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Spinning disk pendulum that swings on
top of a rotating table

Initialization Code

Manipulate

Manipulate[

(
{sole, sol¢, soly} = getSolution[rSmall, hSmall, pSmall,
rLarge, hLarge, pLarge, len, 60, e0Speed 2 Pi, y0, y0Speed 2 Pi, ¢0, ¢0Speed 2 Pi ];

(»set parameters according to the test case to runx)

If[Not[testCase == 0],
Which[
testCase == 1,
{len = IPost; pSmall = pmax; pLarge = pmin; rSmall = maxrSmall; rLarge = maxrLarge; hSmall = maxhSmall;
hLarge = 0.5 maxhLarge; 60 = 15; e0Speed = 0.5 maxw; %0 = 0; y0Speed = 0.2 maxw; ¢0 = 40; ¢0Speed = .3 maxw;
viewPoint = {1.3, -2.4, .5}; angularMomentumOption = 0; showl = True; zoom = 1; animRate = 0.03},

testCase == 2, {len = IPost; pSmall = pmin; pLarge = pmin; rSmall = maxrSmall; rLarge = maxrLarge;
hSmall = minhSmall; hLarge = 0.5 maxhLarge; 60 = 0; 60Speed = maxw; ¥0 = 0; ¥0Speed = maxw; ¢0 = 0; ¢0Speed = 0;
viewPoint = {1.3, -2.4, .5}; angularMomentumOption = 1; showl = False; zoom = 1; animRate = 0.01},

testCase == 3, {len = 1Post; pSmall = pmax; pLarge = pmin; rSmall = maxrSmall; rLarge = 0.6 maxrLarge;
hSmall = 0.5 maxhSmall; hLarge = maxhLarge; 60 = 30; 60Speed = 0.3 maxw; Y0 = 0; y0OSpeed = 0; ¢0 = 0;
¢0Speed = 0; viewPoint = {2, -2, 0}; angularMomentumOption = 1; showl = True; zoom = 1; animRate = 0.05},

testCase == 4, {len = IPost; pSmall = pmax; pLarge = pmin; rSmall = 0.65 maxrSmall;
rLarge = 0.6 maxrLarge; hSmall = 0.5 maxhSmall; hLarge = maxhLarge; 60 = 0; e0Speed = maxw;
Y0 = 0; yOSpeed = 0.85 maxw; ¢0 = 0; ¢0Speed = maxw; viewPoint = {Pi, Pi/2, 2};
angularMomentumOption = 0; showl = False; zoom = .73; animRate = 0.02},

testCase == 5, {len = 1Post; pSmall = 10; pLarge = pmin; rSmall = 0.65 maxrSmall; rLarge = 0.6 maxrLarge;
hSmall = minhSmall; hLarge = maxhLarge; 60 = 0; 60Speed = maxw; ¥0 = 0; y0Speed = maxw; ¢0 = 0; $0Speed = maxw;
viewPoint = {Pi, Pi/2, 2}; angularMomentumOption = 0; showl = False; zoom = 0.74; animRate = 0.002},

testCase == 6,

{len = IPost; pSmall = 10; pLarge = pmax; rSmall = 0.65 maxrSmall; rLarge = minrLarge; hSmall = minhSmall;
hLarge = minhLarge; 60 = 133; 60Speed = 0.5 maxw; 0 = 280; y0Speed = minw; ¢0 = 135; ¢0Speed = maxw;
viewPoint = {Pi, Pi/2, 2}; angularMomentumOption = 0; showl = False; zoom = 0.76; animRate = 0.002},

testCase == 7, {len = IPost; pSmall = pmax; pLarge = pmin; rSmall = maxrSmall; rLarge = maxrLarge;
hSmall = minhSmall; hLarge = 0.25 maxhLarge; 60 = 0; 60Speed = -0.3; 0 = 0; y0Speed = 0; ¢0 = 0; ¢0Speed = 0;
viewPoint = {Pi, Pi/2, 2}; angularMomentumOption = 0; showl = False; zoom = 1; animRate = 0.06},

testCase == 8,

{len = IPost; pSmall = pmax; pLarge = pmin; rSmall = maxrSmall; rLarge = maxrLarge; hSmall = maxhSmall;
hLarge = 0.5 maxhLarge; 60 = 15; e0Speed = 0.5 maxw; %0 = 0; y0Speed = 0.2 maxw; ¢0 = 40; ¢0Speed = .3 maxw;
viewPoint = {1.3, -2.4, .5}; angularMomentumOption = 9; showl = True; zoom = 1; animRate = 0.03},

testCase == 9, {len = IPost; pSmall = pmax; pLarge = pmin; rSmall = .2 maxrSmall; rLarge = .8 maxrLarge;
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hSmall = maxhSmall; hLarge = 0.5 maxhLarge; 60 = 0; e0Speed = maxw; Y0 = 0; y0OSpeed = 0; ¢0 = 83; $0Speed = 0;
viewPoint = {1.3, -2.4, .5}; angularMomentumOption = 0; showl = False; zoom = 1; animRate = 0.018}
1
13

Dynamic[
update[len, pSmall, pLarge, rSmall, rLarge, hSmall, hLarge, currentTime, viewPoint, boxIt,
angularMomentumOption, showl, zoom, testCase, sole, sol¢, soly, traceThickness, isTraceOn],
TrackedSymbols :» {currentTime, sole, sol¢, soly, viewPoint, boxlt,
angularMomentumOption, showl, zoom, testCase}]

Button[Style["min", 10], len=0.1 IPost, ImageSize -» Tiny],
Button[Style["max", 10], len = IPost, ImageSize » Tiny],
Control[{{len, IPost, Text[Style["len", fontSizeForControl]]},
0.3 IPost, IPost, .1, ImageSize - Tiny, Appearance - "Labeled'}]
},

{
Button[Style["min™, 10], pSmall = pmin, ImageSize » Tiny],
Button[Style["max", 10], pSmall = pmax, ImageSize - Tiny],
Control [{{pSmall, pmax, Text[Style["p,", fontSizeForControl]]},
pmin, pmax, -1, ImageSize -» Tiny, Appearance - ""Labeled"}]
}s

{
Button[Style["min", 10], pLarge =1, ImageSize » Tiny],
Button[Style["max", 10], pLarge = 10, ImageSize » Tiny],
Control [{{pLarge, pmin, Text[Style["py", fontSizeForControl]]},
pmin, pmax, -1, ImageSize » Tiny, Appearance - "'Labeled"}]
}s

{
Button[Style["min™, 10], rSmall = minrSmall, ImageSize - Tiny],
Button[Style["max", 10], rSmall = maxrSmall, ImageSize - Tiny],
Control [{{rSmall, Mean[{minrSmall, maxrSmall}], Text[Style["r", Italic, fontSizeForControl]]},
minrSmall, maxrSmall, .1, ImageSize -» Tiny, Appearance - "Labeled"}]
1,

{
Button[Style["min", 10], rLarge = minrLarge, ImageSize - Tiny],
Button[Style["max", 10], rLarge = maxrLarge, ImageSize - Tiny],
Control [{{rLarge, maxrLarge, Text[Style["R", Italic, fontSizeForControl]]},
minrLarge, maxrLarge, .1, ImageSize -» Tiny, Appearance - "Labeled"}]
}s

{
Button[Style["min', 10], hSmall = minhSmall, ImageSize - Tiny],
Button[Style["max", 10], hSmall = maxhSmall, ImageSize - Tiny],
Control [{{hSmall, maxhSmall, Text[Style["h", ltalic, fontSizeForControl]]},
minhSmall, maxhSmall, .1, ImageSize -» Tiny, Appearance - ""Labeled"}]
}s

