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0.1 Section 7.1 problem 3 (page 404)

problem Transform the following problem or system to set of first order ODE 2x” + tx’ + (t2 - 1) x=0
solution Since this is second order ODE, we need two state variables, say xq, x
Let x; = x,x, = x’, hence

= ivati — lace RHS Xy =x
X1 =X | take derivative X{ =X replace 1 2
—

Xy =X x5 =x" xé:_T_ =_2_

Hence the two first order ODE’s are (now coupled)

X =X
, X (tz - l) Xq
X2 ==
t t
The matrix form of the above is
x = Ax

0.2 Section 7.1 problem 8

problem Transform the following problem or system to set of first order ODE x” + 3x" + 4x — 2y =

0y +2y —3x+y =cost

solution We have two second order ODE’s, hence we need 4 state variables. Let x; = x,x, = x/, x3 =
y,x4 =y, therefore

Xy =X xp=x xX] =%
Xy =X | take derivative X5 = X" | replace RHS X5 = =3x" —4x + 2y = =3x — 4x1 + 2x3
— —
X3 =Y 3=y X3 = %3
X4 =y xy=y" Xy =2y +3x—y+cost=-2xg+3x; —x3+cost
Hence the 4 first order ODE’s are
Xp =X
X5 = —=3xy —4x1 + 2x3
X5 = X3
Xy = —2x4 + 3x1; —x3 + cost
The matrix form of the above is
X =Ax+f
x] 0 1 0 O0]fx 0
x§:—4 -3 2 0 o, 0
X3 0 0 1 O0]fxs 0
Xy 3 0 -1 -2)lx cost
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0.3 Section 7.2 problem 9 (page 417)

problem Write the given system in form x’ = P (t)x + f (t)

X =3x—-4y+z+t
Y =x-3z+1
Z=6y-7z+1
solution The dependent variables are x,y,z and the independent variable is f. The matrix form is
seen by inspection to be
x 3 -4 1]|(x t
y|=[1 0 -=3||ly|+|#
z) 0 6 -7)\z) \#

0.4 Section 7.2 problem 10

problem Write the given system in form x" = A (f) x + f (¢)

X =tx—y+e'z
Yy =2x+ty -z
Z =elx+3ty + 132
solution The dependent variables are x,y,z and the independent variable is f. The matrix form is
seen by inspection to be
x -1 é)fx) (0
yv|=|2 # -1||y|+]|0
2] \et 3t £)lz) |0
Notice that P matrix is time dependent and not constant as the last problem. This is time varying
system.

0.5 Section 7.2 problem 25

11
problem Find the complete solution that satisfies the initial conditions. x (0) = [ 7]

(41
x = x
-2 1
1
X = e
-4
1
Xy = et
()

solution
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x(t) = c1x1 () + coxp (2)

=0 (_11] A+ ey [_12] et (1)

At t = 0 the above becomes

Hence
1 1| 11
6
Gaussian elimination. R, = R, + R gives
1 1) 11
b AL

Hence —c, = 4 or ¢; = —4. From first row, c; + ¢, =11 or ¢; =11 —¢; =11 + 4 = 15, hence the complete
solution from (1) is

x () = 15x1 (f) — 4x, (1)

1 1
=15 et -4 et
-1 -2
— 15 A+ -4 2t
-15 8

0.6 Section 7.3 problem 7 (page 429)

problem Apply the eigenvalue method to find general solution of the given system. For each problem,

use a computer to construct direction field and typical solution curve. x] = =3x1 + 4x,; x5 = 6x7 — 5x;
solution

The system in matrix form is

x = Ax

-5
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The eigenvalues are found from solving

|[A-All=0

-3-A4 4

6 -5-1

(-3-A)(-5-1)-24=0
A2+81-9=0
A+9)(A-1)=0

Hence Ay =1,A, = -9. For A, we now solve

(A—/\ll) 01 = 0

3-1, 4
6 -5-1

-4 4
6 -6

Using first equation, we see that —4v; + 4v, = 0. Picking v,

i

For A,, we now solve

01
%)
01
U
01

%)

o O O o o o

=1, then v, =1, hence the eigenvector is

(A - /\21) Uy = 0
—3—A2 4 01 _ 0
6 -5-1J)lv,) |0
-3+9 4 o] (0
6 -5+9)\v) |0
6 4 01 _ 0
6 4)\v, 0
Using first equation, we see that 6v; + 4v, = 0. Picking v; = 1, then v, = —g, hence the second
1 2
eigenvector is v, = [ 3J = [ ] Therefore the solution is
_E _3
x (£) = o1y (£) + x5 (F)
=171 (t) e"lt + 0y (t) eAZt

Therefore

1
(xl] = cl( )et + 0y
X 1

2

B



x1 (1) = cret + 2c,e7%
9 X, (t) = ¢yet = 3cpe™

10 No initial conditions are given.

0.7 Section 7.3 problem 9

14 problem Apply the eigenvalue method to find general solution of the given system. For each problem,

15 use a computer to construct direction field and typical solution curve. x] = 2x; — 5xp;x5 = 4x; -
16 2.7('2; X1 (0) = 2, Xy (0) =3

solution

19 The system in matrix form is

20 x = Ax

21 ,
99 x| _ 2 -5|fx
23 xé 4 -2 X2
24 The eigenvalues are found from solving
20 |A—All =0
2-A -5

4 -2-A
29 2-A)(-2-21)+20=0
30 A?+16=0

A= +4i

97 ~0

33 Hence A = 4i,A, = —4i. For A;, we now solve

4 (A= ADo, =0
36 2- /\1 -5 (4] _ 0
37 4 —2-M)\v2 0
38 2-4i -5 \[v) (0
39 .

’ 4 -2 —4i|\vy 0
41 Using first equation, we see that (2 -4i)v; — 5v, = 0. Picking v; = 1, then v, = %, hence the

42 1 5
eigenvector is v = |, 4 | =
43 g 1 2-4i 5 _ 4

44 5
45
46

49
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For A,, we now solve

(A=AD)v, =0

S W
4 -2- A J\v, 0
(2+4i -5 ][01]_[0]
4 -2+4illo,) |0

Using first equation, we see that (2 +4i)v; — 5v, = 0. Picking v; = 1, then v, = @4

, hence the

2+ 4

1 5
eigenvector is v, = [2+4i] = ( ] Therefore the solution is
5
x(£) = c1xq () + cxa (F)

At Aot

=0y (H) et + covy (P e

5 4 5 .
1 =g . eHit 4 Cy ' 4t
Xp 2 —4i 2 +4i

x1 (1) = c15e% + ;54

Xy (1) = 1 (=2 + 4i) et — c, (2 + 4i) 74

Therefore

Convert to new basis.
R (x)) = R 5edit 5 (cos 4t + i sin 4t)
x1) = = . .
' (2 - 4i) et (264" — diet")
5 (cos 4t + isin 4t)
(2 (cos 4t + isin 4t) — 4i (cos 4t + i sin 4t))

=R

5 (cos 4t + isin 4t)
2 cos4t +i2sin4t — 4icos 4t + 4sin 4t

=R

5cos4t + i5sin 4t
(2 cos4t + 4sin4t) + i (2sin 4t — 4 cos 4t)

3 5 cos 4t
B 2 cos4t + 4 sin 4t

And
5cos4t + i5sin 4t
S(x)=3 . o
(2cos4t + 4sin4t) + i (2sin4t — 4 cos 4t)
B 5sin 4t
"~ |2sin4t — 4 cos 4t
Therefore
X 5cos 4t 5sin 4t
"=c +0 o 1)
Xp 2 cos4t + 4sin4t 2sin 4t — 4 cos 4t
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x1 (f) = ¢35 cos4t + ¢,5sin 4t
Xy (f) = ¢c3 (2 cos 4t + 4sin4t) + c4 (2 sin 4f — 4 cos 4f)

We now apply the initial conditions. From (1), at ¢t = 0 we obtain

==l =[)
N

2
From first row, 5¢; = 2 or c3 = = From second row 2c3 —4c, =3 or ¢y = —

()

