin (αs) ds

)
cos (αct) sin (αx) dα

D’Alambert’s formula method

For the half line, the D’Alambert’s is given by, using v0(x) = ut(x, 0) as the initial velocity

u(x, t) =


1
2(f(x+ ct) + f(x− ct)) + 1

2c

∫ x+ct

x−ct
v0(s) ds x > ct ≥ 0

1
2(f(x+ ct)− f(ct− x)) + 1

2c

∫ x+ct

ct−x
v0(s) ds x ≤ ct

Hence, since ut(x, 0) = 0 in this problem

u(x, t) =


1
2(f(x+ ct) + f(x− ct)) x > ct ≥ 0

1
2(f(x+ ct)− f(ct− x)) x ≤ ct

5.1.2.2 [365] Left end fixed with specific initial position

problem number 365

Taken from Mathematica DSolve help pages.

Solve for u(x, t) initial value wave PDE on infinite domain with t > 0 and x > 0.

utt = c2uxx

With initial conditions

u(x, 0) = sin2(x) π < x < 2π
∂u

∂t
(x, 0) = 0

And boundary conditions u(0, t) = 0

0
utt = c2uxx

(fixed end)

u(x, 0) = sin2(x)
∂u
∂t (x, 0) = 0

u(0, t) = 0

x > 0, t > 0

(π < x < 2π)

Figure 5.57: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}];
ic = {u[x, 0] == Piecewise[{{Sin[x]^2, Pi < x < 2*Pi}}], Derivative[0, 1][u][x, 0] == 0};
bc = u[0, t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t},Assumptions->c>0], 60*10]];� �



u(x, t) → {

1
2

((
{ sin2(ct− x) π < x− ct < 2π

0 True

)
+
(

{ sin2(ct+ x) π < ct+ x < 2π
0 True

))
x > ct ≥ 0

1
2

((
{ sin2(ct+ x) π < ct+ x < 2π

0 True

)
−
(

{ sin2(ct− x) π < ct− x < 2π
0 True

))
0 ≤ x ≤ ct

Indeterminate True




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Maple 3� �
restart;
pde := diff(u(x, t), t$2) = c^2 * diff(u(x, t), x$2);
ic := u(x,0)= piecewise(Pi<x and x<2*Pi,sin(x)^2),(D[2](u))(x,0)=0;
bc := u(0,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t)) assuming t>0 and x>0),output='realtime'));� �

u(x, t) =






0 ct+ x ≤ π

sin (ct+ x)2 ct+ x < 2π
0 2π ≤ ct+ x

−


0 ct− x ≤ π

sin (ct− x)2 ct− x < 2π
0 2π ≤ ct− x

 x < ct


0 ct+ x ≤ π

sin (ct+ x)2 ct+ x < 2π
0 2π ≤ ct+ x

+


0 −ct+ x ≤ π

sin (ct− x)2 −ct+ x < 2π
0 2π ≤ −ct+ x

 ct < x


2

Hand solution

Solving on semi-infinite domain

utt = c2uxx t > 0, x > 0 (1)
u(0, t) = 0
u(x, 0) = f(x) = sin2 (x) π < x < 2π

With k > 0 and u(x, t) <∞ as x→ ∞. This means u(x, t) is bounded. The general solution
to the above PDE was given in problem 5.1.2.1 on page 710 as (using the D’Alambert’s
solution and not the Fourier integral solution)

u(x, t) =


1
2(f(x+ ct) + f(x− ct)) x > ct ≥ 0

1
2(f(x+ ct)− f(ct− x)) x ≤ ct

But f(x) = sin2 (x) and the above becomes

u(x, t) =


1
2(sin

2 (x+ ct) + sin2 (x− ct)) x > ct ≥ 0

1
2(sin

2 (x+ ct)− sin2 (ct− x)) x ≤ ct

But here f(x) is restricted to π < x < 2π. Hence the above solution is modified as follows

u(x, t) =



{ 1
2 sin

2 (x+ ct) π < x+ ct < 2π
0 otherwise +

{ 1
2 sin

2 (x− ct) π < x− ct < 2π
0 otherwise x > ct ≥ 0

{ 1
2 sin

2 (x+ ct) π < x+ ct < 2π
0 otherwise −

{ 1
2 sin

2 (ct− x) π < ct− x < 2π
0 otherwise 0 < x ≤ ct

5.1.2.3 [366] Logan page 115, left end fixed with source

problem number 366

This is problem at page 115, David J Logan textbook, applied PDE textbook.

Falling cable lying on a table that is suddenly removed.

utt = c2uxx − g

With boundary condition

u(0, t) = 0
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And initial conditions

u(x, 0) = 0
∂u

∂t
(x, 0) = 0

0
utt = c2uxx − g

(fixed end)

u(x, 0) = 0
∂u
∂t (x, 0) = 0

u(0, t) = 0

Figure 5.58: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}] - g;
bc = u[0, t] == 0;
ic = {u[x, 0] == 0, Derivative[0, 1][u][x, 0] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> {t > 0, c > 0, x > 0}], 60*10]];� �

{{
u(x, t) → { −gt2

2 ct ≤ x
gx(x−2ct)

2c2 True

}}

Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t$2)=c^2*diff(u(x,t),x$2)-g;
ic :=D[2](u)(x,0)=0,u(0,t)=0,u(x,0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t),HINT = boundedseries) assuming t>0,x>0,c>0),output='realtime'));� �

u(x, t) =
g
(
Heaviside

(
t− x

c

)
(tc− x)2 − t2c2

)
2c2

5.1.2.4 [367] Left moving boundary condition

problem number 367

Solve for u(x, t) with t > 0 and x > 0

∂2u

∂t2
= c2

∂2u

∂x2

With boundary conditions

u(0, t) = g(t)

With initial conditions

∂u

∂t
(x, 0) = 0

u(x, 0) = 0
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0
utt = c2uxx

(moving end)

u(x, 0) = 0
∂u
∂t (x, 0) = 0

u(0, t) = g(t)

x > 0, t > 0

Figure 5.59: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}];
bc = u[0, t] == g[t];
ic = {u[x, 0] == 0, Derivative[0, 1][u][x, 0] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, t], {x, t}, Assumptions -> {t > 0,c > 0, x > 0}], 60*10]];� �


u(x, t) → {

0 x > ct

g
(
t− x

c

)
x ≤ ct

Indeterminate True




Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t$2)=c^2*diff(u(x,t),x$2);
ic := u(x,0)=0,D[2](u)(x,0)=0;
bc := u(0,t)=g(t);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t),HINT = boundedseries(x=0)) assuming t>0,x>0,c>0),output='realtime'));� �

u(x, t) = L−1(L(g(t) , t, s) e sxc , s, t)
5.1.2.5 [368] moving Left end

problem number 368

Taken from Mathematica DSolve help pages. Initial value problem with a Neumann condition
on the half-line.

utt = c2uxx

With initial conditions

u(x, 0) = sin3(x)
∂u

∂t
(x, 0) = 1− e−

x
10

And boundary conditions ∂u
∂x
(0, t) = 1

0
utt = c2uxx

(moving end)

u(x, 0) = sin3(x)
∂u
∂t (x, 0) = 1− e−

x
10

∂u
∂x

(0, t) = 1

x > 0, t > 0

Figure 5.60: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}];
ic = {u[x, 0] == Sin[x]^3, Derivative[0, 1][u][x, 0] == 1 - E^(-(x/10))};
bc = Derivative[1, 0][u][0, t] == 1;
sol = AbsoluteTiming[TimeConstrained[DSolveValue[{pde, ic, bc}, u[x, t], {x, t},Assumptions->c>0], 60*10]];� �


u(x, t) → {

0 x > ct

g
(
t− x

c

)
x ≤ ct

Indeterminate True




Maple 3� �
restart;
pde := diff(u(x, t), t$2) = c^2 * diff(u(x, t), x$2);
ic := u(x,0)= sin(x)^3,(D[2](u))(x,0)=1-exp(-x/10);
bc:=(D[1](u))(0,t)=1;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic,bc],u(x,t)) assuming t>0 and x>0),output='realtime'));� �

u(x, t) =

({
sin (ct+ x)3 − sin (ct− x)3 + 2ct−10 e

ct
10− x

10+10 e−
ct
10− x

10
c

ct < x

sin (ct+ x)3 + sin (ct− x)3 + −20+2ct+10 e−
ct
10− x

10+10 e−
ct
10+ x

10
c

− 2ct+ 2x x < ct

)
2

5.1.2.6 [369] I.C. at t = 1

problem number 369

Added December 20, 2018.

Taken from https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-A
nd-Boundary--Initial-Conditions-2018 Solve

utt = uxx

With initial conditions

u(x, 1) = e−(x−6)2 + e−(x+6)2

∂u

∂t
(x, 1) = 1

2

And boundary conditions ∂u
∂x
(0, t) = 1

0
utt = uxx

(moving end)

u(x, 1) = e−(x−6)2 + e−(x+6)2

∂u
∂t (x, 1) =

1
2

∂u
∂x

(0, t) = 1

x > 0, t > 0

Figure 5.61: PDE specification

https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018


chapter 5. hyperbolic pde’s (wave) 717

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}];
ic = {u[x, 1] == Sin[x]^3, Derivative[0, 1][u][x, 1] == 1 - E^(-(x/10))};
bc = Derivative[1, 0][u][0, t] == 1;
sol = AbsoluteTiming[TimeConstrained[DSolveValue[{pde, ic, bc}, u[x, t], {x, t}, Assumptions -> t > 0], 60*10]];� �


u(x, t) → {

0 x > ct

g
(
t− x

c

)
x ≤ ct

Indeterminate True




Maple 3� �
restart;
pde := diff(u(x, t), t$2) = diff(u(x, t), x$2);
ic := u(x, 1) = exp(-(x-6)^2)+exp(-(x+6)^2), eval(diff(u(x,t),t),t=1)= 1/2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic],u(x,t)) assuming t>0),output='realtime'));� �
u(x, t) = e−(−x+t−1)2−36 cosh (−12x+ 12t− 12) + e−(x+t−1)2−36 cosh (12x+ 12t− 12) + t

2 − 1
2

5.1.2.7 [370] B.C. at x = 1

problem number 370

Added December 20, 2018.

Taken from https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-A
nd-Boundary--Initial-Conditions-2018

Solve
∂2u

∂t2
= 1

4
∂2u

∂x2

With initial conditions

u(x, 0) = e−x2

∂u

∂t
(x, 0) = 0

And Boundary conditions ∂u
∂x
(1, t) = 0

0
utt =

1
4uxx

(moving end)

u(x, 0) = e−x2

∂u
∂t (x, 0) = 0

∂u
∂x

(1, t) = 1
x > 0, t > 0

1

Figure 5.62: PDE specification

https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018


chapter 5. hyperbolic pde’s (wave) 718

Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == (1*D[u[x, t], {x, 2}])/4;
ic = {u[x, 0] == Exp[-x^2], Derivative[0, 1][u][x, 0] == 0};
bc = Derivative[1, 0][u][1, t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}, Assumptions -> {t > 0, x > 0}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(u(x, t), t$2)=(1/4)*(diff(u(x, t), x$2));
bc := eval(diff(u(x,t),x),x=1)=0;
ic := u(x, 0) = exp(-x^2), eval(diff(u(x,t),t),t=0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic,bc],u(x,t)) assuming x>0, t>0),output='realtime'));� �

u(x, t) =
{

e− t2
4 −x2 cosh (tx) t

2 < x− 1
cosh ((x− 1) (t+ 2)) e− 1

4 t
2−x2−t+2x−2 x− 1 < t

2

5.1.2.8 [371] Left end free. zero initial velocity (general solution)

problem number 371

Added July 13, 2019.

Solve for u(x, t) with x > 0, t > 0
utt = c2uxx

With initial conditions

u(x, 0) = f(x)
∂u

∂t
(x, 0) = 0

And boundary condition ∂u
∂x
(0, t) = 0.

0
utt = c2uxx

(Free)

u(x, 0) = f(x)
∂u
∂t (x, 0) = 0

∂u
∂x

(0, t) = 0

∞

Figure 5.63: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}];
ic = {u[x, 0] == f[x], Derivative[0, 1][u][x, 0] == 0};
bc = Derivative[1, 0][u][0, t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}, Assumptions -> {t > 0, x > 0,c>0}], 60*10]];� �


u(x, t) → {

f(x) x ≥ 0 ∧ t = 0
2
∫∞
0 cos

(√
c2tK[1]

)
cos(xK[1])

∫∞
0 cos(xK[1])f(x)dxdK[1]

π
x ≥ 0 ∧ t > 0

Indeterminate True




Maple 3� �
restart;
pde := diff(u(x, t), t$2) = c^2*(diff(u(x, t), x$2));
bc := eval( diff(u(x,t),x),x=0)=0;
ic := u(x,0)=f(x),eval(diff(u(x,t),t),t=0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc,ic],u(x,t)) assuming x>0,t>0),output='realtime'));� �

u(x, t) =

({
f(ct+ x) + f(−ct+ x) ct < x

f(ct+ x) + f(ct− x) x < ct

)
2

5.1.2.9 [372] Left end free. zero initial velocity (Special solution)

problem number 372

Added July 14, 2019.

Solve for u(x, t) with x > 0, t > 0
utt = c2uxx

With initial conditions

u(x, 0) = f(x)
∂u

∂t
(x, 0) = 0

And boundary condition ∂u
∂x
(0, t) = 0 using

c = 3

f(x) =
{

1 4 ≤ x ≤ 5
0 otherwise

0
utt = c2uxx

(Free)

u(x, 0) =

{
1 4 ≤ x ≤ 5
0 otherwise

∂u
∂t (x, 0) = 0

∂u
∂x

(0, t) = 0

∞

Figure 5.64: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
c=3;
f[x_]:=Piecewise[{{1,4<x<5},{0,True}}];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}];
ic = {u[x, 0] == f[x], Derivative[0, 1][u][x, 0] == 0};
bc = Derivative[1, 0][u][0, t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}, Assumptions -> {t > 0, x > 0}], 60*10]];� �

u(x, t) → {

1
2

((
{ 1 4 < x− 3t < 5

0 True

)
+
(

{ 1 4 < 3t+ x < 5
0 True

))
x > 3t

1
2

((
{ 1 4 < 3t− x < 5

0 True

)
+
(

{ 1 4 < 3t+ x < 5
0 True

))
x ≤ 3t




Maple 3� �
restart;
c:=3;
f:=piecewise(4<x and x<5,1,true,0);
pde := diff(u(x, t), t$2) = c^2*(diff(u(x, t), x$2));
bc := eval( diff(u(x,t),x),x=0)=0;
ic := u(x,0)=f(x),eval(diff(u(x,t),t),t=0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc,ic],u(x,t)) assuming x>0,t>0),output='realtime'));� �

u(x, t) =



({

1 4 < 3t+ x < 5
0 otherwise

)
(3t+ x) +

({
1 4 < x− 3t < 5
0 otherwise

)
(x− 3t) 3t < x({

1 4 < 3t+ x < 5
0 otherwise

)
(3t+ x) +

({
1 4 < 3t− x < 5
0 otherwise

)
(3t− x) x < 3t


2

Hand solution

Solve ∂2u
∂t2

= c2 ∂
2u

∂x2 for x ≥ 0, t ≥ 0 with initial conditions u(x, 0) = f(x) =
{

1 4 ≤ x ≤ 5
0 otherwise

and ∂u(x,0)
∂t

= 0 and boundary condition ∂u(0,t)
∂x

= 0 (Free end)

The general solution by D’Almbert’s is given by

u(x, t) = 1
2

{
f(x+ ct) + f(x− ct) x > ct ≥ 0
f(x+ ct) + f(ct− x) x ≤ ct

But f(x) is defined for 4 ≤ x ≤ 5 only, hence the solution becomes

u(x, t) =



{ 1
2f(x+ ct) 4 ≤ x ≤ 5

0 otherwise +
{ 1

2f(x− ct) 4 ≤ x ≤ 5
0 otherwise x > ct ≥ 0

{ 1
2f(x+ ct) 4 ≤ x ≤ 5

0 otherwise +
{ 1

2f(ct− x) 4 ≤ x ≤ 5
0 otherwise 0 < x ≤ ct

Animation is below



chapter 5. hyperbolic pde’s (wave) 721

Out[ ]=

time 1

time = 0.00 seconds

0 2 4 6 8 10 12
x0.0

0.2

0.4

0.6

0.8

1.0
U

Figure 5.65: Initial state

Source code used for the above

In[ ]:= ClearAll[x, t, n, f, A, B, s, mySol]

k = 1/ 10;

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

c = 3;

f[x_] := Piecewise[{{1, 4 < x < 5}, {0, True}}];

mySol[x_, t_] := Piecewise[{

{(f[x + c t] + f[x - c t])/ 2, x > c t},

{(f[x + c t] + f[c t - x])/ 2, 0 ≤ x ≤ c t},

{0, True}}]

Figure 5.66: Source code

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {3, 2}], " seconds"}]},

{

Quiet@Plot[Evaluate[mySol[x, t]], {x, 0, 12},

Exclusions → None,

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, 12}, {0, 1}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 5.5, 0.01}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.06]

Figure 5.67: Code for animation
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5.1.2.10 [373] Left end fixed. zero initial velocity (Special solution)

problem number 373

Added January 9, 2020.

Solve for u(x, t) with x > 0, t > 0
utt = c2uxx

With initial conditions

u(x, 0) = f(x)
∂u

∂t
(x, 0) = 0

And boundary condition u(0, t) = 0 using

c = 3

f(x) =
{

1 4 ≤ x ≤ 5
0 otherwise

0
utt = c2uxx

(Fixed)

u(x, 0) =

{
1 4 ≤ x ≤ 5
0 otherwise

∂u
∂t (x, 0) = 0

u(0, t) = 0

∞

Figure 5.68: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
c=3;
f[x_]:=Piecewise[{{1,4<x<5},{0,True}}];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}];
ic = {u[x, 0] == f[x], Derivative[0, 1][u][x, 0] == 0};
bc = u[0, t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}, Assumptions -> {t > 0, x > 0}], 60*10]];� �



u(x, t) → {

1
2

((
{ 1 4 < x− 3t < 5

0 True

)
+
(

{ 1 4 < 3t+ x < 5
0 True

))
x > 3t

1
2

((
{ 1 4 < 3t+ x < 5

0 True

)
−
(

{ 1 4 < 3t− x < 5
0 True

))
x ≤ 3t

Indeterminate True




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Maple 3� �
restart;
c:=3;
f:=piecewise(4<x and x<5,1,true,0);
pde := diff(u(x, t), t$2) = c^2*(diff(u(x, t), x$2));
bc := u(0,t)=0;
ic := u(x,0)=f(x),D[2](u)(x,0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc,ic],u(x,t)) assuming x>0,t>0),output='realtime'));� �

u(x, t) =



({

1 4 < 3t+ x < 5
0 otherwise

)
(3t+ x)−

({
1 4 < 3t− x < 5
0 otherwise

)
(3t− x) x < 3t({

1 4 < 3t+ x < 5
0 otherwise

)
(3t+ x) +

({
1 4 < x− 3t < 5
0 otherwise

)
(x− 3t) 3t < x


2

Hand solution

Solve ∂2u
∂t2

= c2 ∂
2u

∂x2 for x ≥ 0, t ≥ 0 with initial conditions u(x, 0) = f(x) =
{

1 4 ≤ x ≤ 5
0 otherwise

and ∂u(x,0)
∂t

= 0 and boundary condition u(0, t) = 0 (Fixed end)

The general solution by D’Almbert’s is given by

u(x, t) = 1
2

{
f(x+ ct) + f(x− ct) x > ct ≥ 0
f(x+ ct)− f(ct− x) x ≤ ct

But f(x) is defined for 4 ≤ x ≤ 5 only, hence the solution becomes

u(x, t) =



{ 1
2f(x+ ct) 4 ≤ x ≤ 5

0 otherwise +
{ 1

2f(x− ct) 4 ≤ x ≤ 5
0 otherwise x > ct ≥ 0

{ 1
2f(x+ ct) 4 ≤ x ≤ 5

0 otherwise +
{

−1
2f(ct− x) 4 ≤ x ≤ 5

0 otherwise 0 < x ≤ ct

Animation is below

Out[ ]=

time 4

time = 0.08 seconds

2 4 6 8 10 12
x

-1.0

-0.5

0.0

0.5

1.0
U

Figure 5.69: Initial state

Source code used for the above
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In[ ]:= ClearAll[x, t, n, f, A, B, s, u]

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

c = 3;

f[x_] := Piecewise[{{1, 4 < x < 5}, {0, True}}];

g[x_] := 0

u[x_, t_] := Piecewise[{

{(f[x + c t] + f[x - c t])/ 2 + 1/(2 c) Integrate[g[s], {s, -x - c t, x + c t}], t ≤ x/ c},

{(-f[c t - x] + f[x + c t])/ 2 + 1/(2 c) Integrate[g[s], {s, c t - x, x + c t}], t > x/ c}, {0, True}}

]

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {3, 2}], " seconds"}]},

{

Quiet@Plot[Evaluate[u[x, t]], {x, 0, 12},

Exclusions → None,

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{0, 12}, {-1, 1}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 3, 0.025}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

Figure 5.70: Source code

5.1.2.11 [374] Left end free. zero initial position (general solution)

problem number 374

Added July 14, 2019.

Solve for u(x, t) with x > 0, t > 0
utt = c2uxx

With initial conditions

u(x, 0) = 0
∂u

∂t
(x, 0) = g(x)

And boundary condition ∂u
∂x
(0, t) = 0.

0
utt = c2uxx

(Free)

u(x, 0) = 0
∂u
∂t (x, 0) = g(x)

∂u
∂x

(0, t) = 0

∞

Figure 5.71: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}];
ic = {u[x, 0] == 0, Derivative[0, 1][u][x, 0] == g[x]};
bc = Derivative[1, 0][u][0, t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}, Assumptions -> {t > 0, x > 0,c>0}], 60*10]];� �


u(x, t) → {

0 x ≥ 0 ∧ t = 0
2
∫∞
0

cos(xK[1]) sin
(√

c2tK[1]
) ∫∞

0 cos(xK[1])g(x)dx√
c2K[1]

dK[1]

π
x ≥ 0 ∧ t > 0

Indeterminate True




Maple 3� �
restart;
pde := diff(u(x, t), t$2) = c^2*(diff(u(x, t), x$2));
bc := eval( diff(u(x,t),x),x=0)=0;
ic := u(x,0)=0,eval(diff(u(x,t),t),t=0)=g(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc,ic],u(x,t)) assuming x>0,t>0),output='realtime'));� �

u(x, t) =

{ ∫ ct+x

−ct+x
g(ζ) dζ ct < x∫ ct+x

0 g(ζ) dζ +
∫ ct−x

0 g(ζ) dζ x < ct

2c

5.1.2.12 [375] Left end free. Non zero initial position and velocity (general
solution)

problem number 375

Added July 14, 2019.

Solve for u(x, t) with x > 0, t > 0
utt = c2uxx

With initial conditions

u(x, 0) = f(x)
∂u

∂t
(x, 0) = g(x)

And boundary condition ∂u
∂x
(0, t) = 0.

0
utt = c2uxx

(Free)

u(x, 0) = f(x)
∂u
∂t (x, 0) = g(x)

∂u
∂x

(0, t) = 0

∞

Figure 5.72: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}];
ic = {u[x, 0] == f[x], Derivative[0, 1][u][x, 0] == g[x]};
bc = Derivative[1, 0][u][0, t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}, Assumptions -> {t > 0, x > 0,c>0}], 60*10]];� �

u(x, t) → {

f(x) x ≥ 0 ∧ t = 0
2
∫∞
0 cos(xK[1])

(
cos
(√

c2tK[1]
) ∫∞

0 cos(xK[1])f(x)dx+
sin
(√

c2tK[1]
) ∫∞

0 cos(xK[1])g(x)dx√
c2K[1]

)
dK[1]

π
x ≥ 0 ∧ t > 0

Indeterminate True




Maple 3� �
restart;
pde := diff(u(x, t), t$2) = c^2*(diff(u(x, t), x$2));
bc := eval( diff(u(x,t),x),x=0)=0;
ic := u(x,0)=f(x),eval(diff(u(x,t),t),t=0)=g(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc,ic],u(x,t)) assuming x>0,t>0),output='realtime'));� �

u(x, t) =

({
f(ct+ x) + f(−ct+ x) +

∫ ct+x
−ct+x g(ζ)dζ

c
ct < x

f(ct−x)c+f(ct+x)c+
∫ ct+x
0 g(ζ)dζ+

∫ ct−x
0 g(ζ)dζ

c
x < ct

)
2

5.1.2.13 [376] Left end free with source

problem number 376

Added December 20, 2018.

Example 17, Taken from https://www.mapleprimes.com/posts/209970-Exact-Solutio
ns-For-PDE-And-Boundary--Initial-Conditions-2018

Left end free with initial position and velocity given.

Solve for u(x, t) with x > 0, t > 0

∂2u

∂t2
= 9∂

2u

∂x2
+ f(x, t)

With initial conditions

u(x, 0) = 0
∂u

∂t
(x, 0) = x3

And boundary condition ∂u
∂x
(0, t) = 0.

0
utt = 9uxx + f(x, t)

(free end)

u(x, 0) = 0
∂u
∂t (x, 0) = x3

∂u
∂x

(0, t) = 0

x > 0, t > 0

Figure 5.73: PDE specification

https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == 9*D[u[x, t], {x, 2}];
ic = {u[x, 0] == 0, Derivative[0, 1][u][x, 0] == x^3};
bc = Derivative[1, 0][u][0, t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}, Assumptions -> {t > 0, x > 0}], 60*10]];� �

{{
u(x, t) → { tx(9t2 + x2) x > 3t

1
12(81t

4 + 54x2t2 + x4) x ≤ 3t

}}
Maple 3� �
restart;
pde := diff(u(x, t), t$2) = 9*(diff(u(x, t), x$2));
bc := eval( diff(u(x,t),x),x=0)=0;
ic := u(x,0)=0,eval(diff(u(x,t),t),t=0)=x^3;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, bc,ic],u(x,t)) assuming x>0,t>0),output='realtime'));� �

u(x, t) =
{

9t3x+ t x3 3t < x
27
4 t

4 + 9
2t

2x2 + 1
12x

4 x < 3t

5.1.3 Infinite domain

Local contents
5.1.3.1 [377] General case. utt = uxx with u(x, 0) = f(x), ut(x, 0) = g(x) . . . . . . 728
5.1.3.2 [378] General case. No IC given. utt + uxt = c2uxx . . . . . . . . . . . . . . . 728
5.1.3.3 [379] utt = c2uxx + f(x, t), IC at t = 1,u(x, 1) = g(x), ut(x, 1) = h(x) . . . . 729
5.1.3.4 [380] No source. utt = uxx, with u(x, 0) = e−x2

, ut(x, 0) = 1 . . . . . . . . . . 730
5.1.3.5 [381] With source term. utt = uxx +m . . . . . . . . . . . . . . . . . . . . . 731
5.1.3.6 [382] non-linear (Solitons) ut + 6u(x, t)ux + uxxx = 0 . . . . . . . . . . . . . 732
5.1.3.7 [383] Inhomogeneous PDE 3uxx − utt + uxt = 1 . . . . . . . . . . . . . . . . 735
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5.1.3.12 [388] zero initial velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 740
5.1.3.13 [389] General case utt = uxx with u(x, 0) = sin x, ut(x, 0) = −2xe−x2 . . . . . 742
5.1.3.14 [390] General case. utt = uxx dAlembert solution, box function as initial position743
5.1.3.15 [391] utt = 4uxx+cos(t) dAlembert solution with u(x, 0) = sin x, ut(x, 0) = cosx745
5.1.3.16 [392] utt = c2uxx dAlembert solution with u(x, 0) = δ(x− a), ut(x, 0) = 0 . . 748
5.1.3.17 [393] system of 2 inhomogeneous linear hyperbolic system with constant

coefficients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 749
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5.1.3.1 [377] General case. utt = uxx with u(x, 0) = f(x), ut(x, 0) = g(x)

problem number 377

Added May 26, 2019.

Solve for u(x, t) for all x and t > 0 with u(x, 0) = f(x) and ut(x, 0) = g(x)

utt = uxx

utt = uxx

∞

u(x, 0) = f(x)

−∞
ut(x, 0) = g(x)

Figure 5.74: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t,2}] == D[u[x,t],{x,2}];
ic = {u[x,0]==f[x], Derivative[0,1][u][x,0]==g[x]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → {

1
2(f(x− t) + f(t+ x)) + 1

2

∫ t+x

x−t
g(K[1])dK[1] t ≥ 0

Indeterminate True

}}

Maple 3� �
restart;
pde := diff(u(x,t),t$2)= diff(u(x,t),x$2);
ic := u(x,0)=f(x), eval( diff(u(x,t),t),t=0)=g(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) =
∫ t+x

−t+x
g(x1) d x1
2 + f(−t+ x)

2 + f(t+ x)
2

5.1.3.2 [378] General case. No IC given. utt + uxt = c2uxx

problem number 378

From Mathematica DSolve help pages (slightly modified)

Solve for u(x, t) with t > 0 on real line

utt + uxt = c2uxx

0
utt + uxt = c2uxx

−∞ < x <∞, t > 0

No I.C. given

Figure 5.75: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] + D[u[x, t], x, t] == c^2*D[u[x, t], {x, 2}];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t},Assumptions->c>0], 60*10]];� �

{{
u(x, t) → c1

(
t−

(√
4c2 + 1− 1

)
x

2c2

)
+ c2

(
2c2t+

√
4c2 + 1x+ x

2c2

)}}

Maple 3� �
restart;
interface(showassumed=0);
pde := diff(u(x,t),t$2)+diff(u(x,t),t,x)=c^2*diff(u(x,t),x$2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t)) assuming t>0,x>0),output='realtime'));� �

u(x, t) = f1

(
2t c2 + x

√
4c2 + 1 + x

2c2

)
+ f2

(
2t c2 − x

√
4c2 + 1 + x

2c2

)

5.1.3.3 [379] utt = c2uxx + f(x, t), IC at t = 1,u(x, 1) = g(x), ut(x, 1) = h(x)

problem number 379

Added December 20, 2018.

Taken from https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-A
nd-Boundary--Initial-Conditions-2018

Solve
utt = c2uxx + f(x, t)

With initial conditions not at zero

u(x, 1) = g(x)
∂u

∂t
(x, 1) = h(x)

0
utt = c2uxx + f(x, t)

u(x, 1) = g(x)
∂u
∂t (x, 1) = h(x)

−∞ < x <∞, t > 0

Figure 5.76: PDE specification

https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018
https://www.mapleprimes.com/posts/209970-Exact-Solutions-For-PDE-And-Boundary--Initial-Conditions-2018


chapter 5. hyperbolic pde’s (wave) 730

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}];
ic = {u[x, 1] == g[x], Derivative[0, 1][u][x, 1] == h[x]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, u[x, t], {x, t}, Assumptions -> {t > 0,c>0, x > 0}], 60*10]];� �

u(x, t) → {

1
2

(
g
(
x−

√
c2(t− 1)

)
+ g
(√

c2(t− 1) + x
))

+
∫√c2(t−1)+x
x−
√
c2(t−1)

h(K[1])dK[1]

2
√
c2

t− 1 ≥ 0
Indeterminate True




Maple 3� �
restart;
pde := diff(u(x, t), t$2) = c^2*(diff(u(x, t), x$2)) + f(x, t);
ic := u(x, 1) = g(x),eval(diff(u(x,t),t),t=1)=h(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic], u(x, t)) assuming t>0, x>0),output='realtime'));� �

u(x, t) =

∫ t−1
0

∫ x+c(t−1−τ)
(−t+τ+1)c+x

((
d2

dζ2
h(ζ)

)
c2τ +

(
d2

dζ2
g(ζ)

)
c2 + f(ζ, τ + 1)

)
dζdτ + (2t− 2) ch(x) + 2g(x) c

2c

5.1.3.4 [380] No source. utt = uxx, with u(x, 0) = e−x2
, ut(x, 0) = 1

problem number 380

Taken from Mathematica DSolve help pages.

Solve initial value wave PDE on infinite domain

utt = uxx

With initial conditions

u(x, 0) = e−x2

∂u

∂t
(x, 0) = 1

0

utt = uxx
−∞ < x <∞, t > 0

u(x, 0) = e−x2

∂u
∂t (x, 0) = 1

Figure 5.77: PDE specification



chapter 5. hyperbolic pde’s (wave) 731

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == D[u[x, t], {x, 2}];
ic = {u[x, 0] == E^(-x^2), Derivative[0, 1][u][x, 0] == 1};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → {

1
2

(
e−(x−t)2 + e−(t+x)2

)
+ t t ≥ 0

Indeterminate True

}}

Maple 3� �
restart;
pde := diff(u(x,t), t$2) = diff(u(x,t), x$2);
ic := u(x, 0) = exp(-x^2), (D[2](u))(x,0) = 1;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic], u(x, t))),output='realtime'));� �

u(x, t) = e−(t−x)2

2 + t+ e−(t+x)2

2

5.1.3.5 [381] With source term. utt = uxx +m

problem number 381

Taken from Mathematica DSolve help pages.

Solve initial value wave PDE on infinite domain

utt = uxx +m

With initial conditions

u(x, 0) = sin x− cos 3x
e
abs(x)

6

∂u

∂t
(x, 0) = 0

0

utt = uxx +m
−∞ < x <∞, t > 0

u(x, 0) = sinx− cos(3x)

e
|x|
6

∂u
∂t (x, 0) = 0

Figure 5.78: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = {D[u[x, t], {t, 2}] == D[u[x, t], {x, 2}] + m};
ic = {u[x, 0] == Sin[x] - Cos[3*x]/E^(Abs[x]/6), Derivative[0, 1][u][x, 0] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, u[x, t], {x, t}], 60*10]];� �
{{

u(x, t) → {
1
2

(
mt2 − e−

|t−x|
6 cos(3t− 3x)− e−

|t+x|
6 cos(3(t+ x)) + 2 cos(t) sin(x)

)
t ≥ 0

Indeterminate True

}}

Maple 3� �
restart;
pde := diff(u(x, t), t$2) = diff(u(x, t), x$2) + m;
ic := u(x, 0) = sin(x) - cos(3*x)/exp(abs(x)/6), (D[2](u))(x, 0) =0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic], u(x, t))),output='realtime'));� �

u(x, t) = −sin (t− x)
2 − e−

|t−x|
6 cos (3t− 3x)

2 + mt2

2 + sin (t+ x)
2 − e−

|t+x|
6 cos (3t+ 3x)

2

5.1.3.6 [382] non-linear (Solitons) ut + 6u(x, t)ux + uxxx = 0

problem number 382

This was first solved analytically by (Krvskal, Zabrsky 1965).

Solve
ut + 6u(x, t)ux + uxxx = 0

0

ut + 6u+ uxxx = 0
−∞ < x <∞, t > 0

No I.C. given

Figure 5.79: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], t] + 6*u[x, t]*D[u[x, t], x] + D[u[x, t], {x, 3}] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → −12c13 tanh2(c2t+ c1x+ c3)− 8c13 + c2

6c1

}}
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Maple 3� �
restart;
pde := diff(u(x,t),t)+6*u(x,t)*diff(u(x,t),x)+diff(u(x,t),x$3)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(x,t)) assuming t>0,x>0),output='realtime'));� �

u(x, t) = −12 tanh (c2x+ c3t+ c1)2 c32 + 8c32 − c3
6c2

Hand solution

Solve
ut + 6u ux + uxxx = 0

Assuming special solution u = f(ξ) where ξ = x− ct, this PDE is transformed to non-linear
first order ODE

−cf
2

2 + f 3 + 1
2

(
df

dξ

)2

= 0

The above is solved analytically (Krvskal, Zabrsky 1965) and the solution is

f(x, c, t) =
(
1
2c
)
sech2

(√
c

2 (x− ct)
)

Tall waves move fast but have smaller period, while short wave move slow. Tall wave pass
through short wave and leave in same shape they entered. Here are two animations and the
above solution. This first animation has one tall wave passing though short wave

Out[ ]=

time 122

0 20 40 60 80
0.0

0.5

1.0

1.5

2.0

time = 36.300

Figure 5.80: Screen shot

Source code used for the above
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f[x_, c_, t_] :=
1

2
c Sech

c

2
(x - c t)

2
;

tab = Table[Grid[{

{

Plot[

If[t > 20, f[x, 2, t - 20] + f[x, 1, t], f[x, 1, t]], {x, 0, 80},

PlotRange → {{0, 80}, {0, 2}},

ImageSize → 400,

Frame → False,

PlotLabel → title]

},

{Row[{"time = ", NumberForm[t, {5, 3}]}]}

}

], {t, 0, 80, .3}

];

Figure 5.81: Source code

This animation shows three waves interacting

Out[ ]=

time 154

0 20 40 60 80 100 120 140
0.0

0.5

1.0

1.5

2.0

2.5

time = 46.000

Figure 5.82: Screen shot

Source code used for the above
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In[ ]:= tab = Table[Grid[{

{

Plot[

If[t > 40, f[x, 2.9, t - 40] + f[x, 1.5, t - 20] + f[x, 1, t],

If[t > 20, f[x, 1.5, t - 20] + f[x, 1, t],

f[x, 1, t]

]

], {x, 0, 140},

PlotRange → {{0, 140}, {0, 2.5}},

ImageSize → 400,

Frame → False,

PlotLabel → title]

},

{Row[{"time = ", NumberForm[t, {5, 3}]}]}

}

],

{t, 0.1, 100, .3}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim_2.gif", tab, "DisplayDurations" → 0.06]

Figure 5.83: Code for animation

5.1.3.7 [383] Inhomogeneous PDE 3uxx − utt + uxt = 1

problem number 383

From Mathematica DSolve help pages. Inhomogeneous hyperbolic PDE with constant coeffi-
cients.

Solve for u(x, t)
3uxx − utt + uxt = 1

0

utt = 3uxx + uxt − 1
−∞ < x <∞, t > 0

No I.C. given

Figure 5.84: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
ode = 3*D[u[x, t], {x, 2}] - D[u[x, t], {t, 2}] + D[u[x, t], x, t] == 1;
sol = AbsoluteTiming[TimeConstrained[DSolve[ode, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → c1

(
t− 1

6

(
1 +

√
13
)
x

)
+ c2

(
t+ 1

6

(√
13− 1

)
x

)
+ x2

6

}}
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Maple 3� �
restart;
pde := 3*diff(u(x, t), x$2) - diff(u(x, t),t$2)+diff(u(x, t), x,t) =1;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde, u(x, t))),output='realtime'));� �

u(x, t) = f2

(
−x6 + x

√
13
6 + t

)
+ f1

(
(−6t+ x)

√
13

26 + x

2

)
+ x2

13 + tx

13 − 3t2
13

5.1.3.8 [384] Practice exam problem Math 5587

problem number 384

Added May 23, 2019.

From Math 5587 midterm I, Fall 2016, practice exam, problem 10.

Solve for u(x, t) with u(x, 0) = sin(x) and ut(x, 0) = cos(x)

utt = uxx

utt = uxx

∞
u(x, 0) = sin(x)

−∞

ut(x, 0) = cos(x)

Figure 5.85: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t,2}] == D[u[x,t],{x,2}];
ic = {u[x,0]==Sin[x], Derivative[0,1][u][x,0]==Cos[x]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → { sin(t+ x) t ≥ 0

Indeterminate True

}}
Maple 3� �
restart;
pde := diff(u(x,t),t$2)= diff(u(x,t),x$2);
ic := u(x,0)=sin(x), eval( diff(u(x,t),t),t=0)=cos(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) = sin (t+ x)
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5.1.3.9 [385] Practice exam problem Math 5587

problem number 385

Added May 23, 2019.

From Math 5587 midterm I, Fall 2016, practice exam, problem 11.

Solve for u(x, t) with u(x, 0) = x2 and ut(x, 0) = x

utt = uxx

utt = uxx

∞
u(x, 0) = x2

−∞

ut(x, 0) = x

Figure 5.86: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t,2}] == D[u[x,t],{x,2}];
ic = {u[x,0]==x^2, Derivative[0,1][u][x,0]==x};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → { t2 + xt+ x2 t ≥ 0

Indeterminate True

}}
Maple 3� �
restart;
pde := diff(u(x,t),t$2)= diff(u(x,t),x$2);
ic := u(x,0)=x^2, eval( diff(u(x,t),t),t=0)=x;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) = t2 + tx+ x2

5.1.3.10 [386] Practice exam problem Math 5587

problem number 386

Added May 23, 2019.

From Math 5587 midterm I, Fall 2016, practice exam, problem 12.

Solve for u(x, t) with u(x, 0) = 0 and ut(x, 0) = 4x
x2+1

utt = uxx
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utt = uxx

∞
u(x, 0) = 0

−∞

ut(x, 0) =
4x

1+x2

Figure 5.87: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t,2}] == D[u[x,t],{x,2}];
ic = {u[x,0]==0, Derivative[0,1][u][x,0]==4*x/(x^2+1)};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → { log ((t+ x)2 + 1)− log ((t− x)2 + 1) t ≥ 0

Indeterminate True

}}
Maple 3� �
restart;
pde := diff(u(x,t),t$2)= diff(u(x,t),x$2);
ic := u(x,0)=0, eval( diff(u(x,t),t),t=0)=4*x/(x^2+1);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) = − ln
(
t2 − 2tx+ x2 + 1

)
+ ln

(
t2 + 2tx+ x2 + 1

)
5.1.3.11 [387] zero initial velocity

problem number 387

Added January 9, 2020

Solve for u(x, t) with u(x, 0) = 1
x2+1 and ut(x, 0) = 0

utt = uxx

utt = uxx

∞
u(x, 0) = 1

1+x2

−∞

ut(x, 0) = 0

Figure 5.88: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t,2}] == D[u[x,t],{x,2}];
ic = {u[x,0]==1/(x^2+1), Derivative[0,1][u][x,0]==0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → {

t2+x2+1
t4−2(x2−1)t2+(x2+1)2 t ≥ 0
Indeterminate True

}}

Maple 3� �
restart;
pde := diff(u(x,t),t$2)= diff(u(x,t),x$2);
ic := u(x,0)=1/(1+x^2), D[2](u)(x,0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) = 1
2 (−t+ x)2 + 2

+ 1
2 (t+ x)2 + 2

Hand solution

Solve the wave equation utt = uxx for infinite domain −∞ < x < ∞ with initial position
u(x, 0) = 1

1+x2 and zero initial velocity g(x) = 0.

The solution for wave PDE utt = a2uxx on infinite domain can be given as either series
solution, or using D’Alembert solution. Using D’Alembert, the solution is

u(x, t) = 1
2(f(x− at) + f(x+ at)) + 1

2a

∫ x+at

x−at

g(s) ds

But here c = 1 and g(x) is zero. Therefore the above simplifies to

u(x, t) = 1
2(f(x− t) + f(x+ t))

Since f(x) = 1
1+x2 , the above becomes

u(x, t) = 1
2

(
1

1 + (x− t)2
+ 1

1 + (x+ t)2
)

Animation is below

Out[ ]=

time 31

time = 3.00 seconds

-40 -20 0 20 40
x

0.2

0.4

0.6

0.8

1.0
U

Figure 5.89: Initial state
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Source code used for the above

In[ ]:= ClearAll[x, t, u]

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

fLeft[x_, t_] := 1/(1 + (x + t)^2)

fRight[x_, t_] := 1/(1 + (x - t)^2)

u[x_, t_] := 1/ 2 (fRight[x, t] + fLeft[x, t]);

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {3, 2}], " seconds"}]},

{

Quiet@Plot[Evaluate[u[x, t]], {x, -40, 40},

Exclusions → None,

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{-40, 40}, {0, 1}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 40, 0.1}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

Figure 5.90: Source code

5.1.3.12 [388] zero initial velocity

problem number 388

Added January 10, 2020

Solve for u(x, t) with u(x, 0) = sin(x) from −π < x < π and zero everywhere else and
ut(x, 0) = 0

utt = uxx

utt = uxx

∞

u(x, 0) = sin(x) − π < x < π

−∞

ut(x, 0) = 0

−π π

Figure 5.91: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == D[u[x, t], {x, 2}];
ic = {u[x, 0] == Piecewise[{{Sin[x], -Pi < x < Pi}, {0, True}}], Derivative[0, 1][u][x, 0] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x, t], {x, t}], 60*10]];� �

u(x, t) → {

1
2

((
{ − sin(t− x) t < x+ π ∧ x < t+ π

0 True

)
+
(

{ sin(t+ x) −π < t+ x < π

0 True

))
t ≥ 0

Indeterminate True



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Maple 3� �
restart;
pde := diff(u(x,t),t$2)= diff(u(x,t),x$2);
ic := u(x,0)= piecewise(-Pi<x and x<Pi,sin(x), true,0) , D[2](u)(x,0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) = −


0 −t+ x ≤ −π

sin (t− x) −t+ x < π

0 π ≤ −t+ x


2 +


0 t+ x ≤ −π

sin (t+ x) t+ x < π

0 π ≤ t+ x


2

Hand solution

The solution for wave PDE utt = uxx on infinite domain using D’Alembert solution with zero
initial velocity is

u(x, t) = 1
2(f(x− t) + f(x+ t))

= 1
2(sin (x− t) + sin (x+ t))

The following is an animation Here is animation for 10 seconds.

Animation is below

Out[ ]=

time 31

time = 3.00 seconds

-40 -20 0 20 40
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0.6

0.8

1.0
U

Figure 5.92: Initial state

Source code used for the above
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In[ ]:= ClearAll[x, t, u]

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

fLeft[x_, t_] := 1/(1 + (x + t)^2)

fRight[x_, t_] := 1/(1 + (x - t)^2)

u[x_, t_] := 1/ 2 (fRight[x, t] + fLeft[x, t]);

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {3, 2}], " seconds"}]},

{

Quiet@Plot[Evaluate[u[x, t]], {x, -40, 40},

Exclusions → None,

BaseStyle → 15,

ImageMargins → 3,

PerformanceGoal → "Quality",

PlotRange → {{-40, 40}, {0, 1}},

ImageSize → 500,

AxesLabel → {"x", "U"},

GridLines → Automatic,

GridLinesStyle → LightGray,

PlotStyle → Red

]

}}],

{t, 0, 40, 0.1}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

Figure 5.93: Source code

5.1.3.13 [389] General case utt = uxx with u(x, 0) = sin x, ut(x, 0) = −2xe−x2

problem number 389

Added May 26, 2019.

Taken from Final exam, Math 5587 UMN, Fall 2016.

Solve for u(x, t) for all x and t > 0 with u(x, 0) = sin(x) and ut(x, 0) = −2xe−x2

utt = uxx

utt = uxx

∞

u(x, 0) = sin(x)

−∞
ut(x, 0) = −2xe−x2

Figure 5.94: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t,2}] == D[u[x,t],{x,2}];
ic = {u[x,0]==Sin[x], Derivative[0,1][u][x,0]==-2*x*Exp[-x^2]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x, t], {x, t}], 60*10]];� �

{{
u(x, t) → {

1
2

(
2 cos(t) sin(x)− e−(t−x)2 + e−(t+x)2

)
t ≥ 0

Indeterminate True

}}
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Maple 3� �
restart;
pde := diff(u(x,t),t$2)= diff(u(x,t),x$2);
ic := u(x,0)=sin(x), eval( diff(u(x,t),t),t=0)=-2*x*exp(-x^2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) = −sin (t− x)
2 − e−(t−x)2

2 + sin (t+ x)
2 + e−(t+x)2

2

5.1.3.14 [390] General case. utt = uxx dAlembert solution, box function as
initial position

problem number 390

Added Sept, 15, 2019.

Taken from Peter Olver textbook, Introduction to Partial differential equations. Problem
2.4.2

Solve for u(x, t) for all x and t > 0 with u(x, 0) = 1 for 1 < x < 2 and zero otherwise.
ut(x, 0) = 0

utt = uxx

utt = uxx

∞
u(x, 0) = 1 for 1 < x < 2 and zero otherwise

−∞

ut(x, 0) = 0

Figure 5.95: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t,2}] == D[u[x,t],{x,2}];
ic = {u[x,0] == Piecewise[{{1, 1 < x < 2}, {0, True}}], Derivative[0,1][u][x,0]==0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x, t], {x, t}], 60*10]];� �

u(x, t) → {

1
2

((
{ 1 1 < x− t < 2

0 True

)
+
(

{ 1 1 < t+ x < 2
0 True

))
t ≥ 0

Indeterminate True




Maple 3� �
restart;
pde := diff(u(x,t),t$2)= diff(u(x,t),x$2);
ic:=u(x,0)=piecewise(1<x and x<2,1,true,0),eval( diff(u(x,t),t),t=0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) =


0 −t+ x ≤ 1
1
2 −t+ x < 2
0 2 ≤ −t+ x

+


0 t+ x ≤ 1
1
2 t+ x < 2
0 2 ≤ t+ x


Hand solution
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Solve the wave equation utt = uxx when the initial displacement is the box function u(0, x) ={
1 1 < x < 2
0 otherwise , while the initial velocity is zero.

Solution

d’Alembert solution of the wave equation is

u(t, x) = 1
2(f(x− ct) + f(x+ ct)) + 1

2c

∫ x+ct

x−ct

g(s) ds

Where c is the wave speed which is c = 1 in this problem and f(x) = u(0, x) and g(x) =
ut(0, x) = 0 in this problem. Hence the above simpifies to

u(t, x) = 1
2(f(x− t) + f(x+ t))

= 1
2

({
1 1 < x− t < 2
0 otherwise +

{
1 1 < x+ t < 2
0 otherwise

)

The following is an animation of the solution

Out[ ]=

time

time 0.29

-2 0 2 4
x

0.2

0.4

0.6

0.8

1.0

u

Figure 5.96: snap shot

Source code used for the above
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In[ ]:=

(*2D*)

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""},

NumberPadding → {"0", "0"}, SignPadding → True];

u[x_, t_] :=
1

2
(Piecewise[{{1, 1 < x - t < 2}, {0, True}}] + Piecewise[{{1, 1 < x + t < 2}, {0, True}}]);

Manipulate[

Grid[{{Row[{"time ", NumberForm[time, {4, 2}]}]},

{

Quiet@Plot[u[x, time], {x, -3, 5},

PlotRange → {All, {0, 1.1}},

AxesLabel → {Style["x", 12], Style["u", 14]},

BaseStyle → 12,

ImageSize → 400, PlotStyle → Red, GridLines → Automatic,

GridLinesStyle → LightGray,

Exclusions → None

]

}}

]

,

{{time, 0, "time"}, 0, 3, .01},

TrackedSymbols ⧴ {time}

]

Figure 5.97: Source code 2D

5.1.3.15 [391] utt = 4uxx + cos(t) dAlembert solution with
u(x, 0) = sin x, ut(x, 0) = cos x

problem number 391

Added Oct 8, 2019

Exam 1 problem, math 5587, fall 2019, UMN.

Solve for u(x, t)

utt = 4uxx + cos(t)

With initial conditions u(x, 0) = sin x, ut(x, 0) = cos x

utt = 4uxx + cos t
∞

u(x, 0) = cosx
−∞

ut(x, 0) = sinx

Figure 5.98: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t,2}] == 4* D[u[x,t],{x,2}]+ Cos[t];
ic = {u[x,0]== Sin[x], Derivative[0,1][u][x,0]==Cos[x]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde,ic}, u[x, t], {x, t}], 60*10]];� �
{{

u(x, t) → { sin(x) cos2(t) + (cos(x) sin(t)− 1) cos(t)− sin2(t) sin(x) + 1 t ≥ 0
Indeterminate True

}}
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Maple 3� �
restart;
pde := diff(u(x,t),t$2)= 4*diff(u(x,t),x$2)+cos(t);
ic:=u(x,0)=sin(x),D[2](u)(x,0)=cos(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t))),output='realtime'));� �

u(x, t) = −sin (2t− x)
4 + 1 + 3 sin (2t+ x)

4 − cos (t)
Hand solution

Solve the wave equation utt = 4uxx + cos t when initial conditions u(x, 0) = sin x, ut(x, 0) =
cosx

Solution

d’Alembert solution of the wave equation is

u(t, x) = 1
2(f(x− ct) + f(x+ ct)) + 1

2c

∫ x+ct

x−ct

g(s) ds+ 1
2c

∫ t

0

∫ x+c(t−s)

x−c(t−s)
F (s) dyds

Where c is the wave speed which is c = 2 in this problem and f(x) = u(0, x) = sin x and
g(x) = ut(0, x) = cosx and the force F (t) = cos t in this problem. Hence the above simpifies
to

u(t, x) = 1
2(sin (x− 2t) + sin (x+ 2t)) + 1

4

∫ x+2t

x−2t
cos (s) ds+ 1

4

∫ t

0

∫ x+2(t−s)

x−2(t−s)
cos (s) dyds

But 1
4

∫ x+2t
x−2t cos (s) ds = 1

4 [sin (s)]
x+2t
x−2t = 1

4(sin (x+ 2t)− sin (x− 2t)). Hence the above be-
comes

u(t, x) = 1
2(sin (x− 2t) + sin (x+ 2t)) + 1

4(sin (x+ 2t)− sin (x− 2t)) + 1
4

∫ t

0

∫ x+2(t−s)

x−2(t−s)
cos (s) dyds

= 1
4 sin (x− 2t) + 3

4 sin (x+ 2t) + 1
4

∫ t

0

∫ x+c(t−s)

x−c(t−s)
cos (s) dyds (1A)

But
1
4

∫ t

0

∫ x+2(t−s)

x−2(t−s)
cos (s) dyds = 1

4

∫ t

0
cos (s)

∫ x+2(t−s)

x−2(t−s)
dyds

= 1
4

∫ t

0
cos (s) (x+ 2(t− s)− x+ 2(t− s)) ds

= 1
4

∫ t

0
cos (s) (2(t− s) + 2(t− s)) ds

= 1
4

∫ t

0
cos (s) (2t− 2s+ 2t− 2s) ds

=
∫ t

0
cos (s) (t− s) ds

=
∫ t

0
t cos (s) ds−

∫ t

0
s cos (s) ds

= t[sin (s)]t0 −
∫ t

0
s cos (s) ds

= t sin t−
∫ t

0
s cos (s) ds (1)

Integration by parts. udv = uv −
∫
vdu. Let u = s, dv = cos s, then du = 1, v = sin (s), then∫ t

0
s cos (s) ds = [s sin (s)]t0 −

∫ t

0
sin sds

= t sin t− [− cos s]t0
= t sin t+ (cos t− 1) (2)
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Using (2) in (1) gives

1
4

∫ t

0

∫ x+2(t−s)

x−2(t−s)
cos (s) dyds = t sin t− (t sin t+ (cos t− 1))

= 1− cos t

Substituting the above in (1A) gives

u(x, t) = 1
4 sin (x− 2t) + 3

4 sin (x+ 2t) + 1− cos t

The following is an animation of the solution

Out[ ]=

time

time 0

-10 -5 5 10
x

-1

1

2

3
u

Figure 5.99: snap shot

Source code used for the above

In[ ]:=

(*2D*)

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""},

NumberPadding → {"0", "0"}, SignPadding → True];

u[x_, t_] := 1/ 4* Sin[x - 2 t] + 3/ 4* Sin[x + 2 t] + 1 - Cos[t];

Manipulate[

Grid[{{Row[{"time ", NumberForm[time, {4, 2}]}]},

{

Plot[u[x, time], {x, -10, 10},

PlotRange → {All, {-1.5, 3}},

AxesLabel → {Style["x", 12], Style["u", 14]},

BaseStyle → 12,

ImageSize → 400, PlotStyle → Red, GridLines → Automatic,

GridLinesStyle → LightGray,

Exclusions → None

]

}}

]

,

{{time, 0, "time"}, 0, 30, .01},

TrackedSymbols ⧴ {time}

]

Figure 5.100: Source code 2D
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5.1.3.16 [392] utt = c2uxx dAlembert solution with u(x, 0) = δ(x− a), ut(x, 0) = 0

problem number 392

Added January 8, 2020

Problem 6.3.27 Introduction to Partial Differential Equations by Peter Olver, ISBN 9783319020983.

Consider the wave equation utt = c2uxx on the line −∞ < x < ∞. Use the d’Alembert
formula to solve the initial value problem u(x, 0) = δ(x− a) , ut(x, 0) = 0.

u(x, t) = 1
2(f(x− ct) + f(x+ ct)) + 1

2c

∫ x+ct

x−ct

g(s) ds (2.82)

utt = c2uxx

∞
u(x, 0) = δ(x− a)

−∞

ut(x, 0) = 0

Figure 5.101: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, t], {t, 2}] == c^2*D[u[x, t], {x, 2}];
ic = {u[x, 0] == DiracDelta[x - a], Derivative[0, 1][u][x, 0] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, t], {x, t}, Assumptions -> a > 0], 60*10]];� �


u(x, t) → {

δ(x− a) x ≥ 0 ∧ t = 0
2
∫∞
0 cos(aK[1]) cos

(√
c2tK[1]

)
cos(xK[1])dK[1]

π
x ≥ 0 ∧ t > 0

Indeterminate True




Maple 3� �
restart;
pde := diff(u(x,t),t$2)=c^2*diff(u(x,t),x$2);
ic := u(x,0)=Dirac(x-a), D[2](u)(x,0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,ic],u(x,t)) assuming a>0),output='realtime'));� �

u(x, t) = δ(ct+ a− x)
2 + δ(−ct+ a− x)

2
Hand solution

u(x, t) = 1
2(f(x− ct) + f(x+ ct)) + 1

2c

∫ x+ct

x−ct

g(s) ds (2.82)

In (2.82), the function f is the initial conditions and the function g is the initial velocity.
Hence the above becomes

u(x, t) = 1
2(δ((x− a)− ct) + δ((x− a) + ct))

But δ((x− a)− ct) = δ(x− a− ct) = δ(x− (a+ ct)) and δ((x− a) + ct) = δ(x− a+ ct) =
δ(x− (a− ct)). Hence the above becomes

u(x, t) = 1
2δ(x− (a+ ct)) + 1

2δ(x− (a− ct)) (1)
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The above is two half strength delta pulses, one traveling to the left and one traveling to the
right from the starting position.

5.1.3.17 [393] system of 2 inhomogeneous linear hyperbolic system with
constant coefficients

problem number 393

From Mathematica DSolve help pages

Solve for u(x, t), v(x, t)

∂u

∂t
= ∂v

∂x
+ 1

∂v

∂t
= −∂u

∂x
− 1

With initial conditions

u(x, 0) = cos2 x
v(x, 0) = sin x

Mathematica 3� �
ClearAll["Global`*"];
eqns = {D[u[x, t], t] == D[v[x, t], x] + 1, D[v[x, t], t] == -D[u[x, t], x] - 1};
ic = {u[x, 0] == Cos[x]^2, v[x, 0] == Sin[x]};
sol = AbsoluteTiming[TimeConstrained[FullSimplify[DSolve[{eqns, ic}, {u[x, t], v[x, t]}, {x, t}]], 60*10]];� �
{{

u(x, t) → sinh(t) cos(x) + 1
2 cosh(2t) cos(2x) + t+ 1

2 , v(x, t) → cosh(t) sin(x)(2 sinh(t) cos(x) + 1)− t

}}
Maple 7� �
restart;
pde1 := diff(u(x, t), t) = diff(v(x, t), x) + 1;
pde2 := diff(v(x, t), t) = -diff(u(x, t), x) - 1;
ic := u(x, 0) = cos(x)^2, v(x, 0) = sin(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde1,pde2, ic], {u(x, t), v(x, t)})),output='realtime'));� �
sol=()
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5.2 Wave PDE in 2D

Local contents
5.2.1 Cartesian coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 750
5.2.2 Polar coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 775

5.2.1 Cartesian coordinates

Local contents
5.2.1.1 [394] Rectangular membrane. Fixed on all edges, General solution . . . . . . 750
5.2.1.2 [395] Rectangular membrane. Fixed on all edges, zero velocity. Specific example754
5.2.1.3 [396] All 4 edges fixed, zero initial velocity, Specific example . . . . . . . . . 757
5.2.1.4 [397] All 4 edges fixed, zero initial velocity, Specific example, delta in center 761
5.2.1.5 [398] All 4 edges fixed . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 765
5.2.1.6 [399] All edges fixed (Haberman 8.5.5 (a) . . . . . . . . . . . . . . . . . . . 766
5.2.1.7 [400] 2 edgs fixed, 2 free, zero initial velocity . . . . . . . . . . . . . . . . . 767
5.2.1.8 [401] All 4 edges fixed, zero initial velocity, general solution . . . . . . . . . 769
5.2.1.9 [402] With damping . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 773
5.2.1.10 [403] On the whole plane . . . . . . . . . . . . . . . . . . . . . . . . . . . . 774

5.2.1.1 [394] Rectangular membrane. Fixed on all edges, General solution

problem number 394

Added January 10, 2020.

Solve
utt = c4(uxx + uyy)

0 < x < L

0 < y < H

Boundary conditions on x

u(0, y, t) = 0
u(L, y, t) = 0

And boundary conditions on y

u(x, 0, t) = 0
u(x,H, t) = 0

Initial conditions

u(x, y, 0) = f(x, y)
∂u

∂t
(x, y, 0) = g(x, y)

x

y

x = L

y = H

∂2u (x, y, t)

∂t2
= c2

(
∂2u

∂x2
+

∂2u

∂y2

)

u = 0 on all boundaries

Figure 5.102: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y, t], {t, 2}] == c^2*Laplacian[u[x, y, t], {x, y}];
ic = {Derivative[0, 0, 1][u][x, y, 0] == g[x, y], u[x, y, 0] == f[x, y]};
bc = {u[0, y, t] == 0, u[0, H, t] == 0, u[x, 0, t] == 0, u[x, L, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, y, t], {x, y, t},Assumptions -> {H > 0, L > 0, c > 0}], 60*10]];� �

{}

Maple 3� �
restart;
pde := diff(u(x, y, t), t$2) = c^2*VectorCalculus:-Laplacian(u(x,y,t),[x,y]);
bc := u(0,y,t)=0,

u(L,y,t)=0,
u(x, 0, t) = 0,
u(x, H, t) = 0;

ic := u(x, y, 0) = f(x,y),(D[3](u))(x, y, 0) = g(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,y,t))assuming L>0,H>0),output='realtime'));
sol := subs(n1=m,sol);� �

u(x, y, t) =
4
(

∞∑
m=1

∞∑
n=1

sin
(
nπx
L

)(
cos
(
cπ
√
H2n2+L2m2 t

LH

)(∫H
0 sin

(mπy
H

)(∫ L
0 sin

(
nπx
L

)
f(x,y)dx

)
AllSolutions

dy
)
AllSolutions

πc
√
H2n2+L2m2+

(∫H
0 sin

(mπy
H

)(∫ L
0 sin

(
nπx
L

)
g(x,y)dx

)
AllSolutions

dy
)
AllSolutions

sin
(
cπ
√
H2n2+L2m2 t

LH

)
HL

)
sin
(mπy
H

)
√
H2n2+L2m2 cHL

)
π

Hand solution

Assuming u = X(x)Y (y)T (t) and substituting into the PDE gives
1
c2
T ′′XY = X ′′Y T + Y ′′XT

1
c2
T ′′

T
= X ′′

X
+ Y ′′

Y

Therefore
1
c2
T ′′

T
= −λ

X ′′

X
+ Y ′′

Y
= −λ

The time ODE becomes
T ′′ + c2λT = 0

And the space ODE is
X ′′

X
+ Y ′′

Y
= −λ

Separating this again gives
X ′′

X
= −λ− Y ′′

Y
Let the second separation variable be µ. This gives two new ODE’s to solve

X ′′

X
= −µ

−λ− Y ′′

Y
= −µ

Or

X ′′ + µX = 0
Y ′′ + Y (λ− µ) = 0
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Solving for X(x) ODE first, and knowing that only µ > 0 will give non trivial solutions (from
the nature of the boundary conditions), gives the solution as

X(x) = A cos (√µx) +B sin (√µx)

Applying B.C. at x = 0 results in
0 = A

Therefore X(x) = B sin
(√

µx
)
. Applying the B.C. at x = L gives

0 = B sin (√µL)

For non trivial solution
√
µL = nπ

µ =
(nπ
L

)2
n = 1, 2, 3, · · ·

Therefore the Xn(x) eigenfunctions are

Xn(x) = Bn sin
(nπ
L
x
)

n = 1, 2, 3, · · ·

Now, solving the Y (y) ODE above

Y ′′ + Y

(
λ−

(nπ
L

)2)
= 0

The solution is

Yn(y) = A cos
(√

λ−
(nπ
L

)2
y

)
+B sin

(√
λ−

(nπ
L

)2
y

)

Applying first B.C. gives
0 = A

Hence

Yn(y) = B sin
(√

λ−
(nπ
L

)2
y

)
Applying the second B.C. gives

0 = B sin
(√

λ−
(nπ
L

)2
H

)

For non trivial solution√
λ−

(nπ
L

)2
H = mπ m = 1, 2, 3, · · ·

λnm −
(nπ
L

)2
=
(mπ
H

)2
λnm =

(mπ
H

)2
+
(nπ
L

)2
n = 1, 2, 3, · · · ,m = 1, 2, 3, · · ·

Hence the Ynm(y) solution is

Ynm = Bnm sin
(mπ
H
y
)

n = 1, 2, 3, · · · ,m = 1, 2, 3, · · ·

The time ode T (t) is now solved

T ′′
nm + c2λnmTnm = 0

Tnm(t) = Anm cos
(
c
√
λnmt

)
+Bnm sin

(
c
√
λnmt

)
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Combining all solutions, and merging all constants into two results in

unm(x, y, t) = Xn(x)Ynm(y)Tnm(t)

u(x, y, t) =
∞∑
n=1

∞∑
m=1

Xm(x)Ymn(y)Tmn(t)

=
∞∑
n=1

∞∑
m=1

Anm sin
(nπ
L
x
)
sin
(mπ
H
y
)
cos
(
c
√
λnmt

)
+

∞∑
n=1

∞∑
m=1

Bnm sin
(nπ
L
x
)
sin
(mπ
H
y
)
sin
(
c
√
λnmt

)
(1)

Initial conditions are now used to find Anm, Bnm. At t = 0

u(x, y, 0) = f(x, y)
∂u

∂t
(x, y, 0) = g(x, y)

Applying first initial condition to (1) gives

f(x, y) =
∞∑
n=1

(
∞∑

m=1

Anm sin
(mπ
H
y
))

sin
((nπ

L

)
x
)

Applying 2D orthogonality gives∫ L

0

∫ H

0
f(x, y) sin

((nπ
L

)
x
)
sin
(mπ
H
y
)
dxdy = Anm

(
L

2

)(
H

2

)
Anm = 4

LH

∫ L

0

∫ H

0
f(x, y) sin

((nπ
L

)
x
)
sin
(mπ
H
y
)
dxdy

Taking time derivative of (1) gives

∂u

∂t
(x, y, t) =

∞∑
n=1

∞∑
m=1

−c
√
λnmAnm sin

(nπ
L
x
)
sin
(mπ
H
y
)
sin
(
c
√
λnmt

)
+

∞∑
n=1

∞∑
m=1

c
√
λnmBnm sin

(nπ
L
x
)
sin
(mπ
H
y
)
cos
(
c
√
λnmt

)
At t = 0 the above becomes

g(x, y) =
∞∑
n=1

∞∑
m=1

c
√
λnmBnm sin

((nπ
L

)
x
)
sin
(mπ
H
y
)

Applying 2D orthogonality gives∫ L

0

∫ H

0
g(x, y) sin

(nπ
L
x
)
sin
(mπ
H
y
)
dxdy = Bnm

(
L

2

)(
H

2

)
Bnm = 4

LH

∫ L

0

∫ H

0
g(x, y) sin

(nπ
L
x
)
sin
(mπ
H
y
)
dxdy

Summary of solution

u(x, y, t) =
∞∑
n=1

(
∞∑

m=1

Anm sin
(mπ
H
y
)
cos
(
c
√
λnmt

))
sin
(nπ
L
x
)
+

∞∑
n=1

(
∞∑

m=1

Bnm sin
(mπ
H
y
)
sin
(
c
√
λnmt

))
sin
(nπ
L
x
)

Anm = 4
LH

∫ L

0

∫ H

0
f(x, y) sin

((nπ
L

)
x
)
sin
(mπ
H
y
)
dxdy

Bnm = 4
LH

∫ L

0

∫ H

0
g(x, y) sin

((nπ
L

)
x
)
sin
(mπ
H
y
)
dxdy

λnm =
(mπ
H

)2
+
(nπ
L

)2
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5.2.1.2 [395] Rectangular membrane. Fixed on all edges, zero velocity. Specific
example

problem number 395

Added January 10, 2020.

Solve
utt = c4(uxx + uyy)

0 < x < L

0 < y < H

Boundary conditions on x

u(0, y, t) = 0
u(L, y, t) = 0

And boundary conditions on y

u(x, 0, t) = 0
u(x,H, t) = 0

Initial conditions

u(x, y, 0) = f(x, y)
∂u

∂t
(x, y, 0) = g(x, y)

Using L = 1, H = 2, c = 1
10 , f(x, y) = x cos(y), g(x, y) = 0.

utt = ( 1
10
)2∇2u(x, y)

1
x

y

2

u = 0
(fixed edge) ∂u

∂t
(x, y, 0) = 0

u(x, y, 0) = x cos y

u = 0
(fixed edge)

u = 0
(fixed edge)

u = 0
(fixed edge)

Figure 5.103: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
L=1;H=2;c=1/10;
f[x_,y_]:=x*Cos[y];
g[x_,y_]:=0;
pde = D[u[x, y, t], {t, 2}] == c^2*Laplacian[u[x, y, t], {x, y}];
ic = {Derivative[0, 0, 1][u][x, y, 0] == g[x, y], u[x, y, 0] == f[x, y]};
bc = {u[0, y, t] == 0, u[0, H, t] == 0, u[x, 0, t] == 0, u[x, L, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, y, t], {x, y, t}], 60*10]];� �

{}
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Maple 3� �
restart;
L:=1;
H:=2;
c:=1/10;
f:=(x,y)->x*cos(y);
g:=(x,y)->0;
pde := diff(u(x, y, t), t$2) = c^2*VectorCalculus:-Laplacian(u(x,y,t),[x,y]);
bc := u(0,y,t)=0,

u(L,y,t)=0,
u(x, 0, t) = 0,
u(x, H, t) = 0;

ic := u(x, y, 0) = f(x,y),(D[3](u))(x, y, 0) = g(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,y,t))),output='realtime'));
sol := subs(n1=m,sol);� �

u(x, y, t) = 4


∞∑

m=1

m((−1)m cos (2)− 1)
(

∞∑
n=1

sin(nπx) cos
(
π
√
m2+4n2 t

20

)
(−1)n sin

(mπy
2
)

n

)
π2m2 − 4


Hand solution

The basic solution for this type of PDE was already given in problem 5.2.1.1 on page 751 as

u(x, y, t) =
∞∑
n=1

(
∞∑

m=1

Anm sin
(mπ
H
y
)
cos
(
c
√
λnmt

))
sin
(nπ
L
x
)
+

∞∑
n=1

(
∞∑

m=1

Bnm sin
(mπ
H
y
)
sin
(
c
√
λnmt

))
sin
(nπ
L
x
)

Anm = 4
LH

∫ L

0

∫ H

0
f(x, y) sin

(nπ
L
x
)
sin
(mπ
H
y
)
dxdy

Bnm = 4
LH

∫ L

0

∫ H

0
g(x, y) sin

(nπ
L
x
)
sin
(mπ
H
y
)
dxdy

λnm =
(mπ
H

)2
+
(nπ
L

)2
n = 1, 2, 3, · · · ,m = 1, 2, 3, · · ·

In this problem

L = 1
H = 2

c = 1
10

f(x, y) = x cos y
g(x, y) = 0

Hence the solution becomes

u(x, y, t) =
∞∑
n=1

(
∞∑

m=1

Anm sin
(mπ

2 y
)
cos
(

1
10
√
λnmt

))
sin (nπx) +

∞∑
n=1

(
∞∑

m=1

Bnm sin
(mπ

2 y
)
sin
(

1
10
√
λnmt

))
sin (nπx)

Anm = 2
∫ 1

0

∫ 2

0
x cos y sin (nπx) sin

(mπ
2 y
)
dxdy

Bnm = 0

λnm =
(mπ

2

)2
+ (nπ)2 n = 1, 2, 3, · · · ,m = 1, 2, 3, · · ·
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But

Anm = 2
∫ 1

0

∫ 2

0
x cos y sin (nπx) sin

(mπ
2 y
)
dxdy

= 4(−1)nm(−1 + (−1)m cos (2))
n (m2π2 − 4)

Hence the solution simplifies to

u(x, y, t) =
∞∑
n=1

(
∞∑

m=1

4(−1)nm(−1 + (−1)m cos (2))
n (m2π2 − 4) sin

(mπ
2 y
)
cos
(

1
10

√(mπ
2

)2
+ (nπ)2t

))
sin (nπx)

=
∞∑
n=1

(
∞∑

m=1

4(−1)nm(−1 + (−1)m cos (2))
n (m2π2 − 4) cos

(
π

√
m2 + 4n2

20 t

)
sin
(mπ

2 y
))

sin (nπx)

Animation is below

Out[ ]=

time 1

time = 00.00, N = 10, M = 10

Figure 5.104: Initial state

Source code used for the above

ClearAll[x, t, u]

max = 10;

L0 = 1;

H0 = 2;

u[x_, y_, t_] := SumSum
4 (-1)n m -1 + (-1)m Cos[2]

n m2 π2
- 4

Cosπ
m2 + 4 n^2

20
t Sin

m π

2
y * Sin[n π x], {m, 1, max},

{n, 1, max}

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

Figure 5.105: Source code
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tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 2}], ", N = ", 10, ", M = ", 10}]},

{Plot3D[Evaluate[u[x, y, t]], {x, 0, L0}, {y, 0, H0},

PlotRange → {Automatic, Automatic, {-1.65, 1.6}},

AxesLabel → {"x", "y", "u"}, BaseStyle → 10,

ImageMargins → 5, ViewPoint → {1, -1, 1},

BoxRatios → {1, 1, .5}, ImageSize → 400,

PerformanceGoal → "Quality"]}}

],

{t, 0, 15, .1}

];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → 0.15](*,"AnimationRepetitions"→Infinity]*)

Figure 5.106: Source code

5.2.1.3 [396] All 4 edges fixed, zero initial velocity, Specific example

problem number 396

Added June 17, 2019

Solve for u(x, y, t) with 0 < x < L and 0 < y < H and t > 0.

Solve
utt = c2∇2u(x, y)

With boundary conditions

u(x, 0, t) = 0
u(0, y, t) = 0
u(L, y, t) = 0
u(x,H, t) = 0

With initial conditions

u(x, y, 0) = 3f1(x)f2(y)
ut(x, y, 0) = 0

And
f1(x) =

{
x 0 < x < L

2
L− x L

2 < x < L

Where
f2(y) =

{
y 0 < y < H

2
H − y H

2 < y < H

And L = 2, H = 3 and c = 1
3 .

utt = ( 1
3
)2∇2u(x, y)

2
x

y

3

u = 0
(fixed edge)

∂u
∂t

(x, y, 0) = 0

u(x, y, 0) = f1(x)f2(y)

u = 0
(fixed edge)

u = 0
(fixed edge)

u = 0
(fixed edge)

Figure 5.107: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
L=2;
H=3;
c=1/3;
f1[x_] :=Piecewise[{{x, x < L/2}, {L - x, x > L/2}}];
f2[y_] := Piecewise[{{y, y < H/2}, {H - y, y > H/2}}];
pde = D[u[x, y, t], {t, 2}] == c^2 * Laplacian[u[x, y, t], {x, y}];
ic = {u[x, y, 0] == 3*f1[x]*f2[y], Derivative[0, 0, 1][u][x, y, 0] == 0};
bc = {u[x, 0, t] == 0, u[0, y, t] == 0, u[L, y, t] == 0, u[x, H, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, y, t], {x, y, t}], 60*10]];
sol = sol /. {K[1] -> n, K[2] -> m};� �

u(x, y, t) → {

∞∑
n=1

∞∑
K[3]=1

288 cos
(

1
18πt

√
9n2+4K[3]2

)
sin
(
nπ
2
)
sin
(
nπx
2
)
sin
( 1
2πK[3]

)
sin
( 1
3πyK[3]

)
n2π4K[3]2 (n|K[3]) ∈ Z ∧ n ≥ 1 ∧K[3] ≥ 1

Indeterminate True




Maple 3� �
restart;
L := 2;
H := 3;
c := 1/3;
f1 := x-> piecewise(x < L/2,x, x > L/2,L - x);
f2 := y-> piecewise(y < H/2,y, y > H/2,H - y);
pde := diff(u(x, y, t), t$2) = c^2* VectorCalculus:-Laplacian(u(x, y, t), 'cartesian'[x, y]);
ic := u(x,y,0)=3*f1(x)*f2(y),D[3](u)(x,y,0)=0;
bc := u(x,0,t)=0,u(0,y,t)=0,u(L,y,t)=0,u(x,H,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic,bc], u(x, y, t))),output='realtime'));
sol := subs(n1=m,sol);� �

u(x, y, t) =

36

 ∞∑
m=1

∞∑
n=1

sin
(
nπx
2
)
cos
(
π
√

4m2+9n2 t
18

)
sin
(
nπ
2
)
sin
(mπy

3
)

m


π

Hand solution

The basic solution for this type of PDE was already given in problem 5.2.1.8 on page 770 as

u(x, y, t) =
∞∑
n=1

∞∑
m=1

Anm sin
(nπ
L
x
)
sin
(mπ
H
y
)
cos
(
c

√(mπ
H

)2
+
(nπ
L

)2
t

)

Anm = 4
LH

∫ L

0

∫ H

0
f(x, y) sin

(nπ
L
x
)
sin
(mπ
H
y
)
dxdy

In this problem

L = 2
H = 3

c = 1
3

f(x, y) = 3f1(x) f2(y)

And
f1(x) =

{
x 0 < x < L

2
L− x L

2 < x < L
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And
f2(y) =

{
y 0 < y < H

2
H − y H

2 < y < H

This is animation of the above solution using these specific values for for 40 seconds. (Ani-
mation will only show in the HTML version)

Out[ ]=

time 1

time = 0.000

Figure 5.108: Initial state

Source code used for the above

ClearAll[x, y, t, mySol]

L = 2;

H = 3;

c = 0.3;

f1[x_] := Piecewise[{{x, 0 ≤ x ≤ L/ 2}, {L - x, L/ 2 < x ≤ L}}];

f2[y_] := Piecewise[{{y, 0 ≤ y ≤ H/ 2}, {H - y, H/ 2 < y ≤ H}}];

numberOfTerms = 10;

Anm = N
4

L H
* TablePrint["n=", n, ", m=", m]; Integrate3 f1[x]* f2[y] Sin

n π

L
x Sin

m π

H
y, {x, 0, L}, {y, 0, H},

{n, 1, numberOfTerms}, {m, 1, numberOfTerms};

mySol[x_, y_, t_] = Chop@SumAnm〚n, m〛 Sin
n π

L
x Sin

m π

H
y Cosc t 

m π

H

2
+ 

n π

L

2
,

{n, 1, numberOfTerms}, {m, 1, numberOfTerms};

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

Figure 5.109: Source code
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In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[t, {4, 3}]}]},

{Plot3D[Evaluate[mySol[x, y, t]], {x, 0, L}, {y, 0, H},

BaseStyle → 15,

ImageMargins → 3,

Mesh → 25,

PerformanceGoal → "Speed",

BoxRatios → {1, 1, 0.4},

PlotRange → {{0, L}, {0, H}, {-3.8, 3.8}},

ImageSize → 500,

ColorFunctionScaling → True,

(*ColorFunction→ColorData[{"TemperatureMap",{0,.5}}],*)

AxesLabel → {"x", "y", "U"},

ColorFunction → Function[{x, y, z}, ColorData["ThermometerColors"][z]],

ViewPoint → {1.542, -2.736, 1.258}

]

}}],

{t, 0, 40, .3}];

In[ ]:= Manipulate[tab〚i〛, {{i, 1, "time"}, 1, Length@tab, 1, Appearance → "Labeled"}]

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → Table[.3, {Length[tab]}]]

Figure 5.110: Code used for animation

The following shows selected modes. For example, for n = 1,m = 1 the solution becomes

u(x, y, t) = A1,1 sin
(π
L
x
)
sin
( π
H
y
)
cos

c
√( π

H

)2
+
(
1π
L

)2

t


And for n = 1,m = 5 then the solution becomes

u(x, y, t) = A1,5 sin
(π
L
x
)
sin
(
5π
H
y

)
cos

c
√(

5π
H

)2

+
(π
L

)2
t


And so on.

n m animation

1 1

Out[ ]=

time 1

time = 0.000
mode N=1, M=1 (Heart beat mode)

1 3

Out[ ]=

time 1

time = 0.000
mode N=1, M=3



chapter 5. hyperbolic pde’s (wave) 761

1 5

Out[ ]=

time 1

time = 0.000
mode N=1, M=5

3 1

Out[ ]=

time 1

time = 0.000
mode N=3, M=1

3 5

Out[ ]=

time 1

time = 0.000
mode N=3, M=5

5 1

Out[ ]=

time 1

time = 0.000
mode N=5, M=1

5 3

Out[ ]=

time 1

time = 0.000
mode N=5, M=3

5.2.1.4 [397] All 4 edges fixed, zero initial velocity, Specific example, delta in
center

problem number 397

Added June 18, 2019

Solve for u(x, y, t) with 0 < x < L and 0 < y < H and t > 0.

Solve
utt = c2∇2u(x, y)
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With boundary conditions

u(x, 0, t) = 0
u(0, y, t) = 0
u(L, y, t) = 0
u(x,H, t) = 0

With initial conditions

u(x, y, 0) = f(x, y)
ut(x, y, 0) = 0

And

L = 20
H = 30

c = 1
3

f(x, y) = f1(x) f2(y)

Where f(x, y) is an approximation of delta in the middle of the membrane

f1(x) =
{

1 45
100L < x < 55

100L

0 otherwise

And
f2(y) =

{
1 45

100H < y < 55
100H

0 otherwise

utt = ( 1
3
)2∇2u(x, y)

2
x

y

3

u = 0
(fixed edge)

∂u
∂t

(x, y, 0) = 0

u(x, y, 0) = f(x, y)

u = 0
(fixed edge)

u = 0
(fixed edge)

u = 0
(fixed edge)

approximaton of
δ in middle of
rectrangle

Figure 5.111: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
L = 20;
H = 30;
c = 1/3;
f1[x] := Piecewise[{{1,45/100*L <= x<= 55/100*L},{0,True}}];
f2[y] := Piecewise[{{1,45/100*H<= y<= 55/100*H},{0,True}}];
pde = D[u[x, y, t], {t, 2}] == c^2 * Laplacian[u[x, y, t], {x, y}];
ic = {u[x, y, 0] == f1[x]*f2[y], Derivative[0, 0, 1][u][x, y, 0] == 0};
bc = {u[x, 0, t] == 0, u[0, y, t] == 0, u[L, y, t] == 0, u[x, H, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, y, t], {x, y, t}], 60*10]];
sol = sol /. {K[1] -> n, K[2] -> m};� �

u(x, y, t) → {

∞∑
n=1

∞∑
K[3]=1

4
(
cos
( 9nπ

20
)
−cos

( 11nπ
20
))(

cos
( 9
20πK[3]

)
−cos

( 11
20πK[3]

))
cos
(

1
180πt

√
9n2+4K[3]2

)
sin
(
nπx
20
)
sin
( 1
30πyK[3]

)
nπ2K[3] (n|K[3]) ∈ Z ∧ n ≥ 1 ∧K[3] ≥ 1

Indeterminate True




Maple 3� �
restart;
L := 20;
H := 30;
c := 1/3;
f1 := x-> piecewise(x>45/100*L and x< 55/100*L,1, true,0);
f2 := y-> piecewise(y>45/100*H and y< 55/100*H,1, true,0);
pde := diff(u(x, y, t), t$2) = c^2* VectorCalculus:-Laplacian(u(x, y, t), 'cartesian'[x, y]);
ic := u(x,y,0)=f1(x)*f2(y),D[3](u)(x,y,0)=0;
bc := u(x,0,t)=0,u(0,y,t)=0,u(L,y,t)=0,u(x,H,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic,bc], u(x, y, t))),output='realtime'));
sol := subs(n1=m,sol);� �

u(x, y, t) = −

4

 ∞∑
m=1

∞∑
n=1

sin
(
nπx
20

)
cos
(
π
√

4m2+9n2 t
180

)(
cos
(
9nπ
20

)
−cos

(
11nπ
20

))
sin
(
mπy
30

)(
cos
(
11πm
20

)
−cos

(
9πm
20

))
n

m


π2

Hand solution

The basic solution for this type of PDE was already given in problem 5.2.1.8 on page 770 as

u(x, y, t) =
∞∑
n=1

∞∑
m=1

Anm sin
(nπ
L
x
)
sin
(mπ
H
y
)
cos
(
c

√(mπ
H

)2
+
(nπ
L

)2
t

)

Anm = 4
LH

∫ L

0

∫ H

0
f(x, y) sin

(nπ
L
x
)
sin
(mπ
H
y
)
dxdy

In this problem

L = 20
H = 30

c = 1
3

f(x, y) = f1(x) f2(y)
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Where f(x, y) is an approximation of delta in the middle of the membrane

f1(x) =
{

1 45
100L < x < 55

100L

0 otherwise

And
f2(y) =

{
1 45

100H < y < 55
100H

0 otherwise

This is animation of the above solution using these specific values for for 40 seconds. (Ani-
mation will only show in the HTML version)

Out[ ]=

time 1

Figure 5.112: Initial state

Source code used for the above

ClearAll[x, y, t, n, m]

L = 20;

H = 30;

c = 3/ 10;

f1[x_] := Piecewise[{{1, 45/ 100 L ≤ x ≤ 55/ 100 L}, {0, True}}];

f2[y_] := Piecewise[{{1, 45/ 100 H ≤ y ≤ 55/ 100 H}, {0, True}}];

numberOfTerms = 150;

res[n_, m_] = N@Integrate[f1[x]* f2[y]* Sin[(n Pi)/ L x]* Sin[(m Pi)/ H y], {x, 0, L}, {y, 0, H}]

Anm = Table[ If[Mod[m, 20] ⩵ 0, Print["n=", n, ", m=", m]; Pause[0.05]];

Evaluate[res[n, m]], {n, 1, numberOfTerms}, {m, 1, numberOfTerms}];

mySol[x_, y_, t_] =
4

L H
* SumAnm〚n, m〛 Sin

n π

L
x Sin

m π

H
y Cosc t 

m π

H

2
+ 

n π

L

2
, {n, 1, numberOfTerms}, {m, 1, numberOfTerms};

padIt2[v_, f_List] := AccountingForm[v, f, NumberSigns → {"", ""}, NumberPadding → {"0", "0"}, SignPadding → True];

Figure 5.113: Source code
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In[ ]:=

data = Reap@Do[

Print["n=", n]; Pause[0.05];

t = n;

Sow[Table[Evaluate[{x, y, Chop[N[mySol[x, y, t]]]}], {x, 0, L, 1}, {y, 0, H, 1}]]

,

{n, 0, 100, 0.1}

];

data = data[[2, 1]];

In[ ]:= Manipulate[

f = Flatten[data[[n, All]], 1];

ListPlot3D[f, PlotRange → {{0, L}, {0, H}, {-0.3, .7}}, PerformanceGoal → "Quality", ImageSize → 400, ViewPoint → {1.604, -2.6836, 1.2937}],

{{n, 1, "time"}, 1, Length@data, 1, Appearance → "Labeled"},

TrackedSymbols ⧴ {n}

]

In[ ]:= tab = Table[

Grid[{

{Row[{"time = ", padIt2[(n - 1)* 0.1, {3, 2}], " seconds"}]},

{

f = Flatten[data[[n, All]], 1];

ListPlot3D[f, PlotRange → {{0, L}, {0, H}, {-0.3, .7}}, PerformanceGoal → "Quality", ImageSize → 400, ViewPoint → {1.604, -2.6836, 1.2937}

]

}}],

{n, 1, Length@data, 2}

];

In[ ]:= Export["anim.gif", tab, "DisplayDurations" → Table[0.06, {Length[tab]}]]

Figure 5.114: Code used for animation

5.2.1.5 [398] All 4 edges fixed

problem number 398

Taken from Mathematica helps pages on DSolve

Solve for u(x, y, t) with 0 < x < 1 and 0 < y < 2 and t > 0.

Solve
∂2u

∂t2
= ∂2u

∂x2
+ ∂2u

∂y2

With boundary conditions

u(x, 0, t) = 0
u(0, y, t) = 0
u(1, y, t) = 0
u(x, 2, t) = 0

With initial conditions

u(x, y, 0) = 1
10(x− x2)(2y − y2)

∂u

∂t
(x, y, 0) = 0

utt = ∇2u(x, y)

1
x

y

2

u = 0
(fixed edge)

∂u
∂t

(x, y, 0) = 0

u(x, y, 0) = f(x, y)

u = 0
(fixed edge)

f(x, y) = 1
10

(x− x2)(2y − y2)

u = 0
(fixed edge)

u = 0
(fixed edge)

Figure 5.115: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y, t], {t, 2}] == Laplacian[u[x, y, t], {x, y}];
ic = {u[x, y, 0] == (1/10)*(x - x^2)*(2*y - y^2), Derivative[0, 0, 1][u][x, y, 0] == 0};
bc = {u[x, 0, t] == 0, u[0, y, t] == 0, u[1, y, t] == 0, u[x, 2, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, y, t], {x, y, t}], 60*10]];
sol = sol /. {K[1] -> n, K[2] -> m};
sol = Assuming[Element[{n, m}, Integers], FullSimplify[sol]];� �

u(x, y, t) → {

∞∑
n=1

∞∑
K[3]=1

32(−1+(−1)n)
(
−1+(−1)K[3]) cos( 1

2πt
√

4n2+K[3]2
)
sin(nπx) sin

( 1
2πyK[3]

)
5n3π6K[3]3 K[3] ∈ Z ∧ n ≥ 1 ∧K[3] ≥ 1

Indeterminate True




Maple 3� �
restart;
pde := diff(u(x, y, t), t$2) = VectorCalculus:-Laplacian(u(x, y, t), 'cartesian'[x, y]);
ic := u(x,y,0)=(1/10)*(x-x^2)*(2*y-y^2),(D[3](u))(x,y,0)=0;
bc := u(x,0,t)=0,u(0,y,t)=0,u(1,y,t)=0,u(x,2,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic,bc], u(x, y, t))),output='realtime'));
sol := subs(n1=m,sol);� �

u(x, y, t) =

32

 ∞∑
m=1

∞∑
n=1

−
sin(nπx) sin

(
mπy
2
)
cos
(
π
√
m2+4n2 t

2

)(
−(−1)m+n+(−1)m+(−1)n−1

)
n3


m3


5π6

5.2.1.6 [399] All edges fixed (Haberman 8.5.5 (a)

problem number 399

Added Nov 27, 2018.

This is problem 8.5.5 part(a) from Richard Haberman applied partial differential equations
5th edition.

Solve the initial value problem for membrane with time-dependent forcing and fixed bound-
aries u = 0.

utt = c2∇2u+Q(x, y, t)

If the memberane is rectangle (0 < x < L, 0 < y < H). With initial conditions

u(x, y, 0) = f(x, y)
∂u

∂t
(x, y, 0) = 0

See my HW9, Math 322, UW Madison.
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utt = c2∇2u(x, y) +Q(x, y, t)

L
x

y

H

u = 0
(fixed edge)

∂u
∂t

(x, y, 0) = 0

u(x, y, 0) = f(x, y)

u = 0
(fixed edge)

u = 0
(fixed edge)

u = 0
(fixed edge)

Figure 5.116: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y, t], {t, 2}] == c^2*Laplacian[u[x, y, t], {x, y}] + Q[x, y, t];
ic = {u[x, y, 0] == f[x, y], Derivative[0, 0, 1][u][x, y, 0] == 0};
bc = {u[0, y, t] == 0, u[L, y, t] == 0, u[x, 0, t] == 0, u[x, H, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, y, t], {x, y, t}, Assumptions -> {L > 0, H > 0, t > 0, c > 0}], 60*10]];� �

u(x, y, t) → {

∞∑
K[1]=1

∞∑
K[3]=1

2
√

1
H

√
1
L

∫ t

0

2
(∫ L

0
∫H
0 Q(x,y,K[4]) sin

(
πxK[1]
L

)
sin
(
πyK[3]
H

)
dydx

)
sin
(
cπ

√
K[1]2
L2 +K[3]2

H2 (t−K[4])
)

cπ

√
HK[1]2

L
+LK[3]2

H

dK[4] +
2 cos

(
cπt

√
K[1]2
L2 +K[3]2

H2

)∫ L
0
∫H
0 f(x,y) sin

(
πxK[1]
L

)
sin
(
πyK[3]
H

)
dydx

√
HL

 sin
(

πxK[1]
L

)
sin
(

πyK[3]
H

)
(K[1]|K[3]) ∈ Z ∧K[1] ≥ 1 ∧K[3] ≥ 1

Indeterminate True




Maple 7� �
restart;
interface(showassumed=0);
pde := diff(u(x,y,t),t$2)=c^2*(diff(u(x,y,t),x$2)+diff(u(x,y,t),y$2))+Q(x,y,t);
bc := u(0,y,t)=0,u(L,y,t)=0,u(x,0,t)=0,u(x,H,t)=0;
ic := u(x,y,0)=f(x,y), eval( diff(u(x,y,t),t),t=0)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,y,t)) assuming L>0,H>0,c>0,t>0),output='realtime'));� �
sol=()

5.2.1.7 [400] 2 edgs fixed, 2 free, zero initial velocity

problem number 400

Taken from Maple PDE help pages. This wave PDE inside square with free to move on left
edge and right edge, and top and bottom edges are fixed. It has zero initial velocity, but
given a non-zero initial position. Where 0 < x < π and 0 < y < π and t > 0.

Solve
utt =

1
4

(
∂2u

∂x2
+ ∂2u

∂y2

)
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With boundary conditions

∂u

∂x
u(0, y, t) = 0

∂u

∂x
u(π, y, t) = 0

u(x, 0, t) = 0
u(x, π, 0) = 0

With initial conditions

∂u

∂t
(x, y, 0) = 0

u(x, 0) = xy(π − y)

utt =
1
4
∇2u(x, y)

π
x

y

π

u = 0
(fixed edge)

u = 0
(fixed edge)

∂u
∂x = 0
(free edge)

∂u
∂x = 0

(free edge) ∂u
∂t

(x, y, 0) = 0

u(x, y, 0) = xy(π − y)

Figure 5.117: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y, t], {t, 2}] == (1*(D[u[x, y, t], {x, 2}] + D[u[x, y, t], {y, 2}]))/4;
ic = {Derivative[0, 0, 1][u][x, y, 0] == 0, u[x, y, 0] == x*y*(Pi - y)};
bc = {Derivative[1, 0, 0][u][0, y, t] == 0, Derivative[1, 0, 0][u][Pi, y, t] == 0, u[x, 0, t] == 0, u[x, Pi, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, y, t], {x, y, t}], 60*10]];� �

u(x, y, t) → {

∞∑
K[3]=1

− 2
(
−1+(−1)K[3]) cos( 12 tK[3]

)
sin(yK[3])

K[3]3 +
∞∑

K[1]=1

∞∑
K[3]=1

−
8
(
−1+(−1)K[1])(−1+(−1)K[3]) cos(xK[1]) cos

(
1
2 t
√

K[1]2+K[3]2
)
sin(yK[3])

π2K[1]2K[3]3 (K[1]|K[3]) ∈ Z ∧K[1] ≥ 1 ∧K[3] ≥ 1

Indeterminate True



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Maple 3� �
restart;
pde := diff(u(x, y, t), t, t) = (1/4)*(diff(u(x, y, t), x, x))+(1/4)*(diff(u(x, y, t), y, y));
bc := (D[1](u))(0, y, t) = 0,

(D[1](u))(Pi, y, t) = 0,
u(x, 0, t) = 0,
u(x, Pi, t) = 0;

ic := u(x, y, 0) = x*y*(Pi-y),(D[3](u))(x, y, 0) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,bc,ic],u(x,y,t))),output='realtime'));
sol := subs(n1=m,sol);� �

u(x, y, t) =

−2
(

∞∑
n=1

(−1+(−1)n) sin(ny) cos
(
nt
2
)

n3

)
π2 − 8

 ∞∑
n=1

∞∑
m=1

−
cos(mx) cos

(√
m2+n2 t

2

)(
−1−(−1)m+n+(−1)n+(−1)m

)
sin(ny)

m2


n3


π2

5.2.1.8 [401] All 4 edges fixed, zero initial velocity, general solution

problem number 401

Added June 16, 2019

Solve for u(x, y, t) with 0 < x < L and 0 < y < H and t > 0.

Solve
utt = c2∇2u(x, y)

With boundary conditions

u(x, 0, t) = 0
u(0, y, t) = 0
u(L, y, t) = 0
u(x,H, t) = 0

With initial conditions

u(x, y, 0) = f(x, y)
ut(x, y, 0) = 0

utt = c2∇2u(x, y)

L
x

y

H

u = 0
(fixed edge)

∂u
∂t

(x, y, 0) = 0

u(x, y, 0) = f(x, y)

u = 0
(fixed edge)

u = 0
(fixed edge)

u = 0
(fixed edge)

Figure 5.118: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y, t], {t, 2}] == c^2 * Laplacian[u[x, y, t], {x, y}];
ic = {u[x, y, 0] == f[x,y], Derivative[0, 0, 1][u][x, y, 0] == 0};
bc = {u[x, 0, t] == 0, u[0, y, t] == 0, u[L, y, t] == 0, u[x, H, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[x, y, t], {x, y, t}], 60*10]];
sol = sol /. {K[1] -> n, K[2] -> m};� �

u(x, y, t) → {

∞∑
n=1

∞∑
K[3]=1

4 cos
(
πt

√
c2
(
n2
L2+

K[3]2
H2

))(∫ L
0
∫H
0 f(x,y) sin

(
nπx
L

)
sin
(
πyK[3]
H

)
dydx

)
sin
(
nπx
L

)
sin
(
πyK[3]
H

)
HL

(n|K[3]) ∈ Z ∧ n ≥ 1 ∧K[3] ≥ 1 ∧ c2H2L2(H2n2 + L2K[3]2) > 0

Indeterminate True




Maple 3� �
restart;
pde := diff(u(x, y, t), t$2) = c^2* VectorCalculus:-Laplacian(u(x, y, t), 'cartesian'[x, y]);
ic := u(x,y,0)=f(x,y),D[3](u)(x,y,0)=0;
bc := u(x,0,t)=0,u(0,y,t)=0,u(L,y,t)=0,u(x,H,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic,bc], u(x, y, t))),output='realtime'));
sol := subs(n1=m,sol);� �

u(x, y, t) = 4

 ∞∑
m=1

∞∑
n=1

(∫ H

0 sin
(
mπy
H

) (∫ L

0 sin
(
nπx
L

)
f(x, y) dx

)
AllSolutions

dy
)
AllSolutions

sin
(
nπx
L

)
sin
(
mπy
H

)
cos
(
cπ
√

H2n2+L2m2

L2H2 t

)
HL


Hand solution

Solve for u(r, θ, t)
utt = c2∇2u(x, y)

With boundary conditions such that all edges are fixed, and initial conditions u(x, y, 0) =
f(x, y) and initial velocity g(x, y) = 0.

Let u = X(x)Y (y)T (t). Substituting into the above PDE gives

1
c2
T ′′XY = X ′′Y T + Y ′′XT

1
c2
T ′′

T
= X ′′

X
+ Y ′′

Y

Hence

1
c2
T ′′

T
= −λ

X ′′

X
+ Y ′′

Y
= −λ

The time ODE becomes
T ′′ + c2λT = 0

And the space ODE is

X ′′

X
+ Y ′′

Y
= −λ

X ′′

X
= −λ− Y ′′

Y
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Using a new separation variable µ gives the following two ODE’s

X ′′

X
= −µ

−λ− Y ′′

Y
= −µ

Or

X ′′ + µX = 0
X(0) = 0
X(L) = 0

And

Y ′′ + Y (λ− µ) = 0
Y (0) = 0
Y (H) = 0

Solving first for the X(x) ODE, and knowing that µ must be positive only here from the
nature of the boundary conditions gives

X = A cos (√µx) +B sin (√µx)

Applying B.C. at x = 0
0 = A

Hence solution becomes X(x) = B sin
(√

µx
)
. Applying the B.C. at x = L gives

0 = B sin (√µL)

Non trivial solution requires that
√
µL = nπ n = 1, 2, 3, · · ·

µn =
(nπ
L

)2
Therefore the eigenfunctions Xn(x) are

Xn(x) = sin
(nπ
L
x
)

n = 1, 2, 3, · · ·

Solving the Y (y) ODE

Y ′′
n +

(
λ−

(nπ
L

)2)
Yn = 0 n = 1, 2, 3, · · ·

The nature of the boundary conditions on Y (y) suggests that
(
λ−

(
nπ
L

)2) must be positive

(if λ−
(
nπ
L

)2 = 0 or λ−
(
nπ
L

)2
< 0, trivial solutions result).

Hence the solution for Yn(y) becomes

Yn(y) = A cos
(√

λ−
(nπ
L

)2
y

)
+B sin

(√
λ−

(nπ
L

)2
y

)

Applying first B.C. Y (0) = 0 gives
0 = A

The solution becomes

Yn(y) = Bn sin
(√

λ−
(nπ
L

)2
y

)
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Applying second B.C. Y (H) = 0 gives

0 = B sin
(√

λ−
(nπ
L

)2
H

)
Non trivial solution requires that√

λ−
(nπ
L

)2
H = mπ n = 1, 2, 3, · · · ,m = 1, 2, 3, · · ·

λnm −
(nπ
L

)2
=
(mπ
H

)2
λnm =

(mπ
H

)2
+
(nπ
L

)2
Hence the Ynm(y) eigenfunctions are

Ynm(y) = sin
(mπ
H
y
)

n = 1, 2, 3, · · · ,m = 1, 2, 3, · · ·

Now the time T (t) ode is solved, and since λnm is positive, then

T ′′
nm + c2λnmTnm = 0

Tnm(t) = Anm cos
(
c
√
λnmt

)
+Bnm sin

(
c
√
λnmt

)
= Anm cos

(
c

√(mπ
H

)2
+
(nπ
L

)2
t

)
+Bnm sin

(
c

√(mπ
H

)2
+
(nπ
L

)2
t

)
Combining all solution , and merging all constants into two results in

unm(x, y, t) = Xn(x)Ynm(y)Tnm(t)

u(x, y, t) =
∞∑

n=1

∞∑
m=1

Xn(x)Ynm(y)Tnm(t)

=
∞∑

n=1

∞∑
m=1

Anm sin
(nπ
L

x
)
sin
(mπ

H
y
)
cos
(
c

√(mπ

H

)2
+
(nπ
L

)2
t

)
+

∞∑
n=1

∞∑
m=1

Bnm sin
(nπ
L

x
)
sin
(mπ

H
y
)
sin
(
c

√(mπ

H

)2
+
(nπ
L

)2
t

)
(1)

Initial conditions are now used to find Anm, Bnm. At t = 0

u(x, y, 0) = f(x, y)
∂u

∂t
(x, y, 0) = 0

Applying first initial condition to (1) gives

f(x, y) =
∞∑
n=1

∞∑
m=1

Anm sin
(nπ
L
x
)
sin
(mπ
H
y
)

Applying 2D orthogonality gives∫ L

0

∫ H

0
f(x, y) sin

(nπ
L
x
)
sin
(mπ
H
y
)
dxdy = Anm

(
L

2

)(
H

2

)
Anm = 4

LH

∫ L

0

∫ H

0
f(x, y) sin

(nπ
L
x
)
sin
(mπ
H
y
)
dxdy

Taking time derivative of (1) gives

∂u

∂t
(x, y, t) =

∞∑
n=1

∞∑
m=1

−c
√(mπ

H

)2
+
(nπ
L

)2
Anm sin

(nπ
L
x
)
sin
(mπ
H
y
)
sin
(
c

√(mπ
H

)2
+
(nπ
L

)2
t

)

+
∞∑
n=1

∞∑
m=1

c

√(mπ
H

)2
+
(nπ
L

)2
Bnm sin

(nπ
L
x
)
sin
(mπ
H
y
)
cos
(
c

√(mπ
H

)2
+
(nπ
L

)2
t

)
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AT t = 0 the above becomes∫ H

0
g(x, y) =

∞∑
n=1

∞∑
m=1

c

√(mπ
H

)2
+
(nπ
L

)2
Bnm sin

(nπ
L
x
)
sin
(mπ
H
y
)

Applying 2D orthogonality gives∫ L

0

∫ H

0
g(x, y) sin

((nπ
L

)
x
)
sin
(mπ
H
y
)
dxdy = Bnm

(
L

2

)(
H

2

)
But the initial velocity g(x, y) = 0. Hence Bnm = 0 for all n,m.

Summary of solution

u(x, y, t) =
∞∑
n=1

∞∑
m=1

Anm sin
(nπ
L
x
)
sin
(mπ
H
y
)
cos
(
c

√(mπ
H

)2
+
(nπ
L

)2
t

)

Anm = 4
LH

∫ L

0

∫ H

0
f(x, y) sin

(nπ
L
x
)
sin
(mπ
H
y
)
dxdy

5.2.1.9 [402] With damping

problem number 402

Taken from Maple PDE help pages. This wave PDE inside square with damping present.

Membrane is free to move on the right edge and also on top edge. But fixed at left edge and
bottom edge.

It has zero initial position, but given a non-zero initial velocity. Where 0 < x < 1 and
0 < y < 1 and t > 0. Solve

utt +
1
10ut =

1
4∇

2u(x, y)

With boundary conditions

u(0, y, t) = 0
∂u

∂x
u(1, y, t) = 0

u(x, 0, t) = 0
∂u

∂y
u(x, 1, t) = 0

With initial conditions

u(x, y, 0) = 0
∂u

∂t
(x, y, 0) = x(1− 1

2x)(1−
1
2y)y

utt +
1
10
ut =

1
4
∇2u(x, y)

1
x

y

1

u = 0
(fixed edge)

∂u
∂x = 0
(free edge)

∂u
∂x = 0

(free edge)

∂u
∂t

(x, y, 0) = f(x, y)

u(x, y, 0) = 0

u = 0
(fixed edge)

damping

f(x, y) = x(1 − 1
2
x)(1 − 1

2
y)y

Figure 5.119: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[x, y, t], {t, 2}] == (1*(D[u[x, y, t], {x, 2}] + D[u[x, y, t], {y, 2}]))/4 - (1*D[u[x, y, t], t])/10;
ic = {u[x, y, 0] == 0, Derivative[0, 0, 1][u][x, y, 0] == x*(1 - (1/2)*x)*(1 - (1/2)*y)*y};
bc = {u[0, y, t] == 0, Derivative[1, 0, 0][u][1, y, t] == 0, u[x, 0, t] == 0, Derivative[0, 1, 0][u][x, 1, t] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, bc, ic}, u[x, y, t], {x, y, t}], 60*10]];� �

u(x, y, t) → {

∞∑
K[1]=1

∞∑
K[3]=1

5120e−t/20 sin
( 1
2πx(2K[1]−1)

)
sin
( 1
2πy(2K[3]−1)

)
sin
(

1
20 t
√

50π2(2K[1]2−2K[1]+2K[3]2−2K[3]+1)−1
)

π6(2K[1]−1)3(2K[3]−1)3
√

50π2(2K[1]2−2K[1]+2K[3]2−2K[3]+1)−1 (K[1]|K[3]) ∈ Z ∧K[1] ≥ 1 ∧K[3] ≥ 1

Indeterminate True




Maple 3� �
restart;
pde := diff(u(x, y, t), t$2) = 1/4*(diff(u(x, y, t), x$2)+diff(u(x, y, t), y$2))-(1/10)*(diff(u(x, y, t), t));
bc := u(0, y, t) = 0,

(D[1](u))(1, y, t) = 0,
u(x, 0, t) = 0,
(D[2](u))(x, 1, t) = 0;

ic := u(x, y, 0) = 0, (D[3](u))(x, y, 0) = x*(1-(1/2)*x)*(1-(1/2)*y)*y;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic,bc], u(x, y, t))),output='realtime'));
sol := subs(n1=m,sol);� �

u(x, y, t) =

5120


∞∑
n=0

∞∑
m=0

e−
t
20 sin

(
πx
(
1
2+m

))
sin

 t
√

−1+
(
100m2+100n2+100m+100n+50

)
π2

20

 sin
(
πy
(
1
2+n

))
√

−1+
(
100m2+100n2+100m+100n+50

)
π2 (1+2m)3

(2n+1)3


π6

5.2.1.10 [403] On the whole plane

problem number 403

From Mathematica DSolve help pages.

Hyperbolic partial differential equation with non-rational coefficients.

Solve for u(x, y)
uxx − 2 sin xuxy − cos2 xuyy − cosxuy = 0

0

uxx − 2 sinxuxy − cos2 xuyy − cosxuy = 0

−∞ < x <∞
−∞ < y <∞

Figure 5.120: PDE specification
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Mathematica 7� �
ClearAll["Global`*"];
ode = D[u[x, y], {x, 2}] - 2*Sin[x]*D[u[x, y], x, y] - Cos[x]^2*D[u[x, y], {y, 2}] - Cos[x]*D[u[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[ode, u[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
interface(showassumed=0);
ode := diff(u(x, y), x$2) - 2*sin(x)*diff(u(x, y),x,y)-cos(x)^2*diff(u(x, y), y$2) - cos(x)*diff(u(x, y), y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(ode, u(x, y))),output='realtime'));� �
sol=()

5.2.2 Polar coordinates

Local contents
5.2.2.1 [404] no θ dependency, fixed boundary, general case . . . . . . . . . . . . . . 775
5.2.2.2 [405] no θ dependency. Specific example. Both initial conditions not zero . . 778
5.2.2.3 [406] no θ dependency. Specific example. Both initial conditions not zero . . 779
5.2.2.4 [407] no θ dependency. Using integral transforms. Source present. Specific

example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 782
5.2.2.5 [408] no θ dependency. Using integral transforms. Source present. Specific

example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 783
5.2.2.6 [409] θ dependency, fixed on edges, general solution . . . . . . . . . . . . . . 784
5.2.2.7 [410] θ dependency, fixed on edges, zero initial velocity, general solution . . 790
5.2.2.8 [411] θ dependency, fixed on edges, zero initial velocity, specific example . . 792
5.2.2.9 [412] θ dependency, fixed on edges, zero initial position, specific example . . 798
5.2.2.10 [413] θ dependency, fixed on edges, zero initial position with internal source

(Haberman 8.5.5. (b) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 804

5.2.2.1 [404] no θ dependency, fixed boundary, general case

problem number 404

Added January 12, 2020

Circular disk. fixed edge of disk, no θ dependency, with initial position and velocity given

Solve for u(r, t) with 0 < r < a and t > 0.

utt = c2
(
urr +

1
r
ur

)
With boundary conditions

u(a, t) = 0

With initial conditions

u(r, 0) = f(r)
∂u

∂t
(r, 0) = g(r)
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utt = c2(urr +
1
rur)

r

θ
a

u(r, 0) = f(r)
∂u
∂t (r, 0) = g(r)

u(a, t) = 0

Figure 5.121: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[r, t], {t, 2}] == c^2*(D[u[r, t], {r, 2}] + 1/r*D[u[r, t], r]);
ic = {u[r, 0] == f[r], Derivative[0, 1][u][r, 0] == g[r]};
bc = u[a, t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[r, t], {r, t},Assumptions->{t>0,r>0,r<a}], 60*10]];
sol = sol /. K[1] -> n;� �

u(r, t) →

∞∑
n=1

2BesselJ
(
0, rj0,n

a

)(√
c2j0,n cos

(√
c2tj0,n
a

)∫ a
0 rBesselJ

(
0, rj0,n

a

)
f(r) dr+a

(∫ a
0 rBesselJ

(
0, rj0,n

a

)
g(r) dr

)
sin
(√

c2tj0,n
a

))
a2

√
c2(BesselJ(0,j0,n)2+BesselJ(1,j0,n)2)j0,n

if j0,n ∈ R




Maple 3� �
restart;
pde := diff(u(r, t), t$2) = c^2*( diff(u(r,t), r$2)+ (1/r)* diff(u(r,t),r) );
ic := u(r,0)=f(r), D[2](u)(r,0)=g(r);
bc := u(a,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic,bc], u(r, t),HINT = boundedseries(r=0)) assuming t>0,r>0,r<a),output='realtime'));� �

u(r, t) =
−L−1(sBesselK (0, sr

c

) ∫
BesselI

(
0, sa

c

)
af(a) da, s, t

)
+ L−1

(
sBesselK

(
0, sr
c

)
BesselI

(
0, sa

c

) ∫
BesselK

(
0, sa

c

)
af(a)da

BesselK
(
0, sa

c

) , s, t
)
− L−1(BesselK (0, sr

c

) ∫
BesselI

(
0, sa

c

)
g(a) ada, s, t

)
+ L−1

(
BesselK

(
0, sr
c

)
BesselI

(
0, sa

c

) ∫
BesselK

(
0, sa

c

)
g(a)ada

BesselK
(
0, sa

c

) , s, t
)
+ L−1(BesselK (0, sr

c

) ∫
BesselI

(
0, sr

c

)
g(r) rdr, s, t

)
+ L−1(sBesselK (0, sr

c

) ∫
BesselI

(
0, sr

c

)
rf(r) dr, s, t

)
− L−1(BesselI (0, sr

c

) ∫
BesselK

(
0, sr

c

)
g(r) rdr, s, t

)
− L−1(sBesselI (0, sr

c

) ∫
BesselK

(
0, sr

c

)
rf(r) dr, s, t

)
c2

Has unresolved Invlaplace calls
Hand solution

Assuming u = T (t)R(r). Substituting in the PDE gives

1
c2
T ′′R = R′′T + 1

r
R′T

Dividing by RT
1
c2
T ′′

T
= R′′

R
+ 1
r

R′

R
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Hence

1
c2
T ′′

T
= −λ

R′′

R
+ 1
r

R′

R
= −λ

The time ODE is
T ′′ + c2λT = 0

And the r ODE is (Sturm-Liouville)

rR′′ +R′ + λrR = 0

Where p = r, q = 0, σ = r. This is singular SL. The solution turns out to be

Rn(r) = AnJ0
(√

λnr
)

n = 1, 2, 3, · · ·

Where λn is found from roots of 0 = Jn
(√

λna
)
giving the eigenvalues. Now the time ODE

is solved

T ′′
n + c2λnTn = 0

Tn = Bn cos
(
c
√
λnt
)
+ Cn sin

(
c
√
λnt
)

n = 1, 2, 3, . . . ,

Hence the solution is

u(r, t) =
∞∑
n=1

TnRn

=
∞∑
n=1

An cos
(
c
√
λnt
)
J0
(√

λnr
)
+Bn sin

(
c
√
λnt
)
J0
(√

λnr
)

(1)

Now initial conditions u(r, 0) = f(r) is used to find An using orthogonality. At t = 0 the
solution simplifies to

u(r, 0) =
∞∑
n=1

AnJ0
(√

λnr
)

Hence

f(r) =
∞∑
n=1

AnJ0
(√

λnr
)

∫ a

0
f(r) J0

(√
λnr
)
rdr = An

∫ a

0
J2
0

(√
λnr
)
rdr

An =
∫ a

0 f(r) J0
(√

λnr
)
rdr∫ a

0 J
2
0
(√

λnr
)
rdr

Now we will look at the second initial conditions ∂u
∂t
(r, 0) = g(r) . Taking derivative w.r.t.

time t of the solution in (1) gives

∂u

∂t
(r, t) =

∞∑
n=1

−c
√
λnAn sin

(
c
√
λnt
)
J0
(√

λnr
)
+Bnc

√
λn cos

(
c
√
λnt
)
J0
(√

λnr
)

At time t = 0 the above becomes

g(r) =
∞∑
n=1

Bnc
√
λnJ0

(√
λnr
)

Now orthogonality is used. The above becomes

Bn =
∫ a

0 g(r) J0
(√

λnr
)
rdr

c
√
λn
∫ a

0 J
2
0
(√

λnr
)
rdr
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Summary of solution

u(r, t) =
∞∑
n=1

An cos
(
c
√
λnt
)
J0
(√

λnr
)
+Bn sin

(
c
√
λnt
)
J0
(√

λnr
)

An =
∫ a

0 f(r) J0
(√

λnr
)
rdr∫ a

0 J
2
0
(√

λnr
)
rdr

Bn =
∫ a

0 g(r) J0
(√

λnr
)
rdr

c
√
λn
∫ a

0 J
2
0
(√

λnr
)
rdr

With λn being the solutions for 0 = J0
(√

λna
)
. We have infinite number of zeros. This gen-

erates all the needed λn. Hence
√
λna = BesselJZero(0, n), therefore

√
λn = a

BesselJZero(0,n)

5.2.2.2 [405] no θ dependency. Specific example. Both initial conditions not
zero

problem number 405

Taken from Mathematica helps pages on DSolve

In circular disk. fixed edge of disk, no θ dependency, with initial position and velocity given

Solve for u(r, t) with 0 < r < 1 and t > 0.

utt = c2
(
urr +

1
r
ur

)
With boundary conditions

u(1, t) = 0

With initial conditions

u(r, 0) = 1
∂u

∂t
(r, 0) = r

3

utt = c2(urr +
1
rur)

r

θ
1

u(r, 0) = 1
∂u
∂t (r, 0) =

r
3

u(1, t) = 0

Figure 5.122: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[r, t], {t, 2}] == c^2*(D[u[r, t], {r, 2}] + 1/r*D[u[r, t], r]);
ic = {u[r, 0] == 1, Derivative[0, 1][u][r, 0] == r/3};
bc = u[1, t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[r, t], {r, t}], 60*10]];
sol = sol /. K[1] -> n;
sol = FullSimplify[sol];� �
{{

u(r, t) →
∞∑
n=1

BesselJ(0,rj0,n)
(
6cBesselJ(1,j0,n) cos(ctj0,n)(j0,n)2+sin(ctj0,n)(BesselJ(1,j0,n)(2j0,n−πHHH0(j0,n))+πBesselJ(0,j0,n)HHH1(j0,n))

)
3c(BesselJ(0,j0,n)2+BesselJ(1,j0,n)2)(j0,n)3 if j0,n > 0

}}

Maple 3� �
restart;
pde := diff(u(r, t), t$2) = c^2*( diff(u(r,t), r$2)+ (1/r)* diff(u(r,t),r) );
ic := u(r,0)=1, eval( diff(u(r,t),t),t=0)=r/3;
bc := u(1,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic,bc], u(r, t)) assuming t>0,r>0,r<1),output='realtime'));� �

u(r, t) = −L−1

(
BesselI

(
0, sr

c

)
BesselI

(
0, s

c

)
s
, s, t

)
−
L−1

(
BesselI

(
0, sr
c

)
BesselI

(
0, s
c

)
s2
, s, t

)
3 +

πcL−1
(

BesselI
(
0, sr
c

)
StruveL

(
0, s
c

)
BesselI

(
0, s
c

)
s3

, s, t
)

6 −
πcL−1

(
StruveL

(
0, sr
c

)
s3

, s, t
)

6 +1+tr3

Has unresolved Invlaplace calls

5.2.2.3 [406] no θ dependency. Specific example. Both initial conditions not
zero

problem number 406

Added January 12, 2020.

In circular disk. fixed edge of disk, no θ dependency, with initial position and velocity given

Solve for u(r, t) with 0 < r < a and t > 0.

utt = c2
(
urr +

1
r
ur

)
With boundary conditions

u(a, t) = 0

With initial conditions

u(r, 0) = f(r)
∂u

∂t
(r, 0) = g(r)

Using a = 1, c = 2
10 , g(r) = 0, f(r) = r.
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utt = c2(urr +
1
rur)

r

θ
1

u(r, 0) = r
∂u
∂t (r, 0) = 0

u(1, t) = 0

c = 2
10

Figure 5.123: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
c=2/10; a=1;
g[r_]:=0;
f[r_]:=r;
pde = D[u[r, t], {t, 2}] == c^2*(D[u[r, t], {r, 2}] + 1/r*D[u[r, t], r]);
ic = {u[r, 0] == f[r], Derivative[0, 1][u][r, 0] == g[r]};
bc = u[a, t] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[r, t], {r, t},Assumptions->{t>0,r>0}], 60*10]];
sol = sol /. K[1] -> n;� �
{{

u(r, t) →
∞∑
n=1

BesselJ(0,rj0,n) cos
(
tj0,n

5

)
(BesselJ(1,j0,n)(2j0,n−πHHH0(j0,n))+πBesselJ(0,j0,n)HHH1(j0,n))

(BesselJ(0,j0,n)2+BesselJ(1,j0,n)2)(j0,n)2 if j0,n ∈ R ∧ <(j0,n) ≥ 0 ∧ (=(j0,n) > 0 ∨ <(j0,n) > 0)
}}

Maple 3� �
restart;
c:=2/10;
a:=1;
g:=r->0;
f:=r->r;
pde := diff(u(r, t), t$2) = c^2*( diff(u(r,t), r$2)+ (1/r)* diff(u(r,t),r) );
ic := u(r,0)=f(r), D[2](u)(r,0)=g(r);
bc := u(a,t)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic,bc], u(r, t)) assuming t>0,r>0),output='realtime'));� �

u(r, t) =
125L−1

(
s2 BesselI (0, 5sr) hypergeom

(
[1] ,

[5
2 ,

5
2

]
, 25s

2

4

)
BesselK (1, 5s) , s, t

)
9 +

πL−1
(

BesselI(0,5sr) StruveL(1,5s) BesselK(0,5s)
s

, s, t
)

2 −
25L−1

(
sBesselI(0,5sr) hypergeom

([ 3
2
]
,
[
1, 52
]
, 25s

2
4

)
BesselK(0,5s)

BesselI(0,5s) , s, t

)
3 −

125r4L−1
(
s2 hypergeom

(
[1] ,

[5
2 ,

5
2

]
, 25s

2r2

4

)
BesselK (1, 5sr) BesselI (0, 5sr) , s, t

)
9 −

25r3L−1
(

3 StruveL(1,5sr)πBesselK(0,5sr) BesselI(0,5sr)
50s r2 , s, t

)
3 +

25r3L−1
(
s hypergeom

([3
2

]
,
[
1, 52
]
, 25s

2r2

4

)
BesselK (0, 5sr) , s, t

)
3

Has unresolved Invlaplace calls. How to get series solution?
Hand solution

The basic solution for this type of PDE was already given in problem 5.2.2.1 on page 776 as
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u(r, t) =
∞∑
n=1

An cos
(
c
√
λnt
)
J0
(√

λnr
)
+Bn sin

(
c
√
λnt
)
J0
(√

λnr
)

An =
∫ a

0 f(r) J0
(√

λnr
)
rdr∫ a

0 J
2
0
(√

λnr
)
rdr

Bn =
∫ a

0 g(r) J0
(√

λnr
)
rdr

c
√
λn
∫ a

0 J
2
0
(√

λnr
)
rdr

With λn being the solutions for 0 = J0
(√

λna
)
. We have infinite number of zeros. This gen-

erates all the needed λn. Hence
√
λna = BesselJZero(0, n), therefore

√
λn = a

BesselJZero(0,n) .

In this problem c = 2
10 , a = 1, g(r) = 0 and f(r) = r, hence the solution becomes

u(r, t) =
∞∑
n=1

An cos
(

2
10
√
λnt

)
J0
(√

λnr
)

Where
√
λn = 1

BesselJZero(0,n) .

This animation runs for 40 seconds.

Figure 5.124: snap shot

Source code for all the above animation� �
(*By Nasser M Abbasi*)
SetDirectory[NotebookDirectory[]]

(*Axis symmetric*)
(*definitions*)
ClearAll[a,c,n,m,r,theta,f,g,u]
A0[n_,a_,lam0_]:= Module[{num,den,theta,r,f},
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f=r;
num=N[(BesselJ[1,lam0] (2 lam0-Pi StruveH[0,lam0])+

Pi BesselJ[0,lam0] StruveH[1,lam0])/(2 lam0^2)];

den=0.5 (BesselJ[0,lam0]^2+BesselJ[1,lam0]^2);
num/den

];

u[r_,theta_,t_]:=Sum[A0tbl[[n]]*Cos[c lamtbl[[n]] t] *BesselJ[0,lamtbl[[n]]*r],{n,1,maxN}];

maxN=6;
a=1;
c=.2;

lam[n_,a_]:=Module[{x},
x=BesselJZero[0,n];
N[(x/a)]

];

lamtbl=Table[lam[n,a],{n,1,maxN}];
A0tbl=Table[A0[n,a,lamtbl[[n]]],{n,1,maxN}];

t=.1
ParametricPlot3D[{r Cos[theta],r Sin[theta],Evaluate[u[r,theta,t]]},{r,0,1},

{theta,0,2 Pi},AxesLabel->{"r","theta","u"},ImageMargins->5,
PerformanceGoal->"Quality",BoxRatios->{1,1,1},
PlotRange->{Automatic,Automatic,{-5,5}},Mesh->10,MaxRecursion->1]

Animate[ParametricPlot3D[{r Cos[theta],r Sin[theta],
Evaluate[u[r,theta,t]]},{r,0,1},{theta,0,2 Pi},
AxesLabel->{"r","theta","u"},BaseStyle->15,ImageMargins->5,
PerformanceGoal->"Speed",BoxRatios->{1,1,1},PlotRange->{Automatic,Automatic,{-5,5}},
Mesh->10,MaxRecursion->1],{t,0,50,.01}]

r=Table[
Labeled[ParametricPlot3D[{r Cos[theta],r Sin[theta],

Evaluate[u[r,theta,t]]},{r,0,1},{theta,0,2 Pi},AxesLabel->{"r","theta","u"},
BaseStyle->15,ImageMargins->5,PerformanceGoal->"Speed",BoxRatios->{1,1,1},
PlotRange->{Automatic,Automatic,{-5,5}},Mesh->10,MaxRecursion->1],
Row[{"time (sec)",Round@t}]],{t,0,40,.1}];

Export["anim_axis.gif",r,"DisplayDurations"->Table[.05,{Length[r]}]]� �
5.2.2.4 [407] no θ dependency. Using integral transforms. Source present.

Specific example

problem number 407

Added Oct 6, 2019.

Taken from https://www.mapleprimes.com/posts/211274-Integral-Transforms-revam
ped-And-PDE

Solve
∂2

∂r2
u(r, t) +

∂
∂r
u(r, t)
r

+ ∂2

∂t2
u(r, t) = −Q0 q(r)

https://www.mapleprimes.com/posts/211274-Integral-Transforms-revamped-And-PDE
https://www.mapleprimes.com/posts/211274-Integral-Transforms-revamped-And-PDE
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With initial conditions

u(r, 0) = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[r, t], {r, 2}] + D[u[r, t], r]/r + D[u[r, t], {t, 2}] == -Q0*q[r];
ic = u[r, 0] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, u[r, t], {r, t}], 60*10]];� �
{{

u(r, t) → Q0
(∫ ∞

0

BesselJ(0, rK[1])
∫∞
0 rq(r) BesselJ(0, rK[1]) dr
K[1] dK[1]−

∫ ∞

0

e−tK[1] BesselJ(0, rK[1])
∫∞
0 rq(r) BesselJ(0, rK[1]) dr
K[1] dK[1]

)}}

Maple 3� �
restart;
pde := diff(u(r, t), r$2) + diff(u(r, t), r)/r + diff(u(r, t), t$2) = -Q__0*q(r);
iv := u(r, 0) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,iv],u(r,t))),output='realtime'));
sol:=convert(sol,Int,only = hankel);� �

u(r, t) = Q0

(
−
∫ ∞

0

e−st
∫∞
0 q(r) rBesselJ (0, rs) drBesselJ (0, rs)

s
ds+

∫ ∞

0

∫∞
0 q(r) rBesselJ (0, rs) drBesselJ (0, rs)

s
ds

)

5.2.2.5 [408] no θ dependency. Using integral transforms. Source present.
Specific example

problem number 408

Added Oct 6, 2019.

Taken from https://www.mapleprimes.com/posts/211274-Integral-Transforms-revam
ped-And-PDE

Solve

c2

(
∂2

∂r2
u(r, t) +

∂
∂r
u(r, t)
r

)
= ∂2

∂t2
u(r, t)

With initial conditions

u(r, 0) = Aa√
a2 + r2

∂u(r, 0)
∂t

= 0

Mathematica 7� �
ClearAll["Global`*"];
pde = c^2*(D[u[r, t], {r, 2}] + D[u[r, t], r]/r) == D[u[r, t], {t, 2}];
ic = {u[r, 0] == A*a*(a^2 + r^2)^(-1/2), Derivative[0, 1][u][r, 0] == 0};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic}, u[r, t], {r, t}], 60*10]];� �
Failed

https://www.mapleprimes.com/posts/211274-Integral-Transforms-revamped-And-PDE
https://www.mapleprimes.com/posts/211274-Integral-Transforms-revamped-And-PDE
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Maple 3� �
restart;
pde := c^2*(diff(u(r, t), r, r) + diff(u(r, t), r)/r) = diff(u(r, t), t, t);
iv := u(r, 0) = A*a*(a^2 + r^2)^(-1/2), D[2](u)(r, 0) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde,iv],u(r,t),method = Hankel) assuming (0 < r, 0 < t, 0 < a) ),output='realtime'));� �

u(r, t) =
Aa
(√

2iact− c2t2 + a2 + r2 +
√
−2iact− c2t2 + a2 + r2

)
2
√
−2iact− c2t2 + a2 + r2

√
2iact− c2t2 + a2 + r2

5.2.2.6 [409] θ dependency, fixed on edges, general solution

problem number 409

Added January 11, 2020

Solve for u(r, θ, t) with 0 < r < a and t > 0 and −π < θ < π

∂2u

∂t2
= c2

(
∂2u

∂r2
+ 1
r

∂u

∂r
+ 1
r2
∂2u

∂θ2

)
With boundary conditions

u(a, θ, t) = 0
|u(0, θ, t)| <∞

u(r,−π, t) = u(r, π, t)
∂u

∂θ
(r,−π, t) = ∂u

∂θ
(r, π, t)

With initial conditions

u(r, θ, 0) = f(r, θ)
∂u

∂t
(r, θ, 0) = g(r, θ)

ut = c2(urr +
1
rur +

1
r2uθθ)

r

θ
a

u(r, θ, 0) = f(r, θ)
∂u
∂t

(r, θ, 0) = g(r, θ)

u(a, θ, t) = 0

(Fixed)

Figure 5.125: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[r, theta, t], {t, 2}] == c^2*Laplacian[u[r,theta,t],{r,theta},"Polar"];
ic = {u[r, theta, 0] == f[r, theta], Derivative[0, 0, 1][u][r, theta, 0] == g[r,theta]};
bc = {u[a, theta, t] == 0, u[r, -Pi, t] == u[r, Pi, t], Derivative[0, 1, 0][u][r, -Pi, t] == Derivative[0, 1, 0][u][r, Pi, t]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[r, theta, t], {r, theta, t}, Assumptions -> {0 < r < a, a > 0, t > 0, -Pi < theta < Pi}], 60*10]];� �



u(r, θ, t) → {

∞∑
K[3]=1

−

√
2
π
BesselJ

(
0,
rj0,K[3]

a

)−

√
2
π cos

√c2tj0,K[3]
a

∫ a0 ∫π−π rBesselJ
(
0,
rj0,K[3]

a

)
f(r,θ)dθdr

aBesselJ
(
1,j0,K[3]

) −

√
2
π

(∫ a
0
∫π
−π rBesselJ

(
0,
rj0,K[3]

a

)
g(r,θ)dθdr

)
sin

√c2tj0,K[3]
a


|c|BesselJ

(
1,j0,K[3]

)
j0,K[3]


aBesselJ

(
1,j0,K[3]

) +
∞∑

K[3]=1


∞∑

K[1]=1


√

2
π
BesselJ

(
K[1],

rjK[1],K[3]
a

)
cos(θK[1])


√

2
π cos

√c2tjK[1],K[3]
a

∫ a0 ∫π−π rBesselJ
(
K[1],

rjK[1],K[3]
a

)
cos(θK[1])f(r,θ)dθdr

aBesselJ
(
K[1]−1,jK[1],K[3]

) +

√
2
π

(∫ a
0
∫π
−π rBesselJ

(
K[1],

rjK[1],K[3]
a

)
cos(θK[1])g(r,θ)dθdr

)
sin

√c2tjK[1],K[3]
a


|c|BesselJ

(
K[1]−1,jK[1],K[3]

)
jK[1],K[3]


aBesselJ

(
K[1]−1,jK[1],K[3]

) +

√
2
π
BesselJ

(
K[1],

rjK[1],K[3]
a

)
√

2
π cos

√c2tjK[1],K[3]
a

∫ a0 ∫π−π rBesselJ
(
K[1],

rjK[1],K[3]
a

)
f(r,θ) sin(θK[1])dθdr

aBesselJ
(
K[1]−1,jK[1],K[3]

) +

√
2
π

(∫ a
0
∫π
−π rBesselJ

(
K[1],

rjK[1],K[3]
a

)
g(r,θ) sin(θK[1])dθdr

)
sin

√c2tjK[1],K[3]
a


|c|BesselJ

(
K[1]−1,jK[1],K[3]

)
jK[1],K[3]

 sin(θK[1])

aBesselJ
(
K[1]−1,jK[1],K[3]

)



 (K[1]|K[3]) ∈ Z ∧K[1] ≥ 1 ∧K[3] ≥ 1 ∧ c2
(
jK[1],K[3]

) 2 > 0

Indeterminate True




Maple 7� �
restart;
pde := diff(u(r, theta, t), t$2) = c^2*VectorCalculus:-Laplacian(u(r,theta,t),'polar'[r,theta]);
ic := u(r, theta, 0) = f(r, theta) , (D[3](u))(r, theta, 0) = g(r,theta);
bc := u(a, theta, t) = 0,

u(r, -Pi, t) = u(r, Pi, t),
(D[2](u))(r, -Pi, t) = (D[2](u))(r, Pi, t);

cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic,bc], u(r, theta ,t),HINT = boundedseries(r=0))),output='realtime'));� �
sol=()
Hand solution

Assuming u = T (t)R(r)Θ(θ) and substituting in the PDE gives

1
c2
T ′′RΘ = R′′TΘ+ 1

r
R′TΘ+ 1

r2
Θ′′RT

Dividing by RTΘ
1
c2
T ′′

T
= R′′

R
+ 1
r

R′

R
+ 1
r2

Θ′′

Θ
Hence

1
c2
T ′′

T
= −λ

R′′

R
+ 1
r

R′

R
+ 1
r2

Θ′′

Θ = −λ

The time ODE is
T ′′ + c2λT = 0

Now we separate again the space ODE’s (remember to move the λ with the R and not the
Θ)

R′′

R
+ 1
r

R′

R
+ λ = − 1

r2
Θ′′

Θ
r2
R′′

R
+ r

R′

R
+ r2λ = −Θ′′

Θ

Let the new separation constant be µ, therefore

−Θ′′

Θ = µ

Θ′′ + µΘ = 0
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With periodic boundary conditions and

r2
R′′

R
+ r

R′

R
+ r2λ = µ

r2R′′ + rR′ + λr2R− µR = 0

rR′′ +R′ − µ

r
R = −λrR

Now it is in Sturm Liouville form, where p = r, q = −µ
r
, σ = r. This is singular SL. Can be

written as
R′′ + 1

r
R′ +

(
λ− µ

r2

)
R = 0

Before we solve the above R ODE, we solve the Θ′′ + µΘ = 0 to find µ Eigenvalues. The
solution is

Θ = A cos (√µθ) +B sin (√µθ)

With B.C Θ(−π) = Θ(π) and Θ′(−π) = Θ′(π). From first B.C. we obtain

A cos (√µπ)−B sin (√µπ) = A cos (√µπ) +B sin (√µπ)
2B sin (√µπ) = 0 (1)

Looking at second B.C. Θ′(−π) = Θ′(π)

Θ′(θ) = −A√µ sin (√µθ) +√
µB cos (√µθ)

Hence

A
√
µ sin (√µπ) +√

µB cos (√µπ) = −A√µ sin (√µπ) +√
µB cos (√µπ)

A
√
µ sin (√µπ) = −A√µ sin (√µπ)

2A sin (√µπ) = 0 (2)

From (1,2), we see that both are satisfied if
√
µπ = nπ n = 1, 2, 3, . . .
µ = n2

Hence
Θn = An cos (nθ) +Bn sin (nθ)

There is another solution for µ = 0 which is constant (that is why one of the sums below
starts from n = 0). We can combine the zero eigenvalue with the above and write

Θn = An cos (nθ) +Bn sin (nθ) n = 0, 1, 2, 3, . . .

Since at n = 0 the above reduces to constant A0.

Now that we know µn = n2, from solving the θ part, we go and solve the r ODE. For each n,
the solution to the r (Bessel) ode

R′′ + 1
r
R′ +

(
λ− n2

r2

)
R = 0

The solution turns out to be

Rnm(r) = Jn
(√

λnmr
)

m = 1, 2, 3, · · ·

Where λnm is found from roots of 0 = Jn
(√

λnma
)
giving the eigenvalues. Now the time ODE

is solved

T ′′
nm + c2λnmTnm = 0

Tnm = Cnm cos
(
c
√
λnmt

)
+Dnm sin

(
c
√
λnmt

)
n = 0, 1, 2, 3, . . . ,m = 1, 2, 3, · · ·



chapter 5. hyperbolic pde’s (wave) 787

Hence the solution is

u(r, θ, t) =
∞∑
n=0

∞∑
m=1

TnmRnmΘn

=
∞∑
n=0

∞∑
m=1

(
Cnm cos

(
c
√
λnmt

)
+Dnm sin

(
c
√
λnmt

))
Jn
(√

λnmr
)
(An cos (nθ) +Bn sin (nθ))

We now break this sum as follows

u(r, θ, t) =
∞∑
n=0

∞∑
m=1

(
Cnm cos

(
c
√
λnmt

)
+Dnm sin

(
c
√
λnmt

))
Jn
(√

λnmr
)
An cos (nθ)

+
∞∑
n=1

∞∑
m=1

(
Cnm cos

(
c
√
λnmt

)
+Dnm sin

(
c
√
λnmt

))
Jn
(√

λnmr
)
Bn sin (nθ)

Or

u(r, θ, t) =
∞∑
n=0

∞∑
m=1

Cnm cos
(
c
√
λnmt

)
Jn
(√

λnmr
)
An cos (nθ) +Dnm sin

(
c
√
λnmt

)
Jn
(√

λnmr
)
An cos (nθ)

+
∞∑
n=1

∞∑
m=1

Cnm cos
(
c
√
λnmt

)
Jn
(√

λnmr
)
Bn sin (nθ) +Dnm sin

(
c
√
λnmt

)
Jn
(√

λnmr
)
Bn sin (nθ)

Then we break the above into 4 sums

u(r, θ, t) =
∞∑
n=0

∞∑
m=1

Cnm cos
(
c
√
λnmt

)
Jn
(√

λnmr
)
An cos (nθ)

+
∞∑
n=0

∞∑
m=1

Dnm sin
(
c
√
λnmt

)
Jn
(√

λnmr
)
An cos (nθ)

+
∞∑
n=1

∞∑
m=1

Cnm cos
(
c
√
λnmt

)
Jn
(√

λnmr
)
Bn sin (nθ)

+
∞∑
n=1

∞∑
m=1

Dnm sin
(
c
√
λnmt

)
Jn
(√

λnmr
)
Bn sin (nθ)

Finally, we merge constants in the above as follows

AnCnm ≡ Anm

AnDnm ≡ Bnm

BnCnm ≡ Cnm

BnDnm ≡ Dnm

Hence the final solution now becomes

u(r, θ, t) =
∞∑
n=0

∞∑
m=1

Anm cos
(
c
√
λnmt

)
Jn
(√

λnmr
)
cos (nθ)

+
∞∑
n=0

∞∑
m=1

Bnm sin
(
c
√
λnmt

)
Jn
(√

λnmr
)
cos (nθ)

+
∞∑
n=1

∞∑
m=1

Cnm cos
(
c
√
λnmt

)
Jn
(√

λnmr
)
sin (nθ)

+
∞∑
n=1

∞∑
m=1

Dnm sin
(
c
√
λnmt

)
Jn
(√

λnmr
)
sin (nθ) (3)

Now initial conditions u(r, θ, 0) = f(r, θ) is used to find Anm, Cnm using orthogonality. At
t = 0 the solution simplifies to (all terms with sin

(
c
√
λnmt

)
vanish giving

u(r, θ, t) =
∞∑
n=0

∞∑
m=1

AnmJn
(√

λnmr
)
cos (nθ)

+
∞∑
n=1

∞∑
m=1

CnmJn
(√

λnmr
)
sin (nθ)
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Hence

f(r, θ) =
∞∑
n=0

∞∑
m=1

AnmJn
(√

λnmr
)
cos (nθ) +

∞∑
n=1

∞∑
m=1

CnmJn
(√

λnmr
)
sin (nθ) (4)

When iterating over m index, the terms cos (nθ) and sin (nθ) will be constant. So for each n,
we have

∑∞
m=1AnmJn

(√
λnmr

)
and

∑∞
m=1CnmJn

(√
λnmr

)
. So orthogonality is carried out

on the m index on the Bessel functions. Multiplying (4) by Jn
(√

λnkr
)
and integrating∫ a

0
f(r, θ) Jn

(√
λnkr

)
rdr =

∞∑
n=0

(∫ a

0

∞∑
m=1

AnmJn
(√

λnmr
)
Jn
(√

λnkr
)
rdr

)
cos (nθ)

+
∞∑
n=1

(∫ a

0

∞∑
m=1

CnmJn
(√

λnmr
)
Jn
(√

λnkr
)
rdr

)
sin (nθ)

Or ∫ a

0
f(r, θ) Jn

(√
λnkr

)
rdr =

∞∑
n=0

Ank

(∫ a

0
J2
n

(√
λnkr

)
rdr

)
cos (nθ)

+
∞∑
n=1

Cnk

(∫ a

0
J2
n

(√
λnkr

)
rdr

)
sin (nθ)

Replacing k back with m, the above becomes∫ a

0
f(r, θ) Jn

(√
λnmr

)
rdr =

∞∑
n=0

Anm

(∫ a

0
J2
n

(√
λnmr

)
rdr

)
cos (nθ)

+
∞∑
n=1

Cnm

(∫ a

0
J2
n

(√
λnmr

)
rdr

)
sin (nθ) (5)

We now apply orthogonality on n using the cos (nθ) results in∫ π

−π

(∫ a

0
f(r, θ) Jn

(√
λnmr

)
r dr

)
cos (nθ) dθ = Anm

∫ π

−π

(∫ a

0
J2
n

(√
λnmr

)
rdr

)
cos2 (nθ) dθ

But
∫ a

0 J
2
n

(√
λnmr

)
rdr does not depend on θ, therefore the above becomes∫ π

−π

(∫ a

0
f(r, θ) Jn

(√
λnmr

)
r dr

)
cos (nθ) dθ = Anm

(∫ a

0
J2
n

(√
λnmr

)
rdr

)∫ π

−π

cos2 (nθ) dθ

= Anmπ

∫ a

0
J2
n

(√
λnmr

)
rdr

Therefore

Anm =
∫ π

−π

(∫ a

0 f(r, θ) Jn
(√

λnmr
)
r dr

)
cos (nθ) dθ

π
∫ a

0 J
2
n

(√
λnmr

)
rdr

Similarly for sin (nθ), which gives

Cnm =
∫ π

−π

(∫ a

0 f(r, θ) Jn
(√

λnmr
)
r dr

)
sin (nθ) dθ

π
∫ a

0 J
2
n

(√
λnmr

)
rdr

Now we will look at the second initial conditions ∂u
∂t
(r, θ, 0) = g(r, θ) . Taking derivative w.r.t.

time t of the solution in (3) gives

∂u

∂t
(r, θ, t) =

∞∑
n=0

∞∑
m=1

−c
√
λnmAnm sin

(
c
√
λnmt

)
Jn
(√

λnmr
)
cos (nθ)

+
∞∑
n=0

∞∑
m=1

c
√
λnmBnm cos

(
c
√
λnmt

)
Jn
(√

λnmr
)
cos (nθ)

+
∞∑
n=1

∞∑
m=1

−c
√
λnmCnm sin

(
c
√
λnmt

)
Jn
(√

λnmr
)
sin (nθ)

+
∞∑
n=1

∞∑
m=1

c
√
λnmDnm cos

(
c
√
λnmt

)
Jn
(√

λnmr
)
sin (nθ)
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At time t = 0 the above becomes (all terms with sin
(
c
√
λnmt

)
vanish).

g(r, θ) =
∞∑
n=0

∞∑
m=1

c
√
λnmBnm cos

(
c
√
λnmt

)
Jn
(√

λnmr
)
cos (nθ)

+
∞∑
n=1

∞∑
m=1

c
√
λnmDnm cos

(
c
√
λnmt

)
Jn
(√

λnmr
)
sin (nθ)

Now orthogonality is used. At t = 0 the above becomes

g(r, θ) =
∞∑
n=0

∞∑
m=1

c
√
λnmBnmJn

(√
λnmr

)
cos (nθ)

+
∞∑
n=0

∞∑
m=1

c
√
λnmDnmJn

(√
λnmr

)
sin (nθ)

Similarly to the above we now find Bnm and Dnm. The only difference, is that now we have
extra c

√
λnm terms that show up. The final result will be

Bnm =
∫ π

−π

∫ a

0 g(r, θ) Jn
(√

λnmr
)
cos (nθ) r dθdr

cπ
√
λnm

∫ a

0 J
2
n

(√
λnmr

)
r dr

And

Dnm =
∫ π

−π

∫ a

0 g(r, θ) Jn
(√

λnmr
)
sin (nθ) r dθdr

cπ
√
λnm

∫ a

0 J
2
n

(√
λnmr

)
r dr

Summary of solution

u(r, θ, t) =
∞∑
n=0

∞∑
m=1

Anm cos
(
c
√
λnmt

)
Jn
(√

λnmr
)
cos (nθ)

+
∞∑
n=0

∞∑
m=1

Bnm sin
(
c
√
λnmt

)
Jn
(√

λnmr
)
cos (nθ)

+
∞∑
n=1

∞∑
m=1

Cnm cos
(
c
√
λnmt

)
Jn
(√

λnmr
)
sin (nθ)

+
∞∑
n=1

∞∑
m=1

Dnm sin
(
c
√
λnmt

)
Jn
(√

λnmr
)
sin (nθ)

Anm =
∫ π

−π

(∫ a

0 f(r, θ) Jn
(√

λnmr
)
r dr

)
cos (nθ) dθ

π
∫ a

0 J
2
n

(√
λnmr

)
rdr

Cnm =
∫ π

−π

(∫ a

0 f(r, θ) Jn
(√

λnmr
)
r dr

)
sin (nθ) dθ

π
∫ a

0 J
2
n

(√
λnmr

)
rdr

Bnm =
∫ π

−π

∫ a

0 g(r, θ) Jn
(√

λnmr
)
cos (nθ) r dθdr

cπ
√
λnm

∫ a

0 J
2
n

(√
λnmr

)
r dr

Dnm =
∫ π

−π

∫ a

0 g(r, θ) Jn
(√

λnmr
)
sin (nθ) r dθdr

cπ
√
λnm

∫ a

0 J
2
n

(√
λnmr

)
r dr

With λnm being the solutions for 0 = Jn
(√

λnma
)
. For each n, we find λn,1, λn,2, λn,3, · · · ,

which are the zeros of the Bessel Jn(x) function. So for each n, there are infinite number
of zeros. This generates all eigenvalues λnm. Hence

√
λnma = BesselJZero(n,m), therefore√

λnm = a
BesselJZero(n,m)
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5.2.2.7 [410] θ dependency, fixed on edges, zero initial velocity, general
solution

problem number 410

Solve for u(r, θ, t) with 0 < r < a and t > 0 and −π < θ < π

∂2u

∂t2
= c2

(
∂2u

∂r2
+ 1
r

∂u

∂r
+ 1
r2
∂2u

∂θ2

)
With boundary conditions

u(a, θ, t) = 0
|u(0, θ, t)| <∞

u(r,−π, t) = u(r, π, t)
∂u

∂θ
(r,−π, t) = ∂u

∂θ
(r, π, t)

With initial conditions

u(r, θ, 0) = f(r, θ)
∂u

∂t
(r, θ, 0) = 0

ut = c2∇2u(r, θ)

r

θ
a

u(r, θ, 0) = f(r, θ)
∂u
∂t

(r, θ, 0) = 0

u(a, θ, t) = 0

Figure 5.126: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
pde = D[u[r, theta, t], {t, 2}] == c^2*Laplacian[u[r,theta,t],{r,theta},"Polar"];
ic = {u[r, theta, 0] == f[r, theta], Derivative[0, 0, 1][u][r, theta, 0] == 0};
bc = {u[a, theta, t] == 0, u[r, -Pi, t] == u[r, Pi, t], Derivative[0, 1, 0][u][r, -Pi, t] == Derivative[0, 1, 0][u][r, Pi, t]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[r, theta, t], {r, theta, t}, Assumptions -> {0 < r < a, a > 0, t > 0, -Pi < theta < Pi}], 60*10]];� �

u(r, θ, t) → {

∞∑
K[3]=1

2BesselJ
(
0,
rj0,K[3]

a

)
cos
(√

c2tj0,K[3]
a

)∫ a
0
∫ π
−π rBesselJ

(
0,
rj0,K[3]

a

)
f(r,θ)dθdr

a2πBesselJ
(
1,j0,K[3]

)
2 +

∞∑
K[3]=1

 ∞∑
K[1]=1

2BesselJ
(
K[1],

rjK[1],K[3]
a

)
cos
(√

c2tjK[1],K[3]
a

)
cos(θK[1])

∫ a
0
∫ π
−π rBesselJ

(
K[1],

rjK[1],K[3]
a

)
cos(θK[1])f(r,θ)dθdr

a2πBesselJ
(
K[1]−1,jK[1],K[3]

)
2 +

2BesselJ
(
K[1],

rjK[1],K[3]
a

)
cos
(√

c2tjK[1],K[3]
a

)(∫ a
0
∫ π
−π rBesselJ

(
K[1],

rjK[1],K[3]
a

)
f(r,θ) sin(θK[1])dθdr

)
sin(θK[1])

a2πBesselJ
(
K[1]−1,jK[1],K[3]

)
2


 (K[1]|K[3]) ∈ Z ∧K[1] ≥ 1 ∧K[3] ≥ 1 ∧ c2

(
jK[1],K[3]

) 2 > 0

Indeterminate True



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Maple 7� �
restart;
pde := diff(u(r, theta, t), t$2) =c^2*VectorCalculus:-Laplacian(u(r,theta,t),'polar'[r,theta]);
ic := u(r, theta, 0) = f(r, theta) , (D[3](u))(r, theta, 0) = 0;
bc := u(a, theta, t) = 0,

u(r, -Pi, t) = u(r, Pi, t),
(D[2](u))(r, -Pi, t) = (D[2](u))(r, Pi, t);

cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic,bc], u(r, theta ,t),HINT = boundedseries(r=0))),output='realtime'));� �
sol=()
Hand solution

The basic solution for this type of PDE was already given in problem 5.2.2.6 on page 785 as

u(r, θ, t) =
∞∑
n=0

∞∑
m=1

Anm cos
(
c
√
λnmt

)
Jn
(√

λnmr
)
cos (nθ)

+
∞∑
n=0

∞∑
m=1

Bnm sin
(
c
√
λnmt

)
Jn
(√

λnmr
)
cos (nθ)

+
∞∑
n=1

∞∑
m=1

Cnm cos
(
c
√
λnmt

)
Jn
(√

λnmr
)
sin (nθ)

+
∞∑
n=1

∞∑
m=1

Dnm sin
(
c
√
λnmt

)
Jn
(√

λnmr
)
sin (nθ)

Anm =
∫ π

−π

(∫ a

0 f(r, θ) Jn
(√

λnmr
)
r dr

)
cos (nθ) dθ

π
∫ a

0 J
2
n

(√
λnmr

)
rdr

Cnm =
∫ π

−π

(∫ a

0 f(r, θ) Jn
(√

λnmr
)
r dr

)
sin (nθ) dθ

π
∫ a

0 J
2
n

(√
λnmr

)
rdr

Bnm =
∫ π

−π

∫ a

0 g(r, θ) Jn
(√

λnmr
)
cos (nθ) r dθdr

cπ
√
λnm

∫ a

0 J
2
n

(√
λnmr

)
r dr

Dnm =
∫ π

−π

∫ a

0 g(r, θ) Jn
(√

λnmr
)
sin (nθ) r dθdr

cπ
√
λnm

∫ a

0 J
2
n

(√
λnmr

)
r dr

With λnm being the solutions for 0 = Jn
(√

λnma
)
. For each n, we find λn,1, λn,2, λn,3, · · · ,

which are the zeros of the Bessel Jn(x) function. So for each n, there are infinite number
of zeros. This generates all eigenvalues λnm. Hence

√
λnma = BesselJZero(n,m), therefore√

λnm = a
BesselJZero(n,m) . Since g(r, θ) = 0 in this case, then Bnm = 0, Dnm = 0 and the

solution simplifies to

u(r, θ, t) =
∞∑
n=0

∞∑
m=1

Anm cos
(
c
√
λnmt

)
Jn
(√

λnmr
)
cos (nθ)+

∞∑
n=1

∞∑
m=1

Cnm cos
(
c
√
λnmt

)
Jn
(√

λnmr
)
sin (nθ)
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5.2.2.8 [411] θ dependency, fixed on edges, zero initial velocity, specific
example

problem number 411

Added January 11 2020.

Solve for u(r, θ, t) with 0 < r < a and t > 0 and −π < θ < π

∂2u

∂t2
= c2

(
∂2u

∂r2
+ 1
r

∂u

∂r
+ 1
r2
∂2u

∂θ2

)
With boundary conditions

u(a, θ, t) = 0
|u(0, θ, t)| <∞

u(r,−π, t) = u(r, π, t)
∂u

∂θ
(r,−π, t) = ∂u

∂θ
(r, π, t)

With initial conditions

u(r, θ, 0) = f(r, θ)
∂u

∂t
(r, θ, 0) = 0

Using a = 1, c = 0.2, f(r, θ) = rθ.

utt = ( 2
10 )

2∇2u(r, θ)

r

θ
1

u(r, θ, 0) = rθ
∂u
∂t

(r, θ, 0) = 0

u(1, θ, t) = 0

Figure 5.127: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
f[r_,theta_]:=r*theta;
c=2/10; a=1;
pde = D[u[r, theta, t], {t, 2}] == c^2*Laplacian[u[r,theta,t],{r,theta},"Polar"];
ic = {u[r, theta, 0] == f[r, theta], Derivative[0, 0, 1][u][r, theta, 0] == 0};
bc = {u[a, theta, t] == 0, u[r, -Pi, t] == u[r, Pi, t], Derivative[0, 1, 0][u][r, -Pi, t] == Derivative[0, 1, 0][u][r, Pi, t]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[r, theta, t], {r, theta, t}, Assumptions -> {0 < r < a,t > 0, -Pi < theta < Pi}], 60*10]];� �

u(r, θ, t) → {

∞∑
K[3]=1

(
∞∑

K[1]=1
− (−1)K[1] BesselJ

(
K[1],rjK[1],K[3]

)
jK[1],K[3] cos

( 1
5 tjK[1],K[3]

)
Gamma

( 1
2 (K[1]+3)

)
1F̃2

( 1
2 (K[1]+3); 12 (K[1]+5),K[1]+1;− 1

4
(
jK[1],K[3]

)2) sin(θK[1])
BesselJ

(
K[1]−1,jK[1],K[3]

)
Hypergeometric0F1Regularized

(
K[1],− 1

4
(
jK[1],K[3]

)
2
)
K[1]

)
(K[1]|K[3]) ∈ Z ∧K[1] ≥ 1 ∧K[3] ≥ 1

Indeterminate True






chapter 5. hyperbolic pde’s (wave) 793

Maple 7� �
restart;
f:=(r,theta)->r*theta;
c:=2/10;
a:=1;
pde := diff(u(r, theta, t), t$2) = c^2*VectorCalculus:-Laplacian(u(r,theta,t),'polar'[r,theta]);
ic := u(r, theta, 0) = f(r, theta) , (D[3](u))(r, theta, 0) = 0;
bc := u(a, theta, t) = 0,

u(r, -Pi, t) = u(r, Pi, t),
(D[2](u))(r, -Pi, t) = (D[2](u))(r, Pi, t);

cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic,bc], u(r, theta ,t),HINT = boundedseries(r=0))),output='realtime'));� �
sol=()
Hand solution

The basic solution for this type of PDE was already given in problem 5.2.2.6 on page 785 as

u(r, θ, t) =
∞∑
n=0

∞∑
m=1

Anm cos
(
c
√
λnmt

)
Jn
(√

λnmr
)
cos (nθ)

+
∞∑
n=0

∞∑
m=1

Bnm sin
(
c
√
λnmt

)
Jn
(√

λnmr
)
cos (nθ)

+
∞∑
n=1

∞∑
m=1

Cnm cos
(
c
√
λnmt

)
Jn
(√

λnmr
)
sin (nθ)

+
∞∑
n=1

∞∑
m=1

Dnm sin
(
c
√
λnmt

)
Jn
(√

λnmr
)
sin (nθ)

Anm =
∫ π

−π

(∫ a

0 f(r, θ) Jn
(√

λnmr
)
r dr

)
cos (nθ) dθ

π
∫ a

0 J
2
n

(√
λnmr

)
rdr

Cnm =
∫ π

−π

(∫ a

0 f(r, θ) Jn
(√

λnmr
)
r dr

)
sin (nθ) dθ

π
∫ a

0 J
2
n

(√
λnmr

)
rdr

Bnm =
∫ π

−π

∫ a

0 g(r, θ) Jn
(√

λnmr
)
cos (nθ) r dθdr

cπ
√
λnm

∫ a

0 J
2
n

(√
λnmr

)
r dr

Dnm =
∫ π

−π

∫ a

0 g(r, θ) Jn
(√

λnmr
)
sin (nθ) r dθdr

cπ
√
λnm

∫ a

0 J
2
n

(√
λnmr

)
r dr

With λnm being the solutions for 0 = Jn
(√

λnma
)
. For each n, we find λn,1, λn,2, λn,3, · · · ,

which are the zeros of the Bessel Jn(x) function. So for each n, there are infinite number
of zeros. This generates all eigenvalues λnm. Hence

√
λnma = BesselJZero(n,m), therefore√

λnm = a
BesselJZero(n,m) .

In this problem g(r, θ) = 0, f(r, θ) = rθ, a = 1, c = 2
10 , then Bnm = 0, Dnm = 0 and the

solution simplifies to

u(r, θ, t) =
∞∑
n=0

∞∑
m=1

Anm cos
(

2
10
√
λnmt

)
Jn
(√

λnmr
)
cos (nθ)+

∞∑
n=1

∞∑
m=1

Cnm cos
(

2
10
√
λnmt

)
Jn
(√

λnmr
)
sin (nθ)

Where

Anm =
∫ π

−π

(∫ a

0 rθJn
(√

λnmr
)
r dr

)
cos (nθ) dθ

π
∫ a

0 J
2
n

(√
λnmr

)
rdr

Cnm =
∫ π

−π

(∫ a

0 rθJn
(√

λnmr
)
r dr

)
sin (nθ) dθ

π
∫ a

0 J
2
n

(√
λnmr

)
rdr
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The following animations run for 80 seconds. They are for different n,m modes. (This only
show in the HTML version)

Cases for n = 0

Cases for n = 1

Cases for n = 2

Cases for n = 3

Source code for all the above animations� �
(*By Nasser M. Abbasi*)
SetDirectory[NotebookDirectory[]]
X:\data\public_html\my_notes\PDE_animations\problems\4

(*definitions*)
ClearAll[a,c,n,m,r,theta,f,g,u,maxM,maxN,t]
maxN=4;
maxM=4;
a=1;
c=.2;
minZ=-8;
maxZ=10;
A0[n_,m_]:= Module[{num,den,r,theta,f},
f=r*theta;
num=Integrate[f* BesselJ[n,lamtbl[[n+1,m]] r] Cos[n theta] r,{r,0,a},{theta,0,2Pi}];
den=Integrate[(BesselJ[n,lamtbl[[n+1,m]] r])^2 (Cos[n theta])^2 r,{r,0,a},{theta,0,2Pi}];
num/den
];

C0[n_,m_]:= Module[{num,den,f,r,theta},
f=r*theta;
num=Integrate[f* BesselJ[n,lamtbl[[n+1,m]] r] Sin[n theta] r,{r,0,a},{theta,0,2Pi}];
den=Integrate[(BesselJ[n,lamtbl[[n+1,m]] r])^2 (Sin[n theta])^2 r,{r,0,a},{theta,0,2Pi}];
num/den
];

lam[n_,m_]:=Module[{x},
x=BesselJZero[n,m];
N[(x/a)]

];

u[r_,theta_,t_,maxN_,maxM_]:=Module[{tmp,n,m},
tmp=Sum[A0tbl[[n+1,m]]*Cos[c lamtbl[[n+1,m]] t] *BesselJ[n,lamtbl[[n+1,m]]*r]*

Cos[n*theta],{n,0,maxN},{m,1,maxM}];

tmp=tmp+Sum[C0tbl[[n+1,m]]*Cos[c lamtbl[[n+1,m]] t] *BesselJ[n,lamtbl[[n+1,m]]*r]*
Sin[n*theta],{n,1,maxN},{m,1,maxM}]

];

lamtbl=Table[lam[n,m],{n,0,maxN},{m,1,maxN}];

A0tbl=Table[A0[n,m],{n,0,maxN},{m,1,maxM}]
C0tbl=Table[C0[n,m],{n,1,maxN},{m,1,maxM}]

(*n=0,m=1*)
ParametricPlot3D[{r0 Cos[theta0],r0 Sin[theta0],Evaluate[u[r0,theta0,12,0,1]]},

{r0,0,1},{theta0,0,2 Pi},AxesLabel->{"r","theta","u"},BaseStyle->15,ImageMargins->5,
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PerformanceGoal->"Quality",Mesh->10,MaxRecursion->1, BoxRatios->{1,1,1},
PlotRange->{Automatic,Automatic,{minZ,maxZ}}]

r=Table[Labeled[ParametricPlot3D[{r0 Cos[theta0],r0 Sin[theta0],
Evaluate[u[r0,theta0,t,0,1]]},{r0,0,1},{theta0,0,2 Pi},AxesLabel->{"r","theta","u"},
BaseStyle->15,ImageMargins->5,PerformanceGoal->"Quality",Mesh->10,
MaxRecursion->1, BoxRatios->{1,1,1},PlotRange->{Automatic,Automatic,{minZ,maxZ}}],
Row[{"time (sec)",Round@t,", N = ", 0, ", M = ",1}]],{t,0,80,.5}];

Export["anim_n_0_m_1.gif",r,"DisplayDurations"->Table[.25,{Length[r]}]]

(*n=0,m=2*)
ParametricPlot3D[{r0 Cos[theta0],r0 Sin[theta0],Evaluate[u[r0,theta0,0,0,2]]},{r0,0,1},

{theta0,0,2 Pi},AxesLabel->{"r","theta","u"},BaseStyle->15,ImageMargins->5,
PerformanceGoal->"Quality",Mesh->10,MaxRecursion->1, BoxRatios->{1,1,1},
PlotRange->{Automatic,Automatic,{minZ,maxZ}}]

(*to speed it up, make Z in {t,0,100,Z} larger, and then make Z in Table[Z,{Length[r]}] smaller.*)
r=Table[Labeled[ParametricPlot3D[{r0 Cos[theta0],r0 Sin[theta0],

Evaluate[u[r0,theta0,t,0,2]]},{r0,0,1},{theta0,0,2 Pi},AxesLabel->{"r","theta","u"},
BaseStyle->15,ImageMargins->5,PerformanceGoal->"Quality",Mesh->10,
MaxRecursion->1, BoxRatios->{1,1,1},PlotRange->{Automatic,Automatic,{minZ,maxZ}}],
Row[{"time (sec)",Round@t,", N = ", 0, ", M = ",2}]],{t,0,80,.5}];

Export["anim_n_0_m_2.gif",r,"DisplayDurations"->Table[.25,{Length[r]}]]

(*n=0,m=3*)
r=Table[Labeled[ParametricPlot3D[{r0 Cos[theta0],r0 Sin[theta0],

Evaluate[u[r0,theta0,t,0,3]]},{r0,0,1},{theta0,0,2 Pi},
AxesLabel->{"r","theta","u"},BaseStyle->15,ImageMargins->5,
PerformanceGoal->"Quality",Mesh->10,MaxRecursion->1, BoxRatios->{1,1,1},
PlotRange->{Automatic,Automatic,{minZ,maxZ}}],
Row[{"time (sec)",Round@t,", N = ", 0, ", M = ",3}]],{t,0,80,.5}];

Export["anim_n_0_m_3.gif",r,"DisplayDurations"->Table[.25,{Length[r]}]]

(*n=0,m=4*)
t=1;
ParametricPlot3D[{r0 Cos[theta0],r0 Sin[theta0],Evaluate[u[r0,theta0,t,0,4]]},

{r0,0,1},{theta0,0,2 Pi},AxesLabel->{"r","theta","u"},BaseStyle->15,
ImageMargins->5,PerformanceGoal->"Quality",Mesh->10,MaxRecursion->1,
BoxRatios->{1,1,1},PlotRange->{Automatic,Automatic,{minZ,maxZ}}]

r=Table[Labeled[ParametricPlot3D[{r0 Cos[theta0],r0 Sin[theta0],
Evaluate[u[r0,theta0,t,0,4]]},{r0,0,1},{theta0,0,2 Pi},AxesLabel->{"r","theta","u"},
BaseStyle->15,ImageMargins->5,PerformanceGoal->"Quality",Mesh->10,MaxRecursion->1,
BoxRatios->{1,1,1},PlotRange->{Automatic,Automatic,{minZ,maxZ}}],
Row[{"time (sec)",Round@t,", N = ", 0, ", M = ",4}]],{t,0,80,.5}];

Export["anim_n_0_m_4.gif",r,"DisplayDurations"->Table[.25,{Length[r]}]]

(*n=1,m=1*)
t=1;
ParametricPlot3D[{r0 Cos[theta0],r0 Sin[theta0],

Evaluate[u[r0,theta0,t,1,1]]},{r0,0,1},{theta0,0,2 Pi},
AxesLabel->{"r","theta","u"},BaseStyle->15,ImageMargins->5,
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PerformanceGoal->"Speed",Mesh->10, BoxRatios->{1,1,1},
PlotRange->{Automatic,Automatic,{minZ,maxZ}}]

r=Table[Labeled[ParametricPlot3D[{r0 Cos[theta0],r0 Sin[theta0],
Evaluate[u[r0,theta0,t,1,1]]},{r0,0,1},{theta0,0,2 Pi},
AxesLabel->{"r","theta","u"},BaseStyle->15,ImageMargins->5,
PerformanceGoal->"Quality",Mesh->10,MaxRecursion->1,
BoxRatios->{1,1,1},PlotRange->{Automatic,Automatic,{minZ,maxZ}}],
Row[{"time (sec)",Round@t,", N = ", 1, ", M = ",1}]],{t,0,80,.5}];

Export["anim_n_1_m_1.gif",r,"DisplayDurations"->Table[.25,{Length[r]}]]

(*n=1,m=2*)

r=Table[Labeled[ParametricPlot3D[{r0 Cos[theta0],r0 Sin[theta0],
Evaluate[u[r0,theta0,t,1,2]]},{r0,0,1},{theta0,0,2 Pi},
AxesLabel->{"r","theta","u"},BaseStyle->15,ImageMargins->5,
PerformanceGoal->"Quality",Mesh->10,MaxRecursion->1,
BoxRatios->{1,1,1},PlotRange->{Automatic,Automatic,{minZ,maxZ}}],
Row[{"time (sec)",Round@t,", N = ", 1, ", M = ",2}]],{t,0,80,.5}];

Export["anim_n_1_m_2.gif",r,"DisplayDurations"->Table[.25,{Length[r]}]]

(*n=1,m=3*)
r=Table[Labeled[ParametricPlot3D[{r0 Cos[theta0],r0 Sin[theta0],

Evaluate[u[r0,theta0,t,1,3]]},{r0,0,1},{theta0,0,2 Pi},
AxesLabel->{"r","theta","u"},BaseStyle->15,ImageMargins->5,
PerformanceGoal->"Quality",Mesh->10,MaxRecursion->1, BoxRatios->{1,1,1},
PlotRange->{Automatic,Automatic,{minZ,maxZ}}],
Row[{"time (sec)",Round@t,", N = ", 1, ", M = ",3}]],{t,0,80,.5}];

Export["anim_n_1_m_3.gif",r,"DisplayDurations"->Table[.25,{Length[r]}]]

(*n=1,m=4*)
r=Table[Labeled[ParametricPlot3D[{r0 Cos[theta0],r0 Sin[theta0],

Evaluate[u[r0,theta0,t,1,4]]},{r0,0,1},{theta0,0,2 Pi},
AxesLabel->{"r","theta","u"},BaseStyle->15,ImageMargins->5,
PerformanceGoal->"Quality",Mesh->10,MaxRecursion->1,
BoxRatios->{1,1,1},PlotRange->{Automatic,Automatic,{minZ,maxZ}}],
Row[{"time (sec)",Round@t,", N = ", 1, ", M = ",4}]],{t,0,80,.5}];

Export["anim_n_1_m_4.gif",r,"DisplayDurations"->Table[.25,{Length[r]}]]

(*n=2,m=1*)
r=Table[Labeled[ParametricPlot3D[{r0 Cos[theta0],r0 Sin[theta0],

Evaluate[u[r0,theta0,t,2,1]]},{r0,0,1},{theta0,0,2 Pi},
AxesLabel->{"r","theta","u"},BaseStyle->15,ImageMargins->5,
PerformanceGoal->"Quality",Mesh->10,MaxRecursion->1, BoxRatios->{1,1,1},
PlotRange->{Automatic,Automatic,{minZ,maxZ}}],
Row[{"time (sec)",Round@t,", N = ", 2 ", M = ",1}]]
,{t,0,80,.5}];

Export["anim_n_2_m_1.gif",r,"DisplayDurations"->Table[.25,{Length[r]}]]

(*n=2,m=2*)
r=Table[Labeled[ParametricPlot3D[{r0 Cos[theta0],r0 Sin[theta0],

Evaluate[u[r0,theta0,t,2,2]]},{r0,0,1},{theta0,0,2 Pi},
AxesLabel->{"r","theta","u"},BaseStyle->15,ImageMargins->5,
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PerformanceGoal->"Quality",Mesh->10,MaxRecursion->1, BoxRatios->{1,1,1},
PlotRange->{Automatic,Automatic,{minZ,maxZ}}],
Row[{"time (sec)",Round@t,", N = ", 2 ", M = ",2}]],{t,0,80,.5}];

Export["anim_n_2_m_2.gif",r,"DisplayDurations"->Table[.25,{Length[r]}]]

(*n=2,m=3*)
r=Table[Labeled[ParametricPlot3D[{r0 Cos[theta0],r0 Sin[theta0],

Evaluate[u[r0,theta0,t,2,3]]},{r0,0,1},{theta0,0,2 Pi},AxesLabel->{"r","theta","u"},
BaseStyle->15,ImageMargins->5,PerformanceGoal->"Quality",Mesh->10,
MaxRecursion->1, BoxRatios->{1,1,1},PlotRange->{Automatic,Automatic,{minZ,maxZ}}],
Row[{"time (sec)",Round@t,", N = ", 2 ", M = ",3}]],{t,0,80,.5}];

Export["anim_n_2_m_3.gif",r,"DisplayDurations"->Table[.25,{Length[r]}]]

(*n=2,m=4*)
r=Table[Labeled[ParametricPlot3D[{r0 Cos[theta0],r0 Sin[theta0],

Evaluate[u[r0,theta0,t,2,4]]},{r0,0,1},{theta0,0,2 Pi},
AxesLabel->{"r","theta","u"},BaseStyle->15,ImageMargins->5,
PerformanceGoal->"Quality",Mesh->10,MaxRecursion->1, BoxRatios->{1,1,1},
PlotRange->{Automatic,Automatic,{minZ,maxZ}}],
Row[{"time (sec)",Round@t,", N = ", 2 ", M = ",4}]],{t,0,80,.5}];

Export["anim_n_2_m_4.gif",r,"DisplayDurations"->Table[.25,{Length[r]}]]

(*n=3,m=1*)
r=Table[Labeled[ParametricPlot3D[{r0 Cos[theta0],r0 Sin[theta0],

Evaluate[u[r0,theta0,t,3,1]]},{r0,0,1},{theta0,0,2 Pi},
AxesLabel->{"r","theta","u"},BaseStyle->15,ImageMargins->5,
PerformanceGoal->"Quality",Mesh->10,MaxRecursion->1, BoxRatios->{1,1,1},
PlotRange->{Automatic,Automatic,{minZ,maxZ}}],
Row[{"time (sec)",Round@t,", N = ", 3 ", M = ",1}]],{t,0,80,.5}];

Export["anim_n_3_m_1.gif",r,"DisplayDurations"->Table[.25,{Length[r]}]]

(*n=3,m=2*)
r=Table[Labeled[ParametricPlot3D[{r0 Cos[theta0],r0 Sin[theta0],

Evaluate[u[r0,theta0,t,3,2]]},{r0,0,1},{theta0,0,2 Pi},
AxesLabel->{"r","theta","u"},BaseStyle->15,ImageMargins->5,
PerformanceGoal->"Quality",Mesh->10,MaxRecursion->1,
BoxRatios->{1,1,1},PlotRange->{Automatic,Automatic,{minZ,maxZ}}],
Row[{"time (sec)",Round@t,", N = ", 3 ", M = ",2}]],{t,0,80,.5}];

Export["anim_n_3_m_2.gif",r,"DisplayDurations"->Table[.25,{Length[r]}]]

(*n=3,m=3*)
r=Table[Labeled[ParametricPlot3D[{r0 Cos[theta0],r0 Sin[theta0],

Evaluate[u[r0,theta0,t,3,3]]},{r0,0,1},{theta0,0,2 Pi},
AxesLabel->{"r","theta","u"},BaseStyle->15,ImageMargins->5,
PerformanceGoal->"Quality",Mesh->10,MaxRecursion->1, BoxRatios->{1,1,1},
PlotRange->{Automatic,Automatic,{minZ,maxZ}}],
Row[{"time (sec)",Round@t,", N = ", 3 ", M = ",3}]],{t,0,80,.5}];

Export["anim_n_3_m_3.gif",r,"DisplayDurations"->Table[.25,{Length[r]}]]

(*n=3,m=4*)
r=Table[Labeled[ParametricPlot3D[{r0 Cos[theta0],r0 Sin[theta0],

Evaluate[u[r0,theta0,t,3,4]]},{r0,0,1},{theta0,0,2 Pi},
AxesLabel->{"r","theta","u"},BaseStyle->15,ImageMargins->5,
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PerformanceGoal->"Quality",Mesh->10,MaxRecursion->1, BoxRatios->{1,1,1},
PlotRange->{Automatic,Automatic,{minZ,maxZ}}],
Row[{"time (sec)",Round@t,", N = ", 3 ", M = ",4}]],{t,0,80,.5}];

Export["anim_n_3_m_4.gif",r,"DisplayDurations"->Table[.25,{Length[r]}]]� �
5.2.2.9 [412] θ dependency, fixed on edges, zero initial position, specific

example

problem number 412

Added January 11, 2020

Math 322 UW exam problem. 2018.

Solve for u(r, θ, t) with 0 < r < a and t > 0 and −π < θ < π

∂2u

∂t2
= c2

(
∂2u

∂r2
+ 1
r

∂u

∂r
+ 1
r2
∂2u

∂θ2

)
With boundary conditions

u(a, θ, t) = 0
|u(0, θ, t)| <∞

u(r,−π, t) = u(r, π, t)
∂u

∂θ
(r,−π, t) = ∂u

∂θ
(r, π, t)

With initial conditions

u(r, θ, 0) = 0

ut(r, θ, 0) =
{ 1

πε2
if r ≤ ε

0 otherwise

Where 0 < ε < 1

Using a = 1, c = 1, ε = 1
2 .

utt = ∇2u(r, θ)

r

θ
1

u (r, θ, 0) = 0

ut (r, θ, 0) =

{
1
πε2

if r ≤ ε
0 otherwise

u(1, θ, t) = 0

ε = 1
2

Figure 5.128: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
a=1; c=1; epsilon=1/2;
f[r_,theta_]:=0;
g[r_,theta_]:=Piecewise[{{1/(Pi*epsilon^2),r<epsilon},{0,True}}];
c=1; a=1;
pde = D[u[r, theta, t], {t, 2}] == c^2*Laplacian[u[r,theta,t],{r,theta},"Polar"];
ic = {u[r, theta, 0] == f[r, theta], Derivative[0, 0, 1][u][r, theta, 0] == g[r,theta]};
bc = {u[a, theta, t] == 0, u[r, -Pi, t] == u[r, Pi, t], Derivative[0, 1, 0][u][r, -Pi, t] == Derivative[0, 1, 0][u][r, Pi, t]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[r, theta, t], {r, theta, t}, Assumptions -> {0 < r < a,t > 0, -Pi < theta < Pi}], 60*10]];� �

u(r, θ, t) → {

∞∑
K[3]=1

2BesselJ
(
0,rj0,K[3]

)
Hypergeometric0F1Regularized

(
2,− 1

16
(
j0,K[3]

)2) sin(tj0,K[3]
)

πBesselJ
(
1,j0,K[3]

)
2j0,K[3]

(K[1]|K[3]) ∈ Z ∧K[1] ≥ 1 ∧K[3] ≥ 1

Indeterminate True




Maple 7� �
restart;
c:=1;
a:=1;
epsilon:=1/2;
f:=(r,theta)->r*theta;
g:=(r,theta)->piecewise(r<epsilon,1/(Pi*epsilon^2),true,0);
pde := diff(u(r, theta, t), t$2) = c^2*VectorCalculus:-Laplacian(u(r,theta,t),'polar'[r,theta]);
ic := u(r, theta, 0) = f(r, theta) , (D[3](u))(r, theta, 0) = g(r,theta);
bc := u(a, theta, t) = 0,

u(r, -Pi, t) = u(r, Pi, t),
(D[2](u))(r, -Pi, t) = (D[2](u))(r, Pi, t);

cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic,bc], u(r, theta ,t),HINT = boundedseries(r=0))),output='realtime'));� �
sol=()
Hand solution

The basic solution for this type of PDE was already given in problem 5.2.2.6 on page 785 as

u(r, θ, t) =
∞∑
n=0

∞∑
m=1

Anm cos
(
c
√
λnmt

)
Jn
(√

λnmr
)
cos (nθ)

+
∞∑
n=0

∞∑
m=1

Bnm sin
(
c
√
λnmt

)
Jn
(√

λnmr
)
cos (nθ)

+
∞∑
n=1

∞∑
m=1

Cnm cos
(
c
√
λnmt

)
Jn
(√

λnmr
)
sin (nθ)

+
∞∑
n=1

∞∑
m=1

Dnm sin
(
c
√
λnmt

)
Jn
(√

λnmr
)
sin (nθ)

Anm =
∫ π

−π

(∫ a

0 f(r, θ) Jn
(√

λnmr
)
r dr

)
cos (nθ) dθ

π
∫ a

0 J
2
n

(√
λnmr

)
rdr

Cnm =
∫ π

−π

(∫ a

0 f(r, θ) Jn
(√

λnmr
)
r dr

)
sin (nθ) dθ

π
∫ a

0 J
2
n

(√
λnmr

)
rdr

Bnm =
∫ π

−π

∫ a

0 g(r, θ) Jn
(√

λnmr
)
cos (nθ) r dθdr

cπ
√
λnm

∫ a

0 J
2
n

(√
λnmr

)
r dr
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Dnm =
∫ π

−π

∫ a

0 g(r, θ) Jn
(√

λnmr
)
sin (nθ) r dθdr

cπ
√
λnm

∫ a

0 J
2
n

(√
λnmr

)
r dr

With λnm being the solutions for 0 = Jn
(√

λnma
)
. For each n, we find λn,1, λn,2, λn,3, · · · ,

which are the zeros of the Bessel Jn(x) function. So for each n, there are infinite number
of zeros. This generates all eigenvalues λnm. Hence

√
λnma = BesselJZero(n,m), therefore√

λnm = a
BesselJZero(n,m) .

In this problem f(r, θ) = 0, a = 1, c = 1, then Anm = 0, Cnm = 0 and the solution simplifies
to

u(r, θ, t) =
∞∑
n=0

∞∑
m=1

Bnm sin
(
c
√
λnmt

)
Jn
(√

λnmr
)
cos (nθ)+

∞∑
n=1

∞∑
m=1

Dnm sin
(
c
√
λnmt

)
Jn
(√

λnmr
)
sin (nθ)

Taking time derivative gives

ut(r, θ, t) =
∞∑
n=0

∞∑
m=1

Bnm cos (nθ)λnm cos (λnmt) Jn(λnmr)+
∞∑
n=1

∞∑
m=1

Dnm sin (nθ)λnm cos (λnmt) Jn(λnmr)

Applying the second initial condition at t = 0 gives
∞∑
n=0

∞∑
m=1

Bnm cos (nθ)λnmJn(λnmr)+
∞∑
n=1

∞∑
m=1

Dnm sin (nθ)λnmJn(λnmr) =
{ 1

πε2
if r ≤ ε

0 otherwise
(9)

Case n = 0 (9) becomes
∞∑

m=1

B0mλ0mJ0(λ0mr) =
{ 1

πε2
if r ≤ ε

0 otherwise

Applying orthogonality on J0(λ0mr) results in

B0mλ0m

∫ 1

0
rJ2

0 (λ0mr) dr =
1
πε2

∫ ε

0
rJ0(λ0mr) dr

B0m = 1
πε2λ0m

∫ ε

0 rJ0(λ0mr) dr∫ 1
0 rJ

2
0 (λ0mr) dr

(9A)

Case n > 1 Applying orthogonality on cos (nθ) , equation (9) becomes

∞∑
m=1

Bnm

(∫ π

−π

cos2 (nθ) dθ
)
λnmJn(λnmr) =

{
1

πε2

∫ π

−π
cos (nθ) dθ if r2 ≤ ε

0 otherwise
∞∑

m=1

πBnmλnmJn(λnmr) =
{

0 if r2 ≤ ε

0 otherwise

Hence Bnm = 0 for all n > 0.

The same is now done to find D̄nm. Applying orthogonality on sin (nθ) , equation (9) becomes

∞∑
m=1

Dnm

(∫ π

−π

sin2 (nθ) dθ
)
λnmJn(λnmr) =

{
1

πε2

∫ π

−π
sin (nθ) dθ if r2 ≤ ε

0 otherwise
∞∑

m=1

Dnm

(∫ π

−π

sin2 (nθ) dθ
)
λnmJn(λnmr) =

{
0 if r2 ≤ ε

0 otherwise

Hence all Dnm = 0 for all n > 0.

Therefore the solution (8) reduces to only using n = 0,m = 1, 2, 3, · · · . The solution can now
be written as

u(r, θ, t) =
∞∑

m=1

B0m sin (λ0mt) J0(λ0mr) (10)
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Where B0m = 1
πε2λ0m

∫ ε
0 rJ0(λ0mr)dr∫ 1
0 rJ2

0 (λ0mr)dr
And λ0m are all the positive zeros of J0(z), m = 1, 2, 3, · · · .

B0m is now simplified more. Considering first the numerator of B0m which is
∫ ε

0 rJ0(λ0mr) dr.
The hint given says that

d

dr
(rJ1(r)) = rJ0(r)

This is the same as saying
rJ1(r) =

∫
rJ0(r) dr (10A)

However the integral in B0m is
∫
rJ0(λ0mr) dr and not

∫
rJ0(r) dr. To transform it so that

the hint can be used, let λ0mr = r̄, then dr
dr̄

= 1
λ0m

or dr = dr̄
λ0m

. Now
∫
rJ0(λ0mr) dr becomes∫

r̄
λ0m

J0(r̄) dr̄
λ0m

or 1
λ2
0m

∫
r̄J0(r̄) dr̄ and now the hint (10A) can be used on this integral giving

1
λ20m

(∫
r̄J0(r̄) dr̄

)
= 1
λ20m

(r̄J1(r̄))

Replacing r̄ back by λ0mr, gives the result needed

1
λ20m

(r̄J1(r̄)) =
1
λ20m

(λ0mrJ1(λ0mr))

= 1
λ0m

rJ1(λ0mr)

Now the limits are applied, using the fundamental theory of calculus∫ ε

0
rJ0(λ0mr) dr =

1
λ0m

[rJ1(λ0mr)]ε0

= ε

λ0m
J1(λ0mε) (10B)

This completes finding the numerator integral in B0m. The denominator integral in B0m is∫ 1
0 rJ

2
0 (λ0mr) dr. This was found before which is∫ 1

0
rJ2

0 (λ0mr) dr =
1
2[J

′
0(λ0m)]

2

But J ′
0(λ0m) = −J1(λ0m), hence the above becomes∫ 1

0
rJ2

0 (λ0mr) dr =
1
2J

2
1 (λ0m) (10C)

Applying (10B) and (10C), B0m simplifies to the following expression

B0m = 1
πε2λ0m

ε
λ0m

J1(λ0mε)
1
2J

2
1 (λ0m)

= 2
πελ20m

J1(λ0mε)
J2
1 (λ0m)

Therefore the final solution becomes

u(r, θ, t) =
∞∑

m=1

B0m sin (λ0mt) J0(λ0mr)

u(r, θ, t) = 2
πε

∞∑
m=1

1
λ20m

J1(λ0mε)
J2
1 (λ0m)

J0(λ0mr) sin (λ0mt) (11)

When ε = 1
2 , the above solution (11) becomes

u(r, θ, t) = 4
π

∞∑
m=1

1
λ20m

J1
(1
2λ0m

)
J2
1 (λ0m)

J0(λ0mr) sin (λ0mt) (11A)

Here is animation for 5 seconds made in Mathematica

Mathematica Source code for all the above animations
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� �
(*By Nasser M. Abbasi. Animation of problem 4 solution*)

ClearAll[t,r,m];
padIt2[v_,f_List]:=AccountingForm[v,f,NumberSigns->{"",""},

NumberPadding->{"0","0"},SignPadding->True];
nTerms=40;
lam = Table[ BesselJZero[0,m],{m,1,nTerms}]//N;
c = Table[1/lam[[m]]^2 BesselJ[1,lam[[m]]/2]/BesselJ[1,lam[[m]] ]^2,{m,1,nTerms}];
mySol[r_,t_]:=4/Pi Sum[c[[m]]BesselJ[0,lam[[m]] r] Sin[lam[[m]] t],{m,1,nTerms}];

frames=Table[
Print["t=",t];
Grid[{
{Row[{"time = ",padIt2[t,{3,2}]}]},
{ParametricPlot3D[{r Cos[theta],r Sin[theta],mySol[r,t]},{r,0,1},{theta,0,2 Pi},
PlotRange->{Automatic,Automatic,{-0.6,0.6}},
PerformanceGoal->"Speed",Boxed->True,
Axes->True,Mesh->20,
ViewPoint->{2.17,-2.4,1},
ImageSize->400,
BoxRatios->{1, 1, 1}]

}}],
{t,0,5,0.05}

];

Manipulate[
frames[[i]],
{{i,1,"time"},1,Length@frames,1,Appearance->"Labeled"}

]

Export["anim.gif",frames,"DisplayDurations"->Table[.2,{Length@frames}]]� �
Here is the same animation made in Maple 2018

Maple source code for all the above animations� �
#by Nasser M. Abbasi, May 23,2018

restart;
currentdir("X:/data/public_html/my_notes/PDE_animations/problems/

wave_disk_exam_problem_4");
nTerms := 20:
lam := evalf([BesselJZeros(0,1..nTerms)]):
c := seq(1/lam[n]^2*BesselJ(1,lam[n]/2)/BesselJ(1,lam[n])^2,n=1..nTerms):
mySol := proc(r,t)

local n;
4/Pi*sum(c[n]*BesselJ(0,lam[n]*r)*sin(lam[n]*t),n=1..nTerms);

end proc:

maxTime := 5: (*seconds*)
delay := 0.05:
nFrames := round(maxTime/delay):

frames := [seq( plot3d([ r, theta, mySol(r,(i*delay)) ],
r = 0..1,
theta = 0..2*Pi,
coords = cylindrical,
axes = none,
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title = sprintf("%s %3.2f %s","time ",(i*delay),"seconds")
),

i=0..nFrames-1)
]:

plots:-display(convert(frames,list),insequence=true);� �
Here is the same animation made in Matlab 2016a

Matlab source code for all the above animations� �
function nma_HW4_math_322
%By Nasser M. Abbasi, May 23, 2018

close all;

GENERATE_GIF=true; %turn to false to not generate animated gif

lam = zeros(80,1); %eigenvalues
for i = 1:80

lam(i) = fzero(@(x)besselj(0,x),i);
end;

lam = uniquetol(lam); %must use uniquetol
nTerms = 20;
c = zeros(nTerms,1);

for i = 1:nTerms
c(i) = 1/lam(i)^2*besselj(1,lam(i)/2)/besselj(1,lam(i))^2;

end

%------------- inner function --------
function tot = mySol(r,t)

tot = 0;
for ii =1:nTerms

tot = tot + (c(ii)*besselj(0,lam(ii).*r).*sin(lam(ii)*t));
end;
tot = 4/pi*tot;

end
%-------------------

maxTime = 5; %seconds
delay = 0.05;
nFrames = round(maxTime/delay);

r = 0:.05:1;
phi = 0:pi/20:2*pi;
[R,PHI] = meshgrid(r,phi);

fig_handle = figure();
set(fig_handle,'Name',....

'Math 322, Final exam problem 4 animations by Nasser M. Abbasi');

for i=1:nFrames
Z = mySol(R,((i-1)*delay));
surf(R.*cos(PHI), R.*sin(PHI), Z);
set(gca,'nextplot','replacechildren','visible','on');
colormap cool ;
title(sprintf('time = %3.2f', (i-1)*delay));
zlim([-0.6 0.6]);
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drawnow;
pause(.01);
if GENERATE_GIF

frame = getframe(gcf);
im = frame2im(frame);
[imind,cm] = rgb2ind(im,256);
if i == 1

imwrite(imind,cm,'matlab_animations.gif','gif', ...
'DelayTime',0.1,'LoopCount',0);

else
imwrite(imind,cm,'matlab_animations.gif','gif',...

'WriteMode','append','DelayTime',0.1,'LoopCount',0);
end

end
end

end� �
5.2.2.10 [413] θ dependency, fixed on edges, zero initial position with internal

source (Haberman 8.5.5. (b)

problem number 413

Added January 15, 2020

Problem 8.5.5. (b) Richard Haberman applied partial di fb00erential equations book, 5th
edition

Solve wave PDE inside circular membrane for u(r, θ, t) with 0 < r < a and t > 0 and
−π < θ < π

utt = c2∇2u(r, θ) +Q(r, θ, t)

With boundary conditions

u(a, θ, t) = 0
|u(0, θ, t)| <∞

u(r,−π, t) = u(r, π, t)
∂u

∂θ
(r,−π, t) = ∂u

∂θ
(r, π, t)

With initial conditions

u(r, θ, 0) = f(r, θ)
ut(r, θ, 0) = 0

utt = ∇2u(r, θ) +Q(r, θ, t)

r

θ
a

u (r, θ, 0) = f(r, θ)

ut (r, θ, 0) = 0

u(a, θ, t) = 0

Figure 5.129: PDE specification
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[u[r, theta, t], {t, 2}] == c^2*Laplacian[u[r,theta,t],{r,theta},"Polar"]+Q[r,theta,t];
ic = {u[r, theta, 0] == f[r, theta], Derivative[0, 0, 1][u][r, theta, 0] == 0};
bc = {u[a, theta, t] == 0, u[r, -Pi, t] == u[r, Pi, t], Derivative[0, 1, 0][u][r, -Pi, t] == Derivative[0, 1, 0][u][r, Pi, t]};
sol = AbsoluteTiming[TimeConstrained[DSolve[{pde, ic, bc}, u[r, theta, t], {r, theta, t}, Assumptions -> {0 < r < a,t > 0, -Pi < theta < Pi}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(u(r, theta, t), t$2) = c^2*VectorCalculus:-Laplacian(u(r,theta,t),'polar'[r,theta])+Q(r,theta,t);
ic := u(r, theta, 0) = f(r, theta) , (D[3](u))(r, theta, 0) = 0;
bc := u(a, theta, t) = 0,

u(r, -Pi, t) = u(r, Pi, t),
(D[2](u))(r, -Pi, t) = (D[2](u))(r, Pi, t);

cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve([pde, ic,bc], u(r, theta ,t),HINT = boundedseries(r=0)) assuming r>0,r<a),output='realtime'));� �
sol=()
Hand solution

The solution to the corresponding homogeneous wave PDE

∂2u

∂t2
= c2∇2

Is known to be

u(r, θ, t) =
∞∑
n=0

∞∑
m=1

an(t) Jn
(√

λnmr
)
cos (nθ) +

∞∑
n=1

∞∑
m=1

an(t) Jn
(√

λnmr
)
sin (nθ)

Where λnm are found by solving roots of Jn
(√

λnma
)
= 0. To make things simpler, we will

write
u(r, θ, t) =

∑
i

ai(t) Φi(r, θ)

Where the above means the double sum of all eigenvalues λi. So Φi(r, θ) represents Jn
(√

λnmr
)
{cos (nθ) , sin (θ)}

combined. So double sum is implied everywhere. Given this, we now expand the source term

Q(r, θ, t) =
∑
i

qi(t) Φi(r, θ)

And the original PDE becomes∑
i

a′′i (t) Φ(λi) = c2
∑
i

ai(t)∇2(Φi(r, θ)) +
∑
i

qi(t) Φi(r, θ) (1)

But
∇2(Φi(r, θ)) = −λiΦi(r, θ)

Hence (1) becomes∑
i

a′′i (t) Φi(r, θ) + c2λiai(t) Φi(r, θ) =
∑
i

qi(t) Φi(r, θ)∑
i

(
a′′i (t) + c2λiai(t)

)
Φi(r, θ) =

∑
i

qi(t) Φi(r, θ)

Applying orthogonality gives
a′′i (t) + c2λiai(t) = qi(t)

Where
qi(t) =

∫ a

0

∫ π

−π
Q(r, θ, t) Φi(r, θ) rdrdθ∫ a

0

∫ π

−π
Φ2

i (r, θ) rdrdθ
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The solution to the homogenous ODE is

ahi (t) = Ai cos
(
c
√
λit
)
+Bi sin

(
c
√
λit
)

And the particular solution is found if we know what Q(r, θ, t) and hence qi(t). For now, lets
call the particular solution as api (t). Hence the solution for ai(t) is

ai(t) = Ai cos
(
c
√
λit
)
+Bi sin

(
c
√
λit
)
+ api (t)

Plugging the above into the u(r, θ, t) =
∑

i ai(t) Φi(r, θ), gives

u(r, θ, t) =
∑
i

(
Ai cos

(
c
√
λit
)
+Bi sin

(
c
√
λit
)
+ api (t)

)
Φi(r, θ) (2)

We now find Ai, Bi from initial conditions. At t = 0

f(r, θ) =
∑
i

(Ai + api (0)) Φi(r, θ)

Applying orthogonality∫ a

0

∫ π

−π

f(r, θ) Φj(r, θ) rdrdθ =
∫ a

0

∫ π

−π

∑
i

(Ai + api (0)) Φi(r, θ) Φj(r, θ) rdrdθ∫ a

0

∫ π

−π

f(r, θ) Φj(r, θ) rdrdθ =
(
Aj + apj(0)

) ∫ a

0

∫ π

−π

Φ2
j(r, θ) rdrdθ

(Ai + api (0)) =
∫ a

0

∫ π

−π
f(r, θ) Φi(r, θ) rdrdθ∫ a

0

∫ π

−π
Φ2

i (r, θ) rdrdθ

Taking time derivative of (2)

∂u(r, θ, t)
∂t

=
∑
i

(
−Aic

√
λi sin

(
c
√
λit
)
+ c
√
λiBi cos

(
c
√
λit
)
+ dapi (t)

dt

)
Φi(r, θ)

At t = 0
0 =

∑
i

(
c
√
λiBi +

dapi (0)
dt

)
Φi(r, θ)

Hence Bi = 0. Therefore the final solution is

u(r, θ, t) =
∑
i

(
Ai cos

(
c
√
λit
)
+ api (t)

)
Φi(r, θ)

Where
(Ai + api (0)) =

∫ a

0

∫ π

−π
f(r, θ) Φi(r, θ) rdrdθ∫ a

0

∫ π

−π
Φ2

i (r, θ) rdrdθ
This complete the solution.
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5.3 Wave PDE in 3D

Local contents
5.3.1 Spherical coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 807
5.3.2 Cylindrical coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 808

5.3.1 Spherical coordinates

Local contents
5.3.1.1 [414] No I.C. no B.C. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 807

5.3.1.1 [414] No I.C. no B.C.

problem number 414

Added Jan 10, 2019.

Solve for u(r, θ, φ, t) the wave PDE in 3D

utt = c2∇2u

Using the Physics convention for Spherical coordinates system.

φ

θ
r

utt = c2∇2u(r, θ, φ)

Figure 5.130: PDE specification

Mathematica 3� �
ClearAll["Global`*"];
lap = Laplacian[u[r, theta, phi, t], {r, theta, phi}, "Spherical"];
pde = D[u[r, theta, phi, t], {t, 2}] == c^2*lap;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[r, theta, phi, t], {r, theta, phi, t}, Assumptions -> {0 < theta < Pi}], 60*10]];� �

u(r, θ, φ, t) → {

√
2e−

1
2
√
c10(2φ+π)−t

√
c11
(
BesselJ

(
1
2

√
4c9
c2 +1, r

√
−c11√
c2

)
c1+BesselY

(
1
2

√
4c9
c2 +1, r

√
−c11√
c2

)
c2

)(
e2φ

√
c10c5+c6

)(
e2t

√
c11c7+c8

)(
c4 Hypergeometric2F1

(
1
4

(
−
√
c2+4c9√
c2

+2
√
−c10+1

)
, 14

(√
c2+4c9√
c2

+2
√
−c10+1

)
, 12 ,cos

2(θ)
)
+c3 cos(θ)Hypergeometric2F1

(
1
4

(
−
√
c2+4c9√
c2

+2
√
−c10+3

)
, 14

(√
c2+4c9√
c2

+2
√
−c10+3

)
, 32 ,cos

2(θ)
))

sini
√
c10 (θ)

√
r

c 6= 0
Indeterminate True



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Maple 3� �
restart;
lap:=VectorCalculus:-Laplacian( u(r,theta,phi,t), 'spherical'[r,theta,phi] );
pde := diff(u(r,theta,phi,t),t$2)= c^2* lap;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(r,theta,phi,t),'build') assuming 0<theta,theta<Pi),output='realtime'));
sol := simplify(sol);� �

u(r, θ, φ, t) =

e
(−π−2φ)√_c3

2 −√_c4 t sin (θ)i
√_c3

(
e2

√_c4 tc7 + c8
) (

e2
√_c3 φc5 + c6

)BesselJ

√
c2+4_c1

c2

2 ,
√
−_c4 r
c

 c1 + BesselY

√
c2+4_c1

c2

2 ,
√
−_c4 r
c

 c2

(hypergeom([2√−_c3 c−
√

c2+4_c1+3c
4c , 2

√
−_c3 c+

√
c2+4_c1+3c

4c

]
,
[3
2

]
, cos (θ)2

)
cos (θ) c4 + hypergeom

([
2
√
−_c3 c−

√
c2+4_c1+c

4c , 2
√
−_c3 c+

√
c2+4_c1+c

4c

]
,
[1
2

]
, cos (θ)2

)
c3
)

√
r

5.3.2 Cylindrical coordinates

Local contents
5.3.2.1 [415] No I.C. no B.C. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 808

5.3.2.1 [415] No I.C. no B.C.

problem number 415

Added Jan 10, 2019.

Solve for u(r, φ, z, t) the wave PDE in 3D

utt = c2∇2u

r θ

z

utt = ∇2u

(whole 3D)

Figure 5.131: PDE specification
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Mathematica 3� �
ClearAll["Global`*"];
lap = Laplacian[u[r, phi, z, t], {r, phi, z}, "Cylindrical"];
pde = D[u[r, phi, z, t], {t, 2}] == c^2*lap;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, u[r, phi, z, t], {r, phi, z, t}], 60*10]];� �
{{

u(r, φ, z, t) → { e−
√
c9φ−z

√
c10−t

√
c11
(
BesselJ

(√
−c9, r

√
c2c10−c11√

c2

)
c1 + BesselY

(√
−c9, r

√
c2c10−c11√

c2

)
c2
) (
e2φ

√
c9c3 + c4

) (
e2z

√
c10c5 + c6

) (
e2t

√
c11c7 + c8

)
c 6= 0

Indeterminate True

}}

Maple 3� �
restart;
lap :=VectorCalculus:-Laplacian( u(r,phi,z,t), 'cylindrical'[r,phi,z] );
pde := diff(u(r,phi,z,t),t$2)= c^2* lap;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,u(r,phi,z,t),'build')),output='realtime'));� �
u(r, φ, z, t) =

(
c3c5c7e2

√_c3 z+2√_c4 t+2√_c2 φ + c3c5c8e2
√_c3 z+2√_c2 φ + c3c6c7e2

√_c4 t+2√_c2 φ + c4c5c7e2
√_c3 z+2√_c4 t + c3c6c8e2

√_c2 φ + c4
(
c8c5e2

√_c3 z + c6
(
c7e2

√_c4 t + c8
)))(

c1 BesselJ
(√

−_c2,
√
_c3c2 − _c4 r

c

)
+ c2 BesselY

(√
−_c2,

√
_c3c2 − _c4 r

c

))
e−

√_c3 z−
√_c4 t−

√_c2 φ
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6.1 chapter 1

Local contents
6.1.1 problem number 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 812
6.1.2 problem number 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 812
6.1.3 problem number 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 813
6.1.4 problem number 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 814
6.1.5 problem number 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 814
6.1.6 problem number 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 815

6.1.1 problem number 1
problem number 416

Added January 2, 2019.

Problem 1.1 from Handbook of first order partial differential equations by Polyanin, Zaitsev,
Moussiaux.

Solve for w(x, y)
wx = f(x, y)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] == f[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

∫ x

1
f(K[1], y)dK[1] + c1(y)

}}
Maple 3� �
restart;
pde := diff(w(x,y),x)=f(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
∫
f(x, y) dx+ f1(y)

6.1.2 problem number 2
problem number 417

Added January 2, 2019.

Problem 1.2 from Handbook of first order partial differential equations by Polyanin, Zaitsev,
Moussiaux.

Solve for w(x, y)
wy = f(x, y)
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], y] == f[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

∫ y

1
f(x,K[1])dK[1] + c1(x)

}}
Maple 3� �
restart;
pde := diff(w(x,y),y)=f(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
∫
f(x, y) dy + f1(x)

6.1.3 problem number 3
problem number 418

Added January 2, 2019.

Problem 1.3 from Handbook of first order partial differential equations by Polyanin, Zaitsev,
Moussiaux.

Solve for w(x, y)
wx = wf(x, y)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] == w[x, y]*f[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1(y) exp

(∫ x

1
f(K[1], y)dK[1]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)=w(x,y)*f(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1(y) e
∫
f(x,y)dx

Hand solution

∂w

∂x
= wf(x, y)

1
w

∂w

∂x
= f(x, y)
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Integrating both sides w.r.t. x gives

ln (w) =
∫ x

0
f(s, y) ds+G(y)

w = e
∫ x
0 f(s,y)ds+G(y)

= F (y) e
∫ x
0 f(s,y)ds

Where F (y) = eG(y)

6.1.4 problem number 4
problem number 419

Added January 2, 2019.

Problem 1.4 from Handbook of first order partial differential equations by Polyanin, Zaitsev,
Moussiaux.

Solve for w(x, y)
wy = wf(x, y)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], y] == w[x, y]*f[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1(x) exp

(∫ y

1
f(x,K[1])dK[1]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)=w(x,y)*f(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1(y) e
∫
f(x,y)dx

6.1.5 problem number 5
problem number 420

Added January 2, 2019.

Problem 1.5 from Handbook of first order partial differential equations by Polyanin, Zaitsev,
Moussiaux.

Solve for w(x, y)
wx = wf(x, y) + g(x, y)
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] == w[x, y]*f[x, y] + g[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → exp
(∫ x

1
f(K[1], y)dK[1]

)(∫ x

1
exp

(
−
∫ K[2]

1
f(K[1], y)dK[1]

)
g(K[2], y)dK[2] + c1(y)

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)=w(x,y)*f(x,y)+g(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(∫

g(x, y) e−
∫
f(x,y)dxdx+ f1(y)

)
e
∫
f(x,y)dx

Hand solution

∂w

∂x
= wf(x, y) + g(x, y)

∂w

∂x
− wf(x, y) = g(x, y)

We can treat this similar to linear ODE and use an integrating factor I = e−
∫
f(x,y)dx hence

the above becomes
∂

∂x

(
we−

∫
f(x,y)dx

)
= e−

∫
wdxg(x, y)

we−
∫
f(x,y)dx =

∫
e−

∫
f(x,y)dxg(x, y) dx+G(y)

w =
(∫

e−
∫
f(x,y)dxg(x, y) dx+G(y)

)
e
∫
f(x,y)dx

6.1.6 problem number 6
problem number 421

Added January 2, 2019.

Problem 1.6 from Handbook of first order partial differential equations by Polyanin, Zaitsev,
Moussiaux.

Solve for w(x, y)
wy = wf(x, y) + g(x, y)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], y] == w[x, y]*f[x, y] + g[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → exp
(∫ y

1
f(x,K[1])dK[1]

)(∫ y

1
exp

(
−
∫ K[2]

1
f(x,K[1])dK[1]

)
g(x,K[2])dK[2] + c1(x)

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),y)=w(x,y)*f(x,y)+g(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(∫

g(x, y) e−
∫
f(x,y)dydy + f1(x)

)
e
∫
f(x,y)dy
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6.2.1.1 [422] problem number 1

problem number 422

Added January 2, 2019.

Problem 2.2.1.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)}}
Maple 3� �
restart;
pde :=a*diff(w(x,y),x)+b*diff(w(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)
Hand solution

awx + bwy = 0

The Lagrange-charpit equations are

dx

a
= dy

b
= dw

0

The first pair of equations results in bdx = ady or bx = ay + C1. Hence

C1 = bx− ay

Since dw = 0 then w = C2. But C2 = F (C1) where F is arbitrary function, therefore the
solution is

w(x, y) = F (bx− ay)
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6.2.1.2 [423] problem number 2

problem number 423

Added January 2, 2019.

Problem 2.2.1.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
awx + (bx+ c)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + (b*x + c)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
−−2ay + bx2 + 2cx

2a

)}}
Maple 3� �
restart;
pde :=a*diff(w(x,y),x)+(b*x+c)*diff(w(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−b x2 + 2ya− 2cx

2a

)
Hand solution

Solve awx + (bx+ c)wy = 0. The Lagrange-charpit equations are

dx

a
= dy

(bx+ c) = dw

0

The first pair of equations gives (bx+c)
a

dx = dy. Integrating results in

1
a

(
bx2

2 + cx

)
= y + C1

C1 =
1
a

(
bx2

2 + cx

)
− y

Since dw = 0 then w = C2. But C2 = F (C1). Where F is arbitray function. Therefore

w(x, y) = F

(
bx2

2a + c

a
x− y

)
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6.2.1.3 [424] problem number 3

problem number 424

Added January 2, 2019.

Problem 2.2.1.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + (ax+ by + c)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x + b*y + c)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
ye−bx −

∫ x

1
e−bK[1](c+ aK[1])dK[1]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+(a*x+b*y+c)*diff(w(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
(y b2 + b(ax+ c) + a) e−bx

b2

)
Hand solution

Solve
wx + (ax+ by + c)wy = 0 (1)

The Lagrange-charpit equations are

dx = dy

(ax+ by + c) = dw

0
The first pair of equations gives

dy

dx
= ax+ by + c

dy

dx
− by = ax+ c

This is linear. Integrating factor is I = e−bx. Hence the above becomes
d

dx

(
ye−bx

)
= (ax+ c) e−bx

ye−bx = a

∫
xe−bx + c

∫
e−bx + C1

ye−bx = a

(
−(1 + bx) e−bx

b2

)
− c

e−bx

b
+ C1

y = −a(1 + bx)
b2

− c

b
− C1e

bx

C1 = −
(
y + a

b2
(1 + bx) + c

b

)
e−bx

Since dw = 0 then w = C2. But C2 = F (C1). Therefore

w(x, y) = F
(
−
(
y + a

b2
(1 + bx) + c

b

)
e−bx

)
= F

((
y + a

b2
(1 + bx) + c

b

)
e−bx

)
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6.2.1.4 [425] problem number 4

problem number 425

Added January 2, 2019.

Problem 2.2.1.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
axwx + bywy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
yx−

b
a

)}}
Maple 3� �
restart;
pde :=a*x*diff(w(x,y),x)+b*y*diff(w(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(
y x−

b
a

)
Hand solution

Solve
axwx + bywy = 0 (1)

The Lagrange-charpit equations are

dx

ax
= dy

by
= dw

0

The first pair of equations gives

b

a

dx

x
= dy

y
b

a
ln x = ln y + C1

x
b
a = C1y

C1 =
x
b
a

y

Since dw = 0 then w = C2. But C2 = F (C1). Therefore

w(x, y) = F

(
x
b
a

y

)
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6.2.1.5 [426] problem number 5

problem number 426

Added January 2, 2019.

Problem 2.2.1.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
aywx + bxwy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*y*D[w[x, y], x] + b*x*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
ay2 − bx2

2a

)}}
Maple 3� �
restart;
pde :=a*y*diff(w(x,y),x)+b*x*diff(w(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
y2a− b x2

a

)
Hand solution

aywx + bxwy = 0

Using method of charaterstics the lagrange-Charpit equations are

dx

ay
= dy

bx
= du

0

The first two equations give aydy = bxdx. Hence

a
y2

2 = bx2

2 + C1

C1 = a
y2

2 − bx2

2

And du = 0. This gives u = C2. Now let C2 = F (C1). This gives

u = F

(
ay2 − bx2

2

)
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6.2.1.6 [427] problem number 6

problem number 427

Added January 2, 2019.

Problem 2.2.1.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
ywx + (y + a)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = y*D[w[x, y], x] + (y + a)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(∫ y

1

K[1]
a+K[1]dK[1]− x

)}}
Maple 3� �
restart;
pde :=y*diff(w(x,y),x)+(y+a)*diff(w(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1(−a ln (y + a) + y − x)
Hand solution

ywx + (y + a)wy = 0

Using method of charaterstics the lagrange-Charpit equations are

dx

y
= dy

y + a
= du

0

The first two equations give dx = y
y+a

dy. Hence by integrating

x = y − a ln (y + a) + C1

C1 = x− y + a ln (y + a)

And du = 0. This gives u = C2. Now let C2 = F (C1). This gives

u = F (x− y + a ln (y + a))

6.2.1.7 [428] problem number 7

problem number 428

Added January 2, 2019.

Problem 2.2.1.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(ay + bx+ c)wx − (by + kx+ s)wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = (a*y + b*x + c)*D[w[x, y], x] - (b*y + k*x + s)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y(ay + 2bx+ 2c) + kx2 + 2sx

a

)}}
Maple 3� �
restart;
pde :=(a*y+b*x+c)*diff(w(x,y),x)-(b*y+k*x+s)*diff(w(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
w(x, y) = f1

(
1√

a3k2y2 − 2a2b2k y2 + 2a2b k2xy + a2k3x2 + a b4y2 − 4a b3kxy − 2a b2k2x2 + 2b5xy + b4k x2 + 2a2c k2y + 2a2k2sx− 4a b2cky − 4a b2ksx+ 2b4cy + 2b4sx+ a2k s2 − a b2s2 − 2abcks+ a c2k2 + 2b3cs− c2k b2

)
Hand solution

Solve
(ay + bx+ c)wx − (by + kx+ s)wy = 0

The lagrange-Charpit equations are

dx

ay + bx+ c
= dy

− (by + kx+ s) = dw

0

The first two equations give
dy

dx
= −(by + kx+ s)

ay + bx+ c

Need to solve the above, then solve for C1 to finish the solution.

6.2.1.8 [429] problem number 8

problem number 429

Added January 2, 2019.

Problem 2.2.1.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(a1x+ b1y + c1)wx + (a2x+ b2y + c2)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a1*x + b1*y + c1)*D[w[x, y], x] + (a1*x + b2*y + c2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde :=(a1*x+b1*y+c1)*diff(w(x,y),x)+(a2*x+b2*y+c2)*diff(w(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−

√
− a12+2a1 b2−4 a2 b1− b22 ln

(
−(a1 b2− a2 b1)

((
− b1 b2 a1+b12 a2

)
y2 + ((a2 (a1− b2)x+ 2a2 c1− c2 (a1+b2)) b1− b2 (a1− b2) (a1 x+ c1)) y − (a2x+ c2)2 b1+(x a2 b2+a2 c1− c2 (a1− b2)) (a1 x+ c1)

))
+ 2arctan

(
−2 a2 b12 y+((2 a1 y+a2x+c2) b2+(− a2x+c2) a1−2 a2 c1) b1+b2(a1− b2)(a1x+c1)√

− a12 +2a1 b2−4 a2 b1−b22 ((− a2x−c2) b1+b2(a1x+c1))

)
(a1+b2)

2
√

− a12+2a1 b2−4 a2 b1− b22


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6.2.2.1 [430] problem number 1

problem number 430

Added January 2, 2019.

Problem 2.2.2.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + (ax2 + bx+ c)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^2 + b*x + c)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
−ax

3

3 − bx2

2 − cx+ y

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+(a*x^2+b*x+c)*diff(w(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−1
3a x

3 − 1
2b x

2 − cx+ y

)

6.2.2.2 [431] problem number 2

problem number 431

Added January 2, 2019.

Problem 2.2.2.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + (ay2 + by + c)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*y^2 + b*y + c)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(∫ y

1

1
c+K[1](b+ aK[1])dK[1]− x

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+(a*y^2+b*y+c)*diff(w(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−
x
√
4ca− b2 − 2 arctan

(
2ay+b√
4ca−b2

)
√
4ca− b2


6.2.2.3 [432] problem number 3

problem number 432

Added January 2, 2019.

Problem 2.2.2.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + (ay + bx2 + cx)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*y + b*x^2 + c*x)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
ye−ax −

∫ x

1
e−aK[1]K[1](c+ bK[1])dK[1]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+(a*y+b*x^2+c*x)*diff(w(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
(y a3 + x(bx+ c) a2 + (2bx+ c) a+ 2b) e−ax

a3

)

6.2.2.4 [433] problem number 4

problem number 433

Added January 2, 2019.

Problem 2.2.2.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + (axy + bx2 + cx+ ky + s)wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x*y + b*x^2 + c*x + k*y + s)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
ye−

1
2x(ax+2k) −

∫ x

1
e−

1
2K[1](2k+aK[1])(s+K[1](c+ bK[1]))dK[1]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+(a*x*y+b*x^2+c*x+k*y+s)*diff(w(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−
e
k2
2a
(
a2s+(−kc+b)a+b k2

)√
2
√
π erf

(√
2 (ax+k)
2
√
a

)
2 +

√
a (a2y + (bx+ c) a− kb) e−

x(ax+2k)
2

a5/2


6.2.2.5 [434] problem number 5

problem number 434

Added January 2, 2019.

Problem 2.2.2.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + (y2 − a2x2 + 3a)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 - a^2*x^2 + 3*a)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
ParabolicCylinderD

(
−2, i

√
2
√
ax
)
(ax− y) + i

√
2
√
aParabolicCylinderD

(
−1, i

√
2
√
ax
)

ParabolicCylinderD
(
1,
√
2
√
ax
)
(ax+ y)−

√
2
√
aParabolicCylinderD

(
2,
√
2
√
ax
) )}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+(y^2-a^2*x^2+3*a)*diff(w(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 −a x2 + yx+ 1
(xa− y) ea x2 −

√
π erf

(√
−a x

) (
x2 (−a)3/2 + xy

√
−a+

√
−a
)

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6.2.2.6 [435] problem number 6

problem number 435

Added January 2, 2019.

Problem 2.2.2.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + (y2 − a2x2 + a)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 - a^2*x^2 + a)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(√
πerfi

(√
ax
)
(y − ax) + 2

√
aeax

2

2
√
a(ax− y)

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+(y^2-a^2*x^2+a)*diff(w(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−2 ex2a

√
−a

√
π + erf

(√
−a x

)
π(xa− y)

√
π
√
−a (2xa− 2y)

)

6.2.2.7 [436] problem number 7

problem number 436

Added January 2, 2019.

Problem 2.2.2.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + (y2 + axy + a)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + a*x*y + a)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
1
2
√
πerfi

(√
ax√
2

)
− ye

ax2
2

√
2
√
a(xy + 1)

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+(y^2+a*x*y+a)*diff(w(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


(
aπ(yx+ 1) erf

(√
2
√
−a x
2

)
− ea x

2
2
√
2
√
π
√
−a y

)√
2

√
−a

√
π (2yx+ 2)


6.2.2.8 [437] problem number 8

problem number 437

Added January 2, 2019.

Problem 2.2.2.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + (y2 + axy − abx− b2)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + a*x*y - a*b*x - b^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
(y − b)

∫ x

1 e
1
2K[1](4b+aK[1])dK[1] + e

1
2x(ax+4b)

b− y

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+(y^2+a*x*y-a*b*x-b^2)*diff(w(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−

(
e
x(ax+4b)

2
√
2
√
−a+ e− 2b2

a erf
(

(ax+2b)
√
2

2
√
−a

)√
π (b− y)

)√
2

√
−a (2b− 2y)


6.2.2.9 [438] problem number 9

problem number 438

Added January 2, 2019.

Problem 2.2.2.9 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + k(ax+ by + c)2wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + k*(a*x + a*y + c)^2*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

e−2ia
√
kx
(
ia
√
k(x+ y) + ic

√
k + 1

)
2a

√
k
(
a
√
k(x+ y) + c

√
k + i

)



Maple 3� �
restart;
pde := diff(w(x,y),x)+k*(a*x+a*y+c)^2*diff(w(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(
xa

√
k − arctan

(
((x+ y) a+ c)

√
k
))

6.2.2.10 [439] problem number 10

problem number 439

Added January 2, 2019.

Problem 2.2.2.10 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xwx + (ay2 + cx2 + y)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*y^2 + c*x^2 + y)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde :=x*diff(w(x,y),x)+(a*y^2+c*x^2+y)*diff(w(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−x
√
ca+ arctan

(
ay

x
√
ca

)
√
ca


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6.2.2.11 [440] problem number 11

problem number 440

Added January 2, 2019.

Problem 2.2.2.11 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + (ay2 + bxy + cx2 + y)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*y^2 + b*x*y + c*x^2 + y)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde :=x*diff(w(x,y),x)+(a*y^2+b*x*y+c*x^2+y)*diff(w(x,y),y)=0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−
x
√
4ca− b2 − 2 arctan

(
2ay+bx

x
√
4ca−b2

)
√
4ca− b2


6.2.2.12 [441] problem number 12

problem number 441

Added January 2, 2019.

Problem 2.2.2.12 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(ax+ c)wx +
(
α(ay + bx)2 + β(ay + bx)− bx+ γ

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = (a*x + c)*D[w[x, y], x] + (alpha*(a*y + b*x)^2 + beta*(a*y + b*x) - b*x + gamma)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

1
2

2 arctan

 2α(ay + bx) + β

aα
√

4aαγ−aβ2+4αbc
a3α2

− aα log(ax+ c)
√

4aαγ − aβ2 + 4αbc
a3α2



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Maple 3� �
restart;
pde := (a*x + c)*diff(w(x,y),x)+(alpha*(a*y+b*x)^2+beta*(a*y+b*x)-b*x+g)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−2 arctan
(

a2(2yaα+2bxα+β)√
(4gα−β2)a4+4a3αbc

)
a2 + ln (ax+ c)

√
(4gα− β2) a4 + 4a3αbc

2a2


6.2.2.13 [442] problem number 13

problem number 442

Added January 2, 2019.

Problem 2.2.2.13 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

ax2wx + by2wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^2*D[w[x, y], x] + b*y^2*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
b

ax
− 1
y

)}}
Maple 3� �
restart;
pde := a*x^2*diff(w(x,y),x)+b*y^2*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ax− yb

yax

)

6.2.2.14 [443] problem number 14

problem number 443

Added January 2, 2019.

Problem 2.2.2.14 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(ax2 + b)wx −

(
y2 − 2xy + (1− a)x2 − b

)
wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = (a*x^2 + b)*D[w[x, y], x] - (y^2 - 2*x*y + (1 - a)*x^2 - b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(∫ x

1
− 1
aK[1]2 + b

dK[1] + 1
y − x

)}}
Maple 3� �
restart;
pde := (a*x^2+b)*diff(w(x,y),x)-(y^2-2*x*y+(1-a)*x^2-b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−
(x− y) arctan

(
ax√
ba

)
+
√
ba

√
ba (x− y)


6.2.2.15 [444] problem number 15

problem number 444

Added January 2, 2019.

Problem 2.2.2.15 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(a1x2 + b1x+ x1)wx + (a2y2 + b2y + c2)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = (a1*x^2 + b1*x + c1)*D[w[x, y], x] + (a2*y^2 + b2*y + c2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(∫ y

1

1
c2 +K[1](b2 + a2K[1])dK[1]−

∫ x

1

1
c1 +K[2](b1 + a1K[2])dK[2]

)}}
Maple 3� �
restart;
pde := (a1*x^2+b1*x+c1)*diff(w(x,y),x)+ (a2*y^2+b2*y+c2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

2 arctan
(

2 a2 y+b2√
4 c2 a2− b22

)√
4 c1 a1− b12 − 2 arctan

(
2 a1x+b1√
4 c1 a1− b12

)√
4 c2 a2− b22√

4 c1 a1− b12
√
4 c2 a2− b22


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6.2.2.16 [445] problem number 16

problem number 445

Added January 2, 2019.

Problem 2.2.2.16 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(x− a)(x− b)wx −
(
y2 + k(y + x− a)(y + x− b)

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = (x - a)*(x - b)*D[w[x, y], x] - (y^2 + k*(y + x - a)*(y + x - b))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

1
2

−

√
−k

2(a− b)2
(k + 1)2

∫ x

1

k + 1
(a−K[5])(K[5]− b)dK[5]− 2 arctan

ak + bk − 2(k(x+ y) + y)

(k + 1)
√

−k2(a−b)2
(k+1)2




Maple 3� �
restart;
pde := (x-a)*(x-b)*diff(w(x,y),x)- (y^2+k*(y+x-a)*(y+x-b))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−(b− x)k (k(b− x− y)− y) (a− x)−k

(a− x− y) k − y

)

6.2.2.17 [446] problem number 17

problem number 446

Added January 2, 2019.

Problem 2.2.2.17 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(a1y2 + b1y + c1)wx + (a2x2 + b2x+ c2)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = (a1*y^2 + b1*y + c1)*D[w[x, y], x] + (a2*x^2 + b2*x + c2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
1
6
(
2a1y3 − 2a2x3 + 3b1y2 − 3b2x2 + 6c1y − 6c2x

))}}



chapter 6. handbook of first order partial differential . . . 836

Maple 3� �
restart;
pde := (a1*y^2+b1*y+c1)*diff(w(x,y),x)+ (a2*x^2+b2*x+c2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
1
3 a1 y3 − 1

3 a2 x3 + 1
2 b1 y2 − 1

2 b2 x2 + c1 y − c2x
)

6.2.2.18 [447] problem number 18

problem number 447

Added January 2, 2019.

Problem 2.2.2.18 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
y(ax+ b)wx + (ay2 − cx)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = y*(a*x + b)*D[w[x, y], x] + (a*y^2 - c*x)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
a(ay2 − 2cx)− bc

a2(ax+ b)2

)}}
Maple 3� �
restart;
pde := y*(a*x+b)*diff(w(x,y),x)+ (a*y^2-c*x)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
y2a2 − 2acx− cb

a2 (ax+ b)2
)

6.2.2.19 [448] problem number 19

problem number 448

Added January 2, 2019.

Problem 2.2.2.19 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(ay2 + bx)wx − (cx2 + by)wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = (a*y^2 + b*x)*D[w[x, y], x] - (x*x^2 + b*y)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
ay3

3 + bxy + x4

4

)}}
Maple 3� �
restart;
pde := (a*y^2+b*x)*diff(w(x,y),x)- (x*x^2+b*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−1
3a y

3 − 1
4x

4 − bxy

)

6.2.2.20 [449] problem number 20

problem number 449

Added January 2, 2019.

Problem 2.2.2.20 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(ay2 + bx2)wx + 2bxwy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*y^2 + b*x^2)*D[w[x, y], x] + 2*b*x*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (a*y^2+b*x^2)*diff(w(x,y),x)+ 2*b*x*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
((y2 + 2y + 2) a+ b x2) e−y

b

)
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6.2.2.21 [450] problem number 21

problem number 450

Added January 2, 2019.

Problem 2.2.2.21 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(ay2 + bx2)wx + 2bxywy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*y^2 + b*x^2)*D[w[x, y], x] + 2*b*x*y*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (a*y^2+b*x^2)*diff(w(x,y),x)+ 2*b*x*y*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
y

a y2 − b x2

)

6.2.2.22 [451] problem number 22

problem number 451

Added January 2, 2019.

Problem 2.2.2.22 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(ay2 + x2)wx + (bx2 + c− 2xy)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = (a*y^2 + x^2)*D[w[x, y], x] + (b*x^2 + c - 2*x*y)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
1
3
(
ay3 − bx3 − 3cx+ 3x2y

))}}
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Maple 3� �
restart;
pde := (a*y^2+x^2)*diff(w(x,y),x)+(b*x^2+c-2*x*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−1
3a y

3 + 1
3b x

3 − x2y + cx

)

6.2.2.23 [452] problem number 23

problem number 452

Added January 2, 2019.

Problem 2.2.2.23 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(Ay2 +Bx2 − a2B)wx + (Cy2 + 2Bxy)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = (A*y^2 + B*x^2 - a^2*B)*D[w[x, y], x] + (C0*y^2 + 2*B*x*y)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
a2(−B) + y(C0x− Ay) +Bx2

y

)}}
Maple 3� �
restart;
pde := (A*y^2+B*x^2-a^2*B)*diff(w(x,y),x)+(C*y^2+2*B*x*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−Ay2 − a2B +B x2 + Cxy

y

)

6.2.2.24 [453] problem number 24

problem number 453

Added January 2, 2019.

Problem 2.2.2.24 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(ay2 + bx2 + cy)wx + 2bxwy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = (a*y^2 + b*x^2 + c*y)*D[w[x, y], x] + 2*b*x*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (a*y^2+b*x^2+c*y)*diff(w(x,y),x)+2*b*x*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
(a y2 + (c+ 2a) y + b x2 + 2a+ c) e−y

b

)

6.2.2.25 [454] problem number 25

problem number 454

Added January 2, 2019.

Problem 2.2.2.25 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(Axy +Bx2 + kx)wx + (Dy2 + Exy + Fx2 + ky)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (A*x*y + B*x^2 + k*x)*D[w[x, y], x] + (D0*y^2 + E0*x*y + F*x^2 + k*y)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
$Aborted

Maple 7� �
restart;
pde := (A*x*y+B*x^2+k*x)*diff(w(x,y),x)+(D0*y^2+E0*x*y+F0*x^2+k*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.2.26 [455] problem number 26

problem number 455

Added January 2, 2019.

Problem 2.2.2.26 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(Axy + Aky +Bx2 +Bkx)wx + (Cy2 +Dxy + k(D −B)y)wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = (A*x*y + A*k*y + B*x^2 + B*k*x)*D[w[x, y], x] + (C0*y^2 + D0*x*y + k*(D0 - B)*y)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := (A*x*y+A*k*y+B*x^2+B*k*x)*diff(w(x,y),x)+(C0*y^2+D0*x*y+k*(D0-B)*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.2.27 [456] problem number 27

problem number 456

Added January 2, 2019.

Problem 2.2.2.27 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(Ay2 +Bxy + Cx2 + kx)wx + (Dy2 + Exy + Fx2 + ky)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (A*y^2 + B*x*y + C0*x^2 + k*x)*D[w[x, y], x] + (D0*y^2 + E0*x*y + F0*x^2 + k*y)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := (A*y^2+B*x*y+C0*x^2+k*x)*diff(w(x,y),x)+(D0*y^2+E0*x*y+F0*x^2+k*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.2.28 [457] problem number 28

problem number 457

Added January 2, 2019.

Problem 2.2.2.28 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(Ay2 +Bxy + Cx2)wx + (Dy2 + Exy + Fx2)wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = (A*y^2 + B*x*y + C0*x^2)*D[w[x, y], x] + (D0*y^2 + E0*x*y + F0*x^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (A*y^2+B*x*y+C0*x^2)*diff(w(x,y),x)+(D0*y^2+E0*x*y+F0*x^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−

 ∑
_R=RootOf

(
A_Z3+(B−D0)_Z2+(C0−E0)_Z−F0

)
(
A_R2 +B_R+ C0

)
ln
(−_Rx+y

x

)
3A_R2 + 2 (B −D0)_R+ C0−E0

− ln (x)


solution contains RootOf

6.2.2.29 [458] problem number 29

problem number 458

Added January 2, 2019.

Problem 2.2.2.29 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(Ay2 + 2Bxy +Dx2 + a)wx − (Dy2 + 2Dxy − Ex2 − b)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (A*y^2 + 2*B*x*y + D0*x^2 + a)*D[w[x, y], x] - (D0*y^2 + 2*D0*x*y - E0*x^2 - b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := (A*y^2+2*B*x*y+D0*x^2+a)*diff(w(x,y),x)-(D0*y^2+2*D0*x*y-E0*x^2-b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()
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6.2.2.30 [459] problem number 30

problem number 459

Added January 2, 2019.

Problem 2.2.2.30 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(y2 − 2xy + x2 + ay)wx + aywy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (y^2 - 2*x*y + x^2 + a*y)*D[w[x, y], x] + a*y*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (y^2-2*x*y+x^2+a*y)*diff(w(x,y),x)+a*y*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
(−y + x) ln (y) + a

(−y + x) a

)

6.2.2.31 [460] problem number 31, Hesse’s equation

problem number 460

Added January 2, 2019.

Problem 2.2.2.31 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux. Reference E. Kamke (1965).

Solve for w(x, y)
(xf1 − f2)wx + (yf1 − f3)wy = 0

Where fn = an + bnx+ cny.

