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Chapter 1

Introduction

Took this course in spring 2014. Part of MSc. in Engineering Mechanics.

Instructor: professor Riccardo Bonazza
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1.1. syllabus CHAPTER 1. INTRODUCTION

1.1 syllabus

January 8, 2014 1

EMA 523

FLIGHT DYNAMICS AND CONTROL

SPRING 2014

Instructor: Riccardo Bonazza
Office: 537 ERB; Phone: 265-2337; e-mail: bonazza@engr.wisc.edu
Office hours: Tue, Thu, 11:00AM - 12:00PM

Grader: Joe Schoneman
e-mail: jdschoneman@gmail.com

Home page: http : //ecow2.engr.wisc.edu/

Textbook:
Etkin B. and Reid L.D.
Dynamics of flight, stability and control, 3rd ed

Wiley, 1996.

Grade: based on biweekly homework.

Tentative grading scheme:

95% - 100%: A
91% - 94%: AB
81% - 90%: B
71% - 80%: BC
61% - 70%: C
51% - 60%: D
0% - 50%: F
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1.1. syllabus CHAPTER 1. INTRODUCTION

January 8, 2014 2

Course Content

1. Introduction (approximately 1 lecture)

(a) Definitions

(b) Nomenclature

(c) Reference systems

2. Static Stability (approximately 8 lectures)

(a) Longitudinal stability

(b) Pitch stiffness

(c) Longitudinal control

(d) Lateral stability

(e) Lateral control

3. Aircraft equations of motion (approximately 3.5 lectures)

(a) Full, non-linear equations

(b) Euler’s angles

(c) Small disturbance linearization

(d) Description of aerodynamic actions

4. Stability derivatives (approximately 0.5 lectures)

5. Dynamic stability of uncontrolled motion (approximately 3 lectures)

(a) Review of differential equations

(b) Longitudinal modes and their approximations

(c) Lateral modes and their approximations

6. Open-loop aircraft control (approximately 5 lectures)

(a) Review of linear systems, Laplace transform and control theory

(b) Application to longitudinal control

(c) Application to lateral control

7. Closed-loop control (approximately 5 lectures)

(a) Review of closed-loop control theory and stability criteria

(b) Application to longitudinal control

(c) Application to lateral control

8. Analysis of control loops using Matlab (approximately 3 lectures)

(a) Matlab algorithms

(b) Using Simulink
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1.2. links CHAPTER 1. INTRODUCTION

1.2 links

1. moodle internal course site

2. aircraft center of gravity calculator. Aerodynamic Center (AC), Mean Aerodynamic
Chord (MAC), Center of Gravity (CG), Neutral Point (NP) and Wing Area http:
//adamone.rchomepage.com/cg_calc.htm
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https://courses.moodle.wisc.edu/prod/local/wiscservices/login/index.php
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Chapter 2

My typed HWs and key solutions

Local contents
2.1 HW1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2 HW2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
2.3 HW3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
2.4 HW4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141
2.5 HW5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239
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2.1 HW1

2.1.1 Problem 1

Figure 2.1: problem 1 description
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2.1.1.1 Part(a)

Aerodynamic center

150

33.108
25

19.261

16.148

8.852hc9.815

hnc

Top View

25

cr

19.261
c

4.815

8.852

9.8151

wing

tail

Apex of 
wing

55

lt

Side view of wing and tail

4 Dihedral 
angle

Front view of airplane

Problem_1_parta_vsdx
Nasser M. Abbasi

021214

20.96

20.96

a.c. c.g.

n.p.

5.2 ft

Figure 2.2: problem 1 part (a)

2.1.1.2 Part(b)

The following diagram shows the calculated aerodynamic dimensions of the wing using the
three views.
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root chord

length of mean 
aerodynamic chord 
projected on the 
root chord

half wing span

local chord

wing tip chord

Leading edge 
sweep angle

centroid of area of 
one half of wing 
located on mean 
aerodynamic chord

wing1.vsdx
Nasser M. Abbasi

020914

Figure 2.3: problem 1 part (b)

The wing area 𝑆 is the mean of the root chord length and the wing tip chord multiplied by
the wing span 𝑏, therefore

𝑆 = �
𝑐𝑟 + 𝑐𝑡
2

� 𝑏

= �
25 + 12
2 � 150

= 2775 ft2

The aspect ratio is

𝒜 =
𝑏2

𝑆
=
1502

2775
= 8.108

The taper ratio 𝜆 is

𝜆 =
𝑐𝑡
𝑐𝑟
=
12
25

= 0.48

To find the length of the mean aerodynamic chord 𝑐, equation (C.3,3) in the textbook was
used with 𝑛 = 0. In using this equation, 𝑥, which is the distance from wing tip to the start of

10



2.1. HW1 CHAPTER 2. MY TYPED HWS AND . . .

the 𝑐 chord was found first using equation (C.3,1) as follows

𝑥 = �
𝑏
2� �

1
3�
1 + 2𝜆
1 + 𝜆

tan(Λ0)

= �
150
2 � �

1
3�
1 + 2 × 0.48
1 + 0.48

tan(26°)

= 16.148 ft
Now equation (C3.3) was used since 𝑥 is known

𝑥
𝑐
=
(1 + 2𝜆)(1 + 𝜆)
8(1 + 𝜆 + 𝜆2)

𝒜 tan(Λ0)

𝑐 = �
𝑥

𝒜 tan(Λ0)
�
8(1 + 𝜆 + 𝜆2)
(1 + 2𝜆)(1 + 𝜆)

=
16.148

8.108 tan(26°)
8(1 + 0.48 + 0.482)

(1 + 2 × 0.48)(1 + 0.48)
= 19.2613 ft

This value for 𝑐 was verified using figure C.2 on page 261 based on the use of

𝑐 =
2
3
𝑐𝑟
1 + 𝜆 + 𝜆2

1 + 𝜆
The result matched that found using equation (C3.3) above.

2.1.1.3 Part(c)

The location of mean aerodynamic center on the full wing is given by the coordinates �𝑥, 𝑦, 𝑧�
in the local frame of reference. For the full wing

𝑦 = 0

And

𝑥 = 𝑥 +
1
4
𝑐

= 16.148 + �
1
4�
19.261

= 20.964 ft
To obtain 𝑧, (C.1,4) in appendix C was used

𝑧 =
2
𝐶𝐿𝑆

�
𝑏
2

0
𝐶𝐿𝛼𝑐𝑧 𝑑𝑦 (C.1,4)

From the problem 𝐶𝐿𝛼 = 𝐶𝐿 as the lift coe�cient is uniform. Therefore the above simplifies
to

𝑧 =
2
𝑆 �

𝑏
2

0
𝑐𝑧 𝑑𝑦 (C.1,4)

11



2.1. HW1 CHAPTER 2. MY TYPED HWS AND . . .

The value for 𝑐(𝑦) in the above integral is given 1 by the following

𝑐(𝑦) =
2𝑠

(1 + 𝜆)𝑏 �
1 −

2(1 − 𝜆)
𝑏

𝑦�

Given that 𝑧(𝑦) = 𝑦 tan(Γ) where Γ is the dihedral angle which is 4° and 𝑆 = 2775 ft2 is the
wing area, and 𝜆 = 0.48, (C.1,4) becomes

𝑧 =
2
𝑆 �

𝑏
2

0

2𝑠
(1 + 𝜆)𝑏 �

1 −
2(1 − 𝜆)

𝑏
𝑦� 𝑦 tan(Γ) 𝑑𝑦

=
2

2775 �
150
2

0

2(2775)
(1 + 0.48)150 �

1 −
2(1 − 0.48)

150
𝑦� 𝑦 tan(4°) 𝑑𝑦

= 2.315 ft

2.1.1.4 Appendix for part (c)

This section is extra as it finds the {𝑥, 𝑦, 𝑧} for half wing, and not the full wing as the problems
asks for. This was done to practice the use of appendix C integrals.

wing tip chord

Wing2.vsdx
Nasser M. Abbasi

020914

Figure 2.4: problem 1 part (e)

In finding {𝑥, 𝑦, 𝑧} , equations (C.1,2,3,4) in appendix C are used. The expression for 𝑐 in
these integrals is given by

𝑐(𝑦) =
2𝑠

(1 + 𝜆)𝑏 �
1 −

2(1 − 𝜆)
𝑏

𝑦�

1http://en.wikipedia.org/wiki/Chord_aircraft

12
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From (C1.2)

𝑥 =
2
𝐶𝐿𝑆

�
𝑏
2

0
𝐶𝐿𝛼𝑐𝑥 𝑑𝑦

=
2
𝑆 �

𝑏
2

0
𝑐𝑥 𝑑𝑦

Where 𝑥 = �1
4
� 𝑐 + 𝑦 tan(Γ) as seen in the above diagram. substituting these in the above

integral results in

𝑥 =
2
𝑆 �

𝑏
2

0

2𝑠
(1 + 𝜆) 𝑏 �

1 −
2 (1 − 𝜆)

𝑏
𝑦� �

1
4 �

2𝑠
(1 + 𝜆) 𝑏 �

1 −
2 (1 − 𝜆)

𝑏
𝑦�� + 𝑦 tan (Γ)� 𝑑𝑦

Giving numerical values for all the variables in the above gives

𝑥 = 20.9632 ft
Similarly for 𝑦

𝑦 =
2
𝐶𝐿𝑆

�
𝑏
2

0
𝐶𝐿𝛼𝑐𝑦 𝑑𝑦

=
2
𝑆 �

𝑏
2

0
𝑐𝑦 𝑑𝑦

=
2
𝑆 �

𝑏
2

0

2𝑠
(1 + 𝜆) 𝑏 �

1 −
2 (1 − 𝜆)

𝑏
𝑦� 𝑦 𝑑𝑦

Substituting numerical values for all the variables above gives

𝑦 = 33.108 ft
This value can also be found based on geometry using the above diagram as follows

tan(𝛼) = 𝑦
𝑥

𝑦 = 𝑥 tan(90° − Λ0)
= 16.148 tan(90° − 26°)
= 33.108 ft

And finally for 𝑧

𝑧 =
2
𝑆 �

𝑏
2

0
𝑐𝑧 𝑑𝑦

Where 𝑧 = 𝑦 tan(Γ) hence the above becomes

𝑧 =
2
𝑆 �

𝑏
2

0
�1 −

2 (1 − 𝜆)
𝑏

𝑦� �𝑦 tan Γ� 𝑑𝑦

Substituting numerical values for all the variables above gives

𝑧 = 2.315 14 ft
The diagram below was drawn to scale in Mathematica using the actual values found. This

13
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diagram shows the aerodynamic center for the full wing as well for the half wing.

wing3.vsdx
Nasser M. Abbasi

020914

Figure 2.5: detailed wing dimensions

(*calculations used in the above*)
chordLength[y_, s_, b_, lambda_] := (2 s)/((1 + lambda) b) (1-(2(1 - lambda))/b y)
Clear[y];
s = 2775;
b = 150;
lambda = 0.48;
c = chordLength[y, s, b, lambda]

25. (1 - 0.00693333 y)
cBar = 2/s Integrate[c^2, {y, 0, b/2}]

19.2613
yBar = 2/s Integrate[c y, {y, 0, b/2}]

33.1081
zBar = 2/s Integrate[c y Tan[4 Degree], {y, 0, b/2}]

2.31514
xBar = 2/s Integrate[c ((1/4) c + y*Tan[26 Degree]) , {y, 0, b/2}]

20.9632

14
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2.1.1.5 Part(d)

apex of 
wing

cr  25

c  19.26116.148

hnwb
c

8.852

c.g

hc

h  hnwb
c

4.815 4. 037

n.p.

hnc

hn  h
control-fixed 
static margin

9.8151

0.9631

wing_4.vsdx
Nasser M. Abbasi

020914

A.C.
wing

mac

A.C.

lt
55

tail

l t

  0.25

Figure 2.6: problem 1 part(d)

From the above diagram (not drawn to scale)

ℎ𝑛 =
9.8151
19.261

= 0.50958

From equation (2.3,23)2

ℎ𝑛 = ℎ𝑛𝑤𝑏 +
𝑎𝑡
𝑎
𝑉𝐻 �1 −

𝜕𝜖
𝜕𝛼�

−
1
𝑎
𝜕𝐶𝑚𝑝

𝜕𝛼
(1)

Ignoring power plant e�ects and using 𝑎 from (2.3,18) given by

𝑎 = 𝑎𝑤𝑏 �1 +
𝑎𝑡
𝑎𝑤𝑏

𝑆𝑡
𝑆 �

1 −
𝜕𝜖
𝜕𝛼��

(2)

Substituting (2) into (1) and using 𝑉𝐻 =
𝑙𝑡
𝑐
𝑆𝑡
𝑆 results in

ℎ𝑛 = ℎ𝑛𝑤𝑏 +
𝑎𝑡

𝑎𝑤𝑏 �1 +
𝑎𝑡
𝑎𝑤𝑏

𝑆𝑡
𝑆
�1 − 𝜕𝜖

𝜕𝛼
��

𝑙𝑡
𝑐
𝑆𝑡
𝑆 �

1 −
𝜕𝜖
𝜕𝛼�

Since 𝑎𝑡 = 𝑎𝑤𝑏 the above becomes

ℎ𝑛 = ℎ𝑛𝑤𝑏 +
𝑆

𝑆 + 𝑆𝑡 �1 −
𝜕𝜖
𝜕𝛼
�

𝑙𝑡
𝑐
𝑆𝑡
𝑆 �

1 −
𝜕𝜖
𝜕𝛼�

Substituting the following numerical values 𝑆 = 2775 ft2, 𝑐 = 19.2613 ft, 𝑙𝑡 = 55 ft, 𝜕𝜖𝜕𝛼 = 0.25

2Etkin and Ried, Dynamic of Flight, stability and control, third edition. Page 32.
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the above becomes

0.50958 =
1
4
+

2775
(2775 + 0.75𝑆𝑡)

55
19.2613

0.75𝑆𝑡
2775

Solving for 𝑆𝑡 gives the area of tail

𝑆𝑡 = 367 ft2

2.1.2 Problem 2

2.1.2.1 Part(d)

Figure 2.7: problem 2 description

The expression for 𝐶𝑚𝛼 in the first equation above is given by

𝐶𝑚𝛼 = 𝑎𝑤𝑏 �ℎ − ℎ𝑛𝑤𝑏� − 𝑎𝑡𝑉𝐻 �1 −
𝜕𝜖
𝜕𝛼�

+
𝜕𝐶𝑚𝑝

𝜕𝛼
(1)

While the expression for 𝐶𝑚𝛼 in the second equation is given by

𝐶𝑚𝛼 = 𝑎 �ℎ − ℎ𝑛𝑤𝑏� − 𝑎𝑡𝑉𝐻 �1 −
𝜕𝜖
𝜕𝛼�

+
𝜕𝐶𝑚𝑝

𝜕𝛼
(2)

The above expressions are given in the class handout on page 32 and 34.

The problem asks to show that these two expression are the same. Starting from (2) in order
to show it can be rewritten as (1). For this purpose, the following two definitions are used

𝑎 = 𝑎𝑤𝑏 �1 +
𝑎𝑡
𝑎𝑤𝑏

𝑆𝑡
𝑆 �

1 −
𝜕𝜖
𝜕𝛼��

(3)

𝑉𝐻 =
𝑙𝑡
𝑐
𝑆𝑡
𝑆

16
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Since 𝑙𝑡 = 𝑙𝑡 + �ℎ − ℎ𝑛𝑤𝑏� 𝑐 the above becomes

𝑉𝐻 =
𝑙𝑡 + �ℎ − ℎ𝑛𝑤𝑏� 𝑐

𝑐
𝑆𝑡
𝑆

=
𝑙𝑡
𝑐
𝑆𝑡
𝑆
+ �ℎ − ℎ𝑛𝑤𝑏�

𝑆𝑡
𝑆

(4)

Substituting Eqs (3,4) into Eq (2) gives

𝐶𝑚𝛼 = 𝑎𝑤𝑏 �1 +
𝑎𝑡
𝑎𝑤𝑏

𝑆𝑡
𝑆 �

1 −
𝜕𝜖
𝜕𝛼��

�ℎ − ℎ𝑛𝑤𝑏� − 𝑎𝑡 �
𝑙𝑡
𝑐
𝑆𝑡
𝑆
+ �ℎ − ℎ𝑛𝑤𝑏�

𝑆𝑡
𝑆 � �

1 −
𝜕𝜖
𝜕𝛼�

+
𝜕𝐶𝑚𝑝

𝜕𝛼

= �𝑎𝑤𝑏 + 𝑎𝑡
𝑆𝑡
𝑆 �

1 −
𝜕𝜖
𝜕𝛼��

�ℎ − ℎ𝑛𝑤𝑏� − �𝑎𝑡
𝑙𝑡
𝑐
𝑆𝑡
𝑆
+ 𝑎𝑡 �ℎ − ℎ𝑛𝑤𝑏�

𝑆𝑡
𝑆 � �

1 −
𝜕𝜖
𝜕𝛼�

+
𝜕𝐶𝑚𝑝

𝜕𝛼

= 𝑎𝑤𝑏 �ℎ − ℎ𝑛𝑤𝑏� +
���������������������������������
𝑎𝑡
𝑆𝑡
𝑆 �

1 −
𝜕𝜖
𝜕𝛼�

�ℎ − ℎ𝑛𝑤𝑏� −𝑎𝑡
𝑙𝑡
𝑐
𝑆𝑡
𝑆 �

1 −
𝜕𝜖
𝜕𝛼�

−
���������������������������������
𝑎𝑡 �ℎ − ℎ𝑛𝑤𝑏�

𝑆𝑡
𝑆 �

1 −
𝜕𝜖
𝜕𝛼�

+
𝜕𝐶𝑚𝑝

𝜕𝛼
The second term and the fourth term in the above cancel each others resulting in

𝐶𝑚𝛼 = 𝑎𝑤𝑏 �ℎ − ℎ𝑛𝑤𝑏� − 𝑎𝑡

𝑉𝐻
�𝑙𝑡
𝑐
𝑆𝑡
𝑆 �

1 −
𝜕𝜖
𝜕𝛼�

+
𝜕𝐶𝑚𝑝

𝜕𝛼

In the above 𝑙𝑡
𝑐
𝑆𝑡
𝑆 is 𝑉𝐻 hence the above becomes

𝐶𝑚𝛼 = 𝑎𝑤𝑏 �ℎ − ℎ𝑛𝑤𝑏� − 𝑎𝑡𝑉𝐻 �1 −
𝜕𝜖
𝜕𝛼�

+
𝜕𝐶𝑚𝑝

𝜕𝛼
Comparing the above to (1), it can be seen it is same as (2).
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2.1.3 Problem 3

Figure 2.8: problem 3 description

2.1.3.1 Part(a)

𝐶𝑚0 is given by (2.3,22) on page 32 of the textbook.

𝐶𝑚0 = 𝐶𝑚𝑎𝑐𝑤𝑏
+ 𝑎𝑡𝑉𝐻 (𝜖0 + 𝑖𝑡) �1 −

𝑎𝑡
𝑎
𝑆𝑡
𝑆 �

1 −
𝜕𝜖
𝜕𝛼��

(0)

Where (using SI units)

𝑉𝐻 =
𝑙𝑡
𝑐
𝑆𝑡
𝑆

=
38.84
15.61

0.0342
0.139

= 0.6122

18
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And

𝑎 = 𝑎𝑤𝑏 �1 +
𝑎𝑡
𝑎𝑤𝑏

𝑆𝑡
𝑆 �

1 −
𝜕𝜖
𝜕𝛼��

= 0.077 �1 +
0.064
0.077

0.0342
0.139

(1 − 0.3)�

= 0.088 02 deg−1

Using the numerical values given by (0) the above becomes

𝐶𝑚0 = −0.018 + 0.064 (0.6122) (0.72 + 𝑖𝑡) �1 −
0.064
0.08802

0.0342
0.139

(1 − 0.3)�

= 0.03427 𝑖𝑡 + 0.006677 (1)

Hence

𝐶𝑚0 > 0
0.03427 𝑖𝑡 + 0.006677 > 0

𝑖𝑡 >
−0.006677
0.03427

> −0.194 84°
𝐶𝑚𝛼 is given by

𝐶𝑚𝛼 = 𝑎 �ℎ − ℎ𝑛𝑤𝑏� − 𝑎𝑡𝑉𝐻 �1 −
𝜕𝜖
𝜕𝛼�

+

0
�𝜕𝐶𝑚𝑝

𝜕𝛼
Hence

𝐶𝑚𝛼 = 0.08802 �ℎ − ℎ𝑛𝑤𝑏� − 𝑎𝑡 (0.6122) �1 −
𝜕𝜖
𝜕𝛼�

= 0.08802 (ℎ − 0.25) − 0.064 (0.6122) (1 − 0.3)

Therefore

𝐶𝑚𝛼 = 0.08802 ℎ − 0.04943 (2)

Hence

𝐶𝑚𝛼 < 0
0.08802ℎ − 0.04943 < 0

ℎ <
0.04943
0.08802

< 0.562

2.1.3.2 Part(b)

𝐶𝑚 = 𝐶𝑚0 + 𝐶𝑚𝛼𝛼

But at trim 𝐶𝑚 = 0, hence at trim the above becomes

𝐶𝑚0 + 𝐶𝑚𝛼𝛼𝑡𝑟𝑖𝑚 = 0 (3)
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We can find 𝛼𝑡𝑟𝑖𝑚 since (𝐶𝐿)𝑡𝑟𝑖𝑚 = 𝑎𝛼𝑡𝑟𝑖𝑚 and we know 𝑎 which is 𝐶𝐿𝛼 from part (a). Hence we
just need to find 𝐶𝐿 at trim. But

(𝐶𝐿)𝑡𝑟𝑖𝑚 =
𝐿

1
2𝜌𝑉

2𝑆
=

𝑊
1
2𝜌𝑉

2𝑆

where at trim the lift 𝐿 is equal to the weight of the aircraft 𝑊. Therefore, since 𝜌 =
1.225 kg m−3, 𝑉 = 123 m s−1 and at trim 𝐿 = 𝑊 = 𝑚𝑔 = 22680(9.8), and the scaled wing
area is 𝑆 = (0.139) 252 = 86.875 m2 then the above becomes

(𝐶𝐿)𝑡𝑟𝑖𝑚 =
22680 (9.8)

1
2
(1.225) �1232� (86.875)

= 0.27609

using 𝑎 = 0.088 02° which was found from part (a), the angle of attack at trim 𝛼𝑡𝑟𝑖𝑚 is now
found

𝛼𝑡𝑟𝑖𝑚 =
(𝐶𝐿)𝑡𝑟𝑖𝑚
𝑎

=
0.2761
0.08802

= 3.1367°

Now that 𝛼𝑡𝑟𝑖𝑚 is found, then equation (3) is used to find the following equation

𝐶𝑚0 + 𝐶𝑚𝛼𝛼𝑡𝑟𝑖𝑚 = 0
𝐶𝑚0 from part (a)

�������������������������������(0.03427 𝑖𝑡 + 0.006677) +

𝐶𝑚𝛼 from part(a)

�����������������������������(0.08802ℎ − 0.04943 )3.1367 = 0
0.27609ℎ + 0.03427𝑖𝑡 − 0.14837 = 0

Solving for 𝑖𝑡 as a function of ℎ gives

𝑖𝑡 =
0.1484 − 0.2761 ℎ

0.0343
= 4.3294 − 8.0563 ℎ

The following is a plot in a small region around 𝑖𝑡 = −0.19° and ℎ = 0.56

0.50 0.52 0.54 0.56 0.58 0.60

-0.4

-0.2

0.0

0.2

h

it

it vs h at trim

Figure 2.9: problem 3 part b

0.0 0.2 0.4 0.6 0.8 1.0

-2

0

2

4

h

i t

it vs h at trim

Figure 2.10: Plot for ℎ = 0⋯1 showing loca-
tion 𝑖𝑡 = −0.19° and ℎ = 0.56

For static stability, 𝑖𝑡 > −0.19° and ℎ < 0.562 as was obtained above. This is the value of the
above line to the left of the shown small point and above the point, which is the limit of static
stability.
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2.1.4 Problem 4

Figure 2.11: problem 4 description

2.1.4.1 Part(a)

The aspect ratio is (SI units are used)

𝒜 =
𝑏2

𝑆
=
50.292

353
= 7.1645
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The taper ratio 𝜆 is

𝜆 =
𝑐𝑡
𝑐𝑟
=
2.68
11.37

= 0.23571

Using table C.1 in appendix C of the textbook, page 359

𝑐 =
2
3
𝑐𝑟
1 + 𝜆 + 𝜆2

1 + 𝜆

=
2
3
(11.37)

1 + 0.236 + 0.2362

1 + 0.236
= 7.921 m

2.1.4.2 Part(b)

For this part, figure B.1-2 on page 322 was used. This figure is shown below

𝑎𝑤 = 𝐶𝐿𝑤𝛼 =
𝜕𝐶𝐿𝑤
𝜕𝛼

In the above figure, 𝛽 is the Prandtl-Glauert compressibility factor and 𝜅 =
𝛽𝐶𝑙𝛼
2𝜋 where 𝐶𝑙𝛼 is

the 2D airfoil lift-curve slope and 𝐶𝐿𝑤.

The half chord sweep angle is Λ 1
2
= 22°. The problem asks to use the expression in the figure
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inset to find 𝐶𝐿𝛼
𝐶𝐿𝛼
𝒜

=
2𝜋

2 +

�
⃓
⃓
⃓
⃓
⎷

𝒜 2𝛽2

𝜅2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 +

tan
⎛
⎜⎜⎜⎝Λ 1

2

⎞
⎟⎟⎟⎠
2

𝛽2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ 4

𝐶𝐿𝛼
7.1645

=
2𝜋

2 +
�

�7.16452��12�

12

⎛
⎜⎜⎜⎝1 +

tan�220�
2

12

⎞
⎟⎟⎟⎠ + 4

= 0.63247

Hence

𝐶𝐿𝛼 = 7.165 × 0.633
= 4.531 rad−1

= 0.079 deg−1

The angle 𝐶𝐿 makes with the horizontal is arctan(4.531) = 1.354 rad = 77.556°

CL



e  0 line

77.5560

Figure 2.12: plot for problem 4 part b

Therefore

𝑎𝑤 = 4.531 rad−1

2.1.4.3 Part (c)

The lift curve slope of the aircraft 𝑎 is given by

𝑎 = 𝑎𝑤𝑏 �1 +
𝑎𝑡
𝑎𝑤𝑏

𝑆𝑡
𝑆 �

1 −
𝜕𝜖
𝜕𝛼��

(1)
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Using 𝑎𝑡 = 0.068 deg−1, 𝑎𝑤𝑏 = 𝑎𝑤 = 0.079 deg−1 and
𝜕𝜖
𝜕𝛼

=
2𝑎𝑤
𝜋𝒜

=
2(4.531)
7.165𝜋

= 0.403

From Eq (1) we find

𝑎 = 0.079 �1 + �
0.068
0.079� �

80.83
353 �

(1 − 0.403)�

= 0.0883 deg−1

= 5.059 rad−1

2.1.4.4 Part(d)

𝐶𝑚𝛼 = 𝑎 �ℎ − ℎ𝑛𝑤𝑏� − 𝑎𝑡
𝑙𝑡
𝑐
𝑆𝑡
𝑆 �

1 −
𝜕𝜖
𝜕𝛼�

The problem says that 𝑙𝑡 = 𝑙𝑡. This implies that the distance between aerodynamic center
(a.c.) and the center of gravity (c.g.) of the aircraft is zero. This means �ℎ − ℎ𝑛𝑤𝑏� = 0.
Therefore

𝐶𝑚𝛼 = −𝑎𝑡
𝑙𝑡
𝑐
𝑆𝑡
𝑆 �

1 −
𝜕𝜖
𝜕𝛼�

Using 𝑐 = 7.921 m, 𝑙𝑡 = 28.04 m, 𝑆𝑡 = 80.83 m2, 𝑆 = 353 m2 and using 𝜕𝜖
𝜕𝛼 = 0.403 and using

𝑎𝑡 = 0.068 deg−1 found from part(c), then the above gives

𝐶𝑚𝛼 = −0.068
28.04
7.921

80.83
353

(1 − 0.403)

= −0.0329 deg−1

= −1.885 rad−1

Since 𝐶𝑚𝛼 < 0 then the airplane is statically stable.

2.1.4.5 Part(e)

From Fig 2.29, 𝜕𝐶𝑚
𝜕𝛿𝑒

can be estimated using 𝐶𝑚 = 0.25 and the corresponding line for 𝛿𝑒 = 0°
and using 𝐶𝑚 = 0.125 and its corresponding line for 𝛿𝑒 = 5°. This gives

𝑑𝐶𝑚
𝑑𝛿𝑒

=
0.25 − 0.125
−0.50

𝐶𝑚𝛿𝑒
= −0.025 deg−1
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In solving for ℎ𝑛, figure 2.30 was used. The slope for the ℎ = 0.35 line is − 8
0.78 = −10.256 and

the slope for the ℎ = 0.25 line is − 8
0.6 = −13.333. Using

�
𝑑𝛿𝑒
𝑑𝐶𝐿

�
𝑡𝑟𝑖𝑚

= −
𝐶𝐿𝛼
Δ

(ℎ − ℎ𝑛) (1)

Where Δ = 𝐶𝐿𝛼𝐶𝑚𝛿𝑒
− 𝐶𝐿𝛿𝑒𝐶𝑚𝛼. Evaluating Eq (1) for the two given values of ℎ results in two

equations

−10.256 = −
𝐶𝐿𝛼
Δ

(0.35 − ℎ𝑛) (2)

−13.333 = −
𝐶𝐿𝛼
Δ

(0.25 − ℎ𝑛) (3)

From (2)
𝐶𝐿𝛼
Δ = 10.256

(0.35−ℎ𝑛)
, substituting this in (3) gives

−13.333 = −
10.256

(0.35 − ℎ𝑛)
(0.25 − ℎ𝑛)

−12.25 (0.35 − ℎ𝑛) = −9.494 (0.25 − ℎ𝑛)
ℎ𝑛 = 0.6833

𝑐𝑚𝛼 at ℎ = 0.3 is now found. Since

𝑐𝑚𝛼 = 𝑎 (ℎ − ℎ𝑛)

Where 𝑎 is found from part(c) as 0.088 296 deg−1 and ℎ𝑛 = 0.6833 therefore

𝑐𝑚𝛼 = 0.088296 (0.3 − 0.6833)
= −0.033 84 deg−1

= −1.9389 rad−1

𝑐𝑚𝛼 < 0 indicates static stability.
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2.1.5 Problem 5

Figure 2.13: problem 5 description

2.1.5.1 Part(a)

𝐶𝐿 =
𝐿

1
2𝜌𝑉

2𝑆
and at trim 𝐿 = 𝑚𝑔. Using 𝜌 = 1.225 kg m−3 and 𝑆 = 16.21 m2 Values for 𝐶𝐿 for

the di�erent 𝑉𝐸 values given in the table and the corresponding mass are calculated and
plotted against the angle 𝑖𝑡
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CLtrim
it HdegreeL

0.986753 1.5

0.686694 0

0.5135 -1.

0.338299 -2

0.913492 4.5

0.656501 2

0.476718 0.3

0.315854 -1

0.843405 7.2

0.601743 3.5

0.428016 1.5

0.274511 0

0.0 0.2 0.4 0.6 0.8 1.0

-2

0

2

4

6

lift coefficient CL

i t
d
e
g

it vs. CL

Figure 2.14: table and plot for part a problem 5

2.1.5.2 Part(b)

The three segments are first fitted each to a straight line giving the following plot. The fitted
straight lines found by fitting3 are {−3.78307+5.3984𝑥, −4.02058+9.2621𝑥, −3.76524+ 12.6932𝑥}
where 𝑦 = 𝑖𝑡 ≈ −3.85 is the intercept angle in degrees where 𝐶𝐿 = 0 for all three lines

0.0 0.5 1.0 1.5

-5

0

5

10

15

lift coefficient CL

i t
d
eg

it vs. CL fitted to stright line each

Figure 2.15: problem 5 part b plot

3using Mathematica line fit function applied to each set of data
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2.1.5.3 Part(c)

It was not clear if one should use the speed e�ect here and plot 𝑑𝑖𝑡
𝑑𝑉𝑡𝑟𝑖𝑚

against ℎ to find the

intersection or to use slope given by 𝑑𝑖𝑡
𝑑𝐶𝐿𝑡𝑟𝑖𝑚

against ℎ to find the intersection on the x-axis in

order to determine ℎ𝑛.

The second approach is used below since that is what figure 2.31 used which was referred
to in the problem above. Therefore, the slope of each of the above lines is found for each ℎ.
This results in the following table

slope ℎ meter (c.g. measured from tip of aircraft)

5.4 2.385
9.26 2.205
12.69 2.043

The data above gives three points. They are plotted and the intersection with ℎ axis is found.
This intersection is ℎ𝑛. Below is the plot of the data in the above table

1.0 1.5 2.0 2.5 3.0 3.5 4.0

0

2

4

6

8

10

12

14

h HmL

dit

dCL

graphical determination of hn from flight data

Figure 2.16: problem 5 part c (1)
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0
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14

h HmL

dit

dCL

graphical determination of hn from flight data

Figure 2.17: Line extended to the x-axis
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From the above diagram

ℎ𝑛 = 2.65meter

= 265 cm
= 8.694 ft

2.1.6 HW 1 key solution
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2.2 HW2

2.2.1 Problem 1

Figure 2.18: problem 1 description

NOTE: plane B has a wing span of 150 ft = 45.72 m (the 47.72 value in the problem text is a
mistake).

2.2.1.1 part a

Characteristic time (also called the time constant and given the letter 𝜏, is the time it takes
the system to reach4 63.2% of its final response. The textbook on page 115 says

Two systems of the same class are dynamically similar when all the 𝜋 functions
of one are numerically equal to those of the other.

Therefore we need to find the 𝜋 functions and equate them for each airplane to solve for
the unknowns. The 𝜋 functions are listed in page 115 as

𝜋1=
𝑚
𝜌𝑙

𝜋2=
𝑢0𝑡
𝑙

𝜋3=
𝑢20
𝑙𝑔

These are now derived using Buckingham’s 𝜋 theorem. We assume that the time constant
𝜏 is a function of all the system parameters 𝑢0, 𝜌, 𝑚, 𝑙, 𝑔, 𝑡. The Mach number M and the
Reylond’s number Re are not used since the problem says that they can be ignored. The
time constant is a function of the remaining system parameters

𝜏 = 𝑓(𝑢0, 𝜌, 𝑚, 𝑙, 𝑔)

In the above 𝑡 in the RHS was not used as the time constant 𝜏 itself has units of time. The
system still has 6 overall variables. Since there are 3 standard dimensions given by 𝑀,𝐿, 𝑇

4𝜏 = 1 − 𝑒−1 = 0.632121
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where 𝑀 is mass and 𝐿 is length and 𝑇 is time, and since there are 6 variables, then we need
to find 6 − 3 = 3 independent groups, called 𝜋1, 𝜋2, 𝜋3.

To initiate the process of using Buckingham’s 𝜋 theorem, we start by selecting 3 repeating
variables out of original 6 variables to use for finding each one of the three 𝜋 groups. Let
us select �𝑢0, 𝜌, 𝑚� as the three repeating variables. This choice is not unique, as we could
have selected {𝑢0, 𝑚, 𝑙} just as well or any other set of 3 independent variables out of the six
variables to use as the three repeating variables.

The next step is to select one of non-repeating variables, one at a time, and for each one, we
set up a system of equations and then match the dimensions. The non-repeating variables
are �𝜏, 𝑙, 𝑔�.