11
=% Hence the

4
solution (1) becomes
2 5 cos 4t 11 5sin 4t
x|_2 cos o sin (1A)
xp) 5\2cos4t+4sin4t) 20(2sin4t —4cos4t
Or
®) 25 4t 115 in 4t
= - — —5sin
X1 5o cos 208
2 . 1m .
X () = 5 (2 cos4t + 4sin4t) — 20 (2sin 4t — 4 cos 4t)
Or
11 .
X1 (t) = 2cos4t - 1 sin 4t
0 2 cosat+ O sindf — 22 sin 4t + = cosat
X, (f) = = cos —sin4t - —sin — cos
275 5 20 5
Or

11
x1 (t) = 2cos 4t — — sin 4t
! 4

1 .
X (t) = 3cos4t + 5 sin 4t

0.8 Section 7.3 problem 12

problem Apply the eigenvalue method to find general solution of the given system. For each problem,
use a computer to construct direction field and typical solution curve. x] = x; — 5xp; x5 = x1 + 3x;

solution The system in matrix form is

x = Ax

-6
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The eigenvalues are found from solving
|[A-All=0
1-A 51
1 3-A
1-A)@-A)+5=0
A2—41+8=0
A=2+2i
Hence Ay =2+ 2i,A, =2 -2i. For A{, we now solve
(A - /\1[) 01 = 0
1-A =5 [w] (O
1 3- /\1 Uy 0
1-(2+2i) -5 o] (0
1 3-2+2))lo,) |0
-1-2i -5 |[ovy] (O
1 1-2i)lw) |0
Using first equation, we see that (-1 -2i)v; — 5v, = 0. Picking v; = 1, then v, = @, hence the

eigenvector is

For A,, we now solve

1—/\1 -5 (4]
1 3-/\1 Uy

1-(2-2i) -5 0
1 3-2-2i))\o,

|
o O O o o o

142 -5 (o
1 1+2i/lo,

Using first equation, we see that (-1 + 2i) v; —5v, = 0. Picking v; =1, then v, = %, hence the second
eigenvector is
1
U2 = [ —142i
5

-1+2i

Il
—_—
6)]
=
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Therefore the solution is
x(t) = c12q () + x5 ()

= ¢y01 (1) &Mt + ¢y, (1) €2t

x (D) _ C1 5 £@20t 4 o) 5 o220t
X, (1) 1-2i 142

Therefore

Convert to new basis.

R(r) = R 5e(2+2i)t o [5€% (cos 2t + isin 2t)
(¥1) = (<1 — 2i) @20t | _ @420}t _ pip2420)t

_% 5e?! (cos 2t + isin 2t)
- _p2tp2it _ o2t p2it
_ % 5e?! (cos 2t + isin 2t)

—e?t (cos 2t + isin 2t) — 2ie? (cos 2t + i sin 2t)
_ % 5e?t (cos 2t + isin 2t)

—e?t (cos 2t + isin 2t) — 2¢? (i cos 2t — sin 2¢)
% 5¢2 cos 2t + i (SeZt sin Zt)

—e® cos 2t — e sin 2t — i2¢?! cos 2t + 2¢% sin 2t
_% 5¢% cos 2t + i (5€2t sin 2t)
B (—eZt cos 2t + 2¢% sin Zt) +1 (—eZt sin 2f — 2¢2 cos 2t)

Hence
R (x,) 5¢2 cos 2t
xq) =
! —e2 cos 2t + 262 sin 2t
And
3(x1) 5¢% gin 2t
x1) =
! —e2t sin 2t — 22 cos 2t

Therefore the solution in the new basis is
x1 5e?t cos 2t 5e?! sin 2t
=C . +C .
Xy —e?t cos 2t + 2¢% sin 2t —e?t sin 2t — 2¢% cos 2t

x1 (t) = C15¢% cos 2t + C,5¢% sin 2t
x, (1) =Cq (—eZt cos 2t + 2¢% sin 2t) +C, (—eZt sin 2t — 2¢% cos Zt)

x1 (t) = e? (5C; cos 2t + 5C, sin 2t)
x, () = e? (=Cy cos 2t + 2C; sin 2t — C, sin 2t — 2C, cos 2t)

10
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11

x1 (t) = €2 (5C; cos 2t + 5C, sin 2t) (1)

X, (t) = €% (cos 2t (=C; — 2C,) + sin 2t (2Cy — Cy))
Note, book must have used the other choice of eigenvalues ordering since it has the signs all flipped
the other way from what I have above. flipping all the signs in the solution given above in equation
(1), then the book solution results:

x1 (1) = €2 (=5C; cos 2t — 5C, sin 2t)

X (1) = €2 (cos 2t (Cq + 2C,) + sin 2t (-2C; + Cy))

0.9 Section 7.3 problem 14

problem Apply the eigenvalue method to find general solution of the given system. For each problem,
use a computer to construct direction field and typical solution curve. x] = 3x; — 4xy; x5 = 4x1 + 3xy;

solution The system in matrix form is

x = Ax
- ST
Xy 4 3 )x
The eigenvalues are found from solving
[A-AIl=0
3-1 -4
4 3-4|
B-A)B-A)+16=0
A2—6A+25=0
A=3+4i

Hence Ay =3 +4i,A, =3 —4i. For A;, we now solve

(A=ADoy =0

3.1 -4 \(o) (0

(4 3-1)lv,) o
3-@B+4) -4 \fo) (0
[ 4 3-B+4)lo,) |0
4 —4)(o)) (0

[4 —4i 02:O

Using first equation, we see that (—4i) v; —4v, = 0. Let v; =1, then v, = —i, hence the eigenvector is

)

For A,, we now solve
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(A=Do; =0

3-4 -4 (o) (0

( 4 3-1)lo,) o
3-3-4) -4 (o)) (0
[ 4 3-3-4i))lo,) |0
4 -4\(v) (0

[4 4i)0,) " o

Using first equation, we see that (47) v; —4v, = 0. Let v; =1, then v, = i, hence the eigenvector is
1
2=,
i

x () = c1xq () + x5 (1)
At

Therefore the solution is

Aot

=10y (H) et + cov, (P e

x1 (1) —¢ 1. G+ 4 o) 1 34t
Xy (1) —1 i

R (x) R B4t ) ¢3 (cos 4t +isin4t)
(1) = _ B+t

Therefore

Convert to new basis.

&3 (—i cos 4t + sin 4t)

e cos 4t
N (e3t sin 4t]
And
S () = [ e3;sin 4t )
—e* cos 4t

Therefore the solution in the new basis is
x1 e cos 4t e sin 4t
= Cl . + C2
Xp e sin 4t —e3t cos 4t

x1 (t) = €3 (C; cos 4t + C, sin 4t)
X, (t) = €3 (C; sin 4t — C, cos 4t)

0.10 Section 7.3 problem 28
problem TO DO

solution
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0.11 Section 7.3 problem 30

problem TO DO

solution

0.12 Section 7.3 problem 39

problem Find general solution x" = Ax

-2 0 0 9
4 2 0 -10
A=
0 0 -1 8
0 0 O 1
solution The eigenvalues are found from solving
A=Al =0
-2-A 0 0 9
4 2-4 0 0|_,
0 0 -1-1 8 |
0 0 0 1-A
Expanding along the last row since it has most zeros then
-2-A 0
det(A-AD=1-A)(D)*"| 4 2-2
0 0
-2-A 0 0
=1-N 4 2-2 0
0 0 -1-A
-2-A
= (1= (1-1)()*°
-2-A 0
=1-A)E1-A
a-ne-n= 0 T

=1-MNE1-D)(2-1)@2-1)
Hence the eigenvalues are (distinct case, no repeated)

/\1 =1,/\2 = —1,A3 =2,/\4 =-2
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For A =1

