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0.1 Problem 1

(1) (10 pts) Consider the eigenvalue problem:
Y+ 2y + A’y=0,
y(0)=y1)=0,
valid over the interval ) < x <1. Find the first two eigenvalues and mode shapes for this

problem using the bvp4c and eig utilites. This problem does have an analytical
solution, and the results are that the eigenfunctions and associated eigenvalues are:

y,(x)= A exp(-x)sin(y/A,> -1 x) [A2-1=nn

Figure 1: problem 1 description

The ODE is
v +2y + A%y =0

With y (0) = y (1) = 0. The first step is to find the state space representation. Let x; = y,x, =
y’. Taking derivatives gives

jCl =Xy
jCz = —ZXZ - /\le
The above is used with bvp4c as shown in the source code. To use eig, the problem is

converted to the form Ay = aBy and then Matlab eig(A, B) is used to find the eigenvalues.
Using second order centered difference gives

dy _ Yir1 ~Via

dx|; 2h
4%y _ Y —2Yityia
dx2| h2

internal grid points

y(0) =0 e - -

L, / y(l):O
| \ /

e o e e e e

0‘\} 2 N/ N+1

\ -

lh !l ~———__--7

!

grid size

N grid points. N — 2 internal grid points

Figure 2: grid numbering used in problem 1

Therefore, the approximation to the differential equation at grid i (on the internal nodes
as shown in the above diagram) is

o Y Z Wit Yie Y ~Yia

y' +2y + A2y|i ~ 2 o + A%y,
Hence
Yir1 — 2hy21 *Yi 2}/1‘+12—hyi—1 F A%, = 0
Yir1 = 20+ Yicg + 1 (Yis1 — Yi) + H2A%y; =0
Vit 0= 1)+ (A% =2) 4y L+ 1) = 0
At node i =1,

Yo —h) +y; (A2 =2) +y, (1 +h) =0



Moving the known quantities and any quantity with A to the right side

=2y + 2 (L+ 1) =yo (= 1) - 1 (H2A2)
At node i =2

y1(L=1) +y; (h2A2=2) +y;(L+h) =0
y1 (L=h) =2y, +y5 (L + h) = -y, (12A2)
And so on. At the last node, i =N
yno (=1 + yn (H2A2 = 2) + yny L+ 1) = 0
yn-1 (1= h) = 2yy = =y (PA2) = yniq (1 + 1)
Ati=N-1
Ynoa (L =1) +yn_y (222 = 2) +yn (L +h) = 0
yn2(I=h) =2y +yn 1 +h) = -yn (thz)

Hence the structure is

-2 1+h 0 0 0 0 n yo(h—1) 1 0 0 0 0 0][ »
1-h -2 1+h 0 0 : w2 0 0o 1 0 0 0 Hl v2
0 1-h -2 1+h 0 : 3 0 o 0 1 0 © HIRA]
0 0 . : s = : -A%0 0 0 1 0 Hl o
: . N 0 ||lyn-2 0 N | L/ \e)
: 1-h =2 1+h||yn 0 : : : : : “ Ol{yn—1
0 0 1-n =2 lyy —yns1 (1 +h) 00 0 0 - o0 1y
Since 1y = yn11 = 0 the above reduces to
[ 2 1+h 0 0 0 0 |[ v | 1 0 0 0 O ol[ n
1-h =2 1+h 0 0 - A e 01 0 0 0 v
1-h -2 1+4h 0 - A s 00 1 0 0 Vs
0 0 : S [=-m2A%2l0 0 0 1 0 :
. .. 0 Yn-2 Yn-2
: 1-h -2 1+h||yna A e U | N
| 0 0 1-h -2 || yy | 0o 0 0 0 - 0 1|[yn]
Ay = aBy

Where a = A% and B = -h?I. The above is now implemented in Matlab and eig is used
to find a.

The analytical value of the eigenvalue is given from

VAZ -1 =nn
[ 2
A, =Al(nm)” +1
Hence the first three eigenvalues are

Ay = Vr2 +1 = 3.2969

A, =+/@n)* +1 = 6.3623
A3 = GBn)? +1 = 94777

And the corresponding analytical mode shapes, using A, =1 when normalized is
Y1 (x) = e™* sin (1x)
Yo (x) = e™* sin (27tx)

These are used to compare the numerical solutions from bvp4c and from eig against. The
following plots show the result for the first three eigenvalues and eigenfunctions found.
The main difficulty with using bvp4c for solving the eigenvalue problem is on deciding
which guess A to use for each mode shape to solve for. The first three mode shapes are
solved for, and also a plot of the initial mode shape guess passed to bvp4c is plotted. Using
large grid size, the solution by eig and bvp4c matched very well as can be seen from the
plots below. The eigenvalue produced by bvp4c was little closer to the analytical one than
the eigenvalue produced by eig() command.



0.1.1 Results

Each mode shape plot is given, showing the eigenvalue produced by each solver and the
initial mode shape guess used. There are 3 plots, one for each mode shape. The first,
second and third. (the problem asked for only the first two mode shapes, but the third one
was added for verification).

1. First mode shape

Table 1: First eigenvalue

Solver eigenvalue found
analytical | A; = V2 +1 = 3.2969
bvp4c 3.2969
eig 3.2960997

Init%)a% guess of solution used with bvp4c

0.45
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0.35

y
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-0.4 + E 0.15
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Figure 3: First mode shape

2. Second mode shape

Table 2: second eigenvalue

Solver eigenvalue found

analytical | A; = \/(271)2 +1=6.3623
bvp4c 6.3622
eig 6.35738
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Figure 4: Second mode shape

3. Third mode shape

Table 3: Third eigenvalue

Solver eigenvalue found

analytical | A; = \/ (371)2 +1=9.4777

bvp4c 9.4777
eig 9.4623
. Mode shape 3 Ilnitial guess of solution used with bvpdc
@) bvpdc

0.8+ eig utility 1

analytical solution

0.6

0.4

0.2

y(x)

-0.2 +
-0.4 +
0.6 |

-0.8 + 4

Figure 5: Third mode shape

Printout of Matlab console running the program

>>nma_HW3_EMA_471_problem_1

skskskok ok ok sk skok ok ok sk sk ok ok sk sk ok ok

running mode 1. Eigenvalue, obtained with bvp4c, is 3.2968962.
eigenvalue from eig is 3.2960997

sk sk ok o ok ok sk ok o ok sk ok ok ok sk ok ok ok

running mode 2. Eigenvalue, obtained with bvp4c, is 6.3622025.
eigenvalue from eig is 6.3573774

stk ok ok ok skok ok ok skskok ok sk skok ok

running mode 3. Eigenvalue, obtained with bvpdc, is 9.4777434.
eigenvalue from eig is 9.4622719
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0.1.2 Source code

function nma_HW3_EMA_471_problem_1()