{
Button[Style["min", 10], hLarge = minhLarge, ImageSize » Tiny],
Button[Style["max', 10], hLarge = maxhLarge, ImageSize - Tiny],
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Controi [{khLérge, 0.5 miathargie, Text[Sty]e["H", Italic, fohfSizeForControl] 1},
minhLarge, maxhLarge, -1, ImageSize -» Tiny, Appearance - "'Labeled"}]

}, Spacings -» 0.5, Frame » All, FrameStyle -> Directive[Thickness[.001], Gray]], ControlPlacement -» Left
1,

Item[Grid [{

(xInitial conditionss)

{
Button[Style["min™, 10], 60 =0, ImageSize » Tiny],
Button[Style["mid", 10], 60 = 180, ImageSize » Tiny],
Control [{{e0, 133, Text[Style["e ', fontSizeForControl]]},
0, 360, 1, ImageSize - Tiny, Appearance - “Labeled™}]
}s

{
Button[Style["min™, 10], 0 =0, ImageSize » Tiny],
Button[Style["mid", 10], 0 = 180, ImageSize » Tiny],
Control [{{y0, 186, Text[Style["y ', fontSizeForControl]]},
0, 360, 1, ImageSize -» Tiny, Appearance - "'Labeled"}]
}s

{
Button[Style["min™, 10], ¢0 =0, ImageSize - Tiny],
Button[Style["mid", 10], ¢0 = 180, ImageSize - Tiny],
Control [{{¢0, 112, Text[Style["¢ ', FontSizeForControl]]},
0, 360, 1, ImageSize -» Tiny, Appearance - "Labeled"}]

(xinitial speedsx)

{

Button[Style["min", 10], e0Speed = 0, ImageSize - Tiny],
Button[Style["max", 10], e0Speed = maxw, ImageSize - Tiny],

Control [{{eOSpeed, 0.4 maxw, Text[Ster["é fontSizeForControl”},

minw, maxw, -1, ImageSize -» Tiny, Appearance - "'Labeled" ]

.
{

Button[Style["min™, 10], y0Speed = 0, ImageSize -» Tiny],
Button[Style["max', 10], ¥0Speed = maxw, ImageSize - Tiny],

Control [{{wOSpeed, 0.2 maxw, Text[Style 11.1 fontSizeForControl”},

minw, maxw, -1, ImageSize -» Tiny, Appearance - "Labeled" ]

}.
{

Button[Style["min", 10], ¢0Speed = 0, ImageSize » Tiny],
Button[Style["max", 10], ¢0Speed = maxw, ImageSize » Tiny],

Control [{{¢0$peed, .3 maxw, Text[Style["‘; fontSizeForControl]]},

minw, maxw, -1, ImageSize -» Tiny, Appearance-»"Labeled"}]

}, Spacings » 0.5, Frame -» All, FrameStyle -> Directive[Thickness[.001], Gray]] ,

ControlPlacement - Left

B
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Item[
Grid[{

{
Control [

{{animRate, 0.025, Style["step size", 121}, 001, 0.1, .001, Appearance - "Labeled", ImageSize -» Tiny}]
}s

{
Control [{{currentTime, O, Style["run", 121}, 0, maxSimulationTime , Dynamic[animRate],
ControlType -» Trigger, DisplayAllSteps - True, ImageSize -» Tiny, AppearanceElements - {"ProgressSlider",
"ResetPlayButton', "PauseButton', '"StepLeftButton', '"'StepRightButton', "ResetButton'}}]
1,

{
Grid[{
{
Control [ {{viewPoint, {1.3, -2.4, .5}, Style["viewpoint", 12]}, {{1.3, -2.4, .5} » Style["1", 11],
{-0.57, -2.7, 0.063} -» Style["2", 11], {2, -2, 0} » Style["3", 11], {2, O, 0} » Style["4", 11],
{0, 0, 2} » Style["5", 117, {1, -1, 1} » Style["6", 11], {3.96, -0.54, 0.54} » Style["7", 11],
{Pi, Pi/2, 2} - Style["8", 11]}, ControlType -» SetterBar, ImageSize -» Small}]
}
}, Spacings » .5, Frame - None]
}s
{
Grid[{
{
Grid[{{
Style["display", 11],
Control [{
{angularMomentumOption, 0, "},
{0 » TexteStyle["bob only", 117,
1- TexteStyle["L", Italic, 11],
2> TexteStyle["{Ly,Ly,L;}", Italic, 10],
3 - Texte
Row[ {Style["L", Italic, 10], ™ + ", Style["L", Italic, 10], Style[" components', 10]}1],
4 » TexteRow[{Style["d", 10], Style["L", ltalic, 10], Style["/d", 10],
Style["t", Italic, 10]}1],
5 TexteRow[ {Style['d", 10], Style["L", Italic, 10], Style["/d", 10],
Style["t", Italic, 10], Style[" components™, 10]}],
6 -> TexteStyle["w", 107,
7 -> TexteStyle[" {wy,wy,w,}", 107,
8 -> TexteRow[ {Style["w and ", 10], Style["L", Italic, 10]}],
9 -> TexteRow[ {Style["d{e,¥,¢}/d", 10], Style["t", Italic, 10]}],
10 » Text@Row[{Style["d", 10], Style["L", Italic, 10], Style["/d", 10],
Style["t", Italic, 10], Style["™ and ', 10], Style["L", Italic, 10]1}],
11 » Text@Row[{Style["d", 10], Style["L", Italic, 10], Style["/d", 10],
Style["t", Italic, 10], Style[™ and ", 10], Style["L", Italic, 10], Style[" and ', 10]}]
}, ControlType - PopupMenu, ImageSize - All}
1}}, Spacings » -.5, Frame -» None, Alignment -» Center],
Grid[{

{
Style["test", 11],
Control [{ {testCase, 0, "},
{0 - Style["0", Small],
1- Style["1", Small],
2 - Style["2", Small],
3 - Style["3", Small],
4 - Style["4", Small],
5- Style["5", Small],
6 - Style["6", Small],
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7 - Style["7", Small],
8 » Style["8", Small],
9 - Style["9", Small]
}, ControlType -» PopupMenu, ImageSize - All}
1}}, Spacings » -.5, Frame -» None, Alignment -» Center]

}

}, Spacings » .5, Frame - None]
}s

{
Grid[{
{
Style["time (sec)", 11],
Dynamic[Style[PaddedForm[currentTime, {5, 3},
NumberSigns » {'-"*, "'}, NumberPadding - {'0**, "0}, SignPadding - True], 111]
}}, Alignment - Center, Spacings - .8

}, Alignment » Left, Spacings » .5, Frame » All, FrameStyle -> Directive[Thickness[.001], Gray]],
ControlPlacement - Left

Item[Grid[{
{Text[Style['"zoom", 1011},
{Control [{ {zoom, 1, "}, .73, 1, .01, ControlType - VerticalSlider, ImageSize - Small}]},
{1,
{Text[Style["inf0o", 1111},
{Control [{ {showl, True, "'}, {True, False}, ControlType -» Checkbox, ImageSize -» Tiny}1},
{Text[Style["box", 1111},
{Control [{ {boxIt, False, """}, {True, False}, ControlType -» Checkbox, ImageSize -» Tiny}]},
{1,
{Grid[{
{Text[Style['trace", 1111},

{Control [{ {isTraceOn, False, "}, {True, False}, ControlType -» Checkbox, ImageSize - Tiny}]},

