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Note added Feb 1, 2017

Nasser M. Abbasi

December 30, 2019

This note solves in details the ODE

By’ (x) = y (x)

Using asymptoes method using what is called the dominant balance submethod where it is assumed that
y(x) =50,

0.1 Solution

x = 0 is an irregular singular point. The solution is assumeed to be y(x) = ¢5®, Therefore y = §’¢5® and
Y’ =5"e50 + (5 ¢5® and the given ODE becomes

B(s7+(8)%) =1 1)
Assuming that
S (x) ~ cx®
Hence S” ~ cax*!. and (1) becomes
x3 (caxa‘l + (cx"‘)z) ~1
cax®? + 2x20+3 L

Term cax®*? 3> 2x22+3 hence we set a = _?3 to remove the subdominant term. Therefore the above becomes,
after substituting for the found «

x—0
—_—

-3 1
—cx2+c%~1
2
=1
-3
Therefore ¢ = +1. The result so far is S’ (x) ~ cx2 . Now another term is added. Let
-3
S (x) ~cx2 + A(x)
-5
Now we will try to find A (x). Hence S” (x) ~ %Scx? + A’ and $° (S" + (S’)z) =1 now becomes
-3 = 3 2
x3(?cx2 +A'+(cx2 +A) )~1

-3 = =3
x3(7cx2 +A’+c2x3+A2+2Acx2)~1

-3 1 3
(70x2 +x8A + 2+ x3A% + 2Acx2) ~1
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’ 2
4
5
6 Since ¢ =1 from the above, then
7 -3 1 3
g S ex + XA +x3A% +2Acx2 ~ 0
9 Dominant balance says to keep dominant term (but now looking at those terms in A only). From the above,
10 since A >> A% and A >> A’ then from the above, we can cross out A2 and A’ resulting in
-3 1 3
H —cx2 +2Acx2 ~ 0
12 2
13 Hence we just need to find A to balance the above
) -3 1 3
1 —cx2 +2Acx2 ~ 0
15 2
o]
3 3 1
16 2Acx2 ~ ECXZ
17 3
A~
18 4x
19 We found A (x) for the second term. Therefore, so far we have
20 S () %3 3
X)=cx?2 + —
21 4x
29 Or
23 13
‘ S(x)=—-2cx2 +Zlnx+C0
24
95 But Cj can be dropped (subdominant to Inx when x — 0) and so far then we can write the solution as
% y(x) = SOW (x)
— [oe]
27 — S E 1, X"
28 n=0
92 13 -
2 = exp (—Zcx Z +-1In x) 2 a,x"
30 S ="
< -1 3 x
31 = 2x2 53 Z a,x"
32 n=0
Qe _ 2 3
33 —e N Z llnan—Z
34 n=0
35 22 & 3
_ nr+7
=e a,x
36 nz:% "
37 Since ¢ = 1. We can now try adding one more term to S (x). Let
38 33
39 S (x) =cx2 +4—x+B(x)
40 Hence
i 3 = 3
§"=—cxx2 -—+B(x
49 2 4x2 )
43
44
45
46
47
48
49
50
51
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And »® (S” + (S')Z) ~ 1 now becomes
— -5 -3 2
x3 ((;cxz - 4—?(2 +B (x)) + (cxz + 4% + B(x)) ] ~1

(€ 3 2 omrt 4 3B B2 4B 1
X —- — —X CbX —DbX ~
3 16 2

= 3 53
2 - et 2cBx? + Esz +x°B2 + X°B | ~

3 3 3
~1e* +2cBx2? + EBXZ +x3B2 +x3B' ~ 0

From the above, since B (x) 3> B2 (x) and B (x) 3> B’ (x) and for small x, then we can cross out terms with B2
and B’ from above, and we are left with

3 +ZB%+3B2 0
16x CbX 2x

3 3
3 3 3 3 3
Between 2cBx2 and Esz’ for small x, then 2cBx2 >> Esz’ so we can cross out EBXZ from above

3 3
—1—6x +2cBx2 -0

2Bxz ~ —
CbXx 1X

We found B (x), Hence now we have
-3 3 3 1
Sx)=cx2 + —+ —
() =ex® + T 3"
Or
-1 1

3 3
S(x)=-2cx72 + = lnx+ﬁx2 +Cq

But C; can be dropped (subdominant to Inx when x — 0) and so far then we can write the solution as

y () = SOW (x)

(o)
= ¢SW) E anxnr
n=0
13 1) &
=exp|-2cx2 + 1 Inx + —x2 E a,x"™

-1 3 )
— e—2cx 2 +—x xi E X

N\H

-1

— —2cx2+ Eax +Z

Forc=1
-1 1 o)
yl(x)_62x2+ 22
n=0

Forc=-1
-1 1 o
Y () =" ZE

Hence

y(x) ~ Ayp (x) + By, (x)
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