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Rectangular Membrane Fundamental
Modes Of vibration

Initialization Code

Manipulate

Manipulate[

Module[ {xx, yy, opt = {PerformanceGoal -» "Quality", ImageMargins- 1}, r, rO, cO, a00, b00O, color0},
c0 = Sgrt[tension*1000/ (p0%*1076)1];

a00 = a0/1000; (*mm to metersx)

b00 = b0 /1000;

r=w[x, y, a00, b00, m0, n0O, cO, t, t0]; (*saved for tooltip to show analytical formx)

rO=r/. {t->t0, X-»XxX, y->Yyy}; (xused for plottingx)

Which[
color == 1, colorO = Automatic,
color == 2, color0 = (ColorData["TemperatureMap'] [#3] &) ,

color == 3, colorO = Function[{X, Yy, z}, Hue[z]],

color == 4, colorO = "BlueGreenYellow",

color == 5, color0 = "Rainbow",

color == 6, colorO = Function[{X, y}, ColorData[' ' NeonColors"][y]]
1;

Grid[{

{
Which[plotType = "3D",

Plot3D[Tooltip[Evaluateer0, Text[Style[TraditionalForm[r], 12111, {xx, 0, a00}, {yy, O, b00},
Evaluateeopt,

ImageSize -» {350, 436},

PlotRange -» {{0, a00}, {0, b00}, {-yMax, yMax}},
Mesh -> meshLines,

AxeslLabel -» {x, y, u},

PreservelmageOptions -» True,
(xRotationAction-»"Clip", *)
SphericalRegion -» True,

PlotStyle -> Directive[Opacity[opacity]],
ColorFunction - coloroO,

ImagePadding -» {{25, 5}, {10, 10}}],

plotType == ""contour™,

ContourPlot[Evaluateer0O, {xx, 0, a00}, {yy, O, b00},
Evaluateeopt,
ImageSize -» {350, 436},
FrameLabel -» {{y, None}, {x, None}},
ColorFunction - "Pastel",
ImagePadding - 30,
FrameTicksStyle -» 8,
Contours - contoursLines],

plotType == ""both",

Grid[{
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{Plot3D[Tooltip[EvaluateerO, Text[Style[TraditionalForm[r], 12]]], {xx, 0, a00}, {yy, O, b0O},
Evaluateeopt,
ImageSize -» {350, 210},
PlotRange -» {{0, a00}, {0, b0O}, {-yMax, yMax}},
Mesh -> meshLines,
ImagePadding -» {{25, 5}, {10, 10}},
PreservelmageOptions - True,
SphericalRegion -» True,
PlotStyle -> Directive[Opacity[opacity]],
AxesLabel - {x, y, u}]
1,
{
ContourPlot[Evaluateer0O, {xx, 0, a00}, {yy, O, b00},
Evaluateeopt,
ImageSize » {350, 210},
FrameLabel -» {{y, None}, {x, None}},
ColorFunction - "Pastel",
ImagePadding - 30,
FrameTicksStyle -» 8,
Contours - contoursLines]
}
}, Spacings » {0, 0}, Alignment -» Center
1
]
, SpanFromLeft}
}, Alignment - Center, Spacings - 0
]
1,
Text@Grid[{
{
Style[TraditionalForm[Defer[D[u[X, Yy, t], {X, 2}] +D[u[X, Yy, t], {y, 2}1] ==
Defer[HoldForm[1/c”~2] D[u[Xx, Yy, t], {t, 2}]1]1], 141, SpanFromLeft
}s

{
Grid[{
{Grid[{
{

Row[{Style [TraditionalForm [Defer[HoldForm [wmn =Ccrn

{
Dynamic[getW[Sgrt[tension/p0], a0 /1000, b0/1000]]
}

}, Spacings - -1

]
.