{TexteStyle["length™, 101},

{Control [{ {currentMaximumTraceSize, defaultTraceSize, "},

1, maxTraceSize, 1, ControlType -» VerticalSlider, ImageSize » Tiny}]},
{Text[Style["thickness", 1011},
{Control [{ {traceThickness, defaultTraceThickness, "'},
0.001, 0.01, 0.001, ControlType -» VerticalSlider, ImageSize -» Small}]}

}, Frame » True, FrameStyle » {Thin, Gray}, Spacings - 0]
}
}, Alignment - Center, Frame -» {{1, 2} -» True}, Spacings -» -2], ControlPlacement -» Right

1,

{{sole, {}}, ControlType - None},
{{sol¢, {}}, ControlType - None},
{{soly, {}}, ControlType - None},

{{previousTestCaseNumber, 0}, ControlType - None},

{{maxSimulationTime , 100}, ControlType - None},

{{IPost, 10}, ControlType - None}, (xlength of post below main tablex)
{{rPost, 0.1 IPost}, ControlType - None}, (xradius of postsx)

{{minhLarge, 0.1 IPost}, ControlType - None}, (x*minumum height of tablex)
{{maxhLarge, IPost}, ControlType - None}, (*maximum height of tablex)
{{minrLarge, 11 rPost}, ControlType - None}, (x*minumum radius of tablex)
{{maxrLarge, 20 rPost}, ControlType -» None}, (*maximum radius of tablex)
{{minrSmall , 2rPost}, ControlType -» None}, (xminumum radius of bob diskx)
{{maxrSmall , 10 rPost}, ControlType -» None}, (*maximum radius of bob diskx)
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{{minhSmall, 0.1 IPost}, ControlType - None}, (x*minumum height of bob diskx)
{{maxhSmall , 0.5 IPost}, ControlType -» None}, (*maximum height of bob diskx)
{{maxw, 1}, ControlType -» None}, (*maximum angular velocity in hzx)

{{minw, -1}, ControlType -» None}, (*minumum angular velocity in hzx)

{{omin, 1}, ControlType -» None}, (xminumum density kg/m"3x)

{{pmax, 10}, ControlType -» None}, (xmaximum density kg/m"3x)

(»these below is data and variables to track the center of mass of the pendulumx)
(»if trace is selected x)

{{defaultTraceThickness, 0.006}, ControlType - None},

{{maxTraceSize, 1000}, ControlType -» None}, (xmaximum trace points to keepx)
{{defaultTraceSize, 200}, ControlType - None},

Alignment -» Center,
SynchronousUpdating -» True,
Synchronouslinitialization -» True,
FrameMargins -» 1,

ImageMargins -» 1,

Initialization =

traceBuffer = Table[0, {maxTraceSize}]; (*where to store the trace coordinatesx)
previousMaxTraceSize = currentMaximumTraceSize;

isFirstScan = True;

currentTraceSize = 0;

isSolutionChanged = False;

fontSizeForControl = 11;

paditl[v_, f_List] :=
AccountingForm[Chop[v] , F, NumberSigns - {"-", "+"}, NumberPadding - {"0"", 0"}, SignPadding -» True];

padltz[v_, f_List] i=
AccountingForm[Chop[v] , F, NumberSigns - {"**, "'}, NumberPadding -» {*'0"*, 0"}, SignPadding - True];

(* main entry to find the numerical solution *)

getSqution[rSmall_, hSmall_, pSmall_, rLarge_,
hLarge_, pLarge_, len_, e0_, 60Speed_, y0_, y0Speed_, ¢0_, ¢OSpeed_] i=

Module[{mSmall, mLarge, Id, Icg, lo, Kkinetic, v, g=9.8, lagrangian,

egs, initialConditions, sol, e, ¢, ¥, t},

{mSmall, mLarge, 1d, lcg, lo} =
findMassesAndMomentsOflinertia[rSmall, hSmall, pSmall, rLarge, hLarge, plLarge, len];

(» find the solution using numerical solversx)
(xFind kinetic and potential energy and then the Lagrangianx)

1 1
kinetic = — ld¢"[t]1™2 + —mSmall ( (lenSin[e[t]] ¢ [t])"2 + (len6"[t])"N2) +
2 2

1 1 1
— lcgl3, 3] (¥ "[t] +¢"[t] Cos[e[t]]) "2 + — lcg[2, 2] (¢ " [t] Sin[e[t]])"2 + — Icg[l, 1] 6" [t]"2;
2 2 2

v=1en (1- Cos[e[t]]) mSmall g;
lagrangian = kinetic - v;
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(»write down the 3 equations of motion using the above Lagrangianx)
(¥xno generalized forces, life is simple x)

eqs = Apply[D[ D[lagrangian, #1], t] - D[lagrangian, #2] =0 &,
{{e7[t], e[t]l}, {¢y"[t], ¥[t]}, {¢7[t], &[t]1}}, 1]1;
(*solve using NDSolve with the initial conditions from the userx)
initialConditions = {6[0] ==60%Pi /180, 6" [0] == 60Speed, ¥[0] == yO*Pi /180,
Y " [0] == yOSpeed, ¢#[0] == ¢OxPi /180, ¢ " [0] == $0Speed};

sol = FirsteNDSolve [Flattene {eqs, initialConditions}, {6, ¢, ¥},
{t, 0, maxSimulationTime}, MaxSteps -» Infinity, PrecisionGoal -» 7] ;

isSolutionChanged = True;

{6/.sol, ¢/.sol, y/.sol}

(hmmmmm e - *)
(= called before numerically solving the system *)
(» to calculates masses and moments of inertia *)

findMassesAndMomentsOflnertia[rSmaII_, hSmall_, pSmall_, rLarge_, hLarge_, plLarge_, Ien_]::

Module[{mSmall, mLarge, Id, Icg, lo, lcgl, Icg2, Icg3, lol, 102, 103},

(xcalculate mass of small and large wheelx)
mSmall = (Pi rSmall~2) hSmall pSmall;
mLarge = (Pi rLarge”2) hLarge pLarge;

(» moments of inertia of table around its z-axisx)

mLarge rLarge”2
Id=——"F——;
2

1
Icgl = — mSmall (3rSmall”~2 + hSmall”2); (xIxx)
12

Icg2 = Icgl; (*xlyx)
mSmall rSmall~2

lcg3= —————; (x1z%)
2

(x»apply parallel axis theorem to find I with reference to point o. Point ox)
(*point o is where the rod of the pendulum is attached to the framex)
1ol = Icgl + mSmall len"2;

102 =101;

103 = Icg3;

Icg = {{lcgl, O, 0}, {O, Icg2, O}, {0, O, Icg3}};
lo={{lol1, O, 0}, {O, 102, O}, {O, O, 103}};

{mSmall, mLarge, 1d, lcg, lo}

(*» Generate title grid *)

generateTitle[currenta_, current¢_, currenty_, currenteDer_, ¢Der_, yDer_, len_, Id_, lcg_, mSmaII_]::
Module[{currentKE, currentPE, title, totalEnergy, currentKEAsPercentage,

currentPEAsPercentage, currentKEformattedAsPercentage, currentPEformattedAsPercentage,
currentKEformattedAsPercentageVl, currentPEformattedAsPercentageVl, g =9.8},
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1 1 1
currentKE = — Id ¢Der~2 + —mSmall ( (lenSin[currente] ¢Der) ~2 + (lencurrenteDer)”~2) + — Icg[3, 3]
2 2 2

1 1
( yDer + ¢Der Cos[currente]) 2 + — lcg[2, 2] (¢Der Sin[currente]) ~2 + — lcg[l, 1] currenteDer”"2;
2 2

currentPE = len (1 - Cos[currente]) mSmall g;
totalEnergy = currentKE + currentPE;

