
Dynamic Analysis of a Second-Order 

System with Harmonic Loading

Initialization Code (optional)

Manipulate

ManipulateBNone,

ItemBGridB:
8

Dynamic@Row@8
gTick;

forcingFrequencyInRadian = forcingFrequency * 2 * Pi;

8naturalFrequency, r, cc, zeta, dampedFrequency, tdd, timeConstant< =

convertToStandardValues@k0, mass, forcingFrequencyInRadian, forceCritical, zetaD;

8transient, steadyState< =

oneDegreeOfFreedomSolution@u0, v0, k0, zeta, f0, forcingFrequencyInRadian, naturalFrequency, tD;

magnificationFactor =

calculateMagnificationFactor@zeta, f0, forcingFrequencyInRadian, naturalFrequencyD;

dynamicMagnificationPlot = makeGenericDynamicMagnificationFactorPlot@80.1, .7, 1, zeta<, rD;

phasePlot = makeGenericPhasePlot@80.01, 0.1, 0.7, zeta<, rD; H*list of zeta values to use*L
phaseLagPlot = If@phaseDiagramType == "standard",

makePhaseDifferencePlot@zeta, f0, forcingFrequencyInRadian, naturalFrequencyD
,

makeArgandDiagram@zeta, f0, forcingFrequencyInRadian, naturalFrequency, tscaleD
D;

<D
D

<,

:
GridB:

8Text@Style@"differential equation", Bold, 11DD<,

:
GridB:

:TextBTraditionalForm � StyleBHoldFormA
u''@tD + 2 Ζ Subscript@Ω, nD u'@tD + Ωn

2 u@tDE � HoldFormB ²

m

F Sin@HoldForm@v tDD, MediumFF
>

>, Spacings ® 8.7, .5<,

Alignment ® Center, Frame ® True, FrameStyle -> Directive@Thickness@.005D, GrayDF
>,

8Text@Style@"system parameters", Bold, 11DD<,

8Grid@8
8
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8
Row@8Style@"damping", 11D, Spacer@3D, Text � Style@Ζ, 11D<D ,

Manipulator@Dynamic@zeta, 8zeta = ð; forceCritical = False; gTick += del< &D,

80, 2, .01<, ImageSize ® Tiny, ContinuousAction ® True

D,

Style@Dynamic � padIt2@zeta, 83, 2<D, 11D,

Button@Style@"1", 9D, 8zeta = 1; forceCritical = True; gTick += del<,

Appearance ® "Palette", Background ® LightBlue, ImageSize ® 825, 18<D, SpanFromLeft

<
,

8
Row@8Style@"stiffness", 11D, Spacer@3D, Text � Style@"k", ItalicD<D ,

Manipulator@Dynamic@k0, 8k0 = ð; gTick += del< &D,

81, 10, 0.1<, ImageSize ® Tiny, ContinuousAction ® TrueD,

Style@Dynamic � padIt2@k0, 83, 1<D, 11D, SpanFromLeft

<
,

8
Row@8Style@"mass", 11D, Spacer@3D, Text � TraditionalForm � Style@mD<D,

Manipulator@Dynamic@mass, 8mass = ð; gTick += del< &D, 81, 10, 0.1<,

ImageSize ® Tiny, ContinuousAction ® TrueD, Style@Dynamic � padIt2@mass, 83, 1<D, 11D
<
,

8
Row@8Style@"load", 11D, Spacer@3D, ²<D,

Manipulator@Dynamic@f0, 8f0 = ð; gTick += del< &D, 80, 10, 0.1<,

ImageSize ® Tiny, ContinuousAction ® TrueD, Style@Dynamic � padIt2@f0, 83, 1<D, 11D
<,

8
Row@8Style@"load", 11D, Spacer@3D, v<D,

Manipulator@Dynamic@forcingFrequency,

8forcingFrequency = ð; forcingFrequencyInRadian = forcingFrequency * 2 * Pi; r =

forcingFrequencyInRadian � Sqrt@k0 � massD; gTick += del< &D, 80, 1, 0.01<, ImageSize ® Tiny,

ContinuousAction ® TrueD, Style@Dynamic � padIt2@N � forcingFrequency, 84, 3<D, 11D,

Button@Style@"Ωn", 9D, 8forcingFrequencyInRadian = Sqrt@k0 � massD;

forcingFrequency = forcingFrequencyInRadian � H2 * PiL; r = 1; gTick += del<,

Appearance ® "Palette", Background ® LightBlue, ImageSize ® 825, 18<D, SpanFromLeft

<
<, Alignment ® Left, Spacings ® 8.3, .2<,

Frame ® True, FrameStyle -> Directive@Thickness@.005D, GrayD, Alignment ® Center

D
<,

8Text@Style@"initial conditions", Bold, 11DD<,

8Grid@8
8

Row@8Style@"initial", 11D, Spacer@3D, Text � TraditionalForm � Style@u@tD, 11D<D,

Manipulator@Dynamic@u0, 8u0 = ð; gTick += del< &D,

8-2, 2, 0.1<, ImageSize ® Tiny, ContinuousAction ® TrueD,

Style@Dynamic � padIt1@u0, 82, 1<D, 11D,

Button@Style@"0", 9D, 8u0 = 0; gTick += del<,

Appearance ® "Palette", Background ® LightBlue, ImageSize ® 825, 18<D, SpanFromLeft

<
,

8
Row@8Style@"initial", 11D, Spacer@3D, Text � TraditionalForm � Style@u'@tD, 11D<D,

Manipulator@Dynamic@v0, 8v0 = ð; gTick += del< &D,

8-2, 2, 0.1<, ImageSize ® Tiny, ContinuousAction ® TrueD,

Style@Dynamic � padIt1@v0, 82, 1<D, 11D,

Button@Style@"0", 9D, 8v0 = 0; gTick += del<,

Appearance ® "Palette", Background ® LightBlue, ImageSize ® 825, 18<D, SpanFromLeft