Let vy = 1. Hence from third row

From first row

From second row

Hence first eigenvector is

For A, = -1

—2-1,

—203 + 8'04 =0

03:4

—3'01 + 97)4 =0

'Ul=3

401 + v, 1004, =0

v, =10-12
=2
3
-2
4
9
10
A, 8
1-1,
00 9
3 0 -10
00 8
00 2

01
(%]
U3
(£
U1
%)
U3

U4

U1
U
U3
Uy
01
Ua
U3

U4

o O O O O o o O

S O O O O O o O

14

From last row 2v, = 0, hence vy = 0. From third row it also says that v, = 0. from first row we also

obtain that v; = 0. From second row

401 + 37)2 =0



’ 15
4

5

6 Since v; = 0 then v, = 0. We notice that v; is left undetermined as there is no equation to determine
7 it. (this happens when there is a column of all zeros, as in this case). Hence we can pick any value
8 for v;. Lets choose v3 = 1. Therefore the second eigenvector is

9

10 0

11 Uy = 0

12 1

13 0

14 For A3 =2

15 -

16 -2-A3 0 0 9 v 0

17 4 2-A5 0 -10 [{o2| [O

18 0 0 -1-4; 8 |los]| |0

13 0 0 0 1-A3)les) (0

21 -4 0 0 9 )(n 0

22 4 0 0 -10|fvp| |0

23 0 0 -3 8 ||| |0

24 00 0 -1)lv,) lo

j()) From last row —v4 = 0, hence v, = 0. From third row it says that v; = 0 since v, = 0. from second and
o7 first row obtain that v; = 0.

28 We notice that v, is left undetermined as there is no equation to determine it. Hence we can pick
29 any value for v,. Lets choose v, = 1. Therefore the eigenvector is

30 0

31

32 5=

33 0

34 0

35 For Ay = -2

36

37 -2-A4 0 0 9 ] 0

38 4 2- Ay 0 -10 (lvz2| |0

39 0 0 -1-4, 8 |los| |0

40 0 0 0 1-Ag)loy) |0

49 0 00 9 |fvn 0

43 4 4 0 -10|fv]| [O

m 001 8l|los| |0

45 0 0 0 3 iy 0

T;’ From last row v, = 0. From third row it says that v3 = 0 since v, = 0. Second row gives 4v; + 4v, = 0.
48

49

50

51

52
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Let v; =1 hence v, = —1. Therefore the eigenvector is

1

-1
U3 =

We found all the eigenvectors, The solution is
x (£) = c1xq (£) + coxa (£) + c3x3 (£) + caxq (£)

=001 (1) Mt + cy0, (1) 22 + 030, (1) €38 + cyy () et

Or
3 0 0 1
-2 0 1 -1
x(t) =c¢ et +c et+e 2+ ¢ g2t
B =c 4 2[4 3, 4
1 0 0
Hence

x1 (t) = 3cqet + cqe™?

Xy () = =2cq€' + c5e? — cye™
X3 (t) = 4C1€t + Cze_t

x4 () = cq€t

0.13 Section 7.5 problem 3

1 -2
problem Find general solution of x” = (2 5 ]x

solution The eigenvalues are found from solving

A=Al =0
1-A =2
|

A-N)(B-1)+4=0
A2-61+9=0

(A-3°=0

Hence A = 3. repeated root, multiplicity k = 2. Let us first check if this is a complete eigenvalue or
not. (i.e. if we can find two L.I. eigenvectors from this eigenvalue). If not, we need to use defective
algorithm to find the eigenvectors). But we always check if it complete or not.
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2 R
= 2

We see that the first row and the second row give the same eigenvector. —2v; —2v, = 0. Let v; =1,

1
hence v, = ~1. So we can only find one eigenvector ( 1 Second row gives same eigenvector. This

means this is defective eigenvalue. We can’t use this method. We are stuck. So we switch to the
defective eigenvalue method (page 450). We start by solving for v, from

(A= A0, =0
2

1-A4 =2 v1| (O

[2 5—)\) v,) 0
2

-2 -2\ (v1) (0

{2 2] v) (0

0 0)(v1) (0

[0 0]02_0

] can be any value. Let v; =1,v, = 0 and therefore

01
Hence
(&)

We now find v; from

Hence the solution is
x(f) = c1x (£) + cx (£) 1)
Where now
x; (t) = vyelt
X (t) = (01t + vp) €M
Plugging these into (1) gives

x(t) = cyoe™ + ¢, (01t + vy) eM (2)
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Replacing the result we found earlier for v;,v, into the above, and using A = 3 gives

el

x1 (1) = (=2¢1 + ¢y — 2ct) €%
x, (1) = (2c1 + 2c,t) €3

Hence

0.14 Section 7.5 problem 5

7 1
problem Find general solution of x" = ( A 3]x

solution The eigenvalues are found from solving

IA—All =0
7-1 1
4 3.2
7-A)GB-A)+4=0
(A-52=0

Hence A =5, repeated root, multiplicity k = 2. Let us first check if this is a complete eigenvalue or
not. (i.e. if we can find two L.I. eigenvectors from this eigenvalue). If not, we need to use defective
algorithm to find the eigenvectors). But we always check if it complete or not.

(A=A =0

7-4 1 \(or) (0
[—4 3-1)lw,) o
7-5 1 (o) (0
[—4 3-5)(e2) |0
2 1)|n 0
[—4 2Jle,) |0

1
From first row we obtain 2v; + v, = 0. Let v; =1 then v, = —2. Hence eigenvector is v = [ ] We

can only find this one eigenvector. Second row gives same eigenvector. This means this is defective
eigenvalue. We can’t use this method. We are stuck. So we switch to the defective eigenvalue method
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19
(page 450). We start by solve for v, from
(A-AD’v, =0
2
7-A 1 Y
[ -4 3-1) \0n)
2
7-5 1 ) (o) _(0
[ 4 3-5) |v,) |0
2
2 1) (vr) (0
[—4 -2 |lv,) |0
0 0)(vr) (0O
[0 o] v) (0
Hence [zl] can be any value. Let v; =1,v, = 0 and therefore
2
1
=
We now find v; from
v =(A-AD) v,
(2 1)1
(-4 —2) (0]
|2
-3
Hence the solution is
x(£) = crq (£) + 22 (F) 1)
Where now
x; (t) = vielt
x, (1) = (01t + vy) eM
Plugging these into (1) gives
x(t) = cyvie™ + ¢ (01t + vy) eM (2)

Replacing the result we found earlier for v, v, into the above, and using A = 3 gives

ool L

x1 (1) = (2c1 + ¢y + 2c,t) €%
Xy (1) = (—4cqy — 4cyt) e

Hence
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0.15 Section 7.5 problem 7

2 00
Problem Find general solution of x’ =|-7 9 7|x
0 0 2

Solution The eigenvalues are found from solving

|[A-All=0

0 0 2-A

Expanding along last row since it has most zeros

2-1 0
det (A—AD = (2 - A) (=1)**®
(A-ap=-HE 0 T
2-1 0
=2-1)
7 9-1A

=Q2-1)2-1)0O-1)

Hence roots are A; = 2,1, =9, where now A; has multiplicity k = 2, and A, is the good one with no
multiplicity. To find associated eigenvector for A, we follow the normal method.

For /12 =9
(A - /\21) 'U/\Z =0

Z—Az 0 0 01 0
-7 9—/\2 7 0| = 0
0 0 Z—AZ U3 0
2-9 0 0 () (0

7 9-9 7 |lo,]=]0
0 0 2-9 U3 0
7 0 0)(vy) (0
7 0 7||vwl=]0
0 0 —7)los) (o

Last row says —7v; = 0 or v3 = 0. second row says —7v; = 0 or v; = 0. First row adds nothing new. So
we see that there is no equation to find v, (this is because the second column is all zeros). Hence we
pick v, anything we want. Let v, =1 and therefore

0
=1

0

Now we go back and look at A; = 2, this is the one with multiplicity k = 2. Let first check if this is a
complete eigenvalue or not. (i.e. if we can find two L.I. eigenvectors from this eigenvalue). If not, we

’0/\2
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need to use defective algorithm to find the eigenvectors). But we always check if it complete or not.