% Solves y''+2 y' + lam™2 y = 0

b

% see HW3, EMA 471

% by Nasser M. Abbasi

b

clc; close all;

initialize(); %GUI

N = 50; Ynumber of grid points. Smaller will also work.

x = linspace(0,1,N); %all grid used is based on this one same grid.

guess_lambda_for_bvp4c = [3,6,9];%guess eigenvalue for bvp4c only

%look at first 3 mode shapes (one more than asked for, to verify)
for mode_shape = 1:3

make_test(mode_shape, x,guess_lambda_for_bvp4c(mode_shape), N);
end

end
yA %

function make_test(mode_shape_number, x, guess_lambda, N)

y_bvpéc get_y_bvpdc(x, guess_lambda, mode_shape_number) ;
y_eig get_eigenvector_matlab_eig(x, N, mode_shape_number) ;
y_analytic = get_y_analytic(x, mode_shape_number) ;

%done. Plot all mode shapes

plot_result(x, y_bvp4c, y_eig, y_analytic, mode_shape_number) ;
end

/A
%This is the bvp4c solver only

function y_bvp4c = get_y_bvp4c(x, guess_lambda, mode_shape_number)

initial_solution = bvpinit(x,@set_initial_mode_shape,guess_lambda) ;
y_bvpéc bvpdc(@rhs, @bc, initial_solution);
value y_bvpé4c.parameters;

fprintf (' \mkksssksokkokkkxskokokkkkxkk\n ') ;

fprintf(['running mode %d. Eigenvalue, obtained',
'with bvpdc, is %9.7f.\n'],...
mode_shape_number, value)

y_bvp4c = deval(y_bvpédc,x); hinterpolate on our own grid
y_bvpdc = y_bvpdc(l,:);
y_bvp4c = y_bvp4c/max(y_bvpdc); Ynormalize

Y
% internal function
% This defines the initial guess for the eigenvector
% the fundamental mode shape is a sawtooth
function solinit = set_initial_mode_shape (x)

switch mode_shape_number

case 1
if x <= 0.5
f = x;
fp = 1;
else
f=1-x;
fp = -1;
end
case 2
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f = x;

fp = 1;

elseif x > 0.25 && x <= 0.75
f =0.5 - x;
fpl = =15

else
f=x-1;
fp = 1;

end

case 3

h = 1/6;

if x<=h
f=1/hx*x;
fp=1/h;

elseif x>h&&x<=3*h
f=2-x/h;
fp=-1/h;

elseif x>3*h&&x<(5%h)
f=(-4+1/h*x) ;

fp=1/h;
elseif x>5%h
f=(6-x/h) ;
fp=-1/h;
end
end
solinit = [ £ ; fp ];
end

% internal function. sets up the RHS of the
%state space for bvpéc

% similar to ode45 RHS

function f = rhs(~,x,lam)

x1 = x(2);
x2 = -2*x(2)-lam™2*x(1);
f=1[x1
x2];
end

S —
% Internal function. sets up the boundary
% conditions vector. Must have ~
% above in third arg
function res = bc(ya,yb,~)

res = [ ya(1)

yb(1)
ya(2)-1
iE
end
end
b YA

%This is the solver using Matlab eig
function y_eig = get_eigenvector_matlab_eig(x, N, mode_shape)

h = x(2)-x(1); % find grid spacing to set up A for eig() use
A = setup_A_matrix(h,N-2);

B = -eye(N-2)*h"2;

[eig_vec,eig_values] = eig(A,B); ‘eigenvalue/vector from matlab
eig_values = diag(eig_values);

sorted_eig_values = sort(eig_values); %sort them

%now match the original positiion of the eigenvalue with its
%hcorrespoding eigenvectr. Hence find the index of




126 | hicorrect eigevalue so use to index to eigenvector

127 | found_eig_vector = eig_vec(:,eig_values == ...

128 sorted_eig_values(mode_shape));
129
130 | %Set the sign correctly
131 | if found_eig_vector(1) > 0

132 y_eig = [0 ; found_eig_vector ; 0];

133 | else

134 y_eig = [0 ; -found_eig_vector ; 0];

135 | end

136

137 |y_eig = y_eig/max(y_eig); ’mnormalize

138

139 | fprintf('eigenvalue from eig is %9.7f\n',...
140 sqrt(sorted_eig_values(mode_shape)));
141 R e
142 %Internal function, sets up the A matrix for use
143 %for the eig() method

144 function A = setup_A_matrix(h,N)

145 A = zeros(N);

146 A(1,1) = -2;

147 A(1,2) = 1+h;

148 for i = 2:N-1

149 A(i,i-1:i+1) = [1-h,-2,1+h];

150 end

151 A(N,N) = -2;

152 A(N,N-1) = 1-h;

153 end

154 | end

155 | %

156 | function y_analytic = get_y_analytic(x, mode_shape)

157 | % This is the known analytical solution. From problem statement
158
159 | y_analytic

exp(-x) .* sin(mode_shape*pi*x) ;

160 | y_analytic = y_amnalytic / max(y_analytic); “normalize
161 | end

162

163 | %

164 | %This function just plots the eigenshapes found from all solvers
165 | function plot_result(x, y_bvp4c, y_eig, y_analytic,mode_shape)
166 | figure();

167 | subplot(1,2,1);

168 | plot(x,y_bvpdc, 'bo', ...

169 x,y_eig,'k.',...

170 Xx,y_analytic,'r"')

171 |axis([0 1 -1 1]);

172 | title(sprintf ('Mode shape %d',mode_shape));

173 | xlabel('x"')

174 | ylabel('y(x) ')

175 | legend('bvp4c', 'eig utility', 'analytical solution',...

176 'Location', 'southwest')

177 | grid;

178 | %hset(gca, 'TickLabelInterpreter', 'Latex','fontsize',8);
179

180 | subplot(1,2,2);

181 |initial_mode_shape = set_initial_mode_shape_plot(x, mode_shape);
182 | plot(x,initial_mode_shape) ;

183 | grid;

184 |title('Initial guess of solution used with bvpédc');

185 | xlabel('x'); ylabel('y(x) guess');

186 | %hset(gca, 'TickLabelInterpreter', 'Latex', 'fontsize',8);

187
188 Rttt
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%#Internal function. To display guess mode shape for plotting
function f = set_initial_mode_shape_plot(x, mode_shape)

% Internal function.