Mathematica 7� �
ClearAll["Global`*"];
pde = (x*(a1 + b1*x + c1*y) - (a2 + b2*x + c2*y))*D[w[x, y], x] + (y*(a1 + b1*x + c1*y) - (a3 + b3*x + c3*y))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (x *(a1+b1*x+c1*y)-(a2+b2*x+c2*y))*diff(w(x,y),x)+(y*(a1+b1*x+c1*y)-(a3+b3*x+c3*y))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

Expression too large to display
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6.2.3 2.3

Local contents
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6.2.3.8 [468] problem number 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 848
6.2.3.9 [469] problem number 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 849

6.2.3.1 [461] problem number 1

problem number 461

Added January 2, 2019.

Problem 2.2.3.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx + (y2 + bx2y − a2 − abx2)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + b*x^2*y - a^2 - a*b*x)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
−e

bx3
3 ((bx2 + y)HeunT[a2,−((a− 2)b), 0, 0, b, x] + HeunTPrime[a2,−((a− 2)b), 0, 0, b, x])

yHeunT [a2,−ab, 0, 0,−b, x] + HeunTPrime [a2,−ab, 0, 0,−b, x]

)}}

But it can’t solve it when assuming b > 0 which is strange.

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (y^2+b*x^2*y-a^2-a*b*x)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


−

3

(x2 csgn (b) b− b x2 − 2y)HeunT
(
− a232/3

(b2)1/3
,−3(a− 1) csgn (b) , 0, 3

2/3(b2)1/6x
3

)
−

2 32/3
(
b2
)1/6 HeunTPrime

− a232/3(
b2
)1/3 ,−3(a−1) csgn(b),0,

32/3
(
b2
)1/6

x

3


3

HeunT
(
− a232/3

(b2)1/3
,−3(a− 1) csgn (b) , 0, 3

2/3(b2)1/6x
3

)

3

(x2 csgn (b) b− b x2 − 2y)HeunT
(
− a232/3

(b2)1/3
,−3 (a− 1) csgn (b) , 0, 32/3(b2)

1/6x
3

)
−

2 32/3(b2)1/6 HeunTPrime

− a232/3(
b2
)1/3 ,−3(a−1) csgn(b),0,

32/3
(
b2
)1/6

x

3


3

HeunT
(
− a232/3

(b2)1/3
,−3 (a− 1) csgn (b) , 0, 32/3(b2)

1/6x
3

) ∫ e
x3 csgn(b)b

3

HeunT

− a232/3(
b2
)1/3 ,−3(a−1) csgn(b),0,

32/3
(
b2
)1/6

x

3

2dx− 6 e
x3 csgn(b)b

3


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6.2.3.2 [462] problem number 2

problem number 462

Added January 2, 2019.

Problem 2.2.3.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + (ax2y + bx3 + c)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^2*y + b*x^3 + c)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

 3
√
3bΓ
(

4
3 ,

ax3

3

)
a4/3

+
cΓ
(

1
3 ,

ax3

3

)
32/3 3

√
a

+ ye−
ax3
3




Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*x^2*y+b*x^3+c)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−
3
(
e−a x3

6 31/6WhittakerM
(

1
6 ,

2
3 ,

a x3

3

)
x(ca+ b) + 4 e−

a x3
3 a

(
a x3)1/6(cx−y)
3

)
4 (a x3)1/6 a


6.2.3.3 [463] problem number 3

problem number 463

Added January 2, 2019.

Problem 2.2.3.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx + (ax2y + by3)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^2*y + b*y^3)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

e 2ax3
3

y2
+
i
(√

3 + i
)
bΓ
(

1
3 ,−

2ax3

3

)
3
√
232/3 3

√
a



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Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*x^2*y+b*y^3)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−
3Γ
( 2
3
)
e
2a x3

3
√

−a x3(−a x3)1/3

2 − 3
(
−a x3)2/3Γ( 23 )e 2a x3

3

2 + 22/3bx y2(−a x3)1/3
(
31/3Γ

(
1
3 ,−

2a x3

3

)
Γ
(2
3

)
− 2 35/6π

3

)
3 (−a x3)2/3 y2Γ

(2
3

)


6.2.3.4 [464] problem number 4

problem number 464

Added January 2, 2019.

Problem 2.2.3.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + (axy + b)y2wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x*y + b)*y^2*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*x*y+b)*y^2*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(−b2 + 4a) ln (x2(a x2y2 + bxy + 1)) + 2
√
b2 − 4a b arctanh

(
2axy+b√
b2−4a

)
− 8 ln (xy)

(
− b2

4 + a
)

−2b2 + 8a


6.2.3.5 [465] problem number 5

problem number 465

Added January 2, 2019.

Problem 2.2.3.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx + A(ax+ by + c)3y2wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + A*(a*x + b*y + c)^3*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) →
∫ y

1

(
− bc1
a3Abx3 + 3a2Ab(c+ bK[6787])x2 + Ab(c+ bK[6787])3 + a (3Abx(c+ bK[6787])2 + 1) −

∫ x

1

3aAb2c1(c+ aK[1] + bK[6787])2

(a3AbK[1]3 + 3a2Ab(c+ bK[6787])K[1]2 + Ab(c+ bK[6787])3 + a (3AbK[1](c+ bK[6787])2 + 1))2
dK[1]

)
dK[6787] +

∫ x

1

Abc1(c+ by + aK[1])3
Ab(c+ by)3 + 3a2AbK[1]2(c+ by) + a3AbK[1]3 + a (3AbK[1](c+ by)2 + 1)dK[1] + c2

}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+ A*(a*x+b*y+c)^3*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−

∑
_R=RootOf

(
Ab4_Z3+3Ab3c_Z2+3Ab2c2_Z+Ab c3+a

) ln
(

(y−_R)b+ax
b

)
(_Rb+c)2

3Ab + x


Answer contains RootOf

6.2.3.6 [466] problem number 6

problem number 466

Added January 2, 2019.

Problem 2.2.3.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xwx + (ax4y3 + (bx2 − 1)y + cx)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*x^4*y^3 + (b*x^2 - 1)*y + c*x)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ (a*x^4*y^3+(b*x^2-1)*y+c*x)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−b x
2

2 + b3

 ∑
_R=RootOf

(
_Z3a c2+_Z b3−b3

)
ln
(−xby−_Rc

c

)
3_R2a c2 + b3


Answer contains RootOf
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6.2.3.7 [467] problem number 7

problem number 467

Added January 2, 2019.

Problem 2.2.3.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

x2wx + (ax2y2 + bxy + c)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x^2*D[w[x, y], x] + (a*x^2*y^2 + b*x*y + c)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
x
√
−4ac+b2+2b+1(√−4ac+ b2 + 2b+ 1 + 2axy + b+ 1

)
√
−4ac+ b2 + 2b+ 1− 2axy − b− 1

)}}

Maple 3� �
restart;
pde := x^2*diff(w(x,y),x)+ (a*x^2*y^2+b*x*y+c)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 ln (x)
√
4ca− b2 − 2b− 1− 2 arctan

(
2axy+b+1√
4ca−b2−2b−1

)
√
4ca− b2 − 2b− 1


6.2.3.8 [468] problem number 8

problem number 468

Added January 2, 2019.

Problem 2.2.3.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(ax2y + b)wx − (axy2 + c)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = (a*x^2*y + b)*D[w[x, y], x] - (a*x*y^2 + c)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
ax2y2 + 2by + 2cx

a

)}}
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Maple 3� �
restart;
pde := (a*x^2*y+b)*diff(w(x,y),x)- (a*x*y^2+c)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−1
2a x

2y2 − by − cx

)

6.2.3.9 [469] problem number 9

problem number 469

Added January 2, 2019.

Problem 2.2.3.9 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(ax+ by3)wx − (cx3 + ay)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x + b*y^3)*D[w[x, y], x] - (c*x^3 + a*y)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
$Aborted

Maple 3� �
restart;
pde := (a*x+b*y^3)*diff(w(x,y),x)- (c*x^3+a*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−1
4b y

4 − 1
4c x

4 − axy

)
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6.2.4.1 [470] problem number 1

problem number 470

Added January 2, 2019.

Problem 2.2.4.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + (a

√
xy)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Sqrt[x]*y)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
ye−

2
3ax

3/2
)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*sqrt(x)*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
y e− 2x3/2a

3

)

6.2.4.2 [471] problem number 2

problem number 471

Added January 2, 2019.

Problem 2.2.4.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx + (a
√
xy + b

√
y)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Sqrt[x]*y + b*Sqrt[y])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{
w(x, y) → c1

(
bΓ
(2
3 ,

1
3ax

3/2)
3
√
3a2/3

−√
ye−

1
3ax

3/2

)}
{
w(x, y) → c1

(
bΓ
(2
3 ,

1
3ax

3/2)
3
√
3a2/3

+√
ye−

1
3ax

3/2

)}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*sqrt(x)*y+b*sqrt(y))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−
3 e−

x3/2a
6 WhittakerM

(
1
3 ,

5
6 ,
x3/2a

3

)
31/3bx

5 + e−x3/2a
3
(
x3/2a

)1/3 (
bx− 2√y

)
2 (x3/2a)1/3


6.2.4.3 [472] problem number 3

problem number 472

Added January 2, 2019.

Problem 2.2.4.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + (a

√
xy + bx

√
y)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Sqrt[x]*y + b*x*Sqrt[y])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
3
√
3bΓ
(4
3 ,

1
3ax

3/2)
a4/3

+√
ye−

1
3ax

3/2

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*sqrt(x)*y+b*x*sqrt(y))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−3 e−x3/2a
6 b31/6

√
x WhittakerM

(
1
6 ,

2
3 ,

x3/2a
3

)
+ 4 e−x3/2a

3
(
x3/2a

)1/6√
y a

4 (x3/2a)1/6 a


6.2.4.4 [473] problem number 4

problem number 473

Added January 2, 2019.

Problem 2.2.4.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx + A
√
ax+ by + cwy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + A*Sqrt[a*x + b*y + c]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

2a log
(
e−

√
A2b2(ax+by+c)

a

(√
A2b2(ax+ by + c) + a

))
A2b2

+ c

a
+ x


w(x, y) → c1

2a log
(
e

√
A2b2(ax+by+c)

a

(
a−

√
A2b2(ax+ by + c)

))
A2b2

+ c

a
+ x




Maple 3� �
restart;
pde := diff(w(x,y),x)+ A*sqrt(a*x+b*y+c)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
xA2b2 − 2A

√
ax+ by + c b+ a ln

(
A
√
ax+ by + c b+ a

)
− a ln

(
A
√
ax+ by + c b− a

)
+ a ln (b2(ax+ by + c)A2 − a2)

A2b2

)

6.2.4.5 [474] problem number 5

problem number 474

Added January 2, 2019.

Problem 2.2.4.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xwx +

(
ay + b

√
y2 + cx2

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*y + b*Sqrt[y^2 + c*x^2])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := x*diff(w(x,y),x)+ ( a*y + b *sqrt(y^2+c*x^2))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
time expired
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6.2.4.6 [475] problem number 6

problem number 475

Added January 2, 2019.

Problem 2.2.4.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(ax+ b
√
y)wx −

(
c
√
x+ ay

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = (a*x + b*Sqrt[y])*D[w[x, y], x] - (c*Sqrt[x] + a*y)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{
w(x, y) → c1

(
3a3x3
8b2 + 2

3cx
3/2
)}

{
w(x, y) → c1

(
axy − 2

3by
3/2 + 2

3cx
3/2
)}

{
w(x, y) → c1

(
axy + 2

3by
3/2 + 2

3cx
3/2
)}

Maple 3� �
restart;
pde := (a*x+b*sqrt(y))* diff(w(x,y),x)- (c*sqrt(x)+a*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
RootOf

(
3a4y4 − 3

(
−4y3/2b c2 − a3y3 − 6_Z c2 + 2

√
4y3b2c2 + 2y9/2a3b+ 12y3/2_Zb c2 + 3_Z a3y3 + 9_Z2c2 c

)1/3

a3y3 + 8a y5/2b c2 + 3
(
−4y3/2b c2 − a3y3 − 6_Z c2 + 2

√
4y3b2c2 + 2y9/2a3b+ 12y3/2_Zb c2 + 3_Z a3y3 + 9_Z2c2 c

)2/3

a2y2 − 4b c2y3/2
(
−4y3/2b c2 − a3y3 − 6_Z c2 + 2

√
4y3b2c2 + 2y9/2a3b+ 12y3/2_Zb c2 + 3_Z a3y3 + 9_Z2c2 c

)1/3

+ 12a c2y_Z− 4x c2
(
−4y3/2b c2 − a3y3 − 6_Z c2 + 2

√
4y3b2c2 + 2y9/2a3b+ 12y3/2_Zb c2 + 3_Z a3y3 + 9_Z2c2 c

)2/3

− 6_Z c2
(
−4y3/2b c2 − a3y3 − 6_Z c2 + 2

√
4y3b2c2 + 2y9/2a3b+ 12y3/2_Zb c2 + 3_Z a3y3 + 9_Z2c2 c

)1/3

− 4
√
4y3b2c2 + 2y9/2a3b+ 12y3/2_Zb c2 + 3_Z a3y3 + 9_Z2c2 acy + 2c

√
4y3b2c2 + 2y9/2a3b+ 12y3/2_Zb c2 + 3_Z a3y3 + 9_Z2c2

(
−4y3/2b c2 − a3y3 − 6_Z c2 + 2

√
4y3b2c2 + 2y9/2a3b+ 12y3/2_Zb c2 + 3_Z a3y3 + 9_Z2c2 c

)1/3
))

6.2.4.7 [476] problem number 7

problem number 476

Added January 2, 2019.

Problem 2.2.4.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y) √
f(x)wx +

√
f(y)wy = 0

Where f(t) =
∑4

n=0 ant
n
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Mathematica 3� �
ClearAll["Global`*"];
f[t_] := Sum[a[n]*t^n, {n, 1, 4}];
pde = Sqrt[f[x]]*D[w[x, y], x] + Sqrt[f[y]]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → −
2c1y

√
x(x(x(a(4)x+ a(3)) + a(2)) + a(1))

√
yRoot

[
#13a(1)+#12a(2)+#1a(3)+a(4)&,1

]
−1

y
(
Root

[
#13a(1)+#12a(2)+#1a(3)+a(4)&,1

]
−Root

[
#13a(1)+#12a(2)+#1a(3)+a(4)&,3

])
√

yRoot
[
#13a(1)+#12a(2)+#1a(3)+a(4)&,2

]
−1

y
(
Root

[
#13a(1)+#12a(2)+#1a(3)+a(4)&,2

]
−Root

[
#13a(1)+#12a(2)+#1a(3)+a(4)&,3

])(yRoot[#13a(1) + #12a(2) + #1a(3) + a(4)&, 3
]
− 1
)
EllipticF

(
arcsin

(√
Root

[
a(1)#13+a(2)#12+a(3)#1+a(4)&,3

]
− 1
y

Root
[
a(1)#13+a(2)#12+a(3)#1+a(4)&,3

]
−Root

[
a(1)#13+a(2)#12+a(3)#1+a(4)&,2

]
)
,
Root

[
a(1)#13+a(2)#12+a(3)#1+a(4)&,2

]
−Root

[
a(1)#13+a(2)#12+a(3)#1+a(4)&,3

]
Root

[
a(1)#13+a(2)#12+a(3)#1+a(4)&,1

]
−Root

[
a(1)#13+a(2)#12+a(3)#1+a(4)&,3

]
)
exp

(∫ x

1 − a(1)+K[1](2a(2)+K[1](3a(3)+4a(4)K[1]))
2K[1](a(1)+K[1](a(2)+K[1](a(3)+a(4)K[1])))dK[1]

)
√
y(y(y(a(4)y + a(3)) + a(2)) + a(1))

√
1−yRoot

[
#13a(1)+#12a(2)+#1a(3)+a(4)&,3

]
yRoot

[
#13a(1)+#12a(2)+#1a(3)+a(4)&,2

]
−yRoot

[
#13a(1)+#12a(2)+#1a(3)+a(4)&,3

]
+
∫ x

1
exp

(∫ K[6155]

1
− a(1) +K[1](2a(2) +K[1](3a(3) + 4a(4)K[1]))
2K[1](a(1) +K[1](a(2) +K[1](a(3) + a(4)K[1])))dK[1]

)
c1dK[6155] + c2




Maple 3� �
restart;
f:=t->sum(a[n]*t^n,n=1..4);
pde := sqrt(f(x))* diff(w(x,y),x)+ sqrt(f(y))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

Expression too large to display
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6.2.5.42 [518] problem number 42 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 880
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6.2.5.50 [526] problem number 50 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 884
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6.2.5.52 [528] problem number 52 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 885
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6.2.5.1 [477] problem number 1

problem number 477

Added January 2, 2019.

Problem 2.2.5.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
ay + bxk

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*y + b*x^k)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
ba−k−1Γ(k + 1, ax) + ye−ax

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*y+b*x^k)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(ax)−
k
2

(
−e−ax

2 b xk WhittakerM
(
k
2 ,

k
2 +

1
2 , ax

)
+ e−axya(ax)

k
2 (k + 1)

)
a (k + 1)


6.2.5.2 [478] problem number 2

problem number 478

Added January 2, 2019.

Problem 2.2.5.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
axky + bxn

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^k*y + b*x^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];
sol = Simplify[sol];� �

{{
w(x, y) → c1

(
b(k + 1)

n−k
k+1 a−

n+1
k+1Γ

(
n+ 1
k + 1 ,

axk+1

k + 1

)
+ ye−

axk+1
k+1

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*x^k*y+b*x^n)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


2
(
−

e−
x xka
2k+2 b xn(k+1)2

(
xxka+k+n+2

)
WhittakerM

(
−k+n
2k+2 , 2k+n+3

2k+2 ,x x
ka

k+1

)
2 + (k + n+ 2)

(
−

(k+1)(k+n+2)e−
x xka
2k+2 b xnWhittakerM

(
k+n+2
2k+2 , 2k+n+3

2k+2 ,x x
ka

k+1

)
2 + e−

x xka
k+1 xk

(
xxka
k+1

) k+n+2
2k+2 (n+ 1) ya

(
k + n

2 + 3
2

)))
x−k
(

xxka
k+1

)−k−n−2
2k+2

a (n+ 1) (k + n+ 2) (2k + n+ 3)


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6.2.5.3 [479] problem number 3

problem number 479

Added January 2, 2019.

Problem 2.2.5.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
ay2 + bxn

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*y^2 + b*x^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];
sol=Simplify[sol];� �

w(x, y) → c1

−
Gamma

(
1 + 1

n+2

) (
(2axy + 1)BesselJ

(
1

n+2 ,
2
√
a
√
bx
n
2 +1

n+2

)
+
√
a
√
bx

n
2+1
(
BesselJ

(
1

n+2 − 1, 2
√
a
√
bx
n
2 +1

n+2

)
− BesselJ

(
1 + 1

n+2 ,
2
√
a
√
bx
n
2 +1

n+2

)))
Gamma

(
n+1
n+2

) (
(2axy + 1)BesselJ

(
− 1

n+2 ,
2
√
a
√
bx
n
2 +1

n+2

)
+
√
a
√
bx

n
2+1
(
BesselJ

(
−n+3

n+2 ,
2
√
a
√
bx
n
2 +1

n+2

)
− BesselJ

(
n+1
n+2 ,

2
√
a
√
bx
n
2 +1

n+2

)))



Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*y^2+b*x^n)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−BesselY
(

3+n
n+2 ,

2
√
ab x

n
2 +1

n+2

)√
ab x

n
2+1 + BesselY

(
1

n+2 ,
2
√
ab x

n
2 +1

n+2

)
yax+ BesselY

(
1

n+2 ,
2
√
ab x

n
2 +1

n+2

)
BesselJ

(
3+n
n+2 ,

2
√
ab x

n
2 +1

n+2

)√
ab x

n
2+1 − BesselJ

(
1

n+2 ,
2
√
ab x

n
2 +1

n+2

)
yax− BesselJ

(
1

n+2 ,
2
√
ab x

n
2 +1

n+2

)


6.2.5.4 [480] problem number 4

problem number 480

Added January 2, 2019.

Problem 2.2.5.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
y2 + anxn−1 − a2x2n

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + a*n*x^(n - 1) - a^2*x^(2*n))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

 (−2)
1

n+1 (n+ 1)a
1

n+1 (axn − y)
(−2)

1
n+1 (n+ 1)a

1
n+1 e

2axn+1
n+1 + (n+ 1)

1
n+1 (axn − y) Γ

( 1
n+1 ,−

2axn+1

n+1

)



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Maple 3� �
restart;
pde := diff(w(x,y),x)+ (y^2+a*n*x^(n-1)-a^2*x^(2*n))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

− 2x 3n
2 +2(xna− y)

−3 (n+ 2) e
a xn+1
n+1

(
a
(
n+ 4

3

)
xn+1 + (n+2)(−yx+n+1)

3

)
WhittakerM

(
n+2
2n+2 ,

3+2n
2n+2 ,−

2a xn+1

n+1

)
+ 2

(
a2x2n+2 − a(n+2)xn+1

2 − ay xn+2 − (n+2)(−yx+n+1)
2

)
(n+ 1) e

a xn+1
n+1 WhittakerM

(
− n

2n+2 ,
3+2n
2n+2 ,−

2a xn+1

n+1

)
+ 2 (n+ 2)2

(
n+ 3

2

) (
−2a xn+1

n+1

) 4+3n
2n+2 e

2a xn+1
n+1


6.2.5.5 [481] problem number 5

problem number 481

Added January 2, 2019.

Problem 2.2.5.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
y2 + axny + axn−1)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + a*x^n*y + a*x^(n - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];
sol = Simplify[sol];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (y^2+a*x^n*y+a*x^(n-1))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−
e
ax xn

2n+2

(
(n+ 1)2 (xy + 1) (ax xn − n)WhittakerM

(−n−2
2n+2 ,

2n+1
2n+2 ,−

ax xn

n+1

)
− 2
(

(xy+1)(n+1)nWhittakerM
(

n
2n+2 ,

2n+1
2n+2 ,−

ax xn

n+1

)
2 + ax xne

ax xn

2n+2
(
−ax xn

n+1

) n
2n+2

(
n+ 1

2

))
n

)
x−n
(
−ax xn

n+1

)− n
2n+2

an x2 (xy + 1) (2n+ 1)


6.2.5.6 [482] problem number 6

problem number 482

Added January 2, 2019.

Problem 2.2.5.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
y2 + axny − abxn − b2

)
wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + a*x^n*y - a*b*x^n - b^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (y^2+a*x^n*y-a*b*x^n-b^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(−b+ y)
∫
e
x
(
2b(n+1)+xna

)
n+1 dx+ e

x
(
2b(n+1)+xna

)
n+1

b− y


6.2.5.7 [483] problem number 7

problem number 483

Added January 2, 2019.

Problem 2.2.5.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
axny2 + bx−n−2)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^n*y^2 + b*x^(-n - 2))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

x√(n+1)2−4ab
(√

(n+ 1)2 − 4ab+ 2ayxn+1 + n+ 1
)

√
(n+ 1)2 − 4ab− 2ayxn+1 − n− 1




Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*x^n*y^2+b*x^(-n-2))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 ln (x)
√
4ba− n2 − 2n− 1− 2 arctan

(
2ay xn+1+n+1√
4ba−n2−2n−1

)
√
4ba− n2 − 2n− 1


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6.2.5.8 [484] problem number 8

problem number 484

Added January 2, 2019.

Problem 2.2.5.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
axny2 + bmxm−1 − ab2xn+2m)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^n*y^2 + b*m*x^(m - 1) - a*b^2*x^(n + 2*m))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

 (−2)
n+1

m+n+1 (m+ n+ 1)a
m+2n+2
m+n+1 b

n+1
m+n+1 (bxm − y)

(−2)
n+1

m+n+1 (m+ n+ 1)a
n+1

m+n+1 b
n+1

m+n+1 e
2abxm+n+1
m+n+1 + a(m+ n+ 1)

n+1
m+n+1 (bxm − y) Γ

(
n+1

m+n+1 ,−
2abxm+n+1

m+n+1

)



Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*x^n*y^2 + b*m*x^(m-1) -a*b^2*x^(n+2*m))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 2a x 3m
2 +2n+2(xmb− y)

3
(
ab
(
m+ 4n

3 + 4
3

)
xm+n+1 − (m+2n+2)(ay x1+n−m−n−1)

3

)
(m+ 2n+ 2) e

ab xm+n+1
m+n+1 WhittakerM

(
m+2n+2
2n+2m+2 ,

2m+3n+3
2n+2m+2 ,−

2ab xm+n+1

m+n+1

)
+ 2

(
−a2x2n+2m+2b2 + a2xm+2n+2by + (m+2n+2)(ab xm+n+1−ay x1+n+m+n+1)

2

)
(m+ n+ 1) e

ab xm+n+1
m+n+1 WhittakerM

(
− m

2n+2m+2 ,
2m+3n+3
2n+2m+2 ,−

2ab xm+n+1

m+n+1

)
− 2 e

2ab xm+n+1
m+n+1

(
m+ 3n

2 + 3
2

)
(m+ 2n+ 2)2

(
−2ab xm+n+1

m+n+1

) 3m+4n+4
2n+2m+2


6.2.5.9 [485] problem number 9

problem number 485

Added January 2, 2019.

Problem 2.2.5.9 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
(n+ 1)xny2 − axn+m+1y + axm

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + ((n + 1)*x^n*y^2 - a*x^(n + m + 1)*y + a*x^m)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := diff(w(x,y),x)+ ((n+1)*x^n*y^2 - a*x^(n+m+1)* y + a*x^m)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−

(
ax xm(−n+m) hypergeom

([ 2+2m
m+n+2

]
,
[3+2m+n

m+n+2

]
, a x

mxnx2

m+n+2

)
− (1 +m) hypergeom

([ −n+m
m+n+2

]
,
[ 1+m
m+n+2

]
, a x

mxnx2

m+n+2

)
(a xmx− y(n+ 1))

)
(m+ 2n+ 3)

(1 +m)
(
a x2xmxn (1 +m) hypergeom

([3+2m+n
m+n+2

]
,
[2m+3n+5

m+n+2

]
, a x

mxnx2

m+n+2

)
− hypergeom

([ 1+m
m+n+2

]
,
[
m+2n+3
m+n+2

]
, a x

mxnx2

m+n+2

)
(x (a xmx− y (n+ 1))xn − n− 1) (m+ 2n+ 3)

)


6.2.5.10 [486] problem number 10

problem number 486

Added January 2, 2019.

Problem 2.2.5.10 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
axny2 + bxmy + bcxm − ac2xn

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^n*y^2 + b*x^m*y + b*c*x^m - a*c^2*x^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*x^n*y^2 + b*x^m*y+ b*c*x^m -a*c^2*x^n)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−
∫
xne−

2x
(
− b(n+1)xm

2 +xnac(m+1)
)

(m+1)(n+1) dxa(c+ y)− e−
2x
(
− b(n+1)xm

2 +xnac(m+1)
)

(m+1)(n+1)

c+ y


6.2.5.11 [487] problem number 11

problem number 487

Added January 2, 2019.

Problem 2.2.5.11 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
axny2 − axn(bxm + c)y + bmxm−1)wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^n*y^2 - a*x^n*(b*x^m + c)*y + b*m*x^(m - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

− bm(bxm + c) (bxm + c− y)

bm (bxm + c) (bxm + c− y)
∫ x

1
exp
(
aK[1]n+1

(
bK[1]m
m+n+1+

c
n+1

))
K[1]m−1

(bK[1]m+c)2 dK[1]− ye
axn+1

(
bxm

m+n+1+
c

n+1

)




Maple 7� �
restart;
pde := diff(w(x,y),x)+ (a*x^n*y^2-a*x^n*(b*x^m +c)*y+ b*m*x^(m-1))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.5.12 [488] problem number 12

problem number 488

Added January 2, 2019.

Problem 2.2.5.12 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx −

(
anxn−1y2 − cxm(axn + b) + cxm

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] - (a*n*x^(n - 1)*y^2 - c*x^m*(a*x^n + b) + c*x^m)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)- (a*n*x^(n-1)*y^2 - c*x^m*(a*x^n+b) + c*x^m)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()
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6.2.5.13 [489] problem number 13

problem number 489

Added January 2, 2019.

Problem 2.2.5.13 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
axny2 + bxmy + ckxk−1 − bcxm+k − ac2xn+2k)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^n*y^2 + b*x^m*y + c*k*x^(k - 1) - b*c*x^(m + k) - a*c^2*x^(n + 2*k))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+ (a*x^n*y^2+b*x^m*y+ c*k*x^(k-1)-b*c*x^(m+k)-a*c^2*x^(n+2*k))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.5.14 [490] problem number 14

problem number 490

Added January 2, 2019.

Problem 2.2.5.14 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
ax2n+1y3 + bx−n−2)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^(2*n + 1)*y^3 + b*x^(-n - 2))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*x^(2*n+1)*y^3 + b*x^(-n-2))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

ln (x)−

 ∑
_R=RootOf

(
a_Z3+(n+1)_Z+b

)
ln (y xn+1 − _R)
3_R2a+ n+ 1


Solution contains RootOf
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6.2.5.15 [491] problem number 15

problem number 491

Added January 2, 2019.

Problem 2.2.5.15 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
axny3 + 3abxn+my2 − bmxm−1 − 2ab3xn+3m)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^n*y^3 + 3*a*b*x^(n + m)*y^2 - b*m*x^(m - 1) - 2*a*b^3*x^(n + 3*m))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

6−
n+1

2m+n+1 (2m+ n+ 1)−
2m

2m+n+1 b−
2(n+1)

2m+n+1 e−
6ab2x2m+n+1

2m+n+1

(
6

n+1
2m+n+1 (2m+ n+ 1)

2m
2m+n+1 b

2(n+1)
2m+n+1 − 2a

2m
2m+n+1 (bxm + y)2 e

6ab2x2m+n+1
2m+n+1 Γ

(
n+1

2m+n+1 ,
6ab2x2m+n+1

2m+n+1

))
(bxm + y)2





Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*x^n*y^3 + 3*a*b*x^(n+m)*y^2 - b*m*x^(m-1) - 2*a*b^3*x^(n+3*m))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


24 2

−m−n−1
2m+n+1

(
a x2m+n+1b2

2m+n+1

)−m−n−1
2m+n+1

x−2m−n−13
−3m−2n−2
2m+n+1

(
(m+n+1)2

(
m+n

2+
1
2
)(

x2m+n+1b2
2 +y

(
xm+n+1b+xn+1y

2

))
WhittakerM

(
m+n+1
2m+n+1 ,

4m+3n+3
4m+2n+2 ,

6a x2m+n+1b2
2m+n+1

)
3 +

(
m+ n

2 + 1
2

)2(
x3m+2n+2ya b3 + x4m+2n+2a b4

2 + x2n+2+2my2a b2

2 +
(m+n+1)

(
x2m+n+1b2

2 +y

(
xm+n+1b+xn+1y

2

))
3

)
WhittakerM

(
− m

2m+n+1 ,
4m+3n+3
4m+2n+2 ,

6a x2m+n+1b2

2m+n+1

)
+

(n+1)2
m+n+1
2m+n+1 (m+n+1)x2m+n+1

(
a x2m+n+1b2

2m+n+1

) m+n+1
2m+n+1 (

m+ 3n
4 + 3

4
)
3
m+n+1
2m+n+1 e−

3a x2m+n+1b2
2m+n+1 b2

2

)
e−

3a x2m+n+1b2
2m+n+1

b2 (n+ 1) (m+ n+ 1) (4m+ 3n+ 3) (x2mb2 + 2y xmb+ y2)


6.2.5.16 [492] problem number 16

problem number 492

Added January 2, 2019.

Problem 2.2.5.16 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
axny3 + 3abxn+my2 + cxky − 2ab3xn+3m + bcxm+l − bmxm−1)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^n*y^3 + 3*a*b*x^(n + m)*y^2 + c*x^k*y - 2*a*b^3*x^(n + 3*m) + b*c*x^(m + l) - b*m*x^(m - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := diff(w(x,y),x)+ (a*x^n*y^3 + 3*a*b*x^(n+m)*y^2+ c*x^k*y-2*a*b^3*x^(n+3*m) + b*c*x^(m+l)-b*m*x^(m-1))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.5.17 [493] problem number 17

problem number 493

Added January 2, 2019.

Problem 2.2.5.17 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
ayn + bx

n
1−n

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*y^n + b*x^(n/(1 - n)))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*y^n+b*x^(n/(1-n)))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
x

n
−1+n

∫ y

_b

1
a_an (−1 + n)x

−1+2n
−1+n + x

n
−1+n_a+ bx (−1 + n)

d_a
)

6.2.5.18 [494] problem number 18

problem number 494

Added January 2, 2019.

Problem 2.2.5.18 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
axm−n−(mn)yn + bxm

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^(m - n - m*n)*y^n + b*x^m)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*x^(m-n-(m*n))*y^n + b*x^m)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
w(x, y) = f1

(
−xn(m+1)

∫ y

_b

1
b x(n+1)(m+1) − _a (m+ 1)xn(m+1) + a xm+1_and_a+ ln (x)

)

6.2.5.19 [495] problem number 19

problem number 495

Added January 2, 2019.

Problem 2.2.5.19 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
axnyk + bxmy

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^n*y^k + b*x^m*y)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
y1−ke

b(k−1)xm+1
m+1 − a(−1)−

n+1
m+1 (m+ 1)

n−m
m+1 b−

n+1
m+1 (k − 1)

m−n
m+1 Γ

(
n+ 1
m+ 1 ,−

b(k − 1)xm+1

m+ 1

))}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*x^n*y^k + b*x^m*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


(
−xmxb(k−1)

m+1

)−m−n−2
2m+2

x−m

(
(m+ 1)2 (xmxb(k − 1)−m− n− 2)xne

xmxb(k−1)
2m+2 aWhittakerM

(
−m+n
2m+2 ,

2m+n+3
2m+2 ,−xmxb(k−1)

m+1

)
− (m+ n+ 2)

(
e
xmxb(k−1)

2m+2 a xn(m+ 1) (m+ n+ 2)WhittakerM
(

m+n+2
2m+2 ,

2m+n+3
2m+2 ,−xmxb(k−1)

m+1

)
− 2 e

xmxb(k−1)
m+1

(
m+ n

2 + 3
2

)
b xm

(
−xmxb(k−1)

m+1

)m+n+2
2m+2

y y−k(n+ 1)
))

b (n+ 1) (m+ n+ 2) (2m+ n+ 3)


6.2.5.20 [496] problem number 20

problem number 496

Added January 2, 2019.

Problem 2.2.5.20 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xwx +

(
ay2 + by + cx2b

)
wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*y^2 + b*y + c*x^(2*b))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

√
ay sin

(√
a
√
cxb

b

)
+
√
cxb cos

(√
a
√
cxb

b

)
√
cxb sin

(√
a
√
cxb

b

)
−
√
ay cos

(√
a
√
cxb

b

)



Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ (a*y^2 + b*y+ c*x^(2*b))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

xb√a√c− arctan
(

x−b√a y√
c

)
b

b


6.2.5.21 [497] problem number 21

problem number 497

Added January 2, 2019.

Problem 2.2.5.21 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

xwx +
(
ay2 + (n+ bxn)y + cx2n

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*y^2 + (n + b*x^n)*y + c*x^(2*n))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

exn√b2−4ac
n

(
xn

√
b2 − 4ac+ 2ay + bxn

)
xn

√
b2 − 4ac− 2ay − bxn




Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ (a*y^2+(n+b*x^n)*y + c*x^(2*n))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−
b
(
−2bn arctan

(
b2+2x−nyab√

4b2ac−b4

)
+ xn

√
4b2ac− b4

)
√
4b2ac− b4 n


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6.2.5.22 [498] problem number 22

problem number 498

Added January 2, 2019.

Problem 2.2.5.22 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xwx +

(
axny2 + by + cx−n

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*x^n*y^2 + b*y + c/x^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
−
x
√
−4ac+b2+2bn+n2(√−4ac+ b2 + 2bn+ n2 + 2ayxn + b+ n

)
−
√
−4ac+ b2 + 2bn+ n2 + 2ayxn + b+ n

)}}

Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ (a*x^n*y^2+b*y+c*x^(-n))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 ln (x)
√
4ca− b2 − 2bn− n2 − 2 arctan

(
2ay xn+b+n√

4ca−b2−2bn−n2

)
√
4ca− b2 − 2bn− n2


6.2.5.23 [499] problem number 23

problem number 499

Added January 2, 2019.

Problem 2.2.5.23 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xwx +

(
axny2 +my − ab2xx+2m)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*x^n*y^2 + m*y - a*b^2*x^(x + 2*m))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ (a*x^n*y^2+ m*y- a*b^2*x^(x+2*m))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 (−2a xny −m− n) BesselI
(

−m−n
n+x+2m ,

2ab x
n
2 +x2 +m

n+x+2m

)
− 2x

(
d
dx

BesselI
(

−m−n
n+x+2m ,

2ab x
n
2 +x2 +m

n+x+2m

))
(2a xny +m+ n) BesselK

(
m+n

n+x+2m ,
2ab x

n
2 +x2 +m

n+x+2m

)
+ 2x

(
d
dx

BesselK
(

m+n
n+x+2m ,

2ab x
n
2 +x2 +m

n+x+2m

))


6.2.5.24 [500] problem number 24

problem number 500

Added January 2, 2019.

Problem 2.2.5.24 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xwx +

(
x2ny2 + (m− n)y + x2m

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (x^(2*n)*y^2 + (m - n)*y + x^(2*m))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
arctan

(
yxn−m

)
− xm+n

m+ n

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ (x^(2*n)*y^2+(m-n)*y+ x^(2*m))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
(−m− n) arctan (xn−my) + xm+n

m+ n

)

6.2.5.25 [501] problem number 25

problem number 501

Added January 2, 2019.

Problem 2.2.5.25 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xwx +

(
ax2ny2 + (bxn − n)y + c

)
wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*x^(2*n)*y^2 + (b*x^n - n)*y + c)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

exn√b2−4ac
n

(√
b2 − 4ac+ 2ayxn + b

)
√
b2 − 4ac− 2ayxn − b




Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ (a*x^(2*n)*y^2+ (b*x^n -n)*y + c)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

2b
(
arctan

(
b2+2xnyab√
4b2ac−b4

)
bn− xn

√
4b2ac−b4

2

)
√
4b2ac− b4 n


6.2.5.26 [502] problem number 26

problem number 502

Added January 2, 2019.

Problem 2.2.5.26 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xwx +

(
ax2n+my2 + (bxn+m − n)y + cxm

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*x^(2*n + m)*y^2 + (b*x^(n + m) - n)*y + c*x^m)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

e√b2−4acxm+n
m+n

(√
b2 − 4ac+ 2ayxn + b

)
√
b2 − 4ac− 2ayxn − b




Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ (a*x^(2*n + m)*y^2 +(b*x^(n+m)-n)*y+ c*x^m)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−

(
−2b(n+m) arctan

(
b2+2y xnab√
4b2ac−b4

)
+ xn+m

√
4b2ac− b4

)
b

√
4b2ac− b4 (n+m)


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6.2.5.27 [503] problem number 27

problem number 503

Added January 2, 2019.

Problem 2.2.5.27 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xwx +

(
ay3 + 3abxny2 − bnxn − 2ab3x3n

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*y^3 + 3*a*b*x^n*y^2 - b*n*x^n - 2*a*b^3*x^(3*n))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

e− 3ab2x2n
n

(
ae

3ab2x2n
n (bxn + y)2 ExpIntegralEi

(
−3ab2x2n

n

)
+ n
)

n (bxn + y)2




Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ (a*y^3+3*a*b*x^n*y^2 - b*n*x^n -2*a*b^3*x^(3*n) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−Ei1
(

3b2a x2n

n

)
a(x2nb2 + 2y xnb+ y2) + e− 3b2a x2n

n n

n (x2nb2 + 2y xnb+ y2)


6.2.5.28 [504] problem number 28

problem number 504

Added January 2, 2019.

Problem 2.2.5.28 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xwx +

(
ax2n+1y3 + (bx− n)y + cx1−n

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*x^(2*n + 1)*y^3 + (b*x - n)*y + c*x^(1 - n))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ (a*x^(2*n +1)*y^3 + (b*x-n)*y + c*x^(1-n) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

b
 ∑

_R=RootOf
(
a c2_Z3+b3_Z−b3

)
ln
(−y xnb−_Rc

c

)
3_R2a c2 + b3

 b2 − x


Solution contains RootOf

6.2.5.29 [505] problem number 29

problem number 505

Added January 2, 2019.

Problem 2.2.5.29 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xwx +

(
axn+2y3 + (bxn − 1)y + cxn−1)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*x^(n + 2)*y^3 + (b*x^n - 1)*y + c*x^(n - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ (a*x^(n+2)*y^3+ (b*x^n-1)*y + c*x^(n-1) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


b

(( ∑
_R=RootOf

(
_Z3a c2+_Z b3−b3

) ln
(

−ybx−_Rc
c

)
3_R2a c2+b3

)
b2n− xn

)
n


Solution contains RootOf

6.2.5.30 [506] problem number 30

problem number 506

Added January 2, 2019.

Problem 2.2.5.30 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xwx +

(
y + axn−mym + bxn−kyk

)
wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (y + a*x^(n - m)*y^m + b*x^(n - k)*y^k)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ ( y+a*x^(n - m)*y^m+b*x^(n-k)*y^k )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−xm+k(n− 1)

∫ y

_b
1

_amxka+xm_akbd_a+ xn

x (n− 1)

)

6.2.5.31 [507] problem number 31

problem number 507

Added January 2, 2019.

Problem 2.2.5.31 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

ywx +
(
xn−1((1 + 2n)x+ an)y − nx2n(x+ a)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = y*D[w[x, y], x] + (x^(n - 1)*((1 + 2*n)*x + a*n)*y - n*x^(2*n)*(x + a))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := y*diff(w(x,y),x)+ ( x^(n-1)*((1+2*n)*x+a*n)*y-n*x^(2*n)*(x+a) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


n
(
a+ x

2

)
e

2 arctan
(
n
(
xn(2a+x)−y

)√
−n2 (xnx−y)

)
√

−n2 + e−_a tan
(

_a
√
−n2

2

)
arctan

(
n(xn(2a+x)−y)√

−n2 (xnx−y)

)
x

x


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6.2.5.32 [508] problem number 32

problem number 508

Added January 2, 2019.

Problem 2.2.5.32 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

ywx +
(
(a(2n+ k)xk + b)xn−1y − (a2nx2k + abxk − c)x2n−1)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = y*D[w[x, y], x] + ((a*(2*n + k)*x^k + b)*x^(n - 1)*y - (a^2*n*x^(2*k) + a*b*x^k - c)*x^(2*n - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := y*diff(w(x,y),x)+ ( (a*(2*n+k)*x^k+b)*x^(n-1)*y -(a^2*n*x^(2*k)+ a*b*x^k-c)*x^(2*n-1) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.5.33 [509] problem number 33

problem number 509

Added January 2, 2019.

Problem 2.2.5.33 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

x(2axy + b)wx −
(
a(m+ 3)xy2 + b(m+ 2)y − cxm

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*(2*a*x*y + b)*D[w[x, y], x] - (a*(m + 3)*x*y^2 + b*(m + 2)*y - c*x^m)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
xm+2(2(m+ 1)y(axy + b)− cxm)

2a(m+ 1)

)}}
Maple 3� �
restart;
pde := x*(2*a*x*y+b)*diff(w(x,y),x)- ( a*(m+3)*x*y^2+b*(m+2)*y-c*x^m )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
2x2xm

(
− c xm

2 + y(m+ 1) (axy + b)
)

2m+ 2

)
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6.2.5.34 [510] problem number 34

problem number 510

Added January 2, 2019.

Problem 2.2.5.34 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

x2(2axy + b)wx −
(
4ax2y2 + 3bxy − cx2 − k

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x^2*(2*a*x*y + b)*D[w[x, y], x] - (4*a*x^2*y^2 + 3*b*x*y - c*x^2 - k)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
x2(x(4y(axy + b)− cx)− 2k)

4a

)}}
Maple 3� �
restart;
pde := x^2*(2*a*x*y+b)*diff(w(x,y),x)- ( 4*a*x^2*y^2 + 3*b*x*y-c*x^2 - k )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−a x4y2 − b x3y + 1

4x
4c+ 1

2k x
2
)

6.2.5.35 [511] problem number 35

problem number 511

Added January 2, 2019.

Problem 2.2.5.35 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
axmwx + bynwy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^m*D[w[x, y], x] + b*y^n*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
bx1−m

a(m− 1) −
y1−n

n− 1

)}}
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Maple 3� �
restart;
pde :=a*x^m*diff(w(x,y),x)+ b*y^n*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−b x−m+1(n− 1) + a y1−n(m− 1)

(m− 1) a

)

6.2.5.36 [512] problem number 36

problem number 512

Added January 2, 2019.

Problem 2.2.5.36 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
axnwx + (by + cxm)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^n*D[w[x, y], x] + (b*y + c*x^m)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

ye bx1−na(n−1) −
c(a− an)

−m+n−1
n−1 b

m−n+1
n−1 Γ

(
−m+n−1

n−1 , bx
1−n

a−an

)
a(n− 1)




Maple 3� �
restart;
pde :=a*x^n*diff(w(x,y),x)+ (b*y+c*x^m)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

a e
b x−n+1
2a(n−1)

(
− b x−n+1

a(n−1)

)m−2n+2
2n−2

c xm(n− 1) (m− 2n+ 2)2WhittakerM
(

2n−2−m
2n−2 , −m+3n−3

2n−2 ,− b x−n+1

a(n−1)

)
− xm

(
− b x−n+1

a(n−1)

)m−2n+2
2n−2 (n− 1)2 (b x−n+1 + a(m− 2n+ 2)) c e

b x−n+1
2a(n−1) WhittakerM

(
− m

2n−2 ,
−m+3n−3

2n−2 ,− b x−n+1

a(n−1)

)
+ e

b x−n+1
a(n−1) yab(m− 3n+ 3) (m− n+ 1) (m− 2n+ 2)

ab (m− 3n+ 3) (m− n+ 1) (m− 2n+ 2)


6.2.5.37 [513] problem number 37

problem number 513

Added January 2, 2019.

Problem 2.2.5.37 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
axkwx + (yn + bxmy)wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^k*D[w[x, y], x] + (y^n + b*x^m*y)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}, Assumptions -> {n != 1}], 60*10]];� �
{{

w(x, y) → c1

(
(k −m− 1)

m
k−m−1a

m
k−m−1 b

1−k
k−m−1 (n− 1)

m
−k+m+1Γ

(
k − 1

k −m− 1 ,
b(n− 1)x−k+m+1

a(k −m− 1)

)
+ y1−ne−

b(n−1)x−k+m+1
a(k−m−1)

)}}
Maple 3� �
restart;
pde :=a*x^k*diff(w(x,y),x)+ (y^n+b*x^m*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) assuming n<>1),output='realtime'));� �

w(x, y) = f1


(
−4x−mxka

(
b x−k+m+1(n−1)

a(k−m−1)

)−2k+m+2
2k−2m−2 (k −m− 1) e−

b x−kxmx(n−1)
2a(k−m−1)

(
k − 1− m

2

)2WhittakerM
(

2k−2−m
2k−2m−2 ,

3k−3−2m
2k−2m−2 ,

b x−kxmx(n−1)
a(k−m−1)

)
− 2x−m

(
a
(
k − 1− m

2

)
xk + xxmb(n−1)

2

)(
b x−k+m+1(n−1)

a(k−m−1)

)−2k+m+2
2k−2m−2 (k −m− 1)2 e−

b x−kxmx(n−1)
2a(k−m−1) WhittakerM

(
m

2k−2m−2 ,
3k−3−2m
2k−2m−2 ,

b x−kxmx(n−1)
a(k−m−1)

)
+ 6(k − 1)xka y−n+1e−

b x−k+m+1(n−1)
a(k−m−1)

(
k − 1− 2m

3

) (
k − 1− m

2

)
b

)
x−k

b (k − 1) (3k − 3− 2m) (2k − 2−m) a


6.2.5.38 [514] problem number 38

problem number 514

Added January 2, 2019.

Problem 2.2.5.38 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

x(axk + b)wx +
(
αxny2 + (β − anxk)y + γx−n

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*(a*x^k + b)*D[w[x, y], x] + (alpha*x^n*y^2 + (beta - a*n*x^k)*y + gamma/x^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → c1

−

(√
α
√
γ
√

(bn+β)2
αγ

− 4 + 2αyxn + bn+ β
)
exp

−
√
α
√
γ
(
log
(
axk+b

)
+log(b)−k log(x)+log(k)

)√ (bn+β)2
αγ

−4

bk


−
√
α
√
γ
√

(bn+β)2
αγ

− 4 + 2αyxn + bn+ β






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Maple 3� �
restart;
pde :=x*(a*x^k+b)*diff(w(x,y),x)+ (alpha*x^n*y^2+(beta-a*n*x^k)*y+g*x^(-n))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−

(
2bk(bn+ β) arctanh

(
(bn+β)(2yαxn+bn+β)√

(bn+β)2(b2n2+2bβn−4gα+β2)

)
+
√
(bn+ β)2 (b2n2 + 2bβn− 4gα + β2)

(
k ln (x)− ln

(
a xk + b

)))
(bn+ β)√

(bn+ β)2 (b2n2 + 2bβn− 4gα + β2) bk


6.2.5.39 [515] problem number 39

problem number 515

Added January 2, 2019.

Problem 2.2.5.39 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(y + Axn + a)wx −

(
nAxn−1y + kxm + b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = (y + A*x^n + a)*D[w[x, y], x] - (n*A*x^(n - 1)*y + k*x^m + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y(2a+ 2Axn + y) + 2bx+ 2kxm+1

m+ 1

)}}
Maple 3� �
restart;
pde :=(y+ A*x^n + a)*diff(w(x,y),x)- ( n*A*x^(n-1)*y + k*x^m + b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−2xm+1k − 2
(
Axny + ay + bx+ y2

2

)
(m+ 1)

2m+ 2


6.2.5.40 [516] problem number 40

problem number 516

Added January 2, 2019.

Problem 2.2.5.40 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(y + axn+1 + bxn)wx +

(
anxn + cxn−1) ywy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = (y + a*x^(n + 1) + b*x^n)*D[w[x, y], x] + (a*n*x^n + c*x^(n - 1))*y*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde :=(y+ a*x^(n+1)+b*x^n)*diff(w(x,y),x)+ ( a*n*x^n + c*x^(n-1))*y*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.5.41 [517] problem number 41

problem number 517

Added January 2, 2019.

Problem 2.2.5.41 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

x(2axny + b)wx −
(
a(3n+m)xny2 + b(2n+m)y − Axm − Cx−n

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*(2*a*x^n*y + b)*D[w[x, y], x] - (a*(3*n + m)*x^n*y^2 + b*(2*n + m)*y - A*x^m - C0/x^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
−−Axm+2n(2y(m+ n) (ayxn + b)− Axm) + 2AC0xm+n + C02

2aA(m+ n)

)}}
Maple 3� �
restart;
pde :=x*(2*a*x^n*y+b)*diff(w(x,y),x)- ( a*(3*n+m)*x^n*y^2+b*(2*n+m)*y-A*x^m -C*x^(-n))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
xm+n(xm+nA− 2a y2(m+ n)x2n − 2by(m+ n)xn + 2C)

2m+ 2n

)
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6.2.5.42 [518] problem number 42

problem number 518

Added January 2, 2019.

Problem 2.2.5.42 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(axn + bx2 + xy)wx +

(
cxn + bxy + y2

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n + b*x^2 + x*y)*D[w[x, y], x] + (c*x^n + b*x*y + y^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde :=(a*x^n+b*x^2+ x*y)*diff(w(x,y),x)+ ( c*x^n + b*x*y+ y^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


(
ln
( (

n2−3n+3
)(
a2(n−1)xn+x((b(n−1)x+y(n−2))a+cx)

)
(2n−3)(a xn+b x2+xy)a

)
+ (−n+ 1) ln

( (
n2−3n+3

)(
xna2+(ba+c)x2)

(n−3)a(a xn+x(bx+y))

)
+ (n− 2) ln

(
−
(
n2−3n+3

)
(ay−cx)x

(a xn+b x2+xy)na

)
− 2
(
ln (x)− ln

(
xna2+(ba+c)x2)

2

)
(n− 1)

)
(n2 − 3n+ 3)

3 (n− 1) (n− 2)


6.2.5.43 [519] problem number 43

problem number 519

Added January 2, 2019.

Problem 2.2.5.43 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(ayn + bx2 + cxy)wx +

(
kyn + bxy + cy2

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*y^n + b*x^2 + c*x*y)*D[w[x, y], x] + (k*y^n + b*x*y + c*y^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed



chapter 6. handbook of first order partial differential . . . 881

Maple 3� �
restart;
pde :=(a*y^n+b*x^2+c*x*y)*diff(w(x,y),x)+ ( k*y^n+ b*x*y+c*y^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


(
ln
( (

n2−3n+3
)(
k2(n−1)yn+((c(n−1)y+bx(n−2))k+aby)y

)
(2n−3)(k yn+bxy+c y2)k

)
+ (−n+ 1) ln

( (
n2−3n+3

)(
ab y2+ck y2+ynk2

)
(n−3)(k yn+bxy+c y2)k

)
+ (n− 2) ln

( (
n2−3n+3

)
(ay−kx)by

(k yn+bxy+c y2)kn

)
+ (n− 1) (ln (ab y2 + ck y2 + ynk2)− 2 ln (y))

)
(n2 − 3n+ 3)

3 (n− 1) (n− 2)


6.2.5.44 [520] problem number 44

problem number 520

Added January 2, 2019.

Problem 2.2.5.44 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(axn + bxm + c)wx +
(
cy2 − bxm−1y + axn−2)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n + b*x^m + c)*D[w[x, y], x] + (c*y^2 - b*x^(m - 1)*y + a*x^(n - 2))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde :=(a*x^n + b*x^m + c)*diff(w(x,y),x)+ ( c*y^2-b*x^(m-1)*y+ a*x^(n-2))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.5.45 [521] problem number 45

problem number 521

Added January 2, 2019.

Problem 2.2.5.45 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(axn + bxm + c)wx +
(
axn−2y2 + bxm−1y + c

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n + b*x^m + c)*D[w[x, y], x] + (a*x^(n - 2)*y^2 + b*x^(m - 1)*y + c)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde :=(a*x^n + b*x^m + c)*diff(w(x,y),x)+ ( a*x^(n-2)*y^2 + b*x^(m-1)*y + c)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.5.46 [522] problem number 46

problem number 522

Added January 2, 2019.

Problem 2.2.5.46 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(axn + bxm + c)wx +
(
αxky2 + βxsy − αλ2xk + βλxs

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n + b*x^m + c)*D[w[x, y], x] + (alpha*x^k*y^2 + beta*x^s*y - alpha*lambda^2*x^k + beta*lambda*x^s)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde :=(a*x^n + b*x^m + c)*diff(w(x,y),x)+ (alpha*x^k*y^2 + beta*x^s*y - alpha*lambda^2*x^k + beta*lambda*x^s)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−α
∫

xke−
∫ 2xkαλ−xsβ
a xn+b xm+c dx

a xn+b xm+c
dxλ e

∫ −2xkαλ+xsβ
a xn+b xm+c dx+

∫ 2xkαλ−xsβ
a xn+b xm+cdx − yα

∫
xke−

∫ 2xkαλ−xsβ
a xn+b xm+c dx

a xn+b xm+c
dx− e

∫ −2xkαλ+xsβ
a xn+b xm+c dx

λ+ y


6.2.5.47 [523] problem number 47

problem number 523

Added January 2, 2019.

Problem 2.2.5.47 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

x(axn + bxm + c)wx −
(
sxky2 − (axn + bxm + c)y − sλxk+2)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*(a*x^n + b*x^m + c)*D[w[x, y], x] - (s*x^k*y^2 - (a*x^n + b*x^m + c)*y - s*lambda*x^(k + 2))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde :=x*(a*x^n + b*x^m + c)*diff(w(x,y),x)- (s*x^k*y^2 -(a*x^n + b*x^m+c)*y - s*lambda*x^(k+2))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−
∫

xk

a xn+b xm+c
dxs

√
λ+ arctanh

(
y

x
√
λ

)
s
√
λ


6.2.5.48 [524] problem number 48

problem number 524

Added January 2, 2019.

Problem 2.2.5.48 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(axn + bxm + c)wx +
(
(axn + bxm + c)y2 − an(n− 1)xn−2 − bm(m− 1)xm−2)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = (a*x^n + b*x^m + c)*D[w[x, y], x] + ((a*x^n + b*x^m + c)*y^2 - a*n*(n - 1)*x^(n - 2) - b*m*(m - 1)*x^(m - 2))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
− (axn + bxm + c) (axn(n+ xy) + bxm(m+ xy) + cxy)
(axn + bxm + c) (axn(n+ xy) + bxm(m+ xy) + cxy)

∫ x

1
1

(bK[1]m+aK[1]n+c)2dK[1] + x

)}}

Maple 3� �
restart;
pde :=(a*x^n + b*x^m + c)*diff(w(x,y),x)+ ((a*x^n+b*x^m + c)*y^2-a*n*(n-1)*x^(n-2)-b*m*(m-1)*x^(m-2))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(b(m− n)xm − cn) (a xn + b xm + c) (b2(xy +m)x2m + x2nx a2y + b(a(2xy +m+ n)xn + c(2xy +m))xm + nx2na2 + ac(2xy + n)xn + y c2x)
∫ b(m−1+n)(m−n)xm−cn(n−1)

(b(m−n)xm−cn)2(a xn+b xm+c)dx+ (b2(xy +m)x2m + x2nx a2y − b2(m− n)x2m + 2b(xy + n) (a xn + c)xm + nx2na2 + 2ac(xy + n)xn + c2(xy + n))x
(b2 (xy +m)x2m + a2 (xy + n)x2n + b (a (2xy +m+ n)xn + c (2xy +m))xm + c (a (2xy + n)xn + cyx)) (b (m− n)xm − cn) (a xn + b xm + c)


6.2.5.49 [525] problem number 49

problem number 525

Added January 2, 2019.

Problem 2.2.5.49 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(axn + byn + x)wx +
(
αxkyn−k + βxmyn−m + y

)
wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n + b*y^n + x)*D[w[x, y], x] + (alpha*x^k*y^(n - k) + beta*x^m*y^(n - m) + y)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := (a*x^n + b*y^n + x)*diff(w(x,y),x)+ (alpha*x^k*y^(n-k) +beta*x^m*y^(n-m) + y )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.5.50 [526] problem number 50

problem number 526

Added January 2, 2019.

Problem 2.2.5.50 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(axn + byn + Ax2 +Bxy)wx +
(
αxkyn−k + βxmyn−m + Axy +By2

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n + b*y^n + A*x^2 + B*x*y)*D[w[x, y], x] + (alpha*x^k*y^(n - k) + beta*x^m*y^(n - m) + A*x*y + B*y^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := (a*x^n + b*y^n + A*x^2 + B*x*y)*diff(w(x,y),x)+ (alpha*x^k*y^(n-k)+beta*x^m*y^(n-m) + A*x*y + B*y^2 )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.5.51 [527] problem number 51

problem number 527

Added January 2, 2019.

Problem 2.2.5.51 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(aym + bxn + s)wx −
(
αxk + bnxn−1y + β

)
wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = (a*y^m + b*x^n + s)*D[w[x, y], x] - (alpha*x^k + b*n*x^(n - 1)*y + beta)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (a*y^m + b*x^n + s)*diff(w(x,y),x)- (alpha*x^k + b*n*x^(n-1)* y + beta)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−α(1 +m)xk+1 − (k + 1) (a y1+m + (1 +m) (xnby + sy + βx))

(1 +m) (k + 1)

)

6.2.5.52 [528] problem number 52

problem number 528

Added January 2, 2019.

Problem 2.2.5.52 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(axnym + x)wx +

(
bxkyn+m−k + y

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n*y^m + x)*D[w[x, y], x] + (b*x^k*y^(n + m - k) + y)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := (a*x^n*y^m +x)*diff(w(x,y),x)+ (b*x^k*y^(n+m-k) + y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.5.53 [529] problem number 53

problem number 529

Added January 2, 2019.

Problem 2.2.5.53 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
x(axnym + α)wx − y(bxnym + β)wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = x*(a*x^n*y^m + alpha)*D[w[x, y], x] - y*(b*x^n*y^m + beta)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := x*(a*x^n*y^m +alpha)*diff(w(x,y),x)- y*( b*x^n*y^m + beta )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(
xβm(an−bm)(ym)α(an−bm) (ym(an− bm)xn − βm+ αn)−m(aβ−αb)

)
6.2.5.54 [530] problem number 54

problem number 530

Added January 2, 2019.

Problem 2.2.5.54 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
x(anxkyn+k + s)wx − y

(
bmxm+kyk + s

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*(a*n*x^k*y^(n + k) + s)*D[w[x, y], x] - y*(b*m*x^(m + k)*y^k + s)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := x*(a*n*x^k*y^(n+k) + s)*diff(w(x,y),x)- y*( b*m*x^(m+k)*y^k + s )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.5.55 [531] problem number 55

problem number 531

Added January 2, 2019.

Problem 2.2.5.55 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(axnym + Ax2 +Bxy)wx +
(
bxkyn+m−k + Axy +By2

)
wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n*y^m + A*x^2 + B*x*y)*D[w[x, y], x] + (b*x^k*y^(n + m - k) + A*x*y + B*y^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
$Aborted

Maple 7� �
restart;
pde := (a*x^n*y^m + A*x^2 + B*x*y)*diff(w(x,y),x)+ (b*x^k*y^(n+m-k) + A*x*y+ B*y^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.5.56 [532] problem number 56

problem number 532

Added January 2, 2019.

Problem 2.2.5.56 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(axnym + bxyk)wx + (αys + β)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n*y^m + b*x*y^k)*D[w[x, y], x] + (alpha*y^s + beta)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
$Aborted

Maple 3� �
restart;
pde := (a*x^n*y^m + b*x*y^k)*diff(w(x,y),x)+ (alpha*y^s + beta)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

a(n− 1)
∫
ymeb(n−1)

∫ yk

α ys+β dy

α ys + β
dy + x−n+1eb(n−1)

∫ yk

α ys+β dy


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6.2.6 3.1

Local contents
6.2.6.1 [533] problem number 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 888
6.2.6.2 [534] problem number 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 889
6.2.6.3 [535] problem number 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 889
6.2.6.4 [536] problem number 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 890
6.2.6.5 [537] problem number 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 890
6.2.6.6 [538] problem number 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 891
6.2.6.7 [539] problem number 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 892
6.2.6.8 [540] problem number 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 892
6.2.6.9 [541] problem number 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 893
6.2.6.10 [542] problem number 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 894
6.2.6.11 [543] problem number 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 894

6.2.6.1 [533] problem number 1

problem number 533

Added January 2, 2019.

Problem 2.3.1.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + aeλxwy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Exp[lambda*x]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − aeλx

λ

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+ a*exp(lambda*x)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
yλ− a eλx

λ

)
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6.2.6.2 [534] problem number 2

problem number 534

Added January 7, 2019.

Problem 2.3.1.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
aeλx + b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Exp[lambda*x] + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
−ae

λx

λ
− bx+ y

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*exp(lambda*x)+b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−a eλx − λ(bx− y)

λ

)

6.2.6.3 [535] problem number 3

problem number 535

Added January 7, 2019.

Problem 2.3.1.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
aeλy + b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Exp[lambda*y] + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
−
log
(
bλ
(
aeλy + b

)
ebλx−λy

)
bλ

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*exp(lambda*y)+b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 ln
(

e−xλb
b e−λy+a

)
λb


6.2.6.4 [536] problem number 4

problem number 536

Added January 7, 2019.

Problem 2.3.1.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
aeλy+βx + b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Exp[lambda*y + beta*x] + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) →
c1
(
β log

(
aλeβx+λy + bλ+ β

)
+ bλ log

(
β(bλ+ β)eβx+λy

))
β(bλ+ β) − c1λy

β
+ c2

}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*exp(lambda*y+beta*x)+b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

− ln
(

1
eβx+λyaλ+bλ+β

)
+ (bx− y)λ

bλ+ β


6.2.6.5 [537] problem number 5

problem number 537

Added January 7, 2019.

Problem 2.3.1.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
aeλy+βx + beγx

)
wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Exp[lambda*y + beta*x] + b*Exp[gamma*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*exp(lambda*y+beta*x)+b*exp(g*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−e
λ
(
b egx−yg

)
g − a

∫
e
λb egx+βxg

g dxλ

λ


6.2.6.6 [538] problem number 6

problem number 538

Added January 7, 2019.

Problem 2.3.1.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
aeλxwx + beβywy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[lambda*x]*D[w[x, y], x] + b*Exp[beta*y]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
be−λx

aλ
− e−βy

β

)}}
Maple 3� �
restart;
pde := a*exp(lambda*x)*diff(w(x,y),x)+ b*exp(beta*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
e−λxβb− e−βyaλ

bβλ

)
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6.2.6.7 [539] problem number 7

problem number 539

Added January 7, 2019.

Problem 2.3.1.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y) (
aeλx + b

)
wx +

(
ceβx + d

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = (a*Exp[lambda*x] + b)*D[w[x, y], x] + (c + Exp[beta*x] + d)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

β((c+ d) log
(
aeλx + b

)
+ log(b)(c+ d) + bλy − cλx+ c log(λ)− dλx+ d log(λ)

)
− λeβx Hypergeometric2F1

(
1, β

λ
, β+λ

λ
,−aeλx

b

)
bβλ




Maple 3� �
restart;
pde := (a*exp(lambda*x)+b)*diff(w(x,y),x)+ (c+exp(beta*x)+d)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫
c+ eβx + d

a eλx + b
dx+ y

)

6.2.6.8 [540] problem number 8

problem number 540

Added January 7, 2019.

Problem 2.3.1.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y) (
aeλx + b

)
wx +

(
ceβy + d

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = (a*Exp[lambda*x] + b)*D[w[x, y], x] + (c + Exp[beta*y] + d)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1


log
(

β(c+d)e
β(by−cx−dx)

b
(
bλ
(
aeλx+b

))β(c+d)
bλ

eβy+c+d

)
β(c+ d)




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Maple 3� �
restart;
pde := (a*exp(lambda*x)+b)*diff(w(x,y),x)+ (c+exp(beta*y)+d)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−λbRootOf
((
a eλx + b

)βd
bλ e

−dxβc−xβ d2+_Zbc
b(c+d)

(
e−

yβc
c+d c+ e−

yβc
c+dd− e

−yβc+c_Z+d_Z
c+d + e

dyβ
c+d

))
+
(
(c+ d) ln

(
a eλx + b

)
+ (by − x(c+ d))λ

)
β

λbβ (c+ d)


Has RootOf

6.2.6.9 [541] problem number 9

problem number 541

Added January 7, 2019.

Problem 2.3.1.9 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y) (
aeλy + b

)
wx +

(
ceβx + d

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = (a*Exp[lambda*y] + b)*D[w[x, y], x] + (c + Exp[beta*x] + d)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
aeλy

λ
+ by − eβx

β
− cx− dx

)}}
Maple 3� �
restart;
pde := (a*exp(lambda*y)+b)*diff(w(x,y),x)+ (c+exp(beta*x)+d)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
a eλyβ +

(
−eβx + β((−c− d)x+ yb)

)
λ

βλ

)
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6.2.6.10 [542] problem number 10

problem number 542

Added January 7, 2019.

Problem 2.3.1.10 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y) (
aeλx + beβy

)
wx + aλeλxwy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*Exp[lambda*x] + b*Exp[beta*y])*D[w[x, y], x] + a*lambda*Exp[lambda*x]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (a*exp(lambda*x)+b*exp(beta*y))*diff(w(x,y),x)+ a*lambda*exp(lambda*x)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
λx+ ln

(
eβy−λxb− aβ + a

)
− y

β − 1

)

6.2.6.11 [543] problem number 11

problem number 543

Added January 7, 2019.

Problem 2.3.1.11 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y) (
aeλx+βy + cµ

)
wx −

(
beγx+muy + cλ

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*Exp[lambda*x + beta*y] + c*mu)*D[w[x, y], x] - (b*Exp[gamma*x + mu*y] + c*lambda)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := (a*exp(lambda*x+beta*y)+c*mu)*diff(w(x,y),x)- (b*exp(g*x+ mu*y)+c*lambda)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()
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6.2.7.1 [544] problem number 1

problem number 544

Added January 7, 2019.

Problem 2.3.2.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
y2 + aλeλx − a2e2λx

)
wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + a*lambda*Exp[lambda*x] - a^2*Exp[2*lambda*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

ExpIntegralEi
(

2aeλx
λ

) (
y − aeλx

)
+ λe

2aeλx
λ

aeλx − y




Maple 3� �
restart;
pde := diff(w(x,y),x)+ (y^2+a*lambda*exp(lambda*x)- a^2*exp(2*lambda *x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 −eλxa+ y

(eλxa− y) Ei1
(
−2a eλx

λ

)
+ e 2a eλx

λ λ



6.2.7.2 [545] problem number 2

problem number 545

Added January 7, 2019.

Problem 2.3.2.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
y2 + by + a(λ− b)eλx − a2e2λx

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + b*y + a*(lambda - b)*Exp[lambda*x] - a^2*Exp[2*lambda*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

2b/λλ− b
λ ebxab/λ

(
L
b
λ

− b
λ

(
2aeλx

λ

) (
a
(
−eλx

)
+ b+ y

)
− 2aeλxL

b+λ
λ

− b+λ
λ

(
2aeλx

λ

))
aeλx − y





Maple 3� �
restart;
pde := diff(w(x,y),x)+ (y^2+b*y+ a*(lambda-b)*exp(lambda*x) - a^2*exp(2*lambda*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(−eλxa+ y
) ∫

e bxλ+2 eλxa
λ dx+ e bxλ+2 eλxa

λ

eλxa− y


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6.2.7.3 [546] problem number 3

problem number 546

Added January 7, 2019.

Problem 2.3.2.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
y2 + aeλxy − abeλx − b2

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + a*Exp[lambda*x]*y - a*b*Exp[lambda*x] - b^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

2b(−1)− b
λ

−
Γ
(

2b
λ
, 0,−aeλx

λ

)
λ

+ λ−
2b
λ a

2b
λ e

aeλx+2bλx+2iπb
λ

b− y




Maple 3� �
restart;
pde := diff(w(x,y),x)+ (y^2+a*exp(lambda*x)*y-a*b*exp(lambda*x)- b^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
(b− y)

∫
e 2xbλ+eλxa

λ dx− e 2xbλ+eλxa
λ

b− y

)

6.2.7.4 [547] problem number 4

problem number 547

Added January 7, 2019.

Problem 2.3.2.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx −

(
y2 − axeλxy + aeλx

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] - (y^2 - a*x*Exp[lambda*x]*y + a*Exp[lambda*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

eaeλx(λx−1)
λ2

x(xy − 1) −
∫ x

1

e
aeλK[1](λK[1]−1)

λ2

K[1]2 dK[1]



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Maple 3� �
restart;
pde := diff(w(x,y),x)- (y^2-a*x*exp(lambda*x)*y + a*exp(lambda*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

∫ e
a eλx(λx−1)

λ2

x2 dxx2y −
∫ e

a eλx(λx−1)
λ2

x2 dxx− e
a eλx(λx−1)

λ2

λ2x (xy − 1)


6.2.7.5 [548] problem number 5

problem number 548

Added January 7, 2019.

Problem 2.3.2.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
aeλxy2 + be−λx

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Exp[lambda*x]*y^2 + b*Exp[-(lambda*x)])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

 e
x
(
−
√
λ2−4ab

)(√
λ2 − 4ab− 2ayeλx − λ

)
a
(
2yeλx

√
λ2 − 4ab− 4b

)
+ λ

(√
λ2 − 4ab+ λ

)



Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*exp(lambda*x)*y^2 + b*exp(-lambda*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

2λ
(
λ arctan

(
2 eλxaλy+λ2
√
4λ2ab−λ4

)
−

√
4λ2ab−λ4 x

2

)
√
4λ2ab− λ4


6.2.7.6 [549] problem number 6

problem number 549

Added January 7, 2019.

Problem 2.3.2.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
aeλxy2 + bµeµx − ab2e(λ+2µ)x)wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Exp[lambda*x]*y^2 + b*mu*Exp[mu*x] - a*b^2*Exp[(lambda + 2*mu)*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+ (a*exp(lambda*x)*y^2 + b*mu*exp(mu*x) - a*b^2*exp((lambda + 2*mu)*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.7.7 [550] problem number 7

problem number 550

Added January 7, 2019.

Problem 2.3.2.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
aeλxy2 + by + ce−λx

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Exp[lambda*x]*y^2 + b*y + c*Exp[-(lambda*x)])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

 e
x
(
−
√
−4ac+b2+2bλ+λ2

)(√
−4ac+ b2 + 2bλ+ λ2 − 2ayeλx − b− λ

)
a
(
2yeλx

√
−4ac+ b2 + 2bλ+ λ2 − 4c

)
+ b
(√

−4ac+ b2 + 2bλ+ λ2 + 2λ
)
+ λ

(√
−4ac+ b2 + 2bλ+ λ2 + λ

)
+ b2




Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*exp(lambda*x)*y^2 + b*y +c*exp(-lambda*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


2(b+ λ)

(
(b+ λ) arctan

(
(b+λ)

(
2 eλxya+b+λ

)√
(b+λ)2(4ac−b2−2bλ−λ2)

)
− x

√
(b+λ)2(4ac−b2−2bλ−λ2)

2

)
√

(b+ λ)2 (4ac− b2 − 2bλ− λ2)





chapter 6. handbook of first order partial differential . . . 900

6.2.7.8 [551] problem number 8

problem number 551

Added January 7, 2019.

Problem 2.3.2.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
aeλxy2 + µy − ab2e(λ+2µ)x)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Exp[lambda*x]*y^2 + mu*y - a*b^2*Exp[(lambda + 2*mu)*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*exp(lambda*x)*y^2 + mu*y - a*b^2*exp((lambda+2*mu)*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−exµ cosh
(

ab ex(µ+λ)
µ+λ

)
b− y sinh

(
ab ex(µ+λ)

µ+λ

)
y cosh

(
ab ex(µ+λ)

µ+λ

)
+ exµ sinh

(
ab ex(µ+λ)

µ+λ

)
b



6.2.7.9 [552] problem number 9

problem number 552

Added January 7, 2019.

Problem 2.3.2.9 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
eλxy2 + aeµxy + aλe(µ−lambda)x)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (Exp[lambda*x]*y^2 + a*Exp[mu*x]*y + a*lambda*Exp[(mu - lambda)*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
(−1)λ/µµ−λ

µaλ/µΓ
(
−λ
µ
,−ae

µx

µ

)
− µe

aeµx

µ
−λx

yeλx + λ

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+ (exp(lambda*x)*y^2 + a*exp(mu*x)*y+a*lambda*exp((mu-lambda)*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 eλx(µ− λ)
(
eλxy + λ

)
eµx hypergeom

([
µ−λ
µ

]
,
[
−λ+2µ

µ

]
, a e

µx

µ

)
aλ− y eλx hypergeom

([
−λ

µ

]
,
[
µ−λ
µ

]
, a e

µx

µ

)
(µ− λ)



6.2.7.10 [553] problem number 10

problem number 553

Added January 7, 2019.

Problem 2.3.2.10 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx −

(
λeλxy2 − aeµxy + ae(µ−lambda)x)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] - (lambda*Exp[lambda*x]*y^2 - a*Exp[mu*x]*y + a*lambda*Exp[(mu - lambda)*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

 µ

(
aeµxL

λ+µ
µ

−−λ2+λ+µ
µ

(
aeµx

µ

)
+ λ
(
yeλx − 1

)
L
λ
µ
(λ−1)λ
µ

(
aeµx

µ

))
λ
(
a(λ− 1)eµxHypergeometricU

(
−λ2+λ+µ

µ
, λ
µ
+ 2, aeµx

µ

)
+ (µ− µyeλx)HypergeometricU

(
− (λ−1)λ

µ
, λ+µ

µ
, ae

µx

µ

))




Maple 3� �
restart;
pde := diff(w(x,y),x)- (lambda*exp(lambda*x)*y^2 - a*exp(mu*x)*y + a*lambda*exp((mu-lambda)*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

µ
(
(λ− 1)KummerM

(
−λ2+λ+µ

µ
, µ+λ

µ
, a e

µx

µ

)
+KummerM

(
−λ(λ−1)

µ
, µ+λ

µ
, a e

µx

µ

) (
y eλx − λ

))
λ2 (λ− 1)KummerU

(
−λ2+λ+µ

µ
, µ+λ

µ
, a e

µx

µ

)
− µKummerU

(
−λ(λ−1)

µ
, µ+λ

µ
, a e

µx

µ

)
(y eλx − λ)


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6.2.7.11 [554] problem number 11

problem number 554

Added January 7, 2019.

Problem 2.3.2.11 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
aeλxy2 + abe(λ+µ)xy − bµeµx

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Exp[lambda*x]*y^2 + a*b*Exp[(lambda + mu)*x]*y - b*mu*Exp[mu*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*exp(lambda*x)*y^2+ a*b*exp((lambda +mu)*x)*y - b*mu*exp(mu*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

− a(y + b eµx) e
ab e(λ+µ)x+2x(λ+µ)2

λ+µ

(2λ+ µ)
(
2
(3λ

2 + µ
)
ab e

ab e(λ+µ)x+3x
(
µ+2λ

3
)
(λ+µ)

2λ+2µ + (2λ+ µ)
(
a e

ab e(λ+µ)x+x(2λ+µ)(λ+µ)
2λ+2µ y − e

ab e(λ+µ)x+µx(λ+µ)
2λ+2µ (λ+ µ)

))
WhittakerM

(
2λ+µ
2λ+2µ ,

3λ+2µ
2λ+2µ ,

ba e(λ+µ)x
λ+µ

)
+
(
ab (2λ+ µ) e

ab e(λ+µ)x+3x
(
µ+2λ

3
)
(λ+µ)

2λ+2µ + a2e
ab e(λ+µ)x+3x

(
µ+4λ

3
)
(λ+µ)

2λ+2µ by + a2e
ab e(λ+µ)x+5

(
µ+4λ

5
)
x(λ+µ)

2λ+2µ b2 + (2λ+ µ)
(
a e

ab e(λ+µ)x+x(2λ+µ)(λ+µ)
2λ+2µ y − e

ab e(λ+µ)x+µx(λ+µ)
2λ+2µ (λ+ µ)

))
(λ+ µ)WhittakerM

(
− µ

2λ+2µ ,
3λ+2µ
2λ+2µ ,

ba e(λ+µ)x
λ+µ

)
+ 2 eµx2

(3λ
2 + µ

)
(2λ+ µ)2

(
ba e(λ+µ)x

λ+µ

) 4λ+3µ
2λ+2µ


6.2.7.12 [555] problem number 12

problem number 555

Added January 7, 2019.

Problem 2.3.2.12 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
ae(2λ+µ)xy2 +

(
be(λ+µ)x − λ

)
y + ceµx

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Exp[(2*lambda + mu)*x]*y^2 + (b*Exp[(lambda + mu)*x] - lambda)*y + c*Exp[mu*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

 iπe−
√
b2−4acex(λ+µ)

2(λ+µ)
(√

b2 − 4ac− 2ayeλx − b
)

2
(
(2ayeλx + b) cosh

(√
b2−4acex(λ+µ)

2(λ+µ)

)
+
√
b2 − 4ac sinh

(√
b2−4acex(λ+µ)

2(λ+µ)

))



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Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*exp((2*lambda +mu)*x)*y^2+ (b*exp((lambda +mu)*x) -lambda)*y + c*exp(mu*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−

(
−2b(λ+ µ) arctan

(
b2+2 exλayb√

4b2ac−b4

)
+
√
4b2ac− b4 e(λ+µ)x

)
b

√
4b2ac− b4 (λ+ µ)


6.2.7.13 [556] problem number 13

problem number 556

Added January 7, 2019.

Problem 2.3.2.13 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
eλx(y − beµx)2 + bµeµx

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (Exp[lambda*x]*(y - b*Exp[mu*x])^2 + b*mu*Exp[mu*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
−
b
(
−ex(λ+µ))+ yeλx + λ

λ (beµx − y)

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+ ( exp(lambda*x) *(y- b*exp(mu*x))^2 + b*mu*exp(mu*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−y + b eµx

λ (eλxy − ex(λ+µ)b+ λ)

)

6.2.7.14 [557] problem number 14

problem number 557

Added January 7, 2019.

Problem 2.3.2.14 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
aeλxy2 + bnxn−1 − ab2eλxx2n

)
wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Exp[lambda*x]*y^2 + b*n*x^(n - 1) - a*b^2*Exp[lambda*x]*x^(2*n))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+ ( a*exp(lambda*x)*y^2+ b*n*x^(n-1) - a*b^2*exp(lambda*x)*x^(2*n))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.7.15 [558] problem number 15

problem number 558

Added January 7, 2019.

Problem 2.3.2.15 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
eλxy2 + axny + aλxne−λx

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (Exp[lambda*x]*y^2 + a*x^n*y + a*lambda*x^n*Exp[-(lambda*x)])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ ( exp(lambda*x)*y^2+ a*x^n*y + a*lambda*x^n*exp(-lambda*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(−eλxy − λ
) ∫

e
x
(
a xn−λ(n+1)

)
n+1 dx− e

x
(
a xn−λ(n+1)

)
n+1

eλxy + λ


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6.2.7.16 [559] problem number 16

problem number 559

Added January 7, 2019.

Problem 2.3.2.16 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
λeλxy2 + axneλxy − axne2λx

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*Exp[lambda*x]*y^2 + a*x^n*Exp[lambda*x]*y - a*x^n*Exp[2*lambda*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+ ( lambda*exp(lambda*x)*y^2+ a*x^n*exp(lambda*x)*y - a*x^n*exp(2*lambda*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.7.17 [560] problem number 17

problem number 560

Added January 7, 2019.

Problem 2.3.2.17 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
aeλxy2 − abxneλxy + bnxn−1)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Exp[lambda*x]*y^2 - a*b*x^n*Exp[lambda*x]*y + b*n*x^(n - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
a(y − bxn)

a (bxn − y)
∫ eλx

1 exp ((−1)−nabλ−n−1Γ(n+ 1,− log(K[1]))) dK[1]− λeab(−1)−nλ−n−1Γ(n+1,−λx)

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+ ( a*exp(lambda*x)*y^2- a*b*x^n*exp(lambda*x)*y + b*n*x^(n-1))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

− a(xnb− y)(
a (xnb− y)

∫
e
((
ab xneλx+λ2x

)
(−λx)n+xnab(Γ(n,−λx)n−Γ(n+1))

)
(−λx)−n

λ dx− e
xnab

(
(−λx)−nΓ(n,−λx)n−Γ(n+1)(−λx)−n+eλx

)
λ

)
λ



6.2.7.18 [561] problem number 18

problem number 561

Added January 7, 2019.

Problem 2.3.2.18 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
axny2 + bλeλx − ab2xne2λx

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^n*y^2 + b*lambda*Exp[lambda*x] - a*b^2*x^n*Exp[2*lambda*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+ ( a*x^n*y^2 + b*lambda*exp(lambda*x) - a*b^2*x^n*exp(2*lambda*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.7.19 [562] problem number 19

problem number 562

Added January 7, 2019.

Problem 2.3.2.19 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
axny2 + λy − ab2xne2λx

)
wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^n*y^2 + lambda*y - a*b^2*x^n*Exp[2*lambda*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
−i
(
ab(−1)−nλ−n−1Γ(n+ 1,−λx) + arctanh

(
ye−λx

b

)))}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+ ( a*x^n*y^2 + lambda*y - a*b^2*x^n*exp(2*lambda*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−
i
(
arctanh

(
e−λxy

b

)
λ+ ba xn

(
(Γ(n,−λx)n− Γ(n+ 1)) (−λx)−n + eλx

))
λ


6.2.7.20 [563] problem number 20

problem number 563

Added January 7, 2019.

Problem 2.3.2.20 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
axny2 − abxneλxy + bλeλx

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^n*y^2 - a*b*x^n*Exp[lambda*x]*y + b*lambda*Exp[lambda*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

e−λx
(
eλx
(
y − beλx

) ∫ eλx

1
exp
(
(−1)−nabλ−n−1Γ(n+1,− log(K[1]))

)
K[1]2 dK[1] + yeab(−1)−nλ−n−1Γ(n+1,−λx)

)
beλx − y




Maple 7� �
restart;
pde := diff(w(x,y),x)+ ( a*x^n*y^2 - a*b*x^n*exp(lambda*x)*y + b*lambda*exp(lambda*x) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()
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6.2.7.21 [564] problem number 21

problem number 564

Added January 7, 2019.

Problem 2.3.2.21 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
axny2 − axn

(
beλx + c

)
y + bλeλx

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^n*y^2 - a*x^n*(b*Exp[lambda*x] + c)*y + b*lambda*Exp[lambda*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+ ( a*x^n*y^2 - a*x^n*(b*exp(lambda*x) + c )*y + b*lambda*exp(lambda*x) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.7.22 [565] problem number 22

problem number 565

Added January 7, 2019.

Problem 2.3.2.22 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
axne2λxy2 +

(
bxneλx − λ

)
y + cxn

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^n*Exp[2*lambda*x]*y^2 + (b*x^n*Exp[lambda*x] - lambda)*y + c*x^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*x^n*exp(2*lambda*x)*y^2 + (b*x^n*exp(lambda*x) - lambda)*y + c*x^n)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


(

2 arctan
(
b2+2ab eλxy√

4b2ac−b4

)
bλ

√
4b2ac−b4

− (−λx)−n Γ(n,−λx)xnn+ (−λx)−n xnΓ(n+ 1)− xneλx
)
b

λ


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6.2.7.23 [566] problem number 23

problem number 566

Added January 10, 2019.

Problem 2.3.2.23 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
aeλx(y − bxn − c)2 + bnxn−1)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Exp[lambda*x]*(y - b*x^n - c)^2 + b*n*x^(n - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
aeλx

λ
− 1
bxn + c− y

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+ ( a*exp(lambda*x)*(y- b*x^n - c)^2 +b*n*x^(n-1))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
− a(b xn + c− y)
(eλxa (b xn + c− y)− λ)λ

)

6.2.7.24 [567] problem number 24

problem number 567

Added January 10, 2019.

Problem 2.3.2.24 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
y2 + 2aλxeλx2 − a2e2λx

2
)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + 2*a*lambda*x*Exp[lambda*x^2] - a^2*Exp[2*lambda*x^2])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := diff(w(x,y),x)+ ( y^2+2*a*lambda*x*exp(lambda*x^2) - a^2*exp(2*lambda*x^2))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.7.25 [568] problem number 25

problem number 568

Added January 10, 2019.

Problem 2.3.2.25 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
ae−λx2

y2 + λxy + ab2
)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Exp[-(lambda*x^2)]*y^2 + lambda*x*y + a*b^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

arctan
(
ye−

λx2
2

b

)
−

√
π
2aberf

(√
λx√
2

)
√
λ




Maple 3� �
restart;
pde := diff(w(x,y),x)+ ( a*exp(-lambda*x^2)*y^2 + lambda*x*y + a*b^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

ba
√
π
√
2 erf

(√
2
√
λx

2

)
− 2 arctan

(
e−

λx2
2 y
b

)√
λ

2
√
λ


6.2.7.26 [569] problem number 26

problem number 569

Added January 10, 2019.

Problem 2.3.2.26 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
axny2 + λxy + ab2xneλx

2
)
wy = 0



chapter 6. handbook of first order partial differential . . . 911

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^n*y^2 + lambda*x*y + a*b^2*x^n*Exp[lambda*x^2])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
arctan

(
ye−

λx2
2

b

)
− iabi−n2n−1

2 λ−
n
2−

1
2Γ
(
n+ 1
2 ,−λx

2

2

))}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+ ( a*x^n*y^2 + lambda*x*y + a*b^2*x^n*exp(lambda*x^2) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ab2− 1

2+
n
2 xn+1Γ

(
n

2 + 1
2

)(
−λx2

)− 1
2−

n
2 − ab2− 1

2+
n
2 xn+1(−λx2)− 1

2−
n
2 Γ
(
n

2 + 1
2 ,−

λx2

2

)
− arctan

(
e−λx2

2 y

b

))

6.2.7.27 [570] problem number 27

problem number 570

Added January 10, 2019.

Problem 2.3.2.27 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
ae2λxy3 + beλxy2 + cy + de−λx

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Exp[2*lambda*x]*y^3 + b*Exp[lambda*x]*y^2 + c*y + d*Exp[-(lambda*x)])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ ( a*exp(2*lambda*x)*y^3 + b*exp(lambda*x)*y^2 + c*y+ d*exp(-lambda*x) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

x−
 ∑

_R=RootOf
(
a_Z3+b_Z2+(c+λ)_Z+d

)
ln
(
eλxy − _R

)
3_R2a+ 2_Rb+ c+ λ


Solution contains RootOf
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6.2.7.28 [571] problem number 28

problem number 571

Added January 10, 2019.

Problem 2.3.2.28 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
aeλxy3 + 3abeλxy2 + cy − 2ab3eλx + bc

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Exp[lambda*x]*y^3 + 3*a*b*Exp[lambda*x]*y^2 + c*y - 2*a*b^3*Exp[lambda*x] + b*c)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

e− 6ab2eλx
λ

(
2(b+ y)2e 6ab2eλx

λ

∫ x

1 ae
(2c+λ)K[1]− 6ab2eλK[1]

λ dK[1] + e2cx
)

(b+ y)2





Maple 3� �
restart;
pde := diff(w(x,y),x)+ ( a*exp(lambda*x)*y^3 + 3*a*b*exp(lambda*x)*y^2 + c*y- 2*a*b^3*exp(lambda*x) + b*c )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

2a(b+ y)2
∫
e

−6 eλxa b2+2λx
(
c+λ2

)
λ dx+ e−6 eλxa b2+2xcλ

λ

(b+ y)2


6.2.7.29 [572] problem number 29

problem number 572

Added January 10, 2019.

Problem 2.3.2.29 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xwx +

(
aeλxy2 + ky + ab2x2keλx

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*Exp[lambda*x]*y^2 + k*y + a*b^2*x^(2*k)*Exp[lambda*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
a
√
b2xk(−λx)−kΓ(k,−λx) + arctan

(
yx−k

√
b2

))}}
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Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ ( a*exp(lambda*x)* y^2 + k*y + a*b^2*x^(2*k)*exp(lambda*x) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
− arctan

(
x−ky

b

)
+ ab xk(−Γ(k,−λx) + Γ(k)) (−λx)−k

)

6.2.7.30 [573] problem number 30

problem number 573

Added January 10, 2019.

Problem 2.3.2.30 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xwx +

(
ax2neλxy2 + (bxneλx − n)y + ceλx

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*x^(2*n)*Exp[lambda*x]*y^2 + (b*x^n*Exp[lambda*x] - n)*y + c*Exp[lambda*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ ( a*x^(2*n)*exp(lambda*x)*y^2 + (b*x^n*exp(lambda*x) - n)*y + c*exp(lambda*x) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

2b arctan
(

b2+2ay xnb√
4b2ac−b4

)
√
4b2ac− b4

+ (−λx)−n xn(Γ(n,−λx)− Γ(n))

 b


6.2.7.31 [574] problem number 31

problem number 574

Added January 10, 2019.

Problem 2.3.2.31 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

ywx + eλx
(
(2aλx+ a+ b)y − eλx(a2λx2 + abx− c)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = y*D[w[x, y], x] + Exp[lambda*x]*((2*a*lambda*x + a + b)*y - Exp[lambda*x]*(a^2*lambda*x^2 + a*b*x - c))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := y*diff(w(x,y),x)+ exp(lambda*x)* ( (2*a*lambda*x+a + b)*y - exp(lambda*x)*(a^2*lambda*x^2 + a*b*x-c) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


−2 e−_a arctan

(
2λax+b−2 e−λxyλ

a
√

−b2−4cλ
a2

)
a tan

(
_a
√

−b2−4cλ
a2

2

)
− e

−

2 arctan

 2λax+b−2 e−λxyλ

a

√
−b2−4cλ

a2


√

−b2−4cλ
a2 (2λax+ b)

2a


6.2.7.32 [575] problem number 32

problem number 575

Added January 10, 2019.

Problem 2.3.2.32 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
aeλxwx + bymwy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[lambda*x]*D[w[x, y], x] + b*y^m*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
be−λx

aλ
− y1−m

m− 1

)}}
Maple 3� �
restart;
pde := a*exp(lambda*x)*diff(w(x,y),x)+ b*y^m*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
aλ y1−m − b e−λx(m− 1)

λa

)
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6.2.7.33 [576] problem number 33

problem number 576

Added January 10, 2019.

Problem 2.3.2.33 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(aey + bx)wx + wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = (a*Exp[y] + b*x)*D[w[x, y], x] + D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → ac1e

y−by

b− 1 + c1xe
−by + c2

}}
Maple 3� �
restart;
pde := (a*exp(y)+b*x)*diff(w(x,y),x)+ diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
e−y(b−1)(x(b− 1) e−y + a)

b− 1

)

6.2.7.34 [577] problem number 34

problem number 577

Added January 10, 2019.

Problem 2.3.2.34 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(axneλy + bxym)wx + eµywy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n*Exp[lambda*y] + b*x*y^m)*D[w[x, y], x] + Exp[mu*y]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := (a*x^n*exp(lambda*y)+ b*x*y^m)*diff(w(x,y),x)+ exp(mu*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


x−n

(µ_a)−
m
2 (n− 1)

∫ bx_am(µy)m2 e
2 e−

µ_a
2 b_am(µ_a)−

m
2 WhittakerM

(
m
2 ,
m
2 +1

2 ,µy
)
(n−1)−3µ2(m+1)

(
y−_a

3
)

2µ(m+1) − bx_am_a e
e−

µ_a
2 b_am(µ_a)−

m
2 WhittakerM

(
m
2 ,
m
2 +1

2 ,µy
)
(n−1)−µ2y(m+1)

µ(m+1) (µ_a)
m
2

y
− a xn(µ_a)

m
2 e

e−
µ_a
2 b_am(µ_a)−

m
2 WhittakerM

(
m
2 ,
m
2 +1

2 ,µy
)
(n−1)−µ(−λ_a+µy)(m+1)

µ(m+1)

 dy − e
bWhittakerM

(
m
2 ,
m
2 +1

2 ,µy
)
(n−1)

(
1
µ

)m
2 e−

µy
2 y

m
2

µ(m+1) x


n− 1


6.2.7.35 [578] problem number 35

problem number 578

Added January 10, 2019.

Problem 2.3.2.35 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(axnym + bxeλy)wx + ykwy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n*y^m + b*x*Exp[lambda*y])*D[w[x, y], x] + y^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (a*x^n*y^m+ b *x*exp(lambda*y))*diff(w(x,y),x)+ y^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
w(x, y) = f1

(∫
ym−ke−

y−kb(n−1)
(
k(−λy)kΓ(−k,−λy)+(−λy)kΓ(−k+1)−eλy

)
λ dya(n− 1) + e−

y−kb(n−1)
(
k(−λy)kΓ(−k,−λy)+(−λy)kΓ(−k+1)−eλy

)
λ x−n+1

)

6.2.7.36 [579] problem number 36

problem number 579

Added January 10, 2019.

Problem 2.3.2.36 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(axnym + bxyk)wx + eλywy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n*y^m + b*x*y^k)*D[w[x, y], x] + Exp[lambda*y]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (a*x^n*y^m+ b *x*y^k)*diff(w(x,y),x)+ exp(lambda*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


−

(λ_a)−
k
2 (n− 1)

∫ −bx_ak(λy)
k
2 e

2 e−
λ_a
2 b_ak(λ_a)−

k
2 WhittakerM

(
k
2 ,
k
2 +1

2 ,λy
)
(n−1)−3(k+1)

(
y−_a

3
)
λ2

2λ(k+1) y+(λ_a)
k
2 e

e−
λ_a
2 b_ak(λ_a)−

k
2 WhittakerM

(
k
2 ,
k
2 +1

2 ,λy
)
(n−1)−λ2y(k+1)

λ(k+1) _a
(
_akbx+_amxna

)
y

dy + e
bWhittakerM

(
k
2 ,
k
2 +1

2 ,λy
)
(n−1)

(
1
λ

) k
2 e−

λy
2 y

k
2

λ(k+1) x

x−n

n− 1


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6.2.8.1 [580] problem number 1

problem number 580

Added January 10, 2019.

Problem 2.4.1.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + a sinh(λx)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Sinh[lambda*x]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − a cosh(λx)

λ

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+ a*sinh(lambda*x)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
yλ− cosh (λx) a

λ

)

6.2.8.2 [581] problem number 2

problem number 581

Added January 10, 2019.

Problem 2.4.1.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + a sinh(µy)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Sinh[mu*y]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
−aµx+ arctanh(cosh(µy))

µ

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+ a*sinh(mu*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−xaµ− 2 arctanh (eµy)

aµ

)

6.2.8.3 [582] problem number 3

problem number 582

Added January 10, 2019.

Problem 2.4.1.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 − a2 + aλ sinh(λx)− a2 sinh2(λx)

)
wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 - a^2 + a*lambda*Sinh[lambda*x] - a^2*Sinh[lambda*x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

2λe
ae−λx

(
e2λx−1

)
λ

+λx

ae2λx + a− 2yeλx −
∫ eλx

1

e
a
(
K[1]2−1

)
λK[1]

K[1] dK[1]





Maple 3� �
restart;
pde := diff(w(x,y),x)+ (y^2-a^2 + a*lambda*sinh(lambda*x) - a^2*sinh(lambda*x)^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 √
sinh (λx) + i

(
(−2a cosh (λx)− 2y)HeunC

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
, −8ia+3λ

8λ ,− i sinh(λx)
2 + 1

2

)
+ iHeunCPrime

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
, −8ia+3λ

8λ ,− i sinh(λx)
2 + 1

2

)
cosh (λx)λ

)
((2 sinh (λx) a+ 2ia+ λ) cosh (λx) + 2y (sinh (λx) + i))HeunC

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
, −8ia+3λ

8λ ,− i sinh(λx)
2 + 1

2

)
− (i sinh (λx)− 1)λ cosh (λx)HeunCPrime

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
, −8ia+3λ

8λ ,− i sinh(λx)
2 + 1

2

)


6.2.8.4 [583] problem number 4

problem number 583

Added January 10, 2019.

Problem 2.4.1.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + λ

(
sinh(λx)y2 − sinh3(λx)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + lambda*(Sinh[lambda*x]*y^2 - Sinh[lambda*x]^3)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ lambda*(sinh(lambda*x)*y^2 - sinh(lambda*x)^3)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−

√
π (y − cosh (λx))

2 e
cosh(2λx)

2 + 1
2 +

√
π (y − cosh (λx)) erfi (cosh (λx))

)
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6.2.8.5 [584] problem number 5

problem number 584

Added January 10, 2019.

Problem 2.4.1.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
(a sinh2(λx)− λ)y2 − a sinh2(λx) + λ− a

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + ((a*Sinh[lambda*x]^2 - lambda)*y^2 - a*Sinh[lambda*x]^2 + lambda - a)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
sinh(2λx)(y tanh(λx)− 1)(

sinh(2λx)− 2y sinh2(λx)
) ∫ x

1 e
a sinh2(λK[1])

λ csch2(λK[1])
(
λ− a sinh2(λK[1])

)
dK[1] + 2e

a sinh2(λx)
λ

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+ ((a*sinh(lambda*x)^2-lambda)*y^2 - a*sinh(lambda*x)^2 + lambda - a)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 −2 sinh (λx)2 y + sinh (2λx)
2λ
(
−2 sinh (λx)2 y

∫
−e

cosh(2λx)a
2λ

(
a− λ csch (λx)2

)
dx+ sinh (2λx)

∫
−e

cosh(2λx)a
2λ

(
a− λ csch (λx)2

)
dx+ 2 e

cosh(2λx)a
2λ

)


6.2.8.6 [585] problem number 6

problem number 585

Added January 10, 2019.

Problem 2.4.1.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
sinh(λx)wx + a(sinh(µy))wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = Sinh[lambda*x]*D[w[x, y], x] + a*Sinh[mu*y]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
aarctanh(cosh(λx))

λ
− arctanh(cosh(µy))

µ

)}}
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Maple 3� �
restart;
pde := sinh(lambda*x)*diff(w(x,y),x)+ a*sinh(mu*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
− ln

(
tanh

(
λx
2

))
aµ− 2 arctanh (eµy)λ
λaµ

)

6.2.8.7 [586] problem number 7

problem number 586

Added January 10, 2019.

Problem 2.4.1.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
sinh(µy)wx + a(sinh(λx))wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = Sinh[mu*yx]*D[w[x, y], x] + a*Sinh[lambda*x]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − a cosh(λx)csch(µyx)

λ

)}}
Maple 3� �
restart;
pde := sinh(mu*y)*diff(w(x,y),x)+ a*sinh(lambda*x)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
− cosh (λx) aµ+ cosh (µy)λ

λaµ

)

6.2.9 4.2
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6.2.9.1 [587] problem number 1

problem number 587

Added January 10, 2019.

Problem 2.4.2.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + a(cosh(λx))wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Cosh[lambda*x]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − a sinh(λx)

λ

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+ a*cosh(lambda*x)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
yλ− a sinh (λx)

λ

)

6.2.9.2 [588] problem number 2

problem number 588

Added January 10, 2019.

Problem 2.4.2.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + a(cosh(λx))wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Cosh[lambda*y]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
−aλx+ cot−1(sinh(λy))

λ

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+ a*cosh(lambda*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−xaλ+ 2arctan

(
eλy
)

aλ

)

6.2.9.3 [589] problem number 3

problem number 589

Added January 10, 2019.

Problem 2.4.2.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
(a cosh2(λx)− λ)y2 − a cosh2(λx) + λ+ a

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + ((a*Cosh[lambda*x]^2 - lambda)*y^2 - a*Cosh[lambda*x]^2 + lambda + a)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
− 2 cosh(λx)(y cosh(λx)− sinh(λx))
(y cosh(2λx)− sinh(2λx) + y)

∫ x

1 e
a cosh2(λK[1])

λ

(
λ− a cosh2(λK[1])

)
sech2(λK[1])dK[1]− 2e

a cosh2(λx)
λ

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+ ( (a *cosh(lambda*x)^2-lambda)*y^2 - a*cosh(lambda*x)^2+ lambda + a)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

− 2 cosh (λx)2 y − sinh (2λx)
2λ
(
−2
∫
−e

cosh(2λx)a
2λ

(
a− λ sech (λx)2

)
dx cosh (λx)2 y + sinh (2λx)

∫
−e

cosh(2λx)a
2λ

(
a− λ sech (λx)2

)
dx+ 2 e

cosh(2λx)a
2λ

)


6.2.9.4 [590] problem number 4

problem number 590

Added January 10, 2019.

Problem 2.4.2.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

2wx +
(
(a− λ+ a cosh(λx))y2 + a+ λ− a cosh(λx)

)
wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = 2*D[w[x, y], x] + ((a - lambda + a*Cosh[lambda*x])*y^2 + a + lambda - a*Cosh[lambda*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

−
2 cosh

(
λx
2

) (
y cosh

(
λx
2

)
− sinh

(
λx
2

))
(y cosh(λx)− sinh(λx) + y)

∫ x

1 −e
2a cosh2

(
1
2λK[1]

)
λ (cosh(λK[1])a+ a− λ)sech2 (1

2λK[1]
)
dK[1]− 4e

2a cosh2
(
λx
2
)

λ




Maple 3� �
restart;
pde := 2*diff(w(x,y),x)+ ( (a - lambda + a*cosh(lambda*x))*y^2 + a+ lambda- a *cosh(lambda*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 2 cosh
(
λx
2

) (
cosh

(
λx
2

)
y − sinh

(
λx
2

))
λ
(
cosh

(
λx
2

) (
cosh

(
λx
2

)
y − sinh

(
λx
2

)) ∫
e

cosh(λx)a
λ

(
−2a+ λ sech

(
λx
2

)2)
dx− 2 e

cosh(λx)a
λ

)


6.2.9.5 [591] problem number 5

problem number 591

Added January 10, 2019.

Problem 2.4.2.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(axn + bx coshm(y))wx + ykwy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n + b*x*Cosh[y]^m)*D[w[x, y], x] + y^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (a*x^n+ b*x*cosh(y)^m)*diff(w(x,y),x)+ y^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
a(n− 1)

∫
y−keb

∫
y−k cosh(y)mdy(n−1)dy + x−n+1eb

∫
y−k cosh(y)mdy(n−1)

)
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6.2.9.6 [592] problem number 6

problem number 592

Added January 10, 2019.

Problem 2.4.2.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(axn + bx coshm(y))wx + coshk(λy)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n + b*x*Cosh[y]^m)*D[w[x, y], x] + Cosh[lambda*y]^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (a*x^n+ b*x*cosh(y)^m)*diff(w(x,y),x)+cosh(lambda*y)^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
w(x, y) = f1

(
a(n− 1)

∫
cosh (λy)−k eb

∫
cosh(y)m cosh(λy)−kdy(n−1)dy + x−n+1eb

∫
cosh(y)m cosh(λy)−kdy(n−1)

)

6.2.9.7 [593] problem number 7

problem number 593

Added January 10, 2019.

Problem 2.4.2.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(axnym + bx)wx + coshk(λy)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n*y^m + b*x)*D[w[x, y], x] + Cosh[lambda*y]^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (a*x^n*y^m+ b*x)*diff(w(x,y),x)+cosh(lambda*y)^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
w(x, y) = f1

(
a(n− 1)

∫
ym cosh (λy)−k eb

∫
cosh(λy)−kdy(n−1)dy + x−n+1eb

∫
cosh(λy)−kdy(n−1)

)
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6.2.9.8 [594] problem number 8

problem number 594

Added January 10, 2019.

Problem 2.4.2.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(cosh(µy))wx + a cosh(λx)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = Cosh[mu*y]*D[w[x, y], x] + a*Cosh[lambda*x]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
sinh(µy)

µ
− a sinh(λx)

λ

)}}
Maple 3� �
restart;
pde := cosh(mu*y)*diff(w(x,y),x)+a*cosh(lambda*x)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
− sinh (λx) aµ+ sinh (µy)λ

λaµ

)

6.2.10 4.3
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6.2.10.6 [600] problem number 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 929
6.2.10.7 [601] problem number 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 930
6.2.10.8 [602] problem number 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 930

6.2.10.1 [595] problem number 1

problem number 595

Added January 10, 2019.

Problem 2.4.3.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + a tanh(λx)wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Tanh[lambda*x]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − a log(cosh(λx))

λ

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+a*tanh(lambda*x)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
yλ− ln (cosh (λx)) a

λ

)

6.2.10.2 [596] problem number 2

problem number 596

Added January 10, 2019.

Problem 2.4.3.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + a tanh(λy)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Tanh[lambda*y]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
log(sinh(λy))

λ
− ax

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+a*tanh(lambda*x)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
yλ− a ln (cosh (λx))

λ

)
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6.2.10.3 [597] problem number 3

problem number 597

Added January 10, 2019.

Problem 2.4.3.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
y2 + aλ− a(a+ λ) tanh2(λx)

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + a*lambda - a*(a + lambda)*Tanh[lambda*x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

−
λe−2ax

(
Hypergeometric2F1

(
−2a

λ
,− a

λ
, 1− a

λ
,−e2λx

) (
a
(
e2λx − 1

)
− y
(
e2λx + 1

))
+ 2a

(
e2λx + 1

) 2a
λ
+1
)

a (a (−e2λx) + a+ ye2λx + y)




Maple 3� �
restart;
pde := diff(w(x,y),x)+( y^2+a*lambda - a*(a+lambda)*tanh(lambda*x)^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
LegendreP

(
a+λ
λ
, a
λ
, tanh (λx)

)
λ− ((a+ λ) tanh (λx) + y) LegendreP

(
a
λ
, a
λ
, tanh (λx)

)
−λLegendreQ

(
a+λ
λ
, a
λ
, tanh (λx)

)
+ LegendreQ

(
a
λ
, a
λ
, tanh (λx)

)
((a+ λ) tanh (λx) + y)

)

6.2.10.4 [598] problem number 4

problem number 598

Added January 10, 2019.

Problem 2.4.3.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 + 3aλ− λ2 − a(a+ λ) tanh2(λx)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + 3*a*lambda - lambda^2 - a*(a + lambda)*Tanh[lambda*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := diff(w(x,y),x)+( y^2+3*a*lambda - lambda^2 -a*(a+lambda)*tanh(lambda*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


(
iλ−

√
a2 + 4aλ− λ2

) ( tanh(λx)
2 + 1

2

)−√−a2−4aλ+λ2
λ (

a+ λ+
√
−a2 − 4aλ+ λ2

) (
−(a− λ+ y) (sinh (λx) + cosh (λx)) a

(
λ+

√
−a2−4aλ+λ2

2

)
hypergeom

([
a+λ−

√
−a2−4aλ+λ2

2λ , a+λ−
√
−a2−4aλ+λ2

2λ

]
,
[
−
√
−a2−4aλ+λ2+2λ

λ

]
, tanh(λx)2 + 1

2

)
+ hypergeom

([
−−a+λ+

√
−a2−4aλ+λ2

2λ ,−−a+λ+
√
−a2−4aλ+λ2

2λ

]
,
[
λ−

√
−a2−4aλ+λ2

λ

]
, tanh(λx)2 + 1

2

)
cosh (λx)

(
i(a2 + (3λ− y) a− 2λ(y + λ))

√
a2 + 4aλ− λ2 − a3 + (−y − 6λ) a2 + (−7λ2 − 3λy) a+ 2λ2(y + λ)

))
(
a+ λ−

√
−a2 − 4aλ+ λ2

) (√
a2 + 4aλ− λ2 + iλ

) (
cosh (λx) hypergeom

([
a−λ+

√
−a2−4aλ+λ2

2λ , a−λ+
√
−a2−4aλ+λ2

2λ

]
,
[
λ+

√
−a2−4aλ+λ2

λ

]
, tanh(λx)2 + 1

2

) (
i (a2 + (3λ− y) a− 2λ (y + λ))

√
a2 + 4aλ− λ2 + a3 + (y + 6λ) a2 + (7λ2 + 3λy) a− 2λ2 (y + λ)

)
+ (a− λ+ y) (sinh (λx) + cosh (λx)) hypergeom

([
a+λ+

√
−a2−4aλ+λ2

2λ , a+λ+
√
−a2−4aλ+λ2

2λ

]
,
[√

−a2−4aλ+λ2+2λ
λ

]
, tanh(λx)2 + 1

2

)
a
(
λ−

√
−a2−4aλ+λ2

2

))


6.2.10.5 [599] problem number 5

problem number 599

Added January 10, 2019.

Problem 2.4.3.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(axn + bx tanhm(y))wx + ykwy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n + b*x*Tanh[y]^m)*D[w[x, y], x] + y^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := ( a*x^n + b*x*tanh(y)^m)*diff(w(x,y),x)+y^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
a(n− 1)

∫
y−keb

∫
tanh(y)my−kdy(n−1)dy + x−n+1eb

∫
tanh(y)my−kdy(n−1)

)

6.2.10.6 [600] problem number 6

problem number 600

Added January 10, 2019.

Problem 2.4.3.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(axn + bx tanhm(y))wx + tanhk(λy)wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n + b*x*Tanh[y]^m)*D[w[x, y], x] + Tanh[lambda*y]^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := ( a*x^n + b*x*tanh(y)^m)*diff(w(x,y),x)+tanh(lambda*y)^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
time expired

6.2.10.7 [601] problem number 7

problem number 601

Added January 10, 2019.

Problem 2.4.3.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(axnym + bx)wx + tanhk(λy)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n*y^m + b*x)*D[w[x, y], x] + Tanh[lambda*y]^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := ( a*x^n*y^m + b*x)*diff(w(x,y),x)+tanh(lambda*y)^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
w(x, y) = f1

(
a(n− 1)

∫
ym tanh (λy)−k eb

∫
tanh(λy)−kdy(n−1)dy + x−n+1eb

∫
tanh(λy)−kdy(n−1)

)

6.2.10.8 [602] problem number 8

problem number 602

Added January 10, 2019.

Problem 2.4.3.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(axn tanhm y + bx)wx + ykwy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = (a*x^n*Tanh[y]^m)*D[w[x, y], x] + y^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(∫ y

1
K[1]−k tanhm(K[1])dK[1] + x1−n

a(n− 1)

)}}
Maple 3� �
restart;
pde := ( a*x^n*tanh(y)^m)*diff(w(x,y),x)+y^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
a(n− 1)

∫
y−k tanh (y)m dy + x−n+1

)

6.2.11 4.4

Local contents
6.2.11.1 [603] problem number 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 931
6.2.11.2 [604] problem number 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 932
6.2.11.3 [605] problem number 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 932
6.2.11.4 [606] problem number 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 933

6.2.11.1 [603] problem number 1

problem number 603

Added January 10, 2019.

Problem 2.4.4.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + a coth(λx)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Coth[lambda*x]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − a log(sinh(λx))

λ

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+a*coth(lambda*x)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
yλ− a ln (sinh (λx))

λ

)
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6.2.11.2 [604] problem number 2

problem number 604

Added January 10, 2019.

Problem 2.4.4.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + a coth(λy)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Coth[lambda*y]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
log(cosh(λy))

λ
− ax

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+a*coth(lambda*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
xaλ− ln (cosh (λy))

aλ

)

6.2.11.3 [605] problem number 3

problem number 605

Added January 10, 2019.

Problem 2.4.4.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
y2 + aλ− a(a+ λ) coth2(λx)

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + a*lambda - a*(a + lambda)*Coth[lambda*x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

λe−2ax

Hypergeometric2F1
(
−2a

λ
,− a

λ
, 1− a

λ
, e2λx

)
a

−
2
(
1− e2λx

) 2a
λ
+1

ae2λx + a− ye2λx + y



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Maple 3� �
restart;
pde := diff(w(x,y),x)+(y^2 + a*lambda - a*(a+lambda)*coth(lambda*x)^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
LegendreP

(
a+λ
λ
, a
λ
, coth (λx)

)
λ− LegendreP

(
a
λ
, a
λ
, coth (λx)

)
((a+ λ) coth (λx) + y)

−λLegendreQ
(
a+λ
λ
, a
λ
, coth (λx)

)
+ LegendreQ

(
a
λ
, a
λ
, coth (λx)

)
((a+ λ) coth (λx) + y)

)

6.2.11.4 [606] problem number 4

problem number 606

Added January 10, 2019.

Problem 2.4.4.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 + 3aλ− λ2 − a(a+ λ) coth2(λx)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + 3*a*lambda - lambda^2 - a*(a + lambda)*Coth[lambda*x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+(y^2 + a*lambda -lambda^2 - a*(a+lambda)*coth(lambda*x)^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(−a+√
a2 + λ2 − λ

)
LegendreP

(
a+λ
λ
,
√
a2+λ2

λ
, coth (λx)

)
+ LegendreP

(
a
λ
,
√
a2+λ2

λ
, coth (λx)

)
((a+ λ) coth (λx) + y)(

a+ λ−
√
a2 + λ2

)
LegendreQ

(
a+λ
λ
,
√
a2+λ2

λ
, coth (λx)

)
− ((a+ λ) coth (λx) + y) LegendreQ

(
a
λ
,
√
a2+λ2

λ
, coth (λx)

)


6.2.12 4.5

Local contents
6.2.12.1 [607] problem number 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 934
6.2.12.2 [608] problem number 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 934
6.2.12.3 [609] problem number 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 935
6.2.12.4 [610] problem number 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 935
6.2.12.5 [611] problem number 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 936
6.2.12.6 [612] problem number 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 937
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6.2.12.1 [607] problem number 1

problem number 607

Added January 10, 2019.

Problem 2.4.5.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + a sinh(λx) cosh(µy)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Sinh[lambda*x]*Cosh[mu*y]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
−2a cosh(λx)

λ
− 2 cot−1(sinh(µy))

µ

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+a*sinh(lambda*x)*cosh(mu*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
− cosh (λx) aµ+ 2arctan (eµy)λ

λaµ

)

6.2.12.2 [608] problem number 2

problem number 608

Added January 10, 2019.

Problem 2.4.5.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + a cosh(λx) sinh(µy)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Cosh[lambda*x]*Sinh[mu*y]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
−2a sinh(λx)

λ
− 2arctanh(cosh(µy))

µ

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+a*cosh(lambda*x)*sinh(mu*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
− sinh (λx) aµ− 2 arctanh (eµy)λ

λaµ

)

6.2.12.3 [609] problem number 3

problem number 609

Added January 10, 2019.

Problem 2.4.5.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 − 2λ2 tanh2(λx)− 2λ2 coth2(λx)

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 - 2*lambda^2*Tanh[lambda*x]^2 - 2*lambda^2*Coth[lambda*x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

e−4λx
(
16λ2xe4λx

(
e4λx + 1

)
+ y
(
e4λx + 1

) (
e4λx − 1

)2 + 2λ
(
e4λx − 1

) (
−2e4λx(2xy + 3) + e8λx + 1

))
−ye4λx + 2λ (e4λx + 1) + y




Maple 3� �
restart;
pde := diff(w(x,y),x)+(y^2 -2 *lambda^2*tanh(lambda*x)^2 - 2*lambda^2*coth(lambda*x)^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 2 cosh (λx)2 λ− y sinh (λx) cosh (λx)− λ(
−2 cosh (λx)2 λ+ y sinh (λx) cosh (λx) + λ

)
ln (coth (λx)− 1) +

(
2 cosh (λx)2 λ− y sinh (λx) cosh (λx)− λ

)
ln (coth (λx) + 1) + 4 sinh (λx)

(
y cosh (λx)3 sinh (λx) + 2λ cosh (λx)4 − y sinh(λx) cosh(λx)

2 − 2 cosh (λx)2 λ− λ
2

)
cosh (λx)



6.2.12.4 [610] problem number 4

problem number 610

Added January 10, 2019.

Problem 2.4.5.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 + λ(a+ b)− 2ab− a(a+ λ) tanh2(λx)− b(b+ λ) coth2(λx)

)
wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + lambda*(a + b) - 2*a*b - a*(a + lambda)*Tanh[lambda*x]^2 - b*(b + lambda)*Coth[lambda*x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

λe−2x(a+b)((a+ b− λ)AppellF1
(
−a+b

λ
,−2b

λ
,−2a

λ
,−a+b−λ

λ
, e2λx,−e2λx

) (
a
(
−2e2λx + 3e4λx − 1

)
+
(
e2λx + 1

) (
b
(
3e2λx − 1

)
− ye2λx + y

))
+ 4b(a+ b)e2λx

(
e4λx − 1

)
AppellF1

(
1− a+b

λ
, 1− 2b

λ
,−2a

λ
,−a+b−2λ

λ
, e2λx,−e2λx

)
− 4a(a+ b)e2λx

(
e4λx − 1

)
AppellF1

(
1− a+b

λ
,−2b

λ
, 1− 2a

λ
,−a+b−2λ

λ
, e2λx,−e2λx

))
(a+ b)(a+ b− λ)

(
a (e2λx − 1)2 + (e2λx + 1) (be2λx + b− ye2λx + y)

)



Maple 3� �
restart;
pde := diff(w(x,y),x)+(y^2 +lambda*(a+b)-2*a*b -a*(a+lambda)*tanh(lambda*x)^2 - b*(b+lambda)*coth(lambda*x)^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


(
− csch (λx)2

)a+b
λ
(
− sinh (λx) y cosh (λx) + a sinh (λx)2 + b cosh (λx)2

) (
a+ 3λ

2

)
coth (λx)

−2a−λ
λ sinh (λx)2

2 cosh (λx)2
(
b− λ

2

)
λ hypergeom

([
2,−2b−3λ

2λ

]
,
[2a+5λ

2λ

]
, coth (λx)2

)
+ hypergeom

([
1, −2b+λ

2λ

]
,
[2a+3λ

2λ

]
, coth (λx)2

)(
a2 sinh (λx)2 + y cosh (λx)

(
a+ 3λ

2

)
sinh (λx) +

(
3λ(a+b)

2 + ab
)
cosh (λx)2 −

5
(
a+ 3λ

5

)
λ

2

)
sinh (λx)2



6.2.12.5 [611] problem number 5

problem number 611

Added January 10, 2019.

Problem 2.4.5.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
sinh(λy)wx + a cosh(βx)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = Sinh[lambda*y]*D[w[x, y], x] + a*Cosh[beta*x]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
cosh(λy)

λ
− a sinh(βx)

β

)}}
Maple 3� �
restart;
pde := sinh(lambda*y)*diff(w(x,y),x)+a*cosh(beta*x)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
− sinh (βx) aλ+ cosh (λy) β

βaλ

)
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6.2.12.6 [612] problem number 6

problem number 612

Added January 10, 2019.

Problem 2.4.5.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(axn coshm(λy) + bx)wx + sinhk(βy)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n*Cosh[lambda*y]^m + b*x)*D[w[x, y], x] + Sinh[beta*y]^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (a*x^n*cosh(lambda*y)^m+b*x)*diff(w(x,y),x)+sinh(beta*y)^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
w(x, y) = f1

(
a(n− 1)

∫
cosh (λy)m sinh (βy)−k eb

∫
sinh(βy)−kdy(n−1)dy + x−n+1eb

∫
sinh(βy)−kdy(n−1)

)

6.2.13 5.1

Local contents
6.2.13.1 [613] problem number 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 937
6.2.13.2 [614] problem number 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 938
6.2.13.3 [615] problem number 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 938

6.2.13.1 [613] problem number 1

problem number 613

Added January 14, 2019.

Problem 2.5.1.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
a lnk(λx) + b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Log[lambda*x]^k + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
−a log

k(λx)(− log(λx))−kΓ(k + 1,− log(λx))
λ

− bx+ y

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+(a*ln(lambda*x)^k+b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−bx+ y − a

∫
ln (λx)k dx

)

6.2.13.2 [614] problem number 3

problem number 614

Added January 14, 2019.

Problem 2.5.1.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
a lnk(λy) + b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Log[lambda*y]^k + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(∫ y

1

1
a logk(λK[1]) + b

dK[1]− x

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+(a*ln(lambda*y)^k+b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫ 1
a ln (λy)k + b

dy + x

)

6.2.13.3 [615] problem number 4

problem number 615

Added January 14, 2019.

Problem 2.5.1.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
a lnk(x+ λy)

)
wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Log[x + lambda*y]^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) →
∫ y

1

(
− λc1

aλ logk(x+ λK[6338]) + 1
−
∫ x

1

akλ2c1 logk−1(K[1] + λK[6338])
(K[1] + λK[6338])

(
aλ logk(K[1] + λK[6338]) + 1

)2dK[1]
)
dK[6338] +

∫ x

1

aλc1 logk(λy +K[1])
aλ logk(λy +K[1]) + 1

dK[1] + c2

}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+a*ln(x+lambda*y)^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫ λy+x

λ 1
1 + a ln (_aλ)k λ

d_aλ+ x

)

6.2.14 5.2

Local contents
6.2.14.1 [616] problem number 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 940
6.2.14.2 [617] problem number 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 940
6.2.14.3 [618] problem number 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 941
6.2.14.4 [619] problem number 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 941
6.2.14.5 [620] problem number 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 942
6.2.14.6 [621] problem number 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 943
6.2.14.7 [622] problem number 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 943
6.2.14.8 [623] problem number 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 944
6.2.14.9 [624] problem number 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 944
6.2.14.10 [625] problem number 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 945
6.2.14.11 [626] problem number 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 945
6.2.14.12 [627] problem number 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 946
6.2.14.13 [628] problem number 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 947
6.2.14.14 [629] problem number 14 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 947
6.2.14.15 [630] problem number 15 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 948
6.2.14.16 [631] problem number 16 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 948
6.2.14.17 [632] problem number 17 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 949
6.2.14.18 [633] problem number 18 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 949
6.2.14.19 [634] problem number 19 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 950
6.2.14.20 [635] problem number 20 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 951
6.2.14.21 [636] problem number 21 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 951
6.2.14.22 [637] problem number 22 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 952
6.2.14.23 [638] problem number 23 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 952
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6.2.14.1 [616] problem number 1

problem number 616

Added January 14, 2019.

Problem 2.5.2.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + axn lnk(λy)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*x^n*Log[lambda*y]^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
(− log(λy))k log−k(λy)Γ(1− k,− log(λy))

λ
− axn+1

n+ 1

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+a*x^n*ln(lambda*y)^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
(−n− 1)

∫
ln (λy)−k dy + a xn+1

a

)

6.2.14.2 [617] problem number 2

problem number 617

Added January 14, 2019.

Problem 2.5.2.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + ayn lnk(λx)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*y^n*Log[lambda*x]^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
−a log

k(λx)(− log(λx))−kΓ(k + 1,− log(λx))
λ

− y1−n

n− 1

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+a*y^n*ln(lambda*x)^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
y1−n + (n− 1) a

∫
ln (λx)k dx

)

6.2.14.3 [618] problem number 3

problem number 618

Added January 14, 2019.

Problem 2.5.2.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
y2 + a ln(βx)y − ab ln(βx)− b2

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + a*Log[beta*x]*y - a*b*Log[beta*x] - b^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+(y^2+ a*ln(beta*x)* y - a*b*ln(beta*x) - b^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(∫
(βx)ax e−(a−2b)xdx(b− y)− (βx)ax e−(a−2b)x

b− y

)

6.2.14.4 [619] problem number 4

problem number 619

Added January 14, 2019.

Problem 2.5.2.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
y2 + ax lnm(bx)y + a lnm(bx)

)
wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + a*x*Log[b*x]^m*y + a*Log[b*x]^m)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

−
∫ x

1

exp
(

2−m−1aΓ(m+1,−2(log(b)+log(K[1])))(− log(b)−log(K[1]))−m(log(b)+log(K[1]))m
b2

)
K[1]2 dK[1]−

exp
(

a2−m−1(− log(b)−log(x))−m(log(b)+log(x))mΓ(m+1,−2(log(b)+log(x)))
b2

)
x(xy + 1)




Maple 3� �
restart;
pde := diff(w(x,y),x)+(y^2+ a*x*ln(b*x)^m * y + a *ln(b*x)^m)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

yx ∫ e
∫ a ln(bx)mx2−2

x
dxdx+ e

∫ a ln(bx)mx2−2
x

dxx+
∫
e
∫ a ln(bx)mx2−2

x
dxdx

xy + 1


6.2.14.5 [620] problem number 5

problem number 620

Added January 14, 2019.

Problem 2.5.2.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
axny2 − abxn+1y ln(x) + b ln(x) + b

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^n*y^2 - a*b*x^(n + 1)*y*Log[x] + b*Log[x] + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+(a*x^n*y^2- a*b*x^(n+1)*y*ln(x) + b*ln(x) + b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()
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6.2.14.6 [621] problem number 6

problem number 621

Added January 14, 2019.

Problem 2.5.2.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx −
(
(n+ 1)xny2 − axn+1(ln x)my + a(ln x)m

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] - ((n + 1)*x^n*y^2 - a*x^(n + 1)*Log[x]^m*y + a*Log[x]^m)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
− (n+ 1)xn+1(yxn+1 − 1)
(n+ 1)xn+1 (yxn+1 − 1)

∫ x

1 exp ((−1)−ma(n+ 2)−m−1Γ(m+ 1,−((n+ 2) log(K[1])))− (n+ 2) log(K[1])) dK[1]− exp (a(−1)−m(n+ 2)−m−1Γ(m+ 1,−((n+ 2) log(x))))

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)-((n+1)*x^n*y^2 - a*x^(n+1)*ln(x)^m*y + a*ln(x)^m)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−xn+1e
∫ ln(x)mxn+1ax−2n−2

x
dx +

∫
x−n−2ea

∫
xn+1 ln(x)mdxdx(y xn+1 − 1) (n+ 1)

y xn+1 − 1


6.2.14.7 [622] problem number 7

problem number 622

Added January 14, 2019.

Problem 2.5.2.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
a(ln x)ny2 + bmxm−1 − ab2x2m(ln x)n

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Log[x]^n*y^2 + b*m*x^(m - 1) - a*b^2*x^(2*m)*Log[x]^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := diff(w(x,y),x)+(a *ln(x)^n*y^2 + b*m*x^(m-1) - a*b^2*x^(2*m)* ln(x)^n)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.14.8 [623] problem number 8

problem number 623

Added January 14, 2019.

Problem 2.5.2.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
a(ln x)ny2 − abxy(ln x)n+1 + b ln x+ b

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Log[x]^n*y^2 - a*b*x*y*Log[x]^(n + 1) + b*Log[x] + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+(a*ln(x)^n*y^2 - a*b*x*y*(ln(x))^(n+1) + b*ln(x)+ b )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.14.9 [624] problem number 9

problem number 624

Added January 14, 2019.

Problem 2.5.2.9 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
a(ln x)k(y − bxn − c)3 + bnxn−1)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Log[x]^k*(y - b*x^n - c)^3 + b*n*x^(n - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
(− log(x))−k

(
2a logk(x)Γ(k + 1,− log(x)) (bxn + c− y)2 + (− log(x))k

)
(bxn + c− y)2

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+(a*(ln(x))^k*(y - b*x^n-c)^3 + b*n*x^(n-1) ) *diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
1 + 2

(
x2nb2 + 2

(
b xn + c

2 −
y
2

)
(c− y)

)
a
∫
ln (x)k dx

(b xn + c− y)2

)

6.2.14.10 [625] problem number 10

problem number 625

Added January 14, 2019.

Problem 2.5.2.10 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
a(ln x)ny2 + b(ln x)my + bc(ln x)m − ac2(ln x)n

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Log[x]^n*y^2 + b*Log[x]^m*y + b*c*Log[x]^m - a*c^2*Log[x]^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+(a*(ln(x))^n*y^2 + b*(ln(x))^m *y+ b*c* (ln(x))^m - a*c^2* (ln(x))^n) *diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−e−

∫
(2 ln(x)nac−ln(x)mb)dx −

∫
ln (x)n e−

∫
(2 ln(x)nac−ln(x)mb)dxdxa(c+ y)

c+ y

)

6.2.14.11 [626] problem number 11

problem number 626

Added January 14, 2019.

Problem 2.5.2.11 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xwx + (ay + b ln x)2wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*y + b*Log[x])^2*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

arctan

ay + b log(x)

a
√

b
a3

− a2
√

b

a3
log(x)




Maple 3� �
restart;
pde := x*diff(w(x,y),x)+(a*y+ b*ln(x))^2 *diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

− ln (x)
√
ab+ arctan

(
a(ay+b ln(x))√

ab

)
√
ab


6.2.14.12 [627] problem number 12

problem number 627

Added January 14, 2019.

Problem 2.5.2.12 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xwx +

(
xy2 − A2x(ln βx)2 + A

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (x*y^2 - A^2*x*Log[beta*x]^2 + A)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := x*diff(w(x,y),x)+(x*y^2 - A^2*x*(ln(beta*x))^2 + A) *diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()
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6.2.14.13 [628] problem number 13

problem number 628

Added January 14, 2019.

Problem 2.5.2.13 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

xwx +
(
xy2 − A2x(ln(βx))2k + kA(ln(βx))k−1)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (x*y^2 - A^2*x*Log[beta*x]^(2*k) + k*A*Log[beta*x]^(k - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := x*diff(w(x,y),x)+(x*y^2 - A^2*x*(ln(beta*x))^(2*k) + k*A*(ln(beta*x))^(k-1))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.14.14 [629] problem number 14

problem number 629

Added January 14, 2019.

Problem 2.5.2.14 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xwx +

(
axny2 + b− ab2xn(ln x)2

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*x^n*y^2 + b - a*b^2*x^n*Log[x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := x*diff(w(x,y),x)+(a*x^n*y^2 + b - a*b^2*x^n*(ln(x))^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()
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6.2.14.15 [630] problem number 15

problem number 630

Added January 14, 2019.

Problem 2.5.2.15 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

xwx +
(
a(ln(λx))my2 + ky + ab2x2k(ln(λx))m

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*Log[lambda*x]^m*y^2 + k*y + a*b^2*x^(2*k)*Log[lambda*x]^m)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
a
√
b2xk(λx)−k logm+1(λx)(−k log(λx))−m−1Γ(m+ 1,−k log(λx)) + arctan

(
yx−k

√
b2

))}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x)+(a*(ln(lambda*x))^m*y^2 + k*y+ a*b^2*x^(2*k)* (ln(lambda*x))^m )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ba

∫
ln (λx)m xk−1dx− arctan

(
x−ky

b

))

6.2.14.16 [631] problem number 16

problem number 631

Added January 14, 2019.

Problem 2.5.2.16 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xwx +

(
axn(y + b ln x)2 − b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*x^n*(y + b*Log[x])^2 - b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
abxn log(x) + ayxn + n

bn log(x) + ny

)}}
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Maple 3� �
restart;
pde := x*diff(w(x,y),x)+(a*x^n*(y + b*ln(x))^2 - b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
a(y + b ln (x))xn + n

n (y + b ln (x))

)

6.2.14.17 [632] problem number 17

problem number 632

Added January 14, 2019.

Problem 2.5.2.17 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

xwx +
(
ax2n ln(x)y2 + (bxn ln x− n)y + c ln x

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*x^(2*n)*Log[x]*y^2 + (b*x^n*Log[x] - n)*y + c*Log[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

(√b2 − 4ac+ 2ayxn + b
)
e
xn
√
b2−4ac(n log(x)−1)

n2

√
b2 − 4ac− 2ayxn − b




Maple 3� �
restart;
pde := x*diff(w(x,y),x)+(a*x^(2*n)*ln(x)* y^2 + (b* x^n *ln(x) - n)*y + c *ln(x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

2
(
−

√
4b2ac−b4 xn(ln(x)n−1)

2 + b n2 arctan
(

b2+2xnayb√
4b2ac−b4

))
b

√
4b2ac− b4 n2


6.2.14.18 [633] problem number 18

problem number 633

Added January 14, 2019.

Problem 2.5.2.18 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xkwx + (ayn(ln x)m + by(ln x)s)wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = x^k*D[w[x, y], x] + (a*y^n*Log[x]^m + b*y*Log[x]^s)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
(n− 1)

∫ x

1
a exp

(
−b(k − 1)−s−1(n− 1)Γ(s+ 1, (k − 1) log(K[1]))

)
K[1]−k logm(K[1])dK[1] + y1−n exp

(
−b(n− 1)(k − 1)−s−1Γ(s+ 1, (k − 1) log(x))

))}}
Maple 3� �
restart;
pde := x^k*diff(w(x,y),x)+(a*y^n*(ln(x))^m + b*y*(ln(x))^s )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
a(n− 1)

∫
x−k ln (x)m eb

∫
x−k ln(x)sdx(n−1)dx+ y1−neb

∫
x−k ln(x)sdx(n−1)

)

6.2.14.19 [634] problem number 19

problem number 634

Added January 14, 2019.

Problem 2.5.2.19 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(a ln x+ b)wx +
(
y2 + c(ln x)ny − λ2 + λc(ln x)n

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*Log[x] + b)*D[w[x, y], x] + (y^2 + c*Log[x]^n*y - lambda^2 + lambda*c*Log[x]^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (a*ln(x)+b)*diff(w(x,y),x)+(y^2+ c*(ln(x))^n*y- lambda^2 + lambda*c*(ln(x))^n )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(−λ− y)
∫ e

∫ ln(x)nc−2λ
a ln(x)+b dx

a ln(x)+b
dx− e

∫ ln(x)nc−2λ
a ln(x)+b dx

λ+ y


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6.2.14.20 [635] problem number 20

problem number 635

Added January 14, 2019.

Problem 2.5.2.20 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(a ln x+ b)wx +
(
(ln x)ny2 − cy − λ2(ln x)n + cλ

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*Log[x] + b)*D[w[x, y], x] + (Log[x]^n*y^2 - c*y - lambda^2*Log[x]^n + c*lambda)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (a*ln(x)+b)*diff(w(x,y),x)+((ln(x))^n*y^2- c*y - lambda^2*(ln(x))^n + c*lambda )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(λ− y)
∫ ln(x)ne

∫ 2 ln(x)nλ−c
a ln(x)+b dx

a ln(x)+b
dx− e

∫ 2 ln(x)nλ−c
a ln(x)+b dx

−λ+ y


6.2.14.21 [636] problem number 21

problem number 636

Added January 14, 2019.

Problem 2.5.2.21 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
x2 ln(ax)wx −

(
x2y2 ln(ax) + 1

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x^2*Log[a*x]*D[w[x, y], x] - (x^2*y^2*Log[a*x] + 1)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
a(xy log(ax)− 1)

LogIntegral(ax)(1− xy log(ax)) + ax2y

)}}
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Maple 3� �
restart;
pde := x^2*ln(a*x)*diff(w(x,y),x)-(x^2*y^2* ln(a*x)+ 1 )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
− ln (ax)xy + 1

y Ei1 (− ln (ax)) ln (ax)x+ ya x2 − Ei1 (− ln (ax))

)

6.2.14.22 [637] problem number 22

problem number 637

Added January 14, 2019.

Problem 2.5.2.22 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
lnk(λx)wx + (ayn + by lnm x)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = Log[lambda*x]^k*D[w[x, y], x] + (a*y^n + b*y*Log[x]^m)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
(n− 1)

∫ x

1
a exp

(
(n− 1)

∫ K[2]

1
b logm(K[1])(log(λ) + log(K[1]))−kdK[1]

)
(log(λ) + log(K[2]))−kdK[2] + y1−n exp

(
(n− 1)

∫ x

1
b logm(K[1])(log(λ) + log(K[1]))−kdK[1]

))}}

Maple 3� �
restart;
pde := (ln(lambda*x))^k*diff(w(x,y),x)+(a*y^n+ b*y* (ln(x))^m )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
w(x, y) = f1

(
a(n− 1)

∫
ln (λx)−k eb

∫
ln(λx)−k ln(x)mdx(n−1)dx+ y1−neb

∫
ln(λx)−k ln(x)mdx(n−1)

)

6.2.14.23 [638] problem number 23

problem number 638

Added January 14, 2019.

Problem 2.5.2.23 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
lnk(λx)wx + (ayn lnm x+ by)wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = Log[lambda*x]^k*D[w[x, y], x] + (a*y^n*Log[x]^m + b*y)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
(n− 1)

∫ x

1
a exp

(
b(n− 1)Γ(1− k,− log(λ)− log(K[1]))(− log(λ)− log(K[1]))k(log(λ) + log(K[1]))−k

λ

)
logm(K[1])(log(λ) + log(K[1]))−kdK[1] + y1−n exp

(
b(n− 1)(− log(λ)− log(x))k(log(λ) + log(x))−kΓ(1− k,− log(λ)− log(x))

λ

))}}
Maple 3� �
restart;
pde := (ln(lambda*x))^k*diff(w(x,y),x)+(a*y^n*(ln(x))^m+ b*y )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
w(x, y) = f1

(
a(n− 1)

∫
ln (x)m ln (λx)−k eb

∫
ln(λx)−kdx(n−1)dx+ y1−neb

∫
ln(λx)−kdx(n−1)

)
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6.2.15.1 [639] problem number 1

problem number 639

Added January 14, 2019.

Problem 2.6.1.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
a sink(λx) + b

)
wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Sin[lambda*x]^k + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y},Assumptions -> {Element[k, Integers], k > 0}], 60*10]];� �
{{

w(x, y) → c1

(
−
a
√

cos2(λx) sec(λx) sink+1(λx)Hypergeometric2F1
(1
2 ,

k+1
2 , k+3

2 , sin2(λx)
)

kλ+ λ
− bx+ y

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+(a*sin(lambda*x)^k+b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) assuming k::integer,k>0),output='realtime'));� �

w(x, y) = f1


− akλx

d k2 e−1∏
j=0

−k+2j
−k+2j+1

− bxkλ+ ykλ+

d k2 e−1∑
i=0

sin(λx)k−2i

i∏
j=1

−k+2j
−k+2j−1

 a cot (λx)

kλ


6.2.15.2 [640] problem number 2

problem number 640

Added January 14, 2019.

Problem 2.6.1.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
a sink(λy) + b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Sin[lambda*y]^k + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(∫ y

1

1
a sink(λK[1]) + b

dK[1]− x

)}}
contains unresolved integral

Maple 3� �
restart;
pde := diff(w(x,y),x)+(a*sin(lambda*y)^k+b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫ 1
a sin (λy)k + b

dy + x

)
contains unresolved integral
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6.2.15.3 [641] problem number 3

problem number 641

Added January 14, 2019.

Problem 2.6.1.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + a sink(λy) sinn(µy)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Sin[lambda*x]^k*Sin[mu*y]^n*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(√
cos2(µy) sec(µy) sin1−n(µy)Hypergeometric2F1

(1
2 ,

1−n
2 , 3−n

2 , sin2(µy)
)

µ− µn
−
a
√

cos2(λx) sec(λx) sink+1(λx)Hypergeometric2F1
(1
2 ,

k+1
2 , k+3

2 , sin2(λx)
)

kλ+ λ

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+a*sin(lambda*x)^k*sin(mu*y)^n*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫

sin (λx)k dx+
∫
sin (µy)−n dy

a

)
contains unresolved integral

6.2.15.4 [642] problem number 4

problem number 642

Added January 14, 2019.

Problem 2.6.1.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + a sink(x+ λy)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Sin[x + lambda*y]^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) →
∫ y

1

(
− λc1
aλ sink(x+ λK[6467]) + 1

−
∫ x

1

akλ2c1 cos(K[1] + λK[6467]) sink−1(K[1] + λK[6467])(
aλ sink(K[1] + λK[6467]) + 1

)2 dK[1]
)
dK[6467] +

∫ x

1

aλc1 sink(λy +K[1])
aλ sink(λy +K[1]) + 1

dK[1] + c2

}}



chapter 6. handbook of first order partial differential . . . 956

Maple 3� �
restart;
pde := diff(w(x,y),x)+a*sin(x+lambda*y)^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫ λy+x

λ 1
1 + a sin (_aλ)k λ

d_aλ+ x

)
contains unresolved integral

6.2.15.5 [643] problem number 5

problem number 643

Added January 14, 2019.

Problem 2.6.1.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
y2 − a2 + aλ sin(λx) + a2 sin2(λx)

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 - a^2 + a*lambda*Sin[lambda*x] + a^2*Sin[lambda*x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
− e

2a sin(λx)
λ (a cos(λx) + y)

e
2a sin(λx)

λ (a cos(λx) + y)
∫ x

1 e
− 2a sin(λK[1])

λ dK[1] + 1

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+(y^2-a^2 + a*lambda*sin(lambda*x)+a^2*sin(lambda*x)^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 (−2a cos (λx)− 2y)HeunC
(

4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
− λ cos (λx)HeunCPrime

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
(
(2a cos (λx) + 2y) sin

(
π
4 + λx

2

)
+ λ cos

(
π
4 + λx

2

))
HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
+ cos (λx) sin

(
π
4 + λx

2

)
HeunCPrime

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
λ



6.2.15.6 [644] problem number 6

problem number 644

Added January 14, 2019.

Problem 2.6.1.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
y2 + a sin(βx)y + ab sin(βx)− b2

)
wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + a*Sin[beta*x]*y + a*b*Sin[beta*x] - b^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+( y^2 + a*sin(beta*x)* y + a*b*sin(beta*x)-b^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
e

−2bxβ−a cos(βx)
β +

∫
e

−2bxβ−a cos(βx)
β dx(b+ y)

b+ y

)
contains unresolved integrals

6.2.15.7 [645] problem number 7

problem number 645

Added January 14, 2019.

Problem 2.6.1.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
y2 + ax sinm(bx)y + a sinm(bx)

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + a*x*Sin[b*x]^m*y + a*Sin[b*x]^m)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → c1


−
∫ x

1

exp

a sinm+1(bK[1])
(

2b cos(bK[1]) Hypergeometric2F1
(
1,m+2

2 ,m+3
2 ,sin2(bK[1])

)
K[1]

m+1 −2−m−1√πGamma(m+1) 3F̃2
(
1,m+2

2 ,m+2
2 ;m+3

2 ,m+4
2 ;sin2(bK[1])

)
sin(bK[1])

)
2b2


K[1]2 dK[1]−

exp

a sinm+1(bx)
(

2bx cos(bx) Hypergeometric2F1
(
1,m+2

2 ,m+3
2 ,sin2(bx)

)
m+1 −

√
π2−m−1 Gamma(m+1) sin(bx) 3F̃2

(
1,m+2

2 ,m+2
2 ;m+3

2 ,m+4
2 ;sin2(bx)

))
2b2


x2y + x






Maple 3� �
restart;
pde := diff(w(x,y),x)+( y^2 + a*x*sin(b*x)^m*y + a*sin(b*x)^m)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

xy ∫ e
∫ sin(bx)mx2a−2

x
dxdx+ e

∫ sin(bx)mx2a−2
x

dxx+
∫
e
∫ sin(bx)mx2a−2

x
dxdx

xy + 1


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6.2.15.8 [646] problem number 8

problem number 646

Added January 14, 2019.

Problem 2.6.1.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
λ sin(λx)y2 + λ sin3(λx)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*Sin[lambda*x]*y^2 + lambda*Sin[lambda*x]^3)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+(lambda*sin(lambda*x)*y^2 + lambda*sin(lambda*x)^3)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−

√
π (y + cos (λx))

−2 e
cos(2λx)

2 + 1
2 +

√
π (y + cos (λx)) erfi (cos (λx))

)

6.2.15.9 [647] problem number 9

problem number 647

Added January 14, 2019.

Problem 2.6.1.9 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

2wx +
(
(λ+ a− a sin(λx))y2 + λ− a− a sin(λx)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = 2*D[w[x, y], x] + ((lambda + a - a*Sin[lambda*x])*y^2 + lambda - a - a*Sin[lambda*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := 2*diff(w(x,y),x)+((lambda+a-a*sin(lambda*x))*y^2 +lambda -a -a*sin(lambda*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−
2
(
(a cos (λx) + y(a sin (λx)− a− λ)) cos

(
π
4 + λx

2

)
+ sin

(
π
4 + λx

2

)
λ
)
csgn

(
sin
(
π
4 + λx

2

))√
− cos

(
π
4 + λx

2

)2 sin
(
π
4 + λx

2

)
cos
(
π
4 + λx

2

)
2
(
(a cos (λx) + y (a sin (λx)− a− λ)) cos

(
π
4 + λx

2

)
+ sin

(
π
4 + λx

2

)
λ
)
csgn

(
sin
(
π
4 + λx

2

))√
− cos

(
π
4 + λx

2

)2 sin
(
π
4 + λx

2

)
cos
(
π
4 + λx

2

) ∫ sin(λx) e
a_a
λ ((_a−1)a−λ)√
_a+1 (_a−1)3/2

d_a+ e
a sin(λx)

λ λ cos (λx) (a sin (λx)− a− λ)


6.2.15.10 [648] problem number 10

problem number 648

Added January 14, 2019.

Problem 2.6.1.10 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
(λ+ a sin2(λx))y2 + λ− a+ a sin2(λx)

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + ((lambda + a*Sin[lambda*x]^2)*y^2 + lambda - a + a*Sin[lambda*x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
− sin(λx)e

a sin2(λx)
λ (y sin(λx) + cos(λx))

sin(λx)e
a sin2(λx)

λ (y sin(λx) + cos(λx))
∫ x

1 e
−a sin2(λK[1])

λ (λ csc2(λK[1]) + a) dK[1] + 1

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+((lambda+a*sin(lambda*x)^2)*y^2 + lambda -a +a*sin(lambda*x)^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 i
(
2 sin (λx)2 y + sin (2λx)

)
4λ
((

sin (λx)2 y + sin(2λx)
2

) ∫
e

cos(2λx)a
2λ

(
a+ λ csc (λx)2

)
dx+ e

cos(2λx)a
2λ

)

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6.2.15.11 [649] problem number 11

problem number 649

Added January 14, 2019.

Problem 2.6.1.11 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx −
(
(k + 1)xky2 − axk+1(sin x)my + a(sin x)m

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] - ((k + 1)*x^k*y^2 - a*x^(k + 1)*Sin[x]^m*y + a*Sin[x]^m)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

−
(k + 1)

(
yxk+1 − 1

)
(k + 1) (yxk+1 − 1)

∫ x

1 exp
(∫ K[2]

1 −−a sinm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
dK[2]− x exp

(∫ x

1 −−a sinm(K[1])K[1]k+2+k+2
K[1] dK[1]

)



Maple 3� �
restart;
pde := diff(w(x,y),x)-((k+1)*x^k*y^2 - a*x^(k+1)*(sin(x))^m*y + a*(sin(x))^m)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−
(
xk+1y − 1

)
(k + 1)

∫
xke

∫ sin(x)mxk+1ax−2k−2
x

dxdx+ xk+1e
∫ sin(x)mxk+1ax−2k−2

x
dx

xk+1y − 1


6.2.15.12 [650] problem number 12

problem number 650

Added January 14, 2019.

Problem 2.6.1.12 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
a sink(λx+ µ)(y − bxn − c)2 + y − bxn + bnxn−1 − c

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Sin[lambda*x + mu]^k*(y - b*x^n - c)^2 + y - b*x^n + b*n*x^(n - 1) - c)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := diff(w(x,y),x)+(a*sin(lambda*x + mu)^k * (y-b*x^n -c)^2 + y - b*x^n + b*n*x^(n-1) - c)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.15.13 [651] problem number 13

problem number 651

Added January 14, 2019.

Problem 2.6.1.13 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

xwx +
(
a sinm(λx)y2 + ky + ab2x2k sinm(λx)

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*Sin[lambda*x]^m*y^2 + k*y + a*b^2*x^(2*k)*Sin[lambda*x]^m)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
arctan

(
yx−k

√
b2

)
−
√
b2
∫ x

1
aK[1]k−1 sinm(λK[1])dK[1]

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x)+(a*sin(lambda*x)^m*y^2 + k*y + a*b^2*x^(2*k)*sin(lambda*x)^m)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ba

∫
sin (λx)m xk−1dx− arctan

(
x−ky

b

))

6.2.15.14 [652] problem number 14

problem number 652

Added January 14, 2019.

Problem 2.6.1.14 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(a sin(λx) + b)wx +
(
y2 + c sin(µx)y − k2 + ck sin(µx)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*Sin[lambda*x] + b)*D[w[x, y], x] + (y^2 + c*Sin[mu*x]*y - k^2 + c*k*Sin[mu*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := (a *sin(lambda*x) + b)*diff(w(x,y),x)+(y^2+ c*sin(mu*x)* y - k^2 + c*k*sin(mu*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


∫ e

c
∫ sin(µx)
a sin(λx)+b dxλ

√
−a2+b2−4k arctan

 b tan
(
λx
2
)
+a√

−a2+b2


λ
√

−a2+b2

a sin(λx)+b
dx(k + y) + e

c
∫ sin(µx)
a sin(λx)+b dxλ

√
−a2+b2−4k arctan

 b tan
(
λx
2
)
+a√

−a2+b2


λ
√

−a2+b2

k + y



6.2.16 6.2

Local contents
6.2.16.1 [653] problem number 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 962
6.2.16.2 [654] problem number 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 963
6.2.16.3 [655] problem number 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 963
6.2.16.4 [656] problem number 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 964
6.2.16.5 [657] problem number 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 965
6.2.16.6 [658] problem number 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 965
6.2.16.7 [659] problem number 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 966
6.2.16.8 [660] problem number 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 967
6.2.16.9 [661] problem number 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 967
6.2.16.10 [662] problem number 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 968
6.2.16.11 [663] problem number 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 968
6.2.16.12 [664] problem number 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 969

6.2.16.1 [653] problem number 1

problem number 653

Added January 14, 2019.

Problem 2.6.2.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
a cosk(λx) + b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Cos[lambda*x]^k + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
a
√

sin2(λx) csc(λx) cosk+1(λx)Hypergeometric2F1
(1
2 ,

k+1
2 , k+3

2 , cos2(λx)
)

kλ+ λ
− bx+ y

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+(a*cos(lambda*x)^k+b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−bx+ y − a

∫
cos (λx)k dx

)
Contains unresolved integral

6.2.16.2 [654] problem number 2

problem number 654

Added January 14, 2019.

Problem 2.6.2.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
a cosk(λy) + b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Cos[lambda*y]^k + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(∫ y

1

1
a cosk(λK[1]) + b

dK[1]− x

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+(a*cos(lambda*y)^k+b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫ 1
a cos (λy)k + b

dy + x

)

6.2.16.3 [655] problem number 3

problem number 655

Added January 14, 2019.

Problem 2.6.2.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + a cosk(λx) cosn(µy)wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Cos[lambda*y]^k*Cos[mu*y]^n*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(∫ y

1
cos−k(λK[1]) cos−n(µK[1])dK[1]− ax

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+a*cos(lambda*y)^k*cos(mu*y)^n*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫
cos (µy)−n cos (λy)−k dy

a
+ x

)

6.2.16.4 [656] problem number 4

problem number 656

Added January 14, 2019.

Problem 2.6.2.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + a cosk(x+ λy)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Cos[x + lambda*y]^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) →
∫ y

1

(
− λc1
aλ cosk(x+ λK[6016]) + 1 −

∫ x

1
−akλ

2c1 cosk−1(K[1] + λK[6016]) sin(K[1] + λK[6016])
(aλ cosk(K[1] + λK[6016]) + 1)2

dK[1]
)
dK[6016] +

∫ x

1

aλc1 cosk(λy +K[1])
aλ cosk(λy +K[1]) + 1dK[1] + c2

}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+a*cos(x+lambda*y)^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫ λy+x

λ 1
1 + a cos (_aλ)k λ

d_aλ+ x

)
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6.2.16.5 [657] problem number 5

problem number 657

Added January 14, 2019.

Problem 2.6.2.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
y2 − a2 + aλ cos(λx) + a2 cos2(λx)

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 - a^2 + a*lambda*Cos[lambda*x] + a^2*Cos[lambda*x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
e

2a cos(λx)
λ (a sin(λx)− y)

e
2a cos(λx)

λ (y − a sin(λx))
∫ x

1 e
− 2a cos(λK[1])

λ dK[1] + 1

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+( y^2-a^2 + a *lambda*cos(lambda*x) + a^2*cos(lambda*x)^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 (−2a sin (λx) + 2y)HeunC
(

4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
− λ sin (λx)HeunCPrime

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
(
(2a sin (λx)− 2y) cos

(
λx
2

)
+ λ sin

(
λx
2

))
HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
+ sin (λx) cos

(
λx
2

)
HeunCPrime

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
λ



6.2.16.6 [658] problem number 6

problem number 658

Added January 14, 2019.

Problem 2.6.2.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
λ cos(λx)y2 + λ cos3(λx)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*Cos[lambda*x]*y^2 + lambda*Cos[lambda*x]^3)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := diff(w(x,y),x)+(lambda*cos(lambda*x)*y^2 + lambda*cos(lambda*x)^3)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


√
π sin (λx) e− sin(λx)2(y − sin (λx)) erf

(√
− sin (λx)2

)
+ 2
√

− sin (λx)2

2
√
π sin (λx) e− sin(λx)2 (y − sin (λx)) erf

(√
− sin (λx)2

)
+ 4
√
− sin (λx)2 +

(
−2y sin (λx)

√
π + 2

√
π sin (λx)2

)
e− sin(λx)2



6.2.16.7 [659] problem number 7

problem number 659

Added January 14, 2019.

Problem 2.6.2.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

2wx +
(
(λ+ a+ a cos(λx))y2 + λ− a+ a cos(λx)

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = 2*D[w[x, y], x] + ((lambda + a + a*Cos[lambda*x])*y^2 + lambda - a + a*Cos[lambda*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

−
2 cos

(
λx
2

)
e

2a cos2
(
λx
2
)

λ

(
y cos

(
λx
2

)
− sin

(
λx
2

))
e

2a cos2
(
λx
2
)

λ (y cos(λx)− sin(λx) + y)
∫ x

1 e
−

2a cos2
(
1
2λK[1]

)
λ

(
λ sec2

(1
2λK[1]

)
+ 2a

)
dK[1] + 4




Maple 3� �
restart;
pde := 2*diff(w(x,y),x)+ ((lambda+a+a*cos(lambda*x))*y^2 +lambda - a + a *cos(lambda*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


i(y cos (λx) + y − sin (λx))

2λ

 (y cos(λx)+y−sin(λx))
∫ (

λ sec
(
λx
2

)2
+2a

)
e−

cos(λx)a
λ csgn

(
sin
(
λx
2

))
dx

4 + e−
cos(λx)a

λ csgn
(
sin
(
λx
2

))


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6.2.16.8 [660] problem number 8

problem number 660

Added January 14, 2019.

Problem 2.6.2.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
(λ+ a cos2(λx))y2 + λ− a+ a cos2(λx)

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + ((lambda + a*Cos[lambda*x]^2)*y^2 + lambda - a + a*Cos[lambda*x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
− 2 cos(λx)e

a cos2(λx)
λ (y cos(λx)− sin(λx))

e
a cos2(λx)

λ (y cos(2λx)− sin(2λx) + y)
∫ x

1 e
−a cos2(λK[1])

λ (λ sec2(λK[1]) + a) dK[1] + 2

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+ ((lambda+a*cos(lambda*x)^2)*y^2 + lambda - a + a*cos(lambda*x)^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 i
(
2y cos (λx)2 − sin (2λx)

)
4λ
((
y cos (λx)2 − sin(2λx)

2

) ∫
e−

cos(2λx)a
2λ

(
λ sec (λx)2 + a

)
dx+ e−

cos(2λx)a
2λ

)


6.2.16.9 [661] problem number 9

problem number 661

Added January 14, 2019.

Problem 2.6.2.9 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(axnym + bx)wx + cosk(λy)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n*y^m + b*x)*D[w[x, y], x] + Cos[lambda*y]^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := (a*x^n*y^m+b*x)*diff(w(x,y),x)+ cos(lambda*y)^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
w(x, y) = f1

(
a(n− 1)

∫
ym cos (λy)−k eb

∫
cos(λy)−kdy(n−1)dy + x−n+1eb

∫
cos(λy)−kdy(n−1)

)

6.2.16.10 [662] problem number 10

problem number 662

Added January 14, 2019.

Problem 2.6.2.10 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(axn + bx cosm y)wx + ykwy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n + b*x*Cos[y]^m)*D[w[x, y], x] + y^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (a*x^n+b*x*cos(y)^m)*diff(w(x,y),x)+y^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
a(n− 1)

∫
y−keb

∫
cos(y)my−kdy(n−1)dy + x−n+1eb

∫
cos(y)my−kdy(n−1)

)

6.2.16.11 [663] problem number 11

problem number 663

Added January 14, 2019.

Problem 2.6.2.11 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(axn + bx cosm y)wx + cosk(λy)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n + b*x*Cos[y]^m)*D[w[x, y], x] + Cos[lambda*y]^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := (a*x^n+b*x*cos(y)^m)*diff(w(x,y),x)+cos(lambda*y)^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
w(x, y) = f1

(
a(n− 1)

∫
cos (λy)−k eb

∫
cos(λy)−k cos(y)mdy(n−1)dy + x−n+1eb

∫
cos(λy)−k cos(y)mdy(n−1)

)

6.2.16.12 [664] problem number 12

problem number 664

Added January 14, 2019.

Problem 2.6.2.12 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(axn cosm y + bx)wx + cosk(λy)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n*Cos[y]^m + b*x)*D[w[x, y], x] + Cos[lambda*y]^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (a*x^n*cos(y)^m+b*x)*diff(w(x,y),x)+cos(lambda*y)^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
w(x, y) = f1

(
a(n− 1)

∫
cos (y)m cos (λy)−k eb

∫
cos(λy)−kdy(n−1)dy + x−n+1eb

∫
cos(λy)−kdy(n−1)

)

6.2.17 6.3

Local contents
6.2.17.1 [665] problem number 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 970
6.2.17.2 [666] problem number 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 970
6.2.17.3 [667] problem number 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 971
6.2.17.4 [668] problem number 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 971
6.2.17.5 [669] problem number 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 972
6.2.17.6 [670] problem number 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 973
6.2.17.7 [671] problem number 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 973
6.2.17.8 [672] problem number 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 974
6.2.17.9 [673] problem number 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 974
6.2.17.10 [674] problem number 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 975
6.2.17.11 [675] problem number 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 975
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6.2.17.13 [677] problem number 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 977
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6.2.17.14 [678] problem number 14 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 977
6.2.17.15 [679] problem number 15 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 978

6.2.17.1 [665] problem number 1

problem number 665

Added January 14, 2019.

Problem 2.6.3.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
a tank(λx) + b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a + Tan[lambda*x] + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
−ax− bx+ log(cos(λx))

λ
+ y

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+(a+tan(lambda*x)+b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
− ln

(
sec (λx)2

)
+ ((−2a− 2b)x+ 2y)λ

2λ

)

6.2.17.2 [666] problem number 2

problem number 666

Added January 14, 2019.

Problem 2.6.3.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
a tank(λy) + b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a + Tan[lambda*y] + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
−x+ −i(a+ b− i) log(− tan(λy) + i) + i(a+ b+ i) log(tan(λy) + i) + 2 log(a+ b+ tan(λy))

2λ(a+ b− i)(a+ b+ i)

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+(a+tan(lambda*y)+b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−2 ln (a+ tan (λy) + b) + ln

(
sec (λy)2

)
− 2(a+ b) arctan (tan (λy)) + 2xλ(a2 + 2ab+ b2 + 1)

2λ (a2 + 2ab+ b2 + 1)

)

6.2.17.3 [667] problem number 3

problem number 667

Added January 14, 2019.

Problem 2.6.3.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + a tank(λx) tann(µy)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Tan[lambda*x]^k*Tan[mu*y]^n*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
tan1−n(µy)Hypergeometric2F1

(
1, 1−n

2 , 3−n
2 ,− tan2(µy)

)
µ− µn

−
a tank+1(λx)Hypergeometric2F1

(
1, k+1

2 , k+3
2 ,− tan2(λx)

)
kλ+ λ

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+a *tan(lambda*x)^k * tan(mu*y)^n*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫

tan (λx)k dx+
∫
tan (µy)−n dy

a

)
Has unresolved integrals

6.2.17.4 [668] problem number 4

problem number 668

Added January 14, 2019.

Problem 2.6.3.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
y2 + aλ+ a(λ− a) tan2(λx)

)
wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + a*lambda + a*(lambda - a)*Tan[lambda*x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
(2a− λ) cos 2a

λ
−1(λx)(y cos(λx)− a sin(λx))√

sin2(λx)Hypergeometric2F1
(1
2 ,

1
2 −

a
λ
, 32 −

a
λ
, cos2(λx)

)
(a− y cot(λx))− 2a+ λ

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+( y^2+ a *lambda + a*(lambda -a) *tan(lambda*x)^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−

sin (λx) LegendreP
(2a−λ

2λ , 2a−λ
2λ , sin (λx)

)
a+ y LegendreP

(2a−λ
2λ , 2a−λ

2λ , sin (λx)
)
cos (λx)− LegendreP

(
λ+2a
2λ , 2a−λ

2λ , sin (λx)
)
λ

LegendreQ
(2a−λ

2λ , 2a−λ
2λ , sin (λx)

)
sin (λx) a+ y LegendreQ

(2a−λ
2λ , 2a−λ

2λ , sin (λx)
)
cos (λx)− LegendreQ

(
λ+2a
2λ , 2a−λ

2λ , sin (λx)
)
λ

)

6.2.17.5 [669] problem number 5

problem number 669

Added January 14, 2019.

Problem 2.6.3.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
y2 + λ2 + 3aλ+ a(λ− a) tan2(λx)

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + lambda^2 + 3*a*lambda + a*(lambda - a)*Tan[lambda*x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
− sin a

λ (2λx)e
aarctanh(cos(2λx))

λ ((a+ λ) cos(2λx)− a+ y sin(2λx) + λ)
sin a

λ (2λx)e
aarctanh(cos(2λx))

λ ((a+ λ) cos(2λx)− a+ y sin(2λx) + λ)
∫ x

1 e
− (a−λ)arctanh(cos(2λK[1]))

λ sin−a+λ
λ (2λK[1])dK[1] + earctanh(cos(2λx))

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+( y^2+ lambda^2 +3*a*lambda +a*(lambda-a)*tan(lambda*x)^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
2 LegendreP

(2a+3λ
2λ , 2a−λ

2λ , sin (λx)
)
λ− ((a+ λ) sin (λx) + y cos (λx)) LegendreP

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
)

−2 LegendreQ
(2a+3λ

2λ , 2a−λ
2λ , sin (λx)

)
λ+ ((a+ λ) sin (λx) + y cos (λx)) LegendreQ

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
))
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6.2.17.6 [670] problem number 6

problem number 670

Added January 14, 2019.

Problem 2.6.3.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
y2 + ax tank(bx)y + a tank(bx)

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + a*x*Tan[b*x]^k*y + a*Tan[b*x]^k)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

−
exp

(
−
∫ x

1 −aK[1] tank(bK[1])dK[1]
)

x2y + x
−
∫ x

1

exp
(
−
∫ K[2]
1 −aK[1] tank(bK[1])dK[1]

)
K[2]2 dK[2]




Maple 3� �
restart;
pde := diff(w(x,y),x)+( y^2+ a*x *tan(b*x)^k * y + a*tan(b*x)^k)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

xy ∫ e
∫ a tan(bx)kx2−2

x
dxdx+ e

∫ a tan(bx)kx2−2
x

dxx+
∫
e
∫ a tan(bx)kx2−2

x
dxdx

xy + 1


6.2.17.7 [671] problem number 7

problem number 671

Added January 14, 2019.

Problem 2.6.3.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx −
(
(k + 1)xky2 − axk+1(tan x)my + a(tan x)m

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] - ((k + 1)*x^k*y^2 - a*x^(k + 1)*Tan[x]^m*y + a*Tan[x]^m)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

−
(k + 1)

(
yxk+1 − 1

)
(k + 1) (yxk+1 − 1)

∫ x

1 exp
(∫ K[2]

1 −−a tanm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
dK[2]− x exp

(∫ x

1 −−a tanm(K[1])K[1]k+2+k+2
K[1] dK[1]

)



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Maple 3� �
restart;
pde := diff(w(x,y),x)-( (k+1)*x^k*y^2- a*x^(k+1)*tan(x)^m*y + a*tan(x)^m )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−
(
xk+1y − 1

)
(k + 1)

∫
xke

∫ tan(x)mxk+1ax−2k−2
x

dxdx+ xk+1e
∫ tan(x)mxk+1ax−2k−2

x
dx

xk+1y − 1


6.2.17.8 [672] problem number 8

problem number 672

Added January 20, 2019.

Problem 2.6.3.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
a tann(λx)y2 − ab2 tann+2(λx) + bλ tan2(λx) + bλ

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Tan[lambda*x]^n*y^2 - a*b^2*Tan[lambda*x]^(n + 2) + b*lambda*Tan[lambda*x]^2 + b*lambda)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+(a*tan(lambda*x)^n*y^2- a*b^2*tan(lambda*x)^(n+2) + b*lambda*tan(lambda*x)^2+ b*lambda)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
time expired

6.2.17.9 [673] problem number 9

problem number 673

Added January 20, 2019.

Problem 2.6.3.9 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
a tank(λx+ µ)(y − bxn − c)2 + y − bxn + bnxn−1 − c

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Tan[lambda*x + mu]^k*(y - b*x^n - c)^2 + y - b*x^n + b*n*x^(n - 1) - c)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := diff(w(x,y),x)+(a *tan(lambda*x+mu)^k*(y-b*x^n-c)^2 + y- b*x^n + b*n*x^(n-1)-c)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−
(−y + b xn + c) a

(
− tan(µ)−tan(λx)
tan(µ) tan(λx)−1

)k
(tan (µ) tan (λx)− 1)k(

(−y + b xn + c) a
(

− tan(µ)−tan(λx)
tan(µ) tan(λx)−1

)k
(tan (µ) tan (λx)− 1)k

∫
(tan (µ) tan (λx)− 1)−k (tan (µ) + tan (λx))k (cos (λx)− i sin (λx))

i
λ dx− (tan (µ) + tan (λx))k (cos (λx)− i sin (λx))

i
λ

)
λ



6.2.17.10 [674] problem number 10

problem number 674

Added January 20, 2019.

Problem 2.6.3.10 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

xwx +
(
a tanm(λx)y2 + ky + ab2x2k tanm(λx)

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (a*Tan[lambda*x]^m*y^2 + k*y + a*b^2*x^(2*k)*Tan[lambda*x]^m)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
arctan

(
yx−k

√
b2

)
−

√
b2
∫ x

1
aK[1]k−1 tanm(λK[1])dK[1]

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ (a*tan(lambda*x)^m*y^2 +k*y+ a*b^2*x^(2*k)*tan(lambda*x)^m )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ab

∫
xk−1 tan (λx)m dx− arctan

(
x−ky

b

))

6.2.17.11 [675] problem number 11

problem number 675

Added January 20, 2019.

Problem 2.6.3.11 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(a tan(λx) + b)wx +
(
y2 + c tan(µx)y − k2 + ck tan(µx)

)
wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = (a*Tan[lambda*x] + b)*D[w[x, y], x] + (y^2 + c*Tan[mu*x]*y - k^2 + c*k*Tan[mu*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (a*tan(lambda*x)+b)*diff(w(x,y),x)+ (y^2+ c *tan(mu*x)*y - k^2 + c*k*tan(mu*x) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1



e

2aλ(ia−b)c
(
a2+b2

) ∫ e2iµx−1(
(ib+a)e2iλx+ib−a

)(
e2iµx+1

)
(ia−b)

dx−2kb arctan(tan(λx))(ib+a)−cxλ
(
a2+b2

)
(
a2+b2

)
(ib+a)λ

∫ (sec (λx)2) ka

λ
(
a2+b2

)
e

2aλ(ia−b)c
(
a2+b2

) ∫ e2iµx−1(
(ib+a)e2iλx+ib−a

)(
e2iµx+1

)
(ia−b)

dx−2kb arctan(tan(λx))(ib+a)−cxλ
(
a2+b2

)
(
a2+b2

)
(ib+a)λ (e2iµx + 1)

c
µ(ia−b) (a tan (λx) + b)

(
−a2−b2

)
λ−2ak

λ
(
a2+b2

)
dx(k + y) e

−2aλ(ia−b)c
(
a2+b2

) ∫ e2iµx−1(
(ib+a)e2iλx+ib−a

)(
e2iµx+1

)
(ia−b)

dx+2kb arctan(tan(λx))(ib+a)+cxλ
(
a2+b2

)
(
a2+b2

)
(ib+a)λ + (e2iµx + 1)

c
µ(ia−b)

(
sec (λx)2

) ka

λ
(
a2+b2

)
(a tan (λx) + b)

− 2ka
λ
(
a2+b2

)


k + y


6.2.17.12 [676] problem number 12

problem number 676

Added January 20, 2019.

Problem 2.6.3.12 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(axnym + bx)wx + tank(λy)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n*y^m + b*x)*D[w[x, y], x] + Tan[lambda*y]^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (a*x^n*y^m + b*x)*diff(w(x,y),x)+ tan(lambda*y)^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
w(x, y) = f1

(
a(n− 1)

∫
ym tan (λy)−k eb

∫
tan(λy)−kdy(n−1)dy + x−n+1eb

∫
tan(λy)−kdy(n−1)

)
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6.2.17.13 [677] problem number 13

problem number 677

Added January 20, 2019.

Problem 2.6.3.13 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(axn + bx tanm y)wx + ykwy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n + b*x*Tan[y]^m)*D[w[x, y], x] + y^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (a*x^n + b*x*tan(y)^m)*diff(w(x,y),x)+ y^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
a(n− 1)

∫
y−keb

∫
tan(y)my−kdy(n−1)dy + x−n+1eb

∫
tan(y)my−kdy(n−1)

)

6.2.17.14 [678] problem number 14

problem number 678

Added January 20, 2019.

Problem 2.6.3.14 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
(axn + bx tanm y)wx + tank(λy)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n + b*x*Tan[y]^m)*D[w[x, y], x] + Tan[lambda*y]^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := (a*x^n + b*x*tan(y)^m)*diff(w(x,y),x)+ tan(lambda*y)^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
time expired



chapter 6. handbook of first order partial differential . . . 978

6.2.17.15 [679] problem number 15

problem number 679

Added January 20, 2019.

Problem 2.6.3.15 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(axn tanm y + bx)wx + tank(λy)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n*Tan[y]^m + b*x)*D[w[x, y], x] + Tan[lambda*y]^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (a*x^n*tan(y)^m+ b*x)*diff(w(x,y),x)+ tan(lambda*y)^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
w(x, y) = f1

(
a(n− 1)

∫
tan (y)m tan (λy)−k eb

∫
tan(λy)−kdy(n−1)dy + x−n+1eb

∫
tan(λy)−kdy(n−1)

)
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6.2.18.1 [680] problem number 1

problem number 680

Added January 20, 2019.

Problem 2.6.4.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
a cotk(λx) + b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Cot[lambda*x]^k + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
a cotk+1(λx)Hypergeometric2F1

(
1, k+1

2 , k+3
2 ,− cot2(λx)

)
kλ+ λ

− bx+ y

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*cot(lambda*x)^k+b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−bx+ y − a

∫
cot (λx)k dx

)
Has unresolved integral

6.2.18.2 [681] problem number 2

problem number 681

Added January 20, 2019.

Problem 2.6.4.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
a cotk(λy) + b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Cot[lambda*y]^k + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(∫ y

1

1
a cotk(λK[1]) + b

dK[1]− x

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*cot(lambda*y)^k+b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫ 1
a cot (λy)k + b

dy + x

)

6.2.18.3 [682] problem number 3

problem number 682

Added January 20, 2019.

Problem 2.6.4.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx + a cotk(x+ λy)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Cot[x + lambda*y]^k*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) →
∫ y

1

(
− λc1
aλ cotk(x+ λK[6607]) + 1

−
∫ x

1
−akλ

2c1 cotk(K[1] + λK[6607]) csc(K[1] + λK[6607]) sec(K[1] + λK[6607])(
aλ cotk(K[1] + λK[6607]) + 1

)2 dK[1]
)
dK[6607] +

∫ x

1

aλc1 cotk(λy +K[1])
aλ cotk(λy +K[1]) + 1

dK[1] + c2

}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+ cot(x+lambda*y)^k*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫ λy+x

λ 1
1 + cot (_aλ)k λ

d_aλ+ x

)

6.2.18.4 [683] problem number 4

problem number 683

Added January 20, 2019.

Problem 2.6.4.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 + aλ+ a(λ− a) cot2(λx)

)
wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + a*lambda + a*(lambda - a)*Cot[lambda*x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ ( y^2+a*lambda + a*(lambda-a)*cot(lambda*x)^2 )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
y LegendreP

(2a−λ
2λ , 2a−λ

2λ , cos (λx)
)
sin (λx)− cos (λx) LegendreP

(2a−λ
2λ , 2a−λ

2λ , cos (λx)
)
a+ LegendreP

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
)
λ

y LegendreQ
(2a−λ

2λ , 2a−λ
2λ , cos (λx)

)
sin (λx)− LegendreQ

(2a−λ
2λ , 2a−λ

2λ , cos (λx)
)
cos (λx) a+ LegendreQ

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
)
λ

)

6.2.18.5 [684] problem number 5

problem number 684

Added January 20, 2019.

Problem 2.6.4.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 + λ2 + 3aλ+ a(λ− a) cot2(λx)

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + lambda^2 + 3*a*lambda + a*(lambda - a)*Cot[lambda*x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
− sin a

λ (2λx)earctanh(cos(2λx))((a+ λ) cos(2λx) + a+ y sin(2λx)− λ)
sin a

λ (2λx)earctanh(cos(2λx))((a+ λ) cos(2λx) + a+ y sin(2λx)− λ)
∫ x

1 e
(a−λ)arctanh(cos(2λK[1]))

λ sin−a+λ
λ (2λK[1])dK[1] + e

aarctanh(cos(2λx))
λ

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+ ( y^2+lambda^2 + 3*a*lambda +a*(lambda-a)*cot(lambda*x)^2 )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
2 LegendreP

(2a+3λ
2λ , 2a−λ

2λ , cos (λx)
)
λ− ((a+ λ) cos (λx)− y sin (λx)) LegendreP

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
)

−2 LegendreQ
(2a+3λ

2λ , 2a−λ
2λ , cos (λx)

)
λ+ ((a+ λ) cos (λx)− y sin (λx)) LegendreQ

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
))
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6.2.18.6 [685] problem number 6

problem number 685

Added January 20, 2019.

Problem 2.6.4.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 − 2a cot(ax)y + b2 − a2

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 - 2*a*Cot[a*x]*y + b^2 - a^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
arctan

(
y − a cot(ax)√

b2

)
−

√
b2x

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+ ( y^2-2*a*cot(a*x)*y + b^2-a^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−e−2ibx(−b+ ia cot (ax)− iy)

2b (−a cot (ax) + y + ib)

)

6.2.18.7 [686] problem number 7

problem number 686

Added January 20, 2019.

Problem 2.6.4.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

cot(λx)wx + a cot(µy)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = Cot[lambda*x]*D[w[x, y], x] + a*Cot[mu*y]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
2 cos(µy) cos−aµ

λ (λx)
µ

)}}
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Maple 3� �
restart;
pde := cot(lambda*x)*diff(w(x,y),x)+ a*cot(mu*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

− ln
(
sec (λx)2

)
aµ+ ln

(
1 +

(
sec (λx)2

)aµ
λ (− cos (λx))−

aµ
λ 2−aµ

λ tan (µy)2
)
λ

2λaµ


6.2.18.8 [687] problem number 8

problem number 687

Added January 20, 2019.

Problem 2.6.4.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

cot(µy)wx + a cot(λx)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = Cot[mu*y]*D[w[x, y], x] + a*Cot[lambda*x]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
2 sin(µy) sin−aµ

λ (λx)
µ

)}}
Maple 3� �
restart;
pde := cot(mu*y)*diff(w(x,y),x)+ a*cot(lambda*x)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 aµ
(
ln(2)+ln

(
− 1

−1+cos(2λx)

))
2 + ln (csgn (sec (µy)) sin (µy))λ

λaµ


6.2.18.9 [688] problem number 9

problem number 688

Added January 20, 2019.

Problem 2.6.4.9 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

cot(µy)wx + a cot2(λx)wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = Cot[mu*y]*D[w[x, y], x] + a*Cot[lambda*x]^2*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
4 sin(µy)e

aµ(λx+cot(λx))
λ

µ

)}}

Maple 3� �
restart;
pde := cot(mu*y)*diff(w(x,y),x)+ a*cot(lambda*x)^2*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ln (csgn (sec (µy)) sin (µy))λ+

(
arccot (cot (λx))− π

2 + cot (λx)
)
µa

aµλ

)

6.2.18.10 [689] problem number 10

problem number 689

Added January 20, 2019.

Problem 2.6.4.10 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

cot(y + a)wx + c cot(x+ b)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = Cot[y + a]*D[w[x, y], x] + c*Cot[x + b]^2*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
4 sin(a+ y)ec(cot(b+x)+b+x))}}

Maple 3� �
restart;
pde := cot(y+a)*diff(w(x,y),x)+ c*cot(x+b)^2*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
(tan (x) + tan (b)) ln

(
csc (y)2

)
+ (−2 tan (b)− 2 tan (x)) ln (cot (a) + cot (y)) + 2c

((
tan (b)− x+ π

2 + cot (b)
)
tan (x)− tan (b)

(
x− π

2

))
2 tan (x) + 2 tan (b)

)
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6.2.18.11 [690] problem number 11

problem number 690

Added January 20, 2019.

Problem 2.6.4.11 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

cot(λx) cot(µy)wx + awy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = Cot[lambda*x]*Cot[mu*y]*D[w[x, y], x] + a*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
2 sin(µy) cosaµλ (λx)

µ

)}}
Maple 3� �
restart;
pde := cot(lambda*x)*cot(mu*y)*diff(w(x,y),x)+ a*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


ln
(

tan(µy)√
cos(λx)−

2aµ
λ sec(µy)2

)
aµ


6.2.18.12 [691] problem number 12

problem number 691

Added January 20, 2019.

Problem 2.6.4.12 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
cot(λx) cot(µy)wx + a cot(vx)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = Cot[lambda*x]*Cot[mu*y]*D[w[x, y], x] + a*Cot[v*x]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → −c1 log(sin(µy))4aµ + 1

4c1
∫

tan(λx) cot(vx) dx+ c2

}}
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Maple 3� �
restart;
pde := cot(lambda*x)*cot(mu*y)*diff(w(x,y),x)+ a*cot(v*x)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−2i

∫ cot(vx)
e2iλx+1dxaµv + ln (csgn (sec (µy)) sin (µy)) v + (i ln (e2ivx − 1) + vx)µa

aµv

)

6.2.19 6.5

Local contents
6.2.19.1 [692] problem number 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 986
6.2.19.2 [693] problem number 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 987
6.2.19.3 [694] problem number 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 988
6.2.19.4 [695] problem number 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 988
6.2.19.5 [696] problem number 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 989
6.2.19.6 [697] problem number 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 989
6.2.19.7 [698] problem number 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 990
6.2.19.8 [699] problem number 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 991
6.2.19.9 [700] problem number 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 991
6.2.19.10 [701] problem number 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 992
6.2.19.11 [702] problem number 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 992

6.2.19.1 [692] problem number 1

problem number 692

Added January 20, 2019.

Problem 2.6.5.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx + a sink(λx) cosn(µy)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Sin[lambda*x]^k*Cos[mu*y]^n*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(√
sin2(µy) csc(µy) cos1−n(µy)Hypergeometric2F1

(1
2 ,

1−n
2 , 3−n

2 , cos2(µy)
)

µ(n− 1) −
a
√

cos2(λx) sec(λx) sink+1(λx)Hypergeometric2F1
(1
2 ,

k+1
2 , k+3

2 , sin2(λx)
)

kλ+ λ

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+ a*sin(lambda*x)^k*cos(mu*y)^n*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫

sin (λx)k dx+
∫
cos (µy)−n dy

a

)
Has unresolved integrals

6.2.19.2 [693] problem number 2

problem number 693

Added January 20, 2019.

Problem 2.6.5.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 − y tan x+ a(1− a) cot2 x

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 - y*Tan[x] + a*(1 - a)*Cot[x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

−
(− sin2(x))

1
2 i
√
a−1

√
a
√

1
a−a2−4

(
i
√
a− 1

√
a
√

1
a−a2

− 4 cos(x) + 2y sin(x) + cos(x)
)

−i
√
a− 1

√
a
√

1
a−a2

− 4 cos(x) + 2y sin(x) + cos(x)





Maple 3� �
restart;
pde := diff(w(x,y),x)+ (y^2-y *tan(x)+a*(1-a)*cot(x)^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
sin (x)2a (y + cot (x) a)
(a− 1) cos (x)− y sin (x)

)
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6.2.19.3 [694] problem number 3

problem number 694

Added January 20, 2019.

Problem 2.6.5.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 −my tan x+ b2 cos2m x

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 - m*y*Tan[x] + b^2*Cos[x]^(2*m))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
arctan

(
y cos−m(x)√

b2

)
+

√
b2
√

sin2(x) csc(x) cosm+1(x)Hypergeometric2F1
(1
2 ,

m+1
2 , m+3

2 , cos2(x)
)

m+ 1

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (y^2-m*y*tan(x)+b^2*cos(x)^(2*m) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 3
√

cos (x)2m b
(
−

(m−1) hypergeom
([ 3

2 ,−
m
2 + 3

2
]
,
[ 5
2
]
,sin(x)2

)
sin(x)2

3 + hypergeom
([1

2 ,−
m
2 + 1

2

]
,
[3
2

]
, sin (x)2

))
cos (x) cos

(
b
√

cos (x)2m cos (x)−m sin (x) hypergeom
([1

2 ,−
m
2 + 1

2

]
,
[3
2

]
, sin (x)2

))
+ 3y sin

(
b
√
cos (x)2m cos (x)−m sin (x) hypergeom

([1
2 ,−

m
2 + 1

2

]
,
[3
2

]
, sin (x)2

))
cos (x)m

3
√
cos (x)2m sec (x)2 b cos (x)2

(
−

(m−1) hypergeom
([ 3

2 ,−
m
2 + 3

2
]
,
[ 5
2
]
,sin(x)2

)
sin(x)2

3 + hypergeom
([1

2 ,−
m
2 + 1

2

]
,
[3
2

]
, sin (x)2

))
sin
(
b cos (x)−m+1 sin (x)

√
cos (x)2m sec (x)2 hypergeom

([1
2 ,−

m
2 + 1

2

]
,
[3
2

]
, sin (x)2

))
− 3y cos

(
b cos (x)−m+1 sin (x)

√
cos (x)2m sec (x)2 hypergeom

([1
2 ,−

m
2 + 1

2

]
,
[3
2

]
, sin (x)2

))
cos (x)m


Mathematica answer is simpler

6.2.19.4 [695] problem number 4

problem number 695

Added January 20, 2019.

Problem 2.6.5.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 +my cotx+ b2 sinm x

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + m*y*Cot[x] + b^2*Sin[x]^m)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := diff(w(x,y),x)+ (y^2+m*y*cot(x)+b^2*sin(x)^m )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.19.5 [696] problem number 5

problem number 696

Added January 20, 2019.

Problem 2.6.5.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 − 2λ2 tan2(λx)− 2λ2 cot2(λx)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 - 2*lambda^2*Tan[lambda*x]^2 - 2*lambda^2*Cot[lambda*x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (y^2-2*lambda^2*tan(lambda*x)^2-2*lambda^2*cot(lambda*x)^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 2λ cos (λx)2 − y sin (λx) cos (λx)− λ(
2λ cos (λx)2 − y sin (λx) cos (λx)− λ

)
ln (cos (λx) + i sin (λx)) + 2i sin (λx)

(
y cos (λx)3 sin (λx) + 2λ cos (λx)4 − y sin(λx) cos(λx)

2 − 2λ cos (λx)2 − λ
2

)
cos (λx)



6.2.19.6 [697] problem number 6

problem number 697

Added January 20, 2019.

Problem 2.6.5.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 + λ(a+ b) + 2ab+ a(λ− a) tan2(λx) + b(λ− b) cot2(λx)

)
wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + lambda*(a + b) + 2*a*b + a*(lambda - a)*Tan[lambda*x]^2 + b*(lambda - b)*Cot[lambda*x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ ( y^2+lambda*(a+b)+2*a*b+a*(lambda -a)*tan(lambda*x)^2+ b*(lambda -b)*cot(lambda*x)^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


(
a sin (λx)2 − b cos (λx)2 − cos (λx) y sin (λx)

) (
a− 3λ

2

)
sin (λx)

2b−λ
λ cos (λx)

2a−λ
λ

−2λ cos (λx)2 sin (λx)2 (a+ b− λ) hypergeom
([
2, −a−b+2λ

λ

]
,
[
−−5λ+2a

2λ

]
, cos (λx)2

)
+
((

−3λ2 + (7a+3b)λ
2 − ab

)
cos (λx)2 + y sin (λx)

(
a− 3λ

2

)
cos (λx) + a2 sin (λx)2 −

5λ
(
a− 3λ

5

)
2

)
hypergeom

([
1, −a−b+λ

λ

]
,
[
−−3λ+2a

2λ

]
, cos (λx)2

)


6.2.19.7 [698] problem number 7

problem number 698

Added January 20, 2019.

Problem 2.6.5.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
λ sin(λx)y2 + a cosn(λx)y − a cosn−1(λx)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*Sin[lambda*x]*y^2 + a*Cos[lambda*x]^n*y - a*Cos[lambda*x]^(n - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+ (lambda*sin(lambda*x)* y^2 + a*cos(lambda*x)^n*y-a*cos(lambda*x)^(n-1))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()
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6.2.19.8 [699] problem number 8

problem number 699

Added January 20, 2019.

Problem 2.6.5.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
λ sin(λx)y2 + a sin(λx)y − a tan(λx)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*Sin[lambda*x]*y^2 + a*Sin[lambda*x]*y - a*Tan[lambda*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (lambda*sin(lambda*x)*y^2 + a*sin(lambda*x)*y-a*tan(lambda*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 −y cos (λx) + 1
Ei1
(

a cos(λx)
λ

)
a (y cos (λx)− 1)− e−

a cos(λx)
λ yλ



6.2.19.9 [700] problem number 9

problem number 700

Added January 20, 2019.

Problem 2.6.5.9 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
λ sin(λx)y2 + a sin(λx)y − a tan(λx)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*Sin[lambda*x]*y^2 + a*Sin[lambda*x]*y - a*Tan[lambda*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := diff(w(x,y),x)+ (lambda*sin(lambda*x)*y^2 + a*sin(lambda*x)*y-a*tan(lambda*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 −y cos (λx) + 1
Ei1
(

a cos(λx)
λ

)
a (y cos (λx)− 1)− e−

a cos(λx)
λ yλ



6.2.19.10 [701] problem number 10

problem number 701

Added January 20, 2019.

Problem 2.6.5.10 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
Aeλx cos(ay) +Beµx sin(ay) + Aeλx

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (A*Exp[lambda*x]*Cos[a*y] + B*Exp[mu*x]*Sin[a*y] + A*Exp[lambda*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (A*exp(lambda*x)*cos(a*y) + B*exp(mu*x)*sin(a*y) + A*exp(lambda*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

− tan
(
ay
2

)
e−

a eµxB
µ + A

∫
e

−a eµxB+λxµ
µ dxa

a (−λ+ µ)


6.2.19.11 [702] problem number 11

problem number 702

Added January 20, 2019.

Problem 2.6.5.11 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

sinn+1(2x)wx +
(
ay2 sin2n x+ b cos2n x

)
wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = Sin[2*x]^(n + 1)*D[w[x, y], x] + (a*y^2*Sin[x]^(2*n) + b*Cos[x]^(2*n))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := sin(2*x)^(n+1)*diff(w(x,y),x)+ (a*y^2*sin(x)^(2*n) + b*cos(x)^(2*n) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
cos (x)−

√
n2−4−nab (ay sin (x)2n + sin (2x)n

√
n2 − 4−nab+ sin (2x)n n

)
sin (x)

√
n2−4−nab

ay sin (x)2n − sin (2x)n
√
n2 − 4−nab+ sin (2x)n n

)

6.2.20 7.1

Local contents
6.2.20.1 [703] problem number 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 993
6.2.20.2 [704] problem number 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 994
6.2.20.3 [705] problem number 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 994
6.2.20.4 [706] problem number 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 995
6.2.20.5 [707] problem number 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 996
6.2.20.6 [708] problem number 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 996
6.2.20.7 [709] problem number 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 997
6.2.20.8 [710] problem number 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 998
6.2.20.9 [711] problem number 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 998
6.2.20.10 [712] problem number 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 999
6.2.20.11 [713] problem number 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 999
6.2.20.12 [714] problem number 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1000

6.2.20.1 [703] problem number 1

problem number 703

Added January 20, 2019.

Problem 2.7.1.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
a arcsink(λx) + b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*ArcSin[lambda*x]^k + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
ia arcsin(λx)k (arcsin(λx)2)−k ((i arcsin(λx))kΓ(k + 1,−i arcsin(λx))− (−i arcsin(λx))kΓ(k + 1, i arcsin(λx))

)
2λ − bx+ y

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*arcsin(lambda*x)^k+b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−
a
(
− arcsin (λx) LommelS1

(
k + 3

2 ,
1
2 , arcsin (λx)

)
+ arcsin (λx)k+

3
2

)√
−λ2x2 + 1 +

(
axLommelS1

(
k + 3

2 ,
1
2 , arcsin (λx)

)
+ aLommelS1

(
k + 1

2 ,
3
2 , arcsin (λx)

)
kx arcsin (λx) +

√
arcsin (λx) (k + 1) (bx− y)

)
λ√

arcsin (λx) (k + 1)λ


6.2.20.2 [704] problem number 2

problem number 704

Added January 20, 2019.

Problem 2.7.1.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
a arcsink(λy) + b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*ArcSin[lambda*y]^k + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(∫ y

1

1
a arcsin(λK[1])k + b

dK[1]− x

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*arcsin(lambda*y)^k+b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫ 1
a arcsin (λy)k + b

dy + x

)

6.2.20.3 [705] problem number 3

problem number 705

Added January 20, 2019.

Problem 2.7.1.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + k arcsinn(ax+ by + c)wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + k*Arcsin[a*x + b*y + c]^n*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) →
∫ y

1

(
− bc1
bkArcsin(c+ ax+ bK[6172])n + a

−
∫ x

1

ab2knArcsin(c+ aK[1] + bK[6172])n−1c1Arcsin′(c+ aK[1] + bK[6172])
(bkArcsin(c+ aK[1] + bK[6172])n + a)2

dK[1]
)
dK[6172] +

∫ x

1

bkArcsin(c+ by + aK[1])nc1
bkArcsin(c+ by + aK[1])n + a

dK[1] + c2

}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+ k*arcsin(a*x + b*y+c)^n*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫ ax+by

b 1
k arcsin (_ab+ c)n b+ a

d_ab+ x

)

6.2.20.4 [706] problem number 4

problem number 706

Added January 20, 2019.

Problem 2.7.1.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx + a arcsink(λx) arcsinn(µy)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Arcsin[lambda*x]^k*Arcsin[mu*y]^n*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(∫ y

1
Arcsin(µK[1])−ndK[1]−

∫ x

1
aArcsin(λK[2])kdK[2]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+a*arcsin(lambda*x)^k*arcsin(mu*y)^n*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−

(√
arcsin (λx) (k + 1)

(
−LommelS1

(
−n+ 3

2 ,
1
2 , arcsin (µy)

)
arcsin (µy) + arcsin (µy)−n+ 3

2

)√
−µ2y2 + 1 + µ

(√
arcsin (λx) y(k + 1)LommelS1

(
−n+ 3

2 ,
1
2 , arcsin (µy)

)
−
√

arcsin (λx)ny arcsin (µy) (k + 1)LommelS1
(
−n+ 1

2 ,
3
2 , arcsin (µy)

)
+ a
√

arcsin (µy)x(n− 1)
(
k LommelS1

(
k + 1

2 ,
3
2 , arcsin (λx)

)
arcsin (λx) + LommelS1

(
k + 3

2 ,
1
2 , arcsin (λx)

))))
λ
√
−λ2x2 + 1− a

√
arcsin (µy)µ(λx− 1) (λx+ 1) (n− 1)

(
− arcsin (λx) LommelS1

(
k + 3

2 ,
1
2 , arcsin (λx)

)
+ arcsin (λx)k+

3
2

)
√
arcsin (λx)

√
−λ2x2 + 1

√
arcsin (µy)µ (n− 1) aλ (k + 1)


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6.2.20.5 [707] problem number 5

problem number 707

Added January 20, 2019.

Problem 2.7.1.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 + λ(arcsin x)ny − a2 + aλ(arcsin x)n

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + lambda*Arcsin[x]^n*y - a^2 + a*lambda*Arcsin[x]^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+(y^2+ lambda*arcsin(x)^n*y -a^2 + a *lambda*arcsin(x)^n)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


(−a− y)

∫
e−

2


λ

(
LommelS1

(
n+3

2 ,
1
2 ,arcsin(x)

)
arcsin(x)−arcsin(x)n+

3
2
)√

−x2+1

2 +x

−
LommelS1

(
n+3

2 ,
1
2 ,arcsin(x)

)
λ

2 −
arcsin(x) LommelS1

(
n+1

2 ,
3
2 ,arcsin(x)

)
λn

2 +a
√

arcsin(x) (1+n)




√
arcsin(x) (1+n) dx− e−

2


λ

(
LommelS1

(
n+3

2 ,
1
2 ,arcsin(x)

)
arcsin(x)−arcsin(x)n+

3
2
)√

−x2+1

2 +x

−
LommelS1

(
n+3

2 ,
1
2 ,arcsin(x)

)
λ

2 −
arcsin(x) LommelS1

(
n+1

2 ,
3
2 ,arcsin(x)

)
λn

2 +a
√

arcsin(x) (1+n)




√
arcsin(x) (1+n)

a+ y


6.2.20.6 [708] problem number 6

problem number 708

Added January 20, 2019.

Problem 2.7.1.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 + λx(arcsin x)ny + λ(arcsin y)n

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + lambda*x*Arcsin[x]^n*y + lambda*Arcsin[x]^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

−
exp

(
−
∫ x

1 −λArcsin(K[1])nK[1]dK[1]
)

x2y + x
−
∫ x

1

exp
(
−
∫ K[2]
1 −λArcsin(K[1])nK[1]dK[1]

)
K[2]2 dK[2]



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Maple 3� �
restart;
pde := diff(w(x,y),x)+( y^2+ lambda*x*arcsin(x)^n*y + lambda*arcsin(x)^n)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


∫ e

4λ


(n sin(2 arcsin(x))

4 +arcsin(x)
(
nx2+2x2−1

))
2
1
2−n− 2

3
2−n(n arcsin(x)−sin(2 arcsin(x)))

4

LommelS1
(
n+1

2 ,
1
2 ,2 arcsin(x)

)
−

sin(2 arcsin(x))
(
2
3
2−n arcsin(x) LommelS1

(
n+3

2 ,
3
2 ,2 arcsin(x)

)
−4 arcsin(x)n+

3
2
)

4


√

arcsin(x) (8n+16)

x2 dx(y x2 + x) + e

4λ


(n sin(2 arcsin(x))

4 +arcsin(x)
(
nx2+2x2−1

))
2
1
2−n− 2

3
2−n(n arcsin(x)−sin(2 arcsin(x)))

4

LommelS1
(
n+1

2 ,
1
2 ,2 arcsin(x)

)
−

sin(2 arcsin(x))
(
2
3
2−n arcsin(x) LommelS1

(
n+3

2 ,
3
2 ,2 arcsin(x)

)
−4 arcsin(x)n+

3
2
)

4


√

arcsin(x) (8n+16)

x (xy + 1)


6.2.20.7 [709] problem number 7

problem number 709

Added January 20, 2019.

Problem 2.7.1.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx −
(
(k + 1)xky2 − λ(arcsin x)n(xk+1y − 1)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] - ((k + 1)*x^k*y^2 - lambda*Arcsin[x]^n*(x^(k + 1)*y - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)-( (k+1)*x^k*y^2 - lambda*arcsin(x)^n*(x^(k+1)*y-1))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

xk+1e
∫ arcsin(x)nxk+1λx−2k−2

x
dx −

∫
x−k−2eλ

∫
xk+1 arcsin(x)ndxdx

(
xk+1y − 1

)
(k + 1)

xk+1y − 1


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6.2.20.8 [710] problem number 8

problem number 710

Added January 20, 2019.

Problem 2.7.1.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
λ(arcsin x)ny2 + ay + ab− b2λ(arcsin x)n

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*Arcsin[x]^n*y^2 + a*y + a*b - b^2*lambda*Arcsin[x]^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+( lambda*arcsin(x)^n*y^2 + a*y+ a*b -b^2 * lambda*arcsin(x)^n)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−λ(b+ y)
∫
arcsin (x)n e

−2bλ
(
−LommelS1

(
n+3

2 ,
1
2 ,arcsin(x)

)
arcsin(x)+arcsin(x)n+

3
2
)√

−x2+1+
(
−2bλLommelS1

(
n+3

2 ,
1
2 ,arcsin(x)

)
−2 LommelS1

(
n+1

2 ,
3
2 ,arcsin(x)

)
bnλ arcsin(x)+a

√
arcsin(x) (1+n)

)
x√

arcsin(x) (1+n) dx− e
−2bλ

(
−LommelS1

(
n+3

2 ,
1
2 ,arcsin(x)

)
arcsin(x)+arcsin(x)n+

3
2
)√

−x2+1+
(
−2bλLommelS1

(
n+3

2 ,
1
2 ,arcsin(x)

)
−2 LommelS1

(
n+1

2 ,
3
2 ,arcsin(x)

)
bnλ arcsin(x)+a

√
arcsin(x) (1+n)

)
x√

arcsin(x) (1+n)

b+ y


6.2.20.9 [711] problem number 9

problem number 711

Added January 29, 2019.

Problem 2.7.1.9 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
λ(arcsin x)ny2 − bλxm(arcsin x)ny + bmxm−1)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*Arcsin[x]^n*y^2 - b*lambda*x^m*ArcSin[x]^n*y + b*m*x^(m - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+( lambda*arcsin(x)^n*y^2 - b*lambda*x^m*arcsin(x)^n*y+b*m*x^(m-1) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()
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6.2.20.10 [712] problem number 10

problem number 712

Added January 29, 2019.

Problem 2.7.1.10 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
λ(arcsin x)ny2 + bmxm−1 − λb2x2m(arcsin x)n

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*ArcSin[x]^n*y^2 + b*m*x^(m - 1) - lambda*b^2*x^(2*m)*ArcSin[x]^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+( lambda*arcsin(x)^n*y^2 + b*m*x^(m-1) - lambda*b^2*x^(2*m)*arcsin(x)^n )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.20.11 [713] problem number 11

problem number 713

Added January 29, 2019.

Problem 2.7.1.11 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
λ(arcsin x)n(y − axm − b)2 + amxm−1)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*ArcSin[x]^n*(y - a*x^m - b)^2 + a*m*x^(m - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
− 1
axm + b− y

− 1
2iλ(i arcsin(x))

n arcsin(x)n
(
arcsin(x)2

)−n Γ(n+ 1,−i arcsin(x)) + 1
2iλ(−i arcsin(x))

n arcsin(x)n
(
arcsin(x)2

)−n Γ(n+ 1, i arcsin(x))
)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+( lambda*arcsin(x)^n*(y - a*x^m -b)^2 + a*m*x^(m-1) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

λ
(
−LommelS1

(
n+ 3

2 ,
1
2 , arcsin (x)

)
arcsin (x) + arcsin (x)n+

3
2

)
(a xm + b− y)

√
−x2 + 1 + (a x1+m + x(b− y))λLommelS1

(
n+ 3

2 ,
1
2 , arcsin (x)

)
+ n(a x1+m + x(b− y)) arcsin (x)λLommelS1

(
n+ 1

2 ,
3
2 , arcsin (x)

)
−
√
arcsin (x) (n+ 1)√

arcsin (x) (a xm + b− y) (n+ 1)


6.2.20.12 [714] problem number 12

problem number 714

Added January 29, 2019.

Problem 2.7.1.12 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

xwx +
(
λ(arcsin x)ny2 + ky + λb2x2k(arcsin x)n

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (lambda*ArcSin[x]^n*y^2 + k*y + lambda*b^2*x^(2*k)*ArcSin[x]^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
arctan

(
yx−k

√
b2

)
−
√
b2
∫ x

1
λ arcsin(K[1])nK[1]k−1dK[1]

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x)+( lambda*arcsin(x)^n*y^2 +k*y+ lambda*b^2*x^(2*k)*arcsin(x)^n )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
bλ

∫
xk−1 arcsin (x)n dx− arctan

(
x−ky

b

))

6.2.21 7.2
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6.2.21.10 [724] problem number 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1006
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6.2.21.11 [725] problem number 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1006
6.2.21.12 [726] problem number 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1007

6.2.21.1 [715] problem number 1

problem number 715

Added January 29, 2019.

Problem 2.7.2.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
a arccosk(λx) + b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*ArcCos[lambda*x]^k + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
−a arccos(λx)

k(−i arccos(λx))−kΓ(k + 1,−i arccos(λx)) + a(i arccos(λx))−k arccos(λx)kΓ(k + 1, i arccos(λx)) + 2bλx− 2λy
2λ

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+( a*arccos(lambda*x)^k + b )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


(
(2 + k) LommelS1

(
k + 1

2 ,
1
2 , arccos (λx)

)
− LommelS1

(
k + 3

2 ,
3
2 , arccos (λx)

)
arccos (λx) + arccos (λx)k+

3
2

)
a
√
−λ2x2 + 1− λ

(
aLommelS1

(
k + 1

2 ,
1
2 , arccos (λx)

)
x arccos (λx) +

√
arccos (λx) (bx− y)

)
(2 + k)√

arccos (λx)λ (2 + k)


6.2.21.2 [716] problem number 2

problem number 716

Added January 29, 2019.

Problem 2.7.2.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
a arccosk(λy) + b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*ArcCos[lambda*y]^k + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(∫ y

1

1
a arccos(λK[1])k + b

dK[1]− x

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+( a*arccos(lambda*y)^k + b )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫ 1
a arccos (λy)k + b

dy + x

)

6.2.21.3 [717] problem number 3

problem number 717

Added January 29, 2019.

Problem 2.7.2.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + k arccosn(ax+ by + c)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + k*ArcCos[a*x + b*y + c]^n*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) →
∫ y

1

(
− bc1
bk arccos(c+ ax+ bK[6006])n + a

−
∫ x

1
− ab2kn arccos(c+ aK[1] + bK[6006])n−1c1

(bk arccos(c+ aK[1] + bK[6006])n + a)2
√

1− (c+ aK[1] + bK[6006])2
dK[1]

)
dK[6006] +

∫ x

1

bk arccos(c+ by + aK[1])nc1
bk arccos(c+ by + aK[1])n + a

dK[1] + c2

}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+k*arccos(a*x+b*y+c)^n*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫ ax+by

b 1
k arccos (_ab+ c)n b+ a

d_ab+ x

)

6.2.21.4 [718] problem number 4

problem number 718

Added January 29, 2019.

Problem 2.7.2.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + a arccosk(λx) arccosn(µy)wy = 0



chapter 6. handbook of first order partial differential . . . 1003

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*ArcCos[lambda*x]^k*ArcCos[mu*y]^n*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(arccos(λx)2)−k

(
−a(i arccos(λx))k arccos(λx)kΓ(k + 1,−i arccos(λx))− a(−i arccos(λx))k arccos(λx)kΓ(k + 1, i arccos(λx)) + λ

(
arccos(λx)2

)k arccos(µy)−n((−i arccos(µy))nΓ(1−n,−i arccos(µy))+(i arccos(µy))nΓ(1−n,i arccos(µy)))
µ

)
2λ





Maple 3� �
restart;
pde := diff(w(x,y),x)+a*arccos(lambda*x)^k*arccos(mu*y)^n*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


(
(2 + k) LommelS1

(
k + 1

2 ,
1
2 , arccos (λx)

)
− LommelS1

(
k + 3

2 ,
3
2 , arccos (λx)

)
arccos (λx) + arccos (λx)k+

3
2

)
(−2 + n) aµ

√
arccos (µy)

√
−λ2x2 + 1−

(
−
√
arccos (λx)

(
(2− n) LommelS1

(
−n+ 1

2 ,
1
2 , arccos (µy)

)
− LommelS1

(
−n+ 3

2 ,
3
2 , arccos (µy)

)
arccos (µy) + arccos (µy)−n+ 3

2

)√
−µ2y2 + 1 + µ(−2 + n)

(
a
√
arccos (µy) LommelS1

(
k + 1

2 ,
1
2 , arccos (λx)

)
x arccos (λx)−

√
arccos (λx) y arccos (µy) LommelS1

(
−n+ 1

2 ,
1
2 , arccos (µy)

)))
λ(2 + k)√

arccos (λx)
√

arccos (µy) aµ (−2 + n)λ (2 + k)


6.2.21.5 [719] problem number 5

problem number 719

Added January 29, 2019.

Problem 2.7.2.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 + λ(arccosx)ny − a2 + aλ(arccosx)n

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + lambda*ArcCos[x]^n*y - a^2 + a*lambda*ArcCos[x]^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+( y^2+lambda*arccos(x)^n*y- a^2 + a*lambda*arccos(x)^n )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
time expired
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6.2.21.6 [720] problem number 6

problem number 720

Added January 29, 2019.

Problem 2.7.2.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
y2 + λx(arccosx)ny + λ(arccosx)n

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + lambda*x*ArcCos[x]^n*y + a*lambda*ArcCos[x]^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+( y^2+lambda*x*arccos(x)^n*y + a*lambda*arccos(x)^n )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.21.7 [721] problem number 7

problem number 721

Added January 29, 2019.

Problem 2.7.2.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx −
(
(k + 1)xky2 − λ(arccosx)n(xk+1y − 1)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] - ((k + 1)*x^k*y^2 - lambda*ArcCos[x]^n*(x^(k + 1)*y - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)-( (k+1)*x^k*y^2 -lambda*arccos(x)^n*(x^(k+1)*y-1) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

xk+1e
∫ xk+1 arccos(x)nλx−2k−2

x
dx −

∫
x−k−2eλ

∫
xk+1 arccos(x)ndxdx

(
xk+1y − 1

)
(k + 1)

xk+1y − 1


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6.2.21.8 [722] problem number 8

problem number 722

Added January 29, 2019.

Problem 2.7.2.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
λ(arccosx)ny2 + ay + ab− b2λ(arccosx)n

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*ArcCos[x]^n*y^2 + a*y + a*b - b^2*lambda*ArcCos[x]^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+( lambda*arccos(x)^n*y^2+ a*y+ a*b - b^2*lambda*arccos(x)^n )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


−
∫ 4 e

2b
(
(2+n) LommelS1

(
n+1

2 ,
1
2 ,arccos(x)

)
−arccos(x) LommelS1

(
n+3

2 ,
3
2 ,arccos(x)

)
+arccos(x)n+

3
2
)
λ
√

−x2+1+x(2+n)
(
−2bλ arccos(x) LommelS1

(
n+1

2 ,
1
2 ,arccos(x)

)
+a
√

arccos(x)
)

√
arccos(x) (2+n)

((
nb(π−2 arcsin(x))2(2+n) LommelS1

(
n− 1

2 ,
1
2 ,arccos(x)

)
2 −2 arccos(x)b(2+n) LommelS1

(
n+ 1

2 ,
1
2 ,arccos(x)

)
+
b(π−2 arcsin(x))2 LommelS1

(
n+3

2 ,
3
2 ,arccos(x)

)
2 +((b+y)n+2y) arccos(x)n+

5
2

)
√
−x2+1+2xb

(
−
n
(
π3−12 arccos(x)π arcsin(x)−8 arcsin(x)3

)
(2+n) LommelS1

(
n− 1

2 ,
1
2 ,arccos(x)

)
8 +

(π−2 arcsin(x))2(2+n) LommelS1
(
n+1

2 ,
1
2 ,arccos(x)

)
4 +

(
−π3

8 + 3 arccos(x)π arcsin(x)
2 +arcsin(x)3

)
LommelS1

(
n+ 3

2 ,
3
2 ,arccos(x)

)
+arccos(x)

7
2+n

))
arccos(x)5/2

√
−x2+1

dxλ− 4 e
2b
(
(2+n) LommelS1

(
n+1

2 ,
1
2 ,arccos(x)

)
−arccos(x) LommelS1

(
n+3

2 ,
3
2 ,arccos(x)

)
+arccos(x)n+

3
2
)
λ
√

−x2+1+x(2+n)
(
−2bλ arccos(x) LommelS1

(
n+1

2 ,
1
2 ,arccos(x)

)
+a
√

arccos(x)
)

√
arccos(x) (2+n) (2 + n)

4 (2 + n) (b+ y)


6.2.21.9 [723] problem number 9

problem number 723

Added January 29, 2019.

Problem 2.7.2.9 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
λ(arccosx)ny2 − bλxm(arccosx)ny + bmxm−1)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*ArcCos[x]^n*y^2 - b*lambda*x^m*ArcCos[x]^n*y + b*m*x^(m - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := diff(w(x,y),x)+( lambda*arccos(x)^n*y^2- b*lambda*x^m*arccos(x)^n*y + b*m*x^(m-1) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.21.10 [724] problem number 10

problem number 724

Added January 29, 2019.

Problem 2.7.2.10 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
λ(arccosx)ny2 + bmxm−1 − λb2x2m(arccosx)n

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*ArcCos[x]^n*y^2 + b*m*x^(m - 1) - lambda*b^2*x^(2*m)*ArcCos[x]^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+( lambda*arccos(x)^n*y^2+ b*m*x^(m-1) - lambda*b^2*x^(2*m)*arccos(x)^n )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.21.11 [725] problem number 11

problem number 725

Added January 29, 2019.

Problem 2.7.2.11 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
λ(arccosx)n(y − axm − b)2 + amxm−1)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*ArcCos[x]^n*(y - a*x^m - b)^2 + a*m*x^(m - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
1
2

(
− 2
axm + b− y

+ λ(i arccos(x))n arccos(x)n
(
arccos(x)2

)−n Γ(n+ 1,−i arccos(x)) + λ(−i arccos(x))n arccos(x)n
(
arccos(x)2

)−n Γ(n+ 1, i arccos(x))
))}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+( lambda*arccos(x)^n*(y- a*x^m-b)^2 + a*m*x^(m-1) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−

(
(2 + n) LommelS1

(
n+ 1

2 ,
1
2 , arccos (x)

)
+ arccos (x)n arccos (x)3/2 − LommelS1

(
n+ 3

2 ,
3
2 , arccos (x)

)
arccos (x)

)
(a xm + b− y)λ

√
−x2 + 1− (2 + n)

(
xλ arccos (x) (a xm + b− y) LommelS1

(
n+ 1

2 ,
1
2 , arccos (x)

)
−
√
arccos (x)

)
√

arccos (x) (2 + n) (a xm + b− y)


6.2.21.12 [726] problem number 12

problem number 726

Added January 29, 2019.

Problem 2.7.2.12 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

xwx +
(
λ(arccosx)ny2 + ky + λb2x2k(arccosx)n

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (lambda*ArcCos[x]^n*y^2 + k*y + lambda*b^2*x^(2*k)*ArcCos[x]^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
arctan

(
yx−k

√
b2

)
−
√
b2
∫ x

1
λ arccos(K[1])nK[1]k−1dK[1]

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x)+( lambda*arccos(x)^n*y^2+ k*y + lambda*b^2*x^(2*k)*arccos(x)^n )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
bλ

∫
xk−1 arccos (x)n dx− arctan

(
x−ky

b

))

6.2.22 7.3

Local contents
6.2.22.1 [727] problem number 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1008
6.2.22.2 [728] problem number 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1008
6.2.22.3 [729] problem number 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1009
6.2.22.4 [730] problem number 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1009
6.2.22.5 [731] problem number 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1010
6.2.22.6 [732] problem number 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1011
6.2.22.7 [733] problem number 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1011
6.2.22.8 [734] problem number 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1012
6.2.22.9 [735] problem number 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1012
6.2.22.10 [736] problem number 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1013
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6.2.22.11 [737] problem number 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1013
6.2.22.12 [738] problem number 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1014

6.2.22.1 [727] problem number 1

problem number 727

Added January 29, 2019.

Problem 2.7.3.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
a arctank(λx) + b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*ArcTan[lambda*x]^k + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y −

∫ x

1

(
a arctan(λK[1])k + b

)
dK[1]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+( a*arctan(lambda*x)^k+b )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−bx+ y − a

∫
arctan (λx)k dx

)

6.2.22.2 [728] problem number 2

problem number 728

Added January 29, 2019.

Problem 2.7.3.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
a arctank(λy) + b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*ArcTan[lambda*y]^k + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(∫ y

1

1
a arctan(λK[1])k + b

dK[1]− x

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+( a*arctan(lambda*y)^k+b )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫ 1
a arctan (λy)k + b

dy + x

)

6.2.22.3 [729] problem number 3

problem number 729

Added January 29, 2019.

Problem 2.7.3.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + k arctann(ax+ by + c)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + k*ArcTan[a*x + b*y + c]^n*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) →
∫ y

1

(
− bc1
bk arctan(c+ ax+ bK[6860])n + a

−
∫ x

1

ab2kn arctan(c+ aK[1] + bK[6860])n−1c1

(bk arctan(c+ aK[1] + bK[6860])n + a)2 (c2 + 2aK[1]c+ 2bK[6860]c+ a2K[1]2 + b2K[6860]2 + 2abK[1]K[6860] + 1)
dK[1]

)
dK[6860] +

∫ x

1

bk arctan(c+ by + aK[1])nc1
bk arctan(c+ by + aK[1])n + a

dK[1] + c2

}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+k *arctan(a*x+b*y+c)^n*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫ ax+by

b 1
k arctan (_ab+ c)n b+ a

d_ab+ x

)

6.2.22.4 [730] problem number 4

problem number 730

Added January 29, 2019.

Problem 2.7.3.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + a arctank(λx) arctann(µy)wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*ArcTan[lambda*x]^k*ArcTan[mu*y]^n*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(∫ y

1
arctan(µK[1])−ndK[1]−

∫ x

1
a arctan(λK[2])kdK[2]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+a*arctan(lambda*x)^k*arctan(mu*y)^n*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫

arctan (λx)k dx+
∫
arctan (µy)−n dy

a

)

6.2.22.5 [731] problem number 5

problem number 731

Added January 29, 2019.

Problem 2.7.3.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 + λ(arctan x)ny − a2 + aλ(arctan x)n

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + lambda*ArcTan[x]^n*y - a^2 + a*lambda*ArcTan[x]^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+(y^2 + lambda*arctan(x)^n*y -a^2 + a *lambda*arctan(x)^n )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−e−

∫
(− arctan(x)nλ+2a)dx +

∫
e−
∫
(− arctan(x)nλ+2a)dxdx(−a− y)

a+ y

)
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6.2.22.6 [732] problem number 6

problem number 732

Added January 29, 2019.

Problem 2.7.3.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 + λx(arctan x)ny + λ(arctan x)n

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + lambda*x*ArcTan[x]^n*y + lambda*ArcTan[x]^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

−
exp

(
−
∫ x

1 −λ arctan(K[1])nK[1]dK[1]
)

x2y + x
−
∫ x

1

exp
(
−
∫ K[2]
1 −λ arctan(K[1])nK[1]dK[1]

)
K[2]2 dK[2]




Maple 3� �
restart;
pde := diff(w(x,y),x)+(y^2 + lambda*x*arctan(x)^n*y + lambda*arctan(x)^n )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

yx ∫ e
∫ λ arctan(x)nx2−2

x
dxdx+ e

∫ λ arctan(x)nx2−2
x

dxx+
∫
e
∫ λ arctan(x)nx2−2

x
dxdx

xy + 1


6.2.22.7 [733] problem number 7

problem number 733

Added Feb. 1, 2019.

Problem 2.7.3.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx −
(
(k + 1)xky2 − λ(arctan x)n(xk+1y − 1)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] - ((k + 1)*x^k*y^2 - lambda*ArcTan[x]^n*(x^(k + 1)*y - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := diff(w(x,y),x)-((k+1)*x^k*y^2 - lambda*arctan(x)^n*(x^(k+1)*y-1) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

xk+1e
∫ arctan(x)nxk+1xλ−2k−2

x
dx −

∫
x−k−2eλ

∫
xk+1 arctan(x)ndxdx

(
xk+1y − 1

)
(k + 1)

xk+1y − 1


6.2.22.8 [734] problem number 8

problem number 734

Added Feb. 1, 2019.

Problem 2.7.3.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
λ(arctan x)n + ay + ab− b2λ(arctan x)nn

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*ArcTan[x]^n + a*y + a*b - b^2*lambda*ArcTan[x]^n*n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
ye−ax −

∫ x

1
e−aK[1]((λ− b2λn

)
arctan(K[1])n + ab

)
dK[1]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+(lambda* arctan(x)^n +a*y+ a*b - b^2*lambda*arctan(x)^n*n )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
e−axy +

∫
−
((
−b2n+ 1

)
λ arctan (x)n + ab

)
e−axdx

)

6.2.22.9 [735] problem number 9

problem number 735

Added Feb. 1, 2019.

Problem 2.7.3.9 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
λ(arctanx)ny2 − bλxm(arctan x)ny + bmxm−1)wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*ArcTan[x]^n*y^2 - b*lambda*x^m*ArcTan[x]^n*y + b*m*x^(m - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+(lambda*arctan(x)^n*y^2 - b*lambda*x^m*arctan(x)^n*y+ b*m*x^(m-1))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.22.10 [736] problem number 10

problem number 736

Added Feb. 1, 2019.

Problem 2.7.3.10 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
λ(arctanx)ny2 + bmxm−1 − λb2x2m(arctan x)n

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*ArcTan[x]^n*y^2 + b*m*x^(m - 1) - lambda*b^2*x^(2*m)*ArcTan[x]^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+(lambda*arctan(x)^n*y^2 +b*m*x^(m-1) - lambda*b^2*x^(2*m)*arctan(x)^n)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.22.11 [737] problem number 11

problem number 737

Added Feb. 1, 2019.

Problem 2.7.3.11 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
λ(arctanx)n(y − axm − b)2 + amxm−1)wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*ArcTan[x]^n*(y - a*x^m - b)^2 + a*m*x^(m - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(∫ x

1
λ arctan(K[2])ndK[2]− 1

axm + b− y

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+(lambda*arctan(x)^n*(y-a*x^m -b)^2 + a*m*x^(m-1) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−1 + λ(a xm + b− y)

∫
arctan (x)n dx

a xm + b− y

)

6.2.22.12 [738] problem number 12

problem number 738

Added Feb. 1, 2019.

Problem 2.7.3.12 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

xwx +
(
λ(arctan x)ny2 + ky + λb2x2k(arctan x)n

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (lambda*ArcTan[x]^n*y^2 + k*y + lambda*b^2*x^(2*k)*ArcTan[x]^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
arctan

(
yx−k

√
b2

)
−
√
b2
∫ x

1
λ arctan(K[1])nK[1]k−1dK[1]

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x)+(lambda*arctan(x)^n*y^2+k*y+lambda*b^2*x^(2*k)*arctan(x)^n )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
bλ

∫
arctan (x)n xk−1dx− arctan

(
x−ky

b

))
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6.2.23 7.4
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6.2.23.4 [742] problem number 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1017
6.2.23.5 [743] problem number 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1017
6.2.23.6 [744] problem number 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1018
6.2.23.7 [745] problem number 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1019
6.2.23.8 [746] problem number 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1019
6.2.23.9 [747] problem number 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1020
6.2.23.10 [748] problem number 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1020
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6.2.23.12 [750] problem number 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1021

6.2.23.1 [739] problem number 1

problem number 739

Added Feb. 1, 2019.

Problem 2.7.4.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
a arccotk(λx) + b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*ArcCot[lambda*x]^k + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y −

∫ x

1

(
λ cot−1(λK[1])k + b

)
dK[1]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+(lambda*arccot(lambda*x)^k+b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−bx+ y − λ

∫
arccot (λx)k dx

)
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6.2.23.2 [740] problem number 2

problem number 740

Added Feb. 1, 2019.

Problem 2.7.4.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
a arccotk(λy) + b

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*ArcCot[lambda*y]^k + b)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(∫ y

1

1
λ cot−1(λK[1])k + b

dK[1]− x

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+(lambda*arccot(lambda*y)^k+b)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫ 1
λ arccot (λy)k + b

dy + x

)

6.2.23.3 [741] problem number 3

problem number 741

Added Feb. 1, 2019.

Problem 2.7.4.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + k arccotn(ax+ by + c)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + k*ArcCot[a*x + b*y + c]^n*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) →
∫ y

1

(
− bc1
bk cot−1(c+ ax+ bK[6326])n + a

−
∫ x

1
− ab2kn cot−1(c+ aK[1] + bK[6326])n−1c1

(bk cot−1(c+ aK[1] + bK[6326])n + a)2 (c2 + 2aK[1]c+ 2bK[6326]c+ a2K[1]2 + b2K[6326]2 + 2abK[1]K[6326] + 1)
dK[1]

)
dK[6326] +

∫ x

1

bk cot−1(c+ by + aK[1])nc1
bk cot−1(c+ by + aK[1])n + a

dK[1] + c2

}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+k*arccot(a*x+b*y+c)^n*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫ ax+by

b 1
k arccot (_ab+ c)n b+ a

d_ab+ x

)

6.2.23.4 [742] problem number 4

problem number 742

Added Feb. 1, 2019.

Problem 2.7.4.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + k arccotk(λx) arccotn(µy)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*ArcCot[lambda*x]^k*ArcCot[lambda*y]^n*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(∫ y

1
cot−1(λK[1])−ndK[1]−

∫ x

1
a cot−1(λK[2])kdK[2]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+a*arccot(lambda*x)^k*arccot(lambda*y)^n*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫

arccot (λx)k dx+
∫
arccot (λy)−n dy

a

)

6.2.23.5 [743] problem number 5

problem number 743

Added Feb. 1, 2019.

Problem 2.7.4.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 + λ(arccotx)ny − a2 + aλ(arccotx)n

)
wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + lambda*ArcCot[x]^n*y - a^2 + a*lambda*ArcCot[x]^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+(y^2+lambda*arccot(x)^n*y - a^2 +a*lambda*arccot(x)^n)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−e−

∫
(− arccot(x)nλ+2a)dx +

∫
e−
∫
(− arccot(x)nλ+2a)dxdx(−a− y)

a+ y

)

6.2.23.6 [744] problem number 6

problem number 744

Added Feb. 1, 2019.

Problem 2.7.4.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
y2 + λx(arccotx)ny + λ(arccotx)n

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + lambda*x*ArcCot[x]^n*y + lambda*ArcCot[x]^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

−
exp

(
−
∫ x

1 −λ cot−1(K[1])nK[1]dK[1]
)

x2y + x
−
∫ x

1

exp
(
−
∫ K[2]
1 −λ cot−1(K[1])nK[1]dK[1]

)
K[2]2 dK[2]




Maple 3� �
restart;
pde := diff(w(x,y),x)+(y^2+lambda*x*arccot(x)^n*y +lambda*arccot(x)^n)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

yx ∫ e
∫ λ arccot(x)nx2−2

x
dxdx+ e

∫ λ arccot(x)nx2−2
x

dxx+
∫
e
∫ λ arccot(x)nx2−2

x
dxdx

yx+ 1


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6.2.23.7 [745] problem number 7

problem number 745

Added Feb. 1, 2019.

Problem 2.7.4.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx −
(
(k + 1)xky2 − λ(arccotx)n(xk+1y − 1)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] - ((k + 1)*x^k*y^2 - lambda*ArcCot[x]^n*(x^(k + 1)*y - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)-((k+1)*x^k*y^2- lambda*arccot(x)^n*(x^(k+1)*y-1))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−xk+1e
∫ arccot(x)nxk+1xλ−2k−2

x
dx +

∫
x−k−2eλ

∫
xk+1 arccot(x)ndxdx

(
xk+1y − 1

)
(k + 1)

xk+1y − 1


6.2.23.8 [746] problem number 8

problem number 746

Added Feb. 1, 2019.

Problem 2.7.4.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
λ(arccotx)ny2 + ay + ab− b2λ(arccotx)nn

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*ArcCot[x]^n*y^2 + a*y + a*b - b^2*lambda*ArcCot[x]^n*n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+(lambda*arccot(x)^n*y^2+a*y + a*b -b^2*lambda*arccot(x)^n*n )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()
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6.2.23.9 [747] problem number 9

problem number 747

Added Feb. 1, 2019.

Problem 2.7.4.9 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
λ(arccotx)ny2 − bλxm(arccotx)ny + bmxm−1)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*ArcCot[x]^n*y^2 - b*lambda*x^m*ArcCot[x]^n*y + b*m*x^(m - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+(lambda*arccot(x)^n*y^2- b*lambda*x^m*arccot(x)^n*y+ b*m*x^(m-1) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.23.10 [748] problem number 10

problem number 748

Added Feb. 1, 2019.

Problem 2.7.4.10 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
λ(arccotx)ny2 + bmxm−1 − λb2x2m(arccotxn)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*ArcCot[x]^n*y^2 + b*m*x^(m - 1) - lambda*b^2*x^(2*m)*ArcCot[x]^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+( lambda*arccot(x)^n*y^2+ b*m*x^(m-1) - lambda*b^2*x^(2*m)*arccot(x)^n )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()
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6.2.23.11 [749] problem number 11

problem number 749

Added Feb. 1, 2019.

Problem 2.7.4.11 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
λ(arccotx)n(y − axm − b)2 + amxm−1)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*ArcCot[x]^n*(y - a*x^m - b)^2 + a*m*x^(m - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(∫ x

1
λ cot−1(K[2])ndK[2]− 1

axm + b− y

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+( lambda*arccot(x)^n*(y-a*x^m-b)^2+a*m*x^(m-1) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−1 + λ(a xm + b− y)

∫
arccot (x)n dx

a xm + b− y

)

6.2.23.12 [750] problem number 12

problem number 750

Added Feb. 1, 2019.

Problem 2.7.4.12 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

xwx +
(
λ(arccotx)ny2 + ky + λb2x2k(arccotx)n

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (lambda*ArcCot[x]^n*y^2 + k*y + lambda*b^2*x^(2*k)*ArcCot[x]^n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
arctan

(
yx−k

√
b2

)
−
√
b2
∫ x

1
λ cot−1(K[1])nK[1]k−1dK[1]

)}}
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Maple 3� �
restart;
pde := x*diff(w(x,y),x)+( lambda*arccot(x)^n*y^2+ k*y+ lambda*b^2*x^(2*k)*arccot(x)^n )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
bλ

∫
xk−1 arccot (x)n dx− arctan

(
x−ky

b

))

6.2.24 8.1

Local contents
6.2.24.1 [751] problem number 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1022
6.2.24.2 [752] problem number 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1023
6.2.24.3 [753] problem number 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1023
6.2.24.4 [754] problem number 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1024
6.2.24.5 [755] problem number 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1025
6.2.24.6 [756] problem number 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1025
6.2.24.7 [757] problem number 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1026
6.2.24.8 [758] problem number 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1026
6.2.24.9 [759] problem number 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1027
6.2.24.10 [760] problem number 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1027
6.2.24.11 [761] problem number 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1028
6.2.24.12 [762] problem number 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1028
6.2.24.13 [763] problem number 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1029

6.2.24.1 [751] problem number 1

problem number 751

Added Feb. 4, 2019.

Problem 2.8.1.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx + (f(x)y + g(x))wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y + g[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
y exp

(
−
∫ x

1
f(K[1])dK[1]

)
−
∫ x

1
exp

(
−
∫ K[2]

1
f(K[1])dK[1]

)
g(K[2])dK[2]

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+( f(x)*y+g(x) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
e−
∫
f(x)dxy −

∫
g(x) e−

∫
f(x)dxdx

)

6.2.24.2 [752] problem number 2

problem number 752

Added Feb. 4, 2019.

Problem 2.8.1.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y + g(x)yk

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y + g[x]*y^k)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
(k − 1)

∫ x

1
exp

(
(k − 1)

∫ K[2]

1
f(K[1])dK[1]

)
g(K[2])dK[2] + y1−k exp

(
(k − 1)

∫ x

1
f(K[1])dK[1]

))}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+( f(x)*y+g(x)*y^k )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
(k − 1)

∫
g(x) e(k−1)

∫
f(x)dxdx+ y1−ke(k−1)

∫
f(x)dx

)

6.2.24.3 [753] problem number 3

problem number 753

Added Feb. 4, 2019.

Problem 2.8.1.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 + f(x)y − a2 − af(x)

)
wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + f[x]*y - a^2 - a*f[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+( y^2+f(x)*y -a^2 -a*f(x) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
(a− y)

∫
e
∫
f(x)dx+2axdx− e

∫
f(x)dx+2ax

a− y

)

6.2.24.4 [754] problem number 4

problem number 754

Added Feb. 4, 2019.

Problem 2.8.1.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 + xf(x)y + f(x)

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 + x*f[x]*y + f[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

−
exp

(
−
∫ x

1 −f(K[1])K[1]dK[1]
)

x2y + x
−
∫ x

1

exp
(
−
∫ K[2]
1 −f(K[1])K[1]dK[1]

)
K[2]2 dK[2]




Maple 3� �
restart;
pde := diff(w(x,y),x)+( y^2+x*f(x)*y + f(x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

yx ∫ e
∫ f(x)x2−2

x
dxdx+ e

∫ f(x)x2−2
x

dxx+
∫
e
∫ f(x)x2−2

x
dxdx

xy + 1


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6.2.24.5 [755] problem number 5

problem number 755

Added Feb. 4, 2019.