{
Dynamic[Grid[
{
{Row[{Style["c", Italic, 12], Spacer[2], "(m/s)"}], Row[{a, " = ", Style[a/b, Italic]}]},
{padlt2[Sqrt[tension/p0], {4, 2}], padlt2[N[a0/b0], {4, 2}]}
}, Frame -» All, FrameStyle -> Directive[Thickness[.001], Gray], Spacings » {.8, .4}
11

11]- 14]. spacer(31. " (hz)"}]

}
}, Alignment - Center, Spacings - {.1, .1}

]
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1

{erid[{
{
Grid[{

{
Style["T", Italic, 127,

Manipulator [Dynamic[tension, {tension=#}&], {0.1, 10, 0.1},

ImageSize -» Small, ContinuousAction - True], Dynamic[padlt2[tension, {3, 1}]], ""N/mm"

},

{

Style[p, Italic, 12],
Manipulator [Dynamic[p0, {00 =#}&], {0.-1, 2, 0.1},

ImageSize -» Small, ContinuousAction » True], Dynamic[padlt2[p0, {2, 1}]1], "kg/mm?*

{
Style["a", ltalic, 127,
Manipulator [Dynamic[a0, {a0O =#} &], {10, 1000, 1},

ImageSize -» Small, ContinuousAction - True], Dynamic[padlt2[a0, 4]], ""mm

},

Style["b", Italic, 121,
Manipulator [Dynamic[bO, {bO =#} &], {10, 1000, 1},

ImageSize -» Small, ContinuousAction - True], Dynamic[padlt2[b0, 4]], “‘mm"

}
}. Spacings » {.4, 0}, Alignment » Left
]
}

}, Spacings -» {.5, .6}, Alignment - Center
], SpanFromLeft

},

{
Grid[{
{
Grid[{
{Item[Style["modes to excite'", 12], Alignment -» Center], SpanFromLeft},
{
Grid[{
{Style["m", ltalic, 127,
TogglerBar [Dynamic[mO, {mO = #} &], Range[5]]
1,
{Style["n", Italic, 12],
TogglerBar [Dynamic[nO, {nO = #} &], Range[5]]
}
}, Spacings » {.-3, .2}, Alignment -» Left
]
}

}, Spacings » {.5, .6}, Alignment -» Center
1,

Grid[{
{
Style["plot type", 10],
PopupMenu [Dynamic[plotType, {plotType = #} &],
{
"3D" » Style["3D plot", 10],
"contour™ -» Style["contour plot", 10],
"both" » Style["3D+contour", 10]
}, ImageSize -> All
]
}

{
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Style["3D color", 107,
PopupMenu[Dynamic[color, {color =#} &],

}, ImageSize -> All
]
}
}, Spacings » {0.2, 0.1}, Alignment -» Left
1

}
}, Spacings -» {.3, .6}, Alignment -» Center, Frame - True, FrameStyle -> Directive[Thickness[.001], Gray]
]
}

B

{
Grid[{
{
Grid[{
{
Texte'animate', Trigger[Dynamic[tO, {tO =#} &], {0, 10000}, AnimationRepetitions - Infinity,
AnimationRate -» 10, ImageSize - Tiny, AppearanceElements - {"TriggerButton", "PauseButton",

"ResetButton™}, DisplayAllSteps » True], Dynamic[padlt2[t0O, {7, 2}]], " sec"
1,
{Texte"plot range", Manipulator[Dynamic[yMax, {yMax = #} &], {0.1, 15, 0.1},
ImageSize -» Small, ContinuousAction - True], Dynamic[padlt2[yMax, {3, 1}]], " m"
1,

{Texte@"mesh lines", Manipulator[Dynamic[meshLines, {meshLines =#} &], {0, 20, 1},
ImageSize -» Small, ContinuousAction - True], Dynamic[padlt2[meshLines, 2]]

1,

{Texte"opacity", Manipulator[Dynamic[opacity, {opacity =#} &], {0.01, 1, 0.01},
ImageSize -» Small, ContinuousAction - True], Dynamic[padlt2[opacity, {2, 2}]]