If[totalEnergy < $MachineEpsilon, (xspecial case, system at restx)
{

currentKEAsPercentage =0;

currentPEAsPercentage = O;

}s

currentKEAsPercentage = currentKE/totalEnergy 100;
currentPEAsPercentage = currentPE/totalEnergy 100;

CEEE

currentKEformattedAsPercentage = Text@Row[{padlt2[currentKEAsPercentage, {2, 1}1, " %"}1;
currentPEformattedAsPercentage = Texte@Row|[ {padlt2[currentPEAsPercentage, {2, 1}], " %"}1;

currentKEformattedAsPercentageVl = Text@Row[{padlt2[currentKEAsPercentage, {2, 1}1, "%"}]1;
currentPEformattedAsPercentageVl = Texte@eRow|[ {padlt2[currentPEAsPercentage, {2, 1}], "%"}1;

title = TexteStyle[Grid[{

{

Text["e6"],

Text["y"],

Text["¢"],

TexteRow[{Style["P.E.", Blue], " (kJ)"}1,
TexteRow[{Style["K.E.", Red], " (kJ)"}1

}s

{ (*»angular positionsx)
Text[Style["position (deg)", 911,
padlt2[Mod[currente 180. /Pi, 360], {6, 3}1,
padlt2[Mod[currenty 180. /Pi, 360], {6, 3}],
padlt2[Mod[current¢ 180. /Pi, 360], {6, 3}1,
padlt2[currentPE/ 1000, {8, 0}1,
padlt2[currentKE/ 1000, {8, 0}]

}s

{ (»angular velocitiesx)
Text[Style["w (hz)", 911,
padltlcurrenteDer/ (2. Pi), {5, 3}],
padltl[yDer/ (2. Pi), {5, 3}1,
padltl[¢Der/ (2. Pi), {5, 3}1,
currentPEformattedAsPercentage,
currentKEformattedAsPercentage

}, Frame - All,
FrameStyle - Gray,
Spacings -1,
ItemSize » {{All, 2 ;; -1} - 6},
Alignment » Center], 11
13

{title, currentKE , currentPE, currentKEformattedAsPercentage,
currentPEformattedAsPercentage, currentPEAsPercentage , currentKEAsPercentage ,
currentKEformattedAsPercentageVl, currentPEformattedAsPercentageVl}
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(» calculate L and L* with reference to pt *)
(* which is the point where the pendulum rod =)
(» is attached to the hanger. Also generate *)
(= grid table containing formatted informationx)

calculateAngularMomentum[pt_, ptcg_, lo_, scaleAmount_, e_, ¢_, ¢Der_, yDer_, eDer_, eDerDer_,
yDerDer_ , ¢DerDer_]:= Module[{Lf, Lx, Ly, Lz, L, norm, inertiaTableDisplay, LDot, LfDot,

LxDot, LyDot, LzDot, omegaDotVector, w, wVector, wxComp, wyComp, wzComp, éVector, yVector,
¢Vector, eVectorAnnotation, yVectorAnnotation, ¢VectorAnnotation, maxVelocityComponent,
currentptcg, LAnnotation, LDotAnnotation, wVectorAnnotation, normL, rO, ril},

(» find coordinates in inertia space of the cg )
rO = RotationTransform[e, {1, 0, 0}, pt];

rl = RotationTransform[¢, {0, O, 1}, {0, O, 0}];
currentptcg = r1[rO[ptcg]];

(» resolve the angular veclocity of the bob along the 3 principal axisx)
w = {eDer, ¢Der Sin[e], yDer + ¢Der Cos[e]};

(» resolve the rate of angular veclocity of the bob along the 3 principal axisx)
(» by taking derivative w.r.t time of the omega vector, this is the angular acceleration =)
omegaDotVector = {

eDerDer,

¢DerDer Sin[e] + ¢Der Cos[e] eDer ,

yDerDer + ¢DerDer Cos[e] - ¢Der Sin[e] eDer};

(» find the angular momentum relative to fixed point 0, this is the fixed point in spacex)
(» that the bob is attached tox)

L.=Chop[|o.w, 105];

(» Find the rate of angular momentum relative to fixed point Ox)
LDot = lo.omegaDotVector;

(xdue to rotation of table, to find ABSOLUTE rate of angular momentum *)
(»we need to use (d/dt A)gpsorute = (d/dt A),,, + cross[¢,A] formula *)
(*where in this case A is L, and the LHS above is absolute rate of change «x)
(xnote: ¢Der is used below, since L is on the fixed point 0, which rotates x)
(xby ¢Der relative to the ground x)

LDot = Chop[LDot + Cross[{0, O, ¢Der }, L], 107°];

inertiaTabIeDisplay:=Text@Grid[{{

Grid[{

{
Row[{Style["I", Italic, 11], " = "}1,

Style[TraditionalForm[{
{padlt2[lo[l1, 17, {9, 1}1, O, 0},
{0, padlt2[lo[2, 2], {9, 1}1, 0},
{0, 0, padlt2[lo[3, 3], {9, 1}1}}1, 11]
}}, Spacings -» 0, Frame - None, Alignment -» Left],

Grid[{
{(style["|jo}} = ", 11],
Style[TraditionalForm[padlt2[Normew, {11, 1}]], 10]
1,

Printed by Wolfram Mathematica Student Edition ©1988-2013 Wolfram Research, Inc. All rights reserved.



10

Printed from the Mathematica Help System

{Row[ {Style["|"", 11], Style["L", Italic, 11], Style["|} = ', 11]1}],
Style[TraditionalForm[padlt2[NormelL, {11, 1}]], 101},

{Row[{Style["ﬂ", 117, Style ":—:', I1talic, 11], Style[”|} = ", 11]}],

Style[TraditionalForm[padlt2[NormelLDot, {11, 1}]1], 10]}

}, Spacings » 0, Frame - None, Alignment-»Left]

{
Grid[{

{

Style["w = ", 117,

Style[TraditionalForm[padltl[Listew, {9, 1}]], 11]

}}, Spacings -» 0, Frame -» None, Alignment -» Left], SpanFromLeft

}s

{
Grid[{

{

Row[ {Style["L = 1", Italic, 11], Style["w = ", 11]}],
Style[TraditionalForm[padltl[Listel, {10, 1}1], 11]

}}, Spacings -» 0, Frame -» None, Alignment -» Left], SpanFromLeft

}s

{
Grid[{
{
Style["a = ", Italic, 11].

Style[TraditionalForm[padltl[ListelLDot, {10, 1}]], 11]
}}, Spacings » 0, Frame - None, AIignment-»Left], SpanFromLeft

}, Frame » All, Spacings » 1, Alignment -» Left, FrameStyle - Gray

(* generate the vector representation of 6",y",¢" from the cg of the bob x)
maxVelocityComponent = Max[Abs[{eDer, yDer, ¢Der}]1;
{eDer, 0, 0}

l.5scaleAm0unt];

If[eDers $MachineEpsilon, eVector = {0, 0, 0}, eVector =
maxVelocityComponent

eVectorAnnotation =If[eDers $MachineEpsilon,

Null, Text[Style["é", Red, 14], ptcg + eVector + 0.005 Norm[eVector], {0, —l}]];

eVector = {ptcg, ptcg + 6Vector};
eVector = {Blue, Arrowheads[0.04], Arrow[Tube[eVector, .2]1};

{0, 0, yDer}

If[WDers $MachineEpsilon, yVector = {0, 0, 0}, yVector = 1.550a|eAmount];

maxVelocityComponent
yVectorAnnotation =If[wDers $MachineEpsilon,

Null, Text[Ster["&", Red, 14], ptcg + yVector + 0.005 Norm[yVector], {O, —1}]];

yVector = {ptcg, ptcg + yVector};
yVector = {Blue, Arrowheads[0.04], Arrow[Tube[yVector, .2]1};
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{0, 0, ¢Der}

