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1.1. links CHAPTER 1. INTRODUCTION

1.1 links

1. [Professor Minh-Binh Tran web page|

2. class web page [http:/www.math.wisc.edw/ minhbinh/Math319.htm|
3.

4. [canvas.wisc.edu| Needs login

1.2 syllabus

Math 319: Techniques in Ordinary Differential Equations

Instructor: Minh-Binh Tran
e Office: B312 Sterling Hall
e email: minhbinh@math.wisc.edu

e WWW home page: http://www.math.wisc.edu/~minhbinh with home-
work and exam information)

Office hours: Mondays 9:50 - 10:50 a.m, Fridays 13:10 - 14:10 p.m.

TAs Office hours:

Ramos, Eric: Wednesdays 3:30-5:30 p.m. and 1 more hour by appointments.
Enkhtaivan, Enkhzaya: Tuesdays and Thursdays 9-10 a.m. and 1 more hour by
appointments.

Textbook: Elementary Differential Equations and Boundary Value Problems,
Boyce and DiPrima, 10th Ed.

Sylabus: We will cover the following material from the book:

Chapter 1. Introduction

Chapter 2. First Order Differential Equations

Chapter 3. Second Order Differential Equations

Chapter 5. Series Solutions of Second Order Linear Equations

Chapter 6. The Laplace Transform

Chapter 7. Systems of First Order Linear Equations

Course website: Available through LearnQUW.

Homework:
e There will be 10-11 homeworks.
e The lowest homework score will be dropped.

e Homework is assigned weekly on Friday and collected at the beginning of
lecture the following Friday.

e Rules for homework submission: All homework should be written clearly.
- You are required to prepare your homework assignments on your own
(but are allowed to work on the problems with others). Writings up the
solution on your own is a way to ensure you understand all of the relevant
concepts completely.

- All homework should be submitted in hard copy before the start of
lecture on the day it is due (hand in to me or slide under the door of my
office).

- Consulting solutions from prior years or using collections of solutions
found on the internet is not allowed in the course.

- No credit for copied or unexcused late homework. Valid excuses for late
homework are illness or family emergency.
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2.1. HW1 CHAPTER 2. HWS

21 HWI1

Note on plots: Some of these problems requires plotting. These were done both by hand
and also by the computer but only the computer version of the plot was included.

2.1.1 Section 1.2 problem 1

Solve each of the following and plot the solution for different y, values.

2111 parta

d

dy
- -5
ar Y

This is first order, linear ODE of the form iy’ + p () y = g (t) where p(t) =1,g(t) = 5. Since
both p(t), g (t) are continuous on the real line, then by theorem 1, a solution exists and is

unique. Now the ODE is solved.

The Integrating factor is el ¥ = ¢t Multiplying both sides by e gives

% (yet) = Be!

Integrating
ye! :5fetdt+c

=5el + ¢

Hence
y(t)=5+ce! (1)

Applying initial conditions gives

Yo=5+c

c=1Yp—-5

The complete solution from (1) becomes
y(t):5+(y0—5)e‘t teR

As t — oo the solution approaches y (t) = 5.The following plot gives the solution y (t) for
few values of v,

part a
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2112 partb
d
d—? =-2y+5,y(0) =y
dy
ﬁ + Zy =5

This is first order, linear ODE of the form v’ + p (t)y = g () where p (t) = 2,g(t) = 5. Since
both p(t), g (t) are continuous on the real line, then by theorem 1, a solution exists and is
unique. Now the ODE is solved.
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e?!. Multiplying both sides by ¢ gives

%(yem) — 52t

Integrating factor is 2fa =

Integrating
ye?t =5 ertdt +c
5
= EeZt +c
Hence
5
YO =2 +ee (1)
Applying initial conditions gives
=24
Yo=73
e 5
=Y -5

The complete solution from (1) becomes
y(H)=25+(yo-25)e?  teR

As t — oo the solution approaches y (f) = 2.5. The following plot gives the solution y () for
few values of y

part b

ylt]

-20 -15 -10 -05 0.0 0.5 1.0

2113 partc

d
d—z =-2y+10,y(0) =y

dy
a + 2y =10

This is first order, linear ODE of the form y’ + p (t) y = g (t) where p(t) = 2, ¢ (t) = 10. Since
both p(t), g (t) are continuous on the real line, then by theorem 1, a solution exists and is

unique. Now the ODE is solved.
Integrating factor is ¢/ % = ¢2. Multiplying both sides by ¢ gives

% (yeZt) =10e%

Integrating
ye? =10 fez%lt +c

=5e? +¢

Hence
y(t)=5+ce? (1)

Applying initial conditions gives

Yo=5+c

c=1Yp—-5

The complete solution from (1) becomes
y(t):5+(y0—5)e‘2t teR
7
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As t — oo the solution approaches y (t) = 5. The following plot gives the solution y (¢) for
few values of v,

partc

- -8
-5

100t
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-200¢
. | | | | L 5
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t

Discussion of differences In all solutions the term with e and e in it will vanish as
t — +oco. Hence for t > 0 all solution approach a constant value as t — oo, which is 5 for
part (a) and (c) and 2.5 for part (b). Since part(b,c) has e term, these will approach the
asymptote faster (converges faster) than part (a) which has e™ term.