<
<, Alignment ® Left, Spacings ® 8.3, .2<,

Frame ® True, FrameStyle -> Directive@Thickness@.005D, GrayD, Alignment ® Center

D
<,

,
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<,

8Text@Style@"model information", Bold, 11DD<,

8
Grid@8

8Text � Style@Row@8"frequency ratio", Spacer@3D, v, "�", ΩStyle@n,ItalicD<D, 11D,

Style@Dynamic � padIt2@N � r, 83, 2<D, 11D, Spacer@39D<,

8Text � Style@Row@8"natural frequency", Spacer@3D, ΩStyle@n,ItalicD<D, 11D,

Style@Dynamic � padIt2@N � naturalFrequency � H2.0 * PiL, 84, 3<D, 11D, Style@"Hz", 11D<,

8Text � Style@Row@8"damped frequency", Spacer@3D, ΩStyle@d,ItalicD<D, 11D,

Style@Dynamic � padIt2@N � dampedFrequency � H2.0 * PiL, 84, 3<D, 11D, Style@"Hz", 11D<,

8Text � Style@Row@8"natural period", Spacer@3D, 2 Π, "�", ΩStyle@n,ItalicD<D, 11D,

Style@Dynamic � padIt2@H2. PiL � naturalFrequency, 85, 3<D, 11D, Style@"sec", 11D<,

8Text � Style@Row@8"damped period", Spacer@3D, 2 Π, "�", ΩStyle@d,ItalicD<D, 11D,

Style@Dynamic@If@tdd === Infinity, Infinity, padIt2@N � tdd, 85, 3<DDD, 11D, Style@"sec", 11D<,

8Text � Style@Row@8"damping coefficient", Spacer@3D, Style@c, ItalicD<D, 11D,

Style@Dynamic � padIt2@N � zeta * 2 * Sqrt@mass * k0D, 85, 3<D, 11D, ""<,

8Text � Style@Row@8"magnification factor", Spacer@3D, Β<D, 11D ,

Style@Dynamic@If@magnificationFactor === Infinity,

magnificationFactor, padIt2@N � magnificationFactor, 87, 3<DDD, 11D, ""<,

8Text � Style@Row@8"static displacement", Spacer@3D, ², "�", Style@k, ItalicD<D, 11D,

Style@Dynamic@padIt2@N@f0 � k0D, 87, 3<DD, 11D, ""<,

8Text � Style@Row@8"time constant", Spacer@3D, Τ<D, 11D,

Style@Dynamic@If@timeConstant === Infinity, Infinity, padIt2@N � timeConstant, 87, 3<DDD, 11D,

Style@"sec", 11D<
<, Spacings ® 8.7, .4<, Frame ® 8All, All<,

FrameStyle -> Directive@Thickness@.5D, GrayD, Alignment ® Left

D
<,

:GridB:
:Text@Style@"test cases", Bold, 11DD,

PopupMenuBDynamicBtestCase, :testCase = ð;

WhichBtestCase � 1,

k0 = 2.; mass = 4.77; forcingFrequencyInRadian = 0.6; forceCritical = False; zeta = 0.;

8naturalFrequency, r, cc, zeta, dampedFrequency, tdd, timeConstant< =

convertToStandardValues@k0, mass, forcingFrequencyInRadian, forceCritical, zetaD;

forcingFrequency = forcingFrequencyInRadian � H2 * PiL; u0 = 0.; v0 = 0.; f0 = 1.;

tscale = 500; responsePlotType = "full solution"; gTick += del

,

testCase � 2,

k0 = 1.; mass = k0 � 0.4^2; forcingFrequencyInRadian = 0.4; forceCritical = False; zeta = 0.;

8naturalFrequency, r, cc, zeta, dampedFrequency, tdd, timeConstant< =

convertToStandardValues@k0, mass, forcingFrequencyInRadian, forceCritical, zetaD;

u0 = 0; v0 = 0.0; f0 = 1.; forcingFrequency = forcingFrequencyInRadian � H2 * PiL;

tscale = 300; responsePlotType = "full solution"; gTick += del

,

testCase � 3,

k0 = 1; mass = 1; naturalFrequency = Sqrt@k0 � massD;

zeta = 2 * H0.01L � H2 * Sqrt@mass * k0DL; cc = zeta * H2 mass naturalFrequencyL;

forcingFrequencyInRadian = SqrtB k0

mass

-
cc2

2 k0 mass

F; forceCritical = False;

8naturalFrequency, r, cc, zeta, dampedFrequency, tdd, timeConstant< =

convertToStandardValues@k0, mass, forcingFrequencyInRadian, forceCritical, zetaD;

; ; ; ;
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convertToStandardValues@k0, mass, forcingFrequencyInRadian, forceCritical, zetaD;

u0 = 0.; v0 = 0.; f0 = 1; forcingFrequency = forcingFrequencyInRadian � H2 * PiL;

tscale = 90; responsePlotType = "full solution"; gTick += del

,

testCase � 32,

k0 = 1.; mass = 1; naturalFrequency = Sqrt@k0 � massD;

zeta = 2 * H0.1L � H2 * Sqrt@mass * k0DL; cc = zeta * H2 mass naturalFrequencyL;

forcingFrequencyInRadian = SqrtB k0

mass

-
cc2

2 k0 mass

F; forceCritical = False;

8naturalFrequency, r, cc, zeta, dampedFrequency, tdd, timeConstant< =

convertToStandardValues@k0, mass, forcingFrequencyInRadian, forceCritical, zetaD;

u0 = 0.; v0 = 0.; f0 = 1; tscale = 90; responsePlotType = "full solution";

forcingFrequency = forcingFrequencyInRadian � H2 * PiL; gTick += del

,

testCase � 4,

k0 = 7.8; mass = 6.07; zeta = 4.18 � H2 * Sqrt@mass * k0DL;

forcingFrequencyInRadian = 0 ; forceCritical = False;