Starting with the first variable in the above set of the non-repeating variable, which is
𝜏, and using ≈ to mean dimensionally equivalent, we set up the first equation as follows
(remembering that the repeating variables are �𝑢0, 𝜌, 𝑚�)

𝜏 ≈ 𝑢𝑎0𝜌𝑏𝑚𝑐 (1)

[𝑇] ≈ [𝐿𝑇−1]𝑎[𝑀𝐿−3]𝑏[𝑀]𝑐

[𝑇] ≈ 𝐿(𝑎−3𝑏)𝑇−𝑎𝑀𝑏+𝑐

Equating powers of similar dimensions gives 3 equations in 3 the three unknowns {𝑎, 𝑏, 𝑐}
powers to solve for. Hence

[𝑇] 1 = −𝑎
[𝐿] 0 = 𝑎 − 3𝑏
[𝑀] 0 = 𝑏 + 𝑐

Solving the above gives 𝑎 = −1, 𝑏 = −1
3 , 𝑐 =

1
3 , therefore (1) becomes

𝜏 ≈ 𝑢−10 𝜌
− 1
3𝑚

1
3

≈ �
𝑚
𝜌 �

1
3 1
𝑢0

≈
⎛
⎜⎜⎜⎜⎝
𝑚
𝑚
𝑙3

⎞
⎟⎟⎟⎟⎠

1
3 1
𝑢0

≈
𝑙
𝑢0

Hence the first group is now found

𝜋1 =
𝑢0𝜏
𝑙

Now we find the second group 𝜋2. The next non-repeating variable to use is 𝑙, therefore, as
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above, we set up an equation to solve for the powers

𝑙 ≈ 𝑢𝑎0𝜌𝑏𝑚𝑐 (2)

[𝐿] ≈ [𝐿𝑇−1]𝑎[𝑀𝐿−3]𝑏[𝑀]𝑐

[𝐿] ≈ 𝐿(𝑎−3𝑏)𝑇−𝑎𝑀𝑏+𝑐

Equating powers of similar dimensions gives 3 equations in 3 unknowns to solve for

[𝑇] 0 = −𝑎
[𝐿] 1 = 𝑎 − 3𝑏
[𝑀] 0 = 𝑏 + 𝑐

Solving the above gives 𝑎 = 0, 𝑏 = −1
3 , 𝑐 =

1
3 . Therefore (2) becomes

𝑙 ≈ 𝜌−
1
3𝑚

1
3

≈ �
𝑚
𝜌 �

1
3

Hence

𝜋2 =
𝑙3𝜌
𝑚

The third and final group 𝜋3 is found by selecting the last non-repeating variable which is 𝑔

𝑔 ≈ 𝑢𝑎0𝜌𝑏𝑚𝑐 (3)

[𝐿𝑇−2] ≈ [𝐿𝑇−1]𝑎[𝑀𝐿−3]𝑏[𝑀]𝑐

𝐿𝑇−2 ≈ 𝐿(𝑎−3𝑏)𝑇−𝑎𝑀𝑏+𝑐

Equating powers of similar dimensions gives 3 equations in 3 unknowns to solve for

[𝑇] − 2 = −𝑎
[𝐿] 1 = 𝑎 − 3𝑏
[𝑀] 0 = 𝑏 + 𝑐

Solving the above for 𝑎, 𝑏, 𝑐 gives 𝑎 = 2, 𝑏 = 1
3 , 𝑐 = −

1
3 , therefore

𝑔 ≈ �𝑢20𝜌
1
3𝑚− 1

3 �

≈ �
𝜌
𝑚
�
1
3
𝑢20

≈
𝑢20
𝑙

Hence

𝜋3 =
𝑔𝑙
𝑢20

These are the 3 non-dimensional groups that should give the same numerical values for
both airplanes if the two airplanes are to be dynamically similar.
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For airplane B, we are given (𝑢0)𝐵 = 400 knots, 𝑙𝐵 = 150 ft, 𝑚𝐵 = 225000 lb and altitude of B
is 20000 ft. For airplane A 𝑙𝐴 = 100 ft, 𝑚𝐴 = 100000 lb. The problem asks to find (𝑢0)𝐴 and
altitude of A.

The 𝜋 groups use 𝜌 (density of air) and not altitude, but appendix D in the textbook contains
a table to convert from altitude to corresponding air density 𝜌 at that level. Using this table,

at altitude 20000 ft the air density is 𝜌𝐵 = 1.2673 × 10−3 lb sec2

ft4
. Now equating the three 𝜋

groups for both airplanes gives 3 equations

(𝜋1)𝐴 = (𝜋1)𝐵
(𝜋2)𝐴 = (𝜋2)𝐵
(𝜋3)𝐴 = (𝜋3)𝐵

Using the specific expression found for each 𝜋 results in

�
𝑢0𝜏
𝑙
�
𝐴
= �

𝑢0𝜏
𝑙
�
𝐵

�
𝑙3𝜌
𝑚 �

𝐴
= �

𝑙3𝜌
𝑚 �

𝐵

�
𝑔𝑙
𝑢20
�
𝐴

= �
𝑔𝑙
𝑢20
�
𝐵

For dynamic similarity, both sides of the equations must give the same value. Therefore we
substitute the known numerical values for the parameters in these equations and solve for
the unknowns

�
𝑢0𝜏
100

�
𝐴
= �

400 × 20
150 �

𝐵

�
1003𝜌
100000�

𝐴
= �

1503 × 1.2673 × 10−3

225000 �
𝐵

�
100𝑔
𝑢20

�
𝐴

= �
150𝑔
4002 �

𝐵

Assuming 𝑔 is the same for both planes, the above reduces to

�
𝑢0𝜏
100

�
𝐴
= 53.333 (4)

10𝜌𝐴 = 0.01901 (5)

�
100
𝑢20
�
𝐴

= 9.375 × 10−4 (6)

From (6)

�𝑢20�𝐴 =
100

9.375 × 10−4
= 1.066 7 × 105
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Hence

(𝑢0)𝐴 = √1.066 7 × 10
5

= 326.6 knot

To find the air density for airplane 𝐴, using (5) above gives

10𝜌𝐴 = 0.01901

𝜌𝐴 =
0.01901
10

= 1.901 × 10−3 lb
sec2

ft4

From appendix D (assuming linear relation between each entries in each row in the table)

we can interpolate the altitude for 𝜌𝐴 = 1.901 × 10−3 lb
sec2

ft4

7000
𝑦

=
1.927 × 10−3

1.901 × 10−3

𝑦 =
7000 × 1.901 × 10−3

1.927 × 10−3

= 6905.6 ft

2.2.1.2 part b

Using the results from part (a) and from (4)

�
𝑢0𝜏
100

�
𝐴
= 53.333

Where (𝑢0)𝐴 = 326.6 knot found in part(a). Hence solving for 𝜏 gives

�
326.6𝜏
100 �

𝐴
= 53.333

𝜏𝐴 =
53.333 × 100

326.6
= 16.330 sec

2.2.1.3 part c

(𝐶𝐿)𝐴 =
𝐿𝐴

1
2𝜌𝐴 �𝑢

2
0�𝐴 𝑆𝐴

Assuming static equilibrium then the lift is the same as the airplane weight giving

(𝐶𝐿)𝐴 =
𝑚𝐴𝑔

1
2𝜌𝐴 �𝑢

2
0�𝐴 𝑆𝐴

And similarly for airplane 𝐵

(𝐶𝐿)𝐵 =
𝑚𝐵𝑔

1
2𝜌𝐵 �𝑢

2
0�𝐵 𝑆𝐵
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Hence the ratio is

(𝐶𝐿)𝐴
(𝐶𝐿)𝐵

=

𝑚𝐴𝑔
1
2𝜌𝐴�𝑢

2
0�𝐴𝑆𝐴

𝑚𝐵𝑔
1
2𝜌𝐵�𝑢

2
0�𝐵𝑆𝐵

=
𝑚𝐴

1
2𝜌𝐵 �𝑢

2
0�𝐵 𝑆𝐵

𝑚𝐵
1
2𝜌𝐴 �𝑢

2
0�𝐴 𝑆𝐴

Substituting the numerical values found

(𝐶𝐿)𝐴
(𝐶𝐿)𝐵

=
(100000) 12 �1.2673 × 10

−3� �4002� 𝑆𝐵
(225000) 12 �1.901 × 10

−3� �326.62� 𝑆𝐴

= 0.444 43
𝑆𝐵
𝑆𝐴

The surface area of the airplanes is not given. But 𝑆𝐵
𝑆𝐴

can be taken as similar to
𝑙2𝐵
𝑙2𝐴

and now

the above becomes
(𝐶𝐿)𝐴
(𝐶𝐿)𝐵

= 0.444436
1502

1002

= 0.99998

≈ 1

2.2.2 Problem 2

Problem: Substitute the linear expressions for Δ𝑍 and Δ𝑀 into the right side of (4.9,7c)
and (4.9,8b) and solve the resulting equations to get the second and third components of
(4.9,18).

Solution

The linearized form of Δ𝑧 and Δ𝑀 are given in (4.9,17) in the textbook as

Δ𝑍 = 𝑍𝑢Δ𝑢 + 𝑍𝑤𝑤 + 𝑍𝑤̇𝑤̇ + 𝑍𝑞𝑞 + Δ𝑍𝑐 (4.9,17 (c))

Δ𝑀 = 𝑀𝑢Δ𝑢 +𝑀𝑤𝑤 +𝑀𝑤̇𝑤̇ + 𝑀𝑞𝑞 + Δ𝑀𝑐 (4.9,17 (e))

(4.9,7 c) and (4.9,8 b) are given by

𝑤̇ =
Δ𝑍
𝑚

− 𝑔Δ𝜃 sin𝜃0 + 𝑢0𝑞 (4.9,7 c)

𝑞̇ =
Δ𝑀
𝐼𝑦

(4.9,8 b)

Substituting (4.9,17 c) into (4.9,7 c) gives

𝑤̇ =
𝑍𝑢Δ𝑢
𝑚

+
𝑍𝑤𝑤
𝑚

+
𝑍𝑤̇𝑤̇
𝑚

+
𝑍𝑞𝑞
𝑚

+
Δ𝑍𝑐
𝑚

− 𝑔Δ𝜃 sin𝜃0 + 𝑢0𝑞
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Solving for 𝑤̇

𝑤̇ −
𝑍𝑤̇𝑤̇
𝑚

=
𝑍𝑢Δ𝑢
𝑚

+
𝑍𝑤𝑤
𝑚

+
𝑍𝑞𝑞
𝑚

+
Δ𝑍𝑐
𝑚

− 𝑔Δ𝜃 sin𝜃0 + 𝑢0𝑞

𝑤̇ �
𝑚 − 𝑍𝑤̇
𝑚 � =

𝑍𝑢Δ𝑢
𝑚

+
𝑍𝑤𝑤
𝑚

+
𝑍𝑞𝑞
𝑚

+
Δ𝑍𝑐
𝑚

− 𝑔Δ𝜃 sin𝜃0 + 𝑢0𝑞

𝑤̇ =
𝑍𝑢Δ𝑢

𝑚�𝑚−𝑍𝑤̇𝑚
�
+

𝑍𝑤𝑤

𝑚�𝑚−𝑍𝑤̇𝑚
�
+

𝑍𝑞𝑞

𝑚 �𝑚−𝑍𝑤̇𝑚
�
+

Δ𝑍𝑐

𝑚�𝑚−𝑍𝑤̇𝑚
�
−
𝑔Δ𝜃 sin𝜃0
�𝑚−𝑍𝑤̇

𝑚
�

+
𝑢0𝑞

�𝑚−𝑍𝑤̇
𝑚

�

=
𝑍𝑢Δ𝑢
𝑚 − 𝑍𝑤̇

+
𝑍𝑤𝑤
𝑚 − 𝑍𝑤̇

+
𝑍𝑞𝑞

𝑚 − 𝑍𝑤̇
+

Δ𝑍𝑐
𝑚 − 𝑍𝑤̇

−
𝑔Δ𝜃 sin𝜃0
𝑚 − 𝑍𝑤̇

𝑚 +
𝑢0𝑞

𝑚 − 𝑍𝑤̇
𝑚

= �
𝑍𝑢

𝑚 − 𝑍𝑤̇
�Δ𝑢 + �

𝑍𝑤
𝑚 − 𝑍𝑤̇

�𝑤 + �
𝑍𝑞 + 𝑢0𝑚
𝑚 − 𝑍𝑤̇

� 𝑞 − �
𝑔𝑚 sin𝜃0
𝑚 − 𝑍𝑤̇

�Δ𝜃 +
Δ𝑍𝑐

𝑚 − 𝑍𝑤̇
(1)

The above is the second component of (4.9.18) which will written in matrix form below as
well. But now let us work on the second equation. Substituting (4.9,17 e) into (4.9,8 b) gives

𝑞̇ =
𝑀𝑢
𝐼𝑦
Δ𝑢 +

𝑀𝑤
𝐼𝑦
𝑤 +

𝑀𝑤̇
𝐼𝑦
𝑤̇ +

𝑀𝑞

𝐼𝑦
𝑞 +

Δ𝑀𝑐
𝐼𝑦

The above expression contains 𝑤̇. But we found 𝑤̇ above. Hence the above becomes

𝑞̇ =
𝑀𝑢
𝐼𝑦
Δ𝑢 +

𝑀𝑤
𝐼𝑦
𝑤

+
𝑀𝑤̇
𝐼𝑦

��
𝑍𝑢

𝑚 − 𝑍𝑤̇
�Δ𝑢 + �

𝑍𝑤
𝑚 − 𝑍𝑤̇

�𝑤 + �
𝑍𝑞 + 𝑢0𝑚
𝑚 − 𝑍𝑤̇

� 𝑞 − �
𝑔𝑚 sin𝜃0
𝑚 − 𝑍𝑤̇

�Δ𝜃 +
Δ𝑍𝑐

𝑚 − 𝑍𝑤̇
�

+
𝑀𝑞

𝐼𝑦
𝑞 +

Δ𝑀𝑐
𝐼𝑦

Expanding and collecting terms

𝑞̇ = �
𝑀𝑢
𝐼𝑦

+
𝑀𝑤̇
𝐼𝑦

�
𝑍𝑢

𝑚 − 𝑍𝑤̇
��Δ𝑢 + �

𝑀𝑤
𝐼𝑦

+
𝑀𝑤̇
𝐼𝑦

�
𝑍𝑤

𝑚 − 𝑍𝑤̇
��𝑤

+ �
𝑀𝑞

𝐼𝑦
+
𝑀𝑤̇
𝐼𝑦

�
𝑍𝑞 + 𝑢0𝑚
𝑚 − 𝑍𝑤̇

�� 𝑞 −
𝑀𝑤̇
𝐼𝑦

�
𝑔𝑚 sin𝜃0
𝑚 − 𝑍𝑤̇

�Δ𝜃 +
𝑀𝑤̇
𝐼𝑦

Δ𝑍𝑐
𝑚 − 𝑍𝑤̇

+
Δ𝑀𝑐
𝐼𝑦

Factoring out the 𝐼𝑦 from each term gives

𝑞̇ =
1
𝐼𝑦
�𝑀𝑢 +

𝑀𝑤̇𝑍𝑢
𝑚 − 𝑍𝑤̇

�Δ𝑢 +
1
𝐼𝑦
�𝑀𝑤 +

𝑀𝑤̇𝑍𝑤
𝑚 − 𝑍𝑤̇

�𝑤

+
1
𝐼𝑦

⎛
⎜⎜⎜⎜⎝𝑀𝑞 +

𝑀𝑤̇ �𝑍𝑞 + 𝑢0𝑚�
𝑚 − 𝑍𝑤̇

⎞
⎟⎟⎟⎟⎠ 𝑞 − �

𝑀𝑤̇𝑔𝑚 sin𝜃0
𝐼𝑦 (𝑚 − 𝑍𝑤̇)

� Δ𝜃 +
𝑀𝑤̇Δ𝑍𝑐

𝐼𝑦 (𝑚 − 𝑍𝑤̇)
+
Δ𝑀𝑐
𝐼𝑦

(2)

The above is the third component of 4.9.18. Putting (1) and (2) into matrix form gives
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⎛
⎜⎜⎜⎜⎝
𝑤̇
𝑞̇

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑍𝑢
𝑚 − 𝑍𝑤̇

𝑍𝑤
𝑚 − 𝑍𝑤̇

𝑍𝑞 + 𝑢0𝑚
𝑚 − 𝑍𝑤̇

−
𝑔𝑚 sin𝜃0
𝑚 − 𝑍𝑤̇

1
𝐼𝑦
�𝑀𝑢 +

𝑀𝑤̇𝑍𝑢
𝑚 − 𝑍𝑤̇

�
1
𝐼𝑦
�𝑀𝑤 +

𝑀𝑤̇𝑍𝑤
𝑚 − 𝑍𝑤̇

�
1
𝐼𝑦

⎡
⎢⎢⎢⎢⎣𝑀𝑞 +

𝑀𝑤̇ �𝑍𝑞 + 𝑢0𝑚�
𝑚 − 𝑍𝑤̇

⎤
⎥⎥⎥⎥⎦ −

𝑀𝑤̇𝑔𝑚 sin𝜃0
𝐼𝑦 (𝑚 − 𝑍𝑤̇)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Δ𝑢
𝑤
𝑞
Δ𝜃

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

+

⎛
⎜⎜⎜⎜⎜⎜⎝

Δ𝑍𝑐
𝑚−𝑍𝑤̇

𝑀𝑤̇Δ𝑍𝑐
𝐼𝑦(𝑚−𝑍𝑤̇)

+ Δ𝑀𝑐
𝐼𝑦

⎞
⎟⎟⎟⎟⎟⎟⎠

2.2.3 Problem 3

Figure 2.19: problem 3 description

HINT: For HW2 Prob. 3 (#4.10 in the book): assume 𝜙0 = 𝜃0 = 0. 𝑢0 is non-zero (the
hovercraft is moving horizontally).

Given

𝑋 = 𝑌 = 0
𝑍 = −𝑚𝑔 + 𝑍𝑧𝑧𝐸
𝐿 = 𝐿𝜙𝜙
𝑀 = 𝑀𝜃𝜃
𝑁 = 0

The forces and moments and angles given above are illustrated in figure 2.21. Using the
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Figure 2.20: Boeing Pelican ground e�ect vehicle. image thanks to http://www.aerospaceweb.org

Figure 2.21: Balance of aerodynamic forces against external loads
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hint, and starting from (4.9,7,8,9) in the textbook, for linear motion

Δ𝑢̇ =
Δ𝑋
𝑚

− 𝑔Δ𝜃 cos𝜃0 (4.9,7 (a))

𝑣̇ =
Δ𝑌
𝑚

+ 𝑔𝜙 cos𝜃0 − 𝑢0𝑟 (4.9,7 (b))

𝑤̇ =
Δ𝑍
𝑚

− 𝑔Δ𝜃 sin𝜃0 + 𝑢0𝑞 (4.9,7 (c))

And for angular motion

𝑝̇ =
𝐼𝑧Δ𝐿 + 𝐼𝑥𝑧Δ𝑁
𝐼𝑥𝐼𝑧 − 𝐼2𝑥𝑧

(4.9,8 (a))

𝑞̇ =
Δ𝑀
𝐼𝑦

(4.9,8 (b))

𝑟̇ =
𝐼𝑧𝑥Δ𝐿 + 𝐼𝑥Δ𝑁
𝐼𝑥𝐼𝑧 − 𝐼2𝑧𝑥

(4.9,8 (c))

And Euler angles

Δ𝜃̇ = 𝑞 (4.9,9 (a))

𝜙̇ = 𝑝 + 𝑟 tan𝜃0 (4.9,9 (b))

𝜓̇ = 𝑟 sec𝜃0 (4.9,9 (c))

Starting with the set of (4.9,7) equations. Since 𝑋 = 0 and 𝑌 = 0 therefore Δ𝑋 = 0 and Δ𝑌.
We need to find Δ𝑍 which by the problem statement Δ𝑍 = 𝑍𝑧Δ𝑧𝐸. Also using the assumption
given that 𝜃0 = 𝜙0 = 0 then the set of (4.9.7) equations reduces to

Δ𝑢̇ = −𝑔Δ𝜃 (4.9,7 (a1))

𝑣̇ = 𝑔𝜙 − 𝑢0𝑟 (4.9,7 (b1))

𝑤̇ =
𝑍𝑧Δ𝑧𝐸
𝑚

+ 𝑢0𝑞 (4.9,7 (c1))

Now considering the set of (4.9.8) equations. Since principal body axes is used, the o�
diagonal terms in the inertial matrix vanish which means 𝐼𝑥𝑧 = 𝐼𝑧𝑥 = 0. Also, since 𝑁 = 0
then Δ𝑁 = 0. This reduces (4.9.8) to

𝑝̇ =
Δ𝐿
𝐼𝑥

(4.9,8 (a1))

𝑞̇ =
Δ𝑀
𝐼𝑦

(4.9,8 (b1))

𝑟̇ = 0 (4.9,8 (c1))

But in the above Δ𝐿 and Δ𝑀 do not yet have the gyroscopic e�ect. These need to be adjusted
to add the gyroscopic e�ect before going further. Since ℎ′𝐵 = [0, 0,𝐻]

𝑇 then using (4.6.2) in
order to find what terms to add to each moment, we write

𝐿 ∶ 𝑞ℎ′𝑧 − 𝑟ℎ′𝑦 = 𝑞𝐻
𝑀 ∶ 𝑟ℎ′𝑥 − 𝑝ℎ′𝑧 = −𝑝𝐻
𝑁 ∶ 𝑝ℎ′𝑦 − 𝑞ℎ′𝑥 = 0
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Therefore, the modified moments are

𝐿 = 𝐿𝜙𝜙 + 𝑞𝐻

and

𝑀 = 𝑀𝜃𝜃 − 𝑝ℎ

Assuming Δ𝐿 ≡ 𝐿𝜙𝜙 and Δ𝑀 ≡ 𝑀𝜃𝜃 then the above two equations can be written as

𝐿 =
Δ𝐿′

���������Δ𝐿 + 𝑞𝐻

and

𝑀 =
Δ𝑀′

���������Δ𝑀 − 𝑝ℎ

We have to replace Δ𝐿,Δ𝑀, in (4.9.8 a1,b1,c1) above with these new corrected Δ𝐿′, Δ𝑀′

giving

𝑝̇ =
Δ𝐿 + 𝑞𝐻

𝐼𝑥
(4.9,8 (a2))

𝑞̇ =
Δ𝑀 − 𝑝ℎ

𝐼𝑦
(4.9,8 (b2))

𝑟̇ = 0 (4.9,8 (c3))

The above now accounts for the gyroscopic e�ect. We now continue to the last three set of
equations (4.9.9). Since 𝜃0 = 0 these become

Δ𝜃̇ = 𝑞 (4.9,9 (a1))

𝜙̇ = 𝑝 (4.9,9 (b1))

𝜓̇ = 𝑟 (4.9,9 (c1))

Summary: The final set of equations are

Δ𝑢̇ = −𝑔Δ𝜃 (4.9,7 (a1))

𝑣̇ = 𝑔𝜙 − 𝑢0𝑟 (4.9,7 (b1))

𝑤̇ =
𝑍𝑧Δ𝑧𝐸
𝑚

+ 𝑢0𝑞 (4.9,7 (c1))

𝑝̇ =
Δ𝐿 + 𝑞𝐻

𝐼𝑥
(4.9,8 (a2))

𝑞̇ =
Δ𝑀 − 𝑝ℎ

𝐼𝑦
(4.9,8 (b2))

𝑟̇ = 0 (4.9,8 (c3))

Δ𝜃̇ = 𝑞 (4.9,9 (a1))

𝜙̇ = 𝑝 (4.9,9 (b1))

𝜓̇ = 𝑟 (4.9,9 (c1))
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2.2.4 Problem 4

Figure 2.22: problem 4 description

HINT: the most useful equations are sets 4.7,2 and 4.7,3. In particular, to determine 𝑟̇, it is
best to di�erentiate (4.7,3)(c).

Solution

equations (4.7,2) and (4.7,3) from the textbook are

𝐿 = 𝐼𝑥𝑝̇ − 𝐼𝑧𝑥𝑟̇ + 𝑞𝑟 �𝐼𝑧 − 𝐼𝑦� − 𝐼𝑧𝑥𝑝𝑞 + 𝑞ℎ′𝑧 − 𝑟ℎ′𝑦 (4.7,2(a))

𝑀 = 𝐼𝑦𝑞̇ + 𝑟𝑝 (𝐼𝑥 − 𝐼𝑧) + 𝐼𝑧𝑥 �𝑝2 − 𝑟2� + 𝑟ℎ′𝑥 − 𝑝ℎ′𝑧 (4.7,2(b))

𝑁 = 𝐼𝑧𝑟̇ − 𝐼𝑧𝑥𝑝̇ + 𝑝𝑞 �𝐼𝑦 − 𝐼𝑥� + 𝐼𝑧𝑥𝑞𝑟 + 𝑝ℎ′𝑦 − 𝑞ℎ′𝑥 (4.7,2(c))

𝑝 = 𝜙̇ − 𝜓̇ sin𝜃 (4.7,3(a))

𝑞 = 𝜃̇ cos𝜙 + 𝜓̇ cos𝜃 sin𝜙 (4.7,3(b))

𝑟 = 𝜓̇ cos𝜃 cos𝜙 − 𝜃̇ sin𝜙 (4.7,3(c))

Figure 2.23 which is figure 3.1 in the text book illustrating the problem with added annota-
tions on it to help in solving the problem.

We start simplifying the above equations. Since body axes is used, then all the o� diagonal
moments of inertial are zero. Hence 𝐼𝑧𝑥 = 0. Ignoring the gyroscopic e�ect, then ℎ′𝑧 = ℎ′𝑦 =
ℎ′𝑥 = 0. We are also told that 𝜓 = 0, hence 𝜓̇ = 0. The above equations reduces to

𝐿 = 𝐼𝑥𝑝̇ + 𝑞𝑟 �𝐼𝑧 − 𝐼𝑦� (4.7,2(a1))

𝑀 = 𝐼𝑦𝑞̇ + 𝑟𝑝 (𝐼𝑥 − 𝐼𝑧) (4.7,2(b1))

𝑁 = 𝐼𝑧𝑟̇ + 𝑝𝑞 �𝐼𝑦 − 𝐼𝑥� (4.7,2(c1))

𝑝 = 𝜙̇ (4.7,3(a1))

𝑞 = 𝜃̇ cos𝜙 (4.7,3(b1))

𝑟 = −𝜃̇ sin𝜙 (4.7,3(c1))
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Figure 2.23: aircraft rolling pull up

Di�erentiating (4.7,3) gives

𝑝̇ = 𝜙̈ (4.7,3(a2))

𝑞̇ = 𝜃̈ cos𝜙 + 𝜃̇𝜙̇ sin𝜙 (4.7,3(b2))

𝑟̇ = −𝜃̈ sin𝜙 − 𝜃̇𝜙̇ cos𝜙 (4.7,3(c2))

Since we are told that 𝑝 is constant, then 𝑝̇ = 0. In addition, since the airplane is moving at
constant speed, and since the radius of the vertical circle is constant this implies that the
angular acceleration is zero or 𝜃̈ = 0. The problem also says that the wings are horizontal at
this moment of time, therefore the Euler angle 𝜙 = 0 as can be seen from figure 2.24, which
is figure 3.14 in the textbook.
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This angle is zero when wings are horizontal

Figure 2.24: aircraft rolled angle

Using the above then the set of (4.7) equations above reduces to

𝐿 = 𝐼𝑥𝑝̇ + 𝑞𝑟 �𝐼𝑧 − 𝐼𝑦�

𝑀 = 𝐼𝑦𝑞̇ + 𝑟𝑝 (𝐼𝑥 − 𝐼𝑧)

𝑁 = 𝐼𝑧𝑟̇ + 𝑝𝑞 �𝐼𝑦 − 𝐼𝑥�

𝑝 = 𝜙̇
𝑞 = 𝜃̇
𝑟 = 0
𝑝̇ = 0
𝑞̇ = 0
𝑟̇ = −𝜃̇𝜙̇

The goal is to determine 𝐿,𝑀,𝑁. Substituting 𝑝̇ = 0 and 𝑟 = 0 and 𝑞̇ = 0 in the first three
equations above, the reduce more to

𝐿 = 0
𝑀 = 0

𝑁 = −𝐼𝑧𝜃̇𝜙̇ + 𝜙̇𝜃̇ �𝐼𝑦 − 𝐼𝑥�

The above are the moments needed to perform the rolling. Using the values given (SI) and
using 𝑉 = 𝑅𝜃̇ or 𝜃̇ = 𝑉

𝑅 and using 𝑝 = 𝜙̇, the above becomes
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𝐿 = 0
𝑀 = 0

𝑁 = −𝐼𝑧
𝑉
𝑅
𝑝 + 𝑝

𝑉
𝑅
�𝐼𝑦 − 𝐼𝑥�

But 𝑝 = 900 per sec, or 𝜋
2 rad/sec. Substituting numerical values the above becomes

𝐿 = 0
𝑀 = 0

𝑁 = − (677) �
152
610�

𝜋
2
+
𝜋
2 �

152
610�

(406)

or

𝐿 = 0
𝑀 = 0
𝑁 = −106.07 Nm

= −78.233 foot-lb force
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2.2.5 Key solution
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2.3 HW3

2.3.1 Problem 1

2.3.1.1 Part (1)

The angle 𝜃 is the kinematic Euler angle that measures the pitch of the airplane relative to
the ground. The angle of attack 𝛼 is an aerodynamic angle that measures the angle between
the zero lift line and the velocity direction 𝑉 of the airplane at any moment. The relation
between 𝜃 and 𝛼 is

𝜃 = 𝛾 + 𝛼

Where 𝛾 is the angle between horizontal plane and the velocity vector 𝑉. This is illustrated
in figure 2.25 from our text book on page 19. In trim conditions, the angle 𝛾 is constant (or
zero). Therefore any change in 𝜃 must come from change in the angle of attack 𝛼. Hence

Δ𝜃 = Δ𝛼
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    



Problem_1_part_1.vsdx
Nasser M. Abbasi

032214

Figure 2.25: Relation between 𝛾 and 𝜃 and angle of attack 𝛼

2.3.1.2 Part(2)

Equation 4.9,18 in text book represents the longitudinal equation of motion using the four
longitudinal variables �𝑢, 𝑤, 𝑞, 𝜃�. In pure pitching mode, the two degrees of freedom are 𝑞
and 𝑤 (similar to short-period mode). The pure pitching mode is the short-period mode in
the limit as 𝑚⟶∞. From Mechanics of flight, Warren Phillips, page 873 :

Thus we see that as the dimensionless mass becomes large compared to the dimensionless
moment of inertia, the short-period motion associated with free flight becomes pure pitching
motion.

Therefore, to obtain the pure pitching mode, The short-period mode is used and then the
limit is taken to obtain the pure pitching mode equations. The short-period mode is given
by the following 2 × 2 system. (Equation 4.19,18 in the text book)

⎛
⎜⎜⎜⎜⎝
𝑤̇
𝑞̇

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑍𝑤
𝑚−𝑍𝑤̇

𝑍𝑞+𝑚𝑢𝑜
𝑚−𝑍𝑤̇

1
𝐼𝑦
�𝑀𝑤 +

𝑀𝑤̇𝑍𝑤
𝑚−𝑍𝑤̇

� 1
𝐼𝑦 �𝑀𝑞 +

𝑀𝑤̇�𝑍𝑞+𝑚𝑢𝑜�

𝑚−𝑍𝑤̇ �

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
𝑤
𝑞

⎞
⎟⎟⎟⎟⎠

Taking the lim𝑚→∞ results in
⎛
⎜⎜⎜⎜⎝
𝑤̇
𝑞̇

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎝
0 𝑢𝑜

1
𝐼𝑦
𝑀𝑤

1
𝐼𝑦
�𝑀𝑞 +𝑀𝑤̇𝑢𝑜�

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
𝑤
𝑞

⎞
⎟⎟⎟⎟⎠
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The characteristic equation is found from

det (𝐴 − 𝜆𝐼) = 0

�
−𝜆 𝑢𝑜
1
𝐼𝑦
𝑀𝑤

1
𝐼𝑦
�𝑀𝑞 +𝑀𝑤̇𝑢𝑜� − 𝜆

� = 0

𝜆2 − 𝜆
1
𝐼𝑦
�𝑀𝑞 +𝑀𝑤̇𝑢𝑜� −

1
𝐼𝑦
𝑀𝑤𝑢𝑜 = 0 (1)

Let the natural frequency

𝜔𝑛 =
�
−𝑀𝑤

𝑢𝑜
𝐼𝑦

And the damping ratio

𝜁 =
− �𝑀𝑞 +𝑀𝑤̇𝑢𝑜�

𝐼𝑦�
−𝑀𝑤

𝑢𝑜
𝐼𝑦

Equation (1) can be written in standard form as

𝜆2 + 2𝜁𝜔𝑛𝜆 + 𝜔2
𝑛 = 0

The eigenvalues are

𝜆 =
−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎

=
1
2𝐼𝑦

�𝑀𝑞 +𝑀𝑤̇𝑢𝑜� ±
1
2𝐼𝑦�

�𝑀𝑞 +𝑀𝑤̇𝑢𝑜�
2
+ 4𝐼𝑦𝑀𝑤𝑢𝑜

=
1
2𝐼𝑦

�𝑀𝑞 +𝑀𝑤̇𝑢𝑜� ±
𝑖
2𝐼𝑦�

−�𝑀𝑞 +𝑀𝑤̇𝑢𝑜�
2
− 4𝐼𝑦𝑀𝑤𝑢𝑜

= 𝑛 ± 𝑖𝜔

Where

𝑛 =
1
2𝐼𝑦

�𝑀𝑞 +𝑀𝑤̇𝑢𝑜�

𝜔 =
1
2𝐼𝑦�

−�𝑀𝑞 +𝑀𝑤̇𝑢𝑜�
2
− 4𝐼𝑦𝑀𝑤𝑢𝑜

Hence

𝜆1 = 𝑛 + 𝑖𝜔
𝜆2 = 𝑛 − 𝑖𝜔
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The period 𝑇 is given by

𝑇 =
2𝜋
𝜔
=

4𝜋𝐼𝑦

�−�𝑀𝑞 +𝑀𝑤̇𝑢𝑜�
2
− 4𝐼𝑦𝑀𝑤𝑢𝑜

The time to double is

𝑡 =
0.693
|𝑛|

=
�2𝐼𝑦� 0.693
�𝑀𝑞 +𝑀𝑤̇𝑢𝑜�

= 𝐼𝑦
1.386

�𝑀𝑞 +𝑀𝑤̇𝑢𝑜�

2.3.2 Problem 2

Hint: refer to Eq. (6.8,6) in the book.

Solution

Table 7.2 in the text book is

From equation 6.8,6 in the book

𝐸 = 𝑔 ��𝐶𝑙𝛽𝐶𝑛𝑟 − 𝐶𝑙𝑟𝐶𝑛𝛽� cos𝜃0 + �𝐶𝑙𝑝𝐶𝑛𝛽 − 𝐶𝑙𝛽𝐶𝑛𝑝� sin𝜃0�
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Using table 7.2, each of the above expressions are evaluated. Some are functions of 𝐶𝐿.

𝐶𝑙𝛽 = −0.0689 − 0.0917𝐶𝐿

𝐶𝑛𝑟 = −0.048 − 0.0238𝐶
2
𝐿

𝐶𝑙𝑟 = −0.0144 + 0.271𝐶𝐿

𝐶𝑛𝛽 = 0.01326 + 0.017𝐶
2
𝐿

𝐶𝑙𝑝 = −0.441

𝐶𝑛𝑝 = −0.00109 − 0.0966𝐶𝐿

For each di�erent value of 𝜃0, 𝐶𝐿 is changed and new value for 𝐸 is obtained. This was done
three times, for 𝜃0 = −100, 0, +100. The standard lift coe�cient equation is used to obtain
the corresponding value of speed for each 𝐶𝐿

𝐶𝐿 =
𝐿

1
2𝜌𝑉

2𝑆

At trim, 𝐿 = 𝑚𝑔, hence

𝐶𝐿 =
𝑚𝑔

1
2𝜌𝑉

2𝑆

Or

𝑉 =
�

2𝑚𝑔
𝜌𝑆𝐶𝐿

Substituting the numerical values given in the problem above (SI) gives

𝑉 =
�

2 (10675)
𝜌 (14.9) 𝐶𝐿

The air density 𝜌 is found from appendix D since the airplane is at see level. From appendix
D

𝜌 = 2.3769 × 10−3 lb
sec2

𝑓𝑡4

= 1.225 kg/m3

Hence

𝑉 =
�

2 (10675)
(1.225) (14.9)�

1
𝐶𝐿

= 34.201
�

1
𝐶𝐿

m/sec

= 112.18 ft/sec

These are the equations to plot 𝐸 vs. 𝑉. For each 𝐶𝐿, 𝑉 and 𝐸 are calculated using the above.
A small program was written to do this. The result is in figure 2.26
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clbeta[cl_] := -0.0689 - 0.0917 cl;
cnr[cl_] := -0.048 - 0.0238 cl^2;
clr[cl_] := -0.0144 + 0.271 cl;
cnbeta[cl_] := 0.01326 + 0.017 cl^2;
clp = -0.441;
cnp[cl_] := -0.00109 - 0.0966 cl;
speed[cl_] := 34.201 Sqrt[1/cl];

spiralE[theta0_, cl_] := ( (clbeta[cl] cnr[cl] - clr[cl] cnbeta[cl])
Cos[theta0] + (clp cnbeta[cl] - clbeta[cl] cnp[cl]) Sin[theta0]);

angles = {-10 Degree, 0, 10 Degree};

data = Table[{speed[cl], spiralE[#, cl]}, {cl, 0.15, 1.7, 0.1}] & /@ angles;

ListLinePlot[data, Joined -> True, PlotLegends -> angles, Frame -> True,
FrameLabel -> {{"Stability criterion E", None}, {"airplane speed in m/sec",
"Stability criterion E vs. speed for different angles theta"}},
GridLines -> Automatic, GridLinesStyle -> LightGray,
ImageSize -> 500, RotateLabel -> True, LabelStyle -> 18

]

Figure 2.26: Stability criterion 𝐸 vs. speed

79



2.3. HW3 CHAPTER 2. MY TYPED HWS AND . . .

2.3.2.1 Discussion of results

The plot in figure 2.26 shows that spiral mode can become unstable depending on the speed
of the airplane.