% plots the initial mode shape guess used.

o

switch mode_shape

case 1
f = x.%(x<=0.5)+(1-x) .*(x>0.5);
case 2
f = x.%(x<=0.25)+(0.5-%) .*(x>0.25&x<=0.75)+. ..
(x-1) .%(x>0.75) ;
case 3
h = 1/6;
f = 1/h*x.*x(x<=h)+(2-x/h) .*(x>h&x<=3*h)+. ..
(-4+1/h*x) . * (x>3*h&x< (5%h) ) +(6-x/h) . ¥ (x>5*h) ;
end
end
end
b =%

function initialize()

reset(0);

set(groot, 'defaulttextinterpreter', 'Latex');
set(groot, 'defaultAxesTickLabelInterpreter', 'Latex');
set(groot, 'defaultlLegendInterpreter', 'Latex');

end
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0.2

Problem 2

(2) (15 pts) An axial load P is applied to a column of circular cross-section with linear

taper, so that
4
X
I(x)=1|—
=53]

where x is measured from the point at which the column would taper to a point if it were
extended and I, is the value of / at the end x = b. If the column is hinged at ends x = a
and x = b, the governing equation can be put in the form:

Jdy , Pb
— + =0, =E—, = b =O
XSy u £l y(a)=y(b)

If we write the governing equation in terms of the dimensionless variable z = x//, where
[ =b — a is the length of the column, the result is:

2 2 4
z4d—f+ﬂzy=o, ot P iy = w1y =0

dz I’ EI’I
This latter form is preferable in that the independent variable z and the eigenvalue A are
both dimensionless. For the specific case a =3 m, b =6 m, £ =1 GPa, and circular
cross-section radii , = 10 cm and r, = 20 cm, find the critical buckling load and buckled
shape for this column. Use all three methods we discussed (bvp4c, eig, power

iteration) to verify your results. Compare your results to analytical solutions to the
critical load and buckled shape, expressed as:

2
EI ) b a
P =n’n’ E) o 7)=A zsin nn—(l——)
" (b I? ¥u(2) " [ Iz

Figure 6: problem 2 description

The geometry of the problem is as follows
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Load P

buckling shape

Figure 7: problem 2 geometry

Using the normalized ODE

With BC
a 3
vl+ —y(g)—y(l)—O
b 6
2] -+(g) v
And
,_ P
EL2I,

a
b L
The first step is to convert the ODE into state space for use with bvp4c. Let x; =y, x, = ¢/'.
Taking derivatives gives

For domain1 < z < 2. The analytical solution is P, = n?m? ( .

X1 =X
/\2
Xy = ——X1
Z4

internal grid points

0.1 2 N/ N+1
I { ~

lh1 ———__—--7

1

grid size

N grid points. N — 2 internal grid points

Figure 8: Grid used for problem 2

The grid starts at z = 1 and ends at z = 2 since this is the domain of the differential
equation being solved. Therefore i = 0 corresponds to the left boundary conditions which

is y(z=1) = 0 and i = (N + 2)h corresponds to the right boundary conditions which is
y(z=2)=0.

Using second order centered difference gives

Py| Y =i+ yia
dx?| h?

1

)2 EL_120 and y, (z) = A,zsin (nn— (1 -

Lz

))
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Therefore, the approximation to the differential equation at grid i (on the internal nodes as
shown in the above diagram) is as follows. Notice we needed to add 1 to the grid spacing
since the left boundary starts at z =1 in this case and not at z = 0 as normally the case in
other problems.

2y + /lzyL_ ~ (1 +ih)* Jirl = zhyzl TV, A2y;
Hence
(U + ih)* (yis1 = 295 + ia ) + H2A%y; = 0
(L i) yin =2+ i)y + (L4 i) Yy = ~12A%,
At nodei=1,

A+h) y =20 + 0y + A +h)*yy = -H2A%y,
Moving the known quantities to the right side

A +h) y, =20 + W)y = — A + W)y — 2%y,
Atnodei=2

(1 +2h)  y3 = 2(1 +2h)* yp + (1 + 20)* y; = —H2A%y,
And so on. At the last node, i = N
(1 + Nh)* ynsq = 2L+ NI yy + (L + NBY yy_y = -H2A%yy
—2(N)* yyy + (NI Yoy = = (1 + NB) gy — 1242y
Ati=N-1
A+ N -Dh yy =20+ N =D 0 yyog + 0+ N =D 0 yyp = 2220

Hence the structure is

21+ a+nt 0 0 0 0 n
@+ant 2@ +2nt A +2m* 0 0 : 12
0 (1+30)* 2@ +3m* @ +3nt 0 ; v3
0 0 : H =
. 0 YN-2
: A+N-D  20+N-DR @+ N - |yna
0 0 (1+Nh* 2a+Nn* |l yn
4 _ o i
A +h)*y, 10 0 0 O ol v
01 0 0 0 oy,
00 1 0 0 Vs
= : -WA%2l0 0 0 1 0 :
0 . .. S yN—Z
0 o U B /N
4
— (1 +Nh)* yni 00 0 0 -+ 0 1|y
Since yy = yy+1 = 0 the above reduces to
—2(1+h?* a+nt 0 0 0 0 "
a+ant 2@ +2nt A +2m* 0 0 : 2
0 (1+30)* 2@ +3m* @ +3nt 0 ; v3
0 0 . : :
. 0 YN-2
: a+N-Dt  20+N-Dt A+ N-)||lyna
0 0 1+ Nt 2a+Nn* |l yn
10 0 0 O ol[ 1
01 0 0 0 oy,
00 1 0 0 Vs
=-h2A210 0 0 1 O :
: )
S O B /N
00 0 0 -+ 0 1| yy
Ay = aBy

Where @ = A2 and B = —1?I. The above is implemented in Matlab and eig is used to find a.
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The analytical value of the eigenvalue is given from
p,b*
M=\ Eg

Where

Hence

2 FJ
" EI2I, B L4
Using a = 3,b = 6, L = 3,the first three eigenvalues are

™ (%) ()

A= \ —(34) = 6.2832
2.2 2
Ay = il ( )(6 )—12.566
N (3

As = 32n2(32)( )—18.850

N (3

And the corresponding analytical mode shapes, using A, =1 when normalized is

y1(2z) = zsin 71% (1 - Liz)) = zsin (271 (1 - %))
Yo (x) = zsin 271% (1 - Liz)) = zsin (471 (1 - %))

Y3 (x) = zsin 371% (1 - é)) = zsin (6n (1 - é))

And the corresponding buckling loads at each mode shape are, using E = 10°Pa, [, = in (ry)’
where r, = 0.2 meter are

9
P, = nn z(b) 12120 :nznz(i) (10)(3# n?(3.4451x10°) N

Hence
P; =3.4451x10° N
P, =4(3.4451x10°) =1.3781 x10° N
Py =9(3.4451x10°) = 31006 x 10° N

These are used to compare the numerical solutions from bvp4c, eig and power method
against. (for power method, only the lowest eigenvalue is obtained). For the numerical
computation of P, after finding the numerical eigenvalue A, then P, is found from
A2EL?I,

bA
And the values obtained are compared to the analytical P,. The following plots show the
result for the first three eigenvalues and eigenfunctions found.

