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Linear Quadratic Regulator Control of
an Inverted Pendulum with Friction

Initialization Code

Manipulate

Manipulate |
tick;
needToTick = False;

currentTime = currentTime + delT;
IT[( (currentTime + delT) < simulationTime) && (run | | oneStep),

(
invertedPendulumemakeStep [delT] ;

1f[oneStep,
(
oneStep = False;
run = False
)
(
needToTick = True

)

)15

{cx, ctheta, cxSpeed, cThetaSpeed} = invertedPendulumegetCurrentPosition[];
displayeaddPoint[cx, cxSpeed, ctheta, cThetaSpeed, currentTime];

finalPlot = displayegetPlot[];

I1f[needToTick, tick +=del];

FinishDynamic[];

finalPlot,

Grid[{
{Button[TexteStyle["run", 12], {run = True; oneStep = False;
displayereset[simulationTime, delT, ic]; currentTime = 0; tick +=del}, ImageSize -> {50, 35}],

Button[TexteStyle["step', 12], {run = True; oneStep = True, tick +=del}, ImageSize -> {50, 35}1},

{
Button[TexteStyle["stop™, 12], {run = False; oneStep = False; tick +=del}, ImageSize -> {50, 35}],
Button[TexteStyle["reset", 12], {currentTime = -delT; invertedPendulumereset[]; displaye

reset[simulationTime, delT, ic]; run = False; oneStep = False; tick += del}, ImageSize -> {50, 35}]

}
}, Spacings » {0.2, 0.2}, Alignment -» Center],

Grid[{

{TexteStyle["time", 12],
Manipulator [Dynamic[simulationTime, {simulationTime = #; currentTime = -delT; invertedPendulumereset[];

displayereset[simulationTime, delT, ic]; run=False; tick +=del} &], {1, 100, 1}, ImageSize - Tiny],
TexteStyle[Dynamicepadlt2[simulationTime, {3, 0}], 11]
}s

{TexteStyle["slow", 12],
Manipulator [Dynamic[delT, {delT =#; currentTime = -delT; invertedPendulumereset[];

displayereset[simulationTime, delT, ic]; run=False} &], {0.01, 0.3, 0.01}, ImageSize - Tiny],

Printed by Wolfram Mathematica Student Edition ©1988-2013 Wolfram Research, Inc. All rights reserved.



Printed from the Mathematica Help System

Text@Stryler["fast" ,7 12]
}
}, Frame -» True, FrameStyle -> Directive[Thickness[.001], Gray]
1,

Grid[{
{TexteStyle["6(0)", 12],
Manipulator [
Dynamic[ic, {ic=#; currentTime = -delT; run = False; displayereset[simulationTime, delT, ic];
invertedPendulumesetinitialAngle[ic+Pi/180.]; tick +=del} &], {70, 110, 1}, ImageSize » Tiny],
Text[Row[ {Style[Dynamicepadlt2[ic, {3, 0}], 11], Degree}]]
}s
{TexteStyle[Row[{Style["x", Italic], "(0)"}1, 127,
Manipulator [
Dynamic[icx, {icx =#; currentTime = -delT; run = False; displayereset[simulationTime, delT, ic];
invertedPendulumesetlinitialX[icx]; tick +=del} &], {-2, 2, 0.1}, ImageSize -» Tiny],
Text[Row[{Style[Dynamicepadltl[icx, {2, 1}], 11]1}]]
}
}, Frame -» True, FrameStyle -> Directive[Thickness[.001], Gray]l],

Grid[{
{TexteStyle["bob mass", 12],
Manipulator [
Dynamic[bobMass, {bobMass = #; currentTime = -delT; run = False; displayereset[simulationTime, delT, ic];
invertedPendulumesetBobMass[bobMass] ; tick +=del} &], {0.1, 10, 0.1}, ImageSize » Tiny],
TexteStyle[Dynamicepadlt2[bobMass, {3, 1}]1, 11]
}s