The spiral mode characteristic equation was simplified to 𝐷𝜆 + 𝐸 = 0 as discussed in the
textbook, page 193. 𝐸 represents the static stability (as the case with the full, un-simplified
characteristic equation). The condition for static stability is that 𝐸 should remain positive.
If 𝐸 changes from positive to negative, which means a root has switched from negative to
positive, then the response becomes unstable (diverges).

From the above plot, when the reference angle of climb 𝜃0 was larger than zero, this mode
became unstable when the airplane slowed down to below critical value. The larger 𝜃0
became, the larger this critical value became.

For example, when 𝜃0 = 0, this critical speed was about 27 m s−1, but when 𝜃0 = 10°, the
critical speed was above 39 m s−1. When the reference angle of climb is negative, this mode
remained stable for all the speed range shown since 𝐸 was positive throughout.

2.3.3 Problem 3

Solution:

2.3.3.1 Part (1)

The first step is to evaluate 𝐸 for the given jet using the stability derivatives in table 6.6.
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Where 𝐸 > 0 implies the following (per equation 6.8,6 on page 194 of textbook)

�𝐶𝑙𝛽𝐶𝑛𝑟 − 𝐶𝑙𝑟𝐶𝑛𝛽� cos𝜃0 + �𝐶𝑙𝑝𝐶𝑛𝛽 − 𝐶𝑙𝛽𝐶𝑛𝑝� sin𝜃0 > 0 (1)

The meaning of these coe�cients is explained more in this table

𝐶𝑙 The rolling moment coe�cient 𝐶𝑙 =
𝐿

1
2𝜌𝑉

2𝑆𝑏
where 𝐿 here is rolling moment and not lift

𝐶𝑙𝛽
𝜕𝐶𝑙
𝜕𝛽 where 𝛽 is the side slip angle

𝐶𝑙𝑟
𝜕𝐶𝑙
𝜕𝑟 where 𝑟 is yaw rate

𝐶𝑙𝑝
𝜕𝐶𝑙
𝜕𝑝 rolling moment coe�cient of propulsion units

𝐶𝑛 Yawning moment coe�cient 𝐶𝑛 =
𝑁

1
2𝜌𝑉

2𝑆𝑏
where 𝑁 is the yawning moment

𝐶𝑛𝑟
𝜕𝐶𝑛
𝜕𝑟 where 𝑟 is yaw rate

𝐶𝑛𝛽
𝜕𝐶𝑛
𝜕𝛽 where 𝛽 is the side slip angle

𝐶𝑛𝑝
𝜕𝐶𝑛
𝜕𝑝 Yawning moment coe�cient of propulsion units

Using table 6.6 gives

𝐶𝑙𝛽 = −0.2797

𝐶𝑛𝑟 = −0.2737
𝐶𝑙𝑟 = 0.304
𝐶𝑛𝛽 = 0.1946

𝐶𝑙𝑝 = −0.3295

𝐶𝑛𝑝 = −0.04073

Substituting all these values in (6.8,6) gives

�𝐶𝑙𝛽𝐶𝑛𝑟 − 𝐶𝑙𝑟𝐶𝑛𝛽� cos𝜃0 + �𝐶𝑙𝑝𝐶𝑛𝛽 − 𝐶𝑙𝛽𝐶𝑛𝑝� sin𝜃0 > 0
Or

(−0.2797 × −0.2737 − 0.304 × 0.1946) cos𝜃0+(−0.3295 × 0.1946 − (−0.2797) × −0.04073) sin𝜃0 > 0
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Hence

1.739 5 × 10−2 cos𝜃0 − 7.551 3 × 10−2 sin𝜃0 > 0
1.739 5 × 10−2 − 7.551 3 × 10−2 tan𝜃0 > 0

tan𝜃0 >
1.739 5 × 10−2

7.551 3 × 10−2
tan𝜃0 > 0.230 36

Therefore

𝜃0 > tan−1 (0.230 36)
> 12.97°

The above implies that the climb angle has to be larger than 12.97° to insure that 𝐸 remains
positive and the jet remain statically stable in spiral mode at any speed.

2.3.3.2 Part (2)

𝐸 is now examined to see how it is depends on Γ (dihedral angle). The expression for 𝐸 above
does not have Γ in its as shown, but Γ comes into play when the coe�cients are replaced by
their expressions in appendix B.9 and B.11. Before doing this, the term multiplied by sin𝜃0
are cancelled inthe above, since the jet is in a horizontal flight or 𝜃0 = 0. 𝐸 > 0 now implies
the following

�𝐶𝑙𝛽𝐶𝑛𝑟 − 𝐶𝑙𝑟𝐶𝑛𝛽� > 0 (2)

The appendix is now used to replace the expressions in the above. From appendix B.9 and
for 𝐴 > 1

𝐶𝑙𝛽 = 𝐶𝐿

⎡
⎢⎢⎢⎢⎢⎣�
𝐶𝑙𝛽

𝐶𝐿
�
Λ𝑐/2

𝐾𝑀𝐴 + �
𝐶𝑙𝛽

𝐶𝐿
�
𝐴

⎤
⎥⎥⎥⎥⎥⎦ + Γ �

𝐶𝑙𝛽

Γ
𝐾𝑀Γ� (3)

The rest of the expression in B.9,1 was not used, since 𝜃 = 0. For 𝐶𝑛𝛽, looking at equation
B.9.3 in the appendix B.9, shows it does not depend on Γ, therefore its current numerical
value from the above table is used

𝐶𝑛𝛽 = 0.1946 (4)

Looking at 𝐶𝑙𝑟, and from appendix B.11

𝐶𝑙𝑟 = 𝐶𝐿 �
𝐶𝐿𝑟
𝐶𝐿

�
𝐶𝐿𝑀=0

+ �
Δ𝐶𝑙𝑟
Γ � Γ (5)

Where the last term was not used since 𝜃 = 0. Finally from B.11.4 one sees that 𝐶𝑛𝑟 does
not depend on Γ, therefore its current numerical value is used

𝐶𝑛𝑟 = −0.2737 (6)
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Substituting (3,4,5,6) into (2) results in

− 0.2737

𝐶𝑙𝛽

���������������������������������������������������������������⎛
⎜⎜⎜⎜⎜⎝𝐶𝐿

⎡
⎢⎢⎢⎢⎢⎣�
𝐶𝑙𝛽

𝐶𝐿
�
Λ𝑐/2

𝐾𝑀𝐴 + �
𝐶𝑙𝛽

𝐶𝐿
�
𝐴

⎤
⎥⎥⎥⎥⎥⎦ + Γ �

𝐶𝑙𝛽

Γ
𝐾𝑀Γ�

⎞
⎟⎟⎟⎟⎟⎠

− 0.1946

𝐶𝑙𝑟

���������������������������������������⎛
⎜⎜⎜⎜⎜⎜⎝𝐶𝐿 �

𝐶𝐿𝑟
𝐶𝐿

�
𝐶𝐿𝑀=0

+ �
Δ𝐶𝑙𝑟
Γ � Γ

⎞
⎟⎟⎟⎟⎟⎟⎠ > 0 (7)

In the above,
Δ𝐶𝑙𝑟
Γ is found from (B.11,3) as

Δ𝐶𝑙𝑟
Γ

=
1
12

𝜋𝐴 sinΛ𝑐/4

𝐴 + 4 cosΛ𝑐/4

Hence (7) becomes

− 0.2737

𝐶𝑙𝛽

���������������������������������������������������������������⎛
⎜⎜⎜⎜⎜⎝𝐶𝐿

⎡
⎢⎢⎢⎢⎢⎣�
𝐶𝑙𝛽

𝐶𝐿
�
Λ𝑐/2

𝐾𝑀𝐴 + �
𝐶𝑙𝛽

𝐶𝐿
�
𝐴

⎤
⎥⎥⎥⎥⎥⎦ + Γ �

𝐶𝑙𝛽

Γ
𝐾𝑀Γ�

⎞
⎟⎟⎟⎟⎟⎠

− 0.1946

𝐶𝑙𝑟

���������������������������������������������������������⎛
⎜⎜⎜⎜⎜⎜⎝𝐶𝐿 �

𝐶𝐿𝑟
𝐶𝐿

�
𝐶𝐿𝑀=0

+ �
1
12

𝜋𝐴 sinΛ𝑐/4

𝐴 + 4 cosΛ𝑐/4
� Γ

⎞
⎟⎟⎟⎟⎟⎟⎠ > 0 (8)

In order to determine what happens as Γ changes, it is assumed that all terms that do not
involve Γ above are fixed for the time being and can be renamed to constants 𝑧1 and 𝑧2 for
the purpose of finding the e�ect of changing Γ. Writing (8) as

−𝑧1Γ �
𝐶𝑙𝛽

Γ
𝐾𝑀Γ� − 𝑧2

1
12

𝜋𝐴 sinΛ𝑐/4

𝐴 + 4 cosΛ𝑐/4
Γ > 0 (9)

This above can be simplified more since terms such as 𝜋 and 𝐴 are fixed and do not change
with changing Γ. In addition, Λ𝑐/4 do not change with Γ. The above is simplified more
resulting in

−

𝐶𝑙𝛽

�����������������
𝑧1Γ �

𝐶𝑙𝛽

Γ
𝐾𝑀Γ� −

𝐶𝑙𝑟
⏞𝑧2Γ > 0 (10)

The LHS above is required to remain positive for stability. The more positive it is, the more
stable the system is. As Γ increases, then 𝐶𝑙𝑟 = 𝑧2Γ will become more positive. But what

happens to Γ �
𝐶𝑙𝛽

Γ 𝐾𝑀Γ� as Γ increases? To find what happens to
𝐶𝑙𝛽

Γ and what happens to 𝐾𝑀Γ,

the hints given are used. From figure B.9,4 it is seen that
𝐶𝑙𝛽

Γ is negative curve, as the y-axis
is negative for positive aspect ratio (the x-axis). This was the case for all values of the taper
ratios 𝜆.
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Looking at figure B.9,5 shows that 𝐾𝑀Γ > 0 for all ranges defined over 𝑀 cosΛ𝑐/2.

This means �
𝐶𝑙𝛽

Γ 𝐾𝑀Γ� = (negative×positive) = negative. Therefore, as Γ increases, 𝐶𝑙𝛽 be-

comes more negative (since Γ is positive). To see this more clearly, (10) is written as

−

𝐶𝑙𝛽

���������������Γ (negative) −
𝐶𝑙𝑟

���������������Γ (positive) > 0 (11)
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or
𝐶𝑙𝛽

���������������Γ (positive) +
𝐶𝑙𝑟

���������������Γ (negative) > 0 (12)

𝐸 has to be positive for spiral stability. Between the two terms above, 𝐶𝑙𝛽 will cause 𝐸 to be
become more positive as Γ increases. While the second term 𝐶𝑙𝑟 will have the opposite e�ect,
it will reduce 𝐸 and cause it to become negative.

It is assumed in all of this that Γ is a positive angle and remain positive.

2.3.3.3 Conclusion

For horizontal flight 𝜃 = 0, as the Γ angle increases, its e�ect on 𝐶𝑙𝑟 is to make the airplane
become unstable in spiral mode, while Γ e�ect on 𝐶𝑙𝛽 is to make the airplane become stable.

2.3.4 Problem 4

Solution method summary: It is required to write 𝑥̇ = 𝐴𝑥 for the lateral mode. This
is equation 4.9,19 on page 113 of the textbook. These are expressed using dimensional
derivatives 𝑌𝑣, 𝑌𝑚 ⋯. Table 7.2 is used, and using non-dimensional derivatives 𝐶𝑦𝛽, 𝐶𝑙𝛽,⋯,
with table 4.5 on page 118, the numerical values in the dimensional matrix 𝐴 are found.
Having obtained 𝑥̇ = 𝐴𝑥 in numerical form, Matlab was used to obtain the eigenvalues and
eigenvectors. The above is done for both 𝐶𝐿 = 0 and 𝐶𝐿 ≠ 0. For the case of 𝐶𝐿 = 0 or 𝑔 = 0,
the 𝐴 matrix becomes 3 × 3 while for 𝑔 ≠ 0 the 𝐴 matrix remained 4 × 4.
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Solution:

Table 7.2 in the text book is

Table 4.5, page 118 of the textbook is used to convert from dimensional to non-dimensional

Equation 4.9.19 for lateral mode, in dimensional form is

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣̇
𝑝̇
𝑟̇
𝜙̇

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑌𝑣
𝑚

𝑌𝑝
𝑚

�𝑌𝑟
𝑚 − 𝑢0� 𝑔 cos𝜃0

�𝐿𝑣
𝐼′𝑥
+ 𝐼′𝑧𝑥𝑁𝑣� �

𝐿𝑝
𝐼′𝑥
+ 𝐼′𝑧𝑥𝑁𝑝� �𝐿𝑟

𝐼′𝑥
+ 𝐼′𝑧𝑥𝑁𝑟� 0

�𝐼′𝑧𝑥𝐿𝑣 +
𝑁𝑣
𝐼′𝑧
� �𝐼′𝑧𝑥𝐿𝑝 +

𝑁𝑝

𝐼′𝑧
� �𝐼′𝑧𝑥𝐿𝑟 +

𝑁𝑟
𝐼′𝑧
� 0

0 1 tan𝜃0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣
𝑝
𝑟
𝜙

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(4.9,19)

Where

𝐼′𝑥 =
�𝐼𝑥𝐼𝑧 − 𝐼2𝑧𝑥�

𝐼𝑧
=
(230 × 1778 − 0)

1778
= 230 kg m2

𝐼′𝑧 =
�𝐼𝑥𝐼𝑧 − 𝐼2𝑧𝑥�

𝐼𝑥
=
�230 × 1778 − 𝐼2𝑧𝑥�

230
= 1778 kg m2

𝐼′𝑧𝑥 =
𝐼𝑧𝑥

�𝐼𝑥𝐼𝑧 − 𝐼2𝑥𝑧�
= 0

To find air density 𝜌, we are told the airplane is at see level. Hence using table in appendix
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D then we find the corresponding air density at that altitude

𝜌 = 2.3769 × 10−3 lb
sec2

𝑓𝑡4

= 1.225 kg/m3

2.3.4.1 Gravity present case

In this case

𝐶𝐿 =
𝐿

1
2𝜌𝑉

2𝑆

But at trim, 𝐿 = 𝑚𝑔, hence

𝐶𝐿 =
𝑚𝑔

1
2𝜌𝑉

2𝑆
=

10675
1
2
(1.225) (77.3)2 (14.9)

= 0.196

Now the numerical values of the dimensional derivatives are calculated

non-dim. value

𝐶𝑦𝛽 −0.14
𝐶𝑦𝑝 −0.039
𝐶𝑦𝑟 0.165
𝐶𝑙𝛽 −0.0689 − 0.0917𝐶𝐿 = −0.0689 − 0.0917 × 0.195 76 = −0.08685
𝐶𝑙𝑝 −0.441
𝐶𝑙𝑟 −0.0144 + 0.271𝐶𝐿 = −0.0144 + 0.271 × 0.195 76 = 0.03865
𝐶𝑛𝛽 0.01326 + 0.017𝐶2

𝐿 = 0.01326 + 0.017 × 0.195 762 = 0.0139
𝐶𝑛𝑝 −0.00109 − 0.0966𝐶𝐿 = −0.00109 − 0.0966 × 0.195 76 = −0.02
𝐶𝑛𝑟 −0.048 − 0.0238𝐶2

𝐿 = −0.048 − 0.0238 × 0.195 762 = −0.0489

Hence

dim. non-dim. numerical equation value

𝑌𝑣
1
2𝜌𝑢0𝑆𝐶𝑦𝛽

1
2
(1.225) (77.3) (14.9) (−0.14) −98.764

𝑌𝑝
1
4𝜌𝑢0𝑏𝑆𝐶𝑦𝑝

1
4
(1.225) (77.3) (9.14) (14.9) (−0.039) −125.73

𝑌𝑟
1
4𝜌𝑢0𝑏𝑆𝐶𝑦𝑟

1
4
(1.225) (77.3) (9.14) (14.9) (0.165) 531.95

𝐿𝑣
1
2𝜌𝑢0𝑆𝐶𝑙𝛽

1
2
(1.225) (77.3) (9.14) (14.9) �−8.685 1 × 10−2� −560.01

𝐿𝑝
1
4𝜌𝑢0𝑏

2𝑆𝐶𝑙𝑝
1
4
(1.225) (77.3) �9.142� (14.9) (−0.441) −12995

𝐿𝑟
1
4𝜌𝑢0𝑏

2𝑆𝐶𝑙𝑟
1
4
(1.225) (77.3) �9.142� (14.9) �3.865 1 × 10−2� 1138.9

𝑁𝑣
1
2𝜌𝑢0𝑏𝑆𝐶𝑛𝛽

1
2
(1.225) (77.3) (9.14) (14.9) �1.391 1 × 10−2� 89.700

𝑁𝑝
1
4𝜌𝑢0𝑏

2𝑆𝐶𝑛𝑝
1
4
(1.225) (77.3) �9.142� (14.9) (−0.02) −589.35

𝑁𝑟
1
4𝜌𝑢0𝑏

2𝑆𝐶𝑛𝑟
1
4
(1.225) (77.3) �9.142� (14.9) �−4.891 2 × 10−2� −1441.3

Now that all the numerical values are calculated, 4.19,9 is written again in order to find a
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numerical 𝐴 matrix in order to determine its eigenvalues.

Since 𝜃 = 0, equation 4.19,9 becomes

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣̇
𝑝̇
𝑟̇
𝜙̇

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−98.764
10675/9.81

−125.73
10675/9.81

� 531.95
10675/9.81 − 77.3� 9.81

�−560.01
230 + 𝐼′𝑧𝑥 (89.7)� �−12995

230 + 𝐼′𝑧𝑥 (−589.35)� �1138.9
230 + 𝐼′𝑧𝑥 (−1441.3)� 0

�𝐼′𝑧𝑥 (−560.01) +
89.700
1778

� �𝐼′𝑧𝑥 (−12995) +
−589.35
1778

� �𝐼′𝑧𝑥 (1138.9) +
−1441.3
1778

� 0

0 1 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣
𝑝
𝑟
𝜙

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

And since 𝐼′𝑧𝑥 = 0 the above reduces to
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣̇
𝑝̇
𝑟̇
𝜙̇

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−0.09076 1 −0.115 54 −76.811 9.81
−2.434 8 −56.5 4.951 7 0
0.05045 −0.331 47 −0.810 63 0

0 1 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣
𝑝
𝑟
𝜙

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

The above is in the form of 𝑥̇ = 𝐴𝑥 . The eigenvalues of 𝐴 are found using Matlab. They are

𝜆𝑑𝑢𝑡𝑐ℎ = −0.4218 ± 2.2873𝑖
𝜆𝑠𝑝𝑖𝑟𝑎𝑙 = −0.0551
𝜆𝑟𝑜𝑙𝑙𝑖𝑛𝑔 = −56.5025

The characteristic polynomial is

EDU>> syms x
EDU>> vpa(charpoly(A,x),6)
x^4 + 57.4014*x^3 + 56.2385*x^2 + 308.576*x + 16.832

Hence

𝑝 (𝜆) = 𝜆4 + 57.4014𝜆3 + 56.2385𝜆2 + 308.576𝜆 + 16.832
= 𝐴𝜆4 + 𝐵𝜆3 + 𝐶𝜆2 + 𝐷𝜆 + 𝐸

Therefore

𝐸 = 16.832 > 0
𝑅 = 𝐷 (𝐵𝐶 − 𝐴𝐷) − 𝐵2𝐸

= 308.576 (57.4014 × 56.2385 − 1 × 308.576) − �57.40142� (16.832)

= 8.454 6 × 105 > 0

Hence all modes are stable since both 𝐸 and 𝑅 are positive. Now that the eigenvalues are
known, the system characteristic timing table is generated, as was done in the textbook on
page 188. Here is the table for this airplane
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Mode name 𝜆 = 𝑛 ± 𝜔𝑖 period (sec) 𝑡ℎ𝑎𝑙𝑓 (𝑠) 𝑁ℎ𝑎𝑙𝑓 (cycles)
2𝜋
𝜔

0.693
|𝑛| 0.11 𝜔|𝑛|

1 spiral −0.0551 — 0.693
0.0551 = 12.577 —

2 rolling −56.5025 — 0.693
56.5025 = 0.012265 —

3 dutch roll −0.4218 ± 2.2873𝑖 2𝜋
2.2873 = 2.747 0

0.693
0.4218 = 1.643 0 0.112.28730.4218 = 0.596 50

The dutch roll is oscillatory, its characteristic transients is plotted below

w = 2.2873; n = -0.4218;
Plot[Exp[n t] (Sin[w t]), {t, 0, 10}, PlotRange -> {Automatic, {-1, 1}},
AxesOrigin -> {0, 0}, Frame -> True, GridLines -> Automatic,
GridLinesStyle -> LightGray, FrameLabel -> {{"pertrbation", None},
{"Time (sec)", "Dutch roll mode"}},
ImageSize -> 400]

Figure 2.27: Dutch roll mode response for 𝐶𝐿 ≠ 0

The corresponding eigenvectors are now found in order to generate the eigenvector phase
diagrams similar to figure 6.3, page 169 in the textbook. The solution will appear as follows

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣
𝑝
𝑟
𝜙

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥11
𝑥21
𝑥31
𝑥41

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑒𝜆1𝑡 +

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥12
𝑥22
𝑥32
𝑥42

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑒𝜆2𝑡 +

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥13
𝑥23
𝑥33
𝑥43

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑒𝜆3𝑡 +

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥14
𝑥24
𝑥34
𝑥44

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑒𝜆4𝑡
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Where in the above, the vector

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥1𝑖
𝑥2𝑖
𝑥3𝑖
𝑥4𝑖

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

is the 𝑖𝑡ℎ eigenvector that corresponds to the 𝑖𝑡ℎ eigenvalue.

The above can also be written as

𝒙 = 𝒙1𝑒𝜆1𝑡 + 𝒙2𝑒𝜆2𝑡 + 𝒙3𝑒𝜆3𝑡 + 𝒙4𝑒𝜆4𝑡

Where the eigenvalues 𝜆𝑖 are known, but not the eigenvectors 𝒙𝑖. By definition, an eigenvector
𝑥𝑖 corresponding to eigenvalue 𝜆𝑖 can be found from

𝐴𝑥𝑖 = 𝜆𝑖𝑥𝑖
(𝐴 − 𝜆𝑖𝐼) 𝑥𝑖 = 0

In this problem, Matlab was used to obtain the eigenvectors.

The problem asks to normalize the eigenvector using the third entry, which is 𝑟. Therefore,
after finding the eigenvectors using the eig command, each entry in the eigenvector was
divided by the third entry in the same eigenvector. A small function was written to automate
this process for both 𝐶𝐿 = 0 and 𝐶𝐿 ≠ 0. The function and its full output are listed in the
appendix of this problem. Here is the result found. The entries in the eigenvector were
made to be non-dimensional. This seems to be what was done in the textbook, page 189.
Non-dimensional eigenvector was generated from the eigenvector returned by Matlab as
follows:

To convert eigenvector

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣
𝑝
𝑟
Δ𝜙

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

to non-dimensional form, we multiply elements as follows

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣̂
𝑝̂
𝑟̂
Δ𝜙̂

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣
𝑢0
𝑝 𝑏
2𝑢0
𝑟 𝑏
2𝑢0
Δ𝜙

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. This was done for each eigenvector of each mode. The dutch mode has two

complex conjugate eigenvalues and counts as one mode.

After the eigenvectors are found, polar form table for the eigenvectors is made, similar to
table 6.4, page 168 of the textbook, then the vector phasor diagrams is drawn for the dutch
mode.

The polar form of each eigenvector is summarized below

2.3.4.1.1 dimensional result
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dutch 𝜆3,4 = −0.4218 ± 2.2873𝑖 spiral 𝜆1 = −0.055268 rolling 𝜆2 = −56.5025

magnitude phase (deg) magnitude phase (deg) magnitude phase (deg)

𝑣 35.874 80.158 12.115 0 2.2246 0
𝑝 1.5436 −98.95 0.43488 180 168.36 0
𝑟 1 0 1 0 1 0
Δ𝜙 0.66332 −199.39 7.868 0 2.9796 −180

2.3.4.1.2 non-dimensional result 𝑣, 𝑝, 𝑟 are first made non-dimensional. Next, the ratio
variable to 𝑟 is found. The Matlab function below shows the the implementation details.

dutch 𝜆3,4 = −0.4218 ± 2.2873𝑖 spiral 𝜆1 = −0.055268 rolling 𝜆2 = −56.5025
amplitude phase (deg) amplitude phase (deg) amplitude phase (deg)

𝑣/𝑟 7.849 80.158 2.651 0 0.4867 0
𝑝/𝑟 1.543 −98.95 0.4348 180 168.36 0
𝑟/𝑟 1 0 1 0 1 0
Δ𝜙
𝑟 11.22 −199.39 133.09 0 50.4 −180

norm 13.33 133.09 176.43

Figure 2.28 is the eigenvector diagram for the dutch mode

(1,0)



7.85e80
0

1.54e98
0

r

11.22e200
o

v
r

p
r


r

Figure 2.28: Dutch mode response for 𝐶𝐿 ≠ 0

2.3.4.2 No gravity case

The above calculations are now repeated for 𝐶𝐿 = 0 case. Calculation of the numerical values
of the dimensional derivatives gives
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non-dim. value

𝐶𝑦𝛽 −0.14
𝐶𝑦𝑝 −0.039
𝐶𝑦𝑟 0.165
𝐶𝑙𝛽 −0.0689 − 0.0917𝐶𝐿 = −0.0689
𝐶𝑙𝑝 −0.441
𝐶𝑙𝑟 −0.0144 + 0.271𝐶𝐿 = −0.0144
𝐶𝑛𝛽 0.01326 + 0.017𝐶2

𝐿 = 0.01326
𝐶𝑛𝑝 −0.00109 − 0.0966𝐶𝐿 = −0.00109
𝐶𝑛𝑟 −0.048 − 0.0238𝐶2

𝐿 = −0.048

Hence

dim. non-dim. numerical equation value

𝑌𝑣
1
2𝜌𝑢0𝑆𝐶𝑦𝛽

1
2
(1.225) (77.3) (14.9) (−0.14) −98.764

𝑌𝑝
1
4𝜌𝑢0𝑏𝑆𝐶𝑦𝑝

1
4
(1.225) (77.3) (9.14) (14.9) (−0.039) −125.73

𝑌𝑟
1
4𝜌𝑢0𝑏𝑆𝐶𝑦𝑟

1
4
(1.225) (77.3) (9.14) (14.9) (0.165) 531.95

𝐿𝑣
1
2𝜌𝑢0𝑆𝐶𝑙𝛽

1
2
(1.225) (77.3) (9.14) (14.9) (−0.0689) −444.26

𝐿𝑝
1
4𝜌𝑢0𝑏

2𝑆𝐶𝑙𝑝
1
4
(1.225) (77.3) �9.142� (14.9) (−0.441) −12995

𝐿𝑟
1
4𝜌𝑢0𝑏

2𝑆𝐶𝑙𝑟
1
4
(1.225) (77.3) �9.142� (14.9) (−0.0144) −424.32

𝑁𝑣
1
2𝜌𝑢0𝑏𝑆𝐶𝑛𝛽

1
2
(1.225) (77.3) (9.14) (14.9) (0.01326) 85.499

𝑁𝑝
1
4𝜌𝑢0𝑏

2𝑆𝐶𝑛𝑝
1
4
(1.225) (77.3) �9.142� (14.9) (−0.00109) −32.119

𝑁𝑟
1
4𝜌𝑢0𝑏

2𝑆𝐶𝑛𝑟
1
4
(1.225) (77.3) �9.142� (14.9) (−0.048) −1441.3

With the above, equation 4.19,9 is written again in order to find a numerical 𝐴 matrix to use
to find its eigenvalues, and since 𝜃 = 0 then 4.19,9 becomes (but remember to use a 3 × 3
matrix in this case, since the 4𝑡ℎ column is now zero column)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣̇
𝑝̇
𝑟̇

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑌𝑣
𝑚

𝑌𝑝
𝑚

�𝑌𝑟
𝑚 − 𝑢0�

�𝐿𝑣
𝐼′𝑥
+ 𝐼′𝑧𝑥𝑁𝑣� �

𝐿𝑝
𝐼′𝑥
+ 𝐼′𝑧𝑥𝑁𝑝� �𝐿𝑟

𝐼′𝑥
+ 𝐼′𝑧𝑥𝑁𝑟�

�𝐼′𝑧𝑥𝐿𝑣 +
𝑁𝑣
𝐼′𝑧
� �𝐼′𝑧𝑥𝐿𝑝 +

𝑁𝑝

𝐼′𝑧
� �𝐼′𝑧𝑥𝐿𝑟 +

𝑁𝑟
𝐼′𝑧
�

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−98.764
10675/9.81

−125.73
10675/9.81

� 531.95
10675/9.81 − 77.3�

�−444.26
230 + 𝐼′𝑧𝑥 (85.499)� �−12995

230 + 𝐼′𝑧𝑥 (−32.119)� �−424.32
230 + 𝐼′𝑧𝑥 (−1441.3)�

�𝐼′𝑧𝑥 (−444.26) +
85.499
1778

� �𝐼′𝑧𝑥 (−12995) +
−32.119
1778

� �𝐼′𝑧𝑥 (−424.32) +
−1441.3
1778

�

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣
𝑝
𝑟

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
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And since 𝐼′𝑧𝑥 = 0 the above reduces to
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣̇
𝑝̇
𝑟̇

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

−0.09076 1 −0.115 54 −76.811
−1.931 6 −56.5 −1.844 9
0.04808 7 −0.01806 5 −0.79551

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣
𝑝
𝑟

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

The above is in the form of 𝑥̇ = 𝐴𝑥 . The eigenvalues of 𝐴 (using eig command) are

𝜆𝑑𝑢𝑡𝑐ℎ = −0.44044 ± 1.9015𝑖
𝜆𝑟𝑜𝑙𝑙𝑖𝑛𝑔 = −56.505

The characteristic polynomial is

EDU>> sym x
EDU>> vpa(charpoly(A,x),6)
x^3 + 57.3858*x^2 + 53.5831*x + 215.257

Hence

𝑝 (𝜆) = 0𝑥4 + 𝑥3 + 57.3858𝑥2 + 53.5831𝑥 + 215.257
= 𝐴𝜆4 + 𝐵𝜆3 + 𝐶𝜆2 + 𝐷𝜆 + 𝐸

Therefore

𝐸 = 215.257 > 0
𝑅 = 𝐷 (𝐵𝐶 − 𝐴𝐷) − 𝐵2𝐸

= 53.5831 (1 × 57.3858) − �12� (215.257)

= 2859.7 > 0

All modes are stable since both 𝐸 and 𝑅 are positive. Now that the eigenvalues are known,
the characteristic times table is generated, as was done in the textbook on page 188.

Mode name 𝜆 = 𝑛 ± 𝜔𝑖 period (sec) 𝑡ℎ𝑎𝑙𝑓 (𝑠) 𝑁ℎ𝑎𝑙𝑓 (cycles)
2𝜋
𝜔

0.693
|𝑛| 0.11 𝜔|𝑛|

1 rolling −56.505 — 0.693
56.505 = 0.01226 —

2 dutch roll −0.44044 ± 1.9015𝑖 2𝜋
1.9015 = 3.304 3

0.693
0.44044 = 1.573 4 0.11 1.9015

0.44044 = 0.474 9

The dutch roll is oscillatory. The characteristic transient is plotted below

w = 1.9015; n = -0.44044;
Plot[Exp[n t] (Sin[w t]), {t, 0, 10}, PlotRange -> {Automatic, {-1, 1}},

AxesOrigin -> {0, 0}, Frame -> True, GridLines -> Automatic,
GridLinesStyle -> LightGray, FrameLabel -> {{"pertrbation", None},
{"Time (sec)", "Dutch roll mode"}},
ImageSize -> 400

]
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Figure 2.29: Dutch roll mode response for 𝐶𝐿 = 0

Comparing the above to 𝑔 ≠ 0, it is seen that there is very little change in the dutch mode
when 𝑔 = 0.

Similar to first part, now that all the eigenvectors are found, the polar form table for the
eigenvectors is made which is similar to table 6.4, page 168 of the textbook. This is followed
by making the vector phasor diagrams for the dutch mode.

The polar form of each eigenvector is summarized below

2.3.4.2.1 dimensional result

dutch 𝜆1,2 = −0.44044 ± 1.9015𝑖 rolling 𝜆3 = −56.505

amplitude phase (deg) amplitude phase (deg)

𝑣 39.71 79.465 7.71 0
𝑝 1.374 256.17 3104.4 0
𝑟 1 0 1 0

2.3.4.2.2 non-dimensional result

dutch 𝜆1,2 = −0.44044 ± 1.9015𝑖 rolling 𝜆2 = −56.505
amplitude phase (deg) amplitude phase (deg)

𝑣
𝑟 8.6893 79.465 1.69 0
𝑝
𝑟 1.3739 256.17 3104.4 0
𝑟
𝑟 1 0 1 0

norm 9.2688 3105.4
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Figure 2.30 shows the eigenvector diagram for the dutch mode for 𝑔 = 0

(1,0)
r



8.68e79.4
o

v
r

p
r

1.37e256
o

Figure 2.30: Dutch mode response for 𝐶𝐿 = 0

2.3.4.3 Observation on results

The first observation is that, when gravity is absent, the spiral mode vanishes. There are
only three modes when 𝑔 = 0, and these are the dutch (complex conjugate eigenvalues) and
rolling (real eigenvalue) and yaw 𝑟. Only the dutch and roll modes can be compared to each
others for both cases. Spiral mode can not be compared since this mode does not exist
when 𝑔 = 0.

For the dutch mode (the oscillatory mode), There is no significant change that can be seen.
So one can conclude that gravity has little e�ect on the dutch mode.