Problem 2.8.1.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx −
(
(k + 1)xky2 − xk+1f(x)y + f(x)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] - ((k + 1)*x^k*y^2 - x^(k + 1)*f[x]*y + f[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)-( (k+1)*x^k*y^2-x^(k+1)*f(x)*y+f(x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−xk+1e
∫ xk+1f(x)x−2k−2

x
dx +

∫
x−k−2e

∫
xk+1f(x)dxdx

(
y xk+1 − 1

)
(k + 1)

y xk+1 − 1


6.2.24.6 [756] problem number 6

problem number 756

Added Feb. 4, 2019.

Problem 2.8.1.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y2 + ay − ab− b2f(x)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 + a*y - a*b - b^2*f[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2+a*y-a*b- b^2*f(x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
(b− y)

∫
eax+2b

∫
f(x)dxf(x) dx− eax+2b

∫
f(x)dx

b− y

)

6.2.24.7 [757] problem number 7

problem number 757

Added Feb. 4, 2019.

Problem 2.8.1.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f [x]y2 − axnf [x]y + anxn−1)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 - a*x^n*f[x]*y + a*n*x^(n - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2-a*x^n*f(x)*y+a*n*x^(n-1))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.24.8 [758] problem number 8

problem number 758

Added Feb. 4, 2019.

Problem 2.8.1.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y2 + anxn−1 − a2x2nf(x)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 + a*n*x^(n - 1) - a^2*x^(2*n)*f[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2+a*n*x^(n-1)-a^2*x^(2*n)*f(x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.24.9 [759] problem number 9

problem number 759

Added Feb. 4, 2019.

Problem 2.8.1.9 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y2 + g(x)y − a2f(x)− ag(x)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 + g[x]*y - a^2*f[x] - a*g[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2+g(x)* y-a^2*f(x)-a*g(x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
(a− y)

∫
e
∫
g(x)dx+2a

∫
f(x)dxf(x) dx− e

∫
g(x)dx+2a

∫
f(x)dx

a− y

)

6.2.24.10 [760] problem number 10

problem number 760

Added Feb. 4, 2019.

Problem 2.8.1.10 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y2 + g(x)y + anxn−1 − axng(x)− a2x2nf(x)

)
wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 + g[x]*y + a*n*x^(n - 1) - a*x^n*g[x] - a^2*x^(2*n)*f[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2+g(x)*y+a*n*x^(n-1) - a*x^n*g(x)-a^2*x^(2*n)*f(x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.24.11 [761] problem number 11

problem number 761

Added Feb. 4, 2019.

Problem 2.8.1.11 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y2 − axng(x)y + anxn−1 + a2x2n(g(x)− f(x))

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 - a*x^n*g*x*y + a*n*x^(n - 1) + a^2*x^(2*n)*(g*x - f*x))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2-a*x^n*g(x)*y+a*n*x^(n-1)+a^2*x^(2*n)*(g(x)-f(x)))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.24.12 [762] problem number 12

problem number 762

Added Feb. 4, 2019.

Problem 2.8.1.12 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

xwx +
(
f(x)y2 + ny + ax2nf(x)

)
wy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (f[x]*y^2 + n*y + a*x^(2*n)*f[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}, Assumptions -> a > 0], 60*10]];� �

{{
w(x, y) → c1

(
arctan

(
yx−n

√
a

)
−

√
a

∫ x

1
f(K[1])K[1]n−1dK[1]

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x)+( f(x)*y^2+n*y+a*x^(2*n)*f(x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) assuming a>0),output='realtime'));� �

w(x, y) = f1

(√
a

∫
f(x)xn−1dx− arctan

(
x−ny√
a

))

6.2.24.13 [763] problem number 13

problem number 763

Added Feb. 4, 2019.

Problem 2.8.1.13 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

xwx +
(
x2nf(x)y2 + (axnf(x)− n)y + bf(x)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (x^(2*n)*f[x]*y^2 + (a*x^n*f[x] - n)*y + b*f[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := x* diff(w(x,y),x)+( x^(2*n)* f(x)*y^2+(a*x^n*f(x)-n)*y+b*f(x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

−
2
(
a arctanh

(
a(2xny+a)√
a2(a2−4b)

)
+
√

a2(a2−4b)
∫
f(x)x−1+ndx

2

)
a√

a2 (a2 − 4b)


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6.2.25 8.2

Local contents
6.2.25.1 [764] problem number 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1030
6.2.25.2 [765] problem number 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1031
6.2.25.3 [766] problem number 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1031
6.2.25.4 [767] problem number 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1032
6.2.25.5 [768] problem number 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1032
6.2.25.6 [769] problem number 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1033
6.2.25.7 [770] problem number 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1034
6.2.25.8 [771] problem number 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1034
6.2.25.9 [772] problem number 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1035
6.2.25.10 [773] problem number 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1035
6.2.25.11 [774] problem number 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1036

6.2.25.1 [764] problem number 1

problem number 764

Added Feb. 4, 2019.

Problem 2.8.2.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
aeλxy2 + aeλxf(x)y + λf(x)

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Exp[lambda*x]*y^2 + a*Exp[lambda*x]*f[x]*y + lambda*f[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

−
λ exp

(
−
∫ eλx

1 −
af
(

log(K[1])
λ

)
λ

dK[1]− λx

)
ayeλx + λ

−
∫ eλx

1

exp
(
−
∫ K[2]
1 −

af
(

log(K[1])
λ

)
λ

dK[1]
)

K[2]2 dK[2]





Maple 3� �
restart;
pde := diff(w(x,y),x)+( a*exp(lambda*x)*y^2 + a*exp(lambda*x)*f(x)*y+lambda*f(x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−

eλxλ
(
a eλxy + λ

)
y
∫
e−λx+a

∫
eλxf(x)dxdxe2λxa+ λ

∫
e−λx+a

∫
eλxf(x)dxdxeλx + ea

∫
eλxf(x)dx

)
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6.2.25.2 [765] problem number 2

problem number 765

Added Feb. 4, 2019.

Problem 2.8.2.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y2 − aeλxf(x)y + aλeλx

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 - a*Exp[lambda*x]*f[x]*y + a*lambda*Exp[lambda*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

y exp
(
−
∫ eλx

1 −
af
(

log(K[1])
λ

)
λ

dK[1]− λx

)
aeλx − y

−
∫ eλx

1

exp
(
−
∫ K[2]
1 −

af
(

log(K[1])
λ

)
λ

dK[1]
)

K[2]2 dK[2]





Maple 7� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2-a*exp(lambda*x)*f(x)*y+a*lambda*exp(lambda*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.25.3 [766] problem number 3

problem number 766

Added Feb. 4, 2019.

Problem 2.8.2.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y2 + aλeλx − a2e2λxf(x)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 + a*lambda*Exp[lambda*x] - a^2*Exp[2*lambda*x]*f[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2+a*lambda*exp(lambda*x)-a^2*exp(2*lambda*x)*f(x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.2.25.4 [767] problem number 4

problem number 767

Added Feb. 4, 2019.

Problem 2.8.2.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y2 + λy + ae2λxf(x)

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 + lambda*y + a*Exp[2*lambda*x]*f[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}, Assumptions -> a > 0], 60*10]];� �

{{
w(x, y) → c1

(
arctan

(
ye−λx

√
a

)
−

√
a

∫ x

1
eλK[1]f(K[1])dK[1]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2+lambda*y+ a*exp(2*lambda*x)* f(x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) assuming a>0),output='realtime'));� �

w(x, y) = f1

(√
a

∫
f(x) eλxdx− arctan

(
e−λxy√

a

))

6.2.25.5 [768] problem number 5

problem number 768

Added Feb. 4, 2019.

Problem 2.8.2.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y2 − (aeλx + b)f(x)y + aλeλx

)
wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 - (a*Exp[lambda*x] + b)*f[x]*y + a*lambda*Exp[lambda*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2-(a*exp(lambda*x)+b)*f(x)*y+a *lambda*exp(lambda*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.25.6 [769] problem number 6

problem number 769

Added Feb. 4, 2019.

Problem 2.8.2.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
eλxf(x)y2 + (af(x)− λ)y + be−λxf(x)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (Exp[lambda*x]*f[x]*y^2 + (a*f[x] - lambda)*y + b*Exp[-(lambda*x)]*f[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+( exp(lambda*x)*f(x)*y^2+(a*f(x)-lambda)*y+b*exp(-lambda*x)*f(x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

−
2
(
a arctanh

(
a
(
2 eλxy+a

)√
a2(a2−4b)

)
+
√

a2(a2−4b)
∫
f(x)dx

2

)
a√

a2 (a2 − 4b)


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6.2.25.7 [770] problem number 7

problem number 770

Added Feb. 4, 2019.

Problem 2.8.2.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y2 + g(x)y + aλeλx − aeλxg(x)− a2e2λxf(x)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 + g[x]*y + a*lambda*Exp[lambda*x] - a*Exp[lambda*x]*g[x] - a^2*Exp[2*lambda*x]*f[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2+ g(x)*y+a*lambda*exp(lambda*x) -a*exp(lambda*x)*g(x)-a^2*exp(2*lambda*x)*f(x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.25.8 [771] problem number 8

problem number 771

Added Feb. 7, 2019.

Problem 2.8.2.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y2 − aeλxg(x)y + aλeλx + a2e2λx(g(x)− f(x))

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 - a*Exp[lambda*x]*g[x]*y + a*lambda*Exp[lambda*x] + a^2*Exp[2*lambda*x]*(g[x] - f[x]))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2- a*exp(lambda*x)*g(x)*y + a*lambda*exp(lambda*x) +a^2*exp(2*lambda*x)* (g(x)-f(x)))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()
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6.2.25.9 [772] problem number 9

problem number 772

Added Feb. 7, 2019.

Problem 2.8.2.9 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
f(x)y2 + 2aλxeλx2 − a2f(x)e2λx2

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 + 2*a*lambda*x*Exp[lambda*x^2] - a^2*f[x]*Exp[2*lambda*x^2])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2+2*a*lambda*x*exp(lambda*x^2) - a^2*f(x)*exp(2*lambda*x^2))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.25.10 [773] problem number 10

problem number 773

Added Feb. 7, 2019.

Problem 2.8.2.10 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
f(x)y2 + 2λxy + af(x)e2λx2

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 + 2*lambda*x*y + a*f[x]*Exp[2*lambda*x^2])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}, Assumptions -> a > 0], 60*10]];� �

{{
w(x, y) → c1

(
arctan

(
ye−λx2

√
a

)
−

√
a

∫ x

1
eλK[1]2f(K[1])dK[1]

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2+2*lambda*x*y+ a*f(x)*exp(2*lambda*x^2))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) assuming a>0 ),output='realtime'));� �

w(x, y) = f1

(
√
a

∫
f(x) eλx2

dx− arctan
(
e−λx2

y√
a

))
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6.2.25.11 [774] problem number 11

problem number 774

Added Feb. 7, 2019.

Problem 2.8.2.10 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
wx +

(
f(x)eλy + g(x)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*Exp[lambda*y] + g[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+( f(x)*exp(lambda*y) + g(x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
−eλ

(
−y+

∫
g(x)dx

)
−
∫
f(x) eλ

∫
g(x)dxdxλ

λ

)

6.2.26 8.3

Local contents
6.2.26.1 [775] problem number 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1036
6.2.26.2 [776] problem number 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1037
6.2.26.3 [777] problem number 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1037

6.2.26.1 [775] problem number 1

problem number 775

Added Feb. 7, 2019.

Problem 2.8.3.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y2 − a2f(x) + aλ sinh(λx)− a2f(x) sinh2(λx)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 - a^2*f[x] + a*lambda*Sinh[lambda*x] - a^2*f[x]*Sinh[lambda*x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2 - a^2*f(x) + a*lambda*sinh(lambda*x) - a^2*f(x)*sinh(lambda*x)^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.26.2 [776] problem number 2

problem number 776

Added Feb. 7, 2019.

Problem 2.8.3.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y2 − a(af(x) + λ) tanh2(λx) + aλ

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 - a*(a*f[x] + lambda)*Tanh[lambda*x]^2 + a*lambda)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2 - a*(a*f(x)+lambda)*tanh(lambda*x)^2 +a*lambda)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.26.3 [777] problem number 3

problem number 777

Added Feb. 7, 2019.

Problem 2.8.3.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y2 − a(af(x) + λ) coth2(λx) + aλ

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 - a*(a*f[x] + lambda)*Coth[lambda*x]^2 + a*lambda)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2 - a*(a*f(x)+lambda)*coth(lambda*x)^2 +a*lambda)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.27 8.4

Local contents
6.2.27.1 [778] problem number 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1038
6.2.27.2 [779] problem number 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1039
6.2.27.3 [780] problem number 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1039
6.2.27.4 [781] problem number 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1040

6.2.27.1 [778] problem number 1

problem number 778

Added Feb. 7, 2019.

Problem 2.8.4.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx −
(
ay2 ln x− axy(ln x− 1)f(x) + f(x)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] - (a*y^2*Log[x] - a*x*y*(Log[x] - 1)*f[x] + f[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)-( a*y^2*ln(x) -a*x*y* (ln(x)-1)*f(x)+f(x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

−x(ln (x)− 1) e
∫ ln(x)2f(x)a x2+

(
−2f(x)a x2−2

)
ln(x)+f(x)a x2

x(ln(x)−1) dx +
∫ ln(x)e

a

(∫ x ln(x)2f(x)
ln(x)−1 dx−2

∫ x ln(x)f(x)
ln(x)−1 dx+

∫ xf(x)
ln(x)−1 dx

)

x2(ln(x)−1)2 dx(axy ln (x)− axy − 1)
a (axy ln (x)− axy − 1)


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6.2.27.2 [779] problem number 2

problem number 779

Added Feb. 7, 2019.

Problem 2.8.4.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y2 − ax(ln x)f(x)y + a ln x+ a

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 - a*x*Log[x]*f[x]*y + a*Log[x] + a)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+( f(x)* y^2 -a*x*ln(x)*f(x)*y+a*ln(x)+a)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.27.3 [780] problem number 3

problem number 780

Added Feb. 7, 2019.

Problem 2.8.4.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xwx +

(
f(x)y2 + a− a2(ln x)2f(x)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (f[x]*y^2 + a - a^2*Log[x]^2*f[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := x*diff(w(x,y),x)+( f(x)*y^2 +a -a^2* ln(x)^2 *f(x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()
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6.2.27.4 [781] problem number 4

problem number 781

Added Feb. 7, 2019.

Problem 2.8.4.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)
xwx +

(
(y + a ln x)2f(x)− a

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + ((y + a*Log[x])^2*f[x] - a)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(∫ x

1

f(K[2])
K[2] dK[2] + 1

a log(x) + y

)}}
Maple 3� �
restart;
pde :=x*diff(w(x,y),x)+( (y+a *ln(x))^2*f(x)-a)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
1 + (y + a ln (x))

∫ f(x)
x
dx

y + a ln (x)

)

6.2.28 8.5

Local contents
6.2.28.1 [782] problem number 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1040
6.2.28.2 [783] problem number 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1041
6.2.28.3 [784] problem number 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1041
6.2.28.4 [785] problem number 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1042
6.2.28.5 [786] problem number 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1042

6.2.28.1 [782] problem number 1

problem number 782

Added Feb. 7, 2019.

Problem 2.8.5.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
λ sin(λx)y2 + f(x) cos(λx)y − f(x)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (lambda*Sin[lambda*x]*y^2 + f[x]*Cos[lambda*x]*y - f[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := diff(w(x,y),x)+( lambda*sin(lambda*x)*y^2 + f(x)*cos(lambda*x)*y-f(x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
w(x, y) = f1

(
y cos (λx)− 1

λ (y cos (λx)− 1)
∫
e
∫
(f(x) cos(λx)+2λ tan(λx))dx sin (λx) dx+ e

∫
(f(x) cos(λx)+2λ tan(λx))dx cos (λx)

)

6.2.28.2 [783] problem number 2

problem number 783

Added Feb. 7, 2019.

Problem 2.8.5.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y2 − a2f(x) + aλ sin(λx) + a2f(x) sin2(λx)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 - a^2*f[x] + a*lambda*Sin[lambda*x] + a^2*f[x]*Sin[lambda*x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2-a^2*f(x)+a*lambda*sin(lambda*x)+a^2*f(x)*sin(lambda*x)^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.28.3 [784] problem number 3

problem number 784

Added Feb. 7, 2019.

Problem 2.8.5.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y2 − a2f(x) + aλ cos(λx) + a2f(x) cos2(λx)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 - a^2*f[x] + a*lambda*Cos[lambda*x] + a^2*f[x]*Cos[lambda*x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2-a^2*f(x)+a*lambda*cos(lambda*x)+a^2*f(x)*cos(lambda*x)^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.28.4 [785] problem number 4

problem number 785

Added Feb. 7, 2019.

Problem 2.8.5.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y2 − a(af(x)− λ) tan2(λx) + aλ

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 - a*(a*f[x] - lambda)*Tan[lambda*x]^2 + a*lambda)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2-a*(a*f(x)-lambda)*tan(lambda*x)^2+a*lambda)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.28.5 [786] problem number 5

problem number 786

Added Feb. 7, 2019.

Problem 2.8.5.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y2 − a(af(x)− λ) cot2(λx) + aλ

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 - a*(a*f[x] - lambda)*Cot[lambda*x]^2 + a*lambda)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2-a*(a*f(x)-lambda)*cot(lambda*x)^2+a*lambda)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.29 8.6

Local contents
6.2.29.1 [787] problem number 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1043
6.2.29.2 [788] problem number 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1044
6.2.29.3 [789] problem number 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1044
6.2.29.4 [790] problem number 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1045
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6.2.29.6 [792] problem number 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1046
6.2.29.7 [793] problem number 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1047
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6.2.29.9 [795] problem number 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1048
6.2.29.10 [796] problem number 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1048
6.2.29.11 [797] problem number 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1049
6.2.29.12 [798] problem number 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1050

6.2.29.1 [787] problem number 1

problem number 787

Added Feb. 7, 2019.

Problem 2.8.6.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y2 − f(x)g(x)y + g′(x)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 - f[x]*g[x]*y + Derivative[1][g][x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y),x)+( f(x)*y^2 -f(x)*g(x)*y+ diff(g(x),x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()
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6.2.29.2 [788] problem number 2

problem number 788

Added Feb. 7, 2019.

Problem 2.8.6.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx −
(
f ′(x)y2 − f(x)g(x)y + g(x)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] - (Derivative[1][f][x]*y^2 - f[x]*g[x]*y + g[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)-( diff(f(x),x)*y^2 -f(x)*g(x)*y+ g(x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

yf(x)
∫ (

d
dx

f(x)
)
e
∫
f(x)g(x)dx

f(x)2 dx− f(x) e
∫ f(x)2g(x)−2 d

dx
f(x)

f(x) dx −
∫ (

d
dx

f(x)
)
e
∫
f(x)g(x)dx

f(x)2 dx

yf (x)− 1


6.2.29.3 [789] problem number 3

problem number 789

Added Feb. 7, 2019.

Problem 2.8.6.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
g(x)(y − f(x))2 + f ′(x)

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (g[x]*(y - f[x])^2 + Derivative[1][f][x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(∫ x

1
g(K[2])dK[2] + 1

y − f(x)

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+(g(x)*(y-f(x))^2 + diff(f(x),x) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
1 + (y − f(x))

∫
g(x) dx

y − f (x)

)

6.2.29.4 [790] problem number 4

problem number 790

Added Feb. 7, 2019.

Problem 2.8.6.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f ′(x)
g(x) y

2 − g′(x)
f(x)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + ((Derivative[1][f][x]*y^2)/g[x] - Derivative[1][g][x]/f[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+(diff(f(x),x)/g(x)* y^2 - diff(g(x),x)/f(x) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

−1 +
(
−yf(x)2 − g(x) f(x)

) ∫ d
dx

f(x)
g(x)f(x)2dx

(f (x) y + g (x)) f (x)


6.2.29.5 [791] problem number 5

problem number 791

Added Feb. 7, 2019.

Problem 2.8.6.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

f 2(x)wx +
(
f ′(x)y2 − g(x)(y − f(x))

)
wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = f[x]^2*D[w[x, y], x] + (Derivative[1][f][x]*y^2 - g[x]*(y - f[x]))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := f(x)^2*diff(w(x,y),x)+(diff(f(x),x)*y^2 -g(x)*(y-f(x)) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.29.6 [792] problem number 6

problem number 792

Added Feb. 7, 2019.

Problem 2.8.6.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
y2 − f ′′(x)

f(x)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (y^2 - Derivative[2][f][x]/f[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+(y^2 - diff(f(x),x,x)/f(x) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
−1 +

(
−yf(x)2 −

(
d
dx
f(x)

)
f(x)

) ∫ 1
f(x)2dx

f (x)
(
yf (x) + d

dx
f (x)

) )
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6.2.29.7 [793] problem number 7

problem number 793

Added Feb. 7, 2019.

Problem 2.8.6.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

g(x)wx +
(
af(x)g(x)y3 + (bf(x)g3(x) + g′(x))y + cf(x)g4(x)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = g[x]*D[w[x, y], x] + (a*f[x]*g[x]*y^3 + (b*f[x]*g[x]^3 + Derivative[1][g][x])*y + c*f[x]*g[x]^4)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := g(x)*diff(w(x,y),x)+(a*f(x)*g(x)*y^3 + (b*f(x)*g(x)^3 + diff(g(x),x))*y+ c*f(x)*g(x)^4)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

b
 ∑

_R=RootOf
(
a c2_Z3+b3_Z−b3

)
ln
(

−_Rcg(x)−yb
cg(x)

)
3_R2a c2 + b3

 b2 −
∫
g(x)2 f(x) dx



6.2.29.8 [794] problem number 8

problem number 794

Added Feb. 7, 2019.

Problem 2.8.6.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx+
(
f(x)y3 + 3f(x)h(x)y2 + (g(x) + 3f(x)h2(x))y + f(x)h3(x) + g(x)h(x)− h′(x)

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^3 + 3*f[x]*h[x]*y^2 + (g[x] + 3*f[x]*h[x]^2)*y + f[x]*h[x]^3 + g[x]*h[x] - Derivative[1][h][x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

2(h(x) + y)2
∫ x

1 exp
(
2
∫ K[2]
1 g(K[1])dK[1]

)
f(K[2])dK[2] + exp

(
2
∫ x

1 g(K[1])dK[1]
)

(h(x) + y)2



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Maple 3� �
restart;
pde := diff(w(x,y),x)+(f(x)*y^3+3*f(x)*h(x)*y^2+(g(x)+3*f(x)*h(x)^2)*y+ f(x)*h(x)^3 + g(x)* h(x) - diff(h(x),x) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
2(y + h(x))2

∫
f(x) e2

∫
g(x)dxdx+ e2

∫
g(x)dx

(y + h (x))2

)

6.2.29.9 [795] problem number 9

problem number 795

Added Feb. 7, 2019.

Problem 2.8.6.9 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(

g′(x)
f 2(x)(ag(x) + b)3y

3 + f ′(x)
f(x) y + f(x)g′(x)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + ((Derivative[1][g][x]*y^3)/(f[x]^2*(a*g[x] + b)^3) + (Derivative[1][f][x]*y)/f[x] + f[x]*Derivative[1][g][x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+(diff(g(x),x)/(f(x)^2 *(a*g(x)+b)^3)*y^3 + diff(f(x),x)/f(x) * y + f(x)*diff(g(x),x) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

−a3
 ∑

_R=RootOf
(
−a3_Z+_Z3+a3

)
ln
(

−(ag(x)+b)_Rf(x)+ay
(ag(x)+b)f(x)

)
a3 − 3_R2

− ln (ag(x) + b)



6.2.29.10 [796] problem number 10

problem number 796

Added Feb. 7, 2019.

Problem 2.8.6.10 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx+
(
(y − f(x))(y − g(x))

(
y − af(x) + bg(x)

a+ b

)
h(x) + y − g(x)

f(x)− g(x)f
′(x) + y − f(x)

g(x)− f(x)g
′(x)
)
wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + ((y - f[x])*(y - g[x])*(y - (a*f[x] + b*g[x])/(a + b))*h[x] + ((y - g[x])*Derivative[1][f][x])/(f[x] - g[x]) + ((y - f[x])*Derivative[1][g][x])/(g[x] - f[x]))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+((y-f(x))*(y-g(x))*(y- (a*f(x)+b*g(x))/(a+b))*h(x)+(y-g(x))/(f(x)-g(x))*diff(f(x),x)+ (y-f(x))/(g(x)-f(x))*diff(g(x),x) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1



−(a+ b)2 ln
(

(−af(x)−bg(x)+y(a+b))
(
a2+ab+b2

)
(a−b)(f(x)−g(x))

)
+ a(a+ b) ln

(
(a+b)

(
a2+ab+b2

)
(y−f(x))

(a+2b)(f(x)−g(x))

)
+ 2b

 (a+b) ln
(

(a+b)
(
a2+ab+b2

)
(y−g(x))

(2a+b)(f(x)−g(x))

)
2 + a

(∫
h(x) f(x) g(x) dx−

∫
f(x)2h(x)dx

2 −
∫
g(x)2h(x)dx

2

)
 (a2 + ab+ b2)

3ab (a+ b)2


6.2.29.11 [797] problem number 11

problem number 797

Added Feb. 7, 2019.

Problem 2.8.6.11 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(x)y2 + g′(x)y + af(x)e2g(x)

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[x]*y^2 + Derivative[1][g][x]*y + a*f[x]*Exp[2*g[x]])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}, Assumptions -> a > 0], 60*10]];� �

{{
w(x, y) → c1

(
arctan

(
ye−g(x)
√
a

)
−

√
a

∫ x

1
eg(K[1])f(K[1])dK[1]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+(f(x)*y^2 + diff(g(x),x)*y+ a*f(x)*exp(2*g(x)) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) assuming a>0 ),output='realtime'));� �

w(x, y) = f1

(√
a

∫
f(x) eg(x)dx− arctan

(
e−g(x)y√

a

))
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6.2.29.12 [798] problem number 12

problem number 798

Added Feb. 7, 2019.

Problem 2.8.6.12 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f ′(x)y2 + aeλxf(x)y + aeλx

)
wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (Derivative[1][f][x]*y^2 + a*Exp[lambda*x]*f[x]*y + a*Exp[lambda*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

−
a(yf(x) + 1) exp

(∫ eλx

1 −
af
(

log(K[1])
λ

)
λ

dK[1]
)

a(yf(x) + 1) exp
(∫ eλx

1 −
af
(

log(K[1])
λ

)
λ

dK[1]
)∫ eλx

1 exp
(
−
∫ K[2]
1 −

af
(

log(K[1])
λ

)
λ

dK[1]
)
dK[2]− λy





Maple 3� �
restart;
pde := diff(w(x,y),x)+(diff(f(x),x)*y^2+ a*exp(lambda*x)* f(x)*y+a*exp(lambda*x) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

−yf(x)
∫ (

d
dx

f(x)
)
ea
∫
eλxf(x)dx

f(x)2 dx− f(x) e
∫ eλxf(x)2a−2 d

dx
f(x)

f(x) dx −
∫ (

d
dx

f(x)
)
ea
∫
eλxf(x)dx

f(x)2 dx

yf (x) + 1



6.2.30 9.1

Local contents
6.2.30.1 [799] problem number 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1051
6.2.30.2 [800] problem number 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1051
6.2.30.3 [801] problem number 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1052
6.2.30.4 [802] problem number 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1052
6.2.30.5 [803] problem number 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1053



chapter 6. handbook of first order partial differential . . . 1051

6.2.30.1 [799] problem number 1

problem number 799

Added Feb. 7, 2019.

Problem 2.9.1.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + g(y)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + g[y]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(∫ y

1

1
g(K[1])dK[1]−

∫ x

1

1
f(K[2])dK[2]

)}}
Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x)+g(y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
−
∫ 1
f (x)dx+

∫ 1
g (y)dy

)

6.2.30.2 [800] problem number 2

problem number 800

Added Feb. 7, 2019.

Problem 2.9.1.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(f(x) + g(y))wx + f ′(x)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (f[x] + g[y])*D[w[x, y], x] + Derivative[1][f][x]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := (f(x)+g(y))*diff(w(x,y),x)+diff(f(x),x)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
e−yf(x)− e−_a

∫
g(y) dy

)

6.2.30.3 [801] problem number 3

problem number 801

Added Feb. 7, 2019.

Problem 2.9.1.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(xnf(y) + xg(y))wx + h(y)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (x^n*f[y] + x*g[y])*D[w[x, y], x] + h[y]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (x^n*f(y) + x*g(y))*diff(w(x,y),x)+h(y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
(n− 1)

∫
f(y) e(n−1)

∫ g(y)
h(y)dy

h (y) dy + x−n+1e(n−1)
∫ g(y)
h(y)dy

)

6.2.30.4 [802] problem number 4

problem number 802

Added Feb. 7, 2019.

Problem 2.9.1.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(f(y) + amxnym−1)wx − (g(x) + anxn−1ym)wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = (f[y] + a*m*x^n*y^(m - 1))*D[w[x, y], x] - (g[x] + a*n*x^(n - 1)*y^m)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := (f(y) + a*m*x^n*y^(m-1))*diff(w(x,y),x)-(g(x)+a*n*x^(n-1)*y^m)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.30.5 [803] problem number 5

problem number 803

Added Feb. 7, 2019.

Problem 2.9.1.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(eαxf(y) + cβ)wx − (eβyg(x) + cα)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (Exp[alpha*x]*f[y] + c*beta)*D[w[x, y], x] - (Exp[beta*y]*g[x] + c*alpha)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := (exp(alpha*x)* f(y) + c*beta)*diff(w(x,y),x)-(exp(beta*y)*g(x) + c*alpha)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.31 9.2

Local contents
6.2.31.1 [804] problem number 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1054
6.2.31.2 [805] problem number 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1054
6.2.31.3 [806] problem number 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1055
6.2.31.4 [807] problem number 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1056
6.2.31.5 [808] problem number 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1056
6.2.31.6 [809] problem number 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1057
6.2.31.7 [810] problem number 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1057
6.2.31.8 [811] problem number 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1058
6.2.31.9 [812] problem number 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1058
6.2.31.10 [813] problem number 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1059
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6.2.31.11 [814] problem number 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1060
6.2.31.12 [815] problem number 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1060
6.2.31.13 [816] problem number 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1061
6.2.31.14 [817] problem number 14 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1061
6.2.31.15 [818] problem number 15 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1062
6.2.31.16 [819] problem number 16 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1062

6.2.31.1 [804] problem number 1

problem number 804

Added Feb. 7, 2019.

Problem 2.9.2.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx + f(ax+ by + c)wy = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + f[a*x + b*y + c]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) →
∫ y

1

(
− bc1
a+ bf(c+ ax+ bK[6620]) −

∫ x

1

ab2c1f
′(c+ aK[1] + bK[6620])

(a+ bf(c+ aK[1] + bK[6620]))2dK[1]
)
dK[6620] +

∫ x

1

bc1f(c+ by + aK[1])
a+ bf(c+ by + aK[1])dK[1] + c2

}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+ f(a*x+b*y+c)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
−
∫ ax+by

b 1
f (_ab+ c) b+ a

d_ab+ x

)

6.2.31.2 [805] problem number 2

problem number 805

Added Feb. 7, 2019.

Problem 2.9.2.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx + f(y
x
)wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + f[y/x]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ f(y/x)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(∫ y
x 1
f (_a)− _ad_a− ln (x)

)

6.2.31.3 [806] problem number 3

problem number 806

Added Feb. 7, 2019.

Problem 2.9.2.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(y + axn + b)− anxn−1)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[y + a*x^n + b] - a*n*x^(n - 1))*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (f(y+a*x^n+b) - a*n*x^(n-1))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(∫ y

_b

1
f (_a+ a xn + b)d_a− x

)
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6.2.31.4 [807] problem number 4

problem number 807

Added Feb. 7, 2019.

Problem 2.9.2.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + yf(xnym)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*f[x^n*y^m]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ y*f(x^n*y^m)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(∫ y

_b
1

(f(xn_am)m+n)_ad_am− ln (x)
m

)

6.2.31.5 [808] problem number 5

problem number 808

Added Feb. 7, 2019.

Problem 2.9.2.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

ym−1wx + xn−1f(axn + bym)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = y^(m - 1)*D[w[x, y], x] + x^(n - 1)*f[a*x^n + b*y^m]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := y^(m-1)*diff(w(x,y),x)+ x^(n-1)*f(a*x^n+b*y^m)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()
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6.2.31.6 [809] problem number 6

problem number 809

Added Feb. 7, 2019.

Problem 2.9.2.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx + e−λxf(eλxy)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + Exp[-(lambda*x)]*f[Exp[lambda*x]*y]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ exp(-lambda*x)*f(exp(lambda*x)*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
x−

∫ eλxy 1
_aλ+ f (_a)d_a

)

6.2.31.7 [810] problem number 7

problem number 810

Added Feb. 7, 2019.

Problem 2.9.2.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx + eλyf(eλyx)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + Exp[lambda*y]*f[Exp[lambda*y]*x]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := diff(w(x,y),x)+ exp(lambda*y)*f(exp(lambda*y)*x)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

−
∫ λy+ln(x)

λ 1
1+f

(
eλ_a

)
λ eλ_ad_aλ+ ln (x)
λ


6.2.31.8 [811] problem number 8

problem number 811

Added Feb. 7, 2019.

Problem 2.9.2.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx + yf(eαxym)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + y*f[Exp[alpha*x]*y^m]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ y*f(exp(alpha*x)*y^m)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(∫ y

_b
1

_a(f(eαx_am)m+α)d_am− x

m

)

6.2.31.9 [812] problem number 9

problem number 812

Added Feb. 7, 2019.

Problem 2.9.2.9 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + f(xneαy)wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + f[x^n*Exp[alpha*y]]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ f(x^n*exp(alpha*y))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(∫ y

_b
1

αf(xneα_a)+n
d_aα− ln (x)
α

)

6.2.31.10 [813] problem number 10

problem number 813

Added Feb. 7, 2019.

Problem 2.9.2.10 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx + eλx−βyf(aeλx + beβy)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + Exp[lambda*x - beta*y]*f[a*Exp[lambda*x] + b*Exp[beta*y]]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ exp(lambda*x-beta*y)*f(a*exp(lambda*x)+b*exp(beta*y))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

∫ −a eλx−b eβy
λa 1

bf(−λa_a)β+λa
d_aa λ2 + eλx

λ


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6.2.31.11 [814] problem number 11

problem number 814

Added Feb. 7, 2019.

Problem 2.9.2.11 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f
(
y + aeλx + b

)
− aλeλx

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[y + a*Exp[lambda*x] + b] - a*lambda*Exp[lambda*x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (f(y+a*exp(lambda*x)+b)-a * lambda*exp(lambda*x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(∫ y

_b

1
f (_a+ a eλx + b)d_a− x

)

6.2.31.12 [815] problem number 12

problem number 815

Added Feb. 7, 2019.

Problem 2.9.2.12 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

αxywx + (αf(xneαy)− ny)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = alpha*x*y*D[w[x, y], x] + (alpha*f[x^n*Exp[alpha*y]] - n*y)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := alpha*x*y*diff(w(x,y),x)+ (alpha*f(x^n*exp(alpha*y)) - n*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()
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6.2.31.13 [816] problem number 13

problem number 816

Added Feb. 7, 2019.

Problem 2.9.2.13 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

mx(ln y)wx + (yf(xnym)− ny ln y)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = m*x*Log[y]*D[w[x, y], x] + (y*f[x^n*y^m] - n*y*Log[y])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := m*x*ln(y)*diff(w(x,y),x)+ (y*f(x^n*y^m) - n*y*ln[y])*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.31.14 [817] problem number 14

problem number 817

Added Feb. 7, 2019.

Problem 2.9.2.14 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
f(y + a tan x)− a tan2 x

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (f[y + a*Tan[x]] - a*Tan[x]^2)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (f(y+a*tan(x)) - a*tan(x)^2)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
− arctan (tan (x))−

∫ −a tan(x)−y 1
a+ f (−_a)d_a

)
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6.2.31.15 [818] problem number 15

problem number 818

Added Feb. 7, 2019.

Problem 2.9.2.15 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

eλxwx + f(λx+ ln y)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = Exp[lambda*x]*D[w[x, y], x] + f[lambda*x + Log[y]]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := exp(lambda*x)*diff(w(x,y),x)+ f(lambda*x+ln(y))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
x−

∫ y eλx 1
f (ln (_a)) + _aλd_a

)

6.2.31.16 [819] problem number 16

problem number 819

Added Feb. 7, 2019.

Problem 2.9.2.16 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx + eλyf(λy + ln x)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + Exp[lambda*y]*f[lambda*y + Log[x]]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := diff(w(x,y),x)+ exp(lambda*y)*f(lambda*y+ln(x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

−
∫ λy+ln(x)

λ 1
1+f(λ_a)λ eλ_ad_aλ+ ln (x)

λ



6.2.32 9.3
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6.2.32.1 [820] problem number 1

problem number 820

Added Feb. 7, 2019.

Problem 2.9.3.1 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

mxwx −
(
ny − xykf(x)g(xnym)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = m*x*D[w[x, y], x] - (n*y - x*y^k*f[x]*g[x^n*y^m])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := m*x*diff(w(x,y),x)- ( n*y -x*y^k*f(x)*g(x^n*y^m) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(∫ x

_b
_a−

n(k−1)
m

(
f(_a)− n y−k+1

_ag (_anym)

)
d_a−

∫
y−k

(
n

∫ x

_b

m_a
(−1+n)m−n(k−1)

m ymD(g) (_anym) + _a−kn−m+n
m g(_anym) (k − 1)

g (_anym)2
d_a+ mx−

n(k−1)
m

g (xnym)

)
dy

)

6.2.32.2 [821] problem number 2

problem number 821

Added Feb. 9, 2019.

Problem 2.9.3.2 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

ynwx −
(
axn + g(x)f(yn+1 + axn+1)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = y^n*D[w[x, y], x] - (a*x^n + g[x]*f[y^(n + 1) + a*x^(n + 1)])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := y^n*diff(w(x,y),x)- ( a*x^n + g(x)*f(y^(n+1) + a*x^(n+1)) )*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.32.3 [822] problem number 3

problem number 822

Added Feb. 9, 2019.

Problem 2.9.3.3 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(
f(y
x
) + xαh(y

x
)
)
wx +

(
g(y
x
) + yxα−1h(y

x
)
)
wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = (f[y/x] + x^alpha*h[y/x])*D[w[x, y], x] + (g[y/x] + y*x^(alpha - 1)*h[y/x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := (f(y/x)+x^alpha * h(y/x))*diff(w(x,y),x)+ ( g(y/x)+y*x^(alpha-1)*h(y/x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.32.4 [823] problem number 4

problem number 823

Added Feb. 9, 2019.

Problem 2.9.3.4 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(f(ax+ by) + bxg(ax+ by))wx + (h(ax+ by)− axg(ax+ by))wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (f[a*x + b*y] + b*x*g[a*x + b*y])*D[w[x, y], x] + (h[a*x + b*y] - a*x*g[a*x + b*y])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := (f(a*x+b*y)+b*x*g(a*x+b*y))*diff(w(x,y),x)+ ( h(a*x+b*y)-a*x*g(a*x+b*y))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.32.5 [824] problem number 5

problem number 824

Added Feb. 9, 2019.

Problem 2.9.3.5 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(f(ax+ by) + byg(ax+ by))wx + (h(ax+ by)− ayg(ax+ by))wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = (f[a*x + b*y] + b*y*g[a*x + b*y])*D[w[x, y], x] + (h[a*x + b*y] - a*y*g[a*x + b*y])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := (f(a*x+b*y)+b*y*g(a*x+b*y))*diff(w(x,y),x)+ ( h(a*x+b*y)-a*y*g(a*x+b*y))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.32.6 [825] problem number 6

problem number 825

Added Feb. 9, 2019.

Problem 2.9.3.6 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

x
(
f(xnym) +mxkg(xnym)

)
wx + y

(
h(xnym)− nxkg(xnym)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*(f[x^n*y^m] + m*x^k*g[x^n*y^m])*D[w[x, y], x] + y*(h[x^n*y^m] - n*x^k*g[x^n*y^m])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := x*(f(x^n*y^m)+m*x^k*g(x^n*y^m))*diff(w(x,y),x)+ y*( h(x^n*y^m)-n*x^k*g(x^n*y^m))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.32.7 [826] problem number 7

problem number 826

Added Feb. 9, 2019.

Problem 2.9.3.7 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

x
(
f(xnym) +mykg(xnym)

)
wx + y

(
h(xnym)− nykg(xnym)

)
wy = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = x*(f[x^n*y^m] + m*y^k*g[x^n*y^m])*D[w[x, y], x] + y*(h[x^n*y^m] - n*y^k*g[x^n*y^m])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := x*(f(x^n*y^m)+m*y^k*g(x^n*y^m))*diff(w(x,y),x)+ y*( h(x^n*y^m)-n*y^k*g(x^n*y^m))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.32.8 [827] problem number 8

problem number 827

Added Feb. 9, 2019.

Problem 2.9.3.8 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

x
(
sf(xnym)−mg(xkys)

)
wx + y

(
ng(xkys)− kf(xnym)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*(s*f[x^n*y^m] - m*g[x^k*y^s])*D[w[x, y], x] + y*(n*g[x^k*y^s] - k*f[x^n*y^m])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := x*(s*f(x^n*y^m)-m*g(x^k*y^s))*diff(w(x,y),x)+ y*(n*g(x^k*y^s)-k*f(x^n*y^m))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.32.9 [828] problem number 9

problem number 828

Added Feb. 9, 2019.

Problem 2.9.3.9 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux. Reference E. Kamke 1965.

Solve for w(x, y)

fy ∗ wx − fxwy = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[f[x, y], y]*D[w[x, y], x] - D[f[x, y], x]*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{w(x, y) → c1(InverseFunction[InverseFunction[f, 2, 2], 2, 2][x, y])}}

Maple 3� �
restart;
pde := diff(f(x,y),y)*diff(w(x,y),x)-diff(f(x,y),x)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1(−f(x, y))

6.2.32.10 [829] problem number 11

problem number 829

Added Feb. 9, 2019.

Problem 2.9.3.11 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux. Reference E. Kamke 1965.

Solve for w(x, y)

xwx + (xf(x)g(xney)− n)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (x*f[x]*g[x^n*Exp[y]] - n)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := x*diff(w(x,y),x)+(x*f(x)*g(x^n*exp(y))-n)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(∫ y

_b

1
g (xne_a)d_a−

∫
f(x) dx

)
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6.2.32.11 [830] problem number 12

problem number 830

Added Feb. 9, 2019.

Problem 2.9.3.12 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux. Reference E. Kamke 1965.

Solve for w(x, y)

mwx +
(
mykf(x)g(eαxym)− αy

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = m*D[w[x, y], x] + (m*y^k*f[x]*g[Exp[alpha*x]*y^m] - alpha*y)*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := m*diff(w(x,y),x)+(m*y^k*f(x)*g(exp(alpha*x)*y^m)- alpha*y)*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1


−e−

αx(k−1)
m

∫ y−k

m+α e
αx(k−1)

m
∫ x
_b

myme−
α_a(k−m−1)

m D(g)
(
eα_aym

)
+e−

α_a(k−1)
m g

(
eα_aym

)
(k−1)

g(eα_aym)2
d_ag(eαxym)


g(eαxym) dy +

∫ x

_b
e−

α_a(k−1)
m

(
mf(_a)g(eα_aym)−y−k+1α

)
g(eα_aym) d_a

m


6.2.32.12 [831] problem number 13

problem number 831

Added Feb. 9, 2019.

Problem 2.9.3.13 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(
f(ax+ by) + beλyg(ax+ by)

)
wx +

(
h(ax+ by)− aeλyg(ax+ by)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (f[a*x + b*y] + b*Exp[lambda*y]*g[a*x + b*y])*D[w[x, y], x] + (h[a*x + b*y] - a*Exp[lambda*y]*g[a*x + b*y])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed



chapter 6. handbook of first order partial differential . . . 1070

Maple 7� �
restart;
pde := (f(a*x+b*y)+ b*exp(lambda*y)*g(a*x+b*y))*diff(w(x,y),x)+(h(a*x+ b*y)- a*exp(lambda*y)* g(a*x + b*y))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.32.13 [832] problem number 14

problem number 832

Added Feb. 9, 2019.

Problem 2.9.3.14 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(
f(ax+ by) + beλxg(ax+ by)

)
wx +

(
h(ax+ by)− aeλxg(ax+ by)

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (f[a*x + b*y] + b*Exp[lambda*x]*g[a*x + b*y])*D[w[x, y], x] + (h[a*x + b*y] - a*Exp[lambda*x]*g[a*x + b*y])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := (f(a*x+b*y)+ b*exp(lambda*x)*g(a*x+b*y))*diff(w(x,y),x)+(h(a*x+ b*y)- a*exp(lambda*x)* g(a*x + b*y))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.32.14 [833] problem number 15

problem number 833

Added Feb. 9, 2019.

Problem 2.9.3.15 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

x(f(xneαy) + αyg(xneαy))wx + (h(xneαy)− nyg(xneαy)))wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*(f[x^n*Exp[alpha*y]] + alpha*y*g[x^n*Exp[alpha*y]])*D[w[x, y], x] + (h[x^n*Exp[alpha*y]] - n*y*g[x^n*Exp[alpha*y]])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := x*(f(x^n*exp(alpha*y))+alpha*y*g(x^n*exp(alpha*y)))*diff(w(x,y),x)+(h(x^n*exp(alpha*y))- n*y*g(x^n*exp(alpha*y)))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.32.15 [834] problem number 16

problem number 834

Added Feb. 9, 2019.

Problem 2.9.3.16 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

(f(eαxym) +mxg(eαxym))wx + y(h(eαxym)− αxg(eαxym)))wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (f[Exp[alpha*x]*y^m] + m*x*g[Exp[alpha*x]*y^m])*D[w[x, y], x] + y*(h[Exp[alpha*x]*y^m] - alpha*x*g[Exp[alpha*x]*y^m])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := (f(exp(alpha*x)*y^m)+m*x*g(exp(alpha*x)*y^m))*diff(w(x,y),x)+ y*(h(exp(alpha*x)*y^m)- alpha*x*g(exp(alpha*x)*y^m))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.32.16 [835] problem number 17

problem number 835

Added Feb. 9, 2019.

Problem 2.9.3.17 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + (xyf(x)g(xn ln y)− ny ln y)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (x*y*f[x]*g[x^n*Log[y]] - n*y*Log[y])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := x*diff(w(x,y),x)+ (x*y*f(x)*g(x^n*ln(y))-n*y*ln(y))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.32.17 [836] problem number 18

problem number 836

Added Feb. 9, 2019.

Problem 2.9.3.18 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

x(f(xnym) +mg(xnym) ln y)wx + y(h(xnym)− ng(xnym) ln y)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*(f[x^n*y^m] + m*g[x^n*y^m]*Log[y])*D[w[x, y], x] + y*(h[x^n*y^m] - n*g[x^n*y^m]*Log[y])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := x*(f(x^n*y^m)+m*g(x^n*y^m)*ln(y))*diff(w(x,y),x)+ y*(h(x^n*y^m)-n*g(x^n*y^m)*ln(y))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.32.18 [837] problem number 19

problem number 837

Added Feb. 9, 2019.

Problem 2.9.3.19 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

x(f(xnym) +mg(xnym) ln x)wx + y(h(xnym)− ng(xnym) ln x)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*(f[x^n*y^m] + m*g[x^n*y^m]*Log[x])*D[w[x, y], x] + y*(h[x^n*y^m] - n*g[x^n*y^m]*Log[x])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := x*(f(x^n*y^m)+m*g(x^n*y^m)*ln(x))*diff(w(x,y),x)+ y*(h(x^n*y^m)-n*g(x^n*y^m)*ln(x))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.32.19 [838] problem number 20

problem number 838

Added Feb. 9, 2019.

Problem 2.9.3.20 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

cos ywx + (f(x)g(sin x sin y)− cotx sin y)wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = Cos[y]*D[w[x, y], x] + (f[x]*g[Sin[x]*Sin[y]] - Cot[x]*Sin[y])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde :=cos(y)*diff(w(x,y),x)+ (f(x)* g(sin(x)*sin(y)) - cot(x)*sin(y))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.32.20 [839] problem number 21

problem number 839

Added Feb. 9, 2019.

Problem 2.9.3.21 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

sin 2xwx +
(
sin 2x cos2 yf(x)g(tan x tan y)− sin 2y

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = Sin[2*x]*D[w[x, y], x] + (Sin[2*x]*Cos[y]^2*f[x]*g[Tan[x]*Tan[y]] - Sin[2*y])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde :=sin(2*x)*diff(w(x,y),x)+ (sin(2*x)*cos(y)^2*f(x)*g(tan(x)*tan(y)) -sin(2*y))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.32.21 [840] problem number 22

problem number 840

Added Feb. 9, 2019.

Problem 2.9.3.22 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

xwx +
(
x cos2 yf(x)g(x2n tan y)− n sin 2y

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + (x*Cos[y]^2*f[x]*g[x^(2*n)*Tan[y]] - n*Sin[2*y])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde :=x*diff(w(x,y),x)+ (x *cos(y)^2* f(x)* g(x^(2*n)*tan(y)) - n*sin(2*y))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()

6.2.32.22 [841] problem number 23

problem number 841

Added Feb. 9, 2019.

Problem 2.9.3.23 from Handbook of first order partial differential equations by Polyanin,
Zaitsev, Moussiaux.

Solve for w(x, y)

wx +
(
cos2 yf(x)g(e2x tan y)− sin 2y

)
wy = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (Cos[y]^2*f[x]*g[Exp[2*x]*Tan[y]] - Sin[2*y])*D[w[x, y], y] == 0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := diff(w(x,y),x)+ (cos(y)^2* f(x)* g(exp(2*x)*tan(y)) -sin(2*y))*diff(w(x,y),y) = 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()



chapter 6. handbook of first order partial differential . . . 1076

6.3 chapter 3

Local contents
6.3.1 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1076
6.3.2 2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1078
6.3.3 2.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1084
6.3.4 2.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1089
6.3.5 2.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1093
6.3.6 3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1100
6.3.7 3.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1108
6.3.8 4.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1115
6.3.9 4.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1118
6.3.10 4.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1122
6.3.11 4.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1125
6.3.12 4.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1129
6.3.13 5.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1132
6.3.14 5.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1136
6.3.15 5.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1138
6.3.16 6.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1140
6.3.17 6.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1144
6.3.18 6.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1147
6.3.19 6.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1151
6.3.20 6.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1154
6.3.21 7.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1158
6.3.22 7.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1162
6.3.23 7.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1166
6.3.24 7.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1169
6.3.25 8.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1173
6.3.26 8.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1183
6.3.27 8.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1187
6.3.28 8.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1192
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Local contents
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6.3.1.1 [842] Example 1

problem number 842

Added Feb. 9, 2019.

Problem Chapter 3, example 1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axwx + bywy = c
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == c;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c log(x)

a
+ c1

(
yx−

b
a

)}}
Maple 3� �
restart;
pde := a*x*diff(w(x,y),x)+ b*y*diff(w(x,y),y) = c;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(
y x−

b
a

)
a+ ln (x) c
a

6.3.1.2 [843] Example 2

problem number 843

Added Feb. 9, 2019.

Problem Chapter 3, example 2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aexwx + bwy = ce2xy

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[x]*D[w[x, y], x] + b*D[w[x, y], y] == c*Exp[2*x]*y;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c(aexy + b(−x) + b)

a2
+ c1

(
be−x

a
+ y

)}}
Maple 3� �
restart;
pde := a*exp(x)*diff(w(x,y),x)+ b*y*diff(w(x,y),y) = c*exp(2*x)*y;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(
y e b e

−x
a

)
a2 + cy

(
−e b e

−x
a Ei1

(
b e−x
a

)
b+ a ex

)
a2
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6.3.1.3 [844] Example 3

problem number 844

Added Feb. 9, 2019.

Problem Chapter 3, example 3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + awy = b

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*D[w[x, y], y] == b;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{w(x, y) → bx+ c1(y − ax)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+a*diff(w(x,y),y) = b;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = bx+ f1(−ax+ y)

6.3.2 2.1

Local contents
6.3.2.1 [845] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1078
6.3.2.2 [846] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1079
6.3.2.3 [847] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1080
6.3.2.4 [848] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1080
6.3.2.5 [849] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1081
6.3.2.6 [850] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1081
6.3.2.7 [851] Problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1082
6.3.2.8 [852] Problem 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1083

6.3.2.1 [845] Problem 1

problem number 845

Added Feb. 9, 2019.

Problem Chapter 3.2.1.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c



chapter 6. handbook of first order partial differential . . . 1079

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → cx

a
+ c1

(
y − bx

a

)}}
Maple 3� �
restart;
pde := a* diff(w(x,y),x)+b*diff(w(x,y),y) = c;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = cx

a
+ f1

(
ya− bx

a

)

6.3.2.2 [846] Problem 2

problem number 846

Added Feb. 9, 2019.

Problem Chapter 3.2.1.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = αx+ βy + γ

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == alpha*x + beta*y + gamma;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → x(a(αx+ 2βy + 2γ)− bβx)

2a2 + c1

(
y − bx

a

)}}
Maple 3� �
restart;
pde := a* diff(w(x,y),x)+b*diff(w(x,y),y) = alpha*x+beta*y+gamma;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = (αa− bβ)x2
2a2 + (βy + γ)x

a
+ f1

(
ya− bx

a

)
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6.3.2.3 [847] Problem 3

problem number 847

Added Feb. 9, 2019.

Problem Chapter 3.2.1.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axwx + bwy = αx+ βy + γ

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*D[w[x, y], y] == alpha*x + beta*y + gamma;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → 2aαx+ 2a log(x)(βy + γ)− bβ log2(x)

2a2 + c1

(
y − b log(x)

a

)}}
Maple 3� �
restart;
pde := a*x* diff(w(x,y),x)+b*diff(w(x,y),y) = alpha*x+beta*y+gamma;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
2f1
(

ya−b ln(x)
a

)
a2 − bβ ln (x)2 + 2a(βy + γ) ln (x) + 2αxa

2a2

6.3.2.4 [848] Problem 4

problem number 848

Added Feb. 9, 2019.

Problem Chapter 3.2.1.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axwx + bxwy = c

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*x*D[w[x, y], y] == c;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c log(x)

a
+ c1

(
y − bx

a

)}}
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Maple 3� �
restart;
pde := a*x* diff(w(x,y),x)+b*x*diff(w(x,y),y) = c;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(
ya−bx

a

)
a+ c ln (x)
a

6.3.2.5 [849] Problem 5

problem number 849

Added Feb. 9, 2019.

Problem Chapter 3.2.1.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

(ax+ b)wx + (cy + d)wy = αx+ βy + γ

Mathematica 3� �
ClearAll["Global`*"];
pde = (a*x + b)*D[w[x, y], x] + (c*y + d)*D[w[x, y], y] == alpha*x + beta*y + gamma;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
(cy + d)(ax+ b)− c

a

c

)
+ log(ax+ b)(−aβd+ acγ − αbc)

a2c
+ αx

a
+ β(cy + d)

c2

}}
Maple 3� �
restart;
pde := (a*x+b)* diff(w(x,y),x)+(c*y+d)*diff(w(x,y),y) = alpha*x+beta*y+gamma;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = αx

a
+ βy

c
+ βd

c2
+ ln (ax+ b) ((−βd+ γc) a− αbc)

a2c
+ f1

(
(cy + d) (ax+ b)−

c
a

c

)

6.3.2.6 [850] Problem 6

problem number 850

Added Feb. 9, 2019.

Problem Chapter 3.2.1.6 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aywx + bwy = αx+ βy + γ
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*y*D[w[x, y], x] + b*D[w[x, y], y] == alpha*x + beta*y + gamma;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{
w(x, y) → c1

(
y2

2 − bx

a

)
− α(ay2)3/2

3
√
ab2

+
√
ay2(αx+ γ)√

ab
+ βx

a

}
{
w(x, y) → c1

(
y2

2 − bx

a

)
+ α(ay2)3/2

3
√
ab2

−
√
ay2(αx+ γ)√

ab
+ βx

a

}

Maple 3� �
restart;
pde := a*y* diff(w(x,y),x)+b*diff(w(x,y),y) = alpha*x+beta*y+gamma;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
3f1
(

y2a−2bx
a

)
a b2 + ((3αx+ 3γ) b− a y2α)

√
a2y2 + 3b2βx

3a b2

6.3.2.7 [851] Problem 7

problem number 851

Added Feb. 9, 2019.

Problem Chapter 3.2.1.7 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aywx + bxwy = c

Mathematica 3� �
ClearAll["Global`*"];
pde = a*y*D[w[x, y], x] + b*x*D[w[x, y], y] == c;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →
−c
√

ay2

ay2−bx2arcsinh
(
x
√

b
ay2−bx2

)
+
√
a
√
ay2
√

b
ay2−bx2 c1

(
ay2−bx2

2a

)
√
a
√
ay2
√

b
ay2−bx2

w(x, y) →
c
√

ay2

ay2−bx2arcsinh
(
x
√

b
ay2−bx2

)
+
√
a
√
ay2
√

b
ay2−bx2 c1

(
ay2−bx2

2a

)
√
a
√
ay2
√

b
ay2−bx2


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Maple 3� �
restart;
pde := a*y* diff(w(x,y),x)+b*x*diff(w(x,y),y) = c;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
c ln
(

abx√
ab

+
√
a2y2

)
+ f1

(
y2a−b x2

a

)√
ab

√
ab

6.3.2.8 [852] Problem 8

problem number 852

Added Feb. 9, 2019.

Problem Chapter 3.2.1.8 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aywx + bxwy = cx+ ky

Mathematica 3� �
ClearAll["Global`*"];
pde = a*y*D[w[x, y], x] + b*x*D[w[x, y], y] == c*x + k*y;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{
w(x, y) → c1

(
ay2 − bx2

2a

)
− c

√
ay2√
ab

+ kx

a

}
{
w(x, y) → c1

(
ay2 − bx2

2a

)
+ c

√
ay2√
ab

+ kx

a

}

Maple 3� �
restart;
pde := a*y* diff(w(x,y),x)+b*x*diff(w(x,y),y) = c*x+k*y;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = yc

b
+ kx

a
+ f1

(
y2a− b x2

a

)
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6.3.3 2.2

Local contents
6.3.3.1 [853] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1084
6.3.3.2 [854] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1084
6.3.3.3 [855] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1085
6.3.3.4 [856] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1086
6.3.3.5 [857] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1087
6.3.3.6 [858] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1087
6.3.3.7 [859] Problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1088

6.3.3.1 [853] Problem 1

problem number 853

Added Feb. 9, 2019.

Problem Chapter 3.2.2.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cx2 + dy2 + kxy + n

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*x^2 + d*y^2 + k*x*y + n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → x(a2(2cx2 + 6dy2 + 3kxy + 6n)− abx(6dy + kx) + 2b2dx2)
6a3 + c1

(
y − bx

a

)}}
Maple 3� �
restart;
pde := a* diff(w(x,y),x)+b*diff(w(x,y),y) = c*x^2+d*y^2+k*x*y+n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = (2a2c− abk + 2b2d)x3
6a3 + (ak − 2bd) y x2

2a2 + (d y2 + n)x
a

+ f1

(
ay − bx

a

)

6.3.3.2 [854] Problem 2

problem number 854

Added Feb. 9, 2019.

Problem Chapter 3.2.2.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axwx + bywy = cx2 + dy2 + kxy + n
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == c*x^2 + d*y^2 + k*x*y + n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → 2ab(a+ b)c1

(
yx−

b
a

)
+ a2dy2 + abcx2 + abdy2 + 2abkxy + 2bn(a+ b) log(x) + b2cx2

2ab(a+ b)




Maple 3� �
restart;
pde := a*x*diff(w(x,y),x)+b*y*diff(w(x,y),y) = c*x^2+d*y^2+k*x*y+n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = kyx

a+ b
+ c x2

2a + n ln (x)
a

+ y2d

2b + f1
(
y x−

b
a

)

6.3.3.3 [855] Problem 3

problem number 855

Added Feb. 9, 2019.

Problem Chapter 3.2.2.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aywx + bxwy = cxy + d

Mathematica 3� �
ClearAll["Global`*"];
pde = a*y*D[w[x, y], x] + b*x*D[w[x, y], y] == c*x*y + d;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
w(x, y) →

y2
(
2a

√
ay2
√

b
ay2−bx2 c1

(
ay2−bx2

2a

)
− 2

√
ad
√

ay2

ay2−bx2arcsinh
(
x
√

b
ay2−bx2

)
+ cx2

√
ay2
√

b
ay2−bx2

)
2 (ay2)3/2

√
b

ay2−bx2

w(x, y) →
y2
(
2a

√
ay2
√

b
ay2−bx2 c1

(
ay2−bx2

2a

)
+ 2

√
ad
√

ay2

ay2−bx2arcsinh
(
x
√

b
ay2−bx2

)
+ cx2

√
ay2
√

b
ay2−bx2

)
2 (ay2)3/2

√
b

ay2−bx2


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Maple 3� �
restart;
pde := a*y*diff(w(x,y),x)+b*x*diff(w(x,y),y) = c*x*y+d;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = x2c

2a +
ln
(

abx+
√

a2y2
√
ab√

ab

)
d+ f1

(
y2a−b x2

a

)√
ab

√
ab

6.3.3.4 [856] Problem 4

problem number 856

Added Feb. 9, 2019.

Problem Chapter 3.2.2.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

ax2wx + by2wy = cx2 + dy2 + kxy + nx+my + s

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^2*D[w[x, y], x] + b*y^2*D[w[x, y], y] == c*x^2 + d*y^2 + k*x*y + n*x + m*y + s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → abx(ax− by)c1

(
b
ax

− 1
y

)
− a2mx2 log

(
ax
y

)
+ abcx3 − abdxy2 + abkx2y log

(
ax
y

)
+ x log(x)(am+ bn)(ax− by) + abmxy log

(
ax
y

)
− absx− b2cx2y + b2sy

abx(ax− by)




Maple 3� �
restart;
pde := a*x^2*diff(w(x,y),x)+b*y^2*diff(w(x,y),y) =c*x^2+d*y^2+ k*x*y+ n*x+ m*y+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
cx− ad y2

ax−yb
−

(−kbyx+max−bmy)a ln
(
ax
y

)
b(ax−yb) − s

x
+ (am+bn) ln(x)

b

a
+ f1

(
ax− yb

yax

)
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6.3.3.5 [857] Problem 5

problem number 857

Added Feb. 9, 2019.

Problem Chapter 3.2.2.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

x2wx + axywy = by2

Mathematica 3� �
ClearAll["Global`*"];
pde = x^2*D[w[x, y], x] + a*x*y*D[w[x, y], y] == b*y^2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → − by2

x− 2ax + c1
(
yx−a

)}}
Maple 3� �
restart;
pde := x^2*diff(w(x,y),x)+a*x*y*diff(w(x,y),y) =b*y^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = b y2

(2a− 1)x + f1
(
y x−a

)
6.3.3.6 [858] Problem 6

problem number 858

Added Feb. 9, 2019.

Problem Chapter 3.2.2.6 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

ay2wx + bx2wy = cx2 + d
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*y^2*D[w[x, y], x] + b*x^2*D[w[x, y], y] == c*x^2 + d;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
w(x, y) →

bdx
(

ay3

ay3−bx3

)2/3
Hypergeometric2F1

(
1
3 ,

2
3 ,

4
3 ,

bx3

bx3−ay3

)
+ acy3

3
√
ab (ay3)2/3

+ c1

(
ay3 − bx3

3a

)w(x, y) → −

3
√
−1
(
bdx
(

ay3

ay3−bx3

)2/3
Hypergeometric2F1

(
1
3 ,

2
3 ,

4
3 ,

bx3

bx3−ay3

)
+ acy3

)
3
√
ab (ay3)2/3

+ c1

(
ay3 − bx3

3a

)w(x, y) →
(−1)2/3

(
bdx
(

ay3

ay3−bx3

)2/3
Hypergeometric2F1

(
1
3 ,

2
3 ,

4
3 ,

bx3

bx3−ay3

)
+ acy3

)
3
√
ab (ay3)2/3

+ c1

(
ay3 − bx3

3a

)
Maple 3� �
restart;
pde := a*y^2*diff(w(x,y),x)+b*x^2*diff(w(x,y),y) =c*x^2+d;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
w(x, y) = a

∫ x _a2c+ d((
_a3b+RootOf

(
ya− (a2 (b x3 + _Za))1/3

)
a
)
a2
)2/3d_a+f1(RootOf

(
ya−

(
a2
(
b x3 + _Za

))1/3))

Contains unresolved integral with RootOf

6.3.3.7 [859] Problem 7

problem number 859

Added Feb. 9, 2019.

Problem Chapter 3.2.2.7 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

ay2wx + bxywy = cx2 + dy2
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*y^2*D[w[x, y], x] + b*x*y*D[w[x, y], y] == c*x^2 + d*y^2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

(
ay2 − bx2

2a

)
−

√
ac
√
y2 − bx2

a
arctan

( √
bx

√
a
√

y2− bx2
a

)
b3/2

+ dx

a
+ cx

b




Maple 3� �
restart;
pde := a*y^2*diff(w(x,y),x)+b*x*y*diff(w(x,y),y) =c*x^2+d*y^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
−ac(a y2 − b x2) arctan

(
bx√

(a y2−b x2)b

)
+
√

(a y2 − b x2) b
(
abf1

(
a y2−b x2

a

)
+ (ca+ bd)x

)
√

(a y2 − b x2) b ba

6.3.4 2.3

Local contents
6.3.4.1 [860] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1089
6.3.4.2 [861] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1090
6.3.4.3 [862] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1090
6.3.4.4 [863] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1091
6.3.4.5 [864] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1092
6.3.4.6 [865] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1092

6.3.4.1 [860] Problem 1

problem number 860

Added Feb. 9, 2019.

Problem Chapter 3.2.3.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = a
√
x2 + y2

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*Sqrt[x^2 + y^2];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → a

√
x2 + y2 + c1

(y
x

)}}
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Maple 3� �
restart;
pde := x*diff(w(x,y),x) + y*diff(w(x,y),y) =a*sqrt(x^2+y^2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = a
√
x2 + y2 + f1

(y
x

)

6.3.4.2 [861] Problem 2

problem number 861

Added Feb. 9, 2019.

Problem Chapter 3.2.3.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axwx + bywy = cxy2 + dx2y + k

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == c*x*y^2 + d*x^2*y + k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → a(2a2 + 5ab+ 2b2) c1

(
yx−

b
a

)
+ k(2a2 + 5ab+ 2b2) log(x) + axy(2acy + adx+ bcy + 2bdx)

a(2a+ b)(a+ 2b)




Maple 3� �
restart;
pde := a*x*diff(w(x,y),x) + b*y*diff(w(x,y),y) =c*x*y^2+d*x^2*y+k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = x y2c

a+ 2b +
x2dy

2a+ b
+ ln (x) k

a
+ f1

(
y x−

b
a

)

6.3.4.3 [862] Problem 3

problem number 862

Added Feb. 9, 2019.

Problem Chapter 3.2.3.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aywx + bxwy = cxy2 + d
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*y*D[w[x, y], x] + b*x*D[w[x, y], y] == c*x*y^2 + d;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → −
3
√
bdarctanh

( √
bx√
ay2

)
+ cy2

√
ay2

3
√
ab

+ c1

(
ay2 − bx2

2a

)w(x, y) → 3
√
bdarctanh

( √
bx√
ay2

)
+ cy2

√
ay2

3
√
ab

+ c1

(
ay2 − bx2

2a

)
Maple 3� �
restart;
pde := a*y*diff(w(x,y),x) + b*x*diff(w(x,y),y) =c*x*y^2+d;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
d ln

(
abx+

√
a2y2

√
ab√

ab

)
a2b+

(
f1
(

y2a−b x2

a

)
a2b+ c

((
−2y2a

3 + b x2
)√

a2y2 + ay(y2a− b x2)
))√

ab
√
ab a2b

6.3.4.4 [863] Problem 4

problem number 863

Added Feb. 9, 2019.

Problem Chapter 3.2.3.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

(ax+ b)wx + (cy + d)wy = kx3 + ny3

Mathematica 3� �
ClearAll["Global`*"];
pde = (a*x + b)*D[w[x, y], x] + (c*y + d)*D[w[x, y], y] == k*x^3 + n*y^3;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
(cy + d)(ax+ b)− c

a

c

)
+ b2kx

a3
− bkx2

2a2 − log(ax+ b) (a3d3n+ b3c3k)
a4c3

+ kx3

3a + n(2c3y3 − 3c2dy2 + 6cd2y + 11d3)
6c4

}}
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Maple 3� �
restart;
pde := (a*x+b)*diff(w(x,y),x) + (c*y+d)*diff(w(x,y),y) =k*x^3+n*y^3;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
6f1
(

(cy+d)(ax+b)−
c
a

c

)
a4c4 + (−6a3c d3n− 6b3c4k) ln (ax+ b) + 2a

((
c2y2 − 5

2cdy +
11
2 d

2) (cy + d)n a3 + a2c4k x3 − 3ab c4k x2

2 + 3b2c4kx
)

6a4c4

6.3.4.5 [864] Problem 5

problem number 864

Added Feb. 9, 2019.

Problem Chapter 3.2.3.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

x2wx + xywy = y2(ax+ by)

Mathematica 3� �
ClearAll["Global`*"];
pde = x^2*D[w[x, y], x] + x*y*D[w[x, y], y] == y^2*(a*x + b*y);
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → y2(ax+ by)

2x + c1
(y
x

)}}
Maple 3� �
restart;
pde := x^2*diff(w(x,y),x) + x*y*diff(w(x,y),y) =y^2*(a*x + b*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = a y2

2 + f1
(y
x

)
+ b y3

2x

6.3.4.6 [865] Problem 6

problem number 865

Added Feb. 9, 2019.

Problem Chapter 3.2.3.6 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

ax3wx + by3wy = cx+ d
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^3*D[w[x, y], x] + b*y^3*D[w[x, y], y] == c*x + d;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → −2cx+ d

2ax2 + c1

(
1
2

(
b

ax2
− 1
y2

))}}
Maple 3� �
restart;
pde := a*x^3*diff(w(x,y),x) + b*y^3*diff(w(x,y),y) =c*x+d;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
2f1
(

a x2−b y2

a y2x2

)
a x2 − 2cx− d

2a x2

6.3.5 2.4
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6.3.5.1 [866] Problem 1

problem number 866

Added Feb. 9, 2019.

Problem Chapter 3.2.4.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cxn + dym

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*x^n + d*y^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
+ cxn+1

an+ a
+ dym+1

bm+ b

}}
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Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) =c*x^n+d*y^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = y1+md

b (1 +m) +
x1+nc

a (1 + n) + f1

(
ya− bx

a

)

6.3.5.2 [867] Problem 2

problem number 867

Added Feb. 9, 2019.

Problem Chapter 3.2.4.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cxny

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*x^n*y;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

−cxn+1(bx− a(n+ 2)y) + a2(n2 + 3n+ 2) c1
(
y − bx

a

)
a2(n+ 1)(n+ 2)

}}

Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) =c*x^n*y;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = − xn+2cb

(n+ 1) a2 (n+ 2) +
c xn+1y

a (n+ 1) + f1

(
ya− bx

a

)

6.3.5.3 [868] Problem 3

problem number 868

Added Feb. 9, 2019.

Problem Chapter 3.2.4.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = a(x2 + y2)k
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Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*(x^2 + y^2)^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → a(x2 + y2)k

2k + c1
(y
x

)}}

Maple 3� �
restart;
pde :=x*diff(w(x,y),x) + y*diff(w(x,y),y) =a*(x^2+y^2)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
a
(
x2+y2

)k
2 + f1

(
y
x

)
k

k

6.3.5.4 [869] Problem 4

problem number 869

Added Feb. 9, 2019.

Problem Chapter 3.2.4.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axwx + bywy = cxnym

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == c*x^n*y^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → cymxn

an+ bm
+ c1

(
yx−

b
a

)}}
Maple 3� �
restart;
pde :=a*x*diff(w(x,y),x) + b*y*diff(w(x,y),y) =c*x^n*y^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = c xnym

an+mb
+ f1

(
y x−

b
a

)
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6.3.5.5 [870] Problem 5

problem number 870

Added Feb. 9, 2019.

Problem Chapter 3.2.4.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axwx + bywy = cxn + dym

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == c*x^n + d*y^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
yx−

b
a

)
+ cxn

an
+ dym

bm

}}
Maple 3� �
restart;
pde :=a*x*diff(w(x,y),x) + b*y*diff(w(x,y),y) =c*x^n + d*y^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ x c_an+d

(
y x− b

a_a
b
a

)m
_a d_a
a

+ f1
(
y x−

b
a

)
Result has unresolved integral

6.3.5.6 [871] Problem 6

problem number 871

Added Feb. 9, 2019.

Problem Chapter 3.2.4.6 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

mxwx + nywy = (axn + bym)k

Mathematica 3� �
ClearAll["Global`*"];
pde = m*x*D[w[x, y], x] + n*y*D[w[x, y], y] == (a*x^n + b*y^m)^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → (axn + bym)k

kmn
+ c1

(
yx−

n
m

)}}
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Maple 3� �
restart;
pde :=m*x*diff(w(x,y),x) + n*y*diff(w(x,y),y) =(a*x^n+b*y^m)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(
y x−

n
m

)
knm+ (a xn + b ym)k

knm

Result has unresolved integral

6.3.5.7 [872] Problem 7

problem number 872

Added Feb. 9, 2019.

Problem Chapter 3.2.4.7 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axnwx + bymwy = cxk + dys

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^n*D[w[x, y], x] + b*y^m*D[w[x, y], y] == c*x^k + d*y^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

(
bx1−n

a(n− 1) −
y1−m

m− 1

)
+ cxk−n+1

ak − an+ a
−
dy1−m

(
(ym−1)

1
m−1
)s

b(m− s− 1)




Maple 3� �
restart;
pde :=a*x^n*diff(w(x,y),x) + n*y^m*diff(w(x,y),y) =c*x^k+d*y^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
−y1−m(xn)

s
m−1 (n− 1)

s
m−1 a

m−1+s
m−1 (a y1−mxn(n− 1))−

s
m−1 d(1 + k − n) e

isπ
(
− csgn

(
i

n−1
)
+csgn

(
iy1−mxna

)
csgn

(
i

n−1
)
csgn

(
ia y1−mxn(n−1)

)
+csgn

(
ia y1−m

)
csgn

(
iy1−m

)
csgn

(
i
a

)
−csgn

(
i
a

)
−csgn

(
ia y1−mxn(n−1)

)
+csgn

(
iy1−mxna

)
csgn

(
ia y1−m

)
csgn

(
ix−n

)
−csgn

(
ix−n

)
+csgn

(
iy1−m

))
2m−2 + n(m− s− 1)

(
a(1 + k − n) f1

(
−nx−n+1(m−1)+a y1−m(n−1)

(n−1)a

)
+ x1+k−nc

)
n (m− s− 1) (1 + k − n) a

Result has unresolved integral
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6.3.5.8 [873] Problem 8

problem number 873

Added Feb. 9, 2019.

Problem Chapter 3.2.4.8 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axnwx + bxmywy = cxkys + d

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^n*D[w[x, y], x] + b*x^m*y*D[w[x, y], y] == c*x^k*y^s + d;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → x1−n

 d

a− an
−
cxkyse−

bsxm−n+1
am−an+a

(
− bsxm−n+1

am−an+a

)−k+n−1
m−n+1 Γ

(
k−n+1
m−n+1 ,−

bsxm−n+1

ma−na+a

)
a(m− n+ 1)

+ c1
(
ye−

bxm−n+1
am−an+a

)


Maple 3� �
restart;
pde :=a*x^n*diff(w(x,y),x) + n*x^m*y*diff(w(x,y),y) =c*x^k*y^s+d;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =

∫ x

(
c_ak

(
y e

n_a−n
(
−xm−n+1_an+_a1+m

)
(m−n+1)a

)s

+ d

)
_a−nd_a

a
+ f1

(
y e−

nxm−n+1
(m−n+1)a

)
Result has unresolved integral

6.3.5.9 [874] Problem 9

problem number 874

Added Feb. 9, 2019.

Problem Chapter 3.2.4.9 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
axnwx + (bxmy + cxk)wy = sxpyq + d
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^n*D[w[x, y], x] + (b*x^m*y + c*x^k)*D[w[x, y], y] == s*x^p*y^q + d;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

K[1]−n

(
s
(
b−

k+1
m−n+1 exp

(
− b

(
xm−n+1−K[1]m−n+1)

a(m−n+1)

)
(a(m− n+ 1))−

m
m−n+1

(
b

n
m−n+1 ce

bxm−n+1
ma−na+aΓ

(
k−n+1
m−n+1 ,

bxm−n+1

ma−na+a

)
(a(m− n+ 1))

k
m−n+1 − b

n
m−n+1 ce

bxm−n+1
ma−na+aΓ

(
k−n+1
m−n+1 ,

bK[1]m−n+1

ma−na+a

)
(a(m− n+ 1))

k
m−n+1 + b

k+1
m−n+1y(a(m− n+ 1))

m
m−n+1

))q
K[1]p + d

)
a

dK[1] + c1

(
c(a(m− n+ 1))

k−m
m−n+1 b

−k+n−1
m−n+1 Γ

(
k − n+ 1
m− n+ 1 ,

bxm−n+1

ma− na+ a

)
+ ye−

bxm−n+1
am−an+a

)


Maple 3� �
restart;
pde :=a*x^n*diff(w(x,y),x) + n*x^m*y*diff(w(x,y),y) =s*x^p*y^q+d;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =

∫ x

(
s_ap

(
y e

n_a−n
(
−xm−n+1_an+_a1+m

)
a(m−n+1)

)q

+ d

)
_a−nd_a

a
+ f1

(
y e−

xm−n+1n
a(m−n+1)

)

6.3.5.10 [875] Problem 10

problem number 875

Added Feb. 9, 2019.

Problem Chapter 3.2.4.10 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
axnwx + (bxmyk + cxry)wy = sxpyq + d

Mathematica 7� �
ClearAll["Global`*"];
pde = a*x^n*D[w[x, y], x] + (b*x^m*y^k + c*x^r*y)*D[w[x, y], y] == s*x^p*y^q + d;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde :=a*x^n*diff(w(x,y),x) +(b*x^m*y^k + c*x^r*y)*diff(w(x,y),y) =s*x^p*y^q+d;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

Expression too large to display
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6.3.5.11 [876] Problem 11

problem number 876

Added Feb. 9, 2019.

Problem Chapter 3.2.4.11 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
aykwx + bxmwy = cxm + d

Mathematica 3� �
ClearAll["Global`*"];
pde = a*y^k*D[w[x, y], x] + b*x^m*D[w[x, y], y] == c*x^m + d;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

((
y−k−1)− 1

k+1
)−k

(
bdx
(

a(m+1)yk+1

a(m+1)yk+1−b(k+1)xm+1

) k
k+1 Hypergeometric2F1

(
k

k+1 ,
1

m+1 , 1 +
1

m+1 ,
b(k+1)xm+1

b(k+1)xm+1−a(m+1)yk+1

)
+ acyk+1

)
ab

+ c1

(
yk+1

k + 1 − bxm+1

am+ a

)


Maple 3� �
restart;
pde :=a*y^k*diff(w(x,y),x) +b*x^n*diff(w(x,y),y) =c*x^m+d;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(

−b xn+1(1+k)+y1+k(n+1)a
(n+1)a

)
a+

∫ x (c_am + d)
((

b(1+k)_an+1−b xn+1(1+k)+y1+k(n+1)a
(n+1)a

) 1
1+k
)−k

d_a

a
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6.3.6.1 [877] Problem 1

problem number 877

Added Feb. 9, 2019.

Problem Chapter 3.3.1.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = ceλx + deµy

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Exp[lambda*x] + d*Exp[mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
+ ceλx

aλ
+ deµy

bµ

}}
Maple 3� �
restart;
pde :=a*diff(w(x,y),x) +b*diff(w(x,y),y) =c*exp(lambda*x)+d*exp(mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(
ya−bx

a

)
µbaλ+ d eµyaλ+ c eλxµb

µbaλ

6.3.6.2 [878] Problem 2

problem number 878

Added Feb. 9, 2019.

Problem Chapter 3.3.1.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = ceλx+βy

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Exp[lambda*x + beta*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → ceβy+λx

aλ+ bβ
+ c1

(
y − bx

a

)}}
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Maple 3� �
restart;
pde :=a*diff(w(x,y),x) +b*diff(w(x,y),y) =c*exp(lambda*x+beta*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = c eβy+λx

λa+ βb
+ f1

(
ya− bx

a

)

6.3.6.3 [879] Problem 3

problem number 879

Added Feb. 9, 2019.

Problem Chapter 3.3.1.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeλxwx + beβywy = c

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[lambda*x]*D[w[x, y], x] + b*Exp[beta*y]*D[w[x, y], y] == c;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → −ce

−λx

aλ
+ c1

(
be−λx

aλ
− e−βy

β

)}}
Maple 3� �
restart;
pde :=a*exp(lambda*x)*diff(w(x,y),x) +b*exp(beta*y)*diff(w(x,y),y) =c;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(

e−λxβb−e−βyaλ
bβλ

)
aλ− c e−λx

aλ

6.3.6.4 [880] Problem 4

problem number 880

Added Feb. 9, 2019.

Problem Chapter 3.3.1.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeλywx + beβxwy = c
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[lambda*y]*D[w[x, y], x] + b*Exp[beta*x]*D[w[x, y], y] == c;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c

(
βx− log

(
aβeλy

λ

))
aβeλy − bλeβx

+ c1

(
eλy

λ
− beβx

aβ

)


Maple 3� �
restart;
pde :=a*exp(lambda*y)*diff(w(x,y),x) +b*exp(beta*x)*diff(w(x,y),y) =c;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =

(
eλyaβ − eβxλb

)
f1
(

eλyaβ−eβxλb
βλb

)
+ c
(
ln
(
eβx
)
− ln

(
eλyaβ
λb

))
eλyaβ − eβxλb

6.3.6.5 [881] Problem 5

problem number 881

Added Feb. 9, 2019.

Problem Chapter 3.3.1.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeαxwx + beβywy = ceγx−βy

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[alpha*x]*D[w[x, y], x] + b*Exp[beta*y]*D[w[x, y], y] == c*Exp[gamma*x - beta*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → a2(2α2 − 3αγ + γ2) c1

(
be−αx

aα
− e−βy

β

)
+ ac(γ − 2α)e−αx−βy+γx + bβcex(γ−2α)

a2 (2α2 − 3αγ + γ2)




Maple 3� �
restart;
pde :=a*exp(alpha*x)*diff(w(x,y),x) +b*exp(beta*y)*diff(w(x,y),y) =c*exp(gamma*x-beta*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
2a2
(
α− γ

2

)
(α− γ) f1

(
e−αxβb−e−βyaα

αbβ

)
− 2 eγxc

(
a
(
α− γ

2

)
e−αx−βy − e−2αxbβ

2

)
a2 (2α− γ) (α− γ)
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6.3.6.6 [882] Problem 6

problem number 882

Added Feb. 9, 2019.

Problem Chapter 3.3.1.6 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeαxwx + beβywy = ceγx−2βy

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[alpha*x]*D[w[x, y], x] + b*Exp[beta*y]*D[w[x, y], y] == c*Exp[gamma*x - 2*beta*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e−2(αx+βy)

(
−cex(γ−α)(a2(6α2 − 5αγ + γ2) e2αx − 2abβ(3α− γ)eαx+βy + 2b2β2e2βy

)
+ a3(6α3 − 11α2γ + 6αγ2 − γ3) e2αx+2βyc1

(
be−αx

aα
− e−βy

β

))
a3(α− γ)(2α− γ)(3α− γ)




Maple 3� �
restart;
pde :=a*exp(alpha*x)*diff(w(x,y),x) +b*exp(beta*y)*diff(w(x,y),y) =c*exp(gamma*x-2*beta*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
c b2β2eγx

(
− e−3αx

3α−γ
−
(
e−αxβb−e−βyaα

)2e−αx
b2β2(α−γ) + −2 e−2αx−βyaα+2 e−3αxbβ

bβ(2α−γ)

)
a3α2 +f1

(
e−αxβb− e−βyaα

αbβ

)

6.3.6.7 [883] Problem 7

problem number 883

Added Feb. 9, 2019.

Problem Chapter 3.3.1.7 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeαxwx + beβywy = ceγx + seµy

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[alpha*x]*D[w[x, y], x] + b*Exp[beta*y]*D[w[x, y], y] == c*Exp[gamma*x] + s*Exp[mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
be−αx

aα
− e−βy

β

)
− ceγx−αx

aα− aγ
−
s
(
e−βy

)1−µ
β

bβ − bµ

}}
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Maple 3� �
restart;
pde :=a*exp(alpha*x)*diff(w(x,y),x) +b*exp(beta*y)*diff(w(x,y),y) =c*exp(gamma*x) + s*exp(mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = −
c e−x(α−γ)

α−γ
+ s e−βya

(
eβy
)µ
β

(β−µ)b

a
+ f1

(
−e−βyaα + e−αxβb

αbβ

)

6.3.6.8 [884] Problem 8

problem number 884

Added Feb. 9, 2019.

Problem Chapter 3.3.1.8 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeβxwx + (beγx + ceλy)wy = seµx + keδy + p

Mathematica 7� �
ClearAll["Global`*"];
pde = a*Exp[beta*x]*D[w[x, y], x] + (b*Exp[gamma*x] + c*Exp[lambda*y])*D[w[x, y], y] == s*Exp[mu*x] + k*Exp[delta*y] + p;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde :=a*exp(beta*x)*diff(w(x,y),x) +(b*exp(gamma*x)+c*exp(lambda*y))*diff(w(x,y),y) =s*exp(mu*x) + k*exp(delta*y)+p;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ y s e

µRootOf

−
∫
e
−β2xa−βxaγ+bλ e−_a(β−γ)

(β−γ)a dxβcλ−c e
−bλ e−_a(β−γ)+_Zaβ

(β−γ)a λ−e
−
λ
(
yaβ−yaγ+e−x(β−γ)b

)
(β−γ)a aβ+e

−
λ
(
_baβ−a_bγ+b e_Z)

(β−γ)a aβ


−β+γ + k eδ_b + p

b e−
γ RootOf

−
∫
e
−β2xa−βxaγ+bλ e−_a(β−γ)

(β−γ)a dxβcλ−c e
−bλ e−_a(β−γ)+_Zaβ

(β−γ)a λ−e
−
λ
(
yaβ−yaγ+e−x(β−γ)b

)
(β−γ)a aβ+e

−
λ
(
_baβ−a_bγ+b e_Z

)
(β−γ)a aβ


β−γ + c eλ_b

d_b+f1

 c e
−bλ e−_a(β−γ)−xaβ(β−γ)

(β−γ)a λ
aβ

− e−
(
e−x(β−γ)b+y(β−γ)a

)
λ

(β−γ)a

λ


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6.3.6.9 [885] Problem 9

problem number 885

Added Feb. 9, 2019.

Problem Chapter 3.3.1.9 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeβxwx + (beγx + ceλy)wy = seµx+δy + k

Mathematica 7� �
ClearAll["Global`*"];
pde = a*Exp[beta*x]*D[w[x, y], x] + (b*Exp[gamma*x] + c*Exp[lambda*y])*D[w[x, y], y] == s*Exp[mu*x + delta*y] + k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde :=a*exp(beta*x)*diff(w(x,y),x) +(b*exp(gamma*x)+c*exp(lambda*y))*diff(w(x,y),y) =s*exp(mu*x+delta*y)+k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ y s e

µRootOf

−
∫
e
−β2xa−βxaγ+λb e−_a(β−γ)

(β−γ)a dxβcλ−c e
−λb e−_a(β−γ)+_Zaβ

(β−γ)a λ+e
−
λ
(
_baβ−_baγ+b e_Z)

(β−γ)a aβ−e
−
λ
(
yaβ−yaγ+b e−x(β−γ)

)
(β−γ)a aβ

+δ_b(−β+γ)

−β+γ + k

b e−
γ RootOf

−
∫
e
−β2xa−βxaγ+λb e−_a(β−γ)

(β−γ)a dxβcλ−c e
−λb e−_a(β−γ)+_Zaβ

(β−γ)a λ+e
−
λ
(
_baβ−_baγ+b e_Z

)
(β−γ)a aβ−e

−
λ
(
yaβ−yaγ+b e−x(β−γ)

)
(β−γ)a aβ


β−γ + c eλ_b

d_b+f1

−e−
(
b e−x(β−γ)+y(β−γ)a

)
λ

(β−γ)a + c e
−λb e−_a(β−γ)−xaβ(β−γ)

(β−γ)a λ
aβ

λ



6.3.6.10 [886] Problem 10

problem number 886

Added Feb. 9, 2019.

Problem Chapter 3.3.1.10 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeβxwx + beγx+λywy = ceµx+δy + k

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[beta*x]*D[w[x, y], x] + b*Exp[gamma*x + lambda*y]*D[w[x, y], y] == c*Exp[mu*x + delta*y] + k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
beγx−βx

aβ − aγ
− e−λy

λ

)
+
c(γ − β)

(
eλy
)δ/λ

e−γx−λy+µxHypergeometric2F1
(
1, µ−γ

β−γ
, βδ−γδ−γλ+λµ

βλ−γλ
, 1− aeβx−γx−λy(β−γ)

bλ

)
b(β(λ− δ) + δγ − λµ) − ke−βx

aβ



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Maple 3� �
restart;
pde :=a*exp(beta*x)*diff(w(x,y),x) +b*exp(gamma*x+lambda*y)*diff(w(x,y),y) =c*exp(mu*x+delta*y)+k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(

e−x(β−γ)λb−e−λy(β−γ)a
bλ(β−γ)

)
a+

∫ x

(
c
(

a(β−γ)
e−_a(β−γ)bλ−e−x(β−γ)λb+e−λy(β−γ)a

) δ
λ eµ_a + k

)
e−β_ad_a

a

6.3.6.11 [887] Problem 11

problem number 887

Added Feb. 9, 2019.

Problem Chapter 3.3.1.11 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeλxwx + beβxwy = ceγx + d

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[lambda*y]*D[w[x, y], x] + b*Exp[beta*x]*D[w[x, y], y] == c*Exp[gamma*y] + d;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
eλy

λ
− beβx

aβ

)
−
dγ log

(
aβeλy

λ

)
− βdγx+ cλ

(
eλy
)γ/λ

aβγeλy − bγλeβx
−
aβcλ

(
eλy
) γ+λ

λ Hypergeometric2F1
(
1, γ+λ

λ
, γ
λ
+ 2, aβeλy

aβeλy−beβxλ

)
(γ + λ) (aβeλy − bλeβx)2




Maple 3� �
restart;
pde :=a*exp(lambda*y)*diff(w(x,y),x) +b*exp(beta*x)*diff(w(x,y),y) =c*exp(gamma*y)+d;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = β

∫ x c
(

eλyaβ−λb
(
eβx−eβ_a)

aβ

) γ
λ + d

eλyaβ − λb (eβx − eβ_a) d_a+ f1

(
eλyaβ − eβxλb

βλb

)
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6.3.7 3.2
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6.3.7.1 [888] Problem 1

problem number 888

Added Feb. 9, 2019.

Problem Chapter 3.3.2.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cyeλx + kxeµy

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*y*Exp[lambda*x] + k*x*Exp[mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
− bceλx

a2λ2
− akeµy

b2µ2 + cyeλx

aλ
+ kxeµy

bµ

}}
Maple 3� �
restart;
pde :=a*diff(w(x,y),x) +b*diff(w(x,y),y) =c*y*exp(lambda*x)+k*x*exp(mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(
ya−bx

a

)
µ2b2a2λ2 + b2c µ2(aλy − b) eλx − a2k λ2eµy(−µbx+ a)

µ2b2a2λ2
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6.3.7.2 [889] Problem 2

problem number 889

Added Feb. 9, 2019.

Problem Chapter 3.3.2.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + awy = axkeλy

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*D[w[x, y], y] == a*x^k*Exp[lambda*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → xk(−aλx)−keλ(y−ax)Γ(k + 1,−aλx)

λ
+ c1(y − ax)

}}
Maple 3� �
restart;
pde := diff(w(x,y),x) +a*diff(w(x,y),y) =a*x^k*exp(lambda*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1(−ax+ y)λ+

(
eλy + (−aλx)−k e−(ax−y)λ(Γ(k,−aλx) k − Γ(k + 1))

)
xk

λ

6.3.7.3 [890] Problem 3

problem number 890

Added Feb. 9, 2019.

Problem Chapter 3.3.2.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + (ay + beλx)wy = ceβx

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*y + b*Exp[lambda*x])*D[w[x, y], y] == c*Exp[beta*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → ceβx

β
+ c1

(
e−ax

(
beλx

a− λ
+ y

))}}



chapter 6. handbook of first order partial differential . . . 1110

Maple 3� �
restart;
pde := diff(w(x,y),x) +(a*y+b*exp(lambda*x))*diff(w(x,y),y) =c*exp(beta*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(

e−ax
(
b eλx+y(a−λ)

)
a−λ

)
β + c eβx

β

6.3.7.4 [891] Problem 4

problem number 891

Added Feb. 9, 2019.

Problem Chapter 3.3.2.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + (ayeλx + beβxyk)wy = ceµx

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*y*Exp[lambda*x] + b*Exp[beta*x]*y^k)*D[w[x, y], y] == c*Exp[mu*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → ceµx

µ
+ c1

(
(k − 1)

∫ x

1
be

aeλK[1](k−1)
λ

+βK[1]dK[1] + y1−ke
a(k−1)eλx

λ

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x) +(a*y*exp(lambda*x)+b*exp(beta*x)*y^k)*diff(w(x,y),y) =c*exp(mu*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1

(
b(k − 1)

∫
e
a eλx(k−1)+βxλ

λ dx+ y1−ke
a eλx(k−1)

λ

)
µ+ c eµx

µ

6.3.7.5 [892] Problem 5

problem number 892

Added Feb. 9, 2019.

Problem Chapter 3.3.2.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + (axk + bxneλy)wy = ceβx
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*x^k + b*x^n*Exp[lambda*y])*D[w[x, y], y] == c*Exp[beta*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

ceβx

β
+ c1

bλxn+1
(
−aλxk+1

k+1

)−n+1
k+1 Γ

(
n+1
k+1 ,−

aλxk+1

k+1

)
− (k + 1)e−

λ
(
−axk+1+ky+y

)
k+1

ab(k + 1)λ2(k − n)





Maple 3� �
restart;
pde := diff(w(x,y),x) +(a*x^k+b*x^n*exp(lambda*y))*diff(w(x,y),y) =c*exp(beta*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =

c eβx + f1

−

x−k

e
xa xkλ
2k+2 b xn(k+1)2

(
xa xkλ−k−n−2

)
WhittakerM

(
−k+n
2k+2 , 2k+n+3

2k+2 ,−xa xkλ
k+1

)
+2

−
(k+1)(k+n+2)e

xa xkλ
2k+2 b xnWhittakerM

(
k+n+2
2k+2 , 2k+n+3

2k+2 ,−xa xkλ
k+1

)
2 +xke

λ
(
ax xk−y(k+1)

)
k+1

(
−xa xkλ

k+1

) k+n+2
2k+2 (

k+n
2+

3
2
)
a(n+1)

(k+n+2)

(−xa xkλ
k+1

)−k−n−2
2k+2

aλ(n+1)(k+n+2)(2k+n+3)

 β

β

6.3.7.6 [893] Problem 6

problem number 893

Added Feb. 9, 2019.

Problem Chapter 3.3.2.6 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = axeλx+µy

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*Exp[lambda*x + mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → axeλx+µy

λx+ µy
+ c1

(y
x

)}}
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Maple 3� �
restart;
pde := x*diff(w(x,y),x) +y*diff(w(x,y),y) =a*x*exp(lambda *x+ mu* y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = a eλx+µyx

λx+ µy
+ f1

(y
x

)

6.3.7.7 [894] Problem 7

problem number 894

Added Feb. 9, 2019.

Problem Chapter 3.3.2.7 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = ayeλx + bxeµy

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*y*Exp[lambda*x] + b*x*Exp[mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(y
x

)
+ ayeλx

λx
+ bxeµy

µy

}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x) +y*diff(w(x,y),y) =a*y*exp(lambda*x) + b*x*exp(mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = bx eµy
µy

+ ya eλx
xλ

+ f1
(y
x

)

6.3.7.8 [895] Problem 8

problem number 895

Added Feb. 9, 2019.

Problem Chapter 3.3.2.8 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axkwx + beλywy = cxn + s
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^k*D[w[x, y], x] + b*Exp[lambda*y]*D[w[x, y], y] == c*x^n + s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → x1−k

(
cxn

a(−k) + an+ a
+ s

a− ak

)
+ c1

(
bx1−k

a(k − 1) −
e−λy

λ

)}}
Maple 3� �
restart;
pde :=a*x^k*diff(w(x,y),x) +b*exp(lambda*y)*diff(w(x,y),y) =c*x^n+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = −
x−k+1( s

k−1 +
c xn

k−n−1

)
a

+ f1

(
x−k+1λb− e−λy(k − 1) a

bλ (k − 1)

)

6.3.7.9 [896] Problem 9

problem number 896

Added Feb. 9, 2019.

Problem Chapter 3.3.2.9 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aykwx + beλxwy = ceµx + s

Mathematica 3� �
ClearAll["Global`*"];
pde = a*y^k*D[w[x, y], x] + b*Exp[lambda*x]*D[w[x, y], y] == c*Exp[mu*x] + s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

yk+1
((
yk+1) 1

k+1
)−k (

(k + 1)µsHypergeometric2F1
(
1, 1

k+1 ,
k+2
k+1 ,

aλyk+1

aλyk+1−beλx(k+1)

)
− cλeµxHypergeometric2F1

(
1, λ+kµ+µ

kλ+λ
, λ+µ

λ
, beλx(k+1)
beλx(k+1)−aλyk+1

))
µ (b(k + 1)eλx − aλyk+1) + c1

(
yk+1

k + 1 − beλx

aλ

)


Maple 3� �
restart;
pde :=a*y^k*diff(w(x,y),x) +b*exp(lambda*x)*diff(w(x,y),y) =c*exp(mu*x)+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(

a y1+kλ−b eλx(1+k)
λa

)
a+

∫ x (c eµ_a + s)
((

a y1+kλ+b(1+k)
(
eλ_a−eλx

)
λa

) 1
1+k
)−k

d_a

a
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6.3.7.10 [897] Problem 10

problem number 897

Added Feb. 9, 2019.

Problem Chapter 3.3.2.10 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeλxwx + bykwy = cxn + s

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[lambda*x]*D[w[x, y], x] + b*y^k*D[w[x, y], y] == c*x^n + s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → aλc1

(
be−λx

aλ
− y1−k

k−1

)
− cxn(λx)−nΓ(n+ 1, λx)− se−λx

aλ




Maple 3� �
restart;
pde :=a*exp(lambda*x)*diff(w(x,y),x) +b*y^k*diff(w(x,y),y) = c*x^n+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
λa(n+ 1) f1

(
aλ y1−k−b e−λx(k−1)

λa

)
+ c xn(λx)−

n
2 e−λx

2 WhittakerM
(
n
2 ,

n
2 + 1

2 , λx
)
− s(n+ 1)

(
−1 + e−λx

)
λa (n+ 1)

6.3.7.11 [898] Problem 11

problem number 898

Added Feb. 9, 2019.

Problem Chapter 3.3.2.11 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeλywx + bxkwy = cExp[µx] + s

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[lambda*y]*D[w[x, y], x] + b*x^k*D[w[x, y], y] == c*Exp[mu*x] + s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

∫ x

1

(k + 1)
(
eµK[1]c+ s

)
aeλy(k + 1) + bλ (K[1]k+1 − xk+1)dK[1] + c1

(
eλy

λ
− bxk+1

ak + a

)}}
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Maple 3� �
restart;
pde :=a*exp(lambda*y)*diff(w(x,y),x) +b*x^k*diff(w(x,y),y) = c*exp(mu*x)+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
w(x, y) = (−1− k)

∫ x −c eµ_a − s

_ak+1λb− xk+1λb+ a eλy (k + 1)d_a+f1
(
−xk+1λb+ a eλy(k + 1)

(k + 1)λb

)

6.3.8 4.1

Local contents
6.3.8.1 [899] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1115
6.3.8.2 [900] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1116
6.3.8.3 [901] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1116
6.3.8.4 [902] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1117
6.3.8.5 [903] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1118

6.3.8.1 [899] Problem 1

problem number 899

Added Feb. 9, 2019.

Problem Chapter 3.4.1.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c sinh(λx) + k sinh(µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Sinh[lambda*x] + k*Sinh[mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
+ c cosh(λx)

aλ
+ k cosh(µy)

bµ

}}
Maple 3� �
restart;
pde :=a*diff(w(x,y),x) +b*diff(w(x,y),y) =c*sinh(lambda*x)+k*sinh(mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(
ya−bx

a

)
µbaλ+ ka cosh (µy)λ+ cosh (λx) cµb

µbaλ



chapter 6. handbook of first order partial differential . . . 1116

6.3.8.2 [900] Problem 2

problem number 900

Added Feb. 9, 2019.

Problem Chapter 3.4.1.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c sinh(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Sinh[lambda*x + mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c cosh(λx+ µy)

aλ+ bµ
+ c1

(
y − bx

a

)}}
Maple 3� �
restart;
pde :=a*diff(w(x,y),x) +b*diff(w(x,y),y) =c*sinh(lambda*x+mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = c cosh (λx+ µy)
λa+ µb

+ f1

(
ay − bx

a

)

6.3.8.3 [901] Problem 3

problem number 901

Added Feb. 9, 2019.

Problem Chapter 3.4.1.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cx sinh(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*x*Sinh[lambda*x + mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c(x(aλ+ bµ) cosh(λx+ µy)− a sinh(λx+ µy))

(aλ+ bµ)2 + c1

(
y − bx

a

)}}
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Maple 3� �
restart;
pde :=a*diff(w(x,y),x) +b*diff(w(x,y),y) =c*x*sinh(lambda*x+mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
(λa+ µb)2 f1

(
ya−bx

a

)
+ (x(λa+ µb) cosh (λx+ µy)− a sinh (λx+ µy)) c

(λa+ µb)2

6.3.8.4 [902] Problem 4

problem number 902

Added Feb. 9, 2019.

Problem Chapter 3.4.1.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b sinhn(λx)wy = c sinhm(µx) + s sinhk(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Sinh[lambda*x]*D[w[x, y], y] == c*Sinh[mu*x]^m + s*Sinh[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

s sinhk
(

β(aλy−b cosh(λx)+b cosh(λK[1]))
aλ

)
+ c sinhm(µK[1])

a
dK[1] + c1

(
y − b cosh(λx)

aλ

)


Kernel Exception

Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*sinh(lambda*x)*diff(w(x,y),y) =c*sinh(mu*x)^m+s*sinh(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
yaλ− b cosh (λx)

aλ

)
+

∫ x

(
c sinh (µ_a)m + s sinh

(
β(yaλ−b cosh(λx)+b cosh(λ_a))

aλ

)k)
d_a

a
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6.3.8.5 [903] Problem 5

problem number 903

Added Feb. 9, 2019.

Problem Chapter 3.4.1.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b sinhn(λy)wy = c sinhm(µx) + s sinhk(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Sinh[lambda*y]*D[w[x, y], y] == c*Sinh[mu*x]^m + s*Sinh[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
w(x, y) →

∫ x

1

s

(
− sinh

(
βarccosh

(
tanh

(
arctanh(cosh(λy))+ bλ(x−K[1])

a

))
λ

))k

+ c sinhm(µK[1])

a
dK[1] + c1

(
−bx
a

− arctanh(cosh(λy))
λ

)w(x, y) →
∫ x

1

s sinhk

(
βarccosh

(
tanh

(
arctanh(cosh(λy))+ bλ(x−K[2])

a

))
λ

)
+ c sinhm(µK[2])

a
dK[2] + c1

(
−bx
a

− arctanh(cosh(λy))
λ

)
Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*sinh(lambda*y)*diff(w(x,y),y) =c*sinh(mu*x)^m+s*sinh(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
−xbλ− 2 arctanh

(
eλy
)
a

bλ

)
+

∫ x

sinh

β ln
(
tanh

(
2 arctanh

(
eλy

)
a+bλ(x−_a)

2a

))
λ


k

s+ c sinh (µ_a)m

 d_a

a
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6.3.9.1 [904] Problem 1

problem number 904

Added Feb. 9, 2019.

Problem Chapter 3.4.2.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c cosh(λx) + k cosh(µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Cosh[lambda*x] + k*Cosh[mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
+ c sinh(λx)

aλ
+ k sinh(µy)

bµ

}}
Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*cosh(lambda*x)+k*cosh(mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(
ya−bx

a

)
µbaλ+ ka sinh (µy)λ+ sinh (λx) cµb

µbaλ

6.3.9.2 [905] Problem 2

problem number 905

Added Feb. 9, 2019.

Problem Chapter 3.4.2.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c cosh(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Cosh[lambda*x + mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c sinh(λx+ µy)

aλ+ bµ
+ c1

(
y − bx

a

)}}
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Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*cosh(lambda*x+mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = c sinh (λx+ µy)
λa+ µb

+ f1

(
ya− bx

a

)

6.3.9.3 [906] Problem 3

problem number 906

Added Feb. 9, 2019.

Problem Chapter 3.4.2.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = ax cosh(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == a*x*Cosh[lambda*x + mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → a(x(aλ+ bµ) sinh(λx+ µy)− a cosh(λx+ µy))

(aλ+ bµ)2 + c1

(
y − bx

a

)}}
Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*diff(w(x,y),y) = a*x*cosh(lambda*x+mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
(λa+ µb)2 f1

(
ya−bx

a

)
+ (x(λa+ µb) sinh (λx+ µy)− a cosh (λx+ µy)) a

(λa+ µb)2

6.3.9.4 [907] Problem 4

problem number 907

Added Feb. 9, 2019.

Problem Chapter 3.4.2.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b coshn(λx)wy = c coshm(µx) + s coshk(βy)



chapter 6. handbook of first order partial differential . . . 1121

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Cosh[lambda*x]^n*D[w[x, y], y] == c*Cosh[mu*x]^m + s*Cosh[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) →

∫ x

1

s coshk

β

(
bHypergeometric2F1

(
1
2 ,
n+1
2 , n+3

2 ,cosh2(λx)
)
sinh(λx) coshn+1(λx)√

− sinh2(λx)
+aλ(n+1)y+b coshn+1(λK[1])csch(λK[1]) Hypergeometric2F1

( 1
2 ,
n+1
2 ,n+3

2 ,cosh2(λK[1])
)√

− sinh2(λK[1])
)

aλ(n+1)

+ c coshm(µK[1])

a
dK[1] + c1

b sinh(λx) coshn+1(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cosh2(λx)
)

(aλn+ aλ)
√

− sinh2(λx)
+ y





Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*cosh(lambda*x)^n*diff(w(x,y),y) = c*cosh(mu*x)^m+s*cosh(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
−
b
∫
cosh (λx)n dx

a
+ y

)
+

∫ x

(
c cosh (µ_b)m + cosh

(
β
(
b
∫
cosh(λ_b)nd_b−b

∫
cosh(λx)ndx+ya

)
a

)k
s

)
d_b

a

6.3.9.5 [908] Problem 5

problem number 908

Added Feb. 9, 2019.

Problem Chapter 3.4.2.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b coshn(λy)wy = c coshm(µx) + s coshk(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Cosh[lambda*y]^n*D[w[x, y], y] == c*Cosh[mu*x]^m + s*Cosh[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) →

∫ y

1

cosh−n(λK[1])

s coshk(βK[1]) + c coshm

µ

(
aHypergeometric2F1

(
1
2 ,

1−n
2 , 3−n2 ,cosh2(λy)

)
sinh(λy) cosh1−n(λy)√

− sinh2(λy)
−bλ(n−1)x+a cosh1−n(λK[1])csch(λK[1]) Hypergeometric2F1

( 1
2 ,

1−n
2 , 3−n2 ,cosh2(λK[1])

)√
− sinh2(λK[1])

)
bλ(n−1)




b
dK[1] + c1


√
− sinh2(λy)csch(λy) cosh1−n(λy)Hypergeometric2F1

(1
2 ,

1−n
2 , 3−n

2 , cosh2(λy)
)

λ− λn
− bx

a





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Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*cosh(lambda*y)^n*diff(w(x,y),y) = c*cosh(mu*x)^m+s*cosh(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
−
a
∫
cosh (λy)−n dy

b
+ x

)
+

∫ y cosh (λ_b)−n

(
cosh

(
µ
(
a
∫
cosh(λ_b)−nd_b−a

∫
cosh(λy)−ndy+xb

)
b

)m

c+ s cosh (β_b)k
)
d_b

b

6.3.10 4.3

Local contents
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6.3.10.1 [909] Problem 1

problem number 909

Added Feb. 9, 2019.

Problem Chapter 3.4.3.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c tanh(λx) + k tanh(µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Tanh[lambda*x] + k*Tanh[mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
+ c log(cosh(λx))

aλ
+ k log(cosh(µy))

bµ

}}
Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*tanh(lambda*x)+ k *tanh(mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = c ln (cosh (λx))
aλ

+ k ln (cosh (µy))
µb

+ f1

(
ya− bx

a

)
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6.3.10.2 [910] Problem 2

problem number 910

Added Feb. 9, 2019.

Problem Chapter 3.4.3.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c tanh(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Tanh[lambda*x + mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c log(cosh(λx+ µy))

aλ+ bµ
+ c1

(
y − bx

a

)}}
Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*tanh(lambda*x+mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = c ln (cosh (λx+ µy))
λa+ µb

+ f1

(
ya− bx

a

)

6.3.10.3 [911] Problem 3

problem number 911

Added Feb. 11, 2019.

Problem Chapter 3.4.3.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = ax tanh(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*Tanh[lambda*x + mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → ax log(cosh(λx+ µy))

λx+ µy
+ c1

(y
x

)}}
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Maple 3� �
restart;
pde :=x*diff(w(x,y),x) + y*diff(w(x,y),y) = a*x*tanh(lambda*x+mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = a ln (cosh (λx+ µy))x
λx+ µy

+ f1
(y
x

)

6.3.10.4 [912] Problem 4

problem number 912

Added Feb. 11, 2019.

Problem Chapter 3.4.3.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b tanhn(λx)wy = c tanhm(µx) + s tanhk(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Tanh[lambda*x]^n*D[w[x, y], y] == c*Tanh[mu*x]^m + s*Tanh[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

s tanhk
(

β
(
−bHypergeometric2F1

(
1,n+1

2 ,n+3
2 ,tanh2(λx)

)
tanhn+1(λx)+bHypergeometric2F1

(
1,n+1

2 ,n+3
2 ,tanh2(λK[1])

)
tanhn+1(λK[1])+aλ(n+1)y

)
aλ(n+1)

)
+ c tanhm(µK[1])

a
dK[1] + c1

(
y −

b tanhn+1(λx)Hypergeometric2F1
(
1, n+1

2 , n+3
2 , tanh2(λx)

)
aλn+ aλ

)


Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*tanh(lambda*x)^n*diff(w(x,y),y) = c*tanh(mu*x)^m+s*tanh(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
−
b
∫
tanh (λx)n dx

a
+ y

)
+

∫ x

(
tanh

(
β
(∫

tanh(λ_b)nd_bb−
∫
tanh(λx)ndxb+ya

)
a

)k
s+ c tanh (µ_b)m

)
d_b

a
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6.3.10.5 [913] Problem 5

problem number 913

Added Feb. 11, 2019.

Problem Chapter 3.4.3.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b tanhn(λy)wy = c tanhm(µx) + s tanhk(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Tanh[lambda*y]^n*D[w[x, y], y] == c*Tanh[mu*x]^m + s*Tanh[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ y

1

tanh−n(λK[1])
(
s tanhk(βK[1]) + c tanhm

(
−aµHypergeometric2F1

(
1, 1−n2 , 3−n2 ,tanh2(λy)

)
tanh1−n(λy)+aµHypergeometric2F1

(
1, 1−n2 , 3−n2 ,tanh2(λK[1])

)
tanh1−n(λK[1])+bλµx−bλµnx

bλ−bλn

))
b

dK[1] + c1

(
tanh1−n(λy)Hypergeometric2F1

(
1, 1−n

2 , 3−n
2 , tanh2(λy)

)
λ− λn

− bx

a

)


Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*tanh(lambda*y)^n*diff(w(x,y),y) = c*tanh(mu*x)^m+s*tanh(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
−
a
∫
tanh (λy)−n dy

b
+ x

)
+

∫ y tanh (λ_b)−n

(
tanh

(
µ
(
a
∫
tanh(λ_b)−nd_b−a

∫
tanh(λy)−ndy+xb

)
b

)m

c+ s tanh (β_b)k
)
d_b

b

6.3.11 4.4

Local contents
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6.3.11.1 [914] Problem 1

problem number 914

Added Feb. 11, 2019.

Problem Chapter 3.4.4.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c coth(λx) + k coth(µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Coth[lambda*x] + k*Coth[mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
+ c log(sinh(λx))

aλ
+ k log(sinh(µy))

bµ

}}
Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*coth(lambda*x)+k*coth(mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = c ln (sinh (λx))
aλ

+ k ln (sinh (µy))
µb

+ f1

(
ya− bx

a

)

6.3.11.2 [915] Problem 2

problem number 915

Added Feb. 11, 2019.

Problem Chapter 3.4.4.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c coth(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Coth[lambda*x + mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c log(sinh(λx+ µy))

aλ+ bµ
+ c1

(
y − bx

a

)}}
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Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*coth(lambda*x+mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = c ln (sinh (λx+ µy))
λa+ µb

+ f1

(
ya− bx

a

)

6.3.11.3 [916] Problem 3

problem number 916

Added Feb. 11, 2019.

Problem Chapter 3.4.4.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = ax coth(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*Coth[lambda*x + mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → ax log(sinh(λx+ µy))

λx+ µy
+ c1

(y
x

)}}
Maple 3� �
restart;
pde :=x*diff(w(x,y),x) + y*diff(w(x,y),y) = a*x*coth(lambda*x+mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = a ln (sinh (λx+ µy))x
λx+ µy

+ f1
(y
x

)

6.3.11.4 [917] Problem 4

problem number 917

Added Feb. 11, 2019.

Problem Chapter 3.4.4.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b cothn(λx)wy = c cothm(µx) + s cothk(βy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Coth[lambda*x]^n*D[w[x, y], y] == c*Coth[mu*x]^m + s*Coth[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

s cothk
(

β
(
−bHypergeometric2F1

(
1,n+1

2 ,n+3
2 ,coth2(λx)

)
cothn+1(λx)+aλ(n+1)y+b cothn+1(λK[1]) Hypergeometric2F1

(
1,n+1

2 ,n+3
2 ,coth2(λK[1])

))
aλ(n+1)

)
+ c cothm(µK[1])

a
dK[1] + c1

(
y −

b cothn+1(λx)Hypergeometric2F1
(
1, n+1

2 , n+3
2 , coth2(λx)

)
aλn+ aλ

)


Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*coth(lambda*x)^n*diff(w(x,y),y) = c*coth(mu*x)^m+ s*coth(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
−
b
∫
coth (λx)n dx

a
+ y

)
+

∫ x

(
coth

(
β
(∫

coth(λ_b)nd_bb−
∫
coth(λx)ndxb+ya

)
a

)k
s+ c coth (µ_b)m

)
d_b

a

6.3.11.5 [918] Problem 5

problem number 918

Added Feb. 11, 2019.

Problem Chapter 3.4.4.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b cothn(λy)wy = c cothm(µx) + s cothk(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Coth[lambda*y]^n*D[w[x, y], y] == c*Coth[mu*x]^m + s*Coth[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ y

1

(
s cothk(βK[1]) + c cothm

(
−aµHypergeometric2F1

(
1, 1−n2 , 3−n2 ,coth2(λy)

)
coth1−n(λy)+bλµx−bλµnx+aµ coth1−n(λK[1]) Hypergeometric2F1

(
1, 1−n2 , 3−n2 ,coth2(λK[1])

)
bλ−bλn

))
coth−n(λK[1])

b
dK[1] + c1

(
coth1−n(λy)Hypergeometric2F1

(
1, 1−n

2 , 3−n
2 , coth2(λy)

)
λ− λn

− bx

a

)

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Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*coth(lambda*y)^n*diff(w(x,y),y) = c*coth(mu*x)^m+ s*coth(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
−
a
∫
coth (λy)−n dy

b
+ x

)
+

∫ y coth (λ_b)−n

((
− coth

(
µ
(
a
∫
coth(λy)−ndy−a

∫
coth(λ_b)−nd_b−xb

)
b

))m

c+ s coth (β_b)k
)
d_b

b

6.3.12 4.5

Local contents
6.3.12.1 [919] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1129
6.3.12.2 [920] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1130
6.3.12.3 [921] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1130
6.3.12.4 [922] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1131
6.3.12.5 [923] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1131

6.3.12.1 [919] Problem 1

problem number 919

Added Feb. 11, 2019.

Problem Chapter 3.4.5.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c sinh(λx) + k cosh(µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Sinh[lambda*x] + k*Cosh[mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → 1

2

(
2c1
(
y − bx

a

)
+
ce−λx

(
e2λx + 1

)
aλ

+ ke−µy(e2µy − 1)
bµ

)}}

Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*sinh(lambda*x)+ k*cosh(mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(
ay−bx

a

)
µbaλ+ ka sinh (µy)λ+ cosh (λx) cµb

µbaλ



chapter 6. handbook of first order partial differential . . . 1130

6.3.12.2 [920] Problem 2

problem number 920

Added Feb. 11, 2019.

Problem Chapter 3.4.5.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = tanh(λx) + k coth(µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == Tanh[lambda*x] + k*Coth[mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
+ log(cosh(λx))

aλ
+ k log(sinh(µy))

bµ

}}
Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*diff(w(x,y),y) = tanh(lambda*x)+ k*coth(mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = k ln (sinh (µy))
µb

+ ln (cosh (λx))
aλ

+ f1

(
ya− xb

a

)

6.3.12.3 [921] Problem 3

problem number 921

Added Feb. 11, 2019.

Problem Chapter 3.4.5.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = sinh(λx) + k tanh(µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == Sinh[lambda*x] + k*Tanh[mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e−λx

(
2abλµeλx(a2λ2 − 4b2µ2) c1

(
y − bx

a

)
+ (aλ− 2bµ)

(
(aλ+ 2bµ)

(
bµe2λxHypergeometric2F1

(
1, aλ

2bµ ,
aλ
2bµ + 1,−e2µy

)
+ bµHypergeometric2F1

(
1,− aλ

2bµ , 1−
aλ
2bµ ,−e

2µy
)
+ akλeλx(log (e−2µy + 1) + log (e2µy + 1))

)
+ abλµe2λx+2µy Hypergeometric2F1

(
1, aλ

2bµ + 1, aλ
2bµ + 2,−e2µy

))
+ abλµe2µy(aλ+ 2bµ)Hypergeometric2F1

(
1, 1− aλ

2bµ , 2−
aλ
2bµ ,−e

2µy
))

2 (a3bλ3µ− 4ab3λµ3)



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Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*diff(w(x,y),y) = sinh(lambda*x)+ k*tanh(mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = k ln (cosh (µy))
µb

+ cosh (λx)
aλ

+ f1

(
ya− bx

a

)

6.3.12.4 [922] Problem 4

problem number 922

Added Feb. 11, 2019.

Problem Chapter 3.4.5.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b cosh(µy)wy = sinh(λx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Cosh[mu*y]*D[w[x, y], y] == Sinh[lambda*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

∫ x

1

sinh(λK[1])
a

dK[1] + c1

(
−bx
a

− cot−1(sinh(µy))
µ

)}}
Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*cosh(mu*y)*diff(w(x,y),y) = sinh(lambda*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(

−bµx+2arctan(eµy)a
bµ

)
aλ+ cosh (λx)

aλ

6.3.12.5 [923] Problem 5

problem number 923

Added Feb. 11, 2019.

Problem Chapter 3.4.5.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b sinh(µy)wy = cosh(λx)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Sinh[mu*y]*D[w[x, y], y] == Cosh[lambda*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{
w(x, y) →

∫ x

1

cosh(λK[1])
a

dK[1] + c1

(
−bx
a

− arctanh(cosh(µy))
µ

)}
{
w(x, y) →

∫ x

1

cosh(λK[2])
a

dK[2] + c1

(
−bx
a

− arctanh(cosh(µy))
µ

)}

Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*sinh(mu*y)*diff(w(x,y),y) = cosh(lambda*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(

−xbµ−2 arctanh(eµy)a
bµ

)
aλ+ sinh (λx)

aλ

6.3.13 5.1

Local contents
6.3.13.1 [924] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1132
6.3.13.2 [925] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1133
6.3.13.3 [926] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1133
6.3.13.4 [927] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1134
6.3.13.5 [928] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1135
6.3.13.6 [929] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1136

6.3.13.1 [924] Problem 1

problem number 924

Added Feb. 11, 2019.

Problem Chapter 3.5.1.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c ln(λx+ βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Log[lambda*x + beta*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
y − bx

a

)
+ c(aβy − bβx) log(a(βy + λx))

a(aλ+ bβ) + cx log(βy + λx)
a

− cx

a

}}
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Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*ln(lambda*x+beta*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
(λa+ bβ) f1

(
ay−bx

a

)
+ c(ln (βy + λx)− 1) (βy + λx)
λa+ bβ

6.3.13.2 [925] Problem 2

problem number 925

Added Feb. 11, 2019.

Problem Chapter 3.5.1.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c ln(λx) + k ln(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Log[lambda*x] + k*Log[beta*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

abc1
(
y − bx

a

)
+ aky log(βy) + bcx log(λx)− bcx− bkx

ab

}}

Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*ln(lambda*x)+k*ln(beta*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
cx ln (λx) b+ kay ln (βy) + f1

(
ya−bx

a

)
ab− kay − bcx

ab

6.3.13.3 [926] Problem 3

problem number 926

Added Feb. 11, 2019.

Problem Chapter 3.5.1.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b ln(λx) ln(βy)wy = c ln(γx)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Log[lambda*x]*Log[beta*y]*D[w[x, y], y] == c*Log[gamma*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) →

∫ y

1

c log

 γ
(
bx(log(λx)−1)−a

∫ y
1

1
log(βK[1])dK[1]+a

∫K[2]
1

1
log(βK[1])dK[1]

)
bW

λ

(
bx(log(λx)−1)−a

∫ y
1

1
log(βK[1]) dK[1]+a

∫K[2]
1

1
log(βK[1]) dK[1]

)
be





b log(βK[2]) log

 λ
(
bx(log(λx)−1)−a

∫ y
1

1
log(βK[1])dK[1]+a

∫K[2]
1

1
log(βK[1])dK[1]

)
bW

λ

(
bx(log(λx)−1)−a

∫ y
1

1
log(βK[1]) dK[1]+a

∫K[2]
1

1
log(βK[1]) dK[1]

)
be




dK[2] + c1

(
a
∫ y

1
1

log(βK[1])dK[1]− bx log(λx) + bx

a

)



Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*ln(lambda*x)*ln(beta*y)*diff(w(x,y),y) = c*ln(gamma*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(

a Ei1(− ln(βy))+xbβ(ln(λx)−1)
βa

)
aλLambertW (λx(ln (λx)− 1) e−1) + c

(
−LambertW (λx(ln (λx)− 1) e−1)

(
ln
(

γx(ln(λx)−1)
LambertW(λx(ln(λx)−1)e−1)

)
− ln

(
λx(ln(λx)−1)

LambertW(λx(ln(λx)−1)e−1)

))(
LambertW (λx(ln (λx)− 1) e−1)− ln

(
λx(ln(λx)−1)

LambertW(λx(ln(λx)−1)e−1)

)
+ 1
)
Ei1
(
− ln

(
λx(ln(λx)−1)

LambertW(λx(ln(λx)−1)e−1)

))
+ λx

(
LambertW (λx(ln (λx)− 1) e−1) + ln

(
γx(ln(λx)−1)

LambertW(λx(ln(λx)−1)e−1)

)
− ln

(
λx(ln(λx)−1)

LambertW(λx(ln(λx)−1)e−1)

))
(ln (λx)− 1)

)
aλLambertW (λx (ln (λx)− 1) e−1)

6.3.13.4 [927] Problem 4

problem number 927

Added Feb. 11, 2019.

Problem Chapter 3.5.1.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b lnn(λx)wy = c lnm(µx) + s lnk(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Log[lambda*x]^n*D[w[x, y], y] == c*Log[mu*x]^m + s*Log[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

s logk
(
β
(
y −

∫ x

1
b logn(λK[1])

a
dK[1] +

∫ K[2]
1

b logn(λK[1])
a

dK[1]
))

+ c logm(µK[2])
a

dK[2] + c1

(
y −

∫ x

1

b logn(λK[1])
a

dK[1]
)


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Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*ln(lambda*x)^n*diff(w(x,y),y) = c*ln(mu*x)^m+s*ln(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =

∫ x

(
c ln (µ_b)m + sln

(
β
(
b
∫
ln(λ_b)nd_b−b

∫
ln(λx)ndx+ya

)
a

)k)
d_b

a
+f1

(
−
b
∫
ln (λx)n dx

a
+ y

)

6.3.13.5 [928] Problem 5

problem number 928

Added Feb. 11, 2019.

Problem Chapter 3.5.1.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b lnn(λy)wy = c lnm(µx) + s lnk(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Log[lambda*y]^n*D[w[x, y], y] == c*Log[mu*x]^m + s*Log[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ y

1

log−n(λK[2])
(
s logk(βK[2]) + c logm

(
µ
(
bx−a

∫ y
1 log−n(λK[1])dK[1]+a

∫K[2]
1 log−n(λK[1])dK[1]

)
b

))
b

dK[2] + c1

(∫ y

1
log−n(λK[1])dK[1]− bx

a

)


Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*ln(lambda*y)^n*diff(w(x,y),y) = c*ln(mu*x)^m+s*ln(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =

∫ y

(
cln
(

µ
(
a
∫
ln(λ_b)−nd_b−a

∫
ln(λy)−ndy+xb

)
b

)m

+ s ln (β_b)k
)
ln (λ_b)−n d_b

b
+f1

(
−
a
∫
ln (λy)−n dy

b
+ x

)
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6.3.13.6 [929] Problem 6

problem number 929

Added Feb. 11, 2019.

Problem Chapter 3.5.1.6 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a lnn(λx)wx + b lnk(βy)wy = c lnm(γx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Log[lambda*x]^n*D[w[x, y], x] + b*Log[lambda*y]^k*D[w[x, y], y] == c*Log[gamma*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → −

ac1
∫
log−k(λy) dy
b

+
∫
log−n(λx) (c logm(γx) + ac1) dx

a
+ c2

}}

Maple 3� �
restart;
pde :=a*ln(lambda*x)^n*diff(w(x,y),x) + b*ln(lambda*y)^k*diff(w(x,y),y) = c*ln(gamma*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = c
∫
ln (γx)m ln (λx)−n dx

a
+ f1

(
−
∫

ln (λx)−n dx+ a
∫
ln (λy)−k dy

b

)

6.3.14 5.2

Local contents
6.3.14.1 [930] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1136
6.3.14.2 [931] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1137
6.3.14.3 [932] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1138

6.3.14.1 [930] Problem 1

problem number 930

Added Feb. 11, 2019.

Problem Chapter 3.5.2.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cxn + s lnk(λy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*x^n + s*Log[lambda*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
− x(−cxn + ns+ s)

a(n+ 1) + sy log(λy)
b

}}
Maple 3� �
restart;
pde :=a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*x^n+s*ln(lambda*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
(1 + n)

(
f1
(
ya−bx

a

)
b+ s(ln (λy)− 1) y

)
a+ c x1+nb

a (1 + n) b

6.3.14.2 [931] Problem 2

problem number 931

Added Feb. 11, 2019.

Problem Chapter 3.5.2.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + awy = by2 + cxny + s lnk(λx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*D[w[x, y], y] == b*y^2 + c*x^n*y + s*Log[lambda*x]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) →
∫ x

1

(
s logk(λK[1]) + b(y + a(K[1]− x))2 + cK[1]n(y + a(K[1]− x))

)
dK[1] + c1(y − ax)

}}
Maple 3� �
restart;
pde := diff(w(x,y),x) + a*diff(w(x,y),y) = b*y^2+c*x^n*y+s*ln(lambda*x)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
w(x, y) =

∫ x (
s ln (λ_a)k + _an+1ac− c(ax− y)_an + b((x− _a) a− y)2

)
d_a+f1(−ax+ y)

Result has unresolved integrals
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6.3.14.3 [932] Problem 3

problem number 932

Added Feb. 11, 2019.

Problem Chapter 3.5.2.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + awy = blnk(λx) lnn(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*D[w[x, y], y] == b*Log[lambda*x]^k*Log[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

∫ x

1
b logk(λK[1]) logn(β(y + a(K[1]− x)))dK[1] + c1(y − ax)

}}
Maple 3� �
restart;
pde := diff(w(x,y),x) + a*diff(w(x,y),y) = b*ln(lambda*x)^k*ln(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = b

∫ x

ln (λ_a)k ln (−β((x− _a) a− y))n d_a+ f1(−ax+ y)

6.3.15 5.3

Local contents
6.3.15.1 [933] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1138
6.3.15.2 [934] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1139
6.3.15.3 [935] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1140

6.3.15.1 [933] Problem 4

problem number 933

Added Feb. 11, 2019.

Problem Chapter 3.5.2.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + (ay + bxn)wy = clnk(λx)
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*y + b*x^n)*D[w[x, y], y] == c*Log[lambda*x]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

∫ x

1
c logk(λK[1])dK[1] + c1

(
ba−n−1Γ(n+ 1, ax) + ye−ax

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x) + (a*y+b*x^n)*diff(w(x,y),y) = c*ln(lambda*x)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = c

∫
ln (λx)k dx+f1

(ax)−
n
2

(
e−axya(ax)

n
2 (n+ 1)− e−ax

2 b xnWhittakerM
(
n
2 ,

n
2 + 1

2 , ax
))

a (n+ 1)


Result has unresolved integrals

6.3.15.2 [934] Problem 5

problem number 934

Added Feb. 11, 2019.

Problem Chapter 3.5.2.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axwx + bywy = xk(n ln x+m ln y)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == x^k*(n*Log[x] + m*Log[y]);
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → xk(akm log(y) + akn log(x)− an− bm)

a2k2
+ c1

(
yx−

b
a

)}}
Maple 3� �
restart;
pde := a*x*diff(w(x,y),x) + b*y*diff(w(x,y),y) = x^k*(n*ln(x)+m*ln(y));
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =

(
2 ln (x) akn− a

((
i
(
csgn

(
ix

b
a

)
csgn (iy) csgn

(
iy x−

b
a

)
− csgn

(
ix

b
a

)
+ csgn (iy)− csgn

(
iy x−

b
a

))
π − 2 ln

(
x
b
a

)
− 2 ln

(
y x−

b
a

))
mk + 2n

)
− 2mb

)
xk + 2f1

(
y x−

b
a

)
a2k2

2a2k2
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6.3.15.3 [935] Problem 6

problem number 935

Added Feb. 11, 2019.

Problem Chapter 3.5.2.6 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axkwx + bynwy = c lnm(λx) + s lnl(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^k*D[w[x, y], x] + b*y^n*D[w[x, y], y] == c*Log[lambda*x]^m + s*Log[beta*y]^l;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

K[1]−k

(
s logl

(
β
(

a(k−1)xkynK[1]k
a(k−1)xkyK[1]k−b(n−1)yn

(
xK[1]k−xkK[1]

)) 1
n−1
)
+ c logm(λK[1])

)
a

dK[1] + c1

(
bx1−k

a(k − 1) −
y1−n

n− 1

)


Maple 3� �
restart;
pde := a*x^k*diff(w(x,y),x) + b*y^n*diff(w(x,y),y) = c*ln(lambda*x)+s*ln(beta*y)^l;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(

−b x−k+1(n−1)+y1−n(k−1)a
(k−1)a

)
a+

∫ x

(
c ln (λ_a) + sln

(
β
(

b(n−1)_a−k+1−b x−k+1(n−1)+y1−n(k−1)a
(k−1)a

)− 1
n−1
)l
)
_a−kd_a

a

6.3.16 6.1

Local contents
6.3.16.1 [936] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1141
6.3.16.2 [937] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1141
6.3.16.3 [938] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1142
6.3.16.4 [939] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1142
6.3.16.5 [940] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1143
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6.3.16.1 [936] Problem 1

problem number 936

Added Feb. 11, 2019.

Problem Chapter 3.6.1.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bynwy = c sin(λx) + k sin(µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Sin[lambda*x] + k*Sin[mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
− c cos(λx)

aλ
− k cos(µy)

bµ

}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*sin(lambda*x)+k*sin(mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(
ya−bx

a

)
µbaλ− ka cos (µy)λ− cos (λx) cµb

µbaλ

6.3.16.2 [937] Problem 2

problem number 937

Added Feb. 11, 2019.

Problem Chapter 3.6.1.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bynwy = c sin(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Sin[lambda*x + mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → −c cos(λx+ µy)

aλ+ bµ
+ c1

(
y − bx

a

)}}
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Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*sin(lambda*x+mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = −cos (λx+ µy) c
λa+ µb

+ f1

(
ya− xb

a

)

6.3.16.3 [938] Problem 3

problem number 938

Added Feb. 11, 2019.

Problem Chapter 3.6.1.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = ax sin(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*Sin[lambda*x + mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

∫ x

1
a sin

((
λ+ µy

x

)
K[1]

)
dK[1] + c1

(y
x

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x) + y*diff(w(x,y),y) = a*x*sin(lambda*x+mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = −a cos (λx+ µy)x
λx+ µy

+ f1
(y
x

)

6.3.16.4 [939] Problem 4

problem number 939

Added Feb. 11, 2019.

Problem Chapter 3.6.1.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b sinn(λx)wy = c sinm(µx) + s sink(βy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Sin[lambda*x]^n*D[w[x, y], y] == c*Sin[mu*x]^m + s*Sin[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

s sink

(
β
(
−b
√

cos2(λx)Hypergeometric2F1
( 1
2 ,
n+1
2 ,n+3

2 ,sin2(λx)
)
sec(λx) sinn+1(λx)+b

√
cos2(λK[1]) Hypergeometric2F1

( 1
2 ,
n+1
2 ,n+3

2 ,sin2(λK[1])
)
sec(λK[1]) sinn+1(λK[1])+aλ(n+1)y

)
aλ(n+1)

)
+ c sinm(µK[1])

a
dK[1] + c1

(
y −

b
√

cos2(λx) sec(λx) sinn+1(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , sin2(λx)
)

aλn+ aλ

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*sin(lambda*x)^n*diff(w(x,y),y) = c*sin(mu*x)^m+s*sin(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
−
b
∫
sin (λx)n dx

a
+ y

)
+

∫ x

(
c sin (µ_b)m + sin

(
β
(
b
∫
sin(λ_b)nd_b−b

∫
sin(λx)ndx+ya

)
a

)k
s

)
d_b

a

6.3.16.5 [940] Problem 5

problem number 940

Added Feb. 11, 2019.

Problem Chapter 3.6.1.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b sinn(λy)wy = c sinm(µx) + s sink(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Sin[lambda*y]^n*D[w[x, y], y] == c*Sin[mu*x]^m + s*Sin[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ y

1

sin−n(λK[1])
(
s sink(βK[1]) + c sinm

(
−aµ

√
cos2(λy)Hypergeometric2F1

( 1
2 ,

1−n
2 , 3−n2 ,sin2(λy)

)
sec(λy) sin1−n(λy)+aµ

√
cos2(λK[1]) Hypergeometric2F1

( 1
2 ,

1−n
2 , 3−n2 ,sin2(λK[1])

)
sec(λK[1]) sin1−n(λK[1])+bλµx−bλµnx

bλ−bλn

))
b

dK[1] + c1

(√
cos2(λy) sec(λy) sin1−n(λy)Hypergeometric2F1

(1
2 ,

1−n
2 , 3−n

2 , sin2(λy)
)

λ− λn
− bx

a

)

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Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*sin(lambda*y)^n*diff(w(x,y),y) = c*sin(mu*x)^m+s*sin(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
−
a
∫
sin (λy)−n dy

b
+ x

)
+

∫ y sin (λ_b)−n

(
sin
(

µ
(
a
∫
sin(λ_b)−nd_b−a

∫
sin(λy)−ndy+xb

)
b

)m

c+ s sin (β_b)k
)
d_b

b

Result has unresolved integrals

6.3.17 6.2

Local contents
6.3.17.1 [941] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1144
6.3.17.2 [942] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1145
6.3.17.3 [943] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1145
6.3.17.4 [944] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1146
6.3.17.5 [945] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1147

6.3.17.1 [941] Problem 1

problem number 941

Added Feb. 11, 2019.

Problem Chapter 3.6.2.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bynwy = c cos(λx) + k cos(µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Cos[lambda*x] + k*Cos[mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
− 1

2i
(
ce−iλx

(
−1 + e2iλx

)
aλ

+ ke−iµy(−1 + e2iµy)
bµ

)}}

Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*cos(lambda*x)+k*cos(mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(
ya−bx

a

)
µbaλ+ ka sin (µy)λ+ sin (λx) cµb

µbaλ
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6.3.17.2 [942] Problem 2

problem number 942

Added Feb. 11, 2019.

Problem Chapter 3.6.2.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bynwy = c cos(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Cos[lambda*x + mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c sin(λx+ µy)

aλ+ bµ
+ c1

(
y − bx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*cos(lambda*x+mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = c sin (λx+ µy)
λa+ µb

+ f1

(
ya− xb

a

)

6.3.17.3 [943] Problem 3

problem number 943

Added Feb. 11, 2019.

Problem Chapter 3.6.2.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = ax cos(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*Cos[lambda*x + mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

∫ x

1
a cos

((
λ+ µy

x

)
K[1]

)
dK[1] + c1

(y
x

)}}



chapter 6. handbook of first order partial differential . . . 1146

Maple 3� �
restart;
pde := x*diff(w(x,y),x) + y*diff(w(x,y),y) = a*x*cos(lambda*x+mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = sin (λx+ µy) ax
λx+ µy

+ f1
(y
x

)

6.3.17.4 [944] Problem 4

problem number 944

Added Feb. 11, 2019.

Problem Chapter 3.6.2.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b cosn(λx)wy = c cosm(µx) + s cosk(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Cos[lambda*x]^n*D[w[x, y], y] == c*Cos[mu*x]^m + s*Cos[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

s cosk
(

β
(
b csc(λx)Hypergeometric2F1

( 1
2 ,
n+1
2 ,n+3

2 ,cos2(λx)
)√

sin2(λx) cosn+1(λx)+aλ(n+1)y−b cosn+1(λK[1]) csc(λK[1]) Hypergeometric2F1
( 1
2 ,
n+1
2 ,n+3

2 ,cos2(λK[1])
)√

sin2(λK[1])
)

aλ(n+1)

)
+ c cosm(µK[1])

a
dK[1] + c1

(
b
√
sin2(λx) csc(λx) cosn+1(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)

aλn+ aλ
+ y

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*cos(lambda*x)^n*diff(w(x,y),y) = c*cos(mu*x)^m+s*cos(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
−
b
∫
cos (λx)n dx

a
+ y

)
+

∫ x

(
c cos (µ_b)m + cos

(
β
(
b
∫
cos(λ_b)nd_b−b

∫
cos(λx)ndx+ya

)
a

)k
s

)
d_b

a
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6.3.17.5 [945] Problem 5

problem number 945

Added Feb. 11, 2019.

Problem Chapter 3.6.2.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b cosn(λy)wy = c cosm(µx) + s cosk(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Cos[lambda*y]^n*D[w[x, y], y] == c*Cos[mu*x]^m + s*Cos[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ y

1

cos−n(λK[1])
(
s cosk(βK[1]) + c cosm

(
µ
(
a csc(λy)Hypergeometric2F1

( 1
2 ,

1−n
2 , 3−n2 ,cos2(λy)

)√
sin2(λy) cos1−n(λy)−bλ(n−1)x−a cos1−n(λK[1]) csc(λK[1]) Hypergeometric2F1

( 1
2 ,

1−n
2 , 3−n2 ,cos2(λK[1])

)√
sin2(λK[1])

)
bλ(n−1)

))
b

dK[1] + c1

(√
sin2(λy) csc(λy) cos1−n(λy)Hypergeometric2F1

(1
2 ,

1−n
2 , 3−n

2 , cos2(λy)
)

λ(n− 1) − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*cos(lambda*y)^n*diff(w(x,y),y) = c*cos(mu*x)^m+s*cos(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
−
a
∫
cos (λy)−n dy

b
+ x

)
+

∫ y cos (λ_b)−n

(
cos
(

µ
(
a
∫
cos(λ_b)−nd_b−a

∫
cos(λy)−ndy+xb

)
b

)m

c+ s cos (β_b)k
)
d_b

b

6.3.18 6.3
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6.3.18.1 [946] Problem 1

problem number 946

Added Feb. 11, 2019.

Problem Chapter 3.6.3.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bynwy = c tan(λx) + k tan(µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Tan[lambda*x] + k*Tan[mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
− c log(cos(λx))

aλ
− k log(cos(µy))

bµ

}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*tan(lambda*x)+k*tan(mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
2f1
(
ya−bx

a

)
aλµb+ k ln

(
sec (µy)2

)
aλ+ c ln

(
sec (λx)2

)
µb

2aλµb

6.3.18.2 [947] Problem 2

problem number 947

Added Feb. 11, 2019.

Problem Chapter 3.6.3.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bynwy = c tan(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Tan[lambda*x + mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → −c log(cos(λx+ µy))

aλ+ bµ
+ c1

(
y − bx

a

)}}
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Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*tan(lambda*x+mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
c ln
(
sec (λx+ µy)2

)
2λa+ 2µb + f1

(
ya− bx

a

)

6.3.18.3 [948] Problem 3

problem number 948

Added Feb. 11, 2019.

Problem Chapter 3.6.3.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = ax tan(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*Tan[lambda*x + mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → −ax log(cos(λx+ µy))

λx+ µy
+ c1

(y
x

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x) + y*diff(w(x,y),y) = a*x*tan(lambda*x+mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
a ln

(
sec (λx+ µy)2

)
x

2λx+ 2µy + f1
(y
x

)

6.3.18.4 [949] Problem 4

problem number 949

Added Feb. 11, 2019.

Problem Chapter 3.6.3.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b tann(λx)wy = c tanm(µx) + s tank(βy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Tan[lambda*x]^n*D[w[x, y], y] == c*Tan[mu*x]^m + s*Tan[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

s tank
(

β
(
−bHypergeometric2F1

(
1,n+1

2 ,n+3
2 ,− tan2(λx)

)
tann+1(λx)+bHypergeometric2F1

(
1,n+1

2 ,n+3
2 ,− tan2(λK[1])

)
tann+1(λK[1])+aλ(n+1)y

)
aλ(n+1)

)
+ c tanm(µK[1])

a
dK[1] + c1

(
y −

b tann+1(λx)Hypergeometric2F1
(
1, n+1

2 , n+3
2 ,− tan2(λx)

)
aλn+ aλ

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*tan(lambda*x)^n*diff(w(x,y),y) = c*tan(mu*x)^m+s*tan(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(

−b
∫
tan(λx)ndx+ya

a

)
a+

∫ x

(
c tan (µ_b)m +

(
− tan

(
β
(
b
∫
tan(λx)ndx−ya

)
a

)
+tan

(
βb
∫
tan(λ_b)nd_b

a

)
1+tan

(
β(b

∫
tan(λx)ndx−ya)

a

)
tan
(
βb
∫
tan(λ_b)nd_b

a

)
)k

s

)
d_b

a

6.3.18.5 [950] Problem 5

problem number 950

Added Feb. 11, 2019.

Problem Chapter 3.6.3.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b tann(λy)wy = c tanm(µx) + s tank(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Tan[lambda*y]^n*D[w[x, y], y] == c*Tan[mu*x]^m + s*Tan[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ y

1

tan−n(λK[1])
(
s tank(βK[1]) + c tanm

(
−aµHypergeometric2F1

(
1, 1−n2 , 3−n2 ,− tan2(λy)

)
tan1−n(λy)+aµHypergeometric2F1

(
1, 1−n2 , 3−n2 ,− tan2(λK[1])

)
tan1−n(λK[1])+bλµx−bλµnx

bλ−bλn

))
b

dK[1] + c1

(
tan1−n(λy)Hypergeometric2F1

(
1, 1−n

2 , 3−n
2 ,− tan2(λy)

)
λ− λn

− bx

a

)

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Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*tan(lambda*y)^n*diff(w(x,y),y) = c*tan(mu*x)^m+s*tan(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =

f1
(

−a
∫
tan(λy)−ndy+xb

b

)
b+

∫ y tan (λ_b)−n


− tan

(
µ
(
a
∫
tan(λy)−ndy−xb

)
b

)
+tan

(
µa
∫
tan(λ_b)−nd_b

b

)
1+tan

(
µ
(
a
∫
tan(λy)−ndy−xb

)
b

)
tan
(
µa
∫
tan(λ_b)−nd_b

b

)


m

c+ s tan (β_b)k

 d_b

b

6.3.19 6.4

Local contents
6.3.19.1 [951] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1151
6.3.19.2 [952] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1152
6.3.19.3 [953] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1152
6.3.19.4 [954] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1153
6.3.19.5 [955] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1154

6.3.19.1 [951] Problem 1

problem number 951

Added Feb. 11, 2019.

Problem Chapter 3.6.4.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bynwy = c cot(λx) + k cot(µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Cot[lambda*x] + k*Cot[mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
+ c log(sin(λx))

aλ
+ k log(sin(µy))

bµ

}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*cot(lambda*x)+k*cot(mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
2f1
(
ya−xb

a

)
aλµb− k ln

(
csc (µy)2

)
aλ− c ln

(
csc (λx)2

)
µb

2aλµb
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6.3.19.2 [952] Problem 2

problem number 952

Added Feb. 11, 2019.

Problem Chapter 3.6.4.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bynwy = c cot(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Cot[lambda*x + mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c log(sin(λx+ µy))

aλ+ bµ
+ c1

(
y − bx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*cot(lambda*x+mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = −
c ln
(
csc (λx+ µy)2

)
2λa+ 2µb + f1

(
ya− xb

a

)

6.3.19.3 [953] Problem 3

problem number 953

Added Feb. 11, 2019.

Problem Chapter 3.6.4.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = ax cot(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*Cot[lambda*x + mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → ax log(sin(λx+ µy))

λx+ µy
+ c1

(y
x

)}}
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Maple 3� �
restart;
pde := x*diff(w(x,y),x) + y*diff(w(x,y),y) = a*x*cot(lambda*x+mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = −
a ln

(
csc (λx+ µy)2

)
x

2λx+ 2µy + f1
(y
x

)

6.3.19.4 [954] Problem 4

problem number 954

Added Feb. 11, 2019.

Problem Chapter 3.6.4.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b cotn(λx)wy = c cotm(µx) + s cotk(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Cot[lambda*x]^n*D[w[x, y], y] == c*Cot[mu*x]^m + s*Cot[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

s cotk
(

β
(
bHypergeometric2F1

(
1,n+1

2 ,n+3
2 ,− cot2(λx)

)
cotn+1(λx)+aλ(n+1)y−b cotn+1(λK[1]) Hypergeometric2F1

(
1,n+1

2 ,n+3
2 ,− cot2(λK[1])

))
aλ(n+1)

)
+ c cotm(µK[1])

a
dK[1] + c1

(
b cotn+1(λx)Hypergeometric2F1

(
1, n+1

2 , n+3
2 ,− cot2(λx)

)
aλn+ aλ

+ y

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*cot(lambda*x)^n*diff(w(x,y),y) = c*cot(mu*x)^m+s*cot(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(

−b
∫
cot(λx)ndx+ya

a

)
a+

∫ x

(
c cot (µ_b)m +

(
1+cot

(
β
(
b
∫
cot(λx)ndx−ya

)
a

)
cot
(
βb
∫
cot(λ_b)nd_b

a

)
cot
(
β(b

∫
cot(λx)ndx−ya)

a

)
−cot

(
βb
∫
cot(λ_b)nd_b

a

)
)k

s

)
d_b

a
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6.3.19.5 [955] Problem 5

problem number 955

Added Feb. 11, 2019.

Problem Chapter 3.6.4.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b cotn(λy)wy = c cotm(µx) + s cotk(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Cot[lambda*y]^n*D[w[x, y], y] == c*Cot[mu*x]^m + s*Cot[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ y

1

(
s cotk(βK[1]) + c cotm

(
aµHypergeometric2F1

(
1, 1−n2 , 3−n2 ,− cot2(λy)

)
cot1−n(λy)+bλµx−bλµnx−aµ cot1−n(λK[1]) Hypergeometric2F1

(
1, 1−n2 , 3−n2 ,− cot2(λK[1])

)
bλ−bλn

))
cot−n(λK[1])

b
dK[1] + c1

(
cot1−n(λy)Hypergeometric2F1

(
1, 1−n

2 , 3−n
2 ,− cot2(λy)

)
λ(n− 1) − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*cot(lambda*y)^n*diff(w(x,y),y) = c*cot(mu*x)^m+s*cot(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =

f1
(

−a
∫
cot(λy)−ndy+xb

b

)
b+

∫ y cot (λ_b)−n


− cot

(
µa
∫
cot(λ_b)−nd_b

b

)
cot
(
µ
(
a
∫
cot(λy)−ndy−xb

)
b

)
−1

− cot
(
µ
(
a
∫
cot(λy)−ndy−xb

)
b

)
+cot

(
µa
∫
cot(λ_b)−nd_b

b

)


m

c+ s cot (β_b)k

 d_b

b

6.3.20 6.5

Local contents
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6.3.20.1 [956] Problem 1

problem number 956

Added Feb. 11, 2019.

Problem Chapter 3.6.5.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = sin(λx) + c cos(µy) + k

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == Sin[lambda*x] + c*Cos[mu*y] + k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
+ kx

a
− cos(λx)

aλ
+ c sin(µy)

bµ

}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) = sin(lambda*x)+c*cos(mu*y)+k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
xk +

f1
(
ya−bx
a

)
µbaλ+ca sin(µy)λ−cos(λx)µb

bλµ

a

6.3.20.2 [957] Problem 2

problem number 957

Added Feb. 11, 2019.

Problem Chapter 3.6.5.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = tan(λx) + c sin(µy) + k

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == Tan[lambda*x] + c*Sin[mu*y] + k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
+ kλx− log(cos(λx))

aλ
−

2c cos2
(
µy
2

)
bµ

}}
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Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) = tan(lambda*x)+c*sin(mu*y)+k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = xk

a
− c cos (µy)

µb
+

ln
(
sec (λx)2

)
2λa + f1

(
ya− bx

a

)

6.3.20.3 [958] Problem 3

problem number 958

Added Feb. 11, 2019.

Problem Chapter 3.6.5.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = sin(λx) cos(µy) + c

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == Sin[lambda*x]*Cos[mu*y] + c;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) →
e−i(λx+µy)(4a(a2λ2 − b2µ2) ei(λx+µy)c1

(
y − bx

a

)
+ a2λ

(
4cλxei(λx+µy) − e2i(λx+µy) − e2iλx − e2iµy − 1

)
+ abµ

(
−1 + e2iλx

)
(−1 + e2iµy)− 4b2cµ2xei(λx+µy))

4a(aλ− bµ)(aλ+ bµ)

}}

Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) = sin(lambda*x)*cos(mu*y)+c;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = xc

a
− cos (λx− µy)

2λa− 2µb − cos (λx+ µy)
2λa+ 2µb + f1

(
ya− bx

a

)

6.3.20.4 [959] Problem 4

problem number 959

Added Feb. 11, 2019.

Problem Chapter 3.6.5.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b sin(µy)wy = cos(λy) + c
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Sin[mu*y]*D[w[x, y], y] == Cos[lambda*x] + c;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{
w(x, y) →

∫ x

1

c+ cos(λK[1])
a

dK[1] + c1

(
−bx
a

− arctanh(cos(µy))
µ

)}
{
w(x, y) →

∫ x

1

c+ cos(λK[2])
a

dK[2] + c1

(
−bx
a

− arctanh(cos(µy))
µ

)}

Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*sin(mu*y)*diff(w(x,y),y) = cos(lambda*x)+c;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(

xbµ+a ln(csc(µy)+cot(µy))
bµ

)
bµλa− c ln (csc (µy) + cot (µy))λa+ sin (λx) bµ

bµλa

6.3.20.5 [960] Problem 5

problem number 960

Added Feb. 11, 2019.

Problem Chapter 3.6.5.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b tan(µy)wy = sin(λy) + c

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Tan[mu*y]*D[w[x, y], y] == Sin[lambda*x] + c;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

∫ x

1

c+ sin(λK[1])
a

dK[1] + c1

(
log(sin(µy))

µ
− bx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*tan(mu*y)*diff(w(x,y),y) = sin(lambda*x)+c;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(

−xbµ+ln(csgn(sec(µy)) sin(µy))a
bµ

)
aλ+ xcλ− cos (λx)

aλ
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6.3.20.6 [961] Problem 6

problem number 961

Added Feb. 11, 2019.

Problem Chapter 3.6.5.6 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b tan(µy)wy = cot(λy) + c

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Tan[mu*y]*D[w[x, y], y] == Cot[lambda*x] + c;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → aλc1

(
log(sin(µy))

µ
− bx

a

)
+ cλx+ log(sin(λx))

aλ




Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*tan(mu*y)*diff(w(x,y),y) = cot(lambda*x)+c;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
2f1
(

−xbµ+ln(csgn(sec(µy)) sin(µy))a
bµ

)
aλ+ 2xcλ− ln

(
csc (λx)2

)
2aλ

6.3.21 7.1

Local contents
6.3.21.1 [962] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1158
6.3.21.2 [963] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1159
6.3.21.3 [964] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1160
6.3.21.4 [965] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1160
6.3.21.5 [966] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1161

6.3.21.1 [962] Problem 1

problem number 962

Added Feb. 11, 2019.

Problem Chapter 3.7.1.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c arcsin x
λ
+ k arcsin y

β
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*ArcSin[x/lambda] + k*ArcSin[y/beta];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) →

a2bβc1
(
y − bx

a

)
−

bkx
√

a2(β2−y2) arctan

 ay√
a2
(
β2−y2

)


√
1− y2

β2

+
aky

√
a2(β2−y2) arctan

 ay√
a2
(
β2−y2

)


√
1− y2

β2

− a2ky2√
1− y2

β2

+ a2β2k√
1− y2

β2

+ abβcx arcsin
(
x
λ

)
+ abβkx arcsin

(
y
β

)
+ abβcλ

√
1− x2

λ2

a2bβ




Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*arcsin(x/lambda)+k*arcsin(y/beta);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
arcsin

(
x
λ

)
bcx+ arcsin

(
y
β

)
kya+

√
β2−y2

β2 aβk +
√

λ2−x2

λ2 bcλ+ f1
(
ay−bx

a

)
ab

ab

6.3.21.2 [963] Problem 2

problem number 963

Added Feb. 11, 2019.

Problem Chapter 3.7.1.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c arcsin(λx+ βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*ArcSin[lambda*x + beta*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) →
c
(
(βy + λx) arcsin(βy + λx) +

√
−β2y2 − 2βλxy − λ2x2 + 1

)
aλ+ bβ

+ c1

(
y − bx

a

)}}
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Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) = c *arcsin(lambda*x+beta*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
√
−β2y2 − 2βλxy − x2λ2 + 1 c+ (aλ+ bβ) f1

(
ya−bx

a

)
+ c arcsin (βy + λx) (βy + λx)

aλ+ bβ

6.3.21.3 [964] Problem 3

problem number 964

Added Feb. 11, 2019.

Problem Chapter 3.7.1.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = ax arcsin(λx+ βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*ArcSin[lambda*x + beta*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → ax

(
arcsin(βy + λx) +

√
−β2y2 − 2βλxy − λ2x2 + 1

βy + λx

)
+ c1

(y
x

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x) + y*diff(w(x,y),y) = a*x *arcsin(lambda*x+beta*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
√
−β2y2 − 2βλxy − λ2x2 + 1 ax+ (βy + λx)

(
ax arcsin (βy + λx) + f1

(
y
x

))
βy + λx

6.3.21.4 [965] Problem 4

problem number 965

Added Feb. 11, 2019.

Problem Chapter 3.7.1.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arcsinn(λx)wy = c arcsinm(µx) + s arcsink(βy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcSin[lambda*x]^n*D[w[x, y], y] == a*ArcSin[mu*x]^m + ArcSin[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

arcsin
(
β
(
y −

∫ x

1
b arcsin(λK[1])n

a
dK[1] +

∫ K[2]
1

b arcsin(λK[1])n
a

dK[1]
))

k

a
+ arcsin(µK[2])m

 dK[2] + c1

(
y −

∫ x

1

b arcsin(λK[1])n
a

dK[1]
)


Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*arcsin(lambda*x)*diff(w(x,y),y) = a*arcsin(mu*x)^m+arcsin(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(

− arcsin(λx)bxλ+yaλ−
√
−λ2x2+1 b

aλ

)
a+

∫ x

(
arcsin (µ_a)m a+ arcsin

((√
−_a2λ2+1 b−

√
−λ2x2+1 b+λ(−bx arcsin(λx)+b_a arcsin(λ_a)+ay)

)
β

aλ

)k
)
d_a

a

6.3.21.5 [966] Problem 5

problem number 966

Added Feb. 11, 2019.

Problem Chapter 3.7.1.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arcsinn(λy)wy = c arcsinm(µx) + s arcsink(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcSin[lambda*y]^n*D[w[x, y], y] == a*ArcSin[mu*x]^m + ArcSin[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ y

1

arcsin(λK[2])−n

(
arcsin(βK[2])k + a arcsin

(
µ
(
bx−a

∫ y
1 arcsin(λK[1])−ndK[1]+a

∫K[2]
1 arcsin(λK[1])−ndK[1]

)
b

)
m

)
b

dK[2] + c1

(∫ y

1
arcsin(λK[1])−ndK[1]− bx

a

)

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Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*arcsin(lambda*y)*diff(w(x,y),y) = a*arcsin(mu*x)^m+arcsin(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ y a

(
− arcsin

(
µ(−xbλ+Ci(arcsin(λy))a−Ci(arcsin(λ_a))a)

bλ

))m
+arcsin(β_a)k

arcsin(λ_a) d_a
b

+f1
(
xbλ− Ci (arcsin (λy)) a

bλ

)

6.3.22 7.2

Local contents
6.3.22.1 [967] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1162
6.3.22.2 [968] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1163
6.3.22.3 [969] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1164
6.3.22.4 [970] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1164
6.3.22.5 [971] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1165

6.3.22.1 [967] Problem 1

problem number 967

Added Feb. 11, 2019.

Problem Chapter 3.7.2.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c arccos x
λ
+ k arccos y

β

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*ArcCos[x/lambda] + k*ArcCos[y/beta];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) →

a2bβc1
(
y − bx

a

)
+

bkx
√

a2(β2−y2) arctan

 ay√
a2
(
β2−y2

)


√
1− y2

β2

−
aky

√
a2(β2−y2) arctan

 ay√
a2
(
β2−y2

)


√
1− y2

β2

+ a2ky2√
1− y2

β2

− a2β2k√
1− y2

β2

+ abβcx arccos
(
x
λ

)
+ abβkx arccos

(
y
β

)
− abβcλ

√
1− x2

λ2

a2bβ




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Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*arccos(x/lambda)+k*arccos(y/beta);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
arccos

(
y
β

)
kya−

√
β2−y2

β2 aβk −
√

λ2−x2

λ2 bcλ+ arccos
(
x
λ

)
bcx+ f1

(
ya−bx

a

)
ab

ab

6.3.22.2 [968] Problem 2

problem number 968

Added Feb. 11, 2019.

Problem Chapter 3.7.2.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c arccos(λx+ βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*ArcCos[lambda*x + beta*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) →
c
(
x(aλ+ bβ) arccos(βy + λx) + β(bx− ay) arcsin(βy + λx) + a

(
−
√
−β2y2 − 2βλxy − λ2x2 + 1

))
a(aλ+ bβ) + c1

(
y − bx

a

)}}

Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) = c *arccos(lambda*x+beta*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
−
√
−β2y2 − 2βλxy − x2λ2 + 1 c+ (aλ+ bβ) f1

(
ay−bx

a

)
+ c arccos (βy + λx) (βy + λx)

aλ+ bβ
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6.3.22.3 [969] Problem 3

problem number 969

Added Feb. 11, 2019.

Problem Chapter 3.7.2.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = ax arccos(λx+ βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*ArcCos[lambda*x + beta*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → ax

(
arccos(βy + λx)−

√
−β2y2 − 2βλxy − λ2x2 + 1

βy + λx

)
+ c1

(y
x

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x) + y*diff(w(x,y),y) = a*x *arccos(lambda*x+beta*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
−
√
−β2y2 − 2βλxy − λ2x2 + 1 ax+ (βy + λx)

(
ax arccos (βy + λx) + f1

(
y
x

))
βy + λx

6.3.22.4 [970] Problem 4

problem number 970

Added Feb. 11, 2019.

Problem Chapter 3.7.2.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arccosn(λx)wy = c arccosm(µx) + s arccosk(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcCos[lambda*x]^n*D[w[x, y], y] == a*ArcCos[mu*x]^m + ArcCos[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

arccos
(
β
(
y −

∫ x

1
b arccos(λK[1])n

a
dK[1] +

∫ K[2]
1

b arccos(λK[1])n
a

dK[1]
))

k

a
+ arccos(µK[2])m

 dK[2] + c1

(
y −

∫ x

1

b arccos(λK[1])n
a

dK[1]
)


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Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*arccos(lambda*x)*diff(w(x,y),y) = a*arccos(mu*x)^m+arccos(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
f1
(

− arccos(λx)bxλ+yaλ+
√
−λ2x2+1 b

aλ

)
a+

∫ x

(
arccos (µ_a)m a+ arccos

(
β
(
−
√

−_a2λ2+1 b+
√
−λ2x2+1 b+λ(−bx arccos(λx)+b_a arccos(λ_a)+ay)

)
aλ

)k
)
d_a

a

6.3.22.5 [971] Problem 5

problem number 971

Added Feb. 11, 2019.

Problem Chapter 3.7.2.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arccosn(λy)wy = c arccosm(µx) + s arccosk(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcCos[lambda*y]^n*D[w[x, y], y] == a*ArcCos[mu*x]^m + ArcCos[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ y

1

arccos(λK[2])−n

(
arccos(βK[2])k + a arccos

(
µ
(
bx−a

∫ y
1 arccos(λK[1])−ndK[1]+a

∫K[2]
1 arccos(λK[1])−ndK[1]

)
b

)
m

)
b

dK[2] + c1

(∫ y

1
arccos(λK[1])−ndK[1]− bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*arccos(lambda*y)*diff(w(x,y),y) = a*arccos(mu*x)^m+arccos(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ y a

(
π
2−arcsin

(
µ(xbλ−Si(arccos(λ_a))a+Si(arccos(λy))a)

bλ

))m
+arccos(β_a)k

arccos(λ_a) d_a
b

+f1
(
xbλ+ Si (arccos (λy)) a

bλ

)
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6.3.23 7.3

Local contents
6.3.23.1 [972] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1166
6.3.23.2 [973] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1166
6.3.23.3 [974] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1167
6.3.23.4 [975] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1168
6.3.23.5 [976] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1168

6.3.23.1 [972] Problem 1

problem number 972

Added Feb. 11, 2019.

Problem Chapter 3.7.3.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = c arctan x

λ
+ k arctan y

β

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*ArcTan[x/lambda] + k*ArcTan[y/beta];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → −

−2aky arctan
(

y
β

)
+ aβk log

(
y2

β2 + 1
)
− 2bcx arctan

(
x
λ

)
+ bcλ log (λ2 + x2)

2ab + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*arctan(x/lambda)+k*arctan(y/beta);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
− ln

(
β2+y2

β2

)
aβk + 2arctan

(
y
β

)
kya− cλ ln

(
x2

λ2 + 1
)
b+ 2cx arctan

(
x
λ

)
b+ 2f1

(
ya−xb

a

)
ba

2ab

6.3.23.2 [973] Problem 2

problem number 973

Added Feb. 11, 2019.

Problem Chapter 3.7.3.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = c arctan(λx+ βy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*ArcTan[lambda*x + beta*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) →

∫ x

1

c arctan
(
βy + λK[1] + bβ(K[1]−x)

a

)
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) = c *arctan(lambda*x+beta*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
− ln (β2y2 + 2βλxy + λ2x2 + 1) c+ f1

(
ay−bx

a

)
(2aλ+ 2bβ) + 2c arctan (βy + λx) (βy + λx)

2aλ+ 2bβ

6.3.23.3 [974] Problem 3

problem number 974

Added Feb. 11, 2019.

Problem Chapter 3.7.3.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
xwx + ywy = ax arctan(λx+ βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*ArcTan[lambda*x + beta*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(y
x

)
+ ax arctan(βy + λx)− ax log (β2y2 + 2βλxy + λ2x2 + 1)

2(βy + λx)

}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x) + y*diff(w(x,y),y) = a*x *arctan(lambda*x+beta*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
− ln

(
(βy + λx)2 + 1

)
ax+ 2(βy + λx)

(
ax arctan (βy + λx) + f1

(
y
x

))
2βy + 2λx
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6.3.23.4 [975] Problem 4

problem number 975

Added Feb. 11, 2019.

Problem Chapter 3.7.3.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arctann(λx)wy = c arctanm(µx) + s arctank(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcTan[lambda*x]^n*D[w[x, y], y] == a*ArcTan[mu*x]^m + ArcTan[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

arctan
(
β
(
y −

∫ x

1
b arctan(λK[1])n

a
dK[1] +

∫ K[2]
1

b arctan(λK[1])n
a

dK[1]
))

k

a
+ arctan(µK[2])m

 dK[2] + c1

(
y −

∫ x

1

b arctan(λK[1])n
a

dK[1]
)


Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*arctan(lambda*x)*diff(w(x,y),y) = a*arctan(mu*x)^m+arctan(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =

∫ x

(
arctan (µ_a)m a+

(
− arctan

(
β
(
2bx arctan(λx)λ−2_ab arctan(λ_a)λ−2yaλ−b ln

(
λ2x2+1

)
+b ln

(
_a2λ2+1

))
2aλ

))k)
d_a

a
+f1

(
−2bx arctan (λx)λ− 2yaλ− b ln (λ2x2 + 1)

2aλ

)

6.3.23.5 [976] Problem 5

problem number 976

Added Feb. 11, 2019.

Problem Chapter 3.7.3.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arctann(λy)wy = c arctanm(µx) + s arctank(βy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcTan[lambda*y]^n*D[w[x, y], y] == a*ArcTan[mu*x]^m + ArcTan[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ y

1

arctan(λK[2])−n

(
arctan(βK[2])k + a arctan

(
µ
(
bx−a

∫ y
1 arctan(λK[1])−ndK[1]+a

∫K[2]
1 arctan(λK[1])−ndK[1]

)
b

)
m

)
b

dK[2] + c1

(∫ y

1
arctan(λK[1])−ndK[1]− bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*arctan(lambda*y)*diff(w(x,y),y) = a*arctan(mu*x)^m+arctan(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ y

a

− arctan

µ

(∫ 1
arctan(λy) dya−

∫ 1
arctan(λ_b) d_ba−bx

)
b

m+arctan(β_b)k

arctan(λ_b) d_b
b

+f1

(
−
a
∫ 1

arctan(λy)dy

b
+ x

)

6.3.24 7.4

Local contents
6.3.24.1 [977] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1169
6.3.24.2 [978] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1170
6.3.24.3 [979] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1171
6.3.24.4 [980] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1171
6.3.24.5 [981] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1172

6.3.24.1 [977] Problem 1

problem number 977

Added Feb. 11, 2019.

Problem Chapter 3.7.4.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c arccot x
λ
+ k arccot y

β
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*ArcCot[x/lambda] + k*ArcCot[y/beta];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → 2abc1

(
y − bx

a

)
+ aβk log

(
y2

β2 + 1
)
+ 2aky cot−1

(
y
β

)
+ bcλ log (λ2 + x2) + 2bcx cot−1 (x

λ

)
2ab




Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) = c*arccot(x/lambda)+k*arccot(y/beta);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
2c arccot

(
x
λ

)
xb+ 2 arccot

(
y
β

)
kya+ ln

(
β2+y2

β2

)
aβk + cλ ln

(
x2

λ2 + 1
)
b+ 2f1

(
ay−bx

a

)
ba

2ab

6.3.24.2 [978] Problem 2

problem number 978

Added Feb. 11, 2019.

Problem Chapter 3.7.4.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c arccot(λx+ βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*ArcCot[lambda*x + beta*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) →

∫ x

1

c cot−1
(
βy + λK[1] + bβ(K[1]−x)

a

)
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) = c *arccot(lambda*x+beta*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
ln (β2y2 + 2βλxy + λ2x2 + 1) c+ f1

(
ya−bx

a

)
(2λa+ 2bβ) + 2c arccot (βy + λx) (βy + λx)

2λa+ 2bβ
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6.3.24.3 [979] Problem 3

problem number 979

Added Feb. 11, 2019.

Problem Chapter 3.7.4.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
xwx + ywy = ax arccot(λx+ βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*ArcCot[lambda*x + beta*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → ax

(
log (β2y2 + 2βλxy + λ2x2 + 1)

2βy + 2λx + cot−1(βy + λx)
)
+ c1

(y
x

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x) + y*diff(w(x,y),y) = a*x *arccot(lambda*x+beta*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
ln
(
(βy + λx)2 + 1

)
ax+ 2(βy + λx)

(
ax arccot (βy + λx) + f1

(
y
x

))
2βy + 2λx

6.3.24.4 [980] Problem 4

problem number 980

Added Feb. 11, 2019.

Problem Chapter 3.7.4.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arccotn(λx)wy = c arccotm(µx) + s arccotk(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcCot[lambda*x]^n*D[w[x, y], y] == a*ArcCot[mu*x]^m + ArcCot[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

cot−1
(
β
(
y −

∫ x

1
b cot−1(λK[1])n

a
dK[1] +

∫ K[2]
1

b cot−1(λK[1])n
a

dK[1]
))

k

a
+ cot−1(µK[2])m

 dK[2] + c1

(
y −

∫ x

1

b cot−1(λK[1])n
a

dK[1]
)


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Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*arccot(lambda*x)*diff(w(x,y),y) = a*arccot(mu*x)^m+arccot(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =

f1
(
−2b arccot(λx)xλ−2yaλ+b ln

(
λ2x2+1

)
2aλ

)
a+

∫ x

arccot (µ_a)m a+
(

π
2 − arctan

((
2 arctanh

(
_a2λ2

_a2λ2+2

)
b−2 arctanh

(
λ2x2
λ2x2+2

)
b−iπ

√
_a2λ2+2

√
1

_a2λ2+2 b+iπ
√
λ2x2+2

√
1

λ2x2+2 b+2λ(b arccot(λ_a)_a−b arccot(λx)x+ya)
)
β

2aλ

))k
 d_a

a

6.3.24.5 [981] Problem 5

problem number 981

Added Feb. 11, 2019.

Problem Chapter 3.7.4.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arccotn(λy)wy = c arccotm(µx) + s arccotk(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcCot[lambda*y]^n*D[w[x, y], y] == a*ArcCot[mu*x]^m + ArcCot[beta*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ y

1

cot−1(λK[2])−n

(
cot−1(βK[2])k + a cot−1

(
µ
(
bx−a

∫ y
1 cot−1(λK[1])−ndK[1]+a

∫K[2]
1 cot−1(λK[1])−ndK[1]

)
b

)
m

)
b

dK[2] + c1

(∫ y

1
cot−1(λK[1])−ndK[1]− bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*arccot(lambda*y)*diff(w(x,y),y) = a*arccot(mu*x)^m+arccot(beta*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ y

a

π
2+arctan

µ

(∫ 1
arccot(λy) dya−

∫ 1
arccot(λ_b) d_ba−bx

)
b

m+arccot(β_b)k

arccot(λ_b) d_b
b

+f1

(
−
a
∫ 1

arccot(λy)dy

b
+ x

)
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6.3.25.1 [982] Problem 1

problem number 982

Added Feb. 11, 2019.

Problem Chapter 3.8.1.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = f(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

∫ x

1

f(K[1])
a

dK[1] + c1

(
y − bx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x) + b*diff(w(x,y),y) = f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫
f(x) dx
a

+ f1

(
ya− bx

a

)
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6.3.25.2 [983] Problem 2

problem number 983

Added Feb. 11, 2019.

Problem Chapter 3.8.1.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = yf(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*D[w[x, y], y] == y*f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

∫ x

1
f(K[1])(y + a(K[1]− x))dK[1] + c1(y − ax)

}}
Maple 3� �
restart;
pde := diff(w(x,y),x) + a*diff(w(x,y),y) = y*f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ x

−f(_a) ((x− _a) a− y) d_a+ f1(−ax+ y)

6.3.25.3 [984] Problem 3

problem number 984

Added Feb. 11, 2019.

Problem Chapter 3.8.1.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
wx + awy = y2f(x) + yg(x) + h(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*D[w[x, y], y] == y^2*f[x] + y*g[x] + h[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) →
∫ x

1

(
f(K[1])(y + a(K[1]− x))2 + g(K[1])(y + a(K[1]− x)) + h(K[1])

)
dK[1] + c1(y − ax)

}}
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Maple 3� �
restart;
pde := diff(w(x,y),x) + a*diff(w(x,y),y) = y^2*f(x)+y*g(x)+h(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
w(x, y) =

∫ x (
((x− _a) a− y)2 f(_a) + ((−x+ _a) a+ y) g(_a) + h(_a)

)
d_a+f1(−ax+ y)

6.3.25.4 [985] Problem 4

problem number 985

Added Feb. 11, 2019.

Problem Chapter 3.8.1.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
wx + awy = ykf(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*D[w[x, y], y] == y^k*f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

∫ x

1
f(K[1])(y + a(K[1]− x))kdK[1] + c1(y − ax)

}}
Maple 3� �
restart;
pde := diff(w(x,y),x) + a*diff(w(x,y),y) = y^k*f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ x

((−x+ _a) a+ y)k f(_a) d_a+ f1(−ax+ y)

6.3.25.5 [986] Problem 5

problem number 986

Added Feb. 11, 2019.

Problem Chapter 3.8.1.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
wx + awy = eλyf(x)
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*D[w[x, y], y] == Exp[lambda*y]*f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

∫ x

1
eλ(y+a(K[1]−x))f(K[1])dK[1] + c1(y − ax)

}}
Maple 3� �
restart;
pde := diff(w(x,y),x) + a*diff(w(x,y),y) = exp(lambda*y)*f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ x

f(_a) e−λ((x−_a)a−y)d_a+ f1(−ax+ y)

6.3.25.6 [987] Problem 6

problem number 987

Added Feb. 11, 2019.

Problem Chapter 3.8.1.6 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
wx + (ay + f(x))wy = g(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*y + f[x])*D[w[x, y], y] == g[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

∫ x

1
g(K[2])dK[2] + c1

(
ye−ax −

∫ x

1
e−aK[1]f(K[1])dK[1]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x) + (a*y+f(x))*diff(w(x,y),y) = g(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫
g(x) dx+ f1

(
e−axy −

∫
f(x) e−axdx

)
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6.3.25.7 [988] Problem 7

problem number 988

Added Feb. 11, 2019.

Problem Chapter 3.8.1.7 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
wx + (ay + f(x))wy = ykg(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*y + f[x])*D[w[x, y], y] == y^k*g[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) →
∫ x

1
g(K[2])

(
eaK[2]

(
e−axy −

∫ x

1
e−aK[1]f(K[1])dK[1] +

∫ K[2]

1
e−aK[1]f(K[1])dK[1]

))
kdK[2] + c1

(
ye−ax −

∫ x

1
e−aK[1]f(K[1])dK[1]

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x) + (a*y+f(x))*diff(w(x,y),y) = y^k*g(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ x((∫

f(_b) e−a_bd_b+ e−axy −
∫
f(x) e−axdx

)
ea_b

)k

g(_b) d_b+f1
(
e−axy −

∫
f(x) e−axdx

)

6.3.25.8 [989] Problem 8

problem number 989

Added Feb. 11, 2019.

Problem Chapter 3.8.1.8 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
f(x)wx + ykwy = g(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + y^k*D[w[x, y], y] == g[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

∫ x

1

g(K[2])
f(K[2])dK[2] + c1

(
−
∫ x

1

1
f(K[1])dK[1]− y1−k

k − 1

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x) + y^k*diff(w(x,y),y) = g(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫
g(x) dx+ f1

(
y1−k + (k − 1)x

)
6.3.25.9 [990] Problem 9

problem number 990

Added Feb. 11, 2019.

Problem Chapter 3.8.1.9 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
f(x)wx + (y + a)wy = by + c

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (y + a)*D[w[x, y], y] == b*y + c;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

c+ b exp
(∫ K[3]

1
1

f(K[1])dK[1]
)(

exp
(
−
∫ x

1
1

f(K[1])dK[1]
)
y −

∫ x

1
a exp

(
−
∫K[2]
1

1
f(K[1])dK[1]

)
f(K[2]) dK[2] +

∫ K[3]
1

a exp
(
−
∫K[2]
1

1
f(K[1])dK[1]

)
f(K[2]) dK[2]

)
f(K[3]) dK[3] + c1

y exp(−∫ x

1

1
f(K[1])dK[1]

)
−
∫ x

1

a exp
(
−
∫ K[2]
1

1
f(K[1])dK[1]

)
f(K[2]) dK[2]





Maple 3� �
restart;
pde := diff(w(x,y),x) + (y+a)*diff(w(x,y),y) = b*y+c;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1
(
(y + a) e−x

)
+ ((1− x) a+ y) b+ cx

6.3.25.10 [991] Problem 10

problem number 991

Added Feb. 11, 2019.

Problem Chapter 3.8.1.10 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
f(x)wx + (y + ax)wy = g(x)
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Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (y + a*x)*D[w[x, y], y] == g[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

g(K[3])
f(K[3])dK[3] + c1

y exp(−∫ x

1

1
f(K[1])dK[1]

)
−
∫ x

1

a exp
(
−
∫ K[2]
1

1
f(K[1])dK[1]

)
K[2]

f(K[2]) dK[2]




Maple 3� �
restart;
pde := diff(w(x,y),x) + (y+a*x)*diff(w(x,y),y) = g(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫
g(x) dx+ f1

(
(ax+ a+ y) e−x

)
6.3.25.11 [992] Problem 11

problem number 992

Added Feb. 11, 2019.

Problem Chapter 3.8.1.11 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + (yg1(x) + g0(x))wy = y2h2(x) + yh1(x) + h0(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (y*g1[x] + g0[x])*D[w[x, y], y] == y^2*h2[x] + y*h1[x] + h0[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

exp
(
2
∫ K[3]
1

g1(K[1])
f(K[1]) dK[1]

)
h2(K[3])

(
exp

(
−
∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
y −

∫ x

1
exp
(
−
∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2] +
∫ K[3]
1

exp
(
−
∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]
)

2 + exp
(∫ K[3]

1
g1(K[1])
f(K[1]) dK[1]

)
h1(K[3])

(
exp

(
−
∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
y −

∫ x

1
exp
(
−
∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2] +
∫ K[3]
1

exp
(
−
∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]
)
+ h0(K[3])

f(K[3]) dK[3] + c1

y exp(−∫ x

1

g1(K[1])
f(K[1]) dK[1]

)
−
∫ x

1

exp
(
−
∫ K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]





Maple 3� �
restart;
pde := diff(w(x,y),x) + (y*g1(x)+g0(x))*diff(w(x,y),y) = y^2*h2(x)+y*h1(x)+h0(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ x

(
−2 h2 (_f) y

(∫
g0 (x) e−

∫
g1(x)dxdx−

∫
g0 (_f) e−

∫
g1(_f)d_fd_f

)
e−
∫
g1(x)dx+2

∫
g1(_f)d_f + y2 h2 (_f) e−2

∫
g1(x)dx+2

∫
g1(_f)d_f + y h1 (_f) e−

∫
g1(x)dx+

∫
g1(_f)d_f + e2

∫
g1(_f)d_f h2 (_f)

(∫
g0 (_f) e−

∫
g1(_f)d_fd_f

)2

+
(
−2 h2 (_f) e2

∫
g1(_f)d_f

∫
g0 (x) e−

∫
g1(x)dxdx+ e

∫
g1(_f)d_f h1 (_f)

)∫
g0 (_f) e−

∫
g1(_f)d_fd_f+ e2

∫
g1(_f)d_f h2 (_f)

(∫
g0 (x) e−

∫
g1(x)dxdx

)2

− e
∫
g1(_f)d_f h1 (_f)

∫
g0 (x) e−

∫
g1(x)dxdx+ h0 (_f)

)
d_f+f1

(
−
∫

g0 (x) e−
∫
g1(x)dxdx+ e−

∫
g1(x)dxy

)
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6.3.25.12 [993] Problem 12

problem number 993

Added Feb. 11, 2019.

Problem Chapter 3.8.1.12 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
f(x)wx + (yg1(x) + ykg2(x))wy = h(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (y*g1[x] + y^k*g2[x])*D[w[x, y], y] == h[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

h(K[3])
f(K[3])dK[3] + c1

(k − 1)
∫ x

1

exp
(
(k − 1)

∫ K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g2(K[2])

f(K[2]) dK[2] + y1−k exp
(
(k − 1)

∫ x

1

g1(K[1])
f(K[1]) dK[1]

)


Maple 3� �
restart;
pde := diff(w(x,y),x) + (y*g1(x)+y^k*g2(x))*diff(w(x,y),y) = h(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫
h(x) dx+ f1

(
(k − 1)

∫
g2 (x) e(k−1)

∫
g1(x)dxdx+ y1−ke(k−1)

∫
g1(x)dx

)

6.3.25.13 [994] Problem 13

problem number 994

Added Feb. 11, 2019.

Problem Chapter 3.8.1.13 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
f(x)wx + (g1(x) + eλyg2(x))wy = h(x)

Mathematica 7� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (g1[x] + Exp[lambda*y])*D[w[x, y], y] == h[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x) +(g1(x)+exp(lambda*y))*diff(w(x,y),y) = h(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫

h(x)
f (x)dx+ f1

−
∫ e

λ
∫ g1(x)
f(x) dx

f(x) dxλ− eλ
(
−y+

∫ g1(x)
f(x) dx

)
λ


6.3.25.14 [995] Problem 14

problem number 995

Added Feb. 11, 2019.

Problem Chapter 3.8.1.14 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
ykf(x)wx + g(x)wy = h(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = y^k*f[x]*D[w[x, y], x] + g[x]*D[w[x, y], y] == h[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

h(K[2])
((
yk+1 − (k + 1)

∫ x

1
g(K[1])
f(K[1])dK[1] + (k + 1)

∫ K[2]
1

g(K[1])
f(K[1])dK[1]

)
1
k+1

)
−k

f(K[2]) dK[2] + c1

(
yk+1

k + 1 −
∫ x

1

g(K[1])
f(K[1])dK[1]

)


Maple 3� �
restart;
pde := y^k*f(x)*diff(w(x,y),x) +g(x)*diff(w(x,y),y) = h(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ x h(_b)

((∫ (1+k)g(_b)
f(_b) d_b+

∫ (−1−k)g(x)
f(x) dx+ y1+k

) 1
1+k
)−k

f (_b) d_b+f1
(
(−1− k)

∫
g(x)
f (x)dx+ y1+k

)
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6.3.25.15 [996] Problem 15

problem number 996

Added Feb. 11, 2019.

Problem Chapter 3.8.1.15 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

ykf(x)wx + (yk+1g1(x) + g0(x))wy = y3k+1h2(x) + y2k+1h1(x) + ykh0(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = y^k*f[x]*D[w[x, y], x] + (y^(k + 1)*g1[x] + g0[x])*D[w[x, y], y] == y^(3*k + 1)*h2[x] + y^(2*k + 1)*h1[x] + y^k*h0[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

h1(K[3])
((

exp
(
−
(
(k + 1)

(∫ x

1
g1(K[1])
f(K[1]) dK[1]−

∫ K[3]
1

g1(K[1])
f(K[1]) dK[1]

)))(
yk+1 − exp

(
(k + 1)

∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
(k + 1)

∫ x

1
exp
(
−
(
(k+1)

∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

))
g0(K[2])

f(K[2]) dK[2] + exp
(
(k + 1)

∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
(k + 1)

∫ K[3]
1

exp
(
−
(
(k+1)

∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

))
g0(K[2])

f(K[2]) dK[2]
))

1
k+1

)
k+1 + h2(K[3])

((
exp

(
−
(
(k + 1)

(∫ x

1
g1(K[1])
f(K[1]) dK[1]−

∫ K[3]
1

g1(K[1])
f(K[1]) dK[1]

)))(
yk+1 − exp

(
(k + 1)

∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
(k + 1)

∫ x

1
exp
(
−
(
(k+1)

∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

))
g0(K[2])

f(K[2]) dK[2] + exp
(
(k + 1)

∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
(k + 1)

∫ K[3]
1

exp
(
−
(
(k+1)

∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

))
g0(K[2])

f(K[2]) dK[2]
))

1
k+1

)
2k+1 + h0(K[3])

f(K[3]) dK[3] + c1

yk+1 exp
(
−
(
(k + 1)

∫ x

1

g1(K[1])
f(K[1]) dK[1]

))
− (k + 1)

∫ x

1

exp
(
−
(
(k + 1)

∫ K[2]
1

g1(K[1])
f(K[1]) dK[1]

))
g0(K[2])

f(K[2]) dK[2]





Maple 3� �
restart;
pde := y^k*f(x)*diff(w(x,y),x) +(y^(k+1)* g1(x) + g0(x))*diff(w(x,y),y) = y^(3*k +1)*h2(x) + y^(2*k+1)*h1(x) + y^k*h0(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ x

e
∫ g1(_f)
f(_f) d_f


((k + 1)

∫ g0(_f)e
−
∫ g1(_f)
f(_f) d_f(k+1)

f(_f) d_f+ (−k − 1)
∫ g0(x)e

−
∫ g1(x)
f(x) dx(k+1)

f(x) dx+ yk+1e−
∫ g1(x)
f(x) dx(k+1)

) 1
k+1

e
∫ g1(_f)
f(_f) d_f

k

h1 (_f) +

((k + 1)
∫ g0(_f)e

−
∫ g1(_f)
f(_f) d_f(k+1)

f(_f) d_f+ (−k − 1)
∫ g0(x)e

−
∫ g1(x)
f(x) dx(k+1)

f(x) dx+ yk+1e−
∫ g1(x)
f(x) dx(k+1)

) 1
k+1

e
∫ g1(_f)
f(_f) d_f

2k

h2 (_f)

((k + 1)
∫ g0(_f)e

−
∫ g1(_f)
f(_f) d_f(k+1)

f(_f) d_f+ (−k − 1)
∫ g0(x)e

−
∫ g1(x)
f(x) dx(k+1)

f(x) dx+ yk+1e−
∫ g1(x)
f(x) dx(k+1)

) 1
k+1

+ h0 (_f)

f (_f) d_f+f1

(
(−k − 1)

∫ g0 (x) e−
∫ g1(x)
f(x) dx(k+1)

f (x) dx+ yk+1e−
∫ g1(x)
f(x) dx(k+1)

)

6.3.25.16 [997] Problem 16

problem number 997

Added Feb. 11, 2019.

Problem Chapter 3.8.1.16 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
f(x)eλxwx + g(x)wy = h(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*Exp[lambda*x]*D[w[x, y], x] + g[x]*D[w[x, y], y] == h[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

∫ x

1

e−λK[2]h(K[2])
f(K[2]) dK[2] + c1

(
y −

∫ x

1

e−λK[1]g(K[1])
f(K[1]) dK[1]

)}}
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Maple 3� �
restart;
pde := f(x)*exp(lambda*x)*diff(w(x,y),x) +g(x)*diff(w(x,y),y) = h(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫
h(x) e−λx

f (x) dx+ f1

(
−
∫
g(x) e−λx

f (x) dx+ y

)

6.3.26 8.2

Local contents
6.3.26.1 [998] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1183
6.3.26.2 [999] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1184
6.3.26.3 [1000] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1184
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6.3.26.5 [1002] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1185
6.3.26.6 [1003] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1186
6.3.26.7 [1004] Problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1187

6.3.26.1 [998] Problem 1

problem number 998

Added Feb. 11, 2019.

Problem Chapter 3.8.2.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = f(x) + g(y)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == f[x] + g[y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) →

∫ x

1

f(K[1]) + g
(
y + b(K[1]−x)

a

)
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x) +b*diff(w(x,y),y) = f(x)+g(y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =

∫ x
(
f(_a) + g

(
ya−b(x−_a)

a

))
d_a

a
+ f1

(
ya− bx

a

)
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6.3.26.2 [999] Problem 2

problem number 999

Added Feb. 11, 2019.

Problem Chapter 3.8.2.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
wx + awy = f(x)g(y)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*D[w[x, y], y] == f[x]*g[y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

∫ x

1
f(K[1])g(−ax+ y + aK[1])dK[1] + c1(y − ax)

}}
Maple 3� �
restart;
pde := diff(w(x,y),x) +a*diff(w(x,y),y) = f(x)*g(y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ x

f(_a) g((−x+ _a) a+ y) d_a+ f1(−ax+ y)

6.3.26.3 [1000] Problem 3

problem number 1000

Added Feb. 11, 2019.

Problem Chapter 3.8.2.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
wx + (ay + f(x))wy = g(x)h(y)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*y + f[x])*D[w[x, y], y] == g[x]*h[y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) →
∫ x

1
g(K[2])h

(
eaK[2]

(
e−axy −

∫ x

1
e−aK[1]f(K[1])dK[1] +

∫ K[2]

1
e−aK[1]f(K[1])dK[1]

))
dK[2] + c1

(
ye−ax −

∫ x

1
e−aK[1]f(K[1])dK[1]

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x) +(a*y+f(x) )*diff(w(x,y),y) = g(x)*h(y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
w(x, y) =

∫ x

g(_b)h
((∫

f(_b) e−a_bd_b−
∫
f(x) e−axdx+ e−axy

)
ea_b

)
d_b+f1

(
−
∫
f(x) e−axdx+ e−axy

)

6.3.26.4 [1001] Problem 4

problem number 1001

Added Feb. 11, 2019.

Problem Chapter 3.8.2.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
f(x)wx + g(y)wy = h1(x) + h2(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + g[y]*D[w[x, y], y] == h1[x] + h2[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) →
∫ x

1

c1 +
∫ K[6093]
1 (h1′(K[1]) + h2′(K[1])) dK[1]

f(K[6093]) dK[6093] +
∫ y

1

−c1 + h1(x) + h2(x)−
∫ x

1 (h1′(K[1]) + h2′(K[1])) dK[1]
g(K[6561]) dK[6561] + c2

}}

Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x) +g(y)*diff(w(x,y),y) = h1(x)+h2(y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ x h1 (_f) + h2

(
RootOf

(∫ 1
f(_f)d_f−

∫ _Z 1
g(_a)d_a−

∫ 1
f(x)dx+

∫ 1
g(y)dy

))
f (_f) d_f+f1

(
−
∫ 1
f (x)dx+

∫ 1
g (y)dy

)

6.3.26.5 [1002] Problem 5

problem number 1002

Added Feb. 11, 2019.

Problem Chapter 3.8.2.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
f1(x)wx + (f2(x)y + ykf3(x))wy = g(x)h(x)
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Mathematica 3� �
ClearAll["Global`*"];
pde = f1[x]*D[w[x, y], x] + (y*f2[x] + y^k*f3[x])*D[w[x, y], y] == g[x]*h[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

g(K[3])h(K[3])
f1(K[3]) dK[3] + c1

(k − 1)
∫ x

1

exp
(
(k − 1)

∫ K[2]
1

f2(K[1])
f1(K[1])dK[1]

)
f3(K[2])

f1(K[2]) dK[2] + y1−k exp
(
(k − 1)

∫ x

1

f2(K[1])
f1(K[1])dK[1]

)


Maple 3� �
restart;
pde := f1(x)*diff(w(x,y),x) +(y*f2(x)+y^k*f3(x))*diff(w(x,y),y) = g(x)*h(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫
g(x)h(x)
f1 (x) dx+ f1

(
(k − 1)

∫ f3 (x) e(k−1)
∫ f2(x)

f1(x)dx

f1 (x) dx+ y1−ke(k−1)
∫ f2(x)

f1(x)dx

)

6.3.26.6 [1003] Problem 6

problem number 1003

Added Feb. 11, 2019.

Problem Chapter 3.8.2.6 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
f1(x)g1(x)wx + f2(x)g2(x)wy = h1(x)h2(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = f1[x]*g1[x]*D[w[x, y], x] + f2[x]*g2[x]*D[w[x, y], y] == h1[x]*h2[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

∫ x

1

h1(K[2])h2(K[2])
f1(K[2])g1(K[2]) dK[2] + c1

(
y −

∫ x

1

f2(K[1])g2(K[1])
f1(K[1])g1(K[1])dK[1]

)}}
Maple 3� �
restart;
pde := f1(x)*g1(x)*diff(w(x,y),x) +f2(x)*g2(x)*diff(w(x,y),y) = h1(x)*h2(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ h1 (x) h2 (x)

f1 (x) g1 (x) dx+ f1

(
−
∫ f2 (x) g2 (x)

f1 (x) g1 (x)dx+ y

)
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6.3.26.7 [1004] Problem 7

problem number 1004

Added Feb. 11, 2019.

Problem Chapter 3.8.2.7 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
f1(x)g1(y)wx + f2(x)g2(y)wy = h1(x) + h2(x)

Mathematica 7� �
ClearAll["Global`*"];
pde = f1[x]*g1[y]*D[w[x, y], x] + f2[x]*g2[y]*D[w[x, y], y] == h1[x] + h2[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := f1(x)*g1(y)*diff(w(x,y),x) +f2(x)*g2(y)*diff(w(x,y),y) = h1(x)+h2(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
w(x, y) =

∫ x h1 (_f) + h2 (_f)
f1 (_f) g1

(
RootOf

(∫ f2(_f)
f1(_f)d_f−

∫ _Z g1(_a)
g2(_a)d_a−

∫ f2(x)
f1(x)dx+

∫ g1(y)
g2(y)dy

))d_f+f1(−∫ f2 (x)
f1 (x)dx+

∫ g1 (y)
g2 (y)dy

)

6.3.27 8.3
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6.3.27.1 [1005] Problem 1

problem number 1005

Added Feb. 11, 2019.

Problem Chapter 3.8.3.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = f(αx+ βy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == f[alpha*x + beta*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) →

∫ x

1

f
(
βy + αK[1] + bβ(K[1]−x)

a

)
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x) +b*diff(w(x,y),y) = f(alpha*x+beta*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =

∫ x
f
(

(ay−b(x−_a))β+α_aa
a

)
d_a

a
+ f1

(
ay − bx

a

)

6.3.27.2 [1006] Problem 2

problem number 1006

Added Feb. 11, 2019.

Problem Chapter 3.8.3.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
xwx + ywy = xf(y

x
)

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == x*f[y/x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → xf

(y
x

)
+ c1

(y
x

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x) +y*diff(w(x,y),y) = x*f(y/x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = xf
(y
x

)
+ f1

(y
x

)
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6.3.27.3 [1007] Problem 3

problem number 1007

Added Feb. 11, 2019.

Problem Chapter 3.8.3.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
xwx + ywy = f(x2 + y2)

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == f[x^2 + y^2];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) →

∫ x

1

f
( (

x2+y2
)
K[1]2

x2

)
K[1] dK[1] + c1

(y
x

)


Maple 3� �
restart;
pde := x*diff(w(x,y),x) +y*diff(w(x,y),y) = f(x^2+y^2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ x f

(
_a2

(
x2+y2

)
x2

)
_a d_a+ f1

(y
x

)

6.3.27.4 [1008] Problem 4

problem number 1008

Added Feb. 11, 2019.

Problem Chapter 3.8.3.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
xwx + ywy = xf(y

x
) + g(x2 + y2)

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == x*f[y/x] + g[x^2 + y^2];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) →

∫ x

1

f(y
x

)
+
g
( (

x2+y2
)
K[1]2

x2

)
K[1]

 dK[1] + c1
(y
x

)

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Maple 3� �
restart;
pde := x*diff(w(x,y),x) +y*diff(w(x,y),y) = x*f(y/x)+g(x^2+y^2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ x _af

(
y
x

)
+ g
(

_a2
(
x2+y2

)
x2

)
_a d_a+ f1

(y
x

)

6.3.27.5 [1009] Problem 5

problem number 1009

Added Feb. 11, 2019.

Problem Chapter 3.8.3.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
axwx + bywy = xkf(xnym)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == x^k*f[x^n*x^m];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

∫ x

1

f(K[1]m+n)K[1]k−1

a
dK[1] + c1

(
yx−

b
a

)}}
Maple 3� �
restart;
pde := a*x*diff(w(x,y),x) +b*y*diff(w(x,y),y) = x^k*f(x^n*y^m);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =

∫ x_ak−1f
(
_an

(
y x−

b
a_a ba

)m)
d_a

a
+ f1

(
y x−

b
a

)

6.3.27.6 [1010] Problem 6

problem number 1010

Added Feb. 11, 2019.

Problem Chapter 3.8.3.6 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
mxwx + nywy = f(axn + bym)
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Mathematica 3� �
ClearAll["Global`*"];
pde = m*x*D[w[x, y], x] + n*y*D[w[x, y], y] == f[a*x^n + b*x^m];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

∫ x

1

f(bK[1]m + aK[1]n)
mK[1] dK[1] + c1

(
yx−

n
m

)}}
Maple 3� �
restart;
pde := m*x*diff(w(x,y),x) +n*y*diff(w(x,y),y) = f(a*x^n+b*y^m);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ x f

(
a_an+b

(
y x− n

m_a
n
m

)m)
_a d_a
m

+ f1
(
y x−

n
m

)
6.3.27.7 [1011] Problem 7

problem number 1011

Added Feb. 17, 2019.

Problem Chapter 3.8.3.7 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

x2wx + xywy = ykf(αx+ βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = x^2*D[w[x, y], x] + x*y*D[w[x, y], y] == y^k*f[alpha*x + beta*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) →

∫ x

1

f
((
α + βy

x

)
K[1]

) (yK[1]
x

)k
K[1]2 dK[1] + c1

(y
x

)


Maple 3� �
restart;
pde := x^2*diff(w(x,y),x) +x*y*diff(w(x,y),y) = y^k*f(alpha*x+beta*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ x

(
y_a
x

)k
f
(

_a(αx+βy)
x

)
_a2 d_a+ f1

(y
x

)
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6.3.27.8 [1012] Problem 8

problem number 1012

Added Feb. 17, 2019.

Problem Chapter 3.8.3.8 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)
f ′(x)wx +

g(y)
g′(y)wy = h(f(x) + g(y))

Mathematica 3� �
ClearAll["Global`*"];
pde = (f[x]*D[w[x, y], x])/Derivative[1][f][x] + (g[y]*D[w[x, y], y])/Derivative[1][g][y] == h[f[x] + g[y]];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

h
(
f(K[1]) + g

(
InverseFunction

[
InverseFunction

[
g(−1), 1, 1

]
, 1, 1

] [f(K[1])InverseFunction
[
g(−1),1,1

]
[y]

f(x)

]))
f ′(K[1])

f(K[1]) dK[1] + c1

(
log
(
InverseFunction

[
g(−1), 1, 1

]
[y]

f(x)

))


Maple 3� �
restart;
pde := f(x)/diff(f(x),x)*diff(w(x,y),x) +g(y)/diff(g(y),y)*diff(w(x,y),y) = h(f(x)+g(y));
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
(f(x) + g(y)) f1

(
ln
(

g(y)
f(x)

))
+
∫ f(x)+g(y)

h(_a) d_a
f (x) + g (y)

6.3.28 8.4
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6.3.28.1 [1013] Problem 1

problem number 1013

Added Feb. 17, 2019.

Problem Chapter 3.8.4.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
wx + awy = f(x, y)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*D[w[x, y], y] == f[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

∫ x

1
f(K[1],−ax+ y + aK[1])dK[1] + c1(y − ax)

}}
Maple 3� �
restart;
pde := diff(w(x,y),x) +a*diff(w(x,y),y) = f(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ x

f(_a, (−x+ _a) a+ y) d_a+ f1(−ax+ y)

6.3.28.2 [1014] Problem 2

problem number 1014

Added Feb. 17, 2019.

Problem Chapter 3.8.4.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
axwx + bywy = f(x, y)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == f[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) →

∫ x

1

f
(
K[1], x− b

ayK[1] ba
)

aK[1] dK[1] + c1
(
yx−

b
a

)

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Maple 3� �
restart;
pde := a*x*diff(w(x,y),x) +b*y*diff(w(x,y),y) = f(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ x f

(
_a,y x− b

a_a
b
a

)
_a d_a
a

+ f1
(
y x−

b
a

)

6.3.28.3 [1015] Problem 3

problem number 1015

Added Feb. 17, 2019.

Problem Chapter 3.8.4.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
f(x)wx + g(x)ywy = h(x, y)

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + g[x]*y*D[w[x, y], y] == h[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

h
(
K[2], exp

(∫ K[2]
1

g(K[1])
f(K[1])dK[1]−

∫ x

1
g(K[1])
f(K[1])dK[1]

)
y
)

f(K[2]) dK[2] + c1

(
y exp

(
−
∫ x

1

g(K[1])
f(K[1])dK[1]

))


Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x) +g(x)*y*diff(w(x,y),y) = h(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ x h

(
_b, y e−

∫ g(x)
f(x)dx+

∫ g(_b)
f(_b)d_b

)
f (_b) d_b+ f1

(
y e−

∫ g(x)
f(x)dx

)

6.3.28.4 [1016] Problem 4

problem number 1016

Added Feb. 17, 2019.

Problem Chapter 3.8.4.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
f(x)wx + (g1(x)y + g0(x))wy = h(x, y)
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Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (g1[x]*y + g0[x])*D[w[x, y], y] == h[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

h

(
K[3], exp

(∫ K[3]
1

g1(K[1])
f(K[1]) dK[1]

)(
exp

(
−
∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
y −

∫ x

1
exp
(
−
∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2] +
∫ K[3]
1

exp
(
−
∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]
))

f(K[3]) dK[3] + c1

y exp(−∫ x

1

g1(K[1])
f(K[1]) dK[1]

)
−
∫ x

1

exp
(
−
∫ K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]





Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x) +(g1(x)*y+g0(x))*diff(w(x,y),y) = h(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ x

h

(
_f,
(∫ g0(_f)e

−
∫ g1(_f)
f(_f) d_f

f(_f) d_f−
∫ g0(x)e

−
∫ g1(x)
f(x) dx

f(x) dx+ e−
∫ g1(x)
f(x) dxy

)
e
∫ g1(_f)
f(_f) d_f

)
f (_f) d_f+f1

(
−
∫ g0 (x) e−

∫ g1(x)
f(x) dx

f (x) dx+ e−
∫ g1(x)
f(x) dxy

)

6.3.28.5 [1017] Problem 5

problem number 1017

Added Feb. 17, 2019.

Problem Chapter 3.8.4.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
f(x)wx + (g1(x)y + g0(x)yk)wy = h(x, y)

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (g1[x]*y + g0[x]*y^k)*D[w[x, y], y] == h[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

h

(
K[3],

(
exp

(
−
∫ x

1
g1(K[1])
f(K[1]) dK[1]− (k − 1)

∫ K[3]
1

g1(K[1])
f(K[1]) dK[1]

)
y−k

(
exp

(∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
(k − 1)

∫ x

1
exp
(
(k−1)

∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]yk − exp
(∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
(k − 1)

∫ K[3]
1

exp
(
(k−1)

∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]yk + exp
(
k
∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
y

))
1

1−k

)
f(K[3]) dK[3] + c1

(k − 1)
∫ x

1

exp
(
(k − 1)

∫ K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2] + y1−k exp
(
(k − 1)

∫ x

1

g1(K[1])
f(K[1]) dK[1]

)


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Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x) +(g1(x)*y+g0(x)*y^k)*diff(w(x,y),y) = h(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ x

h

_f,
(
(1− k)

∫ g0(_f)e
(k−1)

∫ g1(_f)
f(_f) d_f

f(_f) d_f+ (k − 1)
∫ g0(x)e

(k−1)
∫ g1(x)
f(x) dx

f(x) dx+ y1−ke(k−1)
∫ g1(x)
f(x) dx

)− 1
k−1

e
∫ g1(_f)
f(_f) d_f


f (_f) d_f+f1

(
(k − 1)

∫ g0 (x) e(k−1)
∫ g1(x)
f(x) dx

f (x) dx+ y1−ke(k−1)
∫ g1(x)
f(x) dx

)

6.3.28.6 [1018] Problem 6

problem number 1018

Added Feb. 17, 2019.

Problem Chapter 3.8.4.6 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + (g1(x) + g0(x)eλy)wy = h(x, y)

Mathematica 7� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (g1[x] + g0[x]*Exp[lambda*y])*D[w[x, y], y] == h[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x) +(g1(x)+g0(x)*exp(lambda*y))*diff(w(x,y),y) = h(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ x

h

_f,

ln

 1

∫ g0(x)e
λ
∫ g1(x)
f(x) dx

f(x) dxλ−
∫ g0(_f)e

λ
∫ g1(_f)
f(_f) d_f

f(_f) d_fλ+e
λ

(
−y+

∫ g1(x)
f(x) dx

)
+λ

∫ g1(_f)
f(_f) d_f

λ


f (_f) d_f+f1

−
∫ g0(x)e

λ
∫ g1(x)
f(x) dx

f(x) dxλ− eλ
(
−y+

∫ g1(x)
f(x) dx

)
λ





chapter 6. handbook of first order partial differential . . . 1197

6.3.28.7 [1019] Problem 7

problem number 1019

Added Feb. 17, 2019.

Problem Chapter 3.8.4.7 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f1(x)g1(y)wx + f2(x)g2(y)wy = h(x, y)

Mathematica 7� �
ClearAll["Global`*"];
pde = f1[x]*g1[y]*D[w[x, y], x] + f2[x]*g2[y]*D[w[x, y], y] == h[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := f1(x)*g1(y)*diff(w(x,y),x) +f2(x)*g2(y)*diff(w(x,y),y) = h(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) =
∫ x h

(
_f,RootOf

(∫ f2(_f)
f1(_f)d_f−

∫ _Z g1(_a)
g2(_a)d_a−

∫ f2(x)
f1(x)dx+

∫ g1(y)
g2(y)dy

))
f1 (_f) g1

(
RootOf

(∫ f2(_f)
f1(_f)d_f−

∫ _Z g1(_a)
g2(_a)d_a−

∫ f2(x)
f1(x)dx+

∫ g1(y)
g2(y)dy

))d_f+f1(−∫ f2 (x)
f1 (x)dx+

∫ g1 (y)
g2 (y)dy

)

Contains RootOf
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6.4.1.1 [1020] Example 1

problem number 1020

Added Feb. 17, 2019.

Chapter 4.1.1 example 1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + aywy = by2w
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*y*D[w[x, y], y] == b*y^2*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → e

by2
2a c1

(
ye−ax

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x) +a*y*diff(w(x,y),y) = b*y^2*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1
(
y e−ax

)
e
b y2
2a

6.4.1.2 [1021] Example 2

problem number 1021

Added Feb. 17, 2019.

Chapter 4.1.1 example 2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + aywy = beλxyw

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*y*D[w[x, y], y] == b*Exp[lambda*x]*y*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
ye−ax

)
e
byeλx

a+λ

}}
Maple 3� �
restart;
pde := diff(w(x,y),x) +a*y*diff(w(x,y),y) = b*exp(lambda*x)*y*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1
(
y e−ax

)
e
yb eλx
a+λ
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6.4.1.3 [1022] Example 3

problem number 1022

Added Feb. 17, 2019.

Chapter 4.1.1 example 3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + awy = bw

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*D[w[x, y], y] == b*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → ebxc1(y − ax)

}}
Maple 3� �
restart;
pde := diff(w(x,y),x) +a*diff(w(x,y),y) = b*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1(−ax+ y) ebx

6.4.2 2.1

Local contents
6.4.2.1 [1023] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1200
6.4.2.2 [1024] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1201
6.4.2.3 [1025] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1202
6.4.2.4 [1026] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1202
6.4.2.5 [1027] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1203
6.4.2.6 [1028] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1203
6.4.2.7 [1029] Problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1204

6.4.2.1 [1023] Problem 1

problem number 1023

Added Feb. 17, 2019.

Problem Chapter 4.2.1.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cw
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → e

cx
a c1

(
y − bx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x) +b*diff(w(x,y),y) = c*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
ya− xb

a

)
e cxa

6.4.2.2 [1024] Problem 2

problem number 1024

Added Feb. 17, 2019.

Problem Chapter 4.2.1.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + ywy = bw

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + y*D[w[x, y], y] == b*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → e

bx
a c1
(
ye−

x
a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x) +y*diff(w(x,y),y) = b*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1
(
y e−x

a

)
e bxa
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6.4.2.3 [1025] Problem 3

problem number 1025

Added Feb. 17, 2019.

Problem Chapter 4.2.1.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = aw

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → xac1

(y
x

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x) +y*diff(w(x,y),y) = a*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1
(y
x

)
xa

6.4.2.4 [1026] Problem 4

problem number 1026

Added Feb. 17, 2019.

Problem Chapter 4.2.1.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

x(awx − bwy) = cyw

Mathematica 3� �
ClearAll["Global`*"];
pde = x*(D[w[x, y], x] - b*D[w[x, y], y]) == c*y*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1(bx+ y)ec(log(x)(bx+y)+y)}}
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Maple 3� �
restart;
pde := x*(diff(w(x,y),x) -b*diff(w(x,y),y)) = c*y*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1(xb+ y)xc(xb+y)e−cbx

6.4.2.5 [1027] Problem 5

problem number 1027

Added Feb. 17, 2019.

Problem Chapter 4.2.1.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = axw

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → eaxc1

(y
x

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x) +y*diff(w(x,y),y) = a*x*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1
(y
x

)
eax

6.4.2.6 [1028] Problem 6

problem number 1028

Added Feb. 17, 2019.

Problem Chapter 4.2.1.6 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
(x− a)wx + (y − b)wy = w
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Mathematica 3� �
ClearAll["Global`*"];
pde = (x - a)*D[w[x, y], x] + (y - b)*D[w[x, y], y] == w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → −

(
(a− x)c1

(
b− y

a− x

))}}
Maple 3� �
restart;
pde := (x-a)*diff(w(x,y),x) +(y-b)*diff(w(x,y),y) = w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = (−x+ a) f1
(

y − b

−x+ a

)

6.4.2.7 [1029] Problem 7

problem number 1029

Added Feb. 17, 2019.

Problem Chapter 4.2.1.7 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
(y + ax)wx + (y − ax)wy = bw

Mathematica 7� �
ClearAll["Global`*"];
pde = (y + a*x)*D[w[x, y], x] + (y - a*x)*D[w[x, y], y] == b*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := (y+a*x)*diff(w(x,y),x) +(y-a*x)*diff(w(x,y),y) = b*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �
sol=()
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6.4.3 2.2

Local contents
6.4.3.1 [1030] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1205
6.4.3.2 [1031] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1205
6.4.3.3 [1032] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1206
6.4.3.4 [1033] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1207
6.4.3.5 [1034] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1207
6.4.3.6 [1035] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1208
6.4.3.7 [1036] Problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1208
6.4.3.8 [1037] Problem 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1209

6.4.3.1 [1030] Problem 1

problem number 1030

Added Feb. 17, 2019.

Problem Chapter 4.2.2.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = (x2 − y2)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (x^2 - y^2)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → exp

(
x(a2(x2 − 3y2) + 3abxy − b2x2)

3a3

)
c1

(
y − bx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x) +b*diff(w(x,y),y) = (x^2-y^2)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)
e
((
x2−3y2

)
a2+3abxy−b2x2

)
x

3a3

6.4.3.2 [1031] Problem 2

problem number 1031

Added Feb. 17, 2019.

Problem Chapter 4.2.2.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
x2wx + axywy = by2w
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Mathematica 3� �
ClearAll["Global`*"];
pde = x^2*D[w[x, y], x] + a*x*y*D[w[x, y], y] == b*y^2*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → e−

by2
x−2ax c1

(
yx−a

)}}
Maple 3� �
restart;
pde := x^2*diff(w(x,y),x) +a*x*y*diff(w(x,y),y) = b*y^2*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1
(
y x−a

)
e

b y2
x(−1+2a)

6.4.3.3 [1032] Problem 3

problem number 1032

Added Feb. 17, 2019.

Problem Chapter 4.2.2.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
ax2wx + by2wy = (x+ cy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^2*D[w[x, y], x] + b*y^2*D[w[x, y], y] == (x + c*y)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
b

ax
− 1
y

)
exp

(∫ x

1

by(x−K[1]) + ax(cy +K[1])
aK[1](by(x−K[1]) + axK[1])dK[1]

)}}
Maple 3� �
restart;
pde := a*x^2*diff(w(x,y),x) +b*y^2*diff(w(x,y),y) = (x+c*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
ax− yb

yax

)(
ax

y

)− c
b

x
ca+b
ba
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6.4.3.4 [1033] Problem 4

problem number 1033

Added Feb. 17, 2019.

Problem Chapter 4.2.2.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
x2wx + ay2wy = (bx2 + cxy + dy2)w

Mathematica 3� �
ClearAll["Global`*"];
pde = x^2*D[w[x, y], x] + a*y^2*D[w[x, y], y] == (b*x^2 + c*x*y + d*y^2)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
a

x
− 1
y

)
exp

(∫ x

1

(dy2 +K[1](cy + bK[1])) x2 + ay(x−K[1])(cy + 2bK[1])x+ a2by2(x−K[1])2
(ay(x−K[1]) + xK[1])2 dK[1]

)}}
Maple 3� �
restart;
pde :=x^2*diff(w(x,y),x) +a*y^2*diff(w(x,y),y) = (b*x^2+c*x*y+d*y^2)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
−ya+ x

yx

)(
x

y

)− cyx
ya−x

e
x(ya−x)b+d y2

ya−x

6.4.3.5 [1034] Problem 5

problem number 1034

Added Feb. 17, 2019.

Problem Chapter 4.2.2.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
y2wx + ax2wy = (bx2 + cy2)w

Mathematica 3� �
ClearAll["Global`*"];
pde = y^2*D[w[x, y], x] + a*x^2*D[w[x, y], y] == (b*x^2 + c*y^2)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{
w(x, y) → c1

(
1
3
(
y3 − ax3

))
e
b
3
√
y3
a

+cx

}
{
w(x, y) → c1

(
1
3
(
y3 − ax3

))
ecx−

3√−1b 3
√
y3

a

}
{
w(x, y) → c1

(
1
3
(
y3 − ax3

))
e

(−1)2/3b 3
√
y3

a
+cx

}
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Maple 3� �
restart;
pde :=y^2*diff(w(x,y),x) +a*x^2*diff(w(x,y),y) =(b*x^2+c*y^2)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1
(
−a x3 + y3

)
exc+

by
a

6.4.3.6 [1035] Problem 6

problem number 1035

Added Feb. 17, 2019.

Problem Chapter 4.2.2.6 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
xywx + ay2wy = (bx+ cy + d)w

Mathematica 3� �
ClearAll["Global`*"];
pde = x*y*D[w[x, y], x] + a*y^2*D[w[x, y], y] == (b*x + c*y + d)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → xcc1

(
yx−a

)
e−

bx
a−1+ d

a
y

}}
Maple 3� �
restart;
pde :=x*y*diff(w(x,y),x) +a*y^2*diff(w(x,y),y) =(b*x+c*y+d)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = xcf1
(
y x−a

)
e

(−bx−d)a+d
y(−1+a)a

6.4.3.7 [1036] Problem 7

problem number 1036

Added Feb. 17, 2019.

Problem Chapter 4.2.2.7 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
x(ay + b)wx + (ay2 − bx)wy = ayw

Mathematica 7� �
ClearAll["Global`*"];
pde = x*(a*y + b)*D[w[x, y], x] + (a*y^2 - b*x)*D[w[x, y], y] == a*y*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde :=x*(a*y+b)*diff(w(x,y),x) +(a*y^2-b*x)*diff(w(x,y),y) =a*y*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

−a(x+ y) ln
(
−a(x+y)(xa−b)

x(ay+b)

)
+ a(x+ y) ln

(
−xa+b
ay+b

)
− a(x+ y) ln (2) + ay + b

3a (x+ y)

 e
∫ x 2 e

RootOf

2 e_Zxa ln
(
−a(x+y)(xa−b)

x(ay+b)

)
+2 e_Zay ln

(
−a(x+y)(xa−b)

x(ay+b)

)
−2 e_Zxa ln

(
−xa−b
ay+b

)
−2 e_Zay ln

(
−xa−b
ay+b

)
+2 e_Zxa ln(2)+2 e_Zay ln(2)−2 ln


(
2 e_Z−9

)
(_aa−b)

_a

e_Zax−2 ln


(
2 e_Z−9

)
(_aa−b)

_a

e_Zay+2_Z e_Zax+2_Z e_Zay−9xa ln
(
−a(x+y)(xa−b)

x(ay+b)

)
−9ay ln

(
−a(x+y)(xa−b)

x(ay+b)

)
+9xa ln

(
−xa−b
ay+b

)
+9ay ln

(
−xa−b
ay+b

)
−9xa ln(2)−9ay ln(2)+9 ln


(
2 e_Z−9

)
(_aa−b)

_a

ax+9 ln


(
2 e_Z−9

)
(_aa−b)

_a

ay−2 e_Zay−9_Zax−9_Zay−2b e_Z−9xa+9b


b+9_aa−9b

_a(_aa−b) d_a

9

6.4.3.8 [1037] Problem 8

problem number 1037

Added Feb. 17, 2019.

Problem Chapter 4.2.2.8 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
x(ky − x+ a)wx − y(kx− y + a)wy = b(y − x)w

Mathematica 7� �
ClearAll["Global`*"];
pde = x*(k*y - x + a)*D[w[x, y], x] - y*(k*x - y + a)*D[w[x, y], y] == b*(y - x)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde :=x*(k*y-x+a)*diff(w(x,y),x)-y*(k*x-y+a)*diff(w(x,y),y) = b*(y-x)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));
sol:=simplify(sol);� �

Expression too large to display

6.4.4 2.3
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6.4.4.1 [1038] Problem 1

problem number 1038

Added Feb. 17, 2019.

Problem Chapter 4.2.3.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = (cx3 + dy3)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c*x^3 + d*y^3)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
e

1
4

(
cx4
a

+ dy4
b

)}}

Maple 3� �
restart;
pde :=a*diff(w(x,y),x)+b*diff(w(x,y),y) = (c*x^3+d*y^3)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
ya− xb

a

)
e
x
(
c x3a3+4a3d y3−6a2bdx y2+4a b2d x2y−b3d x3

)
4a4

6.4.4.2 [1039] Problem 2

problem number 1039

Added Feb. 17, 2019.

Problem Chapter 4.2.3.2 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
xwx + ywy = a

√
x2 + y2w

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*Sqrt[x^2 + y^2]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → ea

√
x2+y2c1

(y
x

)}}
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Maple 3� �
restart;
pde :=x*diff(w(x,y),x)+y*diff(w(x,y),y) = a*sqrt(x^2+y^2)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1
(y
x

)
ea
√

x2+y2

6.4.4.3 [1040] Problem 3

problem number 1040

Added Feb. 17, 2019.

Problem Chapter 4.2.3.3 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
x2wx + xywy = y2(ax+ by)w

Mathematica 3� �
ClearAll["Global`*"];
pde = x^2*D[w[x, y], x] + x*y*D[w[x, y], y] == y^2*(a*x + b*y)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(y
x

)
e

1
2y

2
(
a+ by

x

)}}
Maple 3� �
restart;
pde :=x^2*diff(w(x,y),x)+x*y*diff(w(x,y),y) = y^2*(a*x+b*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1
(y
x

)
e
y2(ax+by)

2x

6.4.4.4 [1041] Problem 4

problem number 1041

Added Feb. 17, 2019.

Problem Chapter 4.2.3.4 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
x2ywx + axy2wy = (bxy + cx+ dy + k)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = x^2*y*D[w[x, y], x] + a*x*y^2*D[w[x, y], y] == (b*x*y + c*x + d*y + k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → xbc1

(
yx−a

)
exp

(
−a

2dy + acx+ ady + ak + cx

a2xy + axy

)}}
Maple 3� �
restart;
pde :=x^2*y*diff(w(x,y),x)+a*x*y^2*diff(w(x,y),y) =(b*x*y +c*x+ d*y + k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1
(
y x−a

)
xbe

−a2dy+(−cx−dy−k)a−cx
x(1+a)ya

6.4.4.5 [1042] Problem 5

problem number 1042

Added Feb. 17, 2019.

Problem Chapter 4.2.3.5 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
axy2wx + bx2ywy = (any2 + bmx2)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*y^2*D[w[x, y], x] + b*x^2*y*D[w[x, y], y] == (a*n*y^2 + b*m*x^2)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{
w(x, y) → c1

(
ay2 − bx2

2a

)
exp

(∫ x

1

ay2 + bmK[1]2 + b(K[1]2 − x2)
K[1] (ay2 + b (K[1]2 − x2)) dK[1]

)}
{
w(x, y) → c1

(
ay2 − bx2

2a

)
exp

(∫ x

1

2ay2 + bmK[2]2 + 2b(K[2]2 − x2)
K[2] (ay2 + b (K[2]2 − x2)) dK[2]

)}

Maple 3� �
restart;
pde :=a*x*y^2*diff(w(x,y),x)+b*x^2*y*diff(w(x,y),y) = (a*n*y^2+ b*m*x^2)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
y2a− x2b

a

)(
y2a
)m

2 xn
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6.4.4.6 [1043] Problem 6

problem number 1043

Added Feb. 17, 2019.

Problem Chapter 4.2.3.6 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
x3wx + ay3wy = x2(bx+ cy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = x^3*D[w[x, y], x] + a*y^3*D[w[x, y], y] == x^2*(b*x + c*y)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
1
2

(
a

x2
− 1
y2

))
exp

bx− c
√

x2

ay2
arcsinh

(
x
√

1
ay2

− 1
x2

)
√

x2

y2

√
1

ay2
− 1

x2


w(x, y) → c1

(
1
2

(
a

x2
− 1
y2

))
exp

c
√

x2

ay2
arcsinh

(
x
√

1
ay2

− 1
x2

)
√

x2

y2

√
1

ay2
− 1

x2

+ bx




Maple 3� �
restart;
pde :=x^3*diff(w(x,y),x)+a*y^3*diff(w(x,y),y) = x^2*(b*x+c*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
−a y2 + x2

x2y2

)
ebx
(√

−a y2 + x2

x2y2
x+

√
x2

y2

) c√
−a y2+x2
x2y2
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6.4.5.1 [1044] Problem 1

problem number 1044

Added Feb. 17, 2019.

Problem Chapter 4.2.4.1 from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = (cxn + dym)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c*x^n + d*y^m)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
e
cxn+1
an+a + dym+1

bm+b

}}
Maple 3� �
restart;
pde :=a*diff(w(x,y),x)+b*diff(w(x,y),y) = (c*x^n + d*y^m)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) ),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)
e
c x1+n
a(1+n)+

d y1+m
b(1+m)

6.4.5.2 [1045] Problem 2 case n 6= −1, n 6= −2

problem number 1045

Added Feb. 17, 2019.

Problem Chapter 4.2.4.2 case neq−1, neq−2, from Handbook of first order partial differential
equations by Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = cxnyw

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*x^n*y*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];
sol[[2]] = Assuming[{n != -1, n != -2}, Simplify[sol[[2]]]];� �

{{
w(x, y) → c1

(
y − bx

a

)
exp

(
cxn+1(a(n+ 2)y − bx)
a2(n+ 1)(n+ 2)

)}}
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Maple 3� �
restart;
pde :=a*diff(w(x,y),x)+b*diff(w(x,y),y) = c*x^n*y*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));
sol:=simplify(sol) assuming n<>-1, n<>-2;� �

w(x, y) = f1

(
ya− bx

a

)
e
xn+1c(y(n+2)a−bx)

a2(n+1)(n+2)

6.4.5.3 [1046] Problem 2 case n = −1

problem number 1046

Added Feb. 17, 2019.

Problem Chapter 4.2.4.2 case n = −1, from Handbook of first order partial differential
equations by Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = cxnyw

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*x^n*y*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}, Assumptions -> n == -1], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
e
c(log(x)(ay−bx)+ay)

a2

}}
Maple 3� �
restart;
pde :=a*diff(w(x,y),x)+b*diff(w(x,y),y) = c*x^n*y*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) assuming n=-1),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)
x
c(ya−bx)

a2 e
cxb
a2

6.4.5.4 [1047] Problem 2 case n = −2

problem number 1047

Added Feb. 17, 2019.

Problem Chapter 4.2.4.2 case n = −2, from Handbook of first order partial differential
equations by Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = cxnyw
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*x^n*y*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}, Assumptions -> n == -2], 60*10]];� �

{{
w(x, y) → x

bc
a2 e−

cy
ax c1

(
y − bx

a

)}}
Maple 3� �
restart;
pde :=a*diff(w(x,y),x)+b*diff(w(x,y),y) = c*x^n*y*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y)) assuming n=-2),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)
x
cb
a2 e−

c(ya−bx)
a2x

6.4.5.5 [1048] Problem 3

problem number 1048

Added Feb. 17, 2019.

Problem Chapter 4.2.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
xwx + ywy = a(x2 + y2)kw

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*(x^2 + y^2)^k*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(y
x

)
e
a
(
x2+y2

)k
2k

}}

Maple 3� �
restart;
pde :=x*diff(w(x,y),x)+y*diff(w(x,y),y) = a*(x^2+y^2)^k*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(y
x

)
e
a
(
x2+y2

)k
2k
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6.4.5.6 [1049] Problem 4

problem number 1049

Added Feb. 17, 2019.

Problem Chapter 4.2.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
axwx + bywy = cxnymw

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == c*x^n*y^m*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
yx−

b
a

)
e
cymxn

an+bm

}}
Maple 3� �
restart;
pde :=a*x*diff(w(x,y),x)+b*y*diff(w(x,y),y) = c*x^n*y^m*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(
y x−

b
a

)
e
c xnym

an+bm

6.4.5.7 [1050] Problem 5

problem number 1050

Added Feb. 17, 2019.

Problem Chapter 4.2.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
axwx + bywy = (cxn + kym)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == (c*x^n + k*y^m)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
yx−

b
a

)
e
cxn

an
+ kym

bm

}}
Maple 3� �
restart;
pde :=a*x*diff(w(x,y),x)+b*y*diff(w(x,y),y) = (c*x^n + k*y^m)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(
y x−

b
a

)
e c x

n

an
+ k ym

mb
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6.4.5.8 [1051] Problem 6

problem number 1051

Added Feb. 17, 2019.

Problem Chapter 4.2.4.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
mxwx + nywy = (axn + bym)kw

Mathematica 3� �
ClearAll["Global`*"];
pde = m*x*D[w[x, y], x] + n*y*D[w[x, y], y] == (a*x^n + b*y^m)^k*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
yx−

n
m

)
exp

(∫ x

1

(
b
(
x−

n
myK[1] nm

)m + aK[1]n
)k

mK[1] dK[1]
)}}

Maple 3� �
restart;
pde :=m*x*diff(w(x,y),x)+n*y*diff(w(x,y),y) = (a*x^n + b*y^m)^k*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(
y x−

n
m

)
e
(
a xn+b ym

)k
knm

6.4.5.9 [1052] Problem 7

problem number 1052

Added Feb. 17, 2019.

Problem Chapter 4.2.4.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
axnwx + bymwy = (cxk + dys)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^n*D[w[x, y], x] + b*y^m*D[w[x, y], y] == (c*x^k + d*y^s)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
bx1−n

a(n− 1) −
y1−m

m− 1

)
exp

 cxk−n+1

a
+

d(−k+n−1)y1−m
((

ym−1) 1
m−1

)s
b(m−s−1)

k − n+ 1




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Maple 3� �
restart;
pde :=a*x^n*diff(w(x,y),x)+b*y^m*diff(w(x,y),y) = (c*x^k + d*y^s)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−b x−n+1(m− 1) + y1−ma(n− 1)

(n− 1) a

)
e−

xny1−m(xn) s
m−1 (n−1)

s
m−1 a

m−1+s
m−1

(
y1−mxna(n−1)

)− s
m−1 d(1+k−n)e

isπ
(
− csgn

(
ia y1−mxn(n−1)

)
−csgn

(
i

n−1
)
+csgn

(
iy1−mxna

)
csgn

(
ia y1−mxn(n−1)

)
csgn

(
i

n−1
)
+csgn

(
iy1−mxna

)
csgn

(
ia y1−m

)
csgn

(
ix−n

)
+csgn

(
iy1−m

)
−csgn

(
i
a

)
+csgn

(
ia y1−m

)
csgn

(
iy1−m

)
csgn

(
i
a

)
−csgn

(
ix−n

))
2m−2 −c xk+1b(m−s−1)

x−n
(1+k−n)b(m−s−1)a

6.4.5.10 [1053] Problem 8

problem number 1053

Added Feb. 17, 2019.

Problem Chapter 4.2.4.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
axnwx + bxmywy = (cxkys + d)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^n*D[w[x, y], x] + b*x^m*y*D[w[x, y], y] == (c*x^k*y^s + d)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → c1

(
ye−

bxm−n+1
am−an+a

)
exp


x1−n

 d
1−n

−
cxkyse

− bsxm−n+1
am−an+a

(
− bsxm−n+1
am−an+a

)−k+n−1
m−n+1 Γ

(
k−n+1
m−n+1 ,−

bsxm−n+1
ma−na+a

)
m−n+1


a






Maple 3� �
restart;
pde :=a*x^n*diff(w(x,y),x)+b*x^m*y*diff(w(x,y),y) = (c*x^k*y^s + d)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
y e−

b xm−n+1
a(m−n+1)

)
e

∫ x
c_ak

y e

b_a−n
(
−xm−n+1_an+_a1+m

)
a(m−n+1)


s

+d

_a−nd_a

a
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6.4.5.11 [1054] Problem 9

problem number 1054

Added Feb. 17, 2019.