{TexteStyle["cart mass", 12],
Manipulator [Dynamic[cartMass,
{cartMass = #; currentTime = -delT; run = False; displayereset[simulationTime, delT, ic];
invertedPendulumesetCartMass[cartMass]; tick +=del} &], {0.1, 10, 0.1}, ImageSize -» Tiny],
TexteStyle[Dynamicepadlt2[cartMass, {3, 1}], 11]
}s

{TexteStyle["length", 12],

Manipulator [Dynamic[pendulumLength, {pendulumLength = #; currentTime = -delT; run = False;
displayereset[simulationTime, delT, ic]; invertedPendulumesetPendulumLength[pendulumLength];
tick +=del} &], {1, 2, 0.01}, ImageSize -» Tiny],

TexteStyle[Dynamicepadlt2[pendulumLength, {2, 1}], 11]

}

}, Frame -» True, FrameStyle -> Directive[Thickness[.001], Gray]
1,

Grid[{
{TexteStyle["Q matrix diagonal*, 12], SpanFromLeft},
{TexteStyle[Row[{Style["x", Italic], " (", Style["t", ltalic], ")"}], 12],

Manipulator [Dynamic[positionWeight, {positionWeight = #; currentTime = -delT; run = False;
displayereset[simulationTime, delT, ic]; invertedPendulumesetPositionWeight[positionWeight];
tick +=del} &], {1, 1000, 1}, ImageSize - Tiny],

TexteStyle[Dynamicepadlt2[positionWeight, {4, 0}], 11]

}s

{TexteStyle[Row[{Style["x"", Italic], " (", Style["t", Italic], "™)"}], 12],
Manipulator [Dynamic[linearVelocityWeight,
{linearVelocityWeight = #; currentTime = -delT; run = False; displayereset[simulationTime, delT, ic];
invertedPendulumesetLinearVelocityWeight[linearVelocityWeight];
tick +=del} &], {1, 1000, 1}, ImageSize - Tiny],
TexteStyle[Dynamicepadlt2[linearVelocityWeight, {4, 0}], 12]
}s

{TexteStyle[Row[{"e (", Style["t", Italic], ")"}], 12],
Manipulator [Dynamic[angleWeight,
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{ahgleWeié]hf =H#; ciurrientTimie = -delT; run =False; displayereset[simulationTime, delT, ic];
invertedPendulumesetAngleWeight[angleWeight]; tick += del} &], {1, 1000, 1}, ImageSize -» Tiny],
TexteStyle[Dynamicepadlt2[angleWeight, {4, 0}], 11]
}s

{TexteStyle[Row[{"e" ("', Style["t", Italic], ")"}], 12],
Manipulator [Dynamic[angluarVelocityWeight,
{angluarVelocityWeight = #; currentTime = -delT; run = False; displayereset[simulationTime, delT, ic];

invertedPendulumesetAngluarVelocityWeight[angluarVelocityWeight];
tick +=del} &], {1, 1000, 1}, ImageSize - Tiny],

TexteStyle[Dynamicepadlt2[angluarVelocityWeight, {4, 0}], 11]

}}, Frame » True, FrameStyle -> Directive[Thickness[.001], Gray]

1,

Grid[{
{TexteStyle["friction coefficients", 12], SpanFromLeft},
{TexteStyle["static", 11],

Manipulator [Dynamic[staticFrictionCoefficient, {staticFrictionCoefficient =#; currentTime = -delT;
run = False; invertedPendulumesetStaticFriction[staticFrictionCoefficient];
displayereset[simulationTime, delT, ic]; tick +=del} &], {0, 0.1, 0.05}, ImageSize - Tiny],

TexteStyle[Dynamicepadlt2[staticFrictionCoefficient, {3, 2}], 11]

1,
{TexteStyle["kinetic", 11],

Manipulator [Dynamic[kineticFrictionCoefficient, {kineticFrictionCoefficient = #; currentTime = -delT;
run = False; invertedPendulumesetKineticFriction[kineticFrictionCoefficient];
displayereset[simulationTime, delT, ic]; tick +=del} &], {0, 0.05, 0.01}, ImageSize - Tiny],

