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The goal of this note is to show how to use a symbolic program to help solve a typical basic
engineering problem that requires large amount of algebraic manipulation. By applying a CAS
program such as Mathematica on such a problem, one can then concentrate more on the problem
formulation itself by having the program do the long algebraic computation, which can be very
time consuming if done by hand, and also can be error prone.

This aso allows one to be able to experiment with different formulation, as one is now relieved
from the time consuming part and is able to try different solutionsand different idea, which can
lead to better insight of the problem.

In this note, we solve the double pendulum problem both ways. One way is by using the energy
method, and another way is by using F=ma approach. Both would require long time to do by
hand due to the large amount of algebra involved. And at the end, both solutions are verified to
be the same.
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system diagram

This diagram shows the vel ocity and accel eration components of the 2 masses in the double pendulum.
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Lagrangian solution

Write down the kinetic energy T

In[17]:=

1 1
=2 my (L19'[t])"2+5 my ( (L2 (¢"[t]) +L1 6" [t] Cos[¢4[T] -6[T]]) "2+

(Lue”[t] Sin[¢[t] -6[t]])"2);

2
out[18]=

1 .2 1 .2 5 o S
T:E L2m 6 +Em2 L2060 +2L1L,Cos[6-¢] 6p+L30

Write down the potential energy

In[19]:=

V=-LimgCos[e[t]] - (LyCos[e[t]] +L, Cos[¢[t]]) m>Q;
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Out[20]=

V=-gL; m Cos[6] -gm (L1 Cos[6] +L, Cos[¢])

Write down the Lagrangian L

In[21]:=

L=T-V;

Out[22]=

L=— |29 (Ly (m +m) Cos[6] +L, m Cos [¢]) +

N -

o2 o o o2
L2(m+m)6 +2LiL,mCos[e-¢] 0p+LEm o

Find equation of motion for 6

In[26]:=

eql =D[D[L, e"[t]], €] -D[L, o[t]];
soll = FirsteSolve[eql =0, 6" " [t]];

.o .2
outf28]- .« LymCos[6-¢] ¢ +9 (m+mp) Sin[6] +Lom¢ Sin[o-¢]

i Ly (m +np)

Find equation of motion for ¢

In[29]:=

eq2 =D[D[L, ¢"[t]], t] -D[L, ¢[t]];
sol2 = FirsteSolve[eq2 =0, ¢""[t]];

.o 2
out[31]= "__ L]_ Q)S [9—(b] 6 —L19 Sl n[e—(b] +gS| n[(b]
L2

decouple the above 2 equations

In[32]:=

sol =FirsteSol ve[{eql ==0, eq2 =0}, {6'" [t], ¢' "' [t1}];

.2 .2
g2m+m) Sin[6] +gmSin[e-2¢] +2m |Ly Cos[e-¢]6 +Lrop | Sin[e-0¢]

Out[33]= '6'

2L, (m+mgSin[ef¢}2>
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02 .2
oupz4l ((mmb) (gOos[e] +L1 6 ) +LomCos[o-¢] ¢ | Sin[o-¢]

¢ =

L (m+mSin[e-¢]?)

Numerically solve the 2 equations found above for 6(t) and ¢(t), use some arbitrary parameters

In[38]:=

pars = {L; ->1, L, »1, m-1, m->1 g-29. 8};
ic={6e[0]=1.2, ' [0] =0, ¢[0] ==3, ¢' [0] ==0};
nunerical Solution=First e
NDSol ve[Fl atten[{eql ==0, eq2 ==0, ic}] /. pars, {e[t], #[t]1}, {t, O, 10}]

Out[40]=

{e[t] > Interpol ati ngFunction[{{0., 10.}}, <>][t],
¢[t] > InterpolatingFunction[{{0., 10.}}, <>][t]}

Make plots of the solutions. Assume
Li=1,L,=1,m=1,m,=1,60)=1,0'(0)=0,¢0)=3,¢'(0)=0

In[41]:=

frameLabel [t _]:= {{None, None}, {"t", t}}
at = {Frame -» True, | mageSi ze -» 250};

Row[ {Pl ot [e[t] /. nunerical Sol ution, {t, 0, 10}, Eval uat eeat,
FramelLabel ->frameLabel ["e(t)"]], Plot [¢[t] /. nunerical Sol uti on,
{t, 0, 10}, Eval uateeat, FraneLabel ->frameLabel ["¢(t)"11}]
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F=ma solution

Write the free body diagram
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We have 4 unknowns Ty, T», 6(t), ¢(t)

Write F=ma for forces radially along @ along for my

main.nb |5

eql=T1 -mgCos[e[t]]-T2Cos[¢[t]-6[t]] = m (L18" [t]1"2);

.2
eql = T1==gm Cos[6] +T2Cos[6-¢] +Lim 6

Resolve forces perpendicular for my

eq2 =T2Sin[¢[t]-e[t]] -mgSin[e[t]]=m (Lye" " [t]);

eq2 = Llr‘q.e.+grr18in[e] +T2Sin[6-¢] =0

Write F=ma for forces radially along ¢ along for m,

eq3=T2 -m g Cos[¢[t]] =

m (Lyie' [t]"2Cos[¢[t]-o[t1]l+Lo¢’ [t1"2-L10" " [t]1Sin[é[t]-6[t]]);

.2 .2 .o
eq3 = T2=m |gCos[¢] +L1Cos[6-¢p] 6 +Lrop +Li ©Sin[6-9¢]
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Resolve forces perpendicular for m,

eqd =-mgSin[e[t]] =
m (Log' ' [t]1+Lie " [t]Cos[é[t]-e[t]]+Lie' [t1"2Sin[¢[t]-6[t]]);

50 .o .2
eqd = m |[LyCos[e-¢] 6+Lr dp-L1 & Sin[e-¢] +gSin[¢]| =0

Solve the above 4 equestions

sol F=First @eSol ve[{eql, eq2, eq3, eq4}, {T1, T2, e''[t], ¢' "' [t]1}];
.2 .2
nl((nl+nlz) [9005[9]+|-19 +|-2mzCOS[9<D]<D]
Ti=
' m+mSine-¢]?
.2 .2
2mm |Cos[6 - ¢] (gOos[ej+L19)+L2¢)
T,o=
’ 2m +m -m Cos[2 (6-¢)]
.2 .2
. mg(L1Cos[e—¢]e +L2¢>]Sin[e—qb]+g(m_Sin[e]+n“gCos[¢>]Sin[e—¢])
6=—
Li (m+mSinfe-¢]?)
.2 .2
.. (<m+mz> [9008[9]+L19 +Lom Cos[6-¢] ¢ | Sin[6-0¢]
¢:
Lo (m+mSinfo-¢]?%)

We see that the solution from F=mais the same as the solution obtained from Lagrange method. To verify

(' ' [t] /. sol)y-(e "' [t]/. solF)//Sinplify

0

("' [t] /. sol)-(¢ ' [t]/. solF)//Sinplify
0

We see from the above that the solutions are identical.
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