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0.1 Problem 1

Problem 1 [20 points]

» Write a Matlab function which constructs a quintic polynomial, for the purposes of trajectory

generation, given the following input parameters

to: Initial time tr: Final time

Yo: Initial position ¥r: Final position
Vo: Initial velocity Yr: Final velocity
Vo: Initial acceleration V¢ Final acceleration

An example function prototype is shown below
[t, ¥, ¥, ¥1 = QuinticPolynomial(ty, tr, Yo, Yrr Yor Yrr Yoo Vrr N)

where 7 is the number of elements in the time vector and output arrays ([y, y, ¥1)

t : n-dimensional array of trajectory time

y : n-dimensional array of trajectory position

y : n-dimensional array of trajectory velocity

¥ ¢ n-dimensional array of trajectory acceleration

» To check your function, create and plot the trajectory for the input parameters given below:
to: 0 tr: 5
Yo: -10 yrio 10
Yo: -50 Yri 50
yO: 0 yf 0
eg [t, y, dy, ddy] = QuinticPolynomial (0,5,-10,10,-50,50,0,0,1000);
figure; plot(t,y):;

figure; plot(t, dy);
figure; plot(t, ddy);

Figure 1: Problem 1 description

A Matlab function called QuinticPolynomial was implemented. The following shows the call
made and the three plots generated. The output matched the required output in the problem

statement.

[t,y,dy,dyy] = QuinticPolynomial(0,5,-10,10,-50,-50,0,0,1000);
figure;

plot(t,y);

title(’HW4, probleml, y(t) solution’)

figure;
plot(t,dy);
title(’HW4, probleml, dy(t) solution’)

figure;
plot(t,dyy);
title(’HW4, probleml, ddy(t) solution’)




HW4, problem, y(t) solution

HW4, problem1, dy(t) solution

HWA4, problem1, ddy(t) solution

Figure 2: Problem 1 plots



The following is the Matlab source code listings of the above function.

function [t,y,dy,ddy] = QuinticPolynomial(t0,tf,y0,yf,dy0,dyf,ddy0,ddyf,n)
%function QuinticPolynomial to solve trajectory generation using quintic
%polynomial method

#ME 739, UW Madison, Spring 2015

%by Nasser M. Abbasi

%INPUT:

%t0 : initial time

%tf : end time

%y0 : initial position
%yf : final position

%dy0 : initial speed

%dyf : final speed

%ddy0 : initial acceleration
%ddyf : final acceleration

%n : number of samples

YA

%0UTPUT

YA" : time vector

hy : position vector
%dy : speed vector

%ddy : acceleration vector

syms t a0 al a2 a3 a4 ab;
%set up the polynomial

y = a0+alxt+a2*t~2+a3d*t”3+ad*t"4+ab*t"5;
dy = diff(y,t);
ddy = diff(dy,t);

%setup the 6 contraints
eql = subs(y,t,t0)==y0;

eq2 = subs(y,t,tf)==yf;

eq3 = subs(dy,t,t0)==dy0;
eq4 = subs(dy,t,tf)==dyf;
eqb = subs(ddy,t,t0)==ddy0;
eq6 = subs(ddy,t,tf)==ddyf;

%solve for the unknowns
[a0,al1,a2,a3,a4,ab]=solve(eql,eq2,eq3,eqé,eq5,eqb);

%set up time vector
t = linspace(t0,tf,n);

%use subs to replace all unknowns and time in the polynomials
y = double(subs(y));

dy double (subs(dy));

ddy = double(subs(ddy)) ;

end




0.2 Problem 2



Problem 2. [40 points]

firame revised X,
" "

X4
task Xoffser = 0.0
displacement Yofset = 2L
x5z Zoser = 2L
L =4.0

Overview of 3-DOF manipulator Task-space trajectory (rectangular)

You are to generate the motion trajectory for the three degree of freedom manipulator shown in the above
figure such that the manipulator's task frame (origin) moves between the four points that describe a square
in space (see Figure). The forward and inverse kinematics are given below.

Forward kinematics: Inverse kinematics:
X, =43 Cos(qz) q, =z,
Ve =45 Sin(qz) 9 :tanil(ye/xe)

=4 ‘13:\/xez+J’e2

For reference, the homogeneous transformations between the successive link frames (defined in the figure
above) are given below. These may be useful when animating your results in Problem 3.

10 -s, 0 01

0 1 c, 0 00
0 1 2 2 _
T]_OO ’ L= 0 1 ’ T”_IO

0 0 0 0 00

Problem 2. continued

Scenario 1: Joint-space trajectory generation

» Calculate the joint space displacements that correspond to the given task-space waypoints
[1\7 I X 25 X 5,and X 4] (using the inverse kinematics). The task space Cartesian coordinates for
each waypoint can be determined from the adjacent figure.

» Generate the four part trajectory, moving from waypoint / to 2, 2 to 3, 3 to 4, and 4 to /. The time
required to move between successive waypoint is 5 seconds. Generate the trajectory in joint-space,

using the joint-space displacements calculated above. The trajectories should follow a quintic
polynomial. At each waypoint, the joint-space velocity and acceleration should equal zero.

» Plot your results to include:
= Joint space displacements as a function of time.

= Task space displacements as a function of time (using the forward kinematics to calculate the task
space displacements).

= Task space displacements in 3-D space (using the Matlab plot3 command).

Scenario 2: Task-space trajectory generation

P Generate the four part trajectory, moving from waypoint / to 2, 2 to 3, 3 to 4, and 4 to /. The time
required to move between successive waypoint is 5 seconds. Generate the trajectory in task-space,
using the given task-space waypoints. The trajectories should follow a quintic polynomial. At each
waypoint, the task-space velocity and acceleration should equal zero.

P Plot your results to include:

= Joint space displacements as a function of time (using the inverse kinematics to calculate the
joint-space displacements).