TexteStyle[Dynamicepadlt2[kineticFrictionCoefficient, {3, 2}], 11]

}s
{TexteStyle["viscous", 11],

Manipulator [Dynamic[viscousFrictionCoefficient, {viscousFrictionCoefficient =#; currentTime = -delT;
run = False; invertedPendulume@setViscousFriction[viscousFrictionCoefficient];
displayereset[simulationTime, delT, ic]; tick +=del} &], {0, 6, 0.05}, ImageSize » Tiny],

TexteStyle[Dynamicepadlt2[viscousFrictionCoefficient, {3, 2}], 11]

}
}, Alignment -» Center, Frame -» True, FrameStyle -> Directive[Thickness[.001], Gray]
1,

{{oneStep, False}, None},
{{currentTime, -0.1}, None},
{tick, None},

{{run, False}, None},

{p, None},

{cx, None},

{ctheta, None},

{cxSpeed, None},
{cThetaSpeed, None},

{{ic, 75}, None},

{{icx, 1}, None},

{{bobMass, 1}, None},
{{cartMass, 10}, None},
{{pendulumLength, 2}, None},
{{delT, 0.1}, None},

{{del, $MachineEpsilon}, None},
{finalPlot, None},

{{positionWeight, 100}, None},
{{linearVelocityWeight, 10}, None},
{{angleWeight, 10}, None},
{{angluarVelocityWeight, 1}, None},
{{simulationTime, 10}, None},

{{staticFrictionCoefficient, 0.05}, None},
{{kineticFrictionCoefficient, 0.03}, None},
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{{viscousFrictionCoefficient, 3.0}, None},
{needToTick, None},

TrackedSymbols » {tick},

SynchronousUpdating - False,
ContinuousAction - False,
Synchronouslinitialization -» True,
Alignment -> Center,

ImageMargins -» 0,

FrameMargins - 0,

Paneled -» True,

Frame - False,

ControlPlacement » Left,
AutorunSequencing » {1},

Initialization :»

{

ContentSizeW = 430;
ContentSizeH = 520 ;

padltl[v_? (NumericQ[#] & Im[#] == 0&), f_List] := AccountingForm[Chop[Nev] ,
f, NumberSigns -> {""-"", "+"}, NumberPadding -> {*'0"", 0"}, SignPadding -> True];

padlt2[v_? (NumericQ[#] & Im[#] ==08&), f_List] :=

AccountingForm[Chop[Nev] , f, NumberSigns -> {"""", """}, NumberPadding -> {"'0", "0"}, SignPadding -> True];

invertedPendulumClaSS[$bobMass_, $cartMass_, $pendulumLen_, $staticFriction_, $kineticFriction_,

$viscousFriction_, $initialAngle_, $initialX_, $stepSize_, $positionWeight_,
$linearVelocityWeight_, $angleWeight_, $angluarVelocityWeight_, $x_, $6_, $t_] i= Module[{

bobMass = $bobMass,

cartMass = $cartMass,

pendulumLen = $pendulumLen,

staticFriction = $staticFriction,
kineticFriction = $kineticFriction,
viscousFriction = $viscousFriction,
initialAngle = $initialAngle,

initialX = $initialX,

positionWeight = $positionWeight,
linearVelocityWeight = $linearVelocityWeight,
angleWeight = $angleWeight,
angluarVelocityWeight = $angluarVelocityWeight,

X = $X,
e="%e,
t=%t,
eqgns,

lastAngle = $initialAngle,
lastX = $initialX,
lastSpeed =0,
lastAngularSpeed =0,
lastAppliedForce =0,
lastCoulombForce =0,
lastViscousForce =0,
normalForce,
stateControlExpression,
closedLoopEigenvalues,
gain,

f,

model,

self,
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update,
init,
calculateFrictionForce},