8naturalFrequency, r, cc, zeta, dampedFrequency, tdd, timeConstant< =

convertToStandardValues@k0, mass, forcingFrequencyInRadian, forceCritical, zetaD;

u0 = 0.; v0 = 0.; f0 = 1.; forcingFrequency = 0;

tscale = 30; responsePlotType = "full solution"; gTick += del,

testCase � 5,

k0 = 7.8; mass = 2.4; forcingFrequencyInRadian = 0;

forceCritical = False; zeta = 4.18 � H2 * Sqrt@mass * k0DL;

8naturalFrequency, r, cc, zeta, dampedFrequency, tdd, timeConstant< =

convertToStandardValues@k0, mass, forcingFrequencyInRadian, forceCritical, zetaD;

u0 = 0.; v0 = 0.; f0 = 1.; forcingFrequency = 0 ;

tscale = 10; responsePlotType = "full solution"; gTick += del,

testCase � 6,

k0 = 7.8; mass = 6.07;

forcingFrequencyInRadian = 0; forceCritical = False; zeta = 10 � H2 * Sqrt@mass * k0DL;

8naturalFrequency, r, cc, zeta, dampedFrequency, tdd, timeConstant< =

convertToStandardValues@k0, mass, forcingFrequencyInRadian, forceCritical, zetaD;

u0 = 0.; v0 = 0.; f0 = 1.; forcingFrequency = 0 ;

tscale = 30; responsePlotType = "full solution"; gTick += del,

testCase � 7,

k0 = 1; mass = 9.96; forcingFrequencyInRadian = 0.317 ;

forceCritical = False; zeta = 5.68 � H2 * Sqrt@mass * k0DL;

8naturalFrequency, r, cc, zeta, dampedFrequency, tdd, timeConstant< =

convertToStandardValues@k0, mass, forcingFrequencyInRadian, forceCritical, zetaD;

u0 = 1.; v0 = 1.; f0 = 1.; forcingFrequency = forcingFrequencyInRadian � H2 * PiL;

tscale = 200; responsePlotType = "full solution"; gTick += del,

testCase � 8,

k0 = 1; mass = 10;

forcingFrequencyInRadian = 0 ; forceCritical = False; zeta = .7 � H2 * Sqrt@mass * k0DL;

8naturalFrequency, r, cc, zeta, dampedFrequency, tdd, timeConstant< =

convertToStandardValues@k0, mass, forcingFrequencyInRadian, forceCritical, zetaD;

u0 = 1; v0 = 0; forcingFrequency = 0; r = 0; tscale = 80; f0 = 0;

phaseDiagramType = "argand"; responsePlotType = "full solution"; gTick += del

F;

gTick += del> &F,
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gTick += del> &F,

8
1 ® Style@"beating phenomenon", 10D,

2 ® Style@"resonance no damping", 10D,

3 ® Style@"resonance underdamped H1L", 10D,

32 ® Style@"resonance underdamped H2L", 10D,

4 ® Style@"step response underdamped", 10D,

5 ® Style@"step response critical", 10D,

6 ® Style@"step response overdamped", 10D,

7 ® Style@Row@8"response phase lag by 90", Degree<D, 10D,

8 ® Style@"free underdamped response", 10D
<, ImageSize -> AllF

>
>, Alignment ® Left,

Spacings ® 8.1, .4<
F

>
>F

>
>

F, ControlPlacement ® LeftF
, H* ABOVE IS THE LEFT PANEL*L
ItemB

PanelB
GridB:

:
Grid@8

8Dynamic@
gTick;

Show@
dynamicMagnificationPlot,

If@f0 � 0 ÈÈ r � 0, Sequence �� 8<,

Graphics@8Red,

PointSize@.04D,

Point@8r, If@magnificationFactor > 5, 5, magnificationFactorD<D
<D

D
DD<

<DH*1,1*L
,

GridB:
:DynamicB

gTick;

ShowB
phasePlot,

IfBf0 � 0 ÈÈ r � 0, Sequence �� 8<,

GraphicsB:Red, PointSize@.04D, PointB:r, IfBr � 1, -90,

180.

Pi

ArcTanA1 - r2, -2 zeta r2EF>F
>F

F
F

F
>

>F
>,
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>
>FH*1,2*L

>,

8
Grid@8

8
PopupMenu@Dynamic@responsePlotType, 8responsePlotType = ð; gTick += del< &D,

8
"transient" ® Style@"transient", 10D,

"steady state" ® Style@"steady state", 10D,

"transient+steady state HseparateL" ®

Style@"transient+steady state HseparateL", 10D,

"full solution" ® Style@"transient+steady state HcombinedL", 10D,

"load with response" ® Style@"load with response", 10D
<D

<,

8
Dynamic@

gTick;

makeResponsePlot@responsePlotType, f0, k0, r, v0,

u0, zeta, naturalFrequency, tscale, transient, steadyState, 8206, 206<, tD
D

<,

8
Grid@8

8Style@"time", 10D,

Manipulator@Dynamic@tscale, 8tscale = ð; gTick += del< &D, 80.1, 500, 0.1<, ImageSize ® TinyD,

Style@Dynamic � padIt2@N@tscaleD, 84, 1<D, 11D, Spacer@2D, Style@"HsecL", 10D
<

<, Spacings ® 8.2, 0<, Alignment ® LeftD
<

<, Spacings ® 80, 0<, Alignment ® Center, Frame ® None

DH*2,1*L
,

Grid@8
8Dynamic@gTick; phaseLagPlotD<,

8
RadioButtonBar@Dynamic@phaseDiagramType, 8phaseDiagramType = ð< &D,

8"argand" ® Style@"Argand", 10D, "standard" ® Style@"standard", 10D
<, Appearance ® "Horizontal"D