P, =

0.2.1 Power method

For the power method, the A matrix is setup a little different than with the above eig
method. Starting from

4//

2y + A%y =

1+ ih)4 Yiel = 2Yi + Yia

h2 +/\2yi
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Hence
(1 + ih)* (i — 2y + Yica ) + 1222y, = 0
—H i) Y 20+ )y - A i)y
hz - yi
Atnodei=1,
A+ 20+ )y - A+ Ry e
W2 - Al
Since y, = 0 then
A+ 20+ Yy e
I’l2 - yl
Atnodei=2
—(@+2m) s+ 20+ 20) - A+ 20y 2
W2 - Y2
And so on. At the last node, i = N
— 1+ N yyag + 20+ NI yy = A+ NI gy
hz =A YN
Since yy,1 = 0 then
20 +Nhy' yy -+ Ny
K2 =A YN
Ati=N-1
—A+ (N - yy+20+ N-DD yy - A+ N-DD yy
12 = A%Y(N-1)
Hence the structure is
2‘%’)4 ’(111—*2’”4 0 0 0 0
,(1+22h)4 2(l+§/1)4 7(1+221x)4 0 o : " 1 0 0 0 0 9 n
o mmtomwt oamt 4 I I R
0 0 t ” : =220 0 0 1 0 |
: . .. O YN-2 SN | [/ N}
: —asN-DnE 20eN-DnE —asv-nm? | |UN-1 . : : 0|y
! "2 "2 4 n2 R YN 0 0 0 0 0 Ul yn
0 o (l+;\l/x) 2(17’;\1/0
Ay = A%y

The above structure is now used to solve for lowest eigenvalue and corresponding eigen-
vector.

0.2.2 Results

Each mode shape plot is given, showing the eigenvalue produced by each solver and the
initial mode shape guess used. There are 3 plots, one for each mode shape. The first,
second and third. (the problem asked for only the first mode shape, but the second and
third were added for verification). For power method, only the lowest eigenvalue and
corresponding eigenvector are found.

1. First mode shape

Table 4: First (smallest) eigenvalue A4

Solver eigenvalue found A, | Corresponding Critical load P, (N)
analytical 6.2817063 344352.012
bvp4c 6.2821629 344402.076
Matlab eig 6.2817063 344352.012
Power method 6.2817055 344351.929
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Figure 10: First mode shape, combined plot

2. Second mode shape

Table 5: second eigenvalue

Solver eigenvalue found A, | Corresponding Critical load P,, (N)
analytical 12.5663706 1378056.741
bvp4c 12.5663983 1378062.820
eig 12.5534143 1375216.578
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Figure 11: Second mode shape

3. Third mode shape

Table 6: Third eigenvalue

Solver eigenvalue found A, | Corresponding Critical load P, (N)
analytical 18.8495559 3100627.668
bvp4c 18.8499237 3100748.676
eig 18.80506 3086006.365

Buckling Mode shape 3

Ilnitial guess of solution used with bvpdc

T

y(x) guess

-1+ O  bvpdc 1
eig utility
analytical solution
1.5 . . : !
1 1.2 1.4 1.6 1.8 2

Figure 12: Third mode shape

Printout of Matlab console running the program

>>nma_HW3_EMA_471_problem_2
>k sk 3k 5k >k sk 3k 5k >k 3k 3K >k >k 3k 5k >k >k 3k ok >k 5k

running mode 1

Eigenvalue obtained with bvp4c, is 6.2821629
Critical load is 344402.076.

eigenvalue from eig is 6.2817063

Critical load is 344352.012.

16
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eigenvalue from analytical is 6.2831853
critical load from analytical is 344514.185
eigenvalue obtained with the power iteration method 6.2817055
Critical load is 344351.929.

stk ok ok ok skok ok ok skskok ok sk skok

running mode 2

Eigenvalue obtained with bvp4c, is 12.5663983
Critical load is 1378062.820.

eigenvalue from eig is 12.5534143

Critical load is 1375216.578.

eigenvalue from analytical is 12.5663706
critical load from analytical is 1378056.741
sk sk sk o ok sk sk ok o ok ok sk ok ok ok sk sk ok ok

running mode 3

Eigenvalue obtained with bvp4c, is 18.8499237
Critical load is 3100748.676.

eigenvalue from eig is 18.8050600

Critical load is 3086006.365.

eigenvalue from analytical is 18.8495559
critical load from analytical is 3100627.668
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0.2.3 Source code

function nma_HW3_EMA_471_problem_2()
% Solves z"4 y''+lam™2 y = 0

b

% see HW3, EMA 471, Spring 2016

% by Nasser M. Abbasi

b

clc; close all; initialize();
%look at first 3 mode shapes (one more than asked for,
%in order to verify)

N = 50; Ynumber of grid points.

%domain of problem, in normalized z-space.
x = linspace(1,2,N);

%these are guess values for lambda for bvp4c only
guess_lambda = [6,12,18];

% try three mode shapes

for k = 1:3

process(k, x, guess_lambda(k), N);
end
end

b
%Main process function. Calls all solvers and call
%the main plot function

function process(mode_shape_number, x, guess_lambda, N)

y_bvp4c get_y_bvpdc(x, guess_lambda, mode_shape_number) ;
y_eig = get_eigenvector_matlab_eig(x,N-2,mode_shape_number) ;
y_analytic = get_y_analytic(x, mode_shape_number) ;

%power method only for lowest eigenvalue
if mode_shape_number==
y_power = get_y_power(x,N-2);
plot_result_1(x, y_bvpdc, y_eig, y_analytic, |
y_power, mode_shape_number) ;
else
plot_result_2(x, y_bvp4dc, y_eig,
y_analytic, mode_shape_number) ;
end
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end

/A b
%This function finds the eigenvalue and eigenvector

%using Matlab eig()

function y_eig = get_eigenvector_matlab_eig(x,N,mode_shape_number)

h = x(2)-x(1); % find grid spacing

A = setup_A_matrix(h,N);

B = —eye(N)*h~2;

[eig_vector,eig_values] = eig(A,B);

eig_values = diag(eig_values); ’they are on diagonal
sorted_eig_values = sort(eig_values); Ysort, small->large

%now need to match the original position of the
heigenvalue with its correspoding eigenvectr. Hence find the
%index of correct eigevalue to use as index to eigenvector
found_eig_vector = eig_vector(:,...

eig_values == sorted_eig_values(mode_shape_number));