= Task space displacements as a function of time.

= Task space displacements in 3-D space (using the Matlab plot3 command).

» Comment on the differences between the two approaches (advantages and disadvantages).

Figure 3: Problem 2 description



The following 2D diagram illustrates the task space trajectory which is the path that the end
effector will travel over.

X, = {2L,2L,2.5L}

| a
X1 ={-2L,2L,2.5L} | )
Q- A o _ ©)

i |
I |
| |
I |

-~ 1 | 1
| |
| |
| |

X4 ={-2L,2L,1.5L} B 2offset X3 ={2L,2L,1.5L}

2L

_ _Groundlevel . _—

Figure 4: Problem 2 task path

0.2.1 First scenario
PART ONE:

The waypoints have the following coordinate values by inspection from the above diagram

X, = {-2L,2L,2.5L}
X, = {2L,2L,2.5L}
X3 = {2L,2L,15L}
X4 ={-2L,2L,1.5L}

Inverse kinematics was used to determine the joint space displacements that corresponds to the
above task space. For X7 this results in

q1 = ze = 2.5L

e 2L
¢ =tan! (i—e) = tan™? <_—2L) =135°
g3 = /22 + 92 = VAL2 + 412 =202

For X,
Q1 = 2. = 2.5L
2L

go = tan™! (i—i) = tan™" (E) = 45"

g3 = \Ja2 +y2 = VAL2 +412 =2LV?2



For X3
q1 = 2. =1.5L
-1 ( Ye -1 2L) 0
—tan 1 (Z8) =¢ ) =4
Q2 an (me) an <2L 5
g3 = /22 +y2 = VAL2+ 412 =2LV2
And for X4
q1 = 2. =1.5L
—1 (Ve —1 (2L ) 0
o =ton™ (2] =™ (557
g3 = /a2 +y2 = VAL2 + 412 =202
PART TWO

The trajectory in joint space is now generated. The joint space coordinates was found above and
illustrated in the following diagram

t=20 t = 5sec
= 2.5L L a
v = 1350 W ) a3 | [ qr=25L
b2 = @ _ oL (I @ g, = 45°
gs = 242L :

- :E End
| effector

7] e
Hnaun T At . t = 10sec

t=15sec ~ G T €
g1 = 1.5L 1 z offset qi = 1.5L
02 = 1350 N 02 = 450
ds = 2/2L » qs = 242L

Ground level - T\‘

problem_2_geometry_joint_space.vsdx
Nasser M. Abbasi
4/16/2015

Figure 5: Problem 2 task path expressed in joint coordinates

A quintic polynomial was used with the restriction that at each waypoint ¢ = 0 and also § = 0.

The above was done for each joint space path between two points. There are 3 joints. For each
joint the full path was generated. For example, for joint g1, the polynomial between X; and X,
was found by solving 6 equations in 6 unknowns. The polynomial is defined as

q(t) = ao + ait + ast® + ast® + agt* + ast®
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The 6 equations are

(to) = ag + aito + azt(z) + a3tg + a4t§ + a5t8 =2.5L
i (to) = a1 + 2a0to + 3ast? + 4ayt] + Sasts =0

i (to) = 2a2 + 6asty + 12a4t% + 20asts = 0

(tf) =agp + a1ty + azt?c + a3t?f’ + a4t;1c + a5t§’c =2.5L
G (tf) = a1 + 2asty + 3ast} + daqt} + Sast; =0

G (tf) = 2ag + 6agty + 12a4t} + 20a5t} =0

Where top = 0 and ¢y = 5. The above 6 equations are solved for ao, a1, az, as, a4, as which now gives
the polynomial ¢ (¢) in order to obtain the joint coordinate at any time 0 < ¢t < 5.

Lto 88 8 8 B el .-
0 1 2ty 3t2 43 5t; Z(; i (to) 2.(5)1:
0 0 2 6t 1268 2083| [, |ai(to) 0
1oty 3 3ty th | |as|  |a(ty)|  |25L
0 1 2t; 33 4} 5th Z‘; g () 8
0 0 2 6t 122 2083  ~ [dC)] T -

Similarly, these 6 equations are solved for the next segment between X5, X3

q (to) = ao + aito + aat] + asty + asty + asty = 2.5L
q (to) = a1 + 2asto + 3ast? + 4astd + Sasty = 0

G (to) = 2ag + 6asty + 12a4t2 + 20ast3 = 0

q(tf) = ao + a1ty + ast} + ast} + ast + ast; = 1.5L
4 (tf) = a1 + 2asty + 3ast} + daqt} + Sast; =0
G (tf) = 2ag + 6agty + 12a4t7 + 20a5t} = 0

Where in the above to = 5 and ¢y = 10.
The above was done for all the segments. The same process was repeated for joints go and gs.

A Matlab program listed below was written to implement the above. The result generated is given
below the source code listing.

function nma_HW4_problem_2_parti()

%nma_HW4_problem_2_partil()

%This function implements problem 2, HW 4, ME 739, scenario ONE
%by Nasser M. Abbasi

yA

close all;

L=4;

%generate the joint space (q) displacements, velocity and acceleration
%the value of g 1 at each X1,X2,X3,X4 have been determined from the
%inverse kinmatics as shown in the HW report above. These are now used




%to generate the polynomial

%generate polynomial for ql trajectory and position, speed and acc. plots

figure;

[t1,q91]=process_q(2.5%L,2.5%L,1.5%L,1.56%L, ql’,1.4%L,2.6%L, ...
‘meter’,’m/s’,’m/s"2’);

%generate polynomial for g2 trajectory and position, speed and acc. plots
figure;
[t2,92] =process_q(135*pi/180,45%pi/180,45*pi/180,135%pi/180,...

