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1 Approximation to first derivative

These formulas below approximate v’ at £ = z; where j is the grid point number.

formula truncation Truncation | common name and
error error order | common notation
1| uf =~ f(ujpr — uj) —uh — u§3)’§—? — O(h) one point forward D
2 |~ 5 (uy — ujo1) ujh — u§3)’§—T +-- O(h) one point backward D
3|~ 5 (ujer — uj_1) —u§3)%2 - u§-6)% — -+ | O(h?) centered difference, D,
4 | uf g (R — 2ujpn + ujto) to do O(h?) 3 points forward differ
5| uj ~ ¢(2ujp1 + 3u; — 6uj_1 + uj_3) | to do O(h3)

For example, to obtain the third formula above, we start from Taylor series and obtain

2 h3
Ujt1 = Uy + hu; + Eu;/ + au;” + ..
then we write it again for the previous point
h? h3
Uj—1 = Uj — hu; + au;’ — au;” ..

Notice the sign change in the expressions. We now subtract the second formula above
from the above resulting in

B3
Ujp1 — Uj_1 = 2hu; + 25%” 4.
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h3
Uj41 — Uj—1 = 2h’U/; + 25’11,;” + -

O(h?) error
/_//

— 5 279 4 ...
—uj—l—h al +

Uj+1 — Uj—1

2h

2 Approximation to second derivative

These formulas below approximate u” at £ = x; where j is the grid point number. For
approximation to u” the accuracy of the approximation formula must be no less than
2.

formula truncation Truncation | common name
error error order
"oy 1 4) b2 6) h* 2 ; ;
1| v = 5Ujm —2U; + Ujpa) | —u®l —u@ s — oo | O(R?) 3 points centered difference

To obtain the third formula above, we start from Taylor series. This results in

2 3 4
.

Ujp1 = u; + huj + Eu;' + 5u;" + Y

Then we write it again for the previous point

2 B3 4
B N A S/ ST /A
uj—1 = u; — hu; + T ATl + k.

Notice the sign change in the expressions. We now add the second formula above from
the above resulting in

h4
'U,j—l—l + Uj_l = 2u]' + 2h2U;/ —+ 25’(1,‘,7-”/ 4+ -

O(h?) error
"

uj—1 — 2u; +uj =+ h2u_j 4.
J 4!

2h?
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