1,

{

Texte''contour lines",

Manipulator [Dynamic[contoursLines, {contoursLines =#} &], {1, 16, 1},

ImageSize -» Small, ContinuousAction - True], Dynamic[padlt2[contoursLines, 2]],

}
}, Spacings » {.3, .1}, Alignment -» Left
]

}
}, Spacings » {.5, .6}, Alignment - Center, Frame -» False], SpanFromLeft

}, Alignment - Center, Spacings » {0.5, .4}, Frame » True, FrameStyle -> Directive[Thickness[.001], Gray]

{{color, 1}, None},
{{tension, 0.1}, None},
{{e0, 1}, None},
{{opacity, .8}, None},
{{yMax, 1.6}, None},
{{t0, 0}, None},

{{a0, 100}, None},
{{b0O, 100}, None},
{{mO, {1}}, None},
{{n0, {1}}, None},
{{meshLines, 10}, None},
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{{plotType, 3D}, None},
{{contoursLines, 10}, None},

SynchronousUpdating - False,
Alignment - Center,

ImageMargins -» 2, (ximportantx)
FrameMargins -» 1,
Synchronouslinitialization -» True,
ContinuousAction - False,
Alignment -> Center,

Paneled - True,

Frame - False,

AutorunSequencing » Automatic,

ControlPlacement - Left,
Initialization :»

{

integerStrictPositive = (IntegerQ[#] & #>04&);
integerPositive = (IntegerQ[#] & #204&);
numericStrictPositive = (Element[#, Reals] & #>04&) ;
numericPositive = (Element[#, Reals] & #2>04&) ;
numericStrictNegative = (Element[#, Reals] && #<0&);
numericNegative = (Element[#, Reals] & #<04&) ;

bool = (Element[#, Booleans] &) ;

numeric = (Element[#, Reals] &) ;

integer = (Element[#, Integers] &) ;

(hmmmmm e - *)
(* helper function for formatting *)
(k= mmm e e e *)

padltl[v_?numeric, f_List] :=
AccountingForm[Chop[v] , F, NumberSigns -» {"-", "+"}, NumberPadding - {"'0"", 0"}, SignPadding - True];

(hmmmmm e - *)
(* helper function for formatting *)
(k= mmm e e e *)

padlt2[v_?numeric, f_List] :=
AccountingForm[Chop[v] , F, NumberSigns - {""", """}, NumberPadding - {""0"", 0"}, SignPadding - True];
padlt2[v_?numeric, f_Integer] := AccountingForm[Chop[v] , f, NumberSigns -» {""*, """},

NumberPadding -» {*'0", 0"}, SignPadding - True];

vv[x_, y ,a ,b_,mm_,nn_,c_, t, tO_] o= Module[(m, n, f},
Sum[Sum[

If[MemberQ[mm, m] && MemberQ[nn, nJ,
f=Nefreq[c, a, b, m, n];

mPI X nPiy
Sin[ ]Sin[ ] If[t0 =0, 1, (Cos[Ft] +Sin[Ft])], o],
b
(. 1, 5],
{n, 1, 5}
E
(hmmmmmm e - *)

getW[c_, a_, b_] := Module[{m, n, g, wmn},
g =Table[0, {6}, {6}];
wmn = Table[padlt2[Nefreq[c, a, b, m, n]/ (2%Pi), {6, 2}1, {m, 1, 5}, {n, 1, 5}1;
gl[l, AIllT =¢{"", 1, 2, 3, 4, 5};
gl[All, 111 ={"", 1, 2, 3, 4, 5};
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élﬁZ 3, i;;]]r=wmn;
gl[1, 111 =Style["n\\m", Italic];
Grid[g, Frame » All, FrameStyle -> Directive[Thickness[.001], Gray], Spacings -» {.8, -8}]

Puxyt) | Puyb 1 Puyib)