’q2’ ,40%pi/180,155%pi/180, angle(rad)’,’rad/sec’,’rad/sec”2’);

%generate polynomial for g3 trajectory and position, speed and acc. plots
figure;

z=2*L*sqrt(2) ;

[t3,93]=process_q(z,z,z,z,’q3’,0,1.2%2xLxsqrt(2), ‘meter’,’m/s’,’m/s"2°);

%generate the task space X displacement using the forward kinematics

xe = g3.*cos(q2);
ye = g3.*sin(q2);
ze = ql;

%generate task space displacements

figure;

hl = subplot(3,1,1);

plot(tl,xe);

title(hl,{’Task space displacements’,’Xe’});
xlabel(hl,’time (sec)’);

ylabel(hl, ’meter’);

axis(hl, [0 20 -2.2xL 2.2xL]);

h2 = subplot(3,1,2);
plot(t2,ye);
title(h2,’Ye’);
xlabel(h2,’time (sec)’);
ylabel (h2, 'meter’);
axis(h2,[0 20 1.8%L 3%L]);

h3 = subplot(3,1,3);
plot(t3,ze);

title(h3,’Ze’);
xlabel (h3, ’time (sec)’);
ylabel (h3, ‘meter’);
axis(h3,[0 20 1.4xL 2.6%L]);

%generate 3D plot of the task space trajectory
figure;

plot3(xe,ye,ze);

hold on;

plot3(-2#L,2xL,2.5%L,’0°);

text (-2*L,2+L,2.5%L, X1’);

plot3(2*L,2*L,2.5%L,’0’);
text (2*L,2*L,2.5%L, X27);
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plot3(2*L,2xL,1.5%L,’0’);
text (2*L,2*L,1.5%L, X3%);

plot3(-2+L,2xL,1.5%L,’0’);
text (-2+L,2*L,1.5%L,°X4°);

plot3(0,2*L,2%L, +’);
text (.1%L,2%L,2.1%L, center’);

title(’3D task space displacement’);
xlabel(’X’); ylabel(’Y’); zlabel(’Z’);
z1im([0 3*L]);

end

= —-—

function [t,ql=process_q(x1,x2,x3,x4,the_name,lim0,liml,y1,y2,y3)
h

%Function to generate joint space trajectory for problem 2 for specific
%joint q

%x1: first point coordinate in this joint space

%x2: second point coordinate in this joint space

%x3: third point coordinate in this joint space

%x4: fourth point coordinate in this joint space

%the_name: title to put on the plot, for example ’ql’ or ’q2’ etc..
%1im0 and liml are the y-axis limits to use for the plot

%yl: position y label

%y2: speed y label

%y3: acceleration y label

JRETURNS

%q: which is vector of q joint coordinates in joint space over
%the full time space to be used later to generate the task space
%trajectory using forward kinemetics

h

%t: the corresponding time vector

%call gen_path to obtain the polynomial coefficients

a = gen_path(x1,x2,0,5);

[q1l,dq,ddq,t1] = find_q(0,5,a); %use the coefficients to make polynomials
[h1,h2,h3] make_first_plot(tl,ql,dq,ddq);

title(hl,{the_name, ’position’});
title(h2, ’velocity’);
title(h3,’acceleration’);
xlabel(hl,’time (sec)’); ylabel(hl,yl);
xlabel(h2,’time (sec)’); ylabel(h2,y2);
xlabel (h3,’time (sec)’); ylabel(h3,y3);

a gen_path(x2,x3,5,10);
[q2,dq,ddq,t2] find_q(5,10,a);
make_other_plot(t2,q2,dq,ddq,h1,h2,h3);

12




a gen_path(x3,x4,10,15);
[93,dq,ddq,t3] = find_q(10,15,a);
make_other_plot(t3,q3,dq,ddq,h1,h2,h3);

a gen_path(x4,x1,15,20);
[q4,dq,ddq,t4] find_q(15,20,a);
make_other_plot(t4,q4,dq,ddq,h1,h2,h3);

axis(h1l,[0 20 1im0 1im1]);
a=[ql q2 q3 qg4];

t=[t1 t2 t3 t4];

end

function a = gen_path(q0,qf,t0,tf)
%this function generates the polynomial coefficients by solving for the
%constraints given

dq0 = 0;
dgf = 0;
ddq0 = 0;
ddqgf = 0;
c=[1 t0O t0"2 t073 t074 t075;
0 1 2%t0 3*t072 4%t0"3 5*t074;
0 0 2 6*t0 12%t072 20%t073;
1 tf t£f72 t£73 tf74 t£75;
0 1 2xtf 3*tf"2 4%tf"3  b5xtf74;
0 0 2 6xtf 12xtf72  20*%tf73];

q = [q0 dq0 ddq0 qf dgf ddqf]’;
C\q;

)
[}

end

function [q,dq,ddq,t]=find_q(t0,tf,a)

%This function takes the coefficients of the polynomial and
%return back the polynomials for position, speed and acceleration
a0 = a(1); al = a(2); a2 = a(3); a3 = a(4); a4 = a(b); ab = a(6);

t = linspace(t0,tf,1000);

q = a0 + al*t + a2%t.”2 + a3*%t.”3 + adxt." 4 + abxt.”5;
dg = al + 2%a2%t + 3*a3%t.”2 + 4*adxt.”3 + b*abxt. " 4;

ddg = 2%a2 + 6*a3*t + 12%ad*t.”2 + 20%ab*t.”3;

end

function [h1,h2,h3]=make_first_plot(t,q,dq,ddq)
%this function plots the position in joint space
hl = subplot(3,1,1);

plot(t,q)

h2 = subplot(3,1,2);
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plot(t,dq);

h3 = subplot(3,1,3);
plot(t,ddq);
end

function make_other_plot(t,q,dq,ddq,h1,h2,h3)

%this function plots the speed and acceleration trajetory in joint space
hold(hil,’on’);

subplot(3,1,1);

plot(t,q);

plot(t(1),q(1),’0%);

hold(h2,’0on’);
subplot(3,1,2);
plot(t,dq);
plot(t(1),dq(1),’0’);

hold(h3,’on’);
subplot(3,1,3);
plot(t,ddq);
plot(t(1),ddq(1),’07);
end
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Figure 6: Problem 2, part 1, ¢; joint space trajectory
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Figure 7: Problem 2, part 1, g» joint space trajectory
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Figure 8: Problem 2, part 1, task space xe, ye, ze trajectory
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Figure 9: Problem 2, part 1, 3D plot of task space trajectory

0.2.2 Second scenario

The four part trajectory was generated again, using the same constraints as in first scenario, but
now the polynomial was generated in task space as required for this part. The polynomial between
waypoint X; and Xo was found by solving 6 equations in 6 unknowns. The polynomial is defined
for each coordinate x., ye, 2. For example, for .