The final solution is now written for both cases, and plotted against each others to com-
pare graphically. (this uses the ratios in the eigenvectors components taken from the non-
dimensional results obtained above). The solution for 𝑔 ≠ 0 is
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⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣
𝑟𝑝
𝑟𝑟
𝑟
𝜙𝑟

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥11
𝑥21
𝑥31
𝑥41

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
𝑠𝑝𝑖𝑟𝑎𝑙

𝑒𝜆1𝑡 +

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥12
𝑥22
𝑥32
𝑥42

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
𝑟𝑜𝑙𝑙𝑖𝑛𝑔

𝑒𝜆2𝑡 +

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥13
𝑥23
𝑥33
𝑥43

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
𝑑𝑢𝑡𝑐ℎ

𝑒𝜆3𝑡 +

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥14
𝑥24
𝑥34
𝑥44

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
𝑑𝑢𝑡𝑐ℎ

𝑒𝜆4𝑡

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2.651
−0.4348

1
133.09

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑒−0.055268𝑡 +

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.4867
168.36
1

−50.4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑒−56.5025𝑡+

𝑒−0.4218𝑡

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

7.849 (cos (2.2873𝑡 + 80.15𝑜) + sin (2.2873𝑡 + 80.15𝑜))
1.543 (cos (2.2873𝑡 − 98.95𝑜) + sin (2.2873𝑡 − 98.95𝑜))

(cos 2.2873𝑡 + sin 2.2873𝑡)
11.22 (cos (2.2873𝑡 − 199.39𝑜) + sin (2.2873𝑡 − 199.39𝑜))

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Hence

𝑣
𝑟
= 2.651𝑒−0.055268𝑡 + 0.4867𝑒−56.5025𝑡

+ 7.849𝑒−0.4218𝑡 (cos (2.2873𝑡 + 80.15°) + sin (2.2873𝑡 + 80.15°))

𝑝
𝑟
= − 0.4348𝑒−0.055268𝑡 +

compare to g=0 below

�������������������168.36𝑒−56.5025𝑡

+ 1.543𝑒−0.4218𝑡 (cos (2.2873𝑡 − 98.95°) + sin (2.2873𝑡 − 98.95°))
𝑟
𝑟
= 𝑒−0.055268𝑡 + 𝑒−56.5025𝑡 + 𝑒−0.4218𝑡 (cos 2.2873𝑡 + sin 2.2873𝑡)

𝜙
𝑟
= 133.09𝑒−0.055268𝑡 − 50.4𝑒−56.5025𝑡

+ 11.22𝑒−0.4218𝑡 (cos (2.2873𝑡 − 199.39°) + sin (2.2873𝑡 − 199.39°))

The solution for 𝑔 = 0 is

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣
𝑟𝑝
𝑟𝑟
𝑟

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥12
𝑥22
𝑥32

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
𝑟𝑜𝑙𝑙𝑖𝑛𝑔

𝑒𝜆2𝑡 +

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥13
𝑥23
𝑥33

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
𝑑𝑢𝑡𝑐ℎ

𝑒𝜆3𝑡 +

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥14
𝑥24
𝑥34

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
𝑑𝑢𝑡𝑐ℎ

𝑒𝜆4𝑡

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1.69
3104.4
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
𝑒−56.505𝑡 + 𝑒−0.44044𝑡

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

8.6893 (cos (1.9015𝑡 + 79.465𝑜) + sin (1.9015𝑡 + 79.465𝑜))
1.3739 (cos (1.9015𝑡 + 256.17𝑜) + sin (1.9015𝑡 + 256.17𝑜))

(cos 1.9015𝑡 + sin 1.9015𝑡)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

Hence
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𝑣
𝑟
= 1.69𝑒−56.505𝑡 + 8.68939𝑒−0.44044𝑡 (cos (1.9015𝑡 + 79.465𝑜) + sin (1.9015𝑡 + 79.465𝑜))

𝑝
𝑟
=

larger but quickly damps

�����������������3104.4𝑒−56.505𝑡 +1.3739𝑒−0.44044𝑡 (cos (1.9015𝑡) + sin (1.9015𝑡))
𝑟
𝑟
= 𝑒−56.505𝑡 + 𝑒−0.44044𝑡 (cos 1.9015𝑡 + sin 1.9015𝑡)

From above, we see when 𝑔 = 0 the contribution from rolling mode has much larger amplitude
(3104 vs. 168.36). But this damps out very fast thanks to the large negative exponent on the
exponential.

To compare the di�erent modes for gravity and no gravity, each component from each
solution is plotted against the similar component from the other solution. For example,
�𝑣
𝑟
�
𝑔=0

and �𝑣
𝑟
�
𝑔≠0

are plotted on same plot. The same for �𝑝𝑟 �𝑔=0
and �𝑝

𝑟
�
𝑔≠0

. Figure 2.31

shows the the result.

Figure 2.31: Comparing 𝑣
𝑟 for gravity and no gravity

We see that there is little change in this part of the solution. Figure 2.32 shows the 𝑝/𝑟 result

Looking Figure 2.32, there does not seem to be di�erence as well. But that is because 𝑝
𝑟

damped very quickly, even though it was much larger in the case when there is no gravity.
We can see this more clearly if we zoom to a smaller time span, say for 𝑡 = 0.1 seconds only.
Figure 2.33 shows the result

This means that the rolling eigen mode will contribute much more to the 𝑝(𝑡) component
of the total solution with no gravity when compared to with gravity. In other words, rolling
becomes the more dominant motion with no gravity. But this only a�ect the solution for
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Figure 2.32: Comparing 𝑝
𝑟 for gravity and no gravity

Figure 2.33: Comparing 𝑣
𝑟 for gravity and no gravity
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short amount of time. It will depend on other conditions and on the system being considered
if this is important or not.

This also seems to imply that rolling control becomes more important in outer space since
gravity becomes very weak. We do not need to worry about spiral mode control since it
does not exist. Dutch mode is not a�ected by gravity.

2.3.4.4 Appendix for problem 4, source code and Matlab output
2.3.4.4.1 source code � �

1 function problem_4_matlab()
2 %problem_4_matlab()
3 %
4 % This program solves problem 4, HW3, EMA 523, Univ. Wisconsin, Madison
5 % by Nasser M. Abbasi
6 % March 29,2014
7 %
8 % supports lateral motion only. Does g=0 and g ~= 0
9 % This function build the matrix A as well as solve for the
10 % modal eigenvectors.
11 %
12 % supports SI and imperial units. Change configuration
13 % below. set PROBLEM=2 to do the HW problem, and set
14 % PROBLEM=1 to solve the example in the book, page 189
15 % to verify code.
16 %
17

18 POROBLEM=2; %to select which problem to do, 1 is the example in text
19 %else will do the HW3, problem 4 (the long one)
20

21 if POROBLEM==1
22 %------------- problem 6.2 in text book
23 RELATIVE_TERM=4; %change if you want v,p,r,phi, in this order
24 SI=false; %change to true as needed
25 g=32.2;
26 W=636636;
27 m=W/g;
28 S=5500;
29 b=195.7;
30 Ix=0.183*10^8;
31 Iz=0.497*10^8;
32 Izx=-0.156*10^7;
33 u0=774;
34 CL=0.654;
35 rao=0.0005909;
36 Cyb=-0.8771;
37 Clb=-0.2797;
38 Cnb=0.1946;
39 Cyp=0;
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40 Clp=-0.3295;
41 Cnp=-0.04073;
42 Cyr=0;
43 Clr=0.304;
44 Cnr=-0.2737;
45 DUTCH=1; %need a away to detect this automatically
46 ROLL=3;
47 SPIRAL=4;
48 else
49 %---- HW problem 4
50 RELATIVE_TERM=3; %problem asks to normalize by r, which is 3rd entry
51 %do not know why we selected this while in
52 %logintidudal the 4th entry, which is Euler angle phi
53 %is used. Need to ask about this
54

55 SI=false; %change to false if you want Imperial units
56 if SI
57 g=9.81;
58 W=10675;
59 m=W/g;
60 S=14.9;
61 b=9.14;
62 Ix=230;
63 Iz=1778;
64 Izx=0;
65 u0=77.3;
66 rao=1.225;
67 else
68 g=32.2;
69 W=2400;
70 m=W/g;
71 S=160;
72 b=30;
73 Ix=170;
74 Iz=1312;
75 Izx=0;
76 u0=77.3*3.2808; %m/sec to ft/sec
77 rao=2.3769*10^(-3);
78 end
79

80 CL=0; %W/(1/2*rao*u0^2*S) %for part A or part B, change as needed
81 %this below is from table 7.2 in text book
82 Cyb=-0.14
83 Clb=-0.0689-0.0917*CL
84 Cnb=0.01326+0.017*CL^2
85 Cyp=-0.039
86 Clp=-0.441
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87 Cnp=-0.00109-0.0966*CL
88 Cyr=0.165
89 Clr=-0.0144+0.271*CL
90 Cnr=-0.048-0.0238*CL^2
91 end
92

93 %common code to all problem, laterl motion only
94 %this computes the values to use for equation 4.9,19 in textbook
95 Yv= 1/2*rao*u0*S*Cyb
96 Yp= 1/4*rao*u0*b*S*Cyp
97 Yr= 1/4*rao*u0*b*S*Cyr
98

99 Lv= 1/2*rao*u0*b*S*Clb
100 Lp= 1/4*rao*u0*b^2*S*Clp
101 Lr= 1/4*rao*u0*b^2*S*Clr
102

103 Nv= 1/2*rao*u0*b*S*Cnb
104 Np= 1/4*rao*u0*b^2*S*Cnp
105 Nr= 1/4*rao*u0*b^2*S*Cnr
106

107 Ipx = (Ix*Iz-Izx^2)/Iz
108 Ipz = (Ix*Iz-Izx^2)/Ix
109 Ipzx = Izx/(Ix*Iz-Izx^2)
110 %build the A matrix. 4x4 for the lateral equation of motion in state space
111

112 if CL==0 % 3 by 3 now !
113 DUTCH=1; %tells which column in eig result is each mode.
114 ROLL=3; %need to automate this. Hardcoded for now
115 A=[Yv/m Yp/m Yr/m-u0 ;
116 Lv/Ipx+Ipzx*Nv Lp/Ipx+Ipzx*Np Lr/Ipx+Ipzx*Nr ;
117 Ipzx*Lv+Nv/Ipz Ipzx*Lp+Np/Ipz Ipzx*Lr+Nr/Ipz]
118 else % 4 by 4
119 DUTCH=2; %tells which column in eig result is each mode.
120 ROLL=1; %need to automate this. Hardcoded for now
121 SPIRAL=4;
122 A=[Yv/m Yp/m Yr/m-u0 g;
123 Lv/Ipx+Ipzx*Nv Lp/Ipx+Ipzx*Np Lr/Ipx+Ipzx*Nr 0;
124 Ipzx*Lv+Nv/Ipz Ipzx*Lp+Np/Ipz Ipzx*Lr+Nr/Ipz 0;
125 0 1 0 0]
126 end
127

128 I=sqrt(-1);
129 [eigenvectors,eigenvalues] = eig(A);
130 fprintf('----------------- eigenvalues');
131 eigenvalues=diag(eigenvalues)
132

133 %display the char. polynomial
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134 syms x;
135 vpa(charpoly(A,x),6)
136

137 format short g
138

139 fprintf('=================> DIMENSIONAL\n');
140 fprintf('dutch mode\n');
141 dutch_mode=[abs(eigenvectors(:,DUTCH))/abs(eigenvectors(RELATIVE_TERM,DUTCH)),�...
142 180/pi*((angle(eigenvectors(:,DUTCH))-angle(eigenvectors(RELATIVE_TERM,DUTCH))))]
143

144 fprintf('rolling mode\n');
145 rolling_mode=[abs(eigenvectors(:,ROLL))/abs(eigenvectors(RELATIVE_TERM,ROLL)),...
146 180/pi*(angle(eigenvectors(:,ROLL))-angle(eigenvectors(RELATIVE_TERM,ROLL)))]
147

148 if CL ~= 0
149 fprintf('spiral mode\n');
150 spiral_mode=[abs(eigenvectors(:,SPIRAL))/abs(eigenvectors(RELATIVE_TERM,SPIRAL)),...
151 180/pi*(angle(eigenvectors(:,SPIRAL))-angle(eigenvectors(RELATIVE_TERM,SPIRAL)))]
152 end
153

154 fprintf('=================> NON-DIMENSIONAL\n');
155 %since we divided above to get the ratio, we now need to add the
156 %factors for non-dimensional. since v->v/u0 and p->p*b/(2 u0) and
157 %r->r*b/(2 u0) to do the non-dimensional, therefore v/r and p/r and phi/r
158 %ratios above have to be adjusted now as follows (little algebra not shown)
159

160 dutch_mode(1,1)=dutch_mode(1,1)*2/b;
161 if CL ~= 0
162 dutch_mode(4,1)=dutch_mode(4,1)*(2*u0)/b;
163 end
164

165 fprintf('dutch mode\n');
166 dutch_mode
167 fprintf('norm is %f\n',norm( dutch_mode(:,1)+exp(1i*pi/180*dutch_mode(:,2))));
168

169 if CL ~= 0
170 spiral_mode(1,1)=spiral_mode(1,1)*2/b;
171 spiral_mode(4,1)=spiral_mode(4,1)*(2*u0)/b;
172 fprintf('spiral mode\n');
173 spiral_mode
174 fprintf('norm is %f\n',norm( spiral_mode(:,1)+exp(1i*pi/180*spiral_mode(:,2))));
175 end
176

177 rolling_mode(1,1)=rolling_mode(1,1)*2/b;
178 if CL ~= 0
179 rolling_mode(4,1)=rolling_mode(4,1)*(2*u0)/b;
180 end
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181

182 fprintf('rolling mode\n');
183 rolling_mode
184 fprintf('norm is %f\n',norm(rolling_mode(:,1)+exp(1i*pi/180*rolling_mode(:,2))));
185 end� �

2.3.4.5 output for C not zero SI units version

EDU>> problem_4_matlab
A =
-0.090761 -0.11555 -76.811 9.81
-2.4348 -56.5 4.9517 0
0.05045 -0.33146 -0.81062 0
0 1 0 0
----------------- eigenvalues
eigenvalues =
-56.502 + 0i
-0.42168 + 2.2886i
-0.42168 - 2.2886i
-0.055268 + 0i
x^4 + 57.4009*x^3 + 56.2364*x^2 + 308.924*x + 16.9114
=================> DIMENSIONAL
dutch_mode =
35.874 80.158
1.5436 -98.95
1 0
0.66332 -199.39
rolling_mode =
2.2246 0
168.36 0
1 0
2.9796 -180
spiral_mode =
12.115 0
0.43488 180
1 0
7.8686 0
=================> NON-DIMENSIONAL
dutch_mode =
7.8498 80.158
1.5436 -98.95
1 0
11.22 -199.39
norm is 13.338843
spiral_mode =
2.651 0
0.43488 180
1 0
133.09 0
norm is 134.160410
rolling_mode =
0.48679 0
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168.36 0
1 0
50.4 -180
norm is 176.431860

2.3.4.6 output for 𝐶𝐿 = 0 SI units version

EDU>> problem_4_matlab
A =

-0.090761 -0.11555 -76.811
-1.9316 -56.5 -1.8449

0.048087 -0.018065 -0.79551
----------------- eigenvalues

-0.44044 + 1.9015i
-0.44044 - 1.9015i
-56.505 + 0i

ans =
x^3 + 57.3858*x^2 + 53.5831*x + 215.257

=================> DIMENSIONAL
dutch_mode =

39.71 79.465
1.3739 256.17

1 0

rolling_mode =

7.72 0
3104.4 0

1 0

=================> NON-DIMENSIONAL
dutch_mode =

8.6893 79.465
1.3739 256.17

1 0

norm is 9.268892

rolling_mode =
1.6893 0
3104.4 0

1 0
norm is 3105.448784
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2.3.4.7 output for CL not zero Imperial units version

EDU>> problem_4_matlab
A =
-0.09058 -0.3785 -252 32.2
-0.73948 -56.294 4.9505 0
0.015343 -0.33158 -0.80909 0
0 1 0 0
eigenvalues =
-56.297 + 0i
-0.42083 + 2.287i
-0.42083 - 2.287i
-0.05525 + 0i
x^4 + 57.1937*x^3 + 55.9473*x^2 + 307.346*x + 16.8197
=================> DIMENSIONAL
dutch_mode =
117.8 80.168
1.5451 -98.94
1 0
0.66446 -199.37
rolling_mode =
7.3191 0
167.68 0
1 0
2.9785 -180
spiral_mode =
39.741 0
0.43452 180
1 0
7.8647 0
=================> NON-DIMENSIONAL
dutch_mode =
7.8534 80.168
1.5451 -98.94
1 0
11.234 -199.37
norm is 13.351797
spiral_mode =
2.6494 0
0.43452 180
1 0
132.97 0
norm is 134.035132
rolling_mode =
0.48794 0
167.68 0
1 0
50.358 -180
norm is 175.773068
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2.3.4.8 output for 𝐶𝐿 = 0 Imperial units version

EDU>> problem_4_matlab
A =

-0.09058 -0.3785 -252
-0.58634 -56.294 -1.8382
0.014621 -0.018029 -0.79393

----------------- eigenvalues
-0.43956 + 1.8992i
-0.43956 - 1.8992i
-56.299 + 0i

x^3 + 57.1785*x^2 + 53.2939*x + 213.948
=================> DIMENSIONAL
dutch_mode =

130.44 79.473
1.3749 256.18

1 0

rolling_mode =
25.353 0
3099.3 0

1 0

=================> NON-DIMENSIONAL
dutch_mode =

8.696 79.473
1.3749 256.18

1 0

norm is 9.275345

rolling_mode =

1.6902 0
3099.3 0

1 0

norm is 3100.286548
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2.3.5 Problem 5

solution

We are told in hint to use 𝑥 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜃
𝑞
𝜙
𝑝

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

as the state vector. Therefore we need to set up a state

equation 𝑥̇ = 𝐴𝑥 that has this form

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜃̇
𝑞̇
𝜙̇
𝑝̇

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 𝐴

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜃
𝑞
𝜙
𝑝

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(1)

So the question is, how to build the 𝐴 matrix above? We have solved this same problem in
HW 2, and in there we found expressions for �𝜃̇, 𝑞̇, 𝜙̇, 𝑝̇� and these will be used as is in this
problem. These are the equations found in HW2 for this problem

𝜃̇ = 𝑞

𝑞̇ =
𝑀 − 𝑝𝐻
𝐼𝑦

𝜙̇ = 𝑝

𝑝̇ =
𝐿 + 𝑞𝐻
𝐼𝑥

Where, from problem 4.10 statement, 𝑀 = 𝑀𝜃𝜃 and 𝐿 = 𝐿𝜙𝜙, hence the above becomes
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𝜃̇ = 𝑞

𝑞̇ =
𝑀𝜃
𝐼𝑦
𝜃 −

𝐻
𝐼𝑦
𝑝

𝜙̇ = 𝑝

𝑝̇ =
𝐿𝜙
𝐼𝑥
𝜙 + 𝑞

𝐻
𝐼𝑥

Substituting the above in (1) results in

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜃̇
𝑞̇
𝜙̇
𝑝̇

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0
𝑀𝜃
𝐼𝑦

0 0 −𝐻
𝐼𝑦

0 0 0 1
0 𝐻

𝐼𝑥

𝐿𝜙
𝐼𝑥

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜃
𝑞
𝜙
𝑝

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2)

The characteristic equation can now be easily found from the definition

|𝐴 − 𝜆𝐼| = 0

�

�

�

−𝜆 1 0 0
𝑀𝜃
𝐼𝑦

−𝜆 0 −𝐻
𝐼𝑦

0 0 −𝜆 1
0 𝐻

𝐼𝑥

𝐿𝜙
𝐼𝑥

−𝜆

�

�

�

= 0

The determinant is found using CAS and this is the result

(mat = {{-s, 1, 0, 0},
{M/Iy, -s, 0, -H/Iy},
{0, 0, -s, 1},
{0, H/Ix, L/Ix, -s}}) // MatrixForm

The characteristic equation is found

poly = Det[mat] == 0;
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poly = Collect[poly, s]

Therefore

𝑝 (𝜆) = 𝜆4 +
𝐻2 − 𝐿𝐼𝑦 −𝑀𝐼𝑥

𝐼𝑥𝐼𝑦
𝜆2 +

𝐿𝑀
𝐼𝑥𝐼𝑦

This has 4 roots. They all should have negative real part for stability. Using the hint given,
we set this as quadratic polynomial in say 𝑟 = 𝑠2 and solve for 𝑟 first. Letting 𝑠2 = 𝑟 in the
above gives

𝑝 (𝑟) = 𝑟2 +
𝐻2 − 𝐿𝐼𝑦 −𝑀𝐼𝑥

𝐼𝑥𝐼𝑦
𝑟 +

𝐿𝑀
𝐼𝑥𝐼𝑦

This can be solved using the quadratic equation

𝑟 = 𝑠2 =
−𝑏
2𝑎

± √
𝑏2 − 4𝑎𝑐
2𝑎

𝑠2 = −
1
2

⎛
⎜⎜⎜⎝
𝐻2 − 𝐿𝐼𝑦 −𝑀𝐼𝑥

𝐼𝑥𝐼𝑦

⎞
⎟⎟⎟⎠ ±

1
2

�
⃓
⃓
⎷
�
𝐻2 − 𝐿𝐼𝑦 −𝑀𝐼𝑥

𝐼𝑥𝐼𝑦
�
2

− 4 �
𝐿𝑀
𝐼𝑥𝐼𝑦

�

�
𝐻2−𝐿𝐼𝑦−𝑀𝐼𝑥

𝐼𝑥𝐼𝑦 �
2

is always positive. Let 𝐴 = �
𝐻2−𝐿𝐼𝑦−𝑀𝐼𝑥

𝐼𝑥𝐼𝑦 �, hence the above can be written as

𝑠2 = −
1
2
𝐴 ±

1
2�

𝐴2 − 4 �
𝐿𝑀
𝐼𝑥𝐼𝑦

�

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

case 1

�����������������������������������
−
1
2
𝐴 +

1
2�

𝐴2 − 4 �
𝐿𝑀
𝐼𝑥𝐼𝑦

�,

case 2

�����������������������������������
−
1
2
𝐴 −

1
2�

𝐴2 − 4 �
𝐿𝑀
𝐼𝑥𝐼𝑦

�

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

We want to find out if the real part of 𝑠 is negative or not to decide on stability. Considering
each case at a time.

2.3.5.1 Case 1

𝑠2 = −
1
2
𝐴 +

1
2�

𝐴2 − 4 �
𝐿𝑀
𝐼𝑥𝐼𝑦

�

There are two sub-cases to consider under this case. If the expression 𝐴2 − 4 � 𝐿𝑀𝐼𝑥𝐼𝑦 � under the
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square root is positive or negative. Let 𝐴2 − 4 � 𝐿𝑀𝐼𝑥𝐼𝑦 � = 𝐵 therefore

2.3.5.2 Case B negative

If 𝐵 < 0 then

𝑠2 = −
1
2
𝐴 +

1
2
𝑖√|𝐵|

This is a complex number, say 𝑧. To make it easier to proceed, it is written in polar form as
|𝑧| 𝑒𝑖 arg(𝑧). Hence in polar form

𝑠2 = 𝑧 = |𝑧| 𝑒𝑖 arg 𝑧

Where |𝑧| is the magnitude of the complex root, which is always positive. Taking the square
root of the complex root gives

𝑠1,2 = ± �|𝑧| 𝑒𝑖 arg 𝑧�
1
2

= ±√|𝑧|𝑒
𝑖
2 arg 𝑧

= {+√|𝑧|𝑒
𝑖
2 arg 𝑧, −√𝑧𝑒

𝑖
2 arg 𝑧}

The real part of +√𝑧𝑒
𝑖
2 arg 𝑧 is Re �√𝑧 �cos �arg 𝑧

2
� + 𝑖 sin �arg 𝑧

2
��� = √𝑧 cos �arg 𝑧

2
� and the real

part of the second root is Re �−√𝑧 �cos �arg 𝑧
2
� + 𝑖 sin �arg 𝑧

2
��� = −√|𝑧| cos �arg 𝑧

2
�

These two complex roots have the following real parts

Re (𝑠1) = −√|𝑧| cos �arg 𝑧
2

�

Re (𝑠2) = √|𝑧| cos �arg 𝑧
2

�

These real parts can not be both negative or both positive at the same time. If we assume
cos �arg 𝑧

2
� > 0 for some arg 𝑧

2 , then Re (𝑠1) < 0 (since √|𝑧| > 0 all the time, since |𝑧| is the
magnitude of the complex root). But Re (𝑠2) > 0 or unstable.

On the other hand, if we assume cos �arg 𝑧
2
� < 0 then Re (𝑠2) < 0 but now Re (𝑠1) > 0, hence

unstable. Therefore if 𝐵 < 0 then the system is not stable as one of the roots must have

positive real part. Since 𝐵 = 𝐴2−4 � 𝐿𝑀𝐼𝑥𝐼𝑦 �, this implies that 4 � 𝐿𝑀𝐼𝑥𝐼𝑦 � > 𝐴
2. Since 𝐴2 = �

𝐻2−𝐿𝐼𝑦−𝑀𝐼𝑥
𝐼𝑥𝐼𝑦 �

2

then this condition means

4 �
𝐿𝑀
𝐼𝑥𝐼𝑦

� >
⎛
⎜⎜⎜⎝
𝐻2 − 𝐿𝐼𝑦 −𝑀𝐼𝑥

𝐼𝑥𝐼𝑦

⎞
⎟⎟⎟⎠
2

4𝐿𝑀 >
�𝐻2 − 𝐿𝐼𝑦 −𝑀𝐼𝑥�

2

𝐼𝑥𝐼𝑦
(unstable)

Therefore, if 𝐵 < 0, the system is always unstable as one of the roots is unstable.
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2.3.5.3 Case B positive

If 𝐵 > 0 then

𝑠2 = −
1
2
𝐴 +

1
2√

|𝐵|

=
1
2
�√|𝐵| − 𝐴�

Now √|𝐵| is positive number. Let √|𝐵| = |𝐷| then

𝑠2 =
1
2
(|𝐷| − 𝐴)

Now we can take the square root

𝑠 = ±
�
1
2√

|𝐷| − 𝐴

=
⎧⎪⎨
⎪⎩�

1
2√

|𝐷| − 𝐴, −
�
1
2√

|𝐷| − 𝐴
⎫⎪⎬
⎪⎭

If (|𝐷| − 𝐴) > 0 then 𝑠1 is real and positive, hence unstable. This means |𝐷| > 𝐴 or
�
𝐴2 − 4 � 𝐿𝑀𝐼𝑥𝐼𝑦 � >

𝐴 and since 𝐴 =
𝐻2−𝐿𝐼𝑦−𝑀𝐼𝑥

𝐼𝑥𝐼𝑦
then the condition is

�
⃓
⃓
⎷
�
𝐻2 − 𝐿𝐼𝑦 −𝑀𝐼𝑥

𝐼𝑥𝐼𝑦
�
2

− 4 �
𝐿𝑀
𝐼𝑥𝐼𝑦

� >
𝐻2 − 𝐿𝐼𝑦 −𝑀𝐼𝑥

𝐼𝑥𝐼𝑦
⎛
⎜⎜⎜⎝
𝐻2 − 𝐿𝐼𝑦 −𝑀𝐼𝑥

𝐼𝑥𝐼𝑦

⎞
⎟⎟⎟⎠
2

− 4 �
𝐿𝑀
𝐼𝑥𝐼𝑦

� >
⎛
⎜⎜⎜⎝
𝐻2 − 𝐿𝐼𝑦 −𝑀𝐼𝑥

𝐼𝑥𝐼𝑦

⎞
⎟⎟⎟⎠
2

−4 �
𝐿𝑀
𝐼𝑥𝐼𝑦

� > 0

𝐿𝑀
𝐼𝑥𝐼𝑦

< 0

𝐿𝑀 < 0 (unstable)

But if (|𝐷| − 𝐴) < 0 then 𝑠1 and 𝑠2 are pure imaginary numbers. Hence the system is
marginally stable (real part is zero. Some books call this marginally unstable). This means
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|𝐷| < 𝐴 or
�
𝐴2 − 4 � 𝐿𝑀𝐼𝑥𝐼𝑦 � < 𝐴 then the condition is

�
⃓
⃓
⎷
�
𝐻2 − 𝐿𝐼𝑦 −𝑀𝐼𝑥

𝐼𝑥𝐼𝑦
�
2

− 4 �
𝐿𝑀
𝐼𝑥𝐼𝑦

� <
𝐻2 − 𝐿𝐼𝑦 −𝑀𝐼𝑥

𝐼𝑥𝐼𝑦
⎛
⎜⎜⎜⎝
𝐻2 − 𝐿𝐼𝑦 −𝑀𝐼𝑥

𝐼𝑥𝐼𝑦

⎞
⎟⎟⎟⎠
2

− 4 �
𝐿𝑀
𝐼𝑥𝐼𝑦

� <
⎛
⎜⎜⎜⎝
𝐻2 − 𝐿𝐼𝑦 −𝑀𝐼𝑥

𝐼𝑥𝐼𝑦

⎞
⎟⎟⎟⎠
2

−4 �
𝐿𝑀
𝐼𝑥𝐼𝑦

� < 0

𝐿𝑀 > 0 (marginally stable)

We need repeat all the above for case 2

2.3.5.4 Case 2

𝑠2 = −
1
2
𝐴 −

1
2�

𝐴2 − 4 �
𝐿𝑀
𝐼𝑥𝐼𝑦

�

There is now 2 sub cases to consider. If the expression
�
𝐴2 − 4 � 𝐿𝑀𝐼𝑥𝐼𝑦 �under the square root

is positive or negative. Let 𝐴2 − 4 � 𝐿𝑀𝐼𝑥𝐼𝑦 � = 𝐵 therefore

2.3.5.5 Case negative

If 𝐵 < 0 then

𝑠2 = −
1
2
𝐴 −

1
2
𝑖√|𝐵|

This is a complex number. To make it easier to proceed, it is written in polar form as

�𝑠2� 𝑒𝑖 arg�𝑠2�. Hence in polar form

𝑠2 = �𝑠2� 𝑒𝑖 arg�𝑠2�

This is the same as case 1. Will just use that result. hence this is unstable condition

4 �
𝐿𝑀
𝐼𝑥𝐼𝑦

� >
⎛
⎜⎜⎜⎝
𝐻2 − 𝐿𝐼𝑦 −𝑀𝐼𝑥

𝐼𝑥𝐼𝑦

⎞
⎟⎟⎟⎠
2

4𝐿𝑀 >
�𝐻2 − 𝐿𝐼𝑦 −𝑀𝐼𝑥�

2

𝐼𝑥𝐼𝑦
(unstable)

Therefore, if 𝐵 < 0, system unstable.
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2.3.5.6 Case positive

If 𝐵 > 0 then

𝑠2 = −
1
2
𝐴 −

1
2√

|𝐵|

= −
1
2
�√|𝐵| + 𝐴�

Now √|𝐵| is positive number, since 𝐵 > 0. Then

𝑠 = ±𝑖
�
1
2�√

|𝐵| + 𝐴

=
⎧⎪⎨
⎪⎩𝑖�

1
2�√

|𝐵| + 𝐴, −𝑖
�
1
2�√

|𝐵| + 𝐴
⎫⎪⎬
⎪⎭

If √|𝐵| + 𝐴 > 0 then both 𝑠1 and 𝑠2 are pure imaginary and the system is marginally stable

(real part is zero). This condition is √|𝐵| + �
𝐻2−𝐿𝐼𝑦−𝑀𝐼𝑥

𝐼𝑥𝐼𝑦 � > 0 or

�
⃓
⃓
⎷
�
𝐻2 − 𝐿𝐼𝑦 −𝑀𝐼𝑥

𝐼𝑥𝐼𝑦
�
2

− 4 �
𝐿𝑀
𝐼𝑥𝐼𝑦

� +
⎛
⎜⎜⎜⎝
𝐻2 − 𝐿𝐼𝑦 −𝑀𝐼𝑥

𝐼𝑥𝐼𝑦

⎞
⎟⎟⎟⎠ > 0 (marginally stable)

If √|𝐵| + 𝐴 < 0 then 𝑠1 = 𝑖�
1
2 𝑖 ��√|𝐵| + 𝐴� = −�

1
2 ��√|𝐵| + 𝐴� which is negative, hence 𝑠1 is

stable. and 𝑠2 = −𝑖�
1
2 𝑖 ��√|𝐵| + 𝐴� = �

1
2 ��√|𝐵| + 𝐴� which is positive, hence 𝑠2 is not stable.

This condition is √|𝐵| + �
𝐻2−𝐿𝐼𝑦−𝑀𝐼𝑥

𝐼𝑥𝐼𝑦 � < 0 or

�
⃓
⃓
⎷
�
𝐻2 − 𝐿𝐼𝑦 −𝑀𝐼𝑥

𝐼𝑥𝐼𝑦
�
2

− 4 �
𝐿𝑀
𝐼𝑥𝐼𝑦

� +
⎛
⎜⎜⎜⎝
𝐻2 − 𝐿𝐼𝑦 −𝑀𝐼𝑥

𝐼𝑥𝐼𝑦

⎞
⎟⎟⎟⎠ < 0 (not stable)

This covers all 4 cases. We now summarize the findings

2.3.5.7 Summary of results

condition meaning

𝐿𝑀 > 1
4

�𝐻2−𝐿𝐼𝑦−𝑀𝐼𝑥�
2

𝐼𝑥𝐼𝑦
unstable

𝐿𝑀 < 0 unstable

𝐿𝑀 > 0 marginally stable

�
�
𝐻2−𝐿𝐼𝑦−𝑀𝐼𝑥

𝐼𝑥𝐼𝑦
�
2
− 4 � 𝐿𝑀𝐼𝑥𝐼𝑦 � + �

𝐻2−𝐿𝐼𝑦−𝑀𝐼𝑥
𝐼𝑥𝐼𝑦 � > 0 marginally stable

�
�
𝐻2−𝐿𝐼𝑦−𝑀𝐼𝑥

𝐼𝑥𝐼𝑦
�
2
− 4 � 𝐿𝑀𝐼𝑥𝐼𝑦 � + �

𝐻2−𝐿𝐼𝑦−𝑀𝐼𝑥
𝐼𝑥𝐼𝑦 � < 0 not stable
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I do not think I did this correctly. 𝐿𝑀 > 1
4

�𝐻2−𝐿𝐼𝑦−𝑀𝐼𝑥�
2

𝐼𝑥𝐼𝑦
comes out as unstable. But 1

4

�𝐻2−𝐿𝐼𝑦−𝑀𝐼𝑥�
2

𝐼𝑥𝐼𝑦
is positive quantity, while 𝐿𝑀 > 0 came out as marginally stable. We can’t have both cases
be true.

2.3.6 Key solution
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2.4 HW4

2.4.1 Problem 1

2.4.1.1 part (a)

Equation 7.7,11 b is

Δ𝜃 (𝑠)
𝛿𝑒 (𝑠)

= 𝐺𝜃𝛿𝑒 =
𝑏1𝑠 + 𝑏0
𝑠𝑓 (𝑠)

(7.7,11 b)

Where 𝑓 (𝑠) = 𝑠2 + 𝑐1𝑠 + 𝑐0. Using the hint, from (7.3,10), page 211 in the textbook

𝑓 (𝑠) = 𝑠2 + 𝑐1𝑠 + 𝑐0
= 𝑠2 + 2𝜁𝜔𝑛𝑠 + 𝜔2

𝑛

= (𝑠 − 𝑛)2 + 𝜔2 (7.3,10)

Where 𝑛 = −𝜁𝜔𝑛 and 𝜔 = 𝜔𝑛��1 − 𝜁
2� . Substituting (7.3,10) into (7.7,11 b) gives

Δ𝜃 (𝑠)
𝛿𝑒 (𝑠)

=
𝑏1𝑠 + 𝑏0

𝑠 �(𝑠 − 𝑛)2 + 𝜔2�

Since 𝛿𝑒 (𝑡) is approximated as an impulse, its Laplace transform 𝛿𝑒 (𝑠) is one. The above
becomes

Δ𝜃 (𝑠) =
𝑏1𝑠 + 𝑏0

𝑠 �(𝑠 − 𝑛)2 + 𝜔2�
=

𝑏1𝑠 + 𝑏0

𝑠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
𝑠2 − 2𝑛𝑠 + �𝑛2 + 𝜔2����������������������������

polynomial in s

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(1)
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To find Δ𝜃 (𝑡), the inverse Laplace of the RHS of (1) is found using partial fractions. The
polynomial in the denominator of (1) is in the following form

1
𝑥 �𝑥2 + 𝑏𝑥 + 𝑐�

From tables, the above has this partial fraction
𝐴
𝑥
+

𝐵𝑥
𝑥2 + 𝑏𝑥 + 𝑐

+
𝐶

𝑥2 + 𝑏𝑥 + 𝑐
Therefore (1) can be written as

𝑏1𝑠 + 𝑏0
𝑠 �(𝑠 − 𝑛)2 + 𝜔2�

=
𝐴
𝑠
+

𝐵𝑠
𝑠2 − 2𝑛𝑠 + �𝑛2 + 𝜔2�

+
𝐶

𝑠2 − 2𝑛𝑠 + �𝑛2 + 𝜔2�

=
𝐴
𝑠
+

𝐵𝑠 + 𝐶
𝑠2 − 2𝑛𝑠 + �𝑛2 + 𝜔2�

=
𝐴
𝑠
+

𝐵𝑠 + 𝐶
(𝑠 − 𝑛)2 + 𝜔2

(2)

Expanding both sides and comparing powers of 𝑠 of the numerators gives

𝑏1𝑠 + 𝑏0 = 𝐴 �(𝑠 − 𝑛)
2 + 𝜔2� + 𝑠 (𝐵𝑠 + 𝐶)

= 𝐴 ��𝑠2 + 𝑛2 − 2𝑛𝑠� + 𝜔2� + 𝐵𝑠2 + 𝐶𝑠

= 𝐴𝑠2 − 2𝐴𝑛𝑠 + 𝐴 �𝑛2 + 𝜔2� + 𝐵𝑠2 + 𝐶𝑠

= 𝑠2 (𝐴 + 𝐵) + 𝑠 (−2𝐴𝑛 + 𝐶) + 𝐴 �𝑛2 + 𝜔2�

Comparing powers of 𝑠 results in

𝑏0 = 𝐴 �𝑛2 + 𝜔2�

𝑏1 = −2𝐴𝑛 + 𝐶
0 = 𝐴 + 𝐵

From the first equation above, 𝐴 = 𝑏0
𝑛2+𝜔2 and from the third equation 𝐵 = −𝐴 = − 𝑏0

𝑛2+𝜔2 .