If[¢Ders $MachineEpsilon, ¢Vector = {0, 0, 0}, ¢Vector =

1.5 scaleAmount] ;
maxVelocityComponent

¢VectorAnnotation = If[daDer < $MachineEpsilon, Null,

Text[Ster q.b Red, 14] , currentptcg + ¢Vector + 0.005 Norm[¢Vector], {O, —1}” N

¢Vector = {currentptcg, currentptcg + ¢Vector};
¢Vector = {Blue, Arrowheads[0.04], Arrow[Tube[¢Vector, -2]11};

(* generate the vector w and its components for the angular velocityx)
norm = Norm[w] ;

If[norms 2 $MachineEpsilon, w= {0, 0, 0}, w= ( ) 1.SscaIeAmount];

norm
wVector = {ptcg, ptcg + w};
wVectorAnnotation =

If[norm < $MachineEpsilon, Null, Text[Style["»", Red, 15], ptcg + w + 0.005 Norm[w], {0, -1}11;

wVector = {Green, Arrowheads[0.04], Arrow[Tube[wVector, -4]]};

wxComp = {Blue, Arrowheads[0.03], Arrow[Tube[{ptcg, ptcg + {w[[1]], O, O} }, -111};
wyComp = {Blue, Arrowheads[0.03], Arrow[Tube[{ptcg, ptcg + {0, w[[2]], O} }, -111};
wzComp = {Blue, Arrowheads[0.03], Arrow[Tube[{ptcg, ptcg + {0, O, w[[3]1]1}}, -111};

(*» generate the vector and its components for the angular momentum Lx)
normL = Norm[L];

If[normLs 2 $MachineEpsilon, L= {0, 0, O}, L= [ ] scaleAmount];

normL
Lf = {pt, pt+L};

LAnnotation =
If[normL < $MachineEpsilon, Null, Text[Style["L"™, Red, 15], pt+L + 0.005 Norm[Lf], {0, -1}11];

Lf = {Red, Arrowheads[0.04], Arrow[Tube[Lf, .21]};

Lx = {Blue, Arrowheads[0.03], Arrow[Tube[{pt, pt+ {L[[1]], O, O} 3}, -111};
Ly = {Blue, Arrowheads[0.03], Arrow[Tube[{pt, pt+ {0, L[[2]], O} }, -111};:
Lz = {Blue, Arrowheads[0.03], Arrow[Tube[{pt, pt+ {0, O, L[[3]11} 1}, -111};

(*+ generate the vector and its components for the rate of angular momentum dL/dtx)

norm = Norm[LDot] ;
If[norm< 10 normL, norm =O]; (* Force norm to zero. Was due to some numerical errorsx)

Dot

L
If[norms 2 $MachineEpsilon, LDot = {0, 0, 0}, LDot = (

] * 0.8 scaleAmount] ;
norm

LfDot = {pt, pt + LDot};
LDotAnnotation =

If[norms $MachineEpsilon, Null, Text[Style["I:", Black, 15], pt + LDot + 0.005 Norm[LfDot], {O, -1}”

LfDot = {Black, Arrowheads[0.04], Arrow[Tube[LfDot, .2]1};

LxDot = {Blue, Arrowheads[0.03], Arrow[Tube[{pt, pt + {LDot[[1]], O, O} }, -111};
LyDot = {Blue, Arrowheads[0.03], Arrow[Tube[{pt, pt + {O, LDot[[2]], O} }, -111};
LzDot = {Blue, Arrowheads[0.03], Arrow[Tube[{pt, pt+ {0, O, LDot[[3]1} }, -111};

{inertiaTableDisplay, Lf, Lx, Ly, Lz, LfDot, LxDot, LyDot, LzDot, wVector,

wxComp, wyComp, wzComp, eVector, yVector, ¢Vector, eVectorAnnotation, yVectorAnnotation,
¢VectorAnnotation, currentptcg, LDotAnnotation, LAnnotation, wVectorAnnotation}

(» Manage trace buffer *)

refeshTraceBuffer[tnow_, isTraceOn_] := Module[{},
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If[ (previousMaxTraceSize # currentMaximumTraceSize ||
isSolutionChanged == True | | Length[traceBuffer] =0 ),

isSolutionChanged = False;

traceBuffer = Table[0, {currentMaximumTraceSize}];
previousMaxTraceSize = currentMaximumTraceSize;
isFirstScan = True;

currentTraceSize =0

CEEE

If[tnow < $MachineEpsilon || Not[isTraceOn], {currentTraceSize = 0; isFirstScan=True}];

update[len_, pSmall_, pLarge_, rSmall_, rLarge_, hSmall_, hLarge_, tnow_, viewPoint_, boxIt_,
angularMomentumOption_, showl_, zoom_, testCase_, sole_, sol¢_, soly_, traceThickness_, isTraceOn_] i=

Module[{ld, msmall, title, gr, g1, g2, g3, ptO, ptl, pt2, pt3, pt4, pt5, pt6, ptéa, pt7, pt8, pt9,

ptl0, ptll, ptl2, ptl3, ptl4, z0, gextraCylinderOnTopOfHanger, frameRadius = 0.6, currentKE,
currentPE, peke, totalScale, currentKEformattedAsPercentage, currentPEformattedAsPercentage,
currentPEAsPercentage, currentKEAsPercentage, a, b, ghangersl, ghangers2, ghangers3,
gLargeCylinder, linel, glinel, gPost, gWheel, gLine2, referencePointX, referencePointy,

gXYZ, labels, currentKEformattedAsPercentageVl, currentPEformattedAsPercentageVl, go,
inertiaTableDisplay, LfDot, LxDot, LyDot, LzDot, Lf, Lx, Ly, Lz, imageSize, opacity, lo, lcg,
wVector, wxComp, wyComp, wzComp, eVector, yVector, ¢Vector, eVectorAnnotation, yVectorAnnotation,
¢VectorAnnotation, gextraCylinderOnTopOfHangerSphere, base, currentptcg, p, LDotAnnotation,
LAnnotation, wVectorAnnotation, eDer, yDer, ¢Der, eDerDer, yDerDer, ¢DerDer, mLarge, 6, ¥, ¢, t},

refeshTraceBuffer[tnow, isTraceOn];

(xthis value is the largest vertical value for the overall 3D image. Will use as )
(*measuring stick for zooming action and other layout to measure things againstx)

totalScale = 3.2 IPost + hLarge + len + hSmall + rSmall;

(* The masses and moments of inertia are now calculated from user input parameters =)
{mSmall, mLarge, 1d, lcg, lo} =
findMassesAndMomentsOfinertia[rSmall, hSmall, pSmall, rLarge, hLarge, plLarge, len];

(* Use the solution passed in, which was allread found =)
(» Evaluate the solution are the current timex)

6 = Chopesole[tnow] ;

¢ = Chopesol¢[tnow] ;

¥ = Chopesoly[tnow] ;

eDer = Chope (sole"[t] /. t -> tnow) ;
yDer = Chope (soly " [t] /. t -> tnow) ;
¢Der = Chope (sol¢ " [t] /. t -> thow) ;
eDerDer = Chope (sole™"[t] /. t -> tnow) ;
yDerDer = Chope (soly " [t] /. €t -> tnow) ;
¢DerDer = Chope (sol¢ ""[t] /. t -> tnow) ;

{title, currentKE , currentPE, currentKEformattedAsPercentage, currentPEformattedAsPercentage,
currentPEAsPercentage , currentKEAsPercentage , currentKEformattedAsPercentageVil,
currentPEformattedAsPercentageVl} = generateTitle[e, ¢, ¥, eDer, ¢Der, yDer , len, Id, Icg, mSmall];