T (t) = ag + art + ast? + azt® + agt* + ast®

The 6 equations are

Ze (to) = ap + arto + agtg + a3t3 + a4t§)1 + a5t8 =25L
e (to) = a1 + 2aato + 3ast? + dasty + Sasty = 0

ie (to) = 2ag + 6asto + 12a4t3 + 20ast3 =0

T (tf) = ao + arty + agt} + ast} + ast} + asty = 2.5L
Ze (tr) = a1 + 2a9ty + 3a3tfc + 4a4t§’c + 5a5t;1c =0

& (tg) = 2a + 6agts + 12a4t7 + 20a5t} =0

Where tg = 0 and ¢ty = 5. The above 6 equations are solved for ag, a1, az, a3, a4, a5 which gives the
polynomial z. (t) used obtain the joint coordinate at any time 0 < t < 5.

to t(2) tg té t(s) - - --Te (tO)- r
R P . 2.5L

1 2ty 3t; 4ty 5t a e (to) 0

0 2 6to 12§ 20| |, &e (o) 0

ty t3 3 t; )| |as ze (ty) 2.5L

Loty 33 4y st ||| fde(ty) 0
5 .

L | t L _
0 2 6t 1262 208 | Ze (t1)

o O = O O =
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Similarly, these 6 equations were solved for the next segment between waypoint X5, X3. The same
process was repeated for y. and z..

The following gives the new Matlab implementation with the plots generated. Discussion on
differences between the two approaches is given at the end.

function nma_HW4_problem_2_part2()

%nma_HW4_problem_2_part2()

%This function implements problem 2, HW 4, ME 739, scenario TWO
%by Nasser M. Abbasi

%

close all;

L=4;

%generate the task space (X,Y,Z) displacements, velocity and acceleration
%the value of x,y,z at each X1,X2,X3,X4 are given in the problem from
%the diagram shown.

%generate polynomial for x-coodinate of each X waypoint trajectory

figure;

[t1,x_coordinate]=process_X(-2#L,2*L,2*L,-2*L, ’x’,-2.6%L,2.6%L, ...
‘meter’,’m/s’,’m/s"2’);

%generate polynomial for y-coordinate of each X waypoint trajectory

figure;

[t2,y_coordinate]l=process_X(2%L,2*L,2*L,2*L, ...
’y?,1.9%L,2.1%L, *meter’, ’m/sec’,’m/sec”2’);

%generate polynomial for z-coordinate of each X waypoint trajectory

figure;

[t3,z_coordinate]=process_X(2.5%L,2.5%L,1.5%L,1.6%L, 2z’ ,1.4*L,2.6%L,...
‘meter’,’m/s’,’m/s"2’);

%generate the corresponding joint space q displacement, speed and
%hacceleration from the above using forward kinematics

ql = z_coordinate;

g2 = atan2(y_coordinate,x_coordinate);

g3 = sqrt(x_coordinate.”2+y_coordinate.”2);

%generate joint space displacements

figure;

hl = subplot(3,1,1);

plot(tl,ql);

title(hl,{’Joint space displacements’,’ql’});
xlabel(hl, ’time (sec)’);

ylabel(hl, ‘meter’);

axis(h1,[0 20 0.9xL 2.8xL]);

h2 = subplot(3,1,2);

plot(t2,92);

title(h2,’q2’);

xlabel (h2,’time (sec)’);
ylabel(h2,’radian’);

axis(h2, [0 20 30%pi/180 140%pi/1801);




h3 = subplot(3,1,3);
plot(t3,93);

title(h3,’q3%);
xlabel (h3, ’time (sec)’);
ylabel (h3, ‘meter’);
axis(h3,[0 20 1.9%L 2.9%L]);

%generate 3D plot of the task space trajectory
figure;
plot3(x_coordinate,y_coordinate,z_coordinate) ;
hold on;

plot3(-2+L,2%L,2.5%L, 0");

text (-2%L,2%L,2.5%L, X1°);

plot3(2*L,2*L,2.5%L, 0°);
text (2%L,2%L,2.5%L, X27);

plot3(2#L,2xL,1.5%L,’0%);
text (2+L,2+L,1.5%L, X3");

plot3(-2+L,2%L,1.5%L,’0°);
text (-2+L,2xL,1.5%L,°X4’);

plot3(0,2*L,2xL, +’);
text (.1%L,2*L,1.6%L, center’);

title(’3D task space displacement’);
xlabel(’X’); ylabel(’Y’); zlabel(’Z’);
z1im([0 3+L]);

end

= ——

function [t,x]=process_X(x1,x2,x3,x4,the_name,1im0,liml,yl,y2,y3)
h

%Function to generate task space trajectory for problem 2

%x1: first point coordinate in this task space

%x2: second point coordinate in this task space

%x3: third point coordinate in this task space

%x4: fourth point coordinate in this task space

%the_name: title to put on the plot, for example ’x’ or ’y’ or ’z’
%1im0 and liml are the y-axis limits to use for the plot