Using these, the second equation gives

𝐶 = 𝑏1 + 2𝐴𝑛

= 𝑏1 +
2𝑏0𝑛
𝑛2 + 𝜔2

=
𝑏1 �𝑛2 + 𝜔2� + 2𝑏0𝑛

𝑛2 + 𝜔2
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Substituting the above values found for 𝐴,𝐵, 𝐶 into (2) results in

Δ𝜃 (𝑠) =
𝐴
𝑠
+

𝐵𝑠 + 𝐶
(𝑠 − 𝑛)2 + 𝜔2

=
𝑏0

𝑛2 + 𝜔2
1
𝑠
+

−𝑏0
𝑛2+𝜔2 𝑠 +

𝑏1�𝑛2+𝜔2�+2𝑏0𝑛
𝑛2+𝜔2

(𝑠 − 𝑛)2 + 𝜔2

=
𝑏0

𝑛2 + 𝜔2
1
𝑠
+

1
𝑛2 + 𝜔2

−𝑏0𝑠 + 𝑏1 �𝑛2 + 𝜔2� + 2𝑏0𝑛

(𝑠 − 𝑛)2 + 𝜔2

= �
𝑏0

𝑛2 + 𝜔2 �
1
𝑠
−

𝑏0
�𝑛2 + 𝜔2�

⎛
⎜⎜⎜⎜⎜⎜⎝

𝑠 − 𝑏1
𝑏0
�𝑛2 + 𝜔2� − 2𝑛

(𝑠 − 𝑛)2 + 𝜔2

⎞
⎟⎟⎟⎟⎟⎟⎠

Using Laplace transform tables5 the expression 𝑠−𝛼
(𝑠−𝛼)2+𝜔2

is seen as closest to the above. To

use the above expression, the second term above is converted to match it. Rewriting Δ𝜃(𝑠)
as

Δ𝜃 (𝑠) = �
𝑏0

𝑛2 + 𝜔2 �
1
𝑠
−

𝑏0
�𝑛2 + 𝜔2�

⎛
⎜⎜⎜⎜⎜⎜⎝

(𝑠 − 𝑛) − 𝑏1
𝑏0
�𝑛2 + 𝜔2� − 𝑛

(𝑠 − 𝑛)2 + 𝜔2

⎞
⎟⎟⎟⎟⎟⎟⎠

And breaking the second term on the RHS

Δ𝜃 (𝑠) = �
𝑏0

𝑛2 + 𝜔2 �
1
𝑠
−

𝑏0
�𝑛2 + 𝜔2�

⎡
⎢⎢⎢⎢⎢⎢⎣

(𝑠 − 𝑛)
(𝑠 − 𝑛)2 + 𝜔2

−
𝑏1
𝑏0
�𝑛2 + 𝜔2� + 𝑛

(𝑠 − 𝑛)2 + 𝜔2

⎤
⎥⎥⎥⎥⎥⎥⎦

= �
𝑏0

𝑛2 + 𝜔2 �
1
𝑠
−

𝑏0
�𝑛2 + 𝜔2�

�
(𝑠 − 𝑛)

(𝑠 − 𝑛)2 + 𝜔2
−
1
𝜔 �

𝑏1
𝑏0
�𝑛2 + 𝜔2� + 𝑛�

𝜔
(𝑠 − 𝑛)2 + 𝜔2 � (3)

Using 𝑠−𝛼
(𝑠−𝛼)2+𝜔2

⇒ 𝑢 (𝑡) 𝑒𝛼𝑡 cos (𝜔𝑡) for the first part of the second term, and using 𝜔
(𝑠−𝛼)2+𝜔2

⇒

𝑢(𝑡) 𝑒𝛼𝑡 sin𝜔𝑡 for the second part of the second term above, and since 1
𝑠 ⇒ 𝑢(𝑡) where 𝑢 (𝑡)

in the above is the unit step function which can be factored out of all the terms since it is a
common term. Now the inverse Laplace of (3) can be written as

Δ𝜃 (𝑡) = �
𝑏0

𝑛2 + 𝜔2 � 𝑢 (𝑡) −
𝑏0

�𝑛2 + 𝜔2�
�𝑒𝑛𝑡 cos (𝜔𝑡) − 1

𝜔 �
𝑏1
𝑏0
�𝑛2 + 𝜔2� + 𝑛� 𝑒𝑛𝑡 sin (𝜔𝑡)� 𝑢 (𝑡)

Therefore the time domain is

Δ𝜃 (𝑡) =
𝑏0

𝑛2 + 𝜔2 −
𝑒𝑛𝑡𝑏0 cos (𝜔𝑡)
�𝑛2 + 𝜔2�

+
1
𝜔
𝑏1 �𝑛2 + 𝜔2� + 𝑛

�𝑛2 + 𝜔2�
𝑒𝑛𝑡 sin (𝜔𝑡) (4)

For 𝑡 ≥ 0
5http://en.wikibooks.org/wiki/Engineering_Tables/Laplace_Transform_Table_2
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2.4.1.2 Part (b)

𝑐1, 𝑐0 are now found in terms of 𝑛,𝜔. This is by definition from

𝑓 (𝑠) = 𝑠2 + 𝑐1𝑠 + 𝑐0
= (𝑠 − 𝑛)2 + 𝜔2

= 𝑠2 − 2𝑛𝑠 + �𝜔2 + 𝑛2� (7.3,10)

Comparing terms gives

𝑐1 = −2𝑛
𝑐0 = 𝜔2 + 𝑛2

Since 𝑛,𝜔 are known experimentally, using the above relation gives 𝑐1, 𝑐0.

To find 𝑏0 and 𝑏1, equation (4) in part (a) above is used, which is the solution as a function
of time. 𝑛 and 𝜔 are known, therefore equation (4) has two unknowns: 𝑏1, 𝑏0. This requires
two equations to solve. From the data, using 𝜃 (𝑡1) and 𝑡1 generates one instance of equation
(4) which is the solution at the instance 𝑡1. Another data set 𝜃 (𝑡2) and 𝑡2 generates a second
instance of the solution at 𝑡2.

Δ𝜃1 (𝑡1) =
𝑏0

𝑛2 + 𝜔2 −
𝑒𝑛𝑡1𝑏0 cos (𝜔𝑡1)
�𝑛2 + 𝜔2�

+
1
𝜔
𝑏1 �𝑛2 + 𝜔2� + 𝑛

�𝑛2 + 𝜔2�
𝑒𝑛𝑡1 sin (𝜔𝑡1)

Δ𝜃2 (𝑡2) =
𝑏0

𝑛2 + 𝜔2 −
𝑒𝑛𝑡2𝑏0 cos (𝜔𝑡2)
�𝑛2 + 𝜔2�

+
1
𝜔
𝑏1 �𝑛2 + 𝜔2� + 𝑛

�𝑛2 + 𝜔2�
𝑒𝑛𝑡2 sin (𝜔𝑡2)

These two equations can be solved numerically simultaneously for 𝑏0, 𝑏1. All the parameters
in (4) are now known: {𝑏0, 𝑏1, 𝑛, 𝜔}. The solution as given in (4) is now found and can be
simulated or plotted as needed.

2.4.2 Problem 2

solution
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The eight transfer functions are given in equation (7.9,5)

𝐺𝑣,𝛿𝑎 (𝑠) =
𝑁𝑣,𝛿𝑎 (𝑠)
𝑓 (𝑠)

=
2.896𝑠2 + 6.542𝑠 + 0.622

𝑓 (𝑠)

𝐺𝑣,𝛿𝑟 (𝑠) =
𝑁𝑣,𝛿𝑟 (𝑠)
𝑓 (𝑠)

=
5.642𝑠3 + 379.4𝑠2 + 167.9𝑠 − 5.934

𝑓 (𝑠)

𝐺𝑝,𝛿𝑎 (𝑠) =
𝑁𝑝,𝛿𝑎 (𝑠)
𝑓 (𝑠)

=
0.1431𝑠3 + 0.0273𝑠2 + 0.1102𝑠

𝑓 (𝑠)

𝐺𝑝,𝛿𝑟 (𝑠) =
𝑁𝑝,𝛿𝑟 (𝑠)
𝑓 (𝑠)

=
0.1144𝑠3 − 0.1997𝑠2 − 1.368𝑠

𝑓 (𝑠)

𝐺𝑟,𝛿𝑎 (𝑠) =
𝑁𝑟,𝛿𝑎 (𝑠)
𝑓 (𝑠)

=
−0.003741𝑠3 − 0.002708𝑠2 − 0.0001394𝑠 + 0.004539

𝑓 (𝑠)

𝐺𝑟,𝛿𝑟 (𝑠) =
𝑁𝑟,𝛿𝑟 (𝑠)
𝑓 (𝑠)

=
−0.4849𝑠3 − 0.2327𝑠2 − 0.009018𝑠 − 0.05647

𝑓 (𝑠)

𝐺𝜙,𝛿𝑎 (𝑠) =
𝑁𝜙,𝛿𝑎 (𝑠)
𝑓 (𝑠)

=
0.1431𝑠2 + 0.0273𝑠 + 0.1102

𝑓 (𝑠)

𝐺𝜙,𝛿𝑟 (𝑠) =
𝑁𝜙𝑣,𝛿𝑟 (𝑠)
𝑓 (𝑠)

=
0.1144𝑠2 − 0.1997𝑠 − 1.368

𝑓 (𝑠)
Where

𝑓 (𝑠) = 𝑠4 + 0.6358𝑠3 + 0.9388𝑠2 + 0.5114𝑠 + 0.003682 (6.7,2)

2.4.2.1 part (a)

To find the static gain, equation (7.4,5) is used, which says

𝑘 = lim
𝑠→0

𝐺𝑖𝑗 (𝑠) (7.5,4)
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The above is applied to each of the transfer functions in (7.9,5)

𝐾𝑣,𝛿𝑎 = lim
𝑠→0

𝐺𝑣,𝛿𝑎 (𝑠) = lim
𝑠→0

2.896𝑠2 + 6.542𝑠 + 0.622
𝑠4 + 0.6358𝑠3 + 0.9388𝑠2 + 0.5114𝑠 + 0.003682

=
0.622

0.003682
= 168. 93

𝐾𝑣,𝛿𝑟 = lim
𝑠→0

𝐺𝑣,𝛿𝑟 (𝑠) = lim
𝑠→0

5.642𝑠3 + 379.4𝑠2 + 167.9𝑠 − 5.934
𝑠4 + 0.6358𝑠3 + 0.9388𝑠2 + 0.5114𝑠 + 0.003682

=
−5.934
0.003682

= −1611. 6

𝐾𝑝,𝛿𝑎 = lim
𝑠→0

𝐺𝑝,𝛿𝑎 (𝑠) = lim
𝑠→0

0.1431𝑠3 + 0.0273𝑠2 + 0.1102𝑠
𝑠4 + 0.6358𝑠3 + 0.9388𝑠2 + 0.5114𝑠 + 0.003682

= 0

𝐾𝑝,𝛿𝑟 = lim
𝑠→0

𝐺𝑝,𝛿𝑟 (𝑠) = lim
𝑠→0

0.1144𝑠3 − 0.1997𝑠2 − 1.368𝑠
𝑠4 + 0.6358𝑠3 + 0.9388𝑠2 + 0.5114𝑠 + 0.003682

= 0

𝐾𝑟,𝛿𝑎 = lim
𝑠→0

𝐺𝑟,𝛿𝑎 (𝑠) = lim
𝑠→0

−0.003741𝑠3 − 0.002708𝑠2 − 0.0001394𝑠 + 0.004539
𝑠4 + 0.6358𝑠3 + 0.9388𝑠2 + 0.5114𝑠 + 0.003682

=
0.004539
0.003682

= 1. 232 8

𝐾𝑟,𝛿𝑟 = lim
𝑠→0

𝐺𝑟,𝛿𝑟 (𝑠) = lim
𝑠→0

−0.4849𝑠3 − 0.2327𝑠2 − 0.009018𝑠 − 0.05647
𝑠4 + 0.6358𝑠3 + 0.9388𝑠2 + 0.5114𝑠 + 0.003682

=
−0.05647
0.003682

= −15. 337

𝐾𝜙,𝛿𝑎 = lim
𝑠→0

𝐺𝜙,𝛿𝑎 (𝑠) = lim
𝑠→0

0.1431𝑠2 + 0.0273𝑠 + 0.1102
𝑠4 + 0.6358𝑠3 + 0.9388𝑠2 + 0.5114𝑠 + 0.003682

=
0.1102
0.003682

= 29. 929

𝐾𝜙,𝛿𝑟 = lim
𝑠→0

𝐺𝜙,𝛿𝑟 (𝑠) = lim
𝑠→0

0.1144𝑠2 − 0.1997𝑠 − 1.368
𝑠4 + 0.6358𝑠3 + 0.9388𝑠2 + 0.5114𝑠 + 0.003682

=
−1.368
0.003682

= −371. 54

2.4.2.2 part(b)

The slope for large frequency is determined for all the above transfer functions using the
following method. The first step is to write the transfer function in a polynomial factored
form (in Matlab, called zpk form). This results in the following form of the transfer function

𝐺 (𝑠) =
𝑘 (𝑠 + 𝑧1) (𝑠 + 𝑧2)⋯ (𝑠 + 𝑧𝑛)
𝑠 �𝑠 + 𝑝1� �𝑠 + 𝑝2�⋯ �𝑠 + 𝑝𝑚�

Where the 𝑧𝑖 are the zeros of the numerator polynomial, and the 𝑝𝑖 are the poles of the
denominator polynomial.

𝑠 is now replaced by 𝑗𝜔 and each factored term is converted to �1 + 𝑗𝜔𝑧𝑖 � in the numerator

and to �1 + 𝑗𝜔𝑝𝑖 � in the denominator. This requires factoring out a 𝑧𝑖 or 𝑝𝑖. This converts 𝐺 (𝑠)
to a standard form for corner frequency analysis in the bode plot.

𝐺 (𝑠) =
𝑘 𝑧1𝑧2⋯𝑧𝑛
𝑝1𝑝2⋯𝑝𝑚

�1 + 𝑗 𝜔𝑧1 � �1 + 𝑗
𝜔
𝑧2
�⋯�1 + 𝑗 𝜔𝑧𝑛 �

𝑠 �1 + 𝑗 𝜔𝑝1 � �1 + 𝑗
𝜔
𝑝2
�⋯�1 + 𝑗 𝜔𝑝𝑛 �

= �𝑘
𝑧1𝑧2⋯𝑧𝑛
𝑝1𝑝2⋯𝑝𝑚

�
�1 + 𝑗 𝜔𝑧1 � �1 + 𝑗

𝜔
𝑧2
�⋯�1 + 𝑗 𝜔𝑧𝑛 �

�𝑗𝜔� �1 + 𝑗 𝜔𝑝1 � �1 + 𝑗
𝜔
𝑝2
�⋯�1 + 𝑗 𝜔𝑝𝑛 �

In the above, 𝑧𝑖 and 𝑝𝑖 are corner frequencies. At a corner frequency the slope changes by
+20 db/decade at each zero 𝑧𝑖, and changes by −20 db/decade for the each pole 𝑝𝑖.

Therefore when a corner frequency in the numerator is reached, the slope of the bode log
magnitude increases by additional 20 db/decade and when a corner frequency 𝑝𝑖 in the
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denominator is reached, the slope of the bode log magnitude decreases by 20 db/decade.
The slope starts at −20 db/decade due to the �𝑗𝜔� term in the denominator. This term has
no corner frequency but it has slope of −20 db/decade.

Using this form of the transfer function, to find the slope for large frequency, 20 db/decade
is added for each zero and 20 db/decade is subtracted for each pole. This is done for all
corner frequencies until all frequencies are counted for. The final slope that results, is the
slope needed, which is the slope at large frequency.

Since the number of zeros is the same as the degree of the numerator polynomial, and the
number of poles is the same as the degree of the denominator polynomial, the di�erence
between the degrees gives the final slope in db per decade. In this problem the number of
poles is 4 for all the transfer functions since that is the common polynomial 𝑓 (𝑠).

The final slope is converted to decade per decade since 20 db per decade is one decade per
decade. The table below summarizes the result

Transfer function zeros poles large frequency slope slope (decade/decade)

𝐺𝑣,𝛿𝑎 (𝑠) 2 4 (2 − 4) = −2 ⇒ −40 db/dec −2
𝐺𝑣,𝛿𝑟 (𝑠) 3 4 (3 − 4) = −1 ⇒ −20 db/dec −1
𝐺𝑝,𝛿𝑎 (𝑠) 3 4 (3 − 4) = −1 ⇒ −20 db/dec −1
𝐺𝑝,𝛿𝑟 (𝑠) 3 4 (3 − 4) = −1 ⇒ −20 db/dec −1
𝐺𝑟,𝛿𝑎 (𝑠) 3 4 (3 − 4) = −1 ⇒ −20 db/dec −1
𝐺𝑟,𝛿𝑟 (𝑠) 3 4 (3 − 4) = −1 ⇒ −20 db/dec −1
𝐺𝜙,𝛿𝑎 (𝑠) 2 4 (2 − 4) = −2 ⇒ −40 db/dec −2
𝐺𝜙,𝛿𝑟 (𝑠) 2 4 (2 − 4) = −2 ⇒ −40 db/dec −2

2.4.2.3 Part(c)

To make it easier to answer this question, block diagrams are used for the transfer functions.
The following diagram shows the 8 transfer functions in (7.9,5) in block diagrams. The
input is the control signal, and the output is the result of multiplying the control signal by
the transfer function.

To find the output from the transfer function, the input to the transfer function is multiplied
by the transfer function itself. For example, looking at the last transfer function block
diagram in the aileron transfer functions above, the following determines 𝜙

𝜙 = 𝛿𝑎𝐺𝜙𝛿𝑎

The above from the definition of the transfer function, since 𝐺𝜙𝛿𝑎 =
𝑜𝑢𝑡𝑝𝑢𝑡
𝑖𝑛𝑝𝑢𝑡 =

𝜙
𝛿𝑎
. The input to

the transfer function block is the control signal.

The problem says that 𝜔 = 0 rad s−1, which is the steady state. But 𝑘 = lim𝑠→0𝐺𝑖𝑗 (𝑠) from
part (a). This means the transfer function in the above block diagram becomes the static
gain. Each 𝐺 (𝑠) is replaced by the corresponding gain found in part (a).
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Figure 2.34: Block diagram view of lateral motion transfer functions
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Figure 2.35: Block diagram view of lateral motion transfer functions with gain only
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2.4.2.3.1 Aileron controls For the aileron control

𝜙 = 𝛿𝑎𝐺𝜙𝛿𝑎

using 𝜙 = 150 = 15 � 𝜋
180
� = 0.261 80 rad the above becomes

0.261 80 = 𝛿𝑎 × 29.929

𝛿𝑎 =
0.26180
29.929

= 8.7474 × 10−3 radian

= 8.7474 × 10−3 �
180
𝜋 �

= 0.501 19°

This is the aileron control angle that produces 𝜙 = 15𝑜 in steady state. The problem now
asks to find 𝛽, the side slip angle. The side slip angle is

Figure 2.36: Showing side slip angle, From textbook

And given in equation (1.6,4) in the textbook as

𝛽 = tan−1 �
𝑣
𝑉
� (1.6,4)

Where 𝑣 is the speed in the lateral direction and 𝑉 is the magnitude of the velocity vector of
the airplane. The example used in this problem is based on the same jet section 6.2, page
165 of the textbook, shown in the figure below.
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Figure 2.37: Airplane data used for problem 2

From the above 𝑢𝑜 = 774 ft s−1. Using this in (1.6,4) gives

𝛽 = tan−1 �
𝑣
774

� (2)

𝑣 is now found in order to find 𝛽. From the above transfer functions, using the first one gives
𝑣

168.93a v

control 
signal output

Figure 2.38: 𝐺𝑟,𝛿𝑎 block diagram for problem 2

Therefore 𝑣 = 𝛿𝑎 (168.93) but 𝛿𝑎 = 0.501 19° from above. Hence

𝑣 = �0.50119𝑜 ×
𝜋
180

� (168.93)

= 1.4777 ft s−1
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Substituting 𝑣 from above in (2) gives

𝛽 = tan−1 �
𝑣
774

�

= tan−1 �
1.4777
774 �

= 0.0019 rad
= 0.1094°

To find the yaw rate 𝑟, the following transfer function is used

a r1.2328

Figure 2.39: 𝐺𝜈,𝛿𝑎 block diagram for problem 2

Hence

𝑟 = 𝛿𝑎 (1.2328)

= �0.50119𝑜 ×
𝜋
180

� (1.2328)

= 0.010 784 rad s−1

= 0.617 88 ° s−1

2.4.2.4 Rudder controls

The same process is repeated using the the rudder control blocks on the right side of the
above figure. These are the blocks that takes 𝛿𝑟 as control signal.

For the rudder control

𝜙 = 𝛿𝑟𝐺𝜙𝛿𝑟

For 𝜙 = 150 = 15 � 𝜋
180
� = 0.2618 rad, the above becomes

0.2618 = 𝛿𝑟 × (−371.54)

𝛿𝑟 =
0.2618
−371.54

= −7.046 3 × 10−4 radian
= −0.0404𝑜

This is the rudder control angle that produces 𝜙 = 15° in steady state. The problem now
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asks to find 𝛽, the side slip angle. Using

𝛽 = tan−1 �
𝑣
744

� (2)

𝑣 is now found in order to find 𝛽. From the above blocks, using the block that output 𝑣 from
a rudder control signal gives

-1611.6 vr

control 
signal output

Figure 2.40: 𝐺𝜈,𝛿𝑟 block diagram for problem 2

Therefore 𝑣 = 𝛿𝑟 (−1611.6). But 𝛿𝑟 = −0.0404° from above. Hence

𝑣 = �−0.0404𝑜 ×
𝜋
180

� (−1611.6)

= 1.1364 ft s−1

Substituting this 𝑣 in (2) gives

𝛽 = tan−1 �
𝑣
744

�

= tan−1 �
1.1364
744 �

= 0.0015 rad

= 0.0841°

To find the yaw rate 𝑟, the following block which output 𝑟 for input 𝛿𝑟 is used

-15.337 rr

Figure 2.41: 𝐺𝑟,𝛿𝑟 block diagram for problem 2
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Hence

𝑟 = 𝛿𝑟 (−15.337)

= �−0.0404° × 𝜋
180

� (−15.337)

= 0.010 814 rad s−1

= 0.6196 ° s−1

2.4.3 problem 3

solution:

2.4.3.1 Part (a)

The load factor 𝑛𝑧 is the ratio of lift to weight

𝑛𝑧 =
𝐿
𝑊
=
−𝑍
𝑊

(7.7,4)

𝑛𝑧 is unity for straight horizontal steady flight6. The minus sign on the 𝑍 force is added since
𝑍 is positive downwards (in body coordinates of the airplane) while the lift 𝐿 is upwards.
The transfer function in figure 7.18 is defined as

𝐺Δ𝑛𝑧,𝛿𝑒 =
Δ𝑛𝑧
𝛿𝑒

(1)

In block transfer function diagram the above is

Where7

𝑛𝑧 = 𝑛𝑧0 + Δ𝑛𝑧
6Textbook, page 60 and page 230
7Thanks to hint from professor Bonazza for this relation.
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Gnz,e nze

Figure 2.42: 𝐺Δ𝑛𝑧,𝛿𝑒 block diagram for problem 3

𝑛𝑧0 is the load factor 𝑛𝑧 at trim defined as one. Hence the above becomes

𝑛𝑧 = 1 + Δ𝑛𝑧 (2)

Figure 7.18 shows that �𝐺Δ𝑛𝑧,𝛿𝑒� = 15 when 𝜔 is close to the short term frequency.

Figure 2.43: Figure 7.18 from textbook used for problem 3

Therefore (1) becomes

15 =
Δ𝑛𝑧
2 × 𝜋

180

Δ𝑛𝑧 = 2 ×
𝜋
180

× 15

= 0.52360
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Using (2), the load factor 𝑛𝑧 is now found

𝑛𝑧 = 1 + 0.52360

= 1.5236

2.4.3.2 Part (b)

If a passenger at exactly the CG of the airplane floats up from the seat, it implies no external
force 𝑍 acting down at the C.G. In other words, this is the same as saying the lift 𝐿 is zero.
So the airplane has only its weight𝑊 acting downwards (this is similar to having an airplane
in free fall and moving with constant horizontal velocity as used to simulate being in outer
space). When 𝐿 = 0 then 𝑛𝑧 = 0. From (2)

0 = 1 + Δ𝑛𝑧
Δ𝑛𝑧 = −1

And from (1)

𝐺Δ𝑛𝑧,𝛿𝑒 =
Δ𝑛𝑧
𝛿𝑒

15 =
−1
𝛿𝑒

𝛿𝑒 =
−1
15

= −0.066 67 rad

Hence the elevator angle needed is

𝛿𝑒 = −3.82°

2.4.3.3 Part (c)

For 𝑛𝑧 = 2.5

2.5 = 1 + Δ𝑛𝑧
Δ𝑛𝑧 = 2.5 − 1

= 1.5

Hence from (1)
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15 =
1.5
𝛿𝑒

𝛿𝑒 =
1.5
15

= 0.1 radian

Therefore

𝛿𝑒 = 5.7296°

2.4.4 Problem 4

solution:

2.4.4.1 Summary of results

The summary of observations is given first. In longitudinal control, elevator action 𝛿𝑒 and
thrust action 𝛿𝑝 can be applied separately from each others to achieve the expected response
for each control. In lateral control, the rudder action 𝛿𝑟 and the aileron action 𝛿𝑎 have to be
applied simultaneously to achieve the expected response for roll and yaw motion. For side
slip rate (lateral speed 𝑣) rudder control 𝛿𝑟 was the primary control needed.

Once the transfer functions are found, all the required plots are generated using Matlab.
Each plot generated has the Matlab code used to generate above it. In addition to the
response plots, Bode plots were generated to verify the output with the textbook.

Table 2.1 gives a summary of the variables to control for each mode of motion.
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type of motion variable meaning

Longitudinal

Δ𝑢 Velocity component in the 𝑥 direction (cruise speed)

𝑤 Velocity component in the 𝑧 direction
𝑞 Pitch rate

Δ𝜃 pitch angle

Lateral

𝑣 Side slip rate or side velocity.

𝑝 Roll rate

𝑟 Yaw rate

Δ𝜙 Bank angle

Table 2.1: Summary of variables to control in longitudinal and lateral motion

2.4.4.1.1 results and observations found for longitudinal motion Table 2.2 summa-
rizes the results and observations found for longitudinal motion.

2.4.4.1.2 results and observations found for lateral motion Table 2.3 summarizes the
results and observations found for lateral motion when each control is applied separately.

Table 2.4 summarizes the results and observations found for lateral motion when both
controls 𝛿𝑝 and 𝛿𝑟 are applied simultaneously.

2.4.4.2 open loop longitudinal responses

To obtain the transfer function matrix 𝐺𝑖𝑗 (𝑠) for the longitudinal motion, the following matrix
is found

𝑮 (𝑠) = (𝑠𝑰 − 𝑨)−1 𝑩 (1)

Where 𝐴 is the matrix for B-747 given on page 166, and 𝐵 is given on page 229. The equation
of motion for longitudinal motion becomes

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Δ𝑢̇
𝑤̇
𝑞̇
Δ𝜃̇

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

𝐴

�������������������������������������������������������������⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−0.006868 0.01395 0 −32.2
−0.09055 −0.3151 773.98 0
0.000118 −0.001026 −0.4285 0

0 0 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

output

�⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Δ𝑢
𝑤
𝑞
Δ𝜃

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

+

𝐵

�������������������������⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−0.000187 9.66
−17.85 0
−1.158 0
0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

control input

�⎧⎪⎪⎨
⎪⎪⎩
𝛿𝑒
𝛿𝑝

⎫⎪⎪⎬
⎪⎪⎭

Once 𝐺 (𝑠) is found, it will be a 4 × 2 matrix. 𝐺�𝑖, 𝑗� is the transfer function of the ratio of 𝑖𝑡ℎ

output to the 𝑗𝑡ℎ input. For example, 𝐺Δ𝑢,𝛿𝑒 will be 𝐺 (1, 1) which is a function of 𝑠 in equation
(1). To obtain all the transfer functions, equation (1) is evaluated. This can be done using
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Control action Numerator of
planet trans-
fer function

Observed response and comments

𝛿𝑒 = 1° elevator angle.
positive is down. causes
changes in pitch angle 𝛼
which in steady state is
meant to cause change in
cruise speed only

𝑁𝑢,𝛿𝑒 Increases cruise speed as expected, but too slowly.
10 minutes needed to reach steady state. All the
response happens in phugoid mode. Large over-
shoot, with oscillations in response due to low
damping in phugoid. Reference figure 7.19, figure 7.20
in textbook

𝑁𝛼,𝛿𝑒 Angle of attack responds fast, in short period
mode, rapidly damped. 5 minutes to reach steady
state with small residual seen present in steady
state. Reference figure 7.19, figure 7.20 in textbook

𝑁𝛾,𝛿𝑒 Response contained in phugoid, slow (10 minutes)
with remaining 𝛾 angle residual remaining. Which
implies a residual Δ𝛼 residual exists as a result.
Something that was supposed to be generated. Ref-
erence figure 7.19, figure 7.20 in textbook

𝛿𝑝 =
1
6 Throttle (thrust).

Causes climb up or down.
In other words, this control
action is used to cause a
change Δ𝜃. No change in Δ𝑢
nor in angle of attack 𝛼
should result if thrust lines
pass through C.G.

𝑁𝑢,𝛿𝑝 Δ𝑢 Remained unchanged as expected but only af-
ter initial undesired oscillations. Took 20 minutes
to damp out completely.

𝑁𝛼,𝛿𝑝 Remained unchanged as expected with very little
oscillation. Damps out after 200 seconds.

𝑁𝛾,𝛿𝑒 2.8° steady state response reached after 10 minutes.
Large overshoot. Many oscillations before damp-
ing out.

𝛿𝑝 + 𝛿𝑒 Simultaneous e�ect
of applying both controls at
same time

𝑁𝑢,(𝛿𝑝+𝛿𝑒) Throttle action has almost no e�ect on speed Δ𝑢
response, other than causing a small increase in
overshoot and slight phase delay in oscillations
compared to 𝛿𝑒 only control. Slow response as be-
fore.

𝑁𝛼,(𝛿𝑝+𝛿𝑒) Throttle action 𝛿𝑝 also had almost no e�ect on
angle of attack response. Response followed very
closely the 𝛿𝑒 response as described above.

𝑁𝛾,(𝛿𝑝+𝛿𝑒) In this case, the addition of elevator action was
seen to have most e�ect on transient response of
flight path angle. Steady state remained as with
throttle action alone, but adding elevator action
caused large overshoot compared to throttle only
response. Also a phase shift was seen. Steady state
was slow to be reached as with throttle only action.

Table 2.2: Results and observations for longitudinal motion
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Control action Numerator of
plant transfer
function

Observed response and comments

𝛿𝑟 = 3° Causes Yaw motion.

𝑁𝜈,𝛿𝑟 Rudder a�ects initial side slip rate much more than
aileron. After 10 minutes, 𝜈 reached −80 ft s−1 at
steady state. High oscillatory response and faster
response compared to aileron 𝛿𝑎 only.

𝑁𝑝,𝛿𝑟 2 minutes was needed to reach steady state of
−0.04 rad s−1, high overshoot, similar to aileron
with oscillation. Aileron 𝛿𝑎 caused similar e�ect.

𝑁𝑟,𝛿𝑟 Took 10 minutes to reach steady state of
−0.8 rad s−1 compared to aileron 𝛿𝑎 case, which
needed 20 minutes to cause only −0.12 rad s−1

change. But small oscillation seen in the first
minute of response.

𝑁𝜙,𝛿𝑟 Much more e�ect on bank angle than aileron. In
6 minutes this action caused −19° change in bank
angle. Smooth response.

𝛿𝑎 = 6° Causes roll motion

𝑁𝜈,𝛿𝑎 After 10 minutes reached steady state of only
−18 ft s−1 compared to −80 ft s−1 by rudder 𝛿𝑟 in
the same amount of time. Side slip rate is seen to
be more controlled by rudder alone.

𝑁𝑝,𝛿𝑎 2 minutes to reach steady state of −0.006 rad s−1,
high overshoot, similar to rudder with oscillation.
But rudder 3° input caused much larger roll rate
of −0.04 rad s−1

𝑁𝑟,𝛿𝑎 Took 20 minutes to reach steady state of
−0.12 rad s−1, Smooth response, no oscillation. Rud-
der response was similar but rudder response
reached steady state in half the time (10 minutes)
and had much larger e�ect on yaw rate.

𝑁𝜙,𝛿𝑎 Less a�ect on bank angle compared to rudder. Af-
ter same amount of 10 minutes, cause only −3°
change in bank angle compared to about −20° with
the above rudder input.

Table 2.3: Results and observations for lateral motion. Controls applied separately
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Control action Numerator of
plant transfer
function

Observed response and comments

𝛿𝑟 + 𝛿𝑎 where 𝛿𝑟 = 3° and
𝛿𝑎 = 6°

𝑁𝜈,(𝛿𝑟+𝛿𝑎) Combined side slip rate response followed the rud-
der only response. Aileron control response had
small e�ect on final speed. Steady state reached
in 10 minutes to about −100 ft s−1 compared to
−80 ft s−1 with rudder alone.

𝑁𝑟,(𝛿𝑟+𝛿𝑎) Yaw rate response is controlled mainly by Rudder.
Aileron had little e�ect. Initial small oscillation
was still present in combined response. Damped
out after one minute.

𝑁𝜙,(𝛿𝑟+𝛿𝑎) Combined response followed rudder response.
Aileron e�ect on bank angle is minimal.

𝛿𝑟 + 𝛿𝑎 where 𝛿𝑟 = −3° and
𝛿𝑎 = 6°

𝑁𝜈,(𝛿𝑟+𝛿𝑎) Combined side slip rate response followed the
rudder only response. Aileron control response
had small e�ect on final speed. Steady state was
reached in 10 minutes to about 70 ft s−1 compared
to 80 ft s−1 with rudder alone. Aileron e�ect has
reduced final speed by 10 ft s−1

𝑁𝑟,(𝛿𝑟+𝛿𝑎) Yaw rate response is controlled mainly by Rudder.
Aileron had little e�ect. Initial small oscillation
still present in combined response. Damped out
after one minute.

𝑁𝜙,(𝛿𝑟+𝛿𝑎) Combined response followed rudder response.
Aileron e�ect on bank angle is minimal.

Table 2.4: Results and observations for lateral motion. Controls applied simultaneously
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equation 7.2.7 on page 209

(𝑠𝑰 − 𝑨)−1 =
𝑎𝑑𝑗 (𝑠𝑰 − 𝑨)
det (𝑠𝑰 − 𝑨)

For this problem, finding the transfer functions is done using computer algebra. Here are
the steps and the resulting 𝐺 (𝑠) matrix.