2.1.2 Section 1.2, problem 2
21.21 part (a)

dy _ —
2 = ¥=5y0) =y

dy

=5

dt
This is first order, linear ODE of the form iy’ +p (t) y = g (t) where p (t) = -1, g () = =5. Since
both p(t), g (t) are continuous on the real line, then by theorem 1, a solution exists and is
unique. Now the ODE is solved.

Integrating factor is e U=t Multiplying both sides by e~ gives

% (ye‘t) = —Bet

Integrating
yel = -5 fe‘tdt +c

=5et+¢
Hence

y()=5+ce 1)
Applying initial conditions gives

Yo=5+c

c=1Yp—-5

The complete solution from (1) becomes
y(t):5+(y0—5)et teR
The following plot gives the solution y (t) for few values of v
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parta

vl
3 &
o
o// \
()]

-20 -15 -10 -05 O 0 8

21.2.2 part (b)

d
= =2y-5,y(0) = yo

dy
— -2y=-5

a7

This is first order, linear ODE of the form v’ +p () y = g (t) where p (t) = -2, g () = =5. Since
both p(t), g (t) are continuous on the real line, then by theorem 1, a solution exists and is

unique. Now the ODE is solved.

Integrating factor is o2 = 2t Multiplying both sides by e gives

% (ye—Zt) — _Ge2t
Integrating
ye? = -5 f e?tdt + ¢
=25 +¢
Hence
y(t) =2.5+ ce? 1)
Applying initial conditions gives
Yo=25+c
c=1yg—25

The complete solution from (1) becomes
y() =25+ (yo-25)¢  teR
The following plot gives the solution y (t) for few values of v

art b
S, B -8
10f ] 5
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5 -2
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= 0
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21.2.3 part (c)

d
@ =2r-10,y(0) =y

dy
— ~2y=-10

This is first order, linear ODE of the form v’ + p(t)y = g(t) where p(t) = -2,g(t) = -10.
9
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Since both p(t), g (t) are continuous on the real line, then by theorem 1, a solution exists

and is unique. Now the ODE is solved.

Integrating factor is o2 = o2

% (ye‘Zt) = —10¢7%
Integrating
ye 2 = -10 fe‘tht +c

=5¢? +¢
Hence

y(t) =5+ ce?
Applying initial conditions gives

Yo=5+c
c=1Yp—-5
The complete solution from (1) becomes
y(t):5+(y0—5)62t teR

The following plot gives the solution y (t) for few values of v

partc

ol /—
10t ]

-20 -15 -10 -05 0.0 0.5 1.0

. Multiplying both sides by e gives

(1)

Discussion of differences In all solutions the term with ¢! and % in it will vanish as t — —co.
Hence for t < 0 all solution approach a constant value as t — —oco, which is 5 for part (a)
and (c) and 2.5 for part (b). Since part(b,c) has ¢* term, these will diverge faster for large

t than part (a) which has e term.

2.1.3 Section 1.3, problem 7

In each of the problems below, verify that each given function is the solution to the ODE

Y’ =y =0;y1(t) = e';y, (t) = cosh(t).

For y; (t), taking derivatives of y; gives y; = ¢',y{ = ¢'. Substituting into the ODE gives

el—et =0

Which is the RHS in the original ODE. Hence y; (f) is solution to the ODE.

For vy, (), taking derivatives of vy, gives y; = sinh(f),y; = cosh(f). Substituting into the

ODE gives
cosh (t) — cosh(t) =0

Which is the RHS in the original ODE. Hence y; (t) is solution to the ODE.

2.1.4 Section 1.3, problem 8

Y +2y =3y =0y () = ey, (t) = €.

For y, (t): Taking derivatives of y; gives v} = -3¢™>, 1y} = 9¢™. Substituting into the ODE

10
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gives
9e73 +2(=3¢7) = 3 (e73) = 9 — 6™ - 3¢
=0
Which is the RHS in the original ODE. Hence y; () is solution to the ODE.
For v, (t): Taking derivatives of y, gives y} = ¢,y = ¢'. Substituting into the ODE gives
e +2e' -3¢ =0

Which is the RHS in the original ODE. Hence y; () is solution to the ODE.