<
<, Spacings ® 80, 0<

DH*2,2*L
<

>, Spacings ® 80, 0<,

Frame ® All, FrameStyle -> Directive@Thickness@.005D, LightGrayD
F, Background ® White, Alignment ® Center, FrameMargins ® 0

F, ControlPlacement ® RightF,

88gTick, 0<, None<,

88del, $MachineEpsilon<, None<,

88cc, 0.7<, None<,

88u0, 1.<, None<,

88v0, 1.<, None<,

88f0, 1.<, None<,

88forcingFrequencyInRadian, 0.1<, None<,

88forcingFrequency, .1 � H2 * PiL<, None<,

88k0, 1.<, None<,

88mass, 10.<, None<,

88tscale, 200.<, None<,

88forceCritical, False<, None<,

,

,
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88forceCritical, False<, None<,

88testCase, 1<, None<,

88specialPlot, 1<, None<,

88responsePlotType, "full solution"<, None<,

88phaseDiagramType, "argand"<, None<,

88zeta, 0.111<, None<,

88naturalFrequency, 0.316<, None<,

88dampedFrequency, 0.314<, None<,

88r, .1<, None<, H*frequency ratio*L
::tdd,

2 Pi

0.314

>, None>,

88timeConstant, 3.162<, None<,

88magnificationFactor, 0<, None<,

8dynamicMagnificationPlot, None<,

8phasePlot, None<,

8phaseLagPlot, None<,

88setIC, True<, None<,

8transient, None<,

8steadyState, None<,

8sol, None<,

SynchronousUpdating ® True,

AppearanceElements ® "ManipulateMenu",

ControlPlacement ® Left,

Alignment ® Center,

ImageMargins ® 0,

FrameMargins ® 1,

ContentSize ® 80<,

SynchronousInitialization ® True,

ContinuousAction ® True,

Alignment -> Center,

Paneled ® True,

Frame ® False,

TrackedSymbols ¦ 8gTick<,

AutorunSequencing ® Automatic,

Initialization ¦

9
H*definitions used for parameter checking*L
integerStrictPositive = HIntegerQ@ðD && ð > 0 &L;

integerPositive = HIntegerQ@ðD && ð ³ 0 &L;

numericStrictPositive = HElement@ð, RealsD && ð > 0 &L;

numericPositive = HElement@ð, RealsD && ð ³ 0 &L;

numericStrictNegative = HElement@ð, RealsD && ð < 0 &L;

numericNegative = HElement@ð, RealsD && ð £ 0 &L;

bool = HElement@ð, BooleansD &L;

numeric = HElement@ð, RealsD &L;

integer = HElement@ð, IntegersD &L;

H*--------------------------------------------*L
padIt1Av_ ?numeric, f_ListE := AccountingForm@Chop@vD,

f, NumberSigns ® 8"-", "+"<, NumberPadding ® 8"0", "0"<, SignPadding ® TrueD;

H*--------------------------------------------*L
padIt2Av_ ?numeric, f_ListE := AccountingForm@Chop@vD,

f, NumberSigns ® 8"", ""<, NumberPadding ® 8"0", "0"<, SignPadding ® TrueD;

H*--------------------------------------------*L
padIt2Av_ ?numeric, f_IntegerE := AccountingForm@Chop@vD,

f, NumberSigns ® 8"", ""<, NumberPadding ® 8"0", "0"<, SignPadding ® TrueD;

H*--------------------------------------------*L
makePhaseDifferencePlotAzeta_ ?numericPositive,

f0_ ?numericPositive, forcingFrequency_ ?numericPositive,

naturalFrequency_ ?numericStrictPositiveE := Module@8r, phaseAngle, z, data<,
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If@f0 � 0, r = 0, r = forcingFrequency � naturalFrequencyD;

phaseAngle = If@r � 1, Pi � 2, ArcTan@1 - r^2, 2 zeta rDD;

data = Table@88z, If@f0 � 0, 0, Sin@z - phaseAngleDD<, 8z, If@f0 � 0, 0, Sin@zDD<<, 8z, 0, 2 Pi, Pi � 10<D;

ListLinePlot@8data@@All, 1DD, data@@All, 2DD<,

PlotLabel ® Style@Grid@8
8"displacement phase relative to load"<,

8"red color represents load"<,

8Row@8Θ, " = ", padIt1@N@-H180 � PiL phaseAngleD, 84, 1<D, Degree<D
<<,

Spacings ® 80, .2<D, 11D,

PlotStyle ® 88Dashed, Black<, Red<, PlotRange ® All, ImagePadding ® 8810, 12<, 810, 10<<,

GridLines ® Automatic, GridLinesStyle ® Directive@Thickness@.001D, LightGrayD,

AspectRatio ® 0.9, Ticks ® 880, Pi � 2, Pi, Pi + 1 � 2 Pi, 2 Pi<, None<
D

D;

H*--------------------------------------------*L
makeArgandDiagramA

zeta_ ?numericPositive,

f0_ ?numericPositive,

forcingFrequency_ ?numericPositive,

naturalFrequency_ ?numericStrictPositive,

maxTime_ ?numericStrictPositiveE := Module@8phaseAngle, r, tipOfForce<,

If@f0 � 0, r = 0, r = forcingFrequency � naturalFrequencyD;

phaseAngle = If@r � 1, -HPi � 2L, ArcTan@1 - r^2, -2 zeta rDD;

tipOfForce = 8Cos@forcingFrequency maxTime - Pi � 2D, Sin@forcingFrequency maxTime - Pi � 2D<;