Problem Chapter 4.2.4.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
axnwx + (bxmy + cxk)wy = (sxpyq + d)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^n*D[w[x, y], x] + (b*x^m*y + c*x^k)*D[w[x, y], y] == (s*x^p*y^q + d)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
c(a(m− n+ 1))

k−m
m−n+1 b

−k+n−1
m−n+1 Γ

(
k − n+ 1
m− n+ 1 ,

bxm−n+1

ma− na+ a

)
+ ye−

bxm−n+1
am−an+a

)
exp

∫ x

1

K[1]−n

(
s
(
b−

k+1
m−n+1 exp

(
− b

(
xm−n+1−K[1]m−n+1)

a(m−n+1)

)
(a(m− n+ 1))−

m
m−n+1

(
b

n
m−n+1 ce

bxm−n+1
ma−na+aΓ

(
k−n+1
m−n+1 ,

bxm−n+1

ma−na+a

)
(a(m− n+ 1))

k
m−n+1 − b

n
m−n+1 ce

bxm−n+1
ma−na+aΓ

(
k−n+1
m−n+1 ,

bK[1]m−n+1

ma−na+a

)
(a(m− n+ 1))

k
m−n+1 + b

k+1
m−n+1y(a(m− n+ 1))

m
m−n+1

))q
K[1]p + d

)
a

dK[1]





Maple 3� �
restart;
pde :=a*x^n*diff(w(x,y),x)+(b*x^m*y+c*x^k)*diff(w(x,y),y) = (s*x^p*y^q + d)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

Expression too large to display

6.4.5.12 [1055] Problem 10

problem number 1055

Added Feb. 17, 2019.

Problem Chapter 4.2.4.10, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
axnwx + bxmykwy = (cxpyq + s)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^n*D[w[x, y], x] + b*x^m*y^k*D[w[x, y], y] == (c*x^p*y^q + s)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → c1

(
y1−k(−m+n−1)

k−1 − bxm−n+1

a

m− n+ 1

)
exp


x1−n

−
cxp
((

yk−1) 1
k−1

)q(
ay(m−n+1)xn

ay(m−n+1)xn+b(k−1)ykxm+1

) q
k−1 Hypergeometric2F1

(
−n+p+1
m−n+1 , q

k−1 ,
m−2n+p+2
m−n+1 , b(k−1)xm+1yk

b(k−1)xm+1yk+a(m−n+1)xny

)
n−p−1 − s

n−1


a






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Maple 3� �
restart;
pde :=a*x^n*diff(w(x,y),x)+b*x^m*y^k*diff(w(x,y),y) = (c*x^p*y^q + s)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
xm−n+1(k − 1) b+ y1−k(m− n+ 1) a

(m− n+ 1) a

)
e

∫ x
c_ap


_a−n

(
b(k−1)_anxm−n+1+a_an(m−n+1)y1−k−b_a1+m(k−1)

)
(m−n+1)a

− 1
k−1


q

+s

_a−nd_a

a

6.4.5.13 [1056] Problem 11

problem number 1056

Added Feb. 17, 2019.

Problem Chapter 4.2.4.11, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
aykwx + bxnwy = (cxm + s)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*y^k*D[w[x, y], x] + b*x^n*D[w[x, y], y] == (c*x^m + s)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
yk+1

k + 1 − bxn+1

an+ a

)
exp

x
((
y−k−1)− 1

k+1
)−k (

a(n+1)yk+1

a(n+1)yk+1−b(k+1)xn+1

) k
k+1
(
cxm Hypergeometric2F1

(
k

k+1 ,
m+1
n+1 ,

m+n+2
n+1 , b(k+1)xn+1

b(k+1)xn+1−a(n+1)yk+1

)
+ (m+ 1)sHypergeometric2F1

(
k

k+1 ,
1

n+1 , 1 +
1

n+1 ,
b(k+1)xn+1

b(k+1)xn+1−a(n+1)yk+1

))
a(m+ 1)





Maple 3� �
restart;
pde :=a*y^k*diff(w(x,y),x)+b*x^n*diff(w(x,y),y) = (c*x^m+ s)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−b xn+1(1 + k) + y1+k(n+ 1) a

(n+ 1) a

)
e

∫ x(c_am+s
)( b(1+k)_an+1−b xn+1(1+k)+y1+k(n+1)a

(n+1)a

) 1
1+k


−k

d_a

a
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6.4.5.14 [1057] Problem 12

problem number 1057

Added Feb. 17, 2019.

Problem Chapter 4.2.4.12, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

x(xn + (an− 1)yn)wx + y(yn + (an− 1)xn)wy = kn(xn + yn)w

Mathematica 7� �
ClearAll["Global`*"];
pde = x*(x^n + (a*n - 1)*y^n)*D[w[x, y], x] + y*(y^n + (a*n - 1)*x^n)*D[w[x, y], y] == k*n*(x^n + y^n)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := x*(x^n + (a*n -1)*y^n)*diff(w(x,y),x)+y*(y^n + (a*n -1)*x^n)*diff(w(x,y),y) = k*n*(x^n + y^n)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
time expired

6.4.5.15 [1058] Problem 13

problem number 1058

Added Feb. 17, 2019.

Problem Chapter 4.2.4.13, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

x((n− 2)yn − 2xn)wx + y(2yn − (n− 2)xn)wy = ((a(n− 2) + 2b)yn − (2a+ b(n− 2))xn))w

Mathematica 7� �
ClearAll["Global`*"];
pde = x*((n - 2)*y^n - 2*x^n)*D[w[x, y], x] + y*(2*y^n - (n - 2)*x^n)*D[w[x, y], y] == ((a*(n - 2) + 2*b)*y^n - (2*a + b*(n - 2))*x^n)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := x*((n-2)*y^n -2*x^n )*diff(w(x,y),x)+y*(2*y^n - (n-2)*x^n)*diff(w(x,y),y) = ((a*(n-2)+2*b)*y^n - (2*a + b*(n-2))*x^n)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
time expired
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6.4.6.1 [1059] Problem 1

problem number 1059

Added Feb. 23, 2019.

Problem Chapter 4.3.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = ceαx+βyw

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Exp[alpha*x + beta*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
e
ceαx+βy
aα+bβ

}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*diff(w(x,y),y) = c*exp(alpha*x+beta*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)
e
c eαx+βy
aα+bβ

6.4.6.2 [1060] Problem 2

problem number 1060

Added Feb. 23, 2019.

Problem Chapter 4.3.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = (ceλx + keµy)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c*Exp[lambda*x] + k*Exp[mu*y])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
e
ceλx

aλ
+ keµy

bµ

}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*diff(w(x,y),y) = (c*exp(lambda*x)+k*exp(mu*y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)
e
akλ eµy+c eλxµb

aλµb

6.4.6.3 [1061] Problem 3

problem number 1061

Added Feb. 23, 2019.

Problem Chapter 4.3.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
aeλxwx + beβywy = cw

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[lambda*x]*D[w[x, y], x] + b*Exp[beta*y]*D[w[x, y], y] == c*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → e−

ce−λx
aλ c1

(
be−λx

aλ
− e−βy

β

)}}
Maple 3� �
restart;
pde := a*exp(lambda*x)*diff(w(x,y),x)+b*exp(beta*y)*diff(w(x,y),y) = c*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−e−βyaλ+ e−λxβb

bβλ

)
e− c e−λx

λa
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6.4.6.4 [1062] Problem 4

problem number 1062

Added Feb. 23, 2019.

Problem Chapter 4.3.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeλywx + beβxwy = cw

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[lambda*y]*D[w[x, y], x] + b*Exp[beta*x]*D[w[x, y], y] == c*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

(
eλy

λ
− beβx

aβ

)
exp

c
(
βx− log

(
aβeλy

λ

))
aβeλy − bλeβx




Maple 3� �
restart;
pde := a*exp(lambda*y)*diff(w(x,y),x)+b*exp(beta*x)*diff(w(x,y),y) = c*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
eλyaβ − eβxλb

βλb

)(
eλyaβ
λb

)− c

eλyaβ−eβxλb (
eβx
) c

eλyaβ−eβxλb

6.4.6.5 [1063] Problem 5

problem number 1063

Added Feb. 23, 2019.

Problem Chapter 4.3.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeλxwx + beβxwy = ceγyw

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[lambda*x]*D[w[x, y], x] + b*Exp[beta*x]*D[w[x, y], y] == c*Exp[gamma*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
bex(β−λ)

a(λ− β) + y

)
exp

∫ x

1

c exp
(
yγ − b

(
e(β−λ)x−e(β−λ)K[1])γ

a(β−λ) − λK[1]
)

a
dK[1]



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Maple 3� �
restart;
pde := a*exp(lambda*x)*diff(w(x,y),x)+b*exp(beta*x)*diff(w(x,y),y) = c*exp(gamma*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−ex(β−λ)b+ ay(β − λ)

(β − λ) a

)
e
c
∫ x e

e_a(β−λ)bγ−ex(β−λ)bγ+a(β−λ)(−_aλ+γy)
(β−λ)a d_a
a

6.4.6.6 [1064] Problem 6

problem number 1064

Added Feb. 23, 2019.

Problem Chapter 4.3.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
aeλxwx + beβywy = (ceγy + seδy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[lambda*x]*D[w[x, y], x] + b*Exp[beta*y]*D[w[x, y], y] == (c*Exp[gamma*y] + s*Exp[delta*y])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

(
be−λx

aλ
− e−βy

β

)
exp

−
c
(
e−βy

)1− γ
β

bβ − bγ
−
s
(
e−βy

)1− δ
β

bβ − bδ




Maple 3� �
restart;
pde := a*exp(lambda*x)*diff(w(x,y),x)+b*exp(beta*y)*diff(w(x,y),y) = (c*exp(gamma*y)+s*exp(delta*y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
e−λxβb− e−βyaλ

bβλ

)
e−

e−βy


(
eβy

) γ
β c

β−γ +

(
eβy

) δ
β s

β−δ


b

6.4.6.7 [1065] Problem 7

problem number 1065

Added Feb. 23, 2019.

Problem Chapter 4.3.1.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
aeβxwx + (beγx + ceλy)wy = (seµx + keδy + p)w
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Mathematica 7� �
ClearAll["Global`*"];
pde = a*Exp[beta*x]*D[w[x, y], x] + (b*Exp[gamma*x] + c*Exp[lambda*y])*D[w[x, y], y] == (s*Exp[mu*x] + k*Exp[delta*y] + p)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := a*exp(beta*x)*diff(w(x,y),x)+(b*exp(gamma*x)+c*exp(lambda*y))*diff(w(x,y),y) = (s*exp(mu*x) + k*exp(delta*y) + p)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 c e
−bλ e−_a(β−γ)−xaβ(β−γ)

(β−γ)a λ
aβ

− e−
λ
(
e−x(β−γ)b+y(β−γ)a

)
(β−γ)a

λ

 e

∫ y s e
µRootOf

−
∫
e
−β2xa−βxaγ+bλ e−_a(β−γ)

(β−γ)a dxβcλ−e
−
λ
(
yaβ−yaγ+e−x(β−γ)b

)
(β−γ)a aβ+e

−
λ
(
_baβ−aγ_b+b e_Z)

(β−γ)a aβ−c e
−bλ e−_a(β−γ)+_Zaβ

(β−γ)a λ


−β+γ +k eδ_b+p

e
−

γ RootOf

−
∫
e
−β2xa−βxaγ+bλ e−_a(β−γ)

(β−γ)a dxβcλ−e
−
λ
(
yaβ−yaγ+e−x(β−γ)b

)
(β−γ)a aβ+e

−
λ
(
_baβ−aγ_b+b e_Z

)
(β−γ)a aβ−c e

−bλ e−_a(β−γ)+_Zaβ
(β−γ)a λ


β−γ b+c eλ_b

d_b

6.4.6.8 [1066] Problem 8

problem number 1066

Added Feb. 23, 2019.

Problem Chapter 4.3.1.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
aeβxwx + (beγx + ceλy)wy = (seµx+δy + k)w

Mathematica 7� �
ClearAll["Global`*"];
pde = a*Exp[beta*x]*D[w[x, y], x] + (b*Exp[gamma*x] + c*Exp[lambda*y])*D[w[x, y], y] == (s*Exp[mu*x + delta*y] + k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := a*exp(beta*x)*diff(w(x,y),x)+(b*exp(gamma*x)+c*exp(lambda*y))*diff(w(x,y),y) = (s*exp(mu*x+delta*y) + k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

 c e
−λb e−_a(β−γ)−axβ(β−γ)

(β−γ)a λ
aβ

− e−
(
b e−x(β−γ)+y(β−γ)a

)
λ

(β−γ)a

λ

 e

∫ y s e
RootOf

−
∫
e
−β2xa−βxaγ+λb e−_a(β−γ)

(β−γ)a dxβcλ−e
−
λ
(
ayβ−ayγ+b e−x(β−γ)

)
(β−γ)a aβ+e

−
λ
(
a_bβ−a_bγ+b e_Z)

(β−γ)a aβ−c e
−λb e−_a(β−γ)+_Zaβ

(β−γ)a λ

µ+_bδ(−β+γ)

−β+γ +k

e
−

γ RootOf

−
∫
e
−β2xa−βxaγ+λb e−_a(β−γ)

(β−γ)a dxβcλ−e
−
λ
(
ayβ−ayγ+b e−x(β−γ)

)
(β−γ)a aβ+e

−
λ
(
a_bβ−a_bγ+b e_Z

)
(β−γ)a aβ−c e

−λb e−_a(β−γ)+_Zaβ
(β−γ)a λ


β−γ b+c eλ_b

d_b
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6.4.6.9 [1067] Problem 9

problem number 1067

Added Feb. 23, 2019.

Problem Chapter 4.3.1.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
aeβxwx + beγx+λywy = (ceµx+δy + k)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[beta*x]*D[w[x, y], x] + (b*Exp[gamma*x + lambda*y])*D[w[x, y], y] == (c*Exp[mu*x + delta*y] + k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
beγx−βx

aβ − aγ
− e−λy

λ

)
exp

∫ x

1

e−βK[1]
(
ceµK[1]

(
aeλy+β(x+K[1])(γ−β)

beλy
(
eγx+βK[1]−eβx+γK[1])λ−aeβ(x+K[1])(β−γ)

)δ/λ
+ k

)
a

dK[1]





Maple 3� �
restart;
pde := a*exp(beta*x)*diff(w(x,y),x)+(b*exp(gamma*x+lambda*y))*diff(w(x,y),y) = (c*exp(mu*x+delta*y) + k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
e−x(β−γ)λb− e−λya(β − γ)

bλ (β − γ)

)
e

∫ x
c( a(β−γ)

e−_a(β−γ)bλ−e−x(β−γ)λb+e−λya(β−γ)

) δ
λ

eµ_a+k

e−β_ad_a

a

6.4.6.10 [1068] Problem 10

problem number 1068

Added Feb. 23, 2019.

Problem Chapter 4.3.1.10, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
aeλywx + beβxwy = (ceµx + k)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[lambda*x]*D[w[x, y], x] + b*Exp[beta*x]*D[w[x, y], y] == (c*Exp[mu*x] + k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → e−

cex(µ−λ)
λ−µ + ke

−λx
λ

a c1

(
bex(β−λ)

a(λ− β) + y

)}}



chapter 6. handbook of first order partial differential . . . 1229

Maple 3� �
restart;
pde := a*exp(lambda*x)*diff(w(x,y),x)+b*exp(beta*x)*diff(w(x,y),y) = (c*exp(mu*x) + k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−ex(β−λ)b+ ay(β − λ)

(β − λ) a

)
e

e−λx
(
eµxcλ−k(−λ+µ)

)
aλ(−λ+µ)

6.4.7 3.2

Local contents
6.4.7.1 [1069] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1229
6.4.7.2 [1070] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1230
6.4.7.3 [1071] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1230
6.4.7.4 [1072] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1231
6.4.7.5 [1073] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1231
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6.4.7.1 [1069] Problem 1

problem number 1069

Added Feb. 23, 2019.

Problem Chapter 4.3.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = (cyeλx + kxeµy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c*y*Exp[lambda*x] + k*x*Exp[mu*y])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
exp

(
−bce

λx

a2λ2
− akeµy

b2µ2 + cyeλx

aλ
+ kxeµy

bµ

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*diff(w(x,y),y) = (c*y*exp(lambda*x) + k*x*exp(mu*y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)
e
b2c µ2(aλy−b)eλx−a2k λ2eµy(−µbx+a)

a2λ2µ2b2
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6.4.7.2 [1070] Problem 2

problem number 1070

Added Feb. 23, 2019.

Problem Chapter 4.3.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
xwx + ywy = axeλx+µyw

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*Exp[lambda*x + mu*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(y
x

)
e
axeλx+µy
λx+µy

}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x)+y*diff(w(x,y),y) = a*x*exp(lambda*x+mu*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(y
x

)
e
a eλx+µyx
λx+µy

6.4.7.3 [1071] Problem 3

problem number 1071

Added Feb. 23, 2019.

Problem Chapter 4.3.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
xwx + ywy = (ayeλx + bxeµy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == (a*y*Exp[lambda*x] + b*x*Exp[mu*y])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(y
x

)
e
ayeλx

λx
+ bxeµy

µy

}}
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Maple 3� �
restart;
pde := x*diff(w(x,y),x)+y*diff(w(x,y),y) = (a*y*exp(lambda*x)+ b*x*exp(mu*y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(y
x

)
e
bx eµy
µy

+ ya eλx
xλ

6.4.7.4 [1072] Problem 4

problem number 1072

Added Feb. 23, 2019.

Problem Chapter 4.3.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
axkwx + beλywy = (cxn + s)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^k*D[w[x, y], x] + b*Exp[lambda*y]*D[w[x, y], y] == (c*x^n + s)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → e

x1−k
(

cxn

−k+n+1+ s
1−k

)
a c1

(
bx1−k

a(k − 1) −
e−λy

λ

)}}
Maple 3� �
restart;
pde := a*x^k*diff(w(x,y),x)+b*exp(lambda*y)*diff(w(x,y),y) = (c*x^n+s)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
x−k+1λb− e−λy(k − 1) a

bλ (k − 1)

)
e−

x−k+1( s
k−1+ xnc

k−n−1
)

a

6.4.7.5 [1073] Problem 5

problem number 1073

Added Feb. 23, 2019.

Problem Chapter 4.3.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
aykwx + beλxwy = (ceµx + s)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*y^k*D[w[x, y], x] + b*Exp[lambda*x]*D[w[x, y], y] == (c*Exp[mu*x] + s)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
yk+1

k + 1 − beλx

aλ

)
exp

−
yk+1

((
yk+1) 1

k+1
)−k (

cλeµxHypergeometric2F1
(
1, λ+kµ+µ

kλ+λ
, λ+µ

λ
, beλx(k+1)
beλx(k+1)−aλyk+1

)
− (k + 1)µsHypergeometric2F1

(
1, 1

k+1 ,
k+2
k+1 ,

aλyk+1

aλyk+1−beλx(k+1)

))
µ (b(k + 1)eλx − aλyk+1)





Maple 3� �
restart;
pde := a*y^k*diff(w(x,y),x)+b*exp(lambda*x)*diff(w(x,y),y) = (c*exp(mu*x)+s)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
a y1+kλ− eλx(1 + k) b

λa

)
e

∫ x(c eµ_a+s
)
a y1+kλ+b(1+k)

(
−eλx+eλ_a)

λa


1

1+k


−k

d_a

a

6.4.7.6 [1074] Problem 6

problem number 1074

Added Feb. 23, 2019.

Problem Chapter 4.3.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
aeλxwx + bykwy = (cxn + s)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[lambda*x]*D[w[x, y], x] + b*y^k*D[w[x, y], y] == (c*x^n + s)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
be−λx

aλ
− y1−k

k − 1

)
exp

(
−cx

n(λx)−nΓ(n+ 1, λx) + se−λx

aλ

)}}
Maple 3� �
restart;
pde := a*exp(lambda*x)*diff(w(x,y),x)+b*y^k*diff(w(x,y),y) = (c*x^n+s)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
aλ y1−k − e−λxb(k − 1)

λa

)
e

(λx)−
n
2 WhittakerM

(
n
2 ,
n
2 +1

2 ,λx
)
xnc e−

λx
2 −s

(
−1+e−λx

)
(n+1)

aλ(n+1)
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6.4.7.7 [1075] Problem 7

problem number 1075

Added Feb. 23, 2019.

Problem Chapter 4.3.2.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
aeλywx + bxkwy = (ceµx + s)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[lambda*y]*D[w[x, y], x] + b*x^k*D[w[x, y], y] == (c*Exp[mu*x] + s)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
eλy

λ
− bxk+1

ak + a

)
exp

(∫ x

1

(k + 1)
(
eµK[1]c+ s

)
aeλy(k + 1) + bλ (K[1]k+1 − xk+1)dK[1]

)}}

Maple 3� �
restart;
pde := a*exp(lambda*y)*diff(w(x,y),x)+b*x^k*diff(w(x,y),y) = (c*exp(mu*x)+s)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−xk+1λb+ a eλy(k + 1)

(k + 1)λb

)
e(k+1)

∫ x c eµ_a+s
_ak+1λb−xk+1λb+a eλy(k+1)

d_a

6.4.8 4.1
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6.4.8.1 [1076] Problem 1

problem number 1076

Added Feb. 23, 2019.

Problem Chapter 4.4.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = (c sinh(λx) + k sinh(µy))w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c*Sinh[lambda*x] + k*Sinh[mu*y])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
exp

(
1
2

(
ce−λx

(
e2λx + 1

)
aλ

+ ke−µy(e2µy + 1)
bµ

))}}

Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*diff(w(x,y),y) = (c*sinh(lambda*x) + k*sinh(mu*y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)
e
ka cosh(µy)λ+c cosh(λx)µb

aλµb

6.4.8.2 [1077] Problem 2

problem number 1077

Added Feb. 23, 2019.

Problem Chapter 4.4.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = c sinh(λx+ µy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Sinh[lambda*x + mu*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
exp

(
c
(
e−λx−µy + eλx+µy

)
2(aλ+ bµ)

)}}

Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*diff(w(x,y),y) = c*sinh(lambda*x+mu*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ay − bx

a

)
e
c cosh(λx+yµ)

aλ+bµ
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6.4.8.3 [1078] Problem 3

problem number 1078

Added Feb. 23, 2019.

Problem Chapter 4.4.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
xwx + ywy = ax sinh(λx+ µy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*Sinh[lambda*x + mu*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(y
x

)
exp

(∫ x

1
a sinh

((
λ+ µy

x

)
K[1]

)
dK[1]

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x)+y*diff(w(x,y),y) = a*x*sinh(lambda*x+mu*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(y
x

)
e
a cosh(λx+yµ)x

λx+yµ

6.4.8.4 [1079] Problem 4

problem number 1079

Added Feb. 23, 2019.

Problem Chapter 4.4.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b sinhn(λx)wy = (c sinhm(µx) + s sinhk(βy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Sinh[lambda*x]^n*D[w[x, y], y] == (c*Sinh[mu*x]^m + s*Sinh[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → c1

y − b
√

cosh2(λx)sech(λx) sinhn+1(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 ,− sinh2(λx)
)

aλn+ aλ

 exp


∫ x

1

s sinhk

(
β

(
−b
√

cosh2(λx)Hypergeometric2F1
( 1
2 ,
n+1
2 ,n+3

2 ,− sinh2(λx)
)
sech(λx) sinhn+1(λx)+b

√
cosh2(λK[1]) Hypergeometric2F1

( 1
2 ,
n+1
2 ,n+3

2 ,− sinh2(λK[1])
)
sech(λK[1]) sinhn+1(λK[1])+aλ(n+1)y

)
aλ(n+1)

)
+ c sinhm(µK[1])

a
dK[1]









chapter 6. handbook of first order partial differential . . . 1236

Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*sinh(lambda*x)^n*diff(w(x,y),y) = (c*sinh(mu*x)^m+s*sinh(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
b
∫
sinh (λx)n dx

a
+ y

)
e
∫ x(c sinh(µ_b)m+ssinh

(
β
(
b
∫
sinh(λ_b)nd_b−b

∫
sinh(λx)ndx+ya

)
a

)k)
d_b

a

6.4.8.5 [1080] Problem 5

problem number 1080

Added Feb. 23, 2019.

Problem Chapter 4.4.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b sinhn(λy)wy = (c sinhm(µx) + s sinhk(βy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Sinh[lambda*y]^n*D[w[x, y], y] == (c*Sinh[mu*x]^m + s*Sinh[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1


√

cosh2(λy)sech(λy) sinh1−n(λy)Hypergeometric2F1
(1
2 ,

1−n
2 , 3−n

2 ,− sinh2(λy)
)

λ− λn
− bx

a

 exp


∫ y

1

sinh−n(λK[1])
(
s sinhk(βK[1]) + c sinhm

(
−aµ

√
cosh2(λy)Hypergeometric2F1

( 1
2 ,

1−n
2 , 3−n2 ,− sinh2(λy)

)
sech(λy) sinh1−n(λy)+aµ

√
cosh2(λK[1]) Hypergeometric2F1

( 1
2 ,

1−n
2 , 3−n2 ,− sinh2(λK[1])

)
sech(λK[1]) sinh1−n(λK[1])+bλµx−bλµnx

bλ−bλn

))
b

dK[1]





Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*sinh(lambda*y)^n*diff(w(x,y),y) = (c*sinh(mu*x)^m+s*sinh(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
a
∫
sinh (λy)−n dy

b
+ x

)
e

∫ yc
− sinh

µ
(
a
∫
sinh(λy)−ndy−a

∫
sinh(λ_b)−nd_b−xb

)
b

m+s sinh(β_b)k
 sinh(λ_b)−nd_b

b
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6.4.9 4.2
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6.4.9.1 [1081] Problem 1

problem number 1081

Added Feb. 23, 2019.

Problem Chapter 4.4.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = (c cosh(λx) + k cosh(µy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c*Cosh[lambda*x] + k*Cosh[mu*y])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
exp

(
1
2

(
ce−λx

(
e2λx − 1

)
aλ

+ ke−µy(e2µy − 1)
bµ

))}}

Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*diff(w(x,y),y) = (c*cosh(lambda*x) + k*cosh(mu*y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)
e
ka sinh(µy)λ+c sinh(λx)µb

aλµb

6.4.9.2 [1082] Problem 2

problem number 1082

Added Feb. 23, 2019.

Problem Chapter 4.4.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = c cosh(λx+ µy)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Cosh[lambda*x + mu*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
exp

(
ce−λx−µy

(
e2λx+2µy − 1

)
2(aλ+ bµ)

)}}

Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*diff(w(x,y),y) = c*cosh(lambda*x+mu*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− xb

a

)
e

sinh(λx+yµ)c
aλ+bµ

6.4.9.3 [1083] Problem 3

problem number 1083

Added Feb. 23, 2019.

Problem Chapter 4.4.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
xwx + ywy = ax cosh(λx+ µy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*Cosh[lambda*x + mu*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(y
x

)
exp

(∫ x

1
a cosh

((
λ+ µy

x

)
K[1]

)
dK[1]

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x)+y*diff(w(x,y),y) = a*x*cosh(lambda*x+mu*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(y
x

)
e
a sinh(λx+µy)x

λx+µy
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6.4.9.4 [1084] Problem 4

problem number 1084

Added Feb. 23, 2019.

Problem Chapter 4.4.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b coshn(λx)wy = (c coshm(µx) + s coshk(βy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Cosh[lambda*x]^n*D[w[x, y], y] == (c*Cosh[mu*x]^m + s*Cosh[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → c1

b sinh(λx) coshn+1(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cosh2(λx)
)

(aλn+ aλ)
√
− sinh2(λx)

+ y

 exp


∫ x

1

s coshk

β

(
bHypergeometric2F1

(
1
2 ,
n+1
2 , n+3

2 ,cosh2(λx)
)
sinh(λx) coshn+1(λx)√

− sinh2(λx)
+aλ(n+1)y+b coshn+1(λK[1])csch(λK[1]) Hypergeometric2F1

( 1
2 ,
n+1
2 ,n+3

2 ,cosh2(λK[1])
)√

− sinh2(λK[1])
)

aλ(n+1)

+ c coshm(µK[1])

a
dK[1]






Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*cosh(lambda*x)^n*diff(w(x,y),y) = (c*cosh(mu*x)^m+s*cosh(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
b
∫
cosh (λx)n dx

a
+ y

)
e
∫ x(c cosh(µ_b)m+scosh

(
β
(
b
∫
cosh(λ_b)nd_b−b

∫
cosh(λx)ndx+ya

)
a

)k)
d_b

a

6.4.9.5 [1085] Problem 5

problem number 1085

Added Feb. 23, 2019.

Problem Chapter 4.4.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b coshn(λy)wy = (c coshm(µx) + s coshk(βy))w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Cosh[lambda*y]^n*D[w[x, y], y] == (c*Cosh[mu*x]^m + s*Cosh[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → c1


√

− sinh2(λy)csch(λy) cosh1−n(λy)Hypergeometric2F1
(1
2 ,

1−n
2 , 3−n

2 , cosh2(λy)
)

λ− λn
− bx

a

 exp


∫ y

1

cosh−n(λK[1])

s coshk(βK[1]) + c coshm

µ

(
aHypergeometric2F1

(
1
2 ,

1−n
2 , 3−n2 ,cosh2(λy)

)
sinh(λy) cosh1−n(λy)√

− sinh2(λy)
−bλ(n−1)x+a cosh1−n(λK[1])csch(λK[1]) Hypergeometric2F1

( 1
2 ,

1−n
2 , 3−n2 ,cosh2(λK[1])

)√
− sinh2(λK[1])

)
bλ(n−1)




b
dK[1]






Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*cosh(lambda*y)^n*diff(w(x,y),y) = (c*cosh(mu*x)^m+s*cosh(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
a
∫
cosh (λy)−n dy

b
+ x

)
e

∫ yccosh
µ

(
a
∫
cosh(λ_b)−nd_b−a

∫
cosh(λy)−ndy+xb

)
b

m+s cosh(β_b)k
 cosh(λ_b)−nd_b

b

6.4.10 4.3
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6.4.10.1 [1086] Problem 1

problem number 1086

Added Feb. 23, 2019.

Problem Chapter 4.4.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = (c tanh(λx) + k tanh(µy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c*Tanh[lambda*x] + k*Tanh[mu*y])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → cosh

c
aλ (λx) cosh

k
bµ (µy)c1

(
y − bx

a

)}}
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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*diff(w(x,y),y) = (c*tanh(lambda*x) + k*tanh(mu*y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− xb

a

)
cosh (λx)

c
aλ cosh (µy)

k
µb

6.4.10.2 [1087] Problem 2

problem number 1087

Added Feb. 23, 2019.

Problem Chapter 4.4.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = c tanh(λx+ µy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Tanh[lambda*x + mu*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
cosh

c
aλ+bµ (λx+ µy)

}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*diff(w(x,y),y) = c*tanh(lambda*x+mu*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)
cosh (λx+ µy)

c
aλ+bµ

6.4.10.3 [1088] Problem 3

problem number 1088

Added Feb. 23, 2019.

Problem Chapter 4.4.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
xwx + ywy = ax tanh(λx+ µy)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*Tanh[lambda*x + mu*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(y
x

)
cosh

ax
λx+µy (λx+ µy)

}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x)+y*diff(w(x,y),y) = a*x*tanh(lambda*x+mu*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(y
x

)
cosh (λx+ yµ)

ax
λx+yµ

6.4.10.4 [1089] Problem 4

problem number 1089

Added Feb. 23, 2019.

Problem Chapter 4.4.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b tanhn(λx)wy = (c tanhm(µx) + s tanhk(βy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Tanh[lambda*x]^n*D[w[x, y], y] == (c*Tanh[mu*x]^m + s*Tanh[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
y −

b tanhn+1(λx)Hypergeometric2F1
(
1, n+1

2 , n+3
2 , tanh2(λx)

)
aλn+ aλ

)
exp

∫ x

1

s tanhk
(

β
(
−bHypergeometric2F1

(
1,n+1

2 ,n+3
2 ,tanh2(λx)

)
tanhn+1(λx)+bHypergeometric2F1

(
1,n+1

2 ,n+3
2 ,tanh2(λK[1])

)
tanhn+1(λK[1])+aλ(n+1)y

)
aλ(n+1)

)
+ c tanhm(µK[1])

a
dK[1]




Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*tanh(lambda*x)^n*diff(w(x,y),y) = (c*tanh(mu*x)^m+s*tanh(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
b
∫
tanh (λx)n dx

a
+ y

)
e
∫ x(c tanh(µ_b)m+stanh

(
β
(
b
∫
tanh(λ_b)nd_b−b

∫
tanh(λx)ndx+ya

)
a

)k)
d_b

a



chapter 6. handbook of first order partial differential . . . 1243

6.4.10.5 [1090] Problem 5

problem number 1090

Added Feb. 23, 2019.

Problem Chapter 4.4.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b tanhn(λy)wy = (c tanhm(µx) + s tanhk(βy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Tanh[lambda*y]^n*D[w[x, y], y] == (c*Tanh[mu*x]^m + s*Tanh[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
tanh1−n(λy)Hypergeometric2F1

(
1, 1−n

2 , 3−n
2 , tanh2(λy)

)
λ− λn

− bx

a

)
exp

∫ y

1

tanh−n(λK[1])
(
s tanhk(βK[1]) + c tanhm

(
−aµHypergeometric2F1

(
1, 1−n2 , 3−n2 ,tanh2(λy)

)
tanh1−n(λy)+aµHypergeometric2F1

(
1, 1−n2 , 3−n2 ,tanh2(λK[1])

)
tanh1−n(λK[1])+bλµx−bλµnx

bλ−bλn

))
b

dK[1]




Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*tanh(lambda*y)^n*diff(w(x,y),y) = (c*tanh(mu*x)^m+s*tanh(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
a
∫
tanh (λy)−n dy

b
+ x

)
e

∫ yc
− tanh

µ
(
a
∫
tanh(λy)−ndy−a

∫
tanh(λ_b)−nd_b−xb

)
b

m+s tanh(β_b)k
 tanh(λ_b)−nd_b

b

6.4.11 4.4
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6.4.11.1 [1091] Problem 1

problem number 1091

Added Feb. 23, 2019.

Problem Chapter 4.4.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = (c coth(λx) + k coth(µy))w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c*Coth[lambda*x] + k*Coth[mu*y])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → sinh

c
aλ (λx) sinh

k
bµ (µy)c1

(
y − bx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*diff(w(x,y),y) = (c*coth(lambda*x) + k*coth(mu*y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)
sinh (λx)

c
aλ sinh (µy)

k
µb

6.4.11.2 [1092] Problem 2

problem number 1092

Added Feb. 23, 2019.

Problem Chapter 4.4.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = c coth(λx+ µy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Coth[lambda*x + mu*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
sinh

c
aλ+bµ (λx+ µy)

}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*diff(w(x,y),y) = c*coth(lambda*x+mu*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)
sinh (λx+ µy)

c
aλ+bµ
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6.4.11.3 [1093] Problem 3

problem number 1093

Added Feb. 23, 2019.

Problem Chapter 4.4.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
xwx + ywy = ax coth(λx+ µy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*Coth[lambda*x + mu*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(y
x

)
sinh

ax
λx+µy (λx+ µy)

}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x)+y*diff(w(x,y),y) = a*x*coth(lambda*x+mu*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(y
x

)
sinh (λx+ µy)

ax
λx+µy

6.4.11.4 [1094] Problem 4

problem number 1094

Added Feb. 23, 2019.

Problem Chapter 4.4.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b cothn(λx)wy = (c cothm(µx) + s cothk(βy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Coth[lambda*x]^n*D[w[x, y], y] == (c*Coth[mu*x]^m + s*Coth[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
y −

b cothn+1(λx)Hypergeometric2F1
(
1, n+1

2 , n+3
2 , coth2(λx)

)
aλn+ aλ

)
exp

∫ x

1

s cothk
(

β
(
−bHypergeometric2F1

(
1,n+1

2 ,n+3
2 ,coth2(λx)

)
cothn+1(λx)+aλ(n+1)y+b cothn+1(λK[1]) Hypergeometric2F1

(
1,n+1

2 ,n+3
2 ,coth2(λK[1])

))
aλ(n+1)

)
+ c cothm(µK[1])

a
dK[1]



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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*coth(lambda*x)^n*diff(w(x,y),y) = (c*coth(mu*x)^m+s*coth(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
b
∫
coth (λx)n dx

a
+ y

)
e
∫ x(c coth(µ_b)m+scoth

(
β
(
−b
∫
coth(λx)ndx+b

∫
coth(λ_b)nd_b+ya

)
a

)k)
d_b

a

6.4.11.5 [1095] Problem 5

problem number 1095

Added Feb. 23, 2019.

Problem Chapter 4.4.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b cothn(λy)wy = (c cothm(µx) + s cothk(βy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Coth[lambda*y]^n*D[w[x, y], y] == (c*Coth[mu*x]^m + s*Coth[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
coth1−n(λy)Hypergeometric2F1

(
1, 1−n

2 , 3−n
2 , coth2(λy)

)
λ− λn

− bx

a

)
exp

∫ y

1

(
s cothk(βK[1]) + c cothm

(
−aµHypergeometric2F1

(
1, 1−n2 , 3−n2 ,coth2(λy)

)
coth1−n(λy)+bλµx−bλµnx+aµ coth1−n(λK[1]) Hypergeometric2F1

(
1, 1−n2 , 3−n2 ,coth2(λK[1])

)
bλ−bλn

))
coth−n(λK[1])

b
dK[1]




Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*coth(lambda*y)^n*diff(w(x,y),y) = (c*coth(mu*x)^m+s*coth(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
a
∫
coth (λy)−n dy

b
+ x

)
e

∫ yccoth
µ

(
a
∫
coth(λ_b)−nd_b−a

∫
coth(λy)−ndy+xb

)
b

m+s coth(β_b)k
 coth(λ_b)−nd_b

b
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6.4.12.1 [1096] Problem 1

problem number 1096

Added Feb. 23, 2019.

Problem Chapter 4.4.5.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = (c sinh(λx) + k cosh(µy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c*Sinh[lambda*x] + k*Cosh[mu*y])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
exp

(
1
2

(
ce−λx

(
e2λx + 1

)
aλ

+ ke−µy(e2µy − 1)
bµ

))}}

Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*diff(w(x,y),y) = (c*sinh(lambda*x) + k*cosh(mu*y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ay − bx

a

)
e
ka sinh(µy)λ+c cosh(λx)µb

aλµb

6.4.12.2 [1097] Problem 2

problem number 1097

Added Feb. 23, 2019.

Problem Chapter 4.4.5.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = (tanh(λx) + k coth(µy))w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (Tanh[lambda*x] + k*Coth[mu*y])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → aλ

√
cosh(λx) sinh

k
bµ (µy)c1

(
y − bx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*diff(w(x,y),y) = (tanh(lambda*x)+k*coth(mu*y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)
sinh (µy)

k
µb cosh (λx)

1
aλ

6.4.12.3 [1098] Problem 3

problem number 1098

Added Feb. 23, 2019.

Problem Chapter 4.4.5.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
wx + a sinh(µy)wy = b cosh(λx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Sinh[mu*y]*D[w[x, y], y] == b*Cosh[lambda*x]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{
w(x, y) → c1

(
−aµx+ arctanh(cosh(µy))

µ

)
exp

(∫ x

1
b cosh(λK[1])dK[1]

)}
{
w(x, y) → c1

(
−aµx+ arctanh(cosh(µy))

µ

)
exp

(∫ x

1
b cosh(λK[2])dK[2]

)}

Maple 3� �
restart;
pde := diff(w(x,y),x)+a*sinh(mu*y)*diff(w(x,y),y) = b*cosh(lambda*x)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−xaµ− 2 arctanh (eµy)

aµ

)
e
b sinh(λx)

λ
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6.4.12.4 [1099] Problem 4

problem number 1099

Added Feb. 23, 2019.

Problem Chapter 4.4.5.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
wx + a sinh(µy)wy = b tanh(λx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Sinh[mu*y]*D[w[x, y], y] == b*Tanh[lambda*x]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → cosh

b
λ (λx)c1

(
−aµx+ arctanh(cosh(µy))

µ

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+a*sinh(mu*y)*diff(w(x,y),y) = b*tanh(lambda*x)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−xaµ− 2 arctanh (eµy)

aµ

)
cosh (λx)

b
λ

6.4.12.5 [1100] Problem 5

problem number 1100

Added Feb. 23, 2019.

Problem Chapter 4.4.5.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
a sinh(λx)wx + b cosh(µy)wy = w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Sinh[lambda*x]*D[w[x, y], x] + b*Cosh[mu*y]*D[w[x, y], y] == w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → e−

arctanh(cosh(λx))
aλ c1

(
barctanh(cosh(λx))

aλ
− cot−1(sinh(µy))

µ

)}}
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Maple 3� �
restart;
pde := a*sinh(lambda*x)*diff(w(x,y),x)+b*cosh(mu*y)^n*diff(w(x,y),y) = w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫
cosh (µy)−n dyaλ− 2b arctanh

(
eλx
)

aλ

)
e
∫
cosh(µy)−ndy

b

6.4.12.6 [1101] Problem 6

problem number 1101

Added Feb. 23, 2019.

Problem Chapter 4.4.5.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
a tanh(λx)wx + b coth(µy)wy = w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Tanh[lambda*x]*D[w[x, y], x] + b*Coth[mu*y]*D[w[x, y], y] == w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → aλ

√
sinh(λx)c1

(
−2a cosh(µy) sinh− bµ

aλ (λx)
µ

)}}

Maple 3� �
restart;
pde := a*tanh(lambda*x)*diff(w(x,y),x)+b*coth(mu*y)*diff(w(x,y),y) = w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y),'build')),output='realtime'));� �

w(x, y) = f1

(
−bµ ln

(
e2λx − 1

)
+ ln (− cosh (µy)) aλ+ bµ(λx+ ln (2))

λbµ

)
sinh (λx)

1
aλ

6.4.13 5.1
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6.4.13.1 [1102] Problem 1

problem number 1102

Added Feb. 25, 2019.

Problem Chapter 4.5.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = c ln(λx+ βy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Log[lambda*x + beta*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
y − bx

a

)
exp

c
(

(aβy−bβx) log(a(βy+λx))
aλ+bβ

+ x log(βy + λx)− x
)

a




Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*diff(w(x,y),y) = c*ln(lambda*x + beta*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− xb

a

)
(βy + λx)

c(βy+λx)
λa+bβ e−

c(βy+λx)
λa+bβ

6.4.13.2 [1103] Problem 2

problem number 1103

Added Feb. 25, 2019.

Problem Chapter 4.5.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = (c ln(λx) + k ln(βy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c*Log[lambda*x] + k*Log[beta*y])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → e−

x(c+k)
a (λx) cxa (βy)

ky
b c1

(
y − bx

a

)}}
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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*diff(w(x,y),y) = (c*ln(lambda*x)+k*ln(beta*y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ay − bx

a

)
(λx)

cx
a (βy)

ky
b e

−kay−bcx
ab

6.4.13.3 [1104] Problem 3

problem number 1104

Added Feb. 25, 2019.

Problem Chapter 4.5.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b lnn(λx)wy =
(
c lnm(µx) + s lnk(βy)

)
w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Log[lambda*x]^n*D[w[x, y], y] == (c*Log[lambda*x]^m + s*Log[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
y −

∫ x

1

b logn(λK[1])
a

dK[1]
)
exp

∫ x

1

s logk
(
β
(
y −

∫ x

1
b logn(λK[1])

a
dK[1] +

∫ K[2]
1

b logn(λK[1])
a

dK[1]
))

+ c logm(λK[2])
a

dK[2]




Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*ln(lambda*x)^n*diff(w(x,y),y) = (c*ln(lambda*x)^m+s*ln(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
b
∫
ln (λx)n dx

a
+ y

)
e
∫ x(c ln(λ_b)m+sln

(
β
(
b
∫
ln(λ_b)nd_b−b

∫
ln(λx)ndx+ya

)
a

)k)
d_b

a
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6.4.13.4 [1105] Problem 4

problem number 1105

Added Feb. 25, 2019.

Problem Chapter 4.5.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b lnn(λy)wy =
(
c lnm(µx) + s lnk(βy)

)
w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Log[lambda*y]^n*D[w[x, y], y] == (c*Log[lambda*x]^m + s*Log[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(∫ y

1
log−n(λK[1])dK[1]− bx

a

)
exp

∫ y

1

log−n(λK[2])
(
s logk(βK[2]) + c logm

(
λ
(
bx−a

∫ y
1 log−n(λK[1])dK[1]+a

∫K[2]
1 log−n(λK[1])dK[1]

)
b

))
b

dK[2]





Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*ln(lambda*y)^n*diff(w(x,y),y) = (c*ln(lambda*x)^m+s*ln(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
a
∫
ln (λy)−n dy

b
+ x

)
e

∫ ycln
λ

(
a
∫
ln(λ_b)−nd_b−a

∫
ln(λy)−ndy+xb

)
b

m+s ln(β_b)k
 ln(λ_b)−nd_b

b

6.4.13.5 [1106] Problem 5

problem number 1106

Added Feb. 25, 2019.

Problem Chapter 4.5.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

ln(βy)wx + a ln(λx)wy = bw ln(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = Log[beta*y]*D[w[x, y], x] + a*Log[lambda*x]*D[w[x, y], y] == b*w[x, y]*Log[beta*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → ebxc1

(
y
(
log
(
βye

ax
y x−

ax
y λ−

ax
y

)
− 1
))}}
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Maple 3� �
restart;
pde := ln(beta*y)*diff(w(x,y),x)+a*ln(lambda*x)*diff(w(x,y),y) = b*w(x,y)*ln(beta*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−x ln (λx) a+ y ln (βy) + xa− y

a

)
ebx

6.4.13.6 [1107] Problem 6

problem number 1107

Added Feb. 25, 2019.

Problem Chapter 4.5.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a ln(λx)nwx + b ln(βy)kwy = c ln(γx)mw

Mathematica 7� �
ClearAll["Global`*"];
pde = a*Log[lambda*x]^n*D[w[x, y], x] + b*Log[beta*y]^k*D[w[x, y], y] == c*Log[gamma*x]^m*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := a*ln(lambda*x)^n*diff(w(x,y),x)+b*ln(beta*y)^k*diff(w(x,y),y) = c*log(gamma*x)^m*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫

ln (λx)−n dx+ a
∫
ln (βy)−k dy

b

)
e
c
∫
ln(γx)m ln(λx)−ndx

a
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6.4.14.1 [1108] Problem 1

problem number 1108

Added Feb. 25, 2019.

Problem Chapter 4.5.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = (cxn + s lnk(λy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c*x^n + s*Log[gamma*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

(
y − bx

a

)
exp

∫ x

1

s logk
(
γ
(
y + b(K[1]−x)

a

))
+ cK[1]n

a
dK[1]




Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*diff(w(x,y),y) = (c*x^n+s*ln(gamma*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ay − bx

a

)
e
∫ x(c_an+s ln

(
(ay−b(x−_a))γ

a

)k)
d_a

a

6.4.14.2 [1109] Problem 2

problem number 1109

Added Feb. 25, 2019.

Problem Chapter 4.5.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + awy = (by2 + cxny + s lnk(λx))w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*D[w[x, y], y] == (b*y^2 + c*x^n*y + s*Log[lambda*x]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1(y − ax) exp
(∫ x

1

(
s logk(λK[1]) + (y + a(K[1]− x)) (cK[1]n + by + ab(K[1]− x))

)
dK[1]

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+a*diff(w(x,y),y) = (b*y^2+c*x^n*y+ s*ln(lambda*x)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1(−ax+ y) e
∫ x(s ln(λ_a)k+ac_a1+n−c(ax−y)_an+b((x−_a)a−y)2

)
d_a

6.4.14.3 [1110] Problem 3

problem number 1110

Added March 9, 2019.

Problem Chapter 4.5.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + awy = b lnk(λx) lnn(βy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*D[w[x, y], y] == b*Log[lambda*x]^k*Log[beta*y]^n*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1(y − ax) exp

(∫ x

1
b logk(λK[1]) logn(β(y + a(K[1]− x)))dK[1]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+a*diff(w(x,y),y) = b*ln(lambda*x)^k*ln(beta*y)^n*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1(−ax+ y) eb
∫ x ln(λ_a)k ln(−((x−_a)a−y)β)nd_a

6.4.14.4 [1111] Problem 4

problem number 1111

Added March 9, 2019.

Problem Chapter 4.5.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + (ay + bxn)wy = c lnk(λx)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*y + b*x^n)*D[w[x, y], y] == c*Log[lambda*x]^k*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
ba−n−1Γ(n+ 1, ax) + ye−ax

)
exp

(∫ x

1
c logk(λK[1])dK[1]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+(a*y+b*x^n)*diff(w(x,y),y) = c*ln(lambda*x)^k*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(ax)−
n
2

(
−e−ax

2 b xnWhittakerM
(
n
2 ,

n
2 + 1

2 , ax
)
+ e−axya(ax)

n
2 (n+ 1)

)
a (n+ 1)

 ec
∫
ln(λx)kdx

6.4.14.5 [1112] Problem 5

problem number 1112

Added March 9, 2019.

Problem Chapter 4.5.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axwx + bywy = xk(n ln x+m ln y)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == x^k*(n*Log[x] + m*Log[y])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
yx−

b
a

)
exp

(
xk(akm log(y) + akn log(x)− an− bm)

a2k2

)}}
Maple 3� �
restart;
pde := a*x*diff(w(x,y),x)+ b*y*diff(w(x,y),y) = x^k*(n*ln(x)+m*ln(y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(
y x−

b
a

)(
x
b
a

)xkm
ak
(
y x−

b
a

)xkm
ak

x
xkn
ak e−

xk

(
ima

(
csgn(iy) csgn

(
ix
b
a

)
−1
)
πk csgn

(
iy x

− b
a

)
+iπakm csgn(iy)−iπakm csgn

(
ix
b
a

)
+2na+2mb

)
2a2k2
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6.4.14.6 [1113] Problem 6

problem number 1113

Added March 9, 2019.

Problem Chapter 4.5.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axkwx + bynwy = (c lnm(λx) + s lnt(βy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^k*D[w[x, y], x] + b*y^n*D[w[x, y], y] == (c*Log[lambda*x]^m + s*Log[beta*y]^t)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
bx1−k

a(k − 1) −
y1−n

n− 1

)
exp

∫ x

1

K[1]−k

(
c logm(λK[1]) + s logt

(
β
(

a(k−1)xkynK[1]k
a(k−1)xkyK[1]k−b(n−1)yn

(
xK[1]k−xkK[1]

)) 1
n−1
))

a
dK[1]





Maple 3� �
restart;
pde := a*x^k*diff(w(x,y),x)+ b*y^n*diff(w(x,y),y) = (c*ln(lambda*x)^m+s*ln(beta*y)^t)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−b x−k+1(n− 1) + y1−n(k − 1) a

(k − 1) a

)
e

∫ x _a−k

c ln(λ_a)m+sln

β
_a−k

(
−b_ak(n−1)x−k+1+a_ak(k−1)y1−n+(n−1)b_a

)
(k−1)a

− 1
n−1


t
d_a

a

6.4.15 6.1
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6.4.15.1 [1114] Problem 1

problem number 1114

Added March 9, 2019.

Problem Chapter 4.6.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c sin(λx+ µy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Sin[lambda*x + mu*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
e−

c cos(λx+µy)
aλ+bµ

}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*sin(lambda*x+mu*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ay − xb

a

)
e−

c cos(λx+yµ)
aλ+bµ

6.4.15.2 [1115] Problem 2

problem number 1115

Added March 9, 2019.

Problem Chapter 4.6.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = (c sin(λx) + k sin(µy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c*Sin[lambda*x] + k*Sin[mu*y])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
e−

c cos(λx)
aλ

− k cos(µy)
bµ

}}
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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = (c*sin(lambda*x)+k*sin(mu*y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ay − xb

a

)
e

−ka cos(µy)λ−c cos(λx)µb
aλµb

6.4.15.3 [1116] Problem 3

problem number 1116

Added March 9, 2019.

Problem Chapter 4.6.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = ax sin(λx+ µy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*Sin[lambda*x + mu*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(y
x

)
exp

(∫ x

1
a sin

((
λ+ µy

x

)
K[1]

)
dK[1]

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ y*diff(w(x,y),y) = a*x*sin(lambda*x+mu*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(y
x

)
e−

a cos(λx+µy)x
λx+µy

6.4.15.4 [1117] Problem 4

problem number 1117

Added March 9, 2019.

Problem Chapter 4.6.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b sinn(λx)wy = (c sinm(µx) + s sink(βy))w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Sin[lambda*x]^n*D[w[x, y], y] == (c*Sin[mu*x]^m + s*Sin[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
y −

b
√

cos2(λx) sec(λx) sinn+1(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , sin2(λx)
)

aλn+ aλ

)
exp

∫ x

1

s sink

(
β
(
−b
√

cos2(λx)Hypergeometric2F1
( 1
2 ,
n+1
2 ,n+3

2 ,sin2(λx)
)
sec(λx) sinn+1(λx)+b

√
cos2(λK[1]) Hypergeometric2F1

( 1
2 ,
n+1
2 ,n+3

2 ,sin2(λK[1])
)
sec(λK[1]) sinn+1(λK[1])+aλ(n+1)y

)
aλ(n+1)

)
+ c sinm(µK[1])

a
dK[1]





Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*sin(lambda*x)^n*diff(w(x,y),y) = (c*sin(mu*x)^m+s*sin(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
b
∫
sin (λx)n dx

a
+ y

)
e
∫ x(c sin(µ_b)m+ssin

(
β
(
−b
∫
sin(λx)ndx+b

∫
sin(λ_b)nd_b+ya

)
a

)k)
d_b

a

6.4.15.5 [1118] Problem 5

problem number 1118

Added March 9, 2019.

Problem Chapter 4.6.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b sinn(λy)wy = (c sinm(µx) + s sink(βy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Sin[lambda*y]^n*D[w[x, y], y] == (c*Sin[mu*x]^m + s*Sin[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(√
cos2(λy) sec(λy) sin1−n(λy)Hypergeometric2F1

(1
2 ,

1−n
2 , 3−n

2 , sin2(λy)
)

λ− λn
− bx

a

)
exp

∫ y

1

sin−n(λK[1])
(
s sink(βK[1]) + c sinm

(
−aµ

√
cos2(λy)Hypergeometric2F1

( 1
2 ,

1−n
2 , 3−n2 ,sin2(λy)

)
sec(λy) sin1−n(λy)+aµ

√
cos2(λK[1]) Hypergeometric2F1

( 1
2 ,

1−n
2 , 3−n2 ,sin2(λK[1])

)
sec(λK[1]) sin1−n(λK[1])+bλµx−bλµnx

bλ−bλn

))
b

dK[1]






chapter 6. handbook of first order partial differential . . . 1262

Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*sin(lambda*y)^n*diff(w(x,y),y) = (c*sin(mu*x)^m+s*sin(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
a
∫
sin (λy)−n dy

b
+ x

)
e

∫ ycsin
µ

(
a
∫
sin(λ_b)−nd_b−a

∫
sin(λy)−ndy+xb

)
b

m+s sin(β_b)k
 sin(λ_b)−nd_b

b

6.4.16 6.2

Local contents
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6.4.16.1 [1119] Problem 1

problem number 1119

Added March 9, 2019.

Problem Chapter 4.6.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c cos(λx+ µy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Cos[lambda*x + mu*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
e
c sin(λx+µy)

aλ+bµ

}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*cos(lambda*x+mu*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− xb

a

)
e
c sin(λx+µy)

aλ+bµ
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6.4.16.2 [1120] Problem 2

problem number 1120

Added March 9, 2019.

Problem Chapter 4.6.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = (c cos(λx) + k cos(µy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c*Cos[lambda*x] + k*Cos[mu*y])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
y − bx

a

)
exp

(
−1
2i
(
ce−iλx

(
−1 + e2iλx

)
aλ

+ ke−iµy(−1 + e2iµy)
bµ

))}}

Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = (c*cos(lambda*x)+k*cos(mu*y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)
e
ka sin(µy)λ+c sin(λx)µb

aλµb

6.4.16.3 [1121] Problem 3

problem number 1121

Added March 9, 2019.

Problem Chapter 4.6.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = ax cos(λx+ µy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*Cos[lambda*x + mu*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(y
x

)
exp

(∫ x

1
a cos

((
λ+ µy

x

)
K[1]

)
dK[1]

)}}
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Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ y*diff(w(x,y),y) = a*x*cos(lambda*x+mu*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(y
x

)
e
a sin(λx+µy)x

λx+µy

6.4.16.4 [1122] Problem 4

problem number 1122

Added March 9, 2019.

Problem Chapter 4.6.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b cosn(λx)wy = (c cosm(µx) + s cosk(βy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Cos[lambda*x]^n*D[w[x, y], y] == (c*Cos[mu*x]^m + s*Cos[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
b
√
sin2(λx) csc(λx) cosn+1(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)

aλn+ aλ
+ y

)
exp

∫ x

1

s cosk
(

β
(
b csc(λx)Hypergeometric2F1

( 1
2 ,
n+1
2 ,n+3

2 ,cos2(λx)
)√

sin2(λx) cosn+1(λx)+aλ(n+1)y−b cosn+1(λK[1]) csc(λK[1]) Hypergeometric2F1
( 1
2 ,
n+1
2 ,n+3

2 ,cos2(λK[1])
)√

sin2(λK[1])
)

aλ(n+1)

)
+ c cosm(µK[1])

a
dK[1]





Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*cos(lambda*x)^n*diff(w(x,y),y) = (c*cos(mu*x)^m+s*cos(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
b
∫
cos (λx)n dx

a
+ y

)
e
∫ x(c cos(µ_b)m+scos

(
β
(
−b
∫
cos(λx)ndx+b

∫
cos(λ_b)nd_b+ya

)
a

)k)
d_b

a
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6.4.16.5 [1123] Problem 5

problem number 1123

Added March 9, 2019.

Problem Chapter 4.6.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b cosn(λy)wy = (c cosm(µx) + s cosk(βy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Cos[lambda*y]^n*D[w[x, y], y] == (c*Cos[mu*x]^m + s*Cos[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(√
sin2(λy) csc(λy) cos1−n(λy)Hypergeometric2F1

(1
2 ,

1−n
2 , 3−n

2 , cos2(λy)
)

λ(n− 1) − bx

a

)
exp

∫ y

1

cos−n(λK[1])
(
s cosk(βK[1]) + c cosm

(
µ
(
a csc(λy)Hypergeometric2F1

( 1
2 ,

1−n
2 , 3−n2 ,cos2(λy)

)√
sin2(λy) cos1−n(λy)−bλ(n−1)x−a cos1−n(λK[1]) csc(λK[1]) Hypergeometric2F1

( 1
2 ,

1−n
2 , 3−n2 ,cos2(λK[1])

)√
sin2(λK[1])

)
bλ(n−1)

))
b

dK[1]





Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*cos(lambda*y)^n*diff(w(x,y),y) = (c*cos(mu*x)^m+s*cos(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
a
∫
cos (λy)−n dy

b
+ x

)
e

∫ yccos
µ

(
a
∫
cos(λy)−ndy−a

∫
cos(λ_b)−nd_b−xb

)
b

m+s cos(β_b)k
 cos(λ_b)−nd_b

b

6.4.17 6.3

Local contents
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6.4.17.1 [1124] Problem 1

problem number 1124

Added March 9, 2019.

Problem Chapter 4.6.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c tan(λx+ µy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Tan[lambda*x + mu*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
cos−

c
aλ+bµ (λx+ µy)

}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*tan(lambda*x+mu*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− xb

a

)(
sec (λx+ µy)2

) c
2aλ+2bµ

6.4.17.2 [1125] Problem 2

problem number 1125

Added March 9, 2019.

Problem Chapter 4.6.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = (c tan(λx) + k tan(µy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c*Tan[lambda*x] + k*Tan[mu*y])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → cos− c

aλ (λx) cos−
k
bµ (µy)c1

(
y − bx

a

)}}
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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = (c*tan(lambda*x)+k*tan(mu*y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)(
sec (λx)2

) c
2aλ
(
sec (µy)2

) k
2µb

6.4.17.3 [1126] Problem 3

problem number 1126

Added March 9, 2019.

Problem Chapter 4.6.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = ax tan(λx+ µy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*Tan[lambda*x + mu*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(y
x

)
cos−

ax
λx+µy (λx+ µy)

}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ y*diff(w(x,y),y) = a*x*tan(lambda*x+mu*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(y
x

) (
sec (λx+ yµ)2

) ax
2λx+2yµ

6.4.17.4 [1127] Problem 4

problem number 1127

Added March 9, 2019.

Problem Chapter 4.6.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b tann(λx)wy = (c tanm(µx) + s tank(βy))w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Tan[lambda*x]^n*D[w[x, y], y] == (c*Tan[mu*x]^m + s*Tan[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
y −

b tann+1(λx)Hypergeometric2F1
(
1, n+1

2 , n+3
2 ,− tan2(λx)

)
aλn+ aλ

)
exp

∫ x

1

s tank
(

β
(
−bHypergeometric2F1

(
1,n+1

2 ,n+3
2 ,− tan2(λx)

)
tann+1(λx)+bHypergeometric2F1

(
1,n+1

2 ,n+3
2 ,− tan2(λK[1])

)
tann+1(λK[1])+aλ(n+1)y

)
aλ(n+1)

)
+ c tanm(µK[1])

a
dK[1]




Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*tan(lambda*x)^n*diff(w(x,y),y) = (c*tan(mu*x)^m+s*tan(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
b
∫
tan (λx)n dx

a
+ y

)
e
∫ x(c tan(µ_b)m+stan

(
β
(
b
∫
tan(λ_b)nd_b−b

∫
tan(λx)ndx+ya

)
a

)k)
d_b

a

6.4.17.5 [1128] Problem 5

problem number 1128

Added March 9, 2019.

Problem Chapter 4.6.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b tann(λy)wy = (c tanm(µx) + s tank(βy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Tan[lambda*y]^n*D[w[x, y], y] == (c*Tan[mu*x]^m + s*Tan[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
tan1−n(λy)Hypergeometric2F1

(
1, 1−n

2 , 3−n
2 ,− tan2(λy)

)
λ− λn

− bx

a

)
exp

∫ y

1

tan−n(λK[1])
(
s tank(βK[1]) + c tanm

(
−aµHypergeometric2F1

(
1, 1−n2 , 3−n2 ,− tan2(λy)

)
tan1−n(λy)+aµHypergeometric2F1

(
1, 1−n2 , 3−n2 ,− tan2(λK[1])

)
tan1−n(λK[1])+bλµx−bλµnx

bλ−bλn

))
b

dK[1]




Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*tan(lambda*y)^n*diff(w(x,y),y) = (c*tan(mu*x)^m+s*tan(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
a
∫
tan (λy)−n dy

b
+ x

)
e

∫ yctan
µ

(
a
∫
tan(λ_b)−nd_b−a

∫
tan(λy)−ndy+xb

)
b

m+s tan(β_b)k
 tan(λ_b)−nd_b

b
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6.4.18 6.4

Local contents
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6.4.18.3 [1131] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1270
6.4.18.4 [1132] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1271
6.4.18.5 [1133] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1271

6.4.18.1 [1129] Problem 1

problem number 1129

Added March 9, 2019.

Problem Chapter 4.6.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c cot(λx+ µy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Cot[lambda*x + mu*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
sin

c
aλ+bµ (λx+ µy)

}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*cot(lambda*x+mu*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)(
csc (λx+ µy)2

)− c
2(aλ+bµ)

6.4.18.2 [1130] Problem 2

problem number 1130

Added March 9, 2019.

Problem Chapter 4.6.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = (c cot(λx) + k cot(µy))w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c*Cot[lambda*x] + k*Cot[mu*y])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → sin c

aλ (λx) sin
k
bµ (µy)c1

(
y − bx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = (c*cot(lambda*x)+k*cot(mu*y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)(
csc (λx)2

)− c
2aλ
(
csc (µy)2

)− k
2µb

6.4.18.3 [1131] Problem 3

problem number 1131

Added March 9, 2019.

Problem Chapter 4.6.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = ax cot(λx+ µy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*Cot[lambda*x + mu*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(y
x

)
sin

ax
λx+µy (λx+ µy)

}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ y*diff(w(x,y),y) = a*x*cot(lambda*x+mu*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(y
x

) (
csc (λx+ µy)2

)− ax
2(λx+µy)
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6.4.18.4 [1132] Problem 4

problem number 1132

Added March 9, 2019.

Problem Chapter 4.6.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b cotn(λx)wy = (c cotm(µx) + s cotk(βy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Cot[lambda*x]^n*D[w[x, y], y] == (c*Cot[mu*x]^m + s*Cot[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
b cotn+1(λx)Hypergeometric2F1

(
1, n+1

2 , n+3
2 ,− cot2(λx)

)
aλn+ aλ

+ y

)
exp

∫ x

1

s cotk
(

β
(
bHypergeometric2F1

(
1,n+1

2 ,n+3
2 ,− cot2(λx)

)
cotn+1(λx)+aλ(n+1)y−b cotn+1(λK[1]) Hypergeometric2F1

(
1,n+1

2 ,n+3
2 ,− cot2(λK[1])

))
aλ(n+1)

)
+ c cotm(µK[1])

a
dK[1]




Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*cot(lambda*x)^n*diff(w(x,y),y) = (c*cot(mu*x)^m+s*cot(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
b
∫
cot (λx)n dx

a
+ y

)
e
∫ x(c cot(µ_b)m+scot

(
β
(
b
∫
cot(λ_b)nd_b−b

∫
cot(λx)ndx+ya

)
a

)k)
d_b

a

6.4.18.5 [1133] Problem 5

problem number 1133

Added March 9, 2019.

Problem Chapter 4.6.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b cotn(λy)wy = (c cotm(µx) + s cotk(βy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Cot[lambda*y]^n*D[w[x, y], y] == (c*Cot[mu*x]^m + s*Cot[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
cot1−n(λy)Hypergeometric2F1

(
1, 1−n

2 , 3−n
2 ,− cot2(λy)

)
λ(n− 1) − bx

a

)
exp

∫ y

1

(
s cotk(βK[1]) + c cotm

(
aµHypergeometric2F1

(
1, 1−n2 , 3−n2 ,− cot2(λy)

)
cot1−n(λy)+bλµx−bλµnx−aµ cot1−n(λK[1]) Hypergeometric2F1

(
1, 1−n2 , 3−n2 ,− cot2(λK[1])

)
bλ−bλn

))
cot−n(λK[1])

b
dK[1]



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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*cot(lambda*y)^n*diff(w(x,y),y) = (c*cot(mu*x)^m+s*cot(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
a
∫
cot (λy)−n dy

b
+ x

)
e

∫ yccot
µ

(
a
∫
cot(λ_b)−nd_b−a

∫
cot(λy)−ndy+xb

)
b

m+s cot(β_b)k
 cot(λ_b)−nd_b

b

6.4.19 6.5

Local contents
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6.4.19.1 [1134] Problem 1

problem number 1134

Added March 9, 2019.

Problem Chapter 4.6.5.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + awy = (b sin(λx) + k cos(µy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*D[w[x, y], y] == (b*Sin[lambda*x] + k*Cos[mu*y])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1(y − ax)e

k sin(µy)
aµ

− b cos(λx)
λ

}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+ a*diff(w(x,y),y) = (b*sin(lambda*x)+k*cos(mu*y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1(−ax+ y) e
−b cos(λx)µa+k sin(µy)λ

λµa
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6.4.19.2 [1135] Problem 2

problem number 1135

Added March 9, 2019.

Problem Chapter 4.6.5.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + a sin(µy)wy = (b sin(λx) + k tan(µy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*D[w[x, y], y] == (b*Sin[lambda*x] + k*Tan[mu*y])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1(y − ax)e−

b cos(λx)
λ

+ikx(i sin(2µy) + cos(2µy) + 1)−
k
aµ

}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+ a*diff(w(x,y),y) = (b*sin(lambda*x)+k*tan(mu*y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1(−ax+ y) e−
b cos(λx)

λ

(
sec (µy)2

) k
2µa

6.4.19.3 [1136] Problem 3

problem number 1136

Added March 9, 2019.

Problem Chapter 4.6.5.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + a sin(µy)wy = b tan(λx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Sin[mu*y]*D[w[x, y], y] == b*Tan[lambda*x]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → cos− b

λ (λx)c1
(
−aµx+ arctanh(cos(µy))

µ

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+ a*sin(mu*y)*diff(w(x,y),y) = b*tan(lambda*x)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
xaµ+ ln (csc (µy) + cot (µy))

aµ

)(
sec (λx)2

) b
2λ

6.4.19.4 [1137] Problem 4

problem number 1137

Added March 9, 2019.

Problem Chapter 4.6.5.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + a tan(µy)wy = b sin(λx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*Tan[mu*y]*D[w[x, y], y] == b*Sin[lambda*x]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
log(sin(µy))

µ
− ax

)
exp

(∫ x

1
b sin(λK[1])dK[1]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+ a*tan(mu*y)*diff(w(x,y),y) = b*sin(lambda*x)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ln (e−xaµ csgn (sec (µy)) sin (µy))

aµ

)
e−

b cos(λx)
λ

6.4.19.5 [1138] Problem 5

problem number 1138

Added March 9, 2019.

Problem Chapter 4.6.5.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

sin(λx)wx + awy = b cos(µy)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = Sin[lambda*x]*D[w[x, y], x] + a*D[w[x, y], y] == b*Cos[mu*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → e

b sin(µy)
aµ c1

(
aarctanh(cos(λx))

λ
+ y

)}}
Maple 3� �
restart;
pde := sin(lambda*x)*diff(w(x,y),x)+ a*diff(w(x,y),y) = b*cos(mu*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
yλ+ ln (csc (λx) + cot (λx)) a

λ

)
e
b sin(µy)
µa

6.4.19.6 [1139] Problem 6

problem number 1139

Added March 9, 2019.

Problem Chapter 4.6.5.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

cot(λx)wx + awy = b tan(µy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = Cot[lambda*x]*D[w[x, y], x] + a*D[w[x, y], y] == b*Tan[mu*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → cos−

b
aµ (µy)c1

(
a log(cos(λx))

λ
+ y

)}}
Maple 3� �
restart;
pde := cot(lambda*x)*diff(w(x,y),x)+ a*diff(w(x,y),y) = b*tan(mu*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

yλ−
a ln
(
sec(λx)2

)
2

λ

 cos (µy)−
b
µa
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6.4.20 7.1

Local contents
6.4.20.1 [1140] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1276
6.4.20.2 [1141] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1277
6.4.20.3 [1142] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1277
6.4.20.4 [1143] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1278
6.4.20.5 [1144] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1279

6.4.20.1 [1140] Problem 1

problem number 1140

Added March 9, 2019.

Problem Chapter 4.7.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy =
(
c arcsin(x

λ
+ k arcsin( y

β
)
)
w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c*ArcSin[x/lambda] + k*ArcSin[y/beta])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → c1

(
y − bx

a

)
exp



k

√a2(β2−y2) arctan

 ay√
a2
(
β2−y2

)
(ay−bx)+a2

(
β2−y2

)
bβ

√
1− y2

β2

+ akx arcsin
(

y
β

)
+ acx arcsin

(
x
λ

)
+ acλ

√
1− x2

λ2

a2






Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = (c*arcsin(x/lambda)+k*arcsin(y/beta))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)
e
y arcsin

(
y
β

)
ka+

√
β2−y2
β2

kβa+
√
λ2−x2
λ2

bcλ+arcsin
(
x
λ

)
bcx

ab
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6.4.20.2 [1141] Problem 2

problem number 1141

Added March 9, 2019.

Problem Chapter 4.7.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c arcsin(λx+ βy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*ArcSin[lambda*x + beta*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
y − bx

a

)
exp

(
c
(
(βy + λx) arcsin(βy + λx) +

√
−β2y2 − 2βλxy − λ2x2 + 1

)
aλ+ bβ

)}}

Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*arcsin(lambda*x+beta*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− xb

a

)
e

(
arcsin(βy+λx)βy+arcsin(βy+λx)λx+

√
−β2y2−2βλxy−x2λ2+1

)
c

aλ+bβ

6.4.20.3 [1142] Problem 3

problem number 1142

Added March 9, 2019.

Problem Chapter 4.7.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = ax arcsin(λx+ βy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == a*x*ArcSin[lambda*x + beta*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
y − bx

a

)
exp

(
a
(
arcsin(βy + λx) (a(−2β2y2 + 2λ2x2 − 1) + 4bβx(βy + λx)) +

√
−β2y2 − 2βλxy − λ2x2 + 1(−3aβy + aλx+ 4bβx)

)
4(aλ+ bβ)2

)}}
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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = a*x*arcsin(lambda*x+beta*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− xb

a

)
e
a

((
(−3βy+λx)a

2 +2bβx
)√

−β2y2−2βλxy−x2λ2+1+
((
x2λ2−β2y2− 1

2
)
a+2bβx(βy+λx)

)
arcsin(βy+λx)

)
2(aλ+bβ)2

6.4.20.4 [1143] Problem 4

problem number 1143

Added March 9, 2019.

Problem Chapter 4.7.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arcsinn(λx)wy =
(
c arcsinm(µx) + s arcsink(βy)

)
w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcSin[lambda*x]^n*D[w[x, y], y] == (c*ArcSin[mu*x]^m + s*ArcSin[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
y −

∫ x

1

b arcsin(λK[1])n
a

dK[1]
)
exp

∫ x

1

s arcsin
(
β
(
y −

∫ x

1
b arcsin(λK[1])n

a
dK[1] +

∫ K[2]
1

b arcsin(λK[1])n
a

dK[1]
))

k + c arcsin(µK[2])m

a
dK[2]




Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*arcsin(lambda*x)^n*diff(w(x,y),y) =(c*arcsin(mu*x)^m+s*arcsin(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−b
(
− arcsin (λx) LommelS1

(
n+ 3

2 ,
1
2 , arcsin (λx)

)
+ arcsin (λx)n+

3
2

)√
−λ2x2 + 1 +

(
−bxLommelS1

(
n+ 3

2 ,
1
2 , arcsin (λx)

)
− LommelS1

(
n+ 1

2 ,
3
2 , arcsin (λx)

)
bnx arcsin (λx) + a

√
arcsin (λx) y(n+ 1)

)
λ√

arcsin (λx) (n+ 1)λa

 e

∫ x
c arcsin(µ_b)m+sarcsin


β

(
λ
(
LommelS1

(
n+3

2 ,
1
2 ,arcsin(λ_b)

)
_bb+arcsin(λ_b) LommelS1

(
n+1

2 ,
3
2 ,arcsin(λ_b)

)
bn_b+

√
arcsin(λ_b) (n+1)

(
ay−b

∫
arcsin(λx)ndx

))√
−_b2λ2+1+b(λ_b−1)(λ_b+1)

(
arcsin(λ_b) LommelS1

(
n+3

2 ,
1
2 ,arcsin(λ_b)

)
−arcsin(λ_b)n+

3
2
))

√
−_b2λ2+1

√
arcsin(λ_b) (n+1)aλ


k
d_b

a
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6.4.20.5 [1144] Problem 5

problem number 1144

Added March 9, 2019.

Problem Chapter 4.7.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arcsinn(λy)wy =
(
c arcsinm(µx) + s arcsink(βy)

)
w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcSin[lambda*y]^n*D[w[x, y], y] == (c*ArcSin[mu*x]^m + s*ArcSin[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(∫ y

1
arcsin(λK[1])−ndK[1]− bx

a

)
exp

∫ y

1

arcsin(λK[2])−n

(
s arcsin(βK[2])k + c arcsin

(
µ
(
bx−a

∫ y
1 arcsin(λK[1])−ndK[1]+a

∫K[2]
1 arcsin(λK[1])−ndK[1]

)
b

)
m

)
b

dK[2]





Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*arcsin(lambda*y)^n*diff(w(x,y),y) =(c*arcsin(mu*x)^m+s*arcsin(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

a
(
−LommelS1

(
−n+ 3

2 ,
1
2 , arcsin (λy)

)
arcsin (λy) + arcsin (λy)−n+ 3

2

)√
−λ2y2 + 1−

(
−LommelS1

(
−n+ 3

2 ,
1
2 , arcsin (λy)

)
ay + LommelS1

(
−n+ 1

2 ,
3
2 , arcsin (λy)

)
arcsin (λy)nay −

√
arcsin (λy) bx(n− 1)

)
λ√

arcsin (λy) (n− 1)λb

 e

∫ y
c
− arcsin


µ

((
a arcsin(λ_b)n LommelS1

(
−n+3

2 ,
1
2 ,arcsin(λ_b)

)
_b−a arcsin(λ_b)1+n LommelS1

(
−n+1

2 ,
3
2 ,arcsin(λ_b)

)
n_b+arcsin(λ_b)n+

1
2 (n−1)

(
a
∫
arcsin(λy)−ndy−bx

))
λ
√

−_b2λ2+1−a(λ_b−1)(λ_b+1)
(
arcsin(λ_b)3/2−arcsin(λ_b)1+n LommelS1

(
−n+3

2 ,
1
2 ,arcsin(λ_b)

)))
arcsin(λ_b)−n−

1
2√

−_b2λ2+1 bλ(n−1)



m

+s arcsin(β_b)k

 arcsin(λ_b)−nd_b

b

6.4.21 7.2
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6.4.21.3 [1147] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1281
6.4.21.4 [1148] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1282
6.4.21.5 [1149] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1282
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6.4.21.1 [1145] Problem 1

problem number 1145

Added March 9, 2019.

Problem Chapter 4.7.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy =
(
c arccos(x

λ
+ k arccos( y

β
)
)
w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c*ArcCos[x/lambda] + k*ArcCos[y/beta])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → c1

(
y − bx

a

)
exp


−

k

√a2(β2−y2) arctan

 ay√
a2
(
β2−y2

)
(ay−bx)+a2

(
β2−y2

)
bβ

√
1− y2

β2

+ akx arccos
(

y
β

)
+ acx arccos

(
x
λ

)
− acλ

√
1− x2

λ2

a2






Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = (c*arccos(x/lambda)+k*arccos(y/beta))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)
e

arccos
(
y
β

)
yka+arccos

(
x
λ

)
bcx−

√
β2−y2
β2

kβa−
√
λ2−x2
λ2

bcλ

ab

6.4.21.2 [1146] Problem 2

problem number 1146

Added March 9, 2019.

Problem Chapter 4.7.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c arccos(λx+ βy)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*ArcCos[lambda*x + beta*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
y − bx

a

)
exp

(
c
(
x(aλ+ bβ) arccos(βy + λx) + β(bx− ay) arcsin(βy + λx) + a

(
−
√
−β2y2 − 2βλxy − λ2x2 + 1

))
a(aλ+ bβ)

)}}

Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*arccos(lambda*x+beta*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)
e
c

(
arccos(βy+λx)βy+arccos(βy+λx)λx−

√
−β2y2−2βλxy−x2λ2+1

)
aλ+bβ

6.4.21.3 [1147] Problem 3

problem number 1147

Added March 9, 2019.

Problem Chapter 4.7.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = ax arccos(λx+ βy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == a*x*ArcCos[lambda*x + beta*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
y − bx

a

)
exp

(
1
4

(
(a2(2β2y2 + 1)− 4abβ2xy + 2b2β2x2) arcsin(βy + λx)− a

√
−β2y2 − 2βλxy − λ2x2 + 1(−3aβy + aλx+ 4bβx)

(aλ+ bβ)2 + 2x2 arccos(βy + λx)
))}}

Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = a*x*arccos(lambda*x+beta*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)
e−

(
2 arccos(βy+λx)a β2y2−2 arccos(βy+λx)a λ2x2−4 arccos(βy+λx)b β2xy−4 arccos(βy+λx)bβλ x2−3

√
−β2y2−2βλxy−x2λ2+1 aβy+

√
−β2y2−2βλxy−x2λ2+1 aλx+4

√
−β2y2−2βλxy−x2λ2+1 bβx−arcsin(βy+λx)a

)
a

4(aλ+bβ)2
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6.4.21.4 [1148] Problem 4

problem number 1148

Added March 9, 2019.

Problem Chapter 4.7.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arccosn(λx)wy =
(
c arccosm(µx) + s arccosk(βy)

)
w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcCos[lambda*x]^n*D[w[x, y], y] == (c*ArcCos[mu*x]^m + s*ArcCos[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
y −

∫ x

1

b arccos(λK[1])n
a

dK[1]
)
exp

∫ x

1

s arccos
(
β
(
y −

∫ x

1
b arccos(λK[1])n

a
dK[1] +

∫ K[2]
1

b arccos(λK[1])n
a

dK[1]
))

k + c arccos(µK[2])m

a
dK[2]




Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*arccos(lambda*x)^n*diff(w(x,y),y) =(c*arccos(mu*x)^m+s*arccos(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1


(
(2 + n) LommelS1

(
n+ 1

2 ,
1
2 , arccos (λx)

)
− LommelS1

(
n+ 3

2 ,
3
2 , arccos (λx)

)
arccos (λx) + arccos (λx)n+

3
2

)
b
√
−λ2x2 + 1 + λ(2 + n)

(
−bx arccos (λx) LommelS1

(
n+ 1

2 ,
1
2 , arccos (λx)

)
+ a
√

arccos (λx) y
)

√
arccos (λx) (2 + n) aλ

 e

∫ x
c arccos(µ_b)m+sarccos


β

((
(−n−2) LommelS1

(
n+1

2 ,
1
2 ,arccos(λ_b)

)
+arccos(λ_b) LommelS1

(
n+3

2 ,
3
2 ,arccos(λ_b)

)
−arccos(λ_b)n+

3
2
)
b
√

−_b2λ2+1+
(
arccos(λ_b)b_bLommelS1

(
n+1

2 ,
1
2 ,arccos(λ_b)

)
+
√

arccos(λ_b)
(
ay−b

∫
arccos(λx)ndx

))
(2+n)λ

)
√

arccos(λ_b) (2+n)aλ


k
d_b

a

6.4.21.5 [1149] Problem 5

problem number 1149

Added March 9, 2019.

Problem Chapter 4.7.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arccosn(λy)wy =
(
c arccosm(µx) + s arccosk(βy)

)
w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcCos[lambda*y]^n*D[w[x, y], y] == (c*ArcCos[mu*x]^m + s*ArcCos[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(∫ y

1
arccos(λK[1])−ndK[1]− bx

a

)
exp

∫ y

1

arccos(λK[2])−n

(
s arccos(βK[2])k + c arccos

(
µ
(
bx−a

∫ y
1 arccos(λK[1])−ndK[1]+a

∫K[2]
1 arccos(λK[1])−ndK[1]

)
b

)
m

)
b

dK[2]





Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*arccos(lambda*y)^n*diff(w(x,y),y) =(c*arccos(mu*x)^m+s*arccos(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

−
a
(
(2− n) LommelS1

(
−n+ 1

2 ,
1
2 , arccos (λy)

)
− LommelS1

(
−n+ 3

2 ,
3
2 , arccos (λy)

)
arccos (λy) + arccos (λy)−n+ 3

2

)√
−λ2y2 + 1 + λ(−2 + n)

(
aLommelS1

(
−n+ 1

2 ,
1
2 , arccos (λy)

)
y arccos (λy)−

√
arccos (λy) bx

)
√
arccos (λy) (−2 + n) bλ

 e

∫ y
c
π2 +arcsin


µ

(
a
(
arccos(λ_b)n(−2+n) LommelS1

(
−n+1

2 ,
1
2 ,arccos(λ_b)

)
+arccos(λ_b)n+1 LommelS1

(
−n+3

2 ,
3
2 ,arccos(λ_b)

)
−arccos(λ_b)3/2

)√
−_b2λ2+1−

(
a arccos(λ_b)n+1 LommelS1

(
−n+1

2 ,
1
2 ,arccos(λ_b)

)
_b−arccos(λ_b)n+

1
2
(
a
∫
arccos(λy)−ndy−bx

))
λ(−2+n)

)
arccos(λ_b)−n−

1
2

bλ(−2+n)



m

+s arccos(β_b)k

 arccos(λ_b)−nd_b

b

6.4.22 7.3
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6.4.22.1 [1150] Problem 1

problem number 1150

Added March 9, 2019.

Problem Chapter 4.7.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy =
(
c arctan(x

λ
+ k arctan( y

β
)
)
w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c*ArcTan[x/lambda] + k*ArcTan[y/beta])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

(
λ2 + x2

)− cλ
2a

(
y2

β2 + 1
)−βk

2b

c1

(
y − bx

a

)
e
cx arctan

(
x
λ

)
a

+
ky arctan

(
y
β

)
b

}}
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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = (c*arctan(x/lambda)+k*arctan(y/beta))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ay − bx

a

)(
λ2 + x2

λ2

)− cλ
2a
(
β2 + y2

β2

)− kβ
2b

e
arctan

(
y
β

)
aky+cx arctan

(
x
λ

)
b

ab

6.4.22.2 [1151] Problem 2

problem number 1151

Added March 9, 2019.

Problem Chapter 4.7.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c arctan(λx+ βy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*ArcTan[lambda*x + beta*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

(
y − bx

a

)
exp

∫ x

1

c arctan
(
βy + λK[1] + bβ(K[1]−x)

a

)
a

dK[1]




Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*arctan(lambda*x+beta*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ay − bx

a

)(
β2y2 + 2βλxy + x2λ2 + 1

)− c
2λa+2bβ e

arctan(yβ+λx)c(yβ+λx)
λa+bβ

6.4.22.3 [1152] Problem 3

problem number 1152

Added March 9, 2019.

Problem Chapter 4.7.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = ax arctan(λx+ βy)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == a*x*ArcTan[lambda*x + beta*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
y − bx

a

)
exp

(∫ x

1
arctan

(
βy + λK[1] + bβ(K[1]− x)

a

)
K[1]dK[1]

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = a*x*arctan(lambda*x+beta*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− xb

a

)(
β2y2 + 2βλxy + λ2x2 + 1

)a(ya−xb)β
2(λa+bβ)2 e

(((
−β2y2+λ2x2+1

)
a+2bxβ(βy+λx)

)
arctan(βy+λx)−a(βy+λx)

)
a

2(λa+bβ)2

6.4.22.4 [1153] Problem 4

problem number 1153

Added March 9, 2019.

Problem Chapter 4.7.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arctann(λx)wy =
(
c arctanm(µx) + s arctank(βy)

)
w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcTan[lambda*x]^n*D[w[x, y], y] == (c*ArcTan[mu*x]^m + s*ArcTan[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
y −

∫ x

1

b arctan(λK[1])n
a

dK[1]
)
exp

∫ x

1

s arctan
(
β
(
y −

∫ x

1
b arctan(λK[1])n

a
dK[1] +

∫ K[2]
1

b arctan(λK[1])n
a

dK[1]
))

k + c arctan(µK[2])m

a
dK[2]




Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*arctan(lambda*x)^n*diff(w(x,y),y) =(c*arctan(mu*x)^m+s*arctan(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
b
∫
arctan (λx)n dx

a
+ y

)
e
∫ x(c arctan(µ_b)m+sarctan

(
β
(
b
∫
arctan(λ_b)nd_b−b

∫
arctan(λx)ndx+ya

)
a

)k)
d_b

a
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6.4.22.5 [1154] Problem 5

problem number 1154

Added March 9, 2019.

Problem Chapter 4.7.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arctann(λy)wy =
(
c arctanm(µx) + s arctank(βy)

)
w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcTan[lambda*y]^n*D[w[x, y], y] == (c*ArcTan[mu*x]^m + s*ArcTan[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(∫ y

1
arctan(λK[1])−ndK[1]− bx

a

)
exp

∫ y

1

arctan(λK[2])−n

(
s arctan(βK[2])k + c arctan

(
µ
(
bx−a

∫ y
1 arctan(λK[1])−ndK[1]+a

∫K[2]
1 arctan(λK[1])−ndK[1]

)
b

)
m

)
b

dK[2]





Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*arctan(lambda*y)^n*diff(w(x,y),y) =(c*arctan(mu*x)^m+s*arctan(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
a
∫
arctan (λy)−n dy

b
+ x

)
e

∫ ycarctan
µ

(
a
∫
arctan(λ_b)−nd_b−a

∫
arctan(λy)−ndy+xb

)
b

m+s arctan(β_b)k
 arctan(λ_b)−nd_b

b

6.4.23 7.4
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6.4.23.1 [1155] Problem 1

problem number 1155

Added March 9, 2019.

Problem Chapter 4.7.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy =
(
c arccot(x

λ
+ k arccot( y

β
)
)
w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c*ArcCot[x/lambda] + k*ArcCot[y/beta])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) →

(
λ2 + x2

) cλ
2a

(
y2

β2 + 1
)βk

2b

c1

(
y − bx

a

)
e
cx cot−1( x

λ

)
a

+
ky cot−1( y

β

)
b

}}

Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = (c*arccot(x/lambda)+k*arccot(y/beta))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ay − bx

a

)(
λ2 + x2

λ2

) cλ
2a
(
β2 + y2

β2

) kβ
2b

e
arccot

(
y
β

)
aky+c arccot

(
x
λ

)
xb

ab

6.4.23.2 [1156] Problem 2

problem number 1156

Added March 9, 2019.

Problem Chapter 4.7.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c arccot(λx+ βy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*ArcCot[lambda*x + beta*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

(
y − bx

a

)
exp

∫ x

1

c cot−1
(
βy + λK[1] + bβ(K[1]−x)

a

)
a

dK[1]



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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*arccot(lambda*x+beta*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ya− bx

a

)(
β2y2 + 2βλxy + λ2x2 + 1

) c
2λa+2bβ e

arccot(βy+λx)c(βy+λx)
λa+bβ

6.4.23.3 [1157] Problem 3

problem number 1157

Added March 9, 2019.

Problem Chapter 4.7.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = ax arccot(λx+ βy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == a*x*ArcCot[lambda*x + beta*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
y − bx

a

)
exp

(∫ x

1
cot−1

(
βy + λK[1] + bβ(K[1]− x)

a

)
K[1]dK[1]

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = a*x*arccot(lambda*x+beta*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
w(x, y) = f1

(
ay − bx

a

)(
β2y2 + 2βλxy + λ2x2 + 1

)−a(ay−bx)β
2(λa+bβ)2 e

a((βy+λx)((−βy+λx)a+2bβx) arccot(βy+λx)+a(λx+βy−arctan(βy+λx)))
2(λa+bβ)2

6.4.23.4 [1158] Problem 4

problem number 1158

Added March 9, 2019.

Problem Chapter 4.7.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arccotn(λx)wy =
(
c arccotm(µx) + s arccotk(βy)

)
w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcCot[lambda*x]^n*D[w[x, y], y] == (c*ArcCot[mu*x]^m + s*ArcCot[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
y −

∫ x

1

b cot−1(λK[1])n
a

dK[1]
)
exp

∫ x

1

s cot−1
(
β
(
y −

∫ x

1
b cot−1(λK[1])n

a
dK[1] +

∫ K[2]
1

b cot−1(λK[1])n
a

dK[1]
))

k + c cot−1(µK[2])m

a
dK[2]




Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*arccot(lambda*x)^n*diff(w(x,y),y) =(c*arccot(mu*x)^m+s*arccot(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
b
∫
arccot (λx)n dx

a
+ y

)
e
∫ x(c arccot(µ_b)m+sarccot

(
β
(
b
∫
arccot(λ_b)nd_b−b

∫
arccot(λx)ndx+ya

)
a

)k)
d_b

a

6.4.23.5 [1159] Problem 5

problem number 1159

Added March 9, 2019.

Problem Chapter 4.7.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arccotn(λy)wy =
(
c arccotm(µx) + s arccotk(βy)

)
w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcCot[lambda*y]^n*D[w[x, y], y] == (c*ArcCot[mu*x]^m + s*ArcCot[beta*y]^k)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(∫ y

1
cot−1(λK[1])−ndK[1]− bx

a

)
exp

∫ y

1

cot−1(λK[2])−n

(
s cot−1(βK[2])k + c cot−1

(
µ
(
bx−a

∫ y
1 cot−1(λK[1])−ndK[1]+a

∫K[2]
1 cot−1(λK[1])−ndK[1]

)
b

)
m

)
b

dK[2]




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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*arccot(lambda*y)^n*diff(w(x,y),y) =(c*arccot(mu*x)^m+s*arccot(beta*y)^k)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
a
∫
arccot (λy)−n dy

b
+ x

)
e

∫ yc
π2 +arctan

µ
(
a
∫
arccot(λy)−ndy−a

∫
arccot(λ_b)−nd_b−xb

)
b

m+s arccot(β_b)k
 arccot(λ_b)−nd_b

b

6.4.24 8.1
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6.4.24.1 [1160] Problem 1

problem number 1160

Added March 10, 2019.

Problem Chapter 4.8.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = f(x)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == f[x]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
y − bx

a

)
exp

(∫ x

1

f(K[1])
a

dK[1]
)}}
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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) =f(x)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ay − bx

a

)
e
∫
f(x)dx
a

6.4.24.2 [1161] Problem 2

problem number 1161

Added March 10, 2019.

Problem Chapter 4.8.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + awy = f(x)yw

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*D[w[x, y], y] == f[x]*y*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1(y − ax) exp

(∫ x

1
f(K[1])(y + a(K[1]− x))dK[1]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+ a*diff(w(x,y),y) =f(x)*y*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1(−ax+ y) e
∫ x−((x−_a)a−y)f(_a)d_a

6.4.24.3 [1162] Problem 3

problem number 1162

Added March 10, 2019.

Problem Chapter 4.8.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + awy = (f(x)y2 + g(x)y + h(x))w
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*D[w[x, y], y] == (f[x]*y^2 + g[x]*y + h[x])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1(y − ax) exp
(∫ x

1

(
f(K[1])(y + a(K[1]− x))2 + g(K[1])(y + a(K[1]− x)) + h(K[1])

)
dK[1]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+ a*diff(w(x,y),y) =(f(x)*y^2+g(x)*y+h(x))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1(−ax+ y) e
∫ x(((x−_a)a−y)2f(_a)+((−x+_a)a+y)g(_a)+h(_a)

)
d_a

6.4.24.4 [1163] Problem 4

problem number 1163

Added March 10, 2019.

Problem Chapter 4.8.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + awy = f(x)ykw

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*D[w[x, y], y] == f[x]*y^k*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1(y − ax) exp

(∫ x

1
f(K[1])(y + a(K[1]− x))kdK[1]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+ a*diff(w(x,y),y) =f(x)*y^k*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1(−ax+ y) e
∫ x f(_a)((−x+_a)a+y)kd_a
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6.4.24.5 [1164] Problem 5

problem number 1164

Added March 10, 2019.

Problem Chapter 4.8.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + awy = f(x)eλyw

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*D[w[x, y], y] == f[x]*Exp[lambda*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1(y − ax) exp

(∫ x

1
eλ(y+a(K[1]−x))f(K[1])dK[1]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+ a*diff(w(x,y),y) =f(x)*exp(lambda*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1(−ax+ y) e
∫ x f(_a)e−λ((x−_a)a−y)d_a

6.4.24.6 [1165] Problem 6

problem number 1165

Added March 10, 2019.

Problem Chapter 4.8.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + (ay + f(x))wy = g(x)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*y + f[x])*D[w[x, y], y] == g[x]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → exp

(∫ x

1
g(K[2])dK[2]

)
c1

(
ye−ax −

∫ x

1
e−aK[1]f(K[1])dK[1]

)}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*y+f(x))*diff(w(x,y),y) =g(x)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
e−axy −

∫
f(x) e−axdx

)
e
∫
g(x)dx

6.4.24.7 [1166] Problem 7

problem number 1166

Added March 10, 2019.

Problem Chapter 4.8.1.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + (ay + f(x))wy = g(x)ykw

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*y + f[x])*D[w[x, y], y] == g[x]*y^k*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
ye−ax −

∫ x

1
e−aK[1]f(K[1])dK[1]

)
exp

(∫ x

1
g(K[2])

(
eaK[2]

(
e−axy −

∫ x

1
e−aK[1]f(K[1])dK[1] +

∫ K[2]

1
e−aK[1]f(K[1])dK[1]

))
kdK[2]

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*y+f(x))*diff(w(x,y),y) =g(x)*y^k*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
w(x, y) = f1

(
e−axy −

∫
f(x) e−axdx

)
e
∫ x g(_b)

((∫
f(_b)e−a_bd_b+e−axy−

∫
f(x)e−axdx

)
ea_b)kd_b

6.4.24.8 [1167] Problem 8

problem number 1167

Added March 10, 2019.

Problem Chapter 4.8.1.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + ykwy = g(x)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + y^k*D[w[x, y], y] == g[x]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → exp

(∫ x

1

g(K[2])
f(K[2])dK[2]

)
c1

(
−
∫ x

1

1
f(K[1])dK[1]− y1−k

k − 1

)}}
Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x)+ y^k*diff(w(x,y),y) =g(x)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
y1−k + (k − 1)

∫ 1
f (x)dx

)
e
∫ g(x)
f(x)dx

6.4.24.9 [1168] Problem 9

problem number 1168

Added March 10, 2019.

Problem Chapter 4.8.1.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + (y + a)wy = (by + c)w

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (y + a)*D[w[x, y], y] == (b*y + c)*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

y exp(−∫ x

1

1
f(K[1])dK[1]

)
−
∫ x

1

a exp
(
−
∫ K[2]
1

1
f(K[1])dK[1]

)
f(K[2]) dK[2]

 exp

∫ x

1

c+ b exp
(∫ K[3]

1
1

f(K[1])dK[1]
)(

exp
(
−
∫ x

1
1

f(K[1])dK[1]
)
y −

∫ x

1
a exp

(
−
∫K[2]
1

1
f(K[1])dK[1]

)
f(K[2]) dK[2] +

∫ K[3]
1

a exp
(
−
∫K[2]
1

1
f(K[1])dK[1]

)
f(K[2]) dK[2]

)
f(K[3]) dK[3]





Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x)+ (y+a)*diff(w(x,y),y) =(b*y+c)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(
(y + a) e−

∫ 1
f(x)dx

)
e
∫ x (y+a)b e

∫ 1
f(_b) d_b−

∫ 1
f(x) dx−ab+c

f(_b) d_b
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6.4.24.10 [1169] Problem 10

problem number 1169

Added March 10, 2019.

Problem Chapter 4.8.1.10, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + (y + ax)wy = g(x)w

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (y + a*x)*D[w[x, y], y] == g[x]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

g(K[3])
f(K[3])dK[3]

)
c1

y exp(−∫ x

1

1
f(K[1])dK[1]

)
−
∫ x

1

a exp
(
−
∫ K[2]
1

1
f(K[1])dK[1]

)
K[2]

f(K[2]) dK[2]




Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x)+ (y+a*x)*diff(w(x,y),y) =g(x)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−a
∫
x e−

∫ 1
f(x)dx

f (x) dx+ e−
∫ 1
f(x)dxy

)
e
∫ g(x)
f(x)dx

6.4.24.11 [1170] Problem 11

problem number 1170

Added March 10, 2019.

Problem Chapter 4.8.1.11, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + (g1(x)y + g0(x))wy =
(
h2(x)y2 + h1(x)y + h0(x)

)
w

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (g1[x]*y + g0[x])*D[w[x, y], y] == (h2[x]*y^2 + h1[x]*y + h0[x])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

y exp(−∫ x

1

g1(K[1])
f(K[1]) dK[1]

)
−
∫ x

1

exp
(
−
∫ K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]

 exp

∫ x

1

exp
(
2
∫ K[3]
1

g1(K[1])
f(K[1]) dK[1]

)
h2(K[3])

(
exp

(
−
∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
y −

∫ x

1
exp
(
−
∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2] +
∫ K[3]
1

exp
(
−
∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]
)

2 + exp
(∫ K[3]

1
g1(K[1])
f(K[1]) dK[1]

)
h1(K[3])

(
exp

(
−
∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
y −

∫ x

1
exp
(
−
∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2] +
∫ K[3]
1

exp
(
−
∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]
)
+ h0(K[3])

f(K[3]) dK[3]




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Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x)+ (g1(x)*y+g0(x))*diff(w(x,y),y) =(h2(x)*y^2+h1(x)*y+h0(x))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

Expression too large to display

6.4.24.12 [1171] Problem 12

problem number 1171

Added March 10, 2019.

Problem Chapter 4.8.1.12, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + (g1(x)y + g2(x)yk)wy = h(x)w

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (g1[x]*y + g2[x]*y^k)*D[w[x, y], y] == h[x]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

h(K[3])
f(K[3])dK[3]

)
c1

(k − 1)
∫ x

1

exp
(
(k − 1)

∫ K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g2(K[2])

f(K[2]) dK[2] + y1−k exp
(
(k − 1)

∫ x

1

g1(K[1])
f(K[1]) dK[1]

)


Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x)+ (g1(x)*y+g2(x)*y^k)*diff(w(x,y),y) =h(x)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));
sol := simplify(sol);� �

w(x, y) = f1

(
(k − 1)

∫ g2 (x) e(k−1)
∫ g1(x)
f(x) dx

f (x) dx+ y1−ke(k−1)
∫ g1(x)
f(x) dx

)
e
∫ h(x)
f(x)dx
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6.4.24.13 [1172] Problem 13

problem number 1172

Added March 10, 2019.

Problem Chapter 4.8.1.13, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + (g1(x) + g2(x)eλy)wy = h(x)w

Mathematica 7� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (g1[x]*y + g2[x]*Exp[lambda*y])*D[w[x, y], y] == h[x]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := f(x)*diff(w(x,y),x)+ (g1(x)*y+g2(x)*exp(lambda*y))*diff(w(x,y),y) =h(x)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.4.24.14 [1173] Problem 14

problem number 1173

Added March 10, 2019.

Problem Chapter 4.8.1.14, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)ykwx + g(x)wy = h(x)w

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*y^k*D[w[x, y], x] + g[x]*D[w[x, y], y] == h[x]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
yk+1

k + 1 −
∫ x

1

g(K[1])
f(K[1])dK[1]

)
exp

∫ x

1

h(K[2])
((
yk+1 − (k + 1)

∫ x

1
g(K[1])
f(K[1])dK[1] + (k + 1)

∫ K[2]
1

g(K[1])
f(K[1])dK[1]

)
1
k+1

)
−k

f(K[2]) dK[2]



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Maple 3� �
restart;
pde := f(x)*y^k*diff(w(x,y),x)+ g(x)*diff(w(x,y),y) =h(x)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
(−k − 1)

∫
g(x)
f (x)dx+ y1+k

)
e
∫ x h(_b)

(∫ (1+k)g(_b)
f(_b) d_b+

∫ (−k−1)g(x)
f(x) dx+y1+k

) 1
1+k

−k

f(_b) d_b

6.4.24.15 [1174] Problem 15

problem number 1174

Added March 10, 2019.

Problem Chapter 4.8.1.15, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)eλywx + g(x)wy = h(x)w

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*Exp[lambda*y]*D[w[x, y], x] + g[x]*D[w[x, y], y] == h[x]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
eλy

λ
−
∫ x

1

g(K[1])
f(K[1])dK[1]

)
exp

∫ x

1

h(K[2])
f(K[2])

(
−λ
∫ x

1
g(K[1])
f(K[1])dK[1] + eλy + λ

∫ K[2]
1

g(K[1])
f(K[1])dK[1]

)dK[2]




Maple 3� �
restart;
pde := f(x)*exp(lambda*y)*diff(w(x,y),x)+ g(x)*diff(w(x,y),y) =h(x)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
eλy −

∫ g(x)
f(x)dxλ

λ

)
e
∫ x h(_b)

f(_b)
(∫ g(_b)

f(_b) d_bλ−
∫ g(x)
f(x) dxλ+eλy

)d_b
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6.4.25.1 [1175] Problem 1

problem number 1175

Added March 10, 2019.

Problem Chapter 4.8.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = (f(x) + g(y))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (f[x] + g[y])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

(
y − bx

a

)
exp

∫ x

1

f(K[1]) + g
(
y + b(K[1]−x)

a

)
a

dK[1]




Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*diff(w(x,y),y) =(f(x)+g(y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ay − xb

a

)
e
∫ x(f(_a)+g

(
ay−b(x−_a)

a

))
d_a

a

6.4.25.2 [1176] Problem 2

problem number 1176

Added March 10, 2019.

Problem Chapter 4.8.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + awy = f(x)g(y)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*D[w[x, y], y] == f[x]*g[y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1(y − ax) exp

(∫ x

1
f(K[1])g(−ax+ y + aK[1])dK[1]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+a*diff(w(x,y),y) = f(x)*g(y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1(−ax+ y) e
∫ x f(_a)g((−x+_a)a+y)d_a

6.4.25.3 [1177] Problem 3

problem number 1177

Added March 10, 2019.

Problem Chapter 4.8.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + (ay + f(x))wy = g(x)h(y)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*y + f[x])*D[w[x, y], y] == g[x]*h[y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → c1

(
ye−ax −

∫ x

1
e−aK[1]f(K[1])dK[1]

)
exp

(∫ x

1
g(K[2])h

(
eaK[2]

(
e−axy −

∫ x

1
e−aK[1]f(K[1])dK[1] +

∫ K[2]

1
e−aK[1]f(K[1])dK[1]

))
dK[2]

)}}

Maple 3� �
restart;
pde := diff(w(x,y),x)+(a*y+f(x))*diff(w(x,y),y) = g(x)*h(y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
w(x, y) = f1

(
e−axy −

∫
f(x) e−axdx

)
e
∫ x g(_b)h

((∫
f(_b)e−a_bd_b+e−axy−

∫
f(x)e−axdx

)
ea_b)d_b
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6.4.25.4 [1178] Problem 4

problem number 1178

Added March 10, 2019.

Problem Chapter 4.8.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + g(y)wy = (h1(x) + h2(y))w

Mathematica 7� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + g[y]*D[w[x, y], y] == (h1[x] + h2[y])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x)+g(y)*diff(w(x,y),y) = (h1(x)+h2(y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫ 1
f (x)dx+

∫ 1
g (y)dy

)
e
∫ x h1(_f)+h2

(
RootOf

(∫ 1
f(_f) d_f−

∫_Z 1
g(_a) d_a−

∫ 1
f(x) dx+

∫ 1
g(y) dy

))
f(_f) d_f

contains RootOf

6.4.25.5 [1179] Problem 5

problem number 1179

Added March 10, 2019.

Problem Chapter 4.8.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f1(x)wx + (f2(x) + f3(x)yk)wy = g(x)h(y)w

Mathematica 7� �
ClearAll["Global`*"];
pde = f1[x]*D[w[x, y], x] + (f2[x] + f3[x]*y^k)*D[w[x, y], y] == g[x]*h[y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := f1(x)*diff(w(x,y),x)+(f2(x)+f3(x)*y^k)*diff(w(x,y),y) = g(x)*h(y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()

6.4.25.6 [1180] Problem 6

problem number 1180

Added March 10, 2019.

Problem Chapter 4.8.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f1(x)g1(y)wx + f2(x)g2(y)wy = h1(x)h2(y)w

Mathematica 7� �
ClearAll["Global`*"];
pde = f1[x]*g1[y]*D[w[x, y], x] + f2[x]*g2[y]*D[w[x, y], y] == h1[x]*h2[y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := f1(x)*g1(y)*diff(w(x,y),x)+f2(x)*g2(y)*diff(w(x,y),y) = h1(x)*h2(y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫ f2 (x)

f1 (x)dx+
∫ g1 (y)

g2 (y)dy
)
e
∫ x h1(_f) h2

(
RootOf

(∫ f2(_f)
f1(_f) d_f−

∫_Z g1(_a)
g2(_a) d_a−

∫ f2(x)
f1(x) dx+

∫ g1(y)
g2(y) dy

))
f1(_f) g1

(
RootOf

(∫ f2(_f)
f1(_f) d_f−

∫_Z g1(_a)
g2(_a) d_a−

∫ f2(x)
f1(x) dx+

∫ g1(y)
g2(y) dy

)) d_f

has RootOf

6.4.25.7 [1181] Problem 7

problem number 1181

Added March 10, 2019.

Problem Chapter 4.8.2.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f1(x)g1(y)wx + f2(x)g2(y)wy = (h1(x) + h2(y))w



chapter 6. handbook of first order partial differential . . . 1304

Mathematica 7� �
ClearAll["Global`*"];
pde = f1[x]*g1[y]*D[w[x, y], x] + f2[x]*g2[y]*D[w[x, y], y] == (h1[x] + h2[y])*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := f1(x)*g1(y)*diff(w(x,y),x)+f2(x)*g2(y)*diff(w(x,y),y) = (h1(x)+h2(y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫ f2 (x)

f1 (x)dx+
∫ g1 (y)

g2 (y)dy
)
e
∫ x h1(_f)+h2

(
RootOf

(∫ f2(_f)
f1(_f) d_f−

∫_Z g1(_a)
g2(_a) d_a−

∫ f2(x)
f1(x) dx+

∫ g1(y)
g2(y) dy

))
f1(_f) g1

(
RootOf

(∫ f2(_f)
f1(_f) d_f−

∫_Z g1(_a)
g2(_a) d_a−

∫ f2(x)
f1(x) dx+

∫ g1(y)
g2(y) dy

)) d_f

has RootOf

6.4.26 8.3

Local contents
6.4.26.1 [1182] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1304
6.4.26.2 [1183] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1305
6.4.26.3 [1184] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1305
6.4.26.4 [1185] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1306
6.4.26.5 [1186] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1307
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6.4.26.7 [1188] Problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1308

6.4.26.1 [1182] Problem 1

problem number 1182

Added March 10, 2019.

Problem Chapter 4.8.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = f(αx+ βy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == f[alpha*x + beta*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

(
y − bx

a

)
exp

∫ x

1

f
(
βy + αK[1] + bβ(K[1]−x)

a

)
a

dK[1]



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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*diff(w(x,y),y) = f(alpha*x+beta*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
ay − bx

a

)
e
∫ x f( (ay−b(x−_a))β+_aaα

a

)
d_a

a

6.4.26.2 [1183] Problem 2

problem number 1183

Added March 10, 2019.

Problem Chapter 4.8.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = xf(y
x
)w

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == x*f[y/x]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → exf

( y
x

)
c1
(y
x

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y),x)+y*diff(w(x,y),y) = x*f(y/x)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(y
x

)
ef
( y
x

)
x

6.4.26.3 [1184] Problem 3

problem number 1184

Added March 10, 2019.

Problem Chapter 4.8.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = f(x2 + y2)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == f[x^2 + y^2]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

(y
x

)
exp

∫ x

1

f
( (

x2+y2
)
K[1]2

x2

)
K[1] dK[1]




Maple 3� �
restart;
pde := x*diff(w(x,y),x)+y*diff(w(x,y),y) = f(x^2+y^2)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(y
x

)
e
∫ x f

_a2
(
x2+y2

)
x2


_a d_a

6.4.26.4 [1185] Problem 4

problem number 1185

Added March 10, 2019.

Problem Chapter 4.8.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axwx + bywy = xkf(xn ∗ ym)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == x^k*f[x^n*y^m]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

(
yx−

b
a

)
exp

∫ x

1

f
(
K[1]n

(
x−

b
ayK[1] ba

)m)
K[1]k−1

a
dK[1]




Maple 3� �
restart;
pde := a*x*diff(w(x,y),x)+b*y*diff(w(x,y),y) = x^k*f(x^n+y^m)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(
y x−

b
a

)
e
∫ x f(_an+

(
y x

− b
a _a

b
a

)m)
_ak−1d_a

a
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6.4.26.5 [1186] Problem 5

problem number 1186

Added March 10, 2019.

Problem Chapter 4.8.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

mxwx + nywy = f(axn + bym)w

Mathematica 3� �
ClearAll["Global`*"];
pde = m*x*D[w[x, y], x] + n*y*D[w[x, y], y] == f[a*x^n + b*y^m]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(
yx−

n
m

)
exp

(∫ x

1

f
(
b
(
x−

n
myK[1] nm

)m + aK[1]n
)

mK[1] dK[1]
)}}

Maple 3� �
restart;
pde := m*x*diff(w(x,y),x)+n*y*diff(w(x,y),y) = f(a*x^n+b*y^m)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(
y x−

n
m

)
e
∫ x f

(
a_an+b

(
y x

− n
m _a

n
m

)m)
_a d_a
m

6.4.26.6 [1187] Problem 6

problem number 1187

Added March 10, 2019.

Problem Chapter 4.8.3.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

x2wx + xywy = ykf(αxn + βym)w

Mathematica 3� �
ClearAll["Global`*"];
pde = x^2*D[w[x, y], x] + x*y*D[w[x, y], y] == y^k*f[alpha*x + beta*y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

(y
x

)
exp

∫ x

1

f
((
α + βy

x

)
K[1]

) (yK[1]
x

)k
K[1]2 dK[1]




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Maple 3� �
restart;
pde := x^2*diff(w(x,y),x)+x*y*diff(w(x,y),y) = y^k*f(alpha*x+beta*y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(y
x

)
e
∫ x ( y_a

x

)k
f

(
_a(αx+βy)

x

)
_a2 d_a

6.4.26.7 [1188] Problem 7

problem number 1188

Added March 10, 2019.

Problem Chapter 4.8.3.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)
f ′(x)wx +

g(x)
g′(x)wy = h(f(x) + g(y))w

Mathematica 3� �
ClearAll["Global`*"];
pde = (f[x]*D[w[x, y], x])/Derivative[1][f][x] + (g[x]*D[w[x, y], y])/Derivative[1][g][x] == h[f[x] + g[y]]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c1

(
y −

∫ x

1

g(K[1])f ′(K[1])
f(K[1])g′(K[1])dK[1]

)
exp

∫ x

1

h
(
f(K[2]) + g

(
y −

∫ x

1
g(K[1])f ′(K[1])
f(K[1])g′(K[1])dK[1] +

∫ K[2]
1

g(K[1])f ′(K[1])
f(K[1])g′(K[1])dK[1]

))
f ′(K[2])

f(K[2]) dK[2]




Maple 3� �
restart;
pde := f(x)/diff(f(x),x)*diff(w(x,y),x)+g(x)/diff(g(x),x)*diff(w(x,y),y) = h(f(x)+g(y))*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫

g(x)
(

d
dx
f(x)

)
f (x)

(
d
dx
g (x)

)dx+ y

)
e
∫ x h

f(_b)+g

∫ g(_b)
(
d
d_b f(_b)

)
f(_b)

(
d
d_b g(_b)

) d_b−
∫ g(x)( ddx f(x))
f(x)

(
d
dx
g(x)

) dx+y
( d

d_b f(_b)
)

f(_b) d_b
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6.4.27 8.4

Local contents
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6.4.27.1 [1189] Problem 1

problem number 1189

Added March 10, 2019.

Problem Chapter 4.8.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + awy = f(x, y)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + a*D[w[x, y], y] == f[x, y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1(y − ax) exp

(∫ x

1
f(K[1],−ax+ y + aK[1])dK[1]

)}}
Maple 3� �
restart;
pde := diff(w(x,y),x)+a*diff(w(x,y),y) = f(x,y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1(−ax+ y) e
∫ x f(_a,(−x+_a)a+y)d_a

6.4.27.2 [1190] Problem 2

problem number 1190

Added March 10, 2019.

Problem Chapter 4.8.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axwx + bywy = f(x, y)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == f[x, y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → c1

(
yx−

b
a

)
exp

∫ x

1

f
(
K[1], x− b

ayK[1] ba
)

aK[1] dK[1]




Maple 3� �
restart;
pde := a*x*diff(w(x,y),x)+b*y*diff(w(x,y),y) = f(x,y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(
y x−

b
a

)
e
∫ x f

(
_a,y x−

b
a _a

b
a

)
_a d_a
a

6.4.27.3 [1191] Problem 3

problem number 1191

Added March 10, 2019.

Problem Chapter 4.8.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + g(x)ywy = h(x, y)w

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + g[x]*y*D[w[x, y], y] == h[x, y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

∫ x

1

h
(
K[2], exp

(∫ K[2]
1

g(K[1])
f(K[1])dK[1]−

∫ x

1
g(K[1])
f(K[1])dK[1]

)
y
)

f(K[2]) dK[2]

 c1

(
y exp

(
−
∫ x

1

g(K[1])
f(K[1])dK[1]

))


Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x)+g(x)*y*diff(w(x,y),y) = h(x,y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1
(
y e−

∫ g(x)
f(x)dx

)
e
∫ x h

_b,y e
−
∫ g(x)
f(x) dx+

∫ g(_b)
f(_b) d_b


f(_b) d_b
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6.4.27.4 [1192] Problem 4

problem number 1192

Added March 10, 2019.

Problem Chapter 4.8.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + (g1(x)y + g0(x))wy = h(x, y)w

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (g1[x]*y + g0[x])*D[w[x, y], y] == h[x, y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

∫ x

1

h

(
K[3], exp

(∫ K[3]
1

g1(K[1])
f(K[1]) dK[1]

)(
exp

(
−
∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
y −

∫ x

1
exp
(
−
∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2] +
∫ K[3]
1

exp
(
−
∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]
))

f(K[3]) dK[3]

 c1

y exp(−∫ x

1

g1(K[1])
f(K[1]) dK[1]

)
−
∫ x

1

exp
(
−
∫ K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]





Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x)+(g1(x)*y+g0(x))*diff(w(x,y),y) = h(x,y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫ g0 (x) e−

∫ g1(x)
f(x) dx

f (x) dx+ e−
∫ g1(x)
f(x) dxy

)
e
∫ x h

_f,

∫ g0(_f)e
−
∫ g1(_f)
f(_f) d_f

f(_f) d_f−
∫ g0(x)e

−
∫ g1(x)
f(x) dx

f(x) dx+e
−
∫ g1(x)
f(x) dxy

e

∫ g1(_f)
f(_f) d_f


f(_f) d_f

6.4.27.5 [1193] Problem 5

problem number 1193

Added March 10, 2019.

Problem Chapter 4.8.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + (g1(x)y + g0(x)yk)wy = h(x, y)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (g1[x]*y + g0[x]*y^k)*D[w[x, y], y] == h[x, y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

∫ x

1

h

(
K[3],

(
exp

(
−
∫ x

1
g1(K[1])
f(K[1]) dK[1]− (k − 1)

∫ K[3]
1

g1(K[1])
f(K[1]) dK[1]

)
y−k

(
exp

(∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
(k − 1)

∫ x

1
exp
(
(k−1)

∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]yk − exp
(∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
(k − 1)

∫ K[3]
1

exp
(
(k−1)

∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]yk + exp
(
k
∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
y

))
1

1−k

)
f(K[3]) dK[3]

 c1

(k − 1)
∫ x

1

exp
(
(k − 1)

∫ K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2] + y1−k exp
(
(k − 1)

∫ x

1

g1(K[1])
f(K[1]) dK[1]

)



Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x)+(g1(x)*y+g0(x)*y^k)*diff(w(x,y),y) = h(x,y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
(k − 1)

∫ g0 (x) e(k−1)
∫ g1(x)
f(x) dx

f (x) dx+ y1−ke(k−1)
∫ g1(x)
f(x) dx

)
e
∫ x

h

_f,

(1−k)
∫ g0(_f)e

(k−1)
∫ g1(_f)
f(_f) d_f

f(_f) d_f+(k−1)
∫ g0(x)e

(k−1)
∫ g1(x)
f(x) dx

f(x) dx+y1−ke
(k−1)

∫ g1(x)
f(x) dx


− 1
k−1

e

∫ g1(_f)
f(_f) d_f


f(_f) d_f

6.4.27.6 [1194] Problem 6

problem number 1194

Added March 10, 2019.

Problem Chapter 4.8.4.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + (g1(x) + g0(x)eλy)wy = h(x, y)w

Mathematica 7� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (g1[x]*y + g0[x]*Exp[lambda*y])*D[w[x, y], y] == h[x, y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := f(x)*diff(w(x,y),x)+(g1(x)*y+g0(x)*exp(lambda*y))*diff(w(x,y),y) = h(x,y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()
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6.4.27.7 [1195] Problem 7

problem number 1195

Added March 10, 2019.

Problem Chapter 4.8.4.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f1(x)g1(y)wx + f2(x)g2(y)wy = h(x, y)w

Mathematica 7� �
ClearAll["Global`*"];
pde = f1[x]*g1[y]*D[w[x, y], x] + f2[x]*g2[y]*D[w[x, y], y] == h[x, y]*w[x, y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := f1(x)*g1(y)*diff(w(x,y),x)+f2(x)*g2(y)*diff(w(x,y),y) = h(x,y)*w(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
∫ f2 (x)

f1 (x)dx+
∫ g1 (y)

g2 (y)dy
)
e
∫ x h

(
_f,RootOf

(∫ f2(_f)
f1(_f) d_f−

∫_Z g1(_a)
g2(_a) d_a−

∫ f2(x)
f1(x) dx+

∫ g1(y)
g2(y) dy

))
f1(_f) g1

(
RootOf

(∫ f2(_f)
f1(_f) d_f−

∫_Z g1(_a)
g2(_a) d_a−

∫ f2(x)
f1(x) dx+

∫ g1(y)
g2(y) dy

))d_f

has RootOf
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6.5.1.1 [1196] Problem 1

problem number 1196

Added March 10, 2019.

Problem Chapter 5.2.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cw + d
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x, y] + d;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → −d

c
+ e

cx
a c1

(
y − bx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x)+b*diff(w(x,y),y) = c*w(x,y)+d;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
e cxa f1

(
ay−bx

a

)
c− d

c

6.5.1.2 [1197] Problem 2

problem number 1197

Added March 10, 2019.

Problem Chapter 5.2.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

(x− a)wx + (y − b)wy = w − c

Mathematica 3� �
ClearAll["Global`*"];
pde = (x - a)*D[w[x, y], x] + (y - b)*D[w[x, y], y] == w[x, y] - c;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c+ (x− a)c1

(
b− y

a− x

)}}
Maple 3� �
restart;
pde := (x-a)*diff(w(x,y),x)+(y-b)*diff(w(x,y),y) = w(x,y)-c;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = (−x+ a) f1
(

y − b

−x+ a

)
+ c
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6.5.1.3 [1198] Problem 3

problem number 1198

Added March 10, 2019.

Problem Chapter 5.2.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

(ax+ b)wx + (cx+ d)wy = αw + β

Mathematica 3� �
ClearAll["Global`*"];
pde = (a*x + b)*D[w[x, y], x] + (c*x + d)*D[w[x, y], y] == alpha*w[x, y] + beta;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → −β

α
+ (ax+ b)αa c1

(
y −

∫ x

1

d+ cK[1]
b+ aK[1]dK[1]

)}}
Maple 3� �
restart;
pde := (a*x+b)*diff(w(x,y),x)+ (c*x+d)*diff(w(x,y),y) = alpha*w(x,y)+beta;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(ax+ b)

α
a f1
(

(−ad+bc) ln(ax+b)+y a2−cxa
a2

)
α− β

α

6.5.1.4 [1199] Problem 4

problem number 1199

Added March 10, 2019.

Problem Chapter 5.2.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

(ax+ b)wx + (cy + d)wy = αw + β

Mathematica 3� �
ClearAll["Global`*"];
pde = (a*x + b)*D[w[x, y], x] + (c*y + d)*D[w[x, y], y] == alpha*w[x, y] + beta;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → −β

α
+ (ax+ b)αa c1

(
(cy + d)(ax+ b)− c

a

c

)}}
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Maple 3� �
restart;
pde := (a*x+b)*diff(w(x,y),x)+ (c*y+d)*diff(w(x,y),y) = alpha*w(x,y)+beta;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(ax+ b)

α
a f1
(

(cy+d)(ax+b)−
c
a

c

)
α− β

α

6.5.1.5 [1200] Problem 5

problem number 1200

Added March 10, 2019.

Problem Chapter 5.2.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

(ax+ b)wx + (cy + d)wy = αw + βy + γx

Mathematica 3� �
ClearAll["Global`*"];
pde = (a*x + b)*D[w[x, y], x] + (c*y + d)*D[w[x, y], y] == alpha*w[x, y] + beta*y + gamma*x;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → −

α(a− α)(α− c)(ax+ b)αa c1
(

(cy+d)(ax+b)−
c
a

c

)
− aβ(αy + d) + α2βy + α2γx+ αbγ + αβd− αcγx− bcγ

α(α− a)(α− c)




Maple 3� �
restart;
pde := (a*x+b)*diff(w(x,y),x)+ (c*y+d)*diff(w(x,y),y) = alpha*w(x,y)+beta*y+gamma*x;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(ax+ b)

α
a α(c− α) (a− α) f1

(
(cy+d)(ax+b)−

c
a

c

)
+ (−βy − γx)α2 + (aβy + γxc− bγ − βd)α + aβd+ bcγ

α (a− α) (c− α)
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6.5.1.6 [1201] Problem 6

problem number 1201

Added March 10, 2019.

Problem Chapter 5.2.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

(ax+ b)wx + (cx+ dy)wy = αw + β

Mathematica 3� �
ClearAll["Global`*"];
pde = (a*x + b)*D[w[x, y], x] + (c*x + d*y)*D[w[x, y], y] == alpha*w[x, y] + beta;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → −β

α
+ (ax+ b)αa c1

(
(ax+ b)− d

a (−d(−ay + cx+ dy)− bc)
d(a− d)

)}}

Maple 3� �
restart;
pde := (a*x+b)*diff(w(x,y),x)+ (c*x+d*y)*diff(w(x,y),y) = alpha*w(x,y)+beta;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(ax+ b)

α
a f1

( (
dya−cxd−d2y−bc

)
(ax+b)−

d
a

d(a−d)

)
α− β

α

6.5.1.7 [1202] Problem 7

problem number 1202

Added March 10, 2019.

Problem Chapter 5.2.1.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

(a1x+ a0)wx + (b2y + b1x+ b0)wy = (c2y + c1x+ c0)w + k2y + k1x+ k0

Mathematica 3� �
ClearAll["Global`*"];
pde = (a1*x + a0)*D[w[x, y], x] + (b2*y + b1*x + b0)*D[w[x, y], y] == (c2*y + c1*x + c0)*w[x, y] + k2*y + k1*x + k0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → (a0 + a1x)
a0b1c2−a0b2c1−a1b0c2+a1b2c0

a12b2 exp
(
−a1(a0b1c2 + b2(b0c2 + b1c2x− b2c1x+ b2c2y)) + a12c2(b0 + b2y) + b22x(b1c2− b2c1)

a1b22(a1− b2)

)
∫ x

1

exp
(
−

(a1c1−b2c1+b1c2)K[1]
a1 − c2(a0+a1x)−

b2
a1 (a0b1−a1(b0+b2y)+b2(b0+b1x+b2y))(a0+a1K[1])

b2
a1

b22
a1−b2

)
(a0 + a1x)−b2

a1 (a0 + a1K[1])
−a1b2c0+a0b2c1+a1b0c2−a0b1c2

a12b2 −1
(
−
((

k0(a0 + a1x)b2
a1 + k1K[1](a0 + a1x)b2

a1 + k2y(a0 + a1K[1])b2
a1

)
b22
)
+ a1

(
k0(a0 + a1x)b2

a1 + k1K[1](a0 + a1x)b2
a1 + k2y(a0 + a1K[1])b2

a1

)
b2 + k2

(
b1K[1](a0 + a1x)b2

a1 − b1x(a0 + a1K[1])b2
a1 + b0

(
(a0 + a1x)b2

a1 − (a0 + a1K[1])b2
a1

))
b2 + a0b1k2

(
(a0 + a1x)b2

a1 − (a0 + a1K[1])b2
a1

)
+ a1b0k2

(
(a0 + a1K[1])b2

a1 − (a0 + a1x)b2
a1

))
(a1− b2)b2 dK[1] + c1

(
(a0 + a1x)−b2

a1 (−a0b1 + a1(b0 + b2y)− b2(b0 + b1x+ b2y))
b2(a1− b2)

)



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Maple 3� �
restart;
pde := (a1*x+a0)*diff(w(x,y),x)+ (b2*y+b1*x+b0)*diff(w(x,y),y) = (c2*y+c1*x+c0)*w(x,y)+k2*y+k1*x+k0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

−
∫ x e

(_a a1+ a0)
b2
a1
(
b22 y+(− a1 y+b1 x+b0) b2+ a0 b1− a1 b0

)
a1 c2(a1 x+a0)−

b2
a1 −_a b22(c1 a1+b1 c2− c1 b2)

(a1− b2) b22 a1

((
b22 y + (− a1 y + b1x+ b0) b2+a0 b1− a1 b0

)
k2 (a1 x+ a0)−

b2
a1 (_a a1+a0)

− a12 b2+
(
b0 c2+b22 − b2 c0

)
a1− a0(b1 c2− c1 b2)

a12 b2 −
(
(−_a k1− k0) b22+((_a b1+b0) k2+a1 (_a k1+k0)) b2+k2 (a0 b1− a1 b0)

)
(_a a1+a0)

(
a0 c1− a12 − a1 c0

)
b2− c2(a0 b1− a1 b0)

a12 b2

)
d_a+ f1

(
−
(
b22 y+(− a1 y+b1x+b0) b2+a0 b1− a1 b0

)
(a1x+a0)−

b2
a1

(a1−b2) b2

)
b2 (a1− b2)

 (a1x+ a0)
a0 b1 c2− a0 b2 c1− a1 b0 c2+ c0 b2 a1

a12 b2 e
c2(b2 y+b0) a12 +

(
(c1 x−c2 y) b22 − c2(b1 x+b0) b2− a0 b1 c2

)
a1+x b22(b1 c2− c1 b2)

(a1− b2) b22 a1

(a1− b2) b2

6.5.1.8 [1203] Problem 8

problem number 1203

Added March 10, 2019.

Problem Chapter 5.2.1.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aywx + (b1x+ b0)wy = (c1x+ c0)w + s1x+ s0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*y*D[w[x, y], x] + (b1*x + b0)*D[w[x, y], y] == (c1*x + c0)*w[x, y] + s1*x + s0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(b0c1− b1c0)arctanh
(

b0+b1x√
b1
√

ay2

)
−
√
b1c1

√
ay2

√
ab13/2




∫ x

1
−

exp


√

−b1x2−2b0x+ay2+b1K[1]2+2b0K[1]c1
b1 +

(b1c0−b0c1)arctanh

 b0+b1K[1]
√

b1
√

−b1x2−2b0x+ay2+b1K[1]2+2b0K[1]


b13/2√

a

 (s0 + s1K[1])

√
a
√

−b1x2 − 2b0x+ ay2 + b1K[1]2 + 2b0K[1]
dK[1] + c1

(
−−ay2 + 2b0x+ b1x2

2a

)



w(x, y) → exp

(b1c0− b0c1)arctanh
(

b0+b1x√
b1
√

ay2

)
+
√
b1c1

√
ay2

√
ab13/2




∫ x

1

exp

−

√
−b1x2−2b0x+ay2+b1K[2]2+2b0K[2]c1

b1 +
(b1c0−b0c1)arctanh

 b0+b1K[2]
√
b1
√

−b1x2−2b0x+ay2+b1K[2]2+2b0K[2]


b13/2√

a

 (s0 + s1K[2])

√
a
√

−b1x2 − 2b0x+ ay2 + b1K[2]2 + 2b0K[2]
dK[2] + c1

(
−−ay2 + 2b0x+ b1x2

2a

)



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Maple 3� �
restart;
pde := a*y*diff(w(x,y),x)+ (b1*x+b0)*diff(w(x,y),y) = (c1*x+c0)*w(x,y)+s1*x+s0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = e
c1
√
a2y2

a b1

(
a(b1x+ b0) +

√
a2y2

√
a b1√

a b1

)−b0 c1− b1 c0
b1

√
a b1

∫ x (_a s1+ s0)
(√

ab1
√

a((_a2−x2) b1+(2_a−2x) b0+a y2)+(_a b1+b0)a√
a b1

)b0 c1− b1 c0
b1

√
a b1 e−

c1
√
a
((

_a2−x2
)
b1+(2_a−2x) b0+a y2

)
a b1√

a ((_a2 − x2) b1+ (2_a− 2x) b0+a y2)
d_a+ f1

(
y2 − b1 x2

a
− 2 b0 x

a

)

6.5.2 2.2
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6.5.2.1 [1204] Problem 1

problem number 1204

Added March 10, 2019.

Problem Chapter 5.2.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cw + βxy + γ

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x, y] + beta*x*y + gamma;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → e
cx
a

(∫ x

1

e−
cK[1]
a (bβK[1](K[1]− x) + a(γ + βyK[1]))

a2
dK[1] + c1

(
y − bx

a

))}}

Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+beta*x*y+gamma;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
f1
(
ya−xb

a

)
e cxa c3 + (−βxy − γ) c2 − β(ya+ xb) c− 2abβ

c3
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6.5.2.2 [1205] Problem 2

problem number 1205

Added March 10, 2019.

Problem Chapter 5.2.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cw + x(βx+ γy) + δ

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x, y] + x*(beta*x + gamma*y) + delta;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → e
cx
a

(∫ x

1

e−
cK[1]
a (bγK[1](K[1]− x) + a(βK[1]2 + γyK[1] + δ))

a2
dK[1] + c1

(
y − bx

a

))}}

Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+x*(beta*x+gamma*y)+delta;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
f1
(
ya−bx

a

)
e cxa c3 + (−β x2 − γxy − δ) c2 + ((−ya− bx) γ − 2aβx) c− 2a2β − 2abγ

c3

6.5.2.3 [1206] Problem 3

problem number 1206

Added March 10, 2019.

Problem Chapter 5.2.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = w + ax2 + by2 + c

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == w[x, y] + a*x^2 + b*y^2 + c;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → xc1

(y
x

)
+ ax2 + by2 − c

}}
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Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ y*diff(w(x,y),y) = w(x,y)+a*x^2+b*y^2+c;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = b y2 + a x2 + f1
(y
x

)
x− c

6.5.2.4 [1207] Problem 4

problem number 1207

Added March 10, 2019.

Problem Chapter 5.2.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axwx + bywy = cw + x(βx+ γy) + δ

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == c*w[x, y] + x*(beta*x + gamma*y) + delta;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → c(2a− c)(a+ b− c)x c

a c1
(
yx−

b
a

)
− 2a2δ − 2abδ + ac(x(βx+ 2γy) + 3δ) + bc(βx2 + δ)− c2(x(βx+ γy) + δ)

c(c− 2a)(−a− b+ c)




Maple 3� �
restart;
pde := a*x*diff(w(x,y),x)+ b*y*diff(w(x,y),y) = c*w(x,y)+x*(beta*x+gamma*y)+delta;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = γyx

a+ b− c
+ x2β

2a− c
− δ

c
+ x

c
af1
(
y x−

b
a

)

6.5.2.5 [1208] Problem 5

problem number 1208

Added March 10, 2019.

Problem Chapter 5.2.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aywx + (b2x2 + b1x+ b0)wy = (c2x2 + c1x+ c0)w + s2x
2 + s1x+ s0
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*y*D[w[x, y], x] + (b2*x^2 + b1*x + b0)*D[w[x, y], y] == (c2*x^2 + c1*x + c0)*w[x, y] + s2*x^2 + s1*x + s0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

−

ac2y2+2

EllipticF

arcsin


√√√√√ Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
−x

Root
[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
,Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
(b2c0−b0c2+(b2c1−b1c2)Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

])
−(b2c1−b1c2)E

arcsin


√√√√√ Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
−x

Root
[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
|

Root
[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
(Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

])
√√√√√ Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

]
−x

Root
[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

] (Root
[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

])√√√√√
(
x−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

])(
Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
−x
)

(
Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

])2
√
ab2

√
ay2

c1
(
−2b2x3 + 3b1x2 + 6b0x− 3ay2

6a

)
+
∫ x

1
−
√
3e

c2
(
−2b2x3−3b1x2−6b0x+2b2K[1]3+3ay2+3b1K[1]2+6b0K[1]

)
+6

EllipticF

arcsin


√√√√√ Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
−K[1]

Root
[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
,Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
(b2c0−b0c2+(b2c1−b1c2)Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

])
−(b2c1−b1c2)E

arcsin


√√√√√ Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
−K[1]

Root
[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
|

Root
[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
(Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

])
√√√√√ Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

]
−K[1]

Root
[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
√√√√√−

(
K[1]−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

])(
K[1]−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

])
(
Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

])2 (
Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

])
√
3
√
ab2

√
−2b2x3−3b1x2−6b0x+2b2K[1]3+3ay2+3b1K[1]2+6b0K[1] (s0 +K[1](s1 + s2K[1]))

√
a
√

−2b2x3 − 3b1x2 − 6b0x+ 2b2K[1]3 + 3ay2 + 3b1K[1]2 + 6b0K[1]
dK[1]




w(x, y) → e

ac2y2+2

EllipticF

arcsin


√√√√√ Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
−x

Root
[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
,Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
(b2c0−b0c2+(b2c1−b1c2)Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

])
−(b2c1−b1c2)E

arcsin


√√√√√ Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
−x

Root
[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
|

Root
[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
(Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

])
√√√√√ Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

]
−x

Root
[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

] (Root
[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

])√√√√√
(
x−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

])(
Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
−x
)

(
Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

])2
√
ab2

√
ay2

c1
(
−2b2x3 + 3b1x2 + 6b0x− 3ay2

6a

)
+
∫ x

1

√
3e

−

c2
(
−2b2x3−3b1x2−6b0x+2b2K[2]3+3ay2+3b1K[2]2+6b0K[2]

)
+6

EllipticF

arcsin


√√√√√ Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
−K[2]

Root
[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
,Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
(b2c0−b0c2+(b2c1−b1c2)Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

])
−(b2c1−b1c2)E

arcsin


√√√√√ Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
−K[2]

Root
[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
|

Root
[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
(Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

])
√√√√√ Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

]
−K[2]

Root
[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,1

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

]
√√√√√−

(
K[2]−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

])(
K[2]−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

])
(
Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

])2 (
Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,2

]
−Root

[
−2b2x3−3b1x2−6b0x+2b2#13+3ay2+3b1#12+6b0#1&,3

])
√

3
√
ab2

√
−2b2x3−3b1x2−6b0x+2b2K[2]3+3ay2+3b1K[2]2+6b0K[2] (s0 +K[2](s1 + s2K[2]))

√
a
√

−2b2x3 − 3b1x2 − 6b0x+ 2b2K[2]3 + 3ay2 + 3b1K[2]2 + 6b0K[2]
dK[2]




Maple 7� �
restart;
pde := a*y*diff(w(x,y),x)+ (b2*x^2+b1*x+b0)*diff(w(x,y),y) = (c2*x^2+c1*x+c0)*w(x,y)+s2*x^2+s1*x+s0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
time expired

6.5.2.6 [1209] Problem 6

problem number 1209

Added March 10, 2019.

Problem Chapter 5.2.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

ay2wx + (b1x2 + b0)wy = (c1x2 + c0)w + s1x
2 + s0
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*y^2*D[w[x, y], x] + (b1*x^2 + b0)*D[w[x, y], y] == (c1*x^2 + c0)*w[x, y] + s1*x^2 + s0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

ac1y3+3(b1c0−b0c1)Hypergeometric2F1

 1
3 ,

2
3 ,

4
3 ,

(
x−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

])(
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

])
(
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

])(
x−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

])
(x−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]) x−Root
[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

]
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

]
2/3

3

√√√√√ x−Root
[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

]
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

]
3√ab1

(
ay3

)2/3


c1

(
−b1x3 + 3b0x− ay3

3a

)
+
∫ x

1

e
−

c1
(
−b1x3−3b0x+ay3+b1K[1]3+3b0K[1]

)
+3(b1c0−b0c1)Hypergeometric2F1

 1
3 ,

2
3 ,

4
3 ,

(
K[1]−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

])(
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

])
(
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

])(
K[1]−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

])
(K[1]−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]) K[1]−Root
[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

]
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

]
2/3

3

√√√√√ K[1]−Root
[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

]
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

]
3√ab1

(
−b1x3−3b0x+ay3+b1K[1]3+3b0K[1]

)2/3
(s1K[1]2 + s0)

3
√
a (−b1x3 − 3b0x+ ay3 + b1K[1]3 + 3b0K[1])2/3

dK[1]




w(x, y) → e

3√−1

−ac1y3−3(b1c0−b0c1)Hypergeometric2F1

 1
3 ,

2
3 ,

4
3 ,

(
x−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

])(
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

])
(
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

])(
x−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

])
(x−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]) x−Root
[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

]
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

]
2/3

3

√√√√√ x−Root
[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

]
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

]


3√ab1
(
ay3

)2/3


c1

(
−b1x3 + 3b0x− ay3

3a

)
+
∫ x

1
−

3
√
−1e

3√−1

c1
(
−b1x3−3b0x+ay3+b1K[2]3+3b0K[2]

)
+3(b1c0−b0c1)Hypergeometric2F1

 1
3 ,

2
3 ,

4
3 ,

(
K[2]−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

])(
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

])
(
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

])(
K[2]−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

])
(K[2]−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]) K[2]−Root
[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

]
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

]
2/3

3

√√√√√ K[2]−Root
[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

]
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

]


3√ab1
(
−b1x3−3b0x+ay3+b1K[2]3+3b0K[2]

)2/3
(s1K[2]2 + s0)

3
√
a (−b1x3 − 3b0x+ ay3 + b1K[2]3 + 3b0K[2])2/3

dK[2]




w(x, y) → e

(−1)2/3

ac1y3+3(b1c0−b0c1)Hypergeometric2F1

 1
3 ,

2
3 ,

4
3 ,

(
x−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

])(
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

])
(
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

])(
x−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

])
(x−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]) x−Root
[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

]
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

]
2/3

3

√√√√√ x−Root
[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

]
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

]


3√ab1
(
ay3

)2/3


c1

(
−b1x3 + 3b0x− ay3

3a

)
+
∫ x

1

(−1)2/3e
−

(−1)2/3

c1
(
−b1x3−3b0x+ay3+b1K[3]3+3b0K[3]

)
+3(b1c0−b0c1)Hypergeometric2F1

 1
3 ,

2
3 ,

4
3 ,

(
K[3]−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

])(
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

])
(
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

])(
K[3]−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

])
(K[3]−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]) K[3]−Root
[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

]
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,2

]
2/3

3

√√√√√ K[3]−Root
[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

]
Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,1

]
−Root

[
−b1x3−3b0x+ay3+b1#13+3b0#1&,3

]


3√ab1
(
−b1x3−3b0x+ay3+b1K[3]3+3b0K[3]

)2/3
(s1K[3]2 + s0)

3
√
a (−b1x3 − 3b0x+ ay3 + b1K[3]3 + 3b0K[3])2/3

dK[3]




Maple 3� �
restart;
pde := a*y*diff(w(x,y),x)+ (b1*x^2+b0)*diff(w(x,y),y) = (c1*x^2+c0)*w(x,y)+s1*x^2+s0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

Expression too large to display

6.5.2.7 [1210] Problem 7

problem number 1210

Added March 10, 2019.

Problem Chapter 5.2.2.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

(a1x2 + a0)wx + (y + b2x
2 + b1x+ b0)wy = (c2y + c1x+ c0)w + k22y

2 + k12xy + k11x
2 + k0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a1*x^2 + a0)*y^2*D[w[x, y], x] + (y + b2*x^2 + b1*x + b0)*D[w[x, y], y] == (c2*y + c1*x + c0)*w[x, y] + k22*y^2 + k12*x*y + k11*x^2 + k0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed



chapter 6. handbook of first order partial differential . . . 1325

Maple 3� �
restart;
pde := (a1*x^2+a0)*diff(w(x,y),x)+ (y+b2*x^2+b1*x+b0)*diff(w(x,y),y) = (c2*y+c1*x+c0)*w(x,y)+ k22*y^2+k12*x*y+k11*x^2+k0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

Expression too large to display

6.5.2.8 [1211] Problem 8

problem number 1211

Added March 10, 2019.

Problem Chapter 5.2.2.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

(a1x2 + a0)wx + (b2y2 + b1xy)wy = (c2y2 + c1x
2)w + s22y

2 + s12xy + s11x
2 + s0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a1*x^2 + a0)*y^2*D[w[x, y], x] + (b2*y^2 + b1*x^2)*D[w[x, y], y] == (c2*y^2 + c1*x^2)*w[x, y] + s22*y^2 + s12*x*y + s11*x^2 + s0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (a1*x^2+a0)*diff(w(x,y),x)+ (b2*y^2+b1*x^2)*diff(w(x,y),y) = (c2*y^2+c1*x^2)*w(x,y)+ s22*y^2+s12*x*y+s11*x^2+s0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

Expression too large to display
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6.5.3.1 [1212] Problem 1

problem number 1212

Added March 12, 2019.

Problem Chapter 5.2.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axwx + bywy = αyw + β
√
xy + γ

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == alpha*y*w[x, y] + beta*Sqrt[x*y] + gamma;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

e
αy
b

(
bc1
(
yx−

b
a

)
− β

√
xy
(
αy
b

)−a+b
2b Γ

(
a+b
2b ,

αy
b

)
+ γ ExpIntegralEi

(
−αy

b

))
b




Maple 3� �
restart;
pde := a*x*diff(w(x,y),x)+ b*y*diff(w(x,y),y) = alpha*y*w(x,y)+ beta*sqrt(x*y)+gamma;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
4a√xy eαy2b

(
αy
b

)− 3b+a
4b b3β(2αy + a+ 3b)WhittakerM

(
a−b
4b ,

5b+a
4b ,

αy
b

)
− (3b+ a)

(
−2a√xy eαy2b

(
αy
b

)− 3b+a
4b b2β(3b+ a)WhittakerM

(3b+a
4b ,

5b+a
4b ,

αy
b

)
+ eαyb

(
−aγ ln

(
αy x− b

a

b

)
− abf1

(
y x−

b
a

)
+ γ
(
a ln

(
αy
b

)
+ a Ei1

(
αy
b

)
− b ln (x)

))
y(5b+ a) (a+ b)α

)
bαy (5b+ a) (a+ b) (3b+ a) a

6.5.3.2 [1213] Problem 2

problem number 1213

Added March 12, 2019.

Problem Chapter 5.2.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axwx + bywy = λ
√
xyw + βxy + γ
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == lambda*Sqrt[x*y]*w[x, y] + beta*x*y + gamma;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

2λ√xy
a+b


∫ x

1

e−
2λ

√
x
− b
a yK[1]

a+b
a

a+b

(
βyK[1]a+ba x− b

a + γ
)

aK[1] dK[1] + c1
(
yx−

b
a

)



Maple 3� �
restart;
pde := a*x*diff(w(x,y),x)+ b*y*diff(w(x,y),y) = lambda*sqrt(x*y)*w(x,y)+ beta*x*y+gamma;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
−4γ Ei1

(
2√xy λ

a+b

)
λ2e

2√xy λ
a+b − (a+ b)

(
−2f1

(
y x−

b
a

)
λ2e

2√xy λ
a+b + β

(
2√xy λ+ a+ b

))
2λ2 (a+ b)

6.5.3.3 [1214] Problem 3

problem number 1214

Added March 12, 2019.

Problem Chapter 5.2.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aywx + bxwy = αw + β
√
x+ γ

Mathematica 3� �
ClearAll["Global`*"];
pde = a*y*D[w[x, y], x] + b*x*D[w[x, y], y] == alpha*w[x, y] + beta*Sqrt[x] + gamma;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

−
α
√

ay2

ay2−bx2arcsinh
(
x
√

b
ay2−bx2

)
√
a
√
ay2
√

b
ay2−bx2



∫ x

1
−

exp

αarcsinh
(√

b
ay2−bx2K[1]

)√
2bK[1]2
ay2−bx2+2

√
2
√
a
√

b
ay2−bx2

√
ay2+b(K[1]2−x2)

(√K[1]β + γ
)

√
a
√
ay2 + b (K[1]2 − x2)

dK[1] + c1

(
ay2 − bx2

2a

)



w(x, y) → exp

α
√

ay2

ay2−bx2arcsinh
(
x
√

b
ay2−bx2

)
√
a
√
ay2
√

b
ay2−bx2



∫ x

1

exp

−
αarcsinh

(√
b

ay2−bx2K[2]
)√

2bK[2]2
ay2−bx2+2

√
2
√
a
√

b
ay2−bx2

√
ay2+b(K[2]2−x2)

(√K[2]β + γ
)

√
a
√
ay2 + b (K[2]2 − x2)

dK[2] + c1

(
ay2 − bx2

2a

)



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Maple 3� �
restart;
pde := a*y*diff(w(x,y),x)+ b*x*diff(w(x,y),y) = alpha*w(x,y)+ beta*sqrt(x)+gamma;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(
abx+

√
y2a2

√
ab√

ab

) α√
ab

∫ x
(
β
√_a+ γ

) (ab_a+
√
ab
√

a((_a2−x2)b+y2a)√
ab

)− α√
ab√

a ((_a2 − x2) b+ y2a)
d_a+ f1

(
y2 − b x2

a

)
6.5.3.4 [1215] Problem 4

problem number 1215

Added March 12, 2019.

Problem Chapter 5.2.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aywx + bxwy = αw + β
√
x+ γ

Mathematica 3� �
ClearAll["Global`*"];
pde = a*y*D[w[x, y], x] + b*x*D[w[x, y], y] == alpha*w[x, y] + beta*Sqrt[x] + gamma;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

−
α
√

ay2

ay2−bx2arcsinh
(
x
√

b
ay2−bx2

)
√
a
√
ay2
√

b
ay2−bx2



∫ x

1
−

exp

αarcsinh
(√

b
ay2−bx2K[1]

)√
2bK[1]2
ay2−bx2+2

√
2
√
a
√

b
ay2−bx2

√
ay2+b(K[1]2−x2)

(√K[1]β + γ
)

√
a
√
ay2 + b (K[1]2 − x2)

dK[1] + c1

(
ay2 − bx2

2a

)



w(x, y) → exp

α
√

ay2

ay2−bx2arcsinh
(
x
√

b
ay2−bx2

)
√
a
√
ay2
√

b
ay2−bx2



∫ x

1

exp

−
αarcsinh

(√
b

ay2−bx2K[2]
)√

2bK[2]2
ay2−bx2+2

√
2
√
a
√

b
ay2−bx2

√
ay2+b(K[2]2−x2)

(√K[2]β + γ
)

√
a
√
ay2 + b (K[2]2 − x2)

dK[2] + c1

(
ay2 − bx2

2a

)



Maple 3� �
restart;
pde := a*y*diff(w(x,y),x)+ b*x*diff(w(x,y),y) = alpha*w(x,y)+ beta*sqrt(x)+gamma;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(
abx+

√
y2a2

√
ab√

ab

) α√
ab

∫ x
(
β
√_a+ γ

) (ab_a+
√
ab
√

a((_a2−x2)b+y2a)√
ab

)− α√
ab√

a ((_a2 − x2) b+ y2a)
d_a+ f1

(
y2 − b x2

a

)
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6.5.3.5 [1216] Problem 5

problem number 1216

Added March 12, 2019.

Problem Chapter 5.2.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a
√
xwx + b

√
ywy = αw + βx+ γy + δ

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Sqrt[x]*D[w[x, y], x] + b*Sqrt[y]*D[w[x, y], y] == alpha*w[x, y] + beta*x + gamma*y + delta;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → −

−2α3e
2α

√
x

a c1
(
2√y − 2b

√
x

a

)
+ a2β + 2aαβ

√
x+ 2α2βx+ 2α2δ + 2α2γy + 2αbγ√y + b2γ

2α3




Maple 3� �
restart;
pde := a*sqrt(x)*diff(w(x,y),x)+ b*sqrt(y)*diff(w(x,y),y) = alpha*w(x,y)+ beta*x+gamma*y+delta;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
2f1
(

−√
y a+b

√
x

b

)
α3e

2√y α
b − 2

√
x aαβ − 2√y αbγ + (−2βx− 2γy − 2δ)α2 − a2β − b2γ

2α3

6.5.3.6 [1217] Problem 6

problem number 1217

Added March 12, 2019.

Problem Chapter 5.2.3.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a
√
xwx + b

√
ywy = αw + β

√
x+ γ

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Sqrt[x]*D[w[x, y], x] + b*Sqrt[y]*D[w[x, y], y] == alpha*w[x, y] + beta*Sqrt[x] + gamma;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → −

aβ + 2α
(
β
√
x+ γ

)
2α2 + e

2α
√
x

a c1

(
2√y − 2b

√
x

a

)}}
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Maple 3� �
restart;
pde := a*sqrt(x)*diff(w(x,y),x)+ b*sqrt(y)*diff(w(x,y),y) = alpha*w(x,y)+ beta*sqrt(x)+gamma*y+delta;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

f1(−√
y a+b

√
x

b

)
b+

∫ y
e−

2√_aα
b

(
β

√ (√_a a−√
y a+b

√
x
)2

b2 +γ_a+δ

)
√_a d_a

 e
2√y α
b

b

6.5.3.7 [1218] Problem 7

problem number 1218

Added March 12, 2019.

Problem Chapter 5.2.3.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a
√
ywx + b

√
xwy = αw + β

√
x+ γ

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Sqrt[y]*D[w[x, y], x] + b*Sqrt[x]*D[w[x, y], y] == alpha*w[x, y] + beta*Sqrt[x] + gamma;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

αx 3
√

ay3/2

ay3/2−bx3/2 Hypergeometric2F1
(

1
3 ,

2
3 ,

5
3 ,

bx3/2

bx3/2−ay3/2

)
a 3
√
y3/2



∫ x

1

exp

−
αHypergeometric2F1

(
1
3 ,

2
3 ,

5
3 ,

bK[1]3/2

bx3/2−ay3/2

)
K[1] 3

√
1− bK[1]3/2

bx3/2−ay3/2

a
3
√

y3/2+
b
(
K[1]3/2−x3/2

)
a

(√K[1]β + γ
)

a
3
√
y3/2 + b

(
K[1]3/2−x3/2)

a

dK[1] + c1

(
2
(
ay3/2 − bx3/2

)
3a

)





Maple 3� �
restart;
pde := a*sqrt(y)*diff(w(x,y),x)+ b*sqrt(x)*diff(w(x,y),y) = alpha*w(x,y)+ beta*sqrt(x)+gamma*y+delta;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


f1
(
RootOf

(
x b2 −

(
b2
(
y3/2a+ _Zb

))2/3))
b+

∫ y

e−

α
∫ 1√√√√√(

b2
(
_a3/2a+RootOf

(
x b2−

(
b2
(
y3/2a+_Zb

))2/3)
b

))2/3
b2

d_a

b

β

√√√√(
b2
(
_a3/2a+RootOf

(
x b2−

(
b2
(
y3/2a+_Zb

))2/3)
b

))2/3
b2 +γ_a+δ


√√√√(

b2
(
_a3/2a+RootOf

(
x b2−

(
b2
(
y3/2a+_Zb

))2/3)
b

))2/3
b2

d_a


e

α
∫ y 1√√√√√(

b2
(
_a3/2a+RootOf

(
x b2−

(
b2
(
y3/2a+_Zb

))2/3)
b

))2/3
b2

d_a

b

b

contains RootOf
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6.5.4.1 [1219] Problem 1

problem number 1219

Added March 12, 2019.

Problem Chapter 5.2.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cw + kxnym

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x, y] + k*x^n*y^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → e

cx
a

∫ x

1

e−
cK[1]
a kK[1]n

(
y + b(K[1]−x)

a

)m
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+ k*x^n*y^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

(
f1
(
ay−bx

a

)
a+ k

∫ x _an
(

ay−b(x−_a)
a

)m
e− c_a

a d_a
)
e cxa

a
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6.5.4.2 [1220] Problem 2

problem number 1220

Added March 12, 2019.

Problem Chapter 5.2.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + ywy = bw + cxnym

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + y*D[w[x, y], y] == b*w[x, y] + c*x^n*y^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → e

x(b−m)
a

−
cymxn

(
x(b−m)

a

)−n

Γ
(
n+ 1, (b−m)x

a

)
b−m

+ e
mx
a c1
(
ye−

x
a

)



Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ y*diff(w(x,y),y) = b*w(x,y)+ c*x^n*y^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

c ∫ x _an
(
y e−x+_a

a

)m
e− b_a

a d_a

a
+ f1

(
y e−x

a

) e bxa

6.5.4.3 [1221] Problem 3

problem number 1221

Added April 1, 2019.

Problem Chapter 5.2.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = axw + bxnym

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*w[x, y] + b*x^n*y^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → eax

(
−bymxn(ax)−m−nΓ(m+ n, ax) + c1

(y
x

))}}
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Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ y*diff(w(x,y),y) = a*x*w(x,y)+ b*x^n*y^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
b(ax)−

n
2−

m
2 WhittakerM

(
n
2 + m

2 ,
n
2 + m

2 + 1
2 , ax

)
ymxneax2

(n+m) (1 + n+m) + b xnym

n+m
+ eaxf1

(y
x

)

6.5.4.4 [1222] Problem 4

problem number 1222

Added April 1, 2019.

Problem Chapter 5.2.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = a
√
x2 + y2w + bxnym

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*Sqrt[x^2+y^2]*w[x,y] + b*x^n*y^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → ea
√

x2+y2

(∫ x

1
be

−a

√(
y2
x2+1

)
K[1]2

K[1]n−1
(
yK[1]
x

)m

dK[1] + c1
(y
x

))}}

Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ y*diff(w(x,y),y) = a*sqrt(x^2+y^2)*w(x,y)+ b*x^n*y^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
ym WhittakerM

(
n
2 + m

2 ,
n
2 + m

2 + 1
2 ,
√
x2 + y2 a

) (√
x2 + y2 a

)−n
2−

m
2 xnb e

√
x2+y2 a

2 + (1 + n+m)
(
f1
(
y
x

)
(n+m) e

√
x2+y2 a + b xnym

)
(n+m) (1 + n+m)
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6.5.4.5 [1223] Problem 5

problem number 1223

Added April 1, 2019.

Problem Chapter 5.2.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axwx + bywy = cxnymw + pxkys

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == c*x^n*y^m*w[x,y] + p*x^k*y^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → e
cymxn

an+bm


∫ x

1

exp
(
−

cK[1]n
(
x− b

a yK[1]
b
a

)m
bm+an

)
pK[1]k−1

(
x−

b
ayK[1] ba

)s
a

dK[1] + c1
(
yx−

b
a

)




Maple 3� �
restart;
pde := a*x*diff(w(x,y),x)+ b*y*diff(w(x,y),y) = c*x^n*y^m*w(x,y)+ p*x^k*y^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(ymxnc+ (k + n) a+ (m+ s) b) e

ymxnc
2an+2bmxk−np(an+ bm)2

(
ymxnc
an+bm

) (−k−n)a−(m+s)b
2an+2bm y−m+s WhittakerM

(
(k−n)a−b(m−s)

2an+2bm ,
(k+2n)a+2b

(
m+ s

2
)

2an+2bm , ymxnc
an+bm

)
+ ((k + n) a+ (m+ s) b)

(
((k + n) a+ (m+ s) b) e

ymxnc
2an+2bmxk−np(an+ bm)

(
ymxnc
an+bm

) (−k−n)a−(m+s)b
2an+2bm y−m+sWhittakerM

(
(k+n)a+(m+s)b

2an+2bm ,
(k+2n)a+2b

(
m+ s

2
)

2an+2bm , ymxnc
an+bm

)
+ (ak + bs) f1

(
y x−

b
a

) (
(k + 2n) a+ 2b

(
m+ s

2

))
c e

ymxnc
an+bm

)
(ak + bs) ((k + n) a+ (m+ s) b)

(
(k + 2n) a+ 2b

(
m+ s

2

))
c

6.5.4.6 [1224] Problem 6

problem number 1224

Added April 1, 2019.

Problem Chapter 5.2.4.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axwx + bywy = (cxn + pym)w + qxkys



chapter 6. handbook of first order partial differential . . . 1335

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == c*(x^n+p*y^m)*w[x,y] + q*x^k*y^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �




w(x, y) → e
cxn

an
+ cpym

bm



∫ x

1

exp

−

c

ap

(
x
− b
a yK[1]

b
a

)m
bm

+K[1]n
n


a

 qK[1]k−1
(
x−

b
ayK[1] ba

)s

a
dK[1] + c1

(
yx−

b
a

)






Maple 3� �
restart;
pde := a*x*diff(w(x,y),x)+ b*y*diff(w(x,y),y) = c*(x^n+y^m)*w(x,y)+ q*x^k*y^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


q
∫ x _ak

(
y x− b

a_a
b
a

)s
e−

c
∫ _an+

(
y x

− b
a _a

b
a

)m
_a d_a
a

_a d_a
a

+ f1
(
y x−

b
a

)
 e

c
∫ x _an+

(
y x

− b
a _a

b
a

)m
_a d_a
a

6.5.4.7 [1225] Problem 7

problem number 1225

Added April 1, 2019.

Problem Chapter 5.2.4.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

x2wx + axywy = by2w + cxnym

Mathematica 3� �
ClearAll["Global`*"];
pde = x^2*D[w[x, y], x] + a*x*y*D[w[x, y], y] == b*y^2*w[x,y] + c*x^n*y^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e−

by2
x−2ax

−
cymxn−1

(
− by2

x−2ax

)−am+n−1
2a−1 Γ

(
am+n−1
2a−1 ,− by2

x−2ax

)
2a− 1 + c1

(
yx−a

)


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Maple 3� �
restart;
pde := x^2*diff(w(x,y),x)+ a*x*y*diff(w(x,y),y) = b*y^2*w(x,y)+ c*x^n*y^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
2((m+ 2) a+ n− 2)2 c xnx e

y2b
(4a−2)x

(
−1

2 + a
)
ym
(

y2b
(−1+2a)x

) (−m−2)a−n+2
4a−2 WhittakerM

(
(m+2)a+n−2

4a−2 , (m+4)a+n−3
4a−2 , y2b

(−1+2a)x

)
+ 4c xn(((m+ 2) a+ n− 2)x+ y2b) e

y2b
(4a−2)x

(
−1

2 + a
)2
ym
(

y2b
(−1+2a)x

) (−m−2)a−n+2
4a−2 WhittakerM

(
(m−2)a+n

4a−2 , (m+4)a+n−3
4a−2 , y2b

(−1+2a)x

)
+ ((m+ 2) a+ n− 2) f1(y x−a) e

y2b
(−1+2a)xx((m+ 4) a+ n− 3) y2b(ma+ n− 1)

((m+ 2) a+ n− 2)x ((m+ 4) a+ n− 3) y2b (ma+ n− 1)

6.5.4.8 [1226] Problem 8

problem number 1226

Added April 1, 2019.

Problem Chapter 5.2.4.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

x2wx + xywy = y2(ax+ by)w + cxnym

Mathematica 3� �
ClearAll["Global`*"];
pde = x^2*D[w[x, y], x] + x*y*D[w[x, y], y] == y^2*(a*x+b*y)*w[x,y] + c*x^n*y^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → −c2 1
2 (m+n−3)ymxn−1e

1
2y

2
(
a+ by

x

)(
y2
(
a+ by

x

)) 1
2 (−m−n+1)

Γ
(
1
2(m+ n− 1), 12y

2
(
a+ by

x

))
+ c1

(y
x

)
e

1
2y

2
(
a+ by

x

)}}

Maple 3� �
restart;
pde := x^2*diff(w(x,y),x)+ x*y*diff(w(x,y),y) = y^2*(a*x+b*y)*w(x,y)+ c*x^n*y^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


c2n2− 1

2+
m
2 xn−2ym

2
7
4−n

4 −m
4 y2(ax+by)

(
y2(ax+by)

x

)− 1
4−n

4 −m
4
e−

y3b
4x − y2a

4 WhittakerM
(

1
4+

n
4+

m
4 ,n4+

m
4 + 3

4 ,
y3b
2x + y2a

2

)
n+m+3 + 2 1

2−
n
2−

m
2 e− y2a

2 − y3b
2x (y2ax+ y3b+mx+ nx+ x)


(1 + n+m) (n− 1 +m) + f1

(y
x

)


e
y2(ax+by)

2x
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6.5.4.9 [1227] Problem 9

problem number 1227

Added April 1, 2019.

Problem Chapter 5.2.4.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axnwx + bxmywy = cxpyqw + sxγyδ + d

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^n*D[w[x, y], x] + b*x^m*y*D[w[x, y], y] == c*x^p*y^q*w[x,y] + s*x^gamma*y^delta+d;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

−
cyqx−n+p+1e−

bqxm−n+1
am−an+a

(
− bqxm−n+1

am−an+a

) n−p−1
m−n+1 Γ

(
−n+p+1
m−n+1 ,−

bqxm−n+1

ma−na+a

)
a(m− n+ 1)




∫ x

1

exp

 ce
− bqK[1]m−n+1

ma−na+a

e

b
(
K[1]m−n+1−xm−n+1)

ma−na+a y

qΓ(−n+p+1
m−n+1 ,− bqK[1]m−n+1

ma−na+a

)
K[1]−n+p+1

(
− bqK[1]m−n+1

ma−na+a

) n−p−1
m−n+1

a(m−n+1)

K[1]−n

(
sK[1]γ

(
e
b
(
K[1]m−n+1−xm−n+1)

ma−na+a y

)δ

+ d

)

a
dK[1] + c1

(
ye−

bxm−n+1
am−an+a

)





Maple 3� �
restart;
pde := a*x^n*diff(w(x,y),x)+ b*x^m*y*diff(w(x,y),y) = c*x^p*y^q*w(x,y)+ s*x^gamma*y^delta+d;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =



∫ x e−
c
∫
_ap−n

y e

b
(
−xm−n+1+_am−n+1)

a(m−n+1)


q

d_a

a

s_aγ−n

(
y e

b
(
−xm−n+1+_am−n+1)

a(m−n+1)

)δ

+ _a−nd

 d_a

a
+ f1

(
y e−

xm−n+1b
a(m−n+1)

)


e

c
∫ x _ap−n

y e

b
(
−xm−n+1+_am−n+1)

a(m−n+1)


q

d_a

a
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6.5.4.10 [1228] Problem 10

problem number 1228

Added April 1, 2019.

Problem Chapter 5.2.4.10, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axnwx + (bxmy + cxk)wy = sxpyqw + d

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^n*D[w[x, y], x] + (b*x^m*y+x*x^k)*D[w[x, y], y] == s*x^p*y^q*w[x,y] + d;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

∫ x

1

s
(
b−

k+2
m−n+1 exp

(
− b

(
xm−n+1−K[1]m−n+1)

a(m−n+1)

)
(a(m− n+ 1))−

m
m−n+1

(
b

n
m−n+1 e

bxm−n+1
ma−na+aΓ

(
k−n+2
m−n+1 ,

bxm−n+1

ma−na+a

)
(a(m− n+ 1))

k+1
m−n+1 − b

n
m−n+1 e

bxm−n+1
ma−na+aΓ

(
k−n+2
m−n+1 ,

bK[1]m−n+1

ma−na+a

)
(a(m− n+ 1))

k+1
m−n+1 + b

k+2
m−n+1y(a(m− n+ 1))

m
m−n+1

))q
K[1]p−n

a
dK[1]



∫ x

1

d exp

−
∫ K[2]
1

s

(
b
− k+2
m−n+1 exp

(
−
b
(
xm−n+1−K[1]m−n+1)

a(m−n+1)

)
(a(m−n+1))−

m
m−n+1

(
b

n
m−n+1 e

bxm−n+1
ma−na+a Γ

(
k−n+2
m−n+1 ,

bxm−n+1
ma−na+a

)
(a(m−n+1))

k+1
m−n+1−b

n
m−n+1 e

bxm−n+1
ma−na+a Γ

(
k−n+2
m−n+1 ,

bK[1]m−n+1
ma−na+a

)
(a(m−n+1))

k+1
m−n+1+b

k+2
m−n+1 y(a(m−n+1))

m
m−n+1

))q
K[1]p−n

a
dK[1]

K[2]−n

a
dK[2] + c1

(
(a(m− n+ 1))

k−m+1
m−n+1 b

−k+n−2
m−n+1 Γ

(
k − n+ 2
m− n+ 1 ,

bxm−n+1

ma− na+ a

)
+ ye−

bxm−n+1
am−an+a

)





Maple 3� �
restart;
pde := a*x^n*diff(w(x,y),x)+ (b*x^m*y+c*x^k)*diff(w(x,y),y) = s*x^p*y^q*w(x,y)+ d;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

Expression too large to display

6.5.4.11 [1229] Problem 11

problem number 1229

Added April 1, 2019.

Problem Chapter 5.2.4.11, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axnwx + bxmykwy = cw + sxpyq + d
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^n*D[w[x, y], x] + b*x^m*y^k*D[w[x, y], y] == c*w[x,y] + s*x^p*y^q+d;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx1−n
a−an

∫ x

1

e
cK[1]1−n
a(n−1) K[1]−n

(
s

((
− a(m−n+1)xnykK[1]n

a(−m+n−1)xnyK[1]n−b(k−1)yk(xm+1K[1]n−xnK[1]m+1)

) 1
k−1
)q

K[1]p + d

)
a

dK[1] + c1

(
y1−k(−m+n−1)

k−1 − bxm−n+1

a

m− n+ 1

)



Maple 3� �
restart;
pde := a*x^n*diff(w(x,y),x)+ b*x^m*y^k*diff(w(x,y),y) = c*w(x,y)+ s*x^p*y^q+d;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

(
f1
(

b(k−1)xm−n+1+y1−k(m−n+1)a
(m−n+1)a

)
a+

∫ x e
c_a1−n
(−1+n)a

(
s_ap−n

((
−b(k−1)_am−n+1+b(k−1)xm−n+1+y1−k(m−n+1)a

(m−n+1)a

)− 1
k−1
)q

+ _a−nd

)
d_a

)
e−

c x1−n
(−1+n)a

a

6.5.4.12 [1230] Problem 12

problem number 1230

Added April 1, 2019.

Problem Chapter 5.2.4.12, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aykwx + bxnwy = cw + sxm

Mathematica 3� �
ClearAll["Global`*"];
pde = a*y^k*D[w[x, y], x] + b*x^n*D[w[x, y], y] == c*w[x,y] + s*x^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

cx
((
y−k−1)− 1

k+1
)−k (

a(n+1)yk+1

a(n+1)yk+1−b(k+1)xn+1

) k
k+1 Hypergeometric2F1

(
k

k+1 ,
1

n+1 , 1 +
1

n+1 ,
b(k+1)xn+1

b(k+1)xn+1−a(n+1)yk+1

)
a





∫ x

1

exp

−
cHypergeometric2F1

(
k
k+1 ,

1
n+1 ,1+

1
n+1 ,

b(k+1)K[1]n+1

b(k+1)xn+1−a(n+1)yk+1

)
K[1]

(
1− b(k+1)K[1]n+1

b(k+1)xn+1−a(n+1)yk+1

) k
k+1

( a(n+1)
a(n+1)yk+1−b(k+1)

(
xn+1−K[1]n+1

)
)− 1

k+1
−k

a

 sK[1]m
((

a(n+1)
a(n+1)yk+1−b(k+1)(xn+1−K[1]n+1)

)− 1
k+1
)−k

a
dK[1] + c1

(
yk+1

k + 1 − bxn+1

an+ a

)





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Maple 3� �
restart;
pde := a*y^k*diff(w(x,y),x)+ b*x^n*diff(w(x,y),y) = c*w(x,y)+ s*x^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

f1(−bx(1+k)xn+y yka(n+1)
(n+1)a

)
a+ s

∫ x _am
((

(1+k)b_an+1−b xn+1(1+k)+y1+k(n+1)a
(n+1)a

) 1
1+k
)−k

e−
c
∫ ( (1+k)b_an+1−b xn+1(1+k)+y1+k(n+1)a

(n+1)a

) 1
1+k


−k

d_a

a d_a

 e
c
∫ x
( (1+k)b_an+1−b xn+1(1+k)+y1+k(n+1)a

(n+1)a

) 1
1+k


−k

d_a

a

a

6.5.5 3.1

Local contents
6.5.5.1 [1231] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1340
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6.5.5.5 [1235] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1343
6.5.5.6 [1236] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1344
6.5.5.7 [1237] Problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1344
6.5.5.8 [1238] Problem 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1345

6.5.5.1 [1231] Problem 1

problem number 1231

Added April 1, 2019.

Problem Chapter 5.3.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = (ceλx + seµy)w + keνx

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c*Exp[lambda*x]+s*Exp[mu*y])*w[x,y] + k*Exp[nu*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → e
ceλx

aλ
+ seµy

bµ


∫ x

1

exp
(
− eλK[1]c

aλ
− e

µ

(
y+ b(K[1]−x)

a

)
s

bµ
+ νK[1]

)
k

a
dK[1] + c1

(
y − bx

a

)



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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = (c*exp(lambda*x)+s*exp(mu*y))*w(x,y)+ k*exp(nu*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

k
∫ x e

−aλs e
(ya−b(x−_a))µ

a +bµ
(
aλ_aν−c eλ_a)

λaµb d_a
a

+ f1

(
ya− bx

a

) e
aλs eµy+c eλxµb

λaµb

6.5.5.2 [1232] Problem 2

problem number 1232

Added April 1, 2019.

Problem Chapter 5.3.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = ceαx+βyw + keγx

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Exp[alpha*x+beta*y]*w[x,y] + k*Exp[gamma*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

ceαx+βy
aα+bβ

∫ x

1

exp
(
γK[1]− ceβy+αK[1]+ bβ(K[1]−x)

a

aα+bβ

)
k

a
dK[1] + c1

(
y − bx

a

)



Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*exp(alpha*x+beta*y)*w(x,y)+ k*exp(gamma*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

k ∫ x e
−c e

(ya−b(x−_a))β+α_aa
a +γ_a(aα+bβ)
aα+bβ d_a
a

+ f1

(
ya− bx

a

) e
c eαx+βy
aα+bβ
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6.5.5.3 [1233] Problem 3

problem number 1233

Added April 1, 2019.

Problem Chapter 5.3.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeλxwx + beβxwy = ceγyw + seµx+δy

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[lambda*x]*D[w[x, y], x] + b*Exp[beta*x]*D[w[x, y], y] == c*Exp[gamma*y]*w[x,y] + s*Exp[mu*x+delta*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

∫ x

1

c exp
(
yγ − b

(
e(β−λ)x−e(β−λ)K[1])γ

a(β−λ) − λK[1]
)

a
dK[1]



∫ x

1

exp

− bδ
(
e(β−λ)x−e(β−λ)K[2])

a(β−λ) + δy + (µ− λ)K[2]−
∫ K[2]
1

c exp
(
yγ−

b
(
e(β−λ)x−e(β−λ)K[1])γ

a(β−λ) −λK[1]
)

a
dK[1]

 s

a
dK[2] + c1

(
bex(β−λ)

a(λ− β) + y

)





Maple 3� �
restart;
pde := a*exp(lambda*x)*diff(w(x,y),x)+ b*exp(beta*x)*diff(w(x,y),y) = c*exp(gamma*y)*w(x,y)+ s*exp(mu*x+delta*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

s
∫ x e

−c(−β+λ)
∫
e
γb e_a(β−λ)−ex(β−λ)bγ+a(β−λ)(−_aλ+γy)

(β−λ)a d_a−e_a(β−λ)bδ+ex(β−λ)bδ−a(−β+λ)(_aλ−_aµ−δy)
(−β+λ)a d_a
a

+ f1

(
−ex(β−λ)b+ ay(β − λ)

(β − λ) a

) e
c
∫ x e

γb e_a(β−λ)−ex(β−λ)bγ+a(β−λ)(−_aλ+γy)
(β−λ)a d_a
a

6.5.5.4 [1234] Problem 4

problem number 1234

Added April 1, 2019.

Problem Chapter 5.3.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeβxwx + (beγx + ceλy)wy = sw + keµx+δy
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Mathematica 7� �
ClearAll["Global`*"];
pde = a*Exp[beta*x]*D[w[x, y], x] + (b*Exp[gamma*x]+c*Exp[lambda*y])*D[w[x, y], y] == s*w[x,y] + k*Exp[mu*x+delta*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := a*exp(beta*x)*diff(w(x,y),x)+ (b*exp(gamma*x)+c*exp(lambda*y))*diff(w(x,y),y) = s*w(x,y)+ k*exp(mu*x+delta*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

Expression too large to display

6.5.5.5 [1235] Problem 5

problem number 1235

Added April 1, 2019.

Problem Chapter 5.3.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeβxwx + (beγx + ceλy)wy = seµx+δyw + k

Mathematica 7� �
ClearAll["Global`*"];
pde = a*Exp[beta*x]*D[w[x, y], x] + (b*Exp[gamma*x]+c*Exp[lambda*y])*D[w[x, y], y] == s*Exp[mu*x+delta*y]*w[x,y]+k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := a*exp(beta*x)*diff(w(x,y),x)+ (b*exp(gamma*x)+c*exp(lambda*y))*diff(w(x,y),y) = s*exp(mu*x+delta*y)*w(x,y)+k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

Expression too large to display
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6.5.5.6 [1236] Problem 6

problem number 1236

Added April 1, 2019.

Problem Chapter 5.3.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeβxwx + beγx+λywy = ceσyw + keµx+deltay + d

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[beta*x]*D[w[x, y], x] + b*Exp[gamma*x+lambda*y]*D[w[x, y], y] == c*Exp[sigma*y]*w[x,y]+k*Exp[mu*x+delta*y]+d;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

c(γ − β)
(
eλy
)σ
λ e−γx−λy Hypergeometric2F1

(
1,− γ

β−γ
, βσ−γ(λ+σ)

(β−γ)λ , 1− aeβx−γx−λy(β−γ)
bλ

)
b(β(λ− σ) + γσ)



∫ x

1

exp

 ce−γK[1](β−γ)
(

aeλy+β(x+K[1])(β−γ)
aeβ(x+K[1])(β−γ)−beλy

(
eγx+βK[1]−eβx+γK[1]

)
λ

)σ
λ
−1

Hypergeometric2F1
(
1,− γ

β−γ ,
βσ−γ(λ+σ)

(β−γ)λ ,e(β−γ)K[1]
(
ae−λy(γ−β)

bλ
+e(γ−β)x

))
b(β(λ−σ)+γσ) − βK[1]

(eµK[1]k
(

aeλy+β(x+K[1])(γ−β)
beλy

(
eγx+βK[1]−eβx+γK[1])λ−aeβ(x+K[1])(β−γ)

)δ/λ
+ d

)
a

dK[1] + c1

(
beγx−βx

aβ − aγ
− e−λy

λ

)





Maple 3� �
restart;
pde := a*exp(beta*x)*diff(w(x,y),x)+ b*exp(gamma*x+lambda*y)*diff(w(x,y),y) = c*exp(sigma*y)*w(x,y)+k*exp(mu*x+delta*y)+d;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

f1( e−x(β−γ)λb−a e−λy(β−γ)
bλ(β−γ)

)
a+

∫ x

k e−c
∫( a(β−γ)

e−_a(β−γ)bλ−e−x(β−γ)λb+a e−λy(β−γ)

)σ
λ

e−β_ad_a+a_a(µ−β)

a

(
a(β−γ)

e−_a(β−γ)bλ−e−x(β−γ)λb+a e−λy(β−γ)

) δ
λ + e

−β_aa−c
∫( a(β−γ)

e−_a(β−γ)bλ−e−x(β−γ)λb+a e−λy(β−γ)

)σ
λ

e−β_ad_a

a d

 d_a

 e
c
∫ x( a(β−γ)

e−_a(β−γ)bλ−e−x(β−γ)λb+a e−λy(β−γ)

)σ
λ

e−β_ad_a

a

a

6.5.5.7 [1237] Problem 7

problem number 1237

Added April 1, 2019.

Problem Chapter 5.3.1.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeλywx + beβxwy = cw + seγx
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[lambda*x]*D[w[x, y], x] + b*Exp[beta*x]*D[w[x, y], y] == c*w[x,y]+s*Exp[gamma*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → e−

ce−λx
aλ

(∫ x

1

e
e−λK[1]c

aλ
+(γ−λ)K[1]s

a
dK[1] + c1

(
bex(β−λ)

a(λ− β) + y

))}}

Maple 3� �
restart;
pde := a*exp(lambda*x)*diff(w(x,y),x)+ b*exp(beta*x)*diff(w(x,y),y) = c*w(x,y)+s*exp(gamma*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

s ∫ e
c e−λx+axλ(−λ+γ)

λa dx

a
+ f1

(
−ex(β−λ)b+ ay(β − λ)

(β − λ) a

) e− c e−λx
λa

6.5.5.8 [1238] Problem 8

problem number 1238

Added April 1, 2019.

Problem Chapter 5.3.1.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeλywx + bxβxwy = ceγxw + s

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[lambda*x]*D[w[x, y], x] + b*x^(beta*x)*D[w[x, y], y] == c*Exp[gamma*x]*w[x,y]+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cex(γ−λ)
a(γ−λ)

∫ x

1

exp
(
− e(γ−λ)K[2]c

a(γ−λ) − λK[2]
)
s

a
dK[2] + c1

(
y −

∫ x

1

be−λK[1]K[1]βK[1]

a
dK[1]

)


Maple 3� �
restart;
pde := a*exp(lambda*x)*diff(w(x,y),x)+ b*x^(beta*x)*diff(w(x,y),y) = c*exp(gamma*x)*w(x,y)+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

s ∫ e
−λx(γ−λ)a−c ex(γ−λ)

(γ−λ)a dx

a
+ f1

(
−
b
∫
xβxe−λxdx

a
+ y

) e
c ex(γ−λ)
(γ−λ)a
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6.5.6.10 [1248] Problem 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1352

6.5.6.1 [1239] Problem 1

problem number 1239

Added April 2, 2019.

Problem Chapter 5.3.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + (aeλxy + bxn)wy = cw + keγx

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Exp[lambda*x]*y+b*x^n)*D[w[x, y], y] == c*w[x,y]+k*Exp[gamma*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → −

ecx
(
kex(γ−c) + (γ − c)c1

(
ye−

aeλx

λ −
∫ x

1 be
−aeλK[1]

λ K[1]ndK[1]
))

c− γ




Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*exp(lambda*x)*y+b*x^n)*diff(w(x,y),y) = c*w(x,y)+k*exp(gamma*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
−k eγx + ecxf1

(
−b
∫
xne− eλxa

λ dx+ e− eλxa
λ y
)
(c− γ)

c− γ
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6.5.6.2 [1240] Problem 2

problem number 1240

Added April 2, 2019.

Problem Chapter 5.3.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + (aeλxy + beβx)wy = cw + keγx

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Exp[lambda*x]*y+b*Exp[beta*x])*D[w[x, y], y] == c*w[x,y]+k*Exp[gamma*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → −

ecx
(
kex(γ−c) + (γ − c)c1

(
ye−

aeλx

λ −
∫ x

1 be
βK[1]−aeλK[1]

λ dK[1]
))

c− γ




Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*exp(lambda*x)*y+b*exp(beta*x))*diff(w(x,y),y) = c*w(x,y)+k*exp(gamma*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
ecx(c− γ) f1

(
−b
∫
eβxλ−eλxa

λ dx+ e− eλxa
λ y
)
− k eγx

c− γ

6.5.6.3 [1241] Problem 3

problem number 1241

Added April 2, 2019.

Problem Chapter 5.3.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + (aeλxy + beβx)wy = cw + kxn

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Exp[lambda*x]*y+b*Exp[beta*x])*D[w[x, y], y] == c*w[x,y]+k*x^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → ecx
(
−kx

n(cx)−nΓ(n+ 1, cx)
c

+ c1

(
ye−

aeλx

λ −
∫ x

1
beβK[1]−aeλK[1]

λ dK[1]
))}}
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Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*exp(lambda*x)*y+b*exp(beta*x))*diff(w(x,y),y) = c*w(x,y)+k*x^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
ecxc(n+ 1) f1

(
e− eλxa

λ y − b
∫
eβxλ−eλxa

λ dx
)
+ (cx)−

n
2 WhittakerM

(
n
2 ,

n
2 + 1

2 , cx
)
xnk e cx2

c (n+ 1)

6.5.6.4 [1242] Problem 4

problem number 1242

Added April 2, 2019.

Problem Chapter 5.3.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

wx + (aeλy + bxk)wy = cw + keγx

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y], x] + (a*Exp[lambda*y]+b*x^k)*D[w[x, y], y] == c*w[x,y]+k*Exp[gamma*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → −

ecx

kex(γ−c) + (γ − c)c1

aλx
(
− bλxk+1

k+1

)− 1
k+1 Γ

(
1
k+1 ,−

bλxk+1
k+1

)
−(k+1)e−

λ
(
−bxk+1+ky+y

)
k+1

abk(k+1)λ2


c− γ




Maple 3� �
restart;
pde := diff(w(x,y),x)+ (a*exp(lambda*y)+b*x^k)*diff(w(x,y),y) = c*w(x,y)+k*exp(gamma*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

ecx(c− γ) f1

−

−e
xλb xk

2k+2 a(k+1)(k+2)2 WhittakerM
(
k+2
2k+2 ,

2k+3
2k+2 ,−

xλb xk

k+1

)
+e

xλb xk

2k+2 a(k+1)2
(
xλb xk−k−2

)
WhittakerM

(
− k

2k+2 ,
2k+3
2k+2 ,−

xλb xk

k+1

)
+2 e

(
bx xk−y(k+1)

)
λ

k+1
(
k+ 3

2
)(

−xλb xk

k+1

) k+2
2k+2

xk(k+2)b

x−k
(
−xλb xk

k+1

)−k−2
2k+2

bλ(2k2+7k+6)

− k eγx

c− γ
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6.5.6.5 [1243] Problem 5

problem number 1243

Added April 2, 2019.

Problem Chapter 5.3.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = axeλx+µyw + beνx

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*Exp[lambda*x+mu*y]*w[x,y]+b*Exp[nu*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → e

axeλx+µy
λx+µy

∫ x

1

b exp
(
νK[1]− ae

(
λ+µyx

)
K[1]

x
λx+µy

)
K[1] dK[1] + c1

(y
x

)



Maple 3� �
restart;
pde := x* diff(w(x,y),x)+ y*diff(w(x,y),y) = a*x*exp(lambda*x+mu*y)*w(x,y)+k*exp(nu*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

k ∫ x e
−a e

_a(λx+µy)
x x+_aν(λx+µy)
λx+µy

_a d_a+ f1
(y
x

) e
a eλx+µyx
λx+µy

6.5.6.6 [1244] Problem 6

problem number 1244

Added April 2, 2019.

Problem Chapter 5.3.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = (ayeλx + bxeµy)w + ceνx
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Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == (a*y*Exp[lambda*x]+b*x*Exp[mu*y])*w[x,y]+c*Exp[nu*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

ayeλx

λx
+ bxeµy

µy

∫ x

1

c exp
(
− be

µyK[1]
x x
µy

+ νK[1]− aeλK[1]y
λx

)
K[1] dK[1] + c1

(y
x

)



Maple 3� �
restart;
pde := x* diff(w(x,y),x)+ y*diff(w(x,y),y) = (a*y*exp(lambda*x)+b*x*exp(mu*y))*w(x,y)+c*exp(nu*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

c ∫ x e
−b x2e

µy_a
x λ−yµ

(
−x_aνλ+ya eλ_a)

µyλx

_a d_a+ f1
(y
x

) e
bx eµy
µy

+ ya eλx
xλ

6.5.6.7 [1245] Problem 7

problem number 1245

Added April 2, 2019.

Problem Chapter 5.3.2.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aykwx + beλxwy = w + ceβx

Mathematica 3� �
ClearAll["Global`*"];
pde = a*y^k*D[w[x, y], x] + b*Exp[lambda*x]*D[w[x, y], y] == w[x,y]+c*Exp[beta*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

−
(k + 1)yk+1

((
yk+1) 1

k+1
)−k

Hypergeometric2F1
(
1, 1

k+1 ,
k+2
k+1 ,

aλyk+1

aλyk+1−beλx(k+1)

)
aλyk+1 − b(k + 1)eλx





∫ x

1

c exp


(k+1)

(
aλyk+1−b

(
eλx−eλK[1])(k+1)

)
Hypergeometric2F1

(
1, 1
k+1 ,

k+2
k+1 ,1−

beλK[1](k+1)
beλx(k+1)−aλyk+1

)(yk+1−
b
(
eλx−eλK[1])(k+1)

aλ

) 1
k+1

−k

aλ
(
aλyk+1−beλx(k+1)

) + βK[1]


((

yk+1 − b
(
eλx−eλK[1])(k+1)

aλ

) 1
k+1
)−k

a
dK[1] + c1

(
yk+1

k + 1 − beλx

aλ

)





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Maple 3� �
restart;
pde := a*y^k* diff(w(x,y),x)+ b*exp(lambda*x)*diff(w(x,y),y) = w(x,y)+c*exp(beta*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

f1
(
y1+k − b eλxk

λa
− b eλx

λa

)
a+ c

∫ x

((
a y1+kλ+b(1+k)

(
eλ_a−eλx

)
λa

) 1
1+k
)−k

eβ_a−

∫ 
a y1+kλ+b(1+k)

(
eλ_a−eλx

)
λa


1

1+k


−k

d_a

a d_a

 e

∫ x

a y1+kλ+b(1+k)

(
eλ_a−eλx

)
λa


1

1+k


−k

d_a

a

a

6.5.6.8 [1246] Problem 8

problem number 1246

Added April 2, 2019.

Problem Chapter 5.3.2.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeλxwx + bywy = w + ceλx

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[lambda*x]*D[w[x, y], x] + b*y*D[w[x, y], y] == w[x,y]+c*Exp[lambda*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → e−

e−λx
aλ

(
−cExpIntegralEi

(
e−λx

aλ

)
+ aλc1

(
ye

be−λx
aλ

))
aλ




Maple 3� �
restart;
pde := a*exp(lambda*x)* diff(w(x,y),x)+ b*y*diff(w(x,y),y) = w(x,y)+c*exp(lambda*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

(
f1
(
y e b e

−λx
λa

)
λa+ c Ei1

(
− e−λx

λa

))
e− e−λx

λa

λa



chapter 6. handbook of first order partial differential . . . 1352

6.5.6.9 [1247] Problem 9

problem number 1247

Added April 2, 2019.

Problem Chapter 5.3.2.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeλywx + bxkwy = w + ceβx

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[lambda*y]*D[w[x, y], x] + b*x^k*D[w[x, y], y] == w[x,y]+c*Exp[beta*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

(k + 1)xHypergeometric2F1
(
1, 1

k+1 , 1 +
1

k+1 ,
bλxk+1

bλxk+1−aeλy(k+1)

)
a(k + 1)eλy − bλxk+1



∫ x

1

c exp
((

β −
(k+1)Hypergeometric2F1

(
1, 1
k+1 ,1+

1
k+1 ,

bλK[1]k+1

bλxk+1−aeλy(k+1)

)
aeλy(k+1)−bλxk+1

)
K[1]

)
(k + 1)

aeλy(k + 1) + bλ (K[1]k+1 − xk+1) dK[1] + c1

(
eλy

λ
− bxk+1

ak + a

)





Maple 3� �
restart;
pde := a*exp(lambda*y)* diff(w(x,y),x)+ b*x^k*diff(w(x,y),y) = w(x,y)+c*exp(beta*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

c(k + 1)
∫ x e

(−k−1)
∫ 1

(k+1)a eλy−bλ
(
−_ak_a+xkx

)d_a+β_a

(k + 1) a eλy + λb (_ak_a− xkx) d_a+ f1

(
(k + 1) a eλy − bλx xk

(k + 1) bλ

) e
(k+1)

∫ x 1
(k+1)a eλy−bλ

(
−_ak_a+xkx

)d_a

6.5.6.10 [1248] Problem 10

problem number 1248

Added April 2, 2019.

Problem Chapter 5.3.2.10, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

aeλywx + beβxwy = w + cxk
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[lambda*y]*D[w[x, y], x] + b*Exp[beta*x]*D[w[x, y], y] == w[x,y]+c*x^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

βx− log
(

aβeλy

λ

)
aβeλy − bλeβx



∫ x

1

βc exp
(

log
(
aeλyβ
λ

+b
(
−eβx+eβK[1]))−βK[1]

aβeλy−beβxλ

)
K[1]k

aeλyβ + b (−eβx + eβK[1])λ dK[1] + c1

(
eλy

λ
− beβx

aβ

)





Maple 3� �
restart;
pde := a*exp(lambda*y)* diff(w(x,y),x)+ b*exp(beta*x)*diff(w(x,y),y) = w(x,y)+c*x^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

(
eβx
) 1

eλyaβ−eβxλb

(
f1
(

eλya
λb

− eβx
β

)
λb+ βc

∫ x _ak
(

eλyaβ−λb
(
eβx−eβ_a)

λb

)−eλyaβ+eβxλb+1
eλyaβ−eβxλb (

eβ_a)− 1
eλyaβ−eβxλb d_a

)(
eλyaβ
λb

)− 1
eλyaβ−eβxλb

λb

6.5.7 4.1
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6.5.7.1 [1249] Problem 1

problem number 1249

Added April 3, 2019.

Problem Chapter 5.4.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cw + sinhk(λx) sinhn(βy)



chapter 6. handbook of first order partial differential . . . 1354

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+Sinh[lambda*x]^k*Sinh[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx
a

∫ x

1

e−
cK[1]
a sinhk(λK[1]) sinhn

(
β
(
y + b(K[1]−x)

a

))
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+sinh(lambda*x)^k*sinh(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x sinh (λ_a)k sinh
(

β(ay−b(x−_a))
a

)n
e− c_a

a d_a

a
+ f1

(
ay − bx

a

) e cxa

6.5.7.2 [1250] Problem 2

problem number 1250

Added April 3, 2019.

Problem Chapter 5.4.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = c sinhk(λx)w + s sinhn(βx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Sinh[lambda*x]^k*w[x,y]+ s*Sinh[beta*x]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → exp

c
√

cosh2(λx)sech(λx) sinhk+1(λx)Hypergeometric2F1
(1
2 ,

k+1
2 , k+3

2 ,− sinh2(λx)
)

akλ+ aλ



∫ x

1

exp
(
−

c
√

cosh2(λK[1]) Hypergeometric2F1
(

1
2 ,
k+1
2 , k+3

2 ,− sinh2(λK[1])
)
sech(λK[1]) sinhk+1(λK[1])

aλ+akλ

)
s sinhn(βK[1])

a
dK[1] + c1

(
y − bx

a

)



Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*sinh(lambda*x)^k*w(x,y)+s*sinh(beta*x)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

s ∫ sinh (βx)n e−
c
∫
sinh(λx)kdx

a dx

a
+ f1

(
y − bx

a

) e
c
∫
sinh(λx)kdx

a
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6.5.7.3 [1251] Problem 3

problem number 1251

Added April 3, 2019.

Problem Chapter 5.4.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = (c1 sinhn1(λ1x) + c2 sinhn2(λ2y))w + s1 sinhk1(β1x) + s2 sinhk2(β2y)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c1*Sinh[lambda1*x]^n1 + c2*Sinh[lambda2*y]^n2)*w[x,y] + s1*Sinh[beta1*x]^k1+ s2*Sinh[beta2*y]^k2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

c1
√
cosh2(lambda1x)sech(lambda1x) sinhn1+1(lambda1x)Hypergeometric2F1

(1
2 ,

n1+1
2 , n1+3

2 ,− sinh2(lambda1x)
)

alambda1n1 + alambda1 +
c2
√

cosh2(lambda2y)sech(lambda2y) sinhn2+1(lambda2y)Hypergeometric2F1
(1
2 ,

n2+1
2 , n2+3

2 ,− sinh2(lambda2y)
)

blambda2n2 + blambda2



∫ x

1

exp

− c1
√

cosh2(lambda1K[1]) Hypergeometric2F1
( 1
2 ,

n1+1
2 ,n1+3

2 ,− sinh2(lambda1K[1])
)
sech(lambda1K[1]) sinhn1+1(lambda1K[1])

alambda1+an1lambda1 −
c2
√

cosh2
(
lambda2

(
y+ b(K[1]−x)

a

))
Hypergeometric2F1

(
1
2 ,

n2+1
2 ,n2+3

2 ,− sinh2
(
lambda2

(
y+ b(K[1]−x)

a

)))
sech

(
lambda2

(
y+ b(K[1]−x)

a

))
sinhn2+1

(
lambda2

(
y+ b(K[1]−x)

a

))
blambda2+bn2lambda2

(s1 sinhk1(beta1K[1]) + s2 sinhk2
(
beta2

(
y + b(K[1]−x)

a

)))
a

dK[1] + c1

(
y − bx

a

)





Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = (c1*sinh(lambda1*x)^n1 + c2*sinh(lambda2*y)^n2)*w(x,y) + s1*sinh(beta1*x)^k1+ s2*sinh(beta2*y)^k2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


∫ x

(
s2 sinh

(
(ay−b(x−_a))β 2

a

)k2
+ s1 sinh (β 1_a)k1

)
e−

∫(
c1 sinh(λ 1_a)n1+c2 sinh

(
(ay−b(x−_a))λ 2

a

)n2)
d_a

a d_a

a
+ f1

(
y − bx

a

) e
∫ x(c1 sinh(λ 1_a)n1+c2 sinh

(
(ay−b(x−_a))λ 2

a

)n2)
d_a

a

6.5.7.4 [1252] Problem 4

problem number 1252

Added April 3, 2019.

Problem Chapter 5.4.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a sinhn(λx)wx + b sinhm(µx)wy = c sinhk(νx)w + p sinhs(βy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*Sinh[lambda*x]^n*D[w[x, y], x] + b*Sinh[mu*x]^m*D[w[x, y], y] == c*Sinh[nu*x]*w[x,y]+p*Sinh[beta*y]^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

c2n−1(e2λx − 1
)
e−λnx

(
eλx − e−λx

)−n
(
(λn+ ν)ex(λn−ν) Hypergeometric2F1

(
1,−λ(n−2)+ν

2λ , 12
(
n− ν

λ
+ 2
)
, e2λx

)
− (λn− ν)ex(λn+ν) Hypergeometric2F1

(
1, 12
(
−n+ ν

λ
+ 2
)
, λn+ν

2λ + 1, e2λx
))

a(λn− ν)(λn+ ν)


∫ x

1

exp
(
−

2n−1ce−λnK[2](−e−λK[2]+eλK[2])−n(−1+e2λK[2])(e(λn−ν)K[2](λn+ν)Hypergeometric2F1
(
1,−λ(n−2)+ν

2λ , 12
(
n− ν

λ
+2
)
,e2λK[2]

)
−e(λn+ν)K[2](λn−ν)Hypergeometric2F1

(
1, 12
(
−n+ ν

λ
+2
)
,λn+ν2λ +1,e2λK[2]

))
a(λn−ν)(λn+ν)

)
p sinh−n(λK[2]) sinhs

(
β
(
y −

∫ x

1
b sinh−n(λK[1]) sinhm(µK[1])

a
dK[1] +

∫ K[2]
1

b sinh−n(λK[1]) sinhm(µK[1])
a

dK[1]
))

a
dK[2] + c1

(
y −

∫ x

1

b sinh−n(λK[1]) sinhm(µK[1])
a

dK[1]
)




Maple 3� �
restart;
pde := a*sinh(lambda*x)^n*diff(w(x,y),x)+ b*sinh(mu*x)^m*diff(w(x,y),y) = c*sinh(nu*x)*w[x,y]+p*sinh(beta*y)^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
b
∫
sinh (µx)m sinh (λx)−n dx

a
+ y

)
+

∫ x sinh (λ_b)−n

(
c sinh (ν_b)wx,y + sinh

(
β
(
b
∫
sinh(µ_b)m sinh(λ_b)−nd_b−b

∫
sinh(µx)m sinh(λx)−ndx+ya

)
a

)s

p

)
d_b

a

6.5.7.5 [1253] Problem 5

problem number 1253

Added April 3, 2019.

Problem Chapter 5.4.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a sinhn(λx)wx + b sinhm(µx)wy = c sinhk(νy)w + p sinhs(βx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Sinh[lambda*x]^n*D[w[x, y], x] + b*Sinh[mu*x]^m*D[w[x, y], y] == c*Sinh[nu*y]*w[x,y]+p*Sinh[beta*x]^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

∫ x

1

c sinh−n(λK[2]) sinh
(
ν
(
y −

∫ x

1
b sinh−n(λK[1]) sinhm(µK[1])

a
dK[1] +

∫ K[2]
1

b sinh−n(λK[1]) sinhm(µK[1])
a

dK[1]
))

a
dK[2]



∫ x

1

exp
(
−
∫ K[3]
1

c sinh−n(λK[2]) sinh
(
ν

(
y−
∫ x
1
b sinh−n(λK[1]) sinhm(µK[1])

a
dK[1]+

∫K[2]
1

b sinh−n(λK[1]) sinhm(µK[1])
a

dK[1]
))

a
dK[2]

)
p sinhs(βK[3]) sinh−n(λK[3])

a
dK[3] + c1

(
y −

∫ x

1

b sinh−n(λK[1]) sinhm(µK[1])
a

dK[1]
)





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Maple 3� �
restart;
pde := a*sinh(lambda*x)^n*diff(w(x,y),x)+ b*sinh(mu*x)^m*diff(w(x,y),y) = c*sinh(nu*y)*w[x,y]+p*sinh(beta*x)^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
b
∫
sinh (λx)−n sinh (µx)m dx

a
+ y

)
+

∫ x sinh (λ_b)−n
(
p sinh (β_b)s + wx,yc sinh

(
ν
(

b
∫
sinh(λ_b)−n sinh(µ_b)md_b

a
− b

∫
sinh(λx)−n sinh(µx)mdx

a
+ y
)))

d_b

a

6.5.8 4.2

Local contents
6.5.8.1 [1254] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1357
6.5.8.2 [1255] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1358
6.5.8.3 [1256] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1358
6.5.8.4 [1257] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1359
6.5.8.5 [1258] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1360
6.5.8.6 [1259] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1360

6.5.8.1 [1254] Problem 1

problem number 1254

Added April 3, 2019.

Problem Chapter 5.4.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cw + coshk(λx) coshn(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+Cosh[lambda*x]^k*Cosh[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx
a

∫ x

1

e−
cK[1]
a coshk(λK[1]) coshn

(
β
(
y + b(K[1]−x)

a

))
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+cosh(lambda*x)^k*cosh(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x cosh (λ_a)k cosh
(

(ay−b(x−_a))β
a

)n
e− c_a

a d_a

a
+ f1

(
ay − xb

a

) e cxa
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6.5.8.2 [1255] Problem 2

problem number 1255

Added April 3, 2019.

Problem Chapter 5.4.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = c coshk(λx)w + s coshn(βx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Cosh[lambda*x]^k*w[x,y]+ s*Cosh[beta*x]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

c
√

− sinh2(λx)csch(λx) coshk+1(λx)Hypergeometric2F1
(1
2 ,

k+1
2 , k+3

2 , cosh2(λx)
)

akλ+ aλ



∫ x

1

exp
(

c coshk+1(λK[1]) Hypergeometric2F1
(

1
2 ,
k+1
2 , k+3

2 ,cosh2(λK[1])
)
sinh(λK[1])

(aλ+akλ)
√

− sinh2(λK[1])

)
s coshn(βK[1])

a
dK[1] + c1

(
y − bx

a

)



Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*cosh(lambda*x)^k*w(x,y)+s*cosh(beta*x)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

s ∫ cosh (βx)n e−
c
∫
cosh(λx)kdx

a dx

a
+ f1

(
y − bx

a

) e
c
∫
cosh(λx)kdx

a

6.5.8.3 [1256] Problem 3

problem number 1256

Added April 3, 2019.

Problem Chapter 5.4.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = (c1 coshn1(λ1x) + c2 coshn2(λ2y))w + s1 coshk1(β1x) + s2 coshk2(β2y)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c1*Cosh[lambda1*x]^n1 + c2*Cosh[lambda2*y]^n2)*w[x,y] + s1*Cosh[beta1*x]^k1+ s2*Cosh[beta2*y]^k2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

c1
√
− sinh2(lambda1x)csch(lambda1x) coshn1+1(lambda1x)Hypergeometric2F1

(1
2 ,

n1+1
2 , n1+3

2 , cosh2(lambda1x)
)

alambda1n1 + alambda1 +
c2
√

− sinh2(lambda2y)csch(lambda2y) coshn2+1(lambda2y)Hypergeometric2F1
(1
2 ,

n2+1
2 , n2+3

2 , cosh2(lambda2y)
)

blambda2n2 + blambda2



∫ x

1

exp

 c1Hypergeometric2F1
( 1
2 ,

n1+1
2 ,n1+3

2 ,cosh2(lambda1K[1])
)
sinh(lambda1K[1]) coshn1+1(lambda1K[1])

(alambda1+an1lambda1)
√

− sinh2(lambda1K[1])
+

c2 coshn2+1
(
lambda2

(
y+ b(K[1]−x)

a

))
Hypergeometric2F1

(
1
2 ,

n2+1
2 ,n2+3

2 ,cosh2
(
lambda2

(
y+ b(K[1]−x)

a

)))
sinh

(
lambda2

(
y+ b(K[1]−x)

a

))
(blambda2+bn2lambda2)

√
− sinh2

(
lambda2

(
y+ b(K[1]−x)

a

))
(s1 coshk1(beta1K[1]) + s2 coshk2

(
beta2

(
y + b(K[1]−x)

a

)))
a

dK[1] + c1

(
y − bx

a

)





Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = (c1*cosh(lambda1*x)^n1 + c2*cosh(lambda2*y)^n2)*w(x,y) + s1*cosh(beta1*x)^k1+ s2*cosh(beta2*y)^k2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


∫ x

(
s1 cosh (β 1_a)k1 + s2 cosh

(
(ay−b(x−_a))β 2

a

)k2)
e−

∫(
c1 cosh(λ 1_a)n1+c2 cosh

(
(ay−b(x−_a))λ 2

a

)n2)
d_a

a d_a

a
+ f1

(
y − bx

a

) e
∫ x(c1 cosh(λ 1_a)n1+c2 cosh

(
(ay−b(x−_a))λ 2

a

)n2)
d_a

a

6.5.8.4 [1257] Problem 4

problem number 1257

Added April 3, 2019.

Problem Chapter 5.4.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
xwx + ywy = ax cosh(λx+ µy)w + b cosh(νx)

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*Cosh[lambda*x+my*y]+b*Cosh[nu*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → c1

(y
x

)
+ ax sinh(λx+myy)

λx+myy + bChi(νx)
}}

Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ y*diff(w(x,y),y) = a*x*cosh(lambda*x+my*y)+b*cosh(nu*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = a sinh (λx+my y)x
λx+my y + b Chi (νx) + f1

(y
x

)
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6.5.8.5 [1258] Problem 5

problem number 1258

Added April 3, 2019.

Problem Chapter 5.4.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a coshn(λx)wx + b coshm(µx)wy = c coshk(νx)w + p coshs(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Cosh[lambda*x]^n*D[w[x, y], x] + b*Cosh[mu*x]^m*D[w[x, y], y] == c*Cosh[nu*x]^k+p*Cosh[beta*y]^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

cosh−n(λK[2])
(
c coshk(νK[2]) + p coshs

(
β
(
y −

∫ x

1
b cosh−n(λK[1]) coshm(µK[1])

a
dK[1] +

∫ K[2]
1

b cosh−n(λK[1]) coshm(µK[1])
a

dK[1]
)))

a
dK[2] + c1

(
y −

∫ x

1

b cosh−n(λK[1]) coshm(µK[1])
a

dK[1]
)


Maple 3� �
restart;
pde := a*cosh(lambda*x)^n*diff(w(x,y),x)+ b*cosh(mu*x)^m*diff(w(x,y),y) = c*cosh(nu*x)^k+p*cosh(beta*y)^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
b
∫
cosh (λx)−n cosh (µx)m dx

a
+ y

)
+

∫ x cosh (λ_b)−n

(
c cosh (ν_b)k + cosh

(
β
(
b
∫
cosh(λ_b)−n cosh(µ_b)md_b−b

∫
cosh(λx)−n cosh(µx)mdx+ya

)
a

)s

p

)
d_b

a

6.5.8.6 [1259] Problem 6

problem number 1259

Added April 3, 2019.

Problem Chapter 5.4.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a coshn(λx)wx + b coshm(µx)wy = c coshk(νy)w + p coshs(βx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Cosh[lambda*x]^n*D[w[x, y], x] + b*Cosh[mu*x]^m*D[w[x, y], y] == c*Cosh[nu*y]^k+p*Cosh[beta*x]^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

∫ x

1

cosh−n(λK[2])
(
c coshk

(
ν
(
y −

∫ x

1
b cosh−n(λK[1]) coshm(µK[1])

a
dK[1] +

∫ K[2]
1

b cosh−n(λK[1]) coshm(µK[1])
a

dK[1]
))

+ p coshs(βK[2])
)

a
dK[2] + c1

(
y −

∫ x

1

b cosh−n(λK[1]) coshm(µK[1])
a

dK[1]
)


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Maple 3� �
restart;
pde := a*cosh(lambda*x)^n*diff(w(x,y),x)+ b*cosh(mu*x)^m*diff(w(x,y),y) = c*cosh(nu*y)^k+p*cosh(beta*x)^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
b
∫
cosh (µx)m cosh (λx)−n dx

a
+ y

)
+

∫ x cosh (λ_b)−n

(
cosh

(
ν
(
b
∫
cosh(µ_b)m cosh(λ_b)−nd_b−b

∫
cosh(µx)m cosh(λx)−ndx+ya

)
a

)k

c+ p cosh (β_b)s
)
d_b

a

6.5.9 4.3

Local contents
6.5.9.1 [1260] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1361
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6.5.9.3 [1262] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1362
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6.5.9.1 [1260] Problem 1

problem number 1260

Added April 3, 2019.

Problem Chapter 5.4.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = cw + tanhk(λx) tanhn(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+Tanh[lambda*x]^k*Tanh[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx
a

∫ x

1

e−
cK[1]
a tanhk(λK[1]) tanhn

(
β
(
y + b(K[1]−x)

a

))
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+tanh(lambda*x)^k*tanh(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x tanh (λ_a)k tanh
(

β(ay−b(x−_a))
a

)n
e− c_a

a d_a

a
+ f1

(
ay − bx

a

) e cxa
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6.5.9.2 [1261] Problem 2

problem number 1261

Added April 3, 2019.

Problem Chapter 5.4.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = c tanhk(λx)w + s tanhn(βx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Tanh[lambda*x]^k*w[x,y]+ s*Tanh[beta*x]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(
c tanhk+1(λx)Hypergeometric2F1

(
1, k+1

2 , k+3
2 , tanh2(λx)

)
akλ+ aλ

)∫ x

1

exp
(
−

cHypergeometric2F1
(
1, k+1

2 , k+3
2 ,tanh2(λK[1])

)
tanhk+1(λK[1])

aλ+akλ

)
s tanhn(βK[1])

a
dK[1] + c1

(
y − bx

a

)



Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*tanh(lambda*x)^k*w(x,y)+s*tanh(beta*x)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

s ∫ tanh (βx)n e−
c
∫
tanh(λx)kdx

a dx

a
+ f1

(
y − bx

a

) e
c
∫
tanh(λx)kdx

a

6.5.9.3 [1262] Problem 3

problem number 1262

Added April 3, 2019.

Problem Chapter 5.4.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = (c1 tanhn1(λ1x) + c2 tanhn2(λ2y))w + s1 tanhk1(β1x) + s2 tanhk2(β2y)

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c1*Tanh[lambda1*x]^n1 + c2*Tanh[lambda2*y]^n2)*w[x,y] + s1*Tanh[beta1*x]^k1+ s2*Tanh[beta2*y]^k2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
$Aborted
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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = (c1*tanh(lambda1*x)^n1 + c2*tanh(lambda2*y)^n2)*w(x,y) + s1*tanh(beta1*x)^k1+ s2*tanh(beta2*y)^k2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


∫ x e−

∫(
c1 tanh(λ 1_a)n1+c2 tanh

(
λ 2(ay−b(x−_a))

a

)n2)
d_a

a

(
s1 tanh (β 1_a)k1 + s2 tanh

(
β 2(ay−b(x−_a))

a

)k2)
d_a

a
+ f1

(
y − bx

a

) e
∫ x(c1 tanh(λ 1_a)n1+c2 tanh

(
λ 2(ay−b(x−_a))

a

)n2)
d_a

a

6.5.9.4 [1263] Problem 4

problem number 1263

Added April 3, 2019.

Problem Chapter 5.4.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a tanhn(λx)wx + b tanhm(µx)wy = c tanhk(νx)w + p tanhs(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Tanh[lambda*x]^n*D[w[x, y], x] + b*Tanh[mu*x]^m*D[w[x, y], y] == c*Tanh[nu*x]*w[x,y]+p*Tanh[beta*y]^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

c tanh−n(λK[2]) tanh(νK[2])
a

dK[2]
)∫ x

1

exp
(
−
∫ K[3]
1

c tanh−n(λK[2]) tanh(νK[2])
a

dK[2]
)
p tanh−n(λK[3]) tanhs

(
β
(
y −

∫ x

1
b tanh−n(λK[1]) tanhm(µK[1])

a
dK[1] +

∫ K[3]
1

b tanh−n(λK[1]) tanhm(µK[1])
a

dK[1]
))

a
dK[3] + c1

(
y −

∫ x

1

b tanh−n(λK[1]) tanhm(µK[1])
a

dK[1]
)


Maple 3� �
restart;
pde := a*tanh(lambda*x)^n*diff(w(x,y),x)+ b*tanh(mu*x)^m*diff(w(x,y),y) = c*tanh(nu*x)*w[x,y]+p*tanh(beta*y)^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = f1

(
−
b
∫
tanh (µx)m tanh (λx)−n dx

a
+ y

)
+

∫ x tanh (λ_b)−n

(
c tanh (ν_b)wx,y + tanh

(
β
(
b
∫
tanh(µ_b)m tanh(λ_b)−nd_b−b

∫
tanh(µx)m tanh(λx)−ndx+ya

)
a

)s

p

)
d_b

a



chapter 6. handbook of first order partial differential . . . 1364

6.5.9.5 [1264] Problem 5

problem number 1264

Added April 3, 2019.

Problem Chapter 5.4.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a tanhn(λx)wx + b tanhm(µx)wy = c tanhk(νy)w + p tanhs(βx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Tanh[lambda*x]^n*D[w[x, y], x] + b*Tanh[mu*x]^m*D[w[x, y], y] == c*Tanh[nu*y]*w[x,y]+p*Tanh[beta*x]^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

∫ x

1

c tanh−n(λK[2]) tanh
(
ν
(
y −

∫ x

1
b tanh−n(λK[1]) tanhm(µK[1])

a
dK[1] +

∫ K[2]
1

b tanh−n(λK[1]) tanhm(µK[1])
a

dK[1]
))

a
dK[2]



∫ x

1

exp
(
−
∫ K[3]
1

c tanh−n(λK[2]) tanh
(
ν

(
y−
∫ x
1
b tanh−n(λK[1]) tanhm(µK[1])

a
dK[1]+

∫K[2]
1

b tanh−n(λK[1]) tanhm(µK[1])
a

dK[1]
))

a
dK[2]

)
p tanhs(βK[3]) tanh−n(λK[3])

a
dK[3] + c1

(
y −

∫ x

1

b tanh−n(λK[1]) tanhm(µK[1])
a

dK[1]
)





Maple 3� �
restart;
pde := a*tanh(lambda*x)^n*diff(w(x,y),x)+ b*tanh(mu*x)^m*diff(w(x,y),y) = c*tanh(nu*y)*w(x,y)+p*tanh(beta*x)^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

p
∫ x tanh (β_b)s tanh (λ_b)−n e

c
∫
− tanh

(
ν

(
b
∫
tanh(µ_b)m tanh(λ_b)−nd_b

a − b
∫
tanh(µx)m tanh(λx)−ndx

a +y
))

tanh(λ_b)−nd_b

a d_b
a

+ f1

(
−
b
∫
tanh (µx)m tanh (λx)−n dx

a
+ y

) e−
c
∫ x − tanh

(
ν

(
b
∫
tanh(µ_b)m tanh(λ_b)−nd_b

a − b
∫
tanh(µx)m tanh(λx)−ndx

a +y
))

tanh(λ_b)−nd_b

a
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6.5.10.1 [1265] Problem 1

problem number 1265

Added April 3, 2019.

Problem Chapter 5.4.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = cw + cothk(λx) cothn(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+Coth[lambda*x]^k*Coth[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx
a

∫ x

1

e−
cK[1]
a cothk(λK[1]) cothn

(
β
(
y + b(K[1]−x)

a

))
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+coth(lambda*x)^k*coth(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x coth (λ_a)k coth
(

β(ay−b(x−_a))
a

)n
e− c_a

a d_a

a
+ f1

(
ay − bx

a

) e cxa

6.5.10.2 [1266] Problem 2

problem number 1266

Added April 3, 2019.

Problem Chapter 5.4.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = c cothk(λx)w + s cothn(βx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Coth[lambda*x]^k*w[x,y]+ s*Coth[beta*x]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(
c cothk+1(λx)Hypergeometric2F1

(
1, k+1

2 , k+3
2 , coth2(λx)

)
akλ+ aλ

)∫ x

1

exp
(
−

c cothk+1(λK[1]) Hypergeometric2F1
(
1, k+1

2 , k+3
2 ,coth2(λK[1])

)
aλ+akλ

)
s cothn(βK[1])

a
dK[1] + c1

(
y − bx

a

)


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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*coth(lambda*x)^k*w(x,y)+s*coth(beta*x)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

s ∫ coth (βx)n e−
c
∫
coth(λx)kdx

a dx

a
+ f1

(
y − bx

a

) e
c
∫
coth(λx)kdx

a

6.5.10.3 [1267] Problem 3

problem number 1267

Added April 3, 2019.

Problem Chapter 5.4.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = (c1 cothn1(λ1x) + c2 cothn2(λ2y))w + s1 cothk1(β1x) + s2 cothk2(β2y)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c1*Coth[lambda1*x]^n1 + c2*Coth[lambda2*y]^n2)*w[x,y] + s1*Coth[beta1*x]^k1+ s2*Coth[beta2*y]^k2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(
c1 cothn1+1(lambda1x)Hypergeometric2F1

(
1, n1+1

2 , n1+3
2 , coth2(lambda1x)

)
alambda1n1 + alambda1 +

c2 cothn2+1(lambda2y)Hypergeometric2F1
(
1, n2+1

2 , n2+3
2 , coth2(lambda2y)

)
blambda2n2 + blambda2

)∫ x

1

exp
(
− c1Hypergeometric2F1

(
1,n1+1

2 ,n1+3
2 ,coth2(lambda1K[1])

)
cothn1+1(lambda1K[1])

alambda1+an1lambda1 −
c2 cothn2+1

(
lambda2

(
y+ b(K[1]−x)

a

))
Hypergeometric2F1

(
1,n2+1

2 ,n2+3
2 ,coth2

(
lambda2

(
y+ b(K[1]−x)

a

)))
blambda2+bn2lambda2

)(
s1 cothk1(beta1K[1]) + s2 cothk2

(
beta2

(
y + b(K[1]−x)

a

)))
a

dK[1] + c1

(
y − bx

a

)



Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = (c1*coth(lambda1*x)^n1 + c2*coth(lambda2*y)^n2)*w(x,y) + s1*coth(beta1*x)^k1+ s2*coth(beta2*y)^k2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


∫ x e−

∫(
c1 coth(λ 1_a)n1+c2 coth

(
(ay−b(x−_a))λ 2

a

)n2)
d_a

a

(
s1 coth (β 1_a)k1 + s2 coth

(
(ay−b(x−_a))β 2

a

)k2)
d_a

a
+ f1

(
y − bx

a

) e
∫ x(c1 coth(λ 1_a)n1+c2 coth

(
(ay−b(x−_a))λ 2

a

)n2)
d_a

a
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6.5.10.4 [1268] Problem 4

problem number 1268

Added April 3, 2019.

Problem Chapter 5.4.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a cothn(λx)wx + b cothm(µx)wy = c cothk(νx)w + p coths(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Coth[lambda*x]^n*D[w[x, y], x] + b*Coth[mu*x]^m*D[w[x, y], y] == c*Coth[nu*x]*w[x,y]+p*Coth[beta*y]^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

c coth−n(λK[2]) coth(νK[2])
a

dK[2]
)∫ x

1

exp
(
−
∫ K[3]
1

c coth−n(λK[2]) coth(νK[2])
a

dK[2]
)
p coth−n(λK[3]) coths

(
β
(
y −

∫ x

1
b coth−n(λK[1]) cothm(µK[1])

a
dK[1] +

∫ K[3]
1

b coth−n(λK[1]) cothm(µK[1])
a

dK[1]
))

a
dK[3] + c1

(
y −

∫ x

1

b coth−n(λK[1]) cothm(µK[1])
a

dK[1]
)


Maple 3� �
restart;
pde := a*coth(lambda*x)^n*diff(w(x,y),x)+ b*coth(mu*x)^m*diff(w(x,y),y) = c*coth(nu*x)*w(x,y)+p*coth(beta*y)^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


p
∫ x coth

(
β
(
b
∫
coth(λ_f)−n coth(µ_f)md_f−b

∫
coth(λx)−n coth(µx)mdx+ya

)
a

)s

coth (λ_f)−n e−
c
∫
coth(ν_f) coth(λ_f)−nd_f

a d_f

a
+ f1

(
−
b
∫
coth (λx)−n coth (µx)m dx

a
+ y

) e
c
∫
coth(νx) coth(λx)−ndx

a

6.5.10.5 [1269] Problem 5

problem number 1269

Added April 3, 2019.

Problem Chapter 5.4.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a cothn(λx)wx + b cothm(µx)wy = c cothk(νy)w + p coths(βx)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*Coth[lambda*x]^n*D[w[x, y], x] + b*Coth[mu*x]^m*D[w[x, y], y] == c*Coth[nu*y]*w[x,y]+p*Coth[beta*x]^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

∫ x

1

c coth−n(λK[2]) coth
(
ν
(
y −

∫ x

1
b coth−n(λK[1]) cothm(µK[1])

a
dK[1] +

∫ K[2]
1

b coth−n(λK[1]) cothm(µK[1])
a

dK[1]
))

a
dK[2]



∫ x

1

exp
(
−
∫ K[3]
1

c coth−n(λK[2]) coth
(
ν

(
y−
∫ x
1
b coth−n(λK[1]) cothm(µK[1])

a
dK[1]+

∫K[2]
1

b coth−n(λK[1]) cothm(µK[1])
a

dK[1]
))

a
dK[2]

)
p coths(βK[3]) coth−n(λK[3])

a
dK[3] + c1

(
y −

∫ x

1

b coth−n(λK[1]) cothm(µK[1])
a

dK[1]
)





Maple 3� �
restart;
pde := a*coth(lambda*x)^n*diff(w(x,y),x)+ b*coth(mu*x)^m*diff(w(x,y),y) = c*coth(nu*y)*w(x,y)+p*coth(beta*x)^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

p
∫ x coth (β_b)s coth (λ_b)−n e

c
∫
− coth

(
ν

(
b
∫
coth(µ_b)m coth(λ_b)−nd_b

a − b
∫
coth(µx)m coth(λx)−ndx

a +y
))

coth(λ_b)−nd_b

a d_b
a

+ f1

(
−
b
∫
coth (µx)m coth (λx)−n dx

a
+ y

) e−
c
∫ x − coth

(
ν

(
b
∫
coth(µ_b)m coth(λ_b)−nd_b

a − b
∫
coth(µx)m coth(λx)−ndx

a +y
))

coth(λ_b)−nd_b

a

6.5.11 4.5
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6.5.11.1 [1270] Problem 1

problem number 1270

Added April 4, 2019.

Problem Chapter 5.4.5.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = w + c1 sinhk(λx) + c2 coshn(βy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == w[x,y]+ c1*Sinh[lambda*x]^k+c2*Cosh[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

x
a c1

(
y − bx

a

)
−

c1
(
eλx − e−λx

)k (2− 2e2λx
)−k Hypergeometric2F1

(
−k,−akλ+1

2aλ ,−k
2 −

1
2aλ + 1, e2λx

)
akλ+ 1 −

c22−n
(
e−βy + eβy

)n (
e2βy + 1

)−nHypergeometric2F1
(
−n,− bβn+1

2bβ ,−n
2 − 1

2bβ + 1,−e2βy
)

bβn+ 1




Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = w(x,y)+c1*sinh(lambda*x)^k+c2*cosh(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x
(
c1 sinh (λ_a)k + c2 cosh

(
(ay−b(x−_a))β

a

)n)
e−_a

a d_a

a
+ f1

(
ay − bx

a

) exa

6.5.11.2 [1271] Problem 2

problem number 1271

Added April 4, 2019.

Problem Chapter 5.4.5.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = cw + sinhk(λx) coshn(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+ Sinh[lambda*x]^k*Cosh[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx
a

∫ x

1

e−
cK[1]
a coshn

(
β
(
y + b(K[1]−x)

a

))
sinhk(λK[1])

a
dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+sinh(lambda*x)^k*cosh(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x sinh (λ_a)k cosh
(

β(ay−b(x−_a))
a

)n
e− c_a

a d_a

a
+ f1

(
ay − bx

a

) e cxa
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6.5.11.3 [1272] Problem 3

problem number 1272

Added April 4, 2019.

Problem Chapter 5.4.5.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = cw + k tanh(λx) + s coth(µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+ k*Tanh[lambda*x]+s*coth[mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx
a

∫ x

1

e−
cK[1]
a

(
s coth

(
µ
(
y + b(K[1]−x)

a

))
+ k tanh(λK[1])

)
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+k*tanh(lambda*x)+s*coth(mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x e− c_a
a

(
s coth

(
µ(ay−b(x−_a))

a

)
+ k tanh (λ_a)

)
d_a

a
+ f1

(
ay − bx

a

) e cxa

6.5.11.4 [1273] Problem 4

problem number 1273

Added April 4, 2019.

Problem Chapter 5.4.5.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + b sinh(λx)wy = cw + k cosh(µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Sinh[lambda*x]*D[w[x, y], y] == c*w[x,y]+ k*Cosh[mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx
a

∫ x

1

e−
cK[2]
a k cosh

(
µ
(
y −

∫ x

1
b sinh(λK[1])

a
dK[1] +

∫ K[2]
1

b sinh(λK[1])
a

dK[1]
))

a
dK[2] + c1

(
y −

∫ x

1

b sinh(λK[1])
a

dK[1]
)


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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*sinh(lambda*x)*diff(w(x,y),y) = c*w(x,y)+k*cosh(mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

k ∫ x cosh
(

µ(yaλ−b cosh(λx)+b cosh(λ_a))
aλ

)
e− c_a

a d_a

a
+ f1

(
yaλ− b cosh (λx)

aλ

) e cxa

6.5.11.5 [1274] Problem 5

problem number 1274

Added April 4, 2019.

Problem Chapter 5.4.5.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a sinhn(λx)wx + b coshm(µx)wy = c coshk(νx)w + p sinhs(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Sinh[lambda*x]^n*D[w[x, y], x] + b*Cosh[mu*x]^m*D[w[x, y], y] == c*Cosh[nu*x]^k*w[x,y]+ p*Sinh[beta*y]^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

c coshk(νK[2]) sinh−n(λK[2])
a

dK[2]
)∫ x

1

exp
(
−
∫ K[3]
1

c coshk(νK[2]) sinh−n(λK[2])
a

dK[2]
)
p sinh−n(λK[3]) sinhs

(
β
(
y −

∫ x

1
b coshm(µK[1]) sinh−n(λK[1])

a
dK[1] +

∫ K[3]
1

b coshm(µK[1]) sinh−n(λK[1])
a

dK[1]
))

a
dK[3] + c1

(
y −

∫ x

1

b coshm(µK[1]) sinh−n(λK[1])
a

dK[1]
)


Maple 3� �
restart;
pde := a*sinh(lambda*x)^n*diff(w(x,y),x)+ b*cosh(mu*x)^m*diff(w(x,y),y) = c*cosh(nu*x)^k*w(x,y)+p*sinh(beta*y)^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


p
∫ x sinh

(
β
(
b
∫
cosh(µ_f)m sinh(λ_f)−nd_f−b

∫
cosh(µx)m sinh(λx)−ndx+ya

)
a

)s

sinh (λ_f)−n e−
c
∫
cosh(ν_f)k sinh(λ_f)−nd_f

a d_f

a
+ f1

(
−
b
∫
cosh (µx)m sinh (λx)−n dx

a
+ y

) e
c
∫
cosh(νx)k sinh(λx)−ndx

a
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6.5.11.6 [1275] Problem 6

problem number 1275

Added April 4, 2019.

Problem Chapter 5.4.5.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a tanhn(λx)wx + b cothm(µx)wy = c tanhk(νy)w + p coths(βx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Tanh[lambda*x]^n*D[w[x, y], x] + b*Coth[mu*x]^m*D[w[x, y], y] == c*Tanh[nu*y]^k*w[x,y]+ p*Coth[beta*x]^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

∫ x

1

c tanh−n(λK[2]) tanhk
(
ν
(
y −

∫ x

1
b cothm(µK[1]) tanh−n(λK[1])

a
dK[1] +

∫ K[2]
1

b cothm(µK[1]) tanh−n(λK[1])
a

dK[1]
))

a
dK[2]



∫ x

1

exp
(
−
∫ K[3]
1

c tanh−n(λK[2]) tanhk
(
ν

(
y−
∫ x
1
b cothm(µK[1]) tanh−n(λK[1])

a
dK[1]+

∫K[2]
1

b cothm(µK[1]) tanh−n(λK[1])
a

dK[1]
))

a
dK[2]

)
p coths(βK[3]) tanh−n(λK[3])

a
dK[3] + c1

(
y −

∫ x

1

b cothm(µK[1]) tanh−n(λK[1])
a

dK[1]
)





Maple 3� �
restart;
pde := a*tanh(lambda*x)^n*diff(w(x,y),x)+ b*coth(mu*x)^m*diff(w(x,y),y) = c*tanh(nu*y)^k*w(x,y)+p*coth(beta*x)^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

p
∫ x coth (β_b)s tanh (λ_b)−n e−

c
∫
tanh

 ν
(
b
∫
coth(µ_b)m tanh(λ_b)−nd_b−b

∫
coth(µx)m tanh(λx)−ndx+ya

)
a

k tanh(λ_b)−nd_b

a d_b
a

+ f1

(
−
b
∫
coth (µx)m tanh (λx)−n dx

a
+ y

) e
c
∫ x tanh

 ν
(
b
∫
coth(µ_b)m tanh(λ_b)−nd_b−b

∫
coth(µx)m tanh(λx)−ndx+ya

)
a

k tanh(λ_b)−nd_b

a

6.5.12 5.1
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6.5.12.1 [1276] Problem 1

problem number 1276

Added April 5, 2019.

Problem Chapter 5.5.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = cw + lnk(λx) lnn(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+ Log[lambda*x]^k*Log[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx
a

∫ x

1

e−
cK[1]
a logk(λK[1]) logn

(
β
(
y + b(K[1]−x)

a

))
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+ln(lambda*x)^k*ln(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x ln (λ_a)k ln
(

(ay−b(x−_a))β
a

)n
e− c_a

a d_a

a
+ f1

(
ay − bx

a

) e cxa

6.5.12.2 [1277] Problem 2

problem number 1277

Added April 5, 2019.

Problem Chapter 5.5.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = c lnk(λx)w + s lnn(βx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*Log[lambda*x]^k*w[x,y]+s*Log[beta*x]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

c logk(λK[1])
a

dK[1]
)∫ x

1

exp
(
−
∫ K[2]
1

c logk(λK[1])
a

dK[1]
)
s logn(βK[2])

a
dK[2] + c1

(
y − bx

a

)

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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*ln(lambda*x)^k*w(x,y)+s*ln(beta*x)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

s ∫ ln (βx)n e−
c
∫
ln(λx)kdx
a dx

a
+ f1

(
y − bx

a

) e
c
∫
ln(λx)kdx
a

6.5.12.3 [1278] Problem 3

problem number 1278

Added April 5, 2019.

