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Problem

Write the matrix which implements the forward projection and its transpose.

A simple case would be to consider a 2-D object made up of only 4 pixels and one
projection. After that think about an object with many pixels and many projections.
Answer

I will use the convention used by the radon transform in Matlab in setting up the

coordinates system which is as shown below (diagram from Matlab documentation
page).

Figure 1: radon transform convention

In our case, we need to perform the following projection, which is at angle § = —90°
as follows
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Figure 2: Projection at 90 degrees angle

The equation for the above mapping is ¢ = H f, hence we write

g1 _ hi1 hi2 hiz hus fo
92 hor hoe hes hos) | fs
Hence

91 = hiifi + hiafo + hisfz + hiafs
g2 = ho1f1 + haafo + hos f3 + hos fs

But g; = fi + f2 from the line integral at the above projection and g, = f5 + f4, hence
the above 2 equations becomes

fl + f2 = hllfl + h12f2 + h13f3 + h14f4
f3+ fa = harfi + haafo + hosf3 + hosfs

By comparing coefficients on the LHS and RHS for each of the above equations, we see
that for the first equation we obtain

hll - 1,h12 - 1,h13 = 0, h14 = 0
For the second equation we obtain

hoi = 0,hoe = 0,hgs =1,hgy =1



Hence the H matrix is

Taking the transpose

O O = =
= =0 O

Hence if we apply HT operator onto the image g, we obtain back a 2 x 2 image, which
is written as

O O = =

Hence ki1 = g1, ks = g1, k3 = g2, ks = go. In other words, the image is a 4 pixels lil ?]
2 g0

HT can now be viewed as back projecting the image g into a plane by smearing each
pixel g; value over the plane along the line of sight as illustrated below
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Figure 3: back projection



1 Case of 45 degree

We repeat the above for § = 45°

Object f

Figure 4: back projection at 45 degrees

The equation for the above mapping is ¢ = H f, hence we write

f
g1 hi1 hi2 his hus f;
92| = | har hae hoz ho F
gs hsi hsa hss has ’
fa

Therefore

91 = hiifi + hiafo + hisfz + hiafs
92 = hoi fi + hoo fo + hosf3 + hos fa
93 = ha1f1 + haafo + hs3f3 + hasfs

We see from projection diagram that f; = g1, f3+ fo = g2 and f, = g3, hence the above
3 equations become

fi = hufi +hiafo+ hisfz + hiafa
f3 + f2 = h21f1 + h22f2 + h23f3 + h24f4
fa=hsifi + haafo + hszfz + hasfs

By comparing coefficients, we obtain from the first equation hy; = 1, h1os = 0,h13 =
0, h14 = 0 and from the second equation hy; = 0, hgy = 1, hoz = 1, hoy = 0 and from the



last equation hg; = 0, hgs = 0, h3z = 0, h3y = 1. Hence the H matrix is

H=

S O =
O = O

00
10
01

Using H” to project the image g we obtain

1 00 ky
o1 0|(%) |k
01 0| (%] 7|k
001/ \# ks

Hence ki = g1, k2 = g2, k3 = g2, k4 = g3, hence the back projection plane is

K — g1 92
92 93
This also can be interpreted as back projecting the image g on a 45° onto a plane by
smearing each pixel value g; on each pixel along its line of sight as illustrated below

Using H’ to do
backprojection

Figure 5: back projection at 45 degrees



	Case of 45 degree