%Set is sign correctly
if found_eig_vector(1l) > 0
y_eig = [0 ; found_eig_vector ; 0];

else

y_eig = [0 ; -found_eig_vector ; 0];
end
y_eig = y_eig/max(y_eig); %normalize

Jnormalize eigevalues
sorted_eig_values = sqrt(sorted_eig_values)/pi;

fprintf('eigenvalue from eig is %9.7f\n',...
sorted_eig_values(mode_shape_number) *pi) ;

calculate_critial_load(sorted_eig_values(mode_shape_number)*pi) ;

ety A
function A = setup_A_matrix(h,N)
A = zeros(N);
A(1,1) = -2x(1+h)~4;
A(1,2) = (1+h)74;

for i = 2:N-1
A(i,i-1:i+1) = [(1+ixh)~4,-2*x(1+ixh) "4, (1+i*h)~4];

end
A(N,N) = -2x (1+Nxh) ~4;
A(N,N-1) = (1+Nxh)“~4;
end
end
b b

function y = get_y_power(x,N)

h = x(2)-x(1); % find grid spacing
A = setup_A_matrix_for_power(h,N);
A _inv = setup_A_inv_matrix_for_power(N);

% Starting guess for the eigenvector. Use unit vector
y = ones(N,1);

% This below from EX 11, applied it here:

% set tolerance; "while" loop will run until there is

%no difference between old and new estimates for eigenvalues
%to within the tolerance

18
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tol
eigenvalue_1_old = O0;
eigenvalue_1_new

I
[y
[0}

|
(0]

I
[E

while abs(eigenvalue_1_new - eigenvalue_1_old)/abs(eigenvalue_1_new) > tol

y_new = A_invxky; % generate updated value for eigenvector
eigenvalue_1_old = eigenvalue_1_new; 7 update old eigenvalue
eigenvalue_1_new = max(y_new); % update new eigenvalue
y = y_new/eigenvalue_1_new; J renormalize eigenvector estimate
end
y = [0;y;0];
y = y/max(y);  ’normalize

% Taken Per EX 11:

% add boundary conditions to complete eigenvector; also

% note that we have found the largest value of the inverse
% of what we're looking for, so...

% the lambda we're seeking is actually the
% inverse of the square root of what we've found
lam = 1/sqrt(eigenvalue_1_new);

fprintf('eigenvalue obtained with the power iteration method %9.7f\n',...
lam);
calculate critial load(lam);

function A = setup_A_matrix_for_power(h,N)
A = zeros(N);
A(1,1) = 2/h™2%(1+h)"4;
A(1,2) = -1/h~2%(1+h)~4;
for i = 2:N-1
A(i,i-1:i+1) = [-1/h 2% (1+i*h)~4,2/h 2% (1+i*h) 4, . ..

-1/h~2%(1+i*h)~4];
end
A(N,N) = 2/h” 2% (1+N*h) ~4;
A(N,N-1) = -1/h"2*x(1+Nxh)"4;
end
fmmmmmm oo y/

function A_inv = setup_A_inv_matrix_for_power (N)

JWe are looking for smallest eigenvalue. Use inverse.
zeros(N) ;
for i 1:N

b_rhs = zeros(N,1);

b_rhs(i,1) = 1;

A _inv(:,i) = A\b_rhs;

A_inv

end
end
end

b b
function y_analytic = get_y_analytic(z,n)

b = 6; Ymeter

a = 3; Jmeter

L = b-a; Jmeter length of column

%from question statement

y_analytic = z.*xsin(nxpi*(b/L) .*(1-a./(L*z)));
y_analytic = y_analytic/max(y_analytic); Ynormalize
E = 1079;
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rb
I0

0.2; meter, radius of lower section
(1/4)*pix(rb) ~4;

critical_load
lam

n~2xpi~2%(a/b) "2*% ExI0/L"2;
sqrt(critical_load*b™4 / (E*L"2%I0) );

fprintf('eigenvalue from analytical is %9.7f\n',lam);
fprintf('critical load from analytical is %9.3f\n\n',...
critical load);

end

/A b
function plot_result_1(x, y_bvp4c_normalized, y_eig,

y_analytic,

y_power, mode_shape_number)

figure();
subplot(1,2,1);
plot(x,y_bvp4c_normalized(l,:),'bo',
x,y_eig,'k.",
X,y_analytic,'r',...
x,y_power,'+');
axis([1 2 -.1 1.2])
title(sprintf ('Buckling Mode shape %d',mode_shape_number)) ;
xlabel('x"')
ylabel('y(x) ')
legend('bvp4c','eig utility', 'analytical solution',....
'power method', 'Location', 'southwest')
grid;
%set(gca, 'TickLabelInterpreter', 'Latex','fontsize',8);

subplot(1,2,2);

initial_mode_shape = set_initial_mode_shape_plot(x-1,...
mode_shape_number) ;

plot(x,initial_mode_shape); axis([1 2 -1 1.2]);

grid;

title('Initial guess of solution used with bvpdc');

xlabel('x'); ylabel('y(x) guess');

%set(gca, 'TickLabelInterpreter', 'Latex','fontsize',8);

figure();

subplot(2,2,1);

plot(x,y_bvp4c_normalized(l,:),'bo');

title(sprintf ('Buckling Mode shape %d bvp4c',mode_shape_number)) ;
xlabel('x'); axis([1 2 -.1 1.2]);

ylabel('y(x)'); grid;

%set(gca, 'TickLabelInterpreter', 'Latex','fontsize',8);

subplot(2,2,2);

plot(x,y_eig,'k."');

title(sprintf ('Buckling Mode shape %d. Matlab eig() result',...
mode_shape_number) ) ;

xlabel('x'); axis([1 2 -.1 1.2]);

ylabel('y(x)'); grid;

%set(gca, 'TickLabellInterpreter', 'Latex','fontsize',8);

subplot(2,2,3);

plot(x,y_analytic,'r');

title(sprintf ('Buckling Mode shape %d. Analytical result',...
mode_shape_number) ) ;

xlabel('x"'); axis([1 2 -.1 1.2]);

ylabel('y(x)'); grid;

%set(gca, 'TickLabelInterpreter', 'Latex','fontsize',8);




233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295

21

subplot(2,2,4);

plot(x,y_power,'+');

title(sprintf ('Buckling Mode shape ’%d. Power method result',...
mode_shape_number) ) ;

xlabel('x'); axis([1 2 -.1 1.2]);

ylabel('y(x)'); grid;

%set(gca, 'TickLabelInterpreter', 'Latex','fontsize',8);

end

o h
function plot_result_2(x, y_bvp4c_normalized, y_eig,
y_analytic, mode_shape_number)

figure();

subplot(1,2,1);

plot(x,y_bvp4c_normalized(1,:),'bo’,
x,y_eig,'k."',...
X,y_analytic,'r')

axis([1 2 -1.5 1.2]);

title(sprintf ('Buckling Mode shape %d',mode_shape_number));

xlabel('x")

ylabel('y(x) ")

legend('bvp4c','eig utility', 'analytical solution',...
'Location', 'southwest')

grid;