%yl: position y label

%y2: speed y label

%y3: acceleration y label

JRETURNS

%q: which is vector of q joint coordinates in joint space over
%the full time space to be used later to generate the task space
%trajectory using forward kinemetics

h

%t: the corresponding time vector

%call gen_path to obtain the polynomial coefficients
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a = gen_path(x1,x2,0,5);
[x_segment_1,dx,ddx,t1] = find_x(0,5,a); %use the coefficients to make polynomials
[h1,h2,h3] = make_first_plot(tl,x_segment_1,dx,ddx);

title(hl,{the_name, ’position’});
title(h2, ’velocity’);

title(h3, ’acceleration’);
xlabel(hl,’time (sec)’); ylabel(hl,yl);
xlabel(h2,’time (sec)’); ylabel(h2,y2);
xlabel(h3, ’time (sec)’); ylabel(h3,y3);

a = gen_path(x2,x3,5,10);
[x_segment_2,dx,ddx,t2] = find_x(5,10,a);
make_other_plot(t2,x_segment_2,dx,ddx,h1,h2,h3);

a = gen_path(x3,x4,10,15);
[x_segment_3,dx,ddx,t3] = find_x(10,15,a);
make_other_plot(t3,x_segment_3,dx,ddx,h1,h2,h3);

a = gen_path(x4,x1,15,20);
[x_segment_4,dx,ddx,t4] = find_x(15,20,a);
make_other_plot(t4,x_segment_4,dx,ddx,h1,h2,h3);

axis(h1,[0 20 1im0 1limi]);

x=[x_segment_1 x_segment_2 x_segment_3 x_segment_4];
t=[t1 t2 t3 t4];

end

function a = gen_path(x0,xf,t0,tf)
%this function generates the polynomial coefficients by solving for the
%constraints given

dx0 = 0;
dxf = 0;
ddx0 = 0;
ddxf = 0;
C=[1 t0O t0"2 t0°3 t074 t075;
0o 1 2*t0 3*%t072 4*xt0"3  5*t074;
0O 0 2 6*t0 12*%t072 20*t073;
1 tf tf"2 t£73 tf~4 t£75;
0 1 2ktf 3%tf72 4xtf~3  5*ktf~4;
0O 0 2 6xtf 12xtf~2 20%tf~3];

x = [x0 dx0 ddx0 xf dxf ddxf]’;
= C\x;

)
|

end

function [x,dx,ddx,t]=find_x(t0,tf,a)
%This function takes the coefficients of the polynomial and

19
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%return back the polynomials for position, speed and acceleration

a0 = a(l); a1l = a(2); a2 = a(3); a3 = a(4); a4 = a(b); ab = a(6);

t = linspace(t0,tf,1000);

X = a0 + al*t + a2*t.”2 + a3*%t.”3 + ad*xt.”4 + ab*t.”5;
dx = al + 2*%a2%t + 3*%a3d3xt.”2 + 4*adxt.”3 + 5*abxt."4;

ddx = 2%a2 + 6*%a3*t + 12%ad*t.”2 + 20%ab*t.”3;

end

Y- - - - - - - - —_—
function [h1,h2,h3]=make_first_plot(t,x,dx,ddx)

%this function plots the position in task space

hl = subplot(3,1,1);

plot(t,x)

h2 = subplot(3,1,2);
plot(t,dx);

h3 = subplot(3,1,3);
plot(t,ddx);
end

function make_other_plot(t,x,dx,ddx,h1,h2,h3)

%this function plots the speed and acceleration trajetory in task space
hold(hil,’on’);

subplot(3,1,1);

plot(t,x);

plot(t(1),x(1),’0%);

hold(h2,’0on’);
subplot(3,1,2);
plot(t,dx);
plot(t(1),dx(1),’0’);

hold(h3,’on’);
subplot(3,1,3);
plot(t,ddx);
plot(t(1),ddx(1),’0’);
end




X
10 position
5
< J
1S
20
time (sec)
10 velocity
% /\ .
_10 L L L
0 5 10 15 20
time (sec)
5 acceleration
~ —
E 0 ———————
-5 L I .
0 5 10 15 20

time (sec)

Figure 10: Problem 2, part 2, x. task space trajectory

y
osition
8.4 P T
5 L i
o 8 O
1S + i
76 Il Il Il
0 5 10 15 20
time (sec)
velocit
1 T y
[8]
(]
£ 0 o
1S
1 L L L
0 5 10 15 20
time (sec)
1 acceleration
NO ‘
8o o
1S
1 L L L
0 5 10 15 20

time (sec)

Figure 11: Problem 2, part 2, y. task space trajectory

21



z
position

W= —

@ ™
© 8r \ .
IS N
6 I —p——@ 1
0 5 10 15 20
time (sec)
velocit
2 T y
2] 0 ~
2 O HG—© -
£
\\,, /
2 s s s
0 5 10 15 20
time (sec)
1 acceleration
~, / \
=0 [ b
S
_1 \\\/ L L
0 5 10 15 20

time (sec)

Figure 12: Problem 2, part 2, z. task space trajectory

3D task space displacement
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0.2.3 discussion

The following diagram gives an overview of the difference of the algorithm used for first and second

scenarios.
Joint space Plot joint space
coordinate at trajectories
each way point

Scenario one

X1 1 Generate quintic

X Inverse kinematics q trajectory gs(t) Convert back to Xe(t) Plot 3D task
2 apPIiedto each way H» q2—> polynomial ——>q2(t)—> task space using "Ye(t)—’ space

X point between each way forward kinematics trajectory
3 q3 point in joint space q3(t) Ze(t)

X4 3D task space displacement

12

Scenario two

X Generate quintic L
! trajectoryq Xe (t) Convert to joint q 1 (t)
] space trajectory Plot joint space
X 2—> EZLYA:‘:ET:LCh wa ™ ye (t) > using inverse —>q 2 (t) R trajectories
X o v Zo(t kinematics (t)
3 point in task space e( ) Q3

3D task space displacement
Problem_2_final vsdx Plot 3D task |
Nasser M. Abbasi space 25

trajectory ! -

Figure 14: Problem 2 algorithm difference scenario one and two

There are two main differences observed between the two methods.

