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Introduction

These are problems in beam deflection showing how to use Mathematica to solve them.

Problem 1

Thisis problem 9-3, page 551, from bok Problem Solvers, strength of materials and mechanics of materials by REA. | show here
how to solve this problem using Mathematica.

Start by setting up the moment deflection equation for the Euler beam E | y"[x] = M(X) , thisequation is found for both halves of
the beam resulting in 2 solutions, y;(x) and y>(X).

On the right side, boundary condition is that y,(L) = 0 and on the left side y;(0) = O, then we need an additional 2 boundary
conditions, for this, use the continuity conditionsat L/2 where we set y1(L/2) = y»(L/2) and (y"), (L/2) = (y"), (L/2) and now
we have the complete solutions.

For the left half of beam, it is easily found that M (x) = W?" x and for theright half M (x) = % - g(x— '—)
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= Find y;(x)

Clear [E, I, w, L, eql, eq2, y1, y2, M, M]
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M = — Xx;
8

eql = ETIy'"' [X] == M,
sol 1 = First eDSol ve[eql, y[Xx], XI;
yl =y[x] /. sol1;
yl =yl /. {C[1] »cl, C[2] » 2}
L wx3

48 EI

cl+c2X+

m Use first boundary condition y;(0) =0

First@eSolve[(yl /. x »0) =0, {cl, c2}];
yl=yl/. %

Solve::svars: Equations may not give solutions for all "solve" variables. >

L wx3
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48E T

= Find y,(x)
wl w L2
o feg)’
8 2 2
eq2 = EIy'' [X] = M;
sol 2 = First eDSol ve[eq2, y[X], XI;
y2 =y[x] /. sol 2;
y2 =y2 /. {C[1] » c3, C[2] -» c4}
L2wx? 5Lwx3®  wx*

c3+cdx- + -
16ET 48EI 24EI

m Use boundary condition y,(L) =0

First @eSolve[(y2 /. x » L) =0, {c3, c4}];
y2 =y2 /. %
y2 = Col | ect [y2, c4]

Solve::svars: Equations may not give solutions for all "solve" variables. >

LZwx2 5Lwx3 wx*

c4 (-L+x) - + -
16 ETI 48 E I 24 E 1

We see from the above, that we have 2 additional constants of integrationsto solve for. c2 and c4. To solve for these, we use the
continuity conditionsat L/2

L L
sol = First eSol ve[{(yz =yl /. X> —], (D[y2, x] =D[y1, x]) /. X » —}, {c2, c4}]
2 2
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All the integration of constants now found, we can now plot moment diagrams, shear diagram, and
deflection diagrams

yl =yl /. sol

7L3wx Lwx3

-+
384 ET 48 ET

y2 =y2 /. sol

L2wx2 5Lwx®  wx* L3w (-L +x)

- + - +
16ETI 48ET 24E1 384ET

m Assign some values for E, I, L and w and do the plots. PLot the deflection

L = 10;

val ues = {E 52%10% 152, wo 10000};

Pl ot [{yl Heavi si deTheta[L /2 -x] /. val ues, y2 Heavi si deTheta[x -L /2] /. val ues},
{x, 0, 10}, Franme - True, FraneLabel - {{"y(x)", None}, {"x", "beam deflection"}}]

beam deflection
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= Plot the bending moment

Pl ot [{ML Heavi si deTheta[L /2 -x] /. values, M Heavi sideTheta[x-L /2] /. values},
{x, 0, 10}, Frame - True, FraneLabel - {{"M(x)", None}, {"x", "Bending nonment"}}]

Bending moment
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m Plot the shear diagram

Pl ot [Eval uate [{D[ML, x] Heavi si deTheta[L /2 -x], D[M2, x] Heavi sideTheta[x-L /2] 1} /. values],
{x, 0, 10}, Frame - True, FraneLabel - {{"V(x)", None}, {"x", "shear diagram'}}]

shear diagram
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= Solving the same problem directly from the Euler-Bernoulli 4" order ODE

The above approach (using the Moment-deflection ODE) is a standard approach to solve deflection beam problems. However, we
can also use the 4th order Euler beam equation direclty as follows. One needs to make sure that the load on the RHS of this ODE
isthe load per unit length only, i.e. w in this problem. Notice the use of the unit step function since w only acts on half the beam.
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Clear [E, I, w, L, eq, Y]
L
eq=E Iy """ [X] = -wHeavisideTheta[x— E]
sol =First @eDSolve[{eq, y[0] =0, y[L] =0, y''[0] =0, y''[L] =0}, y[x], xI;
y =y[x] /. sol