ListLinePlot@8880, 0<<, 880, 0<<<,

PlotLabel ® Style@
Grid@8

8"displacement phase relative to load"<,

8"red color represents load"<,

8Row@8Θ, " = ", padIt1@N@180 � Pi HphaseAngleLD, 84, 1<D, Degree<D
<

<,

Spacings ® 80, .2<
D, 11D,

AspectRatio ® .9,

ImagePadding ® 8810, 12<, 810, 10<<,

GridLines ® 8Range@-1.2, 1.2, .2D, Range@-1.2, 1.2, .2D<,

GridLinesStyle ® Directive@LightGray, Thickness@.001DD,

PlotRange ® 88-1.2, 1.2<, 8-1.2, 1.2<<,

Ticks ® None,

Axes ® True,

Epilog ® 8
8Red, Thick, Arrowheads@.1D, Arrow@880, 0<, tipOfForce<D<,

8Blue, Arrowheads@.1D, Arrow@880, 0<, 8Cos@forcingFrequency maxTime + phaseAngle - Pi � 2D,

Sin@forcingFrequency maxTime + phaseAngle - Pi � 2D<<D<,

8Black, Circle@80, 0<, 1D<,

If@phaseAngle < -Pi � 16,

circularArrow@Circle@80, 0<, 0.3,

8forcingFrequency maxTime - Pi � 2, forcingFrequency maxTime + phaseAngle - Pi � 2<DD,

Sequence �� 8<D
<

D
D;

H*--------------------------------------------*L
H*Function below by belisarius from stackoverflow used in the above function to draw an arced arrow*L
circularArrowAs_CircleE := s �. CircleAa_, r_, 9start_, end_=E ¦ H

8
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8
8Blue, s<,

8Blue, Arrow@8ð - r � 10^6 8Sin � end, -Cos � end<, ð<D<
< &@a + r 8Cos � end, Sin � end<D

L;

H*--------------------------------------------*L
convertToStandardValuesAk0_ ?numericStrictPositive,

mass_ ?numericStrictPositive,

forcingFrequency_ ?numericPositive,

isCriticalDamping_ ? bool,

zetaOld_ ?numericE := Module@8naturalFrequency,

r, cc, dampedFrequency, tdd, timeConstant, zeta = zetaOld<,

naturalFrequency = Sqrt@k0 � massD;

r = forcingFrequency � naturalFrequency;

cc = zeta * H2 mass naturalFrequencyL;

If@isCriticalDamping ÈÈ Abs@zeta - 1D £ $MachineEpsilon,

zeta = 1;

dampedFrequency = 0;

tdd = Infinity;

timeConstant = 1 � naturalFrequency;

cc = 2 mass naturalFrequency

,

If@zeta - 1 > $MachineEpsilon,

H*overdamped*L
dampedFrequency = 0;

tdd = Infinity;

timeConstant = 1.0 � HnaturalFrequency Hzeta - Sqrt@zeta^2 - 1DLL;

cc = zeta H2 mass naturalFrequencyL
,

H*must be underdamped or zero*L
dampedFrequency = naturalFrequency Sqrt@1.0 - zeta^2D;

tdd = H2 ΠL � dampedFrequency;

timeConstant = 1 � naturalFrequency;

cc = zeta H2 mass naturalFrequencyLD
D;

8naturalFrequency, r, cc, zeta, dampedFrequency, tdd, timeConstant<
D;

H*--------------------------------------------*L
makeGenericPhasePlotAzeta_List, actualR_E := Module@8i, r, data, legend, opt = 8Right, Top<<,

r = If@actualR < 2, 2, actualRD;

data = Table@8i,

If@i � 1 ÈÈ ð � 0, -90, 180. � Pi ArcTan@1 - i^2, -2 ð i^2DD<, 8i, 0, r, .01<
D & �� zeta;

legend = Row@8Ξ, " = ", Style@Dynamic � padIt2@ð, 83, 2<D, 11D<D & �� zeta;

ListLinePlot@data,

PlotRange ® All,

PlotLegends ® Placed@LineLegend@legend,

LegendMargins ® 1,

LegendLayout ® Function@8x<,

Grid@x, Spacings ® 80.1, 0<, Alignment ® LeftDDD, opt

D,

GridLines ® Automatic,

GridLinesStyle ® Directive@LightGray, Thickness@.001DD,

Frame ® True,

FrameLabel ® 88Θ, None<,

8Row@8"frequency ratio", Spacer@5D, v, " � ", Ω<D, Style@"phase angle vs. frequency ratio", 12D<<,

ImageMargins ® 0,

,
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ImageMargins ® 0,

ImagePadding ® 8820, 12<, 835, 25<<,

AspectRatio ® 1.05,

RotateLabel ® False,

FrameTicksStyle ® 8,

AxesStyle ® 8Dashed, Gray<,

FrameTicks ® 888-180, -135, -90, -45, 0<, None<,

880, 0.5, 1, 1.5, 2, 2.5, 3<, None<<,

PerformanceGoal ® "Speed"

D
D;

H*--------------------------------------------*L
makeGenericDynamicMagnificationFactorPlotAzeta_List, actualR_E := Module@8r, i,

data, legend, opt = 8Right, Top<, z<,

r = If@actualR < 2, 2, actualRD;

data = Table@8i, If@Hð � 0 && i � 1L, 5, Hz = 1 � Sqrt@H1 - i^2L ^2 + H2 ð iL ^2D; If@z > 5, 5, zDLD<,

8i, 0, r, .01<D & �� zeta;

legend = Row@8Ξ, " = ", Style@Dynamic � padIt2@ð, 83, 2<D, 11D<D & �� zeta;

ListLinePlot@data,

PlotRange ® All,

PlotLegends ® Placed@LineLegend@legend,

LegendMargins ® 1,

LegendLayout ® Function@8x<, Grid@x, Spacings ® 80.1, 0<,

Alignment ® LeftDDD, optD,

GridLines ® Automatic,

GridLinesStyle ® Directive@LightGray, Thickness@.001DD,

Frame ® True,

FrameLabel ® 88Β, None<,

8Row@8"frequency ratio", Spacer@5D, v, " � ", Ω<D, Style@"dynamic magnification factor", 12D<<,