(*set the coodinates of the main points to use to draw the 3D graphicsx)
(»these are the coordinates of main markers in the system as things look atx)
(xrest and all initial conditions are zerox)
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z0 = IPost + hLarge + 2 IPost;

pto = {0, 0, 0}; ptl= {0, O, IPost}; pt2= {0, O, IPost + hLarge};

pt3={0, 0, z0 - len - hSmall}; pt4 = {0, O, zO - len}; pt5= {0, O, z0}; pt6={0.95rLarge, O, IPost};
pt6a = {rLarge, 0, IPost + hLarge}; pt7 = {0.95rLarge, 0, z0}; pt8 = {-0.95rLarge, 0, z0};

pt9 = {- 0.95rLarge, O, IPost}; ptl0 = {rLarge, O, IPost}; ptll = {rSmall, O, zO - len};

ptl2 = {rSmall, 0, z0 - len - hSmall}; ptl3 = {0.1rLarge, O, z0}; ptl4d = {-0.1rLarge, 0, z0};

(xonly calculate angular momentum L if needed to displayx)
I1T[ (Not[angularMomentumOption == 0] || showl || isTraceOn),

{inertiaTableDisplay, Lf, Lx, Ly, Lz, LfDot, LxDot, LyDot, LzDot, wVector, wxComp, wyComp, wzComp,
eVector, yVector, ¢Vector, eVectorAnnotation, yVectorAnnotation, ¢VectorAnnotation,
currentptcg, LDotAnnotation, LAnnotation, wVectorAnnotation} = calculateAngularMomentum[
pt5, pt4, lo, 2zoomrSmall, e, ¢, #Der, yDer, eDer, eDerDer, yDerDer , ¢DerDer];

1

If[isTraceOn,
{
If[++currentTraceSize > currentMaximumTraceSize, {isFirstScan = False; currentTraceSize =1}];
IT[DEBUG, Print["isTraceOn True, updated currentTraceSize now=", currentTraceSize]];
traceBuffer[currentTraceSize] = currentptcg;
If[DEBUG, Print["isFirstScan=", isFirstScan]];

CEE

(» start making the 3D graphics *)

(*make the main post which the large table sits onx)

base = {RGBColor[.1, .8, .8], Cylinder[{ptO, ptO + {0, O, rPost}}, 5rPost]};
gPost = {base, Cylinder[{ptO, pt2}, rPost]};

(*make the large tablex)
gLargeCylinder = {Opacity[.8], Cylinder[{ptl, pt2}, rLarge]};

(xline drawn on top of tablex)
linel = {Thickness[0], Red, Line[{pt2, pt6a, ptl10}]};

(» draw the hanger to attach the pendulum onx)
opacity =1;

ghangersl = {Opacity[.8], Cylinder[{pt6, pt7}, frameRadius]};
ghangers2 =

{Opacity[opacity], Cylinder[{pt7 + {0.05 pt7[1], O, O}, pt8 - {0.05 pt8[1], O, 0}}, FrameRadius]};
ghangers3 = {Opacity[.8], Cylinder[{pt8, pt9}, frameRadius]};

(*make the little extra pump to show where the pendulum hangsx)
gextraCylinderOnTopOfHanger = {Opacity[opacity], Cylinder[{ptl3, ptl4}, 3 frameRadius]};

(*make the end small balls at the connection of the frame jointsx)
gextraCylinderOnTopOfHangerSphere =
{Red, Opacity[1l], {Sphere[pt7, 2 frameRadius], Sphere[pt8, 2 frameRadius]}};

(xdraw the pendulum rod itselfx)
glinel = Cylinder[{pt4, pt5}, .4];

(xdraw the pendulum bob, which is a cylinder in this casex)
gWheel = {Yellow, Opacity[-8], Cylinder[{pt3, pt4}, rSmall]};

(xred line on top of the above, to make it easy to see it spiningx)
gLine2 = If[angularMomentumOption == 0,
{Thickness[.01], Red, Line[{pt4, ptll, ptl2}]},
If[angularMomentumOption == 1 | |
angularMomentumOption == 2 | | angularMomentumOption == 3 | | angularMomentumOption == 4 | |
angularMomentumOption == 9 | | angularMomentumOption == 10 | | angularMomentumOption == 11,
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{Th%ckness[.Ol], Creen, Line[{§f4, ptil, pter)]), Null]
1;

(x-- Now start applying the solution to rotate items —%)
(x-- Use Rotate and GeometricTransformation with —-%)
(x-- the RotationTransform based on angles found from —-%)
(¥-- the numerical solution above %)

(* start by rotating the pendulum bob itself on its z axisx)
g0 = Rotate[ {gLine2, gWheel}, ¥, {0, 0, 1}, pt3];

(* check what display to show.x)
gl = If[Not[angularMomentumOption == 0],
Which[
angularMomentumOption == 1, {Rotate[{Lf}, ¢, {O, O, 1}, pt5]},
angularMomentumOption == 2, {Rotate[{Lx, Ly, Lz}, ¥, {0, O, 1}, pt5]},
angularMomentumOption == 3, {Rotate[{Lf, Lx, Ly, Lz}, ¥, {0, O, 1}, pt5]},
angularMomentumOption == 4, {Rotate[{LfDot}, ¥, {0, O, 1}, pt5]},
angularMomentumOption == 5, {Rotate[{LxDot, LyDot, LzDot}, ¥, {0, O, 1}, pt5]},
angularMomentumOption == 6, {Rotate[{wVector}, ¢, {0, O, 1}, pt5]},
angularMomentumOption == 7, {Rotate[{wxComp, wyComp, wzComp}, ¥, {0, O, 1}, pt5]},
angularMomentumOption == 8,
{Rotate[{LFf, LAnnotation, wVector, wVectorAnnotation}, ¢, {0, O, 1}, pt5]},
angularMomentumOption == 9, {Rotate[{yVector, yVectorAnnotation}, ¥, {0, 0, 1}, pt5]1},
angularMomentumOption == 10, {Rotate[{LfDot, Lf, LDotAnnotation, LAnnotation}, ¥, {0, O, 1}, pt5]},
angularMomentumOption == 11,
{Rotate[{LfDot, Lf, LDotAnnotation, LAnnotation, wVector, wVectorAnnotation}, ¢, {0, O, 1}, pt5]}
1,
Null
13

(»transform the whole pendulum with its rod by thetax)
g2 = GeometricTransformation[{glinel, g0, g1, If[angularMomentumOption == 9,
{eVector, eVectorAnnotation}]}, RotationTransform[e, {1, O, 0}, pt5]11]1;

(xnow rotate everything by ¢, the table rotation anglex)
g3 = Rotate[ {gLargeCylinder, linel, ghangersl , ghangers2 , ghangers3,
gextraCylinderOnTopOfHanger, gextraCylinderOnTopOfHangerSphere, g2}, ¢, {0, 0, 1}, ptl];

(*Now check which test case is run. Some test cases does not need PE/KE displayx)
If[zoom::l && Not[testCase == 3 | | testCase == 1 | | testCase = 7],

{

referencePointX = rLarge + 3 rPost;
referencePointY = -rLarge - 4 rPost;

(*make the small XYZ coordinate frame on the side for referencex)

labels = {Text[Style["X", 12], {referencePointX + 6 rPost, referencePointY, 0}],
Text[Style["Y", 12], {referencePointX, referencePointY + 6 rPost, 0}],
Text[Style["Z", 12], {referencePointX, referencePointY, 6 rPost}]};

gXYZ = {Thin, Red, Line[{
{referencePointX, referencePointY, 0},
{referencePointX + 5 rPost, referencePointy, 0},
{referencePointX, referencePointyY, 0},
{referencePointX, referencePointY + 5 rPost, 0},
{referencePointX, referencePointY, 0},
{referencePointX, referencePointY, 5rPost}}]};

(xnow make PE/KE illustration on the sidex)

currentKEAsPercentage
a= totalScale/2;
100

Printed by Wolfram Mathematica Student Edition ©1988-2013 Wolfram Research, Inc. All rights reserved.