(xprivate methods =x)
init[] := Module[{ke, pe, lag, eql, eq2, g=9.8, currentSolution},

ke=1/2cartMass x " [t] "2 +
1/2bobMass % (x"[t] 2 + pendulumLen”™2x6"[t] "2 -2 Xx"[t] *pendulumLenxe6 " [t] Sin[e[t]]);

pe = bobMass * g * pendulumLen* Sin[e[t]];

lag = ke - pe;

eql=D[D[lag, 6" [t]], t] -D[lag, e[t]] == 0;

eg2=D[D[lag, x"[t]], t] -D[lag, x[t]] == F[t] - viscousFriction*x"[t];

eqns = {eql, eq2};

model = StateSpaceModel [egns,
{{x[t1, 0}, {x"[t], O}, {e[t], Pi/2}, {e"[t], O}}, {{F[t], O}}, {e[t], X[t]}, t];

gain = FirsteLQRegulatorGains[N[model], {DiagonalMatrix[
{positionWeight, linearVelocityWeight, angleWeight, angluarVelocityWeight}], {{1}}}1;
stateControlExpression = {x[t], x"[t], ©[t] -Pi/2, e"[t]};
closedLoopEigenvalues =
{{Eigenvalues[First[Normal [SystemsModelStateFeedbackConnect[N[model], {gain}1111}};

lastAngle = initialAngle;

lastX = initialX;

lastSpeed = 0;

lastAngularSpeed = 0;

normalForce = (cartMass + bobMass) *9.8
1;

(*public methodsx)
self@makeStep[delT_] = Module[{currentSolution, initialConditions, effectiveForce},

initialConditions = {x[0] == lastX, x"[0] == lastSpeed, 6 "[0] == lastAngularSpeed, 6[0] == lastAngle};
lastAppliedForce = -gain. stateControlExpression /.
{x[t] » lastX, e[t] -> lastAngle, x"[t] » lastSpeed, 6" [t] » lastAngularSpeed};

currentSolution =
Firstelf[Abs[lastSpeed] < $MachineEpsilon,
(
effectiveForce = If[Abs[lastAppliedForce] < normalForce » staticFriction,
0,
- (gain.stateControlExpression) - normalForce = staticFrictionsSign[lastAppliedForce]
1;

NDSolve[Join[egns /. F[t] » (effectiveForcexUnitStep[t]),
initialConditions], {x, 6, x", 6"}, {t, 0, delT}]
)
(
lastCoulombForce = -kineticFriction*normalForce = Sign[lastSpeed] ;
lastViscousForce = -viscousFriction x lastSpeed;

NDSolve[Join[egns /. F[t] » (- (gain.stateControlExpression) + lastCoulombForce xUnitStep[t]),
initialConditions], {x, 6, x", 6"}, {t, 0, delT}]
)
1;

lastSpeed = (x " /. currentSolution) [delT];
lastAngle = (6 /. currentSolution) [delT];
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lastX - (X /.chrrentSqution) [derl'li'] H
lastAngularSpeed = (6" /. currentSolution) [delT]
1;

selfereset[] := (Iinit[]);

selfesetStaticFriction[v_] := (staticFriction=v; init[]);
selfesetKineticFriction[v_] := (kineticFriction=v; init[]);
self@setViscousFriction[v_] := (viscousFriction=v; init[]);

selfesetCartMass|[v_] := (cartMass = v; init[]);
selfesetBobMass[v_] := (bobMass = v; init[]);
self@setPendulumLength[v_] := (pendulumLen = v; init[]);
selfesetlnitialAngle[v_ i
selfesetlnitialX[v_] :=