Problem Chapter 5.5.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = (c1 lnn1(λ1x) + c2 lnn2(λ2y))w + s1 lnk1(β1x) + s2 lnk2(β2y)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == ( c1*Log[lambda1*x]^n1 +c2*Log[lambda2*y]^n2)*w[x,y] + s1*Log[beta1*x]^k1+s2*Log[beta2*y]*k2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

∫ x

1

c1 logn1(lambda1K[1]) + c2 logn2
(
lambda2

(
y + b(K[1]−x)

a

))
a

dK[1]


∫ x

1

exp
(
−
∫ K[2]
1

c1 logn1(lambda1K[1])+c2 logn2
(
lambda2

(
y+ b(K[1]−x)

a

))
a

dK[1]
)(

s1 logk1(beta1K[2]) + k2s2 log
(
beta2

(
y + b(K[2]−x)

a

)))
a

dK[2] + c1

(
y − bx

a

)



Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = ( c1*ln(lambda1*x)^n1 +c2*ln(lambda2*y)^n2)*w(x,y) + s1*ln(beta1*x)^k1+s2*ln(beta2*y)*k2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


∫ x e−

∫(
c1 ln(λ 1_a)n1+c2 ln

(
(ay−b(−_a+x))λ 2

a

)n2)
d_a

a

(
s2 ln

(
(ay−b(−_a+x))β 2

a

)
k2+ s1 ln (β 1_a)k1

)
d_a

a
+ f1

(
y − bx

a

) e
∫ x(c1 ln(λ 1_a)n1+c2 ln

(
(ay−b(−_a+x))λ 2

a

)n2)
d_a

a
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6.5.12.4 [1279] Problem 4

problem number 1279

Added April 5, 2019.

Problem Chapter 5.5.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
a ln(λx)wx + b ln(µy)wy = cw + k

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Log[lambda*x]*D[w[x, y], x] + b*Log[mu*y]*D[w[x, y], y] == c*w[x,y]+k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → ac1 log(λx) exp

(∫ x

1
cK[1]−a

aK[1] log(λK[1])dK[1]
)
+ bc2 log(µy) exp

(∫ y

1
cK[1]−b

bK[1] log(µK[1])dK[1]
)
− k

c




Maple 3� �
restart;
pde := a*ln(lambda*x)*diff(w(x,y),x)+ b*ln(mu*y)*diff(w(x,y),y) =c*w(x,y)+k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
e−

c Ei1(− ln(λx))
aλ f1

(
−a Ei1(− ln(µy))λ+Ei1(− ln(λx))bµ

λbµ

)
c− k

c

6.5.12.5 [1280] Problem 5

problem number 1280

Added April 5, 2019.

Problem Chapter 5.5.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a lnn(λx)wx + b lnm(µx)wy = c lnk(νx)w + p lns(βy) + q

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Log[lambda*x]^n*D[w[x, y], x] + b*Log[mu*x]^m*D[w[x, y], y] == c*Log[nu*x]^k*w[x,y]+p*Log[beta*y]^s+q;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

c log−n(λK[2]) logk(νK[2])
a

dK[2]
)∫ x

1

exp
(
−
∫ K[3]
1

c log−n(λK[2]) logk(νK[2])
a

dK[2]
)
log−n(λK[3])

(
p logs

(
β
(
y −

∫ x

1
b log−n(λK[1]) logm(µK[1])

a
dK[1] +

∫ K[3]
1

b log−n(λK[1]) logm(µK[1])
a

dK[1]
))

+ q
)

a
dK[3] + c1

(
y −

∫ x

1

b log−n(λK[1]) logm(µK[1])
a

dK[1]
)


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Maple 3� �
restart;
pde := a*ln(lambda*x)^n*diff(w(x,y),x)+ b*ln(mu*x)^m*diff(w(x,y),y) = c*ln(nu*x)^k*w(x,y)+p*ln(beta*y)^s+q;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


∫ x e−

c
∫
ln(ν_f)k ln(λ_f)−nd_f

a

(
pln
(

β
(
b
∫
ln(µ_f)m ln(λ_f)−nd_f−b

∫
ln(µx)m ln(λx)−ndx+ya

)
a

)s

+ q

)
ln (λ_f)−n d_f

a
+ f1

(
−
b
∫
ln (µx)m ln (λx)−n dx

a
+ y

) e
c
∫
ln(νx)k ln(λx)−ndx

a

6.5.12.6 [1281] Problem 6

problem number 1281

Added April 5, 2019.

Problem Chapter 5.5.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a lnn(λx)wx + b lnm(µx)wy = c lnk(νy)w + p lns(βx) + q

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Log[lambda*x]^n*D[w[x, y], x] + b*Log[mu*x]^m*D[w[x, y], y] == c*Log[nu*y]^k*w[x,y]+p*Log[beta*x]^s+q;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

∫ x

1

c log−n(λK[2]) logk
(
ν
(
y −

∫ x

1
b log−n(λK[1]) logm(µK[1])

a
dK[1] +

∫ K[2]
1

b log−n(λK[1]) logm(µK[1])
a

dK[1]
))

a
dK[2]



∫ x

1

exp
(
−
∫ K[3]
1

c log−n(λK[2]) logk
(
ν

(
y−
∫ x
1
b log−n(λK[1]) logm(µK[1])

a
dK[1]+

∫K[2]
1

b log−n(λK[1]) logm(µK[1])
a

dK[1]
))

a
dK[2]

)
(p logs(βK[3]) + q) log−n(λK[3])

a
dK[3] + c1

(
y −

∫ x

1

b log−n(λK[1]) logm(µK[1])
a

dK[1]
)





Maple 3� �
restart;
pde := a*ln(lambda*x)^n*diff(w(x,y),x)+ b*ln(mu*x)^m*diff(w(x,y),y) = c*ln(nu*y)^k*w(x,y)+p*ln(beta*x)^s+q;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


∫ x e−

c
∫
ln

 ν
(
b
∫
ln(µ_b)m ln(λ_b)−nd_b−b

∫
ln(µx)m ln(λx)−ndx+ya

)
a

k ln(λ_b)−nd_b

a (p ln (β_b)s + q) ln (λ_b)−n d_b
a

+ f1

(
−
b
∫
ln (µx)m ln (λx)−n dx

a
+ y

) e
c
∫ x ln

 ν
(
b
∫
ln(µ_b)m ln(λ_b)−nd_b−b

∫
ln(µx)m ln(λx)−ndx+ya

)
a

k ln(λ_b)−nd_b

a
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6.5.13.1 [1282] Problem 1

problem number 1282

Added April 8, 2019.

Problem Chapter 5.5.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = w + c1x

k + c2 lnn(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == w[x,y]+c1*x^k+c2*Log[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

x
a

∫ x

1

e−
K[1]
a

(
c1K[1]k + c2 logn

(
β
(
y + b(K[1]−x)

a

)))
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = w(x,y)+c1*x^k+c2*ln(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x e−_a
a

(
c2 ln

(
(ay−b(x−_a))β

a

)n
+ c1 _ak

)
d_a

a
+ f1

(
ay − xb

a

) exa

6.5.13.2 [1283] Problem 2

problem number 1283

Added April 8, 2019.

Problem Chapter 5.5.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = cw + xk lnn(βy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+x^k*Log[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx
a

∫ x

1

e−
cK[1]
a K[1]k logn

(
β
(
y + b(K[1]−x)

a

))
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+x^k*ln(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x _ak ln
(

β(ay−b(x−_a))
a

)n
e− c_a

a d_a

a
+ f1

(
ay − bx

a

) e cxa

6.5.13.3 [1284] Problem 3

problem number 1284

Added April 8, 2019.

Problem Chapter 5.5.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
axkwx + bxnwy = cw + s lnm(βx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^k*D[w[x, y], x] + b*x^n*D[w[x, y], y] == c*w[x,y]+s*Log[beta*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx1−k
a−ak

∫ x

1

e
cK[1]1−k
a(k−1) sK[1]−k logm(βK[1])

a
dK[1] + c1

(
y − bx−k+n+1

a(−k) + an+ a

)


Maple 3� �
restart;
pde := a*x^k*diff(w(x,y),x)+ b*x^n*diff(w(x,y),y) = c*w(x,y)+s*ln(beta*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

(
s
∫
ln (βx)m x−ke

c x−k+1
a(k−1) dx+ f1

(
b xn−k+1+ya(−n+k−1)

(−n+k−1)a

)
a

)
e−

c x−k+1
a(k−1)

a
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6.5.13.4 [1285] Problem 4

problem number 1285

Added April 8, 2019.

Problem Chapter 5.5.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
axnwx + bykwy = cw + s lnm(βx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^n*D[w[x, y], x] + b*y^k*D[w[x, y], y] == c*w[x,y]+s*Log[beta*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx1−n
a−an

∫ x

1

e
cK[1]1−n
a(n−1) sK[1]−n logm(βK[1])

a
dK[1] + c1

(
bx1−n

a(n− 1) −
y1−k

k − 1

)


Maple 3� �
restart;
pde := a*x^n*diff(w(x,y),x)+ b*y^k*diff(w(x,y),y) = c*w(x,y)+s*ln(beta*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

(
f1
(

−b x−n+1(k−1)+y1−ka(n−1)
(n−1)a

)
a+ s

∫
ln (βx)m x−ne

x−n+1c
(n−1)a dx

)
e−

x−n+1c
(n−1)a

a

6.5.13.5 [1286] Problem 5

problem number 1286

Added April 8, 2019.

Problem Chapter 5.5.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
axnwx + b lnn(λx)wy = cw + sxm

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^n*D[w[x, y], x] + b*Log[lambda*x]^n*D[w[x, y], y] == c*w[x,y]+s*x^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx1−n
a−an

sxm−n+1
(

cx1−n

a−an

)m−n+1
n−1 Γ

(
−m+n−1

n−1 , cx
1−n

a−an

)
a(n− 1) + c1

(
bx−n(λx)n logn+1(λx)((n− 1) log(λx))−n−1Γ(n+ 1, (n− 1) log(λx))

aλ
+ y

)


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Maple 3� �
restart;
pde := a*x^n*diff(w(x,y),x)+ b*ln(lambda*x)^n*diff(w(x,y),y) = c*w(x,y)+s*x^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

(
−a xne−

c x1−n
2a(−1+n)

(
− c x1−n

a(−1+n)

) 2−2n+m
−2+2n

s xm(−1 + n) (2− 2n+m)2WhittakerM
(

−2+2n−m
−2+2n , −3+3n−m

−2+2n ,− c x1−n

a(−1+n)

)
+ e−

c x1−n
2a(−1+n) (a(2− 2n+m)xn + xc)

(
− c x1−n

a(−1+n)

) 2−2n+m
−2+2n

s(−1 + n)2 xm WhittakerM
(
− m

−2+2n ,
−3+3n−m
−2+2n ,− xc x−n

(−1+n)a

)
+ e−

c x1−n
a(−1+n)f1

(
− b

∫
ln(λx)nx−ndx

a
+ y
)
xnac(3− 3n+m) (2− 2n+m) (m− n+ 1)

)
x−n

c (3− 3n+m) (m− n+ 1) (2− 2n+m) a

6.5.13.6 [1287] Problem 6

problem number 1287

Added April 8, 2019.

Problem Chapter 5.5.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
aykwx + bxnwy = cw + s lnm(βx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*y^k*D[w[x, y], x] + b*x^n*D[w[x, y], y] == c*w[x,y]+s*Log[beta*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

cx
((
y−k−1)− 1

k+1
)−k (

a(n+1)yk+1

a(n+1)yk+1−b(k+1)xn+1

) k
k+1 Hypergeometric2F1

(
k

k+1 ,
1

n+1 , 1 +
1

n+1 ,
b(k+1)xn+1

b(k+1)xn+1−a(n+1)yk+1

)
a





∫ x

1

exp

−
cHypergeometric2F1

(
k
k+1 ,

1
n+1 ,1+

1
n+1 ,

b(k+1)K[1]n+1

b(k+1)xn+1−a(n+1)yk+1

)
K[1]

(
1− b(k+1)K[1]n+1

b(k+1)xn+1−a(n+1)yk+1

) k
k+1

( a(n+1)
a(n+1)yk+1−b(k+1)

(
xn+1−K[1]n+1

)
)− 1

k+1
−k

a

 s

((
a(n+1)

a(n+1)yk+1−b(k+1)(xn+1−K[1]n+1)

)− 1
k+1
)−k

logm(βK[1])

a
dK[1] + c1

(
yk+1

k + 1 − bxn+1

an+ a

)





Maple 3� �
restart;
pde := a*y^k*diff(w(x,y),x)+ b*x^n*diff(w(x,y),y) = c*w(x,y)+s*ln(beta*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

f1(−bx(1+k)xn+ay yk(n+1)
(n+1)a

)
a+ s

∫ x ln (β_a)m
((

(1+k)b_an+1−b xn+1(1+k)+y1+k(n+1)a
(n+1)a

) 1
1+k
)−k

e−
c
∫ ( (1+k)b_an+1−b xn+1(1+k)+y1+k(n+1)a

(n+1)a

) 1
1+k


−k

d_a

a d_a

 e
c
∫ x
( (1+k)b_an+1−b xn+1(1+k)+y1+k(n+1)a

(n+1)a

) 1
1+k


−k

d_a

a

a
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6.5.13.7 [1288] Problem 7

problem number 1288

Added April 8, 2019.

Problem Chapter 5.5.2.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
aykwx + b lnn(λx)wy = cw + sxm

Mathematica 3� �
ClearAll["Global`*"];
pde = a*y^k*D[w[x, y], x] + b*Log[lambda*x]^n*D[w[x, y], y] == c*w[x,y]+s*x^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

∫ x

1

c
((
yk+1 − (k + 1)

∫ x

1
b logn(λK[1])

a
dK[1] + (k + 1)

∫ K[2]
1

b logn(λK[1])
a

dK[1]
)

1
k+1

)
−k

a
dK[2]



∫ x

1

exp
(
−
∫ K[3]
1

c

((
yk+1−(k+1)

∫ x
1
b logn(λK[1])

a
dK[1]+(k+1)

∫K[2]
1

b logn(λK[1])
a

dK[1]
) 1
k+1

)
−k

a
dK[2]

)
sK[3]m

((
yk+1 − (k + 1)

∫ x

1
b logn(λK[1])

a
dK[1] + (k + 1)

∫ K[3]
1

b logn(λK[1])
a

dK[1]
)

1
k+1

)
−k

a
dK[3] + c1

(
yk+1

k + 1 −
∫ x

1

b logn(λK[1])
a

dK[1]
)





Maple 3� �
restart;
pde := a*y^k*diff(w(x,y),x)+ b*ln(lambda*x)^n*diff(w(x,y),y) = c*w(x,y)+s*x^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

f1(−b(1+k)
∫
ln(λx)ndx+ykya

a

)
a+ s

∫ x_fm
((∫

(1+k)b ln(λ_f)nd_f+
∫
(−1−k)b ln(λx)ndx+a y1+k

a

) 1
1+k
)−k

e−
c

(∫ (−1−k)b ln(λx)ndx+b_f(1+k) ln(λ_a)n+a y1+k
a

) 1
1+k


−k(

−b(1+k)
∫
ln(λx)ndx+b_f(1+k) ln(λ_a)n+ykya

)
ln(λ_a)−n

ab d_f

 e
c

(∫ (−1−k)b ln(λx)ndx+x(1+k) ln(λ_a)nb+a y1+k
a

) 1
1+k


−k(

−b(1+k)
∫
ln(λx)ndx+x(1+k) ln(λ_a)nb+ykya

)
ln(λ_a)−n

ab

a
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6.5.14.1 [1289] Problem 1

problem number 1289

Added April 8, 2019.

Problem Chapter 5.6.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = cw + k sin(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+ k*Sin[lambda*x+mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) →
ke−i(λx+µy)(i(aλ+ bµ)

(
1 + e2i(λx+µy))+ c

(
−1 + e2i(λx+µy)))− 2ie cxa ((aλ+ bµ)2 + c2) c1

(
y − bx

a

)
2(aλ+ bµ− ic)(c− i(aλ+ bµ))

}}

Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+k*sin(lambda*x+mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = e cxa f1
(
ya− bx

a

)
− k((aλ+ bµ) cos (λx+ yµ) + c sin (λx+ yµ))

a2λ2 + 2abλµ+ b2µ2 + c2

6.5.14.2 [1290] Problem 2

problem number 1290

Added April 8, 2019.

Problem Chapter 5.6.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = w + c1 sink(λx) + c2 sinn(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == w[x,y]+ c1*Sin[lambda*x]^k+c2*Sin[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

e
x
a (akλ− i)(bβn− i)c1

(
y − bx

a

)
+ c1(1 + ibβn)

(
−ie−iλx

(
−1 + e2iλx

))k (2− 2e2iλx
)−k Hypergeometric2F1

(
−k, i

2aλ − k
2 ,−

k
2 +

i
2aλ + 1, e2iλx

)
+ c22−n(1 + iakλ)

(
−1 + e2iβy

)n (−ie−iβy
(
−1 + e2iβy

))n (−(−1 + e2iβy
)2)−n

Hypergeometric2F1
(

i
2bβ − n

2 ,−n,−
n
2 + i

2bβ + 1, e2iβy
)

(akλ− i)(bβn− i)



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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = w(x,y)+c1*sin(lambda*x)^k+c2*sin(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x
(
c1 sin (λ_a)k + c2 sin

(
β(ay−b(x−_a))

a

)n)
e−_a

a d_a

a
+ f1

(
ay − bx

a

) exa

6.5.14.3 [1291] Problem 3

problem number 1291

Added April 8, 2019.

Problem Chapter 5.6.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = cw + sink(λx) sinn(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+ Sin[lambda*x]^k*Sin[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx
a

∫ x

1

e−
cK[1]
a sink(λK[1]) sinn

(
β
(
y + b(K[1]−x)

a

))
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+sin(lambda*x)^k*sin(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x sin (λ_a)k sin
(

(ay−b(x−_a))β
a

)n
e− c_a

a d_a

a
+ f1

(
ay − bx

a

) e cxa
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6.5.14.4 [1292] Problem 4

problem number 1292

Added April 8, 2019.

Problem Chapter 5.6.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
axwx + bywy = cw + k sin(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == c*w[x,y]+ k*Sin[lambda*x+beta*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → x

c
a

∫ x

1

kK[1]−a+c
a sin

(
βyK[1] bax− b

a + λK[1]
)

a
dK[1] + c1

(
yx−

b
a

)


Maple 3� �
restart;
pde := a*x*diff(w(x,y),x)+ b*y*diff(w(x,y),y) = c*w(x,y)+k*sin(lambda*x+beta*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
x
c
a

(
f1
(
y x−

b
a

)
a+ k

∫ x _a−a−c
a sin

(
βy x−

b
a_a ba + λ_a

)
d_a

)
a

6.5.14.5 [1293] Problem 5

problem number 1293

Added April 8, 2019.

Problem Chapter 5.6.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
xwx + ywy = ax sin(λx+ µy)w + b sin(νx)

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*Sin[lambda*x+beta*y]*w[x,y]+ b*Sin[nu*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1
a sin

((
λ+ βy

x

)
K[1]

)
dK[1]

)∫ x

1

b exp
(
−
∫ K[2]
1 a sin

((
λ+ βy

x

)
K[1]

)
dK[1]

)
sin(νK[2])

K[2] dK[2] + c1
(y
x

)

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Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ b*diff(w(x,y),y) = a*x*sin(lambda*x+beta*y)*w(x,y)+ b*sin(nu*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(
b

∫ x sin (ν_a) e−a
∫
sin(− ln(x)bβ+ln(_a)bβ+_aλ+βy)d_a

_a d_a+ f1(−b ln (x) + y)
)
ea
∫ x sin(− ln(x)bβ+ln(_a)bβ+_aλ+βy)d_a

6.5.14.6 [1294] Problem 6

problem number 1294

Added April 8, 2019.

Problem Chapter 5.6.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a sinn(λx)wx + b sinm(µx)wy = c sink(νx)w + p sins(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Sin[lambda*x]^n*D[w[x, y], x] + b*Sin[mu*x]^m*D[w[x, y], y] == c*Sin[nu*x]^k*w[x,y]+ p*Sin[beta*y]^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

c sin−n(λK[2]) sink(νK[2])
a

dK[2]
)∫ x

1

exp
(
−
∫ K[3]
1

c sin−n(λK[2]) sink(νK[2])
a

dK[2]
)
p sin−n(λK[3]) sins

(
β
(
y −

∫ x

1
b sin−n(λK[1]) sinm(µK[1])

a
dK[1] +

∫ K[3]
1

b sin−n(λK[1]) sinm(µK[1])
a

dK[1]
))

a
dK[3] + c1

(
y −

∫ x

1

b sin−n(λK[1]) sinm(µK[1])
a

dK[1]
)


Maple 3� �
restart;
pde := a*sin(lambda*x)^n*diff(w(x,y),x)+ b*sin(mu*x)^m*diff(w(x,y),y) = c*sin(nu*x)^k*w(x,y)+ p*sin(beta*y)^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


p
∫ x sin

(
β
(
b
∫
sin(µ_f)m sin(λ_f)−nd_f−b

∫
sin(µx)m sin(λx)−ndx+ya

)
a

)s

sin (λ_f)−n e−
c
∫
sin(λ_f)−n sin(ν_f)kd_f

a d_f

a
+ f1

(
−
b
∫
sin (µx)m sin (λx)−n dx

a
+ y

) e
c
∫
sin(λx)−n sin(νx)kdx

a
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6.5.14.7 [1295] Problem 7

problem number 1295

Added April 8, 2019.

Problem Chapter 5.6.1.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a sinn(λx)wx + b sinm(µx)wy = c sink(νy)w + p sins(βx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Sin[lambda*x]^n*D[w[x, y], x] + b*Sin[mu*x]^m*D[w[x, y], y] == c*Sin[nu*y]^k*w[x,y]+ p*Sin[beta*x]^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

∫ x

1

c sin−n(λK[2]) sink
(
ν
(
y −

∫ x

1
b sin−n(λK[1]) sinm(µK[1])

a
dK[1] +

∫ K[2]
1

b sin−n(λK[1]) sinm(µK[1])
a

dK[1]
))

a
dK[2]



∫ x

1

exp
(
−
∫ K[3]
1

c sin−n(λK[2]) sink
(
ν

(
y−
∫ x
1
b sin−n(λK[1]) sinm(µK[1])

a
dK[1]+

∫K[2]
1

b sin−n(λK[1]) sinm(µK[1])
a

dK[1]
))

a
dK[2]

)
p sins(βK[3]) sin−n(λK[3])

a
dK[3] + c1

(
y −

∫ x

1

b sin−n(λK[1]) sinm(µK[1])
a

dK[1]
)





Maple 3� �
restart;
pde := a*sin(lambda*x)^n*diff(w(x,y),x)+ b*sin(mu*x)^m*diff(w(x,y),y) = c*sin(nu*y)^k*w(x,y)+ p*sin(beta*x)^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

p
∫ x sin (β_b)s sin (λ_b)−n e−

c
∫
sin

 ν
(
−b
∫
sin(µx)m sin(λx)−ndx+b

∫
sin(µ_b)m sin(λ_b)−nd_b+ya

)
a

k sin(λ_b)−nd_b

a d_b
a

+ f1

(
−
b
∫
sin (µx)m sin (λx)−n dx

a
+ y

) e
c
∫ x sin

 ν
(
−b
∫
sin(µx)m sin(λx)−ndx+b

∫
sin(µ_b)m sin(λ_b)−nd_b+ya

)
a

k sin(λ_b)−nd_b

a

6.5.15 6.2
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6.5.15.1 [1296] Problem 1

problem number 1296

Added April 11, 2019.

Problem Chapter 5.6.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = cw + k cos(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+ k*Cos[lambda*x+mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → e
cx
a c1

(
y − bx

a

)
−
ke−i(λx+µy)(i(aλ+ bµ)

(
−1 + e2i(λx+µy))+ c

(
1 + e2i(λx+µy)))

2 ((aλ+ bµ)2 + c2)

}}

Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+ k*cos(lambda*x+mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) = e cxa f1
(
ya− bx

a

)
+ (−c cos (λx+ µy) + (aλ+ bµ) sin (λx+ µy)) k

a2λ2 + 2abλµ+ b2µ2 + c2

6.5.15.2 [1297] Problem 2

problem number 1297

Added April 11, 2019.

Problem Chapter 5.6.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = w + c1 cosk(λx) + c2 cosn(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == w[x,y]+ c1*Cos[lambda*x]^k + c2*Cos[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

x
a (akλ− i)(bβn− i)c1

(
y − bx

a

)
+ c12−k(1 + ibβn)

(
e−iλx + eiλx

)k (1 + e2iλx
)−k Hypergeometric2F1

(
−k, i

2aλ − k
2 ,−

k
2 +

i
2aλ + 1,−e2iλx

)
+ c22n(1 + iakλ) cosn(βy)(cosh(n log(2))− sinh(n log(2)))(i sin(2βy) + cos(2βy) + 1)−n Hypergeometric2F1

(
i

2bβ − n
2 ,−n,−

n
2 + i

2bβ + 1,− cos(2βy)− i sin(2βy)
)

(akλ− i)(bβn− i)



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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = w(x,y)+ c1*cos(lambda*x)^k + c2*cos(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x
(
c1 cos (λ_a)k + c2 cos

(
(ay−b(x−_a))β

a

)n)
e−_a

a d_a

a
+ f1

(
ay − bx

a

) exa

6.5.15.3 [1298] Problem 3

problem number 1298

Added April 11, 2019.

Problem Chapter 5.6.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = cw + cosk(λx) cosn(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+ Cos[lambda*x]^k * Cos[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx
a

∫ x

1

e−
cK[1]
a cosk(λK[1]) cosn

(
β
(
y + b(K[1]−x)

a

))
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+ cos(lambda*x)^k *cos(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x cos (λ_a)k cos
(

β(ay−b(x−_a))
a

)n
e− c_a

a d_a

a
+ f1

(
ay − bx

a

) e cxa
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6.5.15.4 [1299] Problem 4

problem number 1299

Added April 11, 2019.

Problem Chapter 5.6.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
axwx + bywy = cw + k cos(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == c*w[x,y]+ k*Cos[lambda*x+mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → x

c
a

∫ x

1

k cos
(
µyK[1] bax− b

a + λK[1]
)
K[1]−a+c

a

a
dK[1] + c1

(
yx−

b
a

)


Maple 3� �
restart;
pde := a*x*diff(w(x,y),x)+ b*y*diff(w(x,y),y) = c*w(x,y)+ k*cos(lambda*x+mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
x
c
a

(
f1
(
y x−

b
a

)
a+ k

∫ x_a−a−c
a cos

(
λ_a+ µy x−

b
a_a ba

)
d_a

)
a

6.5.15.5 [1300] Problem 5

problem number 1300

Added April 11, 2019.

Problem Chapter 5.6.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
xwx + ywy = ax cos(λx+ µy)w + b cos(νx)

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == a*x*Cos[lambda*x+mu*y]*w[x,y]+b*Cos[nu*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1
a cos

((
λ+ µy

x

)
K[1]

)
dK[1]

)∫ x

1

b exp
(
−
∫ K[2]
1 a cos

((
λ+ µy

x

)
K[1]

)
dK[1]

)
cos(νK[2])

K[2] dK[2] + c1
(y
x

)

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Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ y*diff(w(x,y),y) =a*x*cos(lambda*x+mu*y)*w(x,y)+b*cos(nu*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

b ∫ x cos (ν_a) e−
a sin

(
_a(λx+yµ)

x

)
x

λx+yµ

_a d_a+ f1
(y
x

) e
a sin(λx+yµ)x

λx+yµ

6.5.15.6 [1301] Problem 6

problem number 1301

Added April 11, 2019.

Problem Chapter 5.6.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a cosn(λx)wx + b cosm(µx)wy = c cosk(νx)w + p coss(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Cos[lambda*x]^n*D[w[x, y], x] + b*Cos[mu*x]^m*D[w[x, y], y] == c*Cos[nu*x]^k*w[x,y]+p*Cos[beta*y]^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

c cos−n(λK[2]) cosk(νK[2])
a

dK[2]
)∫ x

1

exp
(
−
∫ K[3]
1

c cos−n(λK[2]) cosk(νK[2])
a

dK[2]
)
p cos−n(λK[3]) coss

(
β
(
y −

∫ x

1
b cos−n(λK[1]) cosm(µK[1])

a
dK[1] +

∫ K[3]
1

b cos−n(λK[1]) cosm(µK[1])
a

dK[1]
))

a
dK[3] + c1

(
y −

∫ x

1

b cos−n(λK[1]) cosm(µK[1])
a

dK[1]
)


Maple 3� �
restart;
pde := a*cos(lambda*x)^n*diff(w(x,y),x)+ b*cos(mu*x)^m*diff(w(x,y),y) =c*cos(nu*x)^k*w(x,y)+p*cos(beta*y)^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


p
∫ x cos

(
β
(
b
∫
cos(µ_f)m cos(λ_f)−nd_f−b

∫
cos(µx)m cos(λx)−ndx+ya

)
a

)s

cos (λ_f)−n e−
c
∫
cos(ν_f)k cos(λ_f)−nd_f

a d_f

a
+ f1

(
−
b
∫
cos (µx)m cos (λx)−n dx

a
+ y

) e
c
∫
cos(νx)k cos(λx)−ndx

a
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6.5.16 6.3

Local contents
6.5.16.1 [1302] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1391
6.5.16.2 [1303] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1391
6.5.16.3 [1304] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1392
6.5.16.4 [1305] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1393
6.5.16.5 [1306] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1393
6.5.16.6 [1307] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1394
6.5.16.7 [1308] Problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1395

6.5.16.1 [1302] Problem 1

problem number 1302

Added April 11, 2019.

Problem Chapter 5.6.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = cw + k tan(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+k*Tan[lambda*x+mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx
a c1

(
y − bx

a

)
+
ik
(
Hypergeometric2F1

(
1,− ic

2aλ+2bµ ,
−ic+2aλ+2bµ

2(aλ+bµ) ,−e−2i(λx+µy)
)
− Hypergeometric2F1

(
1, ic

2aλ+2bµ ,
ic+2aλ+2bµ
2aλ+2bµ ,−e2i(λx+µy)

))
c




Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) =c*w(x,y)+k*tan(lambda*x+mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

k ∫ x tan
(

(ya−b(x−_a))µ+_aaλ
a

)
e− c_a

a d_a

a
+ f1

(
ya− bx

a

) e cxa

6.5.16.2 [1303] Problem 2

problem number 1303

Added April 11, 2019.

Problem Chapter 5.6.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = w + c1 tank(λx) + c2 tann(βy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == w[x,y]+ c1*Tan[lambda*x]^k + c2*Tan[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

x
a

∫ x

1

e−
K[1]
a

(
c1 tank(λK[1]) + c2 tann

(
β
(
y + b(K[1]−x)

a

)))
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = w(x,y)+ c1*tan(lambda*x)^k + c2*tan(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x e−_a
a

(
c1 tan (λ_a)k + c2 tan

(
(ay−b(x−_a))β

a

)n)
d_a

a
+ f1

(
ay − bx

a

) exa

6.5.16.3 [1304] Problem 3

problem number 1304

Added April 11, 2019.

Problem Chapter 5.6.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + bwy = cw + tank(λx) tann(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+ Tan[lambda*x]^k * Tan[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx
a

∫ x

1

e−
cK[1]
a tank(λK[1]) tann

(
β
(
y + b(K[1]−x)

a

))
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+ tan(lambda*x)^k *tan(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x tan (λ_a)k tan
(

(ay−b(x−_a))β
a

)n
e− c_a

a d_a

a
+ f1

(
ay − bx

a

) e cxa
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6.5.16.4 [1305] Problem 4

problem number 1305

Added April 11, 2019.

Problem Chapter 5.6.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
awx + b tan(µy)wy = c tan(λx)w + k tan(νx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Tan[mu*y]*D[w[x, y], y] == c*Tan[lambda*x]*w[x,y]+k*Tan[nu*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → cos− c
aλ (λx)

(∫ x

1

k cos c
aλ (λK[1]) tan(νK[1])

a
dK[1] + c1

(
log(sin(µy))

µ
− bx

a

))}}
Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*tan(mu*y)*diff(w(x,y),y) = c*tan(lambda*x)*w(x,y)+ k*tan(nu*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(
k
∫
tan (νx)

(
sec (λx)2

)− c
2aλ dx

a
+ f1

(
−x+ ln (csgn (sec (µy)) sin (µy)) a

bµ

))(
sec (λx)2

) c
2aλ

6.5.16.5 [1306] Problem 5

problem number 1306

Added April 11, 2019.

Problem Chapter 5.6.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)
axwx + bywy = cw + k tan(λx+ νy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == c*w[x,y]+k*Tan[lambda*x+nu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → x

c
a

∫ x

1

kK[1]−a+c
a tan

(
νyK[1] bax− b

a + λK[1]
)

a
dK[1] + c1

(
yx−

b
a

)

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Maple 3� �
restart;
pde := a*x*diff(w(x,y),x)+ b*y*diff(w(x,y),y) =c*w(x,y)+k*tan(lambda*x+nu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
x
c
a

(
f1
(
y x−

b
a

)
a+ k

∫ x tan
(
λ_a+ νy x−

b
a_a ba

)
_a−a−c

a d_a
)

a

6.5.16.6 [1307] Problem 6

problem number 1307

Added April 11, 2019.

Problem Chapter 5.6.3.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a tann(λx)wx + b tanm(µx)wy = c tank(νx)w + p tans(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Tan[lambda*x]^n*D[w[x, y], x] + b*Tan[mu*x]^m*D[w[x, y], y] == c*Tan[nu*x]^k*w[x,y]+p*Tan[beta*y]^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

c tan−n(λK[2]) tank(νK[2])
a

dK[2]
)∫ x

1

exp
(
−
∫ K[3]
1

c tan−n(λK[2]) tank(νK[2])
a

dK[2]
)
p tan−n(λK[3]) tans

(
β
(
y −

∫ x

1
b tan−n(λK[1]) tanm(µK[1])

a
dK[1] +

∫ K[3]
1

b tan−n(λK[1]) tanm(µK[1])
a

dK[1]
))

a
dK[3] + c1

(
y −

∫ x

1

b tan−n(λK[1]) tanm(µK[1])
a

dK[1]
)


Maple 3� �
restart;
pde := a*tan(lambda*x)^n*diff(w(x,y),x)+ b*tan(mu*x)^m*diff(w(x,y),y) =c*tan(nu*x)^k*w(x,y)+p*tan(beta*y)^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


p
∫ x tan

(
β
(
b
∫
tan(µ_f)m tan(λ_f)−nd_f−b

∫
tan(µx)m tan(λx)−ndx+ya

)
a

)s

tan (λ_f)−n e−
c
∫
tan(ν_f)k tan(λ_f)−nd_f

a d_f

a
+ f1

(
−
b
∫
tan (µx)m tan (λx)−n dx

a
+ y

) e
c
∫
tan(νx)k tan(λx)−ndx

a
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6.5.16.7 [1308] Problem 7

problem number 1308

Added April 11, 2019.

Problem Chapter 5.6.3.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a tann(λx)wx + b tanm(µx)wy = c tank(νy)w + p tans(βx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Tan[lambda*x]^n*D[w[x, y], x] + b*Tan[mu*x]^m*D[w[x, y], y] == c*Tan[nu*y]^k*w[x,y]+p*Tan[beta*x]^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

∫ x

1

c tan−n(λK[2]) tank
(
ν
(
y −

∫ x

1
b tan−n(λK[1]) tanm(µK[1])

a
dK[1] +

∫ K[2]
1

b tan−n(λK[1]) tanm(µK[1])
a

dK[1]
))

a
dK[2]



∫ x

1

exp
(
−
∫ K[3]
1

c tan−n(λK[2]) tank
(
ν

(
y−
∫ x
1
b tan−n(λK[1]) tanm(µK[1])

a
dK[1]+

∫K[2]
1

b tan−n(λK[1]) tanm(µK[1])
a

dK[1]
))

a
dK[2]

)
p tans(βK[3]) tan−n(λK[3])

a
dK[3] + c1

(
y −

∫ x

1

b tan−n(λK[1]) tanm(µK[1])
a

dK[1]
)





Maple 3� �
restart;
pde := a*tan(lambda*x)^n*diff(w(x,y),x)+ b*tan(mu*x)^m*diff(w(x,y),y) =c*tan(nu*y)^k*w(x,y)+p*tan(beta*x)^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

p
∫ x tan (β_b)s tan (λ_b)−n e−

c
∫
tan

 ν
(
b
∫
tan(λ_b)−n tan(µ_b)md_b−b

∫
tan(λx)−n tan(µx)mdx+ya

)
a

k tan(λ_b)−nd_b

a d_b
a

+ f1

(
−
b
∫
tan (λx)−n tan (µx)m dx

a
+ y

) e
c
∫ x tan

 ν
(
b
∫
tan(λ_b)−n tan(µ_b)md_b−b

∫
tan(λx)−n tan(µx)mdx+ya

)
a

k tan(λ_b)−nd_b

a
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6.5.17 6.4
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6.5.17.1 [1309] Problem 1

problem number 1309

Added April 11, 2019.

Problem Chapter 5.6.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cw + k cot(λx+ µy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+k*Cot[lambda*x+mu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx
a c1

(
y − bx

a

)
+
k
(
(c− 2i(aλ+ bµ))Hypergeometric2F1

(
1, ic

2(aλ+bµ) ,
ic+2aλ+2bµ
2aλ+2bµ , e2i(λx+µy)

)
+ ce2i(λx+µy) Hypergeometric2F1

(
1, ic

2(aλ+bµ) + 1, ic
2(aλ+bµ) + 2, e2i(λx+µy)

))
c(−2(aλ+ bµ)− ic)




Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) =c*w(x,y)+k*cot(lambda*x+mu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

k ∫ x cot
(

(ay−b(x−_a))µ+_aaλ
a

)
e− c_a

a d_a

a
+ f1

(
ay − xb

a

) e cxa
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6.5.17.2 [1310] Problem 2

problem number 1310

Added April 11, 2019.

Problem Chapter 5.6.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = w + c1 cotk(λx) + c2 cotn(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == w[x,y]+ c1*Cot[lambda*x]^k + c2*Cot[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

x
a

∫ x

1

e−
K[1]
a

(
c1 cotk(λK[1]) + c2 cotn

(
β
(
y + b(K[1]−x)

a

)))
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = w(x,y)+ c1*cot(lambda*x)^k + c2*cot(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x e−_a
a

(
c1 cot (λ_a)k + c2 cot

(
(ay−b(x−_a))β

a

)n)
d_a

a
+ f1

(
ay − bx

a

) exa

6.5.17.3 [1311] Problem 3

problem number 1311

Added April 11, 2019.

Problem Chapter 5.6.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cw + cotk(λx) cotn(βy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+ Cot[lambda*x]^k * Cot[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx
a

∫ x

1

e−
cK[1]
a cotk(λK[1]) cotn

(
β
(
y + b(K[1]−x)

a

))
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+ cot(lambda*x)^k *cot(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x cot (λ_a)k cot
(

(ay−b(x−_a))β
a

)n
e− c_a

a d_a

a
+ f1

(
ay − bx

a

) e cxa

6.5.17.4 [1312] Problem 4

problem number 1312

Added April 11, 2019.

Problem Chapter 5.6.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b cot(µy)wy = c cot(λx)w + k cot(νx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Cot[mu*y]*D[w[x, y], y] == c*Cot[lambda*x]*w[x,y]+k*Cot[nu*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{
w(x, y) → sin c

aλ (λx)
(∫ x

1

k cot(νK[1]) sin− c
aλ (λK[1])

a
dK[1] + c1

(
log(sec(µy))

µ
− bx

a

))}
{
w(x, y) → sin c

aλ (λx)
(∫ x

1

k cot(νK[2]) sin− c
aλ (λK[2])

a
dK[2] + c1

(
log(sec(µy))

µ
− bx

a

))}
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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*cot(mu*y)*diff(w(x,y),y) = c*cot(lambda*x)*w(x,y)+ k*cot(nu*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


k
∫ y cot

(
ν

(
x+

a ln
(
sec(µ_a)2

)
2bµ −

a ln
(
sec(µy)2

)
2bµ

))(
csc
(

λ
(
2xbµ−a

(
− ln

(
sec(µ_a)2

)
+ln

(
sec(µy)2

)))
2bµ

)2
) c

2λa

tan (µ_a) d_a

b
+ f1

(
x−

a ln
(
sec (µy)2

)
2bµ

)
(
csc (λx)2

)− c
2λa

6.5.17.5 [1313] Problem 5

problem number 1313

Added April 11, 2019.

Problem Chapter 5.6.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axwx + bywy = cw + k cot(λx+ νy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == c*w[x,y]+k*Cot[lambda*x+nu*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → x

c
a

∫ x

1

k cot
(
νyK[1] bax− b

a + λK[1]
)
K[1]−a+c

a

a
dK[1] + c1

(
yx−

b
a

)


Maple 3� �
restart;
pde := a*x*diff(w(x,y),x)+ b*y*diff(w(x,y),y) =c*w(x,y)+k*cot(lambda*x+nu*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
x
c
a

(
f1
(
y x−

b
a

)
a+ k

∫ x cot
(
λ_a+ νy x−

b
a_a ba

)
_a−a−c

a d_a
)

a
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6.5.17.6 [1314] Problem 6

problem number 1314

Added April 11, 2019.

Problem Chapter 5.6.4.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a cotn(λx)wx + b cotm(µx)wy = c cotk(νx)w + p cots(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Cot[lambda*x]^n*D[w[x, y], x] + b*Cot[mu*x]^m*D[w[x, y], y] == c*Cot[nu*x]^k*w[x,y]+p*Cot[beta*y]^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

c cot−n(λK[2]) cotk(νK[2])
a

dK[2]
)∫ x

1

exp
(
−
∫ K[3]
1

c cot−n(λK[2]) cotk(νK[2])
a

dK[2]
)
p cot−n(λK[3]) cots

(
β
(
y −

∫ x

1
b cot−n(λK[1]) cotm(µK[1])

a
dK[1] +

∫ K[3]
1

b cot−n(λK[1]) cotm(µK[1])
a

dK[1]
))

a
dK[3] + c1

(
y −

∫ x

1

b cot−n(λK[1]) cotm(µK[1])
a

dK[1]
)


Maple 3� �
restart;
pde := a*cot(lambda*x)^n*diff(w(x,y),x)+ b*cot(mu*x)^m*diff(w(x,y),y) =c*cot(nu*x)^k*w(x,y)+p*cot(beta*y)^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


p
∫ x cot

(
β
(
b
∫
cot(µ_f)m cot(λ_f)−nd_f−b

∫
cot(µx)m cot(λx)−ndx+ya

)
a

)s

cot (λ_f)−n e−
c
∫
cot(ν_f)k cot(λ_f)−nd_f

a d_f

a
+ f1

(
−
b
∫
cot (µx)m cot (λx)−n dx

a
+ y

) e
c
∫
cot(νx)k cot(λx)−ndx

a

6.5.17.7 [1315] Problem 7

problem number 1315

Added April 11, 2019.

Problem Chapter 5.6.4.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a cotn(λx)wx + b cotm(µx)wy = c cotk(νy)w + p cots(βx)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*Cot[lambda*x]^n*D[w[x, y], x] + b*Cot[mu*x]^m*D[w[x, y], y] == c*Cot[nu*y]^k*w[x,y]+p*Cot[beta*x]^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

∫ x

1

c cot−n(λK[2]) cotk
(
ν
(
y −

∫ x

1
b cot−n(λK[1]) cotm(µK[1])

a
dK[1] +

∫ K[2]
1

b cot−n(λK[1]) cotm(µK[1])
a

dK[1]
))

a
dK[2]



∫ x

1

exp
(
−
∫ K[3]
1

c cot−n(λK[2]) cotk
(
ν

(
y−
∫ x
1
b cot−n(λK[1]) cotm(µK[1])

a
dK[1]+

∫K[2]
1

b cot−n(λK[1]) cotm(µK[1])
a

dK[1]
))

a
dK[2]

)
p cots(βK[3]) cot−n(λK[3])

a
dK[3] + c1

(
y −

∫ x

1

b cot−n(λK[1]) cotm(µK[1])
a

dK[1]
)





Maple 3� �
restart;
pde := a*cot(lambda*x)^n*diff(w(x,y),x)+ b*cot(mu*x)^m*diff(w(x,y),y) =c*cot(nu*y)^k*w(x,y)+p*cot(beta*x)^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

p
∫ x cot (β_b)s cot (λ_b)−n e−

c
∫
cot

 ν
(
b
∫
cot(µ_b)m cot(λ_b)−nd_b−b

∫
cot(µx)m cot(λx)−ndx+ya

)
a

k cot(λ_b)−nd_b

a d_b
a

+ f1

(
−
b
∫
cot (µx)m cot (λx)−n dx

a
+ y

) e
c
∫ x cot

 ν
(
b
∫
cot(µ_b)m cot(λ_b)−nd_b−b

∫
cot(µx)m cot(λx)−ndx+ya

)
a

k cot(λ_b)−nd_b

a

6.5.18 6.5

Local contents
6.5.18.1 [1316] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1401
6.5.18.2 [1317] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1402
6.5.18.3 [1318] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1403
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6.5.18.1 [1316] Problem 1

problem number 1316

Added April 11, 2019.

Problem Chapter 5.6.5.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = w + c1 sink(λx) + c2 cosn(βy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == w[x,y]+c1*Sin[lambda*x]^k+c2*Cos[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

x
a (akλ− i)(bβn− i)c1

(
y − bx

a

)
+ c1(1 + ibβn)

(
−ie−iλx

(
−1 + e2iλx

))k (2− 2e2iλx
)−k Hypergeometric2F1

(
−k, i

2aλ − k
2 ,−

k
2 +

i
2aλ + 1, e2iλx

)
+ c22n(1 + iakλ) cosn(βy)(cosh(n log(2))− sinh(n log(2)))(i sin(2βy) + cos(2βy) + 1)−n Hypergeometric2F1

(
i

2bβ − n
2 ,−n,−

n
2 + i

2bβ + 1,− cos(2βy)− i sin(2βy)
)

(akλ− i)(bβn− i)




Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = w(x,y)+c1*sin(lambda*x)^k+c2*cos(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x
(
c1 sin (λ_a)k + c2 cos

(
β(ay−b(x−_a))

a

)n)
e−_a

a d_a

a
+ f1

(
ay − bx

a

) exa

6.5.18.2 [1317] Problem 2

problem number 1317

Added April 11, 2019.

Problem Chapter 5.6.5.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cw + sink(λx) cosn(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+Sin[lambda*x]^k*Cos[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx
a

∫ x

1

e−
cK[1]
a cosn

(
β
(
y + b(K[1]−x)

a

))
sink(λK[1])

a
dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+sin(lambda*x)^k*cos(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x sin (λ_a)k cos
(

(ay−b(x−_a))β
a

)n
e− c_a

a d_a

a
+ f1

(
ay − bx

a

) e cxa
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6.5.18.3 [1318] Problem 3

problem number 1318

Added April 11, 2019.

Problem Chapter 5.6.5.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b sin(µy)wy = c sin(λx)w + k cos(νx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Sin[mu*y]*D[w[x, y], y] == c*Sin[lambda*x]*w[x,y]+k*Cos[nu*x]+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
w(x, y) → exp

(∫ x

1

c sin(λK[1])
a

dK[1]
)∫ x

1

exp
(
−
∫ K[3]
1

c sin(λK[1])
a

dK[1]
)
(s+ k cos(νK[3]))

a
dK[3] + c1

(
−bx
a

− arctanh(cos(µy))
µ

)w(x, y) → exp
(∫ x

1

c sin(λK[2])
a

dK[2]
)∫ x

1

exp
(
−
∫ K[4]
1

c sin(λK[2])
a

dK[2]
)
(s+ k cos(νK[4]))

a
dK[4] + c1

(
−bx
a

− arctanh(cos(µy))
µ

)
Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*sin(mu*y)*diff(w(x,y),y) = c*sin(lambda*x)*w(x,y)+k*cos(nu*x)+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


∫ y
(
k cos

(
ν(xbµ+a ln(csc(µy)+cot(µy))−a ln(csc(µ_a)+cot(µ_a)))

bµ

)
+ s
)
e
c cos

(
λ(xbµ+a ln(csc(µy)+cot(µy))−a ln(csc(µ_a)+cot(µ_a)))

bµ

)
aλ csc (µ_a) d_a

b
+ f1

(
xbµ+ a ln (csc (µy) + cot (µy))

bµ

) e−
c cos(λx)

aλ

6.5.18.4 [1319] Problem 4

problem number 1319

Added April 11, 2019.

Problem Chapter 5.6.5.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b sin(µy)wy = c sin(λx)w + k tan(νx) + s
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Sin[mu*y]*D[w[x, y], y] == c*Sin[lambda*x]*w[x,y]+k*Tan[nu*x]+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
w(x, y) → exp

(∫ x

1

c sin(λK[1])
a

dK[1]
)∫ x

1

exp
(
−
∫ K[3]
1

c sin(λK[1])
a

dK[1]
)
(s+ k tan(νK[3]))

a
dK[3] + c1

(
−bx
a

− arctanh(cos(µy))
µ

)w(x, y) → exp
(∫ x

1

c sin(λK[2])
a

dK[2]
)∫ x

1

exp
(
−
∫ K[4]
1

c sin(λK[2])
a

dK[2]
)
(s+ k tan(νK[4]))

a
dK[4] + c1

(
−bx
a

− arctanh(cos(µy))
µ

)
Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*sin(mu*y)*diff(w(x,y),y) = c*sin(lambda*x)*w(x,y)+k*tan(nu*x)+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


∫ y e

c cos
(
λ(xbµ+a ln(csc(µy)+cot(µy))−a ln(csc(µ_a)+cot(µ_a)))

bµ

)
aλ csc (µ_a)

(
k tan

(
ν(xbµ+a ln(csc(µy)+cot(µy))−a ln(csc(µ_a)+cot(µ_a)))

bµ

)
+ s
)
d_a

b
+ f1

(
xbµ+ a ln (csc (µy) + cot (µy))

bµ

) e−
cos(λx)c
aλ

6.5.18.5 [1320] Problem 5

problem number 1320

Added April 11, 2019.

Problem Chapter 5.6.5.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b tan(µy)wy = c tan(λx)w + k cot(νx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*Tan[mu*y]*D[w[x, y], y] == c*Tan[lambda*x]*w[x,y]+k*Cot[nu*x]+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → cos− c
aλ (λx)

(∫ x

1

cos c
aλ (λK[1])(s+ k cot(νK[1]))

a
dK[1] + c1

(
log(sin(µy))

µ
− bx

a

))}}
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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*tan(mu*y)*diff(w(x,y),y) = c*tan(lambda*x)*w(x,y)+k*cot(nu*x)+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(∫

(k cot (νx) + s)
(
sec (λx)2

)− c
2aλ dx

a
+ f1

(
−x+ ln (csgn (sec (µy)) sin (µy)) a

bµ

))(
sec (λx)2

) c
2aλ

6.5.18.6 [1321] Problem 6

problem number 1321

Added April 11, 2019.

Problem Chapter 5.6.5.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a sinn(λx)wx + b cosm(µx)wy = c cosk(νx)w + p sins(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Sin[lambda*x]^n*D[w[x, y], x] + b*Cos[mu*x]^m*D[w[x, y], y] == c*Cos[nu*x]^k*w[x,y]+p*Sin[beta*y]^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

c cosk(νK[2]) sin−n(λK[2])
a

dK[2]
)∫ x

1

exp
(
−
∫ K[3]
1

c cosk(νK[2]) sin−n(λK[2])
a

dK[2]
)
p sin−n(λK[3]) sins

(
β
(
y −

∫ x

1
b cosm(µK[1]) sin−n(λK[1])

a
dK[1] +

∫ K[3]
1

b cosm(µK[1]) sin−n(λK[1])
a

dK[1]
))

a
dK[3] + c1

(
y −

∫ x

1

b cosm(µK[1]) sin−n(λK[1])
a

dK[1]
)


Maple 3� �
restart;
pde := a*sin(lambda*x)^n*diff(w(x,y),x)+ b*cos(mu*x)^m*diff(w(x,y),y) = c*cos(nu*x)^k*w(x,y)+p*sin(beta*y)^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


p
∫ x sin

(
β
(
b
∫
cos(µ_f)m sin(λ_f)−nd_f−b

∫
cos(µx)m sin(λx)−ndx+ya

)
a

)s

sin (λ_f)−n e−
c
∫
cos(ν_f)k sin(λ_f)−nd_f

a d_f

a
+ f1

(
−
b
∫
cos (µx)m sin (λx)−n dx

a
+ y

) e
c
∫
cos(νx)k sin(λx)−ndx

a
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6.5.18.7 [1322] Problem 7

problem number 1322

Added April 11, 2019.

Problem Chapter 5.6.5.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

a tann(λx)wx + b cotm(µx)wy = c tank(νx)w + p cots(βx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Tan[lambda*x]^n*D[w[x, y], x] + b*Cot[mu*x]^m*D[w[x, y], y] == c*Tan[nu*x]^k*w[x,y]+p*Cot[beta*x]^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

c tan−n(λK[2]) tank(νK[2])
a

dK[2]
)∫ x

1

exp
(
−
∫ K[3]
1

c tan−n(λK[2]) tank(νK[2])
a

dK[2]
)
p cots(βK[3]) tan−n(λK[3])

a
dK[3] + c1

(
y −

∫ x

1

b cotm(µK[1]) tan−n(λK[1])
a

dK[1]
)


Maple 3� �
restart;
pde := a*tan(lambda*x)^n*diff(w(x,y),x)+ b*cot(mu*x)^m*diff(w(x,y),y) = c*tan(nu*x)^k*w(x,y)+p*cot(beta*x)^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

p ∫ cot (βx)s tan (λx)−n e−
c
∫
tan(νx)k tan(λx)−ndx

a dx

a
+ f1

(
−
b
∫
cot (µx)m tan (λx)−n dx

a
+ y

) e
c
∫
tan(νx)k tan(λx)−ndx

a

6.5.19 7.1
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6.5.19.1 [1323] Problem 1

problem number 1323

Added April 13, 2019.

Problem Chapter 5.7.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = w + c1 arcsink(λx) + c2 arcsinn(βy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == w[x,y]+ c1*ArcSin[lambda*x]^k+c2*ArcSin[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

x
a

∫ x

1

e−
K[1]
a

(
c1 arcsin(λK[1])k + c2 arcsin

(
β
(
y + b(K[1]−x)

a

))n)
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = w(x,y)+c1*arcsin(lambda*x)^k+c2*arcsin(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x e−_a
a

(
c2 arcsin

(
β(ay−b(x−_a))

a

)n
+ c1 arcsin (λ_a)k

)
d_a

a
+ f1

(
ay − bx

a

) exa

6.5.19.2 [1324] Problem 2

problem number 1324

Added April 13, 2019.

Problem Chapter 5.7.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cw + arcsink(λx) arcsinn(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+ ArcSin[lambda*x]^k*ArcSin[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx
a

∫ x

1

e−
cK[1]
a arcsin(λK[1])k arcsin

(
β
(
y + b(K[1]−x)

a

))n
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+ arcsin(lambda*x)^k*arcsin(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x arcsin (λ_a)k arcsin
(

(ay−b(x−_a))β
a

)n
e− c_a

a d_a

a
+ f1

(
ay − bx

a

) e cxa



chapter 6. handbook of first order partial differential . . . 1408

6.5.19.3 [1325] Problem 3

problem number 1325

Added April 13, 2019.

Problem Chapter 5.7.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = (c1 arcsin(λ1x) + c2 arcsin(λ2y))w + s1 arcsinn(β1x) + s2 arcsink(β2y)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == ( c1*ArcSin[lambda1*x] + c2*ArcSin[lambda2*y])*w[x,y]+ s1*ArcSin[beta1*x]^n+ s2*ArcSin[beta2*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

(
c1x arcsin(lambda1x)

a
+ c1

√
1− lambda12x2
alambda1 + c2y arcsin(lambda2y)

b
+ c2

√
1− lambda22y2
blambda2

)

∫ x

1

exp

−
bc1lambda2 arcsin(lambda1K[1])K[1]lambda1+c2lambda2 arcsin

(
lambda2

(
y+ b(K[1]−x)

a

))
(ay+b(K[1]−x))lambda1+ac2

√
−y2lambda22− b2(x−K[1])2lambda22

a2 + 2by(x−K[1])lambda22
a

+1lambda1+bc1lambda2
√

1−lambda12K[1]2

ablambda1lambda2

(s2 arcsin(beta2(y + b(K[1]−x)
a

))k
+ s1 arcsin(beta1K[1])n

)
a

dK[1] + c1

(
y − bx

a

)





Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = ( c1*arcsin(lambda1*x) + c2*arcsin(lambda2*y))*w(x,y)+ s1*arcsin(beta1*x)^n+ s2*arcsin(beta2*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

(
f1
(
ay−bx

a

)
a+

∫ x e
−
√

− ((ay−b(x−_a))λ 2+a)((ay−b(x−_a))λ 2−a)
a2

c2 aλ 1−
(
λ 1((_a−x)b+ay) c2 arcsin

(
(ay−b(x−_a))λ 2

a

)
+b c1

(
arcsin(λ 1_a)_aλ 1+

√
−_a2λ 12 +1

))
λ 2

aλ 1 bλ 2

(
s1 arcsin (β 1_a)n + s2 arcsin

(
(ay−b(x−_a))β 2

a

)k)
d_a

)
e
√

−λ 12 x2+1 c1 bλ 2+
(
a c2

√
−y2λ 22 +1+λ 2(a arcsin(λ 2 y)y c2+ c1 arcsin(λ 1 x)bx)

)
λ 1

aλ 1 bλ 2

a

6.5.19.4 [1326] Problem 4

problem number 1326

Added April 13, 2019.

Problem Chapter 5.7.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arcsinm(µx)wy = c arcsink(νx)w + p arcsinn(βy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcSin[mu*x]^m*D[w[x, y], y] == c*ArcSin[nu*x]^k*w[x,y]+p*ArcSin[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

c arcsin(νK[2])k
a

dK[2]
)∫ x

1

exp
(
−
∫ K[3]
1

c arcsin(νK[2])k
a

dK[2]
)
p arcsin

(
β
(
y −

∫ x

1
b arcsin(µK[1])m

a
dK[1] +

∫ K[3]
1

b arcsin(µK[1])m
a

dK[1]
))

n

a
dK[3] + c1

(
y −

∫ x

1

b arcsin(µK[1])m
a

dK[1]
)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*arcsin(mu*x)^m*diff(w(x,y),y) = c*arcsin(nu*x)^k*w(x,y)+p*arcsin(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

e
c
∫
arcsin(νx)kdx

a

p ∫ x arcsin
((

µ
(
LommelS1

(
m+ 3

2 ,
1
2 ,arcsin(µ_f)

)
_fb+arcsin(µ_f) LommelS1

(
m+ 1

2 ,
3
2 ,arcsin(µ_f)

)
bm_f+

√
arcsin(µ_f) (m+1)

(
−b
∫
arcsin(µx)mdx+ya

))√
−_f2µ2+1+b(µ_f−1)(µ_f+1)

(
LommelS1

(
m+ 3

2 ,
1
2 ,arcsin(µ_f)

)
arcsin(µ_f)−arcsin(µ_f)m+3

2
))

β√
−_f2µ2+1

√
arcsin(µ_f) (m+1)µa

)n

e

(
−ν_f

(
LommelS1

(
k+1

2 ,
3
2 ,arcsin(ν_f)

)
k arcsin(ν_f)+LommelS1

(
k+3

2 ,
1
2 ,arcsin(ν_f)

))√
−_f2ν2+1+(ν_f−1)(ν_f+1)

(
− arcsin(ν_f) LommelS1

(
k+3

2 ,
1
2 ,arcsin(ν_f)

)
+arcsin(ν_f)k+

3
2
))

c√
−_f2ν2+1

√
arcsin(ν_f) aν(1+k) d_f+ f1

 b
(√

arcsin(µx) LommelS1
(
m+ 3

2 ,
1
2 ,arcsin(µx)

)
−arcsin(µx)m+1

)√
−µ2x2+1+

(
−
bxLommelS1

(
m+3

2 ,
1
2 ,arcsin(µx)

)
√

arcsin(µx)
−bmx

√
arcsin(µx) LommelS1

(
m+ 1

2 ,
3
2 ,arcsin(µx)

)
+ay(m+1)

)
µ

(m+1)aµ

 a


a

6.5.19.5 [1327] Problem 5

problem number 1327

Added April 13, 2019.

Problem Chapter 5.7.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arcsinm(µx)wy = c arcsink(νy)w + p arcsinn(βx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcSin[mu*x]^m*D[w[x, y], y] == c*ArcSin[nu*y]^k*w[x,y]+p*ArcSin[beta*x]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

∫ x

1

c arcsin
(
ν
(
y −

∫ x

1
b arcsin(µK[1])m

a
dK[1] +

∫ K[2]
1

b arcsin(µK[1])m
a

dK[1]
))

k

a
dK[2]


∫ x

1

exp
(
−
∫ K[3]
1

c arcsin
(
ν
(
y−
∫ x
1
b arcsin(µK[1])m

a
dK[1]+

∫K[2]
1

b arcsin(µK[1])m
a

dK[1]
))

k

a
dK[2]

)
p arcsin(βK[3])n

a
dK[3] + c1

(
y −

∫ x

1

b arcsin(µK[1])m
a

dK[1]
)



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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*arcsin(mu*x)^m*diff(w(x,y),y) = c*arcsin(nu*y)^k*w(x,y)+p*arcsin(beta*x)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

p
∫ x arcsin (β_b)n e−

c
∫
arcsin


((

LommelS1
(
m+3

2 ,
1
2 ,arcsin(µ_b)

)
_bb+arcsin(µ_b) LommelS1

(
m+1

2 ,
3
2 ,arcsin(µ_b)

)
bm_b+

√
arcsin(µ_b) (m+1)

(
ya−b

∫
arcsin(µx)mdx

))
µ

√
−_b2µ2+1+b(µ_b−1)(µ_b+1)

(
arcsin(µ_b) LommelS1

(
m+3

2 ,
1
2 ,arcsin(µ_b)

)
−arcsin(µ_b)m+3

2
))

ν

√
arcsin(µ_b)

√
−_b2µ2+1 (m+1)aµ


k

d_b

a d_b+ f1

 b
(√

arcsin(µx) LommelS1
(
m+ 3

2 ,
1
2 ,arcsin(µx)

)
−arcsin(µx)m+1

)√
−µ2x2+1+

(
−
bxLommelS1

(
m+3

2 ,
1
2 ,arcsin(µx)

)
√

arcsin(µx)
−bmx

√
arcsin(µx) LommelS1

(
m+ 1

2 ,
3
2 ,arcsin(µx)

)
+ay(m+1)

)
µ

(m+1)aµ

 a

 e

c
∫ x arcsin


((

LommelS1
(
m+3

2 ,
1
2 ,arcsin(µ_b)

)
_bb+arcsin(µ_b) LommelS1

(
m+1

2 ,
3
2 ,arcsin(µ_b)

)
bm_b+

√
arcsin(µ_b) (m+1)

(
ya−b

∫
arcsin(µx)mdx

))
µ

√
−_b2µ2+1+b(µ_b−1)(µ_b+1)

(
arcsin(µ_b) LommelS1

(
m+3

2 ,
1
2 ,arcsin(µ_b)

)
−arcsin(µ_b)m+3

2
))

ν

√
arcsin(µ_b)

√
−_b2µ2+1 (m+1)aµ


k

d_b

a

a

6.5.20 7.2
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6.5.20.1 [1328] Problem 1

problem number 1328

Added April 13, 2019.

Problem Chapter 5.7.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = w + c1 arccosk(λx) + c2 arccosn(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == w[x,y]+ c1*ArcCos[lambda*x]^k+c2*ArcCos[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

x
a

∫ x

1

e−
K[1]
a

(
c1 arccos(λK[1])k + c2 arccos

(
β
(
y + b(K[1]−x)

a

))n)
a

dK[1] + c1

(
y − bx

a

)

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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = w(x,y)+c1*arccos(lambda*x)^k+c2*arccos(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x e−_a
a

(
c2 arccos

(
(ay−b(x−_a))β

a

)n
+ c1 arccos (λ_a)k

)
d_a

a
+ f1

(
ay − bx

a

) exa

6.5.20.2 [1329] Problem 2

problem number 1329

Added April 13, 2019.

Problem Chapter 5.7.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cw + arccosk(λx) arccosn(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+ ArcCos[lambda*x]^k*ArcCos[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx
a

∫ x

1

e−
cK[1]
a arccos(λK[1])k arccos

(
β
(
y + b(K[1]−x)

a

))n
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+ arccos(lambda*x)^k*arccos(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x arccos (λ_a)k arccos
(

(ya−b(x−_a))β
a

)n
e− c_a

a d_a

a
+ f1

(
ya− bx

a

) e cxa
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6.5.20.3 [1330] Problem 3

problem number 1330

Added April 13, 2019.

Problem Chapter 5.7.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = (c1 arccos(λ1x) + c2 arccos(λ2y))w + s1 arccosn(β1x) + s2 arccosk(β2y)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == ( c1*ArcCos[lambda1*x] + c2*ArcCos[lambda2*y])*w[x,y]+ s1*ArcCos[beta1*x]^n+ s2*ArcCos[beta2*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

(
c1x arccos(lambda1x)

a
+ c2x arccos(lambda2y)

a
+ c2x arcsin(lambda2y)

a
− c1

√
1− lambda12x2
alambda1 − c2y arcsin(lambda2y)

b
− c2

√
1− lambda22y2
blambda2

)

∫ x

1

exp

 c2lambda2(ay−bx) arcsin
(
lambda2

(
y+ b(K[1]−x)

a

))
lambda1−bc1lambda2 arccos(lambda1K[1])K[1]lambda1−bc2lambda2 arccos

(
lambda2

(
y+ b(K[1]−x)

a

))
K[1]lambda1+ac2

√
−y2lambda22− b2(x−K[1])2lambda22

a2 + 2by(x−K[1])lambda22
a

+1lambda1+bc1lambda2
√

1−lambda12K[1]2

ablambda1lambda2

(s2 arccos(beta2(y + b(K[1]−x)
a

))k
+ s1 arccos(beta1K[1])n

)
a

dK[1] + c1

(
y − bx

a

)





Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = ( c1*arccos(lambda1*x) + c2*arccos(lambda2*y))*w(x,y)+ s1*arccos(beta1*x)^n+ s2*arccos(beta2*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

(
f1
(
ay−bx

a

)
a+

∫ x e

√
− ((ay−b(x−_a))λ 2+a)((ay−b(x−_a))λ 2−a)

a2
c2 aλ 1−λ 2

(
c2λ 1((_a−x)b+ay) arccos

(
(ay−b(x−_a))λ 2

a

)
+b c1

(
arccos(λ 1_a)_aλ 1−

√
−_a2λ 12 +1

))
aλ 1λ 2 b

(
s2 arccos

(
(ay−b(x−_a))β 2

a

)k
+ s1 arccos (β 1_a)n

)
d_a

)
e

−
√

−λ 12 x2+1 c1λ 2 b+λ 1
(
−a c2

√
−y2λ 22 +1+λ 2(a arccos(λ 2 y)y c2+ c1 arccos(λ 1 x)bx)

)
aλ 1λ 2 b

a

6.5.20.4 [1331] Problem 4

problem number 1331

Added April 13, 2019.

Problem Chapter 5.7.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arccosm(µx)wy = c arccosk(νx)w + p arccosn(βy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcCos[mu*x]^m*D[w[x, y], y] == c*ArcCos[nu*x]^k*w[x,y]+p*ArcCos[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

c arccos(νK[2])k
a

dK[2]
)∫ x

1

exp
(
−
∫ K[3]
1

c arccos(νK[2])k
a

dK[2]
)
p arccos

(
β
(
y −

∫ x

1
b arccos(µK[1])m

a
dK[1] +

∫ K[3]
1

b arccos(µK[1])m
a

dK[1]
))

n

a
dK[3] + c1

(
y −

∫ x

1

b arccos(µK[1])m
a

dK[1]
)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*arccos(mu*x)^m*diff(w(x,y),y) = c*arccos(nu*x)^k*w(x,y)+p*arccos(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

Expression too large to display

6.5.20.5 [1332] Problem 5

problem number 1332

Added April 13, 2019.

Problem Chapter 5.7.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arccosm(µx)wy = c arccosk(νy)w + p arccosn(βx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcCos[mu*x]^m*D[w[x, y], y] == c*ArcCos[nu*y]^k*w[x,y]+p*ArcCos[beta*x]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

∫ x

1

c arccos
(
ν
(
y −

∫ x

1
b arccos(µK[1])m

a
dK[1] +

∫ K[2]
1

b arccos(µK[1])m
a

dK[1]
))

k

a
dK[2]


∫ x

1

exp
(
−
∫ K[3]
1

c arccos
(
ν
(
y−
∫ x
1
b arccos(µK[1])m

a
dK[1]+

∫K[2]
1

b arccos(µK[1])m
a

dK[1]
))

k

a
dK[2]

)
p arccos(βK[3])n

a
dK[3] + c1

(
y −

∫ x

1

b arccos(µK[1])m
a

dK[1]
)




Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*arccos(mu*x)^m*diff(w(x,y),y) = c*arccos(nu*y)^k*w(x,y)+p*arccos(beta*x)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

Expression too large to display
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6.5.21 7.3

Local contents
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6.5.21.3 [1335] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1415
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6.5.21.5 [1337] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1417

6.5.21.1 [1333] Problem 1

problem number 1333

Added April 13, 2019.

Problem Chapter 5.7.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = w + c1 arctank(λx) + c2 arctann(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == w[x,y]+ c1*ArcTan[lambda*x]^k+c2*ArcTan[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

x
a

∫ x

1

e−
K[1]
a

(
c1 arctan(λK[1])k + c2 arctan

(
β
(
y + b(K[1]−x)

a

))n)
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = w(x,y)+c1*arctan(lambda*x)^k+c2*arctan(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x e−_a
a

(
c1 arctan (λ_a)k + c2 arctan

(
β(ay−b(−_a+x))

a

)n)
d_a

a
+ f1

(
ay − bx

a

) exa

6.5.21.2 [1334] Problem 2

problem number 1334

Added April 13, 2019.

Problem Chapter 5.7.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cw + arctank(λx) arctann(βy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+ ArcTan[lambda*x]^k*ArcTan[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx
a

∫ x

1

e−
cK[1]
a arctan(λK[1])k arctan

(
β
(
y + b(K[1]−x)

a

))n
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+ arctan(lambda*x)^k*arctan(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x arctan (λ_a)k arctan
(

(ay−b(−_a+x))β
a

)n
e− c_a

a d_a

a
+ f1

(
ay − bx

a

) e cxa

6.5.21.3 [1335] Problem 3

problem number 1335

Added April 13, 2019.

Problem Chapter 5.7.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = (c1 arctan(λ1x) + c2 arctan(λ2y))w + s1 arctann(β1x) + s2 arctank(β2y)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == ( c1*ArcTan[lambda1*x] + c2*ArcTan[lambda2*y])*w[x,y]+ s1*ArcTan[beta1*x]^n+ s2*ArcTan[beta2*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

∫ x

1

c1 arctan(lambda1K[1]) + c2 arctan
(
lambda2

(
y + b(K[1]−x)

a

))
a

dK[1]


∫ x

1

exp
(
−
∫ K[2]
1

c1 arctan(lambda1K[1])+c2 arctan
(
lambda2

(
y+ b(K[1]−x)

a

))
a

dK[1]
)(

s2 arctan
(
beta2

(
y + b(K[2]−x)

a

))k
+ s1 arctan(beta1K[2])n

)
a

dK[2] + c1

(
y − bx

a

)


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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = ( c1*arctan(lambda1*x) + c2*arctan(lambda2*y))*w(x,y)+ s1*arctan(beta1*x)^n+ s2*arctan(beta2*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(λ 12 x2 + 1)−

c1
2aλ 1 (λ 22 y2 + 1)−

c2
2λ 2 b e

arctan(λ 2 y)a c2 y+c1 x arctan(λ 1 x)b
ab

(
f1
(
y − bx

a

)
a+

∫ x
(

(ay−b(−_a+x))2λ 22 +a2

a2

) c2
2λ 2 b (_a2λ 12+1)

c1
2aλ 1 e

− c2(ay−b(−_a+x)) arctan
(
λ 2(ay−b(−_a+x))

a

)
−c1_a arctan(λ 1_a)b

ab

(
s1 arctan (β 1_a)n + s2 arctan

(
β 2(ay−b(−_a+x))

a

)k)
d_a

)
a

6.5.21.4 [1336] Problem 4

problem number 1336

Added April 13, 2019.

Problem Chapter 5.7.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arctanm(µx)wy = c arctank(νx)w + p arctann(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcTan[mu*x]^m*D[w[x, y], y] == c*ArcTan[nu*x]^k*w[x,y]+p*ArcTan[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

c arctan(νK[2])k
a

dK[2]
)∫ x

1

exp
(
−
∫ K[3]
1

c arctan(νK[2])k
a

dK[2]
)
p arctan

(
β
(
y −

∫ x

1
b arctan(µK[1])m

a
dK[1] +

∫ K[3]
1

b arctan(µK[1])m
a

dK[1]
))

n

a
dK[3] + c1

(
y −

∫ x

1

b arctan(µK[1])m
a

dK[1]
)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*arctan(mu*x)^m*diff(w(x,y),y) = c*arctan(nu*x)^k*w(x,y)+p*arctan(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

p
∫ x arctan

(
β
(
b
∫
arctan(µ_f)md_f−b

∫
arctan(µx)mdx+ya

)
a

)n
e−

c
∫
arctan(ν_f)kd_f

a d_f

a
+ f1

(
−
b
∫
arctan (µx)m dx

a
+ y

) e
c
∫
arctan(νx)kdx

a
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6.5.21.5 [1337] Problem 5

problem number 1337

Added April 13, 2019.

Problem Chapter 5.7.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arctanm(µx)wy = c arctank(νy)w + p arctann(βx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcTan[mu*x]^m*D[w[x, y], y] == c*ArcTan[nu*y]^k*w[x,y]+p*ArcTan[beta*x]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

∫ x

1

c arctan
(
ν
(
y −

∫ x

1
b arctan(µK[1])m

a
dK[1] +

∫ K[2]
1

b arctan(µK[1])m
a

dK[1]
))

k

a
dK[2]


∫ x

1

exp
(
−
∫ K[3]
1

c arctan
(
ν
(
y−
∫ x
1
b arctan(µK[1])m

a
dK[1]+

∫K[2]
1

b arctan(µK[1])m
a

dK[1]
))

k

a
dK[2]

)
p arctan(βK[3])n

a
dK[3] + c1

(
y −

∫ x

1

b arctan(µK[1])m
a

dK[1]
)




Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*arctan(mu*x)^m*diff(w(x,y),y) = c*arctan(nu*y)^k*w(x,y)+p*arctan(beta*x)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

p
∫ x arctan (β_b)n e−

c
∫
arctan

(
ν
(
b
∫
arctan(µ_b)md_b−b

∫
arctan(µx)mdx+ya

)
a

)k
d_b

a d_b
a

+ f1

(
−
b
∫
arctan (µx)m dx

a
+ y

) e
c
∫ x arctan

(
ν
(
b
∫
arctan(µ_b)md_b−b

∫
arctan(µx)mdx+ya

)
a

)k
d_b

a
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6.5.22.1 [1338] Problem 1

problem number 1338

Added April 13, 2019.

Problem Chapter 5.7.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = w + c1 arccotk(λx) + c2 arccotn(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == w[x,y]+ c1*ArcCot[lambda*x]^k+c2*ArcCot[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

x
a

∫ x

1

e−
K[1]
a

(
c1 cot−1(λK[1])k + c2 cot−1

(
β
(
y + b(K[1]−x)

a

))n)
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = w(x,y)+c1*arccot(lambda*x)^k+c2*arccot(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x e−_a
a

(
c2 arccot

(
β(ay−b(−_a+x))

a

)n
+ c1 arccot (λ_a)k

)
d_a

a
+ f1

(
ay − bx

a

) exa

6.5.22.2 [1339] Problem 2

problem number 1339

Added April 13, 2019.

Problem Chapter 5.7.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cw + arccotk(λx) arccotn(βy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+ ArcCot[lambda*x]^k*ArcCot[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

cx
a

∫ x

1

e−
cK[1]
a cot−1(λK[1])k cot−1

(
β
(
y + b(K[1]−x)

a

))n
a

dK[1] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+ arccot(lambda*x)^k*arccot(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x arccot (λ_a)k arccot
(

β(ay−b(−_a+x))
a

)n
e− c_a

a d_a

a
+ f1

(
ay − bx

a

) e cxa

6.5.22.3 [1340] Problem 3

problem number 1340

Added April 13, 2019.

Problem Chapter 5.7.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = (c1 arccot(λ1x) + c2 arccot(λ2y))w + s1 arccotn(β1x) + s2 arccotk(β2y)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == ( c1*ArcCot[lambda1*x] + c2*ArcCot[lambda2*y])*w[x,y]+ s1*ArcCot[beta1*x]^n+ s2*ArcCot[beta2*y]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

∫ x

1

c1 cot−1(lambda1K[1]) + c2 cot−1
(
lambda2

(
y + b(K[1]−x)

a

))
a

dK[1]


∫ x

1

exp
(
−
∫ K[2]
1

c1 cot−1(lambda1K[1])+c2 cot−1
(
lambda2

(
y+ b(K[1]−x)

a

))
a

dK[1]
)(

s2 cot−1
(
beta2

(
y + b(K[2]−x)

a

))k
+ s1 cot−1(beta1K[2])n

)
a

dK[2] + c1

(
y − bx

a

)


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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = ( c1*arccot(lambda1*x) + c2*arccot(lambda2*y))*w(x,y)+ s1*arccot(beta1*x)^n+ s2*arccot(beta2*y)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(λ 12 x2 + 1)

c1
2aλ 1 (y2λ 22+1)

c2
2bλ 2 e

arccot(λ 2 y)a c2 y+c1 arccot(λ 1 x)xb
ab

(
f1
(
y − bx

a

)
a+

∫ x
(

(ay−b(x−_a))2λ 22 +a2

a2

)− c2
2bλ 2 (_a2λ 12+1)−

c1
2aλ 1 e

−(ay−b(x−_a)) c2 arccot
(
λ 2(ay−b(x−_a))

a

)
−c1 arccot(λ 1_a)_ab

ab

(
s1 arccot (β 1_a)n + s2 arccot

(
β 2(ay−b(x−_a))

a

)k)
d_a

)
a

6.5.22.4 [1341] Problem 4

problem number 1341

Added April 13, 2019.

Problem Chapter 5.7.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arccotm(µx)wy = c arccotk(νx)w + p arccotn(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcCot[mu*x]^m*D[w[x, y], y] == c*ArcCot[nu*x]^k*w[x,y]+p*ArcCot[beta*y]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

c cot−1(νK[2])k
a

dK[2]
)∫ x

1

exp
(
−
∫ K[3]
1

c cot−1(νK[2])k
a

dK[2]
)
p cot−1

(
β
(
y −

∫ x

1
b cot−1(µK[1])m

a
dK[1] +

∫ K[3]
1

b cot−1(µK[1])m
a

dK[1]
))

n

a
dK[3] + c1

(
y −

∫ x

1

b cot−1(µK[1])m
a

dK[1]
)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*arccot(mu*x)^m*diff(w(x,y),y) = c*arccot(nu*x)^k*w(x,y)+p*arccot(beta*y)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

p
∫ x arccot

(
β
(
b
∫
arccot(µ_f)md_f−b

∫
arccot(µx)mdx+ya

)
a

)n
e−

c
∫
arccot(ν_f)kd_f

a d_f

a
+ f1

(
−
b
∫
arccot (µx)m dx

a
+ y

) e
c
∫
arccot(νx)kdx

a
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6.5.22.5 [1342] Problem 5

problem number 1342

Added April 13, 2019.

Problem Chapter 5.7.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + b arccotm(µx)wy = c arccotk(νy)w + p arccotn(βx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*ArcCot[mu*x]^m*D[w[x, y], y] == c*ArcCot[nu*y]^k*w[x,y]+p*ArcCot[beta*x]^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

∫ x

1

c cot−1
(
ν
(
y −

∫ x

1
b cot−1(µK[1])m

a
dK[1] +

∫ K[2]
1

b cot−1(µK[1])m
a

dK[1]
))

k

a
dK[2]



∫ x

1

exp
(
−
∫ K[3]
1

c cot−1
(
ν

(
y−
∫ x
1
b cot−1(µK[1])m

a
dK[1]+

∫K[2]
1

b cot−1(µK[1])m
a

dK[1]
))

k

a
dK[2]

)
p cot−1(βK[3])n

a
dK[3] + c1

(
y −

∫ x

1

b cot−1(µK[1])m
a

dK[1]
)





Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*arccot(mu*x)^m*diff(w(x,y),y) = c*arccot(nu*y)^k*w(x,y)+p*arccot(beta*x)^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

p
∫ x arccot (β_b)n e−

c
∫
arccot

(
ν
(
b
∫
arccot(µ_b)md_b−b

∫
arccot(µx)mdx+ya

)
a

)k
d_b

a d_b
a

+ f1

(
−
b
∫
arccot (µx)m dx

a
+ y

) e
c
∫ x arccot

(
ν
(
b
∫
arccot(µ_b)md_b−b

∫
arccot(µx)mdx+ya

)
a

)k
d_b

a
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6.5.23.1 [1343] Problem 1

problem number 1343

Added April 13, 2019.

Problem Chapter 5.8.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = f(x)w + g(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == f[x]*w[x,y]+g[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

f(K[1])
a

dK[1]
)∫ x

1

exp
(
−
∫ K[2]
1

f(K[1])
a

dK[1]
)
g(K[2])

a
dK[2] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = f(x)*w(x,y)+g(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(∫

g(x) e−
∫
f(x)dx
a dx

a
+ f1

(
ay − bx

a

))
e
∫
f(x)dx
a

6.5.23.2 [1344] Problem 2

problem number 1344

Added April 13, 2019.

Problem Chapter 5.8.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = (cy + k)w + f(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (c*y+k)*w[x,y]+f[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → e

x(2a(cy+k)−bcx)
2a2

∫ x

1

exp
(
−K[1](2a(k+cy)+bc(K[1]−2x))

2a2

)
f(K[1])

a
dK[1] + c1

(
y − bx

a

)

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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = (c*y+k)*w(x,y)+f(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x
f(_a) e−

(
(cy+k)a−

(
x−_a

2
)
cb
)
_a

a2 d_a
a

+ f1

(
ya− bx

a

) e
x
(
(cy+k)a− bcx

2
)

a2

6.5.23.3 [1345] Problem 3

problem number 1345

Added April 13, 2019.

Problem Chapter 5.8.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = f(x)yw + g(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == f[x]*y*w[x,y]+g[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

f(K[1])(ay + b(K[1]− x))
a2

dK[1]
)∫ x

1

exp
(
−
∫ K[2]
1

f(K[1])(ay+b(K[1]−x))
a2

dK[1]
)
g(K[2])

a
dK[2] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = f(x)*y*w(x,y)+g(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x
g(_a) e−

∫
((−x+_a)b+ya)f(_a)d_a

a2 d_a
a

+ f1

(
ya− bx

a

) e
∫ x((−x+_a)b+ya)f(_a)d_a

a2
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6.5.23.4 [1346] Problem 4

problem number 1346

Added April 13, 2019.

Problem Chapter 5.8.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axwx + bywy = f(x)w + g(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == f[x]*w[x,y]+g[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

f(K[1])
aK[1] dK[1]

)∫ x

1

exp
(
−
∫ K[2]
1

f(K[1])
aK[1] dK[1]

)
g(K[2])

aK[2] dK[2] + c1
(
yx−

b
a

)


Maple 3� �
restart;
pde := a*x*diff(w(x,y),x)+ b*y*diff(w(x,y),y) = f(x)*w(x,y)+g(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ g(x)e−
∫ f(x)

x dx
a

x
dx

a
+ f1

(
y x−

b
a

) e
∫ f(x)

x dx

a

6.5.23.5 [1347] Problem 5

problem number 1347

Added April 13, 2019.

Problem Chapter 5.8.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + (ay + b)wy = cw + g(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (a+y+b)*D[w[x, y], y] == c*w[x,y]+g[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

c

f(K[3])dK[3]
)∫ x

1

exp
(
−
∫ K[4]
1

c
f(K[3])dK[3]

)
g(K[4])

f(K[4]) dK[4] + c1

y exp(−∫ x

1

1
f(K[1])dK[1]

)
−
∫ x

1

(a+ b) exp
(
−
∫ K[2]
1

1
f(K[1])dK[1]

)
f(K[2]) dK[2]



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Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x)+ (a*y+b)*diff(w(x,y),y) = c*w(x,y)+g(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(∫

g(x) e−c
∫ 1
f(x)dx

f (x) dx+ f1

(
e−a

∫ 1
f(x)dx(ay + b)

a

))
ec
∫ 1
f(x)dx

6.5.23.6 [1348] Problem 6

problem number 1348

Added April 13, 2019.

Problem Chapter 5.8.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + g(x)wy = h(x)w + p(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + g[x]*D[w[x, y], y] == h[x]*w[x,y]+p[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

h(K[2])
f(K[2])dK[2]

)∫ x

1

exp
(
−
∫ K[3]
1

h(K[2])
f(K[2])dK[2]

)
p(K[3])

f(K[3]) dK[3] + c1

(
y −

∫ x

1

g(K[1])
f(K[1])dK[1]

)


Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x)+ g(x)*diff(w(x,y),y) = h(x)*w(x,y)+p(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(∫

p(x) e−
∫ h(x)
f(x)dx

f (x) dx+ f1

(
−
∫

g(x)
f (x)dx+ y

))
e
∫ h(x)
f(x)dx
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6.5.23.7 [1349] Problem 7

problem number 1349

Added April 13, 2019.

Problem Chapter 5.8.1.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + (g1(x)y + g0(x))wy = h1(x)w + h0(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (g1[x]*y+g0[x])*D[w[x, y], y] == h1[x]*w[x,y]+h0[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

h1(K[3])
f(K[3]) dK[3]

)∫ x

1

exp
(
−
∫ K[4]
1

h1(K[3])
f(K[3]) dK[3]

)
h0(K[4])

f(K[4]) dK[4] + c1

y exp(−∫ x

1

g1(K[1])
f(K[1]) dK[1]

)
−
∫ x

1

exp
(
−
∫ K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]




Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x)+ (g1(x)*y+g0(x))*diff(w(x,y),y) = h1(x)*w(x,y)+h0(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(∫ h0 (x) e−

∫ h1(x)
f(x) dx

f (x) dx+ f1

(
e−
∫ g1(x)
f(x) dxy −

∫ g0 (x) e−
∫ g1(x)
f(x) dx

f (x) dx

))
e
∫ h1(x)

f(x) dx

6.5.23.8 [1350] Problem 8

problem number 1350

Added April 13, 2019.

Problem Chapter 5.8.1.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + (g1(x)y + g0(x))wy = h2(x)w + h1(x)y + h0(x)
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Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (g1[x]*y+g0[x])*D[w[x, y], y] == h2[x]*w[x,y]+h1[x]*y+h0[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

h2(K[3])
f(K[3]) dK[3]

)∫ x

1

exp
(
−
∫ K[4]
1

h2(K[3])
f(K[3]) dK[3]

)(
h0(K[4]) + exp

(∫ K[4]
1

g1(K[1])
f(K[1]) dK[1]

)
h1(K[4])

(
exp

(
−
∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
y −

∫ x

1
exp
(
−
∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2] +
∫ K[4]
1

exp
(
−
∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]
))

f(K[4]) dK[4] + c1

y exp(−∫ x

1

g1(K[1])
f(K[1]) dK[1]

)
−
∫ x

1

exp
(
−
∫ K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]






Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x)+ (g1(x)*y+g0(x))*diff(w(x,y),y) = h2(x)*w(x,y)+h1(x)*y+h0(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


∫ x

e−
∫ h2(_g)

f(_g) d_g

(
h1 (_g) y e

∫ g1(_g)
f(_g) d_g−

∫ g1(x)
f(x) dx + e

∫ g1(_g)
f(_g) d_g h1 (_g)

∫ g0(_g)e
−
∫ g1(_g)
f(_g) d_g

f(_g) d_g− e
∫ g1(_g)
f(_g) d_g h1 (_g)

∫ g0(x)e
−
∫ g1(x)
f(x) dx

f(x) dx+ h0 (_g)
)

f (_g) d_g+ f1

(
e−
∫ g1(x)
f(x) dxy −

∫ g0 (x) e−
∫ g1(x)
f(x) dx

f (x) dx

) e
∫ h2(x)

f(x) dx

6.5.23.9 [1351] Problem 9

problem number 1351

Added April 13, 2019.

Problem Chapter 5.8.1.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + (g1(x)y + g0(x)yk)wy = h2(x)w + h1(x)yn + h0(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (g1[x]*y+g0[x]*y^k)*D[w[x, y], y] == h2[x]*w[x,y]+h1[x]*y^n+h0[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

h2(K[3])
f(K[3]) dK[3]

)∫ x

1

exp
(
−
∫ K[4]
1

h2(K[3])
f(K[3]) dK[3]

)(
h1(K[4])

((
exp

(
−
∫ x

1
g1(K[1])
f(K[1]) dK[1]− (k − 1)

∫ K[4]
1

g1(K[1])
f(K[1]) dK[1]

)
y−k

(
exp

(∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
(k − 1)

∫ x

1
exp
(
(k−1)

∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]yk − exp
(∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
(k − 1)

∫ K[4]
1

exp
(
(k−1)

∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]yk + exp
(
k
∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
y

))
1

1−k

)
n + h0(K[4])

)
f(K[4]) dK[4] + c1

(k − 1)
∫ x

1

exp
(
(k − 1)

∫ K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2] + y1−k exp
(
(k − 1)

∫ x

1

g1(K[1])
f(K[1]) dK[1]

)



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Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x)+ (g1(x)*y+g0(x)*y^k)*diff(w(x,y),y) = h2(x)*w(x,y)+h1(x)*y^n+h0(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


∫ x

e−
∫ h2(_g)

f(_g) d_g

((1− k)
∫ g0(_g)e

∫ g1(_g)
f(_g) d_g(k−1)

f(_g) d_g+ (k − 1)
∫ g0(x)e

∫ g1(x)
f(x) dx(k−1)

f(x) dx+ y1−ke
∫ g1(x)
f(x) dx(k−1)

)− 1
k−1

e
∫ g1(_g)
f(_g) d_g

n

h1 (_g) + h0 (_g)


f (_g) d_g+ f1

(
(k − 1)

∫ g0 (x) e
∫ g1(x)
f(x) dx(k−1)

f (x) dx+ y1−ke
∫ g1(x)
f(x) dx(k−1)

)
 e

∫ h2(x)
f(x) dx

6.5.23.10 [1352] Problem 10

problem number 1352

Added April 13, 2019.

Problem Chapter 5.8.1.10, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + (g1(x) + g0(x)eλy)wy = h2(x)w + h1(x)eβy + h0(x)

Mathematica 7� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (g1[x]+g0[x]*Exp[lambda*y])*D[w[x, y], y] == h2[x]*w[x,y]+h1[x]*Exp[beta*y]+h0[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x)+ (g1(x)+g0(x)*exp(lambda*y))*diff(w(x,y),y) = h2(x)*w(x,y)+h1(x)*exp(beta*y)+h0(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


∫ x

e−
∫ h2(_g)

f(_g) d_g

h1 (_g)

 1∫
−λ e

∫ λ g1(_g)
f(_g) d_g

g0(_g)
f(_g) d_g+

∫ λ e

∫ λ g1(x)
f(x) dx

g0(x)
f(x) dx+e

λ

(∫ g1(x)
f(x) dx−y

)


β
λ

eβ
∫ g1(_g)
f(_g) d_g + h0 (_g)


f (_g) d_g+ f1

−eλ
(∫ g1(x)

f(x) dx−y
)
−
∫ g0(x)e

λ
∫ g1(x)
f(x) dx

f(x) dxλ

λ




e
∫ h2(x)

f(x) dx
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6.5.23.11 [1353] Problem 11

problem number 1353

Added April 13, 2019.

Problem Chapter 5.8.1.11, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f1(x)ykwx + f2(x)wy = g(x)w + h(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = f1[x]*y^k*D[w[x, y], x] + f2[x]*D[w[x, y], y] == g[x]*w[x,y]+h[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

∫ x

1

g(K[2])
((
yk+1 − (k + 1)

∫ x

1
f2(K[1])
f1(K[1])dK[1] + (k + 1)

∫ K[2]
1

f2(K[1])
f1(K[1])dK[1]

)
1
k+1

)
−k

f1(K[2]) dK[2]



∫ x

1

exp
(
−
∫ K[3]
1

g(K[2])
((

yk+1−(k+1)
∫ x
1

f2(K[1])
f1(K[1])dK[1]+(k+1)

∫K[2]
1

f2(K[1])
f1(K[1])dK[1]

) 1
k+1

)
−k

f1(K[2]) dK[2]
)
h(K[3])

((
yk+1 − (k + 1)

∫ x

1
f2(K[1])
f1(K[1])dK[1] + (k + 1)

∫ K[3]
1

f2(K[1])
f1(K[1])dK[1]

)
1
k+1

)
−k

f1(K[3]) dK[3] + c1

(
yk+1

k + 1 −
∫ x

1

f2(K[1])
f1(K[1])dK[1]

)





Maple 3� �
restart;
pde := f1(x)*y^k*diff(w(x,y),x)+ f2(x)*diff(w(x,y),y) = g(x)*w(x,y)+h(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


∫ x h(_b)

((∫ (1+k) f2(_b)
f1(_b) d_b+

∫ (−k−1) f2(x)
f1(x) dx+ y1+k

) 1
1+k
)−k

e−
∫ g(_b)

(∫ (1+k) f2(_b)
f1(_b) d_b+

∫ (−k−1) f2(x)
f1(x) dx+y1+k

) 1
1+k

−k

f1(_b) d_b

f1 (_b) d_b+ f1

(
(−k − 1)

∫ f2 (x)
f1 (x)dx+ y1+k

)
 e

∫ x g(_b)

(∫ (1+k) f2(_b)
f1(_b) d_b+

∫ (−k−1) f2(x)
f1(x) dx+y1+k

) 1
1+k

−k

f1(_b) d_b

6.5.23.12 [1354] Problem 12

problem number 1354

Added April 13, 2019.

Problem Chapter 5.8.1.12, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f1(x)eλywx + f2(x)wy = g(x)w + h(x)
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Mathematica 3� �
ClearAll["Global`*"];
pde = f1[x]*Exp[lambda*y]*D[w[x, y], x] + f2[x]*D[w[x, y], y] == g[x]*w[x,y]+h[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

∫ x

1

g(K[2])
f1(K[2])

(
−λ
∫ x

1
f2(K[1])
f1(K[1])dK[1] + eλy + λ

∫ K[2]
1

f2(K[1])
f1(K[1])dK[1]

)dK[2]


∫ x

1

exp
(
−
∫ K[3]
1

g(K[2])
f1(K[2])

(
−λ
∫ x
1

f2(K[1])
f1(K[1])dK[1]+eλy+λ

∫K[2]
1

f2(K[1])
f1(K[1])dK[1]

)dK[2]
)
h(K[3])

f1(K[3])
(
−λ
∫ x

1
f2(K[1])
f1(K[1])dK[1] + eλy + λ

∫ K[3]
1

f2(K[1])
f1(K[1])dK[1]

) dK[3] + c1

(
eλy

λ
−
∫ x

1

f2(K[1])
f1(K[1])dK[1]

)



Maple 3� �
restart;
pde := f1(x)*exp(lambda*y)*diff(w(x,y),x)+ f2(x)*diff(w(x,y),y) = g(x)*w(x,y)+h(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x h(_b) e
−
∫ g(_b)

f1(_b)
(∫ f2(_b)

f1(_b) d_bλ−
∫ f2(x)

f1(x) dxλ+eλy
)d_b

f1 (_b)
(∫ f2(_b)

f1(_b)d_bλ−
∫ f2(x)

f1(x)dxλ+ eλy
)d_b+ f1

(
eλy −

∫ f2(x)
f1(x)dxλ

λ

) e
∫ x g(_b)

f1(_b)
(∫ f2(_b)

f1(_b) d_bλ−
∫ f2(x)

f1(x) dxλ+eλy
)d_b

6.5.24 8.2
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6.5.24.1 [1355] Problem 1

problem number 1355

Added April 13, 2019.

Problem Chapter 5.8.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cw + f(x)g(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+f[x]*g[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

{{
w(x, y) → e

cx
a

(∫ x

1

e−
cK[1]
a f(K[1])g(K[1])

a
dK[1] + c1

(
y − bx

a

))}}
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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+f(x)*g(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(∫

f(x) g(x) e− cx
a dx

a
+ f1

(
ya− bx

a

))
e cxa

6.5.24.2 [1356] Problem 2

problem number 1356

Added April 13, 2019.

Problem Chapter 5.8.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = cw + xf(x) + yg(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == c*w[x,y]+x*f[x]+y*g[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
{{

w(x, y) → e
cx
a

(∫ x

1

e−
cK[1]
a (af(K[1])K[1] + g(K[1])(−bx+ ay + bK[1]))

a2
dK[1] + c1

(
y − bx

a

))}}

Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = c*w(x,y)+x*f(x)+y*g(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(∫ x ((_ab+ ya− xb) g(_a) + _af(_a) a) e− c_a

a d_a
a2

+ f1

(
ya− xb

a

))
e cxa

6.5.24.3 [1357] Problem 3

problem number 1357

Added April 13, 2019.

Problem Chapter 5.8.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = f(x)w + g(x)h(x)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == f[x]*w[x,y]+g[x]*h[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

(∫ x

1

f(K[1])
a

dK[1]
)∫ x

1

exp
(
−
∫ K[2]
1

f(K[1])
a

dK[1]
)
g(K[2])h(K[2])

a
dK[2] + c1

(
y − bx

a

)


Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = f(x)*w(x,y)+g(x)*h(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(∫

g(x)h(x) e−
∫
f(x)dx
a dx

a
+ f1

(
ya− bx

a

))
e
∫
f(x)dx
a

6.5.24.4 [1358] Problem 4

problem number 1358

Added April 13, 2019.

Problem Chapter 5.8.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

awx + bwy = (f(x) + g(y))w + p(x) + q(y)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y], x] + b*D[w[x, y], y] == (f[x]+g[y])*w[x,y]+p[x]+q[y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

∫ x

1

f(K[1]) + g
(
y + b(K[1]−x)

a

)
a

dK[1]


∫ x

1

exp
(
−
∫ K[2]
1

f(K[1])+g
(
y+ b(K[1]−x)

a

)
a

dK[1]
)(

p(K[2]) + q
(
y + b(K[2]−x)

a

))
a

dK[2] + c1

(
y − bx

a

)


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Maple 3� �
restart;
pde := a*diff(w(x,y),x)+ b*diff(w(x,y),y) = (f(x)+g(y))*w(x,y)+p(x)+q(y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


∫ x e−

∫ (
f(_a)+g

(
ay−b(x−_a)

a

))
d_a

a

(
p(_a) + q

(
ay−b(x−_a)

a

))
d_a

a
+ f1

(
ay − bx

a

) e
∫ x(f(_a)+g

(
ay−b(x−_a)

a

))
d_a

a

6.5.24.5 [1359] Problem 5

problem number 1359

Added April 13, 2019.

Problem Chapter 5.8.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axwx + bywy = cw + f(x)g(y)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == c*w[x,y]+f[x]*g[y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → x

c
a

∫ x

1

f(K[1])g
(
x−

b
ayK[1] ba

)
K[1]−a+c

a

a
dK[1] + c1

(
yx−

b
a

)


Maple 3� �
restart;
pde := a*x*diff(w(x,y),x)+ b*y*diff(w(x,y),y) = c*w(x,y)+f(x)*g(y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

(
f1
(
y x−

b
a

)
a+

∫ x
g
(
y x−

b
a_a ba

)
_a−a−c

a f(_a) d_a
)
x
c
a

a
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6.5.24.6 [1360] Problem 6

problem number 1360

Added April 13, 2019.

Problem Chapter 5.8.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f1(x)wx + f2(y)wy = aw + g1(x) + g2(y)

Mathematica 3� �
ClearAll["Global`*"];
pde = f1[x]*D[w[x, y], x] + f2[y]*D[w[x, y], y] == a*w[x,y]+g1[x]+g2[y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) →

f1(x) exp
(∫ x

1
a−f1′(K[1])
f1(K[1]) dK[1]

)(∫ x

1
exp
(
−
∫K[2]
1

a−f1′(K[1])
f1(K[1]) dK[1]

)
g1′(K[2])

f1(K[2]) dK[2] + c1

)
+ f2(y) exp

(∫ y

1
a−f2′(K[1])
f2(K[1]) dK[1]

)(∫ y

1
exp
(
−
∫K[2]
1

a−f2′(K[1])
f2(K[1]) dK[1]

)
g2′(K[2])

f2(K[2]) dK[2] + c2

)
− g1(x)− g2(y)

a




Maple 3� �
restart;
pde := f1(x)*diff(w(x,y),x)+ f2(y)*diff(w(x,y),y) = a*w(x,y)+g1(x)+g2(y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =

∫ x e−a
∫ 1

f1(_f)d_f
(
g1 (_f) + g2

(
RootOf

(
−
∫ 1

f1(_f)d_f+
∫ _Z 1

f2(_a)d_a+
∫ 1

f1(x)dx−
∫ 1

f2(y)dy
)))

f1 (_f) d_f+ f1

(
−
∫ 1

f1 (x)dx+
∫ 1

f2 (y)dy
) ea

∫ 1
f1(x)dx

6.5.25 8.3
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6.5.25.1 [1361] Problem 1

problem number 1361

Added April 13, 2019.

Problem Chapter 5.8.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

xwx + ywy = xf(y
x
)w + g(x, y)

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y], x] + y*D[w[x, y], y] == x*f[y/x]*w[x,y]+g[x,y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �


w(x, y) → exf

( y
x

)∫ x

1

e−f
( y
x

)
K[1]g

(
K[1], yK[1]

x

)
K[1] dK[1] + c1

(y
x

)


Maple 3� �
restart;
pde := x*diff(w(x,y),x)+ y*diff(w(x,y),y) = x*f(y/x)*w(x,y)+g(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =
(∫ x g

(
_a, y_a

x

)
e−f

( y
x

)
_a

_a d_a+ f1
(y
x

))
ef
( y
x

)
x

6.5.25.2 [1362] Problem 2

problem number 1362

Added April 13, 2019.

Problem Chapter 5.8.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

axwx + bywy = f(x, y)w + g(x, y)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y], x] + b*y*D[w[x, y], y] == f[x,y]*w[x,y]+g[x,y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

∫ x

1

f
(
K[1], x− b

ayK[1] ba
)

aK[1] dK[1]



∫ x

1

exp
(
−
∫ K[2]
1

f
(
K[1],x− b

a yK[1]
b
a

)
aK[1] dK[1]

)
g
(
K[2], x− b

ayK[2] ba
)

aK[2] dK[2] + c1
(
yx−

b
a

)


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Maple 3� �
restart;
pde := a*x*diff(w(x,y),x)+ b*y*diff(w(x,y),y) = f(x,y)*w(x,y)+g(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


∫ x g

(
_a,y x− b

a_a
b
a

)
e−
∫ f

(
_a,y x−

b
a _a

b
a

)
_a d_a
a

_a d_a
a

+ f1
(
y x−

b
a

)
 e

∫ x f
(
_a,y x−

b
a _a

b
a

)
_a d_a
a

6.5.25.3 [1363] Problem 3

problem number 1363

Added April 13, 2019.

Problem Chapter 5.8.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + g(x)wy = h(x, y)w + F (x, y)

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + g[x]*D[w[x, y], y] == h[x,y]*w[x,y]+F[x,y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �

w(x, y) → exp

∫ x

1

h
(
K[2], y −

∫ x

1
g(K[1])
f(K[1])dK[1] +

∫ K[2]
1

g(K[1])
f(K[1])dK[1]

)
f(K[2]) dK[2]


∫ x

1

exp
(
−
∫ K[3]
1

h
(
K[2],y−

∫ x
1
g(K[1])
f(K[1])dK[1]+

∫K[2]
1

g(K[1])
f(K[1])dK[1]

)
f(K[2]) dK[2]

)
F
(
K[3], y −

∫ x

1
g(K[1])
f(K[1])dK[1] +

∫ K[3]
1

g(K[1])
f(K[1])dK[1]

)
f(K[3]) dK[3] + c1

(
y −

∫ x

1

g(K[1])
f(K[1])dK[1]

)



Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x)+ g(x)*diff(w(x,y),y) = h(x,y)*w(x,y)+F(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


∫ x F

(
_b,

∫ g(_b)
f(_b)d_b−

∫ g(x)
f(x)dx+ y

)
e−
∫ h

(
_b,
∫ g(_b)
f(_b) d_b−

∫ g(x)
f(x) dx+y

)
f(_b) d_b

f (_b) d_b+ f1

(
−
∫

g(x)
f (x)dx+ y

) e
∫ x h(_b,

∫ g(_b)
f(_b) d_b−

∫ g(x)
f(x) dx+y

)
f(_b) d_b
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6.5.25.4 [1364] Problem 4

problem number 1364

Added April 13, 2019.

Problem Chapter 5.8.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + (g1(x)y + g0(x))wy = h(x, y)w + F (x, y)

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (g1[x]*y+g0[x])D[w[x, y], y] == h[x,y]*w[x,y]+F[x,y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

∫ x

1

h

(
K[3], exp

(∫ K[3]
1

g1(K[1])
f(K[1]) dK[1]

)(
exp

(
−
∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
y −

∫ x

1
exp
(
−
∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2] +
∫ K[3]
1

exp
(
−
∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]
))

f(K[3]) dK[3]




∫ x

1

exp

−
∫ K[4]
1

h

K[3],exp
(∫K[3]

1
g1(K[1])
f(K[1]) dK[1]

)exp
(
−
∫ x
1

g1(K[1])
f(K[1]) dK[1]

)
y−
∫ x
1

exp
(
−
∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]+
∫K[3]
1

exp
(
−
∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]


f(K[3]) dK[3]

F

(
K[4], exp

(∫ K[4]
1

g1(K[1])
f(K[1]) dK[1]

)(
exp

(
−
∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
y −

∫ x

1
exp
(
−
∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2] +
∫ K[4]
1

exp
(
−
∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]
))

f(K[4]) dK[4] + c1

y exp(−∫ x

1

g1(K[1])
f(K[1]) dK[1]

)
−
∫ x

1

exp
(
−
∫ K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]








Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x)+ (g1(x)*y+g0(x))*diff(w(x,y),y) = h(x,y)*w(x,y)+F(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =


∫ x

F

(
_f,
(∫ g0(_f)e

−
∫ g1(_f)
f(_f) d_f

f(_f) d_f−
∫ g0(x)e

−
∫ g1(x)
f(x) dx

f(x) dx+ e−
∫ g1(x)
f(x) dxy

)
e
∫ g1(_f)
f(_f) d_f

)
e−
∫ h

_f,

∫ g0(_f)e
−
∫ g1(_f)
f(_f) d_f

f(_f) d_f−
∫ g0(x)e

−
∫ g1(x)
f(x) dx

f(x) dx+e
−
∫ g1(x)
f(x) dxy

e

∫ g1(_f)
f(_f) d_f


f(_f) d_f

f (_f) d_f+ f1

(
−
∫ g0 (x) e−

∫ g1(x)
f(x) dx

f (x) dx+ e−
∫ g1(x)
f(x) dxy

)


e
∫ x h

_f,

∫ g0(_f)e
−
∫ g1(_f)
f(_f) d_f

f(_f) d_f−
∫ g0(x)e

−
∫ g1(x)
f(x) dx

f(x) dx+e
−
∫ g1(x)
f(x) dxy

e

∫ g1(_f)
f(_f) d_f


f(_f) d_f

6.5.25.5 [1365] Problem 5

problem number 1365

Added April 13, 2019.

Problem Chapter 5.8.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + (g1(x)y + g0(x)yk)wy = h(x, y)w + F (x, y)
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Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (g1[x]*y+g0[x]*y^k)D[w[x, y], y] == h[x,y]*w[x,y]+F[x,y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �



w(x, y) → exp

∫ x

1

h

(
K[3],

(
exp

(
−
∫ x

1
g1(K[1])
f(K[1]) dK[1]− (k − 1)

∫ K[3]
1

g1(K[1])
f(K[1]) dK[1]

)
y−k

(
exp

(∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
(k − 1)

∫ x

1
exp
(
(k−1)

∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]yk − exp
(∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
(k − 1)

∫ K[3]
1

exp
(
(k−1)

∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]yk + exp
(
k
∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
y

))
1

1−k

)
f(K[3]) dK[3]




∫ x

1

exp

−
∫ K[4]
1

h

K[3],

exp
(
−
∫ x
1

g1(K[1])
f(K[1]) dK[1]−(k−1)

∫K[3]
1

g1(K[1])
f(K[1]) dK[1]

)
y−k

exp
(∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
(k−1)

∫ x
1

exp
(
(k−1)

∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]yk−exp
(∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
(k−1)

∫K[3]
1

exp
(
(k−1)

∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]yk+exp
(
k
∫ x
1

g1(K[1])
f(K[1]) dK[1]

)
y

 1
1−k


f(K[3]) dK[3]

F

(
K[4],

(
exp

(
−
∫ x

1
g1(K[1])
f(K[1]) dK[1]− (k − 1)

∫ K[4]
1

g1(K[1])
f(K[1]) dK[1]

)
y−k

(
exp

(∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
(k − 1)

∫ x

1
exp
(
(k−1)

∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]yk − exp
(∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
(k − 1)

∫ K[4]
1

exp
(
(k−1)

∫K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2]yk + exp
(
k
∫ x

1
g1(K[1])
f(K[1]) dK[1]

)
y

))
1

1−k

)
f(K[4]) dK[4] + c1

(k − 1)
∫ x

1

exp
(
(k − 1)

∫ K[2]
1

g1(K[1])
f(K[1]) dK[1]

)
g0(K[2])

f(K[2]) dK[2] + y1−k exp
(
(k − 1)

∫ x

1

g1(K[1])
f(K[1]) dK[1]

)






Maple 3� �
restart;
pde := f(x)*diff(w(x,y),x)+ (g1(x)*y+g0(x)*y^k)*diff(w(x,y),y) = h(x,y)*w(x,y)+F(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �

w(x, y) =



∫ x
F

_f,
(
(1− k)

∫ g0(_f)e
(k−1)

∫ g1(_f)
f(_f) d_f

f(_f) d_f+ (k − 1)
∫ g0(x)e

(k−1)
∫ g1(x)
f(x) dx

f(x) dx+ y1−ke(k−1)
∫ g1(x)
f(x) dx

)− 1
k−1

e
∫ g1(_f)
f(_f) d_f

 e−
∫ h

_f,

(1−k)
∫ g0(_f)e

(k−1)
∫ g1(_f)
f(_f) d_f

f(_f) d_f+(k−1)
∫ g0(x)e

(k−1)
∫ g1(x)
f(x) dx

f(x) dx+y1−ke
(k−1)

∫ g1(x)
f(x) dx


− 1
k−1

e

∫ g1(_f)
f(_f) d_f


f(_f) d_f

f (_f) d_f+ f1

(
(k − 1)

∫ g0 (x) e(k−1)
∫ g1(x)
f(x) dx

f (x) dx+ y1−ke(k−1)
∫ g1(x)
f(x) dx

)


e
∫ x

h

_f,

(1−k)
∫ g0(_f)e

(k−1)
∫ g1(_f)
f(_f) d_f

f(_f) d_f+(k−1)
∫ g0(x)e

(k−1)
∫ g1(x)
f(x) dx

f(x) dx+y1−ke
(k−1)

∫ g1(x)
f(x) dx


− 1
k−1

e

∫ g1(_f)
f(_f) d_f


f(_f) d_f

6.5.25.6 [1366] Problem 6

problem number 1366

Added April 13, 2019.

Problem Chapter 5.8.3.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y)

f(x)wx + (g1(x)y + g0(x)eλy)wy = h(x, y)w + F (x, y)

Mathematica 7� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y], x] + (g1[x]*y+g0[x]*Exp[lambda*y])D[w[x, y], y] == h[x,y]*w[x,y]+F[x,y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y], {x, y}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := f(x)*diff(w(x,y),x)+ (g1(x)*y+g0(x)*exp(lambda*y))*diff(w(x,y),y) = h(x,y)*w(x,y)+F(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y))),output='realtime'));� �
sol=()
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6.6.1.1 [1367] Problem 1

problem number 1367

Added April 13, 2019.

Problem Chapter 6.2.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
awx + bwy + cwz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y − bx

a
, z − cx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y) + c*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ya− xb

a
,
za− xc

a

)
Hand solution

Solve
awx + bwy + cwz = 0 (1)

Using Lagrange-charpit

dx

a
= dy

b
= dz

c
= dw

0

From first two pair of equations, integrating gives b
a
x − y = C1 and from dx

a
= dz

c
by

Integrating gives c
a
x − z = C2. Since dw = 0 then w = C3. Where C1, C2, C3 are constants.

But C3 = F (C1, C2) where F is arbitrary function. Hence

u(x, y, z) = F

(
b

a
x− y,

c

a
x− z

)
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6.6.1.2 [1368] Problem 2

problem number 1368

Added April 13, 2019.

Problem Chapter 6.2.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + axwy + bywz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*x*D[w[x, y,z], y] +b*y*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y − ax2

2 ,
1
3abx

3 − bxy + z

)}}
Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ a*x*diff(w(x,y,z),y) + b*y*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a x

2

2 + y,
x(a x2 − 3y) b

3 + z

)
Hand solution

Solve
wx + axwy + bywz = 0 (1)

Using Lagrange-charpit

dx = dy

ax
= dz

by
= dw

0

From first two pair of equations, integrating gives

a
x2

2 − y = C1 (1)

And from dx = dz
by

we obtain
bydx = dz

But from (1) y = ax2

2 − C1 and the above becomes

b

(
ax2

2 − C1

)
dx = dz

Now we can integrate and the result is

b

(
ax3

6 − C1x

)
− z = C2
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Using (1) again the above becomes

b

(
ax3

6 −
(
a
x2

2 − y

)
x

)
− z = C2

b

(
ax3

6 − a
x3

2 + yx

)
− z = C2

− b3ax
3 + byx− z = C2

Since dw = 0 then w = C3. Where C1, C2, C3 are constants. But C3 = F (C1, C2) where F is
arbitrary function. Hence

u(x, y, z) = F

(
a
x2

2 − y,− b3ax
3 + byx− z

)
= F

(
y − a

x2

2 ,
1
3abx

3 − byx+ z

)

6.6.1.3 [1369] Problem 3

problem number 1369

Added April 13, 2019.

Problem Chapter 6.2.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bywy + czwz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*y*D[w[x, y,z], y] +c*z*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
ye−

bx
a , ze−

cx
a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*y*diff(w(x,y,z),y) + c*z*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1
(
y e− bx

a , z e− cx
a

)
Hand solution

Solve
awx + bywy + czwz = 0 (1)

Using Lagrange-charpit

dx

a
= dy

by
= dz

cz
= dw

0
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From first two pair of equations, integrating gives

abx+ C1 = ln y
y = C1e

abx

C1 = ye−abx (1)

And from dx
a
= dz

cz
we obtain

c

a
x+ C2 = ln z

z = C2e
c
a
x

C2 = ze−
c
a
x

Since dw = 0 then w = C3. Where C1, C2, C3 are constants. But C3 = F (C1, C2) where F is
arbitrary function. Hence

u(x, y, z) = F
(
ye−abx, ze−

c
a
x
)

6.6.1.4 [1370] Problem 4

problem number 1370

Added April 13, 2019.

Problem Chapter 6.2.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + azwy + bywz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*z*D[w[x, y,z], y] +b*y*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

e−√
a
√
bx
(√

by
(
e2

√
a
√
bx + 1

)
−

√
az
(
e2

√
a
√
bx − 1

))
2
√
b

,
e−

√
a
√
bx
(√

az
(
e2

√
a
√
bx + 1

)
−

√
by
(
e2

√
a
√
bx − 1

))
2
√
a




Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ a*z*diff(w(x,y,z),y) + b*y*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

z2a− b y2

a
,
x
√
ab− ln

(
aby+

√
a2z2

√
ab√

ab

)
√
ab


Hand solution

Solve
wx + azwy + bywz = 0

Using Lagrange-charpit
dx = dy

az
= dz

by
= dw

0
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Starting with dy
az

= dz
by

or b
a
ydy = zdz and integrating gives

b

a

y2

2 = z2

2 + C1

b

a
y2 = z2 + C1

C1 =
b

a
y2 − z2 (1)

Now we can either consider dx = dz
by

or dx = dy
az
. Both will give valid solutions. Lets try both

to see.

case dx = dz
by

From (1) solving for y in terms of z gives√
a

b
C1 +

a

b
z2 = y

Hence dx = dz
by

becomes bdx = dz√
a
b
C1+a

b
z2
. Integrating gives

bx =
√
b

a
ln
(
z +

√
z2 + C1

)
+ C2

Using (1) in the above gives

bx =
√
b

a
ln
(
z +

√
z2 +

(
b

a
y2 − z2

))
+ C2

=
√
b

a
ln
(
z +

√
b

a
y2

)
+ C2

C2 = bx−
√
b

a
ln
(
z +

√
b

a
y2

)
Since dw = 0 then w = C3. Where C1, C2, C3 are constants. But C3 = F (C1, C2) where F is
arbitrary function. Hence

u(x, y, z) = F

(
b

a
y2 − z2, bx−

√
b

a
ln
(√

b

a
y + z

))
(2)

case dx = dy
az

From (1) we solve for z in terms of y. This gives z2 = b
a
y2−C1 or z =

√
b
a
y2 − C1, taking the

positive root only. Hence dx = dy
az

becomes adx = dy√
b
a
y2−C1

or adx =
√

a
b

dy√
y2−a

b
C1

Integrating

give

ax =
√
a

b
ln
(
y +

√
y2 − a

b
C1

)
+ C2

Using (1) in the above gives

ax =
√
a

b
ln
(
y +

√
y2 − a

b

(
b

a
y2 − z2

))
+ C2

ax =
√
a

b
ln
(
y + a

b
z
)
+ C2

Hence
C2 = ax−

√
a

b
ln
(
y +

√
a

b
z

)
Since dw = 0 then w = C3. Where C1, C2, C3 are constants. But C3 = F (C1, C2) where F is
arbitrary function. Hence

u(x, y, z) = F

(
b

a
y2 − z2, ax−

√
a

b
ln
(
y + a

b
z
))

(3)

Both (2,3) are valid solutions.



chapter 6. handbook of first order partial differential . . . 1446

6.6.1.5 [1371] Problem 5

problem number 1371

Added April 13, 2019.

Problem Chapter 6.2.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

xwx + aywy + bzwz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y,z], x] + a*y*D[w[x, y,z], y] +b*z*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
yx−a, zx−b

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y,z),x)+ a*y*diff(w(x,y,z),y) + b*z*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1
(
y x−a, z x−b

)
6.6.1.6 [1372] Problem 6

problem number 1372

Added April 13, 2019.

Problem Chapter 6.2.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

xwx + azwy + bywz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y,z], x] + a*z*D[w[x, y,z], y] +b*y*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

iy sinh(√a√b log(x))− i
√
az cosh

(√
a
√
b log(x)

)
√
b

, y cosh
(√

a
√
b log(x)

)
−

√
az sinh

(√
a
√
b log(x)

)
√
b



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Maple 3� �
restart;
pde := x*diff(w(x,y,z),x)+ a*z*diff(w(x,y,z),y) + b*y*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
z2a− b y2

a
, x
(√

ab y + az
)−√

ab
ab

)

6.6.1.7 [1373] Problem 7

problem number 1373

Added April 13, 2019.

Problem Chapter 6.2.1.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

xwx + (ax+ by)wy + (αx+ βy + γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y,z], x] + (a*x+b*y)*D[w[x, y,z], y] +(alpha*x+beta*y+gamma*z)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
x−b(ax+ (b− 1)y)

b− 1 ,
x−γ(−aβx+ αx(b− γ)− (γ − 1)(−bz + βy + γz))

(γ − 1)(b− γ)

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y,z),x)+ (a*x+b*y)*diff(w(x,y,z),y) + (alpha*x+beta*y+gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
((b− 1) y + ax)x−b

b− 1 ,−(z γ2 + (αx− zb+ βy − z) γ + (−αx+ z) b+ β(ax− y))x−γ

(γ − 1) (b− γ)

)

6.6.1.8 [1374] Problem 8

problem number 1374

Added April 13, 2019.

Problem Chapter 6.2.1.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

abxwx + (ay + bz)(bwy − awz) = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = a*b*x*D[w[x, y,z], x] + (a*y+b*z)*(b*D[w[x, y,z], y] -a*D[w[x,y,z],z])==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := a*b*x*diff(w(x,y,z),x)+ (a*y+b*z)*(b*diff(w(x,y,z),y) - a*diff(w(x,y,z),z))= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ay + bz

b
, x e−

ay
ay+bz

)

6.6.1.9 [1375] Problem 9

problem number 1375

Added April 13, 2019.

Problem Chapter 6.2.1.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

abxwx + b(ay + bz)wy + a(ay − bz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*b*x*D[w[x, y,z], x] + b*(a*y+b*z)*D[w[x, y,z], y] +a*(a*y-b*z)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
−
x
√
2((√2− 2

)
ay +

√
2bz
)

4a ,
x−

√
2((2 +√

2
)
ay +

√
2bz
)

4a

)}}

Maple 3� �
restart;
pde := a*b*x*diff(w(x,y,z),x)+ b*(a*y+b*z)*diff(w(x,y,z),y) + a*(a*y-b*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

− 1√
−a2y2 + 2abyz + b2z2

, x

−
(a3y3 − a2b y2z − 3a b2y z2 − b3z3)

√
− a2

a2y2−2abyz−b2z2
− a2y

√
−2a2y2 + 4abyz + 2b2z2√

− a2

a2y2−2abyz−b2z2
(−a2y2 + 2abyz + b2z2)3/2

− a√
−2a2y2+4abyz+2b2z2

√
− a2
a2y2−2abyz−b2z2


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6.6.1.10 [1376] Problem 10

problem number 1376

Added April 13, 2019.

Problem Chapter 6.2.1.10, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

b2cywx + a2cxwy − ab(ax+ by)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = b^2*c*y*D[w[x, y,z], x] + a^2*c*x*D[w[x, y,z], y] -a*b*(a*x+b*y)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
1
2

(
y2 − a2x2

b2

)
,
ax+ by + cz

c

)}}
Maple 3� �
restart;
pde := b^2*c*y*diff(w(x,y,z),x)+ a^2*c*x*diff(w(x,y,z),y) - a*b*(a*x+b*y)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a2x2 + y2b2

b2
,
ax+ by + zc

c

)

6.6.1.11 [1377] Problem 11

problem number 1377

Added April 13, 2019.

Problem Chapter 6.2.1.11, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

czwx + (ax+ by)wy + (ax+ by + cz)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = c*z*D[w[x, y,z], x] + (a*x+b*y)*D[w[x, y,z], y] +(a*x+b*y+c*z)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := c*z*diff(w(x,y,z),x)+ (a*x+b*y)*diff(w(x,y,z),y) + (a*x+b*y+c*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.6.1.12 [1378] Problem 12

problem number 1378

Added April 13, 2019.

Problem Chapter 6.2.1.12, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

b2czwx − a2cxwy + ab2ywz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = b^2*c*z*D[w[x, y,z], x] - a^2*c*x*D[w[x, y,z], y] +a*b^2*y*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := b^2*c*z*diff(w(x,y,z),x)-a^2*c*x*diff(w(x,y,z),y) + a*b^2*y*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.6.1.13 [1379] Problem 13

problem number 1379

Added April 13, 2019.

Problem Chapter 6.2.1.13, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

(x+ a)wx + (y + b)xwy + (z + c)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = (x+a)*D[w[x, y,z], x] + (y+b)*D[w[x, y,z], y] +(z+c)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
b+ y

a+ x
,
c+ z

a+ x

)}}
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Maple 3� �
restart;
pde := (x+a)*diff(w(x,y,z),x)+(y+b)*diff(w(x,y,z),y) + (z+c)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
y + b

x+ a
,
z + c

x+ a

)

6.6.1.14 [1380] Problem 14

problem number 1380

Added April 13, 2019.

Problem Chapter 6.2.1.14, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

2bc(ax− by)wx − ac(ax− by − cz)wy − ab(ax− by − 3cz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = 2*b*c*(a*x-b*y)*D[w[x, y,z], x] -a*c*(a*x-b*y-c*z)*D[w[x, y,z], y] - a*b*(a*x -b*y-3*c*z)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{
w(x, y, z) → c1

(
−ax− 3by + cz

c
,− ax− by + cz

a
√
−4ax+ 4by + 4cz

)}
{
w(x, y, z) → c1

(
−ax− 3by + cz

c
,

ax− by + cz

a
√
−4ax+ 4by + 4cz

)}

Maple 7� �
restart;
pde := 2*b*c*(a*x-b*y)*diff(w(x,y,z),x)-a*c*(a*x-b*y-c*z)*diff(w(x,y,z),y)- a*b*(a*x -b*y-3*c*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.6.1.15 [1381] Problem 15

problem number 1381

Added April 13, 2019.

Problem Chapter 6.2.1.15, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

bc(y − z)wx + ac(z − x)wy + ab(x− y)wz = 0



chapter 6. handbook of first order partial differential . . . 1452

Mathematica 3� �
ClearAll["Global`*"];
pde = b*c*(y-z)*D[w[x, y,z], x] +a*c*(z-x)*D[w[x, y,z], y] + a*b*(x -y)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
ax+ by + cz

c
,
−a2x2 + ax(c(x− 2z)− 2by) + by(c(y − 2z)− by)

b(b+ c)

)}}
Maple 3� �
restart;
pde := b*c*(y-z)*diff(w(x,y,z),x)+a*c*(z-x)*diff(w(x,y,z),y)+ a*b*(x -y)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z),'build')),output='realtime'));� �

w(x, y, z) = c3c4c5e
(2xa+2by+2cz)c1+c2

(
a x2+b y2+c z2

)
2a

6.6.1.16 [1382] Problem 16

problem number 1382

Added April 13, 2019.

Problem Chapter 6.2.1.16, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

bc(by − 2cz)wx + ac(3cz − ax)wy + ab(2ax− 3by)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = b*c*(b*y-2*c*z)*D[w[x, y,z], x] +a*c*(3*c*z-a*x)*D[w[x, y,z], y] + a*b*(2*a*x -3*b*y)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
3ax+ 2by + cz

c
,−8a2x2 + 6ax(2by + cz) + by(3by + 4cz)

5b2

)}}
Maple 3� �
restart;
pde := b*c*(b*y-2*c*z)*diff(w(x,y,z),x)+a*c*(3*c*z-a*x)*diff(w(x,y,z),y)+ a*b*(2*a*x-3*b*y)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z),'build')),output='realtime'));� �

w(x, y, z) = c3c4c5e
3a2c2x

2+3b2c2y
2+3c2c2z

2+6a2c1x+4abc1y+2acc1z
6a2
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6.6.1.17 [1383] Problem 17

problem number 1383

Added April 13, 2019.

Problem Chapter 6.2.1.17, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

2bc(by − cz)wx − ac(4ax− 3by − cz)wy + 3ab(4ax− by − 3cz)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = 2*b*c*(b*y-c*z)*D[w[x, y,z], x] -a*c*(4*a*x-3*b*y-c*z)*D[w[x, y,z], y] + 3*a*b*(4*a*x-b*y-3*c*z)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
$Aborted

Maple 7� �
restart;
pde := 2*b*c*(b*y-c*z)*diff(w(x,y,z),x)-a*c*(4*a*x-3*b*y-c*z)*diff(w(x,y,z),y)+ 3*a*b*(4*a*x-b*y-3*c*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.6.1.18 [1384] Problem 18

problem number 1384

Added April 13, 2019.

Problem Chapter 6.2.1.18, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

(ax+ y − z)wx − (x+ ay − z)wy + (a− 1)(y − x)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = (a*x+y-z)*D[w[x, y,z], x] -(x+a*y-z)*D[w[x, y,z], y] + (a-1)*(y-x)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{w(x, y, z) → c1(x+ y + z, (a− 1)xy − xz − yz)}}

Maple 7� �
restart;
pde := (a*x+y-z)*diff(w(x,y,z),x)-(x+a*y-z)*diff(w(x,y,z),y)+ (a-1)*(y-x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()
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6.6.1.19 [1385] Problem 19

problem number 1385

Added April 13, 2019.

Problem Chapter 6.2.1.19, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

2bc(3ax− 2by + cz)wx − 2ac(2ax− 5by + 3cz)wy + ab(2ax− 6by + 11cz)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = 2*b*c*(3*a*x-2*b*y+c*z)*D[w[x, y,z], x] -2*a*c(2*a*x-5*b*y+3*c*z)*D[w[x, y,z], y] + a*b(2*a*x-6*b*y+11*c*z)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := 2*b*c*(3*a*x-2*b*y+c*z)*diff(w(x,y,z),x)-2*a*c*(2*a*x-5*b*y+3*c*z)*diff(w(x,y,z),y)+ a*b*(2*a*x-6*b*y+11*c*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.6.1.20 [1386] Problem 20

problem number 1386

Added April 13, 2019.

Problem Chapter 6.2.1.20, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

(Ax+ cy + bz)wx + (cx+By + az)wy + (bx+ ay + Cz)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (A*x+c*y+b*z)*D[w[x, y,z], x] +(c*x+B*y+a*z)*D[w[x, y,z], y] +(b*x+a*y+C1*z)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := (A*x+c*y+b*z)*diff(w(x,y,z),x)+(c*x+B*y+a*z)*diff(w(x,y,z),y)+ (b*x+a*y+C1*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()
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6.6.1.21 [1387] Problem 21

problem number 1387

Added April 13, 2019.

Problem Chapter 6.2.1.21, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

(a1x+ b1y + c1z + d1)wx + (a2x+ b2y + c2z + d2)wy + (a3x+ b3y + c3z + d3)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a1*x+b1*y+c1*z+d1)*D[w[x, y,z], x] +(a2*x+b2*y+c2*z+d2)*D[w[x, y,z], y] +(a3*x+b3*y+c3*z+d3)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := (a1*x+b1*y+c1*z+d1)*diff(w(x,y,z),x)+(a2*x+b2*y+c2*z+d2)*diff(w(x,y,z),y)+ (a3*x+b3*y+c3*z+d3)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()
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6.6.2.1 [1388] Problem 1

problem number 1388

Added April 14, 2019.

Problem Chapter 6.2.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xy + b1x
2 + c1x)wy + (a2xy + b2x

2 + c2x)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] +(a1*x*y+b1*x^2+c1*x)*D[w[x, y,z], y] +(a2*x*y+b2*x^2+c2*x)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

−2a1b2x3 − 3a1c2x2 + 6a1z + 2a2b1x3 + 3a2c1x2 − 6a2y
6a1 ,

e−
a1x2

2 (a1y + b1x+ c1)
a1 −

√
π
2b1erf

(√
a1x√
2

)
a13/2




Maple 3� �
restart;
pde := diff(w(x,y,z),x)+(a1*x*y+b1*x^2+c1*x)*diff(w(x,y,z),y)+ (a2*x*y+b2*x^2+c2*x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

e− a1 x2
2

√
π
√
a1 (a1 y + b1x+ c1)−

erf
(√

2
√
a1 x

2

)√
2π b1

2√
π a13/2

,
(−2 b2 x3 − 3 c2 x2 + 6z) a12+2a2

(
b1 x3 + 3

2 c1 x
2 − 3y

)
a1−6 a2 c1

6 a12


6.6.2.2 [1389] Problem 2

problem number 1389

Added April 14, 2019.

Problem Chapter 6.2.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xy + b1x
2 + c1x)wy + (a2xz + b2x

2 + c2x)wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] +(a1*x*y+b1*x^2+c1*x)*D[w[x, y,z], y] +(a2*x*z+b2*x^2+c2*x)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

e− a1x2
2 (a1y + b1x+ c1)

a1 −

√
π
2b1erf

(√
a1x√
2

)
a13/2

,
e−

a2x2
2 (a2z + b2x+ c2)

a2 −

√
π
2b2erf

(√
a2x√
2

)
a23/2




Maple 3� �
restart;
pde := diff(w(x,y,z),x)+(a1*x*y+b1*x^2+c1*x)*diff(w(x,y,z),y)+ (a2*x*z+b2*x^2+c2*x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

e− a1 x2
2

√
π
√
a1 (a1 y + b1x+ c1)−

√
2 erf

(√
2
√
a1 x

2

)
π b1

2
a13/2

√
π

,
e− a2 x2

2
√
π
√
a2 (a2 z + b2x+ c2)−

erf
(√

2
√

a2 x
2

)√
2π b2

2
a23/2

√
π


6.6.2.3 [1390] Problem 3

problem number 1390

Added April 14, 2019.

Problem Chapter 6.2.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xy + b1x
2 + c1x)wy + (a2yz + b2y

2 + c2y)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] +(a1*x*y+b1*x^2+c1*x)*D[w[x, y,z], y] +(a2*y*z+b2*y^2+c2*y)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
$Aborted

Maple 3� �
restart;
pde := diff(w(x,y,z),x)+(a1*x*y+b1*x^2+c1*x)*diff(w(x,y,z),y)+ (a2*y*z+b2*y^2+c2*y)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display
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6.6.2.4 [1391] Problem 4

problem number 1391

Added April 14, 2019.

Problem Chapter 6.2.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xy + b1y
2)wy + (a2xz + b2z

2)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] +(a1*x+b1*y^2)*D[w[x, y,z], y] +(a2*x*z+b2*z^2)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

−
2
(
b1xyBesselJ

(
1
3 ,

2
3

√
a1
√
b1x3/2

)
+
√
a1
√
b1x3/2 BesselJ

(
−2

3 ,
2
3

√
a1
√
b1x3/2

))
(2b1xy + 1)BesselJ

(
−1

3 ,
2
3

√
a1
√
b1x3/2

)
+
√
a1
√
b1x3/2 BesselJ

(
−4

3 ,
2
3

√
a1
√
b1x3/2

)
−

√
a1
√
b1x3/2 BesselJ

(
2
3 ,

2
3

√
a1
√
b1x3/2

) ,√π
2b2erfi

(√
a2x√
2

)
√
a2

+ e
a2x2

2

z




Maple 3� �
restart;
pde := diff(w(x,y,z),x)+(a1*x+b1*y^2)*diff(w(x,y,z),y)+ (a2*x*z+b2*z^2)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−AiryBi
(
−(b1 a1)1/3 x

)
y b1+(b1 a1)1/3AiryBi

(
1,−(b1 a1)1/3 x

)
AiryAi

(
− (b1 a1)1/3 x

)
y b1− (b1 a1)1/3AiryAi

(
1,− (b1 a1)1/3 x

) ,
(√

π erf
(√

2
√
− a2x
2

)
z b2+

√
2
√
− a2 e a2 x2

2

)√
2

2
√
− a2 z



6.6.2.5 [1392] Problem 5

problem number 1392

Added April 14, 2019.

Problem Chapter 6.2.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + xzwy − xywz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] +x*z*D[w[x, y,z], y] -x*y*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y sin

(
x2

2a

)
+ z cos

(
x2

2a

)
, y cos

(
x2

2a

)
− z sin

(
x2

2a

))}}
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Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+x*z*diff(w(x,y,z),y)- x*y*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1
(
y2 + z2,−2a arctan

(y
z

)
+ x2

)

6.6.2.6 [1393] Problem 6

problem number 1393

Added April 14, 2019.

Problem Chapter 6.2.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

cxwx + cywy + (ax2 + by2)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = c*x*D[w[x, y,z], x] +c*y*D[w[x, y,z], y] +(a*x^2+b*y^2)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y

x
,−ax

2 + by2 − 2cz
2c

)}}
Maple 3� �
restart;
pde := c*x*diff(w(x,y,z),x)+c*y*diff(w(x,y,z),y)+(a*x^2+b*y^2)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
y

x
,−a x

2 + b y2 − 2zc
2c

)

6.6.2.7 [1394] Problem 7

problem number 1394

Added April 14, 2019.

Problem Chapter 6.2.2.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

czwx − a(2ax− b)ywy + a(2ax− b)zwz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = c*z*D[w[x, y,z], x] -a*(2*a*x-b)*y*D[w[x, y,z], y] +a*(2*a*x-b)*z*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
cyz,

−a2x2 + abx+ cz

c

)}}
Maple 3� �
restart;
pde := c*z*diff(w(x,y,z),x)-a*(2*a*x-b)*diff(w(x,y,z),y)+a*(2*a*x-b)*z*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−x2a2 + abx+ cz

c
, ln (cz) + y

)

6.6.2.8 [1395] Problem 8

problem number 1395

Added April 14, 2019.

Problem Chapter 6.2.2.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

acx2wx − acxywy − b2y2wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*c*x^2*D[w[x, y,z], x] -a*c*x*y*D[w[x, y,z], y] -b^2*y^2*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
xy, z − b2y2

3acx

)}}
Maple 3� �
restart;
pde := a*c*x^2*diff(w(x,y,z),x) -a*c*x*y*diff(w(x,y,z),y)-b^2*y^2*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
yx,

3acxz − b2y2

3xac

)
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6.6.2.9 [1396] Problem 9

problem number 1396

Added April 14, 2019.

Problem Chapter 6.2.2.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

ax2wx + by2wy + cz2wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^2*D[w[x, y,z], x] +b*y^2*D[w[x, y,z], y] +c*z^2*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
b

ax
− 1
y
,
c

ax
− 1
z

)}}
Maple 3� �
restart;
pde := a*x^2*diff(w(x,y,z),x) +b*y^2*diff(w(x,y,z),y)+c*z^2*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ax− yb

yax
,
ax− zc

zax

)

6.6.2.10 [1397] Problem 10

problem number 1397

Added April 14, 2019.

Problem Chapter 6.2.2.10, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

abx2wx + cz2wy + 2abxzwz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*b*x^2*D[w[x, y,z], x] +c*z^2*D[w[x, y,z], y] +2*a*b*x*z*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
z

x2
, y − cz2

3abx

)}}



chapter 6. handbook of first order partial differential . . . 1462

Maple 3� �
restart;
pde := a*b*x^2*diff(w(x,y,z),x) +c*z^2*diff(w(x,y,z),y)+2*a*b*x*z*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
z

x2
,
3yabx− c z2

3xab

)

6.6.2.11 [1398] Problem 11

problem number 1398

Added April 14, 2019.

Problem Chapter 6.2.2.11, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

bcxywx + a2cx2wy − by(2ax+ cz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = b*c*x*y*D[w[x, y,z], x] +a^2*c*x^2*D[w[x, y,z], y] -b*y*(2*a*x+c*z)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
by2 − a2x2

2b ,
x(ax+ cz)

c

)}}
Maple 3� �
restart;
pde := b*c*x*y*diff(w(x,y,z),x) +a^2*c*x^2*diff(w(x,y,z),y)-b*y*(2*a*x+c*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a2x2 + y2b

b
,
(ax+ cz)x

c

)

6.6.2.12 [1399] Problem 12

problem number 1399

Added April 14, 2019.

Problem Chapter 6.2.2.12, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

bcxywx + c2yzwy + b2y2wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = b*c*x*y*D[w[x, y,z], x] +c^2*y*z*D[w[x, y,z], y] +b^2*y^2*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
by + cz

2bx ,
x(by − cz)

2b

)}}
Maple 3� �
restart;
pde := b*c*x*y*diff(w(x,y,z),x) +c^2*y*z*diff(w(x,y,z),y)+b^2*y^2*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−b2y2 + z2c2

c2
, x(csgn (b) by + zc)− csgn(b)

)

6.6.2.13 [1400] Problem 13

problem number 1400

Added April 14, 2019.

Problem Chapter 6.2.2.13, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

xywx + y(y − a)wy + z(y − a)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*y*D[w[x, y,z], x] +y*(y-a)*D[w[x, y,z], y] +z*(y-a)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y − a

x
,
z

y

)}}
Maple 3� �
restart;
pde := x*y*diff(w(x,y,z),x) +y*(y-a)*diff(w(x,y,z),y)+z*(y-a)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
y − a

x
,
z

y

)
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6.6.2.14 [1401] Problem 14

problem number 1401

Added April 14, 2019.

Problem Chapter 6.2.2.14, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

by2wx − axywy + cxzwz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = b*y^2*D[w[x, y,z], x] -a*x*y*D[w[x, y,z], y] +c*x*z*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
ax2 + by2

2b , z
(
−by2

) c
2a

)}}
Maple 3� �
restart;
pde := b*y^2*diff(w(x,y,z),x) -a*x*y*diff(w(x,y,z),y)+c*x*z*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
x2a+ b y2

b
, z
(
−b y2

) c
2a

)

6.6.2.15 [1402] Problem 15

problem number 1402

Added April 14, 2019.

Problem Chapter 6.2.2.15, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

cxzwx + 2axywy − (2ax+ cz)zwz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = c*x*z*D[w[x, y,z], x] +2*a*x*y*D[w[x, y,z], y] -(2*a*x+c*z)*z*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
−cxyz, x

(ax
c

+ z
))}}
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Maple 3� �
restart;
pde := c*x*z*diff(w(x,y,z),x) +2*a*x*y*diff(w(x,y,z),y)-(2*a*x+c*z)*z*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
(ax+ zc)x

c
,−ycxz

)

6.6.2.16 [1403] Problem 16

problem number 1403

Added April 14, 2019.

Problem Chapter 6.2.2.16, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

cxzwx + cyzwy + abxywz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = c*x*z*D[w[x, y,z], x] +c*y*z*D[w[x, y,z], y] +a*b*x*y*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y

x
,
cz2 − abxy

2c

)}}
Maple 3� �
restart;
pde := c*x*z*diff(w(x,y,z),x) +c*y*z*diff(w(x,y,z),y)+a*b*x*y*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
y

x
,
−abxy + z2c

c

)

6.6.2.17 [1404] Problem 17

problem number 1404

Added April 14, 2019.

Problem Chapter 6.2.2.17, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

cxzwx − cyzwy + (by2 − ax)wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = c*x*z*D[w[x, y,z], x] -c*y*z*D[w[x, y,z], y] +(b*y^2-a*x)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
xy,

2ax+ by2 + cz2

2c

)}}
Maple 3� �
restart;
pde := c*x*z*diff(w(x,y,z),x)-c*y*z*diff(w(x,y,z),y)+(b*y^2-a*x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
yx,

b y2 + c z2 + 2ax
c

)

6.6.2.18 [1405] Problem 18

problem number 1405

Added April 14, 2019.

Problem Chapter 6.2.2.18, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

cxzwx − cyzwy + (ax2 + by2)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = c*x*z*D[w[x, y,z], x] -c*y*z*D[w[x, y,z], y] +(a*x^2+b*y^2)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
xy,

−ax2 + by2 + cz2

2c

)}}
Maple 3� �
restart;
pde := c*x*z*diff(w(x,y,z),x)-c*y*z*diff(w(x,y,z),y)+(a*x^2+b*y^2)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
yx,

−a x2 + b y2 + c z2

c

)
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6.6.2.19 [1406] Problem 19

problem number 1406

Added April 14, 2019.

Problem Chapter 6.2.2.19, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

xzwx + yzwy + (ax2 + ay2 + bz2)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*z*D[w[x, y,z], x] +y*z*D[w[x, y,z], y] +(a*x^2+a*y^2+b*z^2)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y

x
,
x−2b(a(x2 + y2) + (b− 1)z2)

b− 1

)}}
Maple 3� �
restart;
pde := x*z*diff(w(x,y,z),x)+y*z*diff(w(x,y,z),y)+(a*x^2+a*y^2+b*z^2)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
y

x
,
((x2 + y2) a+ z2(b− 1))x−2b

b− 1

)

6.6.2.20 [1407] Problem 20

problem number 1407

Added April 14, 2019.

Problem Chapter 6.2.2.20, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

2cxzwx + 2cyzwy + (cz2 − ax2 − by2)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = 2*c*x*z*D[w[x, y,z], x] +2*c*y*z*D[w[x, y,z], y] +(c*z^2-a*x^2-b*y^2)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y

x
,
ax2 + by2 + cz2

cx

)}}
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Maple 3� �
restart;
pde := 2*c*x*z*diff(w(x,y,z),x)+2*c*y*z*diff(w(x,y,z),y)+(c*z^2-a*x^2-b*y^2)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
y

x
,
a x2 + b y2 + c z2

cx

)

6.6.2.21 [1408] Problem 21

problem number 1408

Added April 14, 2019.

Problem Chapter 6.2.2.21, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

bcyzwx + acxzwy + abxywz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = b*c*y*z*D[w[x, y,z], x] +a*c*x*z*D[w[x, y,z], y] +a*b*x*y*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
by2 − ax2

2b ,
cz2 − ax2

2c

)}}
Maple 3� �
restart;
pde := b*c*y*z*diff(w(x,y,z),x)+a*c*x*z*diff(w(x,y,z),y)+a*b*x*y*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a x2 + y2b

b
,
−a x2 + z2c

c

)

6.6.2.22 [1409] Problem 22

problem number 1409

Added April 14, 2019.

Problem Chapter 6.2.2.22, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

bc(x2 − a2)wx + c(bxy + acz)wy + b(cxz + aby)wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = b*c*(x^2-a^2)*D[w[x, y,z], x] +c*(b*x*y+a*c*z)*D[w[x, y,z], y] +b*(c*x*z + a*b*y)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
−acz + bxy

a2b− bx2
,
a(aby + cxz)
b (a2 − x2)

)}}
Maple 7� �
restart;
pde := b*c*(x^2-a^2)*diff(w(x,y,z),x)+c*(b*x*y+a*c*z)*diff(w(x,y,z),y)+b*(c*x*z + a*b*y)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.6.2.23 [1410] Problem 23

problem number 1410

Added April 14, 2019.

Problem Chapter 6.2.2.23, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

bx(by + c)wx + (b2y2 − acx)wy + b2yzwz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = b*x*(b*y+c)*D[w[x, y,z], x] + (b^2*y^2-a*c*x )*D[w[x, y,z], y] + b^2*y*z*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := b*x*(b*y+c)*diff(w(x,y,z),x)+(b^2*y^2-a*c*x )*diff(w(x,y,z),y)+b^2*y*z*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1


(−ax− by) ln

(
− (ax+by)(ax−c)

x(by+c)

)
+ (ax+ by) ln

(
−ax+c
by+c

)
+ (−ax− by) ln (2) + by + c

3ax+ 3by , z e−
∫ x 2 e

RootOf

−2 ln


(
2 e_Z−9

)
(a_a−c)

_a

e_Zax−2 ln


(
2 e_Z−9

)
(a_a−c)

_a

e_Zby+2 e_Zax ln
(
− (ax+by)(ax−c)

x(by+c)

)
+2 e_Zby ln

(
− (ax+by)(ax−c)

x(by+c)

)
−2 e_Zax ln

(
−ax−c
by+c

)
−2 e_Zby ln

(
−ax−c
by+c

)
+2 e_Zax ln(2)+2 e_Zby ln(2)+2 e_Z_Zax+2 e_Z_Zby+9 ln


(
2 e_Z−9

)
(a_a−c)

_a

ax+9 ln


(
2 e_Z−9

)
(a_a−c)

_a

by−2 e_Zby−9ax ln
(
− (ax+by)(ax−c)

x(by+c)

)
−9by ln

(
− (ax+by)(ax−c)

x(by+c)

)
+9ax ln

(
−ax−c
by+c

)
+9by ln

(
−ax−c
by+c

)
−9ax ln(2)−9by ln(2)−9_Zax−9_Zby−2c e_Z−9ax+9c


c+9a_a−9c

(a_a−c)_a d_a

9


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6.6.2.24 [1411] Problem 24

problem number 1411

Added April 14, 2019.

Problem Chapter 6.2.2.24, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

x(by − cz)wx + y(cz − ax)wy + z(ax− by)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*(b*y -c*z)*D[w[x, y,z], x] + y*(c*z-a*x)*D[w[x, y,z], y] + z*(a*x - b*y)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
−cxyz

b
,
ax+ by + cz

c

)}}
Maple 3� �
restart;
pde := x*(b*y -c*z)*diff(w(x,y,z),x)+ y*(c*z-a*x)*diff(w(x,y,z),y)+z*(a*x - b*y)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z),'build')),output='realtime'));� �

w(x, y, z) = c4c5x
c2yc2zc2e−c1x+c2− c1by

a
− c1cz

a

c3

6.6.2.25 [1412] Problem 25

problem number 1412

Added April 14, 2019.

Problem Chapter 6.2.2.25, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a(y + β)(z + γ)wx − b(x+ α)(z + γ)wy − c(x+ α)(y + β)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*(y+beta)*(z+gamma)*D[w[x, y,z], x] -b*(x+alpha)*(z+gamma)*D[w[x, y,z], y] - c*(x+alpha)*(y+beta)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
ay(2β + y) + 2αbx+ bx2

2a ,
az(2γ + z) + 2αcx+ cx2

2a

)}}
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Maple 3� �
restart;
pde := a*(y+beta)*(z+gamma)*diff(w(x,y,z),x)-b*(x+alpha)*(z+gamma)*diff(w(x,y,z),y)- c*(x+alpha)*(y+beta)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z),'build')),output='realtime'));� �

w(x, y, z) = c2c4c5e
(
y(y+2β)c1+2c3x

(
α+x2

))
c+2(ac3−bc1)

(
z
2+γ

)
z

2c

6.6.2.26 [1413] Problem 26

problem number 1413

Added April 14, 2019.

Problem Chapter 6.2.2.26, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

bc(acxz + b2y2)wx + ac(bcyz − 2a2x2)wy − ab(2abxy + c2z2)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = b*c*(a*c*x*z + b^2*y^2)*D[w[x, y,z], x] +a*c*(b*c*y*z-2*a^2*x^2)*D[w[x, y,z], y] - a*b*(2*a*b*x*y+c^2*z^2)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := b*c*(a*c*x*z + b^2*y^2)*diff(w(x,y,z),x)+a*c*(b*c*y*z-2*a^2*x^2)*diff(w(x,y,z),y)- a*b*(2*a*b*x*y+c^2*z^2)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.6.2.27 [1414] Problem 27

problem number 1414

Added April 14, 2019.

Problem Chapter 6.2.2.27, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a(y2 + z2)wx + x(bz − ay)wy − x(by + az)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = a*(y^2+z^2)*D[w[x, y,z], x] +x*(b*z-a*y)*D[w[x, y,z], y] -x*(b*y + a*z)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := a*(y^2+z^2)*diff(w(x,y,z),x)+x*(b*z-a*y)*diff(w(x,y,z),y)-x*(b*y + a*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z),'build')),output='realtime'));� �

w(x, y, z) = e
−

a
∫ y − _a

− tan
(
RootOf

(
−b ln

(
_a2

cos(2_Z)+1

)
+b ln

(
y2+z2

)
−2a arctan

(
z
y

)
−b ln(2)+2_Za

))
b+a

d_a+a
∫ y − _atan

(
RootOf

(
−b ln

(
_a2

cos(2_Z)+1

)
+b ln

(
y2+z2

)
−2a arctan

(
z
y

)
−b ln(2)+2_Za

))2
− tan

(
RootOf

(
−b ln

(
_a2

cos(2_Z)+1

)
+b ln

(
y2+z2

)
−2a arctan

(
z
y

)
−b ln(2)+2_Za

))
b+a

d_a−x2
2

_c1

f5

−
b ln (y2 + z2)− 2a arctan

(
z
y

)
2b

 c1

6.6.2.28 [1415] Problem 28

problem number 1415

Added April 14, 2019.

Problem Chapter 6.2.2.28, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

b(by + cz)2wx − ax(by + 2cz)wy + abxzwz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = b*(b*y + c*z)^2*D[w[x, y,z], x] - a*x*(b*y + 2*c*z)*D[w[x, y,z], y] +a*b*x*z*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
z(by + cz)

b
,−

ax2

(by+cz)2 + 1
2z2

)}}

Maple 3� �
restart;
pde := b*(b*y + c*z)^2*diff(w(x,y,z),x)- a*x*(b*y + 2*c*z)*diff(w(x,y,z),y)+a*b*x*z*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z),'build')),output='realtime'));� �

w(x, y, z) = c1e
_c1

(
b2y2+bycz+x2a

)
2a f5

(
z(by + cz)

b

)

6.6.2.29 [1416] Problem 29

problem number 1416

Added April 14, 2019.

Problem Chapter 6.2.2.29, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

(f0x− f1)wx + (f0y − f2)wy + (f0z − f3)wz = 0
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Where
fn = an + bnx+ cny + dnz

Mathematica 7� �
ClearAll["Global`*"];
f[n_]:= a[n] + b[n]*x + c[n]*y+ d[n]*z;
pde = (f[0]*x - f[1])*D[w[x, y,z], x] +(f[0]*y-f[2])*D[w[x, y,z], y] +(f[0]*z -f[3])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
f:= n -> a[n] + b[n]*x + c[n]*y+ d[n]*z;
pde := (f(0)*x - f(1))*diff(w(x,y,z),x)+(f(0)*y-f(2))*diff(w(x,y,z),y)+(f(0)*z -f(3))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.6.3 2.3
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6.6.3.1 [1417] Problem 1

problem number 1417

Added April 15, 2019.

Problem Chapter 6.2.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

2b2xzwx + by(b2z2 + 1)wy + axy(bz + 1)2wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = 2*b^2*x*z*D[w[x, y,z], x] + b*y*(b^2*z^2 +1)*D[w[x, y,z], y] + a*x*y*(b*z +1)^2*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := 2*b^2*x*z*diff(w(x,y,z),x)+b*y*(b^2*z^2 +1)*diff(w(x,y,z),y)+a*x*y*(b*z +1)^2*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.6.3.2 [1418] Problem 2

problem number 1418

Added April 15, 2019.

Problem Chapter 6.2.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

bcxy2wx + 2bcy3wy + 2(cyz − ax2)2wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = b*c*x*y^2*D[w[x, y,z], x] + 2*b*c*y^3*D[w[x, y,z], y] + 2*(c*y*z-a*x^2)^2*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y

x2
,
x4(log(x) (2cyz − 2ax2) + by)

bcy2 (ax2 − cyz)

)}}
Maple 3� �
restart;
pde := b*c*x*y^2*diff(w(x,y,z),x)+2*b*c*y^3*diff(w(x,y,z),y)+2*(c*y*z-a*x^2)^2*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
y

x2
,
(−2a x2 + 2cyz) ln (x) + yb

2a x2 − 2cyz

)

6.6.3.3 [1419] Problem 3

problem number 1419

Added April 15, 2019.

Problem Chapter 6.2.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

bc2y2zwx + ac2xz2wy − abxy2wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = b*c*x*y^2*D[w[x, y,z], x] + a*c^2*x*z^2*D[w[x, y,z], y] - a*b*x*y^2*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
ax

c
+ z,

by3 + c2z3

3b

)}}
Maple 3� �
restart;
pde := b*c*x*y^2*diff(w(x,y,z),x)+a*c^2*x*z^2*diff(w(x,y,z),y)- a*b*x*y^2*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ax+ zc

c
,
c2z3 + b y3

b

)

6.6.3.4 [1420] Problem 4

problem number 1420

Added April 15, 2019.

Problem Chapter 6.2.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

x(by2 − cz2)wx + y(cz2 − ax2)wy + z(ax2 − by2)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*(b*y^2-c*z^2)*D[w[x, y,z], x] + y*(c*z^2-a*x^2)*D[w[x, y,z], y] + z*(a*x^2-b*y^2)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
pde :=x*(b*y^2-c*z^2)*diff(w(x,y,z),x)+ y*(c*z^2-a*x^2)*diff(w(x,y,z),y) + z*(a*x^2-b*y^2)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z),'build')),output='realtime'));� �

w(x, y, z) = c3c4c5x
c2
2 y

c2
2 z

c2
2 e

c2
4 − c1x

2
4 − y2c1b

4a − z2c1c
4a
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6.6.3.5 [1421] Problem 5

problem number 1421

Added April 15, 2019.

Problem Chapter 6.2.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

by(3ax2 + by2 + cz2)wx − 2ax(ax2 + cz2)wy + 2abxyzwz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = b*y*(3*a*x^2+ b*y^2+c*z^2)*D[w[x, y,z], x] - 2*a*x*(a*x^2+c*z^2)*D[w[x, y,z], y] + 2*a*b*x*y*z*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := b*y*(3*a*x^2+ b*y^2+c*z^2)*diff(w(x,y,z),x)- 2*a*x*(a*x^2+c*z^2)*diff(w(x,y,z),y) + 2*a*b*x*y*z*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.6.3.6 [1422] Problem 6

problem number 1422

Added April 15, 2019.

Problem Chapter 6.2.3.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

b(a(a2x2 + b2y2 − 1)x+ by)wx + a(b(a2x2 + b2y2 − 1)y − ax)wy + 2abzwz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = b*(a*(a^2*x^2+b^2*y^2-1)*x+ b*y )*D[w[x, y,z], x] +a*(b*(a^2*x^2+b^2*y^2-1)*y - a*x)*D[w[x, y,z], y] + 2*a*b*z*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := b*(a*(a^2*x^2+b^2*y^2-1)*x+ b*y )*diff(w(x,y,z),x)+a*(b*(a^2*x^2+b^2*y^2-1)*y - a*x)*diff(w(x,y,z),y) + 2*a*b*z*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−
b
(
ln
(

b2
(
a2x2+b2y2−1

)
a2x2+b2y2

)
− 2 arccot

(
yb
ax

))
2a , z e

−2
∫ x 1

_a

cot

RootOf

b
ln

 b2
(
a2x2+b2y2−1

)
a2x2+b2y2

−2 arccot
(
yb
ax

)
−ln

 b2
(
2a2_a2+cos(2_Z)−1

)
a2_a2

+ln(2)+2_Z

2
a2_a2+a2_a2+cot

RootOf

b
ln

 b2
(
a2x2+b2y2−1

)
a2x2+b2y2

−2 arccot
(
yb
ax

)
−ln

 b2
(
2a2_a2+cos(2_Z)−1

)
a2_a2

+ln(2)+2_Z

−1


d_a


6.6.3.7 [1423] Problem 7

problem number 1423

Added April 15, 2019.

Problem Chapter 6.2.3.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

x(b3y3 − 2a3x3)wx + y(2b3y3 − a3x3)wy + 9z(a3x3 − b3y3)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*(b^3*y^3 - 2*a^3*x^3)*D[w[x, y,z], x] +y*(2*b^3*y^3 -a^3*x^3)*D[w[x, y,z], y] +9*z*(a^3*x^3-b^3*y^3)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := x*(b^3*y^3 - 2*a^3*x^3)*diff(w(x,y,z),x)+y*(2*b^3*y^3 -a^3*x^3)*diff(w(x,y,z),y) + 9*z*(a^3*x^3-b^3*y^3)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.6.3.8 [1424] Problem 8

problem number 1424

Added April 15, 2019.

Problem Chapter 6.2.3.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

ax2(abxy − c2z2)wx + axy(abxy − c2z2)wy + byz(bcyz + 2a2x2)wz = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = a*x^2*(a*b*x*y-c^2*z^2)*D[w[x, y,z], x] +a*x*y*(a*b*x*y-c^2*z^2)*D[w[x, y,z], y] +b*y*z*(b*c*y*z+2*a^2*x^2) *D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := a*x^2*(a*b*x*y-c^2*z^2)*diff(w(x,y,z),x)+a*x*y*(a*b*x*y-c^2*z^2)*diff(w(x,y,z),y) + b*y*z*(b*c*y*z+2*a^2*x^2)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.6.3.9 [1425] Problem 9

problem number 1425

Added April 15, 2019.

Problem Chapter 6.2.3.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

x(cz4 − by4)wx + y(ax4 − 2cz4)wy + z(2by4 − ax4)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*(c*z^4 - b*y^4)*D[w[x, y,z], x] +y*(a*x^4-2*c*z^4)*D[w[x, y,z], y] +z*(2*b*y^4-a*x^4) *D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := x*(c*z^4 - b*y^4)*diff(w(x,y,z),x)+y*(a*x^4-2*c*z^4)*diff(w(x,y,z),y) + z*(2*b*y^4-a*x^4)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z),'build')),output='realtime'));� �

w(x, y, z) = c3c4c5x
c2
4 y

c2
8 z

c2
8 e

(
−x4a−b y4−z4c

)
c1+c2a

16a
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6.6.3.10 [1426] Problem 10

problem number 1426

Added April 15, 2019.

Problem Chapter 6.2.3.10, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

xwx + ywy + a
√
x2 + y2wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y,z], x] +y*D[w[x, y,z], y] +a*Sqrt[x^2+y^2]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(y
x
, z − a

√
x2 + y2

)}}
Maple 3� �
restart;
pde := x*diff(w(x,y,z),x)+y*diff(w(x,y,z),y) + a*sqrt(x^2+y^2)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1
(y
x
,−a

√
x2 + y2 + z

)

6.6.3.11 [1427] Problem 11

problem number 1427

Added April 15, 2019.

Problem Chapter 6.2.3.11, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

xwx + ywy + (z − a
√
x2 + y2 + z2)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y,z], x] +y*D[w[x, y,z], y] +(z-a*Sqrt[x^2+y^2+z^2])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{
w(x, y, z) → c1

(
y

x
, log

(
zxa − x

√
x2a−2 (x2 + y2 + z2)

x

))}
{
w(x, y, z) → c1

(
y

x
, log

(
zxa + x

√
x2a−2 (x2 + y2 + z2)

x

))}
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Maple 3� �
restart;
pde := x*diff(w(x,y,z),x)+y*diff(w(x,y,z),y) + (z-a*sqrt(x^2+y^2+z^2))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1
(y
x
, xa−1

(
z +

√
x2 + y2 + z2

))

6.6.3.12 [1428] Problem 12

problem number 1428

Added April 15, 2019.

Problem Chapter 6.2.3.12, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

z
√
y2 + z2wx + az

√
x2 + z2wy − (x

√
y2 + z2 + ay

√
x2 + z2)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = z*Sqrt[y^2+z^2]*D[w[x, y,z], x] +a*z*Sqrt[x^2+z^2]*D[w[x, y,z], y] -(x*Sqrt[y^2+z^2]+a*y*Sqrt[x^2+z^2])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := z*sqrt(y^2+z^2)*diff(w(x,y,z),x)+a*z*sqrt(x^2+z^2)*diff(w(x,y,z),y) -(x*sqrt(y^2+z^2)+a*y*sqrt(x^2+z^2))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.6.3.13 [1429] Problem 13

problem number 1429

Added April 15, 2019.

Problem Chapter 6.2.3.13, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

(y − z)
√
f(x)wx + (z − x)

√
f(y)wy + (x− y)

√
f(z)wz = 0

Where
f(t) = a6t

6 + a5t
5 + a4t

4 + a3t
3 + a2t

2 + a1t+ a0
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Mathematica 7� �
ClearAll["Global`*"];
f[t_]:= a[6]*t^6+a[5]*t^5+a[4]*t^4+a[3]*t^3+a[2]*t^2+a[1]*t+a[0];
pde = (y-z)*Sqrt[f[x]]*D[w[x, y,z], x] +(z-x)*Sqrt[f[y]]*D[w[x, y,z], y] +(x-y)*Sqrt[f[z]]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
f := t-> a[6]*t^6+a[5]*t^5+a[4]*t^4+a[3]*t^3+a[2]*t^2+a[1]*t+a[0];
pde := (y-z)*sqrt(f(x))*diff(w(x,y,z),x)+(z-x)*sqrt(f(y))*diff(w(x,y,z),y)+(x-y)*sqrt(f(z))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
detected error

6.6.4 2.4

Local contents
6.6.4.1 [1430] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1481
6.6.4.2 [1431] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1482
6.6.4.3 [1432] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1483
6.6.4.4 [1433] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1483
6.6.4.5 [1434] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1484
6.6.4.6 [1435] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1484
6.6.4.7 [1436] Problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1485
6.6.4.8 [1437] Problem 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1486

6.6.4.1 [1430] Problem 1

problem number 1430

Added May 18, 2019.

Problem Chapter 6.2.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + axnymwy + bxνyµzλwz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] +a*x^n*y^m*D[w[x, y,z], y] +b*x^nu *y^mu* z^lambda *D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �



w(x, y, z) → c1


−ax

n+1

n+ 1 − (m− 1)
1

m−1y

(
(m− 1)

1
1−m

y

)m

,−

b(m− 1)
µ

1−mxν+1
(
(m− 1)

1
m−1y

(
(m−1)

1
1−m

y

)m) µ
1−m

 (m−1)
1

m−1 (n+1)y
(

(m−1)
1

1−m
y

)m

axn+1+(m−1)
1

m−1 (n+1)y
(

(m−1)
1

1−m
y

)m


µ
m−1

Hypergeometric2F1

 µ
m−1 ,

ν+1
n+1 ,

n+ν+2
n+1 , axn+1

(m−1)
1

m−1 (n+1)y
(

(m−1)
1

1−m
y

)m
+axn+1


ν + 1 − (λ− 1)

1
λ−1 z

(
(λ− 1)

1
1−λ

z

)λ






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Maple 3� �
restart;
pde := diff(w(x,y,z),x)+a*x^n*y^m*diff(w(x,y,z),y)+b*x^nu*y^mu*z^lambda*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
(n+ 1) y1−m + xn+1(m− 1) a

n+ 1 ,_aνbx(λ− 1)
((

(n+ 1) y1−m + a(xn+1 − _an+1) (m− 1)
n+ 1

)− 1
m−1
)µ

+ z1−λ

)

6.6.4.2 [1431] Problem 2

problem number 1431

Added May 18, 2019.

Problem Chapter 6.2.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xn1y + b1x
m1)wy + (a2xn2y + b2x

m1)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] +(a1*x^n1*y+b1*x^m1)*D[w[x, y,z], y] +(a2*x^n2*y+b2*x^m1)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

b1(n1 + 1)
m1−n1
n1+1 a1−

m1+1
n1+1 Γ

(
m1 + 1
n1 + 1 ,

a1xn1+1

n1 + 1

)
+ ye−

a1xn1+1
n1+1 ,−

∫ x

1

(
(−1)−

n2+1
n1+1a2b1e−

a1K[1]n1+1
n1+1 (n1 + 1)

n2+1
n1+1Γ

(
n2+1
n1+1 ,−

a1K[1]n1+1

n1+1

)
a1−

n2+1
n1+1 + b2 + b2n1

)
K[1]m1

n1 + 1 dK[1] + a2y(−1)−
n2+1
n1+1 (n1 + 1)

n2−n1
n1+1 a1−

n2+1
n1+1 e−

a1xn1+1
n1+1 Γ

(
n2 + 1
n1 + 1 ,−

a1xn1+1

n1 + 1

)
+ z





Maple 3� �
restart;
pde := diff(w(x,y,z),x)+(a1*x^n1*y+b1*x^m1)*diff(w(x,y,z),y)+(a2*x^n2*y+b2*x^m1)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display
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6.6.4.3 [1432] Problem 3

problem number 1432

Added May 18, 2019.

Problem Chapter 6.2.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xn1y + b1x
m1)wy + (a2xn2z + b2x

m1)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] +(a1*x^n1*y+b1*x^m1)*D[w[x, y,z], y] +(a2*x^n2*z+b2*x^m1)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
b1(n1 + 1)

m1−n1
n1+1 a1−

m1+1
n1+1 Γ

(
m1 + 1
n1 + 1 ,

a1xn1+1

n1 + 1

)
+ ye−

a1xn1+1
n1+1 , b2(n2 + 1)

m1−n2
n2+1 a2−

m1+1
n2+1 Γ

(
m1 + 1
n2 + 1 ,

a2xn2+1

n2 + 1

)
+ ze−

a2xn2+1
n2+1

)}}
Maple 3� �
restart;
pde := diff(w(x,y,z),x)+(a1*x^n1*y+b1*x^m1)*diff(w(x,y,z),y)+(a2*x^n2*z+b2*x^m1)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−

(
e−

x xn1 a1
2 n1+2 b1 xm1(n1+1)2 (xxn1 a1+m1+n1+2)WhittakerM

(
− n1+m1
2n1+2 , m1+2n1+3

2 n1+2 , xxn1 a1
n1+1

)
−
(
−e−

x xn1 a1
2 n1+2 b1 xm1(n1+1) (m1+n1+2)WhittakerM

(
m1+n1+2
2 n1+2 , m1+2n1+3

2 n1+2 , xxn1 a1
n1+1

)
+ e−

x xn1 a1
n1+1

(
xxn1 a1
n1+1

)m1+n1+2
2 n1+2

y xn1 a1 (m1+1) (m1+2n1+3)
)
(m1+n1+2)

)
x− n1

(
xxn1 a1
n1+1

)−m1− n1−2
2 n1+2

a1 (m1+1) (m1+2n1+3) (m1+n1+2) ,−

(
e−

x xn2 a2
2 n2+2 b2 xm1(n2+1)2 (xxn2 a2+m1+n2+2)WhittakerM

(
−n2+m1
2n2+2 , m1+2n2+3

2 n2+2 , xxn2 a2
n2+1

)
−
(
−e−

x xn2 a2
2 n2+2 b2 xm1(n2+1) (m1+n2+2)WhittakerM

(
m1+n2+2
2 n2+2 , m1+2n2+3

2 n2+2 , xxn2 a2
n2+1

)
+ e−

x xn2 a2
n2+1

(
xxn2 a2
n2+1

)m1+n2+2
2 n2+2

z xn2 a2 (m1+1) (m1+2n2+3)
)
(m1+n2+2)

)
x−n2

(
xxn2 a2
n2+1

)−m1− n2−2
2 n2+2

a2 (m1+1) (m1+2n2+3) (m1+n2+2)


6.6.4.4 [1433] Problem 4

problem number 1433

Added May 18, 2019.

Problem Chapter 6.2.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xn1y + b1x
m1)wy + (a2xn2z + b2y

m1)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] +(a1*x^n1*y+b1*x^m1)*D[w[x, y,z], y] +(a2*x^n2*z+b2*y^m1)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
b1(n1 + 1)

m1−n1
n1+1 a1−

m1+1
n1+1 Γ

(
m1 + 1
n1 + 1 ,

a1xn1+1

n1 + 1

)
+ ye−

a1xn1+1
n1+1 , ze−

a2xn2+1
n2+1 −

∫ x

1
b2e−

a2K[1]n2+1
n2+1

(
a1−

m1+1
n1+1 e

a1
(
K[1]n1+1−xn1+1)

n1+1 (n1 + 1)−
n1

n1+1−1
(
b1e

a1xn1+1
n1+1 Γ

(
m1 + 1
n1 + 1 ,

a1xn1+1

n1 + 1

)
(n1 + 1)

m1+n1+1
n1+1 +

(
a1

m1+1
n1+1 (n1 + 1)

n1
n1+1y − b1e

a1xn1+1
n1+1 (n1 + 1)

m1
n1+1Γ

(
m1 + 1
n1 + 1 ,

a1K[1]n1+1

n1 + 1

))
(n1 + 1)

))m1

dK[1]
)}}
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Maple 3� �
restart;
pde := diff(w(x,y,z),x)+(a1*x^n1*y+b1*x^m1)*diff(w(x,y,z),y)+(a2*x^n2*z+b2*y^m1)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.6.4.5 [1434] Problem 5

problem number 1434

Added May 18, 2019.

Problem Chapter 6.2.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xn1y + b1x
m1yk1)wy + (a2xn2z + b2x

m2zk2)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] +(a1*x^n1*y+b1*x^m1*y^k1)*D[w[x, y,z], y] +(a2*x^n2*z+b2*x^m2*z^k1)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y1−k1e

a1(k1−1)xn1+1
n1+1 − b1(−1)−

m1+1
n1+1 (n1 + 1)

m1−n1
n1+1 a1−

m1+1
n1+1 (k1− 1)

n1−m1
n1+1 Γ

(
m1 + 1
n1 + 1 ,−

a1(k1− 1)xn1+1

n1 + 1

)
, z1−k1e

a2(k1−1)xn2+1
n2+1 − b2(−1)−

m2+1
n2+1 (n2 + 1)

m2−n2
n2+1 a2−

m2+1
n2+1 (k1− 1)

n2−m2
n2+1 Γ

(
m2 + 1
n2 + 1 ,−

a2(k1− 1)xn2+1

n2 + 1

))}}
Maple 3� �
restart;
pde := diff(w(x,y,z),x)+(a1*x^n1*y+b1*x^m1*y^k1)*diff(w(x,y,z),y)+(a2*x^n2*z+b2*x^m2*z^k1)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.6.4.6 [1435] Problem 6

problem number 1435

Added May 18, 2019.

Problem Chapter 6.2.4.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

axnwx + bymwy + czlwz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^n*D[w[x, y,z], x] +b*y^m*D[w[x, y,z], y] +c*z^L*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �


w(x, y, z) → c1

 bx1−n

a(n− 1) −

(
1
y

)m−1

m− 1 ,
cx1−n

a(n− 1) −
(1
z

)L−1

L− 1





Maple 3� �
restart;
pde := a*x^n*diff(w(x,y,z),x)+b*y^m*diff(w(x,y,z),y)+c*z^L*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−b x−n+1(m− 1) + a y1−m(n− 1)

(n− 1) a ,
−c x−n+1(L− 1) + a z1−L(n− 1)

(n− 1) a

)

6.6.4.7 [1436] Problem 7

problem number 1436

Added May 18, 2019.

Problem Chapter 6.2.4.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

aymwx + bxnwy + czlwz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = a*y^m*D[w[x, y,z], x] +b*x^n*D[w[x, y,z], y] +c*z^L*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := a*y^m*diff(w(x,y,z),x)+b*x^n*diff(w(x,y,z),y)+c*z^L*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−b xn+1(1 +m) + y1+m(n+ 1) a
(n+ 1) a ,

cx(L− 1)
((

_an+1b(1+m)−b xn+1(1+m)+y1+m(n+1)a
(n+1)a

) 1
1+m
)−m

+ a z1−L

a


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6.6.4.8 [1437] Problem 8

problem number 1437

Added May 18, 2019.

Problem Chapter 6.2.4.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

x(yn − zn)wx + y(zn − xn)wy + z(xn − yn)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = x*(y^n-z^n)*D[w[x, y,z], x] +y*(z^n-x^n)*D[w[x, y,z], y] +z*(x^n-y^n)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := x*(y^n-z^n)*diff(w(x,y,z),x)+y*(z^n-x^n)*diff(w(x,y,z),y)+z*(x^n-y^n)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z),'build')),output='realtime'));� �

w(x, y, z) = c4c5x
c1
n (yn)

c1
n2 (zn)

c1
n2 e

−znc3−y
nc3−x

nc3−c2n+c1
n2
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6.6.5.1 [1438] Problem 1

problem number 1438

Added May 18, 2019.

Problem Chapter 6.3.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + beαxwy + ceβywz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] +b*Exp[alpha*x]*D[w[x, y,z], y] +c*Exp[beta*y]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �


w(x, y, z) → c1

y − beαx

aα
, z −

∫ x

1

c exp
(
β
(

b
(
−eαx+eαK[1])

aα
+ y
))

a
dK[1]




Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+b*exp(alpha*x)*diff(w(x,y,z),y)+c*exp(beta*y)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

yαa− b eαx
αa

,
zαa+ c e

β
(
yαa−b eαx

)
αa Ei1

(
−βb eαx

aα

)
αa


6.6.5.2 [1439] Problem 2

problem number 1439

Added May 18, 2019.

Problem Chapter 6.3.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + beαxwy + ceγzwz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] +b*Exp[alpha*x]*D[w[x, y,z], y] +c*Exp[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
−cx
a

− e−γz

γ
, y − beαx

aα

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+b*exp(alpha*x)*diff(w(x,y,z),y)+c*exp(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
yαa− b eαx

αa
,
−e−γza− cγx

cγ

)
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6.6.5.3 [1440] Problem 3

problem number 1440

Added May 18, 2019.

Problem Chapter 6.3.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + beβywy + ceγzwz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] +b*Exp[beta*y]*D[w[x, y,z], y] +c*Exp[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
−bx
a

− e−βy

β
,−cx

a
− e−γz

γ

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+b*exp(beta*y)*diff(w(x,y,z),y)+c*exp(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−bβx− e−βya

bβ
,
−cγx− e−γza

cγ

)

6.6.5.4 [1441] Problem 4

problem number 1441

Added May 18, 2019.

Problem Chapter 6.3.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (A1e
α1x +B1e

ν1x+λy)wy + (A2e
α2x +B2e

ν2x+βy)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] +(A1*Exp[alpha1*x]+B1*Exp[nu1*x+lambda*y])*D[w[x, y,z], y] +(A2*Exp[alpha2*x]+B2*Exp[nu2*x+beta*y])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := diff(w(x,y,z),x)+(A1*exp(alpha1*x)+B1*exp(nu1*x+lambda*y))*diff(w(x,y,z),y)+(A2*exp(alpha2*x)+B2*exp(nu2*x+beta*y))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−e
λ
(
A1 eα 1 x−α 1 y

)
α 1 − B1

∫
eλA1 eα 1 x+ν 1 xα 1

α 1 dxλ

λ
,−
∫ x

A2 eα 2_b + B2
(
B1
∫

eλA1 eα 1 x+ν 1 xα 1
α 1 dxλ− B1

∫
eλA1 eα 1_b+_bα 1 ν 1

α 1 d_bλ+ e
λ
(
A1 eα 1 x−α 1 y

)
α 1

)−β
λ

e
βA1 eα 1_b+ν 2_bα 1

α 1

 d_b+ z


6.6.5.5 [1442] Problem 5

problem number 1442

Added May 18, 2019.

Problem Chapter 6.3.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

aeαxwx + beβywy + ceγzwz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[alpha*x]*D[w[x, y,z], x] +b*Exp[beta*y]*D[w[x, y,z], y] +c*Exp[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
be−αx

aα
− e−βy

β
,
ce−αx

aα
− e−γz

γ

)}}
Maple 3� �
restart;
pde := a*exp(alpha*x)*diff(w(x,y,z),x)+b*exp(beta*y)*diff(w(x,y,z),y)+c*exp(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−e−βyaα + e−αxβb

αbβ
,
−e−γzaα + e−αxγc

αcγ

)

6.6.5.6 [1443] Problem 6

problem number 1443

Added May 18, 2019.

Problem Chapter 6.3.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

aeβywx + beαxwy + ceγzwz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[beta*y]*D[w[x, y,z], x] +b*Exp[alpha*x]*D[w[x, y,z], y] +c*Exp[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

eβy
β

− beαx

aα
,−

cγ log
(

aαeβy

β

)
− aαeβy−γz + bβeαx−γz − αcγx

bβγeαx − aαγeβy




Maple 3� �
restart;
pde := a*exp(beta*y)*diff(w(x,y,z),x)+b*exp(alpha*x)*diff(w(x,y,z),y)+c*exp(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

eβyaα− eαxβb
αβb

,−
bβ
(
− ln

(
eβyaα
βb

)
cγ + e−γz

(
eβyaα− eαxβb

)
+ αcγx

)
(eβyaα− eαxβb)αcγ


6.6.5.7 [1444] Problem 7

problem number 1444

Added May 18, 2019.

Problem Chapter 6.3.1.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

(a1 + a2e
αx)wx + (b1 + b2e

βywy + (c1 + c2e
γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = (a1+a2*Exp[alpha*x])*D[w[x, y,z], x] +(b1+b2*Exp[beta*y])*D[w[x, y,z], y] +(c1+c2*Exp[gamma*z])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

−
log
(
b1β

(
b1 + b2eβy

)
e

b1βx
a1 −βy(a1α(a1 + a2eαx))−

b1β
a1α

)
b1β ,−

log
(
c1γ(c1 + c2eγz) e c1γx

a1 −γz(a1α(a1 + a2eαx))−
c1γ
a1α

)
c1γ



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Maple 3� �
restart;
pde := (a1+a2*exp(alpha*x))*diff(w(x,y,z),x)+(b1+b2*exp(beta*y))*diff(w(x,y,z),y)+(c1+c2*exp(gamma*z))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1



−xβ b1+ ln

 (a1+a2 eαx)
β b1
a1α

− b1+RootOf

yα a1β−α a1 ln

 (
a1+ a2 eαx

)β b1
a1α (− b1+_Z)
b2

+ln(a1+a2 eαx)β b1


b2RootOf

(
yα a1β−α a1 ln

(
(a1+ a2 eαx)

β b1
a1α (− b1+_Z)
b2

)
+ln(a1+a2 eαx)β b1

)
 a1

a1 b1 β ,

− c1 γx+ ln

 (a1+a2 eαx)
γ c1
α a1

(
− c1+RootOf

(
zα a1 γ−α a1 ln

( (
a1+ a2 eαx

) γ c1
α a1 (− c1+_Z)
c2

)
+γ c1 ln(a1+a2 eαx)

))

c2RootOf
(
zα a1 γ−α a1 ln

(
(a1+ a2 eαx)

γ c1
α a1 (− c1+_Z)
c2

)
+γ c1 ln(a1+a2 eαx)

)
 a1

a1 c1 γ


6.6.5.8 [1445] Problem 8

problem number 1445

Added May 18, 2019.

Problem Chapter 6.3.1.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

eβy(a1 + a2e
αx)wx + eαx(b1 + b2e

βywy + ceβy+γzwz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = Exp[beta*y]*(a1+a2*Exp[alpha*x])*D[w[x, y,z], x] +Exp[alpha*x]*(b1+b2*Exp[beta*y])*D[w[x, y,z], y] +c*Exp[beta*y+gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
c log (a1α(a1 + a2eαx))

a1α − cx

a1 − e−γz

γ
,
log
(
b1 + b2eβy

)
b2β − log (a1 + a2eαx)

a2α

)}}

Maple 3� �
restart;
pde := exp(beta*y)*(a1+a2*exp(alpha*x))*diff(w(x,y,z),x)+exp(alpha*x)*(b1+b2*exp(beta*y))*diff(w(x,y,z),y)+c*exp(beta*y+gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1



−xβ b2+ ln


RootOf

yα a2β+αxβ b2−α a2 ln

b1
(
a2+e−αx a1

)−β b2
α a2

− b2+_Z

−ln(a1+a2 eαx) b2β

 b1
(
a2+e−αx a1

)−β b2
α a2

− b2+RootOf

yα a2β+αxβ b2−α a2 ln

b1
(
a2+e−αx a1

)−β b2
α a2

− b2+_Z

−ln(a1+a2 eαx) b2β



 a2

a2 b2 β ,
−e−γzα a1+cγ(ln (a1+ a2 eαx)− αx)

a1αcγ


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6.6.6.1 [1446] Problem 1

problem number 1446

Added May 18, 2019.

Problem Chapter 6.3.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

ayeαxwx + beβywy + ceγzwz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*y*Exp[alpha*x]*D[w[x, y,z], x] + b*Exp[beta*y]*D[w[x, y,z], y] +c*Exp[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

∫ y

1
e−βK[1]K[1]dK[1] + be−αx

aα
,−

γ
∫ x

1
ce−αK[2]

aInverseFunction
[∫#1

1 e−βK[1]K[1]dK[1]&
][
e−αxb−e−αK[2]b+aα

∫ y
1 e−βK[1]K[1]dK[1]

aα

]dK[2] + e−γz

γ





Maple 3� �
restart;
pde := a*y*exp(alpha*x)*diff(w(x,y,z),x)+b*exp(beta*y)*diff(w(x,y,z),y)+c*exp(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
e−αxb β2 − e−βyaα(βy + 1)

bα β2 ,
LambertW

(
−(βy + 1) e−βy−1) e−γzbβ + e−βycγ(βy + 1)

αb β2cγ LambertW (− (βy + 1) e−βy−1)

)
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6.6.6.2 [1447] Problem 2

problem number 1447

Added May 18, 2019.

Problem Chapter 6.3.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

ayeαxwx + beβywy + czeγzwz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = a*y*Exp[alpha*x]*D[w[x, y,z], x] + b*Exp[beta*y]*D[w[x, y,z], y] +c*z*Exp[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := a*y*exp(alpha*x)*diff(w(x,y,z),x)+b*exp(beta*y)*diff(w(x,y,z),y)+c*z*exp(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−e−αxb β2 + e−βyaα(βy + 1)

a β2α
,
e−βyc− Ei1 (γz) bβ

cβ

)

6.6.6.3 [1448] Problem 3

problem number 1448

Added May 18, 2019.

Problem Chapter 6.3.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
[
y2 + aeαx(α− aeαx)

]
wy +

[
z2 + bz + ceβx(β − b− ceβx)

]
wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + ( y^2+ a*Exp[alpha*x]*(alpha-a*Exp[alpha*x]))*D[w[x, y,z], y] +(z^2 +b*z +c*Exp[beta*x]*(beta - b -c*Exp[beta*x]))*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

2b/ββ− b
β ebxcb/β

(
L
b
β

− b
β

(
2ceβx
β

) (
b− ceβx + z

)
− 2ceβxL

b+β
β

− b+β
β

(
2ceβx
β

))
ceβx − z

,
(y − aeαx)

∫ eαx

1
e
2aK[1]
α

K[1] dK[1] + αe
2aeαx
α

aeαx − y




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Maple 3� �
restart;
pde := diff(w(x,y,z),x)+( y^2+ a*exp(alpha*x)*(alpha-a*exp(alpha*x)))*diff(w(x,y,z),y)+(z^2 +b*z +c*exp(beta*x)*(beta - b -c*exp(beta*x)))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

 −a eαx + y

(a eαx − y) Ei1
(
−2a eαx

α

)
+ e 2a eαx

α α
,

(
−c eβx + z

) ∫
e
bxβ+2c eβx

β dx+ e
bxβ+2c eβx

β

c eβx − z


6.6.6.4 [1449] Problem 4

problem number 1449

Added May 18, 2019.

Problem Chapter 6.3.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
[
y2 + by + aeαx(α− b− aeαx)

]
wy +

[
z2 + ceβx(z − k)− k2

]
wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + ( y^2+ b*y + a*Exp[alpha*x]*(alpha-b-a*Exp[alpha*x]))*D[w[x, y,z], y] +(z^2 +c*Exp[beta*x]*(z-k)-k^2)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

2k(−1)−
k
β

−
Γ
(

2k
β
, 0,− ceβx

β

)
β

+ β− 2k
β c

2k
β e

ceβx+2βkx+2iπk
β

k − z

 ,
2 b
αα− b

α ebxa
b
α

(
L

b
α

− b
α

(2aeαx
α

)
(a(−eαx) + b+ y)− 2aeαxL

α+b
α

−α+b
α

(2aeαx
α

))
aeαx − y





Maple 3� �
restart;
pde := diff(w(x,y,z),x)+( y^2+ b*y+a*exp(alpha*x)*(alpha-b-a*exp(alpha*x)))*diff(w(x,y,z),y)+(z^2 +c*exp(beta*x)*(z-k)-k^2)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(−a eαx + y)
∫
e bxα+2a eαx

α dx+ e bxα+2a eαx
α

a eαx − y
,
(−z + k)

∫
e

2kxβ+eβxc
β dx− e

2kxβ+eβxc
β

−z + k


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6.6.6.5 [1450] Problem 5

problem number 1450

Added May 18, 2019.

Problem Chapter 6.3.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
[
y2 + by + aeαx(y − b)− b2

]
wy +

[
z2 + c(xz − 1)eβx

]
wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + ( y^2+ b*y + a*Exp[alpha*x]*(y-b)-b^2)*D[w[x, y,z], y] +(z^2 +c*(x*z-1)*Exp[beta*x])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y,z),x)+( y^2+ b*y+a*exp(alpha*x)*(y-b)-b^2)*diff(w(x,y,z),y)+(z^2 +c*(x*z-1)*exp(beta*x))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.6.6.6 [1451] Problem 6

problem number 1451

Added May 18, 2019.

Problem Chapter 6.3.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
[
y2 − aeαx(xy − 1)

]
wy +

(
ceβxz2 + be−βx

)
wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + ( y^2- a*Exp[alpha*x]*(x*y-1))*D[w[x, y,z], y] +(c*Exp[beta*x]*z^2+b*Exp[-beta*x])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y,z),x)+( y^2- a*exp(alpha*x)*(x*y-1))*diff(w(x,y,z),y)+(c*exp(beta*x)*z^2+b*exp(-beta*x))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()
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6.6.6.7 [1452] Problem 7

problem number 1452

Added May 18, 2019.

Problem Chapter 6.3.2.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
ay2eαx + be−αx

)
wy +

[
deβxz2 + ceγx(γ − cde(β+γ)x)

]
wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + ( a*y^2- a*Exp[alpha*x]+ b * Exp[-alpha*x])*D[w[x, y,z], y] +(d*Exp[beta*x]*z^2+c*Exp[gamma*x]*(gamma- c*d*Exp[(beta+gamma)*x]))*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y,z),x)+( a*y^2- a*exp(alpha*x)+ b * exp(-alpha*x))*diff(w(x,y,z),y)+(d*exp(beta*x)*z^2+c*exp(gamma*x)*(gamma- c*d*exp((beta+gamma)*x)))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.6.6.8 [1453] Problem 8

problem number 1453

Added May 18, 2019.

Problem Chapter 6.3.2.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
[
beαxy2 + aeβx(β − abe(α+β)x)

]
wy +

(
cz2eγx + dz + ke−γx

)
wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (b*Exp[alpha*x]*y^2 + a*Exp[beta*x]*(beta- a*b*Exp[(alpha+beta)*x]))*D[w[x, y,z], y] +(c*z^2*Exp[gamma*x]+ d*z + k*Exp[-gamma*x])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y,z),x)+ (b*exp(alpha*x)*y^2 + a*exp(beta*x)*(beta- a*b*exp((alpha+beta)*x)))*diff(w(x,y,z),y)+(c*z^2*exp(gamma*x)+ d*z + k*exp(-gamma*x))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
time expired
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6.6.6.9 [1454] Problem 9

problem number 1454

Added May 18, 2019.

Problem Chapter 6.3.2.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
aeαxy2 + by + ceαx

)
wy +

(
eβxz2 + deγx(z + βe−βx)

)
wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a*Exp[alpha*x]*y^2 + b*y + c*Exp[alpha*x])*D[w[x, y,z], y] +(Exp[beta*x]*z^2+ d*Exp[gamma*x]*(z+beta*Exp[-beta*x]))*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ (a*exp(alpha*x)*y^2 + b*y + c*exp(alpha*x))*diff(w(x,y,z),y)+(exp(beta*x)*z^2+ d*exp(gamma*x)*(z+beta*exp(-beta*x)))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

 √
a yBesselJ

(
− b+α

2α ,
√
a
√
c eαx
α

)
−

√
c BesselJ

(
−b+α
2α ,

√
a
√
c eαx
α

)
−
√
a yBesselY

(
− b+α

2α ,
√
a
√
c eαx
α

)
+
√
c BesselY

(
−b+α
2α ,

√
a
√
c eαx
α

) ,− eβx(β − γ)
(
eβxz + β

)
hypergeom

([
−β+γ

γ

]
,
[
−β+2γ

γ

]
, e

γxd
γ

)
eγxβd+ z eβx hypergeom

([
−β

γ

]
,
[
−β+γ

γ

]
, e

γxd
γ

)
(β − γ)



6.6.6.10 [1455] Problem 10

problem number 1455

Added May 18, 2019.

Problem Chapter 6.3.2.10, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
[
eαxy2 + ayeβx + aαe(β−α)x]wy +

[
γeγxz2 + beδx(z + e−γx)

]
wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + ( Exp[alpha*x]*y^2 + a*y*Exp[beta*x] + a*alpha*Exp[(beta-alpha)*x])*D[w[x, y,z], y] +(gamma*Exp[gamma*x]*z^2+ b*Exp[delta*x]*(z+Exp[-gamma*x]))*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ ( exp(alpha*x)*y^2 + a*y*exp(beta*x) + a*alpha*exp((beta-alpha)*x))*diff(w(x,y,z),y)+(gamma*exp(gamma*x)*z^2+ b*exp(delta*x)*(z+exp(-gamma*x)))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

 eαx(β − α) (eαxy + α)
eβx hypergeom

([
β−α
β

]
,
[
−α+2β

β

]
, a e

βx

β

)
aα− y eαx hypergeom

([
−α

β

]
,
[
β−α
β

]
, a e

βx

β

)
(β − α)

,
eγx(δ − γ) (z eγx + 1)

hypergeom
([

δ−γ
δ

]
,
[2δ−γ

δ

]
, e

δxb
δ

)
eδxb− z eγx hypergeom

([
−γ

δ

]
,
[
δ−γ
δ

]
, e

δxb
δ

)
(δ − γ)



6.6.6.11 [1456] Problem 11

problem number 1456

Added May 18, 2019.

Problem Chapter 6.3.2.11, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
[
αeαxy2 + aeβx(y + e−αx)

]
wy +

[
eγx(z − beδx)2 + bδeδx

]
wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + ( alpha*Exp[alpha*x]*y^2 + a*Exp[beta*x]*(y+Exp[-alpha*x]))*D[w[x, y,z], y] +(Exp[gamma*x]*(z-b*Exp[delta*x])^2+b*delta*Exp[delta*x])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ ( alpha*exp(alpha*x)*y^2 + a*exp(beta*x)*(y+exp(-alpha*x)))*diff(w(x,y,z),y)+(exp(gamma*x)*(z-b*exp(delta*x))^2+b*delta*exp(delta*x))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

 eαx(−α + β) (y eαx + 1)
hypergeom

([
−α+β

β

]
,
[
−α+2β

β

]
, e

βxa
β

)
a eβx − y eαx hypergeom

([
−α

β

]
,
[
−α+β

β

]
, e

βxa
β

)
(−α + β)

,
b eδx − z

γ (eγxz − ex(δ+γ)b+ γ)



6.6.6.12 [1457] Problem 12

problem number 1457

Added May 18, 2019.

Problem Chapter 6.3.2.12, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

xwx +
(
a1e

αxy2 + βy + a1b
2
2x

2βeαx
)
wy +

[
a2x

2nz2eλx + (b2xneλx − n)z + ceλx
]
wz = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = x*D[w[x, y,z], x] + ( a1*Exp[alpha*x]*y^2 + beta*y+ a1*b2^2*x^(2*beta)*Exp[alpha*x])*D[w[x, y,z], y] +(a2*x^(2*n)*z^2*Exp[lamba*x]+(b2*x^n*Exp[lambda*x] - n)*z + c*Exp[lambda*x])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := x*diff(w(x,y,z),x)+ ( a1*exp(alpha*x)*y^2 + beta*y+ a1*b2^2*x^(2*beta)*exp(alpha*x))*diff(w(x,y,z),y)+(a2*x^(2*n)*z^2*exp(lamba*x)+(b2*x^n*exp(lambda*x) - n)*z + c*exp(lambda*x))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.6.6.13 [1458] Problem 13

problem number 1458

Added May 18, 2019.

Problem Chapter 6.3.2.13, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
a1e

λ1xy + b1e
β1xyk

)
wy +

(
a2e

λ2xz + b2e
β1xzm

)
wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] +( a1*Exp[lambda1*x]*y + b1*Exp[beta1*x]*y^k)*D[w[x, y,z], y] +(a2*Exp[lamba2*x]*z + b2*Exp[beta1*x]*z^m) *D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
(k − 1)

∫ x

1
b1e

a1elambda1K[1](k−1)
lambda1 +beta1K[1]dK[1] + y1−ke

a1(k−1)elambda1x
lambda1 , (m− 1)

∫ x

1
b2e

a2elamba2K[2](m−1)
lamba2 +beta1K[2]dK[2] + z1−me

a2(m−1)elamba2x
lamba2

)}}
Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ (a1*exp(lambda1*x)*y + b1*exp(beta1*x)*y^k)*diff(w(x,y,z),y)+(a2*exp(lamba2*x)*z + b2*exp(beta1*x)*z^m)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
b1 (k − 1)

∫
e

a1 eλ 1 x(k−1)+β 1 xλ 1
λ 1 dx+ y1−ke

a1 eλ 1 x(k−1)
λ 1 , b2 (m− 1)

∫
e

a2 elamba2 x(m−1)+β 1 x lamba2
lamba2 dx+ z1−me

a2 elamba2 x(m−1)
lamba2

)
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6.6.6.14 [1459] Problem 14

problem number 1459

Added May 18, 2019.

Problem Chapter 6.3.2.14, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
a1e

β1xy + b1e
γ1xyk

)
wy +

(
a2e

β2x + b2e
γ1x+λz

)
wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] +( a1*Exp[beta1*x]*y + b1*Exp[gamma1*x]*y^k)*D[w[x, y,z], y] +(a2*Exp[beta2*x] + b2*Exp[gamma1*x+lambda*z]) *D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ (a1*exp(beta1*x)*y + b1*exp(gamma1*x)*y^k)*diff(w(x,y,z),y)+(a2*exp(beta2*x)+ b2*exp(gamma1*x+lambda*z))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

b1 (k − 1)
∫

e
a1 eβ 1 x(k−1)+γ 1 xβ 1

β 1 dx+ y1−ke
a1 eβ 1 x(k−1)

β 1 ,
−e

λ
(
a2 eβ 2 x−zβ 2

)
β 2 − b2

∫
e
λ a2 eβ 2 x+γ 1 xβ 2

β 2 dxλ

λ


6.6.6.15 [1460] Problem 15

problem number 1460

Added May 18, 2019.

Problem Chapter 6.3.2.15, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
a1x

n + b1x
meλy

)
wy +

(
a2x

k + b2x
seβz

)
wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] +( a1*x^n+b1*x^m*Exp[lambda*y])*D[w[x, y,z], y] +(a2*x^k+b2*x^2*Exp[beta*z]) *D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

b2βx3
(
−a2βxk+1

k+1

)− 3
k+1 Γ

(
3

k+1 ,−
a2βxk+1

k+1

)
− (k + 1)e−

β
(
−a2xk+1+kz+z

)
k+1

a2b2β2 (k2 − k − 2) ,
(n+ 1)e−

λ
(
−a1xn+1+ny+y

)
n+1 − b1λxm+1

(
−a1λxn+1

n+1

)−m+1
n+1 Γ

(
m+1
n+1 ,−

a1λxn+1

n+1

)
a1b1λ2(n+ 1)(m− n)




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Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ ( a1*x^n+b1*x^m*exp(lambda*y))*diff(w(x,y,z),y)+(a2*x^k+b2*x^2*exp(beta*z)) *diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−
x−n
(
−xλ a1 xn

n+1

)−m−n−2
2n+2

(
−e

xλ a1 xn
2n+2 b1 xm(n+ 1)2 (−xλ a1 xn +m+ n+ 2)WhittakerM

(
m−n
2n+2 ,

m+2n+3
2n+2 ,−xλ a1 xn

n+1

)
+
(
−e

xλ a1 xn
2n+2 b1 xm(n+ 1) (m+ n+ 2)WhittakerM

(
m+n+2
2n+2 ,

m+2n+3
2n+2 ,−xλ a1 xn

n+1

)
+ e−

(
− a1 x xn+y(n+1)

)
λ

n+1 a1 xn
(
−xλ a1 xn

n+1

)m+n+2
2n+2 (m+ 1) (m+ 2n+ 3)

)
(m+ n+ 2)

)
a1λ (m+ 1) (m+ 2n+ 3) (m+ n+ 2) ,

(
x2 b2 e

xkxβ a2
2k+2 (k + 1)2

(
−xkxβ a2+k + 4

)
WhittakerM

(
−k+2
2k+2 ,

2k+5
2k+2 ,−

xβ a2 xk

k+1

)
+
(
x2 b2 e

xkxβ a2
2k+2 (k + 4) (k + 1)WhittakerM

(
k+4
2k+2 ,

2k+5
2k+2 ,−

xβ a2 xk

k+1

)
− 6 e−

(
−xk a2 x+z(k+1)

)
β

k+1
(
k + 5

2

)
a2
(
−xβ a2 xk

k+1

) k+4
2k+2

xk
)
(k + 4)

)(
−xβ a2 xk

k+1

)−k−4
2k+2

x−k

3 a2 β (2k2 + 13k + 20)


6.6.6.16 [1461] Problem 16

problem number 1461

Added May 18, 2019.

Problem Chapter 6.3.2.16, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

(axneλy + bxym)wx + eµywy +
(
cylzk + dypz

)
wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = (a*x^n*Exp[lambda*y] + b*x*y^m)*D[w[x, y,z], x] +Exp[mu*y]*D[w[x, y,z], y] +(c*y^L*z^k+d*y^p*z) *D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := (a*x^n*exp(lambda*y) + b*x*y^m)*diff(w(x,y,z),x)+ exp(mu*y)*diff(w(x,y,z),y)+(c*y^L*z^k+d*y^p*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
a(n− 1)

∫
e

e−
µy
2 b ym(µy)−

m
2 WhittakerM

(
m
2 ,
m
2 +1

2 ,µy
)
(n−1)−µy(−λ+µ)(m+1)

µ(m+1) dy + x1−ne
e−

µy
2 b ym(µy)−

m
2 WhittakerM

(
m
2 ,
m
2 +1

2 ,µy
)
(n−1)

µ(m+1) , c(k − 1)
∫
yLe

−µ2(p+1)y+d yp(µy)−
p
2 e−

µy
2 WhittakerM

(
p
2 ,
p
2+1

2 ,µy
)
(k−1)

µ(p+1) dy + z1−ke
d yp(µy)−

p
2 e−

µy
2 WhittakerM

(
p
2 ,
p
2+1

2 ,µy
)
(k−1)

µ(p+1)

)

6.6.6.17 [1462] Problem 17

problem number 1462

Added May 18, 2019.

Problem Chapter 6.3.2.17, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (y2 + 2aαeαx2 − a2e2αx
2)wy +

(
ce−2βx2

z2 + 2βxz + b2c
)
wz = 0
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (y^2 + 2*a*alpha*Exp[alpha*x^2]-a^2*Exp[2*alpha*x^2] )*D[w[x, y,z], y] +( c*Exp[-2*beta*x^2]*z^2 + 2*beta*x*z + b^2*c)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y,z),x)+ (y^2 + 2*a*alpha*exp(alpha*x^2)-a^2*exp(2*alpha*x^2) )*diff(w(x,y,z),y)+( c*exp(-2*beta*x^2)*z^2 + 2*beta*x*z + b^2*c)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.6.6.18 [1463] Problem 18

problem number 1463

Added May 18, 2019.

Problem Chapter 6.3.2.18, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (ae2αx2
y2 + 2αxy + ab2)wy +

(
cxβz2 + 2γxz + cd2xβe2γx

2
)
wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a*Exp[2*alpha*x^2]*y^2 + 2*alpha*x*y + a*b^2 )*D[w[x, y,z], y] +( c*x^beta*z^2 + 2*gamma*x*z + c*d^2*x^beta*Exp[2*gamma*x^2])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y,z),x)+ (a*exp(2*alpha*x^2)*y^2 + 2*alpha*x*y + a*b^2 )*diff(w(x,y,z),y)+( c*x^beta*z^2 + 2*gamma*x*z + c*d^2*x^beta*exp(2*gamma*x^2))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.6.7 4.1

Local contents
6.6.7.1 [1464] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1503
6.6.7.2 [1465] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1503
6.6.7.3 [1466] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1504
6.6.7.4 [1467] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1504
6.6.7.5 [1468] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1505
6.6.7.6 [1469] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1506
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6.6.7.1 [1464] Problem 1

problem number 1464

Added May 19, 2019.

Problem Chapter 6.4.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c sinh(λx)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*Sinh[lambda*x]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y − bx

a
, z −

∫ x

1

c sinh(λK[1])
a

dK[1]
)}}

Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+c*sinh(lambda*x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ya− bx

a
,
zaλ− c cosh (λx)

aλ

)

6.6.7.2 [1465] Problem 2

problem number 1465

Added May 19, 2019.

Problem Chapter 6.4.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b sinh(βy)wy + c sinh(λx)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Sinh[beta*y]*D[w[x, y,z], y] +c*Sinh[lambda*x]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
−bx
a

− arctanh(cosh(βy))
β

, z −
∫ x

1

c sinh(λK[1])
a

dK[1]
)}}
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Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*sinh(beta*y)*diff(w(x,y,z),y)+c*sinh(lambda*x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−xbβ − 2 arctanh

(
eβy
)
a

bβ
,
zaλ− cosh (λx) c

aλ

)

6.6.7.3 [1466] Problem 3

problem number 1466

Added May 19, 2019.

Problem Chapter 6.4.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b sinh(βy)wy + c sinh(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Sinh[beta*y]*D[w[x, y,z], y] +c*Sinh[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
−bx
a

− arctanh(cosh(βy))
β

,−cx
a

− arctanh(cosh(γz))
γ

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*sinh(beta*y)*diff(w(x,y,z),y)+c*sinh(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−xbβ − 2 arctanh

(
eβy
)
a

bβ
,
−xcγ − 2 arctanh (eγz) a

cγ

)

6.6.7.4 [1467] Problem 4

problem number 1467

Added May 19, 2019.

Problem Chapter 6.4.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a sinh(λx)wx + b sinh(βy)wy + c sinh(γz)wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*Sinh[lambda*x]*D[w[x, y,z], x] + b*Sinh[beta*y]*D[w[x, y,z], y] +c*Sinh[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
barctanh(cosh(λx))

aλ
− arctanh(cosh(βy))

β
,
carctanh(cosh(λx))

aλ
− arctanh(cosh(γz))

γ

)}}
Maple 3� �
restart;
pde := a*sinh(lambda*x)*diff(w(x,y,z),x)+ b*sinh(beta*y)*diff(w(x,y,z),y)+c*sinh(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
− ln

(
tanh

(
λx
2

))
bβ − 2a arctanh

(
eβy
)
λ

λbβ
,
− ln

(
tanh

(
λx
2

))
cγ − 2a arctanh (eγz)λ
λcγ

)

6.6.7.5 [1468] Problem 5

problem number 1468

Added May 19, 2019.

Problem Chapter 6.4.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a sinh(βy)wx + b sinh(λx)wy + c sinh(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Sinh[beta*y]*D[w[x, y,z], x] + b*Sinh[lambda*x]*D[w[x, y,z], y] +c*Sinh[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

−
γ
∫ x

1
ccsch

(
βInverseFunction

[∫#1
1 sinh(βK[1])dK[1]&

][∫ y
1 sinh(βK[1])dK[1]−

∫ x
1
b sinh(λK[2])

a
dK[2]+

∫K[3]
1

b sinh(λK[2])
a

dK[2]
])

a
dK[3] + arctanh(cosh(γz))

γ
,

∫ y

1
sinh(βK[1])dK[1]−

∫ x

1

b sinh(λK[2])
a

dK[2]




Maple 3� �
restart;
pde := a*sinh(beta*y)*diff(w(x,y,z),x)+ b*sinh(lambda*x)*diff(w(x,y,z),y)+c*sinh(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

a cosh (βy)λ− cosh (λx) bβ
λbβ

,

−cγ
∫ x 1√

cosh(λ_a)bβ−cosh(λx)bβ+(cosh(βy)−1)λa
λa

√
cosh(λ_a)bβ−cosh(λx)bβ+(cosh(βy)+1)λa

λa

d_a− 2a arctanh (eγz)

cγ


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6.6.7.6 [1469] Problem 6

problem number 1469

Added May 19, 2019.

Problem Chapter 6.4.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a sinh(βy)wx + b sinh(λx)wy + c sinh(λx) sinh(βy) sinh(γz)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = a*Sinh[beta*y]*D[w[x, y,z], x] + b*Sinh[lambda*x]*D[w[x, y,z], y] +c*Sinh[lambda*x]*Sinh[beta*y]*Sinh[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := a*sinh(beta*y)*diff(w(x,y,z),x)+ b*sinh(lambda*x)*diff(w(x,y,z),y)+c*sinh(lambda*x)*sinh(beta*y)*sinh(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
a cosh (βy)λ− cosh (λx) bβ

λbβ
,
−2a arctanh (eγz)λ− cosh (λx) cγ

λcγ

)

6.6.8 4.2

Local contents
6.6.8.1 [1470] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1506
6.6.8.2 [1471] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1507
6.6.8.3 [1472] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1508
6.6.8.4 [1473] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1508
6.6.8.5 [1474] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1509
6.6.8.6 [1475] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1509

6.6.8.1 [1470] Problem 1

problem number 1470

Added May 19, 2019.

Problem Chapter 6.4.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c cosh(βx)wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*Cosh[beta*x]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y − bx

a
, z −

∫ x

1

c cosh(βK[1])
a

dK[1]
)}}

Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+c*cosh(beta*x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ya− bx

a
,
zaβ − c sinh (βx)

aβ

)

6.6.8.2 [1471] Problem 2

problem number 1471

Added May 19, 2019.

Problem Chapter 6.4.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b cosh(βx)wy + c cosh(λx)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Cosh[beta*x]*D[w[x, y,z], y] +c*Cosh[lambda*x]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y −

∫ x

1

b cosh(βK[1])
a

dK[1], z −
∫ x

1

c cosh(λK[2])
a

dK[2]
)}}

Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*cosh(beta*x)*diff(w(x,y,z),y)+c*cosh(lambda*x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
yaβ − b sinh (βx)

aβ
,
zaλ− c sinh (λx)

aλ

)
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6.6.8.3 [1472] Problem 3

problem number 1472

Added May 19, 2019.

Problem Chapter 6.4.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b cosh(βy)wy + c cosh(λx)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Cosh[beta*y]*D[w[x, y,z], y] +c*Cosh[lambda*x]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
−bx
a

− cot−1(sinh(βy))
β

, z −
∫ x

1

c cosh(λK[1])
a

dK[1]
)}}

Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*cosh(beta*y)*diff(w(x,y,z),y)+c*cosh(lambda*x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−bβx+ 2arctan

(
eβy
)
a

bβ
,
zaλ− c sinh (λx)

aλ

)

6.6.8.4 [1473] Problem 4

problem number 1473

Added May 19, 2019.

Problem Chapter 6.4.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b cosh(βy)wy + c cosh(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Cosh[beta*y]*D[w[x, y,z], y] +c*Cosh[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
−bx
a

− cot−1(sinh(βy))
β

,−cx
a

− cot−1(sinh(γz))
γ

)}}
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Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*cosh(beta*y)*diff(w(x,y,z),y)+c*cosh(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−bβx+ 2arctan

(
eβy
)
a

bβ
,
−cγx+ 2arctan (eγz) a

cγ

)

6.6.8.5 [1474] Problem 5

problem number 1474

Added May 19, 2019.

Problem Chapter 6.4.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a cosh(λx)wx + b cosh(βy)wy + c cosh(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Cosh[lambda*x]*D[w[x, y,z], x] + b*Cosh[beta*y]*D[w[x, y,z], y] +c*Cosh[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
b cot−1(sinh(λx))

aλ
− cot−1(sinh(βy))

β
,
c cot−1(sinh(λx))

aλ
− cot−1(sinh(γz))

γ

)}}
Maple 3� �
restart;
pde := a*cosh(lambda*x)*diff(w(x,y,z),x)+ b*cosh(beta*y)*diff(w(x,y,z),y)+c*cosh(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
2a arctan

(
eβy
)
λ− arctan (sinh (λx)) bβ
λbβ

,
2a arctan (eγz)λ− arctan (sinh (λx)) cγ

λcγ

)

6.6.8.6 [1475] Problem 6

problem number 1475

Added May 19, 2019.

Problem Chapter 6.4.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a cosh(βy)wx + b cosh(λx)wy + c cosh(γz)wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*Cosh[beta*y]*D[w[x, y,z], x] + b*Cosh[lambda*x]*D[w[x, y,z], y] +c*Cosh[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
w(x, y, z) → c1

∫ y

1
cosh(βK[1])dK[1]−

∫ x

1

b cosh(λK[2])
a

dK[2],−
γ
∫ x

1
csech

(
βInverseFunction

[∫#1
1 cosh(βK[1])dK[1]&

][∫ y
1 cosh(βK[1])dK[1]−

∫ x
1
b cosh(λK[2])

a
dK[2]+

∫K[3]
1

b cosh(λK[2])
a

dK[2]
])

a
dK[3] + cot−1(sinh(γz))

γ

w(x, y, z) → c1

∫ y

1
cosh(βK[1])dK[1]−

∫ x

1

b cosh(λK[2])
a

dK[2], cot
−1(sinh(γz))

γ
−
∫ x

1

csech
(
βInverseFunction

[∫ #1
1 cosh(βK[1])dK[1]&

] [∫ y

1 cosh(βK[1])dK[1]−
∫ x

1
b cosh(λK[2])

a
dK[2] +

∫ K[3]
1

b cosh(λK[2])
a

dK[2]
])

a
dK[3]


Maple 3� �
restart;
pde := a*cosh(beta*y)*diff(w(x,y,z),x)+ b*cosh(lambda*x)*diff(w(x,y,z),y)+c*cosh(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.6.9 4.3

Local contents
6.6.9.1 [1476] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1510
6.6.9.2 [1477] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1511
6.6.9.3 [1478] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1511
6.6.9.4 [1479] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1512
6.6.9.5 [1480] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1513
6.6.9.6 [1481] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1513

6.6.9.1 [1476] Problem 1

problem number 1476

Added May 19, 2019.

Problem Chapter 6.4.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c tanh(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*Tanh[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y − bx

a
,
log(sinh(γz))

γ
− cx

a

)}}
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Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+c*tanh(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

ay − bx

a
,

−xcγ + ln
(
− tanh(γz)√

− sech(γz)2

)
a

cγ


6.6.9.2 [1477] Problem 2

problem number 1477

Added May 19, 2019.

Problem Chapter 6.4.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b tanh(βx)wy + c tanh(λx)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Tanh[beta*x]*D[w[x, y,z], y] +c*Tanh[lambda*x]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y − b log(cosh(βx))

aβ
, z − c log(cosh(λx))

aλ

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*tanh(beta*x)*diff(w(x,y,z),y)+c*tanh(lambda*x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
yaβ − b ln (cosh (βx))

aβ
,
zaλ− c ln (cosh (λx))

aλ

)

6.6.9.3 [1478] Problem 3

problem number 1478

Added May 19, 2019.

Problem Chapter 6.4.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b tanh(βy)wy + c tanh(λx)wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Tanh[beta*y]*D[w[x, y,z], y] +c*Tanh[lambda*x]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
z − c log(cosh(λx))

aλ
,
log(sinh(βy))

β
− bx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*tanh(beta*y)*diff(w(x,y,z),y)+c*tanh(lambda*x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1


−xbβ + ln

(
− tanh(βy)√

− sech(βy)2

)
a

bβ
,
zaλ− c ln (cosh (λx))

aλ


6.6.9.4 [1479] Problem 4

problem number 1479

Added May 19, 2019.

Problem Chapter 6.4.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b tanh(βy)wy + c tanh(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Tanh[beta*y]*D[w[x, y,z], y] +c*Tanh[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
log(sinh(γz))

γ
− cx

a
,
log(sinh(βy))

β
− b log(sinh(γz))

cγ

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*tanh(beta*y)*diff(w(x,y,z),y)+c*tanh(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z),'build')),output='realtime'));� �

w(x, y, z) = f1


−xbβ + ln

(
− tanh(βy)√

− sech(βy)2

)
a

bβ
,

−xcγ + ln
(
− tanh(γz)√

− sech(γz)2

)
a

cγ


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6.6.9.5 [1480] Problem 5

problem number 1480

Added May 19, 2019.

Problem Chapter 6.4.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a tanh(λx)wx + b tanh(βy)wy + c tanh(γz)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = a*Tanh[lambda*x]*D[w[x, y,z], x] + b*Tanh[beta*y]*D[w[x, y,z], y] +c*Tanh[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := a*tanh(lambda*x)*diff(w(x,y,z),x)+ b*tanh(beta*y)*diff(w(x,y,z),y)+c*tanh(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z),'build')),output='realtime'));� �

w(x, y, z) = f1

(
−bβ ln

(
e2λx − 1

)
+ ln (i sinh (βy)) aλ+ bβ(λx+ ln (2))

λbβ
,
−cγ ln

(
e2λx − 1

)
+ ln (i sinh (γz)) aλ+ cγ(λx+ ln (2))

λcγ

)

6.6.9.6 [1481] Problem 6

problem number 1481

Added May 19, 2019.

Problem Chapter 6.4.3.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a tanh(βy)wx + b tanh(λx)wy + c tanh(γz)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = a*Tanh[beta*y]*D[w[x, y,z], x] + b*Tanh[lambda*x]*D[w[x, y,z], y] +c*Tanh[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := a*tanh(beta*y)*diff(w(x,y,z),x)+ b*tanh(lambda*x)*diff(w(x,y,z),y)+c*tanh(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z),'build')),output='realtime'));� �

w(x, y, z) = f1


−bβ ln

(
e2λx + 1

)
+ ln (cosh (βy)) aλ+ bβ(λx+ ln (2))

λbβ
,

ln

 tanh(γz)√√√√√
−e

2
∫ x 1√

1−sech(βy)2e
2bβ(−x+_a)

a
(
e2λx+1

) 2bβ
aλ

(
e2λ_a+1

)− 2bβ
aλ

d_acγ

a sech(γz)2

 a

cγ



6.6.10 4.4

Local contents
6.6.10.1 [1482] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1514
6.6.10.2 [1483] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1515
6.6.10.3 [1484] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1515
6.6.10.4 [1485] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1516
6.6.10.5 [1486] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1517
6.6.10.6 [1487] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1517

6.6.10.1 [1482] Problem 1

problem number 1482

Added May 19, 2019.

Problem Chapter 6.4.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c coth(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*Coth[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y − bx

a
,
log(cosh(γz))

γ
− cx

a

)}}
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Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+c*coth(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−ay + bx

b
,
−2ycγ + b ln

(
coth(γz)2
coth(γz)−1

)
− b ln (coth (γz) + 1)

2cγ


6.6.10.2 [1483] Problem 2

problem number 1483

Added May 19, 2019.

Problem Chapter 6.4.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b coth(βx)wy + c coth(λx)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Coth[beta*x]*D[w[x, y,z], y] +c*Coth[lambda*x]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y − b log(sinh(βx))

aβ
, z − c log(sinh(λx))

aλ

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*coth(beta*x)*diff(w(x,y,z),y)+c*coth(lambda*x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
yaβ − b ln (sinh (βx))

aβ
,
zaλ− ln (sinh (λx)) c

aλ

)

6.6.10.3 [1484] Problem 3

problem number 1484

Added May 19, 2019.

Problem Chapter 6.4.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b coth(βy)wy + c coth(λx)wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Coth[beta*y]*D[w[x, y,z], y] +c*Coth[lambda*x]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
log(cosh(βy))

β
− bx

a
, z − c log(sinh(λx))

aλ

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*coth(beta*y)*diff(w(x,y,z),y)+c*coth(lambda*x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
xbβ − a ln (cosh (βy))

bβ
,
zaλ− c ln (sinh (λx))

aλ

)

6.6.10.4 [1485] Problem 4

problem number 1485

Added May 19, 2019.

Problem Chapter 6.4.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b coth(βy)wy + c coth(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Coth[beta*y]*D[w[x, y,z], y] +c*Coth[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
log(cosh(γz))

γ
− cx

a
,
log(cosh(βy))

β
− b log(cosh(γz))

cγ

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*coth(beta*y)*diff(w(x,y,z),y)+c*coth(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
xbβ − a ln (cosh (βy))

bβ
,
−cγ ln

(
e2βy + 1

)
+ ln (cosh (γz)) bβ + cγ(βy + ln (2))

βcγ

)
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6.6.10.5 [1486] Problem 5

problem number 1486

Added May 19, 2019.

Problem Chapter 6.4.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a coth(λx)wx + b coth(βy)wy + c coth(γz)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = a*Coth[lambda*x]*D[w[x, y,z], x] + b*Coth[beta*y]*D[w[x, y,z], y] +c*Coth[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := a*coth(lambda*x)*diff(w(x,y,z),x)+ b*coth(beta*y)*diff(w(x,y,z),y)+c*coth(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z),'build')),output='realtime'));� �

w(x, y, z) = f1

(
−bβ ln

(
e2λx + 1

)
+ ln (cosh (βy)) aλ+ bβ(λx+ ln (2))

λbβ
,
−cγ ln

(
e2λx + 1

)
+ ln (− cosh (γz)) aλ+ cγ(λx+ ln (2))

λcγ

)

6.6.10.6 [1487] Problem 6

problem number 1487

Added May 19, 2019.

Problem Chapter 6.4.4.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a coth(βy)wx + b coth(λx)wy + c coth(γz)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = a*Coth[beta*y]*D[w[x, y,z], x] + b*Coth[lambda*x]*D[w[x, y,z], y] +c*Coth[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := a*coth(beta*y)*diff(w(x,y,z),x)+ b*coth(lambda*x)*diff(w(x,y,z),y)+c*coth(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z),'build')),output='realtime'));� �

w(x, y, z) = f1

−bβ ln
(
e2λx − 1

)
+ ln (i sinh (βy)) aλ+ bβ(λx+ ln (2))

λbβ
,

−2
∫ x 1√

1+csch(βy)2e
2bβ(−x+_a)

a
(
e2λx−1

) 2bβ
aλ
(
e2λ_a−1

)− 2bβ
aλ

d_acγ − a
(
ln (coth (γz) + 1)− ln

(
coth(γz)2
coth(γz)−1

))
2cγ



6.6.11 4.5

Local contents
6.6.11.1 [1488] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1518
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6.6.11.3 [1490] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1519
6.6.11.4 [1491] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1520
6.6.11.5 [1492] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1521
6.6.11.6 [1493] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1521

6.6.11.1 [1488] Problem 1

problem number 1488

Added May 19, 2019.

Problem Chapter 6.4.5.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a sinh(λx)wx + b sinh(βy)wy + c cosh(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Sinh[lambda*x]*D[w[x, y,z], x] + b*Sinh[beta*y]*D[w[x, y,z], y] +c*Cosh[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
carctanh(cosh(λx))

aλ
− cot−1(sinh(γz))

γ
,
barctanh(cosh(λx))

aλ
− arctanh(cosh(βy))

β

)}}
Maple 3� �
restart;
pde := a*sinh(lambda*x)*diff(w(x,y,z),x)+ b*sinh(beta*y)*diff(w(x,y,z),y)+c*cosh(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
− ln

(
tanh

(
λx
2

))
bβ − 2a arctanh

(
eβy
)
λ

λbβ
,
2a arctan (eγz)λ− ln

(
tanh

(
λx
2

))
cγ

λcγ

)
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6.6.11.2 [1489] Problem 2

problem number 1489

Added May 19, 2019.

Problem Chapter 6.4.5.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a sinh(λx)wx + b cosh(βy)wy + c cosh(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Sinh[lambda*x]*D[w[x, y,z], x] + b*Cosh[beta*y]*D[w[x, y,z], y] +c*Cosh[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
barctanh(cosh(λx))

aλ
− cot−1(sinh(βy))

β
,
carctanh(cosh(λx))

aλ
− cot−1(sinh(γz))

γ

)}}
Maple 3� �
restart;
pde := a*sinh(lambda*x)*diff(w(x,y,z),x)+ b*cosh(beta*y)*diff(w(x,y,z),y)+c*cosh(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
2a arctan

(
eβy
)
λ− ln

(
tanh

(
λx
2

))
bβ

λbβ
,
2a arctan (eγz)λ− ln

(
tanh

(
λx
2

))
cγ

λcγ

)

6.6.11.3 [1490] Problem 3

problem number 1490

Added May 19, 2019.

Problem Chapter 6.4.5.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a sinh(βy)wx + b sinh(λx)wy + c sinh(λx) sinh(βy) cosh(γz)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = a*Sinh[beta*y]*D[w[x, y,z], x] + b*Sinh[lambda*x]*D[w[x, y,z], y] +c*Sinh[lambda*x]*Sinh[beta*y]*Cosh[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := a*sinh(beta*y)*diff(w(x,y,z),x)+ b*sinh(lambda*x)*diff(w(x,y,z),y)+c*sinh(lambda*x)*sinh(beta*y)*cosh(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
a cosh (βy)λ− cosh (λx) bβ

λbβ
,
2a arctan (eγz)λ− cosh (λx) cγ

λcγ

)

6.6.11.4 [1491] Problem 4

problem number 1491

Added May 19, 2019.

Problem Chapter 6.4.5.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a cosh(βy)wx + b tanh(λx)wy + c cosh(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Cosh[beta*y]*D[w[x, y,z], x] + b*Tanh[lambda*x]*D[w[x, y,z], y] +c*Cosh[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
w(x, y, z) → c1

∫ y

1
cosh(βK[1])dK[1]− b log(cosh(λx))

aλ
,−

γ
∫ x

1
csech

(
βInverseFunction

[∫#1
1 cosh(βK[1])dK[1]&

][
b(log(cosh(λK[2]))−log(cosh(λx)))

aλ
+
∫ y
1 cosh(βK[1])dK[1]

])
a

dK[2] + cot−1(sinh(γz))
γ

w(x, y, z) → c1

∫ y

1
cosh(βK[1])dK[1]− b log(cosh(λx))

aλ
,
cot−1(sinh(γz))

γ
−
∫ x

1

csech
(
βInverseFunction

[∫ #1
1 cosh(βK[1])dK[1]&

] [
b(log(cosh(λK[2]))−log(cosh(λx)))

aλ
+
∫ y

1 cosh(βK[1])dK[1]
])

a
dK[2]


Maple 3� �
restart;
pde := a*cosh(beta*y)*diff(w(x,y,z),x)+ b*tanh(lambda*x)*diff(w(x,y,z),y)+c*cosh(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

− ln (cosh (λx)) bβ + a sinh (βy)λ
λbβ

,

−cγ
∫ x 1√

ln(cosh(λ_a))2b2β2−2 ln(cosh(λ_a)) ln(cosh(λx))b2β2+2 ln(cosh(λ_a)) sinh(βy)abβλ+ln(cosh(λx))2b2β2−2 ln(cosh(λx)) sinh(βy)abβλ+a2 cosh(βy)2λ2
a2λ2

d_a+ 2a arctan (eγz)

cγ


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6.6.11.5 [1492] Problem 5

problem number 1492

Added May 19, 2019.

Problem Chapter 6.4.5.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a coth(βy)wx + b tanh(λx)wy + c tanh(γz)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = a*Coth[beta*y]*D[w[x, y,z], x] + b*Tanh[lambda*x]*D[w[x, y,z], y] +c*Tanh[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := a*coth(beta*y)*diff(w(x,y,z),x)+ b*tanh(lambda*x)*diff(w(x,y,z),y)+c*tanh(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z),'build')),output='realtime'));� �

w(x, y, z) = f1


−bβ ln

(
e2λx + 1

)
+ ln (i sinh (βy)) aλ+ bβ(λx+ ln (2))

λbβ
,

ln

 tanh(γz)√√√√√
−e

2
∫ x 1√

1+csch(βy)2e
2bβ(−x+_a)

a
(
e2λx+1

) 2bβ
aλ

(
e2λ_a+1

)− 2bβ
aλ

d_acγ

a sech(γz)2

 a

cγ


6.6.11.6 [1493] Problem 6

problem number 1493

Added May 19, 2019.

Problem Chapter 6.4.5.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a coth(βy)wx + b tanh(λx)wy + c coth(γz)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = a*Coth[beta*y]*D[w[x, y,z], x] + b*Tanh[lambda*x]*D[w[x, y,z], y] +c*Coth[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := a*coth(beta*y)*diff(w(x,y,z),x)+ b*tanh(lambda*x)*diff(w(x,y,z),y)+c*coth(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z),'build')),output='realtime'));� �

w(x, y, z) = f1

−bβ ln
(
e2λx + 1

)
+ ln (i sinh (βy))λa+ bβ(λx+ ln (2))

λbβ
,

−2
∫ x 1√

1+csch(βy)2e
2bβ(−x+_a)

a
(
e2λx+1

) 2bβ
λa
(
e2λ_a+1

)− 2bβ
λa

d_acγ − a
(
ln (coth (γz) + 1)− ln

(
coth(γz)2
coth(γz)−1

))
2cγ



6.6.12 5.1

Local contents
6.6.12.1 [1494] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1522
6.6.12.2 [1495] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1523
6.6.12.3 [1496] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1523
6.6.12.4 [1497] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1524

6.6.12.1 [1494] Problem 1

problem number 1494

Added May 26, 2019.

Problem Chapter 6.5.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c ln(βy) ln(λz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*Log[beta*y]*Log[lambda*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y − bx

a
,

∫ z

1

1
log(λK[1])dK[1] + cx

a
− cy log(βy)

b

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+c*ln(beta*y)*ln(lambda*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−ya+ bx

b
,
−b Ei1 (− ln (λz))− ycλ(ln (βy)− 1)

cλ

)
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6.6.12.2 [1495] Problem 2

problem number 1495

Added May 26, 2019.

Problem Chapter 6.5.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b ln(βx)wy + c ln(λx)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Log[beta*x]*D[w[x, y,z], y] +c*Log[lambda*x]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
ay − bx log(βx) + bx

a
,
az − cx log(λx) + cx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*ln(beta*x)*diff(w(x,y,z),y)+c*ln(lambda*x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−x ln (βx) b+ ya+ xb

a
,
− ln (λx)xc+ za+ xc

a

)

6.6.12.3 [1496] Problem 3

problem number 1496

Added May 26, 2019.

Problem Chapter 6.5.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b ln(βx) ln(λy)wy + c ln(µx) ln(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Log[beta*x]*Log[lambda*y]*D[w[x, y,z], y] +c*Log[mu*x]*Log[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
a
∫ y

1
1

log(λK[1])dK[1]− bx log(βx) + bx

a
,
a
∫ z

1
1

log(γK[2])dK[2]− cx log(µx) + cx

a

)}}
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Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*ln(beta*x)*ln(lambda*y)*diff(w(x,y,z),y)+c*ln(mu*x)*ln(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

a Ei1 (− ln (λy)) + xbλ(ln (βx)− 1)
λa

,−

(
(a Ei1 (− ln (γz)) + cxγ(ln (βx)− 1)) LambertW (βx(ln (βx)− 1) e−1) + ln

(
µ
β

)
cγx(ln (βx)− 1)

)
b

aLambertW (βx (ln (βx)− 1) e−1) cγ


6.6.12.4 [1497] Problem 4

problem number 1497

Added May 26, 2019.

Problem Chapter 6.5.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a ln(βx)wx + b ln(λy)wy + c ln(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Log[beta*x]*D[w[x, y,z], x] + b*Log[lambda*y]*D[w[x, y,z], y] +c*Log[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(∫ y

1

1
log(λK[1])dK[1]−

∫ x

1

b

a log(βK[2])dK[2],
∫ z

1

1
log(γK[3])dK[3]−

∫ x

1

c

a log(βK[4])dK[4]
)}}

Maple 3� �
restart;
pde := a*ln(beta*x)*diff(w(x,y,z),x)+ b*ln(lambda*y)*diff(w(x,y,z),y)+c*ln(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
−a Ei1 (− ln (λy)) β + Ei1 (− ln (βx)) bλ

βbλ
,
−a Ei1 (− ln (γz)) β + Ei1 (− ln (βx)) cγ

βcγ

)
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6.6.13 5.2

Local contents
6.6.13.1 [1498] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1525
6.6.13.2 [1499] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1525
6.6.13.3 [1500] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1526
6.6.13.4 [1501] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1527
6.6.13.5 [1502] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1527
6.6.13.6 [1503] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1528

6.6.13.1 [1498] Problem 1

problem number 1498

Added May 26, 2019.

Problem Chapter 6.5.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + axnwy + b lnk(λx)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*x^n*D[w[x, y,z], y] +b*Log[lambda*x]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
−axn+1 + ny + y

n+ 1 , z −
∫ x

1
b logk(λK[1])dK[1]

)}}
Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ a*x^n*diff(w(x,y,z),y)+b*ln(lambda*x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a xn+1 + y(n+ 1)

n+ 1 ,−bx ln (λx) + bx+ z

)

6.6.13.2 [1499] Problem 2

problem number 1499

Added May 26, 2019.