%set(gca, 'TickLabelInterpreter', 'Latex','fontsize',8);

subplot(1,2,2);

initial_mode_shape = set_initial_mode_shape_plot(x-1,...
mode_shape_number) ;

plot(x,initial_mode_shape);

grid;

title('Initial guess of solution used with bvp4dc');

xlabel('x'); ylabel('y(x) guess');

%set(gca, 'TickLabelInterpreter', 'Latex','fontsize',8);

end

% ____________
function f = set_initial_mode_shape_plot (x,mode_shape_number)
% Internal function.
% plots the initial mode shape guess used.
yA

switch mode_shape_number

case 1
f = x.%(x<=0.5)+(1-x) .*x(x>0.5);
case 2
f = x.%(x<=0.25)+(0.5-%) . *(x>0.25&x<=0.75)+. ..
(x-1) .*(x>0.75) ;
case 3
h = 1/6;
f = 1/h*x.*(x<=h)+(2-x/h) .*(x>h&x<=3*h)+. ..
(-4+1/h*x) . * (x>3*h&x<(5%h) )+ (6-x/h) . * (x>5%h) ;
end
end
yA 7

function y_bvp4c_normalized = ...
get_y_bvpdc(x,guess_lambda,mode_shape_number)

initial_solution = bvpinit(x,@set_initial_mode_shape,guess_lambda) ;
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y_bvpdc bvp4c(@rhs,@bc,initial_solution);
value y_bvp4c.parameters;
fprintf (' \mkkskskssokokkskkkskokkkkkxkk\n ') ;

fprintf ('running mode %d\nEigenvalue obtained with bvp4c, is %9.7f\n',...
mode_shape_number,value) ;
calculate critial_ load(value);

y_bvpéc
y_bvp4c_normalized

deval (y_bvp4c,x); %interpolate
y_bvpédc/max(y_bvpdc(l,:)); %normalize

function solinit = set_initial_mode_shape (x)
% internal function
% This defines the initial guess for the eigenvector;
% the first guess of
% the fundamental mode shape is a sawtooth

switch mode_shape_number

case 1
if x <= 0.5
f = x;
fp = 1;
else
f=1-x;
fp = -1;
end
case 2
if x <= 0.25
f = x;
fp = 1;
elseif x > 0.25 && x <= 0.75
f =0.5 - x;
fp = -1;
else
f=x-1;
fp =1;
end
case 3
h = 1/6;
if x<=h
f=1/h*x;
fp=1/h;
elseif x>h&&x<=3*h
£f=2-x/h;
fp=-1/h;

elseif x>3*h&&x<(5*h)
f=(-4+1/hx*x) ;

fp=1/h;
elseif x>5%h
f=(6-x/h) ;
fp=-1/h;
end
end
solinit = [ £ ; fp 1;
end
fimmmmmmm oo /

function f = rhs(t,x,lam)
%This function sets up the RHS of the state space
%setup for this problem.
%hsimilar to ode45 RHS

x1
x2

x(2);
-lam™2*x (1) /t"4;
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f=1zx1
x2];
end

function res = bc(ya,yb,~)
%This sets up the boundary conditions vector.
JMust have ~ above in third agrs!

res = [ ya(1)
yb(1)
ya(2)-1
] g
end
end
b YA

function calculate critial load(lam)

1079;

= 6; Ymeter

3; Jmeter

b-a; %meter length of column

rb = 0.2; Ymeter, radius of lower section
(1/4)*pix(rb)~4;

H e oM
I |

—
o
I

P = lam™2 * E * L72 x I0/ b74;

fprintf('Critical load is %9.3f.\n\n',P);

end

b b
function initialize()

reset (0);

set(groot, 'defaulttextinterpreter', 'Latex');

set(groot, 'defaultAxesTickLabellInterpreter', 'Latex');

set(groot, 'defaultLegendInterpreter', 'Latex');

end
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0.3 Problem 3

(3) (15 pts) In the case of a column of uniform cross-section for which £/ is a constant,
the buckling of the column due to its own weight, given one end free and the other built-
in, can be written in terms of rotation 0 as:

2 3
d—f+xzz0=o, A2 = pPeAl 8'(0)=6(1)=0
dz El

Here again the problem has been written in terms of the dimensionless length z = x// and
the eigenvalue A is dimensionless. Given a uniform cross-section of 1 cm diameter bar,
mass density 7500 kg/m® and modulus E = 100 GPa, what is the limiting height that
causes the bar to buckle under its own weight? As with problem 2, use all three methods
to verify your result. The buckled shape can be compared to its analytical form:

2
0,(2)=AzJ_ (E )an3/2)

Figure 13: problem 3 description
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d*0
E + AZZQ =0
01)=0
0(0)=0
For domain 0 < z < 1. By numerically solving for the lowest eigenvalue A;, the limiting

3
height L can next be found from solving for L in A% = 282 Three methods are used to

E
find A;: Power method, bpv4c and Matlab eig. The buckled shape (eigen shapes) found
from the numerical method is compared to the analytical shape given

01(2) = A1\/E](_1) (;Alzg)

A is taken as 1 due to the normalization used and | is the Bessel function of first kind.

free end ,
r = 0.5 cm ’9_(0):0
- _ -
z=L—x T T -Q../
z L A //
/

T

L (L) =0

\ fixed end First mode

shape, buckle due
to own weight

Figure 14: problem 3 geometry

The first step is to convert the ODE into state space for use with bvp4c. Let x; = 0,x, = 0.
Taking derivatives gives

xlzxz

Xy = —A%z2x4

For using eig, the problem needs to discretized first. The following shows the grid used

internal grid points
oy=0  _ ___- - -_

- -

/ 6(1) =0
- e e e e e, e
-1 0 1 2 N N+1
phantom point D -
[

}‘ domain of ODE »‘

N grid points. N — 1 internal grid points

Figure 15: Grid used for problem 3

The grid starts at i = 0 which corresponds to z = 0 and ends at i = N +1 which corresponds
to z = 1. Since 0 is not known at z = 0, then in this problem 7 = 0 is included in the internal
grid points, hence the A matrix will have size (N +1) X (N +1). Using second order centered
difference gives

d?0 _ 0,:1 —20; + 0,4

dz2| h?