2.1.5 Section 1.3, problem 9

ty' —y =135y (t) =3t + 12

Taking derivative of y; gives y; = 3 + 2t. Substituting into the ODE gives
F@+26)— (3t +12) =3t +22 -3t — 1

_tZ

Which is the RHS in the original ODE. Hence y; () is solution to the ODE.

2.1.6 Section 1.3, problem 10

117 t _ t
y b + 4y + 3y =ty (1) = sy B)=e'+3
For y,: Taking derivative of y; gives y] = %,y{’ =0,y7" =0, y%) = 0. Substituting into the
ODE gives

t
O+O+3(—):t
3

Which is the RHS in the original ODE. Hence vy (t) is solution to the ODE.

177

For y,: Taking derivatives of y, gives yj, = —e™" + %,y&’ = ety = —e,y$) = et Substituting
into the ODE gives
t
et—4et+3 (e‘t + 5) =et—det+3e7t 4+t
=t
Which is the RHS in the original ODE. Hence y; () is solution to the ODE.

2.1.7 Section 1.3, problem 15

Determine the value of r for which the given ODE has solution in the form y = ¢"*

Y +2y=0
Assume the solution is of the form Ae¢" where A is arbitrary constant. Substituting this
into the ODE gives

Are't + 2Ae" =0
Since ¢ # 0 and A # 0 (else trivial solution), then dividing thought by Ae™ gives

r+2=0
Hence
r=-2
The solution is
y(t) = Ae™?

2.1.8 Section 1.3, problem 16
Determine the value of r for which the given ODE has solution in the form y = ¢"*

y'-y=0

11
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Assume the solution is of the form Ae¢'" where A is arbitrary constant. Substituting this
into the ODE gives

Ar?et — Aet = 0
Since ¢ # 0 and A # 0 (else trivial solution), then dividing thought by Ae” gives
?-1=0

Hence

The solution is

y(t) = cre™t + cpet

2.1.9 Section 2.1 problem 1

draw direction field for the given ODE. Based on inspection, describe how the solutions
behave for large t. Find general solution to the ODE and use to determine how solution

behaves as t — oo

Yy +3y=t+e?

2.1.9.1 Part (a)

This is first order, linear ODE of the form v’ + p (t)y = g (t) where p(t) = 3,g(t) = t + e,
Since both p (t), g (t) are continuous on the real line, then by theorem 1, a solution exists

and is unique.
First the ODE is written such that y’ is on one side, and everything else on the other side.
Y =-3y+t+e?
= f(ty)
Global view: For fixed y, as t = 00,1 — oo and for t = —oc0,y’ — c0. At t =0,y = -3y + 1.

For each value of y = {-1,0,1} and for each t = {-1,0,1} the RHS is calculated and the slope
y’ is drawn as tangent at that point.

t=-1 t=0 t=1
y=-1|y =3-1+2=9 |y =3+0+e"=4 |y =3+1+e2x~4
y=0 |y =-1+e~6 y=0+e"=1 Y =0+1+e2~1
y=1 |y =-3-1+e2=3 |y =-3+0+e"=-2 |y =-3+1+e?~-2

The above data gives y” at at coordinates
{{_1/ _1} ’ {0/ _1} ’ {11 _1} s {_1/ 0} ’ {0/ 0} ’ {1/ 0} ’ {_1/1} ’ {0/1} ’ {11 1}}
A sketch was now made by hand as well using the computer. The computer version is

given below.

problem 1, direction fields of y(t)

T | a— T T T T —

y(t)
o
D . -,
T~

12
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2.1.9.2 Part (b)

The solutions for large positive t appear to approach an asymptote straight line with
positive slope. This is confirmed by next part.

2.1.9.3 Part (c)

Yy +3y=t+e?

This is first order, linear ODE of the form vy’ + p (f)y = ¢ (t) where p(t) = 3,¢(t) = t + e
Since both p (t),g(f) are continuous on the real line, then by theorem 1, a solution exists
and is unique. Now the ODE is solved.

Integrating factor is ¢, and multiplying both sides by this results in

% (e3ty) = te3t + ¢t

Integrating
ety = fte3tdt + fetdt +c
t 1
:e3t(§—§)+et+c
Therefore

t 1
y=(§—§)+e‘2t+ce‘3t teR

For large positive ¢, the term é dominates and y(t) = %t. Hence the solution as t —» o

approaches asymptote line with slope % For t — —co the solution grows exponentially in
the negative half plane. The sign of ¢ determines which direction the solution grows to

3t s

since ¢~ increases faster than e~2 for negative f.