A = {{-0.006868, 0.01395, 0, -32.2},
{-0.09055, -0.3151, 773.98, 0},
{0.0001187, -0.001026, -0.4285, 0},
{0, 0, 1, 0}};

B = {{-0.00187, 9.66}, {-17.85, 0}, {-1.158, 0}, {0, 0}};
g = Inverse[s*IdentityMatrix[4] - A].B;
Map[Collect[Simplify@Numerator[#], s]/Denominator[#] &, g, {2}];
MatrixForm[%]

Which gives the following result

Using Matlab, the same procedure was also performed using symbolic toolbox as follows

A = [−0.006868 0.01395 0 −32.2;
−0.09055 −0.3151 773.98 0;

0.0001187 −0.001026 −0.4285 0;

0, 0, 1, 0]

B = [−0.000187 9.66;

−17.85 0;

−1.158 0

0, 0]

syms s;

G=inv(s*eye(4)−A)*B;
outPut={'u','w','q','theta'};

inPut={'del_e','del_p'};

for i=1:4

for j=1:2

[N,D] = numden(G(i,j));

c=coeffs(D);

fprintf('N(%s,%s) = %s',outPut{i},inPut{j},...

char(vpa(simplify(N/c(end)),5)))

fprintf('\n');
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end

end

The output generated is
N(u,del_e) = 24.678*s − 0.24915*s^2 − 0.000187*s^3 + 11.16

N(u,del_p) = 8.9753*s + 7.1832*s^2 + 9.66*s^3

N(w,del_e) = − 6.2081*s − 904.04*s^2 − 17.85*s^3 − 3.4446

N(w,del_p) = 0.51266*s − 0.87471*s^2

N(q,del_e) = −1.8808e−48*s*(1.885e47*s + 6.157e47*s^2 + 2.059e45)

N(q,del_p) = 6.5459e−23*s*(1.7517e19*s + 1.923e19)

N(theta,del_e) = − 0.35452*s − 1.158*s^2 − 0.0038726

N(theta,del_p) = 0.0011466*s + 0.0012588

2.4.4.2.1 Generating the transfer function when throttle 𝛿𝑝 is the input 𝐺𝑖𝑗 is now
found to solve the problem. The input is the throttle 𝛿𝑝 which is 𝑗 = 2. The output in figure
7.21 top plot is Δ𝑢, which is 𝑖 = 1. Therefore

𝐺12 (𝑠) = 𝐺Δ𝑢,𝛿𝑝 =

𝑁𝑢,𝛿𝑝

�������������������������������������������− 9.66𝑠3 + 7.18218𝑠2 + 8.97534𝑠
𝑠4 + 0.750468𝑠3 + 0.935494𝑠2 + 0.00946303𝑠 + 0.00419587

(2)

To obtain the transfer function for the second plot, the transfer function for the angle of
attack is needed. But 𝛼 = 𝑤

𝑢0
where 𝑢0 = 774 ft s−1, which is the cruise speed. Therefore

𝑁𝛼,𝛿𝑝 =
1
𝑢0
𝑁𝑤,𝛿𝑝. But what is 𝑁𝑤,𝛿𝑝 ?. Since 𝛿𝑝 is the second input, then 𝑗 = 2 and since 𝑤 is

the second output then 𝑖 = 2, therefore

𝐺𝑤,𝛿𝑝 = 𝐺2,2 =
−0.874713𝑠2 + 0.512663𝑠

𝑠4 + 0.750468𝑠3 + 0.935494𝑠2 + 0.00946303𝑠 + 0.00419587

Hence

𝐺𝛼,𝛿𝑝 =
𝐺2,2
𝑢0

=
1
774

−0.874713𝑠2 + 0.512663𝑠
𝑠4 + 0.750468𝑠3 + 0.935494𝑠2 + 0.00946303𝑠 + 0.00419587

=
0.0006624𝑠 − 0.00113𝑠2

𝑠4 + 0.750468𝑠3 + 0.935494𝑠2 + 0.00946303𝑠 + 0.00419587
(3)

To obtain the result for the third plot in figure 7.21, a transfer function for 𝛾 is needed. Since
𝛾 = 𝜃 − 𝛼 then

𝐺𝛾,𝛿𝑝 = 𝐺𝜃,𝛿𝑝 − 𝐺𝛼,𝛿𝑝 (4)

But 𝐺𝜃,𝛿𝑝 = 𝐺 (4, 2) since Δ𝜃 is the fourth output and 𝛿𝑝 is the second input. This gives
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𝐺𝜃,𝛿𝑝 = 𝐺 (4, 2) =
0.00114664𝑠 + 0.0012587

𝑠4 + 0.750468𝑠3 + 0.935494𝑠2 + 0.00946303𝑠 + 0.00419587

Substituting the above in (4) results in

𝐺𝛾,𝛿𝑝 =
(0.00114664𝑠 + 0.00125876) − (0.00114664𝑠 + 0.00125876)
𝑠4 + 0.750468𝑠3 + 0.935494𝑠2 + 0.00946303𝑠 + 0.00419587

=
−0.00113𝑠2 + 0.0004843𝑠 + 0.001 259

𝑠4 + 0.750468𝑠3 + 0.935494𝑠2 + 0.00946303𝑠 + 0.00419587
(5)

The three transfer functions to generate figure 7.21 have been found. To summarize, they
are

𝐺Δ𝑢,𝛿𝑝 =
−9.66𝑠3 + 7.18218𝑠2 + 8.97534𝑠

𝑓 (𝑠)

𝐺𝛼,𝛿𝑝 =
0.0006624𝑠 − 0.00113𝑠2

𝑓 (𝑠)

𝐺𝛾,𝛿𝑝 =
−0.00113𝑠2 + 0.0004843𝑠 + 0.001 259

𝑓 (𝑠)
Where 𝑓 (𝑠) = 𝑠4 + 0.750468𝑠3 + 0.935494𝑠2 + 0.009463𝑠 + 0.00419587

2.4.4.2.2 Generating 𝐺Δ𝑢,𝛿𝑝 and 𝛿𝑝 =
1
6 response Matlab is used to generate figure 7.21

in the book. First the top plot showing the response to 𝛿𝑝 =
1
6 is given. The step response is

found then multiplied by 1
6 to obtain the result.

close all; clear all;

figure;

s=tf('s');

den = s^4+0.750468*s^3+0.935494*s^2+0.009463*s+0.00419587;

sys = tf((−9.66*s^3+7.18318*s^2+8.97534*s)/den);
t=0:.01:600;

u = step(sys,t);

subplot(2,1,1);

plot(t,u*1/6);

hold on;

plot([t(1) t(end)],[u(end)*1/6 u(end)*1/6],'r');

legend('response','steady state')

xlabel('Time (sec)');

ylabel('\Delta(u) (fps)');

title('speed response to throttle. Figure 7.21. First 10 minutes');

subplot(2,1,2);

t=0:.01:1200;

u = step(sys,t);

plot(t,u*1/6);
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xlabel('Time (sec)');

ylabel('\Delta(u) (fps)');

title('speed response to throttle. First 20 minutes');

hold on;

plot([t(1) t(end)],[u(end)*1/6 u(end)*1/6],'r');

legend('response','steady state')
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Figure 2.44: Speed response to throttle, open loop, longitudinal motion

2.4.4.2.3 Generating 𝐺Δ𝛼,𝛿𝑝 and 𝛿𝑝 =
1
6 response Matlab is used to generate the second

plot in figure 7.21 in the book. Using 𝐺𝛼,𝛿𝑝 found above, the step response is found then

multiplied by 1
6 to obtain the result.

close all; clear all;

s=tf('s');

den = s^4+0.750468*s^3+0.935494*s^2+0.009463*s+0.00419587;

sys = tf((0.0006624*s−0.00113*s^2)/den);
[alpha,t] = step(sys);

plot(t,alpha*1/6);

xlim([0 600]);

ylim([−0.05 0.05]);
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xlabel('Time (sec)');

ylabel('\alpha (rad)');

title('angle of attack response to throttle. Figure 7.21 reproduced');
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Figure 2.45: angle of attack 𝛼 response to throttle, open loop, longitudinal motion

2.4.4.2.4 Generating 𝐺Δ𝛾,𝛿𝑝 and 𝛿𝑝 =
1
6 response Matlab is used to generate the third

plot in figure 7.21 in the book. Using 𝐺𝛾,𝛿𝑝 found above, the step response is found then

multiplied by 1
6 to obtain the result.

close all; clear all;

s=tf('s');

den = s^4+0.750468*s^3+0.935494*s^2+0.009463*s+0.00419587;

sys = tf((−0.00113*s^2+0.00048424*s+0.0012587)/den);
t=0:.1:300;

alpha= step(sys,t);

subplot(2,1,1);

plot(t,alpha*1/6);

ylim([0 0.2]);

xlabel('Time (sec)');

ylabel('\gamma (rad)');

title('flight path angle response to throttle. Figure 7.21. first 5 minutes');

hold on;

plot([t(1) t(end)],[alpha(end)*1/6 alpha(end)*1/6],'r');

legend('response','steady state')

subplot(2,1,2);

t=0:.1:1200;
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alpha= step(sys,t);

plot(t,alpha*1/6);

ylim([0 0.2]);

xlabel('Time (sec)');

ylabel('\gamma (rad)');

title('flight path angle response to throttle. Figure 7.21. first 20 minutes');

hold on;

plot([t(1) t(end)],[alpha(end)*1/6 alpha(end)*1/6],'r');

legend('response','steady state')
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Figure 2.46: Flight path angle 𝛾 response to throttle, open loop, longitudinal motion
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2.4.4.2.5 Generating the transfer function when throttle 𝛿𝑒 is the input Now 𝛿𝑝 =
1
6

and 𝛿𝑒 = 1° are applied, still in open loop longitudinal motion. The responses are Δ𝑢,Δ𝛼
and flight path angle 𝛾. Since the system is linear, the input 𝛿𝑝 is applied and the output
obtained, then the input 𝛿𝑒 is applied again, and its output obtained, then both outputs are
added linearly (point wise). Now the transfer function for 𝛿𝑒 are found as above and the
process is repeated, but this time the responses are added before making the final plot.

2.4.4.2.6 Generating 𝐺Δ𝑢,𝛿𝑒 𝐺𝑖𝑗 are found to use to solve the problem. The input is the
elevator angle 𝛿𝑒 which is 𝑗 = 1. The output Δ𝑢, which is 𝑖 = 1. Therefore 𝐺11 (𝑠) is the
component selected from 𝑮 (𝑠)

𝐺11 (𝑠) = 𝐺Δ𝑢,𝛿𝑒 =

𝑁𝑢,𝛿𝑒

�������������������������������������������������������������������− 0.000187𝑠3 − 0.249147𝑠2 + 24.6778𝑠 + 11.1596
𝑠4 + 0.750468𝑠3 + 0.935494𝑠2 + 0.00946303𝑠 + 0.00419587

2.4.4.2.7 Generating 𝐺Δ𝛼,𝛿𝑒 𝛼 = 𝑤
𝑢0

where 𝑢0 = 774 ft/sec, which is the cruise speed.

Therefore 𝑁𝛼,𝛿𝑒 =
1
𝑢0
𝑁𝑤,𝛿𝑒. But what is 𝑁𝑤,𝛿𝑒 ?. Since 𝛿𝑒 is the first input, then 𝑗 = 1 and since

𝑤 is the second output then 𝑖 = 2, therefore 𝐺21 (𝑠) is selected from 𝑮 (𝑠)

𝐺𝑤,𝛿𝑒 = 𝐺2,1 =
−17.85𝑠3 − 904.04𝑠2 − 6.20812𝑠 − 3.44462

𝑠4 + 0.750468𝑠3 + 0.935494𝑠2 + 0.00946303𝑠 + 0.00419587

Hence

𝐺𝛼,𝛿𝑒 =
𝐺𝑤,𝛿𝑒
𝑢0

=
1
774

−17.85𝑠3 − 904.04𝑠2 − 6.20812𝑠 − 3.44462
𝑠4 + 0.750468𝑠3 + 0.935494𝑠2 + 0.00946303𝑠 + 0.00419587

=
−0.023062𝑠3 − 1. 168𝑠2 − 0.0080208𝑠 − 0.004450 4

𝑠4 + 0.750468𝑠3 + 0.935494𝑠2 + 0.00946303𝑠 + 0.00419587

2.4.4.2.8 Generating 𝐺𝛾,𝛿𝑒 The transfer function for 𝛾 is needed. But 𝛾 = 𝜃 − 𝛼, hence

𝐺𝛾,𝛿𝑒 = 𝐺𝜃,𝛿𝑒 − 𝐺𝛼,𝛿𝑒

But 𝐺𝜃,𝛿𝑒 = 𝐺 (4, 1) since Δ𝜃 is the 4𝑡ℎ output and 𝛿𝑒 is the first input. Hence

𝐺𝜃,𝛿𝑒 = 𝐺 (4, 1) =
−1.158𝑠2 − 0.354525𝑠 − 0.00387259

𝑠4 + 0.750468𝑠3 + 0.935494𝑠2 + 0.00946303𝑠 + 0.00419587

Substituting this in (4) gives

𝐺𝛾,𝛿𝑒 =
�−1.158𝑠2 − 0.354525𝑠 − 0.00387259� − �−0.023062𝑠3 − 1. 168𝑠2 − 0.0080208𝑠 − 0.004450 4�

𝑠4 + 0.750468𝑠3 + 0.935494𝑠2 + 0.00946303𝑠 + 0.00419587

=
0.02306 2𝑠3 + 0.01𝑠2 − 0.346 5𝑠 + 0.0005778

𝑠4 + 0.750468𝑠3 + 0.935494𝑠2 + 0.00946303𝑠 + 0.00419587
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2.4.4.3 Simultaneous response for elevator 𝛿𝑒 and throttle 𝛿𝑝 input

Using the transfer functions found above, now Matlab was used to generate the output.

2.4.4.3.1 Simultaneous response of speed Δ𝑢 to combined 𝛿𝑒 and throttle 𝛿𝑝 The
response to 𝛿𝑒 and 𝛿𝑝 are added to obtain the result using Matlab.
close all; clear all;

s = tf('s');

num_throttle = −9.66*s^3+7.18318*s^2+8.97534*s;
num_elevator = −0.000187*s^3−0.249147*s^2+24.6778*s+11.1596;
den = s^4+0.750468*s^3+0.935494*s^2+0.009463*s+0.00419587;

sys1 = tf(num_throttle/den);

t = 0:.1:600;

subplot(2,1,1);

u_throttle = step(sys1,t);

plot(t,u_throttle*1/6,'−k');
sys2 = tf(num_elevator/den);

u_elevator = step(sys2,t);

hold on;

plot(t,u_elevator*1*pi/180,'−−');
plot(t,(u_elevator*1*pi/180 + u_throttle*1/6 ),'r');

xlabel('Time (sec)');

ylabel('\Delta_u (fps)');

title('speed response to throttle and elevator combined, 10 minutes');

plot([t(1) t(end)],[(u_elevator(end)*pi/180 + u_throttle(end)*1/6 ),...

(u_elevator(end)*pi/180 + u_throttle(end)*1/6 )],'r');

legend('throttle','elevaltor','combined');

%

subplot(2,1,2);

t = 0:.1:1200;

u_throttle = step(sys1,t);

plot(t,u_throttle*1/6,'−k');
u_elevator = step(sys2,t);

hold on;

plot(t,u_elevator*1*pi/180,'−−');
plot(t,(u_elevator*1*pi/180 + u_throttle*1/6 ),'r');

xlabel('Time (sec)');

ylabel('\Delta_u (fps)');

title('speed response to throttle and elevator combined, 20 minutes');

plot([t(1) t(end)],[(u_elevator(end)*pi/180 + u_throttle(end)*1/6 ),...

(u_elevator(end)*pi/180 + u_throttle(end)*1/6 )],'r');

legend('throttle','elevaltor','combined');
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Figure 2.47: Speed response to throttle and elevator combined, open loop, longitudinal
motion
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2.4.4.3.2 Simultaneous response of angle of attack 𝛼 to combined 𝛿𝑒 and throttle 𝛿𝑝
The response to 𝛿𝑒 and 𝛿𝑝 are added to obtain the result using Matlab.
close all; clear all;

set(0,'DefaultAxesFontSize',8)

s = tf('s');

num_throttle = 0.0006624*s−0.00113*s^2;
num_elevator = −0.023062*s^3−1.168*s^2−0.0080208*s−0.0044505;
den = s^4+0.750468*s^3+0.935494*s^2+0.009463*s+0.00419587;

sys1 = tf(num_throttle/den);

t = 0:.1:60;

u_throttle = step(sys1,t);

subplot(3,1,1);

plot(t,u_throttle*1/6,'−k');
sys2 = tf(num_elevator/den);

u_elevator = step(sys2,t);

hold on;

plot(t,u_elevator*1*pi/180,'−−');
plot(t,(u_elevator*1*pi/180 + u_throttle*1/6 ),'r');

xlabel('Time (sec)');

ylabel('\alpha (rad)');

title('angle of attack response to throttle and elevator combined, first one minutes');

legend('throttle','elevaltor','combined');

%

subplot(3,1,2);

t = 0:.1:300;

u_throttle = step(sys1,t);

plot(t,u_throttle*1/6,'−k');
u_elevator = step(sys2,t);

hold on;

plot(t,u_elevator*1*pi/180,'−−');
plot(t,(u_elevator*1*pi/180 + u_throttle*1/6 ),'r');

xlabel('Time (sec)');

ylabel('\alpha (rad)');

title('angle of attack response to throttle and elevator combined, 3 minutes');

legend('throttle','elevaltor','combined');

%

subplot(3,1,3);

t = 0:.1:600;

u_throttle = step(sys1,t);

plot(t,u_throttle*1/6,'−k');
u_elevator = step(sys2,t);

hold on;

plot(t,u_elevator*1*pi/180,'−−');
plot(t,(u_elevator*1*pi/180 + u_throttle*1/6 ),'r');

xlabel('Time (sec)');

ylabel('\alpha (rad)');

title('angle of attack response to throttle and elevator combined, 10 minutes');
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legend('throttle','elevaltor','combined');

plot([t(1) t(end)],[(u_elevator(end)*pi/180 + u_throttle(end)*1/6 ),...

(u_elevator(end)*pi/180 + u_throttle(end)*1/6 )],'r');
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Figure 2.48: Angle of attack 𝛼 response to throttle and elevator combined, open loop,
longitudinal motion

2.4.4.3.3 Simultaneous response of �ight path angle 𝛾 to combined 𝛿𝑒 and throttle
𝛿𝑝 The response to 𝛿𝑒 and 𝛿𝑝 are added to obtain the result using Matlab.
close all; clear all;

set(0,'DefaultAxesFontSize',8)

s = tf('s');

num_throttle = −0.00113*s^2+0.00048424*s+0.0012587;
num_elevator = 0.023062*s^3+0.01*s^2−0.3465*s+0.0005778;
den = s^4+0.750468*s^3+0.935494*s^2+0.009463*s+0.00419587;
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sys1 = tf(num_throttle/den);

t = 0:.1:600;

u_throttle = step(sys1,t);

subplot(2,1,1);

plot(t,u_throttle*1/6,'k');

sys2 = tf(num_elevator/den);

u_elevator = step(sys2,t);

hold on;

plot(t,u_elevator*1*pi/180,'−−');
plot(t,(u_elevator*1*pi/180 + u_throttle*1/6 ),'r');

ylim([−.1 .2]);

xlabel('Time (sec)');

ylabel('\gamma (rad)');

title('flight path angle response to throttle and elevator combined, 10 minutes');

legend('throttle','elevaltor','combined');

plot([t(1) t(end)],[(u_elevator(end)*pi/180 + u_throttle(end)*1/6 ),...

(u_elevator(end)*pi/180 + u_throttle(end)*1/6 )],'r');

subplot(2,1,2);

t = 0:.1:1200;

u_throttle = step(sys1,t);

plot(t,u_throttle*1/6,'k');

u_elevator = step(sys2,t);

hold on;

plot(t,u_elevator*1*pi/180,'−−');
plot(t,(u_elevator*1*pi/180 + u_throttle*1/6 ),'r');

ylim([−.1 .2]);

xlabel('Time (sec)');

ylabel('\gamma (rad)');

title('flight path angle response to throttle and elevator combined, 20 minutes');

legend('throttle','elevaltor','combined');

plot([t(1) t(end)],[(u_elevator(end)*pi/180 + u_throttle(end)*1/6 ),...

(u_elevator(end)*pi/180 + u_throttle(end)*1/6 )],'r');
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Figure 2.49: flight path angle 𝛾 response to throttle and elevator combined, open loop,
longitudinal motion
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2.4.4.4 open loop lateral motion responses

The first step is to generate 𝐺 (𝑠) as was done in the above section for the longitudinal case.
To obtain the transfer function matrix 𝐺𝑖𝑗 (𝑠) for the lateral motion, the following matrix
needs to be found

𝑮 (𝑠) = (𝑠𝑰 − 𝑨)−1 𝑩

Where 𝐴 is the matrix for B-747 given on page 187, and 𝐵 is given on page 224. The equation
of motion for lateral motion becomes

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣̇
𝑝̇
𝑟̇
Δ𝜙̇

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

𝐴

���������������������������������������������������������⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−0.0558 0 −774 32.2
−0.003865 −0.4342 0.4136 0
0.001086 −0.006112 −0.1458 0

0 1 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

output

�⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣
𝑝
𝑟
Δ𝜙

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

+

𝐵

�����������������������������⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 5.642
−0.1431 0.1144
0.003741 −0.4859

0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

control input

�⎧⎪⎪⎨
⎪⎪⎩
𝛿𝑎
𝛿𝑟

⎫⎪⎪⎬
⎪⎪⎭

𝐺 (𝑠) is a 4 × 2 matrix. 𝐺�𝑖, 𝑗� is the transfer function of the ratio of 𝑖𝑡ℎ output to the 𝑗𝑡ℎ input.

For example, 𝐺Δ𝑣,𝛿𝑎 is 𝐺 (1, 1) which is a function of 𝑠 in equation (1). To obtain all the
transfer functions, equation (1) is evaluated. This can be done using equation 7.2.7 on page
209 of the text.

(𝑠𝑰 − 𝑨)−1 =
𝑎𝑑𝑗 (𝑠𝑰 − 𝑨)
det (𝑠𝑰 − 𝑨)

For this problem, this was done using symbolic algebra using the following steps, and the
resulting 𝐺 (𝑠) matrix found is shown below

A = {{-0.0558, 0, -774, 32.2},
{-0.003865, -0.4342, 0.4136, 0},
{0.001086, -0.006112, -0.1458, 0},
{0, 1, 0, 0}};
B = {{0, 5.642}, {-0.1431, 0.1144}, {0.003741, -0.4859}, {0, 0}};
g = Inverse[s*IdentityMatrix[4] - A].B;
r = Map[Collect[Simplify@Numerator[#], s]/Denominator[#] &, g, {2}];
r2 = Map[Collect[Numerator[#], s]/Denominator[#] &, r, {2}];
MatrixForm[r2]

The output is
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Figure 2.50: Transfer function matrix 𝐺(𝑠) for lateral motion

Using Matlab, the same procedure was done using syms as follows
A = [−0.0558, 0, −774, 32.2;

−0.003865, −0.4342, 0.4136, 0;

0.001086, −0.006112, −0.1458, 0;

0, 1, 0, 0]

B = [0, 5.642;

−0.1431, 0.1144;

0.003741, −0.4859;
0, 0]

syms s;

G=inv(s*eye(4)−A)*B;
outPut={'v','p','r','phi'};

inPut={'del_a','del_r'};

for i=1:4

for j=1:2

[N,D] = numden(G(i,j));

c=coeffs(D);

fprintf('N(%s,%s) = %s',outPut{i},inPut{j},...

char(vpa(N/c(end),5)))

fprintf('\n');

end

end

And the output is

N(v,del_a) = - 6.542*s - 2.8955*s^2 - 0.622
N(v,del_r) = 167.89*s + 379.36*s^2 + 5.642*s^3 - 5.9341
N(p,del_a) = - 0.11017*s - 0.027302*s^2 - 0.1431*s^3
N(p,del_r) = 0.1144*s^3 - 0.19971*s^2 - 1.3683*s
N(r,del_a) = 0.00013944*s + 0.0027077*s^2 + 0.003741*s^3 - 0.0045385
N(r,del_r) = - 0.0090179*s - 0.23266*s^2 - 0.4859*s^3 - 0.056471
N(phi,del_a) = - 0.027302*s - 0.1431*s^2 - 0.11017
N(phi,del_r) = 0.1144*s^2 - 0.19971*s - 1.3683
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2.4.4.4.1 Generating the transfer function when aileron 𝛿𝑎 = 6° is the input Transfer
function 𝐺𝑣,𝛿𝑎

𝐺𝑖𝑗 is now found. The input is 𝛿𝑎 which is 𝑗 = 1. The output is 𝑣, which is 𝑖 = 1. Therefore

𝐺11 (𝑠) = 𝐺𝑣,𝛿𝑎 =

𝑁𝑣,𝛿𝑎

�����������������������������������������������− 2.89553𝑠2 − 6.54202𝑠 − 0.621998
𝑠4 + 0.6358𝑠3 + 0.938762𝑠2 + 0.511384𝑠 + 0.00368199

The side velocity 𝑣 response to 𝛿𝑎 = 6𝑜 is generated using Matlab
close all; clear all;

s = tf('s');

num_aileron = −2.89553*s^2−6.54202*s−0.621998;
den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys = tf(num_aileron/den);

[v,t] = step(sys);

plot(t,v*6*pi/180);

xlim([0 600]);

xlabel('Time (sec)');

ylabel('v (fps)');

title('lateral velocity response, open loop, lateral motion');

grid
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Figure 2.51: Lateral velocity 𝑣 response to 𝛿𝑎 = 60

The bode plot for 𝐺𝑣,𝛿𝑎 is now generated. This is figure 7.27 on page 248 of the textbook.
close all; clear all;
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s = tf('s');

num_aileron = −2.89553*s^2−6.54202*s−0.621998;
den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys = tf(num_aileron/den);

opts = bodeoptions;

opts.MagUnits='abs';

opts.MagScale='log';

bodeplot(sys,opts);

grid
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Figure 2.52: Bode plot of 𝐺𝑣,𝛿𝑎

Transfer function 𝐺𝑝,𝛿𝑎

The input now is 𝛿𝑎 which is 𝑗 = 1. The output is 𝑝, which is 𝑖 = 2. Therefore

𝐺21 (𝑠) = 𝐺𝑝,𝛿𝑎 =

𝑁𝑝,𝛿𝑎

���������������������������������������������������− 0.1431𝑠3 − 0.0273017𝑠2 − 0.110171𝑠
𝑠4 + 0.6358𝑠3 + 0.938762𝑠2 + 0.511384𝑠 + 0.00368199

The roll rate 𝑝 response to 𝛿𝑎 = 6𝑜 is generated using Matlab
close all; clear all;
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set(0,'DefaultAxesFontSize',8)

s = tf('s');

num_aileron = −0.1431*s^3−0.0273017*s^2−0.110171*s;
den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys = tf(num_aileron/den);

t=0:.1:30;

p = step(sys,t);

subplot(2,1,1);

plot(t,p*6*pi/180);

xlabel('Time (sec)');

ylabel('p (rad/sec)');

title('roll rate (p) response to \delta_a=6 degree input, lateral motion, 30 seconds');

hold on;

plot([t(1) t(end)],[(p(end)*6*pi/180),(p(end)*6*pi/180)],'r');

legend('roll rate','steady state');

%

subplot(2,1,2);

t=0:.1:180;

p = step(sys,t);

plot(t,p*6*pi/180);

xlabel('Time (sec)');

ylabel('p (rad/sec)');

title('roll rate (p) response to \delta_a=6 degree input, lateral motion, 3 minutes');

hold on;

plot([t(1) t(end)],[(p(end)*6*pi/180),(p(end)*6*pi/180)],'r');

legend('roll rate','steady state');
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Figure 2.53: The roll rate 𝑝 response to 𝛿𝑎 = 60
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The bode plot for 𝐺𝑝,𝛿𝑎 is
close all; clear all;

s = tf('s');

num_aileron = −0.1431*s^3−0.0273017*s^2−0.110171*s;
den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys = tf(num_aileron/den);

opts = bodeoptions;

opts.MagUnits='abs';

opts.MagScale='log';

figure

bodeplot(sys,opts);

grid

title('bode plot, transfer function roll rate response to aileron input');
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Figure 2.54: Bode plot of 𝐺𝑝,𝛿𝑎

Using transfer function 𝐺𝑟,𝛿𝑎
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The input now is 𝛿𝑎 which is 𝑗 = 1. The output is 𝑟 which is 𝑖 = 3. Therefore

𝐺31 (𝑠) = 𝐺𝑟,𝛿𝑎 =

𝑁𝑟,𝛿𝑎

�����������������������������������������������������������������������������������− 0.003741𝑠3 + 0.00270772𝑠2 + 0.000139442𝑠 − 0.00453851
𝑠4 + 0.6358𝑠3 + 0.938762𝑠2 + 0.511384𝑠 + 0.00368199

The yaw rate 𝑟 response to 𝛿𝑎 = 6𝑜 is generated using Matlab
close all; clear all;

set(0,'DefaultAxesFontSize',8)

s = tf('s');

num_aileron = −0.003741*s^3+0.00270772*s^2+0.000139442*s−0.00453851;
den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys = tf(num_aileron/den);

t=0:.01:180;

r = step(sys,t);

subplot(2,1,1);

plot(t,r*6*pi/180);

xlabel('Time (sec)');

ylabel('r (rad/sec)');

title('yaw rate (r) response to \delta_a=6 degree input, lateral motion, 3 minutes');

hold on;

plot([t(1) t(end)],[(r(end)*6*pi/180),(r(end)*6*pi/180)],'r');

legend('yaw rate (r)','steady state');

grid

subplot(2,1,2);

t=0:.01:600;

r = step(sys,t);

plot(t,r*6*pi/180);

xlabel('Time (sec)');

ylabel('r (rad/sec)');

title('yaw rate (r) response to \delta_a=6 degree input, lateral motion, 10 minutes');

hold on;

plot([t(1) t(end)],[(r(end)*6*pi/180),(r(end)*6*pi/180)],'r');

legend('yaw rate (r)','steady state');

grid
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Figure 2.55: The yaw rate 𝑟 response to 𝛿𝑎 = 60
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The bode plot for 𝐺𝑟,𝛿𝑎 is now generated. This can be compared to figure 7.27(e) on page
250.
close all; clear all;

s = tf('s');

num_aileron = −0.003741*s^3+0.00270772*s^2+0.000139442*s−0.00453851;
den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys = tf(num_aileron/den);

opts = bodeoptions;

opts.MagUnits='abs';

opts.MagScale='log';

figure

bodeplot(sys,opts);

grid

title('bode plot, transfer function yaw rate (r) response to aileron input');

10
−3

10
−2

10
−1

10
0

M
ag

ni
tu

de
 (

ab
s)

10
−2

10
−1

10
0

10
1

90

180

270

360

450

540

P
ha

se
 (

de
g)

bode plot, transfer function yaw rate (r) response to aileron input

Frequency  (rad/s)

Figure 2.56: Bode plot of 𝐺𝑟,𝛿𝑎

Transfer function 𝐺𝜙,𝛿𝑎
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The input now is 𝛿𝑎 which is 𝑗 = 1. The output is 𝜙,which is 𝑖 = 4. Therefore

𝐺41 (𝑠) = 𝐺𝜙,𝛿𝑎 =

𝑁𝜙,𝛿𝑎

�������������������������������������������������− 0.1431𝑠2 − 0.0273017𝑠 − 0.110171
𝑠4 + 0.6358𝑠3 + 0.938762𝑠2 + 0.511384𝑠 + 0.00368199

The Euler angle Φ response to 𝛿𝑎 = 6° is found using Matlab
close all; clear all;

set(0,'DefaultAxesFontSize',8)

s = tf('s');

num = −0.1431*s^2−0.0273017*s−0.110172;
den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys = tf(num/den);

t=0:.1:600;

r = step(sys,t);

plot(t,r*6*pi/180);

xlabel('Time (sec)');

ylabel('\Phi (rad)');

title('Euler angle \Phi response to \delta_a=6 degree input, lateral motion, 10 minutes');

hold on;

plot([t(1) t(end)],[(r(end)*6*pi/180),(r(end)*6*pi/180)],'r');

legend('\Phi','steady state');
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Figure 2.57: Euler angle Φ response to 𝛿𝑎 = 60
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The bode plot for 𝐺Φ,𝛿𝑎 is generated. This can be compared to figure 7.27(c) on page 249.
close all; clear all;

s = tf('s');

num_aileron = −0.1431*s^2−0.0273017*s−0.110172;
den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys = tf(num_aileron/den);

opts = bodeoptions;

opts.MagUnits='abs';

opts.MagScale='log';

figure

bodeplot(sys,opts);

grid

title('bode plot, transfer function Euler angle \Phi response to aileron input');
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Figure 2.58: Bode plot of 𝐺Φ,𝛿𝑎

2.4.4.4.2 Generating the transfer function when rudder 𝛿𝑟 = 3𝑜 is the input Transfer
function 𝐺𝑣,𝛿𝑟
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The input now is 𝛿𝑟 which is 𝑗 = 2. The output is 𝑣 which is 𝑖 = 1. Therefore

𝐺12 (𝑠) = 𝐺𝑣,𝛿𝑟 =

𝑁𝑣,𝛿𝑟

�����������������������������������������������������������− 5.642𝑠3 + 379.359𝑠2 + 167.893𝑠 − 5.9341
𝑠4 + 0.6358𝑠3 + 0.938762𝑠2 + 0.511384𝑠 + 0.00368199

The lateral speed 𝑣 response (side slip rate) to 𝛿𝑟 = 3° is generated using Matlab
close all; clear all;

s = tf('s');

num = −5.642*s^3+379.359*s^2+167.893*s−5.9341;
den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys = tf(num/den);

t=0:.1:30;

v = step(sys,t);

subplot(2,1,1);

plot(t,v*3*pi/180);

xlabel('Time (sec)');

ylabel('v (fps)');

title('lateral speed v response to \delta_r=3 degree input, first 1/2 minute');

hold on;

plot([t(1) t(end)],[(v(end)*3*pi/180),(v(end)*3*pi/180)],'r');

legend('lateral speed','steady state');

subplot(2,1,2);

t=0:.1:180;

v = step(sys,t);

plot(t,v*3*pi/180);

xlabel('Time (sec)');

ylabel('v (fps)');

title('lateral speed v response to \delta_r=3 degree input, first 3 minutes');

hold on;

plot([t(1) t(end)],[(v(end)*3*pi/180),(v(end)*3*pi/180)],'r');

legend('lateral speed','steady state');
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Figure 2.59: side slip rate 𝑣 response to 𝛿𝑟 = 3𝑜
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Bode plot for 𝐺𝑣,𝛿𝑟 is now generated. This can be compared to figure 7.26(a) on page 245.
close all; clear all;

s = tf('s');

num_aileron = −5.642*s^3+379.359*s^2+167.893*s−5.9341;
den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys = tf(num_aileron/den);

opts = bodeoptions;

opts.MagUnits='abs';

opts.MagScale='log';

figure

bodeplot(sys,opts);

grid

title('bode plot, transfer function lateral speed response to rudder input');
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Figure 2.60: Bode plot of 𝐺𝑣,𝛿𝑟

Transfer function 𝐺𝑝,𝛿𝑟
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The input now is 𝛿𝑟 which is 𝑗 = 2. The output is 𝑝 which is 𝑖 = 2. Therefore

𝐺22 (𝑠) = 𝐺𝑝,𝛿𝑟 =

𝑁𝑝,𝛿𝑟

�������������������������������������������������− 0.1144𝑠3 − 0.199712𝑠2 − 1.36834𝑠
𝑠4 + 0.6358𝑠3 + 0.938762𝑠2 + 0.511384𝑠 + 0.00368199