ImagePadding ® 8825, 12<, 835, 25<<,

ImageMargins ® 0,

AspectRatio ® 0.88,

ImageSize ® 8206, 206<,

RotateLabel ® False,

PerformanceGoal ® "Speed"D
D;

H*--------------------------------------------*L
calculateMagnificationFactorAzeta_ ?numericPositive,

f_ ?numericPositive,

forcingFrequency_ ?numericPositive,

naturalFrequency_ ?numericStrictPositiveE := Module@8r = forcingFrequency � naturalFrequency<,

Which@f � 0, 0,

zeta � 0, If@r � 1, Infinity, 1 � H1 - r^2LD,

True, 1 � Sqrt@H1 - r^2L ^2 + H2 zeta rL ^2D
D

D;

H*--------------------------------------------*L
makeResponsePlotAresponsePlotType_String, f0_, k_ ?numericPositive, r_ ?numericPositive, v0_, u0_, zeta_,

naturalFrequency_, tscale_, transient_, steadyState_, imageSize_List, t_E := Module@8sol, plotLegend,

plotStyle, plot, envelop, dampedFrequency, logarithmicDecrement, uAtEndOfCycle, epilog = 8<<,

Which@responsePlotType � "transient",

sol = transient;

plotStyle = Red,

responsePlotType � "steady state",

sol = steadyState;

plotStyle = Blue,
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plotStyle = Blue,

responsePlotType � "transient+steady state HseparateL",

sol = 8transient, steadyState<;

plotStyle = 8Red, Blue<,

responsePlotType � "full solution",

sol = transient + steadyState;

plotStyle = Blue,

responsePlotType � "load with response",

sol = 8transient + steadyState,

If@r � 0,

f0 � k,

f0 � k Sin@naturalFrequency * r tD H*must be harmonic loading*L
D

<;

plotStyle = 8Blue, Red<
D;

H*make envelope*L
If@f0 � 0 && Hu0 ¹ 0 ÈÈ v0 ¹ 0L && responsePlotType ¹ "steady state" && zeta > 0 && zeta < 1,

H
plotLegend = None;

dampedFrequency = naturalFrequency * Sqrt@1 - zeta^2D;

uAtEndOfCycle = Htransient + steadyStateL �. t ® H2 Pi � dampedFrequencyL;

logarithmicDecrement = Log@u0 � uAtEndOfCycleD;

epilog =

Text@Style@Row@8"logrithmic decrement", Spacer@1D, padIt2@logarithmicDecrement, 84, 2<D<D, 11D,

Scaled@80.5, 0.9<D, 80, 0<D;

envelop = Sqrt@u0^2 + HHv0 + zeta * naturalFrequency * u0L � dampedFrequencyL ^2D;

plot = Plot@8envelop Exp@-zeta naturalFrequency tD,

-envelop Exp@-zeta naturalFrequency ttD<, 8t, 0, tscale<,

PlotStyle ® 88Magenta, Dashed<, 8Magenta, Dashed<<,

PlotRange ® All,

PerformanceGoal ® "Speed"

D
L,

H
plot = 8<;

If@f0 > 0,

H
If@responsePlotType � "transient+steady state HseparateL",

H
plotLegend = Placed@LineLegend@

Style@ð, 10D & �� 8"transient", "steady state"<,

LegendMargins ® 1,

LegendLayout ® Function@8x<, Grid@x, Spacings ® 80.1, 0<, Alignment ® LeftDDD, 8Center, Top<D
L,

H
If@responsePlotType � "load with response",

H
plotLegend = Placed@LineLegend@Style@ð, 10D & �� 8"response", "load"<,

LegendMargins ® 1,

LegendLayout ® Function@8x<, Grid@x, Spacings ® 80.1, 0<, Alignment ® LeftDDD, 8Center, Top<D
L,

H
plotLegend = None

L
D

L
D

L,
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L,

H
plotLegend = None

L
D

L
D;

Show@Plot@Tooltip@Chop � Evaluate � sol, Text@Style@TraditionalForm@Chop � solD, 14DDD, 8t, 0, tscale<,

PlotRange ® 880, tscale<, All<,

ImagePadding ® 8830, 15<, 810, 20<<,

ImageMargins ® 880, 0<, 80, 0<<,

FrameLabel ® 8
8None, None<,

8None, Row@8"system response ", Style@"u", ItalicD, "H", Style@"t", ItalicD, "L", " vs. time"<D
<<,

Frame ® True,

LabelStyle ® 12,

RotateLabel ® False,

GridLines ® Automatic,

GridLinesStyle ® Directive@Thickness@.001D, LightGrayD,

AxesOrigin ® 80, 0<, AxesStyle ® 8Dashed, Gray<,

FrameTicksStyle ® 8,

AspectRatio ® 1.05,

ImageSize ® imageSize,

PlotStyle ® plotStyle,

PlotLegends ® plotLegend,

PerformanceGoal ® "Speed",

Exclusions ® None,

Epilog ® epilog,

Evaluated ® True

D,

plot

D
D;

H*--------------------------------------------*L
oneDegreeOfFreedomSolutionAu0_ ?numeric, v0_ ?numeric, k_ ?numericStrictPositive, zeta_ ?numericPositive,

f0_ ?numericPositive, forcingFrquency_ ?numericPositive, w_ ?numericStrictPositive, t_E :=

Module@8wd, z1, z2, a, b, r, phaseAngle, p1, p2, steadyState, transient<,

r = forcingFrquency � w;

If@f0 � 0,

steadyState = 0;

transient = Which@
zeta � 0, u0 Cos@w tD + v0 � w Cos@w tD,

zeta < 1,

wd = w Sqrt@1 - zeta^2D;