2.1.10 Section 2.1 problem 2

draw direction field for the given ODE. Based on inspection, describe how the solutions
behave for large t. Find general solution to the ODE and use to determine how solution
behaves as t — oo

y/ _ zy — te—Zt

21.10.1 Part (a)

First the ODE is written such that i’ is on one side, and everything else on the other side.

y =2y +te

Global view: As t — oo0,y’ — o0 and as t — -0,y — c0. And iy’ =0 at point t =0,y = —%.

For each value of y = {-1,0,1} and for each t = {-1,0,1} the RHS is calculated and the slope
y’ is drawn as tangent at that point.

t=-1 =0 F=1
y=-1|y=-2-~=-9 |y =-2+40=-2 |y =-2+¢2=-18
y=0 |y=-=-7 |y=0 Y =0+e2x01
y=1 |y=2-~-5 |y=2 Y =2+e2x21

The above data gives y” at at coordinates
{{_1/ _1} ’ {0/ _1} ’ {1/ _1} ’ {_1/ 0} ’ {0/ 0} ’ {1/ 0} ’ {_1/1} ’ {0/1} ’ {1/ 1}}

A sketch was now made by hand as well using the computer. The computer version is
given below.

13
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problem 2, direction fields of y(t)

WS S
i\ A/
&X \\/f] /i //i e ]

>

——————

y(®)
o
- - - 4 :
Vi

2.1.10.2 Part (b)
The solutions for large positive t appear to grow exponentially. This is confirmed by next

part.

2.1.10.3 Part (c)

y -2y =te

This is first order, linear ODE of the form v’ + p(t)y = g (t) where p(t) = -2,¢(t) = te 2.
Since both p (t),g(f) are continuous on the real line, then by theorem 1, a solution exists
and is unique. Now the ODE is solved.

Integrating factor is ¢7?', and multiplying both sides by this results in

d._ -

= (e Zty) — foHt
Integrating

ety = f te™4dt + ¢
t 1

Y A

—e# (-1 e
Hence

L l) — 0 and what is left is ¢*c which grows exponen-

- -2t
For large positive ¢, the term ¢ ( rimY:

tially.
tlim y(t) = ce’t

For large negative f, the solution grows exponentially in the negative half plane.

2.1.11 Section 2.1 problem 3

draw direction field for the given ODE. Based on inspection, describe how the solutions

behave for large t. Find general solution to the ODE and use to determine how solution
behaves as t — oo

vV+y=tet+1

21.11.1 Part (a)

First the ODE is written such that y’ is on one side, and everything else on the other side.
y=-y+tet+1

For each value of y = {-1,0,1} and for each t = {-1,0,1} the RHS is calculated and the slope
y’ is drawn as tangent at that point.

14
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t=-1 t=0 t=1
y=-1|y =1-¢e+1=-07 |y =1+1=2 |y =1+ec'1+1=23
y=0 |y =0-e+1=-17 |y = Y =0+el+1x~13
y=1 |y =-1-¢e'+12-07 |y =-141=0 |y =1+e'1+1~03

The above data gives i’ at at coordinates
{{_1/ _1} ’ {0/ _1} ’ {1/ _1} ’ {_1/ 0} ’ {0/ 0} ’ {1/ 0} ’ {_1/1} ’ {0/1} ’ {1/1}}
A sketch was now made by hand as well using the computer. The computer version is

given below.

problem 3, direction fields of y(t)

YU X
(R \ N \
N “ R N
20 4N e i
R
€> 0 %\\ L'/,//"/'/// il /// ~ Pl
\ \’//: .4 yd o ad
"~ / VARV //
-2 i
/R
Il 7 7 1
_4 A f 1 f

21.11.2 Part (b)

The solutions for large positive t appear to approach an asymptote line y () = 1. This is
confirmed by next part.

21.11.3 Part (c)

VvV +y=tet+1
This is first order, linear ODE of the form y’ + p (t)y = g (t) where p (t) = 1,¢(t) = te™ +1.

Since both p (t), g (t) are continuous on the real line, then by theorem 1, a solution exists
and is unique. Now the ODE is solved.