1
PYa ay? 2 o

m? 2
wmn=Cm | T+ 5% (o)

n\m 1 2 3 4 5

0002.24 | 0003.54 | 0005.00 | 0006.52 | 0008.06
0003.54 | 0004.47 | 0005.70 | 0007.07 | 0008.51
0005.00 | 0005.70 | 0006.71 | 0007.91 | 0009.22
0006.52 | 0007.07 | 0007.91 | 0008.94 | 0010.12
0008.06 | 0008.51 | 0009.22 | 0010.12 | 0011.18

gl | W N| -

c(m/s) A:%
00.32 | 01.00

T {)———— = 001 N/mm
P N 1.0 kg/mn?
a = J—— 0100 mm

b —}——— = 0100 mm

modesto excite

plot type | 3D plot \V4
mi1 2|3|4(5

nITZ 314|5 3D color 1

animate [ |1l | K | 00000.00 sec
plotrange ~—{}———— = 01.6 m
mesh lines ] 10

Ananihy JE i N nan
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contour lines 10

()

Caption

This is an animates of 2D membrane vibration for a selected combination of modal vibration shapes. The membrane is fixed on all four

edges. You can select any combination of the first five spatial modes (m, n). The fundamental mode is given by m=1 and n= 1. The PDE
12,

is given by V2u= é {ZT: where u(x, y, t) is the amplitude of membrane. You can change the width and length of the membrane using the

sliders, change the tension and surface density and see the new motion played in time. 3D and contour plots are available. The contour

plot can be used to observe the modal shape lines as is commonly displayed in text books diagrams on this subject.

Thumbnail
QPU(x,y,b) + Auxyd 1 dPuxyb
2 N R
rnZ 2
wmn = (C7) a_z'f'z_g (hz)
nm 1 2 3 4 5
1 | 0002.24 | 0003.54 | 0005.00 | 0006.52 | 0008.06
2 | 0003.54 | 0004.47 | 0005.70 | 0007.07 | 0008.51
3 | 0005.00 | 0005.70 | 0006.71 | 0007.91 | 0009.22
4 | 0006.52 | 0007.07 | 0007.91 | 0008.94 | 0010.12
5 [0008.06 | 0008.51 | 0009.22 | 0010.12 | 0011.18
c(m/s) [A=1
00.32 | 01.00
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Details

. . . . [ e 2 . . . .
The characteristic frequencies for 2D membrane motion are given by wm, = Cn pras ;—2 where a is the length in the x dimension and b

is the length in the y direction. These characteristic frequencies also called the eigenvalues of the solution. These are the frequencies

that the membrane vibrates with in time. The spatial frequencies are given by % and % along the x and Yy directions respectively.

The full solution of the PDE is made up of the spatial and time parts of the solution (obtained using separation of variables method) and
is given by 331 31 (Ann COS(@mn t) + Bmn SIN(wmn ) Sin(%) sin(?). The coefficients Aqn and By, are found from initial conditions. To
simplify this demonstration it is assumed that initial conditions (initial position and velocity of the membrane) are such that they result
in A and By, being unity. Hence the solution becomes Y1 Yreq (COS(Wmn t) + SIN(Wmn t))s'n(%)sin(?) and this is the solution which is
animated.

This demonstration support up to m=5 and n =5 modes. You select the parameter a, b, T, p from the sliders and see the resulting

vibration using those selected modes. The wave speed is C = " where T is the tension the membrane bears per unit length of its
f

boundary. Hence T has units of N/m and p is the membrane mass per unit of surface area, therefore p has units of kg per 2. ¢
represents the wave speed (in the transversal direction) and has units of m per sec.
Tension is assumed constant and gravity effect is ignored and no damping is assumed.

In the entry of the parameters, the tension and density are read per mm and internally converted to the Sl unit of meter.

A table of the characteristic frequencies wyy, is printed in the left side in units of hz. You select the modes to excite by using the dialog
shown on the left. A mode is selected and un-selected by pressing on the button specific to that mode. Moving the mouse over the 3D
plot you can see the full analytical solution using the selected modes.

The boundary conditions is that the membrane is fixed on all four edges.
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