= (initialAngle = v; init[]);
i

]:
(init

alX =v; init[]);
selfesetPositionWeight[v_] := (positionWeight = v; init[]);
selfesetlLinearVelocityWeight[v_] := (linearVelocityWeight = v; init[]):
selfesetAngleWeight[v_] := (angleWeight = v; init[]);
selfesetAngluarVelocityWeight[v_] := (angluarVelocityWeight = v; init[]):

selfegetCurrentPosition[] := ({lastX, lastAngle, lastSpeed, lastAngularSpeed}) ;
selfegetGain[] :=gain;
selfegetFrictionType[] := (
TexteStyle[If[Abs[lastSpeed] < $MachineEpsilon, "static™, "kinetic"], 11]);
selfegetStateSpace[] := model;
selfegetAppliedForce[] := lastAppliedForce;
selfegetCoulombForce[] := lastCoulombForce;
selfegetViscousForce[] := lastViscousForce;
selfegetPendulumLength[] := pendulumLen;
selfegetClosedLoopEigenvalues[] := closedLoopEigenvalues;

(xconstructorx)
init[];
self

displayCIass[$simulationTime_, $delT_, $initiaIAngIe_] o=
Module[{simulationTime=$simulationTime, delT = $delT, initialAngle = $initialAngle, xyData,
currentindex, init, makePolesAndZerosCoordinates, polesPlot, getStatistics, self},

init[] := (
xyData = Table[{0, O, 0, 0, 0}, {Floor[simulationTime/delT] +1}1;
currentlndex = 0;
xyData[[1l, 4]] = initialAnglexPi/180.

makePolesAndZerosCoordinates [ poi nts_] := Module [ {xy},
xy = Flatten[Replace[points, {Complex[x_, y_] = {X, y}, x_?NumericQ = {x, 0}}, {3}], 1];
Cases[xy, {_?NumericQ, _?NumericQ}, {2}]

polesPIot[poles_, plotSter_] := Module[ {polesPoints, plotOptions},

plotOptions = {AxesOrigin - {0, 0},
ImagePadding -» {{20, 20}, {20, 0}},
Frame - True,

ImageMargins -» 1, AspectRatio - 1};

polesPoints = makePolesAndZerosCoordinates[poles];
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ListPlot[polesPoints,
AxesOrigin - {0, 0},
PlotMarkers -» Style["®", plotStyle, 11],
GridLines » Automatic, GridLinesStyle -> Directive[Dashed, Thickness[.001], LightGray],
EvaluateeplotOptions,
PlotRange - {
{Min[-1.2, 1.2xMin[polesPoints[[All, 1111 ], Max[1.2, 1.2xMax[polesPoints[[All, 11111},
{Min[-1.2, 1.2xMin[polesPoints[[All, 2]]1 1], Max[1.2, 1.2xMax[polesPoints[[All, 2111 1}
1,
ImageSize -» {0.4 ContentSizeW, 0.4 ContentSizeH},
ImageMargins -» 0,
PlotLabel -> Text[Row[{"[", Style["A-BK", Italic, 12], Style["] eigenvalues™, 12]}]]

self@reset[$simulationTime2_, $delT2_, $initiaIAngIe2_] i=
(
simulationTime = $simulationTime2;
delT = $delT2;
initialAngle = $initialAngle2;
init[]

self@addPoint[x_, XxSpeed_, angle_, angleSpeed_, currentTime_] i=
(
currentindex ++;
xyData[ [currentlndex]] = {currentTime, x, xSpeed, angle 180 /Pi, angleSpeed}

getStatistics[] := Module[{c},
If[currentindex == 0, c =1, c = currentlndex] ;

Grid[{
{TexteStyle[Row[{"time = ", padlt2[xyData[[c, 111, {4, 2}], " sec"}], 12],
Text[Row[ {Style["x", ltalic, 12], " = ",

Style[padltl[xyData[[c, 2]], {4, 3}], 121, " ", Style["m", Italic, 12]}1],
TexteStyle[Row[{"'e = ", padlt2[xyData[[c, 4]], {4, 2}], " deg"}], 12]

1,

{

Text[

Row[{Style["x" (t)", Italic, 12], " = ", padltl[xyData[[c, 3]1, {5, 4}]1, Style[" m/sec", 12]1}]1,