Integrating factor is ¢, and multiplying both sides by this results in

% (ety) =t+e

Integrating
ely = ftdt+fetdt+c
1
=t +el +
S et
Hence

1
y= Etze‘t +1+ce
1
=et (—t2 + c) +1
2

For large positive t, the term ¢ (%t2 + c) — 0 and what is left is 1. Hence the solution as

t — oo approaches asymptote line y (f) = 1.
tlim yt) =1

21.12 Section 2.1 problem 4

draw direction field for the given ODE. Based on inspection, describe how the solutions
behave for large t. Find general solution to the ODE and use to determine how solution

15
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behaves as t — oo

Y +— 3cos2t fort >0

2.1.12.1 Part (a)

First the ODE is written such that i’ is on one side, and everything else on the other side.

y

Yy = i + 3 cos 2t

For each value of y =
y’ is drawn as tangent at that point.

{-1,0,1} and for each t = {1,2,3} the RHS is calculated and the slope

t:l t:2 t:3

/ ~ /_1 ~ 1_1 ~
y=-1]y =1+3cos2~=-025 |y =-+3cos4=-15 |y =2-+3cos6~32
y=0 |y =3cos2=-1.25 Yy =0+3cos4d=-2 Y =0+3cos6=29

/) ~ /__1 — I__l ~
y=1 |y =-1+3cos2~-225|y =-5+3cosd=-25 |y =--+3cos2t~25

A sketch was now made by hand as well using the computer. The computer version is
given below.

problem 4, direction fields of y(t)

AR
\// AW

—_
T

s |
BN \V// B ///\W/
i AN

0 2 4 6 8 10

2.1.12.2 Part (b)

The solutions for large positive t appear to oscillate, but it is hard to see that from the few
points above, as more points is needed and only after using the computer plot and solving
it did this become more clear.

2.1.12.3 Part (c)

Yy + % =3cos2t

This is first order, linear ODE of the form v’ + p (t)y = g (t) where p(t) = %,g(t) = 3 cos2t.
p (t) is singular at t = 0 (not continuous at that point) while g (f) is continuous on the whole
real line, then by theorem 1, a solution exists and is unique only if the initial condition is
not at fy = 0. The solution found is valid on an interval that excludes ¢ = 0 but includes t,.
The problem says to solve this on ¢ > 0 which bypasses t = 0. Now the ODE is solved.

1
Integrating factor is el 1 = gt = t, and multiplying both sides by this results in
a (ty) = 3tcos2t
dt
Integrating

ty=3ftcos(2t)dt+c (1)

16
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Using fuclv =uv— fvdv, let u=t,dv=cos(2t) > du=1,0= %sin (2t), hence

1 1
ftcos 2Hdt = Etsin (2t)—f§sin (b dt

1 1
= Etsin (2t) + 7 ©08 (2t)

Equation (1) becomes
1 1
ty =3 (Etsin (2t) + 1 Cos (2t)) +c

3 3 2t
Y= > sin (21f) + 1 COSt( )

cos(2t)

C
+ - t>0
t

In the limit as f — oo the terms ; — 0 and — 0, therefore

. 3.
tlggy (t) = 5 sin (2f)

Hence the solution is sinusoidal at large t.

2.1.13 Section 2.1 problem 13

Find the solution to the given initial value problem. i’ —y = 2te* with y(0) =1

This is first order, linear ODE of the form v’ + p(t)y = ¢ (t) where p(t) = -1, (t) = 2te?.
Since p (t), g () are continuous on the real line, then by theorem 1, a solution exists and is
unique.

Integrating factor is of =t = ot Multiplying both sides by this results in

d
g (ye‘t) = 2te!
Integrating

yet = 2ftetdt +c (1)

Using fudv = uv - fvdv, let u=t,dv=¢" - du=1,0v=¢, hence

f tetdt = tet — f eldt

=tet — ¢t
Therefore (1) becomes
yet=2 (tet - et) +c
y=2 (teZt - eZt) + cet
= 2% (t —1) + ce!

Applying initial conditions gives

1=2e"0-1) + ce®

1=-2+c

c=3
Hence the general solution is

y=22(@t-1)+3 teR

Here is a plot of the solution
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problem 2.1 (13) solution
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2.1.14 Section 2.1 problem 14

Find the solution to the given initial value problem. y’ + 2y = te™? with y (1) =0

This is first order, linear ODE of the form v’ + p (t) y = g () where p () = 2, g (t) = te?. Since
p(t),g (t) are continuous on the real line, then by theorem 1 a solution exists and is unique.