(A= MD)oy, =0

2-4, 0 0 () (0
7 9-4, 7 |lo]=]0
0 0 2-M4)los) O
2-2 0 0 \(v) (0

-7 9-2 7 |lo]=|o0

o o0 2-2Jloy) 0

0 0 0)(v;) (0

-7 7 7||vw|=]0

0 0 oflus) |0

Last row says v3 is arbitrary. Let v; = s. Second row says —v; + v, +s =0, hence v; = v, +s. No other
information can be obtained from first row. So v, is arbitrary, say v, = r, hence the solution is

U1

"0/\1 =10z
U3
r+s

= r

S

1 1
=r{1]|+s|0
0 1
So we see that we have linear combination of two eigenvectors for A;. Hence this eigenvalue is

complete and not defective. No need to use the defective eigenvalue algorithm. These are the two
L.I. eigenvector we are looking for. We got lucky here. Hence

1
v;ll) =11
0
1
v;zl) =|0
1
The solution is
x(t) = 11 () + cpx5 (t) + c3x3 (t) (1)
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Where now

x;(t) = v;ll)e/\lt
x, (t) = vgzl)e/\lt
x5 (f) = vy,e?!
Therefore (1) becomes
x(t) = clvflll)e}‘lt + czv(Azl)e/‘lt + 30y,
1 1 0
=cq|1|e® +c,|0|e* +c5]1 |
0 1 0

x1 (8) = (¢ + )
Xy () = 1% + cze”t

x5 (t) = ¢

0.16 Section 8.2 problem 5 (page 502)

problem Apply method of undetermined coefficients to find particular solution system. If initial
conditions are given, apply initial conditions to find the complete solution. x’ = 6x — 7y + 10;y’ =
x -2y -2t

solution
The matrix form of the system is
x 6 —7|(x 10
= +
[y/] (1 _2] (y] (—2@“]

The eigenvalues of the homogenous system are found from

IA-AlI=0
6-1 -7
1 -7
A2 —4A-5=0

A=-5A+1)=0
Hence Ay =5,4, = -1
For Al =5



12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27

42
43

45
46
47
48
49
50

23

From first equation v; —7v, = 0. Let v; =1 then v, = ;, hence the eigenvector is

-

6—/\2 -7 (4] _ 0
1 2=l o
7 -7 (4] _ 0
1 -1/{v,) |0
From first equation 7v; — 7v, = 0. Let v; =1 then v, =1, hence the eigenvector is

)

xp, (1) = 11 () + o2 ()
=107 (t) e/ht + (X%} (t) eAzt

x, (1) =1 [j] e+, [i] et

xp, () = 7c1€% + cpe™t (1)

v (1) = c1e” + cpe™

For A, =-1

Therefore the homogenous solution is

1
We now see that one of the basis solution in the homogenous part [1] e”!, is also present in the forcing
function (RHS of the original ODE). So to use the method of undetermined coefficients, we need to

10
multiply by 1% and t'e!. Therefore, since the RHS is [ ) t], then we guess
—2e
a b c
X, = 4 1]e‘t +[ 1]te‘t
) by C2
a b t
M1 1 ot
ap bz tCz
a, bl + tcl) _t
e

= +
ap bz + tCz

Note that in systems, for duplication, we multiplied by %~ and t'¢*. Hence the need for the

b
[ l]et term in the above. This is little different than in the scalar case where we just needed one
2

multiplication. See the note in middle of page 497 of textbook on this. Now that we have the guess,
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we plug it into the system and solve for the coefficients.

, [C1] _t [bl + tC1] _t
xp = e — e
Cy bz + tC2

C1— bl - tCl _t
= e
Cy — bz - tCz

Plugging the above into original system, which is

(6 -7 . 10
X, = X.
Pl =2)7 |20t

Gives

c1—by—-tc 6 —7|(la by + tc 10

Cy — bz - tCz 1 -2 ap bz + tC2 -2

¢y —by —tc 6 —7\((a bie~t + te7ic 10

1mte) 1, |2 1|,

¢y — by — tcy 1 2)\lay) \byet +teic, —2¢7t

C1— bl - tCl eit _ 6 -7 aq + ble_t + te‘tcl 10

Cy — bz - tCz 1 -2 ay + b2e_t + te_tCZ —Ze_t

c1 — by -t ot e 6a, — 7a, + 6bye~t — 7bye + 6tcie — Tteye™t . 10

cy — by — tcy aq — 2ay + bie™t = 2bye™t + tege™t — 2tcyet —2¢7t
We obtain

(c1 = by —tey) et = et (6by — 7b, + 6tcy — Ttey) + 6a; — 7ap + 10
(cp —by —tey) et = et (by — 2by + tc; — 2tcy — 2) + ag — 2a,
Comparing terms, we obtain
¢1 — by —tcy = 6by —7by + 6tcy — 7tcy
6a; —7a,+10=0
¢y —by —tcy = by —2by + tcg — 2tcy — 2

111—2[12:0

¢y — by —tcy =6b; —7by + t(6c1 — 7Cp)
6a; —7a, +10=10
Cy—by—tcy =by —2by + t(c; —2cy) -2
a—2a, =0

Therefore, from the first and third equation above, we see we get additional two equations when we
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compare terms in {. Hence
c1 —by =6b; —7b,
—c1 =601 —7¢y
6a; —7a,+10=0
Cy—by=by—2by -2

—Cy=¢1—2¢
ay—2a, =0
Or
1 —by =6by —7b,y
1 =0C
6a; —7a,+10=0
¢y —by =by—2by -2
=0
ap—2a, =0
Or
¢1=7by +7b, =0
c1—c=0
6a; —7a, = -10
Cy+by—b; =-2
ay—2a, =0
The systems can be written as
1 2 0 00 0)|™ 0
6 -7 0 00 0 Zz -10
00 771 0 bl =l o0
00 -110 1|7 [-2
00 0 01 —1)|° 0
C2
R, = Ry, — 6R,
1 2 0 00 0)|™ 0
05 0 00 0 ZZ -10
00 -7 71 oll'f=]o
00 110 1|7 |=
00 0 01 —1)|° 0
C2

25
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1
R4=R4—;R3
M
1 -2 0 O 0 0
ap
0 5 0 O 0 5 -10
o0 -7 7 1 oll'l=]o
1 by
0 0 0 -- 1 -2
7 o
0 0 0o 1 -1 0
()
R5+7R4
a
1 -2 0 0 0 0
)
0 5 0 O 0 ) -10
o0 -7 7 1 ol 'l=]o
1 by
0O 0 0 O - 1 -2
c
o0 00 0 6" (4
C2
From last row we obtain that 6¢, = —14 or
-7
CZZ?
From 4th row
—;C1+C2:—2
17 )
7173
49 14
—C = — —
1773
49
o =14- =
3
7
3
From 3rd row
—7b1 + 7b2 +C1 = 0
7
~7by = -7b, — =
1 273
1
by=b,- -
1=b—3
From second row
5a, = -10
ﬂ2=—2
From first row
111—2[12:0
111:2(12
=4
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Therefore the solution is

Where b, is arbitrary. If we let b, = 0 then

Therefore, we go back to the particular solution

<[

by
by

And substitute these values found in the solution above

-4 _z
X, = +| 3let+
-2 0

1

1
te~t
C2

and obtain

___é] te”t

3

1 ., 7 _
xp(t):—4—§et—§tet

Or
yp (t) =-2
Or
1
xp (t) = 5
1
yp (t) = 5

7
— Ztet
36

(—12 —et- 7te‘t)

(—6 - 7te‘t)

27
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Hence the complete solution (using the homogenous solution found in (1)) is
1
x(t) = 7c1e™ + cpet + 3 (—12 —et- 7te‘t)

1
— Bt -t -t
Yn(t) = cre”t + coe™ + 3 (—6 —7te )