Text[Style[Row[{"e "(t) = ", padltl[xyData[[c, 5]], {5, 4}], " rad/sec"}], 12]],

}

{Text[Row[{Style["K", Italic, 12], Style[" (state gain vector) = ", 12],

TraditionalForme@NumberForm[Style[invertedPendulumegetGain[], 11], {5, 2}, SignPadding -

True, NumberPadding -» {"'0", 0"}, NumberSigns -» {""-"", "+"}1}11, SpanFromLeft

1,

{Text[Row[{Style["f", Italic, 12], " = ", Style[

padltl[invertedPendulumegetAppliedForce[], {5, 3}], 12], "™ ", Style["N", Italic, 12]}]1],

Text[Row[{Style["F. ", ltalic, 12], " = ", Style[padltl[invertedPendulume
getCoulombForce[], {5, 3}1, 121, "™ ', Style["N", Italic, 12]}]1],

Text[Row[{Style["F,”, Italic, 12], " = ", Style[padltl[invertedPendulume
getViscousForce[], {5, 3}1, 121, " ", Style["N", Italic, 12]1}]1]

}

}, Frame - All, Spacings -» {0.5, .2}, FrameStyle -> Directive[Thickness[.001], Gray]
1
1;
(hmmmmmm - *)

selfegetPlot[] := Module[{g0, g1, g2, g3, g4, c, len},

Printed by Wolfram Mathematica Student Edition ©1988-2013 Wolfram Research, Inc. All rights reserved.



Printed from the Mathematica Help System

g0 = polesPlot[invertedPendulumegetClosedLoopEigenvalues[], Blue];
len = invertedPendulumegetPendulumLength[];
If[currentindex ==0, c =1, c =currentlndex];
gl = Graphics|[
{
{Blue, Rectangle[{xyData[[c, 2]] -1/2, 0}, {xyData[[c, 2]] +1/2, 3/15}]},

{
Red,
Line[{
{xyData[[c, 2]], 3/15},
{xyData[[c, 2]] + lenxCos[xyData[[c, 4]] *Pi/180], 3/15+ lenxSin[xyData[[c, 4]] «Pi/180]}
11
1,

{Disk[{xyData[[c, 2]] + lenxCos[xyData[[c, 4]] =Pi/180],
3/15 + len*Sin[xyData[[c, 4]] *Pi/180]1}, .15]}
1,
PlotRange -» {{-4, 4}, {-0.5, 1.4xlen}},
ImageSize -» {0.4 ContentSizeW, 0.4 ContentSizeH},
AspectRatio-» 1,
Frame - True,
Axes -» True,
AxesStyle - Dashed,
FrameLabel -» {{None, None}, {Style["x", Italic, 12], None}},
ImagePadding -» {{22, 5}, {33, 5}},
ImageMargins -» O
1;

g2 = ListPlot[xyData[[l;;c, 1;; 211,
PlotRange » {{0, simulationTime}, All},
Joined -» True,
ImagePadding -» {{40, 10}, {36, 35}},
Frame -» True,
ImageSize -» {0.51 ContentSizeW, 0.43 ContentSizeH}, FrameLabel -
{{None, None}, {TexteStyle['time (sec)', 12], TexteStyle[" cart position vs. time", 12]}},
ImageMargins -» 0,
GridLines » Automatic, GridLinesStyle -> Directive[Dashed, Thickness[.001], LightGray],
PlotStyle - Red,
AspectRatio- 1,
Axes - None,
Epilog -» {Dashed, Thin, Line[{{0, 0}, {simulationTime, 0}}1}
1;

g3 = ListPlot[xyData[[1l;;c, {1, 4}1],
PlotRange -» {{0, simulationTime}, All},
Joined » True,
ImagePadding -» {{40, 10}, {36, 35}},
Frame -» True,
ImageSize -» {0.51 ContentSizeW, 0.43 ContentSizeH}, FrameLabel -
{{None, None}, {TexteStyle['time (sec)', 12], TexteStyle[" bob angle vs. time", 12]}},
ImageMargins -» 0,
GridLines » Automatic, GridLinesStyle -> Directive[Dashed, Thickness[.001], LightGray],
PlotStyle -» Red,
AspectRatio- 1,
Axes - None,
Epilog -» {Dashed, Thin, Line[{{0, 90}, {simulationTime, 90}}1}
1;

g4 = getStatistics[];