Integrating factor is 2t = o2t Multiplying both sides by ¢* gives

Integrating

d
yr (yeZt) =t

1
—2 4

2t _
yer =5

(1)

1
y= Etze‘Zt + ce

Applying initial conditions

2
1
c=-—=
2
Hence the solution (1) becomes
1 1
= S22 _ 2t
=3 2
1
=-e2(2-1) teR
2
Here is a plot of the solution
problem 2.1 (14) solution
1.0f
0.5¢
S 00} /
-0.5f
-1.0F
-15 -10 -05 00 05 10 15 20
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2.1.15 Section 2.1, problem 29

Consider y’ + }Ly = 3+2cos (2t) with y (0) = 0. (a) find the solution and describe its behavior
for large t. (b) Determine ¢ for which the solution first intersects the line y = 12.

2.1.15.1 Part (a)

This is first order, linear ODE of the form v’ +p (t) y = g (f) where p (t) = i,g(t) = 3+2cos (21).
Since p (t), g (t) are continuous on the real line, then by theorem 1 a solution exists and is
unique.

1

1 t
Integrating factor is e4 Jdt 2 ez, Multiplying both sides by e’ gives
d i t £
7 (ye4) = 3e4 + 2e4 cos 2t
Integrating

t t t
yed = 3feidt + 2feZ cos (2t)dt + ¢ (1)
t t
f e4dt = 4e*. For the second integral, integration by parts is used. Using f udv = uv — f vdv,
t t
let u = cos(2t),dv = et — du = -2sin (2t),v = 4e4, hence
t
I= er cos (2t) dt
t t
=4cos(2t)es — f(—2 sin (2t)) 4e4dt
t t
=4cos(2t)es + 8 fsin (2t) e4dt
t t
Applying integration by parts again on f sin (2t)e4dt. Let u = sin(2t),dv = e4, hence
t
du = 2cos (2t),v = 4e4. Therefore the above becomes

t t t
I=4cos(2t)et + 8(4 sin (2f) ed — f2(:os (2t)4ezdt)
t t t
=4cos(2t) et + 32sin (2f) et — 64 fcos (2t) et dt

t
But I = fefl cos (2t) dt, hence the above is

t t
I =4cos(2t)es + 32sin (2t) et — 641
Solving for I

t t
651 = 4 cos (2t) e4 + 32sin (2t) e4
t t

I= 2 cos@hef + 2 sin (1) e
= 65 COS e 65 Sin e

Putting these results back into (1) gives
t t t
yet = 3feidt +2er cos (2t)dt + ¢
t 4 P32 t
=3 (464) +2 (% cos (2t) e+ + o sin (2t)e4) +c
Hence

4 32
y=12+2 (% cos (2t) + = sin (2t)) + ce™#

8 64
=12+ o5 008 () + = sin (2f) + ce™
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Applying initial conditions

8 64
0=12+ — cos(0) + gsin(O) + ceV

65
8
=12+ —+
65 °
8
c=-12-—
65
788
65
Hence the general solution is
8 64 788
y() =12+ 25 00 (2t) + = sin (2t) - Ee““ teR (2)
As t becomes very large, the term %e“” — 0 and the solution only contains sinusoidal.
8 64
tlgcr}oy =12+ e cos (2t) + E sin (2t)
2.1.15.2 Part (b)
Solving for t when y =12 results in
8 64 788
12 =12 4+ — cos (2t) + — sin (2t) - —¢™#
65 65 65
8 64 788
0= o5 008 (2t) + = sin (2t) - Ee“”

It is not clear what method is supposed to be used to solve the above for t since it is
non-linear. So y(f) was first plotted and by inspection y(f) cross the line y = 12 at about
t =10. Then using computer root finding with search starting at ¢t = 10 the required value
of t was found to be

t =10.0658

Here is a plot of the solution given in (2)

problem 2.1 (29) solution

10© 1

y(t)

o N B O ©
Il
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22 HW2

2.2.1 Section 2.2 problem 1

Solve iy’ = x—;

This is first order non-linear ODE. In the form y’ = f (x, y). The function f (x, y) is contin-
uous everywhere except at the line y = 0. Now the ODE is solved by separation

dy
Yax =7
ydy = x%dx
Integrating
f ydy = f x2dx
2 3
L=

Since initial conditions is not gives, the solution is left in implicit form (as mentioned in
discussion class, Thursday Sept. 29, 2016)

y

2:§x3+co y#0

2.2.2 Section 2.2 problem 2

y(1+x3)

Solve i’ =

This is first order non-linear ODE. In the form " = f (x, y). The function f (x, y) is con-

tinuous everywhere except at line y = 0 and at line x = -1. Now the ODE is solved by
separation
dy x?
y— =
dx (1 + x3)
2
x
dy = ———dx
™ (1 + x3)
Integrating

2

x

dy= [

J vy (1+ )