The roll rate 𝑝 respones to 𝛿𝑟 = 3𝑜 is generated using Matlab
close all; clear all;

set(0,'DefaultAxesFontSize',8)

s = tf('s');

num = −0.1144*s^3−0.199712*s^2−1.36834*s;
den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys = tf(num/den);

t=0:.1:60;

p = step(sys,t);

subplot(2,1,1);

plot(t,p*3*pi/180);

xlabel('Time (sec)');

ylabel('p (rad/sec)');

title('roll rate (p) response to \delta_r=3 degree input, lateral motion, first one minute');

hold on;

plot([t(1) t(end)],[(p(end)*3*pi/180),(p(end)*3*pi/180)],'r');

legend('roll rate (p)','steady state');

subplot(2,1,2);

t=0:.1:180;

p = step(sys,t);

subplot(2,1,2);

plot(t,p*3*pi/180);

xlabel('Time (sec)');

ylabel('p (rad/sec)');

title('roll rate (p) response to \delta_r=3 degree input, lateral motion, first 3 minutes');

hold on;

plot([t(1) t(end)],[(p(end)*3*pi/180),(p(end)*3*pi/180)],'r');

legend('roll rate (p)','steady state');
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Figure 2.61: Roll rate 𝑝 response to 𝛿𝑟 = 30
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Bode plot for 𝐺𝑝,𝛿𝑟 is now generated
close all; clear all;

s = tf('s');

num_aileron = −0.1144*s^3−0.199712*s^2−1.36834*s;
den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys = tf(num_aileron/den);

opts = bodeoptions;

opts.MagUnits='abs';

opts.MagScale='log';

figure

bodeplot(sys,opts);

grid

title('bode plot, transfer function roll rate (p) response to rudder input');

10
−2

10
−1

10
0

10
1

10
2

M
ag

ni
tu

de
 (

ab
s)

10
−1

10
0

10
1

−90

−45

0

45

90

135

180

P
ha

se
 (

de
g)

bode plot, transfer function roll rate (p) response to rudder input

Frequency  (rad/s)

Figure 2.62: Bode plot of 𝐺𝑝,𝛿𝑟

Using transfer function 𝐺𝑟,𝛿𝑟
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The input now is 𝛿𝑟 which is 𝑗 = 2. The output is 𝑟 which is 𝑖 = 3. Therefore

𝐺32 (𝑠) = 𝐺𝑟,𝛿𝑟 =

𝑁𝑟,𝛿𝑟

�������������������������������������������������������������������������− 0.4859𝑠3 − 0.232663𝑠2 − 0.00901786𝑠 − 0.0564712
𝑠4 + 0.6358𝑠3 + 0.938762𝑠2 + 0.511384𝑠 + 0.00368199

The yaw rate 𝑟 respones to 𝛿𝑟 = 3𝑜 is generated using Matlab
close all; clear all;

set(0,'DefaultAxesFontSize',8)

s = tf('s');

num = −0.4859*s^3−0.232663*s^2−0.0090178*s−0.0564712;
den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys = tf(num/den);

t=0:.01:600;

r = step(sys,t);

plot(t,r*3*pi/180);

xlabel('Time (sec)');

ylabel('r (rad/sec)');

title('yaw rate (p) response to \delta_r=3 degree input, open loop, lateral motion');

grid
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Figure 2.63: Yaw rate 𝑟 response to 𝛿𝑟 = 30 up to 600 seconds

The bode plot for 𝐺𝑟,𝛿𝑟 is now generated.
close all; clear all;

s = tf('s');

num_aileron = −0.4859*s^3−0.232663*s^2−0.0090178*s−0.0564712;
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den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys = tf(num_aileron/den);

opts = bodeoptions;

opts.MagUnits='abs';

opts.MagScale='log';

figure

bodeplot(sys,opts);

grid

title('bode plot, transfer function yaw rate (r) response to rudder input');
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Figure 2.64: Bode plot of 𝐺𝑟,𝛿𝑟

Using transfer function 𝐺𝜙,𝛿𝑟

The input now is 𝛿𝑟 which is 𝑗 = 2. The output is 𝜙 which is 𝑖 = 4. Therefore

𝐺42 (𝑠) = 𝐺𝜙,𝛿𝑟 =

𝑁𝜙,𝛿𝑟

���������������������������������������������− 0.1144𝑠2 − 0.199712𝑠 − 1.36834
𝑠4 + 0.6358𝑠3 + 0.938762𝑠2 + 0.511384𝑠 + 0.00368199

The Euler angle Φ respones to 𝛿𝑟 = 3𝑜 is generated using Matlab
close all; clear all;
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s = tf('s');

num = −0.1144*s^2−0.199712*s−1.36834;
den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys = tf(num/den);

[phi,t] = step(sys);

plot(t,phi*3*pi/180);

xlim([0 600]);

xlabel('Time (sec)');

ylabel('\Phi (rad)');

title('Euler angle \Phi response to \delta_r=3 degree input, open loop, lateral motion');

grid
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Figure 2.65: Euler Φ response to 𝛿𝑟 = 30 up to 600 seconds

The bode plot for 𝐺Φ,𝛿𝑟 is now generated. This can be compared to figure 7.26(c) on page
246.
close all; clear all;

s = tf('s');

num = −0.1144*s^2−0.199712*s−1.36834;
den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys = tf(num/den);

opts = bodeoptions;

opts.MagUnits='abs';

opts.MagScale='log';

figure

bodeplot(sys,opts);

grid
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title('bode plot, transfer function \Phi response to rudder input');
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Figure 2.66: Bode plot of 𝐺Φ,𝛿𝑟

2.4.4.4.3 Simultaneous response for aileron and rudder input (𝛿𝑎 = 6𝑜, 𝛿𝑟 = −3𝑜) The
transfer functions are found above. They are used to find the combined response. As was
done for the longitudinal case, since the system is linear, the response to 𝛿𝑎 = 6𝑜 is found
and added to the response to 𝛿𝑟 = −3° to obtain the combined response.

Lateral 𝑣 response to combined (𝛿𝑎 = 6𝑜, 𝛿𝑟 = −3𝑜)
close all; clear all;

set(0,'DefaultAxesFontSize',8)

s = tf('s');

num_a = −2.89553*s^2−6.54202*s−0.621998;
num_r = −5.642*s^3+379.359*s^2+167.893*s−5.9341;
den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys1 = tf(num_a/den);

t=0:.1:120;

ya = step(sys1,t);

subplot(2,1,1);

plot(t,ya*6*pi/180,'−.k');
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hold on;

sys2 = tf(num_r/den);

yr = step(sys2,t);

plot(t,−yr*3*pi/180,'−−');
plot(t,ya*6*pi/180−yr*3*pi/180,'r');
xlabel('Time (sec)');

ylabel('v (fps)');

title('lateral speed v response to \delta_r=−3 and \delta_a=6 degree combined, 2 minutes');

legend('\delta_a','\delta_r','combined','steady state');

xlim([0 120])

%

subplot(2,1,2);

t=0:.1:300;

ya = step(sys1,t);

plot(t,ya*6*pi/180,'−.k');
hold on;

yr = step(sys2,t);

plot(t,−yr*3*pi/180,'−−');
plot(t,ya*6*pi/180−yr*3*pi/180,'r');
xlabel('Time (sec)');

ylabel('v (fps)');

title('lateral speed v response to \delta_r=−3 and \delta_a=6 degree combined, 5 minutes');

plot([t(1) t(end)],[(ya(end)*6*pi/180−yr(end)*3*pi/180),...
(ya(end)*6*pi/180−yr(end)*3*pi/180)],'−−r');
legend('\delta_a','\delta_r','combined','steady state');

xlim([0 300])

Yaw rate 𝑟 response to combined (𝛿𝑎 = 6𝑜, 𝛿𝑟 = −3𝑜)
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Figure 2.67: side speed 𝑣 response to 𝛿𝑟 = −3𝑜 and 𝛿𝑎 = 6𝑜 combined
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close all; clear all;

close all; clear all;

s = tf('s');

num_a = −0.003741*s^3+0.00270772*s^2+0.000139442*s−0.00453851;
num_r = −0.4859*s^3−0.232663*s^2−0.0090178*s−0.0564712;
den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys1 = tf(num_a/den);

t=0:.1:30;

ya = step(sys1,t);

subplot(2,1,1);

plot(t,ya*6*pi/180,'−k');
hold on;

sys2 = tf(num_r/den);

yr = step(sys2,t);

plot(t,−yr*3*pi/180,'−');
plot(t,ya*6*pi/180−yr*3*pi/180,'r');
xlabel('Time (sec)');

ylabel('r (rad/sec)');

title('yaw rate (r) response to \delta_r=−3 and \delta_a=6 degree combined, 30 seconds');

legend('\delta_a','\delta_r','combined');

%

subplot(2,1,2);

t=0:.1:300;

ya = step(sys1,t);

plot(t,ya*6*pi/180,'−k');
hold on;

sys2 = tf(num_r/den);

yr = step(sys2,t);

plot(t,−yr*3*pi/180,'−');
plot(t,ya*6*pi/180−yr*3*pi/180,'r');
xlabel('Time (sec)');

ylabel('r (rad/sec)');

title('yaw rate (r) response to \delta_r=−3 and \delta_a=6 degree combined, 5 minutes');

plot([t(1) t(end)],[(ya(end)*6*pi/180−yr(end)*3*pi/180),...
(ya(end)*6*pi/180−yr(end)*3*pi/180)],'−−r');
legend('\delta_a','\delta_r','combined','steady state');

Euler angle Φ response to combined (𝛿𝑎 = 6𝑜, 𝛿𝑟 = −3𝑜)
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Figure 2.68: Yaw rate 𝑟 response to 𝛿𝑟 = −3𝑜 and 𝛿𝑎 = 6𝑜 combined
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close all; clear all;

set(0,'DefaultAxesFontSize',8)

s = tf('s');

num_a = −0.1431*s^2−0.0273017*s−0.110172;
num_r = −0.1144*s^2−0.199712*s−1.36834;
den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys1 = tf(num_a/den);

t=0:.1:180;

ya = step(sys1,t);

subplot(2,1,1);

plot(t,ya*6*pi/180,'−k');
hold on;

sys2 = tf(num_r/den);

yr = step(sys2,t);

plot(t,−yr*3*pi/180,'−');
plot(t,ya*6*pi/180−yr*3*pi/180,'r');
xlabel('Time (sec)');

ylabel('\Phi (rad)');

title('Roll angle \Phi response to \delta_r=−3 and \delta_a=6 degree combined, 3 minutes');

legend('Aileron','Rudder','combined');

%

subplot(2,1,2);

t=0:.1:480;

ya = step(sys1,t);

plot(t,ya*6*pi/180,'−k');
hold on;

yr = step(sys2,t);

plot(t,−yr*3*pi/180,'−');
plot(t,ya*6*pi/180−yr*3*pi/180,'r');
xlabel('Time (sec)');

ylabel('\Phi (rad)');

title('Roll angle \Phi response to \delta_r=−3 and \delta_a=6 degree combined, 7 minutes');

plot([t(1) t(end)],[(ya(end)*6*pi/180−yr(end)*3*pi/180),...
(ya(end)*6*pi/180−yr(end)*3*pi/180)],'−−r');
legend('Aileron','Rudder','combined','steady state');

xlim([0 480]);

2.4.4.4.4 Simultaneous response for aileron and rudder input (𝛿𝑎 = 6𝑜, 𝛿𝑟 = +3𝑜) The
transfer functions are found above. They are used to obtain the combined response. As was
done for the longitudinal case, since the system is linear, the response to 𝛿𝑎 = 60 was added
to the response to 𝛿𝑟 = 3𝑜 to obtain the combined response.

Lateral 𝑣 response to combined (𝛿𝑎 = 6𝑜, 𝛿𝑟 = +3𝑜)
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Figure 2.69: Euler angle Φ response to 𝛿𝑟 = −3𝑜 and 𝛿𝑎 = 6𝑜 combined
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close all; clear all;

set(0,'DefaultAxesFontSize',8)

s = tf('s');

num_a = −2.89553*s^2−6.54202*s−0.621998;
num_r = −5.642*s^3+379.359*s^2+167.893*s−5.9341;
den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys1 = tf(num_a/den);

t=0:.01:120;

ya = step(sys1,t);

subplot(2,1,1);

plot(t,ya*6*pi/180,'−.k');
hold on;

sys2 = tf(num_r/den);

yr = step(sys2,t);

plot(t,yr*3*pi/180,'−−');
plot(t,ya*6*pi/180+yr*3*pi/180,'r');

xlabel('Time (sec)');

ylabel('v (fps)');

title('lateral speed v response to \delta_r=−3 and \delta_a=6 degree combined, 2 minutes');

legend('Aileron','Rudder','combined');

%

subplot(2,1,2);

t=0:.01:600;

ya = step(sys1,t);

plot(t,ya*6*pi/180,'−.k');
hold on;

yr = step(sys2,t);

plot(t,yr*3*pi/180,'−−');
plot(t,ya*6*pi/180+yr*3*pi/180,'r');

xlabel('Time (sec)');

ylabel('v (fps)');

title('lateral speed v response to \delta_r=−3 and \delta_a=6 degree combined, 5 minutes');

plot([t(1) t(end)],[(ya(end)*6*pi/180+yr(end)*3*pi/180),...

(ya(end)*6*pi/180+yr(end)*3*pi/180)],'−−r');
legend('Aileron','Rudder','combined','steady state');

Yaw rate 𝑟 response to combined (𝛿𝑎 = 6𝑜, 𝛿𝑟 = +3𝑜)
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Figure 2.70: Lateral speed v response to 𝛿𝑟 = +3𝑜 and 𝛿𝑎 = 6𝑜 combined
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close all; clear all;

s = tf('s');

num_a = −0.003741*s^3+0.00270772*s^2+0.000139442*s−0.00453851;
num_r = −0.4859*s^3−0.232663*s^2−0.0090178*s−0.0564712;
den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys1 = tf(num_a/den);

t=0:.1:30;

ya = step(sys1,t);

subplot(2,1,1);

plot(t,ya*6*pi/180,'−k');
hold on;

sys2 = tf(num_r/den);

yr = step(sys2,t);

plot(t,yr*3*pi/180,'−');
plot(t,ya*6*pi/180+yr*3*pi/180,'r');

xlabel('Time (sec)');

ylabel('r (rad/sec)');

title('yaw rate (r) response to \delta_r=+3 and \delta_a=6 degree combined, 30 seconds');

legend('Aileron','Rudder','combined');

%

subplot(2,1,2);

t=0:.1:300;

ya = step(sys1,t);

plot(t,ya*6*pi/180,'−k');
hold on;

sys2 = tf(num_r/den);

yr = step(sys2,t);

plot(t,yr*3*pi/180,'−');
plot(t,ya*6*pi/180+yr*3*pi/180,'r');

xlabel('Time (sec)');

ylabel('r (rad/sec)');

title('yaw rate (r) response to \delta_r=+3 and \delta_a=6 degree combined, 5 minutes');

plot([t(1) t(end)],[(ya(end)*6*pi/180+yr(end)*3*pi/180),...

(ya(end)*6*pi/180+yr(end)*3*pi/180)],'−−r');
legend('Aileron','Rudder','combined','steady state');

Euler angle Φ response to combined (𝛿𝑎 = 6𝑜, 𝛿𝑟 = +3𝑜)
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Figure 2.71: Yaw rate 𝑟 response to 𝛿𝑟 = +3𝑜 and 𝛿𝑎 = 6𝑜 combined
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close all; clear all;

set(0,'DefaultAxesFontSize',8)

s = tf('s');

num_a = −0.1431*s^2−0.0273017*s−0.110172;
num_r = −0.1144*s^2−0.199712*s−1.36834;
den = s^4+0.6358*s^3+0.938762*s^2+0.511384*s+0.00368199;

sys1 = tf(num_a/den);

t=0:.1:180;

ya = step(sys1,t);

subplot(2,1,1);

plot(t,ya*6*pi/180,'−k');
hold on;

sys2 = tf(num_r/den);

yr = step(sys2,t);

plot(t,−yr*3*pi/180,'−');
plot(t,ya*6*pi/180+yr*3*pi/180,'r');

xlabel('Time (sec)');

ylabel('\Phi (rad)');

title('Roll angle \Phi response to \delta_r=+3 and \delta_a=6 degree combined, 3 minutes');

legend('Aileron','Rudder','combined');

%

subplot(2,1,2);

t=0:.1:480;

ya = step(sys1,t);

plot(t,ya*6*pi/180,'−k');
hold on;

yr = step(sys2,t);

plot(t,yr*3*pi/180,'−');
plot(t,ya*6*pi/180+yr*3*pi/180,'r');

xlabel('Time (sec)');

ylabel('\Phi (rad)');

title('Roll angle \Phi response to \delta_r=−3 and \delta_a=6 degree combined, 7 minutes');

plot([t(1) t(end)],[(ya(end)*6*pi/180+yr(end)*3*pi/180),...

(ya(end)*6*pi/180+yr(end)*3*pi/180)],'−−r');
legend('Aileron','Rudder','combined','steady state');

xlim([0 480]);
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Figure 2.72: Euler angle Φ response to 𝛿𝑟 = +3𝑜 and 𝛿𝑎 = 6𝑜 combined
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2.4.5 HW 4 key solution
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2.5 HW5

2.5.1 Problem 1

Solution

2.5.1.1 Part (a)

To find the steady state 𝜃(𝑡), the final value theorem will be used

lim
𝑡→∞

𝜃 (𝑡) = lim
𝑠→0

𝑠𝜃 (𝑠) (1)

But

𝜃 (𝑠) = Δ𝛿𝑒 (𝑠) 𝐺𝜃,𝛿𝑒 (𝑠) (2)

Substituting (2) in (1) gives

lim
𝑡→∞

𝜃 (𝑡) = lim
𝑠→0

𝑠Δ𝛿𝑒 (𝑠) 𝐺𝜃,𝛿𝑒 (𝑠) (3)

Using the hint given, the open loop transfer function 𝐺𝜃,𝛿𝑒is used, which is given in (8.3,3)
on page 267 in the text as

𝐺𝜃,𝛿𝑒 (𝑠) =
− �1.158𝑠2 + 0.3545𝑠 + 0.003873�

𝑠4 + 0.750468𝑠3 + 0.935494𝑠2 + 9.453025 × 10−3𝑠 + 4.195875 × 10−3
((8.3,3))

Since Δ𝛿𝑒 = 5𝑜, then ℒ(Δ𝛿𝑒) =
1
𝑠Δ𝛿𝑒 and (3) becomes

lim
𝑡→∞

𝜃 (𝑡) = lim
𝑠→0

𝑠 �
1
𝑠
Δ𝛿𝑒�

− �1.158𝑠2 + 0.3545𝑠 + 0.003873�
𝑠4 + 0.750468𝑠3 + 0.935494𝑠2 + 9.453025 × 10−3𝑠 + 4.195875 × 10−3

(4)

= Δ𝛿𝑒
− (0.003873)

4.195875 × 10−3

= 5 �
−0.003873

4.195875 × 10−3 �

= −4.6152𝑜
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2.5.1.2 Part(b)

Starting from (8.3,1) on page 266 of the textbook

𝜃 (𝑠) = 𝜃𝑐 (𝑠) 𝐺̊𝜃,𝛿𝑒 (5)

= 𝜃𝑐 (𝑠)
𝐽𝐺𝜃,𝛿𝑒

1 + 𝐽𝐺𝜃,𝛿𝑒

Since the error by definition is given by

𝑒 (𝑠) = 𝜃𝑐 (𝑠) − 𝜃 (𝑠) (6)

Then using (6) and (5) results in

𝑒 (𝑠) = 𝜃𝑐 (𝑠) − 𝜃𝑐 (𝑠)
𝐽𝐺𝜃,𝛿𝑒

1 + 𝐽𝐺𝜃,𝛿𝑒

= 𝜃𝑐 (𝑠) �1 −
𝐽𝐺𝜃,𝛿𝑒

1 + 𝐽𝐺𝜃,𝛿𝑒
� (7)

But 𝜃𝑐(𝑠) is step input, whose Laplace transform is 1
𝑠 , hence

𝑒 (𝑠) =
1
𝑠 �

𝐽𝐺𝜃,𝛿𝑒
1 + 𝐽𝐺𝜃,𝛿𝑒

− 1�

Since 𝐽 = 𝑘2 then

𝑒 (𝑠) =
1
𝑠 �
1 −

𝑘2𝐺𝜃,𝛿𝑒
1 + 𝑘2𝐺𝜃,𝛿𝑒

�
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Using final value theorem gives

lim
𝑡→∞

𝑒 (𝑡) = lim
𝑠→0

𝑠𝑒 (𝑠)

= lim
𝑠→0

𝑠
1
𝑠 �
1 −

𝑘2𝐺𝜃,𝛿𝑒
1 + 𝑘2𝐺𝜃,𝛿𝑒

�

= lim
𝑠→0

�1 −
𝑘2𝐺𝜃,𝛿𝑒

1 + 𝑘2𝐺𝜃,𝛿𝑒
�

= lim
𝑠→0

1 − lim
𝑠→0

𝑘2𝐺𝜃,𝛿𝑒
1 + 𝑘2𝐺𝜃,𝛿𝑒

= 1 −

⎛
⎜⎜⎜⎜⎜⎜⎜⎝
lim
𝑠→0

𝑘2
−�1.158𝑠2+0.3545𝑠+0.003873�

𝑠4+0.750468𝑠3+0.935494𝑠2+9.453025×10−3𝑠+4.195875×10−3

1 + 𝑘2
−�1.158𝑠2+0.3545𝑠+0.003873�

𝑠4+0.750468𝑠3+0.935494𝑠2+9.453025×10−3𝑠+4.195875×10−3

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

= 1 −
𝑘2

−(0.003873)
4.195875×10−3

1 + 𝑘2
−(0.003873)

4.195875×10−3

= 1 −
−0.923 05𝑘2
1 − 0.923 05𝑘2

=
(1 − 0.923 05𝑘2) + 0.923 05𝑘2

1 − 0.92305𝑘2

=
1

1 − 0.92305𝑘2
Which simplifies to

lim
𝑡→∞

𝑒 (𝑡) =
1

1 − 0.9231 𝑘2

This is a plot showing the steady state error 𝑒 (∞) as function of 𝑘2 as 𝑘2 is changed from 0
to −50

ess[k2_] := 1/(1 - 0.932305 k2);
Plot[Evaluate@ess[k2], {k2, -50, 0}, Frame -> True,

FrameLabel -> {
{"ess", None},
{"k2", "steady state error as function of k2"}},
BaseStyle -> FontSize -> 18

]
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Figure 2.73: Steady state error as function of 𝑘2, problem 1

2.5.1.3 Part(c)

From (7) above

𝑒 (𝑠) = 𝜃𝑐 (𝑠) �1 −
𝐽𝐺𝜃,𝛿𝑒

1 + 𝐽𝐺𝜃,𝛿𝑒
�

When 𝜃𝑐 (𝑡) = 50 then 𝜃𝑐 (𝑠) =
5
𝑠 and using final value theorem, with requirement that 𝑒𝑠𝑠 < 0.1

then

5 �
1

1 − 0.92305𝑘2
� < 0.1

Hence

5 < 0.1 − 0.092305 𝑘2
4.9 < −0.092305 𝑘2

𝑘2 < −
4.9

0.092305
𝑘2 < −53.085

Hence 𝑘2 has to be kept below −53.085 for the steady state error to be less than 0.1𝑜 when
𝜃𝑐 (𝑠) = 5𝑜
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2.5.1.4 Part(d)

From figure 8.5, in textbook 𝛿𝑒 is the elevator angle (output from the controller and the

Figure 2.74: Figure 8.5 from text, pitch attitude controller, problem 1

input to 𝐺𝜃𝛿𝑒. The controller is now 𝐽 = 𝑘2 where 𝑘2 = −53.085. Hence

𝛿𝑒 = 𝑒 (𝑠) 𝑘2 (8)

But 𝑒(𝑠) is given in (7). Hence (8) becomes

𝛿𝑒 (𝑠) = 𝜃𝑐 (𝑠) �1 −
𝑘2𝐺𝜃,𝛿𝑒

1 + 𝑘2𝐺𝜃,𝛿𝑒
� 𝑘2

Since 𝜃𝑐 (𝑠) =
5
𝑠 and 𝑘2 = −53.085 the above becomes

𝛿𝑒 (𝑠) = −
5
𝑠 �
1 −

(−53.085)𝐺𝜃,𝛿𝑒
1 − (53.085)𝐺𝜃,𝛿𝑒

� (53.085) (9)

Using initial value theorem

lim
𝑡→0

𝛿𝑒 (𝑡) = lim
𝑠→∞

𝑠𝛿𝑒 (𝑠)

Applying this to (9) gives

𝛿𝑒 (𝑡 = 0) = − lim
𝑠→∞

5 �1 −
(−53.085)𝐺𝜃,𝛿𝑒
1 − (53.085)𝐺𝜃,𝛿𝑒

� (53.085) (10)

= − lim
𝑠→∞

265. 43 �1 −
(−53.085)𝐺𝜃,𝛿𝑒
1 − (53.085)𝐺𝜃,𝛿𝑒

�

Since 𝐺𝜃,𝛿𝑒 =
−�1.158𝑠2+0.3545𝑠+0.003873�

𝑠4+0.750468𝑠3+0.935494𝑠2+9.453025×10−3𝑠+4.195875×10−3
then, by dividing numerator and

denominator by 𝑠4 and then taking the limit, it is clear that

lim
𝑠→∞

𝐺𝜃,𝛿𝑒 = 0
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Therefore (10) reduces to

𝛿𝑒(𝑡 = 0) = −265.43𝑜

2.5.2 Problem 2

Solution

2.5.2.1 Part(a)

Figure 8.5 from the textbook is

Figure 2.75: Figure 8.5 from text, pitch attitude controller, problem 2

We need to find transfer function 𝛿𝑒
𝜃𝑐
. From the above diagram we see that

𝛿𝑒 (𝑠) = 𝑒 (𝑠) 𝐽 (𝑠) (1)

Where 𝑒(𝑠) was found in problem 1 above in equation (7) as

𝑒 (𝑠) = 𝜃𝑐 (𝑠) �1 −
𝐽𝐺𝜃,𝛿𝑒

1 + 𝐽𝐺𝜃,𝛿𝑒
�
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Hence (1) becomes

𝛿𝑒 (𝑠) = 𝐽𝜃𝑐 (𝑠) �1 −
𝐽𝐺𝜃,𝛿𝑒

1 + 𝐽𝐺𝜃,𝛿𝑒
�

𝛿𝑒
𝜃𝑐
= 𝐺𝛿𝑒,𝜃𝑐 = 𝐽 �1 −

𝐽𝐺𝜃,𝛿𝑒
1 + 𝐽𝐺𝜃,𝛿𝑒

�

𝐺𝛿𝑒,𝜃𝑐 = 𝐽 �
1

1 + 𝐽𝐺𝜃,𝛿𝑒
�

=
𝐽

1 + 𝐽𝐺𝜃,𝛿𝑒
(2)

Where

𝐺𝜃,𝛿𝑒 =
− �1.158𝑠2 + 0.3545𝑠 + 0.003873�

𝑠4 + 0.750468𝑠3 + 0.935494𝑠2 + 9.453025 × 10−3𝑠 + 4.195875 × 10−3

2.5.2.2 Part(b)

Using the hint, let 𝐽 = 0.5 �1 + 𝑠 + 1
𝑠
� and apply the final value theorem to obtain the steady

state 𝛿𝑒 (∞) when 𝜃𝑐 (𝑠) =
1
𝑠 (step input).

Hence (2) becomes
𝛿𝑒
𝜃𝑐
=

𝐽
1 + 𝐽𝐺𝜃,𝛿𝑒

𝛿𝑒 (𝑠) = �
1
𝑠 �

0.5 �1 + 𝑠 + 1
𝑠
�

1 + 0.5 �1 + 𝑠 + 1
𝑠
�𝐺𝜃,𝛿𝑒

Therefore

𝛿𝑒 (∞) = lim
𝑠→0

0.5 �1 + 𝑠 + 1
𝑠
�

1 + 0.5 �1 + 𝑠 + 1
𝑠
�𝐺𝜃,𝛿𝑒

To simplify the above, the numerator and denominator are multiplied by 𝑠

𝛿𝑒 (∞) = lim
𝑠→0

0.5 �𝑠 + 𝑠2 + 1�

𝑠 + 0.5 �𝑠 + 𝑠2 + 1�𝐺𝜃,𝛿𝑒

Now the limit is taken, and noting that lim𝑠→0𝐺𝜃,𝛿𝑒 =
−(0.003873)

4.195875×10−3 results in

𝛿𝑒 (∞) =
0.5

0.5 (1) −(0.003873)
4.195875×10−3

= −1.0834𝑜
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2.5.3 Problem 3

Solution

2.5.3.1 Part(a)

The transfer function diagram for the Yaw damper is shown on figure 8.21, page 288 in the
textbook Where

Figure 2.76: figure 8.21 from text book, yaw damper

𝑟 (𝑠) = 𝑟𝑐 (𝑠) 𝐺̊𝑟,𝛿𝑟 (1)
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The closed loop 𝐺̊𝑟,𝛿𝑟 is

𝐺̊𝑟,𝛿𝑟 =
𝐽𝐺𝑟,𝛿𝑟

1 +𝑊𝐽𝐺𝑟,𝛿𝑟

To obtain 𝑟𝑠𝑠 = 𝑟 (∞) the final value theorem is used. Here 𝑟𝑐 (𝑠) = 𝑟𝑐
1
𝑠 where 𝑟𝑐 on the right

side is now the magnitude of the step input (per the hint given). Equation (1) becomes

𝑟𝑠𝑠 = lim
𝑠→0

𝑠
𝑟𝑐
𝑠
𝐺̊𝑟,𝛿𝑟

= lim
𝑠→0

𝑟𝑐𝐽𝐺𝑟,𝛿𝑟
1 +𝑊𝐽𝐺𝑟,𝛿𝑟

Using 𝑊 = 𝑠
𝑠+𝑎 the above becomes

𝑟𝑠𝑠 = lim
𝑠→0

𝑟𝑐𝐽𝐺𝑟,𝛿𝑟

1 + 𝑠
𝑠+𝑎 𝐽𝐺𝑟,𝛿𝑟

= 𝑟𝑐𝐽 (0) 𝐺𝑟,𝛿𝑟 (0)

Since lim𝑠→0
𝑠

𝑠+𝑎 = 0 then the above reduces to

𝑟𝑠𝑠 = 𝑟𝑐𝐽 (0) 𝐺𝑟,𝛿𝑟 (0)

Since the expression for 𝑟𝑠𝑠 does not contain the time constant 1
𝑎 in it, (it does not contain

𝑎 at all), therefore 𝑟𝑠𝑠 does not depend on the time constant of the washout filter.

2.5.3.2 Part(b)

Putting the washout filter in the forward path instead of in feedback, then

𝐺̊𝑟,𝛿𝑟 =
𝑊𝐽𝐺𝑟,𝛿𝑟

1 +𝑊𝐽𝐺𝑟,𝛿𝑟

Following what was done in part (a), to obtain 𝑟𝑠𝑠 = 𝑟 (∞) the final value theorem is used.
Here 𝑟𝑐 (𝑠) = 𝑟𝑐

1
𝑠 where 𝑟𝑐 on the right side is the magnitude of the step input (per hint above).

Equation (1) becomes

𝑟𝑠𝑠 = lim
𝑠→0

𝑠
𝑟𝑐
𝑠
𝐺̊𝑟,𝛿𝑟

= lim
𝑠→0

𝑟𝑐𝑊𝐽𝐺𝑟,𝛿𝑟
1 +𝑊𝐽𝐺𝑟,𝛿𝑟

Using 𝑊 = 𝑠
𝑠+𝑎 the above becomes

𝑟𝑠𝑠 = lim
𝑠→0

𝑟𝑐
𝑠

𝑠+𝑎 𝐽𝐺𝑟,𝛿𝑟

1 + 𝑠
𝑠+𝑎 𝐽𝐺𝑟,𝛿𝑟
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Since lim𝑠→0
𝑠

𝑠+𝑎 = 0 then the above becomes

𝑟𝑠𝑠 =
0

1 + 0
= 0

Hence

lim
𝑡→∞

𝑟𝑐 (𝑡) = 0

Regardless of what 𝑎 is.