1. In the first scenario, joint space trajectories g;(t) and go(t) were the same as in the second
scenario, but g3(t) was not the same.

In first scenario, g3(t) was constant with value 2v/2 L for the whole path. This is becuase
at each way point g3 had the same value 24/2 L, therefore the polynomial generated was
straight line connecting all the way points. In second scenario, ¢3(t) was not constant, since

q3(t) = 1/ze(t)® + ye(t)? and z.(t) polynomial was not constant (even though y.(t) was
constant over the whole path).

2. In the first scenario, y.(t) was generated by inverse kinematics using y.(t) = g3(¢) sin(g2(t))
and even though g3(t) was constant, g2(t) was not. Hence the path along the y direction is
task space was changing as can be seen from the above plot. In the second scenario, since
the y was fixed at each way point, the trajectory generated in task space shows that y(t) is
not changing. This is why the 3D plot for the second scenario do not show the same curved
path in the y dimension as in the first scenario.
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The result from first scenario seems to be more realistic 3D task space path that the robot arm
end effector would take. Computationally, there is little difference between the two scenarios.

0.3 Problem 3

Problem 3. [40 points]
For the manipulator described in Problem 2

» Use a parabolic well potential to define an attractive field applied to the origin of frame {e}. Use
Matlab to implement a gradient descent algorithm to find a path from the specified initial
configuration to the specified final configuration given below.

Initial configuration: q,=[L 0 L]T
Final configuration: ¢, = [2L iz ZL]T
» Animate your results using the Matlab rendering functions posted to the Learn@UW course page.

In general, you can vary ¢ (the scaling factor applied to the attractive force, f;) to modify the resulting
path. In this case, the forces are applied at only one point so there is only one value of 4. You can also
vary the gradient descent scaling factor, a. Larger values of « can speed up the gradient descent
algorithm, but can also cause numerical instabilities in the solution. In addition, you can use different
values of « («; for joint i) to scale the joint torques and thus modify the path solution.

Gradient descent:

while qu —9q; H >¢

¢ =¢" +aVU, where VU, =
k=k+1 J#(¢")

» Vary ¢; and comment on the resulting solution behavior (both in regards to the shape of the path and
the numerical stability of the solution.

Figure 15: Problem 3 description

In this problem we need to determine only the attractive virtual force on origin of end effector
frame {e}. The repulsive forces are not involved. The attractive virtual forces are approximated
with a parabolic well potential. We have only one location where the force is applied to (which is
the origin of frame {e}, which is the end effector). The first step is to determine the virtual force
from the gradient of the parabolic potential field given by

F. = —VU,
= —C (Oe (QCurrent) — O¢ (qf))

Where in the above o, (g) is the position vector of the origin of frame {e} at current configuration
g and o (gf) is position vector of the origin of frame {e} at final configuration gs. Hence o, (gy)
is constant position vector and only o (¢) will change as the robot arm moves.

We are given the final configuration as ¢f = [2L, §, 2L]T, and we now use this to obtain o (gy).

We first need to obtain T which we obtained forward kinematics given in problem 2. Hence
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T) = T{T,T?

[1 0 0 0] [—singz O cosgz 0] [0 1 0 O
1010 0 cosqga 0 singg 0[ |0 0 1 O
1001 ¢ 0 1 0 0||1 00 g

0 0 0 1 0 0 0 1110 0 0 1

[cosqa —singa 0 g3cosqo
singa cosqz 0 g3sings
0 0 1 q
0 0 0 1

Therefore, o, (¢) from the above is the last column. Hence

g3 COs g2
O¢ (QCu'rrent) = |g3singe
q1

We now replace the values of q1, g2, g3 in the above, with the final configuration values given

2L cos 5 0
0c (¢finat) = |2Lsin 72—r = (2L
oL 2L

And the initial configuration (at time ¢ = 0) is

Lcos0 L
Oc (Ginitial) = | Lsin0| = [0
L L

Using the above, we need determine the virtual force Fg

F.=-VU,
= _Ce (Oe (QCurrent) — O¢ (Qf))
g3 COS g2 0
=—(. | |g3singa| — |2L
q 2L
[ g3 08 (q2)
= —Ce |g3singy — 2L
q1 — 2L

In the above, all the ¢; variables are the current joint variables at the current time. In simulation,
there will change with time. Now that we found the virtual force, we convert it to joint toque
using the linear velocity Jacobian. We obtain J,, by direct differentiation method
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From problem 2, we are given that

Te = q3COS G2
Ye = g3 Sin g2

Ze = (q1

Hence J,, becomes

o g3 COS g2 o g3 COS g2 o g3 COS g2

g1 g2 943 0 —g3singy cosqe
g3 singo g3 singa g3 singo .
Joo = | 0852 085,72 0852 | = |0 gscosqe  singy
dq1 dq1 dq1 1 0 0
oq1 0q2 9g3

Therefore, using the duality relation that 7 =) Jg; F; and since we have forces on one joint only,
this simplifies to 7 = Jg; F,

- . T
0 —gssings cosqs g3 cos (q2)
6=—C |0 g3cosqa sing q3singy — 2L

1 0 0 g — 2L
[ q1 — 2L
= —(. | g3 (cosga) (g3sings — 2L) — g3 cos gz sin go (1)

qs cos? q2 + (sing2) (g3 sin go — 2L)

The above is the actual torque/force applied at the joints 1,2 and 3. Therefore, the force applied
to joint 1 is g1 — 2L and the torque to apply to joint 2 is g3 (cos g2) (g3 singa — 2L) — g3 cos gz sin g2
and the force to apply to end effector joint is g3 cos? g2 + (sin g2) (g3 singa — 2L) .