Grid[{{g4, SpanFromLeft}, {g0, g1}, {92, g3}}, Spacings - {0, O},
Alignment -» Center, Frame -» All, FrameStyle -> Directive[Thickness[.001], Gray]]

1:
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init[];
self

|E

invertedPendulum =

invertedPendulumClass[1, 10, 2, 0.1, 0.03, 3, 75xPi/180., 1, 0.05, 100, 10, 10, 1, x, 6, t];

display = displayClass[10, 0.05, 5];

time = 80.34 sec

X=+1.000m

9 = 75.00 deg

X'(t) = +0.0000 m/sec |0 '(t) = +0.0000 rad/sec

K (state gain vector) = {-010.00, —027.20, +385.36, +169.60}

}
]
run step
stop reset
time (J— = o080.
dow ——[— fast
600 —)— 096.°
x(0) ———[}— +1.0
bob mass —{} 01.0
cart mass F = 100
length —}— 13
Q matrix diagonal
X(t) ——}—— = 0445,
X(t) {J—— 0010.
0(t) <(J——— = 0010.
o) {J—— 0001.
friction coefficients
static 0.10
kinetic 0.05
viscous J— 3.00
Caption

f =+00.000N | Fc=+00.000N |F,=+00.000N
_[A-BK] eigenvalues 25} | 1 |
10f ] !
20} |
05¢ ® 1 15} i
|
008 Lo }
05Ff 1
-05¢ 1 |
® 00F--------1 -
~10F ] |
Ll Lol -05 : ‘ :
~25-20-15-1.0-0500 05 1.0 - -2 0 2
X
cart position vs. time bob angle vs. time
20F 7
140}
120
151 1
100}
10} 1 80¢
60 [
05 ] 40
20f
0 of ! ! ! !
0 2 4 6 8 10 0 2 4 6 8
time (sec) time (sec)

The linear quadratic regulator (LQR) method is used to generate a control force that brings an inverted pendulum from an initial
condition back to the upright position in an optimal way. The state space X'(t) = AX(t) + Bu(t) is used to represent the dynamics of the
system. Static and Coulomb friction forces act as external disturbances. Coulomb friction causes an oscillation of the cart position
around the equilibrium position (X = 0). When only viscous friction is present, LQR brings the pendulum to the upright position since
viscous friction is included in the A state matrix, while Coulomb friction is included in neither the A nor the B matrix. A standard friction
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model is used and is described below. The eigenvalues of the closed loop state matrix A — BK (where K is the gain vector generated by
LQR) are all located in the left side of the complex plane, showing that the resulting system is stable.

