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x,y,z are body axes
% X.Y,Z are inertial axes
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Angular velocity of body axes (expressed using unit vectors along the body axes x, y, 2)
@ =i+ wj+ ok
= 6i + ysin 0 + yrcos 0K
Angular velocity of body is (expressed using unit vectors along the body axes x, 3, z)
@, = o+ oyj+ (wz + qf))k
bi+ ysn6j+ (cosf + ¢k

Figure 1: Geometry of the spinning top

Let z,y, z be the body axes. In this case, the body spins around one of its body axes (the z-axis).
This is different from other cases looked at before where the body axes and the body all move with same
angular velocities.

Let X, Y, Z be the inertial axes. Angular velocity of body axes (expressed using unit vectors along
the body axes x,y, z) is

w = wei +wyj +w.k
= 6’i+¢sin0j+1[)cosﬁk



The angular velocity of the body (the spinning top) is
Wp = Wl +wyj + <wz+$) k
=i+ ¢sinhj + (@bcos& + qb) k
Euler equation of motion is )
M=H+wxH (1)

Where here w here always refer to the angular velocity of the body axes. The angular momentum of
the body however, should add the additional spin of the body around its own body axes. This results in

H, Iw,
H= H,| = Iw,
H, I, (wz + ¢)
Notice the additional body spin speed added to the third component above.
And since I, = I, = I,, in this case, which is due to symmetry of the body itself, the above becomes
Iw, Ioé
H = Iw, = 1 O@b sin 0
1, <wz +¢> 1, <¢cos€+q5>

Taking derivative gives

1,6, 1,0
H = Iw, = 1, (&sinﬁ—kzﬁ@lcos@)
I (Wz+¢> I, (ﬂcos@—z/zésin@—i—é)

From (1), Euler equation of motion of the spinning top becomes

mgLsin @ Tow, i j k
0 = L,w, +lwe wy w,
0 L(e:+6)) |u B, H
Lo i K
= Lo,y + | Wy Wy Wy
L+ 8)) e Ly L (w4 9)
1w, I.w, (wz + gb) — Twyw,
= Tow, + | —Lw, (wz + ¢> + Towpw,
I, (Wz + Cb) Towywy — Iowywy

Simplifying results in



mgL sin 0 I, (W — wyw,) + Lwy (w. + ¢

0 = | L, (wy + wyw,) — Lw, (w, + )

0 I (w - é)
L, (6" — (¢')*sinf cos 0) + L' sin (¢ cos 0 + ¢')
- I, (" sin@ + 2¢'0' cos 0) — 10" (¢’ cos O + ¢')
I (¢" + 9" cos — '8 sin §)

The above are the three equations that are solved for 0 (t),v (t), ¢ (t) to obtain the equations used
to simulate the spinning top. Numerical solver is used and the time step is adjusted in the simulation as
needed. A complete demonstration is build showing the motion with many different controls to allow
different analysis to be carried out on the spinning top motion.

The above equations can be put in state space formulation to allow one to use ode4) solver if needed
as follows. Let z1 = 0(t), xo = 1(t), x5 = ¢(t), x4 = 0'(t), x5 = V' (1), x6 = ¢'(t) then
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) N 1—10 (—mgLsinz, — Izssinz; (v5cosx + x6) + 1,22 sin xy cos 1)
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If using ode45, then the RHS above is what the ode45 function needs to compute.