For example, at initial configuration, where g;n;tiq1 = [L, 0, L]T we find

—L
Binitial = —Ce | —2Lqs3
L

And at final configuration where gfinq = q¢ = [2L, 5, 2L] Twe find
0

Binitial = —Ce |0
0
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Which is what we would expect. At the final configuration, the applied forces at the joints should
vanish since we have arrived at the final configuration.

Now that we have equation (1), we can use it to implement the gradient descent algorithm in
order to obtain the sequence of ¢; positions to use for the animation.

0.3.1 Part one

In this part, a single a value was used for all the joints. This value was changed in order to observe
the affect. In second part below, different « for each joint will be used.

In this part, and in all runs, { was set to 100. This is the attractive force scaling value.
Below is the source code written to implement this part of the problem. The following diagram

shows the initial configuration for one example run.

step = 1, position=[4.00,0.00,4.00], alpha=0.015, epsilon=0.005

Figure 16: Initial configuration, problem 3

And the following diagram shows the final configuration reached. It shows that it took 535 steps
to reach the final configuration using a = 0.015 and € = 0.005
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step = 535, position=[-0.08,8.00,8.00], alpha=0.015, epsilon=0.005

Figure 17: Final configuration, problem 3

As a was made smaller the convergence became slower, but the animation became more accurate
and ran more smoothly. As the end effector came very close to the target, more vibration around
that region started to show as the end effector oscillated around the target point as it converged
to the exact target and the error became smaller and smaller.

To run the program, the command is nma_HW4_problem_3

function nma_HW4_problem_3()

%function nma_HW4_problem_3()

%This function implements path planning for the 3 links robot arm in
%HW4, ME 739, problem 3, spring 2015, Univ. Wiscosin, Madison.

h

%This version is for part 1, which uses one alpha for all joints

b

%Parabolic attractive field is used to model the attractive virtual
%force on the end effector. The linear velocity Jacobian is used to
%map this force to torque forces at the three joints.

%Then gradient descent is used to obtain the joint coordinates sequence
%which is then used to simulate the motion.

)

%By Nasser M. Abbasi

close all; clear all;

L = 4; Ylength of link 1 and 3

%epsilon = 0.005; Yerror tolerance

%alpha = 0.015; %smaller value, slows down convergence but more accurate
epsilon = 0.05; Jerror tolerance

zeta = 100; ‘attractive force scaling

alpha = 0.05; Ysmaller value, slows down convergence but more accurate
q = [L;0;L]; Y%initial joint configuration

qf = [2*L;pi/2;2*L]; %find joint configuration




maxIter = 1200; Ymax iterations allowed
Q = zeros(3,maxIter); Y%where to save the sequence of joint q’s
k =1;

keep_running = true;

%start of gradient descemt

while keep_running
QC:,k) = q;
tau = -zeta*x[q(1)-2%L;
q(3)*cos(q(2))*(q(3)*sin(q(2))-2%L)-q(3) ~2*cos(q(2))*sin(q(2));
q(3)*(cos(q(2)))"2+sin(q(2))*(q(3) *sin(q(2) ) -2*L)

1;

q = q + alpha*tau/norm(tau);

if k+1>maxIter || norm( gq-qf ) <= epsilon
keep_running = false;

else
k =k +1;

end

end

DO_MOVIE = false; %make true to generate movie frames
frameNumber = 0;

f_handle =1;

axis_limits = L*[-2 2 -2 2 -0.1 2.5];

render_view = [-.4 -.8 .5]; view_up = [0 0 1];
SetRenderingViewParameters(axis_limits,render_view,view_up,f_handle);
camproj perspective J, turns on perspective

% link O rendering initialization

r0 = L/5; sidesO = 4; axisO = 3; norm_LO = -1.0;

linkColor0 = [0 .3 .3]; plotFrameO = O;

d0 = CreatelLinkRendering(L,r0,sides0,axisO,norm_LO,linkColorO,...
plotFrameO,f_handle);

% link 1 rendering initialization

rl = L/6; sidesl = 4; axisl = 3; norm_L1 = 1.0;

linkColorl = [0 0.75 0]; plotFramel = 0;

dl = CreatelLinkRendering(L,rl,sidesl,axisl,norm_L1,linkColorl,...
plotFramel,f_handle) ;

% link 2 rendering initialization

r2 = L/7; sides2 = 10; axis2 = 3; norm_L2 = -1.0;

linkColor2 = [0.75 0 0]; plotFrame2 = 0;

d2 = CreatelLinkRendering(L,r2,sides2,axis2,norm_L2,1linkColor2,...
plotFrame2,f_handle);

% link 3 rendering initialization

r3 = L/8; sides3 = 4; axis3 = 1; norm_L3 = 1.0;

linkColor2 = [0.75 0 1]; plotFrame2 = 0;

d3 = CreatelLinkRendering(L,r3,sides3,axis3,norm_L3,1linkColor2,...
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plotFrame2,f_handle);

0 0 0 11;
UpdateLink(d1,T00) ;

for i = 1:k
% Update frames
q1=Q(1,i); 92=Q(2,i); q3=Q(3,1i);
TO1=[1 0 0 O

0

1

o

T12

]
™
|
n
.
B
~

Q
N
~

T2e = [0

o = O
O OO
O O+ O
Q
w

TO2
TOe

TO1xT12;
T02%T2e;

UpdateLink(d1,T01) ;
UpdateLink(d2,T02) ;
UpdateLink(d3,TOe) ;

title(sprintf(’step = %d, position=[%3.2f,%3.2f,%3.2f], alpha=)3.3f, epsilon=%3.3f’,i,...

g3*cos(q2) ,93*sin(q2),q1,alpha,epsilon));
%if i == 1; Ypause at start of simulation rendering
% pause;
%end

if DO_MOVIE
frameNumber = frameNumber+i1;
I = getframe(gct);
imwrite(I.cdata, sprintf(’framed.png’,frameNumber));
end
hold on;
plot3(0,2*L,2%L, *marker’,’o’,’color’,’r’);
drawnow;
hold off;
pause(0.01);
end
end
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0.3.2 Part two

In this part, different «; values were used for each joint. The code to implement this part is similar
to the above with the only change is in using a diagonal matrix for a instead of justone scalar
value. Different «; was used for each joint to see the effect on the path of the end effector.