Problem Chapter 6.5.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (ay + c lnk(λx))wy + (bz + s lnn(λx))wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a*y+c*Log[lambda*x]^k)*D[w[x, y,z], y] +(b*z+s*Log[lambda*x]^n)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
ye−ax −

∫ x

1
ce−aK[1](log(λ) + log(K[1]))kdK[1], ze−bx −

∫ x

1
e−bK[2]s(log(λ) + log(K[2]))ndK[2]

)}}
Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ (a*y+c*ln(lambda*x)^k)*diff(w(x,y,z),y)+(b*z+s*log(lambda*x)^n)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−c
∫

ln (λx)k e−axdx+ e−axy, e−bxz − s

∫
ln (λx)n e−bxdx

)

6.6.13.3 [1500] Problem 3

problem number 1500

Added May 26, 2019.

Problem Chapter 6.5.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

axwx + bywy + (c lnn(λx) + s lnk(βy))wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y,z], x] + b*y*D[w[x, y,z], y] +(c*Log[lambda*x]^n+s*Log[beta*y]^k)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
yx−

b
a ,−c log

n+1(λx)
an+ a

− s logk+1(βy)
bk + b

+ z

)}}
Maple 3� �
restart;
pde := a*x*diff(w(x,y,z),x)+ b*y*diff(w(x,y,z),y)+(c*ln(lambda*x)^n+s*ln(beta*y)^k)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

y x− b
a ,

(
iπ
(
csgn (iy) csgn

(
ix

b
a

)
− 1
)
csgn

(
iy x−

b
a

)
− 2 ln

(
y x−

b
a

)
− iπ csgn

(
ix

b
a

)
− 2 ln

(
x
b
a

)
+ iπ(csgn (iβ) csgn (iy) + 1) csgn (iβy)− iπ csgn (iβ)− 2 ln (β)

)
a(n+ 1) s

(
−

iπ
(
csgn(iy) csgn

(
ix
b
a

)
−1
)
csgn

(
iy x− b

a

)
2 + ln

(
y x−

b
a

)
+

iπ csgn
(
ix
b
a

)
2 + ln

(
x
b
a

)
− iπ(csgn(iβ) csgn(iy)+1) csgn(iβy)

2 + iπ csgn(iβ)
2 + ln (β)

)k

+
(
c(iπ(csgn (iλ) csgn (ix) + 1) csgn (iλx)− iπ csgn (ix)− iπ csgn (iλ)− 2 ln (x)− 2 ln (λ))

(
− iπ(csgn(iλ) csgn(ix)+1) csgn(iλx)

2 + iπ csgn(ix)
2 + iπ csgn(iλ)

2 + ln (x) + ln (λ)
)n

+ 2az(n+ 1)
)
b(k + 1)

2a (n+ 1) b (k + 1)


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6.6.13.4 [1501] Problem 4

problem number 1501

Added May 26, 2019.

Problem Chapter 6.5.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

ax ln(λx)wx + by ln(βy)wy + cz ln(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*Log[lambda*x]*D[w[x, y,z], x] + b*y*Log[beta*y]*D[w[x, y,z], y] +c*Log[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
log
(
(log(β) + log(y))(log(λ) + log(x))− b

a

)
,

∫ z

1

1
log(γK[1])dK[1]− c log(log(λx))

a

)}}
Maple 3� �
restart;
pde := a*x*ln(lambda*x)*diff(w(x,y,z),x)+ b*y*ln(beta*y)*diff(w(x,y,z),y)+c*ln(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ln (ln (λx)) b− ln (ln (βy)) a

a
,
− ln (ln (βy)) cγ − b Ei1 (− ln (γz))

cγ

)

6.6.13.5 [1502] Problem 5

problem number 1502

Added May 26, 2019.

Problem Chapter 6.5.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

ax ln(λx)wx + by ln(βy)wy + cz ln(γx)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*Log[lambda*x]*D[w[x, y,z], x] + b*y*Log[beta*y]*D[w[x, y,z], y] +c*Log[gamma*x]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
log
(
(log(β) + log(y))(log(λ) + log(x))− b

a

)
, z −

∫ x

1

c log(γK[1])
aK[1] log(λK[1])dK[1]

)}}
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Maple 3� �
restart;
pde := a*x*ln(lambda*x)*diff(w(x,y,z),x)+ b*y*ln(beta*y)*diff(w(x,y,z),y)+c*ln(gamma*x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
ln (ln (βy)) a− ln (ln (λx)) b

b
,
−c(ln (γx)− ln (λx)) ln (ln (λx)) + za− c ln (λx)

a

)

6.6.13.6 [1503] Problem 6

problem number 1503

Added May 26, 2019.

Problem Chapter 6.5.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

ax lnn(x)wx + by lnm(y)wy + cz lnk(z)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*Log[x]^n*D[w[x, y,z], x] + b*y*Log[y]^m*D[w[x, y,z], y] +c*z*Log[z]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

b log1−n(x)
a(n− 1) − (m− 1)

1
m−1 log(y)

(
(m− 1)

1
1−m

log(y)

)m

,
c log1−n(x)
a(n− 1) − (k − 1)

1
k−1 log(z)

(
(k − 1)

1
1−k

log(z)

)k



Maple 3� �
restart;
pde := a*x*ln(x)^n*diff(w(x,y,z),x)+ b*y*ln(y)^m*diff(w(x,y,z),y)+c*z*ln(z)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
b(−1 +m) ln (x)1−n − a ln (y)1−m (−1 + n)

b (−1 + n) (−1 +m) ,
c(−1 + k) ln (x)1−n − a ln (z)1−k (−1 + n)

c (−1 + n) (−1 + k)

)
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6.6.14 6.1

Local contents
6.6.14.1 [1504] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1529
6.6.14.2 [1505] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1529
6.6.14.3 [1506] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1530
6.6.14.4 [1507] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1531
6.6.14.5 [1508] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1531

6.6.14.1 [1504] Problem 1

problem number 1504

Added May 26, 2019.

Problem Chapter 6.6.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c sin(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*Sin[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y − bx

a
,−cx

a
− arctanh(cos(γz))

γ

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+c*sin(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
xcγ + a ln (csc (γz) + cot (γz))

cγ
,
ycγ + b ln (csc (γz) + cot (γz))

cγ

)

6.6.14.2 [1505] Problem 2

problem number 1505

Added May 26, 2019.

Problem Chapter 6.6.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b sin(βy)wy + c sin(λx)wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Sin[beta*y]*D[w[x, y,z], y] +c*Sin[lambda*x]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
−bx
a

− arctanh(cos(βy))
β

, z −
∫ x

1

c sin(λK[1])
a

dK[1]
)}}

Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*sin(beta*y)*diff(w(x,y,z),y)+c*sin(lambda*x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
xbβ + a ln (csc (βy) + cot (βy))

bβ
,
zλa+ c cos (λx)

λa

)

6.6.14.3 [1506] Problem 3

problem number 1506

Added May 26, 2019.

Problem Chapter 6.6.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b sin(βy)wy + c sin(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Sin[beta*y]*D[w[x, y,z], y] +c*Sin[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
−bx
a

− arctanh(cos(βy))
β

,−cx
a

− arctanh(cos(γz))
γ

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*sin(beta*y)*diff(w(x,y,z),y)+c*sin(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1(x) f2(y) f3(z)where

[{
d

dx
f1(x) = _c1f1(x) ,

d

dy
f2(y) = _c2f2(y) csc (βy) ,

d

dz
f3(z) = −f3(z) (a_c1 + b_c2) csc (γz)

c

}]
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6.6.14.4 [1507] Problem 4

problem number 1507

Added May 26, 2019.

Problem Chapter 6.6.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b sin(λx) sin(βy)wy + cwz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Sin[lambda*x]*Sin[beta*y]*D[w[x, y,z], y] +c*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*sin(lambda*x)*sin(beta*y)*diff(w(x,y,z),y)+c*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1


ln (csc (βy) + cot (βy)) aλ− cos (λx) bβ

βaλ
,

zbβ
√

a2λ2

b2β2 + c csgn (sin (λx)) arctan

√
a2λ2
b2β2 bβ cot(λx)

aλ


√

a2λ2

b2β2 bβ


6.6.14.5 [1508] Problem 5

problem number 1508

Added May 26, 2019.

Problem Chapter 6.6.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b sinn(λx) sinm(βy)wy + c sink(µx) sinr(γ ∗ z)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Sin[lambda*x]^n*Sin[beta*y]^m*D[w[x, y,z], y] +c*Sin[mu*x]^k*Sin[gamma*z]^r*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(√
cos2(βy) sec(βy) sin1−m(βy)Hypergeometric2F1

(1
2 ,

1−m
2 , 3−m

2 , sin2(βy)
)

β − βm
−
b
√
cos2(λx) sec(λx) sinn+1(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , sin2(λx)
)

aλn+ aλ
,

√
cos2(γz) sec(γz) sin1−r(γz)Hypergeometric2F1

(1
2 ,

1−r
2 , 3−r

2 , sin2(γz)
)

γ − γr
−
c
√

cos2(µx) sec(µx) sink+1(µx)Hypergeometric2F1
(1
2 ,

k+1
2 , k+3

2 , sin2(µx)
)

akµ+ aµ

)}}



chapter 6. handbook of first order partial differential . . . 1532

Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*sin(lambda*x)^n*sin(beta*y)^m*diff(w(x,y,z),y)+c*sin(mu*x)^k*sin(gamma*z)^r*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
∫

sin (λx)n dx+ a
∫
sin (βy)−m dy

b
,−
∫

sin (µx)k dx+ a
∫
sin (γz)−r dz

c

)

6.6.15 6.2

Local contents
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6.6.15.1 [1509] Problem 1

problem number 1509

Added May 26, 2019.

Problem Chapter 6.6.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c cos(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*Cos[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y − bx

a
,
coth−1(sin(γz))

γ
− cx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+c*cos(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
xcγ − a ln (sec (γz) + tan (γz))

cγ
,
ycγ − b ln (sec (γz) + tan (γz))

cγ

)
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6.6.15.2 [1510] Problem 2

problem number 1510

Added May 26, 2019.

Problem Chapter 6.6.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b cos(βy)wy + c cos(λx)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Cos[beta*y]*D[w[x, y,z], y] +c*Cos[lambda*x]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
coth−1(sin(βy))

β
− bx

a
, z −

∫ x

1

c cos(λK[1])
a

dK[1]
)}}

Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*cos(beta*y)*diff(w(x,y,z),y)+c*cos(lambda*x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
xbβ − a ln (sec (βy) + tan (βy))

bβ
,
zaλ− c sin (λx)

aλ

)

6.6.15.3 [1511] Problem 3

problem number 1511

Added May 26, 2019.

Problem Chapter 6.6.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b cos(βy)wy + c cos(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Cos[beta*y]*D[w[x, y,z], y] +c*Cos[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
coth−1(sin(βy))

β
− bx

a
,
coth−1(sin(γz))

γ
− cx

a

)}}
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Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*cos(beta*y)*diff(w(x,y,z),y)+c*cos(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1(x) f2(y) f3(z)where

[{
d

dx
f1(x) = _c1f1(x) ,

d

dy
f2(y) = f2(y) sec (βy)_c2,

d

dz
f3(z) = −f3(z) sec (γz) (a_c1 + _c2b)

c

}]

6.6.15.4 [1512] Problem 4

problem number 1512

Added May 26, 2019.

Problem Chapter 6.6.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b cos(βy)wy + c cos(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Cos[beta*y]*D[w[x, y,z], y] +c*Cos[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
coth−1(sin(βy))

β
− bx

a
,
coth−1(sin(γz))

γ
− cx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*cos(beta*y)*diff(w(x,y,z),y)+c*cos(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1(x) f2(y) f3(z)where

[{
d

dx
f1(x) = _c1f1(x) ,

d

dy
f2(y) = f2(y) sec (βy)_c2,

d

dz
f3(z) = −f3(z) sec (γz) (a_c1 + _c2b)

c

}]

6.6.15.5 [1513] Problem 5

problem number 1513

Added May 26, 2019.

Problem Chapter 6.6.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b cosn(λx) cosm(βy)wy + c cosk(µx) cosr(γ ∗ z)wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Cos[lambda*x]^n*Cos[beta*y]^m*D[w[x, y,z], y] +c*Cos[mu*x]^k*Cos[gamma*z]^r*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
b
√
sin2(λx) csc(λx) cosn+1(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)

aλn+ aλ
+
√

sin2(βy) csc(βy) cos1−m(βy)Hypergeometric2F1
(1
2 ,

1−m
2 , 3−m

2 , cos2(βy)
)

β(m− 1) ,
c
√

sin2(µx) csc(µx) cosk+1(µx)Hypergeometric2F1
(1
2 ,

k+1
2 , k+3

2 , cos2(µx)
)

akµ+ aµ
+
√
sin2(γz) csc(γz) cos1−r(γz)Hypergeometric2F1

(1
2 ,

1−r
2 , 3−r

2 , cos2(γz)
)

γ(r − 1)

)}}

Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*cos(lambda*x)^n*cos(beta*y)^m*diff(w(x,y,z),y)+c*cos(mu*x)^k*cos(gamma*z)^r*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
∫

cos (λx)n dx+ a
∫
cos (βy)−m dy

b
,−
∫

cos (µx)k dx+ a
∫
cos (γz)−r dz

c

)

6.6.16 6.3

Local contents
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6.6.16.5 [1518] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1538

6.6.16.1 [1514] Problem 1

problem number 1514

Added May 26, 2019.

Problem Chapter 6.6.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c tan(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*Tan[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y − bx

a
,
log(sin(γz))

γ
− cx

a

)}}
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Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+c*tan(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ay − bx

a
,
−xcγ + ln (csgn (sec (γz)) sin (γz)) a

cγ

)
Hand solution

Solve
awx + bwy + c tan (γz)wz = 0 (1)

Using Lagrange-charpit

dx

a
= dy

b
= dz

c tan (γz) = dw

0

From first two pair of equation we obtain b
a
x − y = C1 and from dx

a
= dz

c tan(γz) we obtain
c
a
x − 1

γ
ln (sin (γz)) = C2. Since dw = 0 and w = C3. Where C1, C2, C3 are constants. But

C3 = F (C1, C2) where F is arbitrary function. Hence

u(x, y, z) = F

(
b

a
x− y,

c

a
x− 1

γ
ln (sin (γz))

)

6.6.16.2 [1515] Problem 2

problem number 1515

Added May 26, 2019.

Problem Chapter 6.6.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b tan(βy)wy + c tan(λx)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Tan[beta*y]*D[w[x, y,z], y] +c*Tan[lambda*x]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
c log(cos(λx))

aλ
+ z,

log(sin(βy))
β

− bx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*tan(beta*y)*diff(w(x,y,z),y)+c*tan(lambda*x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−xbβ + ln (csgn (sec (βy)) sin (βy)) a
bβ

,
zaλ−

c ln
(
sec(λx)2

)
2

aλ


Hand solution
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Solve
awx + b tan (βy)wy + c tan (λx)wz = 0 (1)

Using Lagrange-charpit

dx

a
= dy

b tan (βy) = dz

c tan (λx) = dw

0

From first two pair of equations, integrating gives b
a
x− 1

β
ln (sin (βy)) = C1 and from dx

a
=

dz
c tan(λx) we obtain c

a
tan (λx) dx = dz. Integrating gives − c

aλ
ln (cos (λx)) − z = C2. Since

dw = 0 then w = C3. Where C1, C2, C3 are constants. But C3 = F (C1, C2) where F is
arbitrary function. Hence

u(x, y, z) = F

(
b

a
x− 1

β
ln (sin (βy)) ,− c

aλ
ln (cos (λx))− z

)

6.6.16.3 [1516] Problem 3

problem number 1516

Added May 26, 2019.

Problem Chapter 6.6.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b tan(βy)wy + c tan(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Tan[beta*y]*D[w[x, y,z], y] +c*Tan[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
log(sin(γz))

γ
− cx

a
,
log(sin(βy))

β
− b log(sin(γz))

cγ

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*tan(beta*y)*diff(w(x,y,z),y)+c*tan(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
−xbβ + ln (csgn (sec (βy)) sin (βy)) a

bβ
,
−xcγ + ln (csgn (sec (γz)) sin (γz)) a

cγ

)
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6.6.16.4 [1517] Problem 4

problem number 1517

Added May 26, 2019.

Problem Chapter 6.6.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b tan(βy)wy + c tan(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Tan[beta*y]*D[w[x, y,z], y] +c*Tan[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
log(sin(γz))

γ
− cx

a
,
log(sin(βy))

β
− b log(sin(γz))

cγ

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*tan(beta*y)*diff(w(x,y,z),y)+c*tan(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
−xbβ + ln (csgn (sec (βy)) sin (βy)) a

bβ
,
−xcγ + ln (csgn (sec (γz)) sin (γz)) a

cγ

)

6.6.16.5 [1518] Problem 5

problem number 1518

Added May 26, 2019.

Problem Chapter 6.6.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

µν tan(λx)wx + λν tan(µy)wy + λµ tan(νz)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = mu*nu*Tan[lambda*x]*D[w[x, y,z], x] + lambda*nu*Tan[mu*y]*D[w[x, y,z], y] +lambda*mu*Tan[nu*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := mu*nu*tan(lambda*x)*diff(w(x,y,z),x)+ lambda*nu*tan(mu*y)*diff(w(x,y,z),y)+lambda*mu*tan(nu*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
ln (csgn (sec (µy)) csc (λx) sin (µy))

λ
,
ln (csgn (sec (νz)) sin (νz) csc (λx))

λ

)

6.6.17 6.4

Local contents
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6.6.17.1 [1519] Problem 1

problem number 1519

Added May 26, 2019.

Problem Chapter 6.6.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c cot(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*Cot[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y − bx

a
,
log(sec(γz))

γ
− cx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+c*cot(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−ya+ bx

b
,
−2ycγ + b ln

(
csc (γz)2

)
− 2b ln (cot (γz))

2cγ

)
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6.6.17.2 [1520] Problem 2

problem number 1520

Added May 26, 2019.

Problem Chapter 6.6.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b cot(βy)wy + c cot(λx)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Cot[beta*y]*D[w[x, y,z], y] +c*Cot[lambda*x]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
log(sec(βy))

β
− bx

a
, z − c log(sin(λx))

aλ

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*cot(beta*y)*diff(w(x,y,z),y)+c*cot(lambda*x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1


xbβ −

a ln
(
sec(βy)2

)
2

bβ
,

2zλa+ c ln
(
csc
(

a ln
(
sec(βy)2

)
λ

2bβ

)2
)

− 2c ln

 cot
(
a ln

(
sec(βy)2

)
λ

2bβ

)2

+1

cot
(
a ln

(
sec(βy)2

)
λ

2bβ

)
−cot(λx)


2λa


6.6.17.3 [1521] Problem 3

problem number 1521

Added May 26, 2019.

Problem Chapter 6.6.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b cot(βy)wy + c cot(γz)wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Cot[beta*y]*D[w[x, y,z], y] +c*Cot[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
cx

a
+ log(cos(γz))

γ
,
b log(cos(γz))

cγ
+ log(sec(βy))

β

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*cot(beta*y)*diff(w(x,y,z),y)+c*cot(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

xbβ −
a ln
(
sec(βy)2

)
2

bβ
,
ln
((

sec (βy)2
)− cγ

bβ

(
2
cγ
bβ (− cos (βy))

cγ
bβ +

(
sec (βy)2

) cγ
bβ tan (γz)2

))
bβ − cγ(ln (− cos (βy)) + ln (2))

2βcγ


6.6.17.4 [1522] Problem 4

problem number 1522

Added May 26, 2019.

Problem Chapter 6.6.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b cot(βy)wy + c cot(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Cot[beta*y]*D[w[x, y,z], y] +c*Cot[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
cx

a
+ log(cos(γz))

γ
,
b log(cos(γz))

cγ
+ log(sec(βy))

β

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*cot(beta*y)*diff(w(x,y,z),y)+c*cot(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

xbβ −
a ln
(
sec(βy)2

)
2

bβ
,
ln
((

sec (βy)2
)− cγ

bβ

(
2
cγ
bβ (− cos (βy))

cγ
bβ +

(
sec (βy)2

) cγ
bβ tan (γz)2

))
bβ − cγ(ln (− cos (βy)) + ln (2))

2βcγ


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6.6.17.5 [1523] Problem 5

problem number 1523

Added May 26, 2019.

Problem Chapter 6.6.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

µν cot(λx)wx + λν cot(µy)wy + λµ cot(νz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = mu*nu*Cot[lambda*x]*D[w[x, y,z], x] + lambda*nu*Cot[mu*y]*D[w[x, y,z], y] +lambda*mu*Cot[nu*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{
w(x, y, z) → c1

(
−
arccosh

(
−1

4(cos(2νz) + 3) sec(νz)
)

µ

)}
{
w(x, y, z) → c1

(
arccosh

(
−1

4(cos(2νz) + 3) sec(νz)
)

µ

)}

Maple 3� �
restart;
pde := mu*nu*cot(lambda*x)*diff(w(x,y,z),x)+ lambda*nu*cot(mu*y)*diff(w(x,y,z),y)+lambda*mu*cot(nu*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
ln (csgn (sec (µy)) sec (µy) cos (λx))

λ
,
ln (csgn (sec (νz)) sec (νz) cos (λx))

λ

)

6.6.18 6.5

Local contents
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6.6.18.1 [1524] Problem 1

problem number 1524

Added May 31, 2019.

Problem Chapter 6.6.5.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + (c sinn(λx) + s cosk(βy))wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +(c*Sin[lambda*x]^n+s*Cos[beta*y]^k)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y − bx

a
,−

c
√

cos2(λx) sec(λx) sinn+1(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , sin2(λx)
)

aλn+ aλ
+
s
√

sin2(βy) csc(βy) cosk+1(βy)Hypergeometric2F1
(1
2 ,

k+1
2 , k+3

2 , cos2(βy)
)

bβk + bβ
+ z

)}}

Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+(c*sin(lambda*x)^n+s*cos(beta*y)^k)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

ay − xb

a
,−

∫ x

(
c sin (λ_a)n + s cos

(
β(ay−b(x−_a))

a

)k)
d_a

a
+ z


6.6.18.2 [1525] Problem 2

problem number 1525

Added May 31, 2019.

Problem Chapter 6.6.5.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b sin(βy)wy + c cos(λx)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Sin[beta*y]*D[w[x, y,z], y] +c*Cos[lambda*x]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
−bx
a

− arctanh(cos(βy))
β

, z −
∫ x

1

c cos(λK[1])
a

dK[1]
)}}
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Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*sin(beta*y)*diff(w(x,y,z),y)+c*cos(lambda*x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
xbβ + a ln (csc (βy) + cot (βy))

bβ
,
zλa− c sin (λx)

λa

)

6.6.18.3 [1526] Problem 3

problem number 1526

Added May 31, 2019.

Problem Chapter 6.6.5.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a sinn(λx)wy + b cosk(βx)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Sin[lambda*x]^n*D[w[x, y,z], y] +b*Cos[beta*x]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
b
√
sin2(βx) csc(βx) cosk+1(βx)Hypergeometric2F1

(1
2 ,

k+1
2 , k+3

2 , cos2(βx)
)

βk + β
+ z, y −

a
√
cos2(λx) sec(λx) sinn+1(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , sin2(λx)
)

λn+ λ

)}}

Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ a*sin(lambda*x)^n*diff(w(x,y,z),y)+b*cos(beta*x)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

sin (λx)n dx+ y,−b
∫

cos (βx)k dx+ z

)

6.6.18.4 [1527] Problem 4

problem number 1527

Added May 31, 2019.

Problem Chapter 6.6.5.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a sinn(λx)wy + b sink(βy)wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Sin[lambda*x]^n*D[w[x, y,z], y] +b*Sin[beta*y]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

y − a
√

cos2(λx) sec(λx) sinn+1(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , sin2(λx)
)

λn+ λ
, z −

∫ x

1
b sink

β
(
−a
√

cos2(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , sin2(λx)
)
sec(λx) sinn+1(λx) + a

√
cos2(λK[1]) Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , sin2(λK[1])
)
sec(λK[1]) sinn+1(λK[1]) + λ(n+ 1)y

)
λ(n+ 1)

 dK[1]




Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ a*sin(lambda*x)^n*diff(w(x,y,z),y)+b*sin(beta*y)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

sin (λx)n dx+ y,−b
∫ x(

− sin
(
β

(
a

∫
sin (λx)n dx− a

∫
sin (λ_b)n d_b− y

)))k

d_b+ z

)

6.6.18.5 [1528] Problem 5

problem number 1528

Added May 31, 2019.

Problem Chapter 6.6.5.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b tan(βy)wy + c cot(λx)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Tan[beta*y]*D[w[x, y,z], y] +c*Cot[lambda*x]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
z − c log(sin(λx))

aλ
,
log(sin(βy))

β
− bx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*tan(beta*y)*diff(w(x,y,z),y)+c*cot(lambda*x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−xbβ + ln (csgn (sec (βy)) sin (βy)) a

bβ
,
2zaλ+ c ln

(
csc (λx)2

)
2aλ

)
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6.6.18.6 [1529] Problem 6

problem number 1529

Added May 31, 2019.

Problem Chapter 6.6.5.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a cotn(λx)wy + b tank(βy)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Cot[lambda*x]^n*D[w[x, y,z], y] +b*Tan[beta*y]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
a cotn+1(λx)Hypergeometric2F1

(
1, n+1

2 , n+3
2 ,− cot2(λx)

)
λn+ λ

+ y, z −
∫ x

1
b tank

(
β
(
aHypergeometric2F1

(
1, n+1

2 , n+3
2 ,− cot2(λx)

)
cotn+1(λx) + λ(n+ 1)y − a cotn+1(λK[1]) Hypergeometric2F1

(
1, n+1

2 , n+3
2 ,− cot2(λK[1])

))
λ(n+ 1)

)
dK[1]

)}}

Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ a*cot(lambda*x)^n*diff(w(x,y,z),y)+b*tan(beta*y)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−a
∫

cot (λx)n dx+ y,−b
∫ x

(
−

tan
(
β
(
a
∫
cot (λx)n dx− y

))
− tan

(
βa
∫
cot (λ_b)n d_b

)
1 + tan

(
β
(
a
∫
cot (λx)n dx− y

))
tan

(
βa
∫
cot (λ_b)n d_b

))k

d_b+ z



6.6.19 7.1

Local contents
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6.6.19.1 [1530] Problem 1

problem number 1530

Added May 31, 2019.

Problem Chapter 6.7.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arcsinn(λx) arcsink(βz)wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*ArcSin[lambda*x]^n*ArcSin[beta*z]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y − bx

a
,

∫ z

1
arcsin(βK[1])−kdK[1]−

∫ x

1

c arcsin(λK[2])n
a

dK[2]
)}}

Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+c*arcsin(lambda*x)^n*arcsin(beta*z)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

ay − bx

a
,−

(
a
√

arcsin (λx) (n+ 1)
(
−LommelS1

(
−k + 3

2 ,
1
2 , arcsin (βz)

)
arcsin (βz) + arcsin (βz)−k+ 3

2

)√
−β2z2 + 1−

(
−a
√
arcsin (λx) z(n+ 1)LommelS1

(
−k + 3

2 ,
1
2 , arcsin (βz)

)
+ a
√

arcsin (λx) kz arcsin (βz) (n+ 1)LommelS1
(
−k + 1

2 ,
3
2 , arcsin (βz)

)
−
√

arcsin (βz) cx(k − 1)
(
arcsin (λx) LommelS1

(
n+ 1

2 ,
3
2 , arcsin (λx)

)
n+ LommelS1

(
n+ 3

2 ,
1
2 , arcsin (λx)

)))
β
)
λ
√
−λ2x2 + 1 +

√
arcsin (βz) cβ(λx− 1) (λx+ 1) (k − 1)

(
arcsin (λx) LommelS1

(
n+ 3

2 ,
1
2 , arcsin (λx)

)
− arcsin (λx)n+

3
2

)
√
−λ2x2 + 1

√
arcsin (λx)

√
arcsin (βz) (k − 1) βcλ (n+ 1)


6.6.19.2 [1531] Problem 2

problem number 1531

Added May 31, 2019.

Problem Chapter 6.7.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arcsinn(λx) arcsinm(βy) arcsink(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*ArcSin[lambda*x]^n*ArcSin[beta*y]^m*ArcSin[gamma*z]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �



w(x, y, z) → c1


y − bx

a
,

∫ z

1
arcsin(γK[1])−kdK[1]−

∫ x

1

c arcsin(λK[2])n


a arcsin(λK[2])−nInverseFunction[Inactive[Integrate],1,2]

∫ x
1

c arcsin(λK[2])n arcsin
(
β

(
y+ b(K[2]−x)

a

))m
a

dK[2],{K[2],1,x}


c

 1
m

m

a
dK[2]






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Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+c*arcsin(lambda*x)^n*arcsin(beta*y)^m*arcsin(gamma1*z)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

ay − xb

a
,
−γ 1

√
arcsin (γ 1 z) c(k − 1)

∫ x arcsin (λ_a)n arcsin
(

β(ay−b(x−_a))
a

)m
d_a+ a

((
LommelS1

(
−k + 3

2 ,
1
2 , arcsin (γ 1 z)

)
arcsin (γ 1 z)− arcsin (γ 1 z)−k+ 3

2

)√
−γ 12 z2 + 1 + γ 1 z

(
arcsin (γ 1 z) LommelS1

(
−k + 1

2 ,
3
2 , arcsin (γ 1 z)

)
k − LommelS1

(
−k + 3

2 ,
1
2 , arcsin (γ 1 z)

)))√
arcsin (γ 1 z) γ 1 c (k − 1)


6.6.19.3 [1532] Problem 3

problem number 1532

Added May 31, 2019.

Problem Chapter 6.7.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arcsinn(λx)wy + c arcsink(βx)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*ArcSin[lambda*x]^n*D[w[x, y,z], y] +c*ArcSin[beta*x]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y −

∫ x

1

b arcsin(λK[1])n
a

dK[1], z −
∫ x

1

c arcsin(βK[2])k
a

dK[2]
)}}

Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*arcsin(lambda*x)^n*diff(w(x,y,z),y)+c*arcsin(beta*x)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−b
(
−LommelS1

(
n+ 3

2 ,
1
2 , arcsin (λx)

)
arcsin (λx) + arcsin (λx)n+

3
2

)√
−λ2x2 + 1 +

(
−bxLommelS1

(
n+ 3

2 ,
1
2 , arcsin (λx)

)
− LommelS1

(
n+ 1

2 ,
3
2 , arcsin (λx)

)
bnx arcsin (λx) + a

√
arcsin (λx) y(n+ 1)

)
λ√

arcsin (λx) (n+ 1)λa
,
−c
(
− arcsin (βx) LommelS1

(
k + 3

2 ,
1
2 , arcsin (βx)

)
+ arcsin (βx)k+

3
2

)√
−β2x2 + 1 +

(
−cxLommelS1

(
k + 3

2 ,
1
2 , arcsin (βx)

)
− LommelS1

(
k + 1

2 ,
3
2 , arcsin (βx)

)
ckx arcsin (βx) + a

√
arcsin (βx) z(k + 1)

)
β√

arcsin (βx) (k + 1) βa


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6.6.19.4 [1533] Problem 4

problem number 1533

Added May 31, 2019.

Problem Chapter 6.7.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arcsinn(λx)wy + c arcsink(βz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*ArcSin[lambda*x]^n*D[w[x, y,z], y] +c*ArcSin[beta*z]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y −

∫ x

1

b arcsin(λK[1])n
a

dK[1],
∫ z

1
arcsin(βK[2])−kdK[2]− cx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*arcsin(lambda*x)^n*diff(w(x,y,z),y)+c*arcsin(beta*z)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−b
(√

arcsin (λx) LommelS1
(
n+ 3

2 ,
1
2 , arcsin (λx)

)
− arcsin (λx)n+1

)√
−λ2x2 + 1− λ

(
−LommelS1

(
n+ 3

2 ,
1
2 ,arcsin(λx)

)
xb√

arcsin(λx) −
√

arcsin (λx)nLommelS1
(
n+ 1

2 ,
3
2 , arcsin (λx)

)
xb+ ay(n+ 1)

)
aλ (n+ 1) ,

−β
√
arcsin (βz) c(k − 1)

∫ y arcsin
(
λRootOf

(
arcsin (λ_Z) LommelS1

(
n+ 1

2 ,
3
2 , arcsin (λ_Z)

)
_Zbλn−

√
arcsin (λ_Z)λnb

∫
arcsin (λx)n dx−

√
arcsin (λ_Z) aλn_b+

√
arcsin (λ_Z) aλny −

√
−_Z2λ2 + 1 arcsin (λ_Z) LommelS1

(
n+ 3

2 ,
1
2 , arcsin (λ_Z)

)
b− λ

√
arcsin (λ_Z) b

∫
arcsin (λx)n dx− _baλ

√
arcsin (λ_Z) + aλ

√
arcsin (λ_Z) y + LommelS1

(
n+ 3

2 ,
1
2 , arcsin (λ_Z)

)
_Zbλ+ b

√
−_Z2λ2 + 1 arcsin (λ_Z)n+

3
2

))−n

d_b+
((

arcsin (βz) LommelS1
(
−k + 3

2 ,
1
2 , arcsin (βz)

)
− arcsin (βz)−k+ 3

2

)√
−β2z2 + 1 + βz

(
arcsin (βz) LommelS1

(
−k + 1

2 ,
3
2 , arcsin (βz)

)
k − LommelS1

(
−k + 3

2 ,
1
2 , arcsin (βz)

)))
b√

arcsin (βz) (k − 1) βc


6.6.19.5 [1534] Problem 5

problem number 1534

Added May 31, 2019.

Problem Chapter 6.7.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arcsinn(λy)wy + c arcsink(βz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*ArcSin[lambda*y]^n*D[w[x, y,z], y] +c*ArcSin[beta*z]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(∫ y

1
arcsin(λK[1])−ndK[1]− bx

a
,

∫ z

1
arcsin(βK[2])−kdK[2]− cx

a

)}}
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Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*arcsin(lambda*y)^n*diff(w(x,y,z),y)+c*arcsin(beta*z)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

a
(
−LommelS1

(
−n+ 3

2 ,
1
2 , arcsin (λy)

)
arcsin (λy) + arcsin (λy)−n+ 3

2

)√
−λ2y2 + 1− λ

(
−ay LommelS1

(
−n+ 3

2 ,
1
2 , arcsin (λy)

)
+ aLommelS1

(
−n+ 1

2 ,
3
2 , arcsin (λy)

)
ny arcsin (λy)−

√
arcsin (λy) bx(n− 1)

)
√

arcsin (λy) (n− 1)λb
,−

(
b
√
arcsin (λy) (n− 1)

(
−LommelS1

(
−k + 3

2 ,
1
2 , arcsin (βz)

)
arcsin (βz) + arcsin (βz)−k+ 3

2

)√
−β2z2 + 1− β

(√
arcsin (βz) cy(k − 1) LommelS1

(
−n+ 3

2 ,
1
2 , arcsin (λy)

)
− b
√
arcsin (λy) z(n− 1) LommelS1

(
−k + 3

2 ,
1
2 , arcsin (βz)

)
− arcsin (λy)

√
arcsin (βz) cny(k − 1) LommelS1

(
−n+ 1

2 ,
3
2 , arcsin (λy)

)
+ b
√

arcsin (λy) LommelS1
(
−k + 1

2 ,
3
2 , arcsin (βz)

)
kz arcsin (βz) (n− 1)

))
λ
√
−λ2y2 + 1−

√
arcsin (βz) cβ(λy − 1) (λy + 1) (k − 1)

(
LommelS1

(
−n+ 3

2 ,
1
2 , arcsin (λy)

)
arcsin (λy)− arcsin (λy)−n+ 3

2

)
√

arcsin (βz)
√
−λ2y2 + 1

√
arcsin (λy) β (k − 1) cλ (n− 1)



6.6.20 7.2
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6.6.20.1 [1535] Problem 1

problem number 1535

Added May 31, 2019.

Problem Chapter 6.7.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arccosn(λx) arccosk(βz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*ArcCos[lambda*x]^n*ArcCos[beta*z]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y − bx

a
,

∫ z

1
arccos(βK[1])−kdK[1]−

∫ x

1

c arccos(λK[2])n
a

dK[2]
)}}

Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+c*arccos(lambda*x)^n*arccos(beta*z)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

ay − bx

a
,
−
√

arccos (βz) βc
(
(−n− 2) LommelS1

(
n+ 1

2 ,
1
2 , arccos (λx)

)
+ arccos (λx) LommelS1

(
n+ 3

2 ,
3
2 , arccos (λx)

)
− arccos (λx)n+

3
2

)
(−2 + k)

√
−λ2x2 + 1 + λ

((
(2− k) LommelS1

(
−k + 1

2 ,
1
2 , arccos (βz)

)
− LommelS1

(
−k + 3

2 ,
3
2 , arccos (βz)

)
arccos (βz) + arccos (βz)−k+ 3

2

)
a
√

arccos (λx)
√
−β2z2 + 1 + β(−2 + k)

(
a
√
arccos (λx) LommelS1

(
−k + 1

2 ,
1
2 , arccos (βz)

)
z arccos (βz)− arccos (λx)

√
arccos (βz) cLommelS1

(
n+ 1

2 ,
1
2 , arccos (λx)

)
x
))

(2 + n)√
arccos (λx)

√
arccos (βz)λ (2 + n) cβ (−2 + k)


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6.6.20.2 [1536] Problem 2

problem number 1536

Added May 31, 2019.

Problem Chapter 6.7.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arccosn(λx) arccosm(βy) arccosk(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*ArcCos[lambda*x]^n*ArcCos[beta*y]^m*ArcCos[gamma*z]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �



w(x, y, z) → c1


y − bx

a
,

∫ z

1
arccos(γK[1])−kdK[1]−

∫ x

1

c arccos(λK[2])n


a arccos(λK[2])−nInverseFunction[Inactive[Integrate],1,2]

∫ x
1

c arccos(λK[2])n arccos
(
β

(
y+ b(K[2]−x)

a

))m
a

dK[2],{K[2],1,x}


c

 1
m

m

a
dK[2]






Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+c*arccos(lambda*x)^n*arccos(beta*y)^m*arccos(gamma1*z)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

ay − bx

a
,
−γ 1

√
arccos (γ 1 z) c(−2 + k)

∫ x arccos (λ_a)n arccos
(

(ay−b(x−_a))β
a

)m
d_a+ a

((
(2− k) LommelS1

(
−k + 1

2 ,
1
2 , arccos (γ 1 z)

)
− arccos (γ 1 z) LommelS1

(
−k + 3

2 ,
3
2 , arccos (γ 1 z)

)
+ arccos (γ 1 z)−k+ 3

2

)√
−γ 12 z2 + 1 + γ 1 arccos (γ 1 z) LommelS1

(
−k + 1

2 ,
1
2 , arccos (γ 1 z)

)
z(−2 + k)

)
√

arccos (γ 1 z) cγ 1 (−2 + k)


6.6.20.3 [1537] Problem 3

problem number 1537

Added May 31, 2019.

Problem Chapter 6.7.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arccosn(λx)wy + c arccosk(βx)wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*ArcCos[lambda*x]^n*D[w[x, y,z], y] +c*ArcCos[beta*x]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y −

∫ x

1

b arccos(λK[1])n
a

dK[1], z −
∫ x

1

c arccos(βK[2])k
a

dK[2]
)}}

Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*arccos(lambda*x)^n*diff(w(x,y,z),y)+c*arccos(beta*x)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1


(
(2 + n) LommelS1

(
n+ 1

2 ,
1
2 , arccos (λx)

)
− LommelS1

(
n+ 3

2 ,
3
2 , arccos (λx)

)
arccos (λx) + arccos (λx)n+

3
2

)
b
√
−λ2x2 + 1 + λ(2 + n)

(
−bx arccos (λx) LommelS1

(
n+ 1

2 ,
1
2 , arccos (λx)

)
+ a
√
arccos (λx) y

)
√
arccos (λx) (2 + n) aλ

,

(
(2 + k) LommelS1

(
k + 1

2 ,
1
2 , arccos (βx)

)
− LommelS1

(
k + 3

2 ,
3
2 , arccos (βx)

)
arccos (βx) + arccos (βx)k+

3
2

)
c
√
−β2x2 + 1 + β(2 + k)

(
−cx arccos (βx) LommelS1

(
k + 1

2 ,
1
2 , arccos (βx)

)
+ a
√
arccos (βx) z

)
√
arccos (βx) (2 + k) aβ


6.6.20.4 [1538] Problem 4

problem number 1538

Added May 31, 2019.

Problem Chapter 6.7.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arccosn(λx)wy + c arccosk(βz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*ArcCos[lambda*x]^n*D[w[x, y,z], y] +c*ArcCos[beta*z]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y −

∫ x

1

b arccos(λK[1])n
a

dK[1],
∫ z

1
arccos(βK[2])−kdK[2]− cx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*arccos(lambda*x)^n*diff(w(x,y,z),y)+c*arccos(beta*z)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−

(
(2 + n) LommelS1

(
n+ 1

2 ,
1
2 , arccos (λx)

)
− LommelS1

(
n+ 3

2 ,
3
2 , arccos (λx)

)
arccos (λx) + arccos (λx)n+

3
2

)
b
√
−λ2x2 + 1 + λ(2 + n)

(
−bx arccos (λx) LommelS1

(
n+ 1

2 ,
1
2 , arccos (λx)

)
+ a
√
arccos (λx) y

)
√

arccos (λx) aλ (2 + n)
,
−β
√

arccos (βz) c(−2 + k)
∫ y arccos

(
λRootOf

(
2 arccos (λ_Z) LommelS1

(
n+ 1

2 ,
1
2 , arccos (λ_Z)

)
_Zbλn− 2λ

√
arccos (λ_Z)nb

∫
arccos (λx)n dx− 2_baλ

√
arccos (λ_Z)n+ 2aλ

√
arccos (λ_Z)ny + 4arccos (λ_Z) LommelS1

(
n+ 1

2 ,
1
2 , arccos (λ_Z)

)
_Zbλ− 4λ

√
arccos (λ_Z) b

∫
arccos (λx)n dx− 4_baλ

√
arccos (λ_Z) + 4aλ

√
arccos (λ_Z) y − 2

√
−_Z2λ2 + 1 LommelS1

(
n+ 1

2 ,
1
2 , arccos (λ_Z)

)
bn+ 2

√
−_Z2λ2 + 1 arccos (λ_Z) LommelS1

(
n+ 3

2 ,
3
2 , arccos (λ_Z)

)
b− 4

√
−_Z2λ2 + 1 LommelS1

(
n+ 1

2 ,
1
2 , arccos (λ_Z)

)
b− 2

√
−_Z2λ2 + 1 arccos (λ_Z)n+

3
2 b
))−n

d_b+
((

(2− k) LommelS1
(
−k + 1

2 ,
1
2 , arccos (βz)

)
− arccos (βz) LommelS1

(
−k + 3

2 ,
3
2 , arccos (βz)

)
+ arccos (βz)−k+ 3

2

)√
−β2z2 + 1 + β arccos (βz) LommelS1

(
−k + 1

2 ,
1
2 , arccos (βz)

)
z(−2 + k)

)
b√

arccos (βz) β (−2 + k) c





chapter 6. handbook of first order partial differential . . . 1553

6.6.20.5 [1539] Problem 5

problem number 1539

Added May 31, 2019.

Problem Chapter 6.7.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arccosn(λy)wy + c arccosk(βz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*ArcCos[lambda*y]^n*D[w[x, y,z], y] +c*ArcCos[beta*z]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(∫ y

1
arccos(λK[1])−ndK[1]− bx

a
,

∫ z

1
arccos(βK[2])−kdK[2]− cx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*arccos(lambda*y)^n*diff(w(x,y,z),y)+c*arccos(beta*z)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−
a
(
(2− n) LommelS1

(
−n+ 1

2 ,
1
2 , arccos (λy)

)
− LommelS1

(
−n+ 3

2 ,
3
2 , arccos (λy)

)
arccos (λy) + arccos (λy)−n+ 3

2

)√
−λ2y2 + 1 + λ(−2 + n)

(
aLommelS1

(
−n+ 1

2 ,
1
2 , arccos (λy)

)
y arccos (λy)−

√
arccos (λy) bx

)
√
arccos (λy) bλ (−2 + n)

,
(−2 + k) c

√
arccos (βz)

(
(−2 + n) LommelS1

(
−n+ 1

2 ,
1
2 , arccos (λy)

)
+ LommelS1

(
−n+ 3

2 ,
3
2 , arccos (λy)

)
arccos (λy)− arccos (λy)−n+ 3

2

)
β
√
−λ2y2 + 1 +

(
b
(
(2− k) LommelS1

(
−k + 1

2 ,
1
2 , arccos (βz)

)
− LommelS1

(
−k + 3

2 ,
3
2 , arccos (βz)

)
arccos (βz) + arccos (βz)−k+ 3

2

)√
arccos (λy)

√
−β2z2 + 1 + β(−2 + k)

(
b
√
arccos (λy) LommelS1

(
−k + 1

2 ,
1
2 , arccos (βz)

)
z arccos (βz)− arccos (λy)

√
arccos (βz) cy LommelS1

(
−n+ 1

2 ,
1
2 , arccos (λy)

)))
λ(−2 + n)√

arccos (λy)
√

arccos (βz)λ (−2 + n) cβ (−2 + k)



6.6.21 7.3
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6.6.21.1 [1540] Problem 1

problem number 1540

Added May 31, 2019.

Problem Chapter 6.7.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arctann(λx) arctank(βz)wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*ArcTan[lambda*x]^n*ArcTan[beta*z]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y − bx

a
,

∫ z

1
arctan(βK[1])−kdK[1]−

∫ x

1

c arctan(λK[2])n
a

dK[2]
)}}

Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+c*arctan(lambda*x)^n*arctan(beta*z)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ay − xb

a
,−
∫

arctan (λx)n dx+ a
∫
arctan (βz)−k dz

c

)

6.6.21.2 [1541] Problem 2

problem number 1541

Added May 31, 2019.

Problem Chapter 6.7.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arctann(λx) arctanm(βy) arctank(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*ArcTan[lambda*x]^n*ArcTan[beta*y]^m*ArcTan[gamma*z]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �



w(x, y, z) → c1


y − bx

a
,

∫ z

1
arctan(γK[1])−kdK[1]−

∫ x

1

c arctan(λK[2])n


a arctan(λK[2])−nInverseFunction[Inactive[Integrate],1,2]

∫ x
1

c arctan(λK[2])n arctan
(
β

(
y+ b(K[2]−x)

a

))m
a

dK[2],{K[2],1,x}


c

 1
m

m

a
dK[2]






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Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+c*arctan(lambda*x)^n*arctan(beta*y)^m*arctan(gamma1*z)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ay − bx

a
,−
∫ x

arctan (λ_a)n arctan
(
(ay − b(−_a+ x)) β

a

)m

d_a+ a
∫
arctan (γ 1 z)−k dz

c

)

6.6.21.3 [1542] Problem 3

problem number 1542

Added May 31, 2019.

Problem Chapter 6.7.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arctann(λx)wy + c arctank(βx)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*ArcTan[lambda*x]^n*D[w[x, y,z], y] +c*ArcTan[beta*x]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y −

∫ x

1

b arctan(λK[1])n
a

dK[1], z −
∫ x

1

c arctan(βK[2])k
a

dK[2]
)}}

Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*arctan(lambda*x)^n*diff(w(x,y,z),y)+c*arctan(beta*x)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
b
∫
arctan (λx)n dx

a
+ y,−

c
∫
arctan (βx)k dx

a
+ z

)

6.6.21.4 [1543] Problem 4

problem number 1543

Added May 31, 2019.

Problem Chapter 6.7.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arctann(λx)wy + c arctank(βz)wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*ArcTan[lambda*x]^n*D[w[x, y,z], y] +c*ArcTan[beta*z]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y −

∫ x

1

b arctan(λK[1])n
a

dK[1],
∫ z

1
arctan(βK[2])−kdK[2]− cx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*arctan(lambda*x)^n*diff(w(x,y,z),y)+c*arctan(beta*z)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−y + b

∫
arctan (λx)n dx

a
,−
∫ y

arctan
(
λRootOf

(
b

∫
arctan (λx)n dx− b

∫ _Z
arctan (λ_b)n d_b+ _ba− ya

))−n

d_b+ b
∫
arctan (βz)−k dz

c

)

6.6.21.5 [1544] Problem 5

problem number 1544

Added May 31, 2019.

Problem Chapter 6.7.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arctann(λy)wy + c arctank(βz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*ArcTan[lambda*y]^n*D[w[x, y,z], y] +c*ArcTan[beta*z]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(∫ y

1
arctan(λK[1])−ndK[1]− bx

a
,

∫ z

1
arctan(βK[2])−kdK[2]− cx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*arctan(lambda*y)^n*diff(w(x,y,z),y)+c*arctan(beta*z)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
a
∫
arctan (λy)−n dy

b
+ x,−

∫
arctan (λy)−n dy + b

∫
arctan (βz)−k dz

c

)
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6.6.22 7.4

Local contents
6.6.22.1 [1545] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1557
6.6.22.2 [1546] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1557
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6.6.22.1 [1545] Problem 1

problem number 1545

Added May 31, 2019.

Problem Chapter 6.7.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arccotn(λx) arccotk(βz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*ArcCot[lambda*x]^n*ArcCot[beta*z]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y − bx

a
,

∫ z

1
cot−1(βK[1])−kdK[1]−

∫ x

1

c cot−1(λK[2])n
a

dK[2]
)}}

Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+c*arccot(lambda*x)^n*arccot(beta*z)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ay − xb

a
,−
∫

arccot (λx)n dx+ a
∫
arccot (βz)−k dz

c

)

6.6.22.2 [1546] Problem 2

problem number 1546

Added May 31, 2019.

Problem Chapter 6.7.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arccotn(λx) arccotm(βy) arccotk(γz)wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*ArcCot[lambda*x]^n*ArcCot[beta*y]^m*ArcCot[gamma*z]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �



w(x, y, z) → c1


y − bx

a
,

∫ z

1
cot−1(γK[1])−kdK[1]−

∫ x

1

c cot−1(λK[2])n


a cot−1(λK[2])−nInverseFunction[Inactive[Integrate],1,2]

∫ x
1

c cot−1(λK[2])n cot−1
(
β

(
y+ b(K[2]−x)

a

))m
a

dK[2],{K[2],1,x}


c

 1
m

m

a
dK[2]






Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+c*arccot(lambda*x)^n*arccot(beta*y)^m*arccot(gamma1*z)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ay − bx

a
,−
∫ x

arccot (λ_a)n arccot
(
β(ay − b(−_a+ x))

a

)m

d_a+ a
∫
arccot (γ 1 z)−k dz

c

)

6.6.22.3 [1547] Problem 3

problem number 1547

Added May 31, 2019.

Problem Chapter 6.7.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arccotn(λx)wy + c arccotk(βx)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*ArcCot[lambda*x]^n*D[w[x, y,z], y] +c*ArcCot[beta*x]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y −

∫ x

1

b cot−1(λK[1])n
a

dK[1], z −
∫ x

1

c cot−1(βK[2])k
a

dK[2]
)}}



chapter 6. handbook of first order partial differential . . . 1559

Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*arccot(lambda*x)^n*diff(w(x,y,z),y)+c*arccot(beta*x)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
b
∫
arccot (λx)n dx

a
+ y,−

c
∫
arccot (βx)k dx

a
+ z

)

6.6.22.4 [1548] Problem 4

problem number 1548

Added May 31, 2019.

Problem Chapter 6.7.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arccotn(λx)wy + c arccotk(βz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*ArcCot[lambda*x]^n*D[w[x, y,z], y] +c*ArcCot[beta*z]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y −

∫ x

1

b cot−1(λK[1])n
a

dK[1],
∫ z

1
cot−1(βK[2])−kdK[2]− cx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*arccot(lambda*x)^n*diff(w(x,y,z),y)+c*arccot(beta*z)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−y + b

∫
arccot (λx)n dx

a
,−
∫ y

arccot
(
λRootOf

(
b

∫
arccot (λx)n dx− b

∫ _Z
arccot (λ_b)n d_b+ _ba− ya

))−n

d_b+ b
∫
arccot (βz)−k dz

c

)

6.6.22.5 [1549] Problem 5

problem number 1549

Added May 31, 2019.

Problem Chapter 6.7.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arccotn(λy)wy + c arccotk(βz)wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*ArcCot[lambda*y]^n*D[w[x, y,z], y] +c*ArcCot[beta*z]^k*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(∫ y

1
cot−1(λK[1])−ndK[1]− bx

a
,

∫ z

1
cot−1(βK[2])−kdK[2]− cx

a

)}}
Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*arccot(lambda*y)^n*diff(w(x,y,z),y)+c*arccot(beta*z)^k*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
a
∫
arccot (λy)−n dy

b
+ x,−

∫
arccot (λy)−n dy + b

∫
arccot (βz)−k dz

c

)
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6.6.23.1 [1550] Problem 1

problem number 1550

Added May 31, 2019.

Problem Chapter 6.8.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + f(x)wy + g(x)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + f[x]*D[w[x, y,z], y] +g[x]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y −

∫ x

1
f(K[1])dK[1], z −

∫ x

1
g(K[2])dK[2]

)}}
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Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ f(x)*diff(w(x,y,z),y)+g(x)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
∫
f(x) dx+ y,−

∫
g(x) dx+ z

)

6.6.23.2 [1551] Problem 2

problem number 1551

Added May 31, 2019.

Problem Chapter 6.8.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + f(x)(y + a)wy + g(x)(z + b)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + f[x]*(y+a)*D[w[x, y,z], y] +g[x]*(z+b)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y exp

(
−
∫ x

1
f(K[1])dK[1]

)
−
∫ x

1
a exp

(
−
∫ K[2]

1
f(K[1])dK[1]

)
f(K[2])dK[2], z exp

(
−
∫ x

1
g(K[3])dK[3]

)
−
∫ x

1
b exp

(
−
∫ K[4]

1
g(K[3])dK[3]

)
g(K[4])dK[4]

)}}

Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ f(x)*(y+a)*diff(w(x,y,z),y)+g(x)*(z+b)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1
(
(y + a) e−

∫
f(x)dx, (z + b) e−

∫
g(x)dx

)
6.6.23.3 [1552] Problem 3

problem number 1552

Added May 31, 2019.

Problem Chapter 6.8.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (ay + f(x))wy + (bz + g(x))wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a*y+f[x])*D[w[x, y,z], y] +(b*z+g[x])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
ye−ax −

∫ x

1
e−aK[1]f(K[1])dK[1], ze−bx −

∫ x

1
e−bK[2]g(K[2])dK[2]

)}}
Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ (a*y+f(x))*diff(w(x,y,z),y)+(b*z+g(x))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
∫
f(x) e−axdx+ e−axy,−

∫
g(x) e−bxdx+ e−bxz

)

6.6.23.4 [1553] Problem 4

problem number 1553

Added May 31, 2019.

Problem Chapter 6.8.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x))wy + (g1(x)y + g2(x))wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]*y+f2[x])*D[w[x, y,z], y] +(g1[x]*y+g2[x])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y exp

(
−
∫ x

1
f1(K[1])dK[1]

)
−
∫ x

1
exp

(
−
∫ K[3]

1
f1(K[1])dK[1]

)
f2(K[3])dK[3],−

∫ x

1

(
g2(K[4])− exp

(
−
∫ K[4]

1
f1(K[1])dK[1]

)
f2(K[4])

∫ K[4]

1
exp

(∫ K[2]

1
f1(K[1])dK[1]

)
g1(K[2])dK[2]

)
dK[4]− y exp

(
−
∫ x

1
f1(K[1])dK[1]

)∫ x

1
exp

(∫ K[2]

1
f1(K[1])dK[1]

)
g1(K[2])dK[2] + z

)}}

Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ (f1(x)*y+f2(x))*diff(w(x,y,z),y)+(g1(x)*y+g2(x))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
−
∫

f2 (x) e−
∫
f1(x)dxdx+ e−

∫
f1(x)dxy,−

∫ x(
g1 (_f) y e

∫
f1(_f)d_f−

∫
f1(x)dx + g1 (_f) e

∫
f1(_f)d_f

∫
f2 (_f) e−

∫
f1(_f)d_fd_f− e

∫
f1(_f)d_f g1 (_f)

∫
f2 (x) e−

∫
f1(x)dxdx+ g2 (_f)

)
d_f+ z

)
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6.6.23.5 [1554] Problem 5

problem number 1554

Added May 31, 2019.

Problem Chapter 6.8.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x))wy + (g1(x)z + g2(x))wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]*y+f2[x])*D[w[x, y,z], y] +(g1[x]*z+g2[x])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y exp

(
−
∫ x

1
f1(K[1])dK[1]

)
−
∫ x

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2], z exp

(
−
∫ x

1
g1(K[3])dK[3]

)
−
∫ x

1
exp

(
−
∫ K[4]

1
g1(K[3])dK[3]

)
g2(K[4])dK[4]

)}}

Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ (f1(x)*y+f2(x))*diff(w(x,y,z),y)+(g1(x)*z+g2(x))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
−
∫

f2 (x) e−
∫
f1(x)dxdx+ e−

∫
f1(x)dxy, e−

∫
g1(x)dxz −

∫
g2 (x) e−

∫
g1(x)dxdx

)

6.6.23.6 [1555] Problem 6

problem number 1555

Added May 31, 2019.

Problem Chapter 6.8.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f2(x)y + f1(x)z + f0(x))wy + (g2(x)y + g1(x)z + g0(x))wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f2[x]*y+f1[x]*z+f0[x])*D[w[x, y,z], y] +(g2[x]*y+g1[x]*z+g0[x])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 7� �
restart;
pde := diff(w(x,y,z),x)+ (f2(x)*y+f1(x)*z+f0(x))*diff(w(x,y,z),y)+(g2(x)*y+g1(x)*z+g0(x))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.6.23.7 [1556] Problem 7

problem number 1556

Added May 31, 2019.

Problem Chapter 6.8.1.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (y2 − a2 + aλ sinh(λx)− a2 sinh2(λx))wy + f(x) sinh(γz)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (y^2-a^2+a*lambda*Sinh[lambda*x]-a^2*Sinh[lambda*x]^2)*D[w[x, y,z], y] +f[x]*Sinh[gamma*z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

2λ exp
(
2λx− 2

∫ eλx

1 −aK[1]2−λK[1]+a
2λK[1]2 dK[1]

)
ae2λx + a− 2yeλx −

∫ eλx

1
exp

(
−2
∫ K[2]

1
−aK[1]2 − λK[1] + a

2λK[1]2 dK[1]
)
dK[2],−

γ
∫ x

1 f(K[3])dK[3] + arctanh(cosh(γz))
γ




Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ (y^2-a^2+a*lambda*sinh(lambda*x)-a^2*sinh(lambda*x)^2)*diff(w(x,y,z),y)+f(x)*sinh(gamma*z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1


(
(−2 cosh (λx) a− 2y)HeunC

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
, −8ia+3λ

8λ ,− i sinh(λx)
2 + 1

2

)
+ i cosh (λx)HeunCPrime

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
, −8ia+3λ

8λ ,− i sinh(λx)
2 + 1

2

)
λ
)√

sinh (λx) + i

((2ia+ 2 sinh (λx) a+ λ) cosh (λx) + 2y (sinh (λx) + i))HeunC
(

4ia
λ
, 12 ,−

1
2 ,

2ia
λ
, −8ia+3λ

8λ ,− i sinh(λx)
2 + 1

2

)
− HeunCPrime

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
, −8ia+3λ

8λ ,− i sinh(λx)
2 + 1

2

)
λ cosh (λx) (i sinh (λx)− 1)

,
−
∫
f(x) dxγ − 2 arctanh (eγz)

γ



6.6.23.8 [1557] Problem 8

problem number 1557

Added May 31, 2019.

Problem Chapter 6.8.1.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x)yk)wy + (g1(x)z + g2(x)zm)wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]*y+f2[x]*y^k)*D[w[x, y,z], y] +(g1[x]*z+g2[x]*z^m)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
(k − 1)

∫ x

1
exp

(
(k − 1)

∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2] + y1−k exp

(
(k − 1)

∫ x

1
f1(K[1])dK[1]

)
, (m− 1)

∫ x

1
exp

(
(m− 1)

∫ K[4]

1
g1(K[3])dK[3]

)
g2(K[4])dK[4] + z1−m exp

(
(m− 1)

∫ x

1
g1(K[3])dK[3]

))}}

Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ (f1(x)*y+f2(x)*y^k)*diff(w(x,y,z),y)+(g1(x)*z+g2(x)*z^m)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
(k − 1)

∫
f2 (x) e(k−1)

∫
f1(x)dxdx+ y1−ke(k−1)

∫
f1(x)dx, (m− 1)

∫
g2 (x) e(m−1)

∫
g1(x)dxdx+ z1−me(m−1)

∫
g1(x)dx

)

6.6.23.9 [1558] Problem 9

problem number 1558

Added May 31, 2019.

Problem Chapter 6.8.1.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x)yk)wy + (g1(x) + g2(x)eλz)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]*y+f2[x]*y^k)*D[w[x, y,z], y] +(g1[x]+g2[x]*Exp[lambda*z])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ (f1(x)*y+f2(x)*y^k)*diff(w(x,y,z),y)+(g1(x)+g2(x)*exp(lambda*z))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
(k − 1)

∫
f2 (x) e(k−1)

∫
f1(x)dxdx+ y1−ke(k−1)

∫
f1(x)dx,

−
∫
g2 (x) eλ

∫
g1(x)dxdxλ− eλ

(
−z+

∫
g1(x)dx

)
λ

)
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6.6.23.10 [1559] Problem 10

problem number 1559

Added May 31, 2019.

Problem Chapter 6.8.1.10, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x) + f2(x)eλy)wy + (g1(x) + g2(x)eβz)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]+f2[x]*Exp[lambda*y])*D[w[x, y,z], y] +(g1[x]+g2[x]*Exp[beta*z])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ (f1(x)+f2(x)*exp(lambda*y))*diff(w(x,y,z),y)+(g1(x)+g2(x)*exp(beta*z))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−eλ

(
−y+

∫
f1(x)dx

)
−
∫
f2 (x) eλ

∫
f1(x)dxdxλ

λ
,
−eβ

(
−z+

∫
g1(x)dx

)
−
∫
g2 (x) eβ

∫
g1(x)dxdxβ

β

)
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6.6.24.1 [1560] Problem 1

problem number 1560

Added May 31, 2019.

Problem Chapter 6.8.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

xwx + ywy + (z + f(x)g(y))wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y,z], x] + y*D[w[x, y,z], y] +(z+f[x]*g[y])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �


w(x, y, z) → c1

y

x
,
z

x
−
∫ x

1

f(K[1])g
(

yK[1]
x

)
K[1]2 dK[1]




Maple 3� �
restart;
pde := x*diff(w(x,y,z),x)+ y*diff(w(x,y,z),y)+(z+f(x)*g(y))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

y

x
,
−
∫ x f(_a)g

( y_a
x

)
_a2 d_ax+ z

x


6.6.24.2 [1561] Problem 2

problem number 1561

Added May 31, 2019.

Problem Chapter 6.8.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x))wy + (g1(y)z + g2(y))wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]*y+f2[x])*D[w[x, y,z], y] +(g1[y]*z+g2[y])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y exp

(
−
∫ x

1
f1(K[1])dK[1]

)
−
∫ x

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2], z exp

(
−
∫ x

1
g1
(
exp

(∫ K[3]

1
f1(K[1])dK[1]

)(
exp

(
−
∫ x

1
f1(K[1])dK[1]

)
y −

∫ x

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2] +

∫ K[3]

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]

))
dK[3]

)
−
∫ x

1
exp

(
−
∫ K[4]

1
InverseFunction[Inactive[Integrate], 1, 2]

[
log
(
exp

(∫ x

1
g1
(
exp

(∫ K[3]

1
f1(K[1])dK[1]

)(
exp

(
−
∫ x

1
f1(K[1])dK[1]

)
y −

∫ x

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2] +

∫ K[3]

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]

))
dK[3]

))
, {K[3], 1, x}

]
dK[3]

)
g2
(
exp

(∫ K[4]

1
f1(K[1])dK[1]

)(
exp

(
−
∫ x

1
f1(K[1])dK[1]

)
y −

∫ x

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2] +

∫ K[4]

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]

))
dK[4]

)}}

Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ (f1(x)*y+f2(x))*diff(w(x,y,z),y)+(g1(y)*z+g2(y))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
e−
∫
f1(x)dxy −

∫
f2 (x) e−

∫
f1(x)dxdx,−

∫ x

g2
((∫

f2 (_f) e−
∫
f1(_f)d_fd_f+ e−

∫
f1(x)dxy −

∫
f2 (x) e−

∫
f1(x)dxdx

)
e
∫
f1(_f)d_f

)
e−
∫
g1
((∫

f2(_f)e−
∫
f1(_f)d_fd_f+e−

∫
f1(x)dxy−

∫
f2(x)e−

∫
f1(x)dxdx

)
e
∫
f1(_f)d_f

)
d_f
d_f+ e−

∫ x g1((∫ f2(_f)e−
∫
f1(_f)d_fd_f+e−

∫
f1(x)dxy−

∫
f2(x)e−

∫
f1(x)dxdx

)
e
∫
f1(_f)d_f

)
d_f
z

)
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6.6.24.3 [1562] Problem 3

problem number 1562

Added May 31, 2019.

Problem Chapter 6.8.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (y2 − a2 + aλ sinh(λx)− a2 sinh2(λx))wy + f(x)g(z)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (y^2-a^2+a*lambda*Sinh[lambda*x]-a^2*Sinh[lambda*x]^2)*D[w[x, y,z], y] +f[x]*g[z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

2λ exp
(
2λx− 2

∫ eλx

1 −aK[1]2−λK[1]+a
2λK[1]2 dK[1]

)
ae2λx + a− 2yeλx −

∫ eλx

1
exp

(
−2
∫ K[2]

1
−aK[1]2 − λK[1] + a

2λK[1]2 dK[1]
)
dK[2],

∫ z

1

1
g(K[3])dK[3]−

∫ x

1
f(K[4])dK[4]




Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ (y^2-a^2+a*lambda*sinh(lambda*x)-a^2*sinh(lambda*x)^2)*diff(w(x,y,z),y)+f(x)*g(z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

 √
sinh (λx) + i

(
(−2a cosh (λx)− 2y)HeunC

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
, −8ia+3λ

8λ ,− i sinh(λx)
2 + 1

2

)
+ i cosh (λx)HeunCPrime

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
, −8ia+3λ

8λ ,− i sinh(λx)
2 + 1

2

)
λ
)

((2 sinh (λx) a+ 2ia+ λ) cosh (λx) + 2y (sinh (λx) + i))HeunC
(

4ia
λ
, 12 ,−

1
2 ,

2ia
λ
, −8ia+3λ

8λ ,− i sinh(λx)
2 + 1

2

)
− (−1 + i sinh (λx))HeunCPrime

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
, −8ia+3λ

8λ ,− i sinh(λx)
2 + 1

2

)
cosh (λx)λ

,−
∫
f(x) dx+

∫ 1
g (z)dz



6.6.24.4 [1563] Problem 4

problem number 1563

Added May 31, 2019.

Problem Chapter 6.8.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

f(x)wx + zkwy + g(y)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y,z], x] + z^k*D[w[x, y,z], y] +g[y]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := f(x)*diff(w(x,y,z),x)+ z^k*diff(w(x,y,z),y)+g(y)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

z1+k + (−1− k)
∫
g(y) dy,−

∫ y
((∫

(1 + k) g(_b) d_b+
∫

(−1− k) g(y) dy + z1+k

) 1
1+k
)−k

d_b+
∫ 1
f (x)dx


6.6.24.5 [1564] Problem 5

problem number 1564

Added May 31, 2019.

Problem Chapter 6.8.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

f(x)wx + g(y)wy + h(z)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y,z], x] + g[y]*D[w[x, y,z], y] +h[z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(∫ y

1

1
g(K[1])dK[1]−

∫ x

1

1
f(K[2])dK[2],

∫ z

1

1
h(K[3])dK[3]−

∫ x

1

1
f(K[4])dK[4]

)}}
Maple 3� �
restart;
pde := f(x)*diff(w(x,y,z),x)+ g(y)*diff(w(x,y,z),y)+h(z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
∫ 1
f (x)dx+

∫ 1
g (y)dy,−

∫ 1
f (x)dx+

∫ 1
h (z)dz

)

6.6.24.6 [1565] Problem 6

problem number 1565

Added May 31, 2019.

Problem Chapter 6.8.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

f1(x)wx + f2(x)g(y)wy + f3(x)h(z)wz = 0
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Mathematica 3� �
ClearAll["Global`*"];
pde = f1[x]*D[w[x, y,z], x] + f2[x]*g[y]*D[w[x, y,z], y] +f3[x]*g[z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(∫ y

1

1
g(K[1])dK[1]−

∫ x

1

f2(K[2])
f1(K[2])dK[2],

∫ z

1

1
g(K[3])dK[3]−

∫ x

1

f3(K[4])
f1(K[4])dK[4]

)}}
Maple 3� �
restart;
pde := f1(x)*diff(w(x,y,z),x)+ f2(x)*g(y)*diff(w(x,y,z),y)+f3(x)*h(z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
∫ f2 (x)

f1 (x)dx+
∫ 1
g (y)dy,−

∫ f3 (x)
f1 (x)dx+

∫ 1
h (z)dz

)

6.6.24.7 [1566] Problem 7

problem number 1566

Added May 31, 2019.

Problem Chapter 6.8.2.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a sinh(βy)wx + b sinh(γz)wy + f1(x)f2(z) sinh(βy)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = a*Sinh[beta*y]*D[w[x, y,z], x] + b*Sinh[gamma*z]*D[w[x, y,z], y] +f1[x]*f2[z]*Sinh[beta*y]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := a*sinh(beta*y)*diff(w(x,y,z),x)+ b*sinh(gamma1*z)*diff(w(x,y,z),y)+f2(x)*f2(z)*sinh(beta*y)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−
∫

f2 (x) dx+ a

∫ 1
f2 (z)dz,

−bβ
∫ x sinh

(
γ 1RootOf

(∫
f2 (_f) d_f− a

∫ _Z 1
f2(_a)d_a−

∫
f2 (x) dx+ a

∫ 1
f2(z)dz

))
d_f+ a cosh (βy)

bβ


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6.6.25 8.3

Local contents
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6.6.25.1 [1567] Problem 1

problem number 1567

Added May 31, 2019.

Problem Chapter 6.8.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + f(x, y)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +f[x,y]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �


w(x, y, z) → c1

y − bx

a
, z −

∫ x

1

f
(
K[1], y + b(K[1]−x)

a

)
a

dK[1]




Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+f(x,y)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

ay − xb

a
,−

∫ x
f
(
_a, ay−b(x−_a)

a

)
d_a

a
+ z


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6.6.25.2 [1568] Problem 2

problem number 1568

Added May 31, 2019.

Problem Chapter 6.8.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + f(x, y)g(z)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +f[x,y]*g[z]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

y − bx

a
,

∫ z

1

1
g(K[1])dK[1]−

∫ x

1

f
(
K[2], y + b(K[2]−x)

a

)
a

dK[2]




Maple 3� �
restart;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+f(x,y)*g(z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ay − bx

a
,−
∫ x

f

(
_a, ay − b(x− _a)

a

)
d_a+ a

∫ 1
g (z)dz

)

6.6.25.3 [1569] Problem 3

problem number 1569

Added May 31, 2019.

Problem Chapter 6.8.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

xwx + ywy + (z + f(x, y))wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y,z], x] + y*D[w[x, y,z], y] +(z+f[x,y])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �


w(x, y, z) → c1

y

x
,
z

x
−
∫ x

1

f
(
K[1], yK[1]

x

)
K[1]2 dK[1]



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Maple 3� �
restart;
pde := x*diff(w(x,y,z),x)+ y*diff(w(x,y,z),y)+(z+f(x,y))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

y

x
,
−
∫ x f

(
_a, y_a

x

)
_a2 d_ax+ z

x


6.6.25.4 [1570] Problem 4

problem number 1570

Added May 31, 2019.

Problem Chapter 6.8.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

axwx + bywy + f(x, y)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y,z], x] + b*y*D[w[x, y,z], y] +f[x,y]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �


w(x, y, z) → c1

yx− b
a , z −

∫ x

1

f
(
K[1], x− b

ayK[1] ba
)

aK[1] dK[1]




Maple 3� �
restart;
pde := a*x*diff(w(x,y,z),x)+ b*y*diff(w(x,y,z),y)+f(x,y)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

y x− b
a ,−

∫ x f
(
_a,y x− b

a_a
b
a

)
_a d_a
a

+ z


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6.6.25.5 [1571] Problem 5

problem number 1571

Added May 31, 2019.

Problem Chapter 6.8.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

axwx + bywy + f(x, y)g(z)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y,z], x] + b*y*D[w[x, y,z], y] +f[x,y]*g[x]*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �


w(x, y, z) → c1

yx− b
a , z −

∫ x

1

f
(
K[1], x− b

ayK[1] ba
)
g(K[1])

aK[1] dK[1]




Maple 3� �
restart;
pde := a*x*diff(w(x,y,z),x)+ b*y*diff(w(x,y,z),y)+f(x,y)*g(z)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

y x− b
a ,−

∫ x f
(
_a, y x− b

a_a ba
)

_a d_a+ a

∫ 1
g (z)dz


6.6.25.6 [1572] Problem 6

problem number 1572

Added May 31, 2019.

Problem Chapter 6.8.3.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x))wy + (g(x, y)z + h(x, y))wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]*y+f2[x])*D[w[x, y,z], y] +(g[x,y]*z+h[x,y])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y exp

(
−
∫ x

1
f1(K[1])dK[1]

)
−
∫ x

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2], z exp

(
−
∫ x

1
g

(
K[3], exp

(∫ K[3]

1
f1(K[1])dK[1]

)(
exp

(
−
∫ x

1
f1(K[1])dK[1]

)
y −

∫ x

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2] +

∫ K[3]

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]

))
dK[3]

)
−
∫ x

1
exp

(
−
∫ K[4]

1
InverseFunction[Inactive[Integrate], 1, 2]

[
log
(
exp

(∫ x

1
g

(
K[3], exp

(∫ K[3]

1
f1(K[1])dK[1]

)(
exp

(
−
∫ x

1
f1(K[1])dK[1]

)
y −

∫ x

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2] +

∫ K[3]

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]

))
dK[3]

))
, {K[3], 1, x}

]
dK[3]

)
h

(
K[4], exp

(∫ K[4]

1
f1(K[1])dK[1]

)(
exp

(
−
∫ x

1
f1(K[1])dK[1]

)
y −

∫ x

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2] +

∫ K[4]

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]

))
dK[4]

)}}
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Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ (f1(x)*y+f2(x))*diff(w(x,y,z),y)+(g(x,y)*z+h(x,y))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
e−
∫
f1(x)dxy −

∫
f2 (x) e−

∫
f1(x)dxdx,−

∫ x

h

(
_f,
(∫

f2 (_f) e−
∫
f1(_f)d_fd_f+ e−

∫
f1(x)dxy −

∫
f2 (x) e−

∫
f1(x)dxdx

)
e
∫
f1(_f)d_f

)
e−
∫
g
(
_f,
(∫

f2(_f)e−
∫
f1(_f)d_fd_f+e−

∫
f1(x)dxy−

∫
f2(x)e−

∫
f1(x)dxdx

)
e
∫
f1(_f)d_f

)
d_f
d_f+ e−

∫ x g(_f,
(∫

f2(_f)e−
∫
f1(_f)d_fd_f+e−

∫
f1(x)dxy−

∫
f2(x)e−

∫
f1(x)dxdx

)
e
∫
f1(_f)d_f

)
d_f
z

)

6.6.25.7 [1573] Problem 7

problem number 1573

Added May 31, 2019.

Problem Chapter 6.8.3.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x)yk)wy + (g(x, y)z + h(x, y)zm)wz = 0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]*y+f2[x]*y^k)*D[w[x, y,z], y] +(g[x,y]*z+h[x,y]*z^m)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

(k − 1)
∫ x

1
exp

(
(k − 1)

∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2] + y1−k exp

(
(k − 1)

∫ x

1
f1(K[1])dK[1]

)
, (m− 1)

∫ x

1
exp

(m− 1)
∫ K[4]

1
InverseFunction[Inactive[Integrate], 1, 2]

− log
(
exp

(
−
(
(m− 1)

∫ x

1 g
(
K[3],

(
exp

(
−
∫ x

1 f1(K[1])dK[1]− (k − 1)
∫ K[3]
1 f1(K[1])dK[1]

)
y−k
(
exp

(∫ x

1 f1(K[1])dK[1]
)
(k − 1)

∫ x

1 exp
(
(k − 1)

∫ K[2]
1 f1(K[1])dK[1]

)
f2(K[2])dK[2]yk − exp

(∫ x

1 f1(K[1])dK[1]
)
(k − 1)

∫ K[3]
1 exp

(
(k − 1)

∫ K[2]
1 f1(K[1])dK[1]

)
f2(K[2])dK[2]yk + exp

(
k
∫ x

1 f1(K[1])dK[1]
)
y
))

1
1−k

)
dK[3]

)))
m− 1 , {K[3], 1, x}

 dK[3]

h

(
K[4],

(
exp

(
−
∫ x

1
f1(K[1])dK[1]− (k − 1)

∫ K[4]

1
f1(K[1])dK[1]

)
y−k

(
exp

(∫ x

1
f1(K[1])dK[1]

)
(k − 1)

∫ x

1
exp

(
(k − 1)

∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]yk − exp

(∫ x

1
f1(K[1])dK[1]

)
(k − 1)

∫ K[4]

1
exp

(
(k − 1)

∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]yk + exp

(
k

∫ x

1
f1(K[1])dK[1]

)
y

))
1

1−k

)
dK[4] + z1−m exp

(
(m− 1)

∫ x

1
g

(
K[3],

(
exp

(
−
∫ x

1
f1(K[1])dK[1]− (k − 1)

∫ K[3]

1
f1(K[1])dK[1]

)
y−k

(
exp

(∫ x

1
f1(K[1])dK[1]

)
(k − 1)

∫ x

1
exp

(
(k − 1)

∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]yk − exp

(∫ x

1
f1(K[1])dK[1]

)
(k − 1)

∫ K[3]

1
exp

(
(k − 1)

∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]yk + exp

(
k

∫ x

1
f1(K[1])dK[1]

)
y

))
1

1−k

)
dK[3]

)


Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ (f1(x)*y+f2(x)*y^k)*diff(w(x,y,z),y)+(g(x,y)*z+h(x,y)*z^m)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(k − 1)
∫

f2 (x) e(k−1)
∫
f1(x)dxdx+ y1−ke(k−1)

∫
f1(x)dx, (m− 1)

∫ x

h

(
_f, e

∫
f1(_f)d_f

(
(1− k)

∫
f2 (_f) e

∫
f1(_f)d_f(k−1)d_f+ (k − 1)

∫
f2 (x) e(k−1)

∫
f1(x)dxdx+ y1−ke(k−1)

∫
f1(x)dx

)− 1
k−1
)
e
∫
g

(
_f,e

∫
f1(_f)d_f

(
(1−k)

∫
f2(_f)e

∫
f1(_f)d_f(k−1)d_f+(k−1)

∫
f2(x)e(k−1)

∫
f1(x)dxdx+y1−ke(k−1)

∫
f1(x)dx

)− 1
k−1

)
d_f(m−1)

d_f+ z1−me
∫ x g(_f,e

∫
f1(_f)d_f

(
(1−k)

∫
f2(_f)e

∫
f1(_f)d_f(k−1)d_f+(k−1)

∫
f2(x)e(k−1)

∫
f1(x)dxdx+y1−ke(k−1)

∫
f1(x)dx

)− 1
k−1

)
d_f(m−1)


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6.6.25.8 [1574] Problem 8

problem number 1574

Added May 31, 2019.

Problem Chapter 6.8.3.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x)yk)wy + (g(x, y) + h(x, y)eλz)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]*y+f2[x]*y^k)*D[w[x, y,z], y] +(g[x,y]*z+h[x,y]*Exp[lambda*z])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,y,z),x)+ (f1(x)*y+f2(x)*y^k)*diff(w(x,y,z),y)+(g(x,y)*z+h(x,y)*exp(lambda*z))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.6.25.9 [1575] Problem 9

problem number 1575

Added May 31, 2019.

Problem Chapter 6.8.3.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x) + f2(x)eλy)wy + (g(x, y)z + h(x, y)zk)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]+f2[x]*Exp[lambda*y])*D[w[x, y,z], y] +(g[x,y]*z+h[x,y]*z^k)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ (f1(x)+f2(x)*exp(lambda*y))*diff(w(x,y,z),y)+(g(x,y)*z+h(x,y)*z^k)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−eλ
(
−y+

∫
f1(x)dx

)
−
∫
f2 (x) eλ

∫
f1(x)dxdxλ

λ
, (k − 1)

∫ x

h

_h,
ln
(

1∫
f2(x)eλ

∫
f1(x)dxdxλ−

∫
f2(_g)eλ

∫
f1(_g)d_gd_gλ+eλ(−y+

∫
f1(x)dx)

)
+ λ

∫
f1 (_h) d_h

λ

 e

∫
g

_h,
ln
(

1
−
∫
f2(_f)eλ

∫
f1(_f)d_fd_fλ+

∫
f2(x)eλ

∫
f1(x)dxdxλ+eλ(−y+

∫
f1(x)dx)

)
+λ

∫
f1(_h)d_h

λ

d_h(k−1)

d_h+ z1−ke

∫ x g
_h,

ln
(

1
−
∫
f2(_f)eλ

∫
f1(_f)d_fd_fλ+

∫
f2(x)eλ

∫
f1(x)dxdxλ+eλ(−y+

∫
f1(x)dx)

)
+λ

∫
f1(_h)d_h

λ

d_h(k−1)


6.6.25.10 [1576] Problem 10

problem number 1576

Added May 31, 2019.

Problem Chapter 6.8.3.10, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x) + f2(x)eλy)wy + (g(x, y) + h(x, y)eβz)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]+f2[x]*Exp[lambda*y])*D[w[x, y,z], y] +(g[x,y]+h[x,y]*Exp[beta*z])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ (f1(x)+f2(x)*exp(lambda*y))*diff(w(x,y,z),y)+(g(x,y)+h(x,y)*exp(beta*z))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1


−
∫
f2 (x) eλ

∫
f1(x)dxdxλ− eλ

(
−y+

∫
f1(x)dx

)
λ

,

−
∫ x

h

_h,
ln
(

1
−
∫
f2(_g)eλ

∫
f1(_g)d_gd_gλ+

∫
f2(x)eλ

∫
f1(x)dxdxλ+eλ(−y+

∫
f1(x)dx)

)
+λ
∫
f1(_h)d_h

λ

 e
β
∫
g

_h,
ln
(

1
−
∫
f2(_f)eλ

∫
f1(_f)d_fd_fλ+

∫
f2(x)eλ

∫
f1(x)dxdxλ+eλ(−y+

∫
f1(x)dx)

)
+λ

∫
f1(_h)d_h

λ

d_h

d_hβ − e
β

−z+
∫ x g

_h,
ln
(

1
−
∫
f2(_f)eλ

∫
f1(_f)d_fd_fλ+

∫
f2(x)eλ

∫
f1(x)dxdxλ+eλ(−y+

∫
f1(x)dx)

)
+λ

∫
f1(_h)d_h

λ

d_h



β


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6.6.25.11 [1577] Problem 11

problem number 1577

Added May 31, 2019.

Problem Chapter 6.8.3.11, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

f1(x)g1(y)wx + f2(x)g2(y)wy + (h1(x, y) + h2(x, y)zm)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = f1[x]*g1[y]*D[w[x, y,z], x] + f2[x]*g2[y]*D[w[x, y,z], y] +(h1[x,y]+h2[x,y]*z^m)*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := f1(x)*g1(y)*diff(w(x,y,z),x)+ f2(x)*g2(y)*diff(w(x,y,z),y)+(h1(x,y)+h2(x,y)*z^m)*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.6.25.12 [1578] Problem 12

problem number 1578

Added May 31, 2019.

Problem Chapter 6.8.3.12, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

f1(x)g1(y)wx + f2(x)g2(y)wy + (h1(x, y) + h2(x, y)eλz)wz = 0

Mathematica 7� �
ClearAll["Global`*"];
pde = f1[x]*g1[y]*D[w[x, y,z], x] + f2[x]*g2[y]*D[w[x, y,z], y] +(h1[x,y]+h2[x,y]*Exp[lambda*z])*D[w[x,y,z],z]==0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := f1(x)*g1(y)*diff(w(x,y,z),x)+ f2(x)*g2(y)*diff(w(x,y,z),y)+(h1(x,y)+h2(x,y)*exp(lambda*z))*diff(w(x,y,z),z)= 0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()
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6.7.1.1 [1579] Problem 1

problem number 1579

Added May 31, 2019.

Problem Chapter 7.2.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + cwz = αx+ βy + γz + δ
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*D[w[x,y,z],z]==alpha*x+beta*y+gamma*z+delta;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → x(a(αx+ 2βy + 2δ + 2γz)− x(bβ + cγ))

2a2 + c1

(
y − bx

a
, z − cx

a

)}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+c*diff(w(x,y,z),z)= alpha*x+beta*y+gamma*z+delta;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = (αa− bβ − cγ)x2
2a2 + (βy + γz + δ)x

a
+ f1

(
ya− bx

a
,
za− cx

a

)

6.7.1.2 [1580] Problem 2

problem number 1580

Added May 31, 2019.

Problem Chapter 7.2.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + azwy + bywz = cx+ s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*z*D[w[x, y,z], y] +b*y*D[w[x,y,z],z]==c*x+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

e−√
a
√
bx
(√

by
(
e2

√
a
√
bx + 1

)
−

√
az
(
e2

√
a
√
bx − 1

))
2
√
b

,
e−

√
a
√
bx
(√

az
(
e2

√
a
√
bx + 1

)
−

√
by
(
e2

√
a
√
bx − 1

))
2
√
a

+ cx2

2 + sx




Maple 3� �
restart;
pde := diff(w(x,y,z),x)+ a*z*diff(w(x,y,z),y)+b*y*diff(w(x,y,z),z)= c*x+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
f1

(
z2a−b y2

a
,
x
√
ab−ln

(
aby+

√
a2z2

√
ab√

ab

)
√
ab

)
√
ab−

∫ y −
(cx+s)

√
ab−ln

(
aby+

√
a2z2

√
ab√

ab

)
c+ln

ab_a+
√
ab

√
a
((

_a2−y2
)
b+z2a

)
√
ab

c√
a((_a2−y2)b+z2a) d_a

√
ab
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6.7.1.3 [1581] Problem 3

problem number 1581

Added May 31, 2019.

Problem Chapter 7.2.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1x+ a0)wy + (b1x+ b0)wz = αx+ βy + γz + δ

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a1*x+a0)*D[w[x, y,z], y] +(b1*x+b0)*D[w[x,y,z],z]==alpha*x+beta*y+gamma*z+delta;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → 1
6x
(
−3a0βx− 2a1βx2 + 3αx− 3b0γx− 2b1γx2 + 6βy + 6δ + 6γz

)
+ c1

(
−a0x− a1x2

2 + y,−b0x− b1x2
2 + z

)}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a1*x+a0)*diff(w(x,y,z),y)+(b1*x+b0)*diff(w(x,y,z),z)=alpha*x+beta*y+gamma*z+delta;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
−1
2 a1 x2 − a0x+ y,−1

2 b1 x2 − b0x+ z

)
−(β a1+b1 γ)x3

3 +(− a0 β − γ b0+α)x2
2 +(βy + γz + δ)x

6.7.1.4 [1582] Problem 4

problem number 1582

Added May 31, 2019.

Problem Chapter 7.2.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a2y + a1x+ a0)wy + (b2y + b1x+ b0)wz = c2y + c1z + c0x+ s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a2*y+a1*x+a0)*D[w[x, y,z], y] +(b2*y+b1*x+b0)*D[w[x,y,z],z]==c2*y+c1*z+c0*x+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1

a2s+ b2c1ea2(K[3]−x)y + a2c2ea2(K[3]−x)y − b2c1y + a2c1z + a2c0K[3]−
(
a2ea2K[3]c2 + b2c1

(
−1 + ea2K[3])) ∫ x

1 e
−a2K[1](a0 + a1K[1])dK[1] +

(
a2ea2K[3]c2 + b2c1

(
−1 + ea2K[3])) ∫ K[3]

1 e−a2K[1](a0 + a1K[1])dK[1]− a2c1
∫ x

1

(
b0 + b1K[2] + b2

(
−1+e−a2K[2])(a0+a1K[2])

a2

)
dK[2] + a2c1

∫ K[3]
1

(
b0 + b1K[2] + b2

(
−1+e−a2K[2])(a0+a1K[2])

a2

)
dK[2]

a2 dK[3] + c1

(
ye−a2x −

∫ x

1
e−a2K[1](a0 + a1K[1])dK[1],−

∫ x

1

(
b0 + b1K[2] +

b2
(
−1 + e−a2K[2]) (a0 + a1K[2])

a2

)
dK[2] + b2y(e−a2x − 1)

a2 + z

)

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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a2*y+a1*x+a0)*diff(w(x,y,z),y)+(b2*y+b1*x+b0)*diff(w(x,y,z),z)=c2*y+c1*z+c0*x+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
6f1
( (

y a22 +a2(a1x+a0)+a1
)
e− a2 x

a22 ,
(
− b1 x2−2 b0x+2z

)
a23 +b2

(
a1 x2+2a0x−2y

)
a22 −2 a0 a2 b2−2 a1 b2

2 a23

)
a24+6

(
− c1 b1 x2

3 + (− c1 b0+ c0)x
2 + c1 z + s

)
x a24+(2 b2 c1 a1 x3 + 3(b2 c1 a0− a1 c2) x2 − 6(b2 c1 y + c2 a0) x+ 6 c2 y) a23+3(− c1 a1 b2 x2 − 2 c1 a0 b2 x+ 2b2 c1 y + 2 c2 a0) a22+6(b2 c1 a0+a1 c2) a2+6 b2 c1 a1

6 a24

6.7.1.5 [1583] Problem 5

problem number 1583

Added May 31, 2019.

Problem Chapter 7.2.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (ay + k1x+ k0)wy + (bz + s1x+ s0)wz = c1x+ c0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a*y+k1*x+k0)*D[w[x, y,z], y] +(b*z+s1*x+s0)*D[w[x,y,z],z]==c1*x+c0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
ye−ax −

∫ x

1
e−aK[1](k0 + k1K[1])dK[1], ze−bx −

∫ x

1
e−bK[2](s0 + s1K[2])dK[2]

)
+ c0x+ c1x2

2

}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a*y+k1*x+k0)*diff(w(x,y,z),y)+(b*z+s1*x+s0)*diff(w(x,y,z),z)=c1*x+c0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = c1 x2

2 +c0 x+f1
(
e−ax(y a2 + a(k1x+ k0) + k1)

a2
,
e−bx(z b2 + b(s1x+ s0) + s1)

b2

)
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6.7.1.6 [1584] Problem 6

problem number 1584

Added May 31, 2019.

Problem Chapter 7.2.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bywy + czwz = αx+ βy + γz + δ

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*y*D[w[x, y,z], y] +c*z*D[w[x,y,z],z]==alpha*x+beta*y+gamma*z+delta;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
ye−

bx
a , ze−

cx
a

)
+ x(αx+ 2δ)

2a + βy

b
+ γz

c

}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*y*diff(w(x,y,z),y)+c*z*diff(w(x,y,z),z)=alpha*x+beta*y+gamma*z+delta;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = xδ

a
+ αx2

2a + βy

b
+ zγ

c
+ f1

(
y e− bx

a , z e− cx
a

)
Hand solution

Solve
awx + bywy + czwz = αx+ βy + γz + δ

The parametrization invariant Lagrange-Charpit equations are

dx

a
= dy

by
= dz

cz
= dw

αx+ βy + γz + δ

Solving dx
a
= dy

by
gives

b

a
dx = dy

y
b

a
x = ln y + C1 (1)

ln y = b

a
x− C1

y = C1e
b
a
x

C1 = ye−
b
a
x
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Equation dx
a
= dz

cz
gives

c

a
dx = dz

z
c

a
x = ln z + C2

ln z = c

a
x− C2

z = C2e
c
a
x

C2 = ze−
c
a
x (2)

And dx
a
= dw

αx+βy+γz+δ
gives

αx+ βy + γz + δ

a
dx = dw(

α

a
x+ β

y

a
+ γ

z

a
+ δ

a

)
dx = dw

But from (1) y = C1e
b
a
x and from (2) z = C2e

c
a
x. Hence the above becomes(

α

a
x+ β

a
C1e

b
a
x + γ

a
C2e

c
a
x + δ

a

)
dx = dw

Integrating
α

a

x2

2 + β

b
C1e

b
a
x + γ

c
C2e

c
a
x + δ

a
x = w + C3

But C2 = ze−
c
a
x and C1 = ye−

b
a
x, hence the above becomes

α

a

x2

2 + β

b
ye−

b
a
xe

b
a
x + γ

c
ze−

c
a
xe

c
a
x + δ

a
x = w + C3

α

a

x2

2 + β

b
y + γ

c
z + δ

a
x = w + C3

C3 =
(
α

a

x2

2 + β

b
y + γ

c
z + δ

a
x

)
− w

Since C3 = F (C1, C2) then the solution is(
α

a

x2

2 + β

b
y + γ

c
z + δ

a
x

)
− w = F

(
ye−

b
a
x, ze−

c
a
x
)

w(x, y, z) = F
(
ye−

b
a
x, ze−

c
a
x
)
+
(
α

a

x2

2 + β

b
y + γ

c
z + δ

a
x

)
(sign change on F does not matter, since arbitrary function, can be renamed).

6.7.1.7 [1585] Problem 7

problem number 1585

Added June 1, 2019.

Problem Chapter 7.2.1.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

xwx + azwy + bywz = c
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Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y,z], x] + a*z*D[w[x, y,z], y] +b*y*D[w[x,y,z],z]==c;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c log(x) + c1

iy sinh(√a√b log(x))− i
√
az cosh

(√
a
√
b log(x)

)
√
b

, y cosh
(√

a
√
b log(x)

)
−

√
az sinh

(√
a
√
b log(x)

)
√
b




Maple 3� �
restart;
local gamma;
pde := x*diff(w(x,y,z),x)+ a*z*diff(w(x,y,z),y)+b*y*diff(w(x,y,z),z)=c;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
ln
(

aby√
ab

+
√
a2z2

)
c+ f1

(
z2a−b y2

a
, x
(√

ab y + az
)−√

ab
ab

)
√
ab

√
ab

Hand solution

Solve
xwx + azwy + bywz = c

The parametrization invariant Lagrange-Charpit equations are

dx

x
= dy

az
= dz

by
= dw

c

Solving dy
az

= dz
by

gives

b

a
ydy = zdz

b

a
y2 = z2 + C1 (1)

C1 =
b

a
y2 − z2

= by2 − az2

a

Equation dx
x
= dy

az
gives

a
dx

x
= dy

z

But from (1) z =
√

b
a
y2 − C1, hence the above becomes

a
dx

x
= dy√

b
a
y2 − C1

Integrating gives

a ln x =
√
a

b
ln
(√

b

a
y +

√
b

a
y2 − C1

)
+ C2

ln x =
√

1
ab

ln
(√

b

a
y +

√
b

a
y2 − C1

)
+ C2

a
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Let C2
a
= C3 and the above becomes

x = C3

(√
b

a
y +

√
b

a
y2 − C1

)√ 1
ab

C3 = x

(√
b

a
y +

√
b

a
y2 − C1

)−
√

1
ab

But from (1)
C1 =

b

a
y2 − z2 (2)

Hence C3 simplifies to

C3 = x

(√
b

a
y +

√
b

a
y2 −

(
b

a
y2 − z2

))−
√

1
ab

= x

(√
b

a
y + z

)−
√

1
ab

(4)

And dx
x
= dw

c
gives

ln x = 1
c
w + C4

But C4 = F (C1, C3). Hence

ln x− 1
c
w = F

 b

a
y2 − z2, x

(√
b

a
y + z

)−
√

1
ab


−1
c
w = F

 b

a
y2 − z2, x

(√
b

a
y + z

)−
√

1
ab

− ln x

w(x, y, z) = cF

 b

a
y2 − z2, x

(√
b

a
y + z

)−
√

1
ab

+ c ln x

Verified OK under the assumptions that a > 0, b > 0, z > 0.

6.7.1.8 [1586] Problem 8

problem number 1586

Added June 1, 2019.

Problem Chapter 7.2.1.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

abxwx + b(ay + bz)wy + a(ay − bz)wz = c

Mathematica 3� �
ClearAll["Global`*"];
pde = a*b*x*D[w[x, y,z], x] + b*(a*y+b*z)*D[w[x, y,z], y] +a*(a*y-b*z)*D[w[x,y,z],z]==c;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c log(x)
ab

+ c1

(
−
x
√
2((√2− 2

)
ay +

√
2bz
)

4a ,
x−

√
2((2 +√

2
)
ay +

√
2bz
)

4a

)}}
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Maple 3� �
restart;
local gamma;
pde := a*b*x*diff(w(x,y,z),x)+ b*(a*y+b*z)*diff(w(x,y,z),y)+a*(a*y-b*z)*diff(w(x,y,z),z)=c;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

f1

− 1√
−a2y2+2abyz+b2z2

, x

−
(
a3y3−a2b y2z−3a b2y z2−b3z3

)√
− a2
a2y2−2abyz−b2z2−a2y

√
−2a2y2+4abyz+2b2z2

(−a2y2+2abyz+b2z2)3/2
√

− a2
a2y2−2abyz−b2z2

− a√
−2a2y2+4abyz+2b2z2

√
− a2
a2y2−2abyz−b2z2

√
−a2y2 + 2abyz + b2z2 b

√
− a2

a2y2−2abyz−b2z2
+

c ln

−

(
a3y3−a2b y2z−3a b2y z2−b3z3

)√
− a2
a2y2−2abyz−b2z2

−a2y
√
2
√

−a2y2+2abyz+b2z2√
− a2
a2y2−2abyz−b2z2

(
−a2y2+2abyz+b2z2

)3/2
√

2

2√
− a2

a2y2−2abyz−b2z2

√
−a2y2 + 2abyz + b2z2 b

6.7.1.9 [1587] Problem 9

problem number 1587

Added June 1, 2019.

Problem Chapter 7.2.1.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

(a1x+ a0)wx + (b1y + b0)wy + (c1z + c0)wz = αx+ βy + γz + δ

Mathematica 3� �
ClearAll["Global`*"];
pde = (a1*x+a0)*D[w[x, y,z], x] + (b1*y+b0)*D[w[x, y,z], y] +(c1*z+c0)*D[w[x,y,z],z]==alpha*x+beta*y+gamma*z+delta;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
(b0 + b1y)(a0 + a1x)−b1

a1

b1 ,
(c0 + c1z)(a0 + a1x)− c1

a1

c1

)
− a0α log(a0 + a1x)

a12 + log(a0 + a1x)(−b0βc1− b1c0γ + b1c1δ)
a1b1c1 + αx

a1 + b0β
b12

+ βy

b1 + γ(c0 + c1z)
c12

}}

Maple 3� �
restart;
local gamma;
pde := (a1*x+a0)*diff(w(x,y,z),x)+ (b1*y+b0)*diff(w(x,y,z),y)+(c1*z+c0)*diff(w(x,y,z),z)=alpha*x+beta*y+gamma*z+delta;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = αx

a1 +
βy

b1+
γz

c1+
b0 β
b12

+γ c0c12 −
(((γ c0− c1 δ) b1+b0 β c1) a1+a0α b1 c1) ln (a1 x+ a0)

a12 b1 c1 +f1

(
(b1 y + b0) (a1 x+ a0)−

b1
a1

b1 ,
(c1 z + c0) (a1 x+ a0)−

c1
a1

c1

)
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6.7.2.1 [1588] Problem 1

problem number 1588

Added June 1, 2019.

Problem Chapter 7.2.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + cwz = αx2 + βy2 + γz2 + δ

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*D[w[x,y,z],z]==alpha*x^2+beta*y^2+gamma*z^2+delta;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → 1

3

(
3c1
(
y − bx

a
, z − cx

a

)
+ αx3 + 3δx

a
+ βy3

b
+ γz3

c

)}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+c*diff(w(x,y,z),z)=alpha*x^2+beta*y^2+gamma*z^2+delta;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = (a2α + b2β + c2γ)x3

3a3 −(bβy + cγz)x2
a2

+(β y2 + γ z2 + δ)x
a

+f1
(
ya− bx

a
,
za− cx

a

)
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6.7.2.2 [1589] Problem 2

problem number 1589

Added June 1, 2019.

Problem Chapter 7.2.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1x2 + a0)wy + (b1x2 + b0)wz = αx+ βy + γz + δ

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a1*x^2+a0)*D[w[x, y,z], y] +(b1*x^2+b0)*D[w[x,y,z],z]==alpha*x+beta*y+gamma*z+delta;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → −1
4x
(
2a0βx+ a1βx3 − 2αx+ 2b0γx+ b1γx3 − 4βy − 4δ − 4γz

)
+ c1

(
−a0x− a1x3

3 + y,−b0x− b1x3
3 + z

)}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a1*x^2+a0)*diff(w(x,y,z),y)+(b1*x^2+b0)*diff(w(x,y,z),z)=alpha*x+beta*y+gamma*z+delta;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
−1
3 a1 x3 − a0x+ y,−1

3 b1 x3 − b0x+ z

)
−(β a1+γ b1)x4

4 +(−β a0−γ b0+α)x2
2 +(βy + γz + δ)x

6.7.2.3 [1590] Problem 3

problem number 1590

Added June 1, 2019.

Problem Chapter 7.2.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (ay + k1x
2 + k0)wy + (bz + s1x

2 + s0)wz = c1x
2 + c0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a*y+k1*x^2+k0)*D[w[x, y,z], y] +(b*z+s1*x^2+s0)*D[w[x,y,z],z]==c1*x^2+c0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
ye−ax −

∫ x

1
e−aK[1](k1K[1]2 + k0

)
dK[1], ze−bx −

∫ x

1
e−bK[2](s1K[2]2 + s0

)
dK[2]

)
+ c0x+ c1x3

3

}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a*y+k1*x^2+k0)*diff(w(x,y,z),y)+(b*z+s1*x^2+s0)*diff(w(x,y,z),z)=c1*x^2+c0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = c1 x3

3 +c0x+f1
(
(y a3 + (k1 x2 + k0) a2 + 2k1 xa+ 2k1) e−ax

a3
,
(z b3 + (s1 x2 + s0) b2 + 2 s1 xb+ 2 s1) e−bx

b3

)

6.7.2.4 [1591] Problem 4

problem number 1591

Added June 1, 2019.

Problem Chapter 7.2.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a2xy + a1x
2 + a0)wy + (b2xy + b1x

2 + b0)wz = c2y + c1z + c0x+ s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a2*x+a1*x^2+a0)*D[w[x, y,z], y] +(b2*x*y+b1*x^2+b0)*D[w[x,y,z],z]==c2*y+c1*z+c0*x+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → 1
180x

(
15a0b2c1x3 − 90a0c2x+ 10a1b2c1x5 − 45a1c2x3 + 12a2b2c1x4 − 60a2c2x2 − 90b0c1x− 45b1c1x3 − 60b2c1x2y + 90c0x+ 180c1z + 180c2y + 180s

)
+ c1

(
−a0x− a1x3

3 − a2x2
2 + y,

1
6a0b2x

3 + 1
10a1b2x

5 + 1
8a2b2x

4 − b0x− b1x3
3 − 1

2b2x
2y + z

)}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a2*x+a1*x^2+a0)*diff(w(x,y,z),y)+(b2*x*y+b1*x^2+b0)*diff(w(x,y,z),z)=c2*y+c1*z+c0*x+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
−1
3 a1 x3 − 1

2 a2 x2 − a0x+ y,
b2 x5 a1

10 + b2 x4 a2
8 + (a0 b2−2 b1) x3

6 − b2 x2y
2 − b0x+ z

)
+c1 b2 x6 a1

18 +c1 b2 x5 a2
15 +((a0 b2−3 b1) c1−3 c2 a1)x4

12 −(b2 c1 y + c2 a2) x3
3 +(− c2 a0− c1 b0+ c0) x2

2 +(c1 z + c2 y + s)x
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6.7.2.5 [1592] Problem 5

problem number 1592

Added June 1, 2019.

Problem Chapter 7.2.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

axwx + bywy + czwz = x(αx+ βy + γz)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y,z], x] + b*y*D[w[x, y,z], y] +c*z*D[w[x,y,z],z]==x*(alpha*x+beta*y+gamma*z);
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → x(a2(αx+ 2βy + 2γz) + aαx(b+ c) + 2a(bγz + βcy) + αbcx)
2a(a+ b)(a+ c) + c1

(
yx−

b
a , zx−

c
a

)}}
Maple 3� �
restart;
local gamma;
pde := a*x*diff(w(x,y,z),x)+ b*y*diff(w(x,y,z),y)+c*z*diff(w(x,y,z),z)=x*(alpha*x+beta*y+gamma*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = αx2

2a + (βya+ γaz + γzb+ βyc)x
(a+ b) (a+ c) + f1

(
y x−

b
a , z x−

c
a

)

6.7.2.6 [1593] Problem 6

problem number 1593

Added June 1, 2019.

Problem Chapter 7.2.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

ax2wx + bxywy + cxzwz = αx+ βy + γz

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^2*D[w[x, y,z], x] + b*x*y*D[w[x, y,z], y] +c*x*z*D[w[x,y,z],z]==alpha*x+beta*y+gamma*z;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
yx−

b
a , zx−

c
a

)
+ α log(x)

a
+ −a(βy + γz) + bγz + βcy

x(a− b)(a− c)

}}
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Maple 3� �
restart;
local gamma;
pde := a*x^2*diff(w(x,y,z),x)+ b*x*y*diff(w(x,y,z),y)+c*x*z*diff(w(x,y,z),z)=alpha*x+beta*y+gamma*z;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = ln (x)α
a

+ f1
(
y x−

b
a , z x−

c
a

)
+ (−βy − γz) a+ γzb+ βyc

(a− c) (a− b)x

6.7.2.7 [1594] Problem 7

problem number 1594

Added June 1, 2019.

Problem Chapter 7.2.2.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

ax2wx + bxywy + cz2wz = ky2

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^2*D[w[x, y,z], x] + b*x*y*D[w[x, y,z], y] +c*z^2*D[w[x,y,z],z]==k*y^2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → − ky2

ax− 2bx + c1

(
yx−

b
a ,

c

ax
− 1
z

)}}
Maple 3� �
restart;
local gamma;
pde := a*x^2*diff(w(x,y,z),x)+ b*x*y*diff(w(x,y,z),y)+c*z^2*diff(w(x,y,z),z)=k*y^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = − y2k

x (−2b+ a) + f1

(
y x−

b
a ,
xa− zc

zax

)

6.7.2.8 [1595] Problem 8

problem number 1595

Added June 1, 2019.

Problem Chapter 7.2.2.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

ax2wx + by2wy + cz2wz = kxy
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^2*D[w[x, y,z], x] + b*y^2*D[w[x, y,z], y] +c*z^2*D[w[x,y,z],z]==k*x*y;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �


w(x, y, z) → kxy log

(
ax
y

)
ax− by

+ c1

(
b

ax
− 1
y
,
c

ax
− 1
z

)


Maple 3� �
restart;
local gamma;
pde := a*x^2*diff(w(x,y,z),x)+ b*y^2*diff(w(x,y,z),y)+c*z^2*diff(w(x,y,z),z)=k*x*y;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
k ln

(
ax
y

)
yx

ax− yb
+ f1

(
ax− yb

yax
,
ax− zc

zax

)

6.7.2.9 [1596] Problem 9

problem number 1596

Added June 1, 2019.

Problem Chapter 7.2.2.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

ax2wx + by2wy + cz2wz = αx2 + βy2 + γz2

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^2*D[w[x, y,z], x] + b*y^2*D[w[x, y,z], y] +c*z^2*D[w[x,y,z],z]==alpha*x^2+beta*y^2+gamma*z^2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → a(ax− by)(ax− cz)c1

(
b
ax

− 1
y
, c
ax

− 1
z

)
+ a2x(αx2 − βy2 − γz2)− aαx2(by + cz) + ayz(bγz + βcy) + αbcxyz

a(ax− by)(ax− cz)




Maple 3� �
restart;
local gamma;
pde := a*x^2*diff(w(x,y,z),x)+ b*y^2*diff(w(x,y,z),y)+c*z^2*diff(w(x,y,z),z)=alpha*x^2+beta*y^2+gamma*z^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = αx

a
− γ z2

ax− zc
− y2β

ax− yb
+ f1

(
ax− yb

yax
,
ax− zc

xza

)
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6.7.3 2.3

Local contents
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6.7.3.1 [1597] Problem 1

problem number 1597

Added June 1, 2019.

Problem Chapter 7.2.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + awy + bwz = xyz

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] +b*D[w[x,y,z],z]==x*y*z;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) →
∫ x

1
K[1](y + a(K[1]− x))(z + b(K[1]− x))dK[1] + c1(y − ax, z − bx)

}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+b*diff(w(x,y,z),z)=x*y*z;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = ab x4

12 − (az + by)x3
6 + x2yz

2 + f1(−ax+ y,−bx+ z)

6.7.3.2 [1598] Problem 2

problem number 1598

Added June 1, 2019.

Problem Chapter 7.2.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + cwz = kx3 + sy2
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*D[w[x,y,z],z]==k*x^3+s*y^2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → x(3a2(kx3 + 4sy2)− 12absxy + 4b2sx2)

12a3 + c1

(
y − bx

a
, z − cx

a

)}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+c*diff(w(x,y,z),z)=k*x^3+s*y^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = k x4

4a + b2s x3

3a3 − bsy x2

a2
+ s y2x

a
+ f1

(
ya− bx

a
,
za− cx

a

)

6.7.3.3 [1599] Problem 3

problem number 1599

Added June 1, 2019.

Problem Chapter 7.2.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bywy + czwz = kx+ s
√
x

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*y*D[w[x, y,z], y] +c*z*D[w[x,y,z],z]==k*x+s*Sqrt[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �


w(x, y, z) → 6ac1

(
ye−

bx
a , ze−

cx
a

)
+ 3kx2 + 4sx3/2

6a




Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*y*diff(w(x,y,z),y)+c*z*diff(w(x,y,z),z)=k*x+s*sqrt(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
4s x3/2 + 3k x2 + 6f1

(
y e− bx

a , z e− cx
a

)
a

6a
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6.7.3.4 [1600] Problem 4

problem number 1600

Added June 1, 2019.

Problem Chapter 7.2.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + azwy + bywz = c
√
x+ s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*z*D[w[x, y,z], y] +b*y*D[w[x,y,z],z]==c*Sqrt[x]+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

e−√
a
√
bx
(√

by
(
e2

√
a
√
bx + 1

)
−

√
az
(
e2

√
a
√
bx − 1

))
2
√
b

,
e−

√
a
√
bx
(√

az
(
e2

√
a
√
bx + 1

)
−

√
by
(
e2

√
a
√
bx − 1

))
2
√
a

+ 2
3cx

3/2 + sx




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*z*diff(w(x,y,z),y)+b*y*diff(w(x,y,z),z)=c*sqrt(x)+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
∫ y

√√√√x
√
ab+ln

ab_a+
√
ab

√
a
((

_a2−y2
)
b+a z2

)
√
ab

−ln
(
aby+

√
a2z2

√
ab√

ab

)
√
ab

c+ s√
a ((_a2 − y2) b+ a z2)

d_a+f1

a z2 − b y2

a
,
x
√
ab− ln

(
aby+

√
a2z2

√
ab√

ab

)
√
ab


6.7.3.5 [1601] Problem 5

problem number 1601

Added June 1, 2019.

Problem Chapter 7.2.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

ax2wx + by2wy + cz2wz = kxyz
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^2*D[w[x, y,z], x] + b*y^2*D[w[x, y,z], y] +c*z^2*D[w[x,y,z],z]==k*x*y*z;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) →
∫ x

1

akx2yzK[1]
(by(x−K[1]) + axK[1])(cz(x−K[1]) + axK[1])dK[1] + c1

(
b

ax
− 1
y
,
c

ax
− 1
z

)}}
Maple 3� �
restart;
local gamma;
pde := a*x^2*diff(w(x,y,z),x)+b*y^2*diff(w(x,y,z),y)+c*z^2*diff(w(x,y,z),z)=k*x*y*z;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = −
kc z2x ln

(
ax
z

)
y

(yb− zc) (ax− zc) +
kb y2x ln

(
ax
y

)
z

(yb− zc) (ax− yb) + f1

(
ax− yb

yax
,
ax− zc

zax

)

6.7.4 2.4
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6.7.4.1 [1602] Problem 1

problem number 1602

Added June 10, 2019.

Problem Chapter 7.2.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + cwz = αxn + βym + γzk
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*D[w[x,y,z],z]== alpha*x^n+beta*y^m+gamma*z^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y − bx

a
, z − cx

a

)
+ αxn+1

an+ a
+ βym+1

bm+ b
+ γzk+1

ck + c

}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+b*diff(w(x,y,z),y)+c*diff(w(x,y,z),z)=alpha*x^n+beta*y^m+gamma*z^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = y1+mβ

b (1 +m) +
z1+kγ

c (1 + k) +
x1+nα

a (1 + n) + f1

(
ya− bx

a
,
za− cx

a

)

6.7.4.2 [1603] Problem 2

problem number 1603

Added June 10, 2019.

Problem Chapter 7.2.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bywy + czwz = αxn + βym + γzk

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*y*D[w[x, y,z], y] +c*z*D[w[x,y,z],z]== alpha*x^n+beta*y^m+gamma*z^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
ye−

bx
a , ze−

cx
a

)
+ αxn+1

an+ a
+ βym

bm
+ γzk

ck

}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+b*y*diff(w(x,y,z),y)+c*z*diff(w(x,y,z),z)=alpha*x^n+beta*y^m+gamma*z^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = ymβ

bm
+ zkγ

ck
+ x1+nα

a (1 + n) + f1
(
y e− bx

a , z e− cx
a

)
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6.7.4.3 [1604] Problem 3

problem number 1604

Added June 10, 2019.

Problem Chapter 7.2.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + azwy + bywz = cxn

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*z*D[w[x, y,z], y] +b*y*D[w[x,y,z],z]== c*x^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → cxn+1

n+ 1 + c1

e−√
a
√
bx
(√

by
(
e2

√
a
√
bx + 1

)
−

√
az
(
e2

√
a
√
bx − 1

))
2
√
b

,
e−

√
a
√
bx
(√

az
(
e2

√
a
√
bx + 1

)
−

√
by
(
e2

√
a
√
bx − 1

))
2
√
a




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*z*diff(w(x,y,z),y)+b*y*diff(w(x,y,z),z)=c*x^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = c

∫ y

x
√
ab+ln

ab_a+
√
ab

√
a
((

_a2−y2
)
b+a z2

)
√
ab

−ln
(
aby+

√
a2z2

√
ab√

ab

)
√
ab


n

√
a ((_a2 − y2) b+ a z2)

d_a+f1

a z2 − b y2

a
,
x
√
ab− ln

(
aby+

√
a2z2

√
ab√

ab

)
√
ab


6.7.4.4 [1605] Problem 4

problem number 1605

Added June 10, 2019.

Problem Chapter 7.2.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

axwx + bywy + czwz = αxn + βym + γzk
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y,z], x] + b*y*D[w[x, y,z], y] +c*z*D[w[x,y,z],z]== alpha*x^n+beta*y^m+gamma*z^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
yx−

b
a , zx−

c
a

)
+ αxn

an
+ βym

bm
+ γzk

ck

}}
Maple 3� �
restart;
local gamma;
pde := a*x*diff(w(x,y,z),x)+b*y*diff(w(x,y,z),y)+c*z*diff(w(x,y,z),z)=alpha*x^n+beta*y^m+gamma*z^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
∫ x α_an+β

(
y x− b

a_a
b
a

)m
+γ
(
z x− c

a_a
c
a

)k
_a d_a
a

+ f1
(
y x−

b
a , z x−

c
a

)
6.7.4.5 [1606] Problem 5

problem number 1606

Added June 10, 2019.

Problem Chapter 7.2.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

xwx + azwy + bywz = cxn

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y,z], x] + a*z*D[w[x, y,z], y] +b*y*D[w[x,y,z],z]== c*x^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → cxn

n
+ c1

iy sinh(√a√b log(x))− i
√
az cosh

(√
a
√
b log(x)

)
√
b

, y cosh
(√

a
√
b log(x)

)
−

√
az sinh

(√
a
√
b log(x)

)
√
b




Maple 3� �
restart;
local gamma;
pde := x*diff(w(x,y,z),x)+a*z*diff(w(x,y,z),y)+b*y*diff(w(x,y,z),z)=c*x^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = c

∫ y

(
x
(√

ab y + az
)−√

ab
ab
(

ab_a+
√
ab
√

a((_a2−y2)b+a z2)√
ab

) 1√
ab

)n

√
a ((_a2 − y2) b+ a z2)

d_a+f1

(
a z2 − b y2

a
, x
(√

ab y + az
)−√

ab
ab

)
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6.7.4.6 [1607] Problem 6

problem number 1607

Added June 10, 2019.

Problem Chapter 7.2.4.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

abxwx + b(ay + bz)wy + a(ay − bz)wz = cxn

Mathematica 3� �
ClearAll["Global`*"];
pde = a*b*x*D[w[x, y,z], x] + b*(a*y+b*z)*D[w[x, y,z], y] +a*(a*y-b*z)*D[w[x,y,z],z]== c*x^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → cxn

abn
+ c1

(
−
x
√
2((√2− 2

)
ay +

√
2bz
)

4a ,
x−

√
2((2 +√

2
)
ay +

√
2bz
)

4a

)}}

Maple 3� �
restart;
local gamma;
pde := a*b*x*diff(w(x,y,z),x)+b*(a*y+b*z)*diff(w(x,y,z),y)+a*(a*y-b*z)*diff(w(x,y,z),z)=c*x^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

f1

− 1√
−a2y2+2abyz+b2z2

, x

−
(
a3y3−a2b y2z−3a b2y z2−b3z3

)√
− a2
a2y2−2abyz−b2z2−a2y

√
−2a2y2+4abyz+2b2z2

(−a2y2+2abyz+b2z2)3/2
√

− a2
a2y2−2abyz−b2z2

− a√
−2a2y2+4abyz+2b2z2

√
− a2
a2y2−2abyz−b2z2

√
−a2y2 + 2abyz + b2z2 b+ c

∫ y

x

−

(
a3y3−a2b y2z−3a b2y z2−b3z3

)√
− a2
a2y2−2abyz−b2z2

−a2y
√

−2a2y2+4abyz+2b2z2(
−a2y2+2abyz+b2z2

)3/2√
− a2
a2y2−2abyz−b2z2

− a√
−2a2y2+4abyz+2b2z2

√
− a2
a2y2−2abyz−b2z2


√

− a2
a2y2−2abyz−b2z2

(
a2y2−2abyz−b2z2

)√√√√(
−2_a2+y2

)
a2−2abyz−b2z2

a2y2−2abyz−b2z2
−a2_a

√
2√

− a2
a2y2−2abyz−b2z2

(
a2y2−2abyz−b2z2

)


a√
−2a2y2+4abyz+2b2z2

√
− a2
a2y2−2abyz−b2z2


n

√(
−2_a2+y2

)
a2−2abyz−b2z2

a2y2−2abyz−b2z2

d_a

√
−a2y2 + 2abyz + b2z2 b

6.7.4.7 [1608] Problem 7

problem number 1608

Added June 10, 2019.

Problem Chapter 7.2.4.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + axnymwy + bxνyµzλwz = cxk

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*x^n*y^m*D[w[x, y,z], y] +b*x^nu*y^mu*z^lambda*D[w[x,y,z],z]== c*x^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*x^n*y^m*diff(w(x,y,z),y)+b*x^nu*y^mu*z^lambda*diff(w(x,y,z),z)=c*x^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(k + 1) f1

(
(n+1)y1−m+xn+1(m−1)a

n+1 ,_aνbx(λ− 1)
((

(n+1)y1−m+a
(
−_an+1+xn+1)(m−1)
n+1

)− 1
m−1
)µ

+ z1−λ

)
+ c xk+1

k + 1

6.7.4.8 [1609] Problem 8

problem number 1609

Added June 10, 2019.

Problem Chapter 7.2.4.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xn1y + b1x
m1)wy + (a2xn2y + b2x

m2)wz = c2x
k2y + c1x

k1z

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a1*x^n1*y+ b1*x^m1)*D[w[x, y,z], y] +(a2*x^n2*y+b2*x^m2)*D[w[x,y,z],z]== c2*x^k2*y+c1*x^k1*z;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

(
b1(n1 + 1)

m1−n1
n1+1 Γ

(
m1 + 1
n1 + 1 ,

a1xn1+1

n1 + 1

)
a1−

m1+1
n1+1 + e−

a1xn1+1
n1+1 y, (−1)−

n2+1
n1+1a2e−

a1xn1+1
n1+1 (n1 + 1)

n2−n1
n1+1 yΓ

(
n2 + 1
n1 + 1 ,−

a1xn1+1

n1 + 1

)
a1−

n2+1
n1+1 + z −

∫ x

1

(
(−1)−

n2+1
n1+1a1−

n2+1
n1+1a2b1e−

a1K[1]n1+1
n1+1 (n1 + 1)

n2−n1
n1+1 Γ

(
n2 + 1
n1 + 1 ,−

a1K[1]n1+1

n1 + 1

)
K[1]m1 + b2K[1]m2

)
dK[1]

)
+
∫ x

1

(−1)−
n2+1
n1+1a1−

m1+n2+2
n1+1 e−

a1xn1+1
n1+1

(
(−1)

n2+1
n1+1a1

m1+n2+2
n1+1 c1e

a1xn1+1
n1+1 zK[2]k1 + (−1)

n2+1
n1+1a1

m1+n2+2
n1+1 c1e

a1xn1+1
n1+1 n12zK[2]k1 + 2(−1)

n2+1
n1+1a1

m1+n2+2
n1+1 c1e

a1xn1+1
n1+1 n1zK[2]k1 + a1

m1+1
n1+1 a2c1(n1 + 1)

n2+1
n1+1yΓ

(
n2+1
n1+1 ,−

a1xn1+1

n1+1

)
K[2]k1 + a1

m1+1
n1+1 a2c1n1(n1 + 1)

n2+1
n1+1yΓ

(
n2+1
n1+1 ,−

a1xn1+1

n1+1

)
K[2]k1 − a1

m1+1
n1+1 a2c1(n1 + 1)

n2+1
n1+1yΓ

(
n2+1
n1+1 ,−

a1K[2]n1+1

n1+1

)
K[2]k1 − a1

m1+1
n1+1 a2c1n1(n1 + 1)

n2+1
n1+1yΓ

(
n2+1
n1+1 ,−

a1K[2]n1+1

n1+1

)
K[2]k1 − a2b1c1e

a1xn1+1
n1+1 (n1 + 1)

m1+n2+2
n1+1 Γ

(
m1+1
n1+1 ,

a1xn1+1

n1+1

)
Γ
(

n2+1
n1+1 ,−

a1K[2]n1+1

n1+1

)
K[2]k1 + a2b1c1e

a1xn1+1
n1+1 (n1 + 1)

m1+n2+2
n1+1 Γ

(
m1+1
n1+1 ,

a1K[2]n1+1

n1+1

)
Γ
(

n2+1
n1+1 ,−

a1K[2]n1+1

n1+1

)
K[2]k1 − (−1)

n2+1
n1+1a1

m1+n2+2
n1+1 c1e

a1xn1+1
n1+1 (n1 + 1)2

∫ x

1

(
(−1)−

n2+1
n1+1a1−

n2+1
n1+1a2b1e−

a1K[1]n1+1
n1+1 (n1 + 1)

n2−n1
n1+1 Γ

(
n2+1
n1+1 ,−

a1K[1]n1+1

n1+1

)
K[1]m1 + b2K[1]m2

)
dK[1]K[2]k1 + (−1)

n2+1
n1+1a1

m1+n2+2
n1+1 c1e

a1xn1+1
n1+1 (n1 + 1)2

∫ K[2]
1

(
(−1)−

n2+1
n1+1a1−

n2+1
n1+1a2b1e−

a1K[1]n1+1
n1+1 (n1 + 1)

n2−n1
n1+1 Γ

(
n2+1
n1+1 ,−

a1K[1]n1+1

n1+1

)
K[1]m1 + b2K[1]m2

)
dK[1]K[2]k1 + (−1)

n2+1
n1+1a1

m1+n2+2
n1+1 c2e

a1K[2]n1+1
n1+1 yK[2]k2 + (−1)

n2+1
n1+1a1

m1+n2+2
n1+1 c2e

a1K[2]n1+1
n1+1 n12yK[2]k2 + 2(−1)

n2+1
n1+1a1

m1+n2+2
n1+1 c2e

a1K[2]n1+1
n1+1 n1yK[2]k2 + (−1)

n2+1
n1+1a1

n2+1
n1+1b1c2e

a1
(
xn1+1+K[2]n1+1)

n1+1 (n1 + 1)
m1+1
n1+1 Γ

(
m1+1
n1+1 ,

a1xn1+1

n1+1

)
K[2]k2 + (−1)

n2+1
n1+1a1

n2+1
n1+1b1c2e

a1
(
xn1+1+K[2]n1+1)

n1+1 n1(n1 + 1)
m1+1
n1+1 Γ

(
m1+1
n1+1 ,

a1xn1+1

n1+1

)
K[2]k2 − (−1)

n2+1
n1+1a1

n2+1
n1+1b1c2e

a1
(
xn1+1+K[2]n1+1)

n1+1 (n1 + 1)
m1+1
n1+1 Γ

(
m1+1
n1+1 ,

a1K[2]n1+1

n1+1

)
K[2]k2 − (−1)

n2+1
n1+1a1

n2+1
n1+1b1c2e

a1
(
xn1+1+K[2]n1+1)

n1+1 n1(n1 + 1)
m1+1
n1+1 Γ

(
m1+1
n1+1 ,

a1K[2]n1+1

n1+1

)
K[2]k2

)
(n1 + 1)2 dK[2]




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+(a1*x^n1*y+ b1*x^m1)*diff(w(x,y,z),y)+(a2*x^n2*y+b2*x^m2)*diff(w(x,y,z),z)=c2*x^k2*y+c1*x^k1*z;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display
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6.7.4.9 [1610] Problem 9

problem number 1610

Added June 10, 2019.

Problem Chapter 7.2.4.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xn1y + b1x
m1)wy + (a2xn2z + b2x

m2)wz = c2x
k2y + c1x

k1z

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a1*x^n1*y+ b1*x^m1)*D[w[x, y,z], y] +(a2*x^n2*z+b2*x^m2)*D[w[x,y,z],z]== c2*x^k2*y+c1*x^k1*z;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1

a2−
m2+1
n2+1 c1e

a2
(
K[1]n2+1−xn2+1)

n2+1

(
(n2 + 1)za2

m2+1
n2+1 + b2e

a2xn2+1
n2+1 (n2 + 1)

m2+1
n2+1 Γ

(
m2+1
n2+1 ,

a2xn2+1

n2+1

)
− b2e

a2xn2+1
n2+1 (n2 + 1)

m2+1
n2+1 Γ

(
m2+1
n2+1 ,

a2K[1]n2+1

n2+1

))
K[1]k1

n2 + 1 +
a1−

m1+1
n1+1 c2e

a1
(
K[1]n1+1−xn1+1)

n1+1

(
(n1 + 1)ya1

m1+1
n1+1 + b1e

a1xn1+1
n1+1 (n1 + 1)

m1+1
n1+1 Γ

(
m1+1
n1+1 ,

a1xn1+1

n1+1

)
− b1e

a1xn1+1
n1+1 (n1 + 1)

m1+1
n1+1 Γ

(
m1+1
n1+1 ,

a1K[1]n1+1

n1+1

))
K[1]k2

n1 + 1

 dK[1] + c1

(
b1(n1 + 1)

m1−n1
n1+1 a1−

m1+1
n1+1 Γ

(
m1 + 1
n1 + 1 ,

a1xn1+1

n1 + 1

)
+ ye−

a1xn1+1
n1+1 , b2(n2 + 1)

m2−n2
n2+1 a2−

m2+1
n2+1 Γ

(
m2 + 1
n2 + 1 ,

a2xn2+1

n2 + 1

)
+ ze−

a2xn2+1
n2+1

)


Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+(a1*x^n1*y+ b1*x^m1)*diff(w(x,y,z),y)+(a2*x^n2*z+b2*x^m2)*diff(w(x,y,z),z)=c2*x^k2*y+c1*x^k1*z;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.7.4.10 [1611] Problem 10

problem number 1611

Added June 10, 2019.

Problem Chapter 7.2.4.10, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xn1y + b1y
k)wy + (a2xn2z + b2z

m)wz = cxs

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a1*x^n1*y+ b1*y^k)*D[w[x, y,z], y] +(a2*x^n2*z+b2*z^m)*D[w[x,y,z],z]== c*x^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → cxs+1

s+ 1 + c1

(
y1−ke

a1(k−1)xn1+1
n1+1 − b1(−1)−

1
n1+1 (n1 + 1)−

n1
n1+1a1−

1
n1+1 (k − 1)

n1
n1+1Γ

(
1

n1 + 1 ,−
a1(k − 1)xn1+1

n1 + 1

)
, z1−me

a2(m−1)xn2+1
n2+1 − b2(−1)−

1
n2+1 (n2 + 1)−

n2
n2+1a2−

1
n2+1 (m− 1)

n2
n2+1Γ

(
1

n2 + 1 ,−
a2(m− 1)xn2+1

n2 + 1

))}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+(a1*x^n1*y+ b1*y^k)*diff(w(x,y,z),y)+(a2*x^n2*z+b2*z^m)*diff(w(x,y,z),z)= c*x^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

(s+ 1) f1


(
−x a1 xn1(k−1)

n1+1

)− n1−2
2 n1+2

−e
xn1x a1(k−1)

2 n1+2 b1(n1+1)(n1+2)2 WhittakerM
(

n1+2
2 n1+2 ,

2 n1+3
2 n1+2 ,−

x a1 xn1(k−1)
n1+1

)
+(n1+1)2 b1

(
x a1 xn1(k−1)−n1−2

)
e
xn1x a1(k−1)

2 n1+2 WhittakerM
(
− n1

2 n1+2 ,
2 n1+3
2 n1+2 ,−

x a1 xn1(k−1)
n1+1

)
+2
(
−x a1 xn1(k−1)

n1+1

) n1+2
2 n1+2

xn1(n1+2)e
x a1 xn1(k−1)

n1+1 a1 y y−k
(
n1+ 3

2
)x− n1

a1
(
2 n12 +7n1+6

) ,

(
−x a2 xn2(m−1)

n2+1

)− n2−2
2 n2+2

−e
xn2x a2(m−1)

2 n2+2 b2(n2+1)(n2+2)2 WhittakerM
(

n2+2
2 n2+2 ,

2 n2+3
2 n2+2 ,−

x a2 xn2(m−1)
n2+1

)
+(n2+1)2 b2

(
x a2 xn2(m−1)−n2−2

)
e
xn2x a2(m−1)

2 n2+2 WhittakerM
(
− n2

2 n2+2 ,
2 n2+3
2 n2+2 ,−

x a2 xn2(m−1)
n2+1

)
+2
(
−x a2 xn2(m−1)

n2+1

) n2+2
2 n2+2

xn2(n2+2)e
x a2 xn2(m−1)

n2+1 a2 z z−m
(
n2+ 3

2
)x− n2

a2
(
2 n22 +7n2+6

)
+ xc xs

s+ 1

6.7.4.11 [1612] Problem 11

problem number 1612

Added June 10, 2019.

Problem Chapter 7.2.4.11, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xn1y + b1y
k)wy + (a2xn2z + b2z

m)wz = c1x
s1 + c2y

s2

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a1*x^n1*y+ b1*y^k)*D[w[x, y,z], y] +(a2*x^n2*z+b2*z^m)*D[w[x,y,z],z]== c1*x^s1+c2*y^s2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1

c1K[1]s1 + c2


(−1)−

1
n1+1a1−

1
n1+1 exp

(
−a1

(
xn1+1+(k−1)K[1]n1+1)

n1+1

)
(k − 1)−

1
n1+1y−k

(
−b1e

a1xn1+1
n1+1 (k − 1)(n1 + 1)

1
n1+1Γ

(
1

n1+1 ,−
a1(k−1)xn1+1

n1+1

)
yk + b1e

a1xn1+1
n1+1 (k − 1)(n1 + 1)

1
n1+1Γ

(
1

n1+1 ,−
a1(k−1)K[1]n1+1

n1+1

)
yk + (−1)

1
n1+1a1

1
n1+1 e

a1kxn1+1
n1+1 (k − 1)

1
n1+1 (n1 + 1)y

)
n1 + 1


1

1−k


s2 dK[1] + c1

(
y1−ke

a1(k−1)xn1+1
n1+1 − b1(−1)−

1
n1+1 (n1 + 1)−

n1
n1+1a1−

1
n1+1 (k − 1)

n1
n1+1Γ

(
1

n1 + 1 ,−
a1(k − 1)xn1+1

n1 + 1

)
, z1−me

a2(m−1)xn2+1
n2+1 − b2(−1)−

1
n2+1 (n2 + 1)−

n2
n2+1a2−

1
n2+1 (m− 1)

n2
n2+1Γ

(
1

n2 + 1 ,−
a2(m− 1)xn2+1

n2 + 1

))


Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+(a1*x^n1*y+ b1*y^k)*diff(w(x,y,z),y)+(a2*x^n2*z+b2*z^m)*diff(w(x,y,z),z)= c1*x^s1+c2*y^s2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display
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6.7.4.12 [1613] Problem 12

problem number 1613

Added June 10, 2019.

Problem Chapter 7.2.4.12, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

xwx + ywy + a
√
x2 + y2wz = bxn

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y,z], x] + y*D[w[x, y,z], y] +a*Sqrt[x^2+y^2]*D[w[x,y,z],z]== b*x^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → bxn

n
+ c1

(y
x
, z − a

√
x2 + y2

)}}
Maple 3� �
restart;
local gamma;
pde := x*diff(w(x,y,z),x)+y*diff(w(x,y,z),y)+a*sqrt(x^2+y^2)*diff(w(x,y,z),z)= b*x^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
f1
(
y
x
,−a

√
x2 + y2 + z

)
n+ b xn

n

6.7.4.13 [1614] Problem 13

problem number 1614

Added June 10, 2019.

Problem Chapter 7.2.4.13, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

xwx + ywy + (z − a
√
x2 + y2 + z2wz = bxn

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y,z], x] + y*D[w[x, y,z], y] +(z-a*Sqrt[x^2+y^2+z^2])*D[w[x,y,z],z]== b*x^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → bxn

n
+ c1

(
y

x
, log

(
zxa − x

√
x2a−2 (x2 + y2 + z2)

x

))}}
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Maple 3� �
restart;
local gamma;
pde := x*diff(w(x,y,z),x)+y*diff(w(x,y,z),y)+(z-a*sqrt(x^2+y^2+z^2))*diff(w(x,y,z),z)= b*x^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
f1
(
y
x
, xa−1(z +√

x2 + y2 + z2
))
n+ b xn

n
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6.7.5.1 [1615] Problem 1

problem number 1615

Added June 11, 2019.

Problem Chapter 7.3.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + aeλxwy + beβxwz = ceγx

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Exp[lambda*x]*D[w[x, y,z], y] +b*Exp[beta*x]*D[w[x,y,z],z]== c*Exp[gamma*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → ceγx

γ
+ c1

(
y − aeλx

λ
, z − beβx

β

)}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*exp(lambda*x)*diff(w(x,y,z),y)+b*exp(beta*x)*diff(w(x,y,z),z)= c*exp(gamma*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
f1
(

yλ−a eλx
λ

, zβ−b eβx
β

)
γ + c eγx

γ



chapter 6. handbook of first order partial differential . . . 1607

6.7.5.2 [1616] Problem 2

problem number 1616

Added June 11, 2019.

Problem Chapter 7.3.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + aeλxwy + beβywz = ceγy + seµz

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Exp[lambda*x]*D[w[x, y,z], y] +b*Exp[beta*y]*D[w[x,y,z],z]== c*Exp[gamma*y]+s*Exp[mu*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1

eγ
(
a
(
−eλx+eλK[2])

λ
+y

)
c+ exp

µ
z − ∫ x

1
be

β

(
a
(
−eλx+eλK[1])

λ
+y

)
dK[1] +

∫ K[2]

1
be

β

(
a
(
−eλx+eλK[1])

λ
+y

)
dK[1]

 s

 dK[2] + c1

y − aeλx

λ
, z −

∫ x

1
be

β

(
a
(
−eλx+eλK[1])

λ
+y

)
dK[1]




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*exp(lambda*x)*diff(w(x,y,z),y)+b*exp(beta*y)*diff(w(x,y,z),z)= c*exp(gamma*y)+s*exp(mu*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
∫ x

c e− γ
(
a eλx−a eλ_a−yλ

)
λ + s e

µ

b
(
Ei1

(
−βa eλx

λ

)
−Ei1

(
−βa eλ_a

λ

))
e−

β
(
−yλ+a eλx

)
λ +zλ


λ

 d_a+f1

yλ− a eλx
λ

,
b e−

β
(
−yλ+a eλx

)
λ Ei1

(
−βa eλx

λ

)
+ zλ

λ



6.7.5.3 [1617] Problem 3

problem number 1617

Added June 11, 2019.

Problem Chapter 7.3.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + aeλywy + beβywz = ceγx + seµz
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Exp[lambda*y]*D[w[x, y,z], y] +b*Exp[beta*y]*D[w[x,y,z],z]== c*Exp[gamma*x]+s*Exp[mu*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �



w(x, y, z) →

∫ x

1

e
γK[1]c+ exp

−

µ

bλ(x−K[1])
(
aλ(x−K[1]) + e−λy

)−β
λ + (β − λ)z +

be−λy
((

aλ(x−K[1])+e−λy
)−β

λ−
(
e−λy

)−β
λ

)
a


λ− β

 s

 dK[1] + c1

−aλx+ e−λy

λ
,
b
(
e−λy

)1−β
λ

a(λ− β) + z





Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*exp(lambda*y)*diff(w(x,y,z),y)+b*exp(beta*y)*diff(w(x,y,z),z)= c*exp(gamma*x)+s*exp(mu*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
∫ x

c eγ_a + s e
µ

b(e−λy+aλ(x−_a)
)(

1
e−λy+aλ(x−_a)

)β
λ −e−λy

(
eλy

)β
λ b+az(β−λ)


a(β−λ)

 d_a+f1

−aλx− e−λy

aλ
,
−e−λy

(
eλy
)β
λ b+ az(β − λ)

a (β − λ)



6.7.5.4 [1618] Problem 4

problem number 1618

Added June 11, 2019.

Problem Chapter 7.3.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (A1e
α1x +B1e

ν1x+λy)wy + (A2e
α2x +B2e

ν2x+βy)wz = keγz

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (A1*Exp[alpha1*x] +B1*Exp[nu1*x+lambda*y] )*D[w[x, y,z], y] +(A2*Exp[alpha2*x] +B2*Exp[nu2*x+beta*y] )*D[w[x,y,z],z]== k*Exp[gamma*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (A1*exp(alpha1*x) +B1*exp(nu1*x+lambda*y) )*diff(w(x,y,z),y)+(A2*exp(alpha2*x) +B2*exp(nu2*x+beta*y) )*diff(w(x,y,z),z)= k*exp(gamma*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = k

∫ x

e
γ

∫
A2 eα 2_f+B2

−B1
∫
e
λA1 eα 1_f+_fα 1 ν 1

α 1 d_fλ+B1
∫
e
λA1 eα 1 x+ν 1 xα 1

α 1 dxλ+e
λ
(
A1 eα 1 x−α 1 y

)
α 1

−β
λ

e
βA1 eα 1_f+ν 2_fα 1

α 1

d_f−
∫ x
A2 eα 2_f+B2

−B1
∫
e
λA1 eα 1_f+_fα 1 ν 1

α 1 d_fλ+B1
∫
e
λA1 eα 1 x+ν 1 xα 1

α 1 dxλ+e
λ
(
A1 eα 1 x−α 1 y

)
α 1

−β
λ

e
βA1 eα 1_f+ν 2_fα 1

α 1

d_f+z


d_f+f1

−e
λ
(
A1 eα 1 x−α 1 y

)
α 1 − B1

∫
eλA1 eα 1 x+ν 1 xα 1

α 1 dxλ

λ
,−
∫ x

A2 eα 2_f + B2
(
−B1

∫
e
λA1 eα 1_f+_fα 1 ν 1

α 1 d_fλ+ B1
∫

eλA1 eα 1 x+ν 1 xα 1
α 1 dxλ+ e

λ
(
A1 eα 1 x−α 1 y

)
α 1

)−β
λ

e
βA1 eα 1_f+ν 2_fα 1

α 1

 d_f+ z


6.7.5.5 [1619] Problem 5

problem number 1619

Added June 11, 2019.

Problem Chapter 7.3.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

aeαxwx + beβywy + ceγzwz = keλx

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[alpha*x]*D[w[x, y,z], x] + b*Exp[beta*y]*D[w[x, y,z], y] +c*Exp[gamma*z]*D[w[x,y,z],z]== k*Exp[lambda*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → − kex(λ−α)

a(α− λ) + c1

(
be−αx

aα
− e−βy

β
,
ce−αx

aα
− e−γz

γ

)}}
Maple 3� �
restart;
local gamma;
pde := a*exp(alpha*x)*diff(w(x,y,z),x)+ b*exp(beta*y)*diff(w(x,y,z),y)+c*exp(gamma*z)*diff(w(x,y,z),z)= k*exp(lambda*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = −k e
−x(α−λ)

(α− λ) a + f1

(
e−αxβb− e−βyaα

αbβ
,
−e−γzaα + e−αxγc

αcγ

)
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6.7.5.6 [1620] Problem 6

problem number 1620

Added June 11, 2019.

Problem Chapter 7.3.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

aeβywx + beαxwy + ceγzwz = keλx

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[beta*x]*D[w[x, y,z], x] + b*Exp[alpha*x]*D[w[x, y,z], y] +c*Exp[gamma*z]*D[w[x,y,z],z]== k*Exp[lambda*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → − kex(λ−β)

a(β − λ) + c1

(
ce−βx

aβ
− e−γz

γ
, y − beαx−βx

aα− aβ

)}}
Maple 3� �
restart;
local gamma;
pde := a*exp(beta*y)*diff(w(x,y,z),x)+ b*exp(alpha*x)*diff(w(x,y,z),y)+c*exp(gamma*z)*diff(w(x,y,z),z)= k*exp(lambda*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = kα

∫ x eλ_a

eα_aβb− eαxβb+ eβyaαd_a+f1

eβyaα− eαxβb
αβb

,−
bβ
(
− ln

(
eβyaα
βb

)
cγ + e−γz

(
eβyaα− eαxβb

)
+ αcγx

)
(eβyaα− eαxβb)αcγ


6.7.5.7 [1621] Problem 7

problem number 1621

Added June 11, 2019.

Problem Chapter 7.3.1.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

(a1 + a2e
αx)wx + (b1 + b2e

βy)wy + (c1 + c2e
γz)wz = k1 + k2e

αx
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Mathematica 3� �
ClearAll["Global`*"];
pde = (a1+a2*Exp[alpha*x])*D[w[x, y,z], x] + (b1+b2*Exp[beta*y])*D[w[x, y,z], y] +(c1+c2*Exp[gamma*z])*D[w[x,y,z],z]== k1+k2*Exp[alpha*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �



w(x, y, z) →

a1a2αc1

(
−

log
(
b1β

(
b1+b2eβy

)
e
b1βx
a1 −βy(a1α(a1+a2eαx))−

b1β
a1α

)
b1β ,−

log
(
c1γ(c1+c2eγz)e

c1γx
a1 −γz(a1α(a1+a2eαx))−

c1γ
a1α

)
c1γ

)
+ (a1k2− a2k1) log (a1α(a1 + a2eαx)) + a2k1 log (eαx)

a1a2α




Maple 3� �
restart;
local gamma;
pde := (a1+a2*exp(alpha*x))*diff(w(x,y,z),x)+ (b1+b2*exp(beta*y))*diff(w(x,y,z),y)+(c1+c2*exp(gamma*z))*diff(w(x,y,z),z)= k1+k2*exp(alpha*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

f1



− b1βx+ln


(
a1+ a2 eαx

)β b1
α a1

− b1+RootOf

yα a1 β−α a1 ln

(a1+ a2 eαx
)β b1
α a1 (− b1+_Z)
b2

+ln
(
a1+ a2 eαx

)
β b1




b2RootOf

yα a1 β−α a1 ln

 (a1+ a2 eαx)
β b1
α a1 (− b1+_Z)
b2

+ln(a1+ a2 eαx)β b1



 a1

a1β b1 ,

− c1 γx+ln


(
a1+ a2 eαx

) γ c1
α a1

− c1+RootOf

zα a1 γ−α a1 ln

(a1+ a2 eαx
) γ c1
α a1 (− c1+_Z)
c2

+γ c1 ln
(
a1+ a2 eαx

)


c2RootOf

zα a1 γ−α a1 ln

 (a1+ a2 eαx)
γ c1
α a1 (− c1+_Z)
c2

+γ c1 ln(a1+ a2 eαx)



 a1

a1 γ c1


α a2 a1+k1 ln (eαx) a2+ ln (a1+a2 eαx) a1 k2− ln (a1+ a2 eαx) a2 k1

α a2 a1

6.7.5.8 [1622] Problem 8

problem number 1622

Added June 11, 2019.

Problem Chapter 7.3.1.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

eβy(a1 + a2e
αx)wx + eαx(b1 + b2e

βy)wy + ceβy+γzwz = k3e
βy(k1 + k2e

αx)

Mathematica 3� �
ClearAll["Global`*"];
pde = Exp[beta*y]*(a1+a2*Exp[alpha*x])*D[w[x, y,z], x] + Exp[alpha*x]*(b1+b2*Exp[beta*y])*D[w[x, y,z], y] +c*Exp[beta*y+gamma*z]*D[w[x,y,z],z]== k3*Exp[beta*y]*(k1+k2*Exp[alpha*x]);
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → a1a2αc1

(
c log(a1α(a1+a2eαx))

a1α − cx
a1 −

e−γz

γ
,
log
(
b1+b2eβy

)
b2β − log(a1+a2eαx)

a2α

)
+ k3(a1k2− a2k1) log (a1α(a1 + a2eαx)) + a2k1k3 log (eαx)

a1a2α



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Maple 3� �
restart;
local gamma;
pde := exp(beta*y)*(a1+a2*exp(alpha*x))*diff(w(x,y,z),x)+ exp(alpha*x)*(b1+b2*exp(beta*y))*diff(w(x,y,z),y)+c*exp(beta*y+gamma*z)*diff(w(x,y,z),z)= k3*exp(beta*y)*(k1+k2*exp(alpha*x));
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

f1



−xβ b2+ ln


RootOf

yα a2 β+αxβ b2−α a2 ln

b1
(
a2+e−αx a1

)−β b2
α a2

− b2+_Z

−ln
(
a1+ a2 eαx

)
b2 β

 b1
(
a2+e−αx a1

)−β b2
α a2

− b2+RootOf

yα a2 β+αxβ b2−α a2 ln

b1
(
a2+e−αx a1

)−β b2
α a2

− b2+_Z

−ln(a1+ a2 eαx) b2 β




a2

a2 b2β , cγ(ln(a1+a2 eαx)−αx)−e−γzα a1
a1αcγ


α a2 a1+((a1 k2− a2 k1) ln (a1+ a2 eαx) + ln (eαx) a2 k1) k3

α a2 a1

6.7.6 3.2
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6.7.6.1 [1623] Problem 1

problem number 1623

Added June 11, 2019.

Problem Chapter 7.3.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + axnwy + bxmwz = ceλxy + keβxz + seγx

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*x^n*D[w[x, y,z], y] +b*x^m*D[w[x,y,z],z]== c*Exp[lambda*x]*y+k*Exp[beta*x]*z+s*Exp[gamma*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
−axn+1 + ny + y

n+ 1 ,
−bxm+1 +mz + z

m+ 1

)
− acxn(−λx)−nΓ(n+ 2,−λx)

λ2(n+ 1) + ceλx(−axn+1 + ny + y)
λ(n+ 1) − bkxm(−βx)−mΓ(m+ 2,−βx)

β2(m+ 1) − bkeβxxm+1

βm+ β
+ kzeβx

β
+ seγx

γ

}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*x^n*diff(w(x,y,z),y)+b*x^m*diff(w(x,y,z),z)=c*exp(lambda*x)*y+k*exp(beta*x)*z+s*exp(gamma*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
−λ2γk(n+ 1) b(m+ 1) (mΓ(m,−βx)− Γ(m+ 1))xm(−βx)−m + βγ λ2bk(n+ 1)xm+1 +

(
a xn+1c β2γλ+

(
−β2γc(a xn − λy) eλx + eγxβ2λ2s+ γ λ2k(zβ − b xm) eβx + β

(
(−λx)−n aβγ xnΓ(n+ 1) c− Γ(n,−λx) (−λx)−n aβγ xncn+ λ

(((
f1
(

−a xn+1+y(n+1)
n+1 , −b xm+1+z(m+1)

m+1

)
γ − s

)
β − γkz

)
λ− βcγy

)))
(n+ 1)

)
(m+ 1)

β2λ2γ (n+ 1) (m+ 1)

6.7.6.2 [1624] Problem 2

problem number 1624

Added June 11, 2019.

Problem Chapter 7.3.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + aeλxwy + bxmwz = cxny + keβxz + seγx

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Exp[lambda*x]*D[w[x, y,z], y] +b*x^m*D[w[x,y,z],z]== c*x^n*y+k*Exp[beta*x]*z+s*Exp[gamma*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y − aeλx

λ
,
−bxm+1 +mz + z

m+ 1

)
+ acxn(−λx)−nΓ(n+ 1,−λx)

λ2
− aceλxxn+1

λn+ λ
− bkxm(−βx)−mΓ(m+ 2,−βx)

β2(m+ 1) + keβx(−bxm+1 +mz + z)
β(m+ 1) + cyxn+1

n+ 1 + seγx

γ

}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*exp(lambda*x)*diff(w(x,y,z),y)+b*x^m*diff(w(x,y,z),z)=c*x^n*y+k*exp(beta*x)*z+s*exp(gamma*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

∫ x (eβ_a_am+1bkλ− eβ_axm+1bkλ−
(
−eβ_akλz − _aneλ_aac− s eγ_aλ+ _an

(
−yλ+ a eλx

)
c
)
(m+ 1)

)
d_a+ λ(m+ 1) f1

(
yλ−a eλx

λ
, −b xm+1+z(m+1)

m+1

)
λ (m+ 1)
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6.7.6.3 [1625] Problem 3

problem number 1625

Added June 11, 2019.

Problem Chapter 7.3.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + aeλxwy + bywz = keβxz + seγx

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Exp[lambda*x]*D[w[x, y,z], y] +b*y*D[w[x,y,z],z]== k*Exp[beta*x]*z+s*Exp[gamma*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1

eγK[2]s+
eβK[2]k

(
abeλK[2]K[2] + b

(
λy − aeλx

)
K[2]− λ

(
bxy − z +

∫ x

1 −abeλK[1]K[1]dK[1]
)
+ λ

∫ K[2]
1 −abeλK[1]K[1]dK[1]

)
λ

 dK[2] + c1

(
y − aeλx

λ
,−
∫ x

1
−abeλK[1]K[1]dK[1]− bxy + z

)


Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*exp(lambda*x)*diff(w(x,y,z),y)+b*y*diff(w(x,y,z),z)=k*exp(beta*x)*z+s*exp(gamma*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
β2(β + λ) γf1

(
yλ−a eλx

λ
, ab(λx−1)eλx−λ2(bxy−z)

λ2

)
+ ex(β+λ)abγk − (β + λ)

(
kγ(by − βz) eβx − eγxs β2)

β2 (β + λ) γ

6.7.6.4 [1626] Problem 4

problem number 1626

Added June 11, 2019.

Problem Chapter 7.3.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + aynwy + bzmwz = ceλx + keβy + seγz
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*y^n*D[w[x, y,z], y] +b*z^m*D[w[x,y,z],z]== c*Exp[lambda*x]+k*Exp[beta*y]+s*Exp[gamma*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �


w(x, y, z) → c1

−ax−

(
1
y

)n−1

n− 1 ,−bx−
(1
z

)m−1

m− 1

+
k

((
1
y

)n−1
) n

n−1
(
−β
((

1
y

)n−1
) 1

1−n
)n

Γ
(
1− n,−β

((
1
y

)n−1
) 1

1−n
)

aβ
+
s
((1

z

)m−1
) m
m−1

(
−γ
((1

z

)m−1
) 1

1−m
)m

Γ
(
1−m,−γ

((1
z

)m−1
) 1

1−m
)

bγ
+ ceλx

λ




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*y^n*diff(w(x,y,z),y)+b*z^m*diff(w(x,y,z),z)=c*exp(lambda*x)+k*exp(beta*y)+s*exp(gamma*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) =

∫ x(
c eλ_a + k eβ

(
y1−n+((1−n)_a+xn−x)a

)− 1
n−1 + s eγ

(
z1−m+((1−m)_a+xm−x)b

)− 1
m−1
)
d_a+f1

(
y1−n + (n− 1)xa, z1−m + (m− 1)xb

)
6.7.6.5 [1627] Problem 5

problem number 1627

Added June 11, 2019.

Problem Chapter 7.3.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + aeβywy + bzmwz = ceλx + kyn + seγz

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Exp[beta*y]*D[w[x, y,z], y] +b*z^m*D[w[x,y,z],z]== x*Exp[lambda*x]+k*y^n+s*Exp[gamma*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1

k(− log
(
aβ(x−K[1]) + e−βy

)
β

)n

+ exp

γ((1
z

)m−1

+ b(m− 1)(x−K[1])
) 1

1−m
 s+ eλK[1]K[1]

 dK[1] + c1

(
−aβx+ e−βy

β
,−bx−

(1
z

)m−1

m− 1

)

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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*exp(beta*y)*diff(w(x,y,z),y)+b*z^m*diff(w(x,y,z),z)=x*exp(lambda*x)+k*y^n+s*exp(gamma*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
∫ x

_a eλ_a + k

 ln
(

1
e−βy+(x−_a)aβ

)
β

n

+ s eγ
(
z1−m+((1−m)_a+xm−x)b

)− 1
m−1

 d_a+f1
(
−e−βy − aβx

aβ
, z1−m + (m− 1)xb

)

6.7.6.6 [1628] Problem 6

problem number 1628

Added June 11, 2019.

Problem Chapter 7.3.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
y2 + by + aeαx(y − b)− b2

)
wy +

(
z2 + c(xz − 1)eβx

)
wz = keγx

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + ( y^2+b*y+a*Exp[alpha*x]*(y-b)-b^2 )*D[w[x, y,z], y] +( z^2+c*(x*z-1)* Exp[beta*x])*D[w[x,y,z],z]== k*Exp[gamma*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ ( y^2+b*y+a*exp(alpha*x)*(y-b)-b^2 )*diff(w(x,y,z),y)+( z^2+c*(x*z-1)* exp(beta*x))*diff(w(x,y,z),z)=k*exp(gamma*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.7.6.7 [1629] Problem 7

problem number 1629

Added June 11, 2019.

Problem Chapter 7.3.2.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
y2 + aeαx(x+ 1)

)
wy +

(
ceβxz2 + be−βx

)
wz = keλx
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + ( y^2+a*Exp[alpha*x]*(x+1))*D[w[x, y,z], y] +( c*Exp[beta*x]*z^2+b*Exp[-beta*x])*D[w[x,y,z],z]== k*Exp[lambda*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ ( y^2+a*exp(alpha*x)*(x+1))*diff(w(x,y,z),y)+( c*exp(beta*x)*z^2+b*exp(-beta*x))*diff(w(x,y,z),z)=k*exp(lambda*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.7.6.8 [1630] Problem 8

problem number 1630

Added June 11, 2019.

Problem Chapter 7.3.2.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
aeαxy2 + be−αx

)
wy +

(
deβxz2 + ceγx(γ − cde(β+γ)x)

)
wz = keλx

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + ( a*Exp[alpha*x]*y^2+b*Exp[-alpha*x])*D[w[x, y,z], y] + ( d*Exp[beta*x]*z^2 +c*Exp[gamma*x]*(gamma-c*d*Exp[(beta+gamma)*x]))*D[w[x,y,z],z]== k*Exp[lambda*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ ( a*exp(alpha*x)*y^2+b*exp(-alpha*x))*diff(w(x,y,z),y)+ ( d*exp(beta*x)*z^2 +c*exp(gamma*x)*(gamma-c*d*exp((beta+gamma)*x)))*diff(w(x,y,z),z)=k*exp(lambda*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display
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6.7.6.9 [1631] Problem 9

problem number 1631

Added June 11, 2019.

Problem Chapter 7.3.2.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
a1e

λ1xy + b1e
β1xyk

)
wy +

(
a2e

λ2xz + b2e
β2xzm

)
wz = cxs

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + ( a1*Exp[lambda1*x]*y+ b1*Exp[beta1*x]*y^k)*D[w[x, y,z], y] + ( a2*Exp[lambda2*x]*z +b2*Exp[beta2*x]*z^m)*D[w[x,y,z],z]== c*x^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → cxs+1

s+ 1 + c1

(
(k − 1)

∫ x

1
b1e

a1elambda1K[1](k−1)
lambda1 +beta1K[1]dK[1] + y1−ke

a1(k−1)elambda1x
lambda1 , (m− 1)

∫ x

1
b2e

a2elambda2K[2](m−1)
lambda2 +beta2K[2]dK[2] + z1−me

a2(m−1)elambda2x
lambda2

)}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ ( a1*exp(lambda1*x)*y+ b1*exp(beta1*x)*y^k)*diff(w(x,y,z),y)+ ( a2*exp(lambda2*x)*z +b2*exp(beta2*x)*z^m)*diff(w(x,y,z),z)=c*x^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(s+ 1) f1

(
b1 (k − 1)

∫
e

a1 eλ 1 x(k−1)+β 1 xλ 1
λ 1 dx+ y1−ke

a1 eλ 1 x(k−1)
λ 1 , b2 (m− 1)

∫
e

a2 eλ 2 x(m−1)+β 2 xλ 2
λ 2 dx+ z1−me

a2 eλ 2 x(m−1)
λ 2

)
+ c xs+1

s+ 1

6.7.6.10 [1632] Problem 10

problem number 1632

Added June 11, 2019.

Problem Chapter 7.3.2.10, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
a1e

β1xy + b1e
γ1xyk

)
wy +

(
a2e

β2xz + b2e
γ1x+λz

)
wz = cxs

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + ( a1*Exp[beta1*x]*y+ b1*Exp[gamma1*x]*y^k)*D[w[x, y,z], y] + ( a2*Exp[beta2*x]*z +b2*Exp[gamma1*x+lambda*z])*D[w[x,y,z],z]== c*x^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 7� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ ( a1*exp(beta1*x)*y+ b1*exp(gamma1*x)*y^k)*diff(w(x,y,z),y)+ ( a2*exp(beta2*x)*z +b2*exp(gamma1*x+lambda*z))*diff(w(x,y,z),z)=c*x^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.7.6.11 [1633] Problem 11

problem number 1633

Added June 11, 2019.

Problem Chapter 7.3.2.11, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xn + b1x
meλy)wy +

(
a2x

k + b2x
Leβz

)
wz = cxs

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a1*x^n+b1*x^m*Exp[lambda*y] )*D[w[x, y,z], y] + ( a2*x^k+b2*x^L*Exp[beta*z])*D[w[x,y,z],z]== c*x^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

cxs+1

s+ 1 + c1

b2βxL+1
(
−a2βxk+1

k+1

)−L+1
k+1 Γ

(
L+1
k+1 ,−

a2βxk+1

k+1

)
− (k + 1)e−

β
(
−a2xk+1+kz+z

)
k+1

a2b2β2(k + 1)(k − L) ,
(n+ 1)e−

λ
(
−a1xn+1+ny+y

)
n+1 − b1λxm+1

(
−a1λxn+1

n+1

)−m+1
n+1 Γ

(
m+1
n+1 ,−

a1λxn+1

n+1

)
a1b1λ2(n+ 1)(m− n)





Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a1*x^n+b1*x^m*exp(lambda*y) )*diff(w(x,y,z),y)+ ( a2*x^k+b2*x^L*exp(beta*z))*diff(w(x,y,z),z)=c*x^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

(s+ 1) f1

−

(
−xλ a1 xn

n+1

)−m−n−2
2n+2 x−n

(
−e

xλ a1 xn
2n+2 b1 xm(n+1)2(−xλ a1 xn+m+n+2)WhittakerM

(
m−n
2n+2 ,

m+2n+3
2n+2 ,−xλ a1 xn

n+1

)
+
(
−e

xλ a1 xn
2n+2 b1 xm(n+1)(m+n+2)WhittakerM

(
m+n+2
2n+2 ,m+2n+3

2n+2 ,−xλ a1 xn
n+1

)
+e−

(
− a1 x xn+y(n+1)

)
λ

n+1 a1 xn
(
−xλ a1 xn

n+1

)m+n+2
2n+2 (m+1)(m+2n+3)

)
(m+n+2)

)
a1λ(m+1)(m+2n+3)(m+n+2) ,−

(
−xβ a2 xk

k+1

)−L−k−2
2k+2

x−k

−e
xk a2 βx
2k+2 b2 xL(k+1)2

(
−xk a2βx+L+k+2

)
WhittakerM

(
L−k
2k+2 ,

L+2k+3
2k+2 ,−xβ a2 xk

k+1

)
+(L+k+2)

−e
xk a2 βx
2k+2 b2 xL(k+1)(L+k+2)WhittakerM

(
L+k+2
2k+2 ,L+2k+3

2k+2 ,−xβ a2 xk
k+1

)
+e−

(
−x a2 xk+z(k+1)

)
β

k+1 a2 xk
(
−xβ a2 xk

k+1

)L+k+2
2k+2

(L+1)(L+2k+3)


a2β(L+1)(L+2k+3)(L+k+2)

+ xc xs

s+ 1
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6.7.7 4.1

Local contents
6.7.7.1 [1634] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1620
6.7.7.2 [1635] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1620
6.7.7.3 [1636] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1621
6.7.7.4 [1637] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1622
6.7.7.5 [1638] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1623

6.7.7.1 [1634] Problem 1

problem number 1634

Added June 19, 2019.

Problem Chapter 7.4.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + awy + bwz = c sinhk(λx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + b*D[w[x,y,z],z]== c*Sinh[lambda*x]^k+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1(y − ax, z − bx) +

c
√
cosh2(λx)sech(λx) sinhk+1(λx)Hypergeometric2F1

(1
2 ,

k+1
2 , k+3

2 ,− sinh2(λx)
)

kλ+ λ
+ sx




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)=c*sinh(lambda*x)^k+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = c

∫
sinh (λx)k dx+ sx+ f1(−ax+ y,−bx+ z)

6.7.7.2 [1635] Problem 2

problem number 1635

Added June 19, 2019.

Problem Chapter 7.4.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c sinh(λx)wz = k sinh(βy) + s sinh(γz)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*Sinh[lambda*x]*D[w[x,y,z],z]== k*Sinh[beta*y]+s*Sinh[gamma*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1

k sinh
(
β
(
y + b(K[2]−x)

a

))
+ s sinh

(
γ
(
z −

∫ x

1
c sinh(λK[1])

a
dK[1] +

∫ K[2]
1

c sinh(λK[1])
a

dK[1]
))

a
dK[2] + c1

(
y − bx

a
, z −

∫ x

1

c sinh(λK[1])
a

dK[1]
)


Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*sinh(lambda*x)*diff(w(x,y,z),z)=k*sinh(beta*y)+s*sinh(gamma*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ay − bx

a
,
zaλ− c cosh (λx)

aλ

)
+

∫ x
(
s sinh

(
γ(zaλ−c cosh(λx)+c cosh(λ_a))

aλ

)
+ k sinh

(
β(ay−b(x−_a))

a

))
d_a

a

6.7.7.3 [1636] Problem 3

problem number 1636

Added June 19, 2019.

Problem Chapter 7.4.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a sinhn(βx)wy + c sinhk(λx)wz = c sinhm(γx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Sinh[beta*x]^n*D[w[x, y,z], y] + c*Sinh[lambda*x]^k*D[w[x,y,z],z]== c*Sinh[gamma*x]^m+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

y − a
√

cosh2(βx)sech(βx) sinhn+1(βx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 ,− sinh2(βx)
)

βn+ β
, z −

c
√

cosh2(λx)sech(λx) sinhk+1(λx)Hypergeometric2F1
(1
2 ,

k+1
2 , k+3

2 ,− sinh2(λx)
)

kλ+ λ

+
c
√
cosh2(γx)sech(γx) sinhm+1(γx)Hypergeometric2F1

(1
2 ,

m+1
2 , m+3

2 ,− sinh2(γx)
)

γm+ γ
+ sx



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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*sinh(beta*x)^n*diff(w(x,y,z),y)+ c*sinh(lambda*x)^k*diff(w(x,y,z),z)=c*sinh(gamma*x)^m+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = c

∫
sinh (γx)m dx+ sx+ f1

(
−a
∫

sinh (βx)n dx+ y,−c
∫

sinh (λx)k dx+ z

)

6.7.7.4 [1637] Problem 4

problem number 1637

Added June 19, 2019.

Problem Chapter 7.4.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b sinh(βy)wy + c sinh(λx)wz = k sinh(γz)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Sinh[beta*y]*D[w[x, y,z], y] + c*Sinh[lambda*x]*D[w[x,y,z],z]== k*Sinh[gamma*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
w(x, y, z) →

∫ x

1

k sinh
(
γ
(
z −

∫ x

1
c sinh(λK[1])

a
dK[1] +

∫ K[2]
1

c sinh(λK[1])
a

dK[1]
))

a
dK[2] + c1

(
−bx
a

− arctanh(cosh(βy))
β

, z −
∫ x

1

c sinh(λK[1])
a

dK[1]
)w(x, y, z) →

∫ x

1

k sinh
(
γ
(
z −

∫ x

1
c sinh(λK[1])

a
dK[1] +

∫ K[3]
1

c sinh(λK[1])
a

dK[1]
))

a
dK[3] + c1

(
−bx
a

− arctanh(cosh(βy))
β

, z −
∫ x

1

c sinh(λK[1])
a

dK[1]
)

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*sinh(beta*y)*diff(w(x,y,z),y)+ c*sinh(lambda*x)*diff(w(x,y,z),z)=k*sinh(gamma*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−xbβ − 2 arctanh

(
eβy
)
a

bβ
,
zaλ− c cosh (λx)

aλ

)
+
k
∫ x sinh

(
γ(zaλ−c cosh(λx)+c cosh(λ_a))

aλ

)
d_a

a



chapter 6. handbook of first order partial differential . . . 1623

6.7.7.5 [1638] Problem 5

problem number 1638

Added June 19, 2019.

Problem Chapter 7.4.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 sinhn1(λ1x)wx+b1 sinhm1(β1y)wy+c1 sinhk1(γ1z)wz = a2 sinhn2(λ2x)+b2 sinhm2(β2y)wy+c2 sinhk2(γ2z)

Mathematica 3� �
ClearAll["Global`*"];
pde = a1*Sinh[lambda1*x]^n1*D[w[x, y,z], x] + b1*Sinh[beta1*x]^m1*D[w[x, y,z], y] + c1*Sinh[gamma1*x]^k1*D[w[x,y,z],z]== a2*Sinh[lambda1*x]^n2 + b2*Sinh[beta2*x]^m2 + c2*Sinh[gamma2*x]^k2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) →
∫ x

1

sinh−n1(lambda1K[3])
(
c2 sinhk2(gamma2K[3]) + b2 sinhm2(beta2K[3]) + a2 sinhn2(lambda1K[3])

)
a1 dK[3] + c1

(
y −

∫ x

1

b1 sinhm1(beta1K[1]) sinh−n1(lambda1K[1])
a1 dK[1], z −

∫ x

1

c1 sinhk1(gamma1K[2]) sinh−n1(lambda1K[2])
a1 dK[2]

)}}

Maple 3� �
restart;
local gamma;
pde := a1*sinh(lambda1*x)^n1*diff(w(x,y,z),x)+ b1*sinh(beta1*x)^m1*diff(w(x,y,z),y)+ c1*sinh(gamma1*x)^k1*diff(w(x,y,z),z)=a2*sinh(lambda1*x)^n2 + b2*sinh(beta2*x)^m2 + c2*sinh(gamma2*x)^k2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

∫ (
a2 sinh (λ 1x)n2 + b2 sinh (β 2x)m2 + c2 sinh (γ 2x)k2

)
sinh (λ 1x)− n1 dx

a1 +f1

(
−
b1
∫
sinh (β 1x)m1 sinh (λ 1x)− n1 dx

a1 + y,−
c1
∫
sinh (γ 1x)k1 sinh (λ 1x)− n1 dx

a1 + z

)

6.7.8 4.2

Local contents
6.7.8.1 [1639] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1624
6.7.8.2 [1640] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1624
6.7.8.3 [1641] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1625
6.7.8.4 [1642] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1626
6.7.8.5 [1643] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1626
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6.7.8.1 [1639] Problem 1

problem number 1639

Added June 19, 2019.

Problem Chapter 7.4.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + awy + bwz = c coshk(λx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + b*D[w[x,y,z],z]== c*Cosh[lambda*x]^k+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1(y − ax, z − bx) +

c
√
− sinh2(λx)csch(λx) coshk+1(λx)Hypergeometric2F1

(1
2 ,

k+1
2 , k+3

2 , cosh2(λx)
)

kλ+ λ
+ sx




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)=c*cosh(lambda*x)^k+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = c

∫
cosh (λx)k dx+ sx+ f1(−ax+ y,−bx+ z)

6.7.8.2 [1640] Problem 2

problem number 1640

Added June 19, 2019.

Problem Chapter 7.4.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c cosh(λx)wz = k cosh(βy) + s cosh(γz)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*Cosh[lambda*x]*D[w[x,y,z],z]== k*Cosh[beta*y]+s*Cosh[gamma*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1

k cosh
(
β
(
y + b(K[2]−x)

a

))
+ s cosh

(
γ
(
z −

∫ x

1
c cosh(λK[1])

a
dK[1] +

∫ K[2]
1

c cosh(λK[1])
a

dK[1]
))

a
dK[2] + c1

(
y − bx

a
, z −

∫ x

1

c cosh(λK[1])
a

dK[1]
)


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Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*cosh(lambda*x)*diff(w(x,y,z),z)=k*cosh(beta*y)+s*cosh(gamma*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ay − xb

a
,
zaλ− sinh (λx) c

aλ

)
+

∫ x
(
s cosh

(
γ(c sinh(λ_a)+zaλ−sinh(λx)c)

aλ

)
+ k cosh

(
β(ay−b(x−_a))

a

))
d_a

a

6.7.8.3 [1641] Problem 3

problem number 1641

Added June 19, 2019.

Problem Chapter 7.4.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a coshn(βx)wy + b coshk(λx)wz = c coshm(γx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Cosh[beta*x]^n*D[w[x, y,z], y] + b*Cosh[lambda*x]^k*D[w[x,y,z],z]== c*Cosh[gamma*x]^m+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

a sinh(βx) coshn+1(βx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cosh2(βx)
)

(βn+ β)
√
− sinh2(βx)

+ y,
b sinh(λx) coshk+1(λx)Hypergeometric2F1

(1
2 ,

k+1
2 , k+3

2 , cosh2(λx)
)

(kλ+ λ)
√

− sinh2(λx)
+ z

+
c
√

− sinh2(γx)csch(γx) coshm+1(γx)Hypergeometric2F1
(1
2 ,

m+1
2 , m+3

2 , cosh2(γx)
)

γm+ γ
+ sx




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*cosh(beta*x)^n*diff(w(x,y,z),y)+ b*cosh(lambda*x)^k*diff(w(x,y,z),z)=c*cosh(gamma*x)^m+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = c

∫
cosh (γx)m dx+ sx+ f1

(
−a
∫

cosh (βx)n dx+ y,−b
∫

cosh (λx)k dx+ z

)
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6.7.8.4 [1642] Problem 4

problem number 1642

Added June 19, 2019.

Problem Chapter 7.4.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b cosh(βy)wy + c cosh(λx)wz = k cosh(γz)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Cosh[beta*y]*D[w[x, y,z], y] + c*Cosh[lambda*x]*D[w[x,y,z],z]== k*Cosh[gamma*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1

k cosh
(
γ
(
z −

∫ x

1
c cosh(λK[1])

a
dK[1] +

∫ K[2]
1

c cosh(λK[1])
a

dK[1]
))

a
dK[2] + c1

(
−bx
a

− cot−1(sinh(βy))
β

, z −
∫ x

1

c cosh(λK[1])
a

dK[1]
)


Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*cosh(beta*y)*diff(w(x,y,z),y)+ c*cosh(lambda*x)*diff(w(x,y,z),z)=k*cosh(gamma*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−bβx+ 2a arctan

(
eβy
)

bβ
,
zaλ− c sinh (λx)

aλ

)
+
k
∫ x cosh

(
γ(zaλ−c sinh(λx)+c sinh(λ_a))

aλ

)
d_a

a

6.7.8.5 [1643] Problem 5

problem number 1643

Added June 19, 2019.

Problem Chapter 7.4.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b cosh(βy)wy + c cosh(γz)wz = p cosh(λx) + q
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Cosh[beta*y]*D[w[x, y,z], y] + c*Cosh[gamma*z]*D[w[x,y,z],z]== p*Cosh[lambda*x]+q;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) →
∫ x

1

q + p cosh(λK[1])
a

dK[1] + c1

(
−bx
a

− cot−1(sinh(βy))
β

,−cx
a

− cot−1(sinh(γz))
γ

)}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*cosh(beta*y)*diff(w(x,y,z),y)+ c*cosh(gamma*z)*diff(w(x,y,z),z)=p*cosh(lambda*x)+q;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
f1
(

−bβx+2arctan
(
eβy
)
a

bβ
, −cγx+2a arctan(eγz)

cγ

)
aλ+ xqλ+ sinh (λx) p

aλ

6.7.8.6 [1644] Problem 6

problem number 1644

Added June 19, 2019.

Problem Chapter 7.4.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 coshn1(λ1x)wx+b1 coshm1(β1y)wy+c1 coshk1(γ1z)wz = a2 coshn2(λ2x)+b2 coshm2(β2y)wy+c2 coshk2(γ2z)

Mathematica 3� �
ClearAll["Global`*"];
pde = a1*Cosh[lambda1*x]^n1*D[w[x, y,z], x] + b1*Cosh[beta1*x]^m1*D[w[x, y,z], y] + c1*Cosh[gamma1*x]^k1*D[w[x,y,z],z]== a2*Cosh[lambda1*x]^n2 + b2*Cosh[beta2*x]^m2 + c2*Cosh[gamma2*x]^k2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) →
∫ x

1

cosh−n1(lambda1K[3])
(
c2 coshk2(gamma2K[3]) + b2 coshm2(beta2K[3]) + a2 coshn2(lambda1K[3])

)
a1 dK[3] + c1

(
y −

∫ x

1

b1 coshm1(beta1K[1]) cosh−n1(lambda1K[1])
a1 dK[1], z −

∫ x

1

c1 coshk1(gamma1K[2]) cosh−n1(lambda1K[2])
a1 dK[2]

)}}

Maple 3� �
restart;
local gamma;
pde := a1*cosh(lambda1*x)^n1*diff(w(x,y,z),x)+ b1*cosh(beta1*x)^m1*diff(w(x,y,z),y)+ c1*cosh(gamma1*x)^k1*diff(w(x,y,z),z)=a2*cosh(lambda1*x)^n2 + b2*cosh(beta2*x)^m2 + c2*cosh(gamma2*x)^k2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

∫ (
a2 cosh (λ 1x)n2 + b2 cosh (β 2x)m2 + c2 cosh (γ 2x)k2

)
cosh (λ 1x)− n1 dx

a1 +f1

(
−
b1
∫
cosh (β 1x)m1 cosh (λ 1x)− n1 dx

a1 + y,−
c1
∫
cosh (γ 1x)k1 cosh (λ 1x)− n1 dx

a1 + z

)
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6.7.9 4.3

Local contents
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6.7.9.1 [1645] Problem 1

problem number 1645

Added June 20, 2019.

Problem Chapter 7.4.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + awy + bwz = c tanhk(λx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + b*D[w[x,y,z],z]== c*Tanh[lambda*x]^k+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1(y − ax, z − bx) +
c tanhk+1(λx)Hypergeometric2F1

(
1, k+1

2 , k+3
2 , tanh2(λx)

)
kλ+ λ

+ sx

}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)=c*tanh(lambda*x)^k+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = c

∫
tanh (λx)k dx+ sx+ f1(−ax+ y,−bx+ z)
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6.7.9.2 [1646] Problem 2

problem number 1646

Added June 20, 2019.

Problem Chapter 7.4.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c tanh(λx)wz = k tanh(βy) + s tanh(γz)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*Tanh[lambda*x]*D[w[x,y,z],z]== k*Tanh[beta*y]+s*Tanh[gamma*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1

k tanh
(
β
(
y + b(K[1]−x)

a

))
+ s tanh

(
γ(aλz−c log(cosh(λx))+c log(cosh(λK[1])))

aλ

)
a

dK[1] + c1

(
y − bx

a
, z − c log(cosh(λx))

aλ

)


Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*tanh(lambda*x)*diff(w(x,y,z),z)=k*tanh(beta*y)+s*tanh(gamma*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

∫ x

((
cosh

(
βb_a
a

)
sinh

(
γc ln(cosh(λ_a))

aλ

)
s+sinh

(
βb_a
a

)
k cosh

(
γc ln(cosh(λ_a))

aλ

))
cosh

(
β(ay−bx)

a

)
+sinh

(
β(ay−bx)

a

)(
cosh

(
βb_a
a

)
cosh

(
γc ln(cosh(λ_a))

aλ

)
k+sinh

(
βb_a
a

)
sinh

(
γc ln(cosh(λ_a))

aλ

)
s
))

cosh
(
γ(−zaλ+c ln(cosh(λx)))

aλ

)
−sinh

(
γ(−zaλ+c ln(cosh(λx)))

aλ

)((
cosh

(
βb_a
a

)
cosh

(
γc ln(cosh(λ_a))

aλ

)
s+sinh

(
βb_a
a

)
sinh

(
γc ln(cosh(λ_a))

aλ

)
k
)
cosh

(
β(ay−bx)

a

)
+sinh

(
β(ay−bx)

a

)(
cosh

(
βb_a
a

)
sinh

(
γc ln(cosh(λ_a))

aλ

)
k+sinh

(
βb_a
a

)
s cosh

(
γc ln(cosh(λ_a))

aλ

)))
(
cosh

(
β(ay−bx)

a

)
cosh

(
βb_a
a

)
+sinh

(
β(ay−bx)

a

)
sinh

(
βb_a
a

))(
cosh

(
γ(−zaλ+c ln(cosh(λx)))

aλ

)
cosh

(
γc ln(cosh(λ_a))

aλ

)
−sinh

(
γ(−zaλ+c ln(cosh(λx)))

aλ

)
sinh

(
γc ln(cosh(λ_a))

aλ

)) d_a

a
+f1

(
ay − bx

a
,
zaλ− c ln (cosh (λx))

aλ

)

6.7.9.3 [1647] Problem 3

problem number 1647

Added June 19, 2019.

Problem Chapter 7.4.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a tanhn(βx)wy + c tanhk(λx)wz = c tanhm(γx) + s
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Tanh[beta*x]^n*D[w[x, y,z], y] + b*Tanh[lambda*x]^k*D[w[x,y,z],z]== c*Tanh[gamma*x]^m+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y −

a tanhn+1(βx)Hypergeometric2F1
(
1, n+1

2 , n+3
2 , tanh2(βx)

)
βn+ β

, z −
b tanhk+1(λx)Hypergeometric2F1

(
1, k+1

2 , k+3
2 , tanh2(λx)

)
kλ+ λ

)
+
c tanhm+1(γx)Hypergeometric2F1

(
1, m+1

2 , m+3
2 , tanh2(γx)

)
γm+ γ

+ sx

}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*tanh(beta*x)^n*diff(w(x,y,z),y)+ b*tanh(lambda*x)^k*diff(w(x,y,z),z)=c*tanh(gamma*x)^m+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = c

∫
tanh (γx)m dx+ sx+ f1

(
−a
∫

tanh (βx)n dx+ y,−b
∫

tanh (λx)k dx+ z

)

6.7.9.4 [1648] Problem 4

problem number 1648

Added June 19, 2019.

Problem Chapter 7.4.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b tanh(βy)wy + c tanh(λx)wz = k tanh(γz)

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Tanh[beta*y]*D[w[x, y,z], y] + c*Tanh[lambda*x]*D[w[x,y,z],z]== k*Tanh[gamma*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*tanh(beta*y)*diff(w(x,y,z),y)+ c*tanh(lambda*x)*diff(w(x,y,z),z)=k*tanh(gamma*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

f1

−xbβ+ln
(

tanh(βy)√
− sech(βy)2

)
a

bβ
, zaλ−c ln(cosh(λx))

aλ

 a− k
∫ x − tanh

(
γ(zaλ−c ln(cosh(λx))+c ln(cosh(λ_a)))

aλ

)
d_a

a
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6.7.9.5 [1649] Problem 5

problem number 1649

Added June 19, 2019.

Problem Chapter 7.4.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b tanh(βy)wy + c tanh(γz)wz = k tanh(λx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Tanh[beta*y]*D[w[x, y,z], y] + c*Tanh[gamma*z]*D[w[x,y,z],z]== k*Tanh[lambda*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → k log(cosh(λx))
aλ

+ c1

(
1
2

(
log(sinh(γz))

γ
− cx

a

)
,
log(sinh(βy))

β
− b log(sinh(γz))

cγ

)}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*tanh(beta*y)*diff(w(x,y,z),y)+ c*tanh(gamma*z)*diff(w(x,y,z),z)=k*tanh(lambda*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z),'build')),output='realtime'));� �

w(x, y, z) =

f1

−xbβ+ln
(

tanh(βy)√
− sech(βy)2

)
a

bβ
,
−xcγ+ln

(
tanh(γz)√
− sech(γz)2

)
a

cγ

 aλ+ k ln (cosh (λx))

aλ

6.7.9.6 [1650] Problem 6

problem number 1650

Added June 19, 2019.

Problem Chapter 7.4.3.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a tanh(λx)wx + b tanh(βy)wy + c tanh(γz)wz = k

Mathematica 7� �
ClearAll["Global`*"];
pde = a*Tanh[lambda*x]*D[w[x, y,z], x] + b*Tanh[beta*y]*D[w[x, y,z], y] + c*Tanh[gamma*z]*D[w[x,y,z],z]== k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := a*tanh(lambda*x)*diff(w(x,y,z),x)+ b*tanh(beta*y)*diff(w(x,y,z),y)+ c*tanh(gamma*z)*diff(w(x,y,z),z)=k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z),'build')),output='realtime'));� �

w(x, y, z) =
f1
(

−bβ ln
(
e2λx−1

)
+ln(i sinh(βy))aλ+bβ(λx+ln(2))

λbβ
,
−cγ ln

(
e2λx−1

)
+ln(i sinh(γz))aλ+cγ(λx+ln(2))

λcγ

)
aλ+ ln (sinh (λx)) k

aλ

6.7.9.7 [1651] Problem 7

problem number 1651

Added June 19, 2019.

Problem Chapter 7.4.3.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 tanhn1(λ1x)wx+b1 tanhm1(β1y)wy+c1 tanhk1(γ1z)wz = a2 tanhn2(λ2x)+b2 tanhm2(β2y)wy+c2 tanhk2(γ2z)

Mathematica 3� �
ClearAll["Global`*"];
pde = a1*Tanh[lambda1*x]^n1*D[w[x, y,z], x] + b1*Tanh[beta1*x]^m1*D[w[x, y,z], y] + c1*Tanh[gamma1*x]^k1*D[w[x,y,z],z]== a2*Tanh[lambda1*x]^n2 + b2*Tanh[beta2*x]^m2 + c2*Tanh[gamma2*x]^k2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) →
∫ x

1

tanh−n1(lambda1K[3])
(
c2 tanhk2(gamma2K[3]) + b2 tanhm2(beta2K[3]) + a2 tanhn2(lambda1K[3])

)
a1 dK[3] + c1

(
y −

∫ x

1

b1 tanhm1(beta1K[1]) tanh−n1(lambda1K[1])
a1 dK[1], z −

∫ x

1

c1 tanhk1(gamma1K[2]) tanh−n1(lambda1K[2])
a1 dK[2]

)}}

Maple 3� �
restart;
local gamma;
pde := a1*tanh(lambda1*x)^n1*diff(w(x,y,z),x)+ b1*tanh(beta1*x)^m1*diff(w(x,y,z),y)+ c1*tanh(gamma1*x)^k1*diff(w(x,y,z),z)=a2*tanh(lambda1*x)^n2 + b2*tanh(beta2*x)^m2 + c2*tanh(gamma2*x)^k2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

∫ (
a2 tanh (λ 1x)n2 + b2 tanh (β 2x)m2 + c2 tanh (γ 2x)k2

)
tanh (λ 1x)− n1 dx

a1 +f1

(
−
b1
∫
tanh (β 1x)m1 tanh (λ 1x)− n1 dx

a1 + y,−
c1
∫
tanh (γ 1x)k1 tanh (λ 1x)− n1 dx

a1 + z

)
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6.7.10.1 [1652] Problem 1

problem number 1652

Added June 20, 2019.

Problem Chapter 7.4.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + awy + bwz = c cothk(λx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + b*D[w[x,y,z],z]== c*Coth[lambda*x]^k+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1(y − ax, z − bx) +
c cothk+1(λx)Hypergeometric2F1

(
1, k+1

2 , k+3
2 , coth2(λx)

)
kλ+ λ

+ sx

}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)=c*coth(lambda*x)^k+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = c

∫
coth (λx)k dx+ sx+ f1(−ax+ y,−bx+ z)

6.7.10.2 [1653] Problem 2

problem number 1653

Added June 20, 2019.

Problem Chapter 7.4.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c coth(λx)wz = k coth(βy) + s coth(γz)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*Coth[lambda*x]*D[w[x,y,z],z]== k*Coth[beta*y]+s*Coth[gamma*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1

k coth
(
β
(
y + b(K[1]−x)

a

))
+ s coth

(
γ(aλz−c log(sinh(λx))+c log(sinh(λK[1])))

aλ

)
a

dK[1] + c1

(
y − bx

a
, z − c log(sinh(λx))

aλ

)


Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*coth(lambda*x)*diff(w(x,y,z),z)=k*coth(beta*y)+s*coth(gamma*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

∫ x

((
− cosh

(
βb_a
a

)
sinh

(
γc ln(sinh(λ_a))

aλ

)
k−sinh

(
βb_a
a

)
s cosh

(
γc ln(sinh(λ_a))

aλ

))
cosh

(
β(ay−bx)

a

)
−sinh

(
β(ay−bx)

a

)(
cosh

(
βb_a
a

)
cosh

(
γc ln(sinh(λ_a))

aλ

)
s+sinh

(
βb_a
a

)
sinh

(
γc ln(sinh(λ_a))

aλ

)
k
))

cosh
(
γ(−zaλ+c ln(sinh(λx)))

aλ

)
+sinh

(
γ(−zaλ+c ln(sinh(λx)))

aλ

)((
cosh

(
βb_a
a

)
cosh

(
γc ln(sinh(λ_a))

aλ

)
k+sinh

(
βb_a
a

)
sinh

(
γc ln(sinh(λ_a))

aλ

)
s
)
cosh

(
β(ay−bx)

a

)
+sinh

(
β(ay−bx)

a

)(
cosh

(
βb_a
a

)
sinh

(
γc ln(sinh(λ_a))

aλ

)
s+sinh

(
βb_a
a

)
k cosh

(
γc ln(sinh(λ_a))

aλ

)))
(
sinh

(
β(ay−bx)

a

)
cosh

(
βb_a
a

)
+cosh

(
β(ay−bx)

a

)
sinh

(
βb_a
a

))(
sinh

(
γ(−zaλ+c ln(sinh(λx)))

aλ

)
cosh

(
γc ln(sinh(λ_a))

aλ

)
−cosh

(
γ(−zaλ+c ln(sinh(λx)))

aλ

)
sinh

(
γc ln(sinh(λ_a))

aλ

)) d_a

a
+f1

(
ay − bx

a
,
zaλ− c ln (sinh (λx))

aλ

)

6.7.10.3 [1654] Problem 3

problem number 1654

Added June 20, 2019.

Problem Chapter 7.4.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a cothn(βx)wy + b cothk(λx)wz = c cothm(γx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Coth[beta*x]^n*D[w[x, y,z], y] + b*Coth[lambda*x]^k*D[w[x,y,z],z]== c*Coth[gamma*x]^m+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
z −

b cothk+1(λx)Hypergeometric2F1
(
1, k+1

2 , k+3
2 , coth2(λx)

)
kλ+ λ

, y −
a cothn+1(βx)Hypergeometric2F1

(
1, n+1

2 , n+3
2 , coth2(βx)

)
βn+ β

)
+
c cothm+1(γx)Hypergeometric2F1

(
1, m+1

2 , m+3
2 , coth2(γx)

)
γm+ γ

+ sx

}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*coth(beta*x)^n*diff(w(x,y,z),y)+ b*coth(lambda*x)^k*diff(w(x,y,z),z)=c*coth(gamma*x)^m+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = c

∫
coth (γx)m dx+ sx+ f1

(
−a
∫

coth (βx)n dx+ y,−b
∫

coth (λx)k dx+ z

)

6.7.10.4 [1655] Problem 4

problem number 1655

Added June 20, 2019.

Problem Chapter 7.4.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b coth(βy)wy + c coth(λx)wz = k coth(γz)

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Coth[beta*y]*D[w[x, y,z], y] + c*Coth[lambda*x]*D[w[x,y,z],z]== k*Coth[gamma*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*coth(beta*y)*diff(w(x,y,z),y)+ c*coth(lambda*x)*diff(w(x,y,z),z)=k*coth(gamma*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
xbβ − a ln (cosh (βy))

bβ
,
zaλ− c ln (sinh (λx))

aλ

)
−
k
∫ y − coth

(
γ
(
zaλ−c ln(sinh(λx))+c ln

(
− sinh

(
λ(−xbβ+a ln(cosh(βy))−a ln(cosh(β_a)))

bβ

)))
aλ

)
tanh (β_a) d_a

b

6.7.10.5 [1656] Problem 5

problem number 1656

Added June 20, 2019.

Problem Chapter 7.4.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b coth(βy)wy + c coth(γz)wz = p coth(λx) + q
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Coth[beta*y]*D[w[x, y,z], y] + c*Coth[gamma*z]*D[w[x,y,z],z]== p*Coth[lambda*x]+q;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
a log(sech(γz)) + cγx

2aγ ,
b log(sech(γz))

cγ
+ log(cosh(βy))

β

)
+ p log(− sinh(λx))

aλ
+ q log(cosh(βy))

bβ

}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*coth(beta*y)*diff(w(x,y,z),y)+ c*coth(gamma*z)*diff(w(x,y,z),z)=p*coth(lambda*x)+q;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
f1
(

xbβ−a ln(cosh(βy))
bβ

,
−cγ ln

(
e2βy+1

)
+ln(cosh(γz))bβ+cγ(βy+ln(2))

βcγ

)
bβλa+ ln (cosh (βy)) qλa+ p ln (sinh (λx)) bβ

bβλa

6.7.10.6 [1657] Problem 6

problem number 1657

Added June 20, 2019.

Problem Chapter 7.4.4.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 cothn1(λ1x)wx+b1 cothm1(β1y)wy+c1 cothk1(γ1z)wz = a2 cothn2(λ2x)+b2 cothm2(β2y)wy+c2 cothk2(γ2z)

Mathematica 3� �
ClearAll["Global`*"];
pde = a1*Coth[lambda1*x]^n1*D[w[x, y,z], x] + b1*Coth[beta1*x]^m1*D[w[x, y,z], y] + c1*Coth[gamma1*x]^k1*D[w[x,y,z],z]== a2*Coth[lambda1*x]^n2 + b2*Coth[beta2*x]^m2 + c2*Coth[gamma2*x]^k2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) →
∫ x

1

coth−n1(lambda1K[3])
(
c2 cothk2(gamma2K[3]) + b2 cothm2(beta2K[3]) + a2 cothn2(lambda1K[3])

)
a1 dK[3] + c1

(
y −

∫ x

1

b1 cothm1(beta1K[1]) coth−n1(lambda1K[1])
a1 dK[1], z −

∫ x

1

c1 cothk1(gamma1K[2]) coth−n1(lambda1K[2])
a1 dK[2]

)}}

Maple 3� �
restart;
local gamma;
pde := a1*coth(lambda1*x)^n1*diff(w(x,y,z),x)+ b1*coth(beta1*x)^m1*diff(w(x,y,z),y)+ c1*coth(gamma1*x)^k1*diff(w(x,y,z),z)=a2*coth(lambda1*x)^n2 + b2*coth(beta2*x)^m2 + c2*coth(gamma2*x)^k2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

∫ (
a2 coth (λ 1x)n2 + b2 coth (β 2x)m2 + c2 coth (γ 2x)k2

)
coth (λ 1x)− n1 dx

a1 +f1

(
−
b1
∫
coth (β 1x)m1 coth (λ 1x)− n1 dx

a1 + y,−
c1
∫
coth (γ 1x)k1 coth (λ 1x)− n1 dx

a1 + z

)
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6.7.11 4.5

Local contents
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6.7.11.2 [1659] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1638
6.7.11.3 [1660] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1638
6.7.11.4 [1661] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1639
6.7.11.5 [1662] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1640

6.7.11.1 [1658] Problem 1

problem number 1658

Added June 20, 2019.

Problem Chapter 7.4.5.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c sinhn(λy)wz = s coshm(βx) + k sinhr(γy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*Sinh[lambda*y]^n*D[w[x,y,z],z]== s*Cosh[beta*x]^m+k*Sinh[gamma*y]^r;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

y − bx

a
, z −

c
√

cosh2(λy)sech(λy) sinhn+1(λy)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 ,− sinh2(λy)
)

bλn+ bλ

+
s
√

− sinh2(βx)csch(βx) coshm+1(βx)Hypergeometric2F1
(1
2 ,

m+1
2 , m+3

2 , cosh2(βx)
)

aβm+ aβ
+
k
√
cosh2(γy)sech(γy) sinhr+1(γy)Hypergeometric2F1

(1
2 ,

r+1
2 , r+3

2 ,− sinh2(γy)
)

bγr + bγ




Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*sinh(lambda*y)^n*diff(w(x,y,z),z)=s*cosh(beta*x)^m+k*sinh(gamma*y)^r;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

∫ x
(
s cosh (β_a)m + k sinh

(
γ(ay−b(x−_a))

a

)r)
d_a

a
+f1

ay − bx

a
,−

c
∫ x sinh

(
λ(ay−b(x−_a))

a

)n
d_a

a
+ z


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6.7.11.2 [1659] Problem 2

problem number 1659

Added June 20, 2019.

Problem Chapter 7.4.5.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a sinhn(λx)wy + b coshm(βx)wz = s coshk(γx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Sinh[lambda*x]^n*D[w[x, y,z], y] + b*Cosh[beta*x]^m*D[w[x,y,z],z]== s*Cosh[gamma*x]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → s

√
− sinh2(γx)csch(γx) coshk+1(γx)Hypergeometric2F1

(1
2 ,

k+1
2 , k+3

2 , cosh2(γx)
)

γk + γ
+ c1

b sinh(βx) coshm+1(βx)Hypergeometric2F1
(1
2 ,

m+1
2 , m+3

2 , cosh2(βx)
)

(βm+ β)
√

− sinh2(βx)
+ z, y −

a
√

cosh2(λx)sech(λx) sinhn+1(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 ,− sinh2(λx)
)

λn+ λ




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*sinh(lambda*x)^n*diff(w(x,y,z),y)+ b*cosh(beta*x)^m*diff(w(x,y,z),z)=s*cosh(gamma*x)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = s

∫
cosh (γx)k dx+ f1

(
−a
∫

sinh (λx)n dx+ y,−b
∫

cosh (βx)m dx+ z

)

6.7.11.3 [1660] Problem 3

problem number 1660

Added June 20, 2019.

Problem Chapter 7.4.5.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a coshn(λx)wy + b sinhm(βy)wz = s sinhk(γz)
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Cosh[lambda*x]^n*D[w[x, y,z], y] + b*Sinh[beta*x]^m*D[w[x,y,z],z]== s*Sinh[gamma*z]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1
s sinhk

γ
(
−b
√
cosh2(βx)Hypergeometric2F1

(1
2 ,

m+1
2 , m+3

2 ,− sinh2(βx)
)
sech(βx) sinhm+1(βx) + b

√
cosh2(βK[1]) Hypergeometric2F1

(1
2 ,

m+1
2 , m+3

2 ,− sinh2(βK[1])
)
sech(βK[1]) sinhm+1(βK[1]) + β(m+ 1)z

)
β(m+ 1)

 dK[1] + c1

z − b
√
cosh2(βx)sech(βx) sinhm+1(βx)Hypergeometric2F1

(1
2 ,

m+1
2 , m+3

2 ,− sinh2(βx)
)

βm+ β
,
a sinh(λx) coshn+1(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cosh2(λx)
)

(λn+ λ)
√
− sinh2(λx)

+ y





Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*cosh(lambda*x)^n*diff(w(x,y,z),y)+ b*sinh(beta*y)^m*diff(w(x,y,z),z)=s*sinh(gamma*z)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

cosh (λx)n dx+ y,−b
∫ x

sinh
(
β

(
a

∫
cosh (λ_f)n d_f− a

∫
cosh (λx)n dx+ y

))m

d_f+ z

)
+s
∫ x

sinh
(
γ

(∫
sinh

(
β

(
a

∫
cosh (λ_f)n d_f− a

∫
cosh (λx)n dx+ y

))m

d_fb− b

∫ x

sinh
(
β

(
a

∫
cosh (λ_f)n d_f− a

∫
cosh (λx)n dx+ y

))m

d_f+ z

))k

d_f

6.7.11.4 [1661] Problem 4

problem number 1661

Added June 20, 2019.

Problem Chapter 7.4.5.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a tanhn(λx)wy + b cothm(βx)wz = s cothk(γx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Tanh[lambda*x]^n*D[w[x, y,z], y] + b*Coth[beta*x]^m*D[w[x,y,z],z]== s*Coth[gamma*x]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) →
s cothk+1(γx)Hypergeometric2F1

(
1, k+1

2 , k+3
2 , coth2(γx)

)
γk + γ

+ c1

(
z −

b cothm+1(βx)Hypergeometric2F1
(
1, m+1

2 , m+3
2 , coth2(βx)

)
βm+ β

, y −
a tanhn+1(λx)Hypergeometric2F1

(
1, n+1

2 , n+3
2 , tanh2(λx)

)
λn+ λ

)}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*tanh(lambda*x)^n*diff(w(x,y,z),y)+ b*coth(beta*x)^m*diff(w(x,y,z),z)=s*coth(gamma*x)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = s

∫
coth (γx)k dx+ f1

(
−a
∫

tanh (λx)n dx+ y,−b
∫

coth (βx)m dx+ z

)

6.7.11.5 [1662] Problem 5

problem number 1662

Added June 20, 2019.

Problem Chapter 7.4.5.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a sinh(λx)wx + b sinh(βy)wy + c sinh(γz)wz = k cosh(λx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Sinh[lambda*x]*D[w[x, y,z], x] + b*Sinh[beta*y]*D[w[x, y,z], y] + c*Sinh[gamma*z]*D[w[x,y,z],z]== k*Cosh[lambda*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → k log(sinh(λx))
aλ

+ c1

(
barctanh(cosh(λx))

aλ
− arctanh(cosh(βy))

β
,
carctanh(cosh(λx))

aλ
− arctanh(cosh(γz))

γ

)}}
Maple 3� �
restart;
local gamma;
pde := a*sinh(lambda*x)*diff(w(x,y,z),x)+ b*sinh(beta*y)*diff(w(x,y,z),y)+ c*sinh(gamma*z)*diff(w(x,y,z),z)=k*cosh(lambda*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
f1

(
− ln

(
tanh

(
λx
2

))
bβ−2a arctanh

(
eβy
)
λ

λbβ
,
− ln

(
tanh

(
λx
2

))
cγ−2a arctanh(eγz)λ
λcγ

)
aλ+ k ln (sinh (λx))

aλ
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6.7.12 5.1
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6.7.12.1 [1663] Problem 1

problem number 1663

Added June 26, 2019.

Problem Chapter 7.5.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + awy + bwz = c lnk(λx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + b*D[w[x,y,z],z]== c*Log[lambda*x]^k+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) →

∫ x

1

(
c logk(λK[1]) + s

)
dK[1] + c1(y − ax, z − bx)

}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)=c*ln(lambda*x)^k+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = c

∫
ln (λx)k dx+ sx+ f1(−ax+ y,−bx+ z)

Contains unresolve integral because maple can not integrate lnn(x)

6.7.12.2 [1664] Problem 2

problem number 1664

Added June 26, 2019.

Problem Chapter 7.5.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c ln(βy) ln(γz)wz = k ln(αx)
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Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*Log[beta*y]*Log[gamma*z]*D[w[x,y,z],z]== k*Log[alpha*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*ln(beta*y)*ln(gamma*z)*diff(w(x,y,z),z)=k*ln(alpha*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
f1
(

−ya+bx
b

, −b Ei1(− ln(γz))−ycγ(ln(βy)−1)
cγ

)
a+ kx(ln (αx)− 1)

a

6.7.12.3 [1665] Problem 3

problem number 1665

Added June 26, 2019.

Problem Chapter 7.5.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a lnn(βx)wy + b lnk(λx)wz = c lnm(γx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Log[beta*x]^n*D[w[x, y,z], y] + b*Log[lambda*x]^k*D[w[x,y,z],z]== c*Log[gamma*x]+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → x(c log(γx)− c+ s) + c1

(
y −

∫ x

1
a logn(βK[1])dK[1], z −

∫ x

1
b logk(λK[2])dK[2]

)}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*ln(beta*x)^n*diff(w(x,y,z),y)+ b*ln(lambda*x)^k*diff(w(x,y,z),z)=c*ln(gamma*x)+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

ln (βx)n dx+ y,−b
∫

ln (λx)k dx+ z

)
+ cx ln (γx) + (−c+ s)x

Contains unresolve integral because maple can not integrate lnn(x)
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6.7.12.4 [1666] Problem 4

problem number 1666

Added June 26, 2019.

Problem Chapter 7.5.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a lnn(λx)wy + b lnm(βy)wz = c lnk(γy) + s lnr(µz)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Log[lambda*x]^n*D[w[x, y,z], y] + b*Log[beta*y]^m*D[w[x,y,z],z]== c*Log[gamma*y]^k+s*Log[mu*z]^r;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) →
∫ x

1

(
c logk

(
γ

(
y −

∫ x

1
a logn(λK[1])dK[1] +

∫ K[3]

1
a logn(λK[1])dK[1]

))
+ s logr

(
µ

(
z −

∫ x

1
b logm

(
β

(
y −

∫ x

1
a logn(λK[1])dK[1] +

∫ K[2]

1
a logn(λK[1])dK[1]

))
dK[2] +

∫ K[3]

1
b logm

(
β

(
y −

∫ x

1
a logn(λK[1])dK[1] +

∫ K[2]

1
a logn(λK[1])dK[1]

))
dK[2]

)))
dK[3] + c1

(
y −

∫ x

1
a logn(λK[1])dK[1], z −

∫ x

1
b logm

(
β

(
y −

∫ x

1
a logn(λK[1])dK[1] +

∫ K[2]

1
a logn(λK[1])dK[1]

))
dK[2]

)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*ln(lambda*x)^n*diff(w(x,y,z),y)+ b*ln(beta*y)^m*diff(w(x,y,z),z)=c*ln(gamma*y)^k+s*ln(mu*z)^r;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
∫ x

(
cln
(
γ

(
a

∫
ln (λ_f)n d_f− a

∫
ln (λx)n dx+ y

))k

+ sln
(
µ

(
b

∫
ln
(
β

(
a

∫
ln (λ_f)n d_f− a

∫
ln (λx)n dx+ y

))m

d_f− b

∫ x

ln
(
β

(
a

∫
ln (λ_f)n d_f− a

∫
ln (λx)n dx+ y

))m

d_f+ z

))r
)
d_f+f1

(
−a
∫

ln (λx)n dx+ y,−b
∫ x

ln
(
β

(
a

∫
ln (λ_f)n d_f− a

∫
ln (λx)n dx+ y

))m

d_f+ z

)

6.7.12.5 [1667] Problem 5

problem number 1667

Added June 26, 2019.

Problem Chapter 7.5.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 lnn1(λ1x)wx + b1 lnm1(β1y)wy + c1 lnk1(γ1z)wz = a2 lnn2(λ2x) + b2 lnm2(β2y) + c2 lnk2(γ2z)

Mathematica 7� �
ClearAll["Global`*"];
pde = a1*Log[lambda1*x]^n1*D[w[x, y,z], x] + b1*Log[beta1*y]^m1*D[w[x, y,z], y] + c1*Log[gamma1*z]^k1*D[w[x,y,z],z]== a2*Log[lambda2*x]^n2*D[w[x, y,z], x] + b2*Log[beta2*y]^m2+ c2*Log[gamma2*z]^k2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := a1*ln(lambda1*x)^n1*diff(w(x,y,z),x)+ b1*ln(beta1*y)^m1*diff(w(x,y,z),y)+ c1*ln(gamma1*z)^k1*diff(w(x,y,z),z)=a2*ln(lambda2*x)^n2+ b2*ln(beta2*y)^m2+ c2*ln(gamma2*z)^k2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

∫ x

(
a2 ln (λ 2_f)n2 + b2 ln

(
β 2RootOf

(
a1
∫
ln (β 1 y)−m1 dy +

∫
ln (λ 1_f)−n1 d_f b1− a1

∫ _Z ln (β 1_f)−m1 d_f−
∫
ln (λ 1x)− n1 dx b1

))m2
+ c2 ln

(
γ 2RootOf

(∫
ln (λ 1_f)−n1 d_f c1+ a1

∫
ln (γ 1 z)− k1 dz − a1

∫ _Z ln (γ 1_f)− k1 d_f−
∫
ln (λ 1x)−n1 dx c1

))k2)
ln (λ 1_f)− n1 d_f

a1 +f1

(
−
∫

ln (λ 1x)− n1 dx+ a1
∫
ln (β 1 y)−m1 dy

b1 ,−
∫

ln (λ 1x)−n1 dx+ a1
∫
ln (γ 1 z)− k1 dz

c1

)

Contains RootOf and unresolved integrals lnn(x)

6.7.13 5.2

Local contents
6.7.13.1 [1668] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1644
6.7.13.2 [1669] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1645
6.7.13.3 [1670] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1646
6.7.13.4 [1671] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1646
6.7.13.5 [1672] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1647

6.7.13.1 [1668] Problem 1

problem number 1668

Added June 26, 2019.

Problem Chapter 7.5.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + cxn lnk(λy)wz = sym lnr(βx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*x^n*Log[lambda*y]*D[w[x,y,z],z]== s*y^m*Log[beta*x]^r;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1

s
(
y + b(K[1]−x)

a

)m
logr(βK[1])

a
dK[1] + c1

y − bx

a
,
bcxn+2Hypergeometric2F1

(
1, n+ 2, n+ 3, bx

bx−ay

)
a(n+ 1)(n+ 2)(ay − bx) − cxn+1 log(λy)

an+ a
+ z






chapter 6. handbook of first order partial differential . . . 1645

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*x^n*ln(lambda*y)^k*diff(w(x,y,z),z)=s*y^m*ln(beta*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
f1

(
ay−bx

a
,−

c
∫ x _an ln

(
λ(ay−b(x−_a))

a

)k
d_a

a
+ z

)
a+ s

∫ x
(

ay−b(x−_a)
a

)m
ln (β_a)m d_a

a

Answer has unresolved integrals

6.7.13.2 [1669] Problem 2

problem number 1669

Added June 26, 2019.

Problem Chapter 7.5.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + axnwy + bxmwz = cy lnk(λx) + sz lnr(βx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*x^n*D[w[x, y,z], y] + b*x^m*D[w[x,y,z],z]== c*y*Log[lambda*x]^k+s*z*Log[beta*x]^r;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

(m2 + 3m+ 2) (n+ 1)c1
(

−axn+1+ny+y
n+1 , −bxm+1+mz+z

m+1

)
+ (m+2)(− log(βx))−r(− log(λx))−k

(
−βc(m+1)

(
axn+1−(n+1)y

)
(− log(βx))r logk(λx)Γ(k+1,− log(λx))−λ(n+1)s

(
bxm+1−(m+1)z

)
logr(βx)(− log(λx))kΓ(r+1,− log(βx))

)
βλ

+ ac
(
m2+3m+2

)
xn(λx)−n

(
− log2(λx)

)k(− log(λx))−k(−((n+2) log(λx)))−kΓ(k+1,−((n+2) log(λx)))
λ2(n+2) + b(n+1)sxm(βx)−m(− log(βx))−r

(
− log2(βx)

)r(−((m+2) log(βx)))−rΓ(r+1,−((m+2) log(βx)))
β2

(m+ 1)(m+ 2)(n+ 1)




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*x^n*diff(w(x,y,z),y)+ b*x^m*diff(w(x,y,z),z)= c*y*ln(lambda*x)^k+s*z*ln(beta*x)^r;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

∫ x
(
−(m+ 1) (−a_an+1 + a xn+1 − y(n+ 1)) c ln (λ_a)k + (b_am+1 − b xm+1 + z(m+ 1)) (n+ 1) s ln (β_a)r

)
d_a+ ((n+ 1)m+ n+ 1) f1

(
−a xn+1+y(n+1)

n+1 , −b xm+1+z(m+1)
m+1

)
(n+ 1) (m+ 1)

Answer has unresolved integrals
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6.7.13.3 [1670] Problem 3

problem number 1670

Added June 26, 2019.

Problem Chapter 7.5.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a lnn(λx)wy + bymwz = c lnk(βx) + s lnr(γz)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Log[lambda*x]^n*D[w[x, y,z], y] + b*y^m*D[w[x,y,z],z]== c*Log[beta*x]^k+s*Log[gamma*z]^r;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) →
∫ x

1

(
c logk(βK[3]) + s logr

(
γ

(
z −

∫ x

1
b

(
y −

∫ x

1
a logn(λK[1])dK[1] +

∫ K[2]

1
a logn(λK[1])dK[1]

)
mdK[2] +

∫ K[3]

1
b

(
y −

∫ x

1
a logn(λK[1])dK[1] +

∫ K[2]

1
a logn(λK[1])dK[1]

)
mdK[2]

)))
dK[3] + c1

(
y −

∫ x

1
a logn(λK[1])dK[1], z −

∫ x

1
b

(
y −

∫ x

1
a logn(λK[1])dK[1] +

∫ K[2]

1
a logn(λK[1])dK[1]

)
mdK[2]

)}}

Generated internal errors from solve : inconsistent or redundant transcendental equation

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*ln(lambda*x)^n*diff(w(x,y,z),y)+ b*y^m*diff(w(x,y,z),z)= c*ln(beta*x)^k+s*ln(gamma*z)^r;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
∫ x

(
c ln (β_b)k + sln

((
−b
((
a
∫
ln (λx)n dx− y

)
ln (λ_a)−n − _ba

) (
a ln (λ_a)n_b− a

∫
ln (λx)n dx+ y

)m + b
((
a
∫
ln (λx)n dx− y

)
ln (λ_a)−n − xa

) (
a ln (λ_a)n x− a

∫
ln (λx)n dx+ y

)m + za(1 +m)
)
γ

a (1 +m)

)r)
d_b+f1

(
−a
∫

ln (λx)n dx+ y,
b
((
a
∫
ln (λx)n dx− y

)
ln (λ_a)−n − xa

) (
a ln (λ_a)n x− a

∫
ln (λx)n dx+ y

)m + za(1 +m)
a (1 +m)

)

Answer has unresolved integrals and RootOf

6.7.13.4 [1671] Problem 4

problem number 1671

Added June 26, 2019.

Problem Chapter 7.5.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a lnn(λx)wx + zwy + b lnk(βy)wz = cxm + s ln(γy)

Mathematica 7� �
ClearAll["Global`*"];
pde = a*Log[lambda*x]^n*D[w[x, y,z], x] + z*D[w[x, y,z], y] + b*Log[beta*y]^k*D[w[x,y,z],z]== c*x^m+s*Log[gamma*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := a*ln(lambda*x)^n*diff(w(x,y,z),x)+ z*diff(w(x,y,z),y)+ b*ln(beta*y)^k*diff(w(x,y,z),z)= c*x^m+s*ln(gamma*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
∫ y cRootOf

(√
2b ln (β_a)k y − 2b

∫
ln (βy)k dy + z2 a+

∫ _Z ln (λ_a)−n d_a ln (β_a)k b− ln (β_a)k
∫
ln (λx)−n dxb−

√
2b ln (β_a)k _f− 2b

∫
ln (βy)k dy + z2 a

)m

+ s ln (γ_f)√
2b
∫
ln (β_f)k d_f− 2b

∫
ln (βy)k dy + z2

d_f+f1

−2b
∫

ln (βy)k dy + z2,

∫
ln (λx)−n dxb− ln (β_a)−k

√
2b ln (β_a)k y − 2b

∫
ln (βy)k dy + z2 a

ab



6.7.13.5 [1672] Problem 5

problem number 1672

Added June 26, 2019.

Problem Chapter 7.5.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

ax lnn(x)wx + by lnm(y)wy + cz ln(z)rwz = k lns(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*Log[x]^n*D[w[x, y,z], x] + b*y*Log[y]^m*D[w[x, y,z], y] + c*z*Log[z]^r*D[w[x,y,z],z]== k*Log[y]^s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �



w(x, y, z) →

∫ x

1

k logs

exp


 (m−1) log−n(x) log−n(K[1])

(
logn(x)

(
a(m−1)

1
m−1 (n−1) log(y) logn(K[1])

(
(m−1)

1
1−m

log(y)

)m
+b log(K[1])

)
−b log(x) logn(K[1])

)
a(n−1)


1

1−m

 log−n(K[1])

aK[1] dK[1] + c1

(
b log1−n(x)
a(n− 1) − (m− 1)

1
m−1 log(y)

(
(m− 1)

1
1−m

log(y)

)m

,
c log1−n(x)
a(n− 1) − (r − 1)

1
r−1 log(z)

(
(r − 1)

1
1−r

log(z)

)r)



Maple 3� �
restart;
local gamma;
pde := a*x*ln(x)^n*diff(w(x,y,z),x)+ b*y*ln(y)^m*diff(w(x,y,z),y)+ c*z*ln(z)^r*diff(w(x,y,z),z)= k*ln(x)^s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
a(−1− s+ n) f1

(
b(−1+m) ln(x)1−n−a ln(y)1−m(−1+n)

b(−1+n)(−1+m) , c(−1+r) ln(x)1−n−a ln(z)1−r(−1+n)
c(−1+r)(−1+n)

)
− k ln (x)1+s−n

a (−1− s+ n)
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6.7.14.2 [1674] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1648
6.7.14.3 [1675] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1649
6.7.14.4 [1676] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1650
6.7.14.5 [1677] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1650
6.7.14.6 [1678] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1651

6.7.14.1 [1673] Problem 1

problem number 1673

Added June 26, 2019.

Problem Chapter 7.6.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + awy + bwz = c sink(λx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + c*D[w[x,y,z],z]== c*Sin[lambda*x]^k+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1(y − ax, z − cx) +
c
√

cos2(λx) sec(λx) sink+1(λx)Hypergeometric2F1
(1
2 ,

k+1
2 , k+3

2 , sin2(λx)
)

kλ+ λ
+ sx

}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)= c*sin(lambda*x)^k+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = c

∫
sin (λx)k dx+ sx+ f1(−ax+ y,−bx+ z)

6.7.14.2 [1674] Problem 2

problem number 1674

Added June 26, 2019.

Problem Chapter 7.6.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c sin(γz)wz = k sin(αx) + s sin(βy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*Sin[gamma*z]*D[w[x,y,z],z]== k*Sin[alpha*x]+s*Sin[beta*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y − bx

a
,−cx

a
− arctanh(cos(γz))

γ

)
− k cos(αx)

aα
− s cos(βy)

bβ

}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*sin(gamma*z)*diff(w(x,y,z),z)= k*sin(alpha*x)+s*sin(beta*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
f1
(

xcγ+a ln(csc(γz)+cot(γz))
cγ

, ycγ+b ln(csc(γz)+cot(γz))
cγ

)
αaβb− k cos (αx) βb− s cos (βy)αa

αaβb

6.7.14.3 [1675] Problem 3

problem number 1675

Added June 26, 2019.

Problem Chapter 7.6.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a sinn(λx)wy + b sinm(βx)wz = c sink(γx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Sin[lambda*x]^n*D[w[x, y,z], y] + b*Sin[beta*x]^m*D[w[x,y,z],z]== c*Sin[gamma*x]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) →
c
√

cos2(γx) sec(γx) sink+1(γx)Hypergeometric2F1
(1
2 ,

k+1
2 , k+3

2 , sin2(γx)
)

γk + γ
+ c1

(
z −

b
√
cos2(βx) sec(βx) sinm+1(βx)Hypergeometric2F1

(1
2 ,

m+1
2 , m+3

2 , sin2(βx)
)

βm+ β
, y −

a
√
cos2(λx) sec(λx) sinn+1(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , sin2(λx)
)

λn+ λ

)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*sin(lambda*x)^n*diff(w(x,y,z),y)+ b*sin(beta*x)^m*diff(w(x,y,z),z)= c*sin(gamma*x)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = c

∫
sin (γx)k dx+ f1

(
−a
∫

sin (λx)n dx+ y,−b
∫

sin (βx)m dx+ z

)
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6.7.14.4 [1676] Problem 4

problem number 1676

Added June 26, 2019.

Problem Chapter 7.6.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a sinn(λx)wy + b sinm(βy)wz = c sink(γy) + s sinr(µz)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Sin[lambda*x]^n*D[w[x, y,z], y] + b*Sin[beta*x]^m*D[w[x,y,z],z]== c*Sin[gamma*y]^k+s*Sin[mu*z]^r;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1

c sink

γ
(
−a
√
cos2(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , sin2(λx)
)
sec(λx) sinn+1(λx) + a

√
cos2(λK[1]) Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , sin2(λK[1])
)
sec(λK[1]) sinn+1(λK[1]) + λ(n+ 1)y

)
λ(n+ 1)

+ s sinr

µ
(
−b
√
cos2(βx)Hypergeometric2F1

(1
2 ,

m+1
2 , m+3

2 , sin2(βx)
)
sec(βx) sinm+1(βx) + b

√
cos2(βK[1]) Hypergeometric2F1

(1
2 ,

m+1
2 , m+3

2 , sin2(βK[1])
)
sec(βK[1]) sinm+1(βK[1]) + β(m+ 1)z

)
β(m+ 1)

 dK[1] + c1

(
z −

b
√

cos2(βx) sec(βx) sinm+1(βx)Hypergeometric2F1
(1
2 ,

m+1
2 , m+3

2 , sin2(βx)
)

βm+ β
, y −

a
√

cos2(λx) sec(λx) sinn+1(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , sin2(λx)
)

λn+ λ

)


Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*sin(lambda*x)^n*diff(w(x,y,z),y)+ b*sin(beta*x)^m*diff(w(x,y,z),z)= c*sin(gamma*y)^k+s*sin(mu*z)^r;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

sin (λx)n dx+ y,−b
∫

sin (βx)m dx+ z

)
+
∫ x

(
c

(
− sin

(
γ

(
a

∫
sin (λx)n dx− a

∫
sin (λ_f)n d_f− y

)))k

+ s

(
− sin

(
µ

(
b

∫
sin (βx)m dx− b

∫
sin (β_f)m d_f− z

)))r
)
d_f

6.7.14.5 [1677] Problem 5

problem number 1677

Added June 26, 2019.

Problem Chapter 7.6.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b sin(βx)wy + c sin(λx)wz = k sin(γz)



chapter 6. handbook of first order partial differential . . . 1651

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Sin[beta*x]*D[w[x, y,z], y] + c*Sin[lambda*x]*D[w[x,y,z],z]== k*Sin[gamma*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1

k sin
(
γ
(
z −

∫ x

1
c sin(λK[2])

a
dK[2] +

∫ K[3]
1

c sin(λK[2])
a

dK[2]
))

a
dK[3] + c1

(
y −

∫ x

1

b sin(βK[1])
a

dK[1], z −
∫ x

1

c sin(λK[2])
a

dK[2]
)


Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*sin(beta*x)*diff(w(x,y,z),y)+ c*sin(lambda*x)*diff(w(x,y,z),z)= k*sin(gamma*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
yaβ + b cos (βx)

aβ
,
zaλ+ c cos (λx)

aλ

)
−
k
∫ x− sin

(
γ(zaλ+c cos(λx)−c cos(λ_a))

aλ

)
d_a

a

6.7.14.6 [1678] Problem 6

problem number 1678

Added June 26, 2019.

Problem Chapter 7.6.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 sinn1(λ1x)wx+b1 sinm1(β1y)wy+c1 sink1(γ1z)wz = a2 sinn2(λ2x)+b2 sinm2(β2y)+c2 sink2(γ2z)

Mathematica 7� �
ClearAll["Global`*"];
pde = a1*Sin[lambda1*z]^n1*D[w[x, y,z], x] + b1*Sin[beta1*y]^m1*D[w[x, y,z], y] + c1*Sin[gamma1*z]^k1*D[w[x,y,z],z]==a2*Sin[lambda2*z]^n2+ b2*Sin[beta2*y]^m2 + c2*Sin[gamma2*z]^k2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a1*sin(lambda1*x)^n1*diff(w(x,y,z),x)+ b1*sin(beta1*y)^m1*diff(w(x,y,z),y)+ c1*sin(gamma1*z)^k1*diff(w(x,y,z),z)= a2*sin(lambda2*x)^n2+ b2*sin(beta2*y)^m2+ c2*sin(gamma2*z)^k2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
∫

sin (λ 1x)− n1 dx+ a1
∫
sin (β 1 y)−m1 dy

b1 ,−
∫

sin (λ 1x)− n1 dx+ a1
∫
sin (γ 1 z)− k1 dz

c1

)
+

∫ x sin (λ 1_f)− n1
(
a2 sin (λ 2_f)n2 + sin

(
β 2RootOf

(
a1
∫
sin (β 1 y)−m1 dy − a1

∫ _Z sin (β 1_f)−m1 d_f+
∫
sin (λ 1_f)− n1 d_f b1−

∫
sin (λ 1x)−n1 dx b1

))m2
b2+ c2 sin

(
γ 2RootOf

(∫
sin (λ 1_f)−n1 d_f c1− a1

∫ _Z sin (γ 1_f)− k1 d_f−
∫
sin (λ 1x)−n1 dx c1+ a1

∫
sin (γ 1 z)− k1 dz

))k2)
d_f

a1
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6.7.15 6.2
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6.7.15.1 [1679] Problem 1

problem number 1679

Added June 26, 2019.

Problem Chapter 7.6.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + awy + bwz = c cosk(λx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + c*D[w[x,y,z],z]== c*Cos[lambda*x]^k+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1(y − ax, z − cx)−
c
√
sin2(λx) csc(λx) cosk+1(λx)Hypergeometric2F1

(1
2 ,

k+1
2 , k+3

2 , cos2(λx)
)

kλ+ λ
+ sx

}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)= c*cos(lambda*x)^k+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = c

∫
cos (λx)k dx+ sx+ f1(−ax+ y,−bx+ z)

6.7.15.2 [1680] Problem 2

problem number 1680

Added June 26, 2019.

Problem Chapter 7.6.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c cos(βz)wz = k cos(λx) + s cos(γy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*Cos[beta*z]*D[w[x,y,z],z]== k*Cos[lambda*x]+s*Cos[gamma*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y − bx

a
,
coth−1(sin(βz))

β
− cx

a

)
+ k sin(λx)

aλ
+ s sin(γy)

bγ

}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*cos(beta*z)*diff(w(x,y,z),z)= k*cos(lambda*x)+s*cos(gamma*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
f1
(

xcβ−a ln(sec(βz)+tan(βz))
cβ

, ycβ−b ln(sec(βz)+tan(βz))
cβ

)
λaγb+ k sin (λx) γb+ s sin (γy)λa

λaγb

6.7.15.3 [1681] Problem 3

problem number 1681

Added June 26, 2019.

Problem Chapter 7.6.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a cosn(βx)wy + b cosk(λx)wz = c cosm(γx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Cos[beta*x]^n*D[w[x, y,z], y] + b*Cos[lambda*x]^k*D[w[x,y,z],z]== c*Cos[gamma*x]^m+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
a
√
sin2(βx) csc(βx) cosn+1(βx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(βx)
)

βn+ β
+ y,

b
√

sin2(λx) csc(λx) cosk+1(λx)Hypergeometric2F1
(1
2 ,

k+1
2 , k+3

2 , cos2(λx)
)

kλ+ λ
+ z

)
−
c
√
sin2(γx) csc(γx) cosm+1(γx)Hypergeometric2F1

(1
2 ,

m+1
2 , m+3

2 , cos2(γx)
)

γm+ γ
+ sx

}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*cos(beta*x)^n*diff(w(x,y,z),y)+ b*cos(lambda*x)^k*diff(w(x,y,z),z)= c*cos(gamma*x)^m+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = c

∫
cos (γx)m dx+ sx+ f1

(
−a
∫

cos (βx)n dx+ y,−b
∫

cos (λx)k dx+ z

)
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6.7.15.4 [1682] Problem 4

problem number 1682

Added June 26, 2019.

Problem Chapter 7.6.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a cosn(λx)wy + b cosm(βy)wz = c cosk(γy) + s cosr(µz)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Cos[lambda*x]^n*D[w[x, y,z], y] + b*Cos[beta*x]^m*D[w[x,y,z],z]== c*Cos[gamma*y]^k+s*Cos[mu*z]^r;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1

c cosk
γ
(
a csc(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)√

sin2(λx) cosn+1(λx) + λ(n+ 1)y − a cosn+1(λK[1]) csc(λK[1]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(λK[1])
)√

sin2(λK[1])
)

λ(n+ 1)

+ s cosr
µ
(
b csc(βx)Hypergeometric2F1

(1
2 ,

m+1
2 , m+3

2 , cos2(βx)
)√

sin2(βx) cosm+1(βx) + β(m+ 1)z − b cosm+1(βK[1]) csc(βK[1]) Hypergeometric2F1
(1
2 ,

m+1
2 , m+3

2 , cos2(βK[1])
)√

sin2(βK[1])
)

β(m+ 1)

 dK[1] + c1

(
b
√

sin2(βx) csc(βx) cosm+1(βx)Hypergeometric2F1
(1
2 ,

m+1
2 , m+3

2 , cos2(βx)
)

βm+ β
+ z,

a
√
sin2(λx) csc(λx) cosn+1(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)

λn+ λ
+ y

)


Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*cos(lambda*x)^n*diff(w(x,y,z),y)+ b*cos(beta*x)^m*diff(w(x,y,z),z)= c*cos(gamma*y)^k+s*cos(mu*z)^r;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

cos (λx)n dx+ y,−b
∫

cos (βx)m dx+ z

)
+
∫ x

(
ccos

(
γ

(
a

∫
cos (λx)n dx− a

∫
cos (λ_f)n d_f− y

))k

+ scos
(
µ

(
b

∫
cos (β_f)m d_f− b

∫
cos (βx)m dx+ z

))r
)
d_f

6.7.15.5 [1683] Problem 5

problem number 1683

Added June 26, 2019.

Problem Chapter 7.6.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b cos(βx)wy + c cos(λx)wz = k cos(γz)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Cos[beta*x]*D[w[x, y,z], y] + c*Cos[lambda*x]*D[w[x,y,z],z]== k*Cos[gamma*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1

k cos
(

γ(aλz−c sin(λx)+c sin(λK[1]))
aλ

)
a

dK[1] + c1

(
y − b sin(βx)

aβ
, z − c sin(λx)

aλ

)


Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*cos(beta*x)*diff(w(x,y,z),y)+ c*cos(lambda*x)*diff(w(x,y,z),z)= k*cos(gamma*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
yaβ − b sin (βx)

aβ
,
zaλ− c sin (λx)

aλ

)
+
k
∫ x cos

(
γ(zaλ−c sin(λx)+c sin(λ_a))

aλ

)
d_a

a

6.7.15.6 [1684] Problem 6

problem number 1684

Added June 26, 2019.

Problem Chapter 7.6.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 cosn1(λ1x)wx+b1 cosm1(β1y)wy+c1 cosk1(γ1z)wz = a2 cosn2(λ2x)+b2 cosm2(β2y)+c2 cosk2(γ2z)

Mathematica 7� �
ClearAll["Global`*"];
pde = a1*Cos[lambda1*z]^n1*D[w[x, y,z], x] + b1*Cos[beta1*y]^m1*D[w[x, y,z], y] + c1*Cos[gamma1*z]^k1*D[w[x,y,z],z]==a2*Cos[lambda2*z]^n2+ b2*Cos[beta2*y]^m2 + c2*Cos[gamma2*z]^k2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a1*cos(lambda1*x)^n1*diff(w(x,y,z),x)+ b1*cos(beta1*y)^m1*diff(w(x,y,z),y)+ c1*cos(gamma1*z)^k1*diff(w(x,y,z),z)= a2*cos(lambda2*x)^n2+ b2*cos(beta2*y)^m2+ c2*cos(gamma2*z)^k2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
∫

cos (λ 1x)− n1 dx+ a1
∫
cos (β 1 y)−m1 dy

b1 ,−
∫

cos (λ 1x)− n1 dx+ a1
∫
cos (γ 1 z)− k1 dz

c1

)
+

∫ x cos (λ 1_f)− n1
(
a2 cos (λ 2_f)n2 + cos

(
β 2RootOf

(
a1
∫
cos (β 1 y)−m1 dy − a1

∫ _Z cos (β 1_f)−m1 d_f+
∫
cos (λ 1_f)−n1 d_f b1−

∫
cos (λ 1x)−n1 dx b1

))m2
b2+cos

(
γ 2RootOf

(∫
cos (λ 1_f)− n1 d_f c1− a1

∫ _Z cos (γ 1_f)− k1 d_f−
∫
cos (λ 1x)− n1 dx c1+ a1

∫
cos (γ 1 z)− k1 dz

))k2
c2
)
d_f

a1
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6.7.16.1 [1685] Problem 1

problem number 1685

Added June 26, 2019.

Problem Chapter 7.6.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + awy + bwz = c tank(λx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + c*D[w[x,y,z],z]== c*Tan[lambda*x]^k+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1(y − ax, z − cx) +
c tank+1(λx)Hypergeometric2F1

(
1, k+1

2 , k+3
2 ,− tan2(λx)

)
kλ+ λ

+ sx

}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)= c*tan(lambda*x)^k+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = c

∫
tan (λx)k dx+ sx+ f1(−ax+ y,−bx+ z)

6.7.16.2 [1686] Problem 2

problem number 1686

Added June 26, 2019.