1

Therefore, the approximation to the differential equation at grid i (on the internal nodes
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as shown in the above diagram) is as follows.
14%60 16,,,-20;,+0;4

20—l ~ 2
E@-FAQ_ONZ}Z 2 +/\61‘
1
Hence
1 61‘_,_1 -20; + 81'_1 2
o 2 + A0, =0
1
- (61 = 26; + 6,4) = ~h*A%0;
Atnodei=0
0, -20p+ 0_4
— = _1?A%0
ih+e 0
01—-209+6_
1 0 1 — _thZQO
I3

Where ¢ is small value 107 in order to handle the condition at z = 0.

To find 0,-_;, the condition 6’ (0) = 0 is used. Since 6’ (0) = % = 0 then 6_; = 6; and
the above becomes

2601260y _ —h2A26
- = 0
Ati=1
0,-201+06
e
At node i =2
93—292+91 —_ 1,212
22 = 12020,

And so on. At the last internal node, i = N
Ons1— 20N+ On 1

= -h?A%0
Nh N
But Oy,1 = 0 from boundary conditions, hence
—29N+9N—1__ 242
— = h=A“0N
Ati=N-1
ON—20N-1+0N-2 — 1,232 _
o - heA“0yN —1
Hence the structure is
r 2 2 - - _
-= = 0 0 0 6, 1 0 0 0 O 0[] 6
S22 1 0
BTk 01 0 0 0 0 1
0 5 -= o 0, 00 1 0 0 0,
0 0 .. - : c|=-m22%2l0 0 0 1 0 I
: .. 0 On-2 e L N
1 _ 2 1 0 . . . . . olle
: (N-1)h (N-D - (N-Dh N-1 D : : N-1
0 o 0 2| oy ] 0 0 0o 0 - 0 1f|6y)
A0 = aBO

Where a = A? and B = -I?I. The above is implemented in Matlab and eig is used to
find a.
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0.3.1 Power method

For the power method, the A matrix is setup a little different than with the above eig
method which results in

N

- - 0 0 0 [ 6, 1 0 0 0 0 ol[ 6,
T 2 .
5 —15 Zz (1) 0 : 0, 0 1 0 0 0O 0,
10 5 3 o= : 0, 00 1 0 0 0,
= 0o 0 .. - : S =A%2l0 0 0 1 0 : :
: 1 : (1) On_o e | N
: (N-Dh  (N-Dh  (N-Dh On-1 e
(0 o 0 % _i |1 6on | o o 0 0 - 0 1|[6y]
AQ = A%0

The above structure is now used to solve for lowest eigenvalue and corresponding eigen-
vector.

One the system is solved for the lowest eigenvalue, the critical length of the column is
3
found by solving for L from A? = %.

0.3.2 Results

The following table shows the lowest eigenvalue found by each method, and the corre-
sponding L found.

method A Leyiticat Meter
bvp4c | 2.7995616 | 18.81235953
eig 2.71870438 | 18.44836607
power | 2.71870430 | 18.44836567

The following are the plots of the mode shape by each method. There is little difference
that can be seen between the eig and the power methods since they are both based on
the same finite difference scheme. The bvp4c is the most similar to the analytical solution.
In order to evaluate and plot the analytical solution given in the problem, the eigenvalue
found from bvp4c was used.

The following plot shows the result on one plot for all the methods. As can be seen, they
are very similar to each others.
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Buckling Mode 1 shape

0.2+ O  bvpdc
O  eig utility
+  power method
0Fr analytical
0 0.2 0.4

0.6

0.8 1

Figure 16: mode shape result from the three numerical method on one

plot

Below is a zoomed version, showing the bvp4c is in very good agreement with the analytical
plot. The power method and the eig methods are almost exactly the same. All methods
become very close to each others at the boundaries and they are most different in the

middle of the range.

Buckling Mode 1 shape
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Figure 17: zoom in showing the result of the three methods

The following shows the result in separate plots
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Figure 18: mode shape result from the three numerical method

The following is printout of Matlab console running the program
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>>nma_HW3_EMA_471_problem_3

sk skskok ok ok sk sk ok o ok sk sk ok ok sk sk ok ok

Eigenvalue obtained with bvp4c is
2.79956162718772

Critical length is
18.81235956369211

sk ok sk stk ok stk ke kok ok sk sk ok ok

eigenvalue from eig is
2.71870438941484

Critical length is
18.4483660724537

ko sk stk ok sk ok ok sk ok ok sk ok ok

eigenvalue obtained with the power iteration method
2.7187043018523

Critical length is
18.4483656763372

0.3.3 Source code

function mnma_HW3_EMA_471_problem_3()
% Solves z74 y''+lam™2 y = 0

yA

% see HW3, EMA 471, Spring 2016

% by Nasser M. Abbasi

b

clc; close all; initialize(Q);
N = 50; Jnumber of grid points.
%domain of problem, in normalized z-space.

X = linspace(0,1,N);
guess_lambda = 2.8;

[y_bvpéc,eig_bvpéc]

y_eig
y_power

get_y_bvpdc(x, guess_lambda);
get_eigenvector_matlab_eig(x, N-1);
get_y_power(x,N-1);

%use bvp4dc found eigenvalue to find analytical solution
%by using expression given in problem statement
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y_analytic = get_y_analytic(x,eig_bvp4c);

plot_result(x, y_bvpd4c, y_eig, y_power, y_analytic);

end

o h
%This function find the eigenvalue and eigenvector

Jusing Matlab eig()

function y_eig = get_eigenvector_matlab_eig(x,N)

h = x(2)-x(1); % find grid spacing

A = setup_A_matrix(N,h);

B = setup_B_matrix(N,h);
[eig_vector,eig_values] = eig(A,B);

eig_values = diag(eig_values); ’they are on diagonal
sorted_eig_values = sort(eig_values); %sort , small to large

Jnow need to match the original positiion of the eigenvalue

%with its correspoding eigenvectr. Hence find the index of

%hcorrect eigevalue so use to index to eigenvector

found_eig_vector = eig_vector(:,eig_values == sorted_eig_values(1));

%Set is sign correctly
if found_eig_vector(1l) > 0

y_eig = [found_eig_vector ; 0];
else

y_eig = [-found_eig_vector ; 0];
end

y_eig = y_eig/max(y_eig); Jnormalize

Jnormalize eigevalues

sorted_eig_values = sqrt(sorted_eig_values)/pi;
fprintf (' \nssskksskkkskokskkkokkxkkkx\n') ;
fprintf('eigenvalue from eig is\n');
disp(sorted_eig_values(1)*pi);

calculate_critial_length(sorted_eig_values(1)*pi);

ettty b
function A = setup_A_matrix(N,h)
A = zeros(N);
eps = le-6;
A(1,1) = -2/eps;
A(1,2) = 2/eps;

for i = 2:N-1
A(i,i-1:i+1) = [1,-2,11/((i-1)*h);

end

A(N,N) = -2/ (N*h);