— |32 L*wxDiracDelta[L] -96L3wx?DiracDelta[L] +64 L2wx®DiracDelta[L] +
2304 EI

L L L
6 L* wHeavi si deThet a [7 —} -102 L% wx Heavi si deThet a {7 — | +144 L? wx? Heavi si deThet a {7 —} -
2 2 2

L L L
48 L wx® Heavi si deThet a {— —} - 42 L% wx Heavi si deThet a {—] +48 L wx® Heavi si deThet a {—} -
2 2 2

L L
6 L* wHeavi si deThet a [7 — + x} + 48 L3 wx Heavi si deThet a [7 — +X
2 2

L L

144 L? wx? Heavi si deThet a {77 +x] +192 L wx® Heavi si deTheta[ff +X
2 2

96 wx* Heavi si deTheta{—— +x] -2 L5 wx Di racDel ta’[——] +3L*wx? Di racDeIta’{——} -
2 2 2

L L L
L3 wx3 Di racDeIta’{fﬂ - L% wx Di racDeIta’[E] + L% wx® Di racDeIta’[E]

= Assign some values for E, I, L and w and do the plots. PLot the deflection

L = 10;

values = {E »2%10° I -2, w- 10000};

Plot [y /. values, {x, 0, 10}, Franme - True,

FraneLabel -» {{"y(x)", None}, {"x", "beam deflection"}}]

beam deflection
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We see that we obtain the same result as earlier.
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= Plot the bending moment

Pl ot [Eval uate[E I D[D[y, x], x] /. values], {x, 0, 10},
Frane - True, FranmelLabel - {{"M(x)", None}, {"x", "bending nmonent"}}]

bending moment
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m Plot the shear diagram

Pl ot [Eval uate [E I D[D[D[y, x1, x1, x] /. values], {x, 0, 10},
Frane - True, FranmeLabel - {{"V(x)", None}, {"x", "shear diagram'}}]

shear diagram
[T : : : : : : i i i i i i ]
10000 - .
Ji
< ~10000|
> [
~20000
~30000
Il Il L Il Il
0 2 4 6
X
Problem 2

In this problem. | set up a cantilever beam and first solved it using the Java beam applet that can be accessed here
and then | solved this problem using Mathematica below, showing that | get the same answer as shown

Printed by Mathematica for Students



euler_beam.nb | 7

File Option Help

Distributed foad: 5.0/, fotal Beam Type
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Mf=0.010bin M2=37.5 1 in

Maximum Deflechion of 1. 8E-8in. ocewr at 0.00n. from the Jeft end.
[ The deflection shown on the diagrarm is 2856Hme s exagerated relative to
the Jength of the bearm.)

Clear[E, I, w, L, eq, vy, sol]
L
eq=E Iy'''' [X] == -wHeavisideTheta [E —x];
The boundary conditionstouseare: y[L] == 0, y"[0] == 0, y™[0] == 0, y'[L] == 0

sol =SinplifyeFirst eDSolve[{eq, y[L] =0, y''[0] =0, y'"'"[0] =0, y'[L] =0}, y[x], XI;
y =y[x] /. sol

1 L
ouEls —— W |-48 L4 +64L3x - 16 x4 +8L (L-x)2 (5L +4x) HeavisideTheta[--} +
384 1T 2

L L L
L% (7L -8 x) Heavi si deTheta{—] +L* Heavi si deTheta{——+x} -8 L3 x Heavi si deTheta{——fo] +
2 2 2

L
24 L2 x? Heavi si deThet a [— — +X
2

L
- 32 L x%Heavi si deThet a [77 + X
2

L
+16 x* Heavi si deThet a [7 — +X
2
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m Assign same values as shown above for E, |, L and w and do the plots.

In[17]:= L = 10;
values = {E »28%10°% 152, wo1};
Plot [y /. values, {x, 0, 10}, Franme - True,
FraneLabel -» {{"y(x)", None}, {"x", "beam deflection"}}]
Print ["Max deflection is ", (y /. values) /. x->0// N, " inches"]

beam deflection

-5.x107
S
out[19]= X -0.00001

-0.000015

Max deflection is -0.0000190662 inches

= Plot the bending moment

in23):= Pl ot [Eval uate [E I D[D[y, x], x] /. values], {x, 0, 10},
Frane - True, FranmeLabel - {{"M(x)", None}, {"x", "bending nmonent"}}]
Print ["Max nmonent is ", (E ID[D[y, x], x] /. values) /. x -»10 // N]

bending moment
oFf——~ Ty

8 [
Out[23]= = -20F
-25F
-30F

-35F

Max nonment is -37.5
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m Plot the shear diagram

in2s):= Pl ot [Eval uate [E I D[D[D[y, x], x], x] /. values], {x, 0, 10},
Frane - True, FranmeLabel - {{"V(x)", None}, {"x", "shear diagram'}}]

shear diagram

Out[25]=
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