Printed from the Mathematica Help System

15

currentPEAsPercentage
b= totalScale/2;

) 100

referencePointX = -rLarge - 10 rPost;
referencePointY = -rLarge - 10 rPost;
(xdraw the PE and KE illustrations on the side of the main plotx)
peke = {
{Red, Cuboid [{referencePointX, referencePointy, 0},

currentKEAsPercentage
totalScale/2 }]

{—rLarge - 8 rPost, -rLarge - 8 rPost,

{Blue, Cuboid[{—rLarge - 7rPost, -rLarge - 7 rPost, 0},
currentPEAsPercentage

100

totalScale/2 }]

{—rLarge - 4rPost, -rLarge - 4 rPost,

Text[currentKEformattedAsPercentageVl, {referencePointX, referencePointY, a+ 4 rPost}, {0, 0}],
Text[currentPEformattedAsPercentageVl, {-rLarge - 4 rPost, -rLarge - 4 rPost, b + 4 rPost}, {0, 0}]

J
}.

100

peke = Null;
gXYZ = Null;
labels = Null

E

(»-- Done making the graphics parts. now make the final display --x)
imageSize = If[showl, {345, 270}, {345, 480}];

p = If[isTraceOn,
ListPointPlot3D[If[isFirstScan, traceBuffer[l ;; currentTraceSize],
traceBuffer[1l ;; currentMaximumTraceSize] ], PlotStyle » {PointSize[traceThickness], Blue}]

1:

gr = Graphics3D[

{gPost, g3, labels, gXYZ, peke, If[angularMomentumOption == 9, {¢VectorAnnotation, ¢Vector}]},

PlotRange - {
{-zoom 2 Max[rLarge, len + hSmall] , zoom1.7 Max[rLarge, len + hSmall]},
{-zoom 1.9 Max[rLarge, len + hSmall] , zoom1.4 Max[rLarge, len + hSmall]},
{1f[zoom< 1, lIPost, 0], totalScale}},

ImageSize - imageSize,

Axes - False,

Boxed - boxIt,

AxesOrigin- {0, 0, 0},

ImageMargins » 2,

ImagePadding » 2,

PlotRangePadding - 1,

ViewPoint -> viewPoint,

ViewAngle - All

1:

1f[showl,

Grid[{{title}, {inertiaTableDisplay}, {If[isTraceOn, Show[gr, p], grl}},
Spacings - 0,
Frame -» None

1,
Grid[{{If[isTraceOn, Show[gr, p], gr]} },
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1

Spacings - 0,
Frame -» None

9 y ¢ PE. (k) | K.E

position (deg) | 133.000 | 186.000 | 112.000 | 00000932. | 000C
w(hz | +00.400 | +00.200 | +00.300 | 16.0% 84
00628161.5 0 0 llwll = 000000C

| = 0 00628161.5 0 lILIl = 000180C
0 0 00101787.6 ) | 15| = 0003628

w = (+00000002.5 +00000001.4 —00000000.0 )

L = lw = (+001578741.9 +000865964.1 —000002941.6 )

% = (-003146776.4 +001801091.4 -+000000000.0 )

=] (== 1en - = 10
=] | | o L& 10
EE=lyw —ne1
[eodled| r —(——=6
[y |y = 7 = 20.
[ |y B=5
(v —0——=s
[ o | § ——— = 133
[-] y ——0O— = 186
[] 6 —0 112
[ ] 6 ———— =04
=]y —0— =02
=]l ——0—= 03
step size —(} 0.025
run J———— [T T [K]+]

viewpoint |T2|3|4|5|6|7|8|

display hob only

D test 0

time (sec)

000.000

Caption

84.0%

16.0%

Simulation of a pendulum made up of a small spinning rigid cylindrical bob in which the pendulum rod (assumed to have negligible
mass) swings attached to a frame fixed on top of a rotating table. The system has 3 degrees of freedom. The angle 0: the pendulum

Printed by Wolfram Mathematica Student Edition

©1988-2013 Wolfram Research, Inc. All rights reserved.



Printed from the Mathematica Help System

17

swing angle. The angle y: the spin angle of the pendulum bob, and angle ¢: the rotation angle of the large table.

. ] - dL
The angular momentum L of the bob with reference to fixed point in space as well as the bob absolute rate of angular momentum pry

are calculated and displayed in vector form.

The instantaneous value of the system's kinetic (red bar) and potential energy (blue bar) is illustrated graphically. Other options are

available to help study this system in details.

The simulation was performed by finding the Lagrangian and constructing the 3 nonlinear equations of motion and solving them

numerically using NDSolve.

The principal moments of inertia are used for the bob. The fixed point in space that was used to calculate L with respect to is the point

where the pendulum rod is attached to the frame.

Thumbnail

len (F= 10
Pm DB 10
PM CU 1

0 v P PE (k) | KE

position (deg) | 055.513 | 202.734 | 341.797 | 00000240, | 000C
w(y | +00.477 | —00.165 | +00.284 | 42% %
006281615 0 0 llwll = 000000C

| = 0 00628161.5 0 lILIl = 0002097
0 0 00101787.6 ) | 151l = 000445

w = ( +00000003.0 +00000001.5 —00000000.0 )

L = lw = (+001882796.7 +000924465.8 —000002941.7 )

j—'t‘ = (—001168465.7 +004297781.4 +000000002.3 )

(][]

[n]| L]

[n]| Lo ]

[ =]

[ | = 3 = 20
[in] | L] | Basb
[e]fead|p —O0——=5
E|E]|l¢y —J—— = 133
ElElly —0—= 186
[=-] o — 112
=N .| 0— = 0.4
=y —0—=o02
=y ——o0—+= 03
step size —{] 0.025

un ————[=[p I [K]+]

)

viewpoint |T2|3|4|5|6|7|8|

display hob only

@ test 0

time (sec) 001.950

96.0%

4.2%
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Snapshots
=]/ ==] |len 3 = 10
[oin] | L] | o 0 = 10
== O 1
[l r —(——= 6.
[=]|[==]| r 7} = 20.
[==]|[==1| n = 5.
l==]lv —03—— = 5.
EH § —{—— = 133
=] y ——— = 186
[-] 9 —f— = 112
Lon] o] § —— = 0.4
By ——0—= 02
] =]y — 0.3
step size —{] 0.025
run J— (=] [I[K]+]
viewpoint 1|2|3|4|5|6| 718
display , D test 0
time (sec) 000.000
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=]==]llen ——F =10
[]|fe=] [pn ———3 = 10
=] 00— 1
[l | v —— = 6.
o] R ———F = 20.
eled|h —( = 5.
ey —03——= 5.
[eal|[=a] |6 —O3—— = 133
||y —0——= 186
E|Ely ——= 112
EE=]e ——0— =04
EElly —3—=02
ElE]e —0—=03
step size —{] 0.025

run J——— [T T ]+]

viewpoint 1|2|3|4|5|6 7ﬂ

)\
display | ., and L {\i/ test 0

time (sec) 000.000
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9 v ¢ PE. k) | KE
position (deg) | 133.000 | 186.000 | 112.000 | 00000141. | 000C
w (h?) +00.400 | +00.200 | +00.300 | 2.9% 97
00062899.2 0 0 llwll = 000000C

