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2 problem 1

2.1 parta
The ODE to solve is

Ly raye =20
with initial conditions y (0) = 2.
Trying separable ODE.
In canonical form, the ODE is written as

y' = F(x,y)
= —4y+20

The ODE g—z = —4y + 20, is separable. It can be written as

d

= f)9)

Where f(x) = 1 and g(y) = —4y + 20. Therefore

dy_ 4y + 20
dx y

Hence
(—4y+20)""dy = dx

J(—4y +20) 'dy = de
-1/2In(2)-1/4In(Jly=5|) =x+

Solving for y gives
Y= —1/4e_4x_4cl +5

The solution above can be written as

y=-1/4Ce™** +5 (1)

Initial conditions are now used to solve for C;. Substituting x = 0 and y = 2 in the above solution gives
an equation to solve for the constant of integration.

2=-1/4Cie’ +5
= —1/4C1 +5



Hence
Which is simplified to

Substituting C; found above back in the solution gives

y(x)=-3e**+5

2.2 parth
The ODE to solve is
i (x) +3y(x) = sin(x)

with initial conditions y (7/2) = 3/10.
Trying Linear ODE.

In canonical form, the ODE is written as

y' = Fl(x,y)
= -3y + sin(x)

The ODE is linear in y and has the form

y' =yf(x)+9g(x)
Where f(x) = -3 and g(x) = sin (x).

Writing the ODE as

y' = (=3y) =sin(x)
y +3y = sin(x)

Therefore the integrating factor y is

§= ef3dx — e3x

The ode becomes
d .
iy = p (sin (x)
4 e3¥) =sin(x)e**
I Y
d (ye3x) = (sin(x) e3x) dx
Integrating both sides gives

ye’® = —1/10 cos(x)e** +3/10 sin (x) ** + C;



Dividing both sides by the integrating factor u = e3* results in

—-1/10 cos (x)e3* +3/10 sin(x)e3*
y= 3x tox
e e

Simplifying the solution gives

y = 3/10 sin (x) — 1/10 cos (x) + Cye >~

Initial conditions are now used to solve for C;. Substituting x = 7/2 and y = 3/10 in the above solution
gives an equation to solve for the constant of integration.

3/10 = 3/10 sin (7/2) — 1/10 cos (r/2) + Cre /27
=3/10 + Cre 3?7

Henee 3 sin (1/2) - cos (x/2) - 3
sin (7/2) — cos (1/2) —
Gy =-1/10 —r
Which is simplified to
Cl =0

Substituting C; found above back in the solution gives

y(x) =3/10 sin(x) — 1/10 cos(x)

2.3 partc
The ODE to solve is

Sy -y (14337 = x 42
with initial conditions y (1) = e — 1.
Trying Linear ODE.
In canonical form, the ODE is written as

y' = Flxy)
_ x2+xy+2x+3y

x
The ODE is linear in y and has the form
y' =yf(x)+g(x)

Where f(x) = 2 and g(x) = i2x

X X



Writing the ODE as

, [(x+3)y\  x*+2x
()
, (x+3)y  x*+2x
 x x

Therefore the integrating factor y is

— ef—xT” dx _ e—x—3 In(x)

7]
The ode becomes
d B x* +2x
i (ye_x_3 ln(x)) _ (xz 4 2x) e—x—3 In(x)
dx X
2 —x-3 In(x)
d(ye—x—S ln(x)) — ((x +2x) € )dx
x
Integrating both sides gives
ye—x—3 In(x) _ _e—x—3 ln(x)x +C

Dividing both sides by the integrating factor y = e™*~3 ") results in

G

y=-—x+ e—x—3 In(x)

Simplifying the solution gives

y=—x+Cyx’e”

Initial conditions are now used to solve for C;. Substituting x = 1 and y = e — 1 in the above solution
gives an equation to solve for the constant of integration.

e—1=-1+Cie

Hence
Cl =1

Substituting C; found above back in the solution gives

y(x) = —x + x°e*

3 problem 2

The ODE to solve is

Ly 18y =13 (1220 ('



Trying Bernoulli ODE.