0.17 Section 8.2 problem 9

problem Apply method of undetermined coefficients to find particular solution system. If initial

conditions are given, apply initial conditions to find the complete solution. x” = x-5y+cos2t;y’ = x—y

solution The matrix form of the system is

FJ- S

The eigenvalues of the homogenous system are found from

A=Al =0
1-A -5
1 -
A24+4=0
A ==£2i

For A, = 2i we solve (A—-A)v; =0
1-2i -5 \(w)_(0
1 -1-2i)lo,) |0

(1—2i)01—502:0

From first equation

Let v; =1, hence v, = (1;—20, therefore

For Ay = -2i we solve (A - A,))v, =0

1+2i -5 )(v) (0
1 -1+2i)lw) |0

(1+2i)?)1 —5?)2 =0

[ : ] [ ; )
02 = | q+20) | = .
— 1+2i

From first equation

Let v; =1, hence v, = ﬂJ;—Zi), therefore
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Therefore the homogenous solution is

xp, (t) = c12q (1) + coxp (t)
= c01 (£) &Mt + ¢y, (1) M2t

5 . 5 ,
x, () =c et +c e 2
% 1[1—21'] 2[1+2i]
Convert to new basis

x1 () = Re (x (1)

_Re 52'] 2t _ Re[ 5(cos 2t + i sin 2t) ]
1

1- (cos2t +isin2t) — 2i (cos 2t + isin 2t)
5(cos 2t + isin 2t)
= Re . , .
(cos2t +isin2t) — 2 (i cos 2t — sin 2t)
5 (cos 2t + isin 2t)
= Re . , .
cos 2t +isin 2t — 2i cos 2t + 2 sin 2¢
R 5 (cos 2t + isin 2t)
= Re
cos 2t + 28in 2 + i (sin 2 — 2 cos 2t)
3 5cos 2t
~ |cos2t + 2sin 2t
And
xp (1) = Im (xq (£))
3 5sin 2t
~ |sin2t -2 cos 2t

Hence the homogeneous solution is

xp, () = Crxp (8) + Coxp (1)
5cos 2t 5sin 2t
=G ) +Cof |
cos 2t + 2sin 2t sin 2t — 2 cos 2t

Xy, () = 5Cq cos 2t + 5C, sin 2t
yn (t) = (C1 —2C5) cos 2t + (2C1 + C;) sin 2t

We now see that one of the basis solutions for the homogenous part contains cos2t which is also
in the forcing function of the original system. Hence we need to pick a guess where we multiply by
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cos 2t
extra t. Since the forcing function is ( 0 ] then guess

ar| . by G . dq

xp = sin 2t + cos 2t + tsin 2f + tcos 2t 1)
as by C2 d,
aq + tc by +td

= ! sin 2t + ! ! cos 2t

ar + tCZ bz + tdz

] . a; +tcq d] bl + tdl .

x; = sin 2t + 2 cos 2t + cos2t-2 sin 2t
Co ap + tC2 dz bz + tdz

1 —Z(bl +td1) . dl +2(ﬂ1 +tC1)
= sin 2t + cos 2t
Cy — 2 (bz + tdz) dz + 2((12 + tCz)

We now substitute (1) and (2) into
1 -5 cos 2t
s o)
Hence

—-2(by +td dy +2(aq +
[Cl by 1)] sin2t+[ ! (@ Cl)] cos2t =

Cy — 2 (bz + tdz) dz +2 (ﬂz + tCz)
1 5)(faq +tcy] . by + td, cos 2t
sin 2t + cos2t|+
1 -1 ap + tCz bz + tdz 0
Hence

(c1 —2(by +tdy))sin 2t . (dq +2(aq + tcy)) cos 2t
(cy —2(by + tdy)) sin 2t (dy + 2 (ay + tcp)) cos 2t

Therefore

(2)

1 -5|)((aq + tcy) sin 2t + (by + tdq) cos 2t N cos 2t
1 -1\ (ay + tcp) sin 2t + (by + tdy) cos 2t 0

Or

(c;1 —2(by +tdy))sin2t + (d; + 2 (ay + tcq)) cos 2t
(cy —2(by + tdy)) sin 2t + (dy + 2 (ay + tcy)) cos 2t
(cos2t) (by + tdy) — 5 (cos 2t) (by + tdy) + (sin 2f) (aq + tcq) — 5 (sin 2t) (ap + tcp) N cos 2t
(cos2t) (by + tdy) — (cos 2t) (by + tdy) + (sin 2f) (aq + tcy) — (sin 2t) (ap + tcp) 0
Therefore
(c1 —2(by +tdy))sin2t + (d; + 2 (ay + tcq)) cos 2t =
(cos2t) (by + tdy) — 5 (cos 2t) (by + tdy) + (sin 2t) (aq + tcq) — 5 (sin 2t) (ap + tcp) + cos2t  (3)
And
(cp —2(by + tdy)) sin 2t + (dy + 2 (ay + tcy)) cos 2t =
(cos2t) (by + tdy) — (cos 2t) (by + tdy) + (sin 2t) (aq + tcy) — (sin2t) (ay + tcy)  (4)
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Equation (3,4) are solved for the unknowns. We need 8 equations in total. Looking at (3) for now.
Comparing coefficients of sin 2t in (3)

(cg = 2(by +tdy)) = (ag + tcy) — 5 (ag + tep)
cq —2by —2tdy = ay —5a, + tc; — 5tey
¢4 —2by +t(=2dy) = a; — 5ay + t(c; — 5cy)
Comparing coefficients we see

C1 —2b1 =4ay — 5&2

ap—5a,—¢c; +2b; =0 (1A)
And
—2d; =¢1 - 5¢y
1 —5c+2d1 =0 (2A)

We do the same for cos?2t in equation (3) and compare coefficients
(dy +2(ay + tcy)) = (by + tdy) = 5(by + tdy) +1
2ay +dy + 2tc; = by —5by + tdy —5tdy, + 1
2ay1 +dqy + 1t (2cy) = by = 5by + 1 + t(dy —5d,)
Comparing coefficients on the above gives two new equations

2a1+d1=b1—5b2+1

2a1+dy — by +5b, =1 (3A)
And
2cy =dq —5d,
2¢1 —dy +5d, =0 (4A)

We have obtained 4 equations from (3). We do the same on (4) to obtain the other 4 equations.
Comparing sin 2t terms in (4) gives

(c3 = 2(by + tdy)) = (a1 + tcy) — (ag + tep)
Cy — sz - 2td2 =ay—ap; + tCl - tCZ
Cy — 2172 + t(—Zdz) =day—ap; + t(Cl - Cz)
Comparing coefficients on the above gives two new equations

C2—2b2=ﬂ1—ﬂ2

ay—ay—cy +2b, =0 (bA)
And
—2d, =c¢1— ¢
c1—C+2dy,=0 (6A)

Finally, Comparing cos 2t terms in (4) gives
(dy +2(ay + tcy)) = (by + tdy) — (by + tdy)
2a; +dy +2tcy = by — by + tdy - td,
2ay +dy +t(2cy) = by — by + t(dy — dy)
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Comparing coefficients on the above gives two new equations
2ay +dy = by - b,
2a, +dy— by + by =0 (7A)
And
2c, =dy —dy
dy—dy—2c,=0 (8A)

Equations (1A) to (8A) are now solved for ay,a,,b1,by,c1,¢p,d7,ds.
a;—5a,—c; +2b; =0
1 =5 +2d; =0
2a1 +dy — by +5b, =1
2¢1 —dy+5d, =0
a;—ay—cy+2by, =0
c1—C+2d, =0
2a,+dy — by +b, =0

dy—dy—2c,=0
Writing the equations in matrix form
1 -5 2 0-1 0 0 0)m 0
0 0 00 1 -5 2 0]}fa 0
2 0 .15 0 0 1 0]fp 1
0 0 0 0 2 -1 5 ||by| |0
1 -1 0 2 0 -1 0 0l|le| |0
0 0 00 1 -1 0 2|flc 0
02 11 0 0 0 1|4 0
0 0 00 0 -2 1 -1)ld) \0
Solving the above using the computer gives