2

To integrate [ (1f_—3)dx let u = 1 + 2%, hence Z—Z = 3x%. Therefore the integral becomes
X

x2 du 1 pdu 1 1 3
f]ﬁ = §f7 = glnlul = Eln |1 +x | Hence the above becomes

2
y—=11n|1+x3|+c
2 3

y2:§1n|1+x3|+c1

Since initial condition is not gives, the solution is left in implicit form

y2:§ln|1+x3|+c1 y#0,x#-1

2.2.3 Section 2.2 problem 3
Solve v = —y?sinx

This is first order non-linear ODE. In the form ' = f (x, y). The function f (x, y) is con-
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tinuous everywhere and % = —2ysin (x) is also continuous everywhere but unbounded at
y = —co. This is separable, assuming y # 0 and dividing by y? the ODE becomes
1 dy .
?E = —8Ssin (X)
d
Y~ —sin () xdx
Yy
Integrating
d
f—‘z = —fsin(x)dx
Y
1
——=cos(x)+c
Y
1
—=-cos(x) +¢
Yy
Therefore the solution is
1
y(x) = c1—cos(x) Yy #0

The reason for y # 0 was the assumption to divide by y* above. Another solution is

y(x)=0

2.2.4 Section 2.2 problem 4

This is first order non-linear ODE. In the form i’ = f (x, y). The function f (x, y) is contin-

uous everywhere except at 3+2y =0ory = _; Now the ODE is solved by separation.

d
(3+2y)d—z:

3+2y)dy = (3x2-1)dx
(3+2y)dy = (32 -1)

3x2 -1

Integrating

f(3+2y)dy:f(3x2—1)dx

Y+3y=x>-x+c

Complete the square

2 4+ 3y + §2—x3—x+c+ EZ
y y*i3) = 5

Since initial condition is not gives, the solution is left in implicit form.

3\2 3 3
(y+§) =x"—x+c¢ y#—3

2.2.5 Section 2.2 problem 5
Y = cos? (x) cos? (Zy)

This is first order non-linear ODE. In the form i’ = f (x, y). The function f (x, y) is contin-
uous.

g—;( = cos? (x) 2 cos (Zy) (—2 sin (Zy ))

= —4.cos? (x) cos (2y) sin (2y)
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Which is continuous everywhere and bounded. Hence a solution exist and is unique. Now
the ODE is solved by separation.

Case cos? (2y) #0

To divide by cos? (Zy), then for cos? (Zy) # 0 or cos (Zy) #0or2y # (n + %) TTOry # (n + %)

for all integers.

T
4

cos? (Zy) dx " )
dy ”
f o2 (2]/)_ = fcos (x) dx 1)

Now f Y %tan (Zy) and

cosz(Zy)
f cos? (x)dx = f 1+CZﬂdx

_ f(l N cos(Zx))dx
2 2

1 1 sin (2x)

= +
2T TAa
_X N sin (2x)

2 4

+C

Hence (1) becomes

_x  sin(2x)
() =5+—

1
—tan

+C
2 1

1
tan (2y) = x + =sin (2x) + ¢
(29) = x + 5 sin (22)
Since initial condition is not gives, the solution is left in implicit form.

Case cos? (Zy) =0

This is when cos (Zy) =0or2y= (n -+ %) TTory= (n + %) g for all integers. In this case the

e}

tan (Zy) =x+ % sin(2x) +c¢  cos? (Zy) #0
(n + %) g cos? (Zy) =0

solution is

N R

Summary of solution y (x)

2.2.6 Section 2.2 problem 6
Solve xy’ = (1 - yz)i

(1_yz)%

X

. This is contin-

This is nonlinear first order of the form y’ = f (x, y) where f (x, y) =
uous everywhere except at x = 0. ODE is solved by separation.

Case1-y2#0

N =

Or y? #1 or y # +1, then dividing by (1 - yz)
ftep

t-wp 7

arcsin (y) =ln|x|+c¢

and integrating

NI =

y(x) =sin(In x| +c)
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Hence the solution is
y (x) = sin (In|x| + ¢) y#+l,x#0
Case1-y2=0

Then
y(x) =+1

Summary of solutions

y(x)=sin(Inlx|+¢c) y#+L,x#0
y(x)=+1 x#0

2.2.7 Section 2.2 problem 7

x—e ¥

dy _
Solve - = i
This is non-linear first order ODE of the form iy’ = f (x, y). The function f (x, y) is contin-
uous everywhere except at y which is the solution of ¢/ + y = 0. Using a computer, this is
Y. = —0.567143 ---. The ODE is solved by separation

f(y+ey)dy:f(x—e‘x)dx

2 2
Yy X -
—+eé/=—+e"+c
2 2

Hence the solution is given by

Y2 +2eY —x% —2e7F = ¢; TEA

2.2.8 Section 2.2 problem 8

dy x?
Solve - = Lo

This is non-linear first order ODE of the form y" = f (x, y) where f (x, y) is continuous
everywhere except at y = +1. The ODE is solved by separation
(1+12)dy = x2dx
P

y+§:§+C1

Hence the solution is given by

YP+3y-x*=c y=4=1

Since initial condition is not gives, the solution is left in implicit form.