Thumbnail
time = 10.30 sec X=+1.000m 6 = 75.00 deg
run step X'(t) = +0.0000 M/sec |6 '(t) = +0.0000 rad/sec
K (state gain vector) = {-010.00, —027.20, +385.36, +169.60}
stop o f-=+00.000N | Fc -+00.000N  |F,=+00.000N
time —{}— 010. _[A-BK] eigenvalues 25f 1
|
dow —{}—— fast Lo ] 200 |
® |
05r 1 L |
000 —}——— = 075.° 15 |
101 |
X(0) ——}— = +10 00— |
051 |
05+ |
bob mass < }——— = 01.0 ® 00 -~ -L o
cart mass ———(} @ 100 -op ] ~05 ‘ 1 ‘
-, ~25-20-1.5-1.0-0500 05 1.0 -4 -2 0 2
engt [ 20 X
Q matrix diagonal
X(t) ={f— 0100. cart position vs. time bob angle vs. time
207 ‘ ‘ ‘ ‘ 3 ‘ ‘ ‘ ‘
X(t) {J——— = 0010. 140
o) F——— = 0010, 15 ] 1201
gty J———— = 000L e A I SR
80
101
friction coefficients 6ol
dtatic 0 0.05 o5l ] 200
kinetic (J— = 003 207
. 00k-c————m === 2=~~~ ok | | | |
VIR 0 3.00 0 2 4 6 8 10 0 2 4 6 8
time (sec) time (sec)
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time = 12.01 sec X=+1.000m 6 = 75.00 deg
run step X'(t) = +0.0000 mysec |6 (t) = +0.0000 rad/sec
K (state gain vector) = {-010.00, —027.20, +385.36, +169.60}
stop reset f-+00.000N | F,-+00.000N |F,=+00.000N
time —{}— 012. _[A-BK] eigenvalues 25f | 1 |
|
dow {J——— = fast Lop ] 20/ |
® |
05r 1 L |
0(0) ———} = 110° 15 |
101 |
X0 —J}—= -11 00—® |
051 |
-05¢ 1 |
bob mass ———} = 100 ® ool .. mm_
cart mass {J——— = 00.1 - ] 05 ‘ 1 ‘
-, ~2520-15-1.0-0500 05 10 -4 -2 0 2
engh ——[} 20 X
Q matrix diagonal
X(t) —{f—— 0100. cart position vs. time bob angle vs. time
20F ‘ ‘ ‘ ‘ 1 ‘ ‘ ‘ ‘
X(t) {J————— = 0010. 140
oty ——— = o010, 15 ] 1201
oty ——— = 0o0L e A I SR
10} ] 80}
friction coefficients 6ol
static J—— = 005 sl ] 200
kingtic ——{}—— = 0.03 20F
. 00— mm—— o —— oo o of ! ! ! !
VISCous 0— 3.00 0 2 4 6 8 10 0 2 4 6 8
time (sec) time (sec)

Details

Let M be the mass of the cart, m the mass of the pendulum bob, and L the length of the pendulum. The kinetic energy of the system is
KE = %M X' (t)? + %m(x'(t)2 —2L6'(®sinf®) x' () + L26' (1)2) and the potential energy is PE = mgL sind(t). Hence the Lagrangian is

A = KE - PE and the equation of motion for the cart is %(dii)) - z—i = f(t) - F¢, where f(t) is the applied force and Fs is the force due

_— ) . . d d
to friction. The equation of motion for the bob mass is —( ,A ) -2
dt \de'(t) dact)
The friction model used is the following: Let us, 1, py be the static, Coulomb (kinetic), and viscous friction coefficients, respectively. Let
Fn be the normal force, which is (M + m) g. When the speed of the cart is zero and | f(t) | < usFn then the friction force is F¢ = —f(t),

and when | f(t)| = usFn, then the friction force Ft = —ug Fy sign(f(t)) . When the speed of the cart is not zero, then

Fi = —puc Fy Sign(X' (1)) — py X' (t). The value of g is normally less than us. You can use the sliders to change the values of these
coefficients.

The applied force f(t) is found by using the LQR (linear quadratic regulator) method. This force is applied in order to bring the cart to
the X = 0 position with the pendulum in the upright position.

The table at the top of the display shows simulation information. The field labeled " f" is the applied force (the state feedback control
force found by LQR), the field labeled "F." is the Coulomb friction force, and the field labeled "F," is viscous force, with all units in
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Newton. The sign indicates the direction of the force at that moment of the simulation.

You can adjust the weights used by LQR by adjusting the slides that represent the entries in the Q matrix diagonal. The documentation

for Mathematica's built-in function LQRegul at or Gai ns (link below) explain more about the Q matrix.

You can change the initial angle position of the inverted pendulum and the initial cart position using the sliders.

For more information on the derivation of the equations of motion see the author's report on inverted pendulum.
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