1

ay 1

a, 0

by 0

by |0

=11

0 3

Cy I

di| |5

d, 0
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Solve 8.2 problem 9 final Matrix equation

mat = {{1, -5, 2, o, -1, 0O, 0, 0},
{e, o, o0, o, 1, -5, 2, 0},
{2, e, -1, 5, o, o, 1, 0},
{e, o, o, o, 2, 0, -1, 5},
{1, -1, e, 2, o, -1, 0, 0},
{e, o, o0, o, 1, -1, 0, 2},
{6, 2, -1, 1, o, o, o, 1},
{e, o, 06, 0, 0, -2, 1, -1}};
b= {9,90,1,0,0,0,0, 0};
LinearSolve[mat, b]

1

1 1 1
{Z: 0, @, @, Z) Z: E: 0}

We now go back to (1) and plugging these values into the particular solution

ap| . by 1 . dq
X, = sin 2t + cos 2t + tsin 2t + tcos 2t
a by C2 dy
1 1 1
s . 0 Z . -
=|4|sin2t+| |[cos2t+|$|tsin2t+|2|tcos2t
0 0 1 0

(t) L gin2t+ Lesinat + St cos ot
X = —Sln —1 S1n —1 COS
P 4 4 2

Hence

1, .
Yy (t) = Ztsm2t

1
x, (t) = 7 (sin 2t + tsin 2t + 2t cos 2t)

1 .
yp () = Zt sin 2t
Earlier we obtained the homogenous solution as
xp, (f) = 5Cq cos 2t + 5C, sin 2t
yn (#) = (C1 —2Cy) cos2t + (2Cy + C,) sin 2t

Therefore the general solution is

1
x (t) = 5Cq cos 2t + 5C, sin 2f + 7 (sin 2t + tsin 2t + 2 cos 2t)

1
y (t) = (Cl - 2C2) cos 2t + (2C1 + Cz) sin 2t + ZtSiH 2t

33
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7 0.18 Section 8.2 problem 11

i problem Apply method of undetermined coefficients to find particular solution system. If initial
10 conditions are given, apply initial conditions to find the complete solution. x" = 2x + 4y + 2;y" =
11 x+2y+3;x0)=1,y(0)=-1

12 solution The matrix form of the system is

: <6 206

15 v) \1 2Jly) \3

16 The eigenvalues of the homogenous system are found from

1 A=Al =0

18

1 2-4 4 |_

20 1 2-A

21 AZ-41=0

22 A=A =0

23

94 Hence A =0,4, = 4.

25 For A; =0 we solve (A—-A1)v; =0

26

97 Z—Al 4 4] _ 0
28 1 -M)\v2 0

39 From first equation
33 201 + 40, =0

-1
Let v; =1, hence v, = > therefore

For A; =4 we solve (A-A,))v, =0

45 From first equation
40 ~20; + 40, =0

1
48 Let v; =1, hence v, = 5 therefore

49
50 vy = [

NI = =
~—————
Il
—
=N
~————
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Therefore the homogenous solution is
xp (1) = 121 (£) + 2% (8)
= 101 (t) eMt + v, (1) €2
Or
2 2
x, (F) = ¢1 ( 1] +0 1)6‘” 1)

Since constant term exist in both homogenous solution and in forcing function then guess

b
a by

Therefore

Substituting this into

Gives
b 2 4 b 2
- M+
bz 1 2 ap bz 3
bl _ 2 4 a, + blt + 2
bz B 1 2 a, + bzt 3
bl _ 2611 + 4612 + thl + 4tb2 + 2
bz B a; + 2612 + tbl + ztbz 3
Hence
bl = 2611 + 402 + thl + 4tb2 +2
bz =611+2612+tb1+2tb2+3
Or

by =2a; +4a, + 2 + t (2by + 4b,)
bz =aq +202+3+t(b1 +2b2)
So by comparing coefficients in each equation we obtain 4 equations as follows

b1 =2ﬂ1 +4ﬂ2+2

2b1 +4b2=0
b2=a1 +202+3
b1+2b2:0
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Or
2ay +4a, — by = -2
2by +4b, =0
a +2a, —by, =-3
by +2b, =0

Hence the matrix form is

2 4 -1 0)(a) (-2
00 4|lap| |0
12 0 -1f|pn| [-3
00 2 J\b, 0
1
R3:R3_ER1
2 4 -1 0)(a) (-2
00 2 4lla| |0
00 5 -1ln| |2
00 1 2/ 0
1
R3:R3_ZR2
2 4 -1 0\(ay) (-2
00 4 lay| |0
00 2|6, | |2
00 2 J\b, 0
1
R4:R4_ER2
2 4 -1 0\(a) (-2
00 2 4flayf |0
00 0 =2||b] |-2
00 0 0]J\b 0

Third row gives —2b, = -2 or b, = 1. From second row 2b; +4b, = 0, or by = —2b, = 2. First row gives
2a1 +4a, — by = -2
2ay +4a, = -2+ by
2ay +4a, = -4

1
Eal +a, =-1
Hence a4, or a, are arbitrary. Let a, = 0 then a, = —2. Hence the solution is
a -2
a| |0
bl |2
by 1
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Therefore

Using (1) the complete solution is

1 x(H) =c; 2 ] +0p {2] et + _2] + _2]1‘ (2)

Att=0

1 2 2 -2
18 =0 + Co +
1 1 1 1) (o

20 [201 +20, — 2]

21 =
22
23
24 2c1+2c;-2=1

—C1+0Cp

Hence
25 —C1+C = -1
27

28 2C1 + 2C2 =3

29 1 +cp=-1

Which gives ¢; = Z,cz = }1, therefore (2) becomes

32 5(2 1(2 -2 -2
oS )

10 1
36 x(t):z+§e4t—2—2t

5 1
38 y(t) = _41 + ZE“ +t

x(t) = (1 — 4t + e4t)

NN

y(t) = (—5 + 4t + e4t)

1 0.19 Section 8.2 problem 13

46

47 problem Apply method of undetermined coefficients to find particular solution system. If initial
48 conditions are given, apply initial conditions to find the complete solution. x’ = 2x + y + 2¢;y’ =

49 x +2y - 3e!
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38
solution The matrix form of the system is
x! 2 1)(x 2¢t
= +
v (1 2)ly) -3¢
The eigenvalues of the homogenous system are found from
|[A-All=0
2-14 1|
1 2-4|
A2—41+3=0
A=-3)(A-1)=0
Hence Ay =1,4, =3.
For A, =1 we solve (A-A)v; =0
2-4 1 \[(w) (o0
1 2-A N\, 0
1 1 4] _ 0
11 (%)) 0
From first equation v; + v, = 0. Let v; =1, hence v, = -1 and therefore
1
U1 =
Tl
For Ay =3 we solve (A-Ay,))v, =0
2-4, 1 \(w) (o0
1 2-2) ) o
-1 1 (4] _ 0
1 -1){w) |0
From first equation —v; + v, = 0. Let v; =1, hence v, =1 and therefore
1
VoY =
27
Therefore the homogenous solution is
xp, (1) =y () + 20 ()
= ¢y (t) &Mt + ¢y, (1) 22!
Or
1 1
x, () =, [ 1) et +cy [1] e 1)
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t

3 t] and ¢ is a basis solution for the homogenous part, then we guess
—3e

b
Xp = (ﬂl]et +[ 1]tet
ar bz
a; + tbl 4
= e
a, + tbz
x;?: bl et+ ﬂ1+tb1 et
bz ap + tbz

b1+a1+tb1 ;
= e
bz +a, + tbz

Since the forcing function is [

Hence

Plugging this back into

(2 1), (2
X, = X
Pl 2P (et
Gives
bl +a; + tbl ¢ 21 a; + tbl ¢ 2et
e = e +
b2 +ad, + tbz 1 2 a, + tbz —3€t
b1+{l1+tb1 _ 21 ﬂ1+tb1 + 2
bz +a, + tbz B 1 2 a, + tbz -3
b1+a1+tb1 _ 201 +ﬂ2+2tb1+tb2 + 2
bz +da, + tbz - a, + 2ﬂ2 + tbl + 2tb2 -3
Hence
bl + +tb1 =201 +{12+2tb1 +tb2+2
b2+ﬂz+tb2 = a7 +2[12+tb1 +2tb2—3
or

b1+a1+tb1 =2a1+a2+2+t(2b1 +b2)
b2+a2+tb2 =m +2a2—3+t(b1 +2b2)
Comparing coefficients in the above two equations generates 4 equations to solve for the unknowns

b1+a1=2a1+a2+2

b1=2b1+b2
b2+a2=a1+2a2—3
bzzbl +2b2
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40

Or
a+ay—b;=-2
by+b,=0
a+a,—b, =3
by+b,=0

Second and third equation are the same. Using the first 3 equations, the matrix equations are

51
1 1 -1 0 -2
ap
11 0 -1 =
by
0O0 1 1
by

This is undetermined system. It will either have infinite number of solutions or no solution.