A(N,N-1) = 1/(N*h);
end
e 7

function B = setup_B_matrix(N,h)
B = -h™2 * eye(N);
end

end
h h
function y = get_y_power(x,N)

h = x(2)-x(1); % find grid spacing
A = setup_A_matrix_for_power(h,N);
A_inv = setup_A_inv_matrix_for_power (N);
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% Starting guess for the eigenvector. Use unit vector
y = ones(N,1);

% This below from EX 11, apply it here:

% set tolerance; "while" loop will run until there is no
hdifference between old and new estimates for eigenvalues to
Jwithin the tolerance

tol = le-6;
eigenvalue_1_old = 0;
eigenvalue_1_new = 1;

while abs(eigenvalue_1_new - eigenvalue_1_old)/abs(eigenvalue_1_new) > tol

% generate updated value for eigenvector
y_new = A_invky;

eigenvalue_1_old eigenvalue_1_new; % update old eigenvalue

eigenvalue_1_new = max(y_new); % update new eigenvalue
y = y_new/eigenvalue_1_new; Jrenormalize eigenvector estimate
end
y = [y;0l;
y = y/max(y);  ’normalize

% Taken Per EX 11:

% add boundary conditions to complete eigenvector; also

%note that we have found the largest value of the inverse of
Jwhat we're looking for, so...

% the lambda we're seeking is actually the
% inverse of the square root of what we've found
lam = 1/sqrt(eigenvalue_1_new) ;

fprintf (' \n#sskkssokkkrkskkkkkxkkxx\n') ;
fprintf('eigenvalue obtained with the power iteration method\n');
disp(lam);

calculate_critial_length(lam);

=== yA
function A = setup_A_matrix_for_power(h,N)
A = zeros(N);
eps = le-6;
A(1,1) = -2/eps;
A(1,2) = 2/eps;

for i = 2:N-1
A(i,i-1:i+1) = [1,-2,1]1/((i-1)*h);

end
A(N,N) = -2/(N*h);
A(N,N-1) = 1/(N*h);
A = -A/h"2;
end
hmmmmmm oo %

function A_inv = setup_A_inv_matrix_for_power (N)
JWe are looking for smallest eigenvalue. Use inverse.
A_inv = zeros(N);
for i = 1:N
b_rhs = zeros(N,1);
b_rhs(i,1) = 1;
A inv(:,i) = A\b_rhs;

end
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end
end

b b
function [y_bvp4c_normalized, eigen_value] =_ .
get_y_bvpdc(x,guess_lambda)

initial_solution = bvpinit(x,@set_initial_mode_shape,...
guess_lambda) ;

y_bvpéc bvp4c(@rhs,@bc,initial_solution);

eigen_value y_bvp4c.parameters;

fprintf (' \n#sskkssokkkskokskkokkxkkkx\n' ) ;

fprintf ('Eigenvalue obtained with bvp4c is\n');
disp(eigen_value) ;

calculate_critial_length(eigen_value);

y_bvpéc
y_bvp4c_normalized

deval (y_bvp4c,x); %interpolate
y_bvpédc/max(y_bvpdc(l,:)); Y%normalize

function solinit = set_initial_mode_shape (x)
% internal function
% This defines the initial guess for the eigenvector;
%  the first guess of
% the fundamental mode shape is a sawtooth

f = 1-x;

fp = -1;

solinit = [ £ ; fp J1;
end
e A

function f = rhs(t,x,lam)
%This function sets up the RHS of the state space
%setup for this problem.
%similar to ode45 RHS

x1 = x(2);
x2 = —t*lam™2*x(1);
f=1[x1
x2];
end
e %

function res = bc(ya,yb,~)
%#This sets up the boundary conditions vector.
JMust have ~ above in third agrs!
res = [ ya(2)

yb(1)

yb(2)+1

1;
end

end

o )

function y_analytic = get_y_analytic(z,eigen_value)

y_analytic = sqrt(z) .x besselj(-1/3,(2/3)*eigen_valuexz. (3/2));
y_analytic = y_analytic/max(y_analytic); Jnormalize

end
% ———===%

function plot_result(x, y_bvp4c_normalized, y_eig,...




210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272

y_power, y_analytic)

figure();
plot(x,y_bvp4c_normalized(1l,:),'bo"',
x,y_eig,'ko', ...

X,y_power,'+',...
Xx,y_analytic,'r');

axis([0 1 -0.1 1.1])

title('Buckling Mode 1 shape');

xlabel ('$z$")

ylabel('$\theta(z)$"')

legend('bvp4c','eig utility', 'power method',...
'analytical', 'Location', 'southwest')

grid;

%set(gca, 'TickLabelInterpreter', 'Latex','fontsize',8);

figure();

subplot(2,2,1);

plot(x,y_bvp4c_normalized(l,:),'bo');

title(sprintf ('Buckling Mode shape ’%d bvp4c',1));
xlabel('$z$'); axis([0 1 -0.1 1.1])
ylabel('$\theta(z)$'); grid;

%set(gca, 'TickLabelInterpreter', 'Latex','fontsize',8);

subplot(2,2,2);

plot(x,y_eig,'ko');

title(sprintf ('Buckling Mode shape %d. Matlab eig() result',1));
xlabel('$z$'); axis([0 1 -0.1 1.11)

ylabel('$theta(z)$'); grid;

%set(gca, 'TickLabelInterpreter', 'Latex','fontsize',8);

subplot(2,2,3);

plot(x,y_power,'+');

title(sprintf ('Buckling Mode shape ’%d. Power method result',1));
xlabel('$z$'); axis([0 1 -0.1 1.1]1)

ylabel('$\theta(z)$'); grid;

%set(gca, 'TickLabelInterpreter', 'Latex','fontsize',8);

subplot(2,2,4);

plot(x,y_power,'r');

title(sprintf ('Buckling Mode shape %d. analytical result',1));
xlabel('$z$'); axis([0 1 -0.1 1.1])

ylabel('$\theta(z)$'); grid;

%set(gca, 'TickLabellnterpreter', 'Latex','fontsize',8);

end
yA %

function calculate_critial_length(lam)

r = 0.05; Ymeter radius

g = 9.81; %acc. due to gravity

density = 7500; 7 kg/m~3

E = 100%1079; 7Pa

10 = (1/4)*pix*(r)~4;

L = (lam™2*E*I0/(density*g*pi*r~2))~(1/3);
fprintf('Critical length is\n');

disp(L);

end

/A )

function initialize()
reset(0);
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set(groot, 'defaulttextinterpreter', 'Latex');
set(groot, 'defaultAxesTickLabelInterpreter', 'Latex');
set(groot, 'defaultLegendInterpreter', 'Latex');

format long g
end
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