In canonical form, the ODE is written as

y' = F(x,y)
=—y/3-2/3y*x+1/3y*

This is a Bernoulli ODE. Comparing the ODE to solve

y =-y/3-2/3y*x+1/3¢*

With Bernoulli ODE standard form
Y = fox)y + filx)y"

Shows that fo(x) = —1/3 and fi(x) = -2/3x+ 1/3 and n = 4.
Dividing the ODE by y* gives

Yyt =-1/3y +-2/3x+1/3

Let
U= y_3
Taking derivative of (2) w.r.t x gives
Ul =_3 y—4y/
4 v
y =3 "

Substituting (3) into (1) gives

,Ul

(=3)

=(-1/3)v+-2/3x+1/3

v = (=3)(=1/3)v + (=3) (=2/3x + 1/3)

=v+2x-—-1

The above now is a linear ODE in v(x) which can be easily solved using an integrating factor.

In canonical form, the ODE is written as
v’ = F(x,v)

=v+2x-1

The ODE is linear in v and has the form

V' = vf(x) + g(x)

Where f(x) =1and g(x) =2x — 1.



Writing the ODE as

v-(@)=2x-1

vV—v=2x-1

Therefore the integrating factor y is

p= ef—ldx — ¥

The ode becomes

%#v =p2x-1)
d -x -x
— (ve™)=(2x—-1)e
dx
dve™)=(2x-1)e ™ )dx
Integrating both sides gives
ve ¥ =—2x+1)e ™ +(C;
Dividing both sides by the integrating factor y = e™ results in

G
v=-2x—-14+—
e—x

Simplifying the solution gives

v=-2x—1+Cie*

Replacing v in the above by y~2 from equation (2), gives the final solution.

y 2 =-2x-1+Cie*
Solving for y gives

1

T Ik _iice

y=-1/2 ! + i/2v3

V-2x—-1+Cie* ~-2x-1+Cye*

1 i/23

y=-1/2

4 problem 3

V—2x—-1+Ce* ~V-2x-1+Cye*

The ODE to solve is

m—uv(x)=w—B-kv(x)
dx



with initial conditions v (0) = 0.
Trying separable ODE.

In canonical form, the ODE is written as

v’ = F(x,v)
_ kv+B-w
B m
The ODE g—; = —k”%, is separable. It can be written as

dov
& = fwg)

Where f(x) = 1and g(v) = _kv_%. Therefore

do 3 —kv—-B+w
dx m
Hence
m
(—kv—B+w) do = dx

J(ﬁ)dvﬁdx

In(lkv+ B -
_mln(| vk+ w|) —xtC

Solving for v gives

1 _k(x+Cy) B4
v==|-e""m —B+w
k

Initial conditions are now used to solve for C;. Substituting x = 0 and v = 0 in the above solution gives
an equation to solve for the constant of integration.

1 _ kG
0=—(—e 7—B+w)

Hence
_mln (-B+w)
k

Substituting C; found above back in the solution gives

C1=

v(x) = % (—e m

k mIn(-B+w)
(-

—B+w)

k mlIn(-B+w)
(e

The solution % —e ™ -B+ w) can be simplified to

mIn(-B+w)-xk

v(x) = %(—e*—3+w) (2)




5 problem 4

The ODE to solve is

d
Ly =2 () -7+ L
Trying Riccati ODE.

In canonical form, the ODE is written as

y' =Flx.y)
x¢—2xy+xtyt +y

x
This is a Riccati ODE. Comparing the ODE to solve
’_ 5 4 32, Y
Yy =x —-2xy+xy" +=
x
With Riccati ODE standard form

Y = folx) + i)y + falx)y’

Shows that fo(x) = x°, fi(x) = —2me and f(x) = x°.

Let

_u’

fou

= (1)

ux3

Using the above substitution in the given ODE results (after some simplification) in a second order ODE
to solve for u(x) which is

fou"' (x) = (fy + fife) u'(x) + 2 fou(x) =0 (2)
But
f‘z/ — 3x2
fife = (—2x5 + 1) x?
f‘22f(‘) — xll

Substituting the above terms back in (2) gives

2

x3@u (x) = (3x% + (—2x° + 1) x*) iu (x) +xMu(x)=0

dx

Solving the above ODE gives



10

u(x) = e % (x°C, + C))

The above shows that
5
u'(x) = —xte /5% (x5C2 +C1—=5GC)

Hence, using the above in (1) gives the solution

X (XSCZ +C; — 5C2)

y(x) =

XSCZ +C
Dividing both numerator and denominator by C, gives, after renaming the constant % = Cy the
following
) x(x5+C0—5)
X)= ————
y x> + Co

6 Key solution