Let RZ = RZ - Rl

1 -1 0 -2

a
1 bzz
1 1]t
b,
R3=R3—R2

a

11 1 o0)|'Y (-
ap

00 1 -1 =5
by

00 0 2 -5
b,

Last row gives 2b, = =5 or b, = %5 Second row gives by —b, =50rb; =5+b, =5- g = g First row
givesa; +a,-by=-2ora; =-a, +b; -2 or

a, is arbitrary. Let a, = 0 and we obtain a; = % Hence the solution is
1

aq E

0
=15
2

5

2

b
Therefore since x, = 41 et +| |tet then
) b,



19
20

45
46

49

41

x, (t) = % (1+5t)¢

-5
Yp (t) = ?tet
And the general solution is

x(t) = x3, () + x0 ()
1 1 1 5
sl -

1
x(t) = ciet + cpe® + 5 (1+5t)et

5
y(t) = —cre' + et — Etef

0.20 Section 8.2 problem 19

problem Use the method of variation of parameters to solve x’ = Ax + f(t).

1 2 180t
Az(z —2]’f(t)=[90]

0
o)

solution The matrix form of the system is

e ()

The eigenvalues of the homogenous system are found from

A= All=0
1-1 2
|
A24A-6=0

A-=2)A+3)=0
Hence Ay =2,4, = -3.
For Ay =2 we solve (A-AD)v; =0
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From first equation —v; +2v, = 0. Let v; =1 then v, = % and
v1=|1]|=
5 1
For A, = -3 we solve (A-A,))v, =0
1 —Az 2 U1 _ 0
2 —2—/\2 (%) B 0
4 2|[v] (O
2 1)lw) |0
From first equation 4v; + 2v, = 0. Let v; =1 then v, = -2 and
1
Uy =
272
Therefore
xp (£) = c1x1 () + cox2 (1)
= c01 (1) Mt + cyo, (1) 2t
Or
2 1
x,(t) =cq| |e*+c et 1
h () 1(1] 2[_2) 1)

The Wronskian W (which is the same as fundamental matrix ®) is

W=(x, () x ()
zeZt e—3t
= [ 2t _26—3t]

x, () = W f WLE(r) dt )

Wfl _ 2€2t e—St
- 2t _Dp3t

Therefore

Where
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Hence, (2) becomes
202 73 22t 120\ (1804
xp (t) = f 2 %) dt
eZt _23—31‘ g631‘ _ ge?)t 90
_ 202 73 f 18e72 + 72t~ i
Sl —ped 36te% — 3663

202t 73t (—9e-2f (4t+3))

e 2073\ 43 (3t —4)
_(-60t-70
| 5-60t

Therefore the general solution is

x () = x () + x, (£) 3)

2 1 —60t — 70
=q| [¥+c e+
1 -2 5 - 60t
0 2 1 -70
=C(1 + 0 +
0 1 -2 5

(e )
- e
b -

Last row gives _?562 = —40, or ¢, = 16. First row gives 2c; +¢, = 70, hence ¢; =
the solution from (3) becomes

2 1 -60t — 70
x(t) =27 A +16 3t 4
-1 -2 5 - 60t

x (t) = 54e? + 16e73 — 60t — 70
y(t) = —27¢* — 3273t + 5 - 60t

Att=0

Hence

70-c,  70-16
5 2 = —— =27. Hence
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0.21 Section 8.2 problem 22

problem Use the method of variation of parameters to solve x’ = Ax + f(t).

4 1 28!
A=[5 —2]’f (t)=[20e3f]

0
o)

solution The matrix form of the system is

)<l I

The eigenvalues of the homogenous system are found from

A=Al =0
4-0 4

5 -2-A"
A2_21-3=0

A+1)A-3)=0
Hence A, =-1,1, = 3.
For A; = -1 we solve (A—A)v; =0

4—/\1 -1 (4] _ 0
5 —2-A;)lv,) |0
5 -1 (4] _ 0
5 -1/{v,) |0
From first equation 5v; —v, = 0. Let v; =1 then v, =5 and

ol

4—/\2 -1 01 _ 0
5 2-14,)lv,) |0
1 -1)fw] (O
5 -5)lo,) |0
From first equation v; —v, = 0. Let v; =1 then v, =1 and

-l

For A, =3 we solve (A—Ay,)v, =0
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Therefore

xp, (t) = c12q (1) + coxp (t)
= c01 (£) &Mt + ¢y, (1) M2t

x,(t) = c; [;) et+cp [1] et

The Wronskian W is, (which is the same as fundamental matrix ®) is

Therefore

Where

Hence, (2) becomes

W=(x, () x(t)
e—t €3t
= [5€t eSt\J

%0 =W [ W

el ot o3t
- 5ot o3t

1l
—
1o |
A
@ %
|

|
) Q
| -~
@

2
~————

—t 3t Ll 14 —t
% (1) = e e f 54e %e 28e
4 Set o3t 273t _Zp3t)| nedt
4 4
B et Bt f Sedt _7 »
|5t )J (354 -5
~ ot oot Ze4t_7t
T set o3| o5t - Bt

—t

5 _ 35 _
Ze3t —7tet — 53t — e t )

25 35
Ze& — 35¢e~t — 5edt — ¢

Therefore the general solution is

x(t) = x, (£) + x, ()

263t — 7t — 5tedt —

S
0 ]
35 -t
46

1 1
=c1|_|et+e| [+,
' [5] 2 [1] 23 - 35t ~ 5te™ -

45

1)

2)

)



19
20

23

27

45
46

49

46

Att=0
5 35
0 1 1 - ——
Y
5 1 -
15
_ c1+C——
_{5C1 +C2_E
Hence

11 Cq
51 Cy
1 1 Cq
0 -4 Cy
Last row gives —4c, = -35, or ¢; = %. First row gives c; + ¢, = %, hence ¢; = 12—5 - % = —Z. Hence the
solution from (3) becomes

5 35
-5 (1 35 (1 Ze3 — 7te™t — 5ted — —¢t
x(t)=—| [et+—| [+ 4
=7 [5] 4 (1) (de% ~ 35te! ~ 5t¢¥ — 2t

1l Il
| —
a N NN |
~————

Or
-5 35 5 35
x(f) = —et+ =63 + —e3t —Ttet — 5t — —et
4 4 4 4
25 35 25 35
y () = —re + e + —-e¥ = 35t — 5te — e
Or

x(t) = =10e™t + 1063 — 7te™t — 5te3t
y(t) = —15¢7 + 15¢3 — 35te™! — 5tet

0.22 Section 8.2 problem 25

problem Use the method of variation of parameters to solve x" = Ax + f(t).