The following vector of values gave the best solution

alpha = diag([0.05,0.01,0.1]);

The above produced the least amount of oscillation as the end effector came close to the target.
Making «; smaller caused the joint 7 to move the slowest during the animation.

The following value of vector o caused large oscillation as the end effector came close to the target.

alpha = diag([0.05,0.1,0.01]);

These values of a are kept in the code below to allow one to try them. The source code for this
part is listed below. Using different a; value for each joint is more flexible and allowed finding
better solution than using the same alpha for all joints. The command to run the Matlab script
is nma_HW4_problem_3_part2

function nma_HW4_problem_3_part2()

%function nma_HW4_problem_3_part2()

%This function implements path planning for the 3 links robot arm in
%HW4, ME 739, problem 3, spring 2015, Univ. Wiscosin, Madison.

b

%#This version is for part 2, which uses different alpha for each joint
h

%Parabolic attractive field is used to model the attractive virtual
%force on the end effector. The linear velocity Jacobian is used to
/map this force to torque forces at the three joints.

%Then gradient descent is used to obtain the joint coordinates sequence
%which is then used to simulate the motion.

h

%By Nasser M. Abbasi

close all; clear all;
L = 4; Ylength of link 1 and 3

%epsilon = 0.005; Y%error tolerance

%alpha = 0.015; %smaller value, slows down convergence but more accurate
epsilon = 0.01; Jerror tolerance

zeta = 100; ‘hattractive force scaling

%alpha = diag([0.05,0.1,0.01]); %Causes large errors in solution

alpha = diag([0.05,0.01,0.1]); JProduces best solution

q = [L;0;L]; Y%initial joint configuration

qf = [2*L;pi/2;2*L]; %find joint configuration

maxIter = 1000; Ymax iterations allowed

qQ = zeros(3,maxIter); Y%where to save the sequence of joint q’s

k =1;




keep_running = true;
%start of gradient descemt

while keep_running
QC:,k) = q;
tau = -zetax[q(1)-2*L;
q(3)*cos(q(2))*(q(3)*sin(q(2))-2+L)-q(3) "2*cos(q(2) ) *sin(q(2));
q(3)*(cos(q(2)))"2+sin(q(2))*(q(3)*sin(q(2))-2*L)

1;

q = q + alpha*tau/norm(tau);

if k+1>maxIter || norm( g-qf ) <= epsilon
keep_running = false;

else
k =k +1;

end
end

DO_MOVIE = false; ’make true to generate movie frames
frameNumber = 0;

f_handle =1;

axis_limits = L*[-2 2 -2 2 -0.1 2.5];

render_view = [-.4 -.8 .5]; view_up = [0 0 1];
SetRenderingViewParameters(axis_limits,render_view,view_up,f_handle);
camproj perspective J, turns on perspective

% link O rendering initialization

r0 = L/5; sidesO = 4; axisO = 3; norm_LO = -1.0;

linkColor0 = [0 .3 .3]; plotFrame0O = 0;

d0 = CreateLinkRendering(L,r0,sides0,axisO,norm_LO,linkColorO,...
plotFrameO,f_handle) ;

% link 1 rendering initialization

rl = L/6; sidesl = 4; axisl = 3; norm_L1 = 1.0;

linkColorl = [0 0.75 0]; plotFramel = 0;

dl = CreatelLinkRendering(L,rl,sidesl,axisl,norm_L1,linkColorl,...
plotFramel,f_handle);

% link 2 rendering initialization

r2 = L/7; sides2 = 10; axis2 = 3; norm_L2 = -1.0;

linkColor2 = [0.75 O 0]; plotFrame2 = 0;

d2 = CreatelLinkRendering(L,r2,sides2,axis2,norm_L2,1linkColor2,...
plotFrame2,f_handle);

% link 3 rendering initialization

r3 = L/8; sides3 = 4; axis3 = 1; norm_L3 = 1.0;

linkColor2 = [0.75 0 1]; plotFrame2 = 0;

d3 = CreatelLinkRendering(L,r3,sides3,axis3,norm_L3,1linkColor2,...
plotFrame2,f_handle);

0 0 O
0 O
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0 0 1 0
0 0 0 1];

UpdateLink(d1,T00) ;

for

end
end

i=1:k
% Update frames
q1=Q(1,1); q2=Q(2,i); 93=Q(3,1i);
To1=[1 0 0 O

01 0 O

0 0 1 qt

(V)

T12

[-sin(q2) O 0
cos(9q2) 0 sin(g2) O
0 1 0
0 0

T2e =

m

O = OO

O O O mr

O O~ O
Q
w

TO2
TOe

TO1%T12;
T02%T2e;

UpdateLink(d1,T01) ;
UpdateLink(d2,T02) ;
UpdateLink(d3,TOe) ;

title(sprintf(’step = %d, position=[%3.2f,%3.2f,%3.2f], epsilon=%3.3f%,1i,...

g3*cos(qg2) ,q3*sin(q2) ,ql,epsilon));
%if i == 1; Ypause at start of simulation rendering
% pause;
%end

if DO_MOVIE
frameNumber = frameNumber+i1;
I = getframe(gct);
imwrite(I.cdata, sprintf(’framejd.png’,frameNumber));
end
hold on;
plot3(0,2*L,2%L, *marker’,’o’,’color’,’r’);
drawnow;
hold off;
pause(0.01);
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