Exp@-zeta w t D Hu0 Cos@wd tD + Hv0 + u0 zeta wL � wd Sin@wd tDL,

zeta � 1,

Hu0 + Hv0 + u0 wL tL E^ H-w tL,

True,

p1 = -w zeta + w Sqrt@zeta^2 - 1D;

p2 = -w zeta - w Sqrt@zeta^2 - 1D;

a = Hv0 - u0 p2L � H2 w Sqrt@zeta^2 - 1DL;

b = H-v0 + u0 p1L � H2 w Sqrt@zeta^2 - 1DL;

Exp@p1 tD + b Exp@p2 tD
D,

H*F is not zero now*L
8steadyState, transient< = Which@

zeta � 0, H*undamped*L
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zeta � 0, H*undamped*L
If@forcingFrquency � 0, H*constant force*L

8f0 � k, Hu0 - f0 � kL Cos@w tD + v0 � w Sin@w tD<
,

If@Abs@r - 1D £ 0.01, H*resonance*L
8-Hf0 � kL HforcingFrquency tL � 2 Cos@forcingFrquency tD,

u0 Cos@forcingFrquency tD + v0 � forcingFrquency Sin@forcingFrquency tD
<,

8Hf0 � kL 1 � H1 - r^2L Sin@forcingFrquency tD,

u0 Cos@w tD + Hv0 � w - HHf0 � kL r � H1 - r^2LLL Sin@w tD<D
D,

zeta < 1,

phaseAngle = If@r � 1, Pi � 2, ArcTan@1 - r^2, 2 zeta rDD;

z1 = Sqrt@H1 - r^2L ^2 + H2 zeta rL ^2D;

wd = w Sqrt@1 - zeta^2D;

a = If@forcingFrquency � 0,

u0 - Hf0 � kL,

u0 + Hf0 � kL � z1 Sin@phaseAngleD
D;

b = If@forcingFrquency � 0, Hv0 + a zeta wL � wd,

v0 � wd + Hu0 zeta wL � wd + Hf0 � kL � Hwd z1L Hzeta w Sin@phaseAngleD - forcingFrquency Cos@phaseAngleDL
D;

If@forcingFrquency � 0,

8Hf0 � kL, Exp@-zeta w tD * Ha Cos@wd tD + b Sin@wd tDL<
,

8Hf0 � kL � z1 Sin@forcingFrquency t - phaseAngleD, Exp@-zeta w tD Ha Cos@wd tD + b Sin@wd tDL<D,

H*critical*L
zeta � 1,

phaseAngle = If@r � 1, Pi � 2, ArcTan@1 - r^2, 2 rDD;

z1 = Sqrt@H1 - r^2L ^2 + H2 rL ^2D;

a = Which@forcingFrquency � 0,

u0 - Hf0 � kL,

True,

u0 + Hf0 � kL � z1 Sin@phaseAngleD
D;

b = Which@forcingFrquency � 0,

v0 + u0 w - Hf0 � kL w,

True,

v0 + u0 w + Hf0 � kL � z1 Hw Sin@phaseAngleD - forcingFrquency Cos@phaseAngleDL
D;

If@forcingFrquency � 0,

8Hf0 � kL, Ha + b tL Exp@-w tD<
,

8Hf0 � kL � z1 Sin@forcingFrquency t - phaseAngleD, Ha + b tL Exp@-w tD<
D,

H*overdamped*LTrue,

phaseAngle = If@r � 1, Pi � 2, ArcTan@1 - r^2, 2 zeta rDD;

z1 = Hf0 � kL � Sqrt@H1 - r^2L ^2 + H2 zeta rL ^2D;

z2 = Sqrt@zeta^2 - 1D;

a = Hv0 + u0 w zeta + u0 w z2 +

z2 Hw Hzeta + z2L Sin@phaseAngleD - forcingFrquency Cos@phaseAngleDLL � H2 w z2L;

b = -HHv0 + u0 w zeta - u0 w z2 + z2 Hw Hzeta - z2L Sin@phaseAngleD - forcingFrquency Cos@phaseAngleDLL �
H2 w z2LL;

If@forcingFrquency � 0,

p1 = -w zeta + w Sqrt@zeta^2 - 1D;

p2 = -w zeta - w Sqrt@zeta^2 - 1D;

b = HHf0 � kL p1 - u0 p1 + v0L � Hp2 - p1L; a = u0 - Hf0 � kL - b;

8
Hf0 � kL,
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Hf0 � kL,

a Exp@p1 tD + b Exp@p2 tD
<
,

8z1 Sin@forcingFrquency t - phaseAngleD,

a Exp@H-zeta + z2L w tD + b Exp@H-zeta - z2L w tD
<D

D
D;

8transient, steadyState<
D;

=
F

differential equation

u¢¢HtL + HH2 ΖL ΩnL u¢HtL + Ωn
2 uHtL �

²

m
sinHv tL

system parameters

damping Ζ 0.11 1

stiffness k 01.0

mass m 10.0

load ² 01.0

load v 0.016 Ωn

initial conditions

initial uHtL +1.0 0

initial u¢HtL +1.0 0

model information

frequency ratio v�Ωn 0.32

natural frequency Ωn 0.050 Hz

damped frequency Ωd 0.050 Hz

natural period 2 Π�Ωn 19.869 sec

damped period 2 Π�Ωd 19.993 sec

damping coefficient c 00.702

magnification factor Β 0001.108

static displacement ²�k 0001.000

time constant Τ 0003.162 sec

test cases beating phenomenon

Ξ = 0.10
Ξ = 0.70
Ξ = 1.00
Ξ = 0.11
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Β
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0
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Θ

phase angle vs. frequency ratio

transient+steady state HcombinedL
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3

system response uHtL vs. time

time 200.0 HsecL

displacement phase relative to load

red color represents load

Θ = -004.5°

Argand

Caption

This Demonstration gives a complete analysis of a second-order system with harmonic loading. The system's differential equation is 