Problem Chapter 7.6.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c tan(βz)wz = k tan(λx) + s tan(γy)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*Tan[beta*z]*D[w[x,y,z],z]== k*Tan[lambda*x]+s*Tan[gamma*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y − bx

a
,
log(sin(βz))

β
− cx

a

)
− k log(cos(λx))

aλ
− s log(cos(γy))

bγ

}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*tan(beta*z)*diff(w(x,y,z),z)= k*tan(lambda*x)+s*tan(gamma*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
2f1
(

ay−xb
a

, −xcβ+ln(csgn(sec(βz)) sin(βz))a
cβ

)
aλγb+ s ln

(
sec (γy)2

)
aλ+ k ln

(
sec (λx)2

)
γb

2aλγb

6.7.16.3 [1687] Problem 3

problem number 1687

Added June 26, 2019.

Problem Chapter 7.6.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a tann(βx)wy + b tank(λx)wz = c tanm(γx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Tan[beta*x]^n*D[w[x, y,z], y] + b*Tan[lambda*x]^k*D[w[x,y,z],z]== c*Tan[gamma*x]^m+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y −

a tann+1(βx)Hypergeometric2F1
(
1, n+1

2 , n+3
2 ,− tan2(βx)

)
βn+ β

, z −
b tank+1(λx)Hypergeometric2F1

(
1, k+1

2 , k+3
2 ,− tan2(λx)

)
kλ+ λ

)
+
c tanm+1(γx)Hypergeometric2F1

(
1, m+1

2 , m+3
2 ,− tan2(γx)

)
γm+ γ

+ sx

}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*tan(beta*x)^n*diff(w(x,y,z),y)+ b*tan(lambda*x)^k*diff(w(x,y,z),z)= c*tan(gamma*x)^m+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = c

∫
tan (γx)m dx+ sx+ f1

(
−a
∫

tan (βx)n dx+ y,−b
∫

tan (λx)k dx+ z

)
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6.7.16.4 [1688] Problem 4

problem number 1688

Added June 26, 2019.

Problem Chapter 7.6.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a tann(λx)wy + b tanm(βy)wz = c tank(γy) + s tanr(µz)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Tan[lambda*x]^n*D[w[x, y,z], y] + b*Tan[beta*x]^m*D[w[x,y,z],z]== c*Tan[gamma*y]^k+s*Tan[mu*z]^r;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) →
∫ x

1

(
c tank

(
γ
(
−aHypergeometric2F1

(
1, n+1

2 , n+3
2 ,− tan2(λx)

)
tann+1(λx) + aHypergeometric2F1

(
1, n+1

2 , n+3
2 ,− tan2(λK[1])

)
tann+1(λK[1]) + λ(n+ 1)y

)
λ(n+ 1)

)
+ s tanr

(
µ
(
−bHypergeometric2F1

(
1, m+1

2 , m+3
2 ,− tan2(βx)

)
tanm+1(βx) + bHypergeometric2F1

(
1, m+1

2 , m+3
2 ,− tan2(βK[1])

)
tanm+1(βK[1]) + β(m+ 1)z

)
β(m+ 1)

))
dK[1] + c1

(
z −

b tanm+1(βx)Hypergeometric2F1
(
1, m+1

2 , m+3
2 ,− tan2(βx)

)
βm+ β

, y −
a tann+1(λx)Hypergeometric2F1

(
1, n+1

2 , n+3
2 ,− tan2(λx)

)
λn+ λ

)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*tan(lambda*x)^n*diff(w(x,y,z),y)+ b*tan(beta*x)^m*diff(w(x,y,z),z)= c*tan(gamma*y)^k+s*tan(mu*z)^r;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

tan (λx)n dx+ y,−b
∫

tan (βx)m dx+ z

)
+
∫ x

c(− tan
(
γ
(
a
∫
tan (λx)n dx− y

))
+ tan

(
γa
∫
tan (λ_f)n d_f

)
1 + tan

(
γ
(
a
∫
tan (λx)n dx− y

))
tan

(
γa
∫
tan (λ_f)n d_f

))k

+ s

(
− tan

(
µ
(
b
∫
tan (βx)m dx− z

))
+ tan

(
µb
∫
tan (β_f)m d_f

)
1 + tan

(
µ
(
b
∫
tan (βx)m dx− z

))
tan

(
µb
∫
tan (β_f)m d_f

))r
 d_f

6.7.16.5 [1689] Problem 5

problem number 1689

Added June 26, 2019.

Problem Chapter 7.6.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 tann1(λ1x)wx+b1 tanm1(β1y)wy+c1 tank1(γ1z)wz = a2 tann2(λ2x)+b2 tanm2(β2y)+c2 tank2(γ2z)

Mathematica 7� �
ClearAll["Global`*"];
pde = a1*Tan[lambda1*z]^n1*D[w[x, y,z], x] + b1*Tan[beta1*y]^m1*D[w[x, y,z], y] + c1*Tan[gamma1*z]^k1*D[w[x,y,z],z]==a2*Tan[lambda2*z]^n2+ b2*Tan[beta2*y]^m2 + c2*Tan[gamma2*z]^k2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := a1*tan(lambda1*x)^n1*diff(w(x,y,z),x)+ b1*tan(beta1*y)^m1*diff(w(x,y,z),y)+ c1*tan(gamma1*z)^k1*diff(w(x,y,z),z)= a2*tan(lambda2*x)^n2+ b2*tan(beta2*y)^m2+ c2*tan(gamma2*z)^k2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
∫

tan (λ 1x)− n1 dx+ a1
∫
tan (β 1 y)−m1 dy

b1 ,−
∫

tan (λ 1x)− n1 dx+ a1
∫
tan (γ 1 z)− k1 dz

c1

)
+

∫ x tan (λ 1_f)− n1
(
a2 tan (λ 2_f)n2 + tan

(
β 2RootOf

(∫
tan (λ 1_f)− n1 d_f b1−

∫
tan (λ 1x)−n1 dx b1− a1

∫ _Z tan (β 1_f)−m1 d_f+ a1
∫
tan (β 1 y)−m1 dy

))m2
b2+tan

(
γ 2RootOf

(∫
tan (λ 1_f)−n1 d_f c1− a1

∫ _Z tan (γ 1_f)− k1 d_f−
∫
tan (λ 1x)− n1 dx c1+ a1

∫
tan (γ 1 z)− k1 dz

))k2
c2
)
d_f

a1

6.7.17 6.4
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6.7.17.1 [1690] Problem 1

problem number 1690

Added June 26, 2019.

Problem Chapter 7.6.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + awy + bwz = c cotk(λx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + c*D[w[x,y,z],z]== c*Cot[lambda*x]^k+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1(y − ax, z − cx)−
c cotk+1(λx)Hypergeometric2F1

(
1, k+1

2 , k+3
2 ,− cot2(λx)

)
kλ+ λ

+ sx

}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)= c*cot(lambda*x)^k+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = c

∫
cot (λx)k dx+ sx+ f1(−ax+ y,−bx+ z)
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6.7.17.2 [1691] Problem 2

problem number 1691

Added June 26, 2019.

Problem Chapter 7.6.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c cot(γz)wz = k cot(λx) + s cot(βy)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*Cot[gamma*z]*D[w[x,y,z],z]== k*Cot[lambda*x]+s*Cot[beta*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y − bx

a
,
log(sec(γz))

γ
− cx

a

)
+ k log(sin(λx))

aλ
+ s log(sin(βy))

bβ

}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*cot(gamma*z)*diff(w(x,y,z),z)= k*cot(lambda*x)+s*cot(beta*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
2f1
(

−ya+xb
b

,
−2ycγ+ln

(
csc(γz)2

)
b−2 ln(cot(γz))b

2cγ

)
λabβ − k ln

(
csc (λx)2

)
bβ − s ln

(
csc (βy)2

)
λa

2λabβ

6.7.17.3 [1692] Problem 3

problem number 1692

Added June 26, 2019.

Problem Chapter 7.6.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a cotn(βx)wy + b cotk(λx)wz = c cotm(γx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Cot[beta*x]^n*D[w[x, y,z], y] + b*Cot[lambda*x]^k*D[w[x,y,z],z]== c*Cot[gamma*x]^m+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
b cotk+1(λx)Hypergeometric2F1

(
1, k+1

2 , k+3
2 ,− cot2(λx)

)
kλ+ λ

+ z,
a cotn+1(βx)Hypergeometric2F1

(
1, n+1

2 , n+3
2 ,− cot2(βx)

)
βn+ β

+ y

)
−
c cotm+1(γx)Hypergeometric2F1

(
1, m+1

2 , m+3
2 ,− cot2(γx)

)
γm+ γ

+ sx

}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*cot(beta*x)^n*diff(w(x,y,z),y)+ b*cot(lambda*x)^k*diff(w(x,y,z),z)= c*cot(gamma*x)^m+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = c

∫
cot (γx)m dx+ sx+ f1

(
−a
∫

cot (βx)n dx+ y,−b
∫

cot (λx)k dx+ z

)

6.7.17.4 [1693] Problem 4

problem number 1693

Added June 26, 2019.

Problem Chapter 7.6.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a cotn(λx)wy + b cotm(βy)wz = c cotk(γy) + s cotr(µz)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Cot[lambda*x]^n*D[w[x, y,z], y] + b*Cot[beta*x]^m*D[w[x,y,z],z]== c*Cot[gamma*y]^k+s*Cot[mu*z]^r;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) →
∫ x

1

(
c cotk

(
γ
(
aHypergeometric2F1

(
1, n+1

2 , n+3
2 ,− cot2(λx)

)
cotn+1(λx) + λ(n+ 1)y − a cotn+1(λK[1]) Hypergeometric2F1

(
1, n+1

2 , n+3
2 ,− cot2(λK[1])

))
λ(n+ 1)

)
+ s cotr

(
µ
(
bHypergeometric2F1

(
1, m+1

2 , m+3
2 ,− cot2(βx)

)
cotm+1(βx) + β(m+ 1)z − b cotm+1(βK[1]) Hypergeometric2F1

(
1, m+1

2 , m+3
2 ,− cot2(βK[1])

))
β(m+ 1)

))
dK[1] + c1

(
b cotm+1(βx)Hypergeometric2F1

(
1, m+1

2 , m+3
2 ,− cot2(βx)

)
βm+ β

+ z,
a cotn+1(λx)Hypergeometric2F1

(
1, n+1

2 , n+3
2 ,− cot2(λx)

)
λn+ λ

+ y

)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*cot(lambda*x)^n*diff(w(x,y,z),y)+ b*cot(beta*x)^m*diff(w(x,y,z),z)= c*cot(gamma*y)^k+s*cot(mu*z)^r;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

cot (λx)n dx+ y,−b
∫

cot (βx)m dx+ z

)
+
∫ x

s(1 + cot
(
µ
(
b
∫
cot (βx)m dx− z

))
cot
(
µb
∫
cot (β_f)m d_f

)
cot
(
µ
(
b
∫
cot (βx)m dx− z

))
− cot

(
µb
∫
cot (β_f)m d_f

) )r

+ c

(
1 + cot

(
γ
(
a
∫
cot (λx)n dx− y

))
cot
(
γa
∫
cot (λ_f)n d_f

)
cot
(
γ
(
a
∫
cot (λx)n dx− y

))
− cot

(
γa
∫
cot (λ_f)n d_f

) )k
 d_f
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6.7.17.5 [1694] Problem 5

problem number 1694

Added June 26, 2019.

Problem Chapter 7.6.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b cot(βx)wy + c cot(λx)wz = k cot(γz)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Cot[beta*x]*D[w[x, y,z], y] + c*Cot[lambda*x]*D[w[x,y,z],z]== k*Cot[gamma*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1

k cot
(

γ(aλz−c log(sin(λx))+c log(sin(λK[1])))
aλ

)
a

dK[1] + c1

(
y − b log(sin(βx))

aβ
, z − c log(sin(λx))

aλ

)


Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*cot(beta*x)*diff(w(x,y,z),y)+ c*cot(lambda*x)*diff(w(x,y,z),z)= k*cot(gamma*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

k
∫ x

1+cot
(
γc ln

(
csc(λ_a)2

)
2aλ

)
cot
(
γ
(
2zaλ+c ln

(
csc(λx)2

))
2aλ

)

cot
(
γc ln

(
csc(λ_a)2

)
2aλ

)
−cot

(
γ
(
2zaλ+c ln

(
csc(λx)2

))
2aλ

) d_a
a

+f1

(
2yaβ + b ln

(
csc (βx)2

)
2βa ,

2zaλ+ c ln
(
csc (λx)2

)
2aλ

)

6.7.18 6.2

Local contents
6.7.18.1 [1695] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1662

6.7.18.1 [1695] Problem 6

problem number 1695

Added June 26, 2019.

Problem Chapter 7.6.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 cotn1(λ1x)wx+b1 cotm1(β1y)wy+c1 cotk1(γ1z)wz = a2 cotn2(λ2x)+b2 cotm2(β2y)+c2 cotk2(γ2z)
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Mathematica 7� �
ClearAll["Global`*"];
pde = a1*Cot[lambda1*z]^n1*D[w[x, y,z], x] + b1*Cot[beta1*y]^m1*D[w[x, y,z], y] + c1*Cot[gamma1*z]^k1*D[w[x,y,z],z]==a2*Cot[lambda2*z]^n2+ b2*Cot[beta2*y]^m2 + c2*Cot[gamma2*z]^k2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a1*cot(lambda1*x)^n1*diff(w(x,y,z),x)+ b1*cot(beta1*y)^m1*diff(w(x,y,z),y)+ c1*cot(gamma1*z)^k1*diff(w(x,y,z),z)= a2*cot(lambda2*x)^n2+ b2*cot(beta2*y)^m2+ c2*cot(gamma2*z)^k2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
∫

cot (λ 1x)− n1 dx+ a1
∫
cot (β 1 y)−m1 dy

b1 ,−
∫

cot (λ 1x)− n1 dx+ a1
∫
cot (γ 1 z)− k1 dz

c1

)
+

∫ x cot (λ 1_f)− n1
(
a2 cot (λ 2_f)n2 + b2 cot

(
β 2RootOf

(
a1
∫
cot (β 1 y)−m1 dy − a1

∫ _Z cot (β 1_f)−m1 d_f+
∫
cot (λ 1_f)−n1 d_f b1−

∫
cot (λ 1x)− n1 dx b1

))m2
+ c2 cot

(
γ 2RootOf

(∫
cot (λ 1_f)− n1 d_f c1− a1

∫ _Z cot (γ 1_f)− k1 d_f−
∫
cot (λ 1x)− n1 dx c1+ a1

∫
cot (γ 1 z)− k1 dz

))k2)
d_f

a1

6.7.19 6.5

Local contents
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6.7.19.3 [1698] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1665
6.7.19.4 [1699] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1665
6.7.19.5 [1700] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1666

6.7.19.1 [1696] Problem 1

problem number 1696

Added June 26, 2019.

Problem Chapter 7.6.5.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a sinn(λx)wy + b cosm(βx)wz = c sink(γx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Sin[lambda*x]^n*D[w[x, y,z], y] + b*Cos[beta*x]^m*D[w[x,y,z],z]== c*Sin[gamma*x]^k+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
b
√
sin2(βx) csc(βx) cosm+1(βx)Hypergeometric2F1

(1
2 ,

m+1
2 , m+3

2 , cos2(βx)
)

βm+ β
+ z, y −

a
√
cos2(λx) sec(λx) sinn+1(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , sin2(λx)
)

λn+ λ

)
+
c
√

cos2(γx) sec(γx) sink+1(γx)Hypergeometric2F1
(1
2 ,

k+1
2 , k+3

2 , sin2(γx)
)

γk + γ
+ sx

}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*sin(lambda*x)^n*diff(w(x,y,z),y)+ b*cos(beta*x)^m*diff(w(x,y,z),z)= c*sin(gamma*x)^k+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = c

∫
sin (γx)k dx+ sx+ f1

(
−a
∫

sin (λx)n dx+ y,−b
∫

cos (βx)m dx+ z

)

6.7.19.2 [1697] Problem 2

problem number 1697

Added June 26, 2019.

Problem Chapter 7.6.5.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a cosn(λx)wy + b sinm(βy)wz = c cosk(γy) + s sinr(µz)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Cos[lambda*x]^n*D[w[x, y,z], y] + b*Sin[beta*y]^m*D[w[x,y,z],z]== c*Cos[gamma*x]^k+s*Sin[mu*z]^r;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1

c cosk(γK[2]) + s sinr

µ
z − ∫ x

1
b sinm

β
(
a csc(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)√

sin2(λx) cosn+1(λx) + λ(n+ 1)y − a cosn+1(λK[1]) csc(λK[1]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(λK[1])
)√

sin2(λK[1])
)

λ(n+ 1)

 dK[1] +
∫ K[2]

1
b sinm

β
(
a csc(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)√

sin2(λx) cosn+1(λx) + λ(n+ 1)y − a cosn+1(λK[1]) csc(λK[1]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(λK[1])
)√

sin2(λK[1])
)

λ(n+ 1)

 dK[1]

 dK[2] + c1

a√sin2(λx) csc(λx) cosn+1(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)

λn+ λ
+ y, z −

∫ x

1
b sinm

β
(
a csc(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)√

sin2(λx) cosn+1(λx) + λ(n+ 1)y − a cosn+1(λK[1]) csc(λK[1]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(λK[1])
)√

sin2(λK[1])
)

λ(n+ 1)

 dK[1]




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*cos(lambda*x)^n*diff(w(x,y,z),y)+ b*sin(beta*y)^m*diff(w(x,y,z),z)= c*cos(gamma*y)^k+s*sin(mu*z)^r;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

cos (λx)n dx+ y,−b
∫ x(

− sin
(
β

(
a

∫
cos (λx)n dx− a

∫
cos (λ_f)n d_f− y

)))m

d_f+ z

)
+
∫ x

(
ccos

(
γ

(
a

∫
cos (λx)n dx− a

∫
cos (λ_f)n d_f− y

))k

+ ssin
(
µ

(∫ (
− sin

(
β

(
a

∫
cos (λx)n dx− a

∫
cos (λ_f)n d_f− y

)))m

d_fb− b

∫ x(
− sin

(
β

(
a

∫
cos (λx)n dx− a

∫
cos (λ_f)n d_f− y

)))m

d_f+ z

))r
)
d_f
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6.7.19.3 [1698] Problem 3

problem number 1698

Added June 26, 2019.

Problem Chapter 7.6.5.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a cosn(λx)wy + b tanm(βy)wz = c cosk(γy) + s tanr(µz)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Cos[lambda*x]^n*D[w[x, y,z], y] + b*Tan[beta*y]^m*D[w[x,y,z],z]== c*Cos[gamma*x]^k+s*Tan[mu*z]^r;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1

c cosk(γK[2]) + s tanr

µ
z − ∫ x

1
b tanm

β
(
a csc(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)√

sin2(λx) cosn+1(λx) + λ(n+ 1)y − a cosn+1(λK[1]) csc(λK[1]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(λK[1])
)√

sin2(λK[1])
)

λ(n+ 1)

 dK[1] +
∫ K[2]

1
b tanm

β
(
a csc(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)√

sin2(λx) cosn+1(λx) + λ(n+ 1)y − a cosn+1(λK[1]) csc(λK[1]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(λK[1])
)√

sin2(λK[1])
)

λ(n+ 1)

 dK[1]

 dK[2] + c1

a√sin2(λx) csc(λx) cosn+1(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)

λn+ λ
+ y, z −

∫ x

1
b tanm

β
(
a csc(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)√

sin2(λx) cosn+1(λx) + λ(n+ 1)y − a cosn+1(λK[1]) csc(λK[1]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(λK[1])
)√

sin2(λK[1])
)

λ(n+ 1)

 dK[1]




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*cos(lambda*x)^n*diff(w(x,y,z),y)+ b*tan(beta*y)^m*diff(w(x,y,z),z)= c*cos(gamma*y)^k+s*tan(mu*z)^r;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

cos (λx)n dx+ y,−b
∫ x

(
−

tan
(
β
(
a
∫
cos (λx)n dx− y

))
− tan

(
βa
∫
cos (λ_f)n d_f

)
1 + tan

(
β
(
a
∫
cos (λx)n dx− y

))
tan

(
βa
∫
cos (λ_f)n d_f

))m

d_f+ z

)
+
∫ x

ccos(γ(a∫ cos (λ_f)n d_f− a

∫
cos (λx)n dx+ y

))k

+ s

− tan
(
µ
(
b
∫ x
(
− tan

(
β
(
a
∫
cos(λx)ndx−y

))
−tan

(
βa
∫
cos(λ_f)nd_f

)
1+tan

(
β
(
a
∫
cos(λx)ndx−y

))
tan
(
βa
∫
cos(λ_f)nd_f

))md_f− z
))

+ tan
(
µb
∫ (

− tan
(
β
(
a
∫
cos(λx)ndx−y

))
−tan

(
βa
∫
cos(λ_f)nd_f

)
1+tan

(
β
(
a
∫
cos(λx)ndx−y

))
tan
(
βa
∫
cos(λ_f)nd_f

))md_f)
1 + tan

(
µ
(
b
∫ x
(
− tan

(
β
(
a
∫
cos(λx)ndx−y

))
−tan

(
βa
∫
cos(λ_f)nd_f

)
1+tan

(
β
(
a
∫
cos(λx)ndx−y

))
tan
(
βa
∫
cos(λ_f)nd_f

))md_f− z
))

tan
(
µb
∫ (

− tan
(
β
(
a
∫
cos(λx)ndx−y

))
−tan

(
βa
∫
cos(λ_f)nd_f

)
1+tan

(
β
(
a
∫
cos(λx)ndx−y

))
tan
(
βa
∫
cos(λ_f)nd_f

))md_f)
r d_f

6.7.19.4 [1699] Problem 4

problem number 1699

Added June 26, 2019.

Problem Chapter 7.6.5.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 sinn1(λ1x)wx+b1 cosm1(β1y)wy+c1 cosk1(γ1z)wz = a2 cosn2(λ2x)+b2 sinm2(β2y)+c2 cosk2(γ2z)

Mathematica 7� �
ClearAll["Global`*"];
pde = a1*Sin[lambda1*x]^n1*D[w[x, y,z], x] + b1*Cos[beta1*y]^m1*D[w[x, y,z], y] + c1*Cos[gamma1*z]^k1*D[w[x,y,z],z]==a2*Cos[lambda2*x]^n2 + b2*Sin[beta2*y]^m2 + c2*Cos[gamma2*z]^k2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
$Aborted
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Maple 3� �
restart;
local gamma;
pde := a1*sin(lambda1*x)^n1*diff(w(x,y,z),x)+ b1*cos(beta1*x)^m1*diff(w(x,y,z),y)+ c1*cos(gamma1*z)^k1*diff(w(x,y,z),z)= a2*cos(lambda2*x)^n2+ b2*sin(beta2*x)^m2+ c2*cos(gamma2*z)^k2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
b1
∫
cos (β 1x)m1 sin (λ 1x)− n1 dx

a1 + y,−
∫

sin (λ 1x)− n1 dx+ a1
∫
cos (γ 1 z)− k1 dz

c1

)
+

∫ x sin (λ 1_f)−n1
(
a2 cos (λ 2_f)n2 + b2 sin (β 2_f)m2 + c2 cos

(
γ 2RootOf

(∫
sin (λ 1_f)−n1 d_f c1− a1

∫ _Z cos (γ 1_a)− k1 d_a−
∫
sin (λ 1x)− n1 dx c1+ a1

∫
cos (γ 1 z)− k1 dz

))k2)
d_f

a1

6.7.19.5 [1700] Problem 5

problem number 1700

Added June 26, 2019.

Problem Chapter 7.6.5.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 tann1(λ1x)wx+b1 cotm1(β1y)wy+c1 cotk1(γ1z)wz = a2 cotn2(λ2x)+b2 tanm2(β2y)+c2 cotk2(γ2z)

Mathematica 7� �
ClearAll["Global`*"];
pde = a1*Tan[lambda1*x]^n1*D[w[x, y,z], x] + b1*Cot[beta1*y]^m1*D[w[x, y,z], y] + c1*Cot[gamma1*z]^k1*D[w[x,y,z],z]==a2*Cot[lambda2*x]^n2 + b2*Tan[beta2*y]^m2 + c2*Cot[gamma2*z]^k2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a1*tan(lambda1*x)^n1*diff(w(x,y,z),x)+ b1*cot(beta1*x)^m1*diff(w(x,y,z),y)+ c1*cot(gamma1*z)^k1*diff(w(x,y,z),z)= a2*cot(lambda2*x)^n2+ b2*tan(beta2*x)^m2+ c2*cot(gamma2*z)^k2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
b1
∫
cot (β 1x)m1 tan (λ 1x)− n1 dx

a1 + y,−
∫

tan (λ 1x)− n1 dx+ a1
∫
cot (γ 1 z)− k1 dz

c1

)
+

∫ x tan (λ 1_f)− n1
(
a2 cot (λ 2_f)n2 + b2 tan (β 2_f)m2 + c2 cot

(
γ 2RootOf

(∫
tan (λ 1_f)−n1 d_f c1+ a1

∫
cot (γ 1 z)− k1 dz −

∫
tan (λ 1x)−n1 dx c1− a1

∫ _Z cot (γ 1_a)− k1 d_a
))k2)

d_f

a1
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6.7.20 7.1
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6.7.20.1 [1701] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1667
6.7.20.2 [1702] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1667
6.7.20.3 [1703] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1668
6.7.20.4 [1704] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1669
6.7.20.5 [1705] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1669
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6.7.20.1 [1701] Problem 1

problem number 1701

Added June 26, 2019.

Problem Chapter 7.7.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + awy + bwz = c arcsink(λx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + b*D[w[x,y,z],z]==c*ArcSin[lambda*x]^k+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1(y − ax, z − bx) +

(arcsin(λx)2)−k
(
−ic(i arcsin(λx))k arcsin(λx)kΓ(k + 1,−i arcsin(λx)) + ic(−i arcsin(λx))k arcsin(λx)kΓ(k + 1, i arcsin(λx)) + 2λsx(arcsin(λx)2)k

)
2λ




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)= c*arcsin(lambda*x)^k+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = c

∫
arcsin (λx)k dx+ sx+ f1(−ax+ y,−bx+ z)

6.7.20.2 [1702] Problem 2

problem number 1702

Added June 26, 2019.

Problem Chapter 7.7.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1wx + a2wy + a3wz = b1 arcsin(λ1x) + b2 arcsin(λ2y) + b3 arcsin(λ3z)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a1*D[w[x, y,z], x] + a2*D[w[x, y,z], y] + a3*D[w[x,y,z],z]== b1*ArcSin[lambda1*x]+b2*ArcSin[lambda2*y]+b3*ArcSin[lambda3*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y − a2x

a1 , z −
a3x
a1

)
+ b1x arcsin(lambda1x)

a1 + b1
√
1− lambda12x2
a1lambda1 + b2y arcsin(lambda2y)

a2 + b2
√
1− lambda22y2
a2lambda2 + b3z arcsin(lambda3z)

a3 + b3
√

1− lambda32z2
a3lambda3

}}

Maple 3� �
restart;
local gamma;
pde := a1*diff(w(x,y,z),x)+ a2*diff(w(x,y,z),y)+ a3*diff(w(x,y,z),z)= b1*arcsin(lambda1*x)+b2*arcsin(lambda2*y)+b3*arcsin(lambda3*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

√
−λ 12 x2 + 1 a2 a3 b1λ 2λ 3+

(
λ 3 a1 a3 b2

√
−λ 22 y2 + 1 +

(
xλ 3 arcsin (λ 1x) a2 a3 b1+a1

(
λ 3 arcsin (λ 2 y) y a3 b2+

(
λ 3 arcsin (λ 3 z) z b3+f1

(
y a1−x a2

a1 , z a1−x a3
a1

)
λ 3 a3+

√
−λ 32 z2 + 1 b3

)
a2
))

λ 2
)
λ 1

λ 1 a1 a2λ 2 a3λ 3

6.7.20.3 [1703] Problem 3

problem number 1703

Added June 26, 2019.

Problem Chapter 7.7.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arcsinn(λx) arcsink(βz)wz = s arcsinm(γx)

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*ArcSin[lambda*x]^n*ArcSin[beta*z]^k*D[w[x,y,z],z]== s*ArcSin[gamma*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*arcsin(lambda*x)^n*arcsin(beta*z)^k*diff(w(x,y,z),z)= s*arcsin(gamma*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
s
∫
arcsin (γx)m dx+ f1

(
ay−xb

a
,−

λ
(
a
√

arcsin(λx) (n+1)
(
−LommelS1

(
−k+ 3

2 ,
1
2 ,arcsin(βz)

)
arcsin(βz)+arcsin(βz)−k+

3
2
)√

−β2z2+1−β
(
−a
√

arcsin(λx) z(n+1)LommelS1
(
−k+ 3

2 ,
1
2 ,arcsin(βz)

)
+a
√

arcsin(λx) kz arcsin(βz)(n+1)LommelS1
(
−k+ 1

2 ,
3
2 ,arcsin(βz)

)
−
√

arcsin(βz) cx(k−1)
(
arcsin(λx) LommelS1

(
n+ 1

2 ,
3
2 ,arcsin(λx)

)
n+LommelS1

(
n+ 3

2 ,
1
2 ,arcsin(λx)

))))√
−λ2x2+1+

√
arcsin(βz) cβ(λx−1)(λx+1)(k−1)

(
arcsin(λx) LommelS1

(
n+ 3

2 ,
1
2 ,arcsin(λx)

)
−arcsin(λx)n+

3
2
)

√
arcsin(βz)

√
arcsin(λx)

√
−λ2x2+1β(k−1)cλ(n+1)

)
a

a
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6.7.20.4 [1704] Problem 4

problem number 1704

Added June 26, 2019.

Problem Chapter 7.7.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arcsinn(λx) arcsinm(βy) arcsink(γz)wz = s

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*ArcSin[lambda*x]^n*ArcSin[beta*y]^m*ArcSin[gamma*z]^k*D[w[x,y,z],z]== s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*arcsin(lambda*x)^n*arcsin(beta*y)^m*arcsin(gamma*z)^k*diff(w(x,y,z),z)= s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
f1

(
ay−bx

a
,
−γ
√

arcsin(γz) c(k−1)
∫ x arcsin(λ_a)n arcsin

(
β(ay−b(x−_a))

a

)m
d_a+

((
LommelS1

(
−k+ 3

2 ,
1
2 ,arcsin(γz)

)
arcsin(γz)−arcsin(γz)−k+

3
2
)√

−γ2z2+1+γz
(
arcsin(γz) LommelS1

(
−k+ 1

2 ,
3
2 ,arcsin(γz)

)
k−LommelS1

(
−k+ 3

2 ,
1
2 ,arcsin(γz)

)))
a√

arcsin(γz) γc(k−1)

)
a+ sx

a

6.7.20.5 [1705] Problem 5

problem number 1705

Added June 26, 2019.

Problem Chapter 7.7.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arcsinn(λx)wy + c arcsink(βz)wz = s arcsinm(γx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*ArcSin[lambda*x]^n*D[w[x, y,z], y] + c*ArcSin[beta*z]^k*D[w[x,y,z],z]== s*ArcSin[gamma*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ z

1

s arcsin
(

γ
(
ia(−i arcsin(βz))kΓ(1−k,−i arcsin(βz)) arcsin(βz)−k−ia(i arcsin(βz))kΓ(1−k,i arcsin(βz)) arcsin(βz)−k+arcsin(βK[1])−k

(
−iaΓ(1−k,−i arcsin(βK[1]))(−i arcsin(βK[1]))k+2βcx arcsin(βK[1])k+ia(i arcsin(βK[1]))kΓ(1−k,i arcsin(βK[1]))

))
2βc

)m
arcsin(βK[1])−k

c
dK[1] + c1

(
−cx
a

−
i arcsin(βz)−k

(
(−i arcsin(βz))kΓ(1− k,−i arcsin(βz))− (i arcsin(βz))kΓ(1− k, i arcsin(βz))

)
2β ,

(arcsin(λx)2)−n (2aλy(arcsin(λx)2)n + ib(i arcsin(λx))n arcsin(λx)nΓ(n+ 1,−i arcsin(λx))− ib(−i arcsin(λx))n arcsin(λx)nΓ(n+ 1, i arcsin(λx))
)

2aλ

)


Generates Solve::incnst: Inconsistent or redundant transcendental equation
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Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*arcsin(lambda*x)^n*diff(w(x,y,z),y)+ c*arcsin(beta*z)^k*diff(w(x,y,z),z)= s*arcsin(gamma*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
f1

(
−

−b
(
−LommelS1

(
n+ 3

2 ,
1
2 ,arcsin(λx)

)
arcsin(λx)+arcsin(λx)n+

3
2
)√

−λ2x2+1+λ
(
−bxLommelS1

(
n+ 3

2 ,
1
2 ,arcsin(λx)

)
−LommelS1

(
n+ 1

2 ,
3
2 ,arcsin(λx)

)
bnx arcsin(λx)+a

√
arcsin(λx) y(n+1)

)
√

arcsin(λx) a(n+1)λ ,
−β
√

arcsin(βz) c(k−1)
∫ y arcsin(λRootOf

(
arcsin(λ_Z) LommelS1

(
n+ 1

2 ,
3
2 ,arcsin(λ_Z)

)
_Zbλn−

√
arcsin(λ_Z)λnb

∫
arcsin(λx)ndx−

√
arcsin(λ_Z) aλn_b+

√
arcsin(λ_Z) aλny−

√
−_Z2λ2+1 arcsin(λ_Z) LommelS1

(
n+ 3

2 ,
1
2 ,arcsin(λ_Z)

)
b−λ

√
arcsin(λ_Z) b

∫
arcsin(λx)ndx−_baλ

√
arcsin(λ_Z)+aλ

√
arcsin(λ_Z) y+LommelS1

(
n+ 3

2 ,
1
2 ,arcsin(λ_Z)

)
_Zbλ+b

√
−_Z2λ2+1 arcsin(λ_Z)n+

3
2
))−n

d_b+
((

arcsin(βz) LommelS1
(
−k+ 3

2 ,
1
2 ,arcsin(βz)

)
−arcsin(βz)−k+

3
2
)√

−β2z2+1+βz
(
arcsin(βz)k LommelS1

(
−k+ 1

2 ,
3
2 ,arcsin(βz)

)
−LommelS1

(
−k+ 3

2 ,
1
2 ,arcsin(βz)

)))
b√

arcsin(βz) (k−1)βc

)
b+ s

∫ y arcsin
(
γ RootOf

(
b
∫
arcsin (λx)n dx− b

∫ _Z arcsin (λ_b)n d_b+ _ba− ya
))m

arcsin
(
λRootOf

(
b
∫
arcsin (λx)n dx− b

∫ _Z arcsin (λ_b)n d_b+ _ba− ya
))−n

d_b

b

6.7.20.6 [1706] Problem 6

problem number 1706

Added June 26, 2019.

Problem Chapter 7.7.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arcsinn(λx)wy + c arcsink(βz)wz = s

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*ArcSin[lambda*x]^n*D[w[x, y,z], y] + c*ArcSin[beta*z]^k*D[w[x,y,z],z]== s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
−cx
a

−
i arcsin(βz)−k

(
(−i arcsin(βz))kΓ(1− k,−i arcsin(βz))− (i arcsin(βz))kΓ(1− k, i arcsin(βz))

)
2β ,

(arcsin(λx)2)−n (2aλy(arcsin(λx)2)n + ib(i arcsin(λx))n arcsin(λx)nΓ(n+ 1,−i arcsin(λx))− ib(−i arcsin(λx))n arcsin(λx)nΓ(n+ 1, i arcsin(λx))
)

2aλ

)
−
is arcsin(βz)−k

(
(−i arcsin(βz))kΓ(1− k,−i arcsin(βz))− (i arcsin(βz))kΓ(1− k, i arcsin(βz))

)
2βc

}}

Generates Solve::incnst: Inconsistent or redundant transcendental equation

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*arcsin(lambda*x)^n*diff(w(x,y,z),y)+ c*arcsin(beta*z)^k*diff(w(x,y,z),z)= s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
s
∫ y arcsin

(
λRootOf

(
b
∫
arcsin (λx)n dx− b

∫ _Z arcsin (λ_b)n d_b+ _ba− ya
))−n

d_b+ f1

(
−

−b
(
− arcsin(λx) LommelS1

(
n+ 3

2 ,
1
2 ,arcsin(λx)

)
+arcsin(λx)n+

3
2
)√

−λ2x2+1+λ
(
−bxLommelS1

(
n+ 3

2 ,
1
2 ,arcsin(λx)

)
−LommelS1

(
n+ 1

2 ,
3
2 ,arcsin(λx)

)
bnx arcsin(λx)+a

√
arcsin(λx) y(n+1)

)
√

arcsin(λx) aλ(n+1) ,
−β
√

arcsin(βz) c(k−1)
∫ y arcsin(λRootOf

(
arcsin(λ_Z) LommelS1

(
n+ 1

2 ,
3
2 ,arcsin(λ_Z)

)
_Zbλn−

√
arcsin(λ_Z)λnb

∫
arcsin(λx)ndx−

√
arcsin(λ_Z) aλn_b+

√
arcsin(λ_Z) aλny−λ

√
arcsin(λ_Z) b

∫
arcsin(λx)ndx−_baλ

√
arcsin(λ_Z)+aλ

√
arcsin(λ_Z) y−

√
−_Z2λ2+1 arcsin(λ_Z) LommelS1

(
n+ 3

2 ,
1
2 ,arcsin(λ_Z)

)
b+LommelS1

(
n+ 3

2 ,
1
2 ,arcsin(λ_Z)

)
_Zbλ+

√
−_Z2λ2+1 b arcsin(λ_Z)n+

3
2
))−n

d_b+b
((

arcsin(βz) LommelS1
(
−k+ 3

2 ,
1
2 ,arcsin(βz)

)
−arcsin(βz)−k+

3
2
)√

−β2z2+1+βz
(
arcsin(βz) LommelS1

(
−k+ 1

2 ,
3
2 ,arcsin(βz)

)
k−LommelS1

(
−k+ 3

2 ,
1
2 ,arcsin(βz)

)))√
arcsin(βz) (k−1)βc

)
b

b
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6.7.21 7.2
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6.7.21.1 [1707] Problem 1

problem number 1707

Added June 26, 2019.

Problem Chapter 7.7.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + awy + bwz = c arccosk(λx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + b*D[w[x,y,z],z]==c*ArcCos[lambda*x]^k+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1(y − ax, z − bx) +

(arccos(λx)2)−k
(
c(i arccos(λx))k arccos(λx)kΓ(k + 1,−i arccos(λx)) + c(−i arccos(λx))k arccos(λx)kΓ(k + 1, i arccos(λx)) + 2λsx(arccos(λx)2)k

)
2λ




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)= c*arccos(lambda*x)^k+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = c

∫
arccos (λx)k dx+ sx+ f1(−ax+ y,−bx+ z)

Answer contains unresolved integrals

6.7.21.2 [1708] Problem 2

problem number 1708

Added June 26, 2019.

Problem Chapter 7.7.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1wx + a2wy + a3wz = b1 arccos(λ1x) + b2 arccos(λ2y) + b3 arccos(λ3z)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a1*D[w[x, y,z], x] + a2*D[w[x, y,z], y] + a3*D[w[x,y,z],z]== b1*ArcCos[lambda1*x]+b2*ArcCos[lambda2*y]+b3*ArcCos[lambda3*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y − a2x

a1 , z −
a3x
a1

)
+ b1x arccos(lambda1x)

a1 + b2x arccos(lambda2y)
a1 + b3x arccos(lambda3z)

a1 + b2x arcsin(lambda2y)
a1 + b3x arcsin(lambda3z)

a1 − b1
√

1− lambda12x2
a1lambda1 − b2y arcsin(lambda2y)

a2 − b2
√
1− lambda22y2
a2lambda2 − b3z arcsin(lambda3z)

a3 − b3
√
1− lambda32z2
a3lambda3

}}

Maple 3� �
restart;
local gamma;
pde := a1*diff(w(x,y,z),x)+ a2*diff(w(x,y,z),y)+ a3*diff(w(x,y,z),z)= b1*arccos(lambda1*x)+b2*arccos(lambda2*y)+b3*arccos(lambda3*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
−
√
−λ 12 x2 + 1 a2 a3 b1λ 2λ 3+λ 1

(
−λ 3 a1 a3 b2

√
−λ 22 y2 + 1 + λ 2

(
xλ 3 arccos (λ 1x) a2 a3 b1+a1

(
λ 3 arccos (λ 2 y) y a3 b2+a2

(
λ 3 arccos (λ 3 z) z b3+f1

(
y a1−x a2

a1 , z a1−x a3
a1

)
λ 3 a3−

√
−λ 32 z2 + 1 b3

))))
λ 1 a1 a2λ 2 a3λ 3

6.7.21.3 [1709] Problem 3

problem number 1709

Added June 26, 2019.

Problem Chapter 7.7.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arccosn(λx) arccosk(βz)wz = s arccosm(γx)

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*ArcCos[lambda*x]^n*ArcCos[beta*z]^k*D[w[x,y,z],z]== s*ArcCos[gamma*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*arccos(lambda*x)^n*arccos(beta*z)^k*diff(w(x,y,z),z)= s*arccos(gamma*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
s
∫
arccos (γx)m dx+ f1

(
ay−bx

a
,
−
(
(−2−n) LommelS1

(
n+ 1

2 ,
1
2 ,arccos(λx)

)
+arccos(λx) LommelS1

(
n+ 3

2 ,
3
2 ,arccos(λx)

)
−arccos(λx)n+

3
2
)
c(−2+k)β

√
arccos(βz)

√
−λ2x2+1+

((
(2−k) LommelS1

(
−k+ 1

2 ,
1
2 ,arccos(βz)

)
−LommelS1

(
−k+ 3

2 ,
3
2 ,arccos(βz)

)
arccos(βz)+arccos(βz)−k+

3
2
)
a
√

arccos(λx)
√

−β2z2+1+β(−2+k)
(
a
√

arccos(λx) LommelS1
(
−k+ 1

2 ,
1
2 ,arccos(βz)

)
z arccos(βz)−arccos(λx)

√
arccos(βz) cLommelS1

(
n+ 1

2 ,
1
2 ,arccos(λx)

)
x
))

λ(2+n)√
arccos(λx)

√
arccos(βz)λ(2+n)cβ(−2+k)

)
a

a
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6.7.21.4 [1710] Problem 4

problem number 1710

Added June 26, 2019.

Problem Chapter 7.7.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arccosn(λx)wy + c arccosk(βz)wz = s arccosm(γx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*ArcCos[lambda*x]^n*D[w[x, y,z], y] + c*ArcCos[beta*z]^k*D[w[x,y,z],z]== s*ArcCos[gamma*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ z

1

s arccos
(

γ
(
−a(−i arccos(βz))kΓ(1−k,−i arccos(βz)) arccos(βz)−k−a(i arccos(βz))kΓ(1−k,i arccos(βz)) arccos(βz)−k+arccos(βK[1])−k

(
aΓ(1−k,−i arccos(βK[1]))(−i arccos(βK[1]))k+2βcx arccos(βK[1])k+a(i arccos(βK[1]))kΓ(1−k,i arccos(βK[1]))

))
2βc

)m
arccos(βK[1])−k

c
dK[1] + c1

(
−cx
a

+
arccos(βz)−k

(
(−i arccos(βz))kΓ(1− k,−i arccos(βz)) + (i arccos(βz))kΓ(1− k, i arccos(βz))

)
2β ,

(arccos(λx)2)−n (2aλy(arccos(λx)2)n − b(i arccos(λx))n arccos(λx)nΓ(n+ 1,−i arccos(λx))− b(−i arccos(λx))n arccos(λx)nΓ(n+ 1, i arccos(λx))
)

2aλ

)


Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*arccos(lambda*x)^n*diff(w(x,y,z),y)+ c*arccos(beta*z)^k*diff(w(x,y,z),z)= s*arccos(gamma*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.7.21.5 [1711] Problem 5

problem number 1711

Added June 26, 2019.

Problem Chapter 7.7.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arcsinn(λy)wy + c arcsink(βz)wz = s

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*ArcSin[lambda*y]^n*D[w[x, y,z], y] + c*ArcSin[beta*z]^k*D[w[x,y,z],z]== s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*arcsin(lambda*y)^n*diff(w(x,y,z),y)+ c*arcsin(beta*z)^k*diff(w(x,y,z),z)= s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
s
∫
arcsin (λy)−n dy + f1

(
a
(
−LommelS1

(
−n+ 3

2 ,
1
2 ,arcsin(λy)

)
arcsin(λy)+arcsin(λy)−n+

3
2
)√

−λ2y2+1−λ
(
−ay LommelS1

(
−n+ 3

2 ,
1
2 ,arcsin(λy)

)
+aLommelS1

(
−n+ 1

2 ,
3
2 ,arcsin(λy)

)
ny arcsin(λy)−

√
arcsin(λy) bx(n−1)

)
√

arcsin(λy) (n−1)λb ,−
(
b
√

arcsin(λy) (n−1)
(
−LommelS1

(
−k+ 3

2 ,
1
2 ,arcsin(βz)

)
arcsin(βz)+arcsin(βz)−k+

3
2
)√

−β2z2+1−
(√

arcsin(βz) cy(k−1) LommelS1
(
−n+ 3

2 ,
1
2 ,arcsin(λy)

)
−b
√

arcsin(λy) z(n−1) LommelS1
(
−k+ 3

2 ,
1
2 ,arcsin(βz)

)
−arcsin(λy)

√
arcsin(βz) cny(k−1) LommelS1

(
−n+ 1

2 ,
3
2 ,arcsin(λy)

)
+b
√

arcsin(λy) LommelS1
(
−k+ 1

2 ,
3
2 ,arcsin(βz)

)
kz arcsin(βz)(n−1)

)
β
)
λ
√

−λ2y2+1−
√

arcsin(βz) cβ(λy−1)(λy+1)(k−1)
(
LommelS1

(
−n+ 3

2 ,
1
2 ,arcsin(λy)

)
arcsin(λy)−arcsin(λy)−n+

3
2
)

√
arcsin(βz)

√
−λ2y2+1

√
arcsin(λy)β(k−1)cλ(n−1)

)
b

b

6.7.22 7.3
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6.7.22.1 [1712] Problem 1

problem number 1712

Added June 26, 2019.

Problem Chapter 7.7.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + awy + bwz = c arctank(λx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + b*D[w[x,y,z],z]==c*ArcTan[lambda*x]^k+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) →

∫ x

1

(
c arctan(λK[1])k + s

)
dK[1] + c1(y − ax, z − bx)

}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)= c*arctan(lambda*x)^k+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = c

∫
arctan (λx)k dx+ sx+ f1(−ax+ y,−bx+ z)
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6.7.22.2 [1713] Problem 2

problem number 1713

Added June 26, 2019.

Problem Chapter 7.7.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1wx + a2wy + a3wz = b1 arctan(λ1x) + b2 arctan(λ2y) + b3 arctan(λ3z)

Mathematica 3� �
ClearAll["Global`*"];
pde = a1*D[w[x, y,z], x] + a2*D[w[x, y,z], y] + a3*D[w[x,y,z],z]== b1*ArcTan[lambda1*x]+b2*ArcTan[lambda2*y]+b3*ArcTan[lambda3*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y − a2x

a1 , z −
a3x
a1

)
−

b2 log
(
a12
(
lambda22y2 + 1

))
2a2lambda2 −

b3 log
(
a12
(
lambda32z2 + 1

))
2a3lambda3 + b1x arctan(lambda1x)

a1 −
b1 log

(
lambda12x2 + 1

)
2a1lambda1 + b2y arctan(lambda2y)

a2 + b3z arctan(lambda3z)
a3

}}

Maple 3� �
restart;
local gamma;
pde := a1*diff(w(x,y,z),x)+ a2*diff(w(x,y,z),y)+ a3*diff(w(x,y,z),z)= b1*arctan(lambda1*x)+b2*arctan(lambda2*y)+b3*arctan(lambda3*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
2f1
(a1 y−x a2

a1 , a1 z−x a3
a1

)
a1λ 1λ 2 a2λ 3 a3− b1 ln (λ 12 x2 + 1)λ 2 a2λ 3 a3+2

(
−λ 3 ln

(
λ 22 y2+1

)
a1 a3 b2

2 + λ 2
(
− ln

(
λ 32 z2+1

)
a1 a2 b3

2 + (x arctan (λ 1x) a2 a3 b1+a1 (arctan (λ 2 y) y a3 b2+arctan (λ 3 z) z a2 b3))λ 3
))

λ 1
2 a1λ 1λ 2 a2λ 3 a3

6.7.22.3 [1714] Problem 3

problem number 1714

Added June 26, 2019.

Problem Chapter 7.7.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arctann(λx) arctank(βz)wz = s arctanm(γx)

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*ArcTan[lambda*x]^n*ArcTan[beta*z]^k*D[w[x,y,z],z]== s*ArcTan[gamma*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*arctan(lambda*x)^n*arctan(beta*z)^k*diff(w(x,y,z),z)= s*arctan(gamma*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = s
∫
arctan (γx)m dx

a
+f1

(
ay − xb

a
,−
∫

arctan (λx)n dx+ a
∫
arctan (βz)−k dz

c

)

6.7.22.4 [1715] Problem 4

problem number 1715

Added June 26, 2019.

Problem Chapter 7.7.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arctann(λx) arctanm(βy)wz = s

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*ArcTan[lambda*x]^n*ArcTan[beta*y]^m*D[w[x,y,z],z]== s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → sx

a
+ c1

y − bx

a
, z −

∫ x

1

c arctan(λK[1])n arctan
(
β
(
y + b(K[1]−x)

a

))m
a

dK[1]




Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*arctan(lambda*x)^n*arctan(beta*y)^m*diff(w(x,y,z),z)= s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = sx

a
+ f1

ay − bx

a
,−

c
∫ x arctan (λ_a)n arctan

(
β(ay−b(−_a+x))

a

)m
d_a

a
+ z


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6.7.22.5 [1716] Problem 5

problem number 1716

Added June 26, 2019.

Problem Chapter 7.7.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arctann(λx)wy + c arctank(βz)wz = s arctanm(γx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*ArcTan[lambda*x]^n*D[w[x, y,z], y] + c*ArcTan[beta*z]^k*D[w[x,y,z],z]== s*ArcTan[gamma*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ z

1

s arctan(βK[3])−k arctan
(

γ
(
cx−a

∫ z
1 arctan(βK[2])−kdK[2]+a

∫K[3]
1 arctan(βK[2])−kdK[2]

)
c

)
m

c
dK[3] + c1

(
y −

∫ x

1

b arctan(λK[1])n
a

dK[1],
∫ z

1
arctan(βK[2])−kdK[2]− cx

a

)


Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*arctan(lambda*x)^n*diff(w(x,y,z),y)+ c*arctan(beta*z)^k*diff(w(x,y,z),z)= s*arctan(gamma*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
s
∫ y arctan

(
γ RootOf

(
b
∫
arctan (λx)n dx− b

∫ _Z arctan (λ_b)n d_b+ _ba− ya
))m

arctan
(
λRootOf

(
b
∫
arctan (λx)n dx− b

∫ _Z arctan (λ_b)n d_b+ _ba− ya
))−n

d_b

b
+f1

(
−y + b

∫
arctan (λx)n dx

a
,−
∫ y

arctan
(
λRootOf

(
b

∫
arctan (λx)n dx− b

∫ _Z
arctan (λ_b)n d_b+ _ba− ya

))−n

d_b+ b
∫
arctan (βz)−k dz

c

)

6.7.23 7.4
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6.7.23.1 [1717] Problem 1

problem number 1717

Added June 26, 2019.

Problem Chapter 7.7.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + awy + bwz = c arccotk(λx) + s

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + b*D[w[x,y,z],z]==c*ArcCot[lambda*x]^k+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) →

∫ x

1

(
c cot−1(λK[1])k + s

)
dK[1] + c1(y − ax, z − bx)

}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)= c*arccot(lambda*x)^k+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = c

∫
arccot (λx)k dx+ sx+ f1(−ax+ y,−bx+ z)

6.7.23.2 [1718] Problem 2

problem number 1718

Added June 26, 2019.

Problem Chapter 7.7.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1wx + a2wy + a3wz = b1 arccot(λ1x) + b2 arccot(λ2y) + b3 arccot(λ3z)

Mathematica 3� �
ClearAll["Global`*"];
pde = a1*D[w[x, y,z], x] + a2*D[w[x, y,z], y] + a3*D[w[x,y,z],z]== b1*ArcCot[lambda1*x]+b2*ArcCot[lambda2*y]+b3*ArcCot[lambda3*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y − a2x

a1 , z −
a3x
a1

)
+ 1

2

(
b2 log

(
a12
(
lambda22y2 + 1

))
a2lambda2 +

b3 log
(
a12
(
lambda32z2 + 1

))
a3lambda3 + 2b2x arctan(lambda2y)

a1 + 2b3x arctan(lambda3z)
a1 +

b1 log
(
lambda12x2 + 1

)
a1lambda1 + 2b2x cot−1(lambda2y)

a1 + 2b3x cot−1(lambda3z)
a1 − 2b2y arctan(lambda2y)

a2 − 2b3z arctan(lambda3z)
a3

)
+ b1x cot−1(lambda1x)

a1

}}
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Maple 3� �
restart;
local gamma;
pde := a1*diff(w(x,y,z),x)+ a2*diff(w(x,y,z),y)+ a3*diff(w(x,y,z),z)= b1*arccot(lambda1*x)+b2*arccot(lambda2*y)+b3*arccot(lambda3*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
2f1
(a1 y−a2x

a1 , a1 z−a3x
a1

)
a1λ 1λ 2 a2λ 3 a3+b1 ln (λ 12 x2 + 1)λ 2 a2λ 3 a3+2λ 1

(
λ 3 ln

(
λ 22 y2+1

)
a1 a3 b2

2 +
(

ln
(
λ 32 z2+1

)
a1 a2 b3

2 + λ 3 (x arccot (λ 1x) a2 a3 b1+a1 (arccot (λ 2 y) y a3 b2+arccot (λ 3 z) z a2 b3))
)
λ 2
)

2 a1λ 1λ 2 a2λ 3 a3

6.7.23.3 [1719] Problem 3

problem number 1719

Added June 26, 2019.

Problem Chapter 7.7.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arccotn(λx) arccotk(βz)wz = s arccotm(γx)

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*ArcCot[lambda*x]^n*ArcCot[beta*z]^k*D[w[x,y,z],z]== s*ArcCot[gamma*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*arccot(lambda*x)^n*arccot(beta*z)^k*diff(w(x,y,z),z)= s*arccot(gamma*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = s
∫
arccot (γx)m dx

a
+ f1

(
ay − bx

a
,−
∫

arccot (λx)n dx+ a
∫
arccot (βz)−k dz

c

)

6.7.23.4 [1720] Problem 4

problem number 1720

Added June 26, 2019.

Problem Chapter 7.7.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arccotn(λx) arccotm(βy) arccotk(γz)wz = s
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Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*ArcCot[lambda*x]^n*ArcCot[beta*y]^m*ArcCot[gamma*z]^k*D[w[x,y,z],z]== s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*arccot(lambda*x)^n*arccot(beta*y)^m*arccot(gamma*z)^k*diff(w(x,y,z),z)= s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = sx

a
+f1

(
ay − bx

a
,−
∫ x

arccot (λ_a)n arccot
(
(ay − b(−_a+ x)) β

a

)m

d_a+ a
∫
arccot (γz)−k dz

c

)

6.7.23.5 [1721] Problem 5

problem number 1721

Added June 26, 2019.

Problem Chapter 7.7.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arccotn(λx)wy + c arccotk(βz)wz = s arccotm(γx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*ArcTan[lambda*x]^n*D[w[x, y,z], y] + c*ArcTan[beta*z]^k*D[w[x,y,z],z]== s*ArcCot[gamma*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ z

1

s cot−1
(

γ
(
cx−a

∫ z
1 arctan(βK[2])−kdK[2]+a

∫K[3]
1 arctan(βK[2])−kdK[2]

)
c

)
m arctan(βK[3])−k

c
dK[3] + c1

(
y −

∫ x

1

b arctan(λK[1])n
a

dK[1],
∫ z

1
arctan(βK[2])−kdK[2]− cx

a

)


Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*arctan(lambda*x)^n*diff(w(x,y,z),y)+ c*arctan(beta*z)^k*diff(w(x,y,z),z)= s*arccot(gamma*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
s
∫ y arccot

(
γ RootOf

(
b
∫
arctan (λx)n dx− b

∫ _Z arctan (λ_b)n d_b+ _ba− ya
))m

arctan
(
λRootOf

(
b
∫
arctan (λx)n dx− b

∫ _Z arctan (λ_b)n d_b+ _ba− ya
))−n

d_b

b
+f1

(
−y + b

∫
arctan (λx)n dx

a
,−
∫ y

arctan
(
λRootOf

(
b

∫
arctan (λx)n dx− b

∫ _Z
arctan (λ_b)n d_b+ _ba− ya

))−n

d_b+ b
∫
arctan (βz)−k dz

c

)
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6.7.24.1 [1722] Problem 1

problem number 1722

Added June 27, 2019.

Problem Chapter 7.8.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + f(x)wy + g(x)wz = h2(x)y + h1(x) + h0(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + f[x]*D[w[x, y,z], y] + g[x]*D[w[x,y,z],z]== h2[x]*y+h1[x]*z+h0[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) →
∫ x

1

(
h0(K[3]) + h2(K[3])

(
y −

∫ x

1
f(K[1])dK[1] +

∫ K[3]

1
f(K[1])dK[1]

)
+ h1(K[3])

(
z −

∫ x

1
g(K[2])dK[2] +

∫ K[3]

1
g(K[2])dK[2]

))
dK[3] + c1

(
y −

∫ x

1
f(K[1])dK[1], z −

∫ x

1
g(K[2])dK[2]

)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ f(x)*diff(w(x,y,z),y)+ g(x)*diff(w(x,y,z),z)= h2(x)*y+h1(x)*z+h0(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) =

∫ x(
h2 (_f)

∫
f(_f) d_f− h2 (_f)

∫
f(x) dx+ h2 (_f) y + h1 (_f)

∫
g(_f) d_f− h1 (_f)

∫
g(x) dx+ h1 (_f) z + h0 (_f)

)
d_f+f1

(
−
∫
f(x) dx+ y,−

∫
g(x) dx+ z

)
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6.7.24.2 [1723] Problem 2

problem number 1723

Added June 27, 2019.

Problem Chapter 7.8.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + f(x)(y + a)wy + g(x)(z + b)wz = h(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + f[x]*(y+a)*D[w[x, y,z], y] + g[x]*(z+b)*D[w[x,y,z],z]== h[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) →
∫ x

1
h(K[5])dK[5] + c1

(
y exp

(
−
∫ x

1
f(K[1])dK[1]

)
−
∫ x

1
a exp

(
−
∫ K[2]

1
f(K[1])dK[1]

)
f(K[2])dK[2], z exp

(
−
∫ x

1
g(K[3])dK[3]

)
−
∫ x

1
b exp

(
−
∫ K[4]

1
g(K[3])dK[3]

)
g(K[4])dK[4]

)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ f(x)*(y+a)*diff(w(x,y,z),y)+ g(x)*(z+b)*diff(w(x,y,z),z)= h(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
∫
h(x) dx+ f1

(
(y + a) e−

∫
f(x)dx, (z + b) e−

∫
g(x)dx

)

6.7.24.3 [1724] Problem 3

problem number 1724

Added June 27, 2019.

Problem Chapter 7.8.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (ay + f(x))wy + (bz + g(x))wz = h(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a*y+f[x])*D[w[x, y,z], y] + (b*z+g[x])*D[w[x,y,z],z]== h[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) →
∫ x

1
h(K[3])dK[3] + c1

(
ye−ax −

∫ x

1
e−aK[1]f(K[1])dK[1], ze−bx −

∫ x

1
e−bK[2]g(K[2])dK[2]

)}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a*y+f(x))*diff(w(x,y,z),y)+ (b*z+g(x))*diff(w(x,y,z),z)= h(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
∫
h(x) dx+ f1

(
e−axy −

∫
f(x) e−axdx, e−bxz −

∫
g(x) e−bxdx

)

6.7.24.4 [1725] Problem 4

problem number 1725

Added June 27, 2019.

Problem Chapter 7.8.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x))wy + (g1(x)y + g2(x))wz = h2(x)y + h1(x)z + h0(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]*y+f2[x])*D[w[x, y,z], y] + (g1[x]*y+g2[x])*D[w[x,y,z],z]== h2[x]*y+h1[x]*z+h0[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) →
∫ x

1
exp

(
−
∫ x

1
f1(K[1])dK[1]

)(
exp

(∫ x

1
f1(K[1])dK[1]

)
h0(K[5]) + exp

(∫ K[5]

1
f1(K[1])dK[1]

)
h2(K[5])

(
y − exp

(∫ x

1
f1(K[1])dK[1]

)∫ x

1
exp

(
−
∫ K[3]

1
f1(K[1])dK[1]

)
f2(K[3])dK[3] + exp

(∫ x

1
f1(K[1])dK[1]

)∫ K[5]

1
exp

(
−
∫ K[3]

1
f1(K[1])dK[1]

)
f2(K[3])dK[3]

)
+ h1(K[5])

(
−y
∫ x

1
exp

(∫ K[2]

1
f1(K[1])dK[1]

)
g1(K[2])dK[2] +

(
y − exp

(∫ x

1
f1(K[1])dK[1]

)∫ x

1
exp

(
−
∫ K[3]

1
f1(K[1])dK[1]

)
f2(K[3])dK[3] + exp

(∫ x

1
f1(K[1])dK[1]

)∫ K[5]

1
exp

(
−
∫ K[3]

1
f1(K[1])dK[1]

)
f2(K[3])dK[3]

)∫ K[5]

1
exp

(∫ K[2]

1
f1(K[1])dK[1]

)
g1(K[2])dK[2] + exp

(∫ x

1
f1(K[1])dK[1]

)(
z −

∫ x

1

(
g2(K[4])− exp

(
−
∫ K[4]

1
f1(K[1])dK[1]

)
f2(K[4])

∫ K[4]

1
exp

(∫ K[2]

1
f1(K[1])dK[1]

)
g1(K[2])dK[2]

)
dK[4] +

∫ K[5]

1

(
g2(K[4])− exp

(
−
∫ K[4]

1
f1(K[1])dK[1]

)
f2(K[4])

∫ K[4]

1
exp

(∫ K[2]

1
f1(K[1])dK[1]

)
g1(K[2])dK[2]

)
dK[4]

)))
dK[5] + c1

(
y exp

(
−
∫ x

1
f1(K[1])dK[1]

)
−
∫ x

1
exp

(
−
∫ K[3]

1
f1(K[1])dK[1]

)
f2(K[3])dK[3],−

∫ x

1

(
g2(K[4])− exp

(
−
∫ K[4]

1
f1(K[1])dK[1]

)
f2(K[4])

∫ K[4]

1
exp

(∫ K[2]

1
f1(K[1])dK[1]

)
g1(K[2])dK[2]

)
dK[4]− y exp

(
−
∫ x

1
f1(K[1])dK[1]

)∫ x

1
exp

(∫ K[2]

1
f1(K[1])dK[1]

)
g1(K[2])dK[2] + z

)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f1(x)*y+f2(x))*diff(w(x,y,z),y)+ (g1(x)*y+g2(x))*diff(w(x,y,z),z)= h2(x)*y+h1(x)*z+h0(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) =

∫ x(
h2 (_g) y e

∫
f1(_g)d_g−

∫
f1(x)dx + h2 (_g) e

∫
f1(_g)d_g

∫
f2 (_g) e−

∫
f1(_g)d_gd_g− h2 (_g) e

∫
f1(_g)d_g

∫
f2 (x) e−

∫
f1(x)dxdx− h1 (_g)

∫ x(
g1 (_g) y e

∫
f1(_g)d_g−

∫
f1(x)dx + g1 (_g) e

∫
f1(_g)d_g

∫
f2 (_g) e−

∫
f1(_g)d_gd_g− e

∫
f1(_g)d_g g1 (_g)

∫
f2 (x) e−

∫
f1(x)dxdx+ g2 (_g)

)
d_g+ h1 (_g)

∫ (
g1 (_g) y e

∫
f1(_g)d_g−

∫
f1(x)dx + g1 (_g) e

∫
f1(_g)d_g

∫
f2 (_g) e−

∫
f1(_g)d_gd_g− e

∫
f1(_g)d_g g1 (_g)

∫
f2 (x) e−

∫
f1(x)dxdx+ g2 (_g)

)
d_g+ h1 (_g) z + h0 (_g)

)
d_g+f1

(
−
∫

f2 (x) e−
∫
f1(x)dxdx+ e−

∫
f1(x)dxy,−

∫ x(
g1 (_g) y e

∫
f1(_g)d_g−

∫
f1(x)dx + g1 (_g) e

∫
f1(_g)d_g

∫
f2 (_g) e−

∫
f1(_g)d_gd_g− e

∫
f1(_g)d_g g1 (_g)

∫
f2 (x) e−

∫
f1(x)dxdx+ g2 (_g)

)
d_g+ z

)
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6.7.24.5 [1726] Problem 5

problem number 1726

Added June 27, 2019.

Problem Chapter 7.8.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x))wy + (g1(x)z + g2(x))wz = h2(x)y + h1(x)z + h0(x)

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]*z+f2[x])*D[w[x, y,z], y] + (g1[x]*y+g2[x])*D[w[x,y,z],z]== h2[x]*y+h1[x]*z+h0[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f1(x)*z+f2(x))*diff(w(x,y,z),y)+ (g1(x)*y+g2(x))*diff(w(x,y,z),z)= h2(x)*y+h1(x)*z+h0(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.7.24.6 [1727] Problem 6

problem number 1727

Added June 27, 2019.

Problem Chapter 7.8.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (y2 − a2 + aλ sinh(λx)− a2 sinh2(λx))wy + f(x) sinh(γz)wz = g(x)

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (y^2-a^2 + a *lambda*Sin[lambda*x]-a^2*Sinh[lambda*x]^2)*D[w[x, y,z], y] + f[x]*Sinh[gamma*z]*D[w[x,y,z],z]== g[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (y^2-a^2 + a *lambda*sin(lambda*x)-a^2*sinh(lambda*x)^2)*diff(w(x,y,z),y)+ f(x)*sinh(gamma*z)*diff(w(x,y,z),z)= g(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z),'build')),output='realtime'));� �

w(x, y, z) =
_c3 ln

(
tanh

(
γz
2

))
γ

+c1+f7(x, y)where
[{(

y2 + aλ sin (λx)− a2 cosh (λx)2
)( ∂

∂y
f7(x, y)

)
+ f(x)_c3 − g(x) + ∂

∂x
f7(x, y) = 0

}]
Gives Warning: Incomplete separation

6.7.24.7 [1728] Problem 7

problem number 1728

Added June 27, 2019.

Problem Chapter 7.8.1.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x)yk)wy + (g1(x)z + g2(x)zm)wz = h(x)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]*y+f2[x]*y^k)*D[w[x, y,z], y] + (g1[x]*z+g2[x]*z^m)*D[w[x,y,z],z]== h[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) →
∫ x

1
h(K[5])dK[5] + c1

(
(k − 1)

∫ x

1
exp

(
(k − 1)

∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2] + y1−k exp

(
(k − 1)

∫ x

1
f1(K[1])dK[1]

)
, (m− 1)

∫ x

1
exp

(
(m− 1)

∫ K[4]

1
g1(K[3])dK[3]

)
g2(K[4])dK[4] + z1−m exp

(
(m− 1)

∫ x

1
g1(K[3])dK[3]

))}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f1(x)*y+f2(x)*y^k)*diff(w(x,y,z),y)+ (g1(x)*z+g2(x)*z^m)*diff(w(x,y,z),z)= h(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) =

∫
h(x) dx+f1

(
(k − 1)

∫
f2 (x) e(k−1)

∫
f1(x)dxdx+ y1−ke(k−1)

∫
f1(x)dx, (m− 1)

∫
g2 (x) e(m−1)

∫
g1(x)dxdx+ z1−me(m−1)

∫
g1(x)dx

)
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6.7.24.8 [1729] Problem 8

problem number 1729

Added June 27, 2019.

Problem Chapter 7.8.1.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x)yk)wy + (g1(x) + g2(x)eλz)wz = h(x)

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]*y+f2[x]*y^k)*D[w[x, y,z], y] + (g1[x]+g2[x]*Exp[lambda*z])*D[w[x,y,z],z]== h[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f1(x)*y+f2(x)*y^k)*diff(w(x,y,z),y)+ (g1(x)+g2(x)*exp(lambda*z))*diff(w(x,y,z),z)= h(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
∫
h(x) dx+f1

(
(k − 1)

∫
f2 (x) e(k−1)

∫
f1(x)dxdx+ y1−ke(k−1)

∫
f1(x)dx,

−
∫
g2 (x) eλ

∫
g1(x)dxdxλ− eλ

(
−z+

∫
g1(x)dx

)
λ

)

6.7.24.9 [1730] Problem 9

problem number 1730

Added June 27, 2019.

Problem Chapter 7.8.1.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x) + f2(x)eλy)wy + (g1(x) + g2(x)eβz)wz = h(x)

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]+f2[x]*Exp[lambda*y])*D[w[x, y,z], y] + (g1[x]+g2[x]*Exp[beta*z])*D[w[x,y,z],z]== h[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f1(x)+f2(x)*exp(lambda*y))*diff(w(x,y,z),y)+ (g1(x)+g2(x)*exp(beta*z))*diff(w(x,y,z),z)= h(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
∫
h(x) dx+f1

(
−
∫
f2 (x) eλ

∫
f1(x)dxdxλ− eλ

(
−y+

∫
f1(x)dx

)
λ

,
−
∫
g2 (x) eβ

∫
g1(x)dxdxβ − eβ

(
−z+

∫
g1(x)dx

)
β

)
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6.7.25.1 [1731] Problem 1

problem number 1731

Added June 27, 2019.

Problem Chapter 7.8.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

f(x)wx + g(y)wy + h(z)wz = Φ(x) + Ψ(x) + χ(x)

Mathematica 7� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y,z], x] + g[y]*D[w[x, y,z], y] + h[z]*D[w[x,y,z],z]== phi[x]+psi[x]+chi[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := f(x)*diff(w(x,y,z),x)+ g(y)*diff(w(x,y,z),y)+ h(z)*diff(w(x,y,z),z)= phi(x)+psi(x)+chi(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) =

∫
φ(x) + ψ(x) + χ(x)

f (x) dx+f1
(
−
∫ 1
f (x)dx+

∫ 1
g (y)dy,−

∫ 1
f (x)dx+

∫ 1
h (z)dz

)
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6.7.25.2 [1732] Problem 2

problem number 1732

Added June 27, 2019.

Problem Chapter 7.8.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

f(x)wx + zwy + g(y)wz = h2(x) + h1(y)

Mathematica 7� �
ClearAll["Global`*"];
pde = f[x]*D[w[x, y,z], x] + z*D[w[x, y,z], y] + g[y]*D[w[x,y,z],z]== h2[x]+h1[y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := f(x)*diff(w(x,y,z),x)+ z*diff(w(x,y,z),y)+ g(y)*diff(w(x,y,z),z)= h2(x)+h1(y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
∫ y h2

(
RootOf

(∫ 1√
2
∫
g(_b)d_b+z2−2

∫
g(y)dy

d_b−
∫ _Z 1

f(_b)d_b−
∫ y 1√

2
∫
g(_b)d_b+z2−2

∫
g(y)dy

d_b+
∫ 1

f(x)dx

))
+ h1 (_b)√

2
∫
g (_b) d_b+ z2 − 2

∫
g (y) dy

d_b+f1

z2 − 2
∫
g(y) dy,−

∫ y 1√
2
∫
g (_b) d_b+ z2 − 2

∫
g (y) dy

d_b+
∫ 1
f (x)dx



6.7.25.3 [1733] Problem 3

problem number 1733

Added June 27, 2019.

Problem Chapter 7.8.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

f1(x)wx + f2(x)g(y)wy + f3(x)h(z)wz = f4(x)

Mathematica 7� �
ClearAll["Global`*"];
pde = f1[x]*D[w[x, y,z], x] + f2[x]*g[y]*D[w[x, y,z], y] + f3[x]*h[z]*D[w[x,y,z],z]== f4[x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := f1(x)*diff(w(x,y,z),x)+ f2(x)*g(y)*diff(w(x,y,z),y)+ f3(x)*h(z)*diff(w(x,y,z),z)= f4(x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
∫ f4 (x)

f1 (x)dx+ f1

(
−
∫ f2 (x)

f1 (x)dx+
∫ 1
g (y)dy,−

∫ f3 (x)
f1 (x)dx+

∫ 1
h (z)dz

)

6.7.25.4 [1734] Problem 4

problem number 1734

Added June 27, 2019.

Problem Chapter 7.8.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x))wy + (g1(x)z + g2(y))wz = h1(x) + h2(y)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]*y+f2[x])*D[w[x, y,z], y] + (g1[x]*z+g2[y])*D[w[x,y,z],z]== h1[x]+h2[y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) →
∫ x

1

(
h1(K[5]) + h2

(
exp

(∫ K[5]

1
f1(K[1])dK[1]

)(
exp

(
−
∫ x

1
f1(K[1])dK[1]

)
y −

∫ x

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2] +

∫ K[5]

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]

)))
dK[5] + c1

(
y exp

(
−
∫ x

1
f1(K[1])dK[1]

)
−
∫ x

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2], z exp

(
−
∫ x

1
g1(K[3])dK[3]

)
−
∫ x

1
exp

(
−
∫ K[4]

1
g1(K[3])dK[3]

)
g2
(
exp

(∫ K[4]

1
f1(K[1])dK[1]

)(
exp

(
−
∫ x

1
f1(K[1])dK[1]

)
y −

∫ x

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2] +

∫ K[4]

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]

))
dK[4]

)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f1(x)*y+f2(x))*diff(w(x,y,z),y)+ (g1(x)*z+g2(y))*diff(w(x,y,z),z)= h1(x)+h2(y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) =

∫ x(
h1 (_f) + h2

((∫
f2 (_f) e−

∫
f1(_f)d_fd_f+ e−

∫
f1(x)dxy −

∫
f2 (x) e−

∫
f1(x)dxdx

)
e
∫
f1(_f)d_f

))
d_f+f1

(
e−
∫
f1(x)dxy −

∫
f2 (x) e−

∫
f1(x)dxdx, e−

∫
g1(x)dxz −

∫ x

g2
((∫

f2 (_f) e−
∫
f1(_f)d_fd_f+ e−

∫
f1(x)dxy −

∫
f2 (x) e−

∫
f1(x)dxdx

)
e
∫
f1(_f)d_f

)
e−
∫
g1(_f)d_fd_f

)
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6.7.25.5 [1735] Problem 5

problem number 1735

Added June 27, 2019.

Problem Chapter 7.8.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x)yk)wy + (g1(x)z + g2(y)zm)wz = h1(x) + h2(y)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]*y+f2[x]*y^k)*D[w[x, y,z], y] + (g1[x]*z+g2[y]*z^m)*D[w[x,y,z],z]== h1[x]+h2[y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) →
∫ x

1

(
h1(K[5]) + h2

((
exp

(
−
∫ x

1
f1(K[1])dK[1]− (k − 1)

∫ K[5]

1
f1(K[1])dK[1]

)
y−k

(
exp

(∫ x

1
f1(K[1])dK[1]

)
(k − 1)

∫ x

1
exp

(
(k − 1)

∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]yk − exp

(∫ x

1
f1(K[1])dK[1]

)
(k − 1)

∫ K[5]

1
exp

(
(k − 1)

∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]yk + exp

(
k

∫ x

1
f1(K[1])dK[1]

)
y

))
1

1−k

))
dK[5] + c1

(
(k − 1)

∫ x

1
exp

(
(k − 1)

∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2] + y1−k exp

(
(k − 1)

∫ x

1
f1(K[1])dK[1]

)
, (m− 1)

∫ x

1
exp

(
(m− 1)

∫ K[4]

1
g1(K[3])dK[3]

)
g2
((

exp
(
−
∫ x

1
f1(K[1])dK[1]− (k − 1)

∫ K[4]

1
f1(K[1])dK[1]

)
y−k

(
exp

(∫ x

1
f1(K[1])dK[1]

)
(k − 1)

∫ x

1
exp

(
(k − 1)

∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]yk − exp

(∫ x

1
f1(K[1])dK[1]

)
(k − 1)

∫ K[4]

1
exp

(
(k − 1)

∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]yk + exp

(
k

∫ x

1
f1(K[1])dK[1]

)
y

))
1

1−k

)
dK[4] + z1−m exp

(
(m− 1)

∫ x

1
g1(K[3])dK[3]

))}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f1(x)*y+f2(x)*y^k)*diff(w(x,y,z),y)+ (g1(x)*z+g2(y)*z^m)*diff(w(x,y,z),z)= h1(x)+h2(y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
∫ x

(
h1 (_f) + h2

((
(1− k)

∫
f2 (_f) e

∫
f1(_f)d_f(k−1)d_f+ (k − 1)

∫
f2 (x) e(k−1)

∫
f1(x)dxdx+ y1−ke(k−1)

∫
f1(x)dx

)− 1
k−1

e
∫
f1(_f)d_f

))
d_f+f1

(
(k − 1)

∫
f2 (x) e(k−1)

∫
f1(x)dxdx+ y1−ke(k−1)

∫
f1(x)dx, (m− 1)

∫ x

e
∫
g1(_f)d_f(m−1) g2

((
(1− k)

∫
f2 (_f) e

∫
f1(_f)d_f(k−1)d_f+ (k − 1)

∫
f2 (x) e(k−1)

∫
f1(x)dxdx+ y1−ke(k−1)

∫
f1(x)dx

)− 1
k−1

e
∫
f1(_f)d_f

)
d_f+ z1−me(m−1)

∫
g1(x)dx

)

6.7.25.6 [1736] Problem 6

problem number 1736

Added June 27, 2019.

Problem Chapter 7.8.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x)yk)wy + (g1(x)z + g2(y)eλz)wz = h1(x) + h2(y)

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]*y+f2[x]*y^k)*D[w[x, y,z], y] + (g1[x]*z+g2[y]*Exp[lambda*z])*D[w[x,y,z],z]== h1[x]+h2[y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 7� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f1(x)*y+f2(x)*y^k)*diff(w(x,y,z),y)+ (g1(x)*z+g2(y)*exp(lambda*z))*diff(w(x,y,z),z)= h1(x)+h2(y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.7.25.7 [1737] Problem 7

problem number 1737

Added June 27, 2019.

Problem Chapter 7.8.2.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x) + f2(x)eλy)wy + (g1(x)z + g2(y)zk)wz = h1(x) + h2(y)

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]+f2[x]*Exp[lambda*y])*D[w[x, y,z], y] + (g1[x]*z+g2[y]*z^k)*D[w[x,y,z],z]== h1[x]+h2[y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f1(x)+f2(x)*exp(lambda*y))*diff(w(x,y,z),y)+ (g1(x)*z+g2(y)*z^k)*diff(w(x,y,z),z)= h1(x)+h2(y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
∫ x

h1 (_f) + h2

 ln
(

1
−
∫
f2(_f)eλ

∫
f1(_f)d_fd_fλ+

∫
f2(x)eλ

∫
f1(x)dxdxλ+eλ(−y+

∫
f1(x)dx)

)
+ λ

∫
f1 (_f) d_f

λ

 d_f+f1

−
∫
f2 (x) eλ

∫
f1(x)dxdxλ− eλ

(
−y+

∫
f1(x)dx

)
λ

, (k − 1)
∫ x

g2

 ln
(

1
−
∫
f2(_f)eλ

∫
f1(_f)d_fd_fλ+

∫
f2(x)eλ

∫
f1(x)dxdxλ+eλ(−y+

∫
f1(x)dx)

)
+ λ

∫
f1 (_f) d_f

λ

 e
∫
g1(_f)d_f(k−1)d_f+ z1−ke

∫
g1(x)dx(k−1)


6.7.25.8 [1738] Problem 8

problem number 1738

Added June 27, 2019.

Problem Chapter 7.8.2.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x) + f2(x)eλy)wy + (g1(x) + g2(y)eβz)wz = h1(x) + h2(y)
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]+f2[x]*Exp[lambda*y])*D[w[x, y,z], y] + (g1[x]+g2[y]*Exp[beta*z])*D[w[x,y,z],z]== h1[x]+h2[y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f1(x)+f2(x)*exp(lambda*y))*diff(w(x,y,z),y)+ (g1(x)+g2(y)*exp(beta*z))*diff(w(x,y,z),z)= h1(x)+h2(y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
∫ x

h1 (_f) + h2

 ln
(

1
−
∫
f2(_f)eλ

∫
f1(_f)d_fd_fλ+

∫
f2(x)eλ

∫
f1(x)dxdxλ+eλ(−y+

∫
f1(x)dx)

)
+ λ

∫
f1 (_f) d_f

λ

 d_f+f1


−eλ

(
−y+

∫
f1(x)dx

)
−
∫
f2 (x) eλ

∫
f1(x)dxdxλ

λ
,

−
∫ x g2

 ln
(

1
−
∫
f2(_g)eλ

∫
f1(_g)d_gd_gλ+

∫
f2(x)eλ

∫
f1(x)dxdxλ+eλ(−y+

∫
f1(x)dx)

)
+λ
∫
f1(_f)d_f

λ

 eβ
∫
g1(_f)d_fd_fβ − eβ

(
−z+

∫
g1(x)dx

)

β



6.7.26 8.3

Local contents
6.7.26.1 [1739] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1692
6.7.26.2 [1740] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1693
6.7.26.3 [1741] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1694
6.7.26.4 [1742] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1694
6.7.26.5 [1743] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1695
6.7.26.6 [1744] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1697
6.7.26.7 [1745] Problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1697
6.7.26.8 [1746] Problem 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1698
6.7.26.9 [1747] Problem 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1699
6.7.26.10 [1748] Problem 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1699
6.7.26.11 [1749] Problem 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1700

6.7.26.1 [1739] Problem 1

problem number 1739

Added June 27, 2019.

Problem Chapter 7.8.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + f(x, y)wz = g(x, y)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + f[x,y]*D[w[x,y,z],z]== g[x,y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1

g
(
K[2], y + b(K[2]−x)

a

)
a

dK[2] + c1

y − bx

a
, z −

∫ x

1

f
(
K[1], y + b(K[1]−x)

a

)
a

dK[1]




Kernel message inconsistent or redundant transcendental equation

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ f(x,y)*diff(w(x,y,z),z)= g(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

∫ x
g
(
_a, ya−b(x−_a)

a

)
d_a

a
+ f1

ya− bx

a
,−

∫ x
f
(
_a, ya−b(x−_a)

a

)
d_a

a
+ z


6.7.26.2 [1740] Problem 2

problem number 1740

Added June 27, 2019.

Problem Chapter 7.8.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + f(x, y)g(z)wz = h(x, y)

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + f[x,y]*g[z]*D[w[x,y,z],z]== h[x,y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ f(x,y)*g(z)*diff(w(x,y,z),z)= h(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

∫ x
h
(
_a, ya−b(x−_a)

a

)
d_a

a
+f1

(
ya− bx

a
,−
∫ x

f

(
_a, ya− b(x− _a)

a

)
d_a+ a

∫ 1
g (z)dz

)
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6.7.26.3 [1741] Problem 3

problem number 1741

Added June 27, 2019.

Problem Chapter 7.8.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

xwx + ywy + (z + f(x, y))wz = g(x, y)

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y,z], x] + y*D[w[x, y,z], y] + (z+f[x,y])*D[w[x,y,z],z]== g[x,y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) →

∫ x

1

g
(
K[2], yK[2]

x

)
K[2] dK[2] + c1

y

x
,
z

x
−
∫ x

1

f
(
K[1], yK[1]

x

)
K[1]2 dK[1]




Maple 3� �
restart;
local gamma;
pde := x*diff(w(x,y,z),x)+ y*diff(w(x,y,z),y)+ (z+f(x,y))*diff(w(x,y,z),z)= g(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
∫ x g

(
_a, y_a

x

)
_a d_a+ f1

y

x
,
−
∫ x f

(
_a, y_a

x

)
_a2 d_ax+ z

x


6.7.26.4 [1742] Problem 4

problem number 1742

Added June 27, 2019.

Problem Chapter 7.8.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

axwx + bywy + f(x, y)g(z)wz = h(x, y)

Mathematica 7� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y,z], x] + b*y*D[w[x, y,z], y] + f[x,y]*g[z]*D[w[x,y,z],z]== h[x,y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := a*x*diff(w(x,y,z),x)+ b*y*diff(w(x,y,z),y)+ f(x,y)*g(z)*diff(w(x,y,z),z)= h(x,y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
∫ x h

(
_a,y x− b

a_a
b
a

)
_a d_a
a

+f1

y x− b
a ,−

∫ x f
(
_a, y x− b

a_a ba
)

_a d_a+ a

∫ 1
g (z)dz


6.7.26.5 [1743] Problem 5

problem number 1743

Added June 27, 2019.

Problem Chapter 7.8.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x))wy + (g1(x, y)z + g2(x, y))wz = h(x, y, z)
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]*y+f2[x])*D[w[x, y,z], y] + (g1[x,y]*z+g2[x,y])*D[w[x,y,z],z]== h[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

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w(x, y, z) → c1

e−
∫ x
1 f1(K[1])dK[1]y −

∫ x

1
e−

∫K[2]
1 f1(K[1])dK[1]f2(K[2])dK[2], e

−
∫ x
1 g1

(
K[3],e

∫K[3]
1 f1(K[1])dK[1]

(
e−

∫ x
1 f1(K[1])dK[1]y−

∫ x
1 e−

∫K[2]
1 f1(K[1])dK[1]f2(K[2])dK[2]+

∫K[3]
1 e−

∫K[2]
1 f1(K[1])dK[1]f2(K[2])dK[2]

))
dK[3]

z −
∫ x

1
e

−
∫K[4]
1 InverseFunction[Inactive[Integrate],1,2]
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e

∫ x
1 g1

K[3],e
∫K[3]
1 f1(K[1])dK[1]

e− ∫ x1 f1(K[1])dK[1]
y−
∫ x
1 e

−
∫K[2]
1 f1(K[1])dK[1]f2(K[2])dK[2]+

∫K[3]
1 e

−
∫K[2]
1 f1(K[1])dK[1]f2(K[2])dK[2]

dK[3]

,{K[3],1,x}

dK[3]

g2
(
K[4], e

∫K[4]
1 f1(K[1])dK[1]

(
e−

∫ x
1 f1(K[1])dK[1]y −

∫ x

1
e−

∫K[2]
1 f1(K[1])dK[1]f2(K[2])dK[2] +

∫ K[4]

1
e−

∫K[2]
1 f1(K[1])dK[1]f2(K[2])dK[2]

))
dK[4]

+
∫ x

1
h
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1
e−
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1 f1(K[1])dK[1]f2(K[2])dK[2]

)
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f1(x)*y+f2(x))*diff(w(x,y,z),y)+ (g1(x,y)*z+g2(x,y))*diff(w(x,y,z),z)= h(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.7.26.6 [1744] Problem 6

problem number 1744

Added June 27, 2019.

Problem Chapter 7.8.3.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x)yk)wy + (g1(x, y)z + g2(x, y)zm)wz = h(x, y, z)

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]*y+f2[x]*y^k)*D[w[x, y,z], y] + (g1[x,y]*z+g2[x,y]*z^m)*D[w[x,y,z],z]== h[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
$Aborted

Maple 3� �
restart;
local gamma;
\
pde := diff(w(x,y,z),x)+ (f1(x)*y+f2(x)*y^k)*diff(w(x,y,z),y)+ (g1(x,y)*z+g2(x,y)*z^m)*diff(w(x,y,z),z)= h(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.7.26.7 [1745] Problem 7

problem number 1745

Added June 27, 2019.

Problem Chapter 7.8.3.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x)yk)wy + (g1(x, y) + g2(x, y)eλz)wz = h(x, y, z)
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]*y+f2[x]*y^k)*D[w[x, y,z], y] + (g1[x,y]+g2[x,y]*Exp[lambda*z])*D[w[x,y,z],z]== h[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f1(x)*y+f2(x)*y^k)*diff(w(x,y,z),y)+ (g1(x,y)+g2(x,y)*exp(lambda*z))*diff(w(x,y,z),z)= h(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.7.26.8 [1746] Problem 8

problem number 1746

Added June 27, 2019.

Problem Chapter 7.8.3.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x) + f2(x)eλy)wy + (g1(x, y)z + g2(x, y)zk)wz = h(x, y, z)

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]+f2[x]*Exp[lambda*y])*D[w[x, y,z], y] + (g1[x,y]*z+g2[x,y]*z^k)*D[w[x,y,z],z]== h[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f1(x)+f2(x)*exp(lambda*y))*diff(w(x,y,z),y)+ (g1(x,y)*z+g2(x,y)*z^k)*diff(w(x,y,z),z)= h(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display
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6.7.26.9 [1747] Problem 9

problem number 1747

Added June 27, 2019.

Problem Chapter 7.8.3.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x) + f2(x)eλy)wy + (g1(x, y) + g2(x, y)eβz)wz = h(x, y, z)

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (f1[x]+f2[x]*Exp[lambda*y])*D[w[x, y,z], y] + (g1[x,y]+g2[x,y]*Exp[beta*z])*D[w[x,y,z],z]== h[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f1(x)+f2(x)*exp(lambda*y))*diff(w(x,y,z),y)+ (g1(x,y)+g2(x,y)*exp(beta*z))*diff(w(x,y,z),z)= h(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.7.26.10 [1748] Problem 10

problem number 1748

Added June 27, 2019.

Problem Chapter 7.8.3.10, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

f1(x)g1(y)wx + f2(x)g2(y)wy + (h1(x, y) + h2(x, y)zm)wz = h3(x, y, z)

Mathematica 7� �
ClearAll["Global`*"];
pde = f1[x]*g1[y]*D[w[x, y,z], x] + f2[x]*g2[y]*D[w[x, y,z], y] + (h1[x,y]+h2[x,y]*z^m)*D[w[x,y,z],z]== h3[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
local gamma;
pde := f1(x)*g1(y)*diff(w(x,y,z),x)+ f2(x)*g2(y)*diff(w(x,y,z),y)+ (h1(x,y)+h2(x,y)*z^m)*diff(w(x,y,z),z)= h3(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()
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6.7.26.11 [1749] Problem 11

problem number 1749

Added June 27, 2019.

Problem Chapter 7.8.3.11, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

f1(x)g1(y)wx + f2(x)g2(y)wy + (h1(x, y) + h2(x, y)eλz)wz = h3(x, y, z)

Mathematica 7� �
ClearAll["Global`*"];
pde = f1[x]*g1[y]*D[w[x, y,z], x] + f2[x]*g2[y]*D[w[x, y,z], y] + (h1[x,y]+h2[x,y]*Exp[lambda*x])*D[w[x,y,z],z]== h3[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
local gamma;
pde := f1(x)*g1(y)*diff(w(x,y,z),x)+ f2(x)*g2(y)*diff(w(x,y,z),y)+ (h1(x,y)+h2(x,y)*exp(lambda*z))*diff(w(x,y,z),z)= h3(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()
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6.8.1.1 [1750] Problem 1

problem number 1750

Added June 27, 2019.

Problem Chapter 8.2.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + cwz = (αx+ βy + γz + δ)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*D[w[x,y,z],z]== (alpha*x+beta*y+gamma*z+delta)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y − bx

a
, z − cx

a

)
exp

(
x(a(αx+ 2βy + 2δ + 2γz)− x(bβ + cγ))

2a2

)}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*diff(w(x,y,z),z)= (alpha*x+beta*y+gamma*z+delta)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ya− bx

a
,
za− cx

a

)
e
x

(
(aα−bβ−cγ)x

2 +a(βy+γz+δ)
)

a2

6.8.1.2 [1751] Problem 2

problem number 1751

Added June 27, 2019.

Problem Chapter 8.2.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + azwy + bywz = (cx+ s)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*z*D[w[x, y,z], y] + b*y*D[w[x,y,z],z]== (c*x+s)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → e

cx2
2 +sxc1

e−√
a
√
bx
(√

by
(
e2

√
a
√
bx + 1

)
−

√
az
(
e2

√
a
√
bx − 1

))
2
√
b

,
e−

√
a
√
bx
(√

az
(
e2

√
a
√
bx + 1

)
−

√
by
(
e2

√
a
√
bx − 1

))
2
√
a



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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*z*diff(w(x,y,z),y)+ b*y*diff(w(x,y,z),z)= (c*x+s)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

a z2 − y2b

a
,
x
√
ab− ln

(
aby+

√
a2z2

√
ab√

ab

)
√
ab

 e

∫ y
(cx+s)

√
ab+ln

ab_a+
√
a
((

_a2−y2
)
b+a z2

)√
ab

√
ab

c−ln
(
aby+

√
a2z2

√
ab√

ab

)
c

√
a
((

_a2−y2
)
b+a z2

) d_a

√
ab

6.8.1.3 [1752] Problem 3

problem number 1752

Added June 27, 2019.

Problem Chapter 8.2.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1x+ a0)wy + (b1x+ b0)wz = (αx+ βy + γz + δ)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a1*x+a0)*D[w[x, y,z], y] + (b1*x+b0)*D[w[x,y,z],z]== (alpha*x+beta*y+gamma*z+delta)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
−a0x− a1x2

2 + y,−b0x− b1x2
2 + z

)
exp

(
1
6x
(
−3a0βx− 2a1βx2 + 3αx− 3b0γx− 2b1γx2 + 6βy + 6δ + 6γz

))}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a1*x+a0)*diff(w(x,y,z),y)+ (b1*x+b0)*diff(w(x,y,z),z)= (alpha*x+beta*y+gamma*z+delta)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
−1
2 a1 x2 − a0x+ y,−1

2 b1 x2 − b0x+ z

)
e−

x
((

b1 x2+3
2 b0 x−3z

)
γ+
(
a1 x2+3

2 a0 x−3y
)
β− 3αx

2 −3δ
)

3
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6.8.1.4 [1753] Problem 4

problem number 1753

Added June 27, 2019.

Problem Chapter 8.2.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a2y + a1x+ a0)wy + (b2y + b1x+ b0)wz = (c2y + c1z + c0x+ s)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a2*y+a1*x+a0)*D[w[x, y,z], y] + (b2*y+b1*x+b0)*D[w[x,y,z],z]== (c2*y+c1*z+c0*x+s)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
e−a2x(a2(a0 + a2y) + a1a2x+ a1)

a22 ,
e−a2x(a2(2a0b2(a2xea2x + 1)− a2(a2ea2x(2b0x+ b1x2 − 2z) + 2b2y(ea2x − 1))) + a1b2(a22x2ea2x + 2a2x+ 2))

2a23
)
exp

(
a2(3a0b2c1(a22x2 − 2a2x+ 2)− 6a0a2c2(a2x− 1) + a23x(−3b0c1x− 2b1c1x2 + 3c0x+ 6c1z + 6s) + 6a22y(c2− b2c1x) + 6a2b2c1y) + a1(b2c1(2a23x3 − 3a22x2 + 6)− 3a2c2(a22x2 − 2))

6a24
)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a2*y+a1*x+a0)*diff(w(x,y,z),y)+ (b2*y+b1*x+b0)*diff(w(x,y,z),z)= (c2*y+c1*z+c0*x+s)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
e− a2x(y a22+a2 (a1x+ a0) + a1)

a22 ,
(− b1 x2 − 2 b0 x+ 2z) a23+b2 (a1 x2 + 2a0 x− 2y) a22−2 a0 a2 b2−2 a1 b2

2 a23
)
e

((
2x3 a1 a23 +

(
3 a0 a23 −3 a1 a22

)
x2+

(
−6 a23 y−6 a0 a22

)
x+6y a22 +6 a0 a2+6 a1

)
b2−2x a24

(
b1 x2+3

2 b0 x−3z
))

c1+6 a2
(

a22(− a1 c2+ a2 c0)x2
2 +

(
− a0 a22 c2+ a23 s

)
x+c2

(
y a22 + a0 a2+ a1

))
6 a24

6.8.1.5 [1754] Problem 5

problem number 1754

Added June 27, 2019.

Problem Chapter 8.2.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (ay + k1x+ k0)wy + (bz + s1x+ s0)wz = (c1x+ c0)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a*y+k1*x+k0)*D[w[x, y,z], y] + (b*z+s1*x+s0)*D[w[x,y,z],z]== (c1*x+c0)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → ec0x+
c1x2
2 c1

(
e−ax(a2y + a(k0 + k1x) + k1)

a2
,
e−bx(b2z + b(s0 + s1x) + s1)

b2

)}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+(a*y+k1*x+k0)*diff(w(x,y,z),y)+(b*z+s1*x+s0)*diff(w(x,y,z),z)= (c1*x+c0)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
(y a2 + a(k1x+ k0) + k1) e−ax

a2
,
(z b2 + b(s1x+ s0) + s1) e−bx

b2

)
e
x(c1 x+2 c0)

2

6.8.1.6 [1755] Problem 6

problem number 1755

Added June 27, 2019.

Problem Chapter 8.2.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

axwx + bywy + czwz = (αx+ βy + γz + δ)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y,z], x] + b*y*D[w[x, y,z], y] + c*z*D[w[x,y,z],z]== (alpha*x+beta*y+gamma*z+beta)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → x

β
a c1
(
yx−

b
a , zx−

c
a

)
e
αx
a
+βy

b
+ γz

c

}}
Maple 3� �
restart;
local gamma;
pde := a*x*diff(w(x,y,z),x)+ b*y*diff(w(x,y,z),y)+c*z*diff(w(x,y,z),z)= (alpha*x+beta*y+gamma*z+beta)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1
(
y x−

b
a , z x−

c
a

)
x
β
a e

(aβy+αbx)c+γzab
abc

6.8.1.7 [1756] Problem 7

problem number 1756

Added June 27, 2019.

Problem Chapter 8.2.2.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

xwx + azwy + bywz = cw
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Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y,z], x] + a*z*D[w[x, y,z], y] + b*y*D[w[x,y,z],z]== c*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → xcc1

iy sinh(√a√b log(x))− i
√
az cosh

(√
a
√
b log(x)

)
√
b

, y cosh
(√

a
√
b log(x)

)
−

√
az sinh

(√
a
√
b log(x)

)
√
b




Maple 3� �
restart;
local gamma;
pde := x*diff(w(x,y,z),x)+ a*z*y*diff(w(x,y,z),y)+b*y*diff(w(x,y,z),z)= c*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1


z2a− 2by

a
, x e

2 arctanh

 z√
z2a−2by

a


a

√
z2a−2by

a

 e
−

2c arctanh


√
a2z2√

z2a−2by
a a


√
z2a−2by

a a

6.8.1.8 [1757] Problem 8

problem number 1757

Added June 27, 2019.

Problem Chapter 8.2.2.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

abxwx + b(ay + bz)wy + a(ay − bz)wz = cw

Mathematica 3� �
ClearAll["Global`*"];
pde = a*b*x*D[w[x, y,z], x] + b*(a*y+b*z)*D[w[x, y,z], y] + a*(a*y-b*z)*D[w[x,y,z],z]== c*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → x
c
ab c1

(
−
x
√
2((√2− 2

)
ay +

√
2bz
)

4a ,
x−

√
2((2 +√

2
)
ay +

√
2bz
)

4a

)}}
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Maple 3� �
restart;
local gamma;
pde := a*b*x*diff(w(x,y,z),x)+ b*(a*y+b*z)*diff(w(x,y,z),y)+a*(a*y-b*z)*diff(w(x,y,z),z)= c*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

− 1√
−a2y2 + 2abyz + b2z2

, x

−
(a3y3 − a2b y2z − 3a b2y z2 − b3z3)

√
− a2

a2y2−2abyz−b2z2
− a2y

√
−2a2y2 + 4abyz + 2b2z2

(−a2y2 + 2abyz + b2z2)3/2
√

− a2

a2y2−2abyz−b2z2

− a√
−2a2y2+4abyz+2b2z2

√
− a2
a2y2−2abyz−b2z2


−

(a3y3 − a2b y2z − 3a b2y z2 − b3z3)
√

− a2

a2y2−2abyz−b2z2
− a2y

√
−2a2y2 + 4abyz + 2b2z2

(−a2y2 + 2abyz + b2z2)3/2
√

− a2

a2y2−2abyz−b2z2


c√

−2a2y2+4abyz+2b2z2 b
√

− a2
a2y2−2abyz−b2z2

6.8.1.9 [1758] Problem 9

problem number 1758

Added June 27, 2019.

Problem Chapter 8.2.2.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

(a1x+ a0)wx + (b1y + b0)wy + (c1z + c0)wz = (αx+ βy + γz + δ)w

Mathematica 3� �
ClearAll["Global`*"];
pde = (a1*x+a0)*D[w[x, y,z], x] + (b1*y+b0)*D[w[x, y,z], y] +(c1*z+c0)*D[w[x,y,z],z]== (alpha*x+beta*y+gamma*z+delta)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → (a0 + a1x)−
a0αb1c1+a1b0βc1+a1b1c0γ−a1b1c1δ

a12b1c1 c1

(
(b0 + b1y)(a0 + a1x)−b1

a1

b1 ,
(c0 + c1z)(a0 + a1x)− c1

a1

c1

)
exp

(
αx

a1 + β(b0 + b1y)
b12

+ γ(c0 + c1z)
c12

)}}

Maple 3� �
restart;
local gamma;
pde := (a1*x+a0)*diff(w(x,y,z),x)+(b1*y+b0)*diff(w(x,y,z),y)+(c1*z+c0)*diff(w(x,y,z),z)= (alpha*x+beta*y+gamma*z+delta)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
(b1 y + b0) (a1 x+ a0)−

b1
a1

b1 ,
(c1 z + c0) (a1 x+ a0)−

c1
a1

c1

)
(a1x+ a0)

((− c0 γ+c1 δ) b1− b0 β c1) a1− a0α b1 c1
a12 b1 c1 e

αx
a1 +

β(b1 y+b0)
b12 + (c1 z+c0)γ

c12
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6.8.2 2.2

Local contents
6.8.2.1 [1759] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1708
6.8.2.2 [1760] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1709
6.8.2.3 [1761] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1709
6.8.2.4 [1762] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1710
6.8.2.5 [1763] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1711
6.8.2.6 [1764] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1711
6.8.2.7 [1765] Problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1712
6.8.2.8 [1766] Problem 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1712
6.8.2.9 [1767] Problem 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1713

6.8.2.1 [1759] Problem 1

problem number 1759

Added June 28, 2019.

Problem Chapter 8.2.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + cwz = (λx2 + βy2 + γz2 + δ)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*D[w[x,y,z],z]== (alpha*x^2+beta*y^2+gamma*z^2+delta)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y − bx

a
, z − cx

a

)
exp

(
1
3

(
αx3 + 3δx

a
+ βy3

b
+ γz3

c

))}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+b*diff(w(x,y,z),y)+c*diff(w(x,y,z),z)= (alpha*x^2+beta*y^2+gamma*z^2+delta)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ya− xb

a
,
za− xc

a

)
e


(
a2α+b2β+c2γ

)
x2

3 −x(bβy+cγz)a+a2
(
β y2+γ z2+δ

)x
a3
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6.8.2.2 [1760] Problem 2

problem number 1760

Added June 28, 2019.

Problem Chapter 8.2.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1x2 + a0)wy + (b1x2 + b0)wz = (λx+ βy + γz + δ)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a1*x^2+a0)*D[w[x, y,z], y] +(b1*x^2+b0)*D[w[x,y,z],z]== (alpha*x+beta*y+gamma*z+delta)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
−a0x− a1x3

3 + y,−b0x− b1x3
3 + z

)
exp

(
−1
4x
(
2a0βx+ a1βx3 − 2αx+ 2b0γx+ b1γx3 − 4βy − 4δ − 4γz

))}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+(a1*x^2+a0)*diff(w(x,y,z),y)+(b1*x^2+b0)*diff(w(x,y,z),z)= (alpha*x+beta*y+gamma*z+delta)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
−1
3 a1 x3 − a0x+ y,−1

3 b1 x3 − b0x+ z

)
e−

x
((

b1 x3+2 b0 x−4z
)
γ+
(
a1 x3+2 a0 x−4y

)
β−2αx−4δ

)
4

6.8.2.3 [1761] Problem 3

problem number 1761

Added June 28, 2019.

Problem Chapter 8.2.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (ay + k1x
2 + k0)wy + (bz + s1x

2 + s0)wz = (c1x2 + c0)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a*y+k1*x^2+k0)*D[w[x, y,z], y] +(b*z+s1*x^2+s0)*D[w[x,y,z],z]== (c1*x^2+c0)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �
{{

w(x, y, z) → ec0x+
c1x3
3 c1

(
e−ax(a3y + a2(k0 + k1x2) + 2ak1x+ 2k1)

a3
,
e−bx(b3z + b2(s0 + s1x2) + 2bs1x+ 2s1)

b3

)}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+(a*y+k1*x^2+k0)*diff(w(x,y,z),y)+(b*z+s1*x^2+s0)*diff(w(x,y,z),z)= (c1*x^2+c0)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
(y a3 + (k1 x2 + k0) a2 + 2k1 xa+ 2k1) e−ax

a3
,
(z b3 + (s1 x2 + s0) b2 + 2 s1 xb+ 2 s1) e−bx

b3

)
e
x
(
c1 x2+3 c0

)
3

6.8.2.4 [1762] Problem 4

problem number 1762

Added June 28, 2019.

Problem Chapter 8.2.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a2xy + a1x
2 + a0)wy + (b2xy + b1x

2 + b0)wz = (c2y + c1z + c0x+ s)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a1*x*y+a1*x^2+a0)*D[w[x, y,z], y] +(b2*x*y+b1*x^2+b0)*D[w[x,y,z],z]== (c2*x+c1*z+c0*x+s)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

w(x, y, z) → c1

a0b2x
a1 − b2y

a1 − b0x− b1x3
3 + b2x3

3 + z, e−
a1x2

2 (x+ y)−

√
π
2 (a0 + 1)erf

(√
a1x√
2

)
√
a1

 exp

2(a0 + 1)a1b2c1x2 2F2

(
1, 1; 32 , 2;

a1x2

2

)
+ a1x(2b2c1((a0− 1)x− 2y) + a1(−2b0c1x− b1c1x3 + b2c1x3 + 2c0x+ 4c1z + 2c2x+ 4s)) + 2b2c1e− a1x2

2 erfi
(√

a1x√
2

)(√
2π

√
a1(x+ y)− π(a0 + 1)e a1x2

2 erf
(√

a1x√
2

))
4a12




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+(a1*x*y+a1*x^2+a0)*diff(w(x,y,z),y)+(b2*x*y+b1*x^2+b0)*diff(w(x,y,z),z)= (c2*x+c1*z+c0*x+s)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

e− a1 x2
2

√
a1 (y + x)−

√
π
√
2 erf

(√
2
√
a1 x

2

)
(a0+1)

2√
a1

,
((− b1+b2)x3 − 3 b0 x+ 3z) a1+3 b2 (x a0−y)

3 a1

 e

∫ x
6 b2 c1

√
a1 (y+x)e

a1
(
_a2−x2

)
2 −3 b2 c1

√
2
√
π (a0+1)

(
erf
(√

2
√
a1 x

2

)
−erf

(√
2
√
a1_a
2

))
e
a1 _a2

2 +
(((

−2_a3+2x3
)
b2−2 b1 x3+2_a3 b1−6 b0 x+6_a b0+6z

)
c1+(6 c0+6 c2)_a+6s

)
a13/2 +6

√
a1 b2((− a0−1)_a+x a0−y) c1

d_a

6 a13/2
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6.8.2.5 [1763] Problem 5

problem number 1763

Added June 28, 2019.

Problem Chapter 8.2.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

axwx + bywy + czwz = x(λx+ βy + γz)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y,z], x] + b*y*D[w[x, y,z], y] +c*z*D[w[x,y,z],z]== x*(lambda*x+beta*y+gama*z)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
yx−

b
a , zx−

c
a

)
e
βxy
a+b+

gamaxz
a+c +λx2

2a

}}
Maple 3� �
restart;
local gamma;
pde := a*x*diff(w(x,y,z),x)+b*y*diff(w(x,y,z),y)+c*z*diff(w(x,y,z),z)= x*(lambda*x+beta*y+gama*z)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1
(
y x−

b
a , z x−

c
a

)
e
x
(
(2βy+2 gama z+λx)a2+(λ(b+c)x+2bz gama+2cyβ)a+bcλx

)
2a(a+b)(a+c)

6.8.2.6 [1764] Problem 6

problem number 1764

Added June 28, 2019.

Problem Chapter 8.2.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

ax2wx + bxywy + cxzwz = (λx+ βy + γz)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^2*D[w[x, y,z], x] + b*x*y*D[w[x, y,z], y] +c*x*z*D[w[x,y,z],z]== (lambda*x+beta*y+gama*z)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → x

λ
a e−

βy
a−b+

gamaz
a−c

x c1
(
yx−

b
a , zx−

c
a

)}}
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Maple 3� �
restart;
local gamma;
pde := a*x^2*diff(w(x,y,z),x)+b*x*y*diff(w(x,y,z),y)+c*x*z*diff(w(x,y,z),z)= (lambda*x+beta*y+gama*z)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1
(
y x−

b
a , z x−

c
a

)
x
λ
a e−

βy
a−b+

gama z
a−c

x

6.8.2.7 [1765] Problem 7

problem number 1765

Added June 28, 2019.

Problem Chapter 8.2.2.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

ax2wx + bxywy + cz2wz = ky2w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^2*D[w[x, y,z], x] + b*x*y*D[w[x, y,z], y] +c*z^2*D[w[x,y,z],z]== k*y^2*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → e−

ky2
ax−2bx c1

(
yx−

b
a ,

c

ax
− 1
z

)}}
Maple 3� �
restart;
local gamma;
pde := a*x^2*diff(w(x,y,z),x)+b*x*y*diff(w(x,y,z),y)+c*z^2*diff(w(x,y,z),z)= k*y^2*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
y x−

b
a ,
xa− zc

zax

)
e−

k y2
x(a−2b)

6.8.2.8 [1766] Problem 8

problem number 1766

Added June 28, 2019.

Problem Chapter 8.2.2.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

ax2wx + by2wy + cz2wz = kxyw
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^2*D[w[x, y,z], x] + b*y^2*D[w[x, y,z], y] +c*z^2*D[w[x,y,z],z]== k*x*y*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) →

(
ax

y

) kxy
ax−by

c1

(
b

ax
− 1
y
,
c

ax
− 1
z

)}}

Maple 3� �
restart;
local gamma;
pde := a*x^2*diff(w(x,y,z),x)+b*y^2*diff(w(x,y,z),y)+c*z^2*diff(w(x,y,z),z)= k*x*y*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ax− yb

yax
,
ax− zc

zax

)(
ax

y

) kxy
ax−yb

6.8.2.9 [1767] Problem 9

problem number 1767

Added June 28, 2019.

Problem Chapter 8.2.2.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

ax2wx + by2wy + cz2wz = (λx2 + βy2 + γz2)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^2*D[w[x, y,z], x] + b*y^2*D[w[x, y,z], y] +c*z^2*D[w[x,y,z],z]== (lambda*x^2+beta*y^2+gamma*z^2)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
b

ax
− 1
y
,
c

ax
− 1
z

)
exp

(
βy2

by − ax
+ γz2

cz − ax
+ λx

a

)}}
Maple 3� �
restart;
local gamma;
pde := a*x^2*diff(w(x,y,z),x)+b*y^2*diff(w(x,y,z),y)+c*z^2*diff(w(x,y,z),z)= (lambda*x^2+beta*y^2+gamma*z^2)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ax− yb

yax
,
ax− zc

zax

)
e
λx− γa z2

ax−zc−
βa y2
ax−yb

a



chapter 6. handbook of first order partial differential . . . 1714

6.8.3 2.3

Local contents
6.8.3.1 [1768] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1714
6.8.3.2 [1769] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1714
6.8.3.3 [1770] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1715
6.8.3.4 [1771] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1716
6.8.3.5 [1772] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1716

6.8.3.1 [1768] Problem 1

problem number 1768

Added July 1, 2019.

Problem Chapter 8.2.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + awy + bwz = xyzw

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] +b*D[w[x,y,z],z]== x*y*z*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x, y,z}], 60*10]];� �

{{
w(x, y, z) → exp

(
1
12x

2(ax(bx− 2z)− 2bxy + 6yz)
)
c1(y − ax, z − bx)

}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*diff(w(x,y,z),y)+b*diff(w(x,y,z),z)= x*y*z*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1(−ax+ y,−bx+ z) e
x2
(
ab x2−2axz−2bxy+6yz

)
12

6.8.3.2 [1769] Problem 2

problem number 1769

Added July 1, 2019.

Problem Chapter 8.2.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
awx + bwy + cwz = (kx3 + sy2)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*D[w[x,y,z],z]== (k*x^3+s*y^2)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(
x(3a2(kx3 + 4sy2)− 12absxy + 4b2sx2)

12a3

)
c1

(
y − bx

a
, z − cx

a

)}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+b*diff(w(x,y,z),y)+c*diff(w(x,y,z),z)= (k*x^3+s*y^2)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ya− bx

a
,
za− cx

a

)
e
x
(
3k x3a2+12a2s y2−12absxy+4b2s x2

)
12a3

6.8.3.3 [1770] Problem 3

problem number 1770

Added July 1, 2019.

Problem Chapter 8.2.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
awx + bywy + czwz = (kx+ s

√
x)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*y*D[w[x, y,z], y] +c*z*D[w[x,y,z],z]== (k*x+s*Sqrt[x])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

{{
w(x, y, z) → e

3kx2+4sx3/2
6a c1

(
ye−

bx
a , ze−

cx
a

)}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+b*y*diff(w(x,y,z),y)+c*z*diff(w(x,y,z),z)= (k*x+s*sqrt(x))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1
(
y e− bx

a , z e− cx
a

)
e 4s x3/2+3k x2

6a
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6.8.3.4 [1771] Problem 4

problem number 1771

Added July 1, 2019.

Problem Chapter 8.2.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + azwy + bywz = (c

√
x+ s)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + b*z*D[w[x, y,z], y] +b*y*D[w[x,y,z],z]== (c*Sqrt[x]+s)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → e
2
3 cx

3/2+sxc1

(
1
2e

−bx
(
y
(
−e2bx

)
+ ze2bx + y + z

)
,
1
2e

−bx
(
ye2bx − ze2bx + y + z

))}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+b*z*diff(w(x,y,z),y)+b*y*diff(w(x,y,z),z)= (c*sqrt(x)+s)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−y2 + z2,

xb− ln (y + z)
b

)
(y + z)

s
b e 2c x3/2

3

6.8.3.5 [1772] Problem 5

problem number 1772

Added July 1, 2019.

Problem Chapter 8.2.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
ax2wx + by2wy + cz2wz = kxyzw

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^2*D[w[x, y,z], x] + b*y^2*D[w[x, y,z], y] +c*z^2*D[w[x,y,z],z]== k*x*y*z*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1

(
b

ax
− 1
y
,
c

ax
− 1
z

)
exp

kxyz
(
by(ax− cz) log

(
ax
y

)
+ cz(by − ax) log

(
ax
z

))
(ax− by)(ax− cz)(by − cz)



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Maple 3� �
restart;
local gamma;
pde := a*x^2*diff(w(x,y,z),x)+b*y^2*diff(w(x,y,z),y)+c*z^2*diff(w(x,y,z),z)= k*x*y*z*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(ax
z

)− kc z2xy
(yb−zc)(ax−zc)

f1

(
ax− yb

yax
,
ax− zc

zax

)(
ax

y

) kb y2xz
(yb−zc)(ax−yb)

6.8.4 2.4
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6.8.4.1 [1773] Problem 1

problem number 1773

Added July 1, 2019.

Problem Chapter 8.2.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
awx + bwy + cwz = (λxn + βym + γzk)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] +c*D[w[x,y,z],z]== (lambda*x^n+beta*y^m+gamma*z^k)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
y − bx

a
, z − cx

a

)
exp

(
λxn+1

an+ a
+ βym+1

bm+ b
+ γzk+1

ck + c

)}}
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Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+b*diff(w(x,y,z),y)+c*diff(w(x,y,z),z)= (lambda*x^n+beta*y^m+gamma*z^k)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ya− bx

a
,
za− cx

a

)
e
β y1+m
b(1+m) +

γ z1+k
c(1+k)+

λx1+n
a(1+n)

6.8.4.2 [1774] Problem 2

problem number 1774

Added July 1, 2019.

Problem Chapter 8.2.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
awx + bywy + czwz = (λxn + βym + γzk)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*y*D[w[x, y,z], y] +c*z*D[w[x,y,z],z]== (lambda*x^n+beta*y^m+gamma*z^k)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
ye−

bx
a , ze−

cx
a

)
exp

(
λxn+1

an+ a
+ βym

bm
+ γzk

ck

)}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+b*y*diff(w(x,y,z),y)+c*z*diff(w(x,y,z),z)= (lambda*x^n+beta*y^m+gamma*z^k)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1
(
y e− bx

a , z e− cx
a

)
e
β ym

mb
+ γ zk

kc
+λx1+n
a(1+n)

6.8.4.3 [1775] Problem 3

problem number 1775

Added July 1, 2019.

Problem Chapter 8.2.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + azwy + bywz = cxnw
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*z*D[w[x, y,z], y] +b*y*D[w[x,y,z],z]== c*x^n*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → e

cxn+1
n+1 c1

e−√
a
√
bx
(√

by
(
e2

√
a
√
bx + 1

)
−
√
az
(
e2

√
a
√
bx − 1

))
2
√
b

,
e−

√
a
√
bx
(√

az
(
e2

√
a
√
bx + 1

)
−

√
by
(
e2

√
a
√
bx − 1

))
2
√
a




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*z*diff(w(x,y,z),y)+b*y*diff(w(x,y,z),z)= c*x^n*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

a z2 − y2b

a
,
x
√
ab− ln

(
aby+

√
a2z2

√
ab√

ab

)
√
ab

 e
c
∫ y



x
√
ab+ln

ab_a+
√
a
((

_a2−y2
)
b+a z2

)√
ab

√
ab

−ln
(
aby+

√
a2z2

√
ab√

ab

)
√
ab



n

√
a
((

_a2−y2
)
b+a z2

) d_a

6.8.4.4 [1776] Problem 4

problem number 1776

Added July 1, 2019.

Problem Chapter 8.2.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
axwx + bywy + czwz = (λxn + βym + γzk)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x, y,z], x] + b*y*D[w[x, y,z], y] +c*z*D[w[x,y,z],z]== (lambda*x^n+beta*y^m+gamma*z^k)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

{{
w(x, y, z) → c1

(
yx−

b
a , zx−

c
a

)
e
λxn

an
+βym

bm
+ γzk

ck

}}
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Maple 3� �
restart;
local gamma;
pde := a*x*diff(w(x,y,z),x)+b*y*diff(w(x,y,z),y)+c*z*diff(w(x,y,z),z)= (lambda*x^n+beta*y^m+gamma*z^k)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1
(
y x−

b
a , z x−

c
a

)
e
∫ x λ_an+β

(
y x

− b
a _a

b
a

)m
+γ
(
z x

− c
a _a

c
a

)k
_a d_a
a

6.8.4.5 [1777] Problem 5

problem number 1777

Added July 1, 2019.

Problem Chapter 8.2.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
xwx + azwy + bywz = cxnw

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y,z], x] + a*z*D[w[x, y,z], y] +b*y*D[w[x,y,z],z]== c*x^n*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → e

cxn

n c1

iy sinh(√a√b log(x))− i
√
az cosh

(√
a
√
b log(x)

)
√
b

, y cosh
(√

a
√
b log(x)

)
−

√
az sinh

(√
a
√
b log(x)

)
√
b




Maple 3� �
restart;
local gamma;
pde := x*diff(w(x,y,z),x)+a*z*diff(w(x,y,z),y)+b*y*diff(w(x,y,z),z)= c*x^n*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
a z2 − b y2

a
, x
(√

ab y + az
)−√

ab
ab

)
e
c
∫ y

x
(√

ab y+az
)−√

ab
ab

 b_aa+
√
a
((

_a2−y2
)
b+a z2

)√
ab

√
ab


1√
ab


n

√
a
((

_a2−y2
)
b+a z2

) d_a
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6.8.4.6 [1778] Problem 6

problem number 1778

Added July 1, 2019.

Problem Chapter 8.2.4.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

abxwx + b(ay + bz)wy + a(ay − bz)wz = cxnw

Mathematica 3� �
ClearAll["Global`*"];
pde = a*b*x*D[w[x, y,z], x] + b*(a*y+b*z)*D[w[x, y,z], y] +a*(a*y-b*z)*D[w[x,y,z],z]== c*x^n*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → e
cxn

abn c1

(
−
x
√
2((√2− 2

)
ay +

√
2bz
)

4a ,
x−

√
2((2 +√

2
)
ay +

√
2bz
)

4a

)}}

Maple 3� �
restart;
local gamma;
pde := a*b*x*diff(w(x,y,z),x)+b*(a*y+b*z)*diff(w(x,y,z),y)+a*(a*y-b*z)*diff(w(x,y,z),z)= c*x^n*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

− 1√
−a2y2 + 2azby + b2z2

, x

−
(a3y3 − a2b y2z − 3a b2y z2 − b3z3)

√
− a2

a2y2−2azby−b2z2
− a2y

√
−2a2y2 + 4azby + 2b2z2

(−a2y2 + 2azby + b2z2)3/2
√

− a2

a2y2−2azby−b2z2

− a√
−2a2y2+4azby+2b2z2

√
− a2
a2y2−2azby−b2z2

 e

c
∫ y


x

−

(
a3y3−a2b y2z−3a b2y z2−b3z3

)√
− a2
a2y2−2azby−b2z2

−a2y
√

−2a2y2+4azby+2b2z2(
−a2y2+2azby+b2z2

)3/2√
− a2
a2y2−2azby−b2z2


− a√

−2a2y2+4azby+2b2z2
√

− a2
a2y2−2azby−b2z2


√

− a2
a2y2−2azby−b2z2

(
a2y2−2azby−b2z2

)√√√√(
−2_a2+y2

)
a2−2azby−b2z2

a2y2−2azby−b2z2
−a2_a

√
2√

− a2
a2y2−2azby−b2z2

(
a2y2−2azby−b2z2

)


a√
−2a2y2+4azby+2b2z2

√
− a2
a2y2−2azby−b2z2



n

√√√√(
−2_a2+y2

)
a2−2azby−b2z2

a2y2−2azby−b2z2

d_a

√
−a2y2+2azby+b2z2 b

6.8.4.7 [1779] Problem 7

problem number 1779

Added July 1, 2019.

Problem Chapter 8.2.4.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + axnymwy + bxνyµzλwz = cxkw

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*x^n*y^m*D[w[x, y,z], y] +b*x^nu*y^mu*z^lambda*D[w[x,y,z],z]== c*x^k*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*x^n*y^m*diff(w(x,y,z),y)+b*x^nu*y^mu*z^lambda*diff(w(x,y,z),z)= c*x^k*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
(n+ 1) y1−m + xn+1(m− 1) a

n+ 1 ,_aνbx(λ− 1)
((

(n+ 1) y1−m + a(−_an+1 + xn+1) (m− 1)
n+ 1

)− 1
m−1
)µ

+ z1−λ

)
e
c xk+1
k+1

6.8.4.8 [1780] Problem 8

problem number 1780

Added July 1, 2019.

Problem Chapter 8.2.4.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xn1y + b1x
m1)wy + (a2xn2y + b2x

m2)wz = (c1xk2y + c1x
k1z)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a1*x^n1*y+b1*x^m1)*D[w[x, y,z], y] +(a2*x^n2*y+b2*x^m2)*D[w[x,y,z],z]== (c1*x^k2*y+c1*x^k1*z)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �


w(x, y, z) → e
∫ x
1

(−1)
−n2+1

n1+1 a1
−m1+n2+2

n1+1 c1e
− a1xn1+1

n1+1

(−1)
n2+1
n1+1 a1

m1+n2+2
n1+1 e

a1xn1+1
n1+1 zK[2]k1+(−1)

n2+1
n1+1 a1

m1+n2+2
n1+1 e

a1xn1+1
n1+1 n12zK[2]k1+2(−1)

n2+1
n1+1 a1

m1+n2+2
n1+1 e

a1xn1+1
n1+1 n1zK[2]k1+a1

m1+1
n1+1 a2(n1+1)

n2+1
n1+1 yΓ

(
n2+1
n1+1 ,−

a1xn1+1
n1+1

)
K[2]k1+a1

m1+1
n1+1 a2n1(n1+1)

n2+1
n1+1 yΓ

(
n2+1
n1+1 ,−

a1xn1+1
n1+1

)
K[2]k1−a1

m1+1
n1+1 a2(n1+1)

n2+1
n1+1 yΓ

(
n2+1
n1+1 ,−

a1K[2]n1+1
n1+1

)
K[2]k1−a1

m1+1
n1+1 a2n1(n1+1)

n2+1
n1+1 yΓ

(
n2+1
n1+1 ,−

a1K[2]n1+1
n1+1

)
K[2]k1−a2b1e

a1xn1+1
n1+1 (n1+1)

m1+n2+2
n1+1 Γ

(
m1+1
n1+1 ,

a1xn1+1
n1+1

)
Γ
(

n2+1
n1+1 ,−

a1K[2]n1+1
n1+1

)
K[2]k1+a2b1e

a1xn1+1
n1+1 (n1+1)

m1+n2+2
n1+1 Γ

(
m1+1
n1+1 ,

a1K[2]n1+1
n1+1

)
Γ
(

n2+1
n1+1 ,−

a1K[2]n1+1
n1+1

)
K[2]k1−(−1)

n2+1
n1+1 a1

m1+n2+2
n1+1 e

a1xn1+1
n1+1 (n1+1)2

∫ x
1

(−1)
−n2+1

n1+1 a1
−n2+1

n1+1 a2b1e
− a1K[1]n1+1

n1+1 (n1+1)
n2−n1
n1+1 Γ

(
n2+1
n1+1 ,−

a1K[1]n1+1
n1+1

)
K[1]m1+b2K[1]m2

dK[1]K[2]k1+(−1)
n2+1
n1+1 a1

m1+n2+2
n1+1 e

a1xn1+1
n1+1 (n1+1)2

∫K[2]
1

(−1)
−n2+1

n1+1 a1
−n2+1

n1+1 a2b1e
− a1K[1]n1+1

n1+1 (n1+1)
n2−n1
n1+1 Γ

(
n2+1
n1+1 ,−

a1K[1]n1+1
n1+1

)
K[1]m1+b2K[1]m2

dK[1]K[2]k1+(−1)
n2+1
n1+1 a1

m1+n2+2
n1+1 e

a1K[2]n1+1
n1+1 yK[2]k2+(−1)

n2+1
n1+1 a1

m1+n2+2
n1+1 e

a1K[2]n1+1
n1+1 n12yK[2]k2+2(−1)

n2+1
n1+1 a1

m1+n2+2
n1+1 e

a1K[2]n1+1
n1+1 n1yK[2]k2+(−1)

n2+1
n1+1 a1

n2+1
n1+1 b1e

a1
(
xn1+1+K[2]n1+1)

n1+1 (n1+1)
m1+1
n1+1 Γ

(
m1+1
n1+1 ,

a1xn1+1
n1+1

)
K[2]k2+(−1)

n2+1
n1+1 a1

n2+1
n1+1 b1e

a1
(
xn1+1+K[2]n1+1)

n1+1 n1(n1+1)
m1+1
n1+1 Γ

(
m1+1
n1+1 ,

a1xn1+1
n1+1

)
K[2]k2−(−1)

n2+1
n1+1 a1

n2+1
n1+1 b1e

a1
(
xn1+1+K[2]n1+1)

n1+1 (n1+1)
m1+1
n1+1 Γ

(
m1+1
n1+1 ,

a1K[2]n1+1
n1+1

)
K[2]k2−(−1)

n2+1
n1+1 a1

n2+1
n1+1 b1e

a1
(
xn1+1+K[2]n1+1)

n1+1 n1(n1+1)
m1+1
n1+1 Γ

(
m1+1
n1+1 ,

a1K[2]n1+1
n1+1

)
K[2]k2


(n1+1)2 dK[2]

c1

(
b1(n1 + 1)

m1−n1
n1+1 Γ

(
m1 + 1
n1 + 1 ,

a1xn1+1

n1 + 1

)
a1−

m1+1
n1+1 + e−

a1xn1+1
n1+1 y, (−1)−

n2+1
n1+1a2e−

a1xn1+1
n1+1 (n1 + 1)

n2−n1
n1+1 yΓ

(
n2 + 1
n1 + 1 ,−

a1xn1+1

n1 + 1

)
a1−

n2+1
n1+1 + z −

∫ x

1

(
(−1)−

n2+1
n1+1a1−

n2+1
n1+1a2b1e−

a1K[1]n1+1
n1+1 (n1 + 1)

n2−n1
n1+1 Γ

(
n2 + 1
n1 + 1 ,−

a1K[1]n1+1

n1 + 1

)
K[1]m1 + b2K[1]m2

)
dK[1]

)


Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+(a1*x^n1*y+b1*x^m1)*diff(w(x,y,z),y)+(a2*x^n2*y+b2*x^m2)*diff(w(x,y,z),z)= (c1*x^k2*y+c1*x^k1*z)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display
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6.8.4.9 [1781] Problem 9

problem number 1781

Added July 1, 2019.

Problem Chapter 8.2.4.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xn1y + b1x
m1)wy + (a2xn2z + b2x

m2)wz = (c1xk2y + c1x
k1z)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a1*x^n1*y+b1*x^m1)*D[w[x, y,z], y] +(a2*x^n2*z+b2*x^m2)*D[w[x,y,z],z]== (c1*x^k2*y+c1*x^k1*z)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1

(
b1(n1 + 1)

m1−n1
n1+1 a1−

m1+1
n1+1 Γ

(
m1 + 1
n1 + 1 ,

a1xn1+1

n1 + 1

)
+ ye−

a1xn1+1
n1+1 , b2(n2 + 1)

m2−n2
n2+1 a2−

m2+1
n2+1 Γ

(
m2 + 1
n2 + 1 ,

a2xn2+1

n2 + 1

)
+ ze−

a2xn2+1
n2+1

)
exp

∫ x

1

a2−
m2+1
n2+1 c1e

a2
(
K[1]n2+1−xn2+1)

n2+1

(
(n2 + 1)za2

m2+1
n2+1 + b2e

a2xn2+1
n2+1 (n2 + 1)

m2+1
n2+1 Γ

(
m2+1
n2+1 ,

a2xn2+1

n2+1

)
− b2e

a2xn2+1
n2+1 (n2 + 1)

m2+1
n2+1 Γ

(
m2+1
n2+1 ,

a2K[1]n2+1

n2+1

))
K[1]k1

n2 + 1 +
a1−

m1+1
n1+1 c1e

a1
(
K[1]n1+1−xn1+1)

n1+1

(
(n1 + 1)ya1

m1+1
n1+1 + b1e

a1xn1+1
n1+1 (n1 + 1)

m1+1
n1+1 Γ

(
m1+1
n1+1 ,

a1xn1+1

n1+1

)
− b1e

a1xn1+1
n1+1 (n1 + 1)

m1+1
n1+1 Γ

(
m1+1
n1+1 ,

a1K[1]n1+1

n1+1

))
K[1]k2

n1 + 1

 dK[1]





Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+(a1*x^n1*y+b1*x^m1)*diff(w(x,y,z),y)+(a2*x^n2*z+b2*x^m2)*diff(w(x,y,z),z)= (c1*x^k2*y+c1*x^k1*z)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.8.4.10 [1782] Problem 10

problem number 1782

Added July 1, 2019.

Problem Chapter 8.2.4.10, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xn1y + b1y
k)wy + (a2xn2z + b2z

m)wz = cxsw

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a1*x^n1*y+b1*y^k)*D[w[x, y,z], y] +(a2*x^n2*z+b2*z^m)*D[w[x,y,z],z]== c*x^s*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → e
cxs+1
s+1 c1

(
y1−ke

a1(k−1)xn1+1
n1+1 − b1(−1)−

1
n1+1 (n1 + 1)−

n1
n1+1a1−

1
n1+1 (k − 1)

n1
n1+1Γ

(
1

n1 + 1 ,−
a1(k − 1)xn1+1

n1 + 1

)
, z1−me

a2(m−1)xn2+1
n2+1 − b2(−1)−

1
n2+1 (n2 + 1)−

n2
n2+1a2−

1
n2+1 (m− 1)

n2
n2+1Γ

(
1

n2 + 1 ,−
a2(m− 1)xn2+1

n2 + 1

))}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+(a1*x^n1*y+b1*y^k)*diff(w(x,y,z),y)+(a2*x^n2*z+b2*z^m)*diff(w(x,y,z),z)= c*x^s*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1


(
−x a1 xn1(k−1)

n1+1

)− n1−2
2 n1+2

x− n1
(
−e

xn1x a1(k−1)
2 n1+2 b1 (n1+1) (n1+2)2WhittakerM

(
n1+2
2 n1+2 ,

2 n1+3
2 n1+2 ,−

x a1 xn1(k−1)
n1+1

)
+ (x a1 xn1(k − 1)− n1−2) b1 e

xn1x a1(k−1)
2 n1+2 (n1+1)2WhittakerM

(
− n1

2 n1+2 ,
2 n1+3
2 n1+2 ,−

x a1 xn1(k−1)
n1+1

)
+ 2y y−k

(
n1+3

2

)
(n1+2) xn1e

x a1 xn1(k−1)
n1+1

(
−x a1 xn1(k−1)

n1+1

) n1+2
2 n1+2 a1

)
a1 (2 n12+7n1+6) ,

(
−x a2 xn2(m−1)

n2+1

)− n2−2
2 n2+2

x−n2
(
−e

xn2x a2(m−1)
2 n2+2 b2 (n2+1) (n2+2)2WhittakerM

(
n2+2
2 n2+2 ,

2 n2+3
2 n2+2 ,−

x a2 xn2(m−1)
n2+1

)
+ (x a2 xn2(m− 1)− n2−2) b2 e

xn2x a2(m−1)
2 n2+2 (n2+1)2WhittakerM

(
− n2

2 n2+2 ,
2 n2+3
2 n2+2 ,−

x a2 xn2(m−1)
n2+1

)
+ 2z z−m

(
n2+3

2

)
(n2+2) xn2e

x a2 xn2(m−1)
n2+1

(
−x a2 xn2(m−1)

n2+1

) n2+2
2 n2+2 a2

)
a2 (2 n22+7n2+6)

 e
xc xs

s+1

6.8.4.11 [1783] Problem 11

problem number 1783

Added July 1, 2019.

Problem Chapter 8.2.4.11, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xn1y + b1y
k)wy + (a2yn2z + b2z

m)wz = (c1xs1 + c2y
s2 + c3z

s3)w

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a1*x^n1*y+b1*y^k)*D[w[x, y,z], y] +(a2*y^n2*z+b2*z^m)*D[w[x,y,z],z]== (c1*x^s1+c2*y^s2+c3*z^s3)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+(a1*x^n1*y+b1*y^k)*diff(w(x,y,z),y)+(a2*y^n2*z+b2*z^m)*diff(w(x,y,z),z)= (c1*x^s1+c2*y^s2+c3*z^s3)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.8.4.12 [1784] Problem 12

problem number 1784

Added July 1, 2019.

Problem Chapter 8.2.4.12, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
xwx + ywy + a

√
x2 + y2wz = bxnw
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Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y,z], x] + y*D[w[x, y,z], y] +a*Sqrt[x^2+y^2]*D[w[x,y,z],z]== b*x^n*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

{{
w(x, y, z) → e

bxn

n c1
(y
x
, z − a

√
x2 + y2

)}}
Maple 3� �
restart;
local gamma;
pde := x*diff(w(x,y,z),x)+y*diff(w(x,y,z),y)+a*sqrt(x^2+y^2)*diff(w(x,y,z),z)= b*x^n*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1
(y
x
,−a

√
x2 + y2 + z

)
e b x

n

n

6.8.4.13 [1785] Problem 13

problem number 1785

Added July 1, 2019.

Problem Chapter 8.2.4.13, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
xwx + ywy + (z − a

√
x2 + y2 + z2wz = bxnw

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x, y,z], x] + y*D[w[x, y,z], y] +(z-a*Sqrt[x^2+y^2+z^2])*D[w[x,y,z],z]== b*x^n*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

{{
w(x, y, z) → e

bxn

n c1

(
y

x
, log

(
zxa − x

√
x2a−2 (x2 + y2 + z2)

x

))}}

Maple 3� �
restart;
local gamma;
pde := x*diff(w(x,y,z),x)+y*diff(w(x,y,z),y)+(z-a*sqrt(x^2+y^2+z^2))*diff(w(x,y,z),z)= b*x^n*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1
(y
x
, xa−1

(
z +

√
x2 + y2 + z2

))
e b x

n

n
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6.8.5.1 [1786] Problem 1

problem number 1786

Added July 1, 2019.

Problem Chapter 8.3.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + aeλxwy + beβxwz = ceγxw

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Exp[lambda*x]*D[w[x, y,z], y] +b*Exp[beta*x]*D[w[x,y,z],z]== c*Exp[gamma*x]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

{{
w(x, y, z) → e

ceγx

γ c1

(
y − aeλx

λ
, z − beβx

β

)}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*exp(lambda*x)*diff(w(x,y,z),y)+b*exp(beta*x)*diff(w(x,y,z),z)= c*exp(gamma*x)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a eλx + yλ

λ
,
−b eβx + zβ

β

)
e
c eγx
γ

6.8.5.2 [1787] Problem 2

problem number 1787

Added July 1, 2019.

Problem Chapter 8.3.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + aeλxwy + beβxwz = (ceγy + seµz)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Exp[lambda*x]*D[w[x, y,z], y] +b*Exp[beta*x]*D[w[x,y,z],z]== (c*Exp[gamma*y]+s Exp[mu*z])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1

(
y − aeλx

λ
, z − beβx

β

)
exp

cExpIntegralEi
(

aeλxγ
λ

)
e
γ
(
y−aeλx

λ

)
λ

+
sExpIntegralEi

(
beβxµ

β

)
e
µ
(
z− beβx

β

)
β





Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*exp(lambda*x)*diff(w(x,y,z),y)+b*exp(beta*x)*diff(w(x,y,z),z)= (c*exp(gamma*y)+s*exp(mu*z))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a eλx + yλ

λ
,
zβ − b eβx

β

)
e−

c e−
γ
(
a eλx−yλ

)
λ Ei1

(
− γa eλx

λ

)
λ

−
s e

µ
(
zβ−b eβx

)
β Ei1

(
−µb eβx

β

)
β

6.8.5.3 [1788] Problem 3

problem number 1788

Added July 2, 2019.

Problem Chapter 8.3.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + aeλywy + beβywz = (ceγx + seµz)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Exp[lambda*y]*D[w[x, y,z], y] +b*Exp[beta*y]*D[w[x,y,z],z]== (c*Exp[gamma*x]+s Exp[mu*z])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �



w(x, y, z) → c1

−aλx+ e−λy

λ
,
b
(
e−λy

)1−β
λ

a(λ− β) + z

 exp


∫ x

1

e
γK[1]c+ exp

−

µ

bλ(x−K[1])
(
aλ(x−K[1]) + e−λy

)−β
λ + (β − λ)z +

be−λy
((

aλ(x−K[1])+e−λy
)−β

λ−
(
e−λy

)−β
λ

)
a


λ− β

 s

 dK[1]






Generates Solve::incnst: Inconsistent or redundant transcendental equation
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*exp(lambda*y)*diff(w(x,y,z),y)+b*exp(beta*y)*diff(w(x,y,z),z)= (c*exp(gamma*x)+s*exp(mu*z))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−aλx− e−λy

aλ
,
−
(
eλy
)β
λ e−λyb+ az(β − λ)
a (β − λ)

 e

∫ x
c eγ_a+s e

(e−λy+aλ(x−_a)
)
b

(
1

e−λy+aλ(x−_a)

)β
λ −

(
eλy

)β
λ e−λyb+az(β−λ)

µ
a(β−λ)

d_a

6.8.5.4 [1789] Problem 4

problem number 1789

Added July 2, 2019.

Problem Chapter 8.3.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (A1e
α1x +B1e

ν1x+λy)wy + (A2e
α2x +B2e

ν2x+βz)wz = keγzw

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (A1*Exp[alpha1*x] + B1*Exp[nu1*x+lambda*y])*D[w[x, y,z], y] + (A2*Exp[alpha2*x] + B2*Exp[nu2*x+beta*z])*D[w[x,y,z],z]== k*Exp[gamma*x]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+(A1*exp(alpha1*x) + B1*exp(nu1*x+lambda*y))*diff(w(x,y,z),y)+(A2*exp(alpha2*x) + B2*exp(nu2*x+beta*z))*diff(w(x,y,z),z)= k*exp(gamma*x)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−e
λ
(
A1 eα 1 x−α 1 y

)
α 1 − B1

∫
eλA1 eα 1 x+ν 1 xα 1

α 1 dxλ

λ
,
−e

β
(
A2 eα 2 x−α 2 z

)
α 2 − B2

∫
eβA2 eα 2 x+ν 2 xα 2

α 2 dxβ

β

 e
k eγx
γ
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6.8.5.5 [1790] Problem 5

problem number 1790

Added July 2, 2019.

Problem Chapter 8.3.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
aeαxwx + beβywy + ceγzwz = keλxw

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Exp[alpha*x]*D[w[x, y,z], x] + b*Exp[beta*y]*D[w[x, y,z], y] + c*Exp[gamma*z]*D[w[x,y,z],z]== k*Exp[lambda*x]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

{{
w(x, y, z) → e

kex(λ−α)
a(λ−α) c1

(
be−αx

aα
− e−βy

β
,
ce−αx

aα
− e−γz

γ

)}}
Maple 3� �
restart;
local gamma;
pde := a*exp(alpha*x)*diff(w(x,y,z),x)+b*exp(beta*y)*diff(w(x,y,z),y)+c*exp(gamma*z)*diff(w(x,y,z),z)= k*exp(lambda*x)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−e−βyaα + e−αxβb

αbβ
,
−e−γzaα + e−αxγc

αcγ

)
e−

k ex(−α+λ)
(α−λ)a

6.8.5.6 [1791] Problem 6

problem number 1791

Added July 2, 2019.

Problem Chapter 8.3.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
aeβywx + beαxwy + ceγzwz = keλxw

Mathematica 7� �
ClearAll["Global`*"];
pde = a*Exp[beta*y]*D[w[x, y,z], x] + b*Exp[alpha*x]*D[w[x, y,z], y] + c*Exp[gamma*z]*D[w[x,y,z],z]== k*Exp[lambda*x]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := a*exp(beta*y)*diff(w(x,y,z),x)+b*exp(alpha*x)*diff(w(x,y,z),y)+c*exp(gamma*z)*diff(w(x,y,z),z)= k*exp(lambda*x)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

eβyaα− eαxβb
αβb

,−
b
(
− ln

(
eβyaα
βb

)
cγ + e−γz

(
eβyaα− eαxβb

)
+ αcγx

)
β

(eβyaα− eαxβb)αcγ

 ekα
∫ x eλ_a

eα_aβb+eβyaα−eαxβb
d_a

6.8.5.7 [1792] Problem 7

problem number 1792

Added July 2, 2019.

Problem Chapter 8.3.1.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

(a1 + a2e
αx)wx + (b1 + b2e

βy)wy + (c1 + c2e
γz)wz = (k1 + k2e

αx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = (a1+a2*Exp[alpha*x])*D[w[x, y,z], x] + (b1+b2*Exp[beta*y])*D[w[x, y,z], y] + (c1+c2*Exp[gamma*z])*D[w[x,y,z],z]== (k1+k2*Exp[alpha*x])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → (eαx)

k1
a1α (a1α(a1 + a2eαx))

a1k2−a2k1
a1a2α c1

−
log
(
b1β

(
b1 + b2eβy

)
e

b1βx
a1 −βy(a1α(a1 + a2eαx))−

b1β
a1α

)
b1β ,−

log
(
c1γ(c1 + c2eγz) e c1γx

a1 −γz(a1α(a1 + a2eαx))−
c1γ
a1α

)
c1γ




Maple 3� �
restart;
local gamma;
pde := (a1+a2*exp(alpha*x))*diff(w(x,y,z),x)+(b1+b2*exp(beta*y))*diff(w(x,y,z),y)+(c1+c2*exp(gamma*z))*diff(w(x,y,z),z)= (k1+k2*exp(alpha*x))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = (a1+a2 eαx)
a1 k2− a2 k1
α a1 a2 f1



−xβ b1+ ln

 (a1+a2 eαx)
β b1
α a1

− b1+RootOf

yα a1β−α a1 ln

 (
a1+ a2 eαx

)β b1
α a1 (− b1+_Z)
b2

+ln(a1+a2 eαx)β b1


b2RootOf

(
yα a1β−α a1 ln

(
(a1+ a2 eαx)

β b1
α a1 (− b1+_Z)
b2

)
+ln(a1+a2 eαx)β b1

)
 a1

a1 b1 β ,

−γ c1x+ ln

 (a1+a2 eαx)
γ c1
α a1

(
− c1+RootOf

(
zα a1 γ−α a1 ln

( (
a1+ a2 eαx

) γ c1
α a1 (− c1+_Z)
c2

)
+γ c1 ln(a1+a2 eαx)

))

c2RootOf
(
zα a1 γ−α a1 ln

(
(a1+ a2 eαx)

γ c1
α a1 (− c1+_Z)
c2

)
+γ c1 ln(a1+a2 eαx)

)
 a1

a1 c1 γ


(eαx)

k1
α a1
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6.8.5.8 [1793] Problem 8

problem number 1793

Added July 2, 2019.

Problem Chapter 8.3.1.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

eβy(a1 + a2e
αx)wx + eαx(b1 + b2e

βy)wy + ceβy+γzwz = k3e
βy(k1 + k2e

αx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = Exp[beta*y]*(a1+a2*Exp[alpha*x])*D[w[x, y,z], x] + Exp[alpha*x]*(b1+b2*Exp[beta*y])*D[w[x, y,z], y] + c*Exp[beta*y+gamma*z]*D[w[x,y,z],z]== k3*Exp[beta*y]*(k1+k2*Exp[alpha*x])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(
k3((a1k2− a2k1) log (a1α(a1 + a2eαx)) + a2k1 log (eαx))

a1a2α

)
c1

(
c log (a1α(a1 + a2eαx))

a1α − cx

a1 − e−γz

γ
,
log
(
b1 + b2eβy

)
b2β − log (a1 + a2eαx)

a2α

)}}

Maple 3� �
restart;
local gamma;
pde := exp(beta*y)*(a1+a2*exp(alpha*x))*diff(w(x,y,z),x)+exp(alpha*x)*(b1+b2*exp(beta*y))*diff(w(x,y,z),y)+c*exp(beta*y+gamma*z)*diff(w(x,y,z),z)= k3*exp(beta*y)*(k1+k2*exp(alpha*x))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = (a1+a2 eαx)
k3(a1 k2− a2 k1)

α a1 a2 (eαx)
k3 k1
α a1 f1



−xβ b2+ ln


RootOf

yα a2β+αxβ b2−α a2 ln

b1
(
a2+e−αx a1

)−β b2
α a2

− b2+_Z

−ln(a1+a2 eαx) b2β

b1
(
a2+e−αx a1

)−β b2
α a2

−b2+RootOf

yα a2β+αxβ b2−α a2 ln

b1
(
a2+e−αx a1

)−β b2
α a2

− b2+_Z

−ln(a1+a2 eαx) b2β



 a2

a2 b2 β ,
cγ(ln (a1+ a2 eαx)− αx)− e−γzα a1

a1αcγ



6.8.6 3.2
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6.8.6.1 [1794] Problem 1

problem number 1794

Added July 2, 2019.

Problem Chapter 8.3.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + axnwy + bxmwz = (ceλxy + keβxz + seγx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*x^n*D[w[x, y,z], y] + b*x^m*D[w[x,y,z],z]== (c*Exp[lambda*x]*y+k*Exp[beta*x]*z+s*Exp[gamma*x])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
−axn+1 + ny + y

n+ 1 ,
−bxm+1 +mz + z

m+ 1

)
exp

(
−acx

n(−λx)−nΓ(n+ 2,−λx)
λ2(n+ 1) + ceλx(−axn+1 + ny + y)

λ(n+ 1) − bkxm(−βx)−mΓ(m+ 2,−βx)
β2(m+ 1) + keβx(−bxm+1 +mz + z)

β(m+ 1) + seγx

γ

)}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*x^n*diff(w(x,y,z),y)+c*x^m*diff(w(x,y,z),z)= (c*exp(lambda*x)*y+k*exp(beta*x)*z+s*exp(gamma*x))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a xn+1 + y(n+ 1)

n+ 1 ,
−xm+1c+ z(m+ 1)

m+ 1

)
e
a β2γ xnc(n+1)(m+1)(−nΓ(n,−λx)+Γ(n+1))(−λx)−n+γ xmλ2ck(n+1)(m+1)(−mΓ(m,−βx)+Γ(m+1))(−βx)−m+βγ λ2ck(n+1)xm+1−

(
−xn+1a β2cγλ+(n+1)

(
β2γc

(
a xn−λy

)
eλx+

(
−γλk

(
βz−c xm

)
eβx+

(
−βλs eγx+(βcy+kλz)γ+βλs

)
β
)
λ
))

(m+1)

(n+1)(m+1)β2λ2γ

6.8.6.2 [1795] Problem 2

problem number 1795

Added July 2, 2019.

Problem Chapter 8.3.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + aeλxwy + bxmwz = (cxny + keβxz + seγx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Exp[lambda*x]*D[w[x, y,z], y] + b*x^m*D[w[x,y,z],z]== (c*x^n*y+k*Exp[beta*x]*z+s*Exp[gamma*x])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y − aeλx

λ
,
−bxm+1 +mz + z

m+ 1

)
exp

(
acxn(−λx)−nΓ(n+ 1,−λx)

λ2
+
cxn+1(λy − aeλx

)
λ(n+ 1) − bkxm(−βx)−mΓ(m+ 2,−βx)

β2(m+ 1) + keβx(−bxm+1 +mz + z)
β(m+ 1) + seγx

γ

)}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*exp(lambda*x)*diff(w(x,y,z),y)+b*x^m*diff(w(x,y,z),z)= (c*x^n*y+k*exp(beta*x)*z+s*exp(gamma*x))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a eλx + yλ

λ
,
−b xm+1 + z(m+ 1)

m+ 1

)
e
∫ x(_am+1eβ_abkλ−eβ_axm+1bkλ−(m+1)

(
−eβ_akλz−_aneλ_aac−s eγ_aλ+_an

(
a eλx−yλ

)
c
))
d_a

λ(m+1)

6.8.6.3 [1796] Problem 3

problem number 1796

Added July 2, 2019.

Problem Chapter 8.3.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + aeλxwy + bywz = (keβxz + seγx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Exp[lambda*x]*D[w[x, y,z], y] + b*y*D[w[x,y,z],z]== (k*Exp[beta*x]*z+s*Exp[gamma*x])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y − aeλx

λ
,
abeλx(λx− 1)

λ2
− bxy + z

)
exp

(
abkex(β+λ)

β2(β + λ) + keβx(βz − by)
β2 + seγx

γ

)}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*exp(lambda*x)*diff(w(x,y,z),y)+b*y*diff(w(x,y,z),z)= (k*exp(beta*x)*z+s*exp(gamma*x))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a eλx + yλ

λ
,
ab(λx− 1) eλx − λ2(bxy − z)

λ2

)
e
abγk ex(β+λ)−(β+λ)

(
kγ(by−βz)eβx−eγxs β2

)
γ β2(β+λ)
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6.8.6.4 [1797] Problem 4

problem number 1797

Added July 2, 2019.

Problem Chapter 8.3.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + aynwy + bzmwz = (ceλx + keβy + seγz)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*y^n*D[w[x, y,z], y] + b*z^m*D[w[x,y,z],z]== (c*Exp[lambda*x]+k*Exp[beta*y]+s*Exp[gamma*z])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �


w(x, y, z) → c1

−ax−

(
1
y

)n−1

n− 1 ,−bx−
(1
z

)m−1

m− 1

 exp


k

((
1
y

)n−1
) n

n−1
(
−β
((

1
y

)n−1
) 1

1−n
)n

Γ
(
1− n,−β

((
1
y

)n−1
) 1

1−n
)

aβ
+
s
((1

z

)m−1
) m
m−1

(
−γ
((1

z

)m−1
) 1

1−m
)m

Γ
(
1−m,−γ

((1
z

)m−1
) 1

1−m
)

bγ
+ ceλx

λ





Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*y^n*diff(w(x,y,z),y)+b*z^m*diff(w(x,y,z),z)= (c*exp(lambda*x)+k*exp(beta*y)+s*exp(gamma*z))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1
(
y1−n + (n− 1)xa, z1−m + (m− 1)xb

)
e
∫ xc eλ_a+k eβ

(
y1−n+((1−n)_a+xn−x)a

)− 1
n−1

+s eγ
(
z1−m+((1−m)_a+xm−x)b

)− 1
m−1

d_a

6.8.6.5 [1798] Problem 5

problem number 1798

Added July 2, 2019.

Problem Chapter 8.3.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + aeβywy + bzmwz = (ceλx + kyn + seγz)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Exp[beta*y]*D[w[x, y,z], y] + b*z^m*D[w[x,y,z],z]== (c*Exp[lambda*x]+k*y^n+s*Exp[gamma*z])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1

(
−aβx+ e−βy

β
,−bx−

(1
z

)m−1

m− 1

)
exp

−
k
(
− log

(
e−βy

))−n
(
− log

(
e−βy

)
β

)n
Γ
(
n+ 1,− log

(
e−βy

))
aβ

+
s
((1

z

)m−1
) m
m−1

(
−γ
((1

z

)m−1
) 1

1−m
)m

Γ
(
1−m,−γ

((1
z

)m−1
) 1

1−m
)

bγ
+ ceλx

λ





Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*exp(beta*y)*diff(w(x,y,z),y)+b*z^m*diff(w(x,y,z),z)= (c*exp(lambda*x)+k*y^n+s*exp(gamma*z))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−e−βy − aβx

aβ
, z1−m + x(m− 1) b

)
e
∫ xc eλ_a+k

 ln
(

1
e−βy+(x−_a)aβ

)
β

n+s eγ
(
z1−m+((1−m)_a+xm−x)b

)− 1
m−1

d_a

6.8.6.6 [1799] Problem 6

problem number 1799

Added July 2, 2019.

Problem Chapter 8.3.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (y2 + by + aeαy(y − b)− b2)wy + (z2 + c(xz − 1)eβx)wz = keλxw

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (y^2+ b*y+ a*Exp[alpha*y]*(y-b)-b^2)*D[w[x, y,z], y] + (z^2+c*(x*z-1)*Exp[beta*x])*D[w[x,y,z],z]== k*Exp[lambda*x]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+(y^2+ b*y+ a*exp(alpha*y)*(y-b)-b^2)*diff(w(x,y,z),y)+(z^2+c*(x*z-1)*exp(beta*x))*diff(w(x,y,z),z)= k*exp(lambda*x)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z),'build')),output='realtime'));� �
w(x, y, z) = c1e

_c2
∫ 1
a(b−y)eαy+b2−by−y2 dyf10(x, z)where

[{(
z2 + c(xz − 1) eβx

)( ∂

∂z
f10(x, z)

)
− k eλxf10(x, z)− _c2f10(x, z) +

∂

∂x
f10(x, z) = 0

}]
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6.8.6.7 [1800] Problem 7

problem number 1800

Added July 2, 2019.

Problem Chapter 8.3.2.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (y2 + aeαx(x+ 1))wy + (ceβxz2 + be−βx)wz = keλxw

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (y^2+ a*Exp[alpha*x]*(x+1))*D[w[x, y,z], y] + (c*Exp[beta*x]*z^2+b*Exp[-beta*x])*D[w[x,y,z],z]== k*Exp[lambda*x]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+(y^2+ a*exp(alpha*x)*(x+1))*diff(w(x,y,z),y)+(c*exp(beta*x)*z^2+b*exp(-beta*x))*diff(w(x,y,z),z)= k*exp(lambda*x)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.8.6.8 [1801] Problem 8

problem number 1801

Added July 2, 2019.

Problem Chapter 8.3.2.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (aeαxy2 + be−αx)wy + (deβxz2 + ceγx(γ − cde(β+γ)x))wz = keλxw

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a*Exp[alpha*x]*y^2+b*Exp[-alpha*x])*D[w[x, y,z], y] + (d*Exp[beta*x]*z^2 + c*Exp[gamma*x]*(gamma-c*d*Exp[(beta+gamma)*x]))*D[w[x,y,z],z]== k*Exp[lambda*x]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+(a*exp(alpha*x)*y^2+b*exp(-alpha*x))*diff(w(x,y,z),y)+(d*exp(beta*x)*z^2 + c*exp(gamma*x)*(gamma-c*d*exp((beta+gamma)*x)))*diff(w(x,y,z),z)= k*exp(lambda*x)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display
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6.8.6.9 [1802] Problem 9

problem number 1802

Added July 2, 2019.

Problem Chapter 8.3.2.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1eλ1xy + b1e
β1xyk)wy + (a2eλ2xz + b2e

β2xzm)wz = cxsw

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a1*Exp[lambda1*x]*y+b1*Exp[beta1*x]*y^k)*D[w[x, y,z], y] + (a2*Exp[lambda2*x]*z+b2*Exp[beta2*x]*z^m)*D[w[x,y,z],z]== c*x^s*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → e
cxs+1
s+1 c1

(
(k − 1)

∫ x

1
b1e

a1elambda1K[1](k−1)
lambda1 +beta1K[1]dK[1] + y1−ke

a1(k−1)elambda1x
lambda1 , (m− 1)

∫ x

1
b2e

a2elambda2K[2](m−1)
lambda2 +beta2K[2]dK[2] + z1−me

a2(m−1)elambda2x
lambda2

)}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+(a1*exp(lambda1*x)*y+b1*exp(beta1*x)*y^k)*diff(w(x,y,z),y)+(a2*exp(lambda2*x)*z+b2*exp(beta2*x)*z^m)*diff(w(x,y,z),z)= c*x^s*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
b1 (k − 1)

∫
e

a1 eλ 1 x(k−1)+β 1 xλ 1
λ 1 dx+ y1−ke

a1 eλ 1 x(k−1)
λ 1 , b2 (m− 1)

∫
e

a2 eλ 2 x(m−1)+β 2 xλ 2
λ 2 dx+ z1−me

a2 eλ 2 x(m−1)
λ 2

)
e
c xs+1
s+1

6.8.6.10 [1803] Problem 10

problem number 1803

Added July 2, 2019.

Problem Chapter 8.3.2.10, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1eβ1xy + b1e
γ1xyk)wy + (a2eβ2x + b2e

γ2x+λ2z)wz = cxsw

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a1*Exp[beta1*x]*y+b1*Exp[gamma1*x]*y^k)*D[w[x, y,z], y] + (a2*Exp[beta2*x]+b2*Exp[gamma2*x+lambda2*z])*D[w[x,y,z],z]== c*x^s*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+(a1*exp(beta1*x)*y+b1*exp(gamma1*x)*y^k)*diff(w(x,y,z),y)+ (a2*exp(beta2*x)+b2*exp(gamma2*x+lambda2*z))*diff(w(x,y,z),z)= c*x^s*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

b1 (k − 1)
∫

e
a1 eβ 1 x(k−1)+γ 1 xβ 1

β 1 dx+ y1−ke
a1 eβ 1 x(k−1)

β 1 ,
−e

λ 2
(
a2 eβ 2 x−β 2 z

)
β 2 − b2

∫
e
λ 2 a2 eβ 2 x+γ 2 xβ 2

β 2 dxλ 2
λ 2

 e
c xs+1
s+1

6.8.6.11 [1804] Problem 11

problem number 1804

Added July 2, 2019.

Problem Chapter 8.3.2.11, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xn + b1x
meλy)wy + (a2xk + b2x

reβz)wz = cxsw

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + (a1*x^n+b1*x^m*Exp[lambda*y] )*D[w[x, y,z], y] + (a2*x^k+b2*x^r*Exp[beta*z])*D[w[x,y,z],z]== c*x^s*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → e

cxs+1
s+1 c1

(n+ 1)e−
λ
(
−a1xn+1+ny+y

)
n+1 − b1λxm+1

(
−a1λxn+1

n+1

)−m+1
n+1 Γ

(
m+1
n+1 ,−

a1λxn+1

n+1

)
a1b1λ2(n+ 1)(m− n) ,

b2βxr+1
(
−a2βxk+1

k+1

)− r+1
k+1 Γ

(
r+1
k+1 ,−

a2βxk+1

k+1

)
− (k + 1)e−

β
(
−a2xk+1+kz+z

)
k+1

a2b2β2(k + 1)(k − r)





Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+(a1*x^n+b1*x^m*exp(lambda*y) )*diff(w(x,y,z),y)+ (a2*x^k+b2*x^r*exp(beta*z))*diff(w(x,y,z),z)= c*x^s*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−
x−n
(
−xλ a1 xn

n+1

)−m−n−2
2n+2

(
−e

xλ a1 xn
2n+2 b1 xm(n+ 1)2 (−xλ a1 xn +m+ n+ 2)WhittakerM

(
m−n
2n+2 ,

m+2n+3
2n+2 ,−xλ a1 xn

n+1

)
+
(
−e

xλ a1 xn
2n+2 b1 xm(n+ 1) (m+ n+ 2)WhittakerM

(
m+n+2
2n+2 ,

m+2n+3
2n+2 ,−xλ a1 xn

n+1

)
+ e−

(
− a1 x xn+y(n+1)

)
λ

n+1 a1 xn
(
−xλ a1 xn

n+1

)m+n+2
2n+2 (m+ 1) (m+ 2n+ 3)

)
(m+ n+ 2)

)
a1λ (m+ 1) (m+ 2n+ 3) (m+ n+ 2) ,

(
e
xβ a2 xk
2k+2 b2 xr(k + 1)2

(
−xβ a2 xk + k + r + 2

)
WhittakerM

(
−k+r
2k+2 ,

2k+r+3
2k+2 ,−xβ a2 xk

k+1

)
+ (k + r + 2)

(
e
xβ a2 xk
2k+2 b2 xr(k + 1) (k + r + 2)WhittakerM

(
k+r+2
2k+2 ,

2k+r+3
2k+2 ,−xβ a2 xk

k+1

)
− 2(r + 1)

(
−xβ a2 xk

k+1

) k+r+2
2k+2 a2

(
k + r

2 +
3
2

)
e−

(
− a2 x xk+z(k+1)

)
β

k+1 xk
))

x−k
(
−xβ a2 xk

k+1

)−k−r−2
2k+2

a2 β (r + 1) (k + r + 2) (2k + r + 3)

 e
c xsx
s+1
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6.8.7 4.1

Local contents
6.8.7.1 [1805] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1739
6.8.7.2 [1806] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1739
6.8.7.3 [1807] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1740
6.8.7.4 [1808] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1741
6.8.7.5 [1809] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1741

6.8.7.1 [1805] Problem 1

problem number 1805

Added Oct 10, 2019.

Problem Chapter 8.4.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + awy + bwz = c sinhn(βx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + b*D[w[x,y,z],z]== c*Sinh[beta*x]^n*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1(y − ax, z − bx) exp

c
√
cosh2(βx)sech(βx) sinhn+1(βx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 ,− sinh2(βx)
)

βn+ β




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)= c*sinh(beta*x)^n*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1(−ax+ y,−bx+ z) ec
∫
sinh(βx)ndx

6.8.7.2 [1806] Problem 2

problem number 1806

Added Oct 10, 2019.

Problem Chapter 8.4.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c sinh(λx)wz = (k sinh(βx) + s sinh(γz))w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*Sinh[lambda*x]*D[w[x,y,z],z]== (k*Sinh[beta*x]+s*Sinh[gamma*z])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1

(
y − bx

a
, z − c cosh(λx)

aλ

)
exp

∫ x

1

s sinh
(

γ(aλz−c cosh(λx)+c cosh(λK[1]))
aλ

)
+ k sinh(βK[1])

a
dK[1]




Maple 3� �
restart;
local gamma;
pde := a*diff(w(x, y,z), x) + b*diff(w(x, y,z), y) + c*sinh(lambda*x)*diff(w(x,y,z),z)= (k*sinh(beta*x)+s*sinh(gamma*z))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ya− bx

a
,
zaλ− c cosh (λx)

aλ

)
e
∫ x(k sinh(β_a)+s sinh

(
γ(zaλ−c cosh(λx)+c cosh(λ_a))

aλ

))
d_a

a

6.8.7.3 [1807] Problem 3

problem number 1807

Added Oct 10, 2019.

Problem Chapter 8.4.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a sinhn(βx)wy + b sinhk(λx)wz = c sinhm(γx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Sinh[beta*x]^n*D[w[x, y,z], y] + b*Sinh[lambda*x]^k*D[w[x,y,z],z]== c*Sinh[gamma*x]^m *w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → exp

c
√

cosh2(γx)sech(γx) sinhm+1(γx)Hypergeometric2F1
(1
2 ,

m+1
2 , m+3

2 ,− sinh2(γx)
)

γm+ γ

 c1

y − a
√

cosh2(βx)sech(βx) sinhn+1(βx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 ,− sinh2(βx)
)

βn+ β
, z −

b
√
cosh2(λx)sech(λx) sinhk+1(λx)Hypergeometric2F1

(1
2 ,

k+1
2 , k+3

2 ,− sinh2(λx)
)

kλ+ λ




Maple 3� �
restart;
local gamma;
pde := diff(w(x, y,z), x) + a*sinh(beta*x)^n*diff(w(x, y,z), y) + b*sinh(lambda*x)^k*diff(w(x,y,z),z)= c*sinh(gamma*x)^m *w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

sinh (βx)n dx+ y,−b
∫

sinh (λx)k dx+ z

)
ec
∫
sinh(γx)mdx
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6.8.7.4 [1808] Problem 4

problem number 1808

Added Oct 10, 2019.

Problem Chapter 8.4.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b sinh(βy)wy + c sinh(λx)wz = k sinh(γz)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Sinh[beta*y]*D[w[x, y,z], y] + c*Sinh[lambda*x]*D[w[x,y,z],z]== k*Sinh[gamma*z] *w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
w(x, y, z) → c1

(
−bx
a

− arctanh(cosh(βy))
β

, z − c cosh(λx)
aλ

)
exp

∫ x

1

k sinh
(

γ(aλz−c cosh(λx)+c cosh(λK[1]))
aλ

)
a

dK[1]

w(x, y, z) → c1

(
−bx
a

− arctanh(cosh(βy))
β

, z − c cosh(λx)
aλ

)
exp

∫ x

1

k sinh
(

γ(aλz−c cosh(λx)+c cosh(λK[2]))
aλ

)
a

dK[2]


Maple 3� �
restart;
local gamma;
pde := a*diff(w(x, y,z), x) + b*sinh(beta*y)*diff(w(x, y,z), y) + c*sinh(lambda*x)*diff(w(x,y,z),z)= k*sinh(gamma*z) *w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−xbβ − 2 arctanh

(
eβy
)
a

bβ
,
zaλ− c cosh (λx)

aλ

)
e
k
∫ x sinh

(
γ(zaλ−c cosh(λx)+c cosh(λ_a))

aλ

)
d_a

a

6.8.7.5 [1809] Problem 5

problem number 1809

Added Oct 10, 2019.

Problem Chapter 8.4.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 sinhn1(λ1x)wx+b1 sinhm1(β1y)wy+c1 sinhk1(γ1z)wz =
(
a2 sinhn2(λ2x)wx + b2 sinhm2(β2y)wy + c2 sinhk2(γ2z)

)
w

Mathematica 7� �
ClearAll["Global`*"];
pde = a1*Sinh[lambda1*x]^n1*D[w[x, y,z], x] + b1*Sinh[beta1*y]^m1*D[w[x, y,z], y] + c1*Sinh[gamma1*x]^k1*D[w[x, y,z], z]== (a2*Sinh[lambda2*x]^n2+b2*Sinh[beta2*y]^m2+c2*Sinh[gamma2*x]^k2) *w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := a1*sinh(lambda1*x)^n1*diff(w(x, y,z), x) + b1*sinh(beta1*y)^m1*diff(w(x, y,z), y) + c1*sinh(gamma1*x)^k1*diff(w(x,y,z),z)= ( a2*sinh(lambda2*x)^n2+b2*sinh(beta2*y)^m2+c2*sinh(gamma2*x)^k2) *w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
∫

sinh (λ 1x)− n1 dx+ a1
∫
sinh (β 1 y)−m1 dy

b1 ,−
c1
∫
sinh (γ 1x)k1 sinh (λ 1x)− n1 dx

a1 + z

)
e
∫ x(a2 sinh(λ 2_f)n2+b2 sinh

(
β 2RootOf

(∫
sinh(λ 1_f)− n1d_f b1+ a1

∫
sinh(β 1 y)−m1dy−

∫
sinh(λ 1 x)− n1dx b1− a1

∫_Z sinh(β 1_a)−m1d_a
))m2

+c2 sinh(γ 2_f)k2
)

sinh(λ 1_f)− n1d_f

a1

6.8.8 4.2

Local contents
6.8.8.1 [1810] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1742
6.8.8.2 [1811] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1743
6.8.8.3 [1812] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1743
6.8.8.4 [1813] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1744
6.8.8.5 [1814] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1745

6.8.8.1 [1810] Problem 1

problem number 1810

Added Oct 10, 2019.

Problem Chapter 8.4.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + awy + bwz = c coshn(βx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + b*D[w[x,y,z],z]== c*Cosh[beta*x]^n*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1(y − ax, z − bx) exp

c
√
− sinh2(βx)csch(βx) coshn+1(βx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cosh2(βx)
)

βn+ β




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)= c*cosh(beta*x)^n*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1(−ax+ y,−bx+ z) ec
∫
cosh(βx)ndx
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6.8.8.2 [1811] Problem 2

problem number 1811

Added Oct 10, 2019.

Problem Chapter 8.4.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c cosh(λx)wz = (k cosh(βx) + s cosh(γz))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*Cosh[lambda*x]*D[w[x,y,z],z]== (k*Cosh[beta*x]+s*Cosh[gamma*z])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1

(
y − bx

a
, z − c sinh(λx)

aλ

)
exp

∫ x

1

k cosh(βK[1]) + s cosh
(

γ(aλz−c sinh(λx)+c sinh(λK[1]))
aλ

)
a

dK[1]




Maple 3� �
restart;
local gamma;
pde := a*diff(w(x, y,z), x) + b*diff(w(x, y,z), y) + c*cosh(lambda*x)*diff(w(x,y,z),z)= (k*cosh(beta*x)+s*cosh(gamma*z))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ay − bx

a
,
zaλ− c sinh (λx)

aλ

)
e
∫ x(k cosh(β_a)+s cosh

(
γ(zaλ−c sinh(λx)+c sinh(λ_a))

aλ

))
d_a

a

6.8.8.3 [1812] Problem 3

problem number 1812

Added Oct 10, 2019.

Problem Chapter 8.4.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a coshn(βx)wy + b coshk(λx)wz = c coshm(γx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Cosh[beta*x]^n*D[w[x, y,z], y] + b*Cosh[lambda*x]^k*D[w[x,y,z],z]== c*Cosh[gamma*x]^m *w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → exp

c
√

− sinh2(γx)csch(γx) coshm+1(γx)Hypergeometric2F1
(1
2 ,

m+1
2 , m+3

2 , cosh2(γx)
)

γm+ γ

 c1

a sinh(βx) coshn+1(βx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cosh2(βx)
)

(βn+ β)
√

− sinh2(βx)
+ y,

b sinh(λx) coshk+1(λx)Hypergeometric2F1
(1
2 ,

k+1
2 , k+3

2 , cosh2(λx)
)

(kλ+ λ)
√

− sinh2(λx)
+ z



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Maple 3� �
restart;
local gamma;
pde := diff(w(x, y,z), x) + a*sinh(beta*x)^n*diff(w(x, y,z), y) + b*sinh(lambda*x)^k*diff(w(x,y,z),z)= c*sinh(gamma*x)^m *w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

sinh (βx)n dx+ y,−b
∫

sinh (λx)k dx+ z

)
ec
∫
sinh(γx)mdx

6.8.8.4 [1813] Problem 4

problem number 1813

Added Oct 10, 2019.

Problem Chapter 8.4.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b cosh(βy)wy + c cosh(λx)wz = k cosh(γz)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Cosh[beta*y]*D[w[x, y,z], y] + c*Cosh[lambda*x]*D[w[x,y,z],z]== k*Cosh[gamma*z] *w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1

(
−bx
a

− cot−1(sinh(βy))
β

, z − c sinh(λx)
aλ

)
exp

∫ x

1

k cosh
(

γ(aλz−c sinh(λx)+c sinh(λK[1]))
aλ

)
a

dK[1]




Maple 3� �
restart;
local gamma;
pde := a*diff(w(x, y,z), x) + b*cosh(beta*y)*diff(w(x, y,z), y) + c*cosh(lambda*x)*diff(w(x,y,z),z)= k*cosh(gamma*z) *w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−bβx+ 2arctan

(
eβy
)
a

bβ
,
zaλ− c sinh (λx)

aλ

)
e
k
∫ x cosh

(
γ(zaλ−c sinh(λx)+c sinh(λ_a))

aλ

)
d_a

a
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6.8.8.5 [1814] Problem 5

problem number 1814

Added Oct 10, 2019.

Problem Chapter 8.4.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 coshn1(λ1x)wx+b1 coshm1(β1y)wy+c1 coshk1(γ1z)wz =
(
a2 coshn2(λ2x)wx + b2 coshm2(β2y)wy + c2 coshk2(γ2z)

)
w

Mathematica 7� �
ClearAll["Global`*"];
pde = a1*Cosh[lambda1*x]^n1*D[w[x, y,z], x] + b1*Cosh[beta1*y]^m1*D[w[x, y,z], y] + c1*Cosh[gamma1*x]^k1*D[w[x, y,z], z]== (a2*Cosh[lambda2*x]^n2+b2*Cosh[beta2*y]^m2+c2*Cosh[gamma2*x]^k2) *w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a1*cosh(lambda1*x)^n1*diff(w(x, y,z), x) + b1*cosh(beta1*y)^m1*diff(w(x, y,z), y) + c1*cosh(gamma1*x)^k1*diff(w(x,y,z),z)= ( a2*cosh(lambda2*x)^n2+b2*cosh(beta2*y)^m2+c2*cosh(gamma2*x)^k2) *w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
∫

cosh (λ 1x)− n1 dx+ a1
∫
cosh (β 1 y)−m1 dy

b1 ,−
c1
∫
cosh (γ 1x)k1 cosh (λ 1x)− n1 dx

a1 + z

)
e
∫ x(a2 cosh(λ 2_f)n2+b2 cosh

(
β 2RootOf

(∫
cosh(λ 1_f)− n1d_f b1+ a1

∫
cosh(β 1 y)−m1dy−

∫
cosh(λ 1 x)− n1dx b1− a1

∫_Z cosh(β 1_a)−m1d_a
))m2

+c2 cosh(γ 2_f)k2
)

cosh(λ 1_f)− n1d_f

a1

6.8.9 4.3

Local contents
6.8.9.1 [1815] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1745
6.8.9.2 [1816] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1746
6.8.9.3 [1817] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1747
6.8.9.4 [1818] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1747
6.8.9.5 [1819] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1748
6.8.9.6 [1820] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1749

6.8.9.1 [1815] Problem 1

problem number 1815

Added Oct 10, 2019.

Problem Chapter 8.4.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + awy + bwz = c tanhn(βx)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + b*D[w[x,y,z],z]== c*Tanh[beta*x]^n*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(
c tanhn+1(βx)Hypergeometric2F1

(
1, n+1

2 , n+3
2 , tanh2(βx)

)
βn+ β

)
c1(y − ax, z − bx)

}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)= c*tanh(beta*x)^n*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1(−ax+ y,−bx+ z) ec
∫
tanh(βx)ndx

6.8.9.2 [1816] Problem 2

problem number 1816

Added Oct 10, 2019.

Problem Chapter 8.4.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c tanh(λx)wz = (k tanh(βx) + s tanh(γz))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*Tanh[lambda*x]*D[w[x,y,z],z]== (k*Tanh[beta*x]+s*Tanh[gamma*z])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1

(
y − bx

a
, z − c log(cosh(λx))

aλ

)
exp

∫ x

1

k tanh(βK[1]) + s tanh
(

γ(aλz−c log(cosh(λx))+c log(cosh(λK[1])))
aλ

)
a

dK[1]




Maple 3� �
restart;
local gamma;
pde := a*diff(w(x, y,z), x) + b*diff(w(x, y,z), y) + c*tanh(lambda*x)*diff(w(x,y,z),z)= (k*tanh(beta*x)+s*tanh(gamma*z))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ay − xb

a
,
zaλ− c ln (cosh (λx))

aλ

)
e
∫ x(k tanh(β_a)+s tanh

(
γ(zaλ−c ln(cosh(λx))+c ln(cosh(λ_a)))

aλ

))
d_a

a
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6.8.9.3 [1817] Problem 3

problem number 1817

Added Oct 10, 2019.

Problem Chapter 8.4.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a tanhn(βx)wy + b tanhk(λx)wz = c tanhm(γx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Tanh[beta*x]^n*D[w[x, y,z], y] + b*Tanh[lambda*x]^k*D[w[x,y,z],z]== c*Tanh[gamma*x]^m *w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(
c tanhm+1(γx)Hypergeometric2F1

(
1, m+1

2 , m+3
2 , tanh2(γx)

)
γm+ γ

)
c1

(
y −

a tanhn+1(βx)Hypergeometric2F1
(
1, n+1

2 , n+3
2 , tanh2(βx)

)
βn+ β

, z −
b tanhk+1(λx)Hypergeometric2F1

(
1, k+1

2 , k+3
2 , tanh2(λx)

)
kλ+ λ

)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x, y,z), x) + a*tanh(beta*x)^n*diff(w(x, y,z), y) + b*tanh(lambda*x)^k*diff(w(x,y,z),z)= c*tanh(gamma*x)^m *w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

tanh (βx)n dx+ y,−b
∫

tanh (λx)k dx+ z

)
ec
∫
tanh(γx)mdx

6.8.9.4 [1818] Problem 4

problem number 1818

Added Oct 10, 2019.

Problem Chapter 8.4.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b tanh(βy)wy + c tanh(λx)wz = k tanh(γz)w

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Tanh[beta*y]*D[w[x, y,z], y] + c*Tanh[lambda*x]*D[w[x,y,z],z]== k*Tanh[gamma*z] *w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := a*diff(w(x, y,z), x) + b*tanh(beta*y)*diff(w(x, y,z), y) + c*tanh(lambda*x)*diff(w(x,y,z),z)= k*tanh(gamma*z) *w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1


−xbβ + ln

(
− tanh(βy)√

− sech(βy)2

)
a

bβ
,
zaλ− c ln (cosh (λx))

aλ

 e
k
∫ x tanh

(
γ(zaλ−c ln(cosh(λx))+c ln(cosh(λ_a)))

aλ

)
d_a

a

6.8.9.5 [1819] Problem 5

problem number 1819

Added Oct 10, 2019.

Problem Chapter 8.4.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b tanh(βy)wy + c tanh(γz)wz = k tanh(λx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Tanh[beta*y]*D[w[x, y,z], y] + c*Tanh[gamma*z]*D[w[x,y,z],z]== k*Tanh[lambda*x] *w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → cosh
k
aλ (λx)c1

(
1
2

(
log(sinh(γz))

γ
− cx

a

)
,
log(sinh(βy))

β
− b log(sinh(γz))

cγ

)}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x, y,z), x) + b*tanh(beta*y)*diff(w(x, y,z), y) + c*tanh(gamma*z)*diff(w(x,y,z),z)= k*tanh(lambda*x) *w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1


−xbβ + ln

(
− tanh(βy)√

− sech(βy)2

)
a

bβ
,

−xcγ + ln
(

tanh(γz)√
− sech(γz)2

)
a

cγ

 cosh (λx)
k
aλ
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6.8.9.6 [1820] Problem 6

problem number 1820

Added Oct 10, 2019.

Problem Chapter 8.4.3.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 tanhn1(λ1x)wx+b1 tanhm1(β1y)wy+c1 tanhk1(γ1z)wz =
(
a2 tanhn2(λ2x)wx + b2 tanhm2(β2y)wy + c2 tanhk2(γ2z)

)
w

Mathematica 7� �
ClearAll["Global`*"];
pde = a1*Tanh[lambda1*x]^n1*D[w[x, y,z], x] + b1*Tanh[beta1*y]^m1*D[w[x, y,z], y] + c1*Tanh[gamma1*x]^k1*D[w[x, y,z], z]== (a2*Tanh[lambda2*x]^n2+b2*Tanh[beta2*y]^m2+c2*Tanh[gamma2*x]^k2) *w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a1*tanh(lambda1*x)^n1*diff(w(x, y,z), x) + b1*tanh(beta1*y)^m1*diff(w(x, y,z), y) + c1*tanh(gamma1*x)^k1*diff(w(x,y,z),z)= ( a2*tanh(lambda2*x)^n2+b2*tanh(beta2*y)^m2+c2*tanh(gamma2*x)^k2) *w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
∫

tanh (λ 1x)− n1 dx+ a1
∫
tanh (β 1 y)−m1 dy

b1 ,−
c1
∫
tanh (γ 1x)k1 tanh (λ 1x)− n1 dx

a1 + z

)
e
∫ x(a2 tanh(λ 2_f)n2+b2 tanh

(
β 2RootOf

(∫
tanh(λ 1_f)− n1d_f b1− a1

∫_Z tanh(β 1_a)−m1d_a−
∫
tanh(λ 1 x)− n1dx b1+ a1

∫
tanh(β 1 y)−m1dy

))m2
+c2 tanh(γ 2_f)k2

)
tanh(λ 1_f)− n1d_f

a1

6.8.10 4.4

Local contents
6.8.10.1 [1821] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1749
6.8.10.2 [1822] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1750
6.8.10.3 [1823] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1751
6.8.10.4 [1824] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1751
6.8.10.5 [1825] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1752
6.8.10.6 [1826] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1753

6.8.10.1 [1821] Problem 1

problem number 1821

Added Oct 10, 2019.

Problem Chapter 8.4.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + awy + bwz = c cothn(βx)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + b*D[w[x,y,z],z]== c*Coth[beta*x]^n*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(
c cothn+1(βx)Hypergeometric2F1

(
1, n+1

2 , n+3
2 , coth2(βx)

)
βn+ β

)
c1(y − ax, z − bx)

}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)= c*coth(beta*x)^n*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1(−ax+ y,−bx+ z) ec
∫
coth(βx)ndx

6.8.10.2 [1822] Problem 2

problem number 1822

Added Oct 10, 2019.

Problem Chapter 8.4.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c coth(λx)wz = (k coth(βx) + s coth(γz))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*Coth[lambda*x]*D[w[x,y,z],z]== (k*Coth[beta*x]+s*Coth[gamma*z])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1

(
y − bx

a
, z − c log(sinh(λx))

aλ

)
exp

∫ x

1

k coth(βK[1]) + s coth
(

γ(aλz−c log(sinh(λx))+c log(sinh(λK[1])))
aλ

)
a

dK[1]




Maple 3� �
restart;
local gamma;
pde := a*diff(w(x, y,z), x) + b*diff(w(x, y,z), y) + c*coth(lambda*x)*diff(w(x,y,z),z)= (k*coth(beta*x)+s*coth(gamma*z))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ay − bx

a
,
zaλ− c ln (sinh (λx))

aλ

)
e
∫ x(k coth(β_a)+s coth

(
γ(zaλ−c ln(sinh(λx))+c ln(sinh(λ_a)))

aλ

))
d_a

a
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6.8.10.3 [1823] Problem 3

problem number 1823

Added Oct 10, 2019.

Problem Chapter 8.4.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a cothn(βx)wy + b cothk(λx)wz = c cothm(γx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Coth[beta*x]^n*D[w[x, y,z], y] + b*Coth[lambda*x]^k*D[w[x,y,z],z]== c*Coth[gamma*x]^m *w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(
c cothm+1(γx)Hypergeometric2F1

(
1, m+1

2 , m+3
2 , coth2(γx)

)
γm+ γ

)
c1

(
z −

b cothk+1(λx)Hypergeometric2F1
(
1, k+1

2 , k+3
2 , coth2(λx)

)
kλ+ λ

, y −
a cothn+1(βx)Hypergeometric2F1

(
1, n+1

2 , n+3
2 , coth2(βx)

)
βn+ β

)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x, y,z), x) + a*coth(beta*x)^n*diff(w(x, y,z), y) + b*coth(lambda*x)^k*diff(w(x,y,z),z)= c*coth(gamma*x)^m *w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

coth (βx)n dx+ y,−b
∫

coth (λx)k dx+ z

)
ec
∫
coth(γx)mdx

6.8.10.4 [1824] Problem 4

problem number 1824

Added Oct 10, 2019.

Problem Chapter 8.4.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b coth(βy)wy + c coth(λx)wz = k coth(γz)w

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Coth[beta*y]*D[w[x, y,z], y] + c*Coth[lambda*x]*D[w[x,y,z],z]== k*Coth[gamma*z] *w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := a*diff(w(x, y,z), x) + b*coth(beta*y)*diff(w(x, y,z), y) + c*coth(lambda*x)*diff(w(x,y,z),z)= k*coth(gamma*z) *w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
xbβ − a ln (cosh (βy))

bβ
,
zaλ− c ln (sinh (λx))

aλ

)
e−

k
∫ y − coth

 γ
(
zaλ−c ln(sinh(λx))+c ln

(
− sinh

(
λ(−xbβ+a ln(cosh(βy))−a ln(cosh(β_a)))

bβ

)))
aλ

 tanh(β_a)d_a

b

6.8.10.5 [1825] Problem 5

problem number 1825

Added Oct 10, 2019.

Problem Chapter 8.4.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b coth(βy)wy + c coth(γz)wz = k coth(λx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Coth[beta*y]*D[w[x, y,z], y] + c*Coth[gamma*z]*D[w[x,y,z],z]== k*Coth[lambda*x] *w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → (− sinh(λx)) k
aλ c1

(
a log(sech(γz)) + cγx

2aγ ,
b log(sech(γz))

cγ
+ log(cosh(βy))

β

)}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x, y,z), x) + b*coth(beta*y)*diff(w(x, y,z), y) + c*coth(gamma*z)*diff(w(x,y,z),z)= k*coth(lambda*x) *w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
xbβ − a ln (cosh (βy))

bβ
,
−cγ ln

(
e2βy + 1

)
+ ln (− cosh (γz)) bβ + cγ(βy + ln (2))

βcγ

)
sinh (λx)

k
λa
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6.8.10.6 [1826] Problem 6

problem number 1826

Added Oct 10, 2019.

Problem Chapter 8.4.4.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 cothn1(λ1x)wx+b1 cothm1(β1y)wy+c1 cothk1(γ1z)wz =
(
a2 cothn2(λ2x)wx + b2 cothm2(β2y)wy + c2 cothk2(γ2z)

)
w

Mathematica 7� �
ClearAll["Global`*"];
pde = a1*Coth[lambda1*x]^n1*D[w[x, y,z], x] + b1*Coth[beta1*y]^m1*D[w[x, y,z], y] + c1*Coth[gamma1*x]^k1*D[w[x, y,z], z]== (a2*Coth[lambda2*x]^n2+b2*Coth[beta2*y]^m2+c2*Coth[gamma2*x]^k2) *w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a1*coth(lambda1*x)^n1*diff(w(x, y,z), x) + b1*coth(beta1*y)^m1*diff(w(x, y,z), y) + c1*coth(gamma1*x)^k1*diff(w(x,y,z),z)= ( a2*coth(lambda2*x)^n2+b2*coth(beta2*y)^m2+c2*coth(gamma2*x)^k2) *w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
∫

coth (λ 1x)− n1 dx+ a1
∫
coth (β 1 y)−m1 dy

b1 ,−
c1
∫
coth (γ 1x)k1 coth (λ 1x)−n1 dx

a1 + z

)
e
∫ x(a2 coth(λ 2_f)n2+b2 coth

(
β 2RootOf

(∫
coth(λ 1_f)− n1d_f b1− a1

∫_Z coth(β 1_a)−m1d_a−
∫
coth(λ 1 x)− n1dx b1+ a1

∫
coth(β 1 y)−m1dy

))m2
+c2 coth(γ 2_f)k2

)
coth(λ 1_f)− n1d_f

a1

6.8.11 4.5

Local contents
6.8.11.1 [1827] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1753
6.8.11.2 [1828] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1754
6.8.11.3 [1829] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1755
6.8.11.4 [1830] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1755
6.8.11.5 [1831] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1756

6.8.11.1 [1827] Problem 1

problem number 1827

Added Oct 10, 2019.

Problem Chapter 8.4.5.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c sinhn(λy)wz = (s coshm(βx) + k sinhr(γy))w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*Sinh[lambda*y]^n*D[w[x,y,z],z]== (s*Cosh[beta*x]^m+k* Sinh[gamma*y]^r)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1

y − bx

a
, z −

c
√

cosh2(λy)sech(λy) sinhn+1(λy)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 ,− sinh2(λy)
)

bλn+ bλ

 exp

s
√

− sinh2(βx)csch(βx) coshm+1(βx)Hypergeometric2F1
(1
2 ,

m+1
2 , m+3

2 , cosh2(βx)
)

aβm+ aβ
+
k
√
cosh2(γy)sech(γy) sinhr+1(γy)Hypergeometric2F1

(1
2 ,

r+1
2 , r+3

2 ,− sinh2(γy)
)

bγr + bγ




Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+b*diff(w(x,y,z),y)+ c*sinh(lambda*y)^n*diff(w(x,y,z),z)= (s*cosh(beta*x)^m+k*sinh(gamma*y)^r)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

ay − bx

a
,−

c
∫ x sinh

(
(ay−b(x−_a))λ

a

)n
d_a

a
+ z

 e
∫ x(s cosh(β_a)m+k sinh

(
(ay−b(x−_a))γ

a

)r)
d_a

a

6.8.11.2 [1828] Problem 2

problem number 1828

Added Oct 10, 2019.

Problem Chapter 8.4.5.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a sinhn(λx)wy + b coshm(βx)wz = s coshk(γx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Sinh[lambda*x]^n*D[w[x, y,z], y] + b*Cosh[beta*x]^m*D[w[x,y,z],z]== s*Cosh[gamma*x]^k*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → exp

s
√

− sinh2(γx)csch(γx) coshk+1(γx)Hypergeometric2F1
(1
2 ,

k+1
2 , k+3

2 , cosh2(γx)
)

γk + γ

 c1

b sinh(βx) coshm+1(βx)Hypergeometric2F1
(1
2 ,

m+1
2 , m+3

2 , cosh2(βx)
)

(βm+ β)
√

− sinh2(βx)
+ z, y −

a
√

cosh2(λx)sech(λx) sinhn+1(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 ,− sinh2(λx)
)

λn+ λ




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*sinh(lambda*x)^n*diff(w(x,y,z),y)+ b*cosh(beta*x)^m*diff(w(x,y,z),z)= (s*cosh(gamma*x)^k)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

sinh (λx)n dx+ y,−b
∫

cosh (βx)m dx+ z

)
es
∫
cosh(γx)kdx
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6.8.11.3 [1829] Problem 3

problem number 1829

Added Oct 10, 2019.

Problem Chapter 8.4.5.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a coshn(λx)wy + b sinhm(βy)wz = s sinhk(γz)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Cosh[lambda*x]^n*D[w[x, y,z], y] + b*Sinh[beta*y]^m*D[w[x,y,z],z]== s*Sinh[gamma*z]^k*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1

a sinh(λx) coshn+1(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cosh2(λx)
)

(λn+ λ)
√

− sinh2(λx)
+ y, z −

∫ x

1
b sinhm


β

(
aHypergeometric2F1

( 1
2 ,
n+1
2 ,n+3

2 ,cosh2(λx)
)
sinh(λx) coshn+1(λx)√

− sinh2(λx)
+ λ(n+ 1)y + a coshn+1(λK[1])csch(λK[1]) Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cosh2(λK[1])
)√

− sinh2(λK[1])
)

λ(n+ 1)

 dK[1]

 exp


∫ x

1
s sinhk

γ
z −

∫ x

1
b sinhm


β

(
aHypergeometric2F1

( 1
2 ,
n+1
2 ,n+3

2 ,cosh2(λx)
)
sinh(λx) coshn+1(λx)√

− sinh2(λx)
+ λ(n+ 1)y + a coshn+1(λK[1])csch(λK[1]) Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cosh2(λK[1])
)√

− sinh2(λK[1])
)

λ(n+ 1)

 dK[1] +
∫ K[2]

1
b sinhm


β

(
aHypergeometric2F1

( 1
2 ,
n+1
2 ,n+3

2 ,cosh2(λx)
)
sinh(λx) coshn+1(λx)√

− sinh2(λx)
+ λ(n+ 1)y + a coshn+1(λK[1])csch(λK[1]) Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cosh2(λK[1])
)√

− sinh2(λK[1])
)

λ(n+ 1)

 dK[1]


 dK[2]





Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*cosh(lambda*x)^n*diff(w(x,y,z),y)+ b*sinh(beta*y)^m*diff(w(x,y,z),z)= (s*sinh(gamma*z)^k)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
−a
∫

cosh (λx)n dx+ y,−b
∫ x(

− sinh
(
β

(
a

∫
cosh (λx)n dx− a

∫
cosh (λ_f)n d_f− y

)))m

d_f+ z

)
es
∫ x sinh(γ(−b

∫ x (− sinh
(
β
(
a
∫
cosh(λx)ndx−a

∫
cosh(λ_f)nd_f−y

)))m
d_f+b

∫ (
− sinh

(
β
(
a
∫
cosh(λx)ndx−a

∫
cosh(λ_f)nd_f−y

)))m
d_f+z

))k
d_f

6.8.11.4 [1830] Problem 4

problem number 1830

Added Oct 10, 2019.

Problem Chapter 8.4.5.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a tanhn(λx)wy + b cothm(βx)wz = s cothk(γx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Tanh[lambda*x]^n*D[w[x, y,z], y] + b*Coth[beta*x]^m*D[w[x,y,z],z]== s*Coth[gamma*x]^k*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(
s cothk+1(γx)Hypergeometric2F1

(
1, k+1

2 , k+3
2 , coth2(γx)

)
γk + γ

)
c1

(
z −

b cothm+1(βx)Hypergeometric2F1
(
1, m+1

2 , m+3
2 , coth2(βx)

)
βm+ β

, y −
a tanhn+1(λx)Hypergeometric2F1

(
1, n+1

2 , n+3
2 , tanh2(λx)

)
λn+ λ

)}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*tanh(lambda*x)^n*diff(w(x,y,z),y)+ b*coth(beta*x)^m*diff(w(x,y,z),z)= (s*coth(gamma*x)^k)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

tanh (λx)n dx+ y,−b
∫

coth (βx)m dx+ z

)
es
∫
coth(γx)kdx

6.8.11.5 [1831] Problem 5

problem number 1831

Added Oct 10, 2019.

Problem Chapter 8.4.5.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a sinh(λx)wx + b sinh(βy)wy + c sinh(γz)wz = k cosh(λx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*Sinh[lambda*x]*D[w[x, y,z], x] + b*Sinh[beta*y]*D[w[x, y,z], y] + c*Sinh[gamma*z]*D[w[x,y,z],z]== k*Cosh[lambda*x]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → sinh
k
aλ (λx)c1

(
barctanh(cosh(λx))

aλ
− arctanh(cosh(βy))

β
,
carctanh(cosh(λx))

aλ
− arctanh(cosh(γz))

γ

)}}
Maple 3� �
restart;
local gamma;
pde := a*sinh(lambda*x)*diff(w(x,y,z),x)+b*sinh(beta*y)*diff(w(x,y,z),y)+ c*sinh(gamma*z)*diff(w(x,y,z),z)= k*cosh(lambda*x)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
− ln

(
tanh

(
λx
2

))
bβ − 2a arctanh

(
eβy
)
λ

λbβ
,
− ln

(
tanh

(
λx
2

))
cγ − 2a arctanh (eγz)λ
λcγ

)
sinh (λx)

k
aλ
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6.8.12.1 [1832] Problem 1

problem number 1832

Added Oct 17, 2019.

Problem Chapter 8.5.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + awy + bwz = c lnn(βx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + b*D[w[x,y,z],z]== c*Log[beta*x]^n*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(
c(− log(βx))−n logn(βx)Γ(n+ 1,− log(βx))

β

)
c1(y − ax, z − bx)

}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)= c*ln(beta*x)^n*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1(−ax+ y,−bx+ z) ec
∫
ln(βx)ndx

6.8.12.2 [1833] Problem 2

problem number 1833

Added Oct 17, 2019.

Problem Chapter 8.5.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
awx + bwy + c lnn(βx)wz = s lnm(λy)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*Log[beta*x]^n*D[w[x,y,z],z]== s*Log[lambda*y]^m*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(
s(− log(λy))−m logm(λy)Γ(m+ 1,− log(λy))

bλ

)
c1

(
y − bx

a
, z − c(− log(βx))−n logn(βx)Γ(n+ 1,− log(βx))

aβ

)}}
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Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+b*diff(w(x,y,z),y)+ c*ln(beta*x)^n*diff(w(x,y,z),z)= s*ln(lambda*y)^m*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ya− bx

a
,−

c
∫
ln (βx)n dx

a
+ z

)
e
s
∫ x ln

(
(ya−b(x−_a))λ

a

)m
d_a

a

6.8.12.3 [1834] Problem 3

problem number 1834

Added Oct 17, 2019.

Problem Chapter 8.5.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a lnn(βx)wy + b lnk(λx)wz = c lnm(γx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Log[beta*x]^n*D[w[x, y,z], y] + b*Log[lambda*x]^k*D[w[x,y,z],z]== c*Log[gamma*x]^m*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(
c(− log(γx))−m logm(γx)Γ(m+ 1,− log(γx))

γ

)
c1

(
y − a(− log(βx))−n logn(βx)Γ(n+ 1,− log(βx))

β
, z − b(− log(λx))−k logk(λx)Γ(k + 1,− log(λx))

λ

)}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*ln(beta*x)^n*diff(w(x,y,z),y)+ b*ln(lambda*x)^k*diff(w(x,y,z),z)= c*ln(gamma*x)^m*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

ln (βx)n dx+ y,−b
∫

ln (λx)k dx+ z

)
ec
∫
ln(γx)mdx

6.8.12.4 [1835] Problem 4

problem number 1835

Added Oct 17, 2019.

Problem Chapter 8.5.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a lnn(βx)wy + b lnk(λy)wz = c lnm(γx)w
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Log[beta*x]^n*D[w[x, y,z], y] + b*Log[lambda*y]^k*D[w[x,y,z],z]== c*Log[gamma*x]^m*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*ln(beta*x)^n*diff(w(x,y,z),y)+ b*ln(lambda*y)^k*diff(w(x,y,z),z)= c*ln(gamma*x)^m*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

ln (βx)n dx+ y,−b
∫ x

ln
(
λ

(
a

∫
ln (β_b)n d_b− a

∫
ln (βx)n dx+ y

))k

d_b+ z

)
ec
∫
ln(γx)mdx

6.8.12.5 [1836] Problem 5

problem number 1836

Added Oct 17, 2019.

Problem Chapter 8.5.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 lnn1(λ1x)wx+b1 lnm1(β1y)wy+c1 lnk1(γ1z)wz =
(
a2 lnn2(λ2x) + b2 lnm2(β2y) + c2 lnk2(γ2z)

)
w

Mathematica 7� �
ClearAll["Global`*"];
pde = a1*Log[lambda1*x]^n1*D[w[x, y,z], x] + b1*Log[beta1*y]^m1*D[w[x, y,z], x]*D[w[x, y,z], y] + c1*Log[gamma1*z]^k1*D[w[x,y,z],z]== ( a2*Log[lambda2*x]^n2+ b2*Log[beta2*y]^m2+ c2*Log[gamma2*z]^k2)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a1*ln(lambda1*x)^n1*diff(w(x,y,z),x)+ b1*ln(beta1*y)^m1*diff(w(x,y,z),y)+ c1*ln(gamma1*z)^k1*diff(w(x,y,z),z)= (a2*ln(lambda2*x)^n2+ b2*ln(beta2*y)^m2+ c2*ln(gamma2*z)^k2)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
∫

ln (λ 1x)− n1 dx+ a1
∫
ln (β 1 y)−m1 dy

b1 ,−
∫

ln (λ 1x)− n1 dx+ a1
∫
ln (γ 1 z)− k1 dz

c1

)
e
∫ x(a2 ln(λ 2_f)n2+b2 ln

(
β 2RootOf

(
a1
∫
ln(β 1 y)−m1dy+

∫
ln(λ 1_f)− n1d_f b1−

∫
ln(λ 1 x)− n1dx b1− a1

∫_Z ln(β 1_f)−m1d_f
))m2

+c2 ln
(
γ 2RootOf

(∫
ln(λ 1_f)− n1d_f c1+ a1

∫
ln(γ 1 z)− k1dz−

∫
ln(λ 1 x)− n1dx c1− a1

∫_Z ln(γ 1_f)− k1d_f
))k2)

ln(λ 1_f)− n1d_f

a1
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6.8.13 5.2

Local contents
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6.8.13.5 [1841] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1762

6.8.13.1 [1837] Problem 1

problem number 1837

Added Oct 17, 2019.

Problem Chapter 8.5.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
awx + bwy + cxn lnk(λy)wz = sym lnr(βx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*x^n*Log[lambda*y]^k*D[w[x,y,z],z]== s*y^m*Log[beta*x]^r*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → exp

∫ x

1

s
(
y + b(K[2]−x)

a

)m
logr(βK[2])

a
dK[2]

 c1

y − bx

a
, z −

∫ x

1

cK[1]n logk
(
λ
(
y + b(K[1]−x)

a

))
a

dK[1]




Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+b*diff(w(x,y,z),y)+ c*x^n*ln(lambda*y)^k*diff(w(x,y,z),z)= s*y^m*ln(beta*x)^r*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

ay − xb

a
,−

c
∫ x _an ln

(
λ(ay−b(x−_a))

a

)k
d_a

a
+ z

 e
s
∫ x(ay−b(x−_a)

a

)m
ln(β_a)rd_a

a

6.8.13.2 [1838] Problem 2

problem number 1838

Added Oct 17, 2019.

Problem Chapter 8.5.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + axnwy + bxmwz =
(
cy lnk(λx) + sz lnr(βx)

)
w
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*x^n*D[w[x, y,z], y] + b*x^m*D[w[x,y,z],z]== (c*y*Log[lambda*x]^k+s*z*Log[beta*x]^r)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1

(
−axn+1 + ny + y

n+ 1 ,
−bxm+1 +mz + z

m+ 1

)
exp

(n2 + 3n+ 2) (− log(βx))−r(− log(λx))−k
(

βc
(
−axn+1+ny+y

)
(− log(βx))r logk(λx)Γ(k+1,− log(λx))

n+1 + λs
(
−bxm+1+mz+z

)
logr(βx)(− log(λx))kΓ(r+1,− log(βx))

m+1

)
βλ(n+ 1)(n+ 2) +

acxn(λx)−n
(
− log2(λx)

)k (− log(λx))−k(−((n+ 2) log(λx)))−kΓ(k + 1,−((n+ 2) log(λx)))
λ2(n+ 1)(n+ 2) + bsxm(βx)−m logr(βx)(−((m+ 2) log(βx)))−rΓ(r + 1,−((m+ 2) log(βx)))

β2(m+ 1)(m+ 2)




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*x^n*diff(w(x,y,z),y)+ b*x^m*diff(w(x,y,z),z)= (c*y*ln(lambda*x)^k+s*z*ln(beta*x)^r)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a xn+1 + y(n+ 1)

n+ 1 ,
−b xm+1 + z(m+ 1)

m+ 1

)
e−

∫ x((−a_an+1+a xn+1−y(n+1)
)
c(m+1) ln(λ_a)k−s ln(β_a)r(n+1)

(
b_am+1−b xm+1+z(m+1)

))
d_a

(n+1)(m+1)

6.8.13.3 [1839] Problem 3

problem number 1839

Added Oct 17, 2019.

Problem Chapter 8.5.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a lnn(λx)wy + bymwz =
(
c lnk(βx) + s lnr(γz)

)
w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Log[lambda*x]^n*D[w[x, y,z], y] + b*y^m*D[w[x,y,z],z]== (c*Log[beta*x]^k+s*Log[gamma*z]^r)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y − a(− log(λx))−n logn(λx)Γ(n+ 1,− log(λx))

λ
, z −

∫ x

1
b

(
−aΓ(n+ 1,− log(λx)) logn(λx)(− log(λx))−n + aΓ(n+ 1,− log(λK[1]))(− log(λK[1]))−n logn(λK[1]) + λy

λ

)m

dK[1]
)
exp

(∫ x

1

(
c logk(βK[2]) + s logr

(
γ

(
z −

∫ x

1
b

(
−aΓ(n+ 1,− log(λx)) logn(λx)(− log(λx))−n + aΓ(n+ 1,− log(λK[1]))(− log(λK[1]))−n logn(λK[1]) + λy

λ

)m

dK[1] +
∫ K[2]

1
b

(
−aΓ(n+ 1,− log(λx)) logn(λx)(− log(λx))−n + aΓ(n+ 1,− log(λK[1]))(− log(λK[1]))−n logn(λK[1]) + λy

λ

)m

dK[1]
)))

dK[2]
)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*ln(lambda*x)^n*diff(w(x,y,z),y)+ b*y^m*diff(w(x,y,z),z)= (c*ln(beta*x)^k+s*ln(gamma*z)^r)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

ln (λx)n dx+ y,

((
a
∫
ln (λx)n dx− y

)
ln (λ_a)−n − ax

)
b
(
a ln (λ_a)n x− a

∫
ln (λx)n dx+ y

)m + za(1 +m)
a (1 +m)

)
e
∫ x(c ln(β_b)k+sln

(
γ
(
−
((
a
∫
ln(λx)ndx−y

)
ln(λ_a)−n−_ba

)
b
(
a ln(λ_a)n_b−a

∫
ln(λx)ndx+y

)m+
((
a
∫
ln(λx)ndx−y

)
ln(λ_a)−n−ax

)
b
(
a ln(λ_a)nx−a

∫
ln(λx)ndx+y

)m+za(1+m)
)

a(1+m)

)r)
d_b
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6.8.13.4 [1840] Problem 4

problem number 1840

Added Oct 17, 2019.

Problem Chapter 8.5.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a lnn(λx)wx + zwy + b lnk(βy)wz = (cxm + s ln(γy))w

Mathematica 7� �
ClearAll["Global`*"];
pde = a*Log[lambda*x]^n*D[w[x, y,z], x] + z*D[w[x, y,z], y] + b*Log[lambda*y]^k*D[w[x,y,z],z]== (c*x^m+s*Log[gamma*y])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a*ln(lambda*x)^n*diff(w(x,y,z),x)+z*diff(w(x,y,z),y)+ b*ln(lambda*y)^k*diff(w(x,y,z),z)= (c*x^m+s*ln(gamma*z))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−2b
∫

ln (λy)k dy + z2,

∫
ln (λx)−n dxb− ln (λ_a)−k

√
2b ln (λ_a)k y − 2b

∫
ln (λy)k dy + z2 a

ab

 e
∫ y cRootOf

(
−
√

2b ln(λ_a)ky−2b
∫
ln(λy)kdy+z2 a−

∫_Z ln(λ_a)−nd_a ln(λ_a)kb+ln(λ_a)k
∫
ln(λx)−ndxb+

√
2b ln(λ_a)k_f−2b

∫
ln(λy)kdy+z2 a

)m
+s ln

(
γ
√

2b
∫
ln(λ_f)kd_f−2b

∫
ln(λy)kdy+z2

)
√

2b
∫
ln(λ_f)kd_f−2b

∫
ln(λy)kdy+z2

d_f

6.8.13.5 [1841] Problem 5

problem number 1841

Added Oct 17, 2019.

Problem Chapter 8.5.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

ax(ln x)nwx + by(ln y)mwy + cz(ln z)rwz = k(ln x)sw

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*Log[x]^n*D[w[x, y,z], x] + b*y*Log[y]^m*D[w[x, y,z], y] + c*z*Log[z]^r*D[w[x,y,z],z]== k*Log[x]^s*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → e
k log−n+s+1(x)
a(−n)+as+a c1

(
b log1−n(x)
a(n− 1) − (m− 1)

1
m−1 log(y)

(
(m− 1)

1
1−m

log(y)

)m

,
c log1−n(x)
a(n− 1) − (r − 1)

1
r−1 log(z)

(
(r − 1)

1
1−r

log(z)

)r)}}
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Maple 3� �
restart;
local gamma;
pde := a*x*ln(x)^n*diff(w(x,y,z),x)+b*y*ln(y)^m*diff(w(x,y,z),y)+ c*z*ln(z)^r*diff(w(x,y,z),z)= k*ln(x)^s*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
b(−1 +m) ln (x)1−n − a ln (y)1−m (−1 + n)

b (−1 + n) (−1 +m) ,
c(−1 + r) ln (x)1−n − a ln (z)1−r (−1 + n)

c (−1 + r) (−1 + n)

)
x−

k ln(x)s−n
a(n−s−1)

6.8.14 6.1

Local contents
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6.8.14.1 [1842] Problem 1

problem number 1842

Added Oct 18, 2019.

Problem Chapter 8.6.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + awy + bwz = c sinn(λx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + b*D[w[x,y,z],z]== c*Sin[lambda*x]^n*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → c1(y − ax, z − bx) exp
(
c
√

cos2(λx) sec(λx) sinn+1(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , sin2(λx)
)

λn+ λ

)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)= c*sin(lambda*x)^n*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1(−ax+ y,−bx+ z) ec
∫
sin(λx)ndx
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6.8.14.2 [1843] Problem 2

problem number 1843

Added Oct 18, 2019.

Problem Chapter 8.6.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c sin(λz)wz = (k sin(γx) + s sin(βy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*Sin[lambda*z]*D[w[x,y,z],z]== (k*Sin[gamma*x]+s*Sin[beta*y])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

{{
w(x, y, z) → e−

k cos(γx)
aγ

− s cos(βy)
bβ c1

(
y − bx

a
,−cx

a
− arctanh(cos(λz))

λ

)}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+b*diff(w(x,y,z),y)+ c*sin(lambda*z)*diff(w(x,y,z),z)= (k*sin(gamma*x)+s*sin(beta*y))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
xcλ+ ln (csc (λz) + cot (λz)) a

cλ
,
ycλ+ b ln (csc (λz) + cot (λz))

cλ

)
e

−k cos(γx)bβ−s cos(βy)γa
γabβ

6.8.14.3 [1844] Problem 3

problem number 1844

Added Oct 18, 2019.

Problem Chapter 8.6.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a sinn(λx)wy + b sinm(βx)wz = c sink(γx)w

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Sin[lambda*x]^n*D[w[x, y,z], y] + b*Sin[beta*z]^m*D[w[x,y,z],z]== c*Sin[gamma*x]^k*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*sin(lambda*x)^n*diff(w(x,y,z),y)+ b*sin(beta*z)^m*diff(w(x,y,z),z)= c*sin(gamma*x)^k*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−y + a

∫
sin (λx)n dx,−

∫ y

sin
(
λRootOf

(
_b− a

∫ _Z
sin (λ_b)n d_b− y + a

∫
sin (λx)n dx

))−n

d_b+ a
∫
sin (βz)−m dz

b

)
e
c
∫ y sin

(
γ RootOf

(
_b−a

∫_Z sin(λ_b)nd_b−y+a
∫
sin(λx)ndx

))k
sin
(
λRootOf

(
_b−a

∫_Z sin(λ_b)nd_b−y+a
∫
sin(λx)ndx

))−n
d_b

a

6.8.14.4 [1845] Problem 4

problem number 1845

Added Oct 18, 2019.

Problem Chapter 8.6.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a sinn(λx)wy + b sinm(βy)wz =
(
c sink(γy) + s sinr(µz)

)
w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Sin[lambda*x]^n*D[w[x, y,z], y] + b*Sin[beta*y]^m*D[w[x,y,z],z]== (c*Sin[gamma*y]^k+s*Sin[mu*z]^r)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1

y − a
√

cos2(λx) sec(λx) sinn+1(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , sin2(λx)
)

λn+ λ
, z −

∫ x

1
b sinm

β
(
−a
√

cos2(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , sin2(λx)
)
sec(λx) sinn+1(λx) + a

√
cos2(λK[1]) Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , sin2(λK[1])
)
sec(λK[1]) sinn+1(λK[1]) + λ(n+ 1)y

)
λ(n+ 1)

 dK[1]

 exp

∫ x

1

c sink

γ
(
−a
√
cos2(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , sin2(λx)
)
sec(λx) sinn+1(λx) + a

√
cos2(λK[2]) Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , sin2(λK[2])
)
sec(λK[2]) sinn+1(λK[2]) + λ(n+ 1)y

)
λ(n+ 1)

+ s sinr

µ
z − ∫ x

1
b sinm

β
(
−a
√

cos2(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , sin2(λx)
)
sec(λx) sinn+1(λx) + a

√
cos2(λK[1]) Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , sin2(λK[1])
)
sec(λK[1]) sinn+1(λK[1]) + λ(n+ 1)y

)
λ(n+ 1)

 dK[1] +
∫ K[2]

1
b sinm

β
(
−a
√

cos2(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , sin2(λx)
)
sec(λx) sinn+1(λx) + a

√
cos2(λK[1]) Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , sin2(λK[1])
)
sec(λK[1]) sinn+1(λK[1]) + λ(n+ 1)y

)
λ(n+ 1)

 dK[1]

 dK[2]




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*sin(lambda*x)^n*diff(w(x,y,z),y)+ b*sin(beta*y)^m*diff(w(x,y,z),z)= (c*sin(gamma*y)^k+s*sin(mu*z)^r)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
−a
∫

sin (λx)n dx+ y,−b
∫ x

sin
(
β

(
a

∫
sin (λ_g)n d_g− a

∫
sin (λx)n dx+ y

))m

d_g+ z

)
e
∫ x(csin(γ(a ∫ sin(λ_g)nd_g−a

∫
sin(λx)ndx+y

))k+ssin
(
µ
(
−b
∫ x sin(β(a ∫ sin(λ_g)nd_g−a

∫
sin(λx)ndx+y

))m
d_g+b

∫
sin
(
β
(
a
∫
sin(λ_g)nd_g−a

∫
sin(λx)ndx+y

))m
d_g+z

))r)
d_g
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6.8.14.5 [1846] Problem 5

problem number 1846

Added Oct 18, 2019.

Problem Chapter 8.6.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b sin(βy)wy + c sin(λx)wz = k sin(γz)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Sin[beta*y]*D[w[x, y,z], y] + c*Sin[lambda*x]^m*D[w[x,y,z],z]== k*Sin[gamma*z]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
w(x, y, z) → c1

(
−bx
a

− arctanh(cos(βy))
β

, z −
c
√

cos2(λx) sec(λx) sinm+1(λx)Hypergeometric2F1
(1
2 ,

m+1
2 , m+3

2 , sin2(λx)
)

aλm+ aλ

)
exp

∫ x

1

k sin
(

γ
(
−c
√

cos2(λx)Hypergeometric2F1
( 1
2 ,
m+1

2 ,m+3
2 ,sin2(λx)

)
sec(λx) sinm+1(λx)+c

√
cos2(λK[1]) Hypergeometric2F1

( 1
2 ,
m+1

2 ,m+3
2 ,sin2(λK[1])

)
sec(λK[1]) sinm+1(λK[1])+aλ(m+1)z

)
aλ(m+1)

)
a

dK[1]


w(x, y, z) → c1

(
−bx
a

− arctanh(cos(βy))
β

, z −
c
√

cos2(λx) sec(λx) sinm+1(λx)Hypergeometric2F1
(1
2 ,

m+1
2 , m+3

2 , sin2(λx)
)

aλm+ aλ

)
exp

∫ x

1

k sin
(

γ
(
−c
√

cos2(λx)Hypergeometric2F1
( 1
2 ,
m+1

2 ,m+3
2 ,sin2(λx)

)
sec(λx) sinm+1(λx)+c

√
cos2(λK[2]) Hypergeometric2F1

( 1
2 ,
m+1

2 ,m+3
2 ,sin2(λK[2])

)
sec(λK[2]) sinm+1(λK[2])+aλ(m+1)z

)
aλ(m+1)

)
a

dK[2]




Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+b*sin(beta*y)*diff(w(x,y,z),y)+ c*sin(lambda*x)^m*diff(w(x,y,z),z)= k*sin(gamma*z)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

xbβ + a ln (csc (βy) + cot (βy))
bβ

,−
c
∫ y sin

(
λ(xbβ+a ln(csc(βy)+cot(βy))−a ln(csc(β_b)+cot(β_b)))

bβ

)m
csc (β_b) d_b

b
+ z

 e
k
∫ y sin

 γ
(
c
∫
sin
(
λ(xbβ+a ln(csc(βy)+cot(βy))−a ln(csc(β_b)+cot(β_b)))

bβ

)m
csc(β_b)d_b−c

∫ y sin
(
λ(xbβ+a ln(csc(βy)+cot(βy))−a ln(csc(β_b)+cot(β_b)))

bβ

)m
csc(β_b)d_b+zb

)
b

 csc(β_b)d_b

b

6.8.14.6 [1847] Problem 6

problem number 1847

Added Oct 18, 2019.

Problem Chapter 8.6.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 sinn1(λ1x)wx+b1 sinm1(β1y)wy+c1 sink1(γ1z)wz =
(
a2 sinn2(λ2x) + b2 sinm2(β2y) + c2 sink2(γ2z)

)
w
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Mathematica 7� �
ClearAll["Global`*"];
pde = a1*Sin[lambda1*z]^n1*D[w[x, y,z], x] + b1*Sin[beta1*y]^m1*D[w[x, y,z], y] + c1*Sin[gamma1*z]^k1*D[w[x,y,z],z]== (a2*Sin[lambda2*z]^n2 + b2*Sin[beta2*y]^m2 + c2*Sin[gamma2*z]^k2)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a1*sin(lambda1*z)^n1*diff(w(x,y,z),x)+ b1*sin(beta1*y)^m1*diff(w(x,y,z),y)+ c1*sin(gamma1*z)^k1*diff(w(x,y,z),z)= (a2*sin(lambda2*z)^n2 + b2*sin(beta2*y)^m2 + c2*sin(gamma2*z)^k2)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−
∫

sin (β 1 y)−m1 dy + b1
∫
sin (γ 1 z)− k1 dz

c1 ,−
a1
∫ y sin

(
λ 1RootOf

(
−
∫
sin (β 1 y)−m1 dy c1+b1

∫
sin (γ 1 z)− k1 dz − b1

∫ _Z sin (γ 1_f)− k1 d_f+
∫
sin (β 1_f)−m1 d_f c1

))n1
sin (β 1_f)−m1 d_f

b1 + x

 e
∫ y(a2 sin

(
λ 2RootOf

(
−
∫
sin(β 1 y)−m1dy c1+b1

∫
sin(γ 1 z)− k1dz−b1

∫_Z sin(γ 1_f)− k1d_f+
∫
sin(β 1_f)−m1d_f c1

))n2
+b2 sin(β 2_f)m2+c2 sin

(
γ 2RootOf

(
−
∫
sin(β 1 y)−m1dy c1+b1

∫
sin(γ 1 z)− k1dz−b1

∫_Z sin(γ 1_f)− k1d_f+
∫
sin(β 1_f)−m1d_f c1

))k2)
sin(β 1_f)−m1d_f

b1

6.8.15 6.2
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6.8.15.1 [1848] Problem 1

problem number 1848

Added Oct 18, 2019.

Problem Chapter 8.6.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + awy + bwz = c cosn(βx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + b*D[w[x,y,z],z]== c*Cos[beta*x]^n*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → c1(y − ax, z − bx) exp
(
−
c
√
sin2(βx) csc(βx) cosn+1(βx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(βx)
)

βn+ β

)}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)= c*cos(beta*x)^n*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1(−ax+ y,−bx+ z) ec
∫
cos(βx)ndx

6.8.15.2 [1849] Problem 2

problem number 1849

Added Oct 18, 2019.

Problem Chapter 8.6.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c cos(βz)wz = (k cos(λx) + s cos(γy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*Cos[beta*z]*D[w[x,y,z],z]== (k*Cos[lambda*x]+s*Cos[gamma*y])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

{{
w(x, y, z) → e

k sin(λx)
aλ

+ s sin(γy)
bγ c1

(
y − bx

a
,
coth−1(sin(βz))

β
− cx

a

)}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+b*diff(w(x,y,z),y)+ c*cos(beta*z)*diff(w(x,y,z),z)= (k*cos(lambda*x)+s*cos(gamma*y))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
xcβ − a ln (sec (βz) + tan (βz))

cβ
,
ycβ − b ln (sec (βz) + tan (βz))

cβ

)
e
k sin(λx)bγ+s sin(γy)aλ

aλbγ

6.8.15.3 [1850] Problem 3

problem number 1850

Added Oct 18, 2019.

Problem Chapter 8.6.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a cosn(βx)wy + b cosk(λx)wz = c cosm(γx)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Cos[beta*x]^n*D[w[x, y,z], y] + b*Cos[lambda*x]^k*D[w[x,y,z],z]== c*Cos[gamma*x]^m*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(
−
c
√

sin2(γx) csc(γx) cosm+1(γx)Hypergeometric2F1
(1
2 ,

m+1
2 , m+3

2 , cos2(γx)
)

γm+ γ

)
c1

(
a
√

sin2(βx) csc(βx) cosn+1(βx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(βx)
)

βn+ β
+ y,

b
√
sin2(λx) csc(λx) cosk+1(λx)Hypergeometric2F1

(1
2 ,

k+1
2 , k+3

2 , cos2(λx)
)

kλ+ λ
+ z

)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*cos(beta*x)^n*diff(w(x,y,z),y)+ b*cos(lambda*x)^k*diff(w(x,y,z),z)= c*cos(gamma*x)^m*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

cos (βx)n dx+ y,−b
∫

cos (λx)k dx+ z

)
ec
∫
cos(γx)mdx

6.8.15.4 [1851] Problem 4

problem number 1851

Added Oct 18, 2019.

Problem Chapter 8.6.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a cosn(βx)wy + b cosm(γy)wz =
(
c cosk(γy) + s cosr(µz)

)
w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Cos[beta*x]^n*D[w[x, y,z], y] + b*Cos[gamma*y]^m*D[w[x,y,z],z]== (c*Cos[gamma*y]^k+s*Cos[mu*z]^r)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1

a√sin2(βx) csc(βx) cosn+1(βx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(βx)
)

βn+ β
+ y, z −

∫ x

1
b cosm

γ
(
a csc(βx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(βx)
)√

sin2(βx) cosn+1(βx) + β(n+ 1)y − a cosn+1(βK[1]) csc(βK[1]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(βK[1])
)√

sin2(βK[1])
)

β(n+ 1)

 dK[1]

 exp

∫ x

1

c cosk
γ
(
a csc(βx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(βx)
)√

sin2(βx) cosn+1(βx) + β(n+ 1)y − a cosn+1(βK[2]) csc(βK[2]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(βK[2])
)√

sin2(βK[2])
)

β(n+ 1)

+ s cosr
µ
z − ∫ x

1
b cosm

γ
(
a csc(βx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(βx)
)√

sin2(βx) cosn+1(βx) + β(n+ 1)y − a cosn+1(βK[1]) csc(βK[1]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(βK[1])
)√

sin2(βK[1])
)

β(n+ 1)

 dK[1] +
∫ K[2]

1
b cosm

γ
(
a csc(βx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(βx)
)√

sin2(βx) cosn+1(βx) + β(n+ 1)y − a cosn+1(βK[1]) csc(βK[1]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(βK[1])
)√

sin2(βK[1])
)

β(n+ 1)

 dK[1]

 dK[2]




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*cos(beta*x)^n*diff(w(x,y,z),y)+ b*cos(gamma*y)^m*diff(w(x,y,z),z)= (c*cos(gamma*y)^k+s*cos(mu*z)^r)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
−a
∫

cos (βx)n dx+ y,−b
∫ x

cos
(
γ

(
a

∫
cos (β_g)n d_g− a

∫
cos (βx)n dx+ y

))m

d_g+ z

)
e
∫ x(ccos(γ(a ∫ cos(β_g)nd_g−a

∫
cos(βx)ndx+y

))k+scos
(
µ
(
−b
∫ x cos(γ(a ∫ cos(β_g)nd_g−a

∫
cos(βx)ndx+y

))m
d_g+b

∫
cos
(
γ
(
a
∫
cos(β_g)nd_g−a

∫
cos(βx)ndx+y

))m
d_g+z

))r)
d_g
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6.8.15.5 [1852] Problem 5

problem number 1852

Added Oct 18, 2019.

Problem Chapter 8.6.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b cos(βy)wy + c cos(λx)wz = k cos(γz)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Cos[beta*y]*D[w[x, y,z], y] + c*Cos[lambda*x]^m*D[w[x,y,z],z]== k*Cos[gamma*z]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1

(
coth−1(sin(βy))

β
− bx

a
,
c
√

sin2(λx) csc(λx) cosm+1(λx)Hypergeometric2F1
(1
2 ,

m+1
2 , m+3

2 , cos2(λx)
)

aλm+ aλ
+ z

)
exp

∫ x

1

k cos
(

γ
(
c csc(λx)Hypergeometric2F1

( 1
2 ,
m+1

2 ,m+3
2 ,cos2(λx)

)√
sin2(λx) cosm+1(λx)+aλ(m+1)z−c cosm+1(λK[1]) csc(λK[1]) Hypergeometric2F1

( 1
2 ,
m+1

2 ,m+3
2 ,cos2(λK[1])

)√
sin2(λK[1])

)
aλ(m+1)

)
a

dK[1]





Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+b*cos(beta*y)*diff(w(x,y,z),y)+ c*cos(lambda*x)^m*diff(w(x,y,z),z)= k*cos(gamma*z)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

xbβ − a ln (sec (βy) + tan (βy))
bβ

,−
c
∫ y cos

(
λ(xbβ−a ln(sec(βy)+tan(βy))+a ln(sec(β_b)+tan(β_b)))

bβ

)m
sec (β_b) d_b

b
+ z

 e
k
∫ y cos

 γ
(
c
∫
cos
(
λ(xbβ−a ln(sec(βy)+tan(βy))+a ln(sec(β_b)+tan(β_b)))

bβ

)m
sec(β_b)d_b−c

∫ y cos
(
λ(xbβ−a ln(sec(βy)+tan(βy))+a ln(sec(β_b)+tan(β_b)))

bβ

)m
sec(β_b)d_b+zb

)
b

 sec(β_b)d_b

b

6.8.15.6 [1853] Problem 6

problem number 1853

Added Oct 18, 2019.

Problem Chapter 8.6.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 cosn1(λ1x)wx+b1 cosm1(β1y)wy+c1 cosk1(γ1z)wz =
(
a2 cosn2(λ2x) + b2 cosm2(β2y) + c2 cosk2(γ2z)

)
w

Mathematica 7� �
ClearAll["Global`*"];
pde = a1*Cos[lambda1*z]^n1*D[w[x, y,z], x] + b1*Cos[beta1*y]^m1*D[w[x, y,z], y] + c1*Cos[gamma1*z]^k1*D[w[x,y,z],z]== (a2*Cos[lambda2*z]^n2 + b2*Cos[beta2*y]^m2 + c2*Cos[gamma2*z]^k2)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := a1*cos(lambda1*z)^n1*diff(w(x,y,z),x)+ b1*cos(beta1*y)^m1*diff(w(x,y,z),y)+ c1*cos(gamma1*z)^k1*diff(w(x,y,z),z)= (a2*cos(lambda2*z)^n2 + b2*cos(beta2*y)^m2 + c2*cos(gamma2*z)^k2)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−
∫

cos (β 1 y)−m1 dy + b1
∫
cos (γ 1 z)− k1 dz

c1 ,−
a1
∫ y cos

(
λ 1RootOf

(
−
∫
cos (β 1 y)−m1 dy c1+b1

∫
cos (γ 1 z)− k1 dz +

∫
cos (β 1_f)−m1 d_f c1− b1

∫ _Z cos (γ 1_f)− k1 d_f
))n1

cos (β 1_f)−m1 d_f

b1 + x

 e
∫ y(a2 cos

(
λ 2RootOf

(
−
∫
cos(β 1 y)−m1dy c1+b1

∫
cos(γ 1 z)− k1dz+

∫
cos(β 1_f)−m1d_f c1− b1

∫_Z cos(γ 1_f)− k1d_f
))n2

+b2 cos(β 2_f)m2+c2 cos
(
γ 2RootOf

(
−
∫
cos(β 1 y)−m1dy c1+b1

∫
cos(γ 1 z)− k1dz+

∫
cos(β 1_f)−m1d_f c1− b1

∫_Z cos(γ 1_f)− k1d_f
))k2)

cos(β 1_f)−m1d_f

b1

6.8.16 6.3

Local contents
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6.8.16.1 [1854] Problem 1

problem number 1854

Added Oct 18, 2019.

Problem Chapter 8.6.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + awy + bwz = c tann(βx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + b*D[w[x,y,z],z]== c*Tan[beta*x]^n*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(
c tann+1(βx)Hypergeometric2F1

(
1, n+1

2 , n+3
2 ,− tan2(βx)

)
βn+ β

)
c1(y − ax, z − bx)

}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)= c*tan(beta*x)^n*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1(−ax+ y,−bx+ z) ec
∫
tan(βx)ndx
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6.8.16.2 [1855] Problem 2

problem number 1855

Added Oct 18, 2019.

Problem Chapter 8.6.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c tan(βz)wz = (k tan(λx) + s tan(γy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*Tan[beta*z]*D[w[x,y,z],z]== (k*Tan[lambda*x]+s*Tan[gamma*y])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

{{
w(x, y, z) → cos− k

aλ (λx) cos−
s
bγ (γy)c1

(
y − bx

a
,
log(sin(βz))

β
− cx

a

)}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+b*diff(w(x,y,z),y)+ c*tan(beta*z)*diff(w(x,y,z),z)= (k*tan(lambda*x)+s*tan(gamma*y))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
ay − bx

a
,
−xcβ + ln (csgn (sec (βz)) sin (βz)) a

cβ

)(
sec (λx)2

) k
2aλ
(
sec (γy)2

) s
2γb

6.8.16.3 [1856] Problem 3

problem number 1856

Added Oct 18, 2019.

Problem Chapter 8.6.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a tann(βx)wy + b tank(λx)wz = c tanm(γx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Tan[beta*x]^n*D[w[x, y,z], y] + b*Tan[lambda*x]^k*D[w[x,y,z],z]== c*Tan[gamma*x]^m*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(
c tanm+1(γx)Hypergeometric2F1

(
1, m+1

2 , m+3
2 ,− tan2(γx)

)
γm+ γ

)
c1

(
y −

a tann+1(βx)Hypergeometric2F1
(
1, n+1

2 , n+3
2 ,− tan2(βx)

)
βn+ β

, z −
b tank+1(λx)Hypergeometric2F1

(
1, k+1

2 , k+3
2 ,− tan2(λx)

)
kλ+ λ

)}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*tan(beta*x)^n*diff(w(x,y,z),y)+ b*tan(lambda*x)^k*diff(w(x,y,z),z)= c*tan(gamma*x)^m*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

tan (βx)n dx+ y,−b
∫

tan (λx)k dx+ z

)
ec
∫
tan(γx)mdx

6.8.16.4 [1857] Problem 4

problem number 1857

Added Oct 18, 2019.