2.5.4 Problem 4

Ja
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Plant 

transfer 

function

Washout highpass filter

Roll control system

Side-velocity

Roll-rate
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bank-angle

Euler-angle

main_diagram.vsdx
Drawn by Nasser M. Abbasi
Ref: Prof. Bonazza handout, 5/1/2014 
EMA 523, UW, spring 2014

Figure 2.77: Roll control system, nonaugmented, problem 4
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2.5.4.1 Part(a)

We need to obtain 𝐺̊𝛿𝑎𝜙𝑐. From the above diagram we see that

𝛿𝑎 = 𝑒𝑝𝐽𝑎
= �𝑝𝑐 − 𝑝� 𝐽𝑎

But 𝑝𝑐 = 𝑒𝜙𝐽𝑝 = �𝜙𝑐 − 𝜙� 𝐽𝑝, hence the above becomes

𝛿𝑎 = ��𝜙𝑐 − 𝜙� 𝐽𝑝 − 𝑝� 𝐽𝑎
Since 𝑝 = 𝐺𝑝𝛿𝑟𝛿𝑟 + 𝐺𝑝𝛿𝑎𝛿𝑎, the above becomes

𝛿𝑎 = ��𝜙𝑐 − 𝜙� 𝐽𝑝 − �𝐺𝑝𝛿𝑟𝛿𝑟 + 𝐺𝑝𝛿𝑎𝛿𝑎�� 𝐽𝑎

From lecture 5/1/2014 in class, 𝛿𝑟 = 𝐵𝛿𝑎 where 𝐵 =
−𝑊𝐽𝑟𝐺𝑟𝛿𝑎
1+𝑊𝐽𝑟𝐺𝑟𝛿𝑟

. Therefore

𝛿𝑎 = ��𝜙𝑐 − 𝜙� 𝐽𝑝 − �𝐺𝑝𝛿𝑟𝐵𝛿𝑎 + 𝐺𝑝𝛿𝑎𝛿𝑎�� 𝐽𝑎

Also from lecture 5/1/2014 in class, 𝜙 = 𝜙𝑐𝐺̊𝜙𝜙𝑐, and the above reduces to

𝛿𝑎 = ��𝜙𝑐 − 𝜙𝑐𝐺̊𝜙𝜙𝑐� 𝐽𝑝 − �𝐺𝑝𝛿𝑟𝐵𝛿𝑎 + 𝐺𝑝𝛿𝑎𝛿𝑎�� 𝐽𝑎
= 𝜙𝑐𝐽𝑝 − 𝜙𝑐𝐺̊𝜙𝜙𝑐𝐽𝑝 − 𝐺𝑝𝛿𝑟𝐵𝛿𝑎𝐽𝑎 − 𝐺𝑝𝛿𝑎𝛿𝑎𝐽𝑎

𝛿𝑎 �1 + 𝐺𝑝𝛿𝑟𝐵𝐽𝑎 + 𝐺𝑝𝛿𝑎𝐽𝑎� = 𝜙𝑐 �𝐽𝑝 �1 − 𝐺̊𝜙𝜙𝑐��

Therefore

𝐺̊𝛿𝑎𝜙𝑐 =
𝛿𝑎
𝜙𝑐

=
𝐽𝑝 �1 − 𝐺̊𝜙𝜙𝑐�

1 + 𝐺𝑝𝛿𝑟𝐵𝐽𝑎 + 𝐺𝑝𝛿𝑎𝐽𝑎

2.5.4.2 Part(b)

From the diagram above

𝑣 = 𝐺𝑣𝛿𝑟𝛿𝑟 + 𝐺𝑣𝛿𝑎𝛿𝑎

But 𝛿𝑟 = 𝐵𝛿𝑎 where 𝐵 =
−𝑊𝐽𝑟𝐺𝑟𝛿𝑎
1+𝑊𝐽𝑟𝐺𝑟𝛿𝑟

hence

𝑣 = 𝐺𝑣𝛿𝑟𝐵𝛿𝑎 + 𝐺𝑣𝛿𝑎𝛿𝑎
= �𝐺𝑣𝛿𝑟𝐵 + 𝐺𝑣𝛿𝑎� 𝛿𝑎

From part (a), we found 𝛿𝑎 = 𝜙𝑐𝐺̊𝛿𝑎𝜙𝑐, where 𝐺̊𝛿𝑎𝜙𝑐 =
𝐽𝑝�1−𝐺̊𝜙𝜙𝑐�

1+𝐺𝑝𝛿𝑟𝐵𝐽𝑎+𝐺𝑝𝛿𝑎𝐽𝑎
. The above becomes

𝑣 = �𝐺𝑣𝛿𝑟𝐵 + 𝐺𝑣𝛿𝑎� 𝜙𝑐𝐺̊𝛿𝑎𝜙𝑐

Therefore

𝐺̊𝑣𝜙𝑐 =
𝑣
𝜙𝑐

= �𝐺𝑣𝛿𝑟𝐵 + 𝐺𝑣𝛿𝑎� 𝐺̊𝛿𝑎𝜙𝑐

2.5.5 Problem 5
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Figure 2.78: problem 5 description
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Solution:

2.5.5.1 Generating the augmented system

From class notes on may 1, 2014, the following was derived

{𝑧̇} = 𝑷 {𝑧} + {𝑄}𝜙𝑐

Where for 𝜃0 = 0
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣̇
𝑝̇
𝑟̇
𝜙̇
𝛿̇𝑎
𝛿̇𝑟
𝑦̇

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑎11 𝑎12 𝑎13 𝑔 𝑏11 𝑏12 0
𝑎21 𝑎22 𝑎23 0 𝑏21 𝑏22 0
𝑎31 𝑎32 𝑎33 0 𝑏31 𝑏32 0
0 1 0 0 0 0 0

0 − 𝑘𝑎
𝜏𝑎

0 −
𝑘𝑎𝑘𝑝
𝜏𝑎

− 1
𝜏𝑎

0 0

0 0 0 0 0 0 1
𝑘𝑟
𝜏𝑟
𝑎31

𝑘𝑟
𝜏𝑟
𝑎32

𝑘𝑟
𝜏𝑟
𝑎33 0 𝑘𝑟

𝜏𝑟
𝑏31 � 𝑘𝑟𝑏32

𝜏𝑟
− 1

𝜏𝑟𝜏𝑤0
� − � 1

𝜏𝑟
+ 1

𝜏𝑤0
�

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣
𝑝
𝑟
𝜙
𝛿𝑎
𝛿𝑟
𝑦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0

𝑘𝑎𝑘𝑝
𝜏𝑎
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝜙𝑐

The values for 𝑎𝑖𝑗 in the above are those from lateral equations of motion equation 4.9,19
on page 111 in the textbook

Figure 2.79: Details of 𝐴 matrix from 𝑥′(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) for problem 5

And the 𝑏𝑖𝑗 are from the 𝐵 matrix (4 × 2) from equation 7.9,3 on page 244 We are now ready
to augment the above system. Since 𝑒𝜓 = 𝜓𝑐 − 𝜓 and 𝑒𝜓 𝑘 = 𝜙𝑐 where 𝑘 is the gain shown in
the above diagram feeding to 𝜙𝑐, then

𝜙𝑐 = 𝑘 �𝜓𝑐 − 𝜓� (1)
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Figure 2.80: Details of 𝐵 matrix from 𝑥′(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) for problem 5

Equation (3) in the notes from 5/1/2014, needs to be modified. It was

𝛿̇𝑎 = −
𝑘𝑎𝑘𝑝
𝜏𝑎

𝜙 −
𝑘𝑎
𝜏𝑎
𝑝 −

𝛿𝑎
𝜏𝑎
+
𝑘𝑎𝑘𝑝
𝜏𝑎

𝜙𝑐 (3)

Using (1) and (3) results in

𝛿̇𝑎 = −
𝑘𝑎𝑘𝑝
𝜏𝑎

𝜙 −
𝑘𝑎
𝜏𝑎
𝑝 −

𝛿𝑎
𝜏𝑎
+
𝑘𝑎𝑘𝑝
𝜏𝑎

𝑘 �𝜓𝑐 − 𝜓�

= −
𝑘𝑎𝑘𝑝
𝜏𝑎

𝜙 −
𝑘𝑎
𝜏𝑎
𝑝 −

𝛿𝑎
𝜏𝑎
−
𝑘𝑎𝑘𝑝
𝜏𝑎

𝑘𝜓 +
𝑘𝑎𝑘𝑝
𝜏𝑎

𝑘𝜓𝑐

Given that 𝜓̇ = 𝑟 sec𝜃0 = 𝑟 since 𝜃0 = 0. In Laplace domain this results in 𝜓 (𝑠) = 1
𝑠 𝑟 The new

augmented system becomes
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣̇
𝑝̇
𝑟̇
𝜙̇
𝜓̇
𝛿̇𝑎
𝛿̇𝑟
𝑦̇

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑎11 𝑎12 𝑎13 𝑔 0 𝑏11 𝑏12 0
𝑎21 𝑎22 𝑎23 0 0 𝑏21 𝑏22 0
𝑎31 𝑎32 𝑎33 0 0 𝑏31 𝑏32 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0

0 − 𝑘𝑎
𝜏𝑎

0 −
𝑘𝑎𝑘𝑝
𝜏𝑎

−
𝑘𝑎𝑘𝑝
𝜏𝑎
𝑘 − 1

𝜏𝑎
0 0

0 0 0 0 0 0 0 1
𝑘𝑟
𝜏𝑟
𝑎31

𝑘𝑟
𝜏𝑟
𝑎32

𝑘𝑟
𝜏𝑟
𝑎33 0 0 𝑘𝑟

𝜏𝑟
𝑏31 � 𝑘𝑟𝑏32

𝜏𝑟
− 1

𝜏𝑟𝜏𝑤𝑜
� − � 1

𝜏𝑟
+ 1

𝜏𝑤𝑜
�

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣
𝑝
𝑟
𝜙
𝜓
𝛿𝑎
𝛿𝑟
𝑦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0
0

𝑘𝑎𝑘𝑝
𝜏𝑎
𝑘

0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝜓𝑐

The above is the new system {𝑧̇} = 𝑷 {𝑧} + {𝑄}𝜙𝑐 where 𝑷 now is an 8 × 8 matrix and 𝑄 is an
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8 × 1 vector. A new state 𝜓 was added and the input now is 𝜓𝑐 instead of 𝜙𝑐. The closed
loop transfer function is

𝑮̊ = [𝑠𝑰 − 𝑷]−1𝑄

For the controller, the following values will be used 𝑘 = 2.5 and 𝑊(𝑠) = 𝑠

𝑠+ 1
𝜏𝑤𝑜

, where 𝜏𝑤𝑜 = 4,

and 𝐽𝑟 (𝑠) =
𝑘𝑟

1
𝜏𝑟

𝑠+ 1
𝜏𝑟

where 𝑘𝑟 = −1.6 and 𝜏𝑟 = 0.3, hence 𝐽𝑟 (𝑠) =
(1/0.3)1.6
𝑠+(1/0.3) and 𝐽𝑝 (𝑠) = 𝑘𝑝 = 1.5 and

𝐽𝑎 =
𝑘𝑎

1
𝜏𝑎

𝑠+ 1
𝜏𝑎

where 𝑘𝑎 = −1 and 𝜏𝑎 = 0.15. Hence 𝐽𝑎 =
−1
0.15

𝑠+ 1
0.15

. To summarize

𝑘 = 2.5

𝑊 (𝑠) =
𝑠

𝑠 + 1
4

𝐽𝑟 (𝑠) =
− (1/0.3) 1.6
𝑠 + (1/0.3)

=
−5.3333
𝑠 + 3.3333

𝐽𝑎 =
− 1
0.15

𝑠 + 1
0.15

−6.6667
𝑠 + 6.6667

Now that all the controllers are known and the new augmented system is shown above,
Matlab was used to obtain the response due to an impulse and step in the new input 𝜓𝑐.
The structure of 𝐴,𝐵, 𝐶 and 𝐷 matrices is as follows

A
n  n

B
n  m

C
r  n

D
r  m

Number of 
columns is 
the number 
of inputs

Number of 
rows is the 
number of 
states

Number of 
rows is the 
number of 
outputs

Figure 2.81: State space matrices dimensions
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And the augmented roll controller becomes

Ja
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Figure 2.82: Roll control system, augmented, problem 5

2.5.5.2 A,B,C,D generated by Matlab

These are the numerical value of the matrices A,B,C,D generated by Matlab after connecting
the system

sys=connect(sysa,Q,inputs,outputs)
a=sys.A
b=sys.B
c=sys.C
d=sys.D

a =
-6.6667 0 0 -1.0000 0 -1.5000 0 -3.7500

0 -3.3333 0 0 -1.0000 0 0.2500 0
0 -30.0907 -0.0558 0 -774.0000 32.2000 0 0

0.9540 -0.6101 -0.0039 -0.4342 0.4136 0 0 0
-0.0249 2.5915 0.0011 -0.0061 -0.1458 0 0 0
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0 0 0 1.0000 0 0 0 0
0 0 0 0 1.0000 0 -0.2500 0
0 0 0 0 1.0000 0 0 0

b =
3.7500 0

0 1.0000
0 0
0 0
0 0
0 0
0 0
0 0

c =
-6.6667 0 0 0 0 0 0 0

0 -5.3333 0 0 0 0 0 0
0 0 1.0000 0 0 0 0 0
0 0 0 1.0000 0 0 0 0
0 0 0 0 1.0000 0 0 0
0 0 0 0 0 1.0000 0 0
0 0 0 0 0 0 0 1.0000

d =
0 0
0 0
0 0
0 0
0 0
0 0
0 0

2.5.5.3 Generating the responses

Four di�erent inputs are used, and for each input, seven outputs were plotted.

The inputs are: 150 step input in 𝜓𝑐 and one radian angle impulse in 𝜓𝑐. For each of these
two inputs the responses 𝛽, 𝑝, 𝑟, 𝜙, 𝜓, 𝛿𝑎, 𝛿𝑟 were plotted.

Next, a step input 𝑟𝑐 of amplitude 1𝑜 per second, and an impulse 𝑟𝑐 of 1𝑜 per second are used,
and for each of these inputs, the responses 𝛽, 𝑝, 𝑟, 𝜙, 𝜓, 𝛿𝑎, 𝛿𝑟 were plotted.

There are 28 di�erent plots generated. Special attention is given to the response 𝜓 to the
15𝑜 step input 𝜓𝑐 and to the response 𝑟 to the 1𝑜 per second step input 𝑟𝑐.

Final conclusion is given below at the end after showing the responses obtained.
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2.5.5.4 Response for one radian impulse in 𝜓𝑐

All variables subside to negligible level, including 𝜓 which had a residual value in the
non-augmented system when 𝜙𝑐 was used as input instead of 𝜓𝑐 here.

All state variables had good damped oscillatory decay as well. The aileron angle was larger
than the case with the non-augmented system, reaching almost 50 degrees before damping
down. The rudder angle went to 2 degrees which is twice as much as with the non-augmented
system in the text book at page 293. Variables decay to negligible level in about 15 seconds,
similar to the non-augmented system, except for 𝜓 which needed about 30 seconds.
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1 radian impulse response. Input:  [ ψ
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Figure 2.83: Impulse response. Input 𝜓𝑐, out-
put 𝛿𝑎
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Figure 2.84: Impulse response. Input 𝜓𝑐, out-
put 𝛿𝑟
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Figure 2.85: Impulse response. Input 𝜓𝑐, out-
put 𝛽
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Figure 2.86: Impulse response. Input 𝜓𝑐, out-
put p
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Figure 2.87: Impulse response. Input 𝜓𝑐 out-
put 𝜙
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Figure 2.88: Impulse response. Input 𝜓𝑐, out-
put r
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Figure 2.89: Impulse response. Input 𝜓𝑐, output 𝜓
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2.5.5.5 Response for one degree per second impulse in 𝑟𝑐

All variables here also subsided to negligible level in about 15 seconds, except for 𝜙 and 𝜓
which needed 40 seconds.

All state variables had good damped oscillatory decay as well. The aileron angle reached
only 5 degrees before damping down.
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Figure 2.90: Impulse response. Input 𝑟𝑐, out-
put 𝛿𝑎
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Figure 2.91: Impulse response. Input 𝑟𝑐𝑐, out-
put 𝛿𝑟
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Figure 2.92: Impulse response. Input 𝑟𝑐𝑐, out-
put 𝛽
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Figure 2.93: Impulse response. Input 𝑟𝑐𝑐, out-
put p

2.5.5.6 Response for 15 degrees step input in 𝜓𝑐

Aileron angle took 40 seconds to damped to zero and had large initial oscillation (-50
degrees). Rudder angle reached 1.2 degrees before damping.

The yaw rate 𝑟 did not residual value as the case was with the non-augmented system when
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Figure 2.94: Impulse response. Input 𝑟𝑐𝑐 out-
put 𝜙
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Figure 2.95: Impulse response. Input 𝑟𝑐𝑐, out-
put 𝜓
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Figure 2.96: Impulse response. Input 𝑟𝑐𝑐, output r
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roll command was used as can be seen in figure 8.28, page 294 in the text. Here we see 𝑟
damping down to almost zero in 40 seconds.
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Figure 2.97: Step response. Input 𝜓𝑐, output
𝛿𝑎
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Figure 2.98: Step response. Input 𝜓𝑐, output 𝛿𝑟
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Figure 2.99: Step response. Input 𝜓𝑐, output
𝛽
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Figure 2.100: Step response. Input 𝜓𝑐, output
p

2.5.5.7 Response for one degree per second step input in 𝑟𝑐

Aileron angle reach 20 degrees steady state, while rudder was -1.6 degrees when the reference
command is set to one degree per second yaw rate 𝑟𝑐.

Rudder angle had more oscillation than aileron but both reached steady state in 40 seconds.
The roll rate 𝑝 damped to zero in 40 seconds.

State variable yaw rate 𝑟 did not track 𝑟𝑐 in this case. The augmented system could not
control Yaw rate as it did not follow the step input 𝑟𝑐 as is discussed more below.
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Figure 2.101: Step response. Input 𝜓𝑐 output
𝜙
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Figure 2.102: Step response. Input 𝜓𝑐, output
r
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Figure 2.103: Step response. Input 𝜓𝑐, output 𝜓
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Figure 2.104: Step response. Input 𝑟𝑐, output
𝛿𝑎
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Figure 2.105: Step response. Input 𝑟𝑐, output
𝛿𝑟
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Figure 2.106: Step response. Input 𝑟𝑐, output
𝛽
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Figure 2.107: Step response. Input 𝑟𝑐, output
p
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Figure 2.108: Step response. Input 𝑟𝑐 output
𝜙
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Figure 2.109: Step response. Input 𝑟𝑐, output
𝜓
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Figure 2.110: Step response. Input 𝑟𝑐, output r
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2.5.5.8 Conclusion

Looking at the 𝜓 step response of 15𝑜 in 𝜓𝑐 given in figure 2.103, we can see that the response
𝜓 was good to the step input. After 30 seconds, it had amplitude of 16 degrees, and at 40
seconds it was close to the 15 degrees reference input. There was no oscillation and almost
no overshoot (about 1 degree overshoot).

However, Looking at the 𝑟 step response of 1𝑜 per second in 𝑟𝑐 given in figure 2.110, the 𝑟
step response was not as good as the case was when using the nonaugmented system.

There was similar oscillation initially in the response 𝑟, but after 10 seconds, the response
failed to reach one degree per second, and it actually went to zero instead, as can be seen
in the following figure.

This shows the augmented system is not suitable for controlling 𝑟.
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Figure 2.111: Showing augmented system is not suitable to tracking 𝑟𝑐

265



2.5. HW5 CHAPTER 2. MY TYPED HWS AND . . .

2.5.5.9 Source code listing
%This script is modified version of EMA 523 class script to solve

%problem 5, HW5.

%step input in \psi_c and r_c and impulse in \psi_c and r_c

%are given. For each, response in v,p,r,\phi,\psi,del_a and del_r is

%plotted.

% EMA 523 Univ. Wisconsin, Madison, spring 2014

% modified by Nasser M. Abbasi

close all;

clear all;

v_cruise = 774;%cruise speed in fps

max_time = 40;

T = 0:0.01:max_time; %time interval for plotting

%set up matrices%%%%%%%%%%%%%%%%%%%

A=[−0.0558 0.0 −774.0 32.20;

−0.003865 −0.4342 0.4136 0.0;

0.001086 −0.006112 −0.1458 0.0;

0.0 1.0 0.0 0.0]

B=[0.0 5.642;

−0.1431 0.1144;

0.003741 −0.4859;
0.0 0.0]

C=[1 0 0 0;

0 1 0 0;

0 0 1 0;

0 0 0 1]

D=[0 0;

0 0;

0 0;

0 0]

%−−−−−−−−−− set up string arrays and cells

states='v p r \phi'

inputs='aileron rudder';

outputs='v p r \phi';

states_st={' v ';' p ';' r ';' \phi '};

inputs_st={' aileron ';' rudder '};

outputs_st=states_st;

%−−−−−−−−− display all matrices
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printsys(A,B,C,D,inputs, outputs,states);

%−−−−−−− SYS1

[A1,B1,C1,D1]=zp2ss(0,0,1) %between zeta_c and zeta_c

sys1=ss(A1,B1,C1,D1,'inputname','\psi_c','outputname','\psi_c');

%−−−−−−−− SYS2

[A2,B2,C2,D2]=zp2ss(0,0,2.5) %between error_zeta and phi_c

sys2=ss(A2,B2,C2,D2,'inputname','e_\psi','outputname','\phi_c');

%−−−−−−−− SYS 3, Roll−rate controller (Jp=SYS3)

K_p=1.5

[A3,B3,C3,D3]=zp2ss(0,0,K_p)

sys3=ss(A3,B3,C3,D3,'inputname','e_\phi','outputname','p_c')

%−−−−−−−−− SYS4

[A4,B4,C4,D4]=zp2ss(0,0,1)

sys4=ss(A4,B4,C4,D4,'inputname','r_c','outputname','r_c')

%−−−−−−−−− SYS 5, Aileron controller (Ja=SYS5)

tau_a = 0.15

K_a = −1.0
den_ja = [1 1./tau_a]

num_ja = [K_a/tau_a]

[A5,B5,C5,D5] = tf2ss(num_ja,den_ja)

sys5 = ss(A5,B5,C5,D5,'inputname','e_p','outputname','\delta_a')

%−−−−−−−−−− SYS 6, Rudder controller (Jr=SYS6)

tau_r = 0.3

K_r = −1.6
den_jr = [1 1./tau_r]

num_jr = [K_r/tau_r]

[A6,B6,C6,D6] = tf2ss(num_jr,den_jr)

sys6 = ss(A6,B6,C6,D6,'inputname','e_r','outputname','\delta_r')

%−−−−−−−−−− SYS 7

sys7 = ss(A,B,C,D,'inputname',{'\delta_a' '\delta_r'}, 'outputname',{'v' 'p' 'r' '\phi'})

%−−−−−−−−−− SYS 8, Washout

tau_wo = 4.0

[A8,B8,C8,D8] = zp2ss(0,−1/tau_wo,1)
sys8=ss(A8,B8,C8,D8,'inputname','r','outputname','r_f')

%−−−−−−−−−− SYS 9, Integrator

den_int = [1 0]

num_int = [1]

[A9,B9,C9,D9] = tf2ss(num_int,den_int)
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sys9 = ss(A9,B9,C9,D9,'inputname','r','outputname','\psi')

sysa=append(sys1,sys2,sys3,sys4,sys5,sys6,sys7,sys8,sys9)

Q=[2 1 −12
3 2 −10
5 3 −8
6 4 −11
7 5 0

8 6 0

9 9 0

10 9 0];

inputs=[1 4];

outputs=[5 6 7 8 9 10 12];

sys=connect(sysa,Q,inputs,outputs)

a=sys.A

b=sys.B

c=sys.C

d=sys.D

%set up string arrays and cells%%%%%%%%%

states_1='v p r \phi \psi';

inputs_1='\psi_c r_c';

outputs_1='\delta_a \delta_r v p r \phi \psi';

states_st_1={' \delta_a ';' \delta_r ';' \beta ';' p ';' r ';' \phi ';' \psi '};

inputs_st_1={' \psi_c ';' r_c '};

outputs_st_1=states_st_1;

%set up string arrays and cells%%%%%%%%%

% IMPULSE IN PSI_C

figure;

plot(T,impulse(a,b,c(1,:),d(1,:),1,T)*180/pi,'r','LineWidth',2);%*0.262);

title(strcat('1 radian impulse response. Input: [',...

[char(inputs_st_1(1)), '] Output: [', char(outputs_st_1(1))], ']'));

axis([0 15 −1 60]);

xlabel('t (s)');

ylabel('degree');

grid;

saveas(gcf, 'impulse_psi_to_del_a', 'epsc');

figure;

plot(T,impulse(a,b,c(2,:),d(2,:),1,T)*180/pi,'r','LineWidth',2);%*0.262);

title(strcat('1 radian degree impulse response. Input: [',...
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[char(inputs_st_1(1)), '] Output: [', char(outputs_st_1(2))], ']'));

%axis([0 max_time −0.05 0.05])

xlabel('t (s)');

ylabel('degree');

grid;

saveas(gcf, 'impulse_psi_to_del_r', 'epsc');

figure;

plot(T,impulse(a,b,c(3,:),d(3,:),1,T)/v_cruise*180/pi,'r','LineWidth',2);%*0.262/v_cruise);

title(strcat('1 radian degree impulse response. Input: [',...

[char(inputs_st_1(1)), '] Output: [', char(outputs_st_1(3))], ']'));

%axis([0 max_time −0.03 0.05])

xlabel('t (s)');

ylabel('degree');

grid;

saveas(gcf, 'impulse_psi_to_beta', 'epsc');

figure;

plot(T,impulse(a,b,c(4,:),d(4,:),1,T)*180/pi,'r','LineWidth',2);%*0.262*2);

title(strcat('1 radian degree impulse response. Input: [',...

[char(inputs_st_1(1)), '] Output: [', char(outputs_st_1(4))], ']'));

%axis([0 max_time −0.3 0.5])

xlabel('t (s)')

ylabel('degree per second')

grid;

saveas(gcf, 'impulse_psi_to_p', 'epsc');

figure;

plot(T,impulse(a,b,c(5,:),d(5,:),1,T)*2*180/pi,'r','LineWidth',2);%*0.262*2);

title(strcat('1 radian degree impulse response. Input: [',...

[char(inputs_st_1(1)), '] Output: [2', char(outputs_st_1(5))], ']'));

%axis([0 max_time −0.05 0.05])

xlabel('t (s)');

ylabel('degree per second');

grid;

saveas(gcf, 'impulse_psi_to_r', 'epsc');

figure;

plot(T,impulse(a,b,c(6,:),d(6,:),1,T)*180/pi,'r','LineWidth',2);%*0.262);

title(strcat('1 radian degree impulse response. Input: [',...

[char(inputs_st_1(1)), '] Output: [', char(outputs_st_1(6))], ']'));

%axis([0 max_time −0.3 0.6])

xlabel('t (s)');

ylabel('degree');

grid;
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saveas(gcf, 'impulse_psi_to_phi', 'epsc');

figure;

plot(T,impulse(a,b,c(7,:),d(7,:),1,T)*180/pi,'r','LineWidth',2);%*0.262);

title(strcat('1 radian degree impulse response. Input: [',...

[char(inputs_st_1(1)), '] Output: [', char(outputs_st_1(7))], ']'));

%axis([0 max_time −0.02 0.1])

xlabel('t (s)');

ylabel('degree');

grid;

saveas(gcf, 'impulse_psi_to_psi', 'epsc');

%−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
% IMPULSE IN r_C

figure;

plot(T,impulse(a,b,c(1,:),d(1,:),2,T)*0.0175*180/pi,'r','LineWidth',2);%*0.262);

title(strcat('1 degree/s impulse response. Input: [',...

[char(inputs_st_1(2)), '] Output: [', char(outputs_st_1(1))], ']'));

%axis([0 max_time −0.3 0.5])

xlabel('t (s)');

ylabel('degree');

grid;

saveas(gcf, 'impulse_rc_to_del_a', 'epsc');

figure;

plot(T,impulse(a,b,c(2,:),d(2,:),2,T)*0.0175*180/pi,'r','LineWidth',2);%*0.262);

title(strcat('1 degree/s impulse response. Input: [',...

[char(inputs_st_1(2)), '] Output: [', char(outputs_st_1(2))], ']'));

axis([0 15 −4 1])

xlabel('t (s)')

ylabel('degree')

grid;

saveas(gcf, 'impulse_rc_to_del_r', 'epsc');

figure;

plot(T,impulse(a,b,c(3,:),d(3,:),2,T)*0.0175/v_cruise*180/pi,'r','LineWidth',2);%*0.262/v_cruise);

title(strcat('1 degree/s impulse response. Input: [',...

[char(inputs_st_1(2)), '] Output: [', char(outputs_st_1(3))], ']'));

axis([0 15 −1 1])

xlabel('t (s)');

ylabel('degree');

grid;

saveas(gcf, 'impulse_rc_to_beta', 'epsc');

figure;
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plot(T,impulse(a,b,c(4,:),d(4,:),2,T)*0.0175*180/pi,'r','LineWidth',2);%*0.262*2);

title(strcat('1 degree/s impulse response. Input: [',...

[char(inputs_st_1(2)), '] Output: [', char(outputs_st_1(4))], ']'));

%axis([0 max_time −0.3 0.5])

xlabel('t (s)')

ylabel('degree per second')

grid;

saveas(gcf, 'impulse_rc_to_p', 'epsc');

figure;

plot(T,impulse(a,b,c(5,:),d(5,:),2,T)*2*0.0175*180/pi,'r','LineWidth',2);%*0.262*2);

title(strcat('1 degree/s impulse response. Input: [',...

[char(inputs_st_1(2)), '] Output: [2', char(outputs_st_1(5))], ']'));

%axis([0 max_time −0.05 0.05])

xlabel('t (s)');

ylabel('degree per second');

grid;

saveas(gcf, 'impulse_rc_to_r', 'epsc');

figure;

plot(T,impulse(a,b,c(6,:),d(6,:),2,T)*0.0175*180/pi,'r','LineWidth',2);%*0.262);

title(strcat('1 degree/s impulse response. Input: [',...

[char(inputs_st_1(2)), '] Output: [', char(outputs_st_1(6))], ']'));

%axis([0 max_time −0.3 0.5])

xlabel('t (s)');

ylabel('degree');

grid;

saveas(gcf, 'impulse_rc_to_phi', 'epsc');

figure;

plot(T,impulse(a,b,c(7,:),d(7,:),2,T)*0.0175*180/pi,'r','LineWidth',2);%*0.262);

title(strcat('1 degree/s impulse response. Input: [',...

[char(inputs_st_1(2)), '] Output: [', char(outputs_st_1(7))], ']'));

%axis([0 max_time −0.05 0.05])

xlabel('t (s)');

ylabel('degree');

grid;

saveas(gcf, 'impulse_rc_to_psi', 'epsc');

%−−−−−−−−−−−−−−−−−−−−−−−−−15 degree STEP IN PSI_C

figure
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plot(T,step(a,b,c(1,:),d(1,:),1,T)*0.262*180/pi,'r','LineWidth',2);

title(strcat('15 degrees step response. Input: [',...

[char(inputs_st_1(1)), '] Output: [', char(outputs_st_1(1))], ']'));

axis([0 max_time −55 13]);

xlabel('t (s)');

ylabel('degree');

grid;

saveas(gcf, 'step_psi_to_del_a', 'epsc');

figure;

plot(T,step(a,b,c(2,:),d(2,:),1,T)*0.262*180/pi,'r','LineWidth',2);

title(strcat('15 degrees step response. Input: [',...

[char(inputs_st_1(1)), '] Output: [', char(outputs_st_1(2))], ']'));

%axis([0 max_time −0.022 0.1])

xlabel('t (s)');

ylabel('degree');

grid;

saveas(gcf, 'step_psi_to_del_r', 'epsc');

figure;

plot(T,step(a,b,c(3,:),d(3,:),1,T)*0.262/v_cruise *180/pi,'r','LineWidth',2);

title(strcat('15 degrees step response. Input: [',...

[char(inputs_st_1(1)), '] Output: [', char(outputs_st_1(3))], ']'));

%axis([0 max_time −0.022 0.1])

xlabel('t (s)');

ylabel('degree');

grid;

saveas(gcf, 'step_psi_to_beta', 'epsc');

figure;

plot(T,step(a,b,c(4,:),d(4,:),1,T)*0.262*180/pi,'r','LineWidth',2);

title(strcat('15 degrees step response. Input: [',...

[char(inputs_st_1(1)), '] Output: [', char(outputs_st_1(4))], ']'));

%axis([0 max_time −0.5 0.5])

xlabel('t (s)');

ylabel('degree per second');

grid;

saveas(gcf, 'step_psi_to_p', 'epsc');

figure;

plot(T,step(a,b,c(5,:),d(5,:),1,T)*2*0.262*180/pi,'r','LineWidth',2);

title(strcat('15 degrees step response. Input: [',...

[char(inputs_st_1(1)), '] Output: [2', char(outputs_st_1(5))], ']'));

%axis([0 max_time −0.022 0.1])
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xlabel('t (s)');

ylabel('degree per second');

grid;

saveas(gcf, 'step_psi_to_r', 'epsc');

figure;

plot(T,step(a,b,c(6,:),d(6,:),1,T)*0.262*180/pi,'r','LineWidth',2);

title(strcat('15 degrees step response. Input: [',...

[char(inputs_st_1(1)), '] Output: [', char(outputs_st_1(6))], ']'));

%axis([0 max_time −0.1 0.6])

xlabel('t (s)');

ylabel('degree');

grid;

saveas(gcf, 'step_psi_to_phi', 'epsc');

figure;

plot(T,step(a,b,c(7,:),d(7,:),1,T)*0.262*180/pi,'r','LineWidth',2);

title(strcat('15 degrees step response. Input: [',...

[char(inputs_st_1(1)), '] Output: [', char(outputs_st_1(7))], ']'));

axis([0 max_time −1 18])

xlabel('t (s)');

ylabel('degree');

grid;

saveas(gcf, 'step_psi_to_psi', 'epsc');

%−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
%STEP INPUT 1 deg/sec in r_c

figure

plot(T,step(a,b,c(1,:),d(1,:),2,T)*0.0175*180/pi,'r','LineWidth',2);

title(strcat('1 degree/s step response. Input: [',...

[char(inputs_st_1(2)), '] Output: [', char(outputs_st_1(1))], ']'));

%axis([0 max_time −0.5 0.5])

xlabel('t (s)');

ylabel('degree');

grid;

saveas(gcf, 'step_rc_to_dela', 'epsc');

figure;

plot(T,step(a,b,c(2,:),d(2,:),2,T)*0.0175*180/pi,'r','LineWidth',2);

title(strcat('1 degree/s step response. Input: [',...

[char(inputs_st_1(2)), '] Output: [', char(outputs_st_1(2))], ']'));

%axis([0 max_time −0.022 0.1])
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xlabel('t (s)');

ylabel('degree');

grid;

saveas(gcf, 'step_rc_to_delr', 'epsc');

figure;

plot(T,step(a,b,c(3,:),d(3,:),2,T)*0.0175/v_cruise*180/pi,'r','LineWidth',2);

title(strcat('1 degree/s step response. Input: [',...

[char(inputs_st_1(2)), '] Output: [', char(outputs_st_1(3))], ']'));

%axis([0 max_time −0.022 0.1])

xlabel('t (s)');

ylabel('degree');

grid;

saveas(gcf, 'step_rc_to_beta', 'epsc');

figure;

plot(T,step(a,b,c(4,:),d(4,:),2,T)*0.0175*180/pi,'r','LineWidth',2);

title(strcat('1 degree/s step response. Input: [',...

[char(inputs_st_1(2)), '] Output: [', char(outputs_st_1(4))], ']'));

%axis([0 max_time −0.5 0.5])

xlabel('t (s)');

ylabel('degree per second');

grid;

saveas(gcf, 'step_rc_to_p', 'epsc');

figure;

plot(T,step(a,b,c(5,:),d(5,:),2,T)*2*0.0175*180/pi,'r','LineWidth',2);

title(strcat('1 degree/s step response. Input: [',...

[char(inputs_st_1(2)), '] Output: [2', char(outputs_st_1(5))], ']'));

%axis([0 max_time −0.022 0.1])

xlabel('t (s)');

ylabel('degree per second');

grid;

saveas(gcf, 'step_rc_to_r', 'epsc');

figure;

plot(T,step(a,b,c(6,:),d(6,:),2,T)*0.0175*180/pi,'r','LineWidth',2);

title(strcat('1 degree/s step response. Input: [',...

[char(inputs_st_1(2)), '] Output: [', char(outputs_st_1(6))], ']'));

%axis([0 max_time −0.5 0.5])

xlabel('t (s)');

ylabel('degree');

grid;
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saveas(gcf, 'step_rc_to_phi', 'epsc');

figure;

plot(T,step(a,b,c(7,:),d(7,:),2,T)*0.0175*180/pi,'r','LineWidth',2);

title(strcat('1 degree/s step response. Input: [',...

[char(inputs_st_1(2)), '] Output: [', char(outputs_st_1(7))], ']'));

%axis([0 max_time −0.022 0.15]);

xlabel('t (s)');

ylabel('degree');

grid;

saveas(gcf, 'step_rc_to_psi', 'epsc');

2.5.6 Problem 6

Solution:

2.5.6.1 Pitch attitude controller

The following diagram illustrates the system that we need to implement in simulink. It is
figure 8.5 in the text, page 266, which is a pitch attitude controller. The three di�erent
controllers are implemented in simulink. A scope was used to show the responses in order
to reproduce figure 8.7 in the textbook (page 268). These are the resulting plots showing
the simulink model used for each.

2.5.6.2 Speed controller

For this part, the speed controller given by figure 8.8, page 270 is implemented in simulink.

Using the exact equations, the aircraft 𝐴,𝐵, 𝐶,𝐷 state space matrices are defined in the
Matlab workspace before starting simulink. This was done since a state space control block
was used for the aircraft model directly in simulink instead of using transfer functions. This
lead to a much simpler model in simulink. The matrices 𝐴,𝐵, 𝐶,𝐷 longitudinal motion are
the following
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J  0.5 J  0.51  1
s  J  0.51  s  1

s 
propertional Propertional+integral PID

Controller to implement in Simulink

Figure 2.112: pitch attitude controller for problem 6, showing the three type of controllers
to implement in simulink

Figure 2.113: producing figure 8.7(a) for problem 6
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Figure 2.114: producing figure 8.7(b) for problem 6

PID block was used for this.

Figure 2.115: producing figure 8.7(c) for problem 6
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Figure 2.116: figure 8.8, speed controller for problem 6

A=[-0.006868 0.01395 0 -32.20;
-0.09055 -0.3151 773.98 0.0;
0.0001187 -0.001026 -0.4285 0.0;
0.0 0.0 1 0.0];

B=[-0.000187 9.66;-17.85 0;-1.158 0; 0 0]

C=[1 0 0 0;
0 1 0 0;
0 0 1 0;
0 0 0 1]

D=[0 0;
0 0;
0 0;
0 0]

2.5.6.3 Generating �gure 8.12, speed response

Figure 8.12 was reproduced using controller 𝐽 = 0.005(3𝑠 + 1) which was implemented using
PID block. 𝛿𝑝 =

−1
6 was implemented using step input with amplitude of −1

6 . The following
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shows the resulting plot with the model used.

Figure 2.117: producing figure 8.12, speed controller for problem 6
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2.5.6.4 Figure 8.13, 𝛾 response

To reproduce figure 8.13, we first note that 𝛾 = 𝜃 − 𝛼 where 𝛼 is the angle of attack found
from 𝛼 = 𝑤

𝑢0
where 𝑢0 = 774 fps (the cruise speed). Therefore, the model was adjusted to

find 𝛾 according to the above. Here is the simulink model and the figure reproduced.

Figure 2.118: producing figure 8.13, speed controller for problem 6
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2.5.6.5 Figure 8.14

To produce this figure, a scope as added after the controller to capture the value of the
elevator angle 𝛿𝑒 feeding into the aircraft as input. The 𝑦 axes scale was changed to have
units of degrees instead of radians by using a gain block with gain 180

𝜋 . Here is the result.
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Figure 2.119: producing figure 8.14, speed controller for problem 6
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2.5.6.6 Figure 8.15

To produce this figure, which shows the resulting angle of attack, a scope as added after 𝛼
was calculated using 𝛼 = 𝑤

𝑢0
. Here is the result.

Figure 2.120: producing figure 8.15, speed controller for problem 6
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