= 0 00062899.2 0 lILIl = 000018C
0 0 00026464.8 ||‘{;L|| = 000034¢

w = (+00000002.5 +00000001.4 —00000000.0 )

L = lw = (+000158082.9 +000086710.9 —000000764.8 )

j—'t‘ = (—000334980.9 +000100101.4 +000000000.0 )

][=]|len —3—— =158
[ | e 0= 10
[ | | P 1
[eoled| r —(——=6
o] R ———F = 20.
=] n O 1.3
Call=]|lv ——F = 10.
EH § —{—— = 133
[-] y ——0O— o 186
[o-] 9 —f——=112
ElE=]l¢ ———0— =04
=]y —0— =02
=]l ——0—= 03
step size —(} 0.025

run J———— [ [ [l [K]+]
viewpoint 1|2|3|4|5 6 7|8|
display D test 0
time (sec) 000.000

97.0%

2.9%
L
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len ——F = 10

pm —(F = 10

m ——m 1

r ——ooa 2

R ——— = 20.

h ———(} = 5.

H ———— = 10.

00000 00000o0
100000 00oongn

—0 133
v —) 186
¢ —{ 112
9 —{}— =04
vy — 0.2
6 ——1 0.3
step size —{] 0.025
run {J————|—[p [ [K]|+]

viewpoint 1|2 3 4|5|6|7|8|

display pob only D test 0

time (sec) 000.000
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0 v & PE (k) | KE
position (deg) | 133.000 | 186.000 | 112.000 | 00001890. | 00OC
w(hy | +00.400 | +00.200 | +00.300 | 200% | 80
012625014 0 0 llwll = 000000C
| = 0 01262501.4 0 lILll = 000361¢
0 0 00785398.2 ) | 15| = 0007887

@ = ( +00000002.5 +00000001.4 —00000000.0)

L = lw = (+003173012.0 +001740445.6 —000022697.7 )

3—'; = (—006308635.8 +004733590.1 +000000000.0 )

== fen —3—=73
[oin] | L] | o 0 = 10
[ | | P 1
o]l | r —— = 10.
o] R ———F = 20.
=] h —3 = 5.
l==]lv —03—— = 5.
EH § —{—— = 133
[o-] y ——0O— o 186
[o-] 9 —f——=112
ElE=]l¢ ———0— =04
=]y —0— =02
=]l ——0—= 03
step size —{}——— = 0.025
run J————[=TTI[K]+]

viewpoint 1|2|3 4 5|6|7|8|

display | D test 0

time (sec) 000.000
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1] 1 1) D T D)) T o )
e 1 | e

!

|

§ —{})—— = 133
y ——{}—— = 186
¢ —O—m 112
B 0— = 0.4
=y —r= 02
E=lly ——3—= 03
step size —{}——— = 0.025
run {J————|—[p [ [K]|+]
viewpoint 1|2 3|4|5|6|7|8|
display d{6,y,¢}/dt V| test 0
time (sec) 000.425
Details (optional)

.2 2 "2 .. 2 . 2 .2
The kinetic energy of the system is given by T = % lgdp + %n{(L sin(6) ¢) + (L 0) ] + % I3(w + q}oos(e)) + ; I2(¢sin(0)) + % 110 and the

potential energy is given by V = L(1 — cos(f)) mg where Iy = @ is the moment of inertia of the large table and M is its mass and Ris
its radius. Iy, I, I3 are the moments of inertia of the bob around its principal axis and due to symmetry |; = I, = % m(3r2 + hz) and

2
I3= %where r is the radius of the bob, h is the height of the bob cylinder, and mis its mass. Using parallel axis theorem, the moment

of inertia tensor |, for the bob is found relative to the point where the pendulum rod is attached to the frame. The angular momentum
vector L is found relative to this point and not relative to the center of mass of the bob.

The absolute rate of change of the angular momentum vector Lggute is found using Lysiue = L + w XL where L is the rate of change of
L relative to the fixed point described above. All terms above are vectors, and the product above is a vector cross product. You can see
these vectors and their components visually displayed by selecting a display option from the display popup menu. A special case occurs

when the bob is spinning around any one of its principal axes. In this case you will see that L and L vectors will always be parallel to
each others.
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The following is a description of the items on the top half of the left panel of the Ul: len is the length of the pendulum rod, pp, is the
density of the material of the bob cylinder, py is the density of the material of the large table cylinder, r is the radius of the bob
cylinder, Ris the radius of the large table cylinder, h is the height of the bob cylinder and H is the height of the large table cylinder.
The panel below that contains the initial conditions for the three rotation angles: Angle 6, which is the pendulum rod swing angle, angle
¥, which is the spin angle of the pendulum bob around its own axis, and angle ¢ which is the spin angle of the large table. The units for
the angles are in degree with a range of zero to 360°. The units for the angular velocities are in hz in the range of —1hz to +1hz. For
convenience, small buttons are placed next to the slider to use to set the an initial condition to its minimum or maximum value or to
the middle range value.

The slider labeled "step size" can be used to adjust the animation rate. The smaller the step size, the more accurate the simulation will
be, but the longer and slower it will run. You can control the simulation by using the trigger options allowing you to make one step
forward or one step backward or to run the simulation to the end or pause it at any time. Before starting new simulation you can reset
the trigger.

The popup menu labeled "display" allows you to select which vectors to view while the simulation is running. You can select the angular

momentum L or the rate of the angular momentum :—It'of the bob. Or select to view the angular velocity vector of the center of gravity
of the bob which is given by w = {9, osiné), ¥ + ¢ 005(9)}.

A number of test cases are available to choose from. When you select a test case, the control variables will be automatically set to
preset values. Then you can click the run button to see the selected test case simulation using those values. When the simulation is
running a specific test case, you will not be able adjust any of the controls on the Ul other than changing to a different test case.
Selecting the special test case O releases the Ul allowing you to adjust other Ul control variables.

If you click on the "info" checkbox on the right side of the display, the following information is displayed while the simulation is

. . . dL
running: The moment of inertia tensor |,, the angular momentum vector L and the rate of change of the angular momentum vector T

and the current values of the 3 angles {6, ¥, ¢} and the 3 angular velocities {9, v, ¢}. The current value of the system kinetic energy

(K.E.) and potential energy (P.E.) are given in units of Kilo Jules (KJ).

The current time in seconds is shown at the lower side of the left part of the display. A zoom slider can be used to zoom into the
display while it is running. This provides limited zooming capability. You can use the build-in Mathematica support for zoom and
panning by clicking on the display then using the ctrl-key. See Mathematica documentation for more information. If you decide to use
the build-in zooming instead of the zoom slider, then you should pause the simulation first to obtain a better control on the zooming
action, then you can resume the simulation.

The trace checkbox on the right side allows you to trace the trajectory of the center of mass of the bob as it moves in the 3D inertial
space. You can adjust the length of the trace trajectory using the slider below the trace checkbox and the thickness of the trace line.
The trace can be cleared at anytime by clicking on the trace checkbox again.

. . . dL .
When the rate of the angular momentum of the bob is not zero, there must exist a torque 7t to account for this since 7 = T This torque

is not displayed in this version of the demonstration. It is generated due to support reaction from the ground.
Reference: Donald T. Greenwood, Principles of Dynamics, Prentice-Hall, 1965, chapter 8.

Reference: Richard Feynman, The Feynman lectures on physics, Addison-Wesley, 1963, pp 20-1,20-8.
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angular momentum
pendulum
spinning cylinder

parallel axis theorem
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