2 —5]
A:
1 -2
® = 4t
fi= 1
0
x(0) = 0]

solution The matrix form of the system is

-6 I
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The eigenvalues of the homogenous system are found from
|A-All =
2-4 5|
1 2-A
A2+1=0
A =i
Hence A =i, A, = 1.
For A = —i we solve (A—A)v; =0
2-A {0
1 -2- /\1 o
24+i -5 {0
1 2+i)loy) (0
From first equation (2 +i)v; —5v, = 0. Let v; =1 then v, = (2:) and
1 5
V1 = ~ | =
les) = oy
For A, =i we solve (A—-A,))v, =0
2—/\2 -5 01 _ 0
1 -2 - /\2 Uy 0
2-i =5 |[vg] (O
1 —2-i)le) |0
From first equation (2 —i)v; —5v, = 0. Let v; =1 then v, = ? and
)
1= | = .
AR
Therefore
xp (£) = c1x1 () + cox2 (1)
= cq0 (£) &Mt + ¢y, (1) M2t
Or
5 . 5.
x,(t)=c et + ¢ e't 1
0 1(z+i] 2[2_1,] 1)
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Change to new basis
5 .
x1 (t) = Re ) et
2+1i
5(cost—isint) ]

(2+1i)(cost—isint)

5(cost—isint)
=Re . : .
2(cost—isint) + (icost + sinf)

5(cost—isint)
2cost +sint +i(-2sint + cost)

B 5cost
2cost+sint

5(cost —isint) ]

And

2cost+sint +i(-2sint + cost)

3 —5gint
—2sint + cost

Hence the homogenous solution in the new basis is

xh(t)=C1( 5cost ]+C2( —5sint ] (1A)

2cost +sint —2sint+ cost

xza)zlm{

The Wronskian W (which is the same as fundamental matrix ®) is
W=(x() %)
B 5cost —5sint ]

B 2cost+sint -2sint+ cost

Therefore
%mzwfwvww )
Where
-1
4 S5cost —5sint
w-l=
2cost+sint -2sint+ cost

é(cost—Zsint) sint
B é(—2c05t+sint) cost
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Hence, (2) becomes

5cost —5sint l(Cosi,‘—2sinif) sint )[4t
X, (£) = . . f P . dt
2cost+sint -2sinf+ cost 5(—2cost+smt) costf|1
5 cos ¢ _5<int sint+4t(%cost—§sint)
= dt
2cost+sint —2sint+ cost f Cost—4t(§cost—%sint)
. 8 8 . 1 4, .
5cost —5sint gtcost—Esmt—gcost+gtsmt
“|2cost+sint -2sint + cost gsint—gcost—gtcost—gtsint

Which, with little help of computer algebra, simplifies to

8t-1
x, () =
»® [4t - z)
Therefore the general solution is
x(£) = x; () + x,, (1) (3)

5cost —5sint 8t—-1
= Cl . + Cz . +
(2 cost + sin t] [—2 sint + cos t] (41‘ - 2]
0 5 0 -1
= C1 + C2 +
3 5C; -1
|2c;+C, -2

I

First row gives C; = é and last row gives 2C; +Cy; =2 or C, =2 - E = g. Hence the solution becomes
1 5cost 8 —5sint 8t—1
x(t) == |+ = . +
S5(2cost+sint| 5|-2sint+cost) (4t-2

x(t) = cost—8sint+8t+8t—1
y() =2cost—3sint+4t-2

Att=0

Hence
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0.23 Section 8.2 problem 28

problem Use the method of variation of parameters to solve x’ = Ax + f(t).

2 —4)
A:

1 -2

41Int
f@) = 1]

T

1
x(1) = _1)

solution The matrix form of the system is

C )

The eigenvalues of the homogenous system are found from

A=Al =0
20 -4

1 -7

A% =0

A=0

Hence zero eigenvalue. Let see if this is complete eigenvalue or not.

[ G-

From first equation 2v; —4v, = 0. Let v; =1 then v, = % and

»=[3)-0

We can only find this one eigenvector. Second row gives same eigenvector. This means this is defective
eigenvalue. We can’t use this method. We are stuck. So we switch to the defective eigenvalue method
(page 450). We start by solving for v, from

For A =0 we solve (A-A)v; =0

(A-AD*v, =0
2

2-14 4 ) (o) (0

1 -2-1) o) o
2

2 —4) (v (0

1 -2 (w) |o

00 01 _ 0

0 0)Jlo,) o
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Hence [

] can be any value. Let v; =1,v, = 0 and therefore
2

o

v, = (A-AD) v,

230

We now find v; from

Where now

x1 (t) = vyelt

xp (£) = (1t + vy) eM
Hence the homogenous solution is

Xy, (t) = Clvle’” +Cp ('Ult + 'Uz) E/U

o))
o[

The Wronskian W (which is the same as fundamental matrix ®) is

W=(x, () %)
(2 2t+1
VR

%0 =W [ W

Therefore

Where

-1
w2 2
IV

3 -t 2t+1
1 22

51

(2)
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Hence, (2) becomes

0 2 2t+1 f —t 2t+1)(41Int "
X,
4 1t 1 -2 }

2 2t4+1) (L@t +1)-4tInt
ft >
]. t 4lnt—?

2 2t+1\(2t+1Int-2£21nt + £2
1 t 4tlnt-21Int - 4¢

B 22 (21nt - 3)
|2t +Int+2R2Int-2tnt - 312

Therefore the general solution is

x () = x (£) + x, (£) ()

2 2t +1 2t2(21nt - 3)
=0 + Cp +
1 t 2t+1Int+221Int -2t Int - 3£2

[o)= L)
(e
RN
A MR

. 1 7 .
second row gives S0 =-;0rcp=7 and first row gives 2c; +3c, =7 or ¢y =
the solution becomes (from (3))

2 2t +1 22 (21Int - 3)
x(t)=-7| |+7 +
1 t 2t +1nt+221nt -2t Int — 342

x(t) = -7 +14t + 2> (2Int - 3)
y(t) =-7+9 +Int+2t2Int —2tInt - 3

Att=1

|
_
N—
I

Hence

7-3c,  7-21
2 = —— =-7. Hence
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0.24 Example on page 500, textbook (Edwards&Penny, 3rd edition)

problem This problem was solved in textbook using matrix exponential. Here is solved using the
fundamental matrix only. Use the method of variation of parameters to solve x’ = Ax + f(t).

4 2
A=
3 —1J

)= ‘f] fe?

) 7]
x(0) =

3

Solution

The homogeneous solution was found in the book as

2! is in the homogeneous, we

Following scalar case, the guess would be %, = (b + at) e but since e~
have to adjust to be X, = (bt + at2) e + z¢™. Notice we had to add ae™, else it will not work if we just

guessed X, = (Z_Jt + ﬁtz) ¢ based on what we would do in scalar case, we will find we get =0 = 0.
This seems to be a trial and error stage and one just have to try to find out. This is why undermined
coefficients for systems is not as easy to use as with scalar case. Hence

%, = (bt + at?) e + ce®
Now we plug-in this back into the ODE and solve for ,b,¢. But an easier method is to use Variation
of parameters. The fundamental matrix is

And
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Hence using
x :cpfcp—lf‘(t)dt
B 1@ f e?t —2e%)(-15te 2 i
~5 2075t o5t || 42t
f -23t
"5 26te‘7t
The integral of [ -23tdt = t2 and [ -26te”7'dt = Ze”7' (7t +1) (using integration by parts) hence

the above simplifies to
=23 5
2 0 t26
<0 -7t + _te—7i’

245 35

-23
o2t 2€5t)( = £2
| 5,2t 5t || 26 -7t 26, 7t
2e e et x te
52 _ 52, _ 23 5 _
e 2t 4 g2t _ 2242, 2t]

=% %g’ 23
26 oy 26, pp 23,2 ot
> 456 + = te < + t e
—2t 2
_ 4901 ( ~1127¢ +728t+104)]

-2t 2
° (1127t +182t+26)

Hence the complete solution is

X=%+%,

1 o2t 2

N R P e (-1127¢2 + 728t +104)
1 o2t 2

-2 1 = (1127t +182t+26)

To find the constants, we apply initial conditions. At t =

52
7 1 2 —
=0 +o [+]%
3 -2 1 2
52
1 2 7 —
-2 1 3 25

1 2\(a) (5
0562_%

166
and C1 +2C2 = 550

807 807
Hence 5C2 = E or ¢ = TS

1663 807
245 245

hence ¢; = — — —) = % Therefore the solution

becomes

X =

[1] i, 807 [2) 5t+[ =2 (- 1127t2+728t+104))
e -— e
1

) 245 e % (112712 + 182t + 26)

24,

1
5
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