Problem Chapter 8.6.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b tan(βy)wy + c tan(λx)wz = k tan(γz)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Tan[beta*y]*D[w[x, y,z], y] + c*Tan[lambda*x]^m*D[w[x,y,z],z]== k*Tan[gamma*z]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1

(
log(sin(βy))

β
− bx

a
,
aλmz + aλz − c tanm+1(λx)Hypergeometric2F1

(
1, m+1

2 , m+3
2 ,− tan2(λx)

)
aλm+ aλ

)
exp

∫ x

1

k tan
(

γ
(
−cHypergeometric2F1

(
1,m+1

2 ,m+3
2 ,− tan2(λx)

)
tanm+1(λx)+cHypergeometric2F1

(
1,m+1

2 ,m+3
2 ,− tan2(λK[1])

)
tanm+1(λK[1])+aλ(m+1)z

)
aλ(m+1)

)
a

dK[1]




Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+b*tan(beta*y)*diff(w(x,y,z),y)+ c*tan(lambda*x)^m*diff(w(x,y,z),z)= k*tan(gamma*z)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−xbβ + ln (csgn (sec (βy)) sin (βy)) a

bβ
,−

c
∫
tan (λx)m dx

a
+ z

)
e
k
∫ x tan

(
γ
(
c
∫
tan(λ_b)md_b−c

∫
tan(λx)mdx+za

)
a

)
d_b

a
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6.8.16.5 [1858] Problem 5

problem number 1858

Added Oct 18, 2019.

Problem Chapter 8.6.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 tann1(λ1x)wx+b1 tanm1(β1y)wy+c1 tank1(γ1z)wz =
(
a2 tann2(λ2x) + b2 tanm2(β2y) + c2 tank2(γ2z)

)
w

Mathematica 7� �
ClearAll["Global`*"];
pde = a1*Tan[lambda1*z]^n1*D[w[x, y,z], x] + b1*Tan[beta1*y]^m1*D[w[x, y,z], y] + c1*Tan[gamma1*z]^k1*D[w[x,y,z],z]== (a2*Tan[lambda2*z]^n2 + b2*Tan[beta2*y]^m2 + c2*Tan[gamma2*z]^k2)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a1*tan(lambda1*z)^n1*diff(w(x,y,z),x)+ b1*tan(beta1*y)^m1*diff(w(x,y,z),y)+ c1*tan(gamma1*z)^k1*diff(w(x,y,z),z)= (a2*tan(lambda2*z)^n2 + b2*tan(beta2*y)^m2 + c2*tan(gamma2*z)^k2)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−
∫

tan (β 1 y)−m1 dy + b1
∫
tan (γ 1 z)− k1 dz

c1 ,−
a1
∫ y tan

(
λ 1RootOf

(
b1
∫
tan (γ 1 z)− k1 dz +

∫
tan (β 1_f)−m1 d_f c1− b1

∫ _Z tan (γ 1_f)− k1 d_f−
∫
tan (β 1 y)−m1 dy c1

))n1
tan (β 1_f)−m1 d_f

b1 + x

 e
∫ y(a2 tan

(
λ 2RootOf

(
b1
∫
tan(γ 1 z)− k1dz+

∫
tan(β 1_f)−m1d_f c1− b1

∫_Z tan(γ 1_f)− k1d_f−
∫
tan(β 1 y)−m1dy c1

))n2
+b2 tan(β 2_f)m2+c2 tan

(
γ 2RootOf

(
b1
∫
tan(γ 1 z)− k1dz+

∫
tan(β 1_f)−m1d_f c1− b1

∫_Z tan(γ 1_f)− k1d_f−
∫
tan(β 1 y)−m1dy c1

))k2)
tan(β 1_f)−m1d_f

b1

6.8.17 6.4

Local contents
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6.8.17.1 [1859] Problem 1

problem number 1859

Added Oct 18, 2019.

Problem Chapter 8.6.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + awy + bwz = c cotn(βx)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*D[w[x, y,z], y] + b*D[w[x,y,z],z]== c*Cot[beta*x]^n*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(
−
c cotn+1(βx)Hypergeometric2F1

(
1, n+1

2 , n+3
2 ,− cot2(βx)

)
βn+ β

)
c1(y − ax, z − bx)

}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)= c*cot(beta*x)^n*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1(−ax+ y,−bx+ z) ec
∫
cot(βx)ndx

6.8.17.2 [1860] Problem 2

problem number 1860

Added Oct 18, 2019.

Problem Chapter 8.6.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c cot(βz)wz = (k cot(λx) + s cot(γy))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*D[w[x, y,z], y] + c*Cot[beta*z]*D[w[x,y,z],z]== (k*Cot[lambda*x]+s*Cot[gamma*y])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

{{
w(x, y, z) → sin k

aλ (λx) sin
s
bγ (γy)c1

(
y − bx

a
,
log(sec(βz))

β
− cx

a

)}}
Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+b*diff(w(x,y,z),y)+ c*cot(beta*z)*diff(w(x,y,z),z)= (k*cot(lambda*x)+s*cot(gamma*y))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−ya+ bx

b
,
−2ycβ + b ln

(
csc (βz)2

)
− 2b ln (cot (βz))

2cβ

)(
csc (λx)2

)− k
2λa
(
csc (γy)2

)− s
2bγ
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6.8.17.3 [1861] Problem 3

problem number 1861

Added Oct 18, 2019.

Problem Chapter 8.6.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a cotn(βx)wy + b cotk(λx)wz = c cotm(γx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Cot[beta*x]^n*D[w[x, y,z], y] + b*Cot[lambda*x]^k*D[w[x,y,z],z]== c*Cot[gamma*x]^m*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(
−
c cotm+1(γx)Hypergeometric2F1

(
1, m+1

2 , m+3
2 ,− cot2(γx)

)
γm+ γ

)
c1

(
b cotk+1(λx)Hypergeometric2F1

(
1, k+1

2 , k+3
2 ,− cot2(λx)

)
kλ+ λ

+ z,
a cotn+1(βx)Hypergeometric2F1

(
1, n+1

2 , n+3
2 ,− cot2(βx)

)
βn+ β

+ y

)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*cot(beta*x)^n*diff(w(x,y,z),y)+ b*cot(lambda*x)^k*diff(w(x,y,z),z)= c*cot(gamma*x)^m*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

cot (βx)n dx+ y,−b
∫

cot (λx)k dx+ z

)
ec
∫
cot(γx)mdx

6.8.17.4 [1862] Problem 4

problem number 1862

Added Oct 18, 2019.

Problem Chapter 8.6.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b cot(βy)wy + c cot(λx)wz = k cot(γz)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x, y,z], x] + b*Cot[beta*y]*D[w[x, y,z], y] + c*Cot[lambda*x]^m*D[w[x,y,z],z]== k*Cot[gamma*z]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
w(x, y, z) → c1

(
aλmz + aλz + c cotm+1(λx)Hypergeometric2F1

(
1, m+1

2 , m+3
2 ,− cot2(λx)

)
aλm+ aλ

,
log(sec(βy))

β
− bx

a

)
exp

∫ x

1

k cot
(

γ
(
cHypergeometric2F1

(
1,m+1

2 ,m+3
2 ,− cot2(λx)

)
cotm+1(λx)+aλ(m+1)z−c cotm+1(λK[1]) Hypergeometric2F1

(
1,m+1

2 ,m+3
2 ,− cot2(λK[1])

))
aλ(m+1)

)
a

dK[1]

w(x, y, z) → c1

(
aλmz + aλz + c cotm+1(λx)Hypergeometric2F1

(
1, m+1

2 , m+3
2 ,− cot2(λx)

)
aλm+ aλ

,
log(sec(βy))

β
− bx

a

)
exp

∫ x

1

k cot
(

γ
(
cHypergeometric2F1

(
1,m+1

2 ,m+3
2 ,− cot2(λx)

)
cotm+1(λx)+aλ(m+1)z−c cotm+1(λK[2]) Hypergeometric2F1

(
1,m+1

2 ,m+3
2 ,− cot2(λK[2])

))
aλ(m+1)

)
a

dK[2]


Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+b*cot(beta*y)*diff(w(x,y,z),y)+ c*cot(lambda*x)^m*diff(w(x,y,z),z)= k*cot(gamma*z)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1


xbβ −

a ln
(
sec(βy)2

)
2

bβ
,−

c
∫ y

1+cot
(
λ
(
−2xbβ+a ln

(
sec(βy)2

))
2bβ

)
cot
(
λa ln

(
sec(β_b)2

)
2bβ

)

cot
(
λ
(
−2xbβ+a ln

(
sec(βy)2

))
2bβ

)
−cot

(
λa ln

(
sec(β_b)2

)
2bβ

)


m

tan (β_b) d_b

b
+ z


e−

k
∫ y − cot



γ

−c
∫ y


1+cot

λ
(
−2xbβ+a ln

(
sec(βy)2

))
2bβ

 cot

λa ln
(
sec(β_b)2

)
2bβ


cot

λ
(
−2xbβ+a ln

(
sec(βy)2

))
2bβ

−cot

λa ln
(
sec(β_b)2

)
2bβ





m

tan(β_b)d_b+c
∫


1+cot

λ
(
−2xbβ+a ln

(
sec(βy)2

))
2bβ

 cot

λa ln
(
sec(β_b)2

)
2bβ


cot

λ
(
−2xbβ+a ln

(
sec(βy)2

))
2bβ

−cot

λa ln
(
sec(β_b)2

)
2bβ





m

tan(β_b)d_b+zb


b



tan(β_b)d_b

b

6.8.17.5 [1863] Problem 5

problem number 1863

Added Oct 18, 2019.

Problem Chapter 8.6.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 cotn1(λ1x)wx+b1 cotm1(β1y)wy+c1 cotk1(γ1z)wz =
(
a2 cotn2(λ2x) + b2 cotm2(β2y) + c2 cotk2(γ2z)

)
w

Mathematica 7� �
ClearAll["Global`*"];
pde = a1*Cot[lambda1*z]^n1*D[w[x, y,z], x] + b1*Cot[beta1*y]^m1*D[w[x, y,z], y] + c1*Cot[gamma1*z]^k1*D[w[x,y,z],z]== (a2*Cot[lambda2*z]^n2 + b2*Cot[beta2*y]^m2 + c2*Cot[gamma2*z]^k2)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := a1*cot(lambda1*z)^n1*diff(w(x,y,z),x)+ b1*cot(beta1*y)^m1*diff(w(x,y,z),y)+ c1*cot(gamma1*z)^k1*diff(w(x,y,z),z)= (a2*cot(lambda2*z)^n2 + b2*cot(beta2*y)^m2 + c2*cot(gamma2*z)^k2)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−
∫

cot (β 1 y)−m1 dy + b1
∫
cot (γ 1 z)− k1 dz

c1 ,−
a1
∫ y cot

(
λ 1RootOf

(∫
cot (β 1_f)−m1 d_f c1+b1

∫
cot (γ 1 z)− k1 dz − b1

∫ _Z cot (γ 1_f)− k1 d_f−
∫
cot (β 1 y)−m1 dy c1

))n1
cot (β 1_f)−m1 d_f

b1 + x

 e
∫ y(a2 cot

(
λ 2RootOf

(∫
cot(β 1_f)−m1d_f c1+b1

∫
cot(γ 1 z)− k1dz−b1

∫_Z cot(γ 1_f)− k1d_f−
∫
cot(β 1 y)−m1dy c1

))n2
+b2 cot(β 2_f)m2+c2 cot

(
γ 2RootOf

(∫
cot(β 1_f)−m1d_f c1+b1

∫
cot(γ 1 z)− k1dz−b1

∫_Z cot(γ 1_f)− k1d_f−
∫
cot(β 1 y)−m1dy c1

))k2)
cot(β 1_f)−m1d_f

b1
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6.8.18.1 [1864] Problem 1

problem number 1864

Added Oct 18, 2019.

Problem Chapter 8.6.5.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a sinn(λx)wy + b cosm(βx)wz = c sink(γx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Sin[lambda*x]^n*D[w[x, y,z], y] + b*Cos[beta*x]^m*D[w[x,y,z],z]== c*Sin[gamma*x]^k*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(
c
√
cos2(γx) sec(γx) sink+1(γx)Hypergeometric2F1

(1
2 ,

k+1
2 , k+3

2 , sin2(γx)
)

γk + γ

)
c1

(
b
√

sin2(βx) csc(βx) cosm+1(βx)Hypergeometric2F1
(1
2 ,

m+1
2 , m+3

2 , cos2(βx)
)

βm+ β
+ z, y −

a
√

cos2(λx) sec(λx) sinn+1(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , sin2(λx)
)

λn+ λ

)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*sin(lambda*x)^n*diff(w(x,y,z),y)+ b*cos(beta*x)^m*diff(w(x,y,z),z)= c*sin(gamma*x)^k*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

sin (λx)n dx+ y,−b
∫

cos (βx)m dx+ z

)
ec
∫
sin(γx)kdx



chapter 6. handbook of first order partial differential . . . 1779

6.8.18.2 [1865] Problem 2

problem number 1865

Added Oct 18, 2019.

Problem Chapter 8.6.5.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a cosn(λx)wy + b sinm(βy)wz =
(
c cosk(γy) + s sinr(µz)

)
w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Cos[lambda*x]^n*D[w[x, y,z], y] + b*Sin[beta*y]^m*D[w[x,y,z],z]== (c*Cos[gamma*y]^k+s*Sin[mu*z]^r)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1

a√sin2(λx) csc(λx) cosn+1(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)

λn+ λ
+ y, z −

∫ x

1
b sinm

β
(
a csc(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)√

sin2(λx) cosn+1(λx) + λ(n+ 1)y − a cosn+1(λK[1]) csc(λK[1]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(λK[1])
)√

sin2(λK[1])
)

λ(n+ 1)

 dK[1]

 exp

∫ x

1

c cosk
γ
(
a csc(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)√

sin2(λx) cosn+1(λx) + λ(n+ 1)y − a cosn+1(λK[2]) csc(λK[2]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(λK[2])
)√

sin2(λK[2])
)

λ(n+ 1)

+ s sinr

µ
z − ∫ x

1
b sinm

β
(
a csc(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)√

sin2(λx) cosn+1(λx) + λ(n+ 1)y − a cosn+1(λK[1]) csc(λK[1]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(λK[1])
)√

sin2(λK[1])
)

λ(n+ 1)

 dK[1] +
∫ K[2]

1
b sinm

β
(
a csc(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)√

sin2(λx) cosn+1(λx) + λ(n+ 1)y − a cosn+1(λK[1]) csc(λK[1]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(λK[1])
)√

sin2(λK[1])
)

λ(n+ 1)

 dK[1]

 dK[2]




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+b*cos(lambda*x)^n*diff(w(x,y,z),y)+ b*sin(beta*y)^m*diff(w(x,y,z),z)= (c*cos(gamma*y)^k+s*sin(mu*z)^r)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
−b
∫

cos (λx)n dx+ y,−b
∫ x(

− sin
(
β

(
b

∫
cos (λx)n dx− b

∫
cos (λ_g)n d_g− y

)))m

d_g+ z

)
e
∫ x(ccos(γ(b ∫ cos(λx)ndx−b

∫
cos(λ_g)nd_g−y

))k+ssin
(
µ
(
−b
∫ x (− sin

(
β
(
b
∫
cos(λx)ndx−b

∫
cos(λ_g)nd_g−y

)))m
d_g+z+b

∫ (
− sin

(
β
(
b
∫
cos(λx)ndx−b

∫
cos(λ_g)nd_g−y

)))m
d_g

))r)
d_g

6.8.18.3 [1866] Problem 3

problem number 1866

Added Oct 18, 2019.

Problem Chapter 8.6.5.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a cosn(λx)wy + b tanm(βy)wz =
(
c cosk(γy) + s tank(µz)

)
w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, y,z], x] + a*Cos[lambda*x]^n*D[w[x, y,z], y] + b*Tan[beta*y]^m*D[w[x,y,z],z]== (c*Cos[gamma*y]^k+s*Tan[mu*z]^k)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1

a√sin2(λx) csc(λx) cosn+1(λx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)

λn+ λ
+ y, z −

∫ x

1
b tanm

β
(
a csc(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)√

sin2(λx) cosn+1(λx) + λ(n+ 1)y − a cosn+1(λK[1]) csc(λK[1]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(λK[1])
)√

sin2(λK[1])
)

λ(n+ 1)

 dK[1]

 exp

∫ x

1

c cosk
γ
(
a csc(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)√

sin2(λx) cosn+1(λx) + λ(n+ 1)y − a cosn+1(λK[2]) csc(λK[2]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(λK[2])
)√

sin2(λK[2])
)

λ(n+ 1)

+ s tank

µ
z − ∫ x

1
b tanm

β
(
a csc(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)√

sin2(λx) cosn+1(λx) + λ(n+ 1)y − a cosn+1(λK[1]) csc(λK[1]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(λK[1])
)√

sin2(λK[1])
)

λ(n+ 1)

 dK[1] +
∫ K[2]

1
b tanm

β
(
a csc(λx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cos2(λx)
)√

sin2(λx) cosn+1(λx) + λ(n+ 1)y − a cosn+1(λK[1]) csc(λK[1]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cos2(λK[1])
)√

sin2(λK[1])
)

λ(n+ 1)

 dK[1]

 dK[2]



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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*cos(lambda*x)^n*diff(w(x,y,z),y)+ b*tan(beta*y)^m*diff(w(x,y,z),z)= (c*cos(gamma*y)^k+s*tan(mu*z)^k)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−a
∫

cos (λx)n dx+ y,−b
∫ x

(
−

tan
(
β
(
a
∫
cos (λx)n dx− y

))
− tan

(
βa
∫
cos (λ_g)n d_g

)
1 + tan

(
β
(
a
∫
cos (λx)n dx− y

))
tan

(
βa
∫
cos (λ_g)n d_g

))m

d_g+ z

)
e
∫ x(ccos(γ(a ∫ cos(λx)ndx−a

∫
cos(λ_g)nd_g−y

))k+stan
(
µ
(
−b
∫ x (− tan

(
β
(
a
∫
cos(λx)ndx−y

))
−tan

(
βa
∫
cos(λ_g)nd_g

)
1+tan(β(a

∫
cos(λx)ndx−y)) tan(βa

∫
cos(λ_g)nd_g)

)m
d_g+z+b

∫ (
− tan

(
β
(
a
∫
cos(λx)ndx−y

))
−tan

(
βa
∫
cos(λ_g)nd_g

)
1+tan(β(a

∫
cos(λx)ndx−y)) tan(βa

∫
cos(λ_g)nd_g)

)m
d_g

))k)
d_g

6.8.18.4 [1867] Problem 4

problem number 1867

Added Oct 18, 2019.

Problem Chapter 8.6.5.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 sinn1(λ1x)wx+b1 cotm1(β1y)wy+c1 cosk1(γ1z)wz =
(
a2 cosn2(λ2x) + b2 sinm2(β2y) + c2 cosk2(γ2z)

)
w

Mathematica 7� �
ClearAll["Global`*"];
pde = a1*Sin[lambda1*z]^n1*D[w[x, y,z], x] + b1*Cot[beta1*y]^m1*D[w[x, y,z], y] + c1*Cos[gamma1*z]^k1*D[w[x,y,z],z]== (a2*Cos[lambda2*z]^n2 + b2*Sin[beta2*y]^m2 + c2*Cos[gamma2*z]^k2)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a1*sin(lambda1*z)^n1*diff(w(x,y,z),x)+ b1*cot(beta1*y)^m1*diff(w(x,y,z),y)+ c1*cos(gamma1*z)^k1*diff(w(x,y,z),z)= (a2*cos(lambda2*z)^n2 + b2*sin(beta2*y)^m2 + c2*cos(gamma2*z)^k2)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−
∫

cot (β 1 y)−m1 dy + b1
∫
cos (γ 1 z)− k1 dz

c1 ,−
a1
∫ y sin

(
λ 1RootOf

(∫
cot (β 1_f)−m1 d_f c1−

∫
cot (β 1 y)−m1 dy c1− b1

∫ _Z cos (γ 1_f)− k1 d_f+ b1
∫
cos (γ 1 z)− k1 dz

))n1
cot (β 1_f)−m1 d_f

b1 + x

 e
∫ y(a2 cos

(
λ 2RootOf

(∫
cot(β 1_f)−m1d_f c1−

∫
cot(β 1 y)−m1dy c1− b1

∫_Z cos(γ 1_f)− k1d_f+b1
∫
cos(γ 1 z)− k1dz

))n2
+b2 sin(β 2_f)m2+c2 cos

(
γ 2RootOf

(∫
cot(β 1_f)−m1d_f c1−

∫
cot(β 1 y)−m1dy c1− b1

∫_Z cos(γ 1_f)− k1d_f+b1
∫
cos(γ 1 z)− k1dz

))k2)
cot(β 1_f)−m1d_f

b1

6.8.18.5 [1868] Problem 5

problem number 1868

Added Oct 18, 2019.

Problem Chapter 8.6.5.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1 tann1(λ1x)wx+b1 cotm1(β1y)wy+c1 cotk1(γ1z)wz =
(
a2 cotn2(λ2x) + b2 tanm2(β2y) + c2 cotk2(γ2z)

)
w
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Mathematica 7� �
ClearAll["Global`*"];
pde = a1*Tan[lambda1*z]^n1*D[w[x, y,z], x] + b1*Cot[beta1*y]^m1*D[w[x, y,z], y] + c1*Cot[gamma1*z]^k1*D[w[x,y,z],z]== (a2*Cot[lambda2*z]^n2 + b2*Tan[beta2*y]^m2 + c2*Cot[gamma2*z]^k2)*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a1*tan(lambda1*z)^n1*diff(w(x,y,z),x)+ b1*cot(beta1*y)^m1*diff(w(x,y,z),y)+ c1*cot(gamma1*z)^k1*diff(w(x,y,z),z)= (a2*cot(lambda2*z)^n2 + b2*tan(beta2*y)^m2 + c2*cot(gamma2*z)^k2)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−
∫

cot (β 1 y)−m1 dy + b1
∫
cot (γ 1 z)− k1 dz

c1 ,−
a1
∫ y tan

(
λ 1RootOf

(
b1
∫
cot (γ 1 z)− k1 dz −

∫
cot (β 1 y)−m1 dy c1+

∫
cot (β 1_f)−m1 d_f c1− b1

∫ _Z cot (γ 1_f)− k1 d_f
))n1

cot (β 1_f)−m1 d_f

b1 + x

 e
∫ y(a2 cot

(
λ 2RootOf

(
b1
∫
cot(γ 1 z)− k1dz−

∫
cot(β 1 y)−m1dy c1+

∫
cot(β 1_f)−m1d_f c1− b1

∫_Z cot(γ 1_f)− k1d_f
))n2

+b2 tan(β 2_f)m2+c2 cot
(
γ 2RootOf

(
b1
∫
cot(γ 1 z)− k1dz−

∫
cot(β 1 y)−m1dy c1+

∫
cot(β 1_f)−m1d_f c1− b1

∫_Z cot(γ 1_f)− k1d_f
))k2)

cot(β 1_f)−m1d_f

b1
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6.8.19.1 [1869] Problem 1

problem number 1869

Added Nov 30, 2019.

Problem Chapter 8.7.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + awy + bwz = c arcsinn(βx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+a*D[w[x,y,z],y]+b*D[w[x,y,z],z]==c*ArcSin[beta*x]^n * w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(
ic arcsin(βx)n (arcsin(βx)2)−n ((−i arcsin(βx))nΓ(n+ 1, i arcsin(βx))− (i arcsin(βx))nΓ(n+ 1,−i arcsin(βx)))

2β

)
c1(y − ax, z − bx)

}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)= c*arcsin(beta*x)^n*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1(−ax+ y,−bx+ z) ec
∫
arcsin(βx)ndx

6.8.19.2 [1870] Problem 2

problem number 1870

Added Nov 30, 2019.

Problem Chapter 8.7.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1wx + a2wy + a3wz = (b1 arcsin(λ1x) + b2 arcsin(λ2y) + b3 arcsin(λ3z))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a1*D[w[x,y,z],x]+a2*D[w[x,y,z],y]+a3*D[w[x,y,z],z]== (b1*ArcSin[lambda1*x]+b2*ArcSin[lambda2*y]+b3*ArcSin[lambda3*z] ) * w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y − a2x

a1 , z −
a3x
a1

)
exp

(
b1x arcsin(lambda1x)

a1 + b1
√

1− lambda12x2
a1lambda1 + b2y arcsin(lambda2y)

a2 + b2
√

1− lambda22y2
a2lambda2 + b3z arcsin(lambda3z)

a3 + b3
√
1− lambda32z2
a3lambda3

)}}

Maple 3� �
restart;
local gamma;
pde := a__1*diff(w(x,y,z),x)+ a__2*diff(w(x,y,z),y)+ a__3*diff(w(x,y,z),z)= (b__1*arcsin(lambda__1*x)+b__2*arcsin(lambda__2*y)+b__3*arcsin(lambda__3*z))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ya1 − xa2

a1
,
za1 − a3x

a1

)
e

√
−λ21x

2+1 b1a2λ2a3λ3+
(
λ3a1a3b2

√
−y2λ22+1+λ2

(
a1a2b3

√
−z2λ23+1+λ3(x arcsin(λ1x)a2a3b1+a1(arcsin(λ2y)ya3b2+arcsin(λ3z)za2b3))

))
λ1

λ1a2λ2a3λ3a1

6.8.19.3 [1871] Problem 3

problem number 1871

Added Nov 30, 2019.

Problem Chapter 8.7.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arcsinn(λx) arcsink(βz)wz = s arcsinm(γx)w
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Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+b*D[w[x,y,z],y]+c*ArcSin[lambda*x]^n*ArcSin[beta*z]^k*D[w[x,y,z],z]==s*ArcSin[gamma*x]^m * w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*arcsin(lambda*x)^n*arcsin(beta*z)^k*diff(w(x,y,z),z)= s*arcsin(gamma*x)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

ay − bx

a
,−

λ
(
a
√

arcsin (λx) (n+ 1)
(
−LommelS1

(
−k + 3

2 ,
1
2 , arcsin (βz)

)
arcsin (βz) + arcsin (βz)−k+ 3

2

)√
−β2z2 + 1− β

(
−a
√

arcsin (λx) z(n+ 1)LommelS1
(
−k + 3

2 ,
1
2 , arcsin (βz)

)
+ a
√
arcsin (λx) kz arcsin (βz) (n+ 1)LommelS1

(
−k + 1

2 ,
3
2 , arcsin (βz)

)
−
√

arcsin (βz) cx(k − 1)
(
arcsin (λx) LommelS1

(
n+ 1

2 ,
3
2 , arcsin (λx)

)
n+ LommelS1

(
n+ 3

2 ,
1
2 , arcsin (λx)

))))√
−λ2x2 + 1 +

√
arcsin (βz) cβ(λx− 1) (λx+ 1) (k − 1)

(
arcsin (λx) LommelS1

(
n+ 3

2 ,
1
2 , arcsin (λx)

)
− arcsin (λx)n+

3
2

)
√
arcsin (λx)

√
−λ2x2 + 1

√
arcsin (βz) β (k − 1) cλ (n+ 1)

 e
s

(
γx arcsin(γx)+

√
−γ2x2+1

)
aγ

6.8.19.4 [1872] Problem 4

problem number 1872

Added Nov 30, 2019.

Problem Chapter 8.7.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arcsinn(λx) arcsinm(βy) arcsink(γz)wz = sw

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+b*D[w[x,y,z],y]+c*ArcSin[lambda*x]^n*ArcSin[beta*y]^m*ArcSin[gamma*z]^k*D[w[x,y,z],z]==s* w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*arcsin(lambda*x)^n*arcsin(beta*y)^m*arcsin(gamma*z)^k*diff(w(x,y,z),z)= s*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

ay − bx

a
,
−γ
√

arcsin (γz) c(k − 1)
∫ x arcsin (λ_a)n arcsin

(
β(ay−b(x−_a))

a

)m
d_a+ a

((
arcsin (γz) LommelS1

(
−k + 3

2 ,
1
2 , arcsin (γz)

)
− arcsin (γz)−k+ 3

2

)√
−γ2z2 + 1 + γz

(
arcsin (γz) LommelS1

(
−k + 1

2 ,
3
2 , arcsin (γz)

)
k − LommelS1

(
−k + 3

2 ,
1
2 , arcsin (γz)

)))√
arcsin (γz) (k − 1) γc

 e sxa
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6.8.19.5 [1873] Problem 5

problem number 1873

Added Nov 30, 2019.

Problem Chapter 8.7.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arcsinn(λx)wy + c arcsink(βz)wz = s arcsinm(γx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+b*ArcSin[lambda*x]^n*D[w[x,y,z],y]+c*ArcSin[beta*z]^k*D[w[x,y,z],z]==s* ArcSin[gamma*x]^m*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1

(
−cx
a

−
i arcsin(βz)−k

(
(−i arcsin(βz))kΓ(1− k,−i arcsin(βz))− (i arcsin(βz))kΓ(1− k, i arcsin(βz))

)
2β ,

(arcsin(λx)2)−n (2aλy(arcsin(λx)2)n + ib(i arcsin(λx))n arcsin(λx)nΓ(n+ 1,−i arcsin(λx))− ib(−i arcsin(λx))n arcsin(λx)nΓ(n+ 1, i arcsin(λx))
)

2aλ

)
exp

∫ z

1

s arcsin
(

γ
(
ia(−i arcsin(βz))kΓ(1−k,−i arcsin(βz)) arcsin(βz)−k−ia(i arcsin(βz))kΓ(1−k,i arcsin(βz)) arcsin(βz)−k+arcsin(βK[1])−k

(
−iaΓ(1−k,−i arcsin(βK[1]))(−i arcsin(βK[1]))k+2βcx arcsin(βK[1])k+ia(i arcsin(βK[1]))kΓ(1−k,i arcsin(βK[1]))

))
2βc

)m
arcsin(βK[1])−k

c
dK[1]




Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*arcsin(lambda*x)^n*diff(w(x,y,z),y)+ c*arcsin(beta*z)^k*diff(w(x,y,z),z)= s*arcsin(gamma*x)^m*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−
−b
(
− arcsin (λx) LommelS1

(
n+ 3

2 ,
1
2 , arcsin (λx)

)
+ arcsin (λx)n+

3
2

)√
−λ2x2 + 1 +

(
−bxLommelS1

(
n+ 3

2 ,
1
2 , arcsin (λx)

)
− LommelS1

(
n+ 1

2 ,
3
2 , arcsin (λx)

)
bnx arcsin (λx) + a

√
arcsin (λx) y(n+ 1)

)
λ√

arcsin (λx)λ (n+ 1) a
,
−β
√

arcsin (βz) c(k − 1)
∫ y arcsin

(
λRootOf

(
arcsin (λ_Z) LommelS1

(
n+ 1

2 ,
3
2 , arcsin (λ_Z)

)
_Zbλn−

√
arcsin (λ_Z)λnb

∫
arcsin (λx)n dx−

√
arcsin (λ_Z) aλn_b+

√
arcsin (λ_Z) aλny − λ

√
arcsin (λ_Z) b

∫
arcsin (λx)n dx− _baλ

√
arcsin (λ_Z) + aλ

√
arcsin (λ_Z) y −

√
−_Z2λ2 + 1 arcsin (λ_Z) LommelS1

(
n+ 3

2 ,
1
2 , arcsin (λ_Z)

)
b+ LommelS1

(
n+ 3

2 ,
1
2 , arcsin (λ_Z)

)
_Zbλ+

√
−_Z2λ2 + 1 arcsin (λ_Z)n+

3
2 b
))−n

d_b+
((

LommelS1
(
−k + 3

2 ,
1
2 , arcsin (βz)

)
arcsin (βz)− arcsin (βz)−k+ 3

2

)√
−β2z2 + 1 + βz

(
arcsin (βz) LommelS1

(
−k + 1

2 ,
3
2 , arcsin (βz)

)
k − LommelS1

(
−k + 3

2 ,
1
2 , arcsin (βz)

)))
b√

arcsin (βz) β (k − 1) c

 e
s
∫ y arcsin

(
γ RootOf

(
_ba−b

∫_Z arcsin(λ_b)nd_b−ya+b
∫
arcsin(λx)ndx

))m
arcsin

(
λRootOf

(
_ba−b

∫_Z arcsin(λ_b)nd_b−ya+b
∫
arcsin(λx)ndx

))−n
d_b

b

6.8.19.6 [1874] Problem 6

problem number 1874

Added Nov 30, 2019.

Problem Chapter 8.7.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arcsinn(λy)wy + c arcsink(βz)wz = sw

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+b*ArcSin[lambda*y]^n*D[w[x,y,z],y]+c*ArcSin[beta*z]^k*D[w[x,y,z],z]==s* w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*arcsin(lambda*y)^n*diff(w(x,y,z),y)+ c*arcsin(beta*z)^k*diff(w(x,y,z),z)= s*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

a
(
−LommelS1

(
−n+ 3

2 ,
1
2 , arcsin (λy)

)
arcsin (λy) + arcsin (λy)−n+ 3

2

)√
−λ2y2 + 1− λ

(
−ay LommelS1

(
−n+ 3

2 ,
1
2 , arcsin (λy)

)
+ aLommelS1

(
−n+ 1

2 ,
3
2 , arcsin (λy)

)
ny arcsin (λy)−

√
arcsin (λy) bx(n− 1)

)
√

arcsin (λy) (n− 1)λb
,−

(
b
√
arcsin (λy) (n− 1)

(
−LommelS1

(
−k + 3

2 ,
1
2 , arcsin (βz)

)
arcsin (βz) + arcsin (βz)−k+ 3

2

)√
−β2z2 + 1− β

(√
arcsin (βz) cy(k − 1) LommelS1

(
−n+ 3

2 ,
1
2 , arcsin (λy)

)
− b
√
arcsin (λy) z(n− 1) LommelS1

(
−k + 3

2 ,
1
2 , arcsin (βz)

)
− arcsin (λy)

√
arcsin (βz) cny(k − 1) LommelS1

(
−n+ 1

2 ,
3
2 , arcsin (λy)

)
+ b
√

arcsin (λy) LommelS1
(
−k + 1

2 ,
3
2 , arcsin (βz)

)
kz arcsin (βz) (n− 1)

))
λ
√
−λ2y2 + 1−

√
arcsin (βz) cβ(λy − 1) (λy + 1) (k − 1)

(
LommelS1

(
−n+ 3

2 ,
1
2 , arcsin (λy)

)
arcsin (λy)− arcsin (λy)−n+ 3

2

)
√

arcsin (λy)
√

arcsin (βz)
√
−λ2y2 + 1 (k − 1) βcλ (n− 1)

 e
s
∫
arcsin(λy)−ndy

b
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6.8.20.1 [1875] Problem 1

problem number 1875

Added Nov 30, 2019.

Problem Chapter 8.7.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + awy + bwz = c arccosn(βx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+a*D[w[x,y,z],y]+b*D[w[x,y,z],z]==c*ArcCos[beta*x]^n * w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(
c arccos(βx)n (arccos(βx)2)−n ((−i arccos(βx))nΓ(n+ 1, i arccos(βx)) + (i arccos(βx))nΓ(n+ 1,−i arccos(βx)))

2β

)
c1(y − ax, z − bx)

}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)= c*arccos(beta*x)^n*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1(−ax+ y,−bx+ z) ec
∫
arccos(βx)ndx
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6.8.20.2 [1876] Problem 2

problem number 1876

Added Nov 30, 2019.

Problem Chapter 8.7.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1wx + a2wy + a3wz = (b1 arccos(λ1x) + b2 arccos(λ2y) + b3 arccos(λ3z))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a1*D[w[x,y,z],x]+a2*D[w[x,y,z],y]+a3*D[w[x,y,z],z]== (b1*ArcCos[lambda1*x]+b2*ArcCos[lambda2*y]+b3*ArcCos[lambda3*z] ) * w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y − a2x

a1 , z −
a3x
a1

)
exp

(
b1x arccos(lambda1x)

a1 + b2x arccos(lambda2y)
a1 + b3x arccos(lambda3z)

a1 + b2x arcsin(lambda2y)
a1 + b3x arcsin(lambda3z)

a1 − b1
√
1− lambda12x2
a1lambda1 − b2y arcsin(lambda2y)

a2 − b2
√
1− lambda22y2
a2lambda2 − b3z arcsin(lambda3z)

a3 − b3
√

1− lambda32z2
a3lambda3

)}}

Maple 3� �
restart;
local gamma;
pde := a__1*diff(w(x,y,z),x)+ a__2*diff(w(x,y,z),y)+ a__3*diff(w(x,y,z),z)= (b__1*arccos(lambda__1*x)+b__2*arccos(lambda__2*y)+b__3*arccos(lambda__3*z))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ya1 − a2x

a1
,
za1 − a3x

a1

)
e

−
√

−λ21x
2+1 b1a2λ2a3λ3+λ1

(
−λ3a1a3b2

√
−y2λ22+1+λ2

(
−a1a2b3

√
−z2λ23+1+λ3(x arccos(λ1x)a2a3b1+a1(arccos(λ2y)ya3b2+arccos(λ3z)za2b3))

))
λ1a2λ2a3λ3a1

6.8.20.3 [1877] Problem 3

problem number 1877

Added Nov 30, 2019.

Problem Chapter 8.7.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arccosn(λx) arccosk(βz)wz = s arccosm(γx)w

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+b*D[w[x,y,z],y]+c*ArcCos[lambda*x]^n*ArcCos[beta*z]^k*D[w[x,y,z],z]==s*ArcCos[gamma*x]^m * w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*arccos(lambda*x)^n*arccos(beta*z)^k*diff(w(x,y,z),z)= s*arccos(gamma*x)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

ay − xb

a
,
−
√

arccos (βz)
(
(−2− n) LommelS1

(
n+ 1

2 ,
1
2 , arccos (λx)

)
+ arccos (λx) LommelS1

(
n+ 3

2 ,
3
2 , arccos (λx)

)
− arccos (λx)n+

3
2

)
(−2 + k) βc

√
−λ2x2 + 1 + λ(2 + n)

(√
arccos (λx)

(
(2− k) LommelS1

(
−k + 1

2 ,
1
2 , arccos (βz)

)
− LommelS1

(
−k + 3

2 ,
3
2 , arccos (βz)

)
arccos (βz) + arccos (βz)−k+ 3

2

)
a
√
−β2z2 + 1 + β(−2 + k)

(
a
√

arccos (λx) LommelS1
(
−k + 1

2 ,
1
2 , arccos (βz)

)
z arccos (βz)− arccos (λx)

√
arccos (βz) cLommelS1

(
n+ 1

2 ,
1
2 , arccos (λx)

)
x
))

√
arccos (λx)

√
arccos (βz)λ (2 + n) cβ (−2 + k)

 e
s

(
γx arccos(γx)−

√
−γ2x2+1

)
aγ

6.8.20.4 [1878] Problem 4

problem number 1878

Added Nov 30, 2019.

Problem Chapter 8.7.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arccosn(λx) arccosm(βy) arccosk(γz)wz = sw

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+b*D[w[x,y,z],y]+c*ArcCos[lambda*x]^n*ArcCos[beta*y]^m*ArcCos[gamma*z]^k*D[w[x,y,z],z]==s* w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*arccos(lambda*x)^n*arccos(beta*y)^m*arccos(gamma*z)^k*diff(w(x,y,z),z)= s*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

ay − xb

a
,
−γ
√

arccos (γz) c(−2 + k)
∫ x arccos (λ_a)n arccos

(
β(ay−b(x−_a))

a

)m
d_a+

((
(2− k) LommelS1

(
−k + 1

2 ,
1
2 , arccos (γz)

)
− arccos (γz) LommelS1

(
−k + 3

2 ,
3
2 , arccos (γz)

)
+ arccos (γz)−k+ 3

2

)√
−γ2z2 + 1 + γ arccos (γz) LommelS1

(
−k + 1

2 ,
1
2 , arccos (γz)

)
z(−2 + k)

)
a√

arccos (γz) cγ (−2 + k)

 e sxa

6.8.20.5 [1879] Problem 5

problem number 1879

Added Nov 30, 2019.

Problem Chapter 8.7.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arccosn(λx)wy + c arccosk(βz)wz = s arccosm(γx)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+b*ArcCos[lambda*x]^n*D[w[x,y,z],y]+c*ArcCos[beta*z]^k*D[w[x,y,z],z]==s* ArcCos[gamma*x]^m*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → c1

(
−cx
a

+
arccos(βz)−k

(
(−i arccos(βz))kΓ(1− k,−i arccos(βz)) + (i arccos(βz))kΓ(1− k, i arccos(βz))

)
2β ,

(arccos(λx)2)−n (2aλy(arccos(λx)2)n − b(i arccos(λx))n arccos(λx)nΓ(n+ 1,−i arccos(λx))− b(−i arccos(λx))n arccos(λx)nΓ(n+ 1, i arccos(λx))
)

2aλ

)
exp

∫ z

1

s arccos
(

γ
(
−a(−i arccos(βz))kΓ(1−k,−i arccos(βz)) arccos(βz)−k−a(i arccos(βz))kΓ(1−k,i arccos(βz)) arccos(βz)−k+arccos(βK[1])−k

(
aΓ(1−k,−i arccos(βK[1]))(−i arccos(βK[1]))k+2βcx arccos(βK[1])k+a(i arccos(βK[1]))kΓ(1−k,i arccos(βK[1]))

))
2βc

)m
arccos(βK[1])−k

c
dK[1]




Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*arccos(lambda*x)^n*diff(w(x,y,z),y)+ c*arccos(beta*z)^k*diff(w(x,y,z),z)= s*arccos(gamma*x)^m*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.8.20.6 [1880] Problem 6

problem number 1880

Added Nov 30, 2019.

Problem Chapter 8.7.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arccosn(λy)wy + c arccosk(βz)wz = sw

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+b*ArcCos[lambda*y]^n*D[w[x,y,z],y]+c*ArcCos[beta*z]^k*D[w[x,y,z],z]==s* w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*arccos(lambda*y)^n*diff(w(x,y,z),y)+ c*arccos(beta*z)^k*diff(w(x,y,z),z)= s*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

−

(
(2− n) LommelS1

(
−n+ 1

2 ,
1
2 , arccos (λy)

)
− LommelS1

(
−n+ 3

2 ,
3
2 , arccos (λy)

)
arccos (λy) + arccos (λy)−n+ 3

2

)
a
√
−λ2y2 + 1 + λ(−2 + n)

(
aLommelS1

(
−n+ 1

2 ,
1
2 , arccos (λy)

)
y arccos (λy)−

√
arccos (λy) bx

)
√
arccos (λy) bλ (−2 + n)

,
β(−2 + k) c

(
(−2 + n) LommelS1

(
−n+ 1

2 ,
1
2 , arccos (λy)

)
+ LommelS1

(
−n+ 3

2 ,
3
2 , arccos (λy)

)
arccos (λy)− arccos (λy)−n+ 3

2

)√
arccos (βz)

√
−λ2y2 + 1 + (−2 + n)

((
(2− k) LommelS1

(
−k + 1

2 ,
1
2 , arccos (βz)

)
− LommelS1

(
−k + 3

2 ,
3
2 , arccos (βz)

)
arccos (βz) + arccos (βz)−k+ 3

2

)√
arccos (λy) b

√
−β2z2 + 1 + β(−2 + k)

(
b
√

arccos (λy) LommelS1
(
−k + 1

2 ,
1
2 , arccos (βz)

)
z arccos (βz)− arccos (λy)

√
arccos (βz) cy LommelS1

(
−n+ 1

2 ,
1
2 , arccos (λy)

)))
λ√

arccos (λy)
√

arccos (βz)λ (−2 + n) cβ (−2 + k)

 e
s
∫
arccos(λy)−ndy

b
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6.8.21 7.3

Local contents
6.8.21.1 [1881] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1789
6.8.21.2 [1882] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1789
6.8.21.3 [1883] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1790
6.8.21.4 [1884] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1791
6.8.21.5 [1885] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1791

6.8.21.1 [1881] Problem 1

problem number 1881

Added Nov 30, 2019.

Problem Chapter 8.7.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + awy + bwz = c arctann(βx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+a*D[w[x,y,z],y]+b*D[w[x,y,z],z]==c*ArcTan[beta*x]^n * w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

{{
w(x, y, z) → c1(y − ax, z − bx) exp

(∫ x

1
c arctan(βK[1])ndK[1]

)}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)= c*arctan(beta*x)^n*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1(−ax+ y,−bx+ z) ec
∫
arctan(βx)ndx

6.8.21.2 [1882] Problem 2

problem number 1882

Added Nov 30, 2019.

Problem Chapter 8.7.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1wx + a2wy + a3wz = (b1 arctan(λ1x) + b2 arctan(λ2y) + b3 arctan(λ3z))w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a1*D[w[x,y,z],x]+a2*D[w[x,y,z],y]+a3*D[w[x,y,z],z]== (b1*ArcTan[lambda1*x]+b2*ArcTan[lambda2*y]+b3*ArcTan[lambda3*z] ) * w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) →
(
lambda12x2 + 1

)− b1
2a1lambda1

(
a12
(
lambda22y2 + 1

))− b2
2a2lambda2

(
a12
(
lambda32z2 + 1

))− b3
2a3lambda3 c1

(
y − a2x

a1 , z −
a3x
a1

)
exp

(
b1x arctan(lambda1x)

a1 + b2y arctan(lambda2y)
a2 + b3z arctan(lambda3z)

a3

)}}
Maple 3� �
restart;
local gamma;
pde := a__1*diff(w(x,y,z),x)+ a__2*diff(w(x,y,z),y)+ a__3*diff(w(x,y,z),z)= (b__1*arctan(lambda__1*x)+b__2*arctan(lambda__2*y)+b__3*arctan(lambda__3*z))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
a1y − xa2

a1
,
a1z − a3x

a1

)(
λ21x

2 + 1
)− b1

2a1λ1
(
λ22y

2 + 1
)− b2

2λ2a2
(
λ23z

2 + 1
)− b3

2λ3a3 e
arctan(λ3z)a1a2b3z+arctan(λ2y)a1a3b2y+b1x arctan(λ1x)a2a3

a1a2a3

6.8.21.3 [1883] Problem 3

problem number 1883

Added Nov 30, 2019.

Problem Chapter 8.7.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arctann(λx) arctank(βz)wz = s arctanm(γx)w

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+b*D[w[x,y,z],y]+c*ArcTan[lambda*x]^n*ArcTan[beta*z]^k*D[w[x,y,z],z]==s*ArcTan[gamma*x]^m * w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*arctan(lambda*x)^n*arctan(beta*z)^k*diff(w(x,y,z),z)= s*arctan(gamma*x)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ay − xb

a
,−
∫

arctan (λx)n dx+ a
∫
arctan (βz)−k dz

c

)
e
sx arctan(γx)

a

(
γ2x2 + 1

)− s
2aγ
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6.8.21.4 [1884] Problem 4

problem number 1884

Added Nov 30, 2019.

Problem Chapter 8.7.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arctann(λx) arctanm(βy) arctank(γz)wz = sw

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+b*D[w[x,y,z],y]+c*ArcTan[lambda*x]^n*ArcTan[beta*y]^m*ArcTan[gamma*z]^k*D[w[x,y,z],z]==s* w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*arctan(lambda*x)^n*arctan(beta*y)^m*arctan(gamma*z)^k*diff(w(x,y,z),z)= s*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ay − xb

a
,−
∫ x

arctan (λ_a)n arctan
(
(ay − b(−_a+ x)) β

a

)m

d_a+ a
∫
arctan (γz)−k dz

c

)
e sxa

6.8.21.5 [1885] Problem 5

problem number 1885

Added Nov 30, 2019.

Problem Chapter 8.7.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arctann(λx)wy + c arctank(βz)wz = s arctanm(γx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+b*ArcTan[lambda*x]^n*D[w[x,y,z],y]+c*ArcTan[beta*z]^k*D[w[x,y,z],z]==s* ArcTan[gamma*x]^m*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → exp

∫ z

1

s arctan(βK[3])−k arctan
(

γ
(
cx−a

∫ z
1 arctan(βK[2])−kdK[2]+a

∫K[3]
1 arctan(βK[2])−kdK[2]

)
c

)
m

c
dK[3]

 c1

(
y −

∫ x

1

b arctan(λK[1])n
a

dK[1],
∫ z

1
arctan(βK[2])−kdK[2]− cx

a

)

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Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*arctan(lambda*x)^n*diff(w(x,y,z),y)+ c*arctan(beta*z)^k*diff(w(x,y,z),z)= s*arctan(gamma*x)^m*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−y + b

∫
arctan (λx)n dx

a
,−
∫ y

arctan
(
λRootOf

(
−b
∫ _Z

arctan (λ_b)n d_b+ b

∫
arctan (λx)n dx+ _ba− ya

))−n

d_b+ b
∫
arctan (βz)−k dz

c

)
e
s
∫ y arctan

(
γ RootOf

(
−b
∫_Z arctan(λ_b)nd_b+b

∫
arctan(λx)ndx+_ba−ya

))m
arctan

(
λRootOf

(
−b
∫_Z arctan(λ_b)nd_b+b

∫
arctan(λx)ndx+_ba−ya

))−n
d_b

b

6.8.22 7.4

Local contents
6.8.22.1 [1886] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1792
6.8.22.2 [1887] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1793
6.8.22.3 [1888] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1793
6.8.22.4 [1889] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1794
6.8.22.5 [1890] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1794

6.8.22.1 [1886] Problem 1

problem number 1886

Added Nov 30, 2019.

Problem Chapter 8.7.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + awy + bwz = c arccotn(βx)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+a*D[w[x,y,z],y]+b*D[w[x,y,z],z]==c*ArcCot[beta*x]^n * w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

{{
w(x, y, z) → c1(y − ax, z − bx) exp

(∫ x

1
c cot−1(βK[1])ndK[1]

)}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)= c*arccot(beta*x)^n*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1(−ax+ y,−bx+ z) ec
∫
arccot(βx)ndx
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6.8.22.2 [1887] Problem 2

problem number 1887

Added Nov 30, 2019.

Problem Chapter 8.7.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1wx + a2wy + a3wz = (b1 arccot(λ1x) + b2 arccot(λ2y) + b3 arccot(λ3z))w

Mathematica 3� �
ClearAll["Global`*"];
pde = a1*D[w[x,y,z],x]+a2*D[w[x,y,z],y]+a3*D[w[x,y,z],z]== (b1*ArcCot[lambda1*x]+b2*ArcCot[lambda2*y]+b3*ArcCot[lambda3*z] ) * w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) →
(
lambda12x2 + 1

) b1
2a1lambda1

(
a12
(
lambda22y2 + 1

)) b2
2a2lambda2

(
a12
(
lambda32z2 + 1

)) b3
2a3lambda3 c1

(
y − a2x

a1 , z −
a3x
a1

)
exp

(
−a1a2b3z arctan(lambda3z)− a1a3b2y arctan(lambda2y) + a2a3b2x arctan(lambda2y) + a2a3b3x arctan(lambda3z) + a2a3b1x cot−1(lambda1x) + a2a3b2x cot−1(lambda2y) + a2a3b3x cot−1(lambda3z)

a1a2a3

)}}
Maple 3� �
restart;
local gamma;
pde := a__1*diff(w(x,y,z),x)+ a__2*diff(w(x,y,z),y)+ a__3*diff(w(x,y,z),z)= (b__1*arccot(lambda__1*x)+b__2*arccot(lambda__2*y)+b__3*arccot(lambda__3*z))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
a1y − a2x

a1
,
a1z − a3x

a1

)(
λ21x

2 + 1
) b1

2a1λ1
(
λ22y

2 + 1
) b2

2λ2a2
(
λ23z

2 + 1
) b3

2λ3a3 e
arccot(λ2y)a1a3b2y+arccot(λ3z)a1a2b3z+b1 arccot(λ1x)xa2a3

a1a2a3

6.8.22.3 [1888] Problem 3

problem number 1888

Added Nov 30, 2019.

Problem Chapter 8.7.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arccotn(λx) arccotk(βz)wz = s arccotm(γx)w

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+b*D[w[x,y,z],y]+c*ArcCot[lambda*x]^n*ArcCot[beta*z]^k*D[w[x,y,z],z]==s*ArcCot[gamma*x]^m * w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*arccot(lambda*x)^n*arccot(beta*z)^k*diff(w(x,y,z),z)= s*arccot(gamma*x)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ay − bx

a
,−
∫

arccot (λx)n dx+ a
∫
arccot (βz)−k dz

c

)
e
s arccot(γx)x

a

(
γ2x2 + 1

) s
2aγ

6.8.22.4 [1889] Problem 4

problem number 1889

Added Nov 30, 2019.

Problem Chapter 8.7.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c arccotn(λx) arccotm(βy) arccotk(γz)wz = sw

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+b*D[w[x,y,z],y]+c*ArcCot[lambda*x]^n*ArcCot[beta*y]^m*ArcCot[gamma*z]^k*D[w[x,y,z],z]==s* w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*arccot(lambda*x)^n*arccot(beta*y)^m*arccot(gamma*z)^k*diff(w(x,y,z),z)= s*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ay − bx

a
,−
∫ x

arccot (λ_a)n arccot
(
β(ay − b(−_a+ x))

a

)m

d_a+ a
∫
arccot (γz)−k dz

c

)
e sxa

6.8.22.5 [1890] Problem 5

problem number 1890

Added Nov 30, 2019.

Problem Chapter 8.7.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + b arccotn(λx)wy + c arccotk(βz)wz = s arccotm(γx)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+b*ArcCot[lambda*x]^n*D[w[x,y,z],y]+c*ArcCot[beta*z]^k*D[w[x,y,z],z]==s* ArcCot[gamma*x]^m*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → exp

∫ z

1

s cot−1(βK[3])−k cot−1
(

γ
(
cx−a

∫ z
1 cot−1(βK[2])−kdK[2]+a

∫K[3]
1 cot−1(βK[2])−kdK[2]

)
c

)
m

c
dK[3]

 c1

(
y −

∫ x

1

b cot−1(λK[1])n
a

dK[1],
∫ z

1
cot−1(βK[2])−kdK[2]− cx

a

)


Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*arccot(lambda*x)^n*diff(w(x,y,z),y)+ c*arccot(beta*z)^k*diff(w(x,y,z),z)= s*arccot(gamma*x)^m*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−y + b

∫
arccot (λx)n dx

a
,−
∫ y

arccot
(
λRootOf

(
−b
∫ _Z

arccot (λ_b)n d_b+ b

∫
arccot (λx)n dx+ _ba− ya

))−n

d_b+ b
∫
arccot (βz)−k dz

c

)
e
s
∫ y arccot

(
γ RootOf

(
−b
∫_Z arccot(λ_b)nd_b+b

∫
arccot(λx)ndx+_ba−ya

))m
arccot

(
λRootOf

(
−b
∫_Z arccot(λ_b)nd_b+b

∫
arccot(λx)ndx+_ba−ya

))−n
d_b

b
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6.8.23.1 [1891] Problem 1

problem number 1891

Added December 1, 2019.

Problem Chapter 8.8.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + f(x)wy + g(x)wz = (h2(x)y + h1(x)z + h0(x))w
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+f[x]*D[w[x,y,z],y]+g[x]*D[w[x,y,z],z]==(h2[x]*y+h1[x]*z+h0[x])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y −

∫ x

1
f(K[1])dK[1], z −

∫ x

1
g(K[2])dK[2]

)
exp

(∫ x

1

(
h0(K[3]) + h2(K[3])

(
y −

∫ x

1
f(K[1])dK[1] +

∫ K[3]

1
f(K[1])dK[1]

)
+ h1(K[3])

(
z −

∫ x

1
g(K[2])dK[2] +

∫ K[3]

1
g(K[2])dK[2]

))
dK[3]

)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ f(x)*diff(w(x,y,z),y)+ g(x)*diff(w(x,y,z),z)= (h2(x)*y+h1(x)*z+h0(x))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
−
∫
f(x) dx+ y,−

∫
g(x) dx+ z

)
e
∫ x(− h1(_f)

∫
g(x)dx+h2(_f)

∫
f(_f)d_f−h2(_f)

∫
f(x)dx+h2(_f)y+h1(_f)

∫
g(_f)d_f+h1(_f)z+h0(_f)

)
d_f

6.8.23.2 [1892] Problem 2

problem number 1892

Added December 1, 2019.

Problem Chapter 8.8.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + f(x)(y + a)wy + g(x)(z + b)wz = h(x)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+f[x]*(y+a)*D[w[x,y,z],y]+g[x]*(z+b)*D[w[x,y,z],z]==h[x]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(∫ x

1
h(K[5])dK[5]

)
c1

(
y exp

(
−
∫ x

1
f(K[1])dK[1]

)
−
∫ x

1
a exp

(
−
∫ K[2]

1
f(K[1])dK[1]

)
f(K[2])dK[2], z exp

(
−
∫ x

1
g(K[3])dK[3]

)
−
∫ x

1
b exp

(
−
∫ K[4]

1
g(K[3])dK[3]

)
g(K[4])dK[4]

)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ f(x)*(y+a)*diff(w(x,y,z),y)+ g(x)*(z+b)*diff(w(x,y,z),z)= h(x)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1
(
(y + a) e−

∫
f(x)dx, (z + b) e−

∫
g(x)dx

)
e
∫
h(x)dx



chapter 6. handbook of first order partial differential . . . 1797

6.8.23.3 [1893] Problem 3

problem number 1893

Added December 1, 2019.

Problem Chapter 8.8.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (ay + f(x))wy + (bz + g(x))wz = h(x)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(a*y+f[x])*D[w[x,y,z],y]+(b*z+g[x])*D[w[x,y,z],z]==h[x]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(∫ x

1
h(K[3])dK[3]

)
c1

(
ye−ax −

∫ x

1
e−aK[1]f(K[1])dK[1], ze−bx −

∫ x

1
e−bK[2]g(K[2])dK[2]

)}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a*y+f(x))*diff(w(x,y,z),y)+ (b*z+g(x))*diff(w(x,y,z),z)= h(x)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
∫
f(x) e−axdx+ e−axy, e−bxz −

∫
g(x) e−bxdx

)
e
∫
h(x)dx

6.8.23.4 [1894] Problem 4

problem number 1894

Added December 1, 2019.

Problem Chapter 8.8.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x))wy + (g1(x)y + g2(x))wz = (h2(x)y + h1(x)z + h0(x))w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(f1[x]*y+f2[x])*D[w[x,y,z],y]+(g1[x]*y+g2[x])*D[w[x,y,z],z]==(h2[x]*y+h1[x]*z+h0[x])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y exp

(
−
∫ x

1
f1(K[1])dK[1]

)
−
∫ x

1
exp

(
−
∫ K[3]

1
f1(K[1])dK[1]

)
f2(K[3])dK[3],−

∫ x

1

(
g2(K[4])− exp

(
−
∫ K[4]

1
f1(K[1])dK[1]

)
f2(K[4])

∫ K[4]

1
exp

(∫ K[2]

1
f1(K[1])dK[1]

)
g1(K[2])dK[2]

)
dK[4]− y exp

(
−
∫ x

1
f1(K[1])dK[1]

)∫ x

1
exp

(∫ K[2]

1
f1(K[1])dK[1]

)
g1(K[2])dK[2] + z

)
exp

(∫ x

1
exp

(
−
∫ x

1
f1(K[1])dK[1]

)(
exp

(∫ x

1
f1(K[1])dK[1]

)
h0(K[5]) + exp

(∫ K[5]

1
f1(K[1])dK[1]

)
h2(K[5])

(
y − exp

(∫ x

1
f1(K[1])dK[1]

)∫ x

1
exp

(
−
∫ K[3]

1
f1(K[1])dK[1]

)
f2(K[3])dK[3] + exp

(∫ x

1
f1(K[1])dK[1]

)∫ K[5]

1
exp

(
−
∫ K[3]

1
f1(K[1])dK[1]

)
f2(K[3])dK[3]

)
+ h1(K[5])

(
−y
∫ x

1
exp

(∫ K[2]

1
f1(K[1])dK[1]

)
g1(K[2])dK[2] +

(
y − exp

(∫ x

1
f1(K[1])dK[1]

)∫ x

1
exp

(
−
∫ K[3]

1
f1(K[1])dK[1]

)
f2(K[3])dK[3] + exp

(∫ x

1
f1(K[1])dK[1]

)∫ K[5]

1
exp

(
−
∫ K[3]

1
f1(K[1])dK[1]

)
f2(K[3])dK[3]

)∫ K[5]

1
exp

(∫ K[2]

1
f1(K[1])dK[1]

)
g1(K[2])dK[2] + exp

(∫ x

1
f1(K[1])dK[1]

)(
z −

∫ x

1

(
g2(K[4])− exp

(
−
∫ K[4]

1
f1(K[1])dK[1]

)
f2(K[4])

∫ K[4]

1
exp

(∫ K[2]

1
f1(K[1])dK[1]

)
g1(K[2])dK[2]

)
dK[4] +

∫ K[5]

1

(
g2(K[4])− exp

(
−
∫ K[4]

1
f1(K[1])dK[1]

)
f2(K[4])

∫ K[4]

1
exp

(∫ K[2]

1
f1(K[1])dK[1]

)
g1(K[2])dK[2]

)
dK[4]

)))
dK[5]

)}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f1(x)*y+f2(x))*diff(w(x,y,z),y)+ (g1(x)*y+g2(x))*diff(w(x,y,z),z)= (h2(x)*y+h1(x)*z+h0(x))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.8.23.5 [1895] Problem 5

problem number 1895

Added December 1, 2019.

Problem Chapter 8.8.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x))wy + (g1(x)z + g2(x))wz = (h2(x)y + h1(x)z + h0(x))w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(f1[x]*y+f2[x])*D[w[x,y,z],y]+(g1[x]*z+g2[x])*D[w[x,y,z],z]==(h2[x]*y+h1[x]*z+h0[x])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → c1

(
y exp

(
−
∫ x

1
f1(K[1])dK[1]

)
−
∫ x

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2], z exp

(
−
∫ x

1
g1(K[3])dK[3]

)
−
∫ x

1
exp

(
−
∫ K[4]

1
g1(K[3])dK[3]

)
g2(K[4])dK[4]

)
exp

(∫ x

1

(
h0(K[5]) + exp

(∫ K[5]

1
f1(K[1])dK[1]

)
h2(K[5])

(
exp

(
−
∫ x

1
f1(K[1])dK[1]

)
y −

∫ x

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2] +

∫ K[5]

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]

)
+ exp

(∫ K[5]

1
g1(K[3])dK[3]

)
h1(K[5])

(
exp

(
−
∫ x

1
g1(K[3])dK[3]

)
z −

∫ x

1
exp

(
−
∫ K[4]

1
g1(K[3])dK[3]

)
g2(K[4])dK[4] +

∫ K[5]

1
exp

(
−
∫ K[4]

1
g1(K[3])dK[3]

)
g2(K[4])dK[4]

))
dK[5]

)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f1(x)*y+f2(x))*diff(w(x,y,z),y)+ (g1(x)*z+g2(x))*diff(w(x,y,z),z)= (h2(x)*y+h1(x)*z+h0(x))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
e−
∫
f1(x)dxy −

∫
f2 (x) e−

∫
f1(x)dxdx,−

∫
g2 (x) e−

∫
g1(x)dxdx+ e−

∫
g1(x)dxz

)
e
∫ x(h1(_h)z e

∫
g1(_h)d_h−

∫
g1(x)dx+h2(_h)y e

∫
f1(_h)d_h−

∫
f1(x)dx+h1(_h)e

∫
g1(_h)d_h ∫ g2(_h)e−

∫
g1(_h)d_hd_h−e

∫
g1(_h)d_h h1(_h)

∫
g2(x)e−

∫
g1(x)dxdx+h2(_h)e

∫
f1(_h)d_h ∫ f2(_h)e−

∫
f1(_h)d_hd_h−e

∫
f1(_h)d_h h2(_h)

∫
f2(x)e−

∫
f1(x)dxdx+h0(_h)

)
d_h

6.8.23.6 [1896] Problem 6

problem number 1896

Added December 1, 2019.

Problem Chapter 8.8.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
y2 − a2 + aλ sinh(λx)− a2 sinh2(λx)

)
wy + f(x) sinh(γz)wz = g(x)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(y^2-a^2+a*lambda*Sinh[lambda*x]-a^2*Sinh[lambda*x]^2)*D[w[x,y,z],y]+f[x]*Sinh[gamma*z]*D[w[x,y,z],z]==g[x]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
w(x, y, z) → exp

(∫ x

1
g(K[3])dK[3]

)
c1

−
γ
∫ x

1 f(K[2])dK[2] + arctanh(cosh(γz))
γ

,
2λe

ae−λx
(
e2λx−1

)
λ

+λx

ae2λx + a− 2yeλx −
∫ eλx

1

e
a
(
K[1]2−1

)
λK[1]

K[1] dK[1]


w(x, y, z) → exp

(∫ x

1
g(K[4])dK[4]

)
c1

−
γ
∫ x

1 f(K[2])dK[2] + arctanh(cosh(γz))
γ

,
2λe

ae−λx
(
e2λx−1

)
λ

+λx

ae2λx + a− 2yeλx −
∫ eλx

1

e
a
(
K[1]2−1

)
λK[1]

K[1] dK[1]




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (y^2-a^2+a*lambda*sinh(lambda*x)-a^2*sinh(lambda*x)^2)*diff(w(x,y,z),y)+ f(x)*sinh(gamma*z)*diff(w(x,y,z),z)= g(x)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1


(
(−2 cosh (λx) a− 2y)HeunC

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
, −8ia+3λ

8λ ,− i sinh(λx)
2 + 1

2

)
+ iHeunCPrime

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
, −8ia+3λ

8λ ,− i sinh(λx)
2 + 1

2

)
cosh (λx)λ

)√
sinh (λx) + i

((2ia+ 2 sinh (λx) a+ λ) cosh (λx) + 2y (sinh (λx) + i))HeunC
(

4ia
λ
, 12 ,−

1
2 ,

2ia
λ
, −8ia+3λ

8λ ,− i sinh(λx)
2 + 1

2

)
− (i sinh (λx)− 1)λ cosh (λx)HeunCPrime

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
, −8ia+3λ

8λ ,− i sinh(λx)
2 + 1

2

) , − ∫ f(x) dxγ − 2 arctanh (eγz)
γ

 e
∫
g(x)dx

6.8.23.7 [1897] Problem 7

problem number 1897

Added December 1, 2019.

Problem Chapter 8.8.1.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
f1(x)y + f2(x)yk

)
wy + (g1(x)z + g2(x)zm)wz = h(x)w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+( f1[x]*y+f2[x]*y^k)*D[w[x,y,z],y]+(g1[x]*z+g2[x]*z^m)*D[w[x,y,z],z]==h[x]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(∫ x

1
h(K[5])dK[5]

)
c1

(
(k − 1)

∫ x

1
exp

(
(k − 1)

∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2] + y1−k exp

(
(k − 1)

∫ x

1
f1(K[1])dK[1]

)
, (m− 1)

∫ x

1
exp

(
(m− 1)

∫ K[4]

1
g1(K[3])dK[3]

)
g2(K[4])dK[4] + z1−m exp

(
(m− 1)

∫ x

1
g1(K[3])dK[3]

))}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ ( f1(x)*y+f2(x)*y^k)*diff(w(x,y,z),y)+ (g1(x)*z+g2(x)*z^m)*diff(w(x,y,z),z)= h(x)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f1

(
(k − 1)

∫
f2 (x) e(k−1)

∫
f1(x)dxdx+ y1−ke(k−1)

∫
f1(x)dx, (m− 1)

∫
g2 (x) e(m−1)

∫
g1(x)dxdx+ z1−me(m−1)

∫
g1(x)dx

)
e
∫
h(x)dx

6.8.23.8 [1898] Problem 8

problem number 1898

Added December 1, 2019.

Problem Chapter 8.8.1.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
f1(x)y + f2(x)yk

)
wy +

(
g1(x) + g2(x)eλz

)
wz = h(x)w

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+( f1[x]*y+f2[x]*y^k)*D[w[x,y,z],y]+(g1[x]+g2[x]*Exp[lambda*z])*D[w[x,y,z],z]==h[x]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ ( f1(x)*y+f2(x)*y^k)*diff(w(x,y,z),y)+ (g1(x)+g2(x)*exp(lambda*z))*diff(w(x,y,z),z)= h(x)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
(k − 1)

∫
f2 (x) e(k−1)

∫
f1(x)dxdx+ y1−ke(k−1)

∫
f1(x)dx,

−
∫
g2 (x) eλ

∫
g1(x)dxdxλ− eλ

(
−z+

∫
g1(x)dx

)
λ

)
e
∫
h(x)dx

6.8.23.9 [1899] Problem 9

problem number 1899

Added December 1, 2019.

Problem Chapter 8.8.1.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
f1(x) + f2(x)eλy

)
wy +

(
g1(x) + g2(x)eβz

)
wz = h(x)w
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+( f1[x]+f2[x]*Exp[lambda*y])*D[w[x,y,z],y]+(g1[x]+g2[x]*Exp[beta*z])*D[w[x,y,z],z]==h[x]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ ( f1(x)+f2(x)*exp(lambda*y))*diff(w(x,y,z),y)+ (g1(x)+g2(x)*exp(beta*z))*diff(w(x,y,z),z)= h(x)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
∫
f2 (x) eλ

∫
f1(x)dxdxλ− eλ

(
−y+

∫
f1(x)dx

)
λ

,
−
∫
g2 (x) eβ

∫
g1(x)dxdxβ − eβ

(
−z+

∫
g1(x)dx

)
β

)
e
∫
h(x)dx

6.8.24 8.2

Local contents
6.8.24.1 [1900] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1801
6.8.24.2 [1901] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1802
6.8.24.3 [1902] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1802
6.8.24.4 [1903] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1803
6.8.24.5 [1904] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1804
6.8.24.6 [1905] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1804
6.8.24.7 [1906] Problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1805
6.8.24.8 [1907] Problem 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1805

6.8.24.1 [1900] Problem 1

problem number 1900

Added December 1, 2019.

Problem Chapter 8.8.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

f(x)wx + g(y)wy + h(z)wz = (ϕ(z) + ψ(y) + χ(z))w

Mathematica 7� �
ClearAll["Global`*"];
pde = f[x]*D[w[x,y,z],x]+g[y]*D[w[x,y,z],y]+h[z]*D[w[x,y,z],z]==(varphi[z]+psi[y]+chi[z])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := f(x)*diff(w(x,y,z),x)+ g(y)*diff(w(x,y,z),y)+ h(x)*diff(w(x,y,z),z)=(varphi(z)+psi(y)+chi(z))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
−
∫ 1
f (x)dx+

∫ 1
g (y)dy,−

∫
h(x)
f (x)dx+ z

)
e
∫ x ϕ(∫ h(_g)

f(_g) d_g−
∫ h(x)
f(x) dx+z

)
+ψ
(
RootOf

(∫ 1
f(_g) d_g−

∫_Z 1
g(_a) d_a−

∫ 1
f(x) dx+

∫ 1
g(y) dy

))
+χ
(∫ h(_g)

f(_g) d_g−
∫ h(x)
f(x) dx+z

)
f(_g) d_g

6.8.24.2 [1901] Problem 2

problem number 1901

Added December 1, 2019.

Problem Chapter 8.8.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
f(x)wx + zwy + g(y)wz = (h2(x) + h1(y))w

Mathematica 7� �
ClearAll["Global`*"];
pde = f[x]*D[w[x,y,z],x]+z*D[w[x,y,z],y]+g[y]*D[w[x,y,z],z]==(h2[x]+h1[y])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := f(x)*diff(w(x,y,z),x)+ z*diff(w(x,y,z),y)+ g(y)*diff(w(x,y,z),z)=(h__2(x)+h__1(y))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

z2 − 2
∫
g(y) dy,−

∫ y 1√
2
∫
g (_b) d_b+ z2 − 2

∫
g (y) dy

d_b+
∫ 1
f (x)dx

 e
∫ y h2

RootOf

∫ 1√
2
∫
g(_b)d_b+z2−2

∫
g(y)dy

d_b−
∫_Z 1

f(_b) d_b−
∫ y 1√

2
∫
g(_b)d_b+z2−2

∫
g(y)dy

d_b+
∫ 1
f(x) dx

+h1(_b)

√
2
∫
g(_b)d_b+z2−2

∫
g(y)dy

d_b

6.8.24.3 [1902] Problem 3

problem number 1902

Added December 1, 2019.

Problem Chapter 8.8.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

f1(x)wx + f2(x)g(y)wy + f3(x)h(z)wz = f4(x)w
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Mathematica 7� �
ClearAll["Global`*"];
pde = f1[x]*D[w[x,y,z],x]+f2[x]*g[y]*D[w[x,y,z],y]+f3[x]*h[z]*D[w[x,y,z],z]==f4[x]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := f__1(x)*diff(w(x,y,z),x)+ f__2(x)*g(y)*diff(w(x,y,z),y)+ f__3(x)*h(z)*diff(w(x,y,z),z)=f__4(x)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f5

(
−
∫

f2(x)
f1 (x)

dx+
∫ 1
g (y)dy,−

∫
f3(x)
f1 (x)

dx+
∫ 1
h (z)dz

)
e
∫ f4(x)
f1(x)

dx

6.8.24.4 [1903] Problem 4

problem number 1903

Added December 1, 2019.

Problem Chapter 8.8.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x))wy + (g1(x)z + g2(y))wz = (h1(x) + h2(y))w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(f1[x]*y+f2[x])*D[w[x,y,z],y]+(g1[x]*z+g2[x])*D[w[x,y,z],z]==(h1[x]+h2[y])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(∫ x

1

(
h1(K[5]) + h2

(
exp

(∫ K[5]

1
f1(K[1])dK[1]

)(
exp

(
−
∫ x

1
f1(K[1])dK[1]

)
y −

∫ x

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2] +

∫ K[5]

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]

)))
dK[5]

)
c1

(
y exp

(
−
∫ x

1
f1(K[1])dK[1]

)
−
∫ x

1
exp

(
−
∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2], z exp

(
−
∫ x

1
g1(K[3])dK[3]

)
−
∫ x

1
exp

(
−
∫ K[4]

1
g1(K[3])dK[3]

)
g2(K[4])dK[4]

)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f__1(x)*y+f__2(x))*diff(w(x,y,z),y)+ (g__1(x)*z+g__2(x))*diff(w(x,y,z),z)=(h__1(x)+h__2(y))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) = f3

(
e−
∫
f1(x)dxy −

∫
f2(x) e−

∫
f1(x)dxdx, e−

∫
g1(x)dxz −

∫
g2(x) e−

∫
g1(x)dxdx

)
e
∫ x(h1(_f)+h2

((∫
f2(_f)e−

∫
f1(_f)d_fd_f+e−

∫
f1(x)dxy−

∫
f2(x)e−

∫
f1(x)dxdx

)
e
∫
f1(_f)d_f

))
d_f
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6.8.24.5 [1904] Problem 5

problem number 1904

Added December 1, 2019.

Problem Chapter 8.8.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
f1(x)y + f2(x)yk

)
wy + (g1(y)z + g2(x)zm)wz = (h1(x) + h2(y))w

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(f1[x]*y+f2[x]*y^k)*D[w[x,y,z],y]+(g1[y]*z+g2[x])*D[w[x,y,z],z]==(h1[x]+h2[y])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(∫ x

1

(
h1(K[5]) + h2

((
exp

(
−
∫ x

1
f1(K[1])dK[1]− (k − 1)

∫ K[5]

1
f1(K[1])dK[1]

)
y−k

(
exp

(∫ x

1
f1(K[1])dK[1]

)
(k − 1)

∫ x

1
exp

(
(k − 1)

∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]yk − exp

(∫ x

1
f1(K[1])dK[1]

)
(k − 1)

∫ K[5]

1
exp

(
(k − 1)

∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]yk + exp

(
k

∫ x

1
f1(K[1])dK[1]

)
y

))
1

1−k

))
dK[5]

)
c1

(
(k − 1)

∫ x

1
exp

(
(k − 1)

∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2] + y1−k exp

(
(k − 1)

∫ x

1
f1(K[1])dK[1]

)
, z exp

(
−
∫ x

1
g1
((

exp
(
−
∫ x

1
f1(K[1])dK[1]− (k − 1)

∫ K[3]

1
f1(K[1])dK[1]

)
y−k

(
exp

(∫ x

1
f1(K[1])dK[1]

)
(k − 1)

∫ x

1
exp

(
(k − 1)

∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]yk − exp

(∫ x

1
f1(K[1])dK[1]

)
(k − 1)

∫ K[3]

1
exp

(
(k − 1)

∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]yk + exp

(
k

∫ x

1
f1(K[1])dK[1]

)
y

))
1

1−k

)
dK[3]

)
−
∫ x

1
exp

(
−
∫ K[4]

1
InverseFunction[Inactive[Integrate], 1, 2]

[
log
(
exp

(∫ x

1
g1
((

exp
(
−
∫ x

1
f1(K[1])dK[1]− (k − 1)

∫ K[3]

1
f1(K[1])dK[1]

)
y−k

(
exp

(∫ x

1
f1(K[1])dK[1]

)
(k − 1)

∫ x

1
exp

(
(k − 1)

∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]yk − exp

(∫ x

1
f1(K[1])dK[1]

)
(k − 1)

∫ K[3]

1
exp

(
(k − 1)

∫ K[2]

1
f1(K[1])dK[1]

)
f2(K[2])dK[2]yk + exp

(
k

∫ x

1
f1(K[1])dK[1]

)
y

))
1

1−k

)
dK[3]

))
, {K[3], 1, x}

]
dK[3]

)
g2(K[4])dK[4]

)}}

Maple 7� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f__1(y)*y+f__2(x)*y^k)*diff(w(x,y,z),y)+ (g__1(y)*z+g__2(x))*diff(w(x,y,z),z)=(h__1(x)+h__2(y))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.8.24.6 [1905] Problem 6

problem number 1905

Added December 1, 2019.

Problem Chapter 8.8.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
f1(x)y + f2(x)yk

)
wy +

(
g1(x) + g2(y)eλz

)
wz = (h1(x) + h2(y))w

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(f1[x]*y+f2[x]*y^k)*D[w[x,y,z],y]+(g1[x]+g2[x]*Exp[lambda*z])*D[w[x,y,z],z]==(h1[x]+h2[y])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f__1(x)*y+f__2(x)*y^k)*diff(w(x,y,z),y)+ (g__1(x)+g__2(x)*exp(lambda*z))*diff(w(x,y,z),z)=(h__1(x)+h__2(y))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f3

(
(k − 1)

∫
f2(x) e(k−1)

∫
f1(x)dxdx+ y1−ke(k−1)

∫
f1(x)dx,

−
∫
g2(x) eλ

∫
g1(x)dxdxλ− eλ

(
−z+

∫
g1(x)dx

)
λ

)
e
∫ x(h2

((
(1−k)

∫
f2(_f)e(k−1)

∫
f1(_f)d_fd_f+(k−1)

∫
f2(x)e(k−1)

∫
f1(x)dxdx+y1−ke(k−1)

∫
f1(x)dx

)− 1
k−1 e

∫
f1(_f)d_f

)
+h1(_f)

)
d_f

6.8.24.7 [1906] Problem 7

problem number 1906

Added December 1, 2019.

Problem Chapter 8.8.2.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
f1(x)y + f2(x)eλy

)
wy +

(
g1(y)z + g2(x)zk

)
wz = (h1(x) + h2(y))w

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(f1[x]*y+f2[x]*Exp[lambda*y])*D[w[x,y,z],y]+(g1[y]*z+g2[x]*z^k)*D[w[x,y,z],z]==(h1[x]+h2[y])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f__1(x)*y+f__2(x)*exp(lambda*y))*diff(w(x,y,z),y)+ (g__1(y)*z+g__2(x)*z^k)*diff(w(x,y,z),z)=(h__1(x)+h__2(y))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.8.24.8 [1907] Problem 8

problem number 1907

Added December 1, 2019.

Problem Chapter 8.8.2.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
f1(x)y + f2(x)eλy

)
wy +

(
g1(x) + g2(x)eβz

)
wz = (h1(x) + h2(y))w
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(f1[x]*y+f2[x]*Exp[lambda*y])*D[w[x,y,z],y]+(g1[x]+g2[y]*Exp[beta*z])*D[w[x,y,z],z]==(h1[x]+h2[y])*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f__1(x)*y+f__2(x)*exp(lambda*y))*diff(w(x,y,z),y)+ (g__1(x)+g__2(y)*exp(beta*z))*diff(w(x,y,z),z)=(h__1(x)+h__2(y))*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.8.25 8.3

Local contents
6.8.25.1 [1908] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1806
6.8.25.2 [1909] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1807
6.8.25.3 [1910] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1807
6.8.25.4 [1911] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1808
6.8.25.5 [1912] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1809
6.8.25.6 [1913] Problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1811
6.8.25.7 [1914] Problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1811
6.8.25.8 [1915] Problem 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1812
6.8.25.9 [1916] Problem 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1812
6.8.25.10 [1917] Problem 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1813
6.8.25.11 [1918] Problem 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1814

6.8.25.1 [1908] Problem 1

problem number 1908

Added Jan 1, 2020.

Problem Chapter 8.8.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
awx + bwy + f(x, y)wz = g(x, y)w

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+b*D[w[x,y,z],y]+f[x,y]*D[w[x,y,z],z]==g[x,y]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → exp

∫ x

1

g
(
K[2], y + b(K[2]−x)

a

)
a

dK[2]

 c1

y − bx

a
, z −

∫ x

1

f
(
K[1], y + b(K[1]−x)

a

)
a

dK[1]



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Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ f(x,y)*diff(w(x,y,z),z)=g(x,y)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

ay − bx

a
,−

∫ x
f
(
_a, ay−b(x−_a)

a

)
d_a

a
+ z

 e
∫ x g(_a, ay−b(x−_a)

a

)
d_a

a

6.8.25.2 [1909] Problem 2

problem number 1909

Added Jan 1, 2020.

Problem Chapter 8.8.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
awx + bwy + f(x, y)g(z)wz = h(x, y)w

Mathematica 7� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+b*D[w[x,y,z],y]+f[x,y]*g[z]*D[w[x,y,z],z]==h[x,y]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ f(x,y)*g(z)*diff(w(x,y,z),z)=h(x,y)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

(
ay − bx

a
,−
∫ x

f

(
_a, ay − b(x− _a)

a

)
d_a+ a

∫ 1
g (z)dz

)
e
∫ x h(_a, ay−b(x−_a)

a

)
d_a

a

6.8.25.3 [1910] Problem 3

problem number 1910

Added Jan 1, 2020.

Problem Chapter 8.8.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
xwx + ywy + (z + f(x, y))wz = g(x, y)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x,y,z],x]+y*D[w[x,y,z],y]+(z+f[x,y])*D[w[x,y,z],z]==g[x,y]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → exp

∫ x

1

g
(
K[2], yK[2]

x

)
K[2] dK[2]

 c1

y

x
,
z

x
−
∫ x

1

f
(
K[1], yK[1]

x

)
K[1]2 dK[1]




Maple 3� �
restart;
local gamma;
pde := x*diff(w(x,y,z),x)+ y*diff(w(x,y,z),y)+ (z+f(x,y))*diff(w(x,y,z),z)=g(x,y)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

y

x
,
−
∫ x f

(
_a, y_a

x

)
_a2 d_ax+ z

x

 e
∫ x g(_a, y_a

x

)
_a d_a

6.8.25.4 [1911] Problem 4

problem number 1911

Added Jan 1, 2020.

Problem Chapter 8.8.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
axwx + bywy + f(x, y)g(z)wz = h(x, y)w

Mathematica 7� �
ClearAll["Global`*"];
pde = a*x*D[w[x,y,z],x]+b*y*D[w[x,y,z],y]+f[x,y]*g[z]*D[w[x,y,z],z]==h[x,y]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a*x*diff(w(x,y,z),x)+ b*y*diff(w(x,y,z),y)+ f(x,y)*g(z)*diff(w(x,y,z),z)=h(x,y)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = f1

y x− b
a ,−

∫ x f
(
_a, y x− b

a_a ba
)

_a d_a+ a

∫ 1
g (z)dz

 e
∫ x h

(
_a,y x−

b
a _a

b
a

)
_a d_a
a
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6.8.25.5 [1912] Problem 5

problem number 1912

Added Jan 1, 2020.

Problem Chapter 8.8.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (f1(x)y + f2(x))wy + (g1(x, y)z + g2(x, y))wz = h(x, y, z)w
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(f1[x]*y+f2[x])*D[w[x,y,z],y]+(g1[x,y]*z+g2[x,y])*D[w[x,y,z],z]==h[x,y,z]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

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K[5],e
∫K[5]
1 f1(K[1])dK[1]

(
e−

∫ x
1 f1(K[1])dK[1]y−

∫ x
1 e−

∫K[2]
1 f1(K[1])dK[1]f2(K[2])dK[2]+

∫K[5]
1 e−

∫K[2]
1 f1(K[1])dK[1]f2(K[2])dK[2]

)
,e
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



chapter 6. handbook of first order partial differential . . . 1811

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f__1(x)*y+f__2(x))*diff(w(x,y,z),y)+ (g__1(x,y)*z+g__2(x,y))*diff(w(x,y,z),z)=h(x,y,z)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.8.25.6 [1913] Problem 6

problem number 1913

Added Jan 1, 2020.

Problem Chapter 8.8.3.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
f1(x)y + f2(x)yk

)
wy + (g1(x, y)z + g2(x, y)zm)wz = h(x, y, z)w

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(f1[x]*y+f2[x]*y^k)*D[w[x,y,z],y]+(g1[x,y]*z+g2[x,y]*z^m)*D[w[x,y,z],z]==h[x,y,z]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
$Aborted

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f__1(x)*y+f__2(x)*y^k)*diff(w(x,y,z),y)+ (g__1(x,y)*z+g__2(x,y)*z^m)*diff(w(x,y,z),z)=h(x,y,z)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.8.25.7 [1914] Problem 7

problem number 1914

Added Jan 1, 2020.

Problem Chapter 8.8.3.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
f1(x)y + f2(x)yk

)
wy +

(
g1(x, y)z + g2(x, y)eλz

)
wz = h(x, y, z)w
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(f1[x]*y+f2[x]*y^k)*D[w[x,y,z],y]+(g1[x,y]*z+g2[x,y]*Exp[lambda*z])*D[w[x,y,z],z]==h[x,y,z]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f__1(x)*y+f__2(x)*y^k)*diff(w(x,y,z),y)+ (g__1(x,y)*z+g__2(x,y)*exp(lambda*z))*diff(w(x,y,z),z)=h(x,y,z)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.8.25.8 [1915] Problem 8

problem number 1915

Added Jan 1, 2020.

Problem Chapter 8.8.3.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
f1(x)y + f2(x)eλy

)
wy +

(
g1(x, y)z + g2(x, y)zk

)
wz = h(x, y, z)w

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(f1[x]*y+f2[x]*Exp[lambda*y])*D[w[x,y,z],y]+(g1[x,y]*z+g2[x,y]*z^k)*D[w[x,y,z],z]==h[x,y,z]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f__1(x)*y+f__2(x)*exp(lambda*y))*diff(w(x,y,z),y)+ (g__1(x,y)*z+g__2(x,y)*z^k)*diff(w(x,y,z),z)=h(x,y,z)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.8.25.9 [1916] Problem 9

problem number 1916

Added Jan 1, 2020.

Problem Chapter 8.8.3.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx +
(
f1(x)y + f2(x)eλy

)
wy +

(
g1(x, y)z + g2(x, y)eβz

)
wz = h(x, y, z)w
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Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(f1[x]*y+f2[x]*Exp[lambda*y])*D[w[x,y,z],y]+(g1[x,y]*z+g2[x,y]*Exp[beta*z])*D[w[x,y,z],z]==h[x,y,z]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (f__1(x)*y+f__2(x)*exp(lambda*y))*diff(w(x,y,z),y)+ (g__1(x,y)*z+g__2(x,y)*exp(beta*z))*diff(w(x,y,z),z)=h(x,y,z)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()

6.8.25.10 [1917] Problem 10

problem number 1917

Added Jan 1, 2020.

Problem Chapter 8.8.3.10, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

f1(x)g1(y)wx + f2(x)g2(y)wy + (h1(x, y) + h2(x, y)zm)wz = h3(x, y, z)w

Mathematica 7� �
ClearAll["Global`*"];
pde = f1[x]*g1[y]*D[w[x,y,z],x]+f2[x]*g2[y]*D[w[x,y,z],y]+(h1[x,y]+h2[x,y]*z^m)*D[w[x,y,z],z]==h3[x,y,z]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := f__1(x)*g__1(y)*diff(w(x,y,z),x)+ f__2(x)*g__2(y)*diff(w(x,y,z),y)+ (h__1(x,y)*z+h__2(x,y)*z^m)*diff(w(x,y,z),z)=h__3(x,y,z)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display
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6.8.25.11 [1918] Problem 11

problem number 1918

Added Jan 1, 2020.

Problem Chapter 8.8.3.11, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

f1(x)g1(y)wx + f2(x)g2(y)wy +
(
h1(x, y) + h2(x, y)eλz

)
wz = h3(x, y, z)w

Mathematica 7� �
ClearAll["Global`*"];
pde = f1[x]*g1[y]*D[w[x,y,z],x]+f2[x]*g2[y]*D[w[x,y,z],y]+(h1[x,y]+h2[x,y]*Exp[lambda*z])*D[w[x,y,z],z]==h3[x,y,z]*w[x,y,z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
local gamma;
pde := f__1(x)*g__1(y)*diff(w(x,y,z),x)+ f__2(x)*g__2(y)*diff(w(x,y,z),y)+ (h__1(x,y)*z+h__2(x,y)*exp(lambda*z))*diff(w(x,y,z),z)=h__3(x,y,z)*w(x,y,z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
sol=()
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6.9.1.1 [1919] Problem 1

problem number 1919

Added Jan 6, 2020.

Problem Chapter 9.2.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
awx + bwy + cwz = (αx+ β)w + px+ q

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+b*D[w[x,y,z],y]+c*D[w[x,y,z],z]==(alpha*x+beta)*w[x,y,z]+p*x+q;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → e

x(αx+2β)
2a c1

(
y − bx

a
, z − cx

a

)
+

√
π
2 e

(αx+β)2
2aα (αq − βp)erf

(
αx+β√
2
√
a
√
α

)
√
aα3/2 − p

α



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Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*diff(w(x,y,z),z)=(alpha*x+beta)*w(x,y,z)+p*x+q;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
−

e
(αx+β)2

2aα
√
2
√
π (−αq+βp) erf

(
√
2 (αx+β)
2a
√
α
a

)
2 +

(
f1
(
ya−xb

a
, za−xc

a

)
e
x(αx+2β)

2a α− p
)
a
√

α
a√

α
a
aα

6.9.1.2 [1920] Problem 2

problem number 1920

Added Jan 6, 2020.

Problem Chapter 9.2.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + azwy + bywz = (cx+ k)w + px+ q

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+a*z*D[w[x,y,z],y]+b*y*D[w[x,y,z],z]==(c*x+k)*w[x,y,z]+p*x+q;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → e

1
2x(cx+2k)c1

e−√
a
√
bx
(√

by
(
e2

√
a
√
bx + 1

)
−

√
az
(
e2

√
a
√
bx − 1

))
2
√
b

,
e−

√
a
√
bx
(√

az
(
e2

√
a
√
bx + 1

)
−

√
by
(
e2

√
a
√
bx − 1

))
2
√
a

+

√
π
2 e

(cx+k)2
2c erf

(
cx+k√
2
√
c

)
(cq − kp)

c3/2
− p

c




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*z*diff(w(x,y,z),y)+ b*y*diff(w(x,y,z),z)=(c*x+k)*w(x,y,z)+p*x+q;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =


f1

(
a z2−y2b

a
,
x
√
ab−ln

(
aby+

√
a2z2

√
ab√

ab

)
√
ab

)
√
ab+

∫ y

(px+q)
√
ab−ln

(
aby+

√
a2z2

√
ab√

ab

)
p+ln

ab_a+
√
ab

√((
_a2−y2

)
b+a z2

)
a

√
ab

p

e
−

∫ (cx+k)
√
ab−ln

(
aby+

√
a2z2

√
ab√

ab

)
c+ln

ab_a+
√
ab

√((
_a2−y2

)
b+a z2

)
a

√
ab

c
√((

_a2−y2
)
b+a z2

)
a

d_a

√
ab

√
((_a2−y2)b+a z2)a d_a


e

∫ y
(cx+k)

√
ab−ln

(
aby+

√
a2z2

√
ab√

ab

)
c+ln

ab_a+
√
ab

√((
_a2−y2

)
b+a z2

)
a

√
ab

c
√((

_a2−y2
)
b+a z2

)
a

d_a

√
ab

√
ab
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6.9.1.3 [1921] Problem 3

problem number 1921

Added Jan 6, 2020.

Problem Chapter 9.2.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1x+ a0)wy + (b1x+ b0)wz = (c1x+ c0)w + s1x+ s0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(a1*x+a0)*D[w[x,y,z],y]+(b1*x+b0)*D[w[x,y,z],z]==(c1*x+c0)*w[x,y,z]+s1*x+s0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → e

1
2x(2c0+c1x)c1

(
−a0x− a1x2

2 + y,−b0x− b1x2
2 + z

)
+

√
π
2 e

(c0+c1x)2
2c1 erf

(
c0+c1x√
2
√
c1

)
(c1s0− c0s1)

c13/2
− s1

c1




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a__1*x+a__0)*diff(w(x,y,z),y)+ (b__1*x+b__0)*diff(w(x,y,z),z)=(c__1*x+c__0)*w(x,y,z)+s__1*x+s__0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
−2s1

√
c1 + 2f1

(
−1

2a1x
2 − a0x+ y,−1

2b1x
2 − b0x+ z

)
c
3/2
1 e

x(c1x+2c0)
2 + e

(c1x+c0)
2

2c1
√
2
√
π erf

(√
2 (c1x+c0)
2√c1

)
(−c0s1 + c1s0)

2c3/21

6.9.1.4 [1922] Problem 4

problem number 1922

Added Jan 6, 2020.

Problem Chapter 9.2.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (b1x+ b0)wy + (c1y + c0)wz = aw + s1x+ s0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(b1*x+b0)*D[w[x,y,z],y]+(c1*y+c0)*D[w[x,y,z],z]==a*w[x,y,z]+s1*x+s0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → −

a2(−eax) c1
(
−b0x− b1x2

2 + y, 12b0c1x
2 + 1

3b1c1x
3 − c0x− c1xy + z

)
+ as0 + as1x+ s1

a2



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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (b__1*x+b__0)*diff(w(x,y,z),y)+ (c__1*x+c__0)*diff(w(x,y,z),z)=a*w(x,y,z)+s__1*x+s__0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
eaxf1

(
−1

2b1x
2 − b0x+ y,−1

2c1x
2 − c0x+ z

)
a2 + (−s1x− s0) a− s1

a2

6.9.1.5 [1923] Problem 5

problem number 1923

Added Jan 6, 2020.

Problem Chapter 9.2.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (ay + k1x+ k0)wy + (bz + n1x+ n0)wz = (c1x+ c0)w + s1x+ s0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(a*y+k1*x+k0)*D[w[x,y,z],y]+(b*z+n1*x+n0)*D[w[x,y,z],z]==(c1*x+c0)*w[x,y,z]+s1*x+s0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → e

1
2x(2c0+c1x)c1

(
e−ax(a2y + a(k0 + k1x) + k1)

a2
,
e−bx(b2z + b(n0 + n1x) + n1)

b2

)
+

√
π
2 e

(c0+c1x)2
2c1 erf

(
c0+c1x√
2
√
c1

)
(c1s0− c0s1)

c13/2
− s1

c1




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a*y+k__1*x+k__0)*diff(w(x,y,z),y)+ (b*z+n__1*x+n__0)*diff(w(x,y,z),z)=(c__1*x+c__0)*w(x,y,z)+s__1*x+s__0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
2f1
( (

y a2+a(k1x+k0)+k1
)
e−ax

a2
,
(
z b2+b(n1x+n0)+n1

)
e−bx

b2

)
c
3/2
1 e

x(c1x+2c0)
2 + e

(c1x+c0)
2

2c1
√
2
√
π erf

(√
2 (c1x+c0)
2√c1

)
(−c0s1 + c1s0)− 2s1

√
c1

2c3/21
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6.9.1.6 [1924] Problem 6

problem number 1924

Added Jan 6, 2020.

Problem Chapter 9.2.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx+(a2y+a1x+a0)wy+(b3z+b2y+b1x+b0)wz = (c3z+c2y+c1x+c0)w+s3z+s2y+s1x+s0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(a2*y+a1*x+a0)*D[w[x,y,z],y]+(b3*z+b2*y+b1*x+b0)*D[w[x,y,z],z]==(c3*z+c2*y+c1*x+c0)*w[x,y,z]+s3*z+s2*y+s1*x+s0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → e

a2
(
a2
(
2(b3c2−b2c3)yb32+a2(b3(b3x(2c0+c1x)+2c3z)−2b0c3(b3x−1))b3+a2b1c3

(
2−b32x2

))
−2a0b3

(
c2(a2x−1)b32+b2c3(1−a2x)b3+a2b2c3

))
−a1

(
c2
(
a22x2−2

)
b33+b2c3

(
2−a22x2

)
b32+2a2b2c3b3+2a22b2c3

)
2a23b33

c1(e−a2x(a2xa1 + a1 + a2(a0 + a2y))
a22 ,

e−((a2+b3)x)(ea2x(b3xb1 + b1 + b3(b0 + b3z))a23 −
(
a1b2ea2x(b3x+ 1) + b3

(
a0ea2xb2 + b1ea2x(b3x+ 1) + b3

(
ea2xb0 + b2

(
ea2x − eb3x

)
y + b3ea2xz

)))
a22 + b2b32eb3x(a0 + a1x)a2 + a1b2b32eb3x

)
a22(a2− b3)b32

)
+
∫ x

1

e
e−((a2+b3)x)(a1(ea2x(c2eb3xK[1]2b33+b2c3

(
2eb3K[1](b3x+1)−b3eb3xK[1](b3K[1]+2)

))
a23−b33eb3x

(
−b2c3ea2xK[1]2+c2ea2x(b3K[1]−2)K[1]+2c2ea2K[1]x

)
a22+2b33eb3x

(
c2ea2K[1](b3x−1)−b3c2ea2xK[1]+b2c3

(
ea2xK[1]−ea2K[1]x

))
a2+2b33(b3c2−b2c3)eb3x+a2K[1])+a2

(
2a0b3

(
ea2x

(
c2eb3xK[1]b32+b2c3

(
eb3K[1]−b3eb3xK[1]

))
a22−b32eb3x

(
c2
(
b3ea2xK[1]+ea2K[1])−b2c3ea2xK[1]

)
a2+b32(b3c2−b2c3)eb3x+a2K[1])+a2

(
−2a23e(a2+b3)xxb33+2(b3c2−b2c3)eb3x+a2K[1]yb33+a2

(
b1c3ea2x

(
2eb3K[1](b3x+1)−b3eb3xK[1](b3K[1]+2)

)
+b3

(
2e(a2+b3)xxb33+e(a2+b3)xK[1](2c0+c1K[1])b32+

(
2c3ea2x+b3K[1]z−2c2eb3x+a2K[1]y

)
b3+2b2c3ea2x+b3K[1]y+2b0c3ea2x

(
eb3K[1]−b3eb3xK[1]

)))
b3−a22ea2x

(
b1c3

(
2eb3K[1](b3x+1)−b3eb3xK[1](b3K[1]+2)

)
+b3

(
2b0c3

(
eb3K[1]−b3eb3xK[1]

)
+b3

(
2c3eb3K[1]z+b3eb3xK[1](2c0+c1K[1])

))))))
2a23(a2−b3)b33

(((
eb3x+a2K[1]s2y + ea2x+b3K[1]s3z + e(a2+b3)x(s0 + s1K[1])

)
b32 − ea2xs3

(
eb3xb0− eb3K[1]b0− b1eb3K[1]x+ b1eb3xK[1]

)
b3 + b1

(
−e(a2+b3)x + ea2x+b3K[1]) s3) a23 − ((eb3x+a2K[1]s2y + ea2x+b3K[1]s3z + e(a2+b3)x(s0 + s1K[1])

)
b33 +

(
a0eb3x

(
ea2x − ea2K[1]) s2− a1eb3x+a2K[1]xs2 + a1e(a2+b3)xK[1]s2− b0e(a2+b3)xs3 + b0ea2x+b3K[1]s3 + b1ea2x+b3K[1]s3x− b2eb3x+a2K[1]s3y + b2ea2x+b3K[1]s3y − b1e(a2+b3)xs3K[1]

)
b32 − ea2xs3

(
b1
(
eb3x − eb3K[1])+ b2

(
eb3xa0− eb3K[1]a0− a1eb3K[1]x+ a1eb3xK[1]

))
b3− a1b2ea2x

(
eb3x − eb3K[1]) s3) a22 + b32eb3x

(
a0
(
ea2x − ea2K[1]) (b3s2− b2s3) + a1ea2K[1](−b3xs2 + s2 + b2s3x)− a1ea2x(−b3K[1]s2 + s2 + b2s3K[1])

)
a2 + a1b32eb3x

(
ea2x − ea2K[1]) (b3s2− b2s3)

)
a22(a2− b3)b32

dK[1]





Maple 7� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a__2*y+a__1*x+a__0)*diff(w(x,y,z),y)+ (b__3*z+b__2*y+b__1*x+b__0)*diff(w(x,y,z),z)=(c__3*z+c__2*y+c__1*x+c__0)*w(x,y,z)+s__3*z+s__2*y+s__1*x+s__0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
time expired

6.9.1.7 [1925] Problem 7

problem number 1925

Added Jan 6, 2020.

Problem Chapter 9.2.1.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
axwx + bxwy + czwz = (αx+ β)w + px+ q

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x,y,z],x]+b*x*D[w[x,y,z],y]+c*z*D[w[x,y,z],z]==(alpha*x+beta)*w[x,y,z]+p*x+q;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) →

e
αx
a

(
−
(
αx
a

)β
a
(
apΓ

(
1− β

a
, αx

a

)
+ αqΓ

(
−β

a
, αx

a

))
+ aαx

β
a c1
(
y − bx

a
, zx−

c
a

))
aα



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Maple 3� �
restart;
local gamma;
pde := a*x*diff(w(x,y,z),x)+ b*x*diff(w(x,y,z),y)+ c*z*diff(w(x,y,z),z)=(alpha*x+beta)*w(x,y,z)+p*x+q;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
−3
(
a− β

3

) (
x
β
a (a− β)x−a−β

a + α
)
qα a2eαx2a

(
αx
a

) β
2a WhittakerM

(
−1

2 −
β
2a , 1−

β
2a ,

αx
a

)
− 3
(
a− β

3

)
x
β
a qαa(a− β)2 eαx2a

(
αx
a

) β
2a x

−a−β
a WhittakerM

(1
2 −

β
2a , 1−

β
2a ,

αx
a

)
+ 2
(
2xβa a2eαx2a

(
a− β

2

)2 (αx
a

) β
2a p x

−a−β
a WhittakerM

(
1− β

2a ,
3
2 −

β
2a ,

αx
a

)
+
(
x
β
a

(
a− β

2

)
x

−a−β
a + α

2

)
a3eαx2a

(
αx
a

) β
2a pWhittakerM

(
− β

2a ,
3
2 −

β
2a ,

αx
a

)
+ 3
(
a− β

3

)
f1
(
y − bx

a
, z x−

c
a

)
x
β
a eαxa α2(a− β)

(
a− β

2

))
β
√

αx
a

(a− β) (2a− β)α2 (3a− β)
√

αx
a
β

6.9.1.8 [1926] Problem 8

problem number 1926

Added Jan 6, 2020.

Problem Chapter 9.2.1.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
axwx + bywy + czwz = (αx+ β)w + px+ q

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x,y,z],x]+b*y*D[w[x,y,z],y]+c*z*D[w[x,y,z],z]==(alpha*x+beta)*w[x,y,z]+p*x+q;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) →

e
αx
a

(
−
(
αx
a

)β
a
(
apΓ

(
1− β

a
, αx

a

)
+ αqΓ

(
−β

a
, αx

a

))
+ aαx

β
a c1
(
yx−

b
a , zx−

c
a

))
aα




Maple 3� �
restart;
local gamma;
pde := a*x*diff(w(x,y,z),x)+ b*y*diff(w(x,y,z),y)+ c*z*diff(w(x,y,z),z)=(alpha*x+beta)*w(x,y,z)+p*x+q;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
−3α

(
a− β

3

) (
x
β
a (a− β)x−a−β

a + α
)
eαx2a q

(
αx
a

) β
2a a2WhittakerM

(
−1

2 −
β
2a , 1−

β
2a ,

αx
a

)
− 3α

(
a− β

3

)
eαx2a (a− β)2 q xβa

(
αx
a

) β
2a x

−a−β
a aWhittakerM

(1
2 −

β
2a , 1−

β
2a ,

αx
a

)
+ 2β

√
αx
a

(
2
(
a− β

2

)2
p eαx2a xβa

(
αx
a

) β
2a x

−a−β
a a2WhittakerM

(
1− β

2a ,
3
2 −

β
2a ,

αx
a

)
+ p eαx2a

(
x
β
a

(
a− β

2

)
x

−a−β
a + α

2

) (
αx
a

) β
2a a3WhittakerM

(
− β

2a ,
3
2 −

β
2a ,

αx
a

)
+ 3
(
a− β

2

)
f1
(
y x−

b
a , z x−

c
a

)
α2(a− β

3

)
eαxa (a− β)xβa

)
(a− β) (2a− β)α2 (3a− β)

√
αx
a
β
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6.9.1.9 [1927] Problem 9

problem number 1927

Added Jan 6, 2020.

Problem Chapter 9.2.1.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
xwx + azwy + bywz = (cx+ k)w + px+ q

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x,y,z],x]+a*z*D[w[x,y,z],y]+b*y*D[w[x,y,z],z]==(c*x+k)*w[x,y,z]+p*x+q;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) →

ecx
(
−(cx)k(pΓ(1− k, cx) + cqΓ(−k, cx)) + cxkc1

(
iy sinh

(√
a
√
b log(x)

)
−

i
√
az cosh

(√
a
√
b log(x)

)
√
b

, y cosh
(√

a
√
b log(x)

)
−

√
az sinh

(√
a
√
b log(x)

)
√
b

))
c




Maple 3� �
restart;
local gamma;
pde := x*diff(w(x,y,z),x)+ a*z*diff(w(x,y,z),y)+ b*y*diff(w(x,y,z),z)=(c*x+k)*w(x,y,z)+p*x+q;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =



∫ y
e
−
∫ cx

(√
ab y+az

)−√
ab
ab

ab_a+
√
ab

√
a
((

_a2−y2
)
b+a z2

)
√
ab


1√
ab

+k

√
a
((

_a2−y2
)
b+a z2

) d_a
(
px
(√

ab y + az
)−√

ab
ab
(

ab_a+
√
ab
√

a((_a2−y2)b+a z2)√
ab

) 1√
ab + q

)
√
a ((_a2 − y2) b+ a z2)

d_a+ f1

(
z2 − b y2

a
, x
(√

ab y + az
)−√

ab
ab

)


e
∫ y cx

(√
ab y+az

)−√
ab
ab

ab_a+
√
ab

√
a
((

_a2−y2
)
b+a z2

)
√
ab


1√
ab

+k

√
a
((

_a2−y2
)
b+a z2

) d_a
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6.9.2.1 [1928] Problem 1

problem number 1928

Added Jan 6, 2020.

Problem Chapter 9.2.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1x2 + a0)wy + (b1x2 + b0)wz = (c1x+ c0)w + s1x
2 + s0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(a1*x^2+a0)*D[w[x,y,z],y]+(b1*x^2+b0)*D[w[x,y,z],z]==(c1*x+c0)*w[x,y,z]+s1*x^2+s0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → e

1
2x(2c0+c1x)c1

(
−a0x− a1x3

3 + y,−b0x− b1x3
3 + z

)
+

√
π
2 e

(c0+c1x)2
2c1 erf

(
c0+c1x√
2
√
c1

)
(c02s1 + c12s0 + c1s1)

c15/2
+ s1(c0− c1x)

c12




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a__1*x^2+a__0)*diff(w(x,y,z),y)+ (b__1*x^2+b__0)*diff(w(x,y,z),z)=(c__1*x+c__0)*w(x,y,z)+s__1*x^2+s_0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = −
−f1

(
−1

3a1x
3 − a0x+ y,−1

3b1x
3 − b0x+ z

)
c
5/2
1 e

x(c1x+2c0)
2 −

((
c20+c1

)
s1+s_0 c21

)√
2 erf

(√
2 (c1x+c0)

2√c1

)√
π e

(c1x+c0)
2

2c1

2 +
(
x c

3/2
1 −√

c1 c0
)
s1

c
5/2
1

6.9.2.2 [1929] Problem 2

problem number 1929

Added Jan 6, 2020.

Problem Chapter 9.2.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (b1x2 + b0)wy + (c1y2 + c0)wz = aw + s1x
2 + s0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(b1*x^2+b0)*D[w[x,y,z],y]+(c1*y^2+c0)*D[w[x,y,z],z]==a*w[x,y,z]+s1*x^2+s0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → a3eaxc1

(
−b0x− b1x3

3 + y,−1
3b0

2c1x3 − 3
10b0b1c1x

5 + b0c1x2y − 1
14b1

2c1x7 + 1
2b1c1x

4y − c0x− c1xy2 + z
)
− a2(s0 + s1x2)− 2as1x− 2s1

a3



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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (b__1*x^2+b__0)*diff(w(x,y,z),y)+ (c__1*y^2+c__0)*diff(w(x,y,z),z)=a*w(x,y,z)+s__1*x^2+s_0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
eaxf1

(
−1

3b1x
3 − b0x+ y,−

(
b21x

6+ 21
5 b1x4b0−7b1x3y+ 14

3 b20x
2−14b0xy+14y2

)
xc1

14 − c0x+ z
)
a3 + (−s1x2 − s_0) a2 − 2s1xa− 2s1

a3

6.9.2.3 [1930] Problem 3

problem number 1930

Added Jan 6, 2020.

Problem Chapter 9.2.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (ay + k1x
2 + k0)wy + (bz + n1x

2 + n0)wz = (c1x+ c0)w + s1x+ s0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(a*y+k1*x^2+k0)*D[w[x,y,z],y]+(b*z+n1*x^2+n0)*D[w[x,y,z],z]==(c1*x+c0)*w[x,y,z]+s1*x+s0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → e

1
2x(2c0+c1x)c1

(
e−ax(a3y + a2(k0 + k1x2) + 2ak1x+ 2k1)

a3
,
e−bx(b3z + b2(n0 + n1x2) + 2bn1x+ 2n1)

b3

)
+

√
π
2 e

(c0+c1x)2
2c1 erf

(
c0+c1x√
2
√
c1

)
(c1s0− c0s1)

c13/2
− s1

c1




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a*y+k__1*x^2+k__0)*diff(w(x,y,z),y)+ (b*z+n__1*x^2+n__0)*diff(w(x,y,z),z)=(c__1*x+c__0)*w(x,y,z)+s__1*x+s_0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = −
−2f1

( (
y a3+

(
k1x2+k0

)
a2+2k1xa+2k1

)
e−ax

a3
,
(
z b3+

(
n1x2+n0

)
b2+2n1xb+2n1

)
e−bx

b3

)
c
3/2
1 e

x(c1x+2c0)
2 + e

(c1x+c0)
2

2c1
√
2
√
π erf

(√
2 (c1x+c0)
2√c1

)
(c0s1 − c1s_0) + 2s1

√
c1

2c3/21
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6.9.2.4 [1931] Problem 4

problem number 1931

Added Jan 6, 2020.

Problem Chapter 9.2.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx+(a2xy+a1x+a0)wy+(b3yz+ b2y2+ b1x2+ b0)wz = (c3z+ c2y+ c1x+ c0)w+s1xy+s2xz

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(a2*x*y+a1*x+a0)*D[w[x,y,z],y]+(b3*y*z+b2*y^2+b1*x^2+b0)*D[w[x,y,z],z]==(c3*z+c2*y+c1*x+c0)*w[x,y,z]+s1*x*y+s2*x*z;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
$Aborted

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a__2*x*y+a__1*x+a__0)*diff(w(x,y,z),y)+ (b__3*y*z+b__2*y^2+b__1*x^2+b__0)*diff(w(x,y,z),z)=(c__3*z+c__2*y+c__1*x+c__0)*w(x,y,z)+s__1*x*y+s__2*x*z;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.9.2.5 [1932] Problem 5

problem number 1932

Added Jan 6, 2020.

Problem Chapter 9.2.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
axwx + bxwy + czwz = kxw + sx2

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x,y,z],x]+b*x*D[w[x,y,z],y]+c*z*D[w[x,y,z],z]==k*x*w[x,y,z]+s*x^2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

{{
w(x, y, z) → −s(a+ kx)

k2
+ e

kx
a c1

(
y − bx

a
, zx−

c
a

)}}
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Maple 3� �
restart;
local gamma;
pde := a*x*diff(w(x,y,z),x)+ b*x*diff(w(x,y,z),y)+ c*z*diff(w(x,y,z),z)=k*x*w(x,y,z)+s*x^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
e kxa f1

(
ya−bx

a
, z x−

c
a

)
k2 − s(kx+ a)

k2

6.9.2.6 [1933] Problem 6

problem number 1933

Added Jan 6, 2020.

Problem Chapter 9.2.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
axwx + bywy + czwz = kxw + sx2

Mathematica 3� �
ClearAll["Global`*"];
pde = a*x*D[w[x,y,z],x]+b*y*D[w[x,y,z],y]+c*z*D[w[x,y,z],z]==k*x*w[x,y,z]+s*x^2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

{{
w(x, y, z) → −s(a+ kx)

k2
+ e

kx
a c1
(
yx−

b
a , zx−

c
a

)}}
Maple 3� �
restart;
local gamma;
pde := a*x*diff(w(x,y,z),x)+ b*y*diff(w(x,y,z),y)+ c*z*diff(w(x,y,z),z)=k*x*w(x,y,z)+s*x^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
e kxa f1

(
y x−

b
a , z x−

c
a

)
k2 − s(kx+ a)

k2

6.9.2.7 [1934] Problem 7

problem number 1934

Added Jan 6, 2020.

Problem Chapter 9.2.2.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

ax2wx + by2wy + cz2wz = (kx+ s)w + px+ q
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*x^2*D[w[x,y,z],x]+b*y^2*D[w[x,y,z],y]+c*z^2*D[w[x,y,z],z]==(k*x+s)*w[x,y,z]+p*x+q;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → e−

s
ax

(
− s

ax

)− k
a

(
asx

k
a

(
− s

ax

) k
a c1
(

b
ax

− 1
y
, c
ax

− 1
z

)
+ psΓ

(
k
a
,− s

ax

)
− aqΓ

(
a+k
a
,− s

ax

))
as




Maple 3� �
restart;
local gamma;
pde := a*x^2*diff(w(x,y,z),x)+ b*y^2*diff(w(x,y,z),y)+ c*z^2*diff(w(x,y,z),z)=(k*x+s)*w(x,y,z)+p*x+q;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
e− s

axx
k
a

(
f1
(

1
y
− b

ax
, 1
z
− c

ax

)
a+

∫
e s
ax

(
p x

−a−k
a + q x

−2a−k
a

)
dx
)

a

6.9.3 2.3

Local contents
6.9.3.1 [1935] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1826
6.9.3.2 [1936] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1827
6.9.3.3 [1937] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1828
6.9.3.4 [1938] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1828
6.9.3.5 [1939] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1829

6.9.3.1 [1935] Problem 1

problem number 1935

Added Jan 16, 2020.

Problem Chapter 9.2.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1
√
x+ a0)wy + (b1

√
x+ b0)wz = cw + s1

√
x+ s0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(a1*Sqrt[x]+a0)*D[w[x,y,z],y]+(b1*Sqrt[x]+b0)*D[w[x,y,z],z]==c*w[x,y,z]+ s1*Sqrt[x]+s0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → ecxc1

(
−a0x− 2

3a1x
3/2 + y,−b0x− 2

3b1x
3/2 + z

)
+

√
πs1ecxerf

(√
c
√
x
)

2c3/2 − s0 + s1
√
x

c

}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a__1*sqrt(x)+a__0)*diff(w(x,y,z),y)+ (b__1*sqrt(x)+b__0)*diff(w(x,y,z),z)=c*w(x,y,z)+ s__1*sqrt(x)+s__0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = −
−ecxf1

(
−2x3/2a1

3 − a0x+ y,−2x3/2b1
3 − b0x+ z

)
c3/2

√
π − ecxs1 erf

(√
c
√
x
)
π

2 +
√
c
√
π
(
s1
√
x+ s0

)
c3/2

√
π

6.9.3.2 [1936] Problem 2

problem number 1936

Added Jan 16, 2020.

Problem Chapter 9.2.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (b1x2 + b0)wy + (c1y3 + c0)wz = aw + s1x
3 + s0

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(b1*x^2+b0)*D[w[x,y,z],y]+(c1*y^3+c0)*D[w[x,y,z],z]==a*w[x,y,z]+ s1*x^3+s0;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → −

a4(−eax) c1
(
−b0x− b1x3

3 + y, 14b0
3c1x4 + b02

(19
60b1c1x

6 − c1x3y
)
+ 3

280b0c1x
2(13b12x6 − 84b1x3y + 140y2

)
+ 3

140b1
3c1x10 − 3

14b1
2c1x7y + 3

4b1c1x
4y2 − c0x− c1xy3 + z

)
+ a3(s0 + s1x3) + 3a2s1x2 + 6as1x+ 6s1

a4




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (b__1*x^2+b__0)*diff(w(x,y,z),y)+ (c__1*y^3+c__0)*diff(w(x,y,z),z)=a*w(x,y,z)+ s__1*x^3+s__0;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
eaxf1

(
−1

3b1x
3 − b0x+ y,

3
(
b31x

9+ 13b21x
7b0

2 −10b21x6y+ 133b1x
5b20

9 −42b1x4b0y+35
(
y2b1+

b30
3

)
x3− 140b20x

2y
3 +70b0x y2− 140y3

3

)
xc1

140 − c0x+ z

)
a4 + (−s1x3 − s0) a3 − 3s1x2a2 − 6s1xa− 6s1

a4
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6.9.3.3 [1937] Problem 3

problem number 1937

Added Jan 16, 2020.

Problem Chapter 9.2.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (ay + kx3)wy + (bz + nx3)wz = cw + sx2

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(a*y+k*x^3)*D[w[x,y,z],y]+(b*z+n*x^3)*D[w[x,y,z],z]==c*w[x,y,z]+ s*x^2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → −s(c
2x2 + 2cx+ 2)

c3
+ ecxc1

(
e−ax(a4y + k(a3x3 + 3a2x2 + 6ax+ 6))

a4
,
e−bx(b4z + n(b3x3 + 3b2x2 + 6bx+ 6))

b4

)}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a*y+k*x^3)*diff(w(x,y,z),y)+ (b*z+n*x^3)*diff(w(x,y,z),z)=c*w(x,y,z)+ s*x^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
ecxf1

( (
k x3a3+y a4+3x2k a2+6kxa+6k

)
e−ax

a4
,
(
nx3b3+z b4+3x2n b2+6xnb+6n

)
e−bx

b4

)
c3 − s(x2c2 + 2cx+ 2)

c3

6.9.3.4 [1938] Problem 4

problem number 1938

Added Jan 16, 2020.

Problem Chapter 9.2.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xy + a2x
3)wy + (b1yz + b2y

3)wz = (c1z + c2y)w + s1x
2y + s2xz

2

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(a1*x*y+a2*x^3)*D[w[x,y,z],y]+(b1*y*z+b2*y^3)*D[w[x,y,z],z]==(c1*z+c2*y)*w[x,y,z]+ s1*x^2*y+s2*x*z^2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
$Aborted
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a__1*x*y+a__2*x^3)*diff(w(x,y,z),y)+ (b__1*y*z+b__2*y^3)*diff(w(x,y,z),z)=(c__1*z+c__2*y)*w(x,y,z)+ s__1*x^2*y+s__2*x*z^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.9.3.5 [1939] Problem 5

problem number 1939

Added Jan 16, 2020.

Problem Chapter 9.2.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
ax3wx + by3wy + cz3wz = xw + kx+ s

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+b*y^3*D[w[x,y,z],y]+c*z^3*D[w[x,y,z],z]==x*w[x,y,z]+ k*x+s;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �


w(x, y, z) → e

x2
2a c1

(
−bx
a

− 1
2y2 ,−

cx

a
− 1

2z2

)
+

√
π
2se

x2
2a erf

(
x√
2
√
a

)
√
a

− k




Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*y^3*diff(w(x,y,z),y)+ c*z^3*diff(w(x,y,z),z)=x*w(x,y,z)+ k*x+s;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
ex

2
2a s erf

(√
2x

2
√
a

)√
2 π + 2 ex

2
2a f1

(
2y2bx+a

y2a
, 2z

2cx+a
z2a

)√
π
√
a− 2k

√
π
√
a

2
√
π
√
a

6.9.4 2.4

Local contents
6.9.4.1 [1940] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1830
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6.9.4.5 [1944] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1833
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6.9.4.11 [1950] Problem 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1838
6.9.4.12 [1951] Problem 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1839
6.9.4.13 [1952] Problem 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1839
6.9.4.14 [1953] Problem 14 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1840

6.9.4.1 [1940] Problem 1

problem number 1940

Added Jan 16, 2020.

Problem Chapter 9.2.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
awx + bwy + cwz = kxnw + sxm

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+b*D[w[x,y,z],y]+c*D[w[x,y,z],z]==k*x^n*w[x,y,z]+ s*x^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → e

kxn+1
an+a

−
sxm+1

(
kxn+1

an+a

)−m+1
n+1 Γ

(
m+1
n+1 ,

kxn+1

na+a

)
a(n+ 1) + c1

(
y − bx

a
, z − cx

a

)



Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*diff(w(x,y,z),z)=k*x^n*w(x,y,z)+ s*x^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(n+ 1)2 e

x xnk
2(n+1)axmx−n(xxnk + (m+ n+ 2) a)

(
xxnk
(n+1)a

)−m−n−2
2n+2

sWhittakerM
(

−n+m
2n+2 ,

m+2n+3
2n+2 , xxnk

(n+1)a

)
+ (m+ n+ 2)

(
xmx−ne

x xnk
2(n+1)a

(
xxnk
(n+1)a

)−m−n−2
2n+2

s(n+ 1) (m+ n+ 2)WhittakerM
(

m+n+2
2n+2 ,

m+2n+3
2n+2 , xxnk

(n+1)a

)
+ e

x xnk
(n+1)af1

(
y − bx

a
, z − cx

a

)
k(m+ 1) (m+ 2n+ 3)

)
a

k (m+ 1) (m+ 2n+ 3) (m+ n+ 2) a

6.9.4.2 [1941] Problem 2

problem number 1941

Added Jan 16, 2020.

Problem Chapter 9.2.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
awx + bywy + czwz = kxnw + sxm
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+b*y*D[w[x,y,z],y]+c*z*D[w[x,y,z],z]==k*x^n*w[x,y,z]+ s*x^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → e

kxn+1
an+a

−
sxm+1

(
kxn+1

an+a

)−m+1
n+1 Γ

(
m+1
n+1 ,

kxn+1

na+a

)
a(n+ 1) + c1

(
ye−

bx
a , ze−

cx
a

)



Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*y*diff(w(x,y,z),y)+ c*z*diff(w(x,y,z),z)=k*x^n*w(x,y,z)+ s*x^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
x−ne

x xnk
2(n+1)a (xxnk + (m+ n+ 2) a)

(
xxnk
(n+1)a

)−m−n−2
2n+2

xm(n+ 1)2 sWhittakerM
(

−n+m
2n+2 ,

m+2n+3
2n+2 , xxnk

(n+1)a

)
+ a(m+ n+ 2)

(
xmx−ne

x xnk
2(n+1)a

(
xxnk
(n+1)a

)−m−n−2
2n+2

s(n+ 1) (m+ n+ 2)WhittakerM
(

m+n+2
2n+2 ,

m+2n+3
2n+2 , xxnk

(n+1)a

)
+ e

x xnk
(n+1)af1

(
y e− bx

a , z e− cx
a

)
k(m+ 1) (m+ 2n+ 3)

)
k (m+ 1) (m+ 2n+ 3) (m+ n+ 2) a

6.9.4.3 [1942] Problem 3

problem number 1942

Added Jan 16, 2020.

Problem Chapter 9.2.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + azwy + bywz = cxnw + sxm

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+a*z*D[w[x,y,z],y]+b*y*D[w[x,y,z],z]==c*x^n*w[x,y,z]+ s*x^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → e

cxn+1
n+1

−
sxm+1

(
cxn+1

n+1

)−m+1
n+1 Γ

(
m+1
n+1 ,

cxn+1

n+1

)
n+ 1 + c1

e−√
a
√
bx
(√

by
(
e2

√
a
√
bx + 1

)
−

√
az
(
e2

√
a
√
bx − 1

))
2
√
b

,
e−

√
a
√
bx
(√

az
(
e2

√
a
√
bx + 1

)
−

√
by
(
e2

√
a
√
bx − 1

))
2
√
a





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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*z*diff(w(x,y,z),y)+ b*y*diff(w(x,y,z),z)=c*x^n*w(x,y,z)+ s*x^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =



s

∫ y

x
√
ab+ln

ab_a+
√
ab

√
a
((

_a2−y2
)
b+a z2

)
√
ab

−ln
(
aby+

√
a2z2

√
ab√

ab

)
√
ab


m

e
−c
∫



x
√
ab+ln

ab_a+
√
ab

√
a
((

_a2−y2
)
b+a z2

)
√
ab

−ln
(
aby+

√
a2z2

√
ab√

ab

)
√
ab



n

√
a
((

_a2−y2
)
b+a z2

) d_a

√
a ((_a2 − y2) b+ a z2)

d_a+ f1

a z2 − b y2

a
,
x
√
ab− ln

(
aby+

√
a2z2

√
ab√

ab

)
√
ab





e
c
∫ y



x
√
ab+ln

ab_a+
√
ab

√
a
((

_a2−y2
)
b+a z2

)
√
ab

−ln
(
aby+

√
a2z2

√
ab√

ab

)
√
ab



n

√
a
((

_a2−y2
)
b+a z2

) d_a

6.9.4.4 [1943] Problem 4

problem number 1943

Added Jan 16, 2020.

Problem Chapter 9.2.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + axnwy + bxmwz = cxkw + sxr

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+a*x^n*D[w[x,y,z],y]+b*x^m*D[w[x,y,z],z]==c*x^k*w[x,y,z]+ s*x^r;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → e

cxk+1
k+1

−
sxr+1

(
cxk+1

k+1

)− r+1
k+1 Γ

(
r+1
k+1 ,

cxk+1

k+1

)
k + 1 + c1

(
−axn+1 + ny + y

n+ 1 ,
−bxm+1 +mz + z

m+ 1

)



Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*x^n*diff(w(x,y,z),y)+ b*x^m*diff(w(x,y,z),z)=c*x^k*w(x,y,z)+ s*x^r;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
2
(
k + r

2 +
3
2

)
c e

x xkc
k+1 (k + r + 2) (r + 1) f1

(
−xa xn+y(n+1)

n+1 , −xb xm+z(m+1)
m+1

)
+
(

xxkc
k+1

)−k−r−2
2k+2 e

x xkc
2k+2xr(k + 1) s

(
(k + 1)

(
xxkc+ k + r + 2

)
WhittakerM

(
−k+r
2k+2 ,

2k+r+3
2k+2 , xxkc

k+1

)
+WhittakerM

(
k+r+2
2k+2 ,

2k+r+3
2k+2 , xxkc

k+1

)
(k + r + 2)2

)
x−k

c (r + 1) (2k + r + 3) (k + r + 2)
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6.9.4.5 [1944] Problem 5

problem number 1944

Added Jan 16, 2020.

Problem Chapter 9.2.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + bxnwy + cymwz = aw + sxk

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+b*x^n*D[w[x,y,z],y]+c*x^m*D[w[x,y,z],z]==a*w[x,y,z]+ s*x^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → eax
(
−sx

k(ax)−kΓ(k + 1, ax)
a

+ c1

(
−bxn+1 + ny + y

n+ 1 ,
−cxm+1 +mz + z

m+ 1

))}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ b*x^n*diff(w(x,y,z),y)+ c*x^m*diff(w(x,y,z),z)=a*w(x,y,z)+ s*x^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
a eax(k + 1) f1

(
−b xn+1+y(n+1)

n+1 , −c xm+1+z(m+1)
m+1

)
+ (ax)−

k
2 WhittakerM

(
k
2 ,

k
2 +

1
2 , ax

)
xks eax2

a (k + 1)

6.9.4.6 [1945] Problem 6

problem number 1945

Added Jan 16, 2020.

Problem Chapter 9.2.4.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (ay + βxn)wy + (bz + γxm)wz = cxkw + sxr

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(a*y+beta*x^n)*D[w[x,y,z],y]+(b*z+gamma*x^m)*D[w[x,y,z],z]==c*x^k*w[x,y,z]+ s*x^r;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → e

cxk+1
k+1

−
sxr+1

(
cxk+1

k+1

)− r+1
k+1 Γ

(
r+1
k+1 ,

cxk+1

k+1

)
k + 1 + c1

(
γb−m−1Γ(m+ 1, bx) + ze−bx, βa−n−1Γ(n+ 1, ax) + ye−ax

)


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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a*y+beta*x^n)*diff(w(x,y,z),y)+ (b*z+gamma*x^m)*diff(w(x,y,z),z)=c*x^k*w(x,y,z)+ s*x^r;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
2(r + 1) c e

x xkc
k+1
(
r
2 +

3
2 + k

)
(r + 2 + k) f1

(
e−axay(n+1)−e−

ax
2 β xn(ax)−

n
2 WhittakerM

(
n
2 ,
n
2+

1
2 ,ax

)
a(n+1) ,

e−bxbz(m+1)−e−
bx
2 γ xm(bx)−

m
2 WhittakerM

(
m
2 ,m2 + 1

2 ,bx
)

b(m+1)

)
+ e

x xkc
2k+2xrs

(
(k + 1)

(
xxkc+ k + r + 2

)
WhittakerM

(
−k+r
2k+2 ,

r+3+2k
2k+2 , xxkc

k+1

)
+WhittakerM

(
r+2+k
2k+2 ,

r+3+2k
2k+2 , xxkc

k+1

)
(r + 2 + k)2

)
(k + 1)x−k

(
xxkc
k+1

)−r−2−k
2k+2

(r + 1) (r + 2 + k) (r + 3 + 2k) c

6.9.4.7 [1946] Problem 7

problem number 1946

Added Jan 16, 2020.

Problem Chapter 9.2.4.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xn1y + a2x
n2)wy + (b1ym1z + b2y

m2)wz = cw + s1xy
k1 + s2x

k2z
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(a1*x^n1*y + a2*x^n2)*D[w[x,y,z],y]+(b1*y^m1*z + b2*y^m2)*D[w[x,y,z],z]==c*w[x,y,z]+ s1*x*y^k1+ s2*x^k2*z;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

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
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a__1*x^(n__1)*y + a__2*x^(n__2))*diff(w(x,y,z),y)+ (b__1*y^(m__1)*z + b__2*y^(m__2))*diff(w(x,y,z),z)=c*w(x,y,z)+ s__1*x*y^(k__1)+ s__2*x^(k__2)*z;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.9.4.8 [1947] Problem 8

problem number 1947

Added Jan 16, 2020.

Problem Chapter 9.2.4.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xλ1y + a2x
λ2yk)wy + (b1xβ1z + b2x

β2zm)wz = c1x
γ1w + c2y

γ2

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(a1*x^lambda1*y + a2*x^lambda2*y^k)*D[w[x,y,z],y]+(b1*x^beta1*z + b2*x^beta2*z^m)*D[w[x,y,z],z]==c1*x^gamma1*w[x,y,z]+ c2*y^gamma2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �


w(x, y, z) → e
c1xgamma1+1
gamma1+1


∫ x

1
c2e−

c1K[1]gamma1+1
gamma1+1


(−1)−

lambda2+1
lambda1+1a1−

lambda2+1
lambda1+1 exp

(
−a1

(
xlambda1+1+(k−1)K[1]lambda1+1)

lambda1+1

)
(k − 1)−

lambda2+1
lambda1+1y−k

(
−a2e

a1xlambda1+1
lambda1+1 (k − 1)(lambda1 + 1)

lambda2+1
lambda1+1Γ

(
lambda2+1
lambda1+1 ,−

a1(k−1)xlambda1+1

lambda1+1

)
yk + a2e

a1xlambda1+1
lambda1+1 (k − 1)(lambda1 + 1)

lambda2+1
lambda1+1Γ

(
lambda2+1
lambda1+1 ,−

a1(k−1)K[1]lambda1+1

lambda1+1

)
yk + (−1)

lambda2+1
lambda1+1a1

lambda2+1
lambda1+1 e

a1kxlambda1+1
lambda1+1 (k − 1)

lambda2+1
lambda1+1 (lambda1 + 1)y

)
lambda1 + 1


1

1−k


gamma2

dK[1] + c1

(
z1−me

b1(m−1)xbeta1+1
beta1+1 − b2(−1)−

beta2+1
beta1+1 (beta1 + 1)

beta2−beta1
beta1+1 b1−

beta2+1
beta1+1 (m− 1)

beta1−beta2
beta1+1 Γ

(
beta2 + 1
beta1 + 1 ,−

b1(m− 1)xbeta1+1

beta1 + 1

)
, y1−ke

a1(k−1)xlambda1+1
lambda1+1 − a2(−1)−

lambda2+1
lambda1+1 (lambda1 + 1)

lambda2−lambda1
lambda1+1 a1−

lambda2+1
lambda1+1 (k − 1)

lambda1−lambda2
lambda1+1 Γ

(
lambda2 + 1
lambda1 + 1 ,−

a1(k − 1)xlambda1+1

lambda1 + 1

))



Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a__1*x^(lambda__1)*y + a__2*x^(lambda__2)*y^k)*diff(w(x,y,z),y)+ (b__1*x^(beta__1)*z + b__2*x^(beta__2)*z^m)*diff(w(x,y,z),z)=c__1*x^(gamma__1)*w(x,y,z)+ c__2*y^(gamma__2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display
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6.9.4.9 [1948] Problem 9

problem number 1948

Added Jan 16, 2020.

Problem Chapter 9.2.4.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1xλ1y + a2x
λ2yk)wy + (b1yβ1z + b2y

β2zm)wz = c1x
γ1w + c2z

γ2

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+(a1*x^lambda1*y + a2*x^lambda2*y^k)*D[w[x,y,z],y]+(b1*y^beta1*z + b2*y^beta2*z^m)*D[w[x,y,z],z]==c1*x^gamma1*w[x,y,z]+ c2*z^gamma2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a__1*x^(lambda__1)*y + a__2*x^(lambda__2)*y^k)*diff(w(x,y,z),y)+ (b__1*y^(beta__1)*z + b__2*y^(beta__2)*z^m)*diff(w(x,y,z),z)=c__1*x^(gamma__1)*w(x,y,z)+ c__2*z^(gamma__2);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.9.4.10 [1949] Problem 10

problem number 1949

Added Jan 16, 2020.

Problem Chapter 9.2.4.10, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
xwx + aywy + bzwz = cxnw + kxm

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x,y,z],x]+a*y*D[w[x,y,z],y]+b*z*D[w[x,y,z],z]==c*x^n*w[x,y,z]+ k*x^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

{{
w(x, y, z) → e

cxn

n

(
−
kxm

(
cxn

n

)−m
n Γ
(
m
n
, cx

n

n

)
n

+ c1
(
yx−a, zx−b

))}}
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Maple 3� �
restart;
local gamma;
pde := x*diff(w(x,y,z),x)+ a*y*diff(w(x,y,z),y)+ b*z*diff(w(x,y,z),z)=c*x^n*w(x,y,z)+ k*x^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = ex
nc
n f1

(
y x−a, z x−b

)
+
(
WhittakerM

(
−1

2 +
m
2n , 1 +

m
2n ,

xnc
n

)
n(xnc+m+ n) +WhittakerM

(1
2 +

m
2n , 1 +

m
2n ,

xnc
n

)
(m+ n)2

)
x−n+mk

(
xnc
n

)−m+n
2n n ex

nc
2n

cm (m+ 2n) (m+ n)

6.9.4.11 [1950] Problem 11

problem number 1950

Added Jan 16, 2020.

Problem Chapter 9.2.4.11, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
xwx + azwy + bywz = cxnw + kxm

Mathematica 3� �
ClearAll["Global`*"];
pde = x*D[w[x,y,z],x]+a*z*D[w[x,y,z],y]+b*y*D[w[x,y,z],z]==c*x^n*w[x,y,z]+ k*x^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → e

cxn

n

−
kxm

(
cxn

n

)−m
n Γ
(
m
n
, cx

n

n

)
n

+ c1

iy sinh(√a√b log(x))− i
√
az cosh

(√
a
√
b log(x)

)
√
b

, y cosh
(√

a
√
b log(x)

)
−

√
az sinh

(√
a
√
b log(x)

)
√
b




Maple 3� �
restart;
local gamma;
pde := x*diff(w(x,y,z),x)+ a*z*diff(w(x,y,z),y)+ b*y*diff(w(x,y,z),z)=c*x^n*w(x,y,z)+ k*x^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =


k

∫ y

(
x
(√

ab y + az
)−√

ab
ab
(

ab_a+
√
ab
√

a((_a2−y2)b+z2a)√
ab

) 1√
ab

)m

e
−c
∫
x
(√

ab y+az
)−√

ab
ab

ab_a+
√
ab

√
a
((

_a2−y2
)
b+z2a

)
√
ab


1√
ab


n

√
a
((

_a2−y2
)
b+z2a

) d_a

√
a ((_a2 − y2) b+ z2a)

d_a+ f1

(
z2 − b y2

a
, x
(√

ab y + az
)−√

ab
ab

)


e
c
∫ y

x
(√

ab y+az
)−√

ab
ab

ab_a+
√
ab

√
a
((

_a2−y2
)
b+z2a

)
√
ab


1√
ab


n

√
a
((

_a2−y2
)
b+z2a

) d_a
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6.9.4.12 [1951] Problem 12

problem number 1951

Added Jan 16, 2020.

Problem Chapter 9.2.4.12, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

bcxwx + c(by + cz)wy + b(by − cz)wz = kxnw + sxm

Mathematica 3� �
ClearAll["Global`*"];
pde = b*c*x*D[w[x,y,z],x]+ c*(b*y + c*z)*D[w[x,y,z],y]+b*(b*y - c*z)*D[w[x,y,z],z]==k*x^n*w[x,y,z]+ s*x^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → e
kxn

bcn

(
−
sxm−n

(
kxn

bcn

)1−m
n Γ
(
m
n
, kx

n

bcn

)
k

+ c1

(
−
x
√
2((√2− 2

)
by +

√
2cz
)

4b ,
x−

√
2((2 +√

2
)
by +

√
2cz
)

4b

))}}

Maple 3� �
restart;
local gamma;
pde := b*c*x*diff(w(x,y,z),x)+ c*(b*y + c*z)*diff(w(x,y,z),y)+ b*(b*y - c*z)*diff(w(x,y,z),z)=k*x^n*w(x,y,z)+ s*x^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.9.4.13 [1952] Problem 13

problem number 1952

Added Jan 16, 2020.

Problem Chapter 9.2.4.13, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

b1x
n1wx + b2y

n2wy + b3z
n3wz = aw + c1x

k1 + c2y
k2 + c3x

k3

Mathematica 3� �
ClearAll["Global`*"];
pde = b1*x^n1*D[w[x,y,z],x]+ b2*y^n2*D[w[x,y,z],y]+b3*z^n3*D[w[x,y,z],z]==a*w[x,y,z]+ c1*x^k1+c2*y^k2+c3*x^k3;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �



w(x, y, z) → e

ax1−n1
b1−b1n1


∫ x

1

e
aK[1]1−n1
b1(n1−1) K[1]−n1

c1K[1]k1 + c3K[1]k3 + c2
((

b2(n2−1)x−n1(xn1K[1]−xK[1]n1
)
K[1]−n1

b1(n1−1) +
(

1
y

)n2−1
) 1

1−n2
)k2


b1 dK[1] + c1

 b2x1−n1

b1(n1− 1) −

(
1
y

)n2−1

n2− 1 ,
b3x1−n1

b1(n1− 1) −
(1
z

)n3−1

n3− 1







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Maple 3� �
restart;
local gamma;
pde := b__1*x^(n__1)*diff(w(x,y,z),x)+ b__2*y^(n__2)*diff(w(x,y,z),y)+ b__3*z^(n__3)*diff(w(x,y,z),z)=a*w(x,y,z)+ c__1*x^(k__1)+c__2*y^(k__2)+c__3*x^(k__3);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

(
f1
(

−xb2(n2−1)x−n1+y y−n2b1(n1−1)
(n1−1)b1 , −xb3(n3−1)x−n1+z z−n3b1(n1−1)

(n1−1)b1

)
b1 +

∫ x e
a_a−n1_a
(n1−1)b1 _a−n1

(
c1_ak1 + c2

((
_a−n1+1b2(n2−1)−x−n1+1b2(n2−1)+y1−n2 (n1−1)b1

(n1−1)b1

)− 1
n2−1

)k2

+ c3_ak3
)
d_a

)
e−

xa x−n1
(n1−1)b1

b1

6.9.4.14 [1953] Problem 14

problem number 1953

Added Jan 16, 2020.

Problem Chapter 9.2.4.14, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
a1x

n1wx + a2y
n2wy + a3z

n3wz = bxkw + cxm

Mathematica 3� �
ClearAll["Global`*"];
pde = a1*x^n1*D[w[x,y,z],x]+ a2*y^n2*D[w[x,y,z],y]+a3*z^n3*D[w[x,y,z],z]==b*x^k*w[x,y,z]+ c*x^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → e

bxk−n1+1
a1k−a1n1+a1

−
cxm−n1+1

(
bxk−n1+1

a1k−a1n1+a1

)−m+n1−1
k−n1+1 Γ

(
m−n1+1
k−n1+1 ,

bxk−n1+1

ka1−n1a1+a1

)
a1(k − n1 + 1) + c1

 a2x1−n1

a1(n1− 1) −

(
1
y

)n2−1

n2− 1 ,
a3x1−n1

a1(n1− 1) −
(1
z

)n3−1

n3− 1






Maple 3� �
restart;
local gamma;
pde := a__1*x^(n__1)*diff(w(x,y,z),x)+ a__2*y^(n__2)*diff(w(x,y,z),y)+ a__3*z^(n__3)*diff(w(x,y,z),z)=b*x^k*w(x,y,z)+ x*x^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

(
6(−m+ n1 − 2) e

xk−n1+1b
a1(k−n1+1)a1

(
−2k

3 − m
3 + n1 − 4

3

)
b xn1

(
−k

2 −
m
2 + n1 − 3

2

)
f1
(

−x−n1+1a2(n2−1)+y1−n2a1(n1−1)
(n1−1)a1 , −x−n1+1a3(n3−1)+z1−n3a1(n1−1)

(n1−1)a1

)
−
((

−2a1
(
−k

2 −
m
2 + n1 − 3

2

)
xn1 + xxkb

)
(−k + n1 − 1)WhittakerM

(
−k+1+m
2k−2n1+2 ,

2k+m−3n1+4
2k−2n1+2 , xkx−n1xb

a1(k−n1+1)

)
− 4a1WhittakerM

(
k+m−2n1+3
2k−2n1+2 ,

2k+m−3n1+4
2k−2n1+2 , xk−n1+1b

a1(k−n1+1)

)
xn1
(
−k

2 −
m
2 + n1 − 3

2

)2)( xk−n1+1b
a1(k−n1+1)

)−k−m+2n1−3
2k−2n1+2

x−k+1+me
xk−n1+1b

2a1(k−n1+1) (−k + n1 − 1)
)
x−n1

b (−m+ n1 − 2) (−2k −m+ 3n1 − 4) (−k −m+ 2n1 − 3) a1



chapter 6. handbook of first order partial differential . . . 1841
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6.9.5.1 [1954] Problem 1

problem number 1954

Added Jan 18, 2020.

Problem Chapter 9.3.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + awy + bwz = ceβxw + keλx

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ a*D[w[x,y,z],y]+b*D[w[x,y,z],z]==c*Exp[beta*x]*w[x,y,z]+ k*Exp[lambda*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

{{
w(x, y, z) → e

ceβx

β

(∫ x

1
eλK[1]− ceβK[1]

β kdK[1] + c1(y − ax, z − bx)
)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)=c*exp(beta*x)*w(x,y,z)+ k*exp(lambda*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(
k

∫
e
λxβ−eβxc

β dx+ f1(−ax+ y,−bx+ z)
)
e

eβxc
β

6.9.5.2 [1955] Problem 2

problem number 1955

Added Jan 18, 2020.

Problem Chapter 9.3.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + aeβxwy + beλxwz = ceγxw + seµx
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ a*Exp[beta*x]*D[w[x,y,z],y]+b*Exp[lambda*x]*D[w[x,y,z],z]==c*Exp[gamma*x]*w[x,y,z]+ s*Exp[mu*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

{{
w(x, y, z) → e

ceγx

γ

(∫ x

1
eµK[1]− ceγK[1]

γ sdK[1] + c1

(
y − aeβx

β
, z − beλx

λ

))}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*exp(beta*x)*diff(w(x,y,z),y)+ b*exp(lambda*x)*diff(w(x,y,z),z)=c*exp(gamma*x)*w(x,y,z)+ s*exp(mu*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(
s

∫
e
µxγ−eγxc

γ dx+ f1

(
−a eβx + yβ

β
,
zλ− b eλx

λ

))
e

eγxc
γ

6.9.5.3 [1956] Problem 3

problem number 1956

Added Jan 18, 2020.

Problem Chapter 9.3.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + beβxwy + ceλywz = aw + seγx

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ b*Exp[beta*x]*D[w[x,y,z],y]+c*Exp[lambda*y]*D[w[x,y,z],z]==a*w[x,y,z]+ s*Exp[gamma*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �



w(x, y, z) → −

eax

sex(γ−a) + (γ − a)c1

y − beβx

β
, z −

cExpIntegralEi
(
beβxλ
β

)
e
λ

(
y− beβx

β

)

β


a− γ




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ b*exp(beta*x)*diff(w(x,y,z),y)+ c*exp(lambda*y)*diff(w(x,y,z),z)=a*w(x,y,z)+ s*exp(gamma*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

eax(a− γ) f1

−b eβx+yβ
β

,
c e−

λ
(
b eβx−yβ

)
β Ei1

(
−λb eβx

β

)
+zβ

β

− s eγx

a− γ
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6.9.5.4 [1957] Problem 4

problem number 1957

Added Jan 18, 2020.

Problem Chapter 9.3.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + aeβxwy + beλzwz = cw + keγx

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ a*Exp[beta*x]*D[w[x,y,z],y]+b*Exp[lambda*z]*D[w[x,y,z],z]==c*w[x,y,z]+ k*Exp[gamma*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �


w(x, y, z) → −

ecx
(
kex(γ−c) + (γ − c)c1

(
− bλx+e−λz

λ
, y − aeβx

β

))
c− γ




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*exp(beta*x)*diff(w(x,y,z),y)+ b*exp(lambda*z)*diff(w(x,y,z),z)=c*w(x,y,z)+ k*exp(gamma*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
ecx(c− γ) f1

(
−a eβx+yβ

β
, −bλx−e−λz

bλ

)
− k eγx

c− γ

6.9.5.5 [1958] Problem 5

problem number 1958

Added Jan 18, 2020.

Problem Chapter 9.3.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1eσx + a2e
λy)wy + (b1eµy + b2e

βz)wz = c1w + c2e
νx

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ (a1*Exp[sigma*x]+ a2*Exp[lambda*y] )*D[w[x,y,z],y]+(b1*Exp[mu*y]+ b2*Exp[beta*z])*D[w[x,y,z],z]==c1*w[x,y,z]+ c2*Exp[nu*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a__1*exp(sigma*x)+ a__2*exp(lambda*y) )*diff(w(x,y,z),y)+ (b__1*exp(mu*y)+ b__2*exp(beta*z))*diff(w(x,y,z),z)=c__1*w(x,y,z)+ c__2*exp(nu*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

ec1x(c1 − ν) f1


a2 Ei1

(
−λa1e

σx

σ

)
λ−e

λ
(
a1e

σx−yσ
)

σ σ

λσ
,
−
∫ x e

b1β
∫
e
µa1e

σ_a
σ


e
λ
(
a1e

σx−yσ
)

σ σ−a2λ
(
Ei1

(
−λa1e

σx

σ

)
−Ei1

(
−λa1e

σ_a
σ

))
σ


−µ
λ

d_a

d_ab2β−e

β


∫ x e

µa1e
σ_a
σ


e
λ
(
a1e

σx−yσ
)

σ σ−a2λ
(
Ei1

(
−λa1e

σx

σ

)
−Ei1

(
−λa1e

σ_a
σ

))
σ


−µ
λ

d_ab1−z


β


− c2eνx

c1 − ν

6.9.5.6 [1959] Problem 6

problem number 1959

Added Jan 18, 2020.

Problem Chapter 9.3.1.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

b1e
λ1xwx + b2e

λ2ywy + b3e
λ3zwz = aw + c1e

β1x + c2e
β2y + c3e

β3z

Mathematica 3� �
ClearAll["Global`*"];
pde = b1*Exp[lambda1*x]*D[w[x,y,z],x]+ b2*Exp[lambda2*y]*D[w[x,y,z],y]+b3*Exp[lambda3*z]*D[w[x,y,z],z]==a*w[x,y,z]+ c1*Exp[beta1*x]+c2*Exp[beta2*y]+c3*Exp[beta3*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → e−

ae−lambda1x
b1lambda1

∫ x

1

e
ae−lambda1K[1]

b1lambda1 −lambda1K[1]
(
c2
(

b2
(
−e−lambda1x+e−lambda1K[1])lambda2

b1lambda1 + e−lambda2y
)− beta2

lambda2 + c3
(

b3
(
−e−lambda1x+e−lambda1K[1])lambda3

b1lambda1 + e−lambda3z
)− beta3

lambda3 + c1ebeta1K[1]
)

b1 dK[1] + c1

(
b2e−lambda1x

b1lambda1 − e−lambda2y

lambda2 ,
b3e−lambda1x

b1lambda1 − e−lambda3z

lambda3

)



Maple 3� �
restart;
local gamma;
pde := b__1*exp(lambda__1*x)*diff(w(x,y,z),x)+ b__2*exp(lambda__2*y)*diff(w(x,y,z),y)+ b__3*exp(lambda__3*z)*diff(w(x,y,z),z)=a*w(x,y,z)+ c__1*exp(beta__1*x)+ c__2*exp(beta__2*y)+ c__3*exp(beta__3*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

(
f1
(

−e−λ2yb1λ1+e−λ1xλ2b2
b2λ1λ2

, e
−λ1xλ3b3−e−λ3zb1λ1

b3λ1λ3

)
b1 +

∫ x

(
c3
(

b1λ1
−e−λ1xλ3b3+e−λ3zb1λ1+e−λ1_ab3λ3

) β3
λ3 + c1eβ1_a + c2

(
b1λ1

e−λ2yb1λ1−e−λ1xλ2b2+e−λ1_ab2λ2

) β2
λ2

)
e

−λ21_ab1+a e−λ1_a

b1λ1 d_a
)
e−

a e−λ1x
λ1b1

b1
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6.9.5.7 [1960] Problem 7

problem number 1960

Added Jan 18, 2020.

Problem Chapter 9.3.1.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1e
σ1x+β1ywx + a2e

σ2y+β2ywy +
(
b1e

ν1x+µ1y + b2e
ν2x+µ2y+λz

)
wz = c1w + c2

Mathematica 7� �
ClearAll["Global`*"];
pde = a1*Exp[sigma1*x+beta1*y]*D[w[x,y,z],x]+ a2*Exp[sigma2*y+beta2*y]*D[w[x,y,z],y]+( b1*Exp[nu1*x+mu1*y] + b2*Exp[nu2*x+mu2*y+lambda*z])*D[w[x,y,z],z]==c1*w[x,y,z]+ c2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 7� �
restart;
local gamma;
pde := a__1*exp(sigma__1*x+beta__1*y)*diff(w(x,y,z),x)+ a__2*exp(sigma__2*y+beta__2*y)*diff(w(x,y,z),y)+ ( b__1*exp(nu__1*x+mu__1*y) + b__2*exp(nu__2*x+mu__2*y+lambda*z))*diff(w(x,y,z),z)=c__1*w(x,y,z)+ c__2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
time expired

6.9.6 3.2

Local contents
6.9.6.1 [1961] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1845
6.9.6.2 [1962] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1846
6.9.6.3 [1963] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1847
6.9.6.4 [1964] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1847
6.9.6.5 [1965] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1848
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6.9.6.7 [1967] Problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1849
6.9.6.8 [1968] Problem 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1850
6.9.6.9 [1969] Problem 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1851
6.9.6.10 [1970] Problem 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1851

6.9.6.1 [1961] Problem 1

problem number 1961

Added Jan 19, 2020.

Problem Chapter 9.3.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + awy + bwz = ceβxw + kxn
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Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ a*D[w[x,y,z],y]+b*D[w[x,y,z],z]==c*Exp[beta*x]*w[x,y,z]+ k*x^n;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

{{
w(x, y, z) → e

ceβx

β

(∫ x

1
e−

ceβK[1]
β kK[1]ndK[1] + c1(y − ax, z − bx)

)}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)=c*exp(beta*x)*w(x,y,z)+ k*x^n;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(
k

∫
xne−

eβxc
β dx+ f1(−ax+ y,−bx+ z)

)
e

eβxc
β

6.9.6.2 [1962] Problem 2

problem number 1962

Added Jan 19, 2020.

Problem Chapter 9.3.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + axnwy + beλxwz = ceγxw + sxk

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ a*x^n*D[w[x,y,z],y]+b*Exp[lambda*x]*D[w[x,y,z],z]==c*Exp[gamma*x]*w[x,y,z]+ s*x^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → e
ceγx

γ

(∫ x

1
e−

ceγK[1]
γ sK[1]kdK[1] + c1

(
−axn+1 + ny + y

n+ 1 , z − beλx

λ

))}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*x^n*diff(w(x,y,z),y)+ b*exp(lambda*x)*diff(w(x,y,z),z)=c*exp(gamma*x)*w(x,y,z)+ s*x^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(
s

∫
xke−

eγxc
γ dx+ f1

(
−a xn+1 + y(n+ 1)

n+ 1 ,
zλ− b eλx

λ

))
e

eγxc
γ
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6.9.6.3 [1963] Problem 3

problem number 1963

Added Jan 19, 2020.

Problem Chapter 9.3.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + beβxwy + cynwz = aw + seγx

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ b*Exp[beta*x]*D[w[x,y,z],y]+c*y^n*D[w[x,y,z],z]==a*w[x,y,z]+ s*Exp[gamma*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ b*exp(beta*x)*diff(w(x,y,z),y)+ c*y^n*diff(w(x,y,z),z)=a*w(x,y,z)+ s*exp(gamma*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
eax(a− γ) f1

(
yβ−b eβx

β
,−c

∫ x
(
−−b eβ_a−yβ+b eβx

β

)n
d_a+ z

)
− s eγx

a− γ

6.9.6.4 [1964] Problem 4

problem number 1964

Added Jan 19, 2020.

Problem Chapter 9.3.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1y + a2xy
k)wy + (b1x+ b2e

βy+λz)wz = c1w + c2e
γx

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ (a1*y+a2*x*y^k)*D[w[x,y,z],y]+(b1*x+b2*Exp[beta*y+lambda*z])*D[w[x,y,z],z]==c1*w[x,y,z]+ c2*Exp[gamma*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a__1*y+a__2*x*y^k)*diff(w(x,y,z),y)+ (b__1*x+b__2*exp(beta*y+lambda*z))*diff(w(x,y,z),z)=c__1*w(x,y,z)+ c__2*exp(gamma*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

ec1x(c1 − γ) f1

 ea1(k−1)x((k−1)a21y1−k+(−1+a1(k−1)x)a2
)

(k−1)a21
,
−b2

∫ x eλb1_a2
2 +β


(
(k−1)a21y

1−k+(−1+a1(k−1)x)a2
)
ea1(k−1)(−_a+x)−(−1+a1_a(k−1))a2

(k−1)a21

− 1
k−1

d_aλ−e
λ
(
b1x

2−2z
)

2

λ

− c2eγx

c1 − γ

6.9.6.5 [1965] Problem 5

problem number 1965

Added Jan 19, 2020.

Problem Chapter 9.3.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1x+ a2e
λy)wy + (b1z + b2e

βyzk)wz = c1w + c2

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ (a1*x+a2*Exp[lambda*y])*D[w[x,y,z],y]+(b1*z+b2*Exp[beta*y]*z^k)*D[w[x,y,z],z]==c1*w[x,y,z]+ c2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �



w(x, y, z) → −c2

c1 + ec1xc1

−

√
2πa2

√
λerfi

(√
a1

√
λx√

2

)
a13/2 + 2e

1
2 a1λx2−λy

a1
2a2λ2 , (k − 1)

∫ x

1
b2 exp


1
2a1βK[1]2 + b1(k − 1)K[1]−

β

(
log(a1) + log(a2) + 2 log(λ) + log

(√
λ
√
2πerfi

(√
a1

√
λx√

2

)
+ 2

√
a1e

1
2 a1λx2−λy
a2 −

√
λ
√
2πerfi

(√
a1

√
λK[1]√
2

)
2a13/2λ2

))
λ

 dK[1] + z1−keb1(k−1)x






Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a__1*x+a__2*exp(lambda*y))*diff(w(x,y,z),y)+ (b__1*z+b__2*exp(beta*y)*z^k)*diff(w(x,y,z),z)=c__1*w(x,y,z)+ c__2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

ec1xf1

 erf
(√

2
√

−λa1 x
2

)√
2
√
π
√
−λa1 a2

√
e−λ

(
a1x2−2y

)
+2a1

2
√

e−λ
(
a1x2−2y

)
λa1

, π− β
2λ

b2π β
λ2 β

2λ (k − 1)
∫ x e_a(k−1)b1+βa1_a2

2

− a1e
−λ
(
a1x

2−2y
)
λ(

πa2λ

(
erf
(√

−2λa1 x
2

)
−erf

(√
−2λa1 _a

2

))√
e−λ

(
a1x2−2y

)
−
√
−2λa1π

)2


β
2λ

d_a+ z1−kπ
β
2λ eb1(k−1)x


 c1 − c2

c1
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6.9.6.6 [1966] Problem 6

problem number 1966

Added Jan 19, 2020.

Problem Chapter 9.3.2.6, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1eµx + a2e
λy)wy + (b1eνy + b2e

βz)wz = c1w + c2

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ (a1*Exp[mu*x]+a2*Exp[lambda*y])*D[w[x,y,z],y]+(b1*Exp[nu*y]+b2*Exp[beta*z])*D[w[x,y,z],z]==c1*w[x,y,z]+ c2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a__1*exp(mu*x)+a__2*exp(lambda*y))*diff(w(x,y,z),y)+ (b__1*exp(nu*y)+b__2*exp(beta*z))*diff(w(x,y,z),z)=c__1*w(x,y,z)+ c__2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

ec1xf1


a2 Ei1

(
−λa1e

µx

µ

)
λ−e

λ
(
a1e

µx−µy
)

µ µ

µλ
,
−
∫ x e

b1β
∫
e
νa1e

µ_a
µ


e
λ
(
a1e

µx−µy
)

µ µ−a2λ
(
Ei1

(
−λa1e

µx

µ

)
−Ei1

(
−λa1e

µ_a
µ

))
µ


− ν
λ

d_a

d_ab2β−e

β


∫ x e

νa1e
µ_a
µ


e
λ
(
a1e

µx−µy
)

µ µ−a2λ
(
Ei1

(
−λa1e

µx

µ

)
−Ei1

(
−λa1e

µ_a
µ

))
µ


− ν
λ

d_ab1−z


β


c1 − c2

c1

6.9.6.7 [1967] Problem 7

problem number 1967

Added Jan 19, 2020.

Problem Chapter 9.3.2.7, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1eλ1xy + a2e
λ2x)wy + (b1eβ1xz + b2e

β2x)wz = c1e
γ1xw + c2e

γ2x

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ (a1*Exp[lambda1*x]*y+a2*Exp[lambda2*x])*D[w[x,y,z],y]+(b1*Exp[beta1*x]*z+b2*Exp[beta2*x])*D[w[x,y,z],z]==c1*Exp[gamma1*x]*w[x,y,z]+ c2*Exp[gamma2*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → e
c1egamma1x

gamma1

(∫ x

1
c2egamma2K[3]− c1egamma1K[3]

gamma1 dK[3] + c1

(
ye−

a1elambda1x
lambda1 −

∫ x

1
a2elambda2K[1]− a1elambda1K[1]

lambda1 dK[1], ze−b1ebeta1x
beta1 −

∫ x

1
b2ebeta2K[2]−b1ebeta1K[2]

beta1 dK[2]
))}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a__1*exp(lambda__1*x)*y+a__2*exp(lambda__2*x))*diff(w(x,y,z),y)+ (b__1*exp(beta__1*x)+b__2*exp(beta__2*x))*diff(w(x,y,z),z)=c__1*exp(gamma__1*x)*w(x,y,z)+ c__2*exp(gamma__2*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) =

(
c2

∫
e
γ2xγ1−eγ1xc1

γ1 dx+ f1

(
e−

eλ1xa1
λ1 y − a2

∫
e
λ2xλ1−eλ1xa1

λ1 dx,
zβ1β2 − b1eβ1xβ2 − b2eβ2xβ1

β1β2

))
e

eγ1xc1
γ1

6.9.6.8 [1968] Problem 8

problem number 1968

Added Jan 19, 2020.

Problem Chapter 9.3.2.8, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1eλ1xy + a2e
λ2xyk)wy + (b1eβ1xz + b2e

β2xzm)wz = c1e
γ1xw + c2e

γ2y

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ (a1*Exp[lambda1*x]*y+a2*Exp[lambda2*x]*y^k)*D[w[x,y,z],y]+(b1*Exp[beta1*x]*z+b2*Exp[beta2*x]*z^m)*D[w[x,y,z],z]==c1*Exp[gamma1*x]*w[x,y,z]+ c2*Exp[gamma2*y];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → e
c1egamma1x

gamma1

(∫ x

1
c2 exp

(
gamma2

(
e−

a1
(
elambda1K[3](k−1)+elambda1x)

lambda1 y−k

(
e

a1elambda1x
lambda1 (k − 1)

∫ x

1
a2e

a1elambda1K[1](k−1)
lambda1 +lambda2K[1]dK[1]yk − e

a1elambda1x
lambda1 (k − 1)

∫ K[3]

1
a2e

a1elambda1K[1](k−1)
lambda1 +lambda2K[1]dK[1]yk + e

a1elambda1xk
lambda1 y

))
1

1−k − c1egamma1K[3]

gamma1

)
dK[3] + c1

(
(k − 1)

∫ x

1
a2e

a1elambda1K[1](k−1)
lambda1 +lambda2K[1]dK[1] + y1−ke

a1(k−1)elambda1x
lambda1 , (m− 1)

∫ x

1
b2e

b1ebeta1K[2](m−1)
beta1 +beta2K[2]dK[2] + z1−me

b1(m−1)ebeta1x
beta1

))}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a__1*exp(lambda__1*x)*y+a__2*exp(lambda__2*x)*y^k)*diff(w(x,y,z),y)+ (b__1*exp(beta__1*x)*z+b__2*exp(beta__2*x)*z^m)*diff(w(x,y,z),z)=c__1*exp(gamma__1*x)*w(x,y,z)+ c__2*exp(gamma__2*y);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

c2
∫ x

e

γ2

−a2(k−1)
∫
e
a1(k−1)eλ1_b+_bλ1λ2

λ1 d_b+a2(k−1)
∫
e
a1e

λ1x(k−1)+λ2xλ1
λ1 dx+y1−ke

a1e
λ1x(k−1)
λ1


− 1
k−1

e
a1e

λ1_b
λ1 γ1−eγ1_bc1

γ1 d_b+ f1

(
a2(k − 1)

∫
e
a1e

λ1x(k−1)+λ2xλ1
λ1 dx+ y1−ke

a1e
λ1x(k−1)
λ1 , b2(m− 1)

∫
e
b1e

β1x(m−1)+β2xβ1
β1 dx+ z1−me

b1e
β1x(m−1)
β1

) e
eγ1xc1
γ1
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6.9.6.9 [1969] Problem 9

problem number 1969

Added Jan 19, 2020.

Problem Chapter 9.3.2.9, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + (a1eλ1xy + a2e
λ2xyk)wy + (b1eβ1yz + b2e

β2yzm)wz = c1e
γ1xw + c2e

γ2z

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ (a1*Exp[lambda1*x]*y+a2*Exp[lambda2*x]*y^k)*D[w[x,y,z],y]+(b1*Exp[beta1*y]*z+b2*Exp[beta2*y]*z^m)*D[w[x,y,z],z]==c1*Exp[gamma1*x]*w[x,y,z]+ c2*Exp[gamma2*z];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
$Aborted

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ (a__1*exp(lambda__1*x)*y+a__2*exp(lambda__2*x)*y^k)*diff(w(x,y,z),y)+ (b__1*exp(beta__1*y)*z+b__2*exp(beta__2*y)*z^m)*diff(w(x,y,z),z)=c__1*exp(gamma__1*x)*w(x,y,z)+ c__2*exp(gamma__2*z);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

Expression too large to display

6.9.6.10 [1970] Problem 10

problem number 1970

Added Jan 19, 2020.

Problem Chapter 9.3.2.10, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a1e
βywx + a2e

sigmaxwy + (b1xneµy + b2y
meνx+λz)wz = c1w + c2

Mathematica 7� �
ClearAll["Global`*"];
pde = a1*Exp[beta*y]*D[w[x,y,z],x]+ a2*Exp[sigma*x]*D[w[x,y,z],y]+(b1*x^n*Exp[mu*y]+b2*Exp[nu*x+lambda*z])*D[w[x,y,z],z]==c1*w[x,y,z]+ c2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed
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Maple 3� �
restart;
local gamma;
pde := a__1*exp(beta*y)*diff(w(x,y,z),x)+ a__1*exp(sigma*x)*diff(w(x,y,z),y)+ (b__1*x^n*exp(mu*y)+b__2*exp(nu*x+lambda*z))*diff(w(x,y,z),z)=c__1*w(x,y,z)+ c__2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =


(

eβyσ
β

) c1
a1
(
−eβyσ+eσxβ

)
f1


eβy
β

− eσx
σ
,

∫ x e
−

∫
(

−eσxβ+eβyσ+eσ_bβ
σ

)µ
β

eσxβ−eβyσ−eσ_bβ
d_b_anb1λσ

a1
+ν_b

eσxβ−eβyσ−eσ_bβ
d_bb2σ

a1
− e

−λ



∫ x
(

−eσxβ+eβyσ+eσ_bβ
σ

)µ
β

eσxβ−eβyσ−eσ_bβ
d_b_anb1σ

a1
+z


λ


c1 − e

c1σx
a1
(
−eβyσ+eσxβ

)
c2


(eσx)

− c1
a1
(
−eβyσ+eσxβ

)

c1

6.9.7 4.1

Local contents
6.9.7.1 [1971] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1852
6.9.7.2 [1972] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1853
6.9.7.3 [1973] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1854
6.9.7.4 [1974] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1854
6.9.7.5 [1975] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1855

6.9.7.1 [1971] Problem 1

problem number 1971

Added Jan 19, 2020.

Problem Chapter 9.4.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + awy + bwz = c sinhn(βx)w + k sinhm(λx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ a*D[w[x,y,z],y]+b*D[w[x,y,z],z]==c*Sinh[beta*x]^n*w[x,y,z]+ k*Sinh[lambda*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → exp

c
√

cosh2(βx)sech(βx) sinhn+1(βx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 ,− sinh2(βx)
)

βn+ β

∫ x

1
exp

−
c
√

cosh2(βK[1]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 ,− sinh2(βK[1])
)
sech(βK[1]) sinhn+1(βK[1])

nβ + β

 k sinhm(λK[1])dK[1] + c1(y − ax, z − bx)



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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)=c*sinh(beta*x)^n*w(x,y,z)+ k*sinh(lambda*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(
k

∫
sinh (λx)m e−c

∫
sinh(βx)ndxdx+ f1(−ax+ y,−bx+ z)

)
ec
∫
sinh(βx)ndx

6.9.7.2 [1972] Problem 2

problem number 1972

Added Jan 19, 2020.

Problem Chapter 9.4.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c sinh(βz)wz = (p sinh(λx) + q)w + k sinh(γx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+ b*D[w[x,y,z],y]+c*Sinh[beta*z]*D[w[x,y,z],z]==(p*Sinh[lambda*x]+q)*w[x,y,z]+ k*Sinh[gamma*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{
w(x, y, z) → e

p cosh(λx)+λqx
aλ

(∫ x

1

e−
p cosh(λK[1])+λqK[1]

aλ k sinh(γK[1])
a

dK[1] + c1

(
y − bx

a
,−cx

a
− arctanh(cosh(βz))

β

))}
{
w(x, y, z) → e

p cosh(λx)+λqx
aλ

(∫ x

1

e−
p cosh(λK[2])+λqK[2]

aλ k sinh(γK[2])
a

dK[2] + c1

(
y − bx

a
,−cx

a
− arctanh(cosh(βz))

β

))}

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*sinh(beta*z)*diff(w(x,y,z),z)=(p*sinh(lambda*x)+q)*w(x,y,z)+ k*sinh(gamma*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(
k
∫
sinh (γx) e

−qxλ−p cosh(λx)
aλ dx

a
+ f1

(
ay − bx

a
,
−xcβ − 2a arctanh

(
eβz
)

cβ

))
e
qxλ+p cosh(λx)

aλ
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6.9.7.3 [1973] Problem 3

problem number 1973

Added Jan 19, 2020.

Problem Chapter 9.4.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a sinhn(βx)wy + b sinhk(λx)wz = cw + s sinhm(µx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ a*Sinh[beta*x]^n*D[w[x,y,z],y]+b*Sinh[lambda*x]^k*D[w[x,y,z],z]==c*w[x,y,z]+ k*Sinh[mu*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → −

k(eµx − e−µx)m (2− 2e2µx)−m Hypergeometric2F1
(
−m,− c+mµ

2µ ,− c+(m−2)µ
2µ , e2µx

)
c+mµ

+ ecxc1

y − a
√
cosh2(βx)sech(βx) sinhn+1(βx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 ,− sinh2(βx)
)

βn+ β
, z −

b
√

cosh2(λx)sech(λx) sinhk+1(λx)Hypergeometric2F1
(1
2 ,

k+1
2 , k+3

2 ,− sinh2(λx)
)

kλ+ λ




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*sinh(beta*x)^n*diff(w(x,y,z),y)+ b*sinh(lambda*x)^k*diff(w(x,y,z),z)=c*w(x,y,z)+ k*sinh(mu*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) =

(
k

∫
sinh (µx)m e−cxdx+ f1

(
−a
∫

sinh (βx)n dx+ y,−b
∫

sinh (λx)k dx+ z

))
ecx

6.9.7.4 [1974] Problem 4

problem number 1974

Added Jan 19, 2020.

Problem Chapter 9.4.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + b sinhn(βx)wy + c sinhk(λy)wz = aw + s sinhm(µx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ b*Sinh[beta*x]^n*D[w[x,y,z],y]+c*Sinh[lambda*y]^k*D[w[x,y,z],z]==a*w[x,y,z]+ s*Sinh[mu*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → −

s(eµx − e−µx)m (2− 2e2µx)−m Hypergeometric2F1
(
−m,−a+mµ

2µ ,−a+(m−2)µ
2µ , e2µx

)
a+mµ

+ eaxc1

y − b
√

cosh2(βx)sech(βx) sinhn+1(βx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 ,− sinh2(βx)
)

βn+ β
, z −

∫ x

1
c sinhk

λ
(
−b
√
cosh2(βx)Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 ,− sinh2(βx)
)
sech(βx) sinhn+1(βx) + b

√
cosh2(βK[1]) Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 ,− sinh2(βK[1])
)
sech(βK[1]) sinhn+1(βK[1]) + β(n+ 1)y

)
β(n+ 1)

 dK[1]




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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ b*sinh(beta*x)^n*diff(w(x,y,z),y)+ c*sinh(lambda*y)^k*diff(w(x,y,z),z)=a*w(x,y,z)+ s*sinh(mu*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(
s

∫
sinh (µx)m e−axdx+ f1

(
−b
∫

sinh (βx)n dx+ y,−c
∫ x

sinh
(
λ

(
b

∫
sinh (β_b)n d_b− b

∫
sinh (βx)n dx+ y

))k

d_b+ z

))
eax

6.9.7.5 [1975] Problem 5

problem number 1975

Added Jan 19, 2020.

Problem Chapter 9.4.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

b1 sinhn1(λ1x)wx+b2 sinhn2(λ2y)wy+b3 sinhn3(λ3z)wz = aw+c1 sinhk1(β1x)+c2 sinhk2(β2y)+c3 sinhk3(β3z)

Mathematica 3� �
ClearAll["Global`*"];
pde = b1*Sinh[lambda1*x]^n1*D[w[x,y,z],x]+ b2*Sinh[lambda2*x]^n2*D[w[x,y,z],y]+b3*Sinh[lambda3*x]^n3*D[w[x,y,z],z]==a*w[x,y,z]+ c1*Sinh[beta1*x]^k1+ c2*Sinh[beta2*x]^k2+ c3*Sinh[beta3*x]^k3;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → exp

a
√

cosh2(lambda1x)sech(lambda1x) sinh1−n1(lambda1x)Hypergeometric2F1
(1
2 ,

1−n1
2 , 3−n1

2 ,− sinh2(lambda1x)
)

b1lambda1− b1lambda1n1



∫ x

1

exp
(

a
√

cosh2(lambda1K[3]) Hypergeometric2F1
( 1
2 ,

1−n1
2 , 3−n1

2 ,− sinh2(lambda1K[3])
)
sech(lambda1K[3]) sinh1−n1(lambda1K[3])

b1lambda1n1−b1lambda1

)(
c1 sinhk1(beta1K[3]) + c2 sinhk2(beta2K[3]) + c3 sinhk3(beta3K[3])

)
sinh−n1(lambda1K[3])

b1 dK[3] + c1

(
y −

∫ x

1

b2 sinh−n1(lambda1K[1]) sinhn2(lambda2K[1])
b1 dK[1], z −

∫ x

1

b3 sinh−n1(lambda1K[2]) sinhn3(lambda3K[2])
b1 dK[2]

)



Maple 3� �
restart;
local gamma;
pde := b__1*sinh(lambda__1*x)^(n__1)*diff(w(x,y,z),x)+b__2*sinh(lambda__2*x)^(n__2)*diff(w(x,y,z),y)+ b__3*sinh(lambda__3*x)^(n__3)*diff(w(x,y,z),z)=a*w(x,y,z)+ c__1*sinh(beta__1*x)^(k__1)+ c__2*sinh(beta__2*x)^(k__2)+ c__3*sinh(beta__3*x)^(k__3);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =


∫ (

c1 sinh (β1x)k1 + c2 sinh (β2x)k2 + c3 sinh (β3x)k3
)
sinh (λ1x)−n1 e−

a
∫
sinh(λ1x)

−n1dx
b1 dx

b1
+ f1

(
−
b2
∫
sinh (λ2x)n2 sinh (λ1x)−n1 dx

b1
+ y,−

b3
∫
sinh (λ3x)n3 sinh (λ1x)−n1 dx

b1
+ z

) e
a
∫
sinh(λ1x)

−n1dx
b1
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6.9.8 4.2

Local contents
6.9.8.1 [1976] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1856
6.9.8.2 [1977] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1856
6.9.8.3 [1978] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1857
6.9.8.4 [1979] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1858
6.9.8.5 [1980] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1858

6.9.8.1 [1976] Problem 1

problem number 1976

Added Jan 19, 2020.

Problem Chapter 9.4.2.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + awy + bwz = c coshn(βx)w + k coshm(λx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ a*D[w[x,y,z],y]+b*D[w[x,y,z],z]==c*Cosh[beta*x]^n*w[x,y,z]+ k*Cosh[lambda*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → exp

c
√

− sinh2(βx)csch(βx) coshn+1(βx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cosh2(βx)
)

βn+ β

∫ x

1
exp

c coshn+1(βK[1]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cosh2(βK[1])
)
sinh(βK[1])

(nβ + β)
√

− sinh2(βK[1])

 k coshm(λK[1])dK[1] + c1(y − ax, z − bx)




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)=c*cosh(beta*x)^n*w(x,y,z)+ k*cosh(lambda*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(
k

∫
cosh (λx)m e−c

∫
cosh(βx)ndxdx+ f1(−ax+ y,−bx+ z)

)
ec
∫
cosh(βx)ndx

6.9.8.2 [1977] Problem 2

problem number 1977

Added Jan 19, 2020.

Problem Chapter 9.4.2.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c cosh(βz)wz = (p cosh(λx) + q)w + k cosh(γx)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+ b*D[w[x,y,z],y]+c*Cosh[beta*z]*D[w[x,y,z],z]==(p*Cosh[lambda*x]+q)*w[x,y,z]+ k*Cosh[gamma*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → e
p sinh(λx)+λqx

aλ

(∫ x

1

e−
λqK[1]+p sinh(λK[1])

aλ k cosh(γK[1])
a

dK[1] + c1

(
y − bx

a
,−cx

a
− cot−1(sinh(βz))

β

))}}

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*cosh(beta*z)*diff(w(x,y,z),z)=(p*cosh(lambda*x)+q)*w(x,y,z)+ k*cosh(gamma*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(
k
∫
cosh (γx) e

−qxλ−p sinh(λx)
aλ dx

a
+ f1

(
ay − bx

a
,
−cβx+ 2arctan

(
eβz
)
a

cβ

))
e
qxλ+p sinh(λx)

aλ

6.9.8.3 [1978] Problem 3

problem number 1978

Added Jan 19, 2020.

Problem Chapter 9.4.2.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a coshn(βx)wy + b coshk(λx)wz = cw + s coshm(µx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ a*Cosh[beta*x]^n*D[w[x,y,z],y]+b*Cosh[lambda*x]^k*D[w[x,y,z],z]==c*w[x,y,z]+ k*Cosh[mu*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → −

k2−m(e−µx + eµx)m (e2µx + 1)−m Hypergeometric2F1
(
−m,− c+mµ

2µ ,− c+(m−2)µ
2µ ,−e2µx

)
c+mµ

+ ecxc1

a sinh(βx) coshn+1(βx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cosh2(βx)
)

(βn+ β)
√

− sinh2(βx)
+ y,

b sinh(λx) coshk+1(λx)Hypergeometric2F1
(1
2 ,

k+1
2 , k+3

2 , cosh2(λx)
)

(kλ+ λ)
√

− sinh2(λx)
+ z




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*cosh(beta*x)^n*diff(w(x,y,z),y)+ b*cosh(lambda*x)^k*diff(w(x,y,z),z)=c*w(x,y,z)+ k*cosh(mu*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) =

(
k

∫
cosh (µx)m e−cxdx+ f1

(
−a
∫

cosh (βx)n dx+ y,−b
∫

cosh (λx)k dx+ z

))
ecx



chapter 6. handbook of first order partial differential . . . 1858

6.9.8.4 [1979] Problem 4

problem number 1979

Added Jan 19, 2020.

Problem Chapter 9.4.2.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + b coshn(βx)wy + c coshk(λy)wz = aw + s coshm(µx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ b*Cosh[beta*x]^n*D[w[x,y,z],y]+c*Cosh[lambda*y]^k*D[w[x,y,z],z]==a*w[x,y,z]+ s*Cosh[mu*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → −

2−ms(e−µx + eµx)m (e2µx + 1)−m Hypergeometric2F1
(
−m,−a+mµ

2µ ,−a+(m−2)µ
2µ ,−e2µx

)
a+mµ

+ eaxc1

b sinh(βx) coshn+1(βx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cosh2(βx)
)

(βn+ β)
√

− sinh2(βx)
+ y, z −

∫ x

1
c coshk


λ

(
bHypergeometric2F1

( 1
2 ,
n+1
2 ,n+3

2 ,cosh2(βx)
)
sinh(βx) coshn+1(βx)√

− sinh2(βx)
+ β(n+ 1)y + b coshn+1(βK[1])csch(βK[1]) Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cosh2(βK[1])
)√

− sinh2(βK[1])
)

β(n+ 1)

 dK[1]





Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ b*cosh(beta*x)^n*diff(w(x,y,z),y)+ c*cosh(lambda*y)^k*diff(w(x,y,z),z)=a*w(x,y,z)+ s*cosh(mu*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(
s

∫
cosh (µx)m e−axdx+ f1

(
−b
∫

cosh (βx)n dx+ y,−c
∫ x

cosh
(
λ

(
b

∫
cosh (β_b)n d_b− b

∫
cosh (βx)n dx+ y

))k

d_b+ z

))
eax

6.9.8.5 [1980] Problem 5

problem number 1980

Added Jan 19, 2020.

Problem Chapter 9.4.2.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

b1 coshn1(λ1x)wx+b2 coshn2(λ2y)wy+b3 coshn3(λ3z)wz = aw+c1 coshk1(β1x)+c2 coshk2(β2y)+c3 coshk3(β3z)
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Mathematica 3� �
ClearAll["Global`*"];
pde = b1*Cosh[lambda1*x]^n1*D[w[x,y,z],x]+ b2*Cosh[lambda2*x]^n2*D[w[x,y,z],y]+b3*Cosh[lambda3*x]^n3*D[w[x,y,z],z]==a*w[x,y,z]+ c1*Cosh[beta1*x]^k1+ c2*Cosh[beta2*x]^k2+ c3*Cosh[beta3*x]^k3;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → exp

a
√

− sinh2(lambda1x)csch(lambda1x) cosh1−n1(lambda1x)Hypergeometric2F1
(1
2 ,

1−n1
2 , 3−n1

2 , cosh2(lambda1x)
)

b1lambda1− b1lambda1n1



∫ x

1

exp
(

a cosh1−n1(lambda1K[3])csch(lambda1K[3]) Hypergeometric2F1
( 1
2 ,

1−n1
2 , 3−n1

2 ,cosh2(lambda1K[3])
)√

− sinh2(lambda1K[3])
b1lambda1n1−b1lambda1

)(
c1 coshk1(beta1K[3]) + c2 coshk2(beta2K[3]) + c3 coshk3(beta3K[3])

)
cosh−n1(lambda1K[3])

b1 dK[3] + c1

(
y −

∫ x

1

b2 cosh−n1(lambda1K[1]) coshn2(lambda2K[1])
b1 dK[1], z −

∫ x

1

b3 cosh−n1(lambda1K[2]) coshn3(lambda3K[2])
b1 dK[2]

)



Maple 3� �
restart;
local gamma;
pde := b__1*cosh(lambda__1*x)^(n__1)*diff(w(x,y,z),x)+b__2*cosh(lambda__2*x)^(n__2)*diff(w(x,y,z),y)+ b__3*cosh(lambda__3*x)^(n__3)*diff(w(x,y,z),z)=a*w(x,y,z)+ c__1*cosh(beta__1*x)^(k__1)+ c__2*cosh(beta__2*x)^(k__2)+ c__3*cosh(beta__3*x)^(k__3);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =


∫ (

c1 cosh (β1x)k1 + c2 cosh (β2x)k2 + c3 cosh (β3x)k3
)
cosh (λ1x)−n1 e−

a
∫
cosh(λ1x)

−n1dx
b1 dx

b1
+ f1

(
−
b2
∫
cosh (λ2x)n2 cosh (λ1x)−n1 dx

b1
+ y,−

b3
∫
cosh (λ3x)n3 cosh (λ1x)−n1 dx

b1
+ z

) e
a
∫
cosh(λ1x)

−n1dx
b1

6.9.9 4.3

Local contents
6.9.9.1 [1981] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1859
6.9.9.2 [1982] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1860
6.9.9.3 [1983] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1861
6.9.9.4 [1984] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1861
6.9.9.5 [1985] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1862

6.9.9.1 [1981] Problem 1

problem number 1981

Added Jan 19, 2020.

Problem Chapter 9.4.3.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + awy + bwz = c tanhn(βx)w + k tanhm(λx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ a*D[w[x,y,z],y]+b*D[w[x,y,z],z]==c*Tanh[beta*x]^n*w[x,y,z]+ k*Tanh[lambda*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(
c tanhn+1(βx)Hypergeometric2F1

(
1, n+1

2 , n+3
2 , tanh2(βx)

)
βn+ β

)(∫ x

1
exp

(
−
cHypergeometric2F1

(
1, n+1

2 , n+3
2 , tanh2(βK[1])

)
tanhn+1(βK[1])

nβ + β

)
k tanhm(λK[1])dK[1] + c1(y − ax, z − bx)

)}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)=c*tanh(beta*x)^n*w(x,y,z)+ k*tanh(lambda*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(
k

∫
tanh (λx)m e−c

∫
tanh(βx)ndxdx+ f1(−ax+ y,−bx+ z)

)
ec
∫
tanh(βx)ndx

6.9.9.2 [1982] Problem 2

problem number 1982

Added Jan 19, 2020.

Problem Chapter 9.4.3.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c tanh(βz)wz = (p tanh(λx) + q)w + k tanh(γx)

Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+ b*D[w[x,y,z],y]+c*Tanh[beta*z]*D[w[x,y,z],z]==(p*Tanh[lambda*x]+q)*w[x,y,z]+ k*Tanh[gamma*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → e
qx
a cosh

p
aλ (λx)

(∫ x

1

e−
qK[1]
a k cosh− p

aλ (λK[1]) tanh(γK[1])
a

dK[1] + c1

(
y − bx

a
,
log(sinh(βz))

β
− cx

a

))}}

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*tanh(beta*z)*diff(w(x,y,z),z)=(p*tanh(lambda*x)+q)*w(x,y,z)+ k*tanh(gamma*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

e qxa cosh (λx)
p
aλ

k ∫ tanh (γx) e− qx
a cosh (λx)−

p
aλ dx+ f1

y − bx
a
,−x+

ln
(
− tanh(βz)√

− sech(βz)2

)
a

cβ

 a


a
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6.9.9.3 [1983] Problem 3

problem number 1983

Added Jan 19, 2020.

Problem Chapter 9.4.3.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a tanhn(βx)wy + b tanhk(λx)wz = cw + s tanhm(µx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ a*Tanh[beta*x]^n*D[w[x,y,z],y]+b*Tanh[lambda*x]^k*D[w[x,y,z],z]==c*w[x,y,z]+ k*Tanh[mu*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → −

k(e−2µx − 1)m (e−2µx + 1)m
(
−e−4µx(e2µx − 1)2

)−m

tanhm(µx)AppellF1
(

c
2µ ,m,−m,

c
2µ + 1,−e−2µx, e−2µx

)
c

+ ecxc1

(
y −

a tanhn+1(βx)Hypergeometric2F1
(
1, n+1

2 , n+3
2 , tanh2(βx)

)
βn+ β

, z −
b tanhk+1(λx)Hypergeometric2F1

(
1, k+1

2 , k+3
2 , tanh2(λx)

)
kλ+ λ

)


Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*tanh(beta*x)^n*diff(w(x,y,z),y)+ b*tanh(lambda*x)^k*diff(w(x,y,z),z)=c*w(x,y,z)+ k*tanh(mu*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) =

(
k

∫
tanh (µx)m e−cxdx+ f1

(
−a
∫

tanh (βx)n dx+ y,−b
∫

tanh (λx)k dx+ z

))
ecx

6.9.9.4 [1984] Problem 4

problem number 1984

Added Jan 19, 2020.

Problem Chapter 9.4.3.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + b tanhn(βx)wy + c tanhk(λy)wz = aw + s tanhm(µx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ b*Tanh[beta*x]^n*D[w[x,y,z],y]+c*Tanh[lambda*y]^k*D[w[x,y,z],z]==a*w[x,y,z]+ s*Tanh[mu*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → −

s(e−2µx − 1)m (e−2µx + 1)m
(
−e−4µx(e2µx − 1)2

)−m

tanhm(µx)AppellF1
(

a
2µ ,m,−m,

a
2µ + 1,−e−2µx, e−2µx

)
a

+ eaxc1

(
y −

b tanhn+1(βx)Hypergeometric2F1
(
1, n+1

2 , n+3
2 , tanh2(βx)

)
βn+ β

, z −
∫ x

1
c tanhk

(
λ
(
−bHypergeometric2F1

(
1, n+1

2 , n+3
2 , tanh2(βx)

)
tanhn+1(βx) + bHypergeometric2F1

(
1, n+1

2 , n+3
2 , tanh2(βK[1])

)
tanhn+1(βK[1]) + β(n+ 1)y

)
β(n+ 1)

)
dK[1]

)

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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ b*tanh(beta*x)^n*diff(w(x,y,z),y)+ c*tanh(lambda*y)^k*diff(w(x,y,z),z)=a*w(x,y,z)+ s*tanh(mu*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(
s

∫
tanh (µx)m e−axdx+ f1

(
−b
∫

tanh (βx)n dx+ y,−c
∫ x

tanh
(
λ

(
b

∫
tanh (β_b)n d_b− b

∫
tanh (βx)n dx+ y

))k

d_b+ z

))
eax

6.9.9.5 [1985] Problem 5

problem number 1985

Added Jan 19, 2020.

Problem Chapter 9.4.3.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

b1 tanhn1(λ1x)wx+b2 tanhn2(λ2y)wy+b3 tanhn3(λ3z)wz = aw+c1 tanhk1(β1x)+c2 tanhk2(β2y)+c3 tanhk3(β3z)

Mathematica 3� �
ClearAll["Global`*"];
pde = b1*Tanh[lambda1*x]^n1*D[w[x,y,z],x]+ b2*Tanh[lambda2*x]^n2*D[w[x,y,z],y]+b3*Tanh[lambda3*x]^n3*D[w[x,y,z],z]==a*w[x,y,z]+ c1*Tanh[beta1*x]^k1+ c2*Tanh[beta2*x]^k2+ c3*Tanh[beta3*x]^k3;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → exp

(
a tanh1−n1(lambda1x)Hypergeometric2F1

(
1, 1−n1

2 , 3−n1
2 , tanh2(lambda1x)

)
b1lambda1− b1lambda1n1

)∫ x

1

exp
(

aHypergeometric2F1
(
1, 1−n1

2 , 3−n1
2 ,tanh2(lambda1K[3])

)
tanh1−n1(lambda1K[3])

b1lambda1n1−b1lambda1

) (
c1 tanhk1(beta1K[3]) + c2 tanhk2(beta2K[3]) + c3 tanhk3(beta3K[3])

)
tanh−n1(lambda1K[3])

b1 dK[3] + c1

(
y −

∫ x

1

b2 tanh−n1(lambda1K[1]) tanhn2(lambda2K[1])
b1 dK[1], z −

∫ x

1

b3 tanh−n1(lambda1K[2]) tanhn3(lambda3K[2])
b1 dK[2]

)


Maple 3� �
restart;
local gamma;
pde := b__1*tanh(lambda__1*x)^(n__1)*diff(w(x,y,z),x)+b__2*tanh(lambda__2*x)^(n__2)*diff(w(x,y,z),y)+ b__3*tanh(lambda__3*x)^(n__3)*diff(w(x,y,z),z)=a*w(x,y,z)+ c__1*tanh(beta__1*x)^(k__1)+ c__2*tanh(beta__2*x)^(k__2)+ c__3*tanh(beta__3*x)^(k__3);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =


∫
e−

a
∫
tanh(λ1x)

−n1dx
b1

(
c1 tanh (β1x)k1 + c2 tanh (β2x)k2 + c3 tanh (β3x)k3

)
tanh (λ1x)−n1 dx

b1
+ f1

(
−
b2
∫
tanh (λ2x)n2 tanh (λ1x)−n1 dx

b1
+ y,−

b3
∫
tanh (λ3x)n3 tanh (λ1x)−n1 dx

b1
+ z

) e
a
∫
tanh(λ1x)

−n1dx
b1
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6.9.10 4.4

Local contents
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6.9.10.1 [1986] Problem 1

problem number 1986

Added Jan 19, 2020.

Problem Chapter 9.4.4.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + awy + bwz = c cothn(βx)w + k cothm(λx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ a*D[w[x,y,z],y]+b*D[w[x,y,z],z]==c*Coth[beta*x]^n*w[x,y,z]+ k*Coth[lambda*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(
c cothn+1(βx)Hypergeometric2F1

(
1, n+1

2 , n+3
2 , coth2(βx)

)
βn+ β

)(∫ x

1
exp

(
−
c cothn+1(βK[1]) Hypergeometric2F1

(
1, n+1

2 , n+3
2 , coth2(βK[1])

)
nβ + β

)
k cothm(λK[1])dK[1] + c1(y − ax, z − bx)

)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)=c*coth(beta*x)^n*w(x,y,z)+ k*coth(lambda*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(
k

∫
coth (λx)m e−c

∫
coth(βx)ndxdx+ f1(−ax+ y,−bx+ z)

)
ec
∫
coth(βx)ndx

6.9.10.2 [1987] Problem 2

problem number 1987

Added Jan 19, 2020.

Problem Chapter 9.4.4.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

awx + bwy + c coth(βz)wz = (p coth(λx) + q)w + k coth(γx)
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Mathematica 3� �
ClearAll["Global`*"];
pde = a*D[w[x,y,z],x]+ b*D[w[x,y,z],y]+c*Coth[beta*z]*D[w[x,y,z],z]==(p*Coth[lambda*x]+q)*w[x,y,z]+ k*Coth[gamma*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{
w(x, y, z) → e

qx
a sinh

p
aλ (λx)

(∫ x

1

e−
qK[1]
a k coth(γK[1]) sinh− p

aλ (λK[1])
a

dK[1] + c1

(
y − bx

a
,
log(cosh(βz))

β
− cx

a

))}
{
w(x, y, z) → e

qx
a sinh

p
aλ (λx)

(∫ x

1

e−
qK[2]
a k coth(γK[2]) sinh− p

aλ (λK[2])
a

dK[2] + c1

(
y − bx

a
,
log(cosh(βz))

β
− cx

a

))}

Maple 3� �
restart;
local gamma;
pde := a*diff(w(x,y,z),x)+ b*diff(w(x,y,z),y)+ c*coth(beta*z)*diff(w(x,y,z),z)=(p*coth(lambda*x)+q)*w(x,y,z)+ k*coth(gamma*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) = e
yq
b sinh (λx)

p
λa

k
∫ y e−_aq

b coth
(
γ
(_aa

b
− ay

b
+ x
)) (

− sinh
(

((−_a+y)a−bx)λ
b

))− p
λa
d_a

b
+ f1

−ay
b

+ x,−y +
b ln
(

coth(βz)2
coth(βz)−1

)
2cβ − b ln (coth (βz) + 1)

2cβ




6.9.10.3 [1988] Problem 3

problem number 1988

Added Jan 19, 2020.

Problem Chapter 9.4.4.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a cothn(βx)wy + b cothk(λx)wz = cw + s cothm(µx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ a*Coth[beta*x]^n*D[w[x,y,z],y]+b*Coth[lambda*x]^k*D[w[x,y,z],z]==c*w[x,y,z]+ k*Coth[mu*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → ecx

(∫ x

1
e−cK[1]k cothm(µK[1])dK[1] + c1

(
z −

b cothk+1(λx)Hypergeometric2F1
(
1, k+1

2 , k+3
2 , coth2(λx)

)
kλ+ λ

, y −
a cothn+1(βx)Hypergeometric2F1

(
1, n+1

2 , n+3
2 , coth2(βx)

)
βn+ β

))}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*coth(beta*x)^n*diff(w(x,y,z),y)+ b*coth(lambda*x)^k*diff(w(x,y,z),z)=c*w(x,y,z)+ k*coth(mu*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) =

(
k

∫
coth (µx)m e−cxdx+ f1

(
−a
∫

coth (βx)n dx+ y,−b
∫

coth (λx)k dx+ z

))
ecx

6.9.10.4 [1989] Problem 4

problem number 1989

Added Jan 19, 2020.

Problem Chapter 9.4.4.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + b cothn(βx)wy + c cothk(λy)wz = aw + s cothm(µx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ b*Coth[beta*x]^n*D[w[x,y,z],y]+c*Coth[lambda*y]^k*D[w[x,y,z],z]==a*w[x,y,z]+ s*Coth[mu*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → eax

(∫ x

1
e−aK[2]s cothm(µK[2])dK[2] + c1

(
y −

b cothn+1(βx)Hypergeometric2F1
(
1, n+1

2 , n+3
2 , coth2(βx)

)
βn+ β

, z −
∫ x

1
c cothk

(
λ
(
−bHypergeometric2F1

(
1, n+1

2 , n+3
2 , coth2(βx)

)
cothn+1(βx) + β(n+ 1)y + b cothn+1(βK[1]) Hypergeometric2F1

(
1, n+1

2 , n+3
2 , coth2(βK[1])

))
β(n+ 1)

)
dK[1]

))}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ b*coth(beta*x)^n*diff(w(x,y,z),y)+ c*coth(lambda*y)^k*diff(w(x,y,z),z)=a*w(x,y,z)+ s*coth(mu*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(
s

∫
coth (µx)m e−axdx+ f1

(
−b
∫

coth (βx)n dx+ y,−c
∫ x

coth
(
λ

(
b

∫
coth (β_b)n d_b− b

∫
coth (βx)n dx+ y

))k

d_b+ z

))
eax
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6.9.10.5 [1990] Problem 5

problem number 1990

Added Jan 19, 2020.

Problem Chapter 9.4.4.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

b1 cothn1(λ1x)wx+b2 cothn2(λ2y)wy+b3 cothn3(λ3z)wz = aw+c1 cothk1(β1x)+c2 cothk2(β2y)+c3 cothk3(β3z)

Mathematica 3� �
ClearAll["Global`*"];
pde = b1*Coth[lambda1*x]^n1*D[w[x,y,z],x]+ b2*Coth[lambda2*x]^n2*D[w[x,y,z],y]+b3*Coth[lambda3*x]^n3*D[w[x,y,z],z]==a*w[x,y,z]+ c1*Coth[beta1*x]^k1+ c2*Coth[beta2*x]^k2+ c3*Coth[beta3*x]^k3;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → exp

(
a coth1−n1(lambda1x)Hypergeometric2F1

(
1, 1−n1

2 , 3−n1
2 , coth2(lambda1x)

)
b1lambda1− b1lambda1n1

)∫ x

1

exp
(

a coth1−n1(lambda1K[3]) Hypergeometric2F1
(
1, 1−n1

2 , 3−n1
2 ,coth2(lambda1K[3])

)
b1lambda1n1−b1lambda1

) (
c1 cothk1(beta1K[3]) + c2 cothk2(beta2K[3]) + c3 cothk3(beta3K[3])

)
coth−n1(lambda1K[3])

b1 dK[3] + c1

(
y −

∫ x

1

b2 coth−n1(lambda1K[1]) cothn2(lambda2K[1])
b1 dK[1], z −

∫ x

1

b3 coth−n1(lambda1K[2]) cothn3(lambda3K[2])
b1 dK[2]

)


Maple 3� �
restart;
local gamma;
pde := b__1*coth(lambda__1*x)^(n__1)*diff(w(x,y,z),x)+b__2*coth(lambda__2*x)^(n__2)*diff(w(x,y,z),y)+ b__3*coth(lambda__3*x)^(n__3)*diff(w(x,y,z),z)=a*w(x,y,z)+ c__1*coth(beta__1*x)^(k__1)+ c__2*coth(beta__2*x)^(k__2)+ c__3*coth(beta__3*x)^(k__3);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =


∫
e−

a
∫
coth(λ1x)

−n1dx
b1

(
c1 coth (β1x)k1 + c2 coth (β2x)k2 + c3 coth (β3x)k3

)
coth (λ1x)−n1 dx

b1
+ f1

(
−
b2
∫
coth (λ2x)n2 coth (λ1x)−n1 dx

b1
+ y,−

b3
∫
coth (λ3x)n3 coth (λ1x)−n1 dx

b1
+ z

) e
a
∫
coth(λ1x)

−n1dx
b1
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6.9.11.1 [1991] Problem 1

problem number 1991

Added Jan 19, 2020.

Problem Chapter 9.4.5.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + awy + bwz = c sinhn(βx)w + k coshm(λx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ a*D[w[x,y,z],y]+b*D[w[x,y,z],z]==c*Sinh[beta*x]^n*w[x,y,z]+ k*Cosh[lambda*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → exp

c
√

cosh2(βx)sech(βx) sinhn+1(βx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 ,− sinh2(βx)
)

βn+ β

∫ x

1
exp

−
c
√

cosh2(βK[1]) Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 ,− sinh2(βK[1])
)
sech(βK[1]) sinhn+1(βK[1])

nβ + β

 k coshm(λK[1])dK[1] + c1(y − ax, z − bx)




Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)=c*sinh(beta*x)^n*w(x,y,z)+ k*cosh(lambda*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(
k

∫
cosh (λx)m e−c

∫
sinh(βx)ndxdx+ f1(−ax+ y,−bx+ z)

)
ec
∫
sinh(βx)ndx

6.9.11.2 [1992] Problem 2

problem number 1992

Added Jan 19, 2020.

Problem Chapter 9.4.5.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + awy + bwz = c tanhn(βx)w + k cothm(λx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ a*D[w[x,y,z],y]+b*D[w[x,y,z],z]==c*Tanh[beta*x]^n*w[x,y,z]+ k*Coth[lambda*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(
c tanhn+1(βx)Hypergeometric2F1

(
1, n+1

2 , n+3
2 , tanh2(βx)

)
βn+ β

)(∫ x

1
exp

(
−
cHypergeometric2F1

(
1, n+1

2 , n+3
2 , tanh2(βK[1])

)
tanhn+1(βK[1])

nβ + β

)
k cothm(λK[1])dK[1] + c1(y − ax, z − bx)

)}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)=c*tanh(beta*x)^n*w(x,y,z)+ k*coth(lambda*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(
k

∫
coth (λx)m e−c

∫
tanh(βx)ndxdx+ f1(−ax+ y,−bx+ z)

)
ec
∫
tanh(βx)ndx

6.9.11.3 [1993] Problem 3

problem number 1993

Added Jan 19, 2020.

Problem Chapter 9.4.5.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + b coshn(βx)wy + c sinhk(λy)wz = aw + s coshm(µx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ b*Cosh[beta*x]^n*D[w[x,y,z],y]+c*Sinh[lambda*y]^k*D[w[x,y,z],z]==a*w[x,y,z]+ s*Cosh[mu*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → eax


∫ x

1
e−aK[2]s coshm(µK[2])dK[2] + c1

b sinh(βx) coshn+1(βx)Hypergeometric2F1
(1
2 ,

n+1
2 , n+3

2 , cosh2(βx)
)

(βn+ β)
√
− sinh2(βx)

+ y, z −
∫ x

1
c sinhk


λ

(
bHypergeometric2F1

( 1
2 ,
n+1
2 ,n+3

2 ,cosh2(βx)
)
sinh(βx) coshn+1(βx)√

− sinh2(βx)
+ β(n+ 1)y + b coshn+1(βK[1])csch(βK[1]) Hypergeometric2F1

(1
2 ,

n+1
2 , n+3

2 , cosh2(βK[1])
)√

− sinh2(βK[1])
)

β(n+ 1)

 dK[1]






Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ b*cosh(beta*x)^n*diff(w(x,y,z),y)+ c*sinh(lambda*x)^k*diff(w(x,y,z),z)=a*w(x,y,z)+ k*cosh(mu*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) =

(
k

∫
cosh (µx)m e−axdx+ f1

(
−b
∫

cosh (βx)n dx+ y,−c
∫

sinh (λx)k dx+ z

))
eax
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6.9.11.4 [1994] Problem 4

problem number 1994

Added Jan 19, 2020.

Problem Chapter 9.4.5.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a tanhn(βx)wy + b cothk(λx)wz = cw + s tanhm(µx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ a*Tanh[beta*x]^n*D[w[x,y,z],y]+b*Coth[lambda*x]^k*D[w[x,y,z],z]==c*w[x,y,z]+ s*Tanh[mu*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → ecx

(∫ x

1
e−cK[1]s tanhm(µK[1])dK[1] + c1

(
z −

b cothk+1(λx)Hypergeometric2F1
(
1, k+1

2 , k+3
2 , coth2(λx)

)
kλ+ λ

, y −
a tanhn+1(βx)Hypergeometric2F1

(
1, n+1

2 , n+3
2 , tanh2(βx)

)
βn+ β

))}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+ a*tanh(beta*x)^n*diff(w(x,y,z),y)+ b*coth(lambda*x)^k*diff(w(x,y,z),z)=c*w(x,y,z)+ s*tanh(mu*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) =

(
s

∫
tanh (µx)m e−cxdx+ f1

(
−a
∫

tanh (βx)n dx+ y,−b
∫

coth (λx)k dx+ z

))
ecx

6.9.11.5 [1995] Problem 5

problem number 1995

Added Jan 19, 2020.

Problem Chapter 9.4.5.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

b1 sinhn1(λ1x)wx+b2 coshn2(λ2y)wy+b3 sinhn3(λ3z)wz = aw+c1 coshk1(β1x)+c2 sinhk2(β2y)+c3 sinhk3(β3z)

Mathematica 3� �
ClearAll["Global`*"];
pde = b1*Sinh[lambda1*x]^n1*D[w[x,y,z],x]+ b2*Cosh[lambda2*x]^n2*D[w[x,y,z],y]+b3*Sinh[lambda3*x]^n3*D[w[x,y,z],z]==a*w[x,y,z]+ c1*Cosh[beta1*x]^k1+ c2*Sinh[beta2*x]^k2+ c3*Sinh[beta3*x]^k3;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → exp

a
√

cosh2(lambda1x)sech(lambda1x) sinh1−n1(lambda1x)Hypergeometric2F1
(1
2 ,

1−n1
2 , 3−n1

2 ,− sinh2(lambda1x)
)

b1lambda1− b1lambda1n1



∫ x

1

exp
(

a
√

cosh2(lambda1K[3]) Hypergeometric2F1
( 1
2 ,

1−n1
2 , 3−n1

2 ,− sinh2(lambda1K[3])
)
sech(lambda1K[3]) sinh1−n1(lambda1K[3])

b1lambda1n1−b1lambda1

)(
c1 coshk1(beta1K[3]) + c2 sinhk2(beta2K[3]) + c3 sinhk3(beta3K[3])

)
sinh−n1(lambda1K[3])

b1 dK[3] + c1

(
y −

∫ x

1

b2 coshn2(lambda2K[1]) sinh−n1(lambda1K[1])
b1 dK[1], z −

∫ x

1

b3 sinh−n1(lambda1K[2]) sinhn3(lambda3K[2])
b1 dK[2]

)


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Maple 3� �
restart;
local gamma;
pde := b__1*sinh(lambda__1*x)^(n__1)*diff(w(x,y,z),x)+b__2*cosh(lambda__2*x)^(n__2)*diff(w(x,y,z),y)+ b__3*sinh(lambda__3*x)^(n__3)*diff(w(x,y,z),z)=a*w(x,y,z)+ c__1*cosh(beta__1*x)^(k__1)+ c__2*sinh(beta__2*x)^(k__2)+ c__3*sinh(beta__3*x)^(k__3);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =


∫ (

c1 cosh (β1x)k1 + c2 sinh (β2x)k2 + c3 sinh (β3x)k3
)
sinh (λ1x)−n1 e−

a
∫
sinh(λ1x)

−n1dx
b1 dx

b1
+ f1

(
−
b2
∫
cosh (λ2x)n2 sinh (λ1x)−n1 dx

b1
+ y,−

b3
∫
sinh (λ3x)n3 sinh (λ1x)−n1 dx

b1
+ z

) e
a
∫
sinh(λ1x)

−n1dx
b1

6.9.12 5.1

Local contents
6.9.12.1 [1996] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1870
6.9.12.2 [1997] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1871
6.9.12.3 [1998] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1871
6.9.12.4 [1999] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1872
6.9.12.5 [2000] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1872

6.9.12.1 [1996] Problem 1

problem number 1996

Added Jan 19, 2020.

Problem Chapter 9.5.1.1, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)
wx + awy + bwz = c lnn(βx)w + k lnm(λx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ a*D[w[x,y,z],y]+b*D[w[x,y,z],z]==c*Log[beta*x]^n*w[x,y,z]+ k*Log[lambda*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → exp
(∫ x

1
c logn(βK[1])dK[1]

)(∫ x

1
exp

(
−
∫ K[2]

1
c logn(βK[1])dK[1]

)
k logm(λK[2])dK[2] + c1(y − ax, z − bx)

)}}

Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*diff(w(x,y,z),y)+ b*diff(w(x,y,z),z)=c*ln(beta*x)^n*w(x,y,z)+ k*ln(lambda*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(
k

∫
ln (λx)m e−c

∫
ln(βx)ndxdx+ f1(−ax+ y,−bx+ z)

)
ec
∫
ln(βx)ndx
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6.9.12.2 [1997] Problem 2

problem number 1997

Added Jan 19, 2020.

Problem Chapter 9.5.1.2, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + a lnn(βx)wy + b lnk(λx)wz = cw + s lnm(µx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ a*Log[beta*x]^n*D[w[x,y,z],y]+b*Log[lambda*x]^k*D[w[x,y,z],z]==c*w[x,y,z]+ s*Log[mu*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → ecx
(∫ x

1
e−cK[3]s logm(µK[3])dK[3] + c1

(
y −

∫ x

1
a logn(βK[1])dK[1], z −

∫ x

1
b logk(λK[2])dK[2]

))}}
Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+a*ln(beta*x)^n*diff(w(x,y,z),y)+ b*ln(lambda*x)^k*diff(w(x,y,z),z)=c*w(x,y,z)+ s*ln(mu*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �
w(x, y, z) =

(
s

∫
ln (µx)m e−cxdx+ f1

(
−a
∫

ln (βx)n dx+ y,−b
∫

ln (λx)k dx+ z

))
ecx

6.9.12.3 [1998] Problem 3

problem number 1998

Added Jan 19, 2020.

Problem Chapter 9.5.1.3, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

wx + b lnn(βx)wy + c lnk(λy)wz = aw + s lnm(µx)

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x,y,z],x]+ b*Log[beta*x]^n*D[w[x,y,z],y]+c*Log[lambda*y]^k*D[w[x,y,z],z]==a*w[x,y,z]+ s*Log[mu*x]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
{{

w(x, y, z) → eax

(∫ x

1
e−aK[3]s logm(µK[3])dK[3] + c1

(
y −

∫ x

1
b logn(βK[1])dK[1], z −

∫ x

1
c logk

(
λ

(
y −

∫ x

1
b logn(βK[1])dK[1] +

∫ K[2]

1
b logn(βK[1])dK[1]

))
dK[2]

))}}
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Maple 3� �
restart;
local gamma;
pde := diff(w(x,y,z),x)+b*ln(beta*x)^n*diff(w(x,y,z),y)+ c*ln(lambda*y)^k*diff(w(x,y,z),z)=a*w(x,y,z)+ s*ln(mu*x)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =
(
s

∫
ln (µx)m e−axdx+ f1

(
−b
∫

ln (βx)n dx+ y,−c
∫ x

ln
(
λ

(
b

∫
ln (β_b)n d_b− b

∫
ln (βx)n dx+ y

))k

d_b+ z

))
eax

6.9.12.4 [1999] Problem 4

problem number 1999

Added Jan 19, 2020.

Problem Chapter 9.5.1.4, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

a ln(αx)wx + b ln(βy)wy + c ln(γz)wz = pw + q ln(λx)

Mathematica 7� �
ClearAll["Global`*"];
pde = a*Log[alpha*x]*D[w[x,y,z],x]+ b*Log[beta*y]*D[w[x,y,z],y]+c*Log[gamma*z]*D[w[x,y,z],z]==p*w[x,y,z]+ q*Log[lambda*x];
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �
Failed

Maple 3� �
restart;
local gamma;
pde := a*ln(alpha*x)*diff(w(x,y,z),x)+b*ln(beta*y)*diff(w(x,y,z),y)+ c*ln(gamma*z)*diff(w(x,y,z),z)=p*w(x,y,z)+ q*ln(lambda*x);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =

q ∫ ln(λx)e
p Ei1(− ln(αx))

aα

ln(αx) dx

a
+ f1

(
Ei1 (− ln (αx)) bβ − a Ei1 (− ln (βy))α

αbβ
,
Ei1 (− ln (αx)) cγ − a Ei1 (− ln (γz))α

αcγ

) e−
p Ei1(− ln(αx))

aα

6.9.12.5 [2000] Problem 5

problem number 2000

Added Jan 19, 2020.

Problem Chapter 9.5.1.5, from Handbook of first order partial differential equations by
Polyanin, Zaitsev, Moussiaux.

Solve for w(x, y, z)

b1 lnn1(λ1x)wx+b2 lnn2(λ2y)wy+b3 lnn3(λ3z)wz = aw+c1 lnk1(β1x)+c2 lnk2(β2y)+c3 lnk3(β3z)
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Mathematica 3� �
ClearAll["Global`*"];
pde = b1*Log[lambda1*x]^n1*D[w[x,y,z],x]+ b2*Log[lambda2*x]^n2*D[w[x,y,z],y]+b3*Log[lambda3*x]^n3*D[w[x,y,z],z]==a*w[x,y,z]+ c1*Log[beta1*x]^k1+ c2*Log[beta2*x]^k2+ c3*Log[beta3*x]^k3;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, y,z], {x,y,z}], 60*10]];� �

w(x, y, z) → exp

(∫ x

1

a log−n1(lambda1K[3])
b1 dK[3]

)∫ x

1

exp
(
−
∫ K[4]
1

a log−n1(lambda1K[3])
b1 dK[3]

) (
c1 logk1(beta1K[4]) + c2 logk2(beta2K[4]) + c3 logk3(beta3K[4])

)
log−n1(lambda1K[4])

b1 dK[4] + c1

(
y −

∫ x

1

b2 log−n1(lambda1K[1]) logn2(lambda2K[1])
b1 dK[1], z −

∫ x

1

b3 log−n1(lambda1K[2]) logn3(lambda3K[2])
b1 dK[2]

)


Maple 3� �
restart;
local gamma;
pde := b__1*ln(lambda__1*x)^(n__1)*diff(w(x,y,z),x)+b__2*ln(lambda__2*x)^(n__2)*diff(w(x,y,z),y)+ b__3*ln(lambda__3*x)^(n__3)*diff(w(x,y,z),z)=a*w(x,y,z)+ c__1*ln(beta__1*x)^(k__1)+ c__2*ln(beta__2*x)^(k__2)+ c__3*ln(beta__3*x)^(k__3);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,y,z))),output='realtime'));� �

w(x, y, z) =


∫
e−

a
∫
ln(λ1x)

−n1dx
b1

(
c1 ln (β1x)k1 + c2 ln (β2x)k2 + c3 ln (β3x)k3

)
ln (λ1x)−n1 dx

b1
+ f1

(
−
b2
∫
ln (λ2x)n2 ln (λ1x)−n1 dx

b1
+ y,−

b3
∫
ln (λ3x)n3 ln (λ1x)−n1 dx

b1
+ z

) e
a
∫
ln(λ1x)

−n1dx
b1
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7.1 chapter 1

Local contents
7.1.1 1.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1876
7.1.2 1.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1877
7.1.3 1.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1880
7.1.4 1.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1882

7.1.1 1.1

Local contents
7.1.1.1 [2001] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1876
7.1.1.2 [2002] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1876

7.1.1.1 [2001] Problem 1

problem number 2001

Added March 23, 2019.

Problem Chapter 1.1.1.1, from Handbook of nonlinear partial differential equations by Andrei
D. Polyanin, Valentin F. Zaitsev.

Solve for w(x, t)
wt = awxx + bw2

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, t], t] == a*D[w[x, t], {x, 2}] + b*w[x, t]^2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, t], {x, t}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,t),t)= a*diff(w(x,t),x$2) + b*w(x,t)^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,t))),output='realtime'));� �
sol=()

7.1.1.2 [2002] Problem 2

problem number 2002

Added March 23, 2019.

Problem Chapter 1.1.1.2, from Handbook of nonlinear partial differential equations by Andrei
D. Polyanin, Valentin F. Zaitsev.

Solve for w(x, t)

wt = wxx + aw(1− w)



chapter 7. handbook of nonlinear partial differential . . . 1877

Mathematica 3� �
ClearAll["Global`*"];
pde = D[w[x, t], t] == D[w[x, t], {x, 2}] + a*w[x, t]*(1 - w[x, t]);
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, t], {x, t}], 60*10]];� �
{
w(x, t) → 1

4

(
1 + tanh

(
1
12

(
5at−

√
6
√
ax− 12c3

)))
2
}

{
w(x, t) → −1

4

(
−3 + tanh

(
1
12

(
5at− i

√
6
√
ax− 12c3

)))(
1 + tanh

(
1
12

(
5at− i

√
6
√
ax− 12c3

)))}
{
w(x, t) → −1

4

(
−3 + tanh

(
1
12

(
5at+ i

√
6
√
ax− 12c3

)))(
1 + tanh

(
1
12

(
5at+ i

√
6
√
ax− 12c3

)))}
{
w(x, t) → 1

4

(
1 + tanh

(
1
12

(
5at+

√
6
√
ax− 12c3

)))
2
}

{
w(x, t) → 1

4

(
1 + tanh

(
5at
12 −

√
ax

2
√
6
+ c3

))
2
}

{
w(x, t) → −1

4

(
−3 + tanh

(
5at
12 − i

√
ax

2
√
6

+ c3

))(
1 + tanh

(
5at
12 − i

√
ax

2
√
6

+ c3

))}
{
w(x, t) → −1

4

(
−3 + tanh

(
5at
12 + i

√
ax

2
√
6

+ c3

))(
1 + tanh

(
5at
12 + i

√
ax

2
√
6

+ c3

))}
{
w(x, t) → 1

4

(
1 + tanh

(
5at
12 +

√
ax

2
√
6
+ c3

))
2
}

Maple 3� �
restart;
pde := diff(w(x,t),t)= diff(w(x,t),x$2) + a*w(x,t)*(1-w(x,t));
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,t))),output='realtime'));� �

w(x, t) = −
tanh

(
−5at

12 +
√
6
√
−a x

12 + c1
)2

4 −
tanh

(
−5at

12 +
√
6
√
−a x

12 + c1
)

2 + 3
4

7.1.2 1.2

Local contents
7.1.2.1 [2003] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1878
7.1.2.2 [2004] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1878
7.1.2.3 [2005] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1879
7.1.2.4 [2006] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1879
7.1.2.5 [2007] Problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1880
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7.1.2.1 [2003] Problem 1

problem number 2003

Added March 23, 2019.

Problem Chapter 1.1.2.1, from Handbook of nonlinear partial differential equations by Andrei
D. Polyanin, Valentin F. Zaitsev.

Solve for w(x, t)

wt = awxx − bw3

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, t], t] == a*D[w[x, t], {x, 2}] - b*w[x, t]^3;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, t], {x, t}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,t),t)= a*diff(w(x,t),x$2) - b*w(x,t)^3;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,t))),output='realtime'));� �
sol=()

7.1.2.2 [2004] Problem 2

problem number 2004

Added March 23, 2019.

Problem Chapter 1.1.2.2, from Handbook of nonlinear partial differential equations by Andrei
D. Polyanin, Valentin F. Zaitsev.

Solve for w(x, t)
wt = wxx + aw − bw3

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, t], t] == D[w[x, t], {x, 2}] + a*w[x, t] - b*w[x, t]^3;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, t], {x, t}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,t),t)= diff(w(x,t),x$2) +a*w(x,t)- b*w(x,t)^3;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,t))),output='realtime'));� �

w(x, t) =

√
ba
(
−1 + tanh

(
−3at

4 +
√
2
√
a x

4 + c1
))

2b
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7.1.2.3 [2005] Problem 3

problem number 2005

Added March 23, 2019.

Problem Chapter 1.1.2.3, from Handbook of nonlinear partial differential equations by Andrei
D. Polyanin, Valentin F. Zaitsev.

Solve for w(x, t)
wt = awxx − bw3 − cw2

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, t], t] == a*D[w[x, t], {x, 2}] - b*w[x, t]^3 - c*w[x, t]^2;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, t], {x, t}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,t),t)= a*diff(w(x,t),x$2) - b*w(x,t)^3- c*w(x,t)^2;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,t))),output='realtime'));� �

w(x, t) =
c
(
−1 + tanh

(
− c2t

4b +
√
2 cx

4
√
ba

+ c1
))

2b

7.1.2.4 [2006] Problem 4

problem number 2006

Added March 23, 2019.

Problem Chapter 1.1.2.4, from Handbook of nonlinear partial differential equations by Andrei
D. Polyanin, Valentin F. Zaitsev.

Solve for w(x, t)
wt = wxx − w(1− w)(a− w)

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, t], t] == D[w[x, t], {x, 2}] - w[x, t]*(1 - w[x, t])*(a - w[x, t]);
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, t], {x, t}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,t),t)= diff(w(x,t),x$2) - w(x,t)*(1-w(x,t))*(a-w(x,t));
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,t))),output='realtime'));� �

w(x, t) =
tanh

(√
2x
4 + (−2a+1)t

4 + c1
)

2 + 1
2
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7.1.2.5 [2007] Problem 5

problem number 2007

Added March 23, 2019.

Problem Chapter 1.1.2.5, from Handbook of nonlinear partial differential equations by Andrei
D. Polyanin, Valentin F. Zaitsev.

Solve for w(x, t)
wt = awxx + b0 + b1w + b2w

2 + b3w
3

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, t], t] == a*D[w[x, t], {x, 2}] + b0 + b1*w[x, t] + b2*w[x, t]^2 + b3*w[x, t]^3;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, t], {x, t}], 60*10]];� �
Failed

Maple 3� �
restart;
pde := diff(w(x,t),t)= a*diff(w(x,t),x$2) +b0+b1*w(x,t)+b2*w(x,t)^2+b3*w(x,t)^3;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,t))),output='realtime'));� �

Expression too large to display

7.1.3 1.3

Local contents
7.1.3.1 [2008] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1880
7.1.3.2 [2009] Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1881
7.1.3.3 [2010] Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1881
7.1.3.4 [2011] Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1882

7.1.3.1 [2008] Problem 1

problem number 2008

Added March 23, 2019.

Problem Chapter 1.1.3.1, from Handbook of nonlinear partial differential equations by Andrei
D. Polyanin, Valentin F. Zaitsev.

Solve for w(x, t)

wt = awxx + bwk

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, t], t] == a*D[w[x, t], {x, 2}] + b*w[x, t]^k;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, t], {x, t}], 60*10]];� �
Failed



chapter 7. handbook of nonlinear partial differential . . . 1881

Maple 7� �
restart;
pde := diff(w(x,t),t)= a*diff(w(x,t),x$2) +b*w(x,t)^k;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,t))),output='realtime'));� �
sol=()

7.1.3.2 [2009] Problem 2

problem number 2009

Added March 23, 2019.

Problem Chapter 1.1.3.2, from Handbook of nonlinear partial differential equations by Andrei
D. Polyanin, Valentin F. Zaitsev.

Solve for w(x, t)
wt = wxx + aw + bwm

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, t], t] == D[w[x, t], {x, 2}] + a*w[x, t] + b*w[x, t]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, t], {x, t}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,t),t)= diff(w(x,t),x$2) +a*w(x,t)+b*w(x,t)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,t))),output='realtime'));� �
sol=()

7.1.3.3 [2010] Problem 3

problem number 2010

Added March 23, 2019.

Problem Chapter 1.1.3.3, from Handbook of nonlinear partial differential equations by Andrei
D. Polyanin, Valentin F. Zaitsev.

Solve for w(x, t)
wt = wxx + aw + bwm + cw2m−1

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, t], t] == D[w[x, t], {x, 2}] + a*w[x, t] + b*w[x, t]^m + c*w[x, t]^(2*m - 1);
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, t], {x, t}], 60*10]];� �
Failed



chapter 7. handbook of nonlinear partial differential . . . 1882

Maple 7� �
restart;
pde := diff(w(x,t),t)= diff(w(x,t),x$2) +a*w(x,t)+b*w(x,t)^m+c*w(x,t)^(2*m-1);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,t))),output='realtime'));� �
sol=()

7.1.3.4 [2011] Problem 4

problem number 2011

Added March 23, 2019.

Problem Chapter 1.1.3.4, from Handbook of nonlinear partial differential equations by Andrei
D. Polyanin, Valentin F. Zaitsev.

Solve for w(x, t)

wt = wxx + awm−1 + bmwm −mb2w2m−1

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, t], t] == D[w[x, t], {x, 2}] + a*w[x, t]^(m - 1) + b*m*w[x, t]^m - m*b^2*w[x, t]^(2*m - 1);
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, t], {x, t}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,t),t)= diff(w(x,t),x$2) +a*w(x,t)^(m-1)+b*m*w(x,t)^m-m*b^2*w(x,t)^(2*m-1);
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,t))),output='realtime'));� �
sol=()

7.1.4 1.4

Local contents
7.1.4.1 [2012] Problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1882

7.1.4.1 [2012] Problem 1

problem number 2012

Added March 23, 2019.

Problem Chapter 1.1.4.1, from Handbook of nonlinear partial differential equations by Andrei
D. Polyanin, Valentin F. Zaitsev.

Solve for w(x, t)

wt = awxx + s1(bx+ ct)k + s2w
m



chapter 7. handbook of nonlinear partial differential . . . 1883

Mathematica 7� �
ClearAll["Global`*"];
pde = D[w[x, t], t] == a*D[w[x, t], {x, 2}] + s1*(b*x + c*t)^k + s2*w[x, t]^m;
sol = AbsoluteTiming[TimeConstrained[DSolve[pde, w[x, t], {x, t}], 60*10]];� �
Failed

Maple 7� �
restart;
pde := diff(w(x,t),t)= a*diff(w(x,t),x$2) +s1*(b*x+c*t)^k+s2*w(x,t)^m;
cpu_time := timelimit(60*10,CodeTools[Usage](assign('sol',pdsolve(pde,w(x,t))),output='realtime'));� �
sol=()
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	 [337] both ends fixed but domain is -1 …1. intial position is an impulse, zero initial velocity
	 [338] Logan book, page 28. Both ends fixed
	 [339] non-zero initial velocity. Both ends fixed
	 [340] Logan book page 149)
	 [341] Haberman 8.5.2 (a)
	 [342] Haberman 8.5.2 (b)
	 [343] Both I.C. not zero
	 [344] With constant source
	 [345] Logan page 213
	 [346] Telegraphy PDE
	 [347] Dispersion term present (general case)
	 [348] Dispersion term present
	 [349] Dispersion term present (specific case)
	 [350] non-zero initial position
	 [351] With source
	 [352] Right end free (general case)
	 [353] Right end free, zero initial velocity (general case)
	 [354] Right end free, zero initial velocity (special case)
	 [355] Right end free, zero initial velocity, damping present (general case)
	 [356] Right end free, zero initial velocity, damping present (special case, underdamped)
	 [357] Right end free, zero initial velocity, damping present (special case, critical damped)
	 [358] Right end free, zero initial velocity, damping present (special case, over damped)
	 [359] I.C. at different times, right end free, with source
	 [360] Right end oscillates
	 [361] Perioidic B.C.
	 [362] Mixed B.C.
	 [363] Left end fixed, right end non-homogeneous Neumann BC. Zero initial conditions

	Semi-infinite domain
	 [364] Left end fixed, (general case)
	 [365] Left end fixed with specific initial position
	 [366] Logan page 115, left end fixed with source
	 [367] Left moving boundary condition
	 [368] moving Left end
	 [369] I.C. at t=1
	 [370] B.C. at x=1
	 [371] Left end free. zero initial velocity (general solution)
	 [372] Left end free. zero initial velocity (Special solution)
	 [373] Left end fixed. zero initial velocity (Special solution)
	 [374] Left end free. zero initial position (general solution)
	 [375] Left end free. Non zero initial position and velocity (general solution)
	 [376] Left end free with source

	Infinite domain
	 [377] General case. utt = uxx with u(x,0)=f(x),ut(x,0)=g(x) 
	 [378] General case. No IC given. utt + uxt = c2 uxx
	 [379] utt= c2 uxx + f(x,t), IC at t=1,u(x,1) = g(x),ut(x,1)=h(x)
	 [380] No source. utt = uxx, with u(x,0) =e-x2,ut(x,0)=1
	 [381] With source term. utt = uxx + m
	 [382] non-linear (Solitons) ut +6 u(x,t) ux + uxxx = 0
	 [383] Inhomogeneous PDE 3 uxx- utt + uxt=1
	 [384] Practice exam problem Math 5587
	 [385] Practice exam problem Math 5587
	 [386] Practice exam problem Math 5587
	 [387] zero initial velocity
	 [388] zero initial velocity
	 [389] General case utt = uxx with u(x,0)=x, ut(x,0)=-2 x e-x2
	 [390] General case. utt =uxx dAlembert solution, box function as initial position
	 [391] utt=4 uxx+ (t) dAlembert solution with u(x,0)=x,ut(x,0)=x
	 [392] utt=c2 uxx dAlembert solution with u(x,0)=(x-a),ut(x,0)=0
	 [393] system of 2 inhomogeneous linear hyperbolic system with constant coefficients


	Wave PDE in 2D
	Cartesian coordinates
	 [394] Rectangular membrane. Fixed on all edges, General solution
	 [395] Rectangular membrane. Fixed on all edges, zero velocity. Specific example
	 [396] All 4 edges fixed, zero initial velocity, Specific example
	 [397] All 4 edges fixed, zero initial velocity, Specific example, delta in center
	 [398] All 4 edges fixed
	 [399] All edges fixed (Haberman 8.5.5 (a)
	 [400] 2 edgs fixed, 2 free, zero initial velocity
	 [401] All 4 edges fixed, zero initial velocity, general solution
	 [402] With damping
	 [403] On the whole plane

	Polar coordinates
	 [404] no  dependency, fixed boundary, general case
	 [405] no  dependency. Specific example. Both initial conditions not zero
	 [406] no  dependency. Specific example. Both initial conditions not zero
	 [407] no  dependency. Using integral transforms. Source present. Specific example
	 [408] no  dependency. Using integral transforms. Source present. Specific example
	 [409]  dependency, fixed on edges, general solution
	 [410]  dependency, fixed on edges, zero initial velocity, general solution
	 [411]  dependency, fixed on edges, zero initial velocity, specific example
	 [412]  dependency, fixed on edges, zero initial position, specific example
	 [413]  dependency, fixed on edges, zero initial position with internal source (Haberman 8.5.5. (b)


	Wave PDE in 3D
	Spherical coordinates
	 [414] No I.C. no B.C.

	Cylindrical coordinates
	 [415] No I.C. no B.C.
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