m u² + c u¢ + k u = f HtL, where f HtL = F sinHv tL, m is the mass of the system, c is the damping coefficient, k is the stiffness, F is the 

magnitude of the force, and v is the force frequency. The response uHtL is plotted as a function of time for the underdamped, critically 

damped, and overdamped cases. This Demonstration displays the transient response (the homogeneous part of the total solution), the 

steady state response (the particular part of the total solution), and the total response, which is the combination of the two. You can 

see the analytical solution for each case by moving the mouse over the response curve. Separate displays are given for the dynamic 

magnification factor and the phase of the response relative to the force. A number of pre-configured test cases can be chosen, to 

illustrate several important cases of system responses under different loading conditions.
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This Demonstration gives a complete analysis of a second-order system with harmonic loading. The system's differential equation is 

m u² + c u¢ + k u = f HtL, where f HtL = F sinHv tL, m is the mass of the system, c is the damping coefficient, k is the stiffness, F is the 

magnitude of the force, and v is the force frequency. The response uHtL is plotted as a function of time for the underdamped, critically 

damped, and overdamped cases. This Demonstration displays the transient response (the homogeneous part of the total solution), the 

steady state response (the particular part of the total solution), and the total response, which is the combination of the two. You can 

see the analytical solution for each case by moving the mouse over the response curve. Separate displays are given for the dynamic 

magnification factor and the phase of the response relative to the force. A number of pre-configured test cases can be chosen, to 

illustrate several important cases of system responses under different loading conditions.

Thumbnail

differential equation

u¢¢HtL + HH2 ΖL ΩnL u¢HtL + Ωn
2 uHtL �

²
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sinHv tL

system parameters

damping Ζ 0.01 1

stiffness k 01.0

mass m 01.0

load ² 01.0

load v 0.159 Ωn

initial conditions

initial uHtL +0.0 0

initial u¢HtL +0.0 0

model information

frequency ratio v�Ωn 1.00

natural frequency Ωn 0.159 Hz

damped frequency Ωd 0.159 Hz

natural period 2 Π�Ωn 06.283 sec

damped period 2 Π�Ωd 06.283 sec

damping coefficient c 00.020

magnification factor Β 0050.003

static displacement ²�k 0001.000

time constant Τ 0001.000 sec
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differential equation

u¢¢HtL + HH2 ΖL ΩnL u¢HtL + Ωn
2 uHtL �

²

m
sinHv tL

system parameters

damping Ζ 0.11 1

stiffness k 01.0

mass m 10.0

load ² 01.0

load v 0.016 Ωn

initial conditions

initial uHtL +1.0 0

initial u¢HtL +1.0 0

model information

frequency ratio v�Ωn 0.32

natural frequency Ωn 0.050 Hz

damped frequency Ωd 0.050 Hz

natural period 2 Π�Ωn 19.869 sec

damped period 2 Π�Ωd 19.993 sec

damping coefficient c 00.702

magnification factor Β 0001.108

static displacement ²�k 0001.000

time constant Τ 0003.162 sec

test cases beating phenomenon
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Details (optional)

The equation of motion of a second-order linear system of mass m with harmonic applied loading is given by the differential equation 

m u² + c u¢ + k u = F sinHv tL. There are 12 different analytical solutions depending on whether damping or loading is present and, if so, 

whether the system is underdamped, critically damped or overdamped.

The solution for each of the 12 cases was derived analytically and shown in the Demonstration, subject to the user's choice. Following 

are definitions of the relevant parameters. All units are in SI. 

The damping ratio is Ξ =
c

cr

, where c is the damping coefficient, such that cr = 2 Ω m represents critical damping. The natural 

underdamped frequency is given by Ω =
k

m
, where k is the stiffness and m is the mass. The damped frequency of the system, 

defined for Ξ < 1, is given by Ωd = Ω 1 - Ξ2 . The frequency ratio is r =
v

Ω
, where v is the forcing frequency. The dynamic magnification 

factor Β is the ratio of the steady state response to the static response. The static response is given by 
F

k
, where F is the force 

magnitude. The time constant is Τ =
1

Ξ Ω
 and the damped period of oscillation is Td =

2 Π

Ωd

.

When the system is undamped and the load is harmonic, resonance occurs when r = 1 or v = Ω. When the system is underdamped and 

the load is again harmonic, practical resonance occurs when v = Ω 1 - 2 Ξ2 and the corresponding maximum magnification factor is 

Β =
1

2 Ξ 1-Ξ2

. You can force the loading frequency to be equal to the natural frequency by clicking the button located to the right of the 

slider used to input the loading frequency. The forcing frequency v is expressed in Hz, but converted to radians per second internally.
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When the system is undamped and the load is harmonic, resonance occurs when r = 1 or v = Ω. When the system is underdamped and 

the load is again harmonic, practical resonance occurs when v = Ω 1 - 2 Ξ2 and the corresponding maximum magnification factor is 

Β =
1

2 Ξ 1-Ξ2

. You can force the loading frequency to be equal to the natural frequency by clicking the button located to the right of the 

slider used to input the loading frequency. The forcing frequency v is expressed in Hz, but converted to radians per second internally.

This Demonstration also shows plots of the phase of the response uHtL relative to loading sinHv tL. The phase of the response lags behind 

loading by an angle Θ = -tan-1
2 Ξ r

1-r2
, which is plotted in the complex plane on an Argand diagram. The phase angle ranges from 0 ° to 

-180 °.

When the loading frequency v is set to zero, only F is used as the force f HtL. This allows a constant force loading, F. For example, by 

setting v = 0 and F = 1, a step response is obtained. To make the loading zero, the slider F is set equal to zero.

The Demonstration contains a number of pre-configured test cases to illustrate different loading conditions, such as beating 

phenomenon, resonance, practical response, impulse response, and step responses for different damping values.
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