2.2.9 Section 2.3 problem 1

1. Consider a tank used in certain hydrodynamic experiments. After one experiment the
tank contains 200 L of a dye solution with a concentration of 1 g/L. To prepare for
the next experiment, the tank is to be rinsed with fresh water flowing in at a rate of
2 L/min, the well-stirred solution flowing out at the same rate. Find the time that will
elapse before the concentration of dye in the tank reaches 1% of its original value.

To reduce confusion, let x be the substance which causes the concentration in the die. Let
Q(t) be the mass (normally called the amount, but saying mass is more clear than saying
amount) of x at time f. Hence Q(0) = 200g since initial concentration was 1[g/L] and the
volume is 200[L].
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The goal is to find an ODE that describes how Q (f) changes in time. That is, how the mass
of x in the tank changes in time. Knowing the mass of x at any time in the tank, gives

the concentration also, since the tank volume is fixed at 200[L]. So the concentration can
Q)

always be found using ==

Using

dQ

dat
Where R;, is rate of x moving into the tank, i.e. how many grams of x is being poured in
per minute, which is zero, since fresh water is moving in. R, is rate of x moving out, i.e.
how many grams of x is leaving the tank per minute. This is found as follows

Q) [gram] L
Rowt = 200 M Xz[ ]

= Rin — Rout (1)

min
_ 2 lem]
200 [min]
Hence (1) becomes
dQ
T 0 -100Q (¢)
= -100Q (t)
Solving the ODE, for Q(t) #0
dQ
— = -100dt
Q

In|Q| = 100t + ¢

Since Q represent mass, it can not be negative, then there is no need to use |Q)|.

InQ = 100t + ¢
Q (t) — Ae—lOOt

At t =0,Q(0) =200[g], hence A =200 from the above. The solution becomes
Q (t) = 200e~100¢
Since initial Q was 200[g] then 1% of that is 2. Solving for time gives
2 = 200¢~ 190k
0.01 = ¢~ 100%
In (0.01) = —100¢,

Solving on the computer gives

ty = 460.517[min]

Hence it takes 460.517 minutes for the mass of x to reach 1% of its original amount of 200
gram. This is also the same amount of time for the concentration of x to reach 1% of its
original amount of 1 [g/L]. It is easier to work with mass in the ODE, and then convert to
concentration when needed.

2.2.10 Section 2.3 problem 2

2. A tank initially contains 120 L of pure water. A mixture containing a concentration of
y ¢/L of salt enters the tank at a rate of 2 L/min, and the well-stirred mixture_leaves ﬂ{t
tank at the same rate. Find an expression in terms of y for the amount of salt in the tank
at any time £. Also find the limiting amount of salt in the tank as ¢ — oco.

Let y(t) be the mass of salt at time ¢ in the tank in grams. Hence y(0) = 0 since tank
initially contains pure water. The goal is to find an ODE that describes how y (t) changes
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in time. That is, how the mass of salt in the tank changes in time. Using

T Rin - Rout (1)

Where R;, is rate of mass of salt moving into the tank, i.e. how many grams of salt is being

poured in per minute, which is
R. = [gram] %2 L
n=V|TL min

~ 2y [gram ]

min
And R, is rate of salt moving out, i.e. how many grams of salt is leaving the tank per
minute. This is found as follows

% _y(t)[gram]xz[ L ]

o™ 120  [L] min
1 gram
B @y (t)[ min ]
Hence (1) becomes
dy (£) _ 1

With y (0) = 0. The ODE is linear and first order, of the form v’ +p (t)y = g(t) with p (t) = %

and g (t) = 2y. Since both p (), g (t) are continuous then a solution exist and is unique.

1
"+ —y=2
YT ey =<
. o [dr St
Integrating factor is e’ 60" = e&", therefore

d1, 1,
E (660 y) = 2)/660

Integrating
Ly Ly
ee y = 2yf660 dt
1
ed’
= 2')/T +C
60
Ly
=120yee0” + ¢
Hence

-t
y () =120y + ce

In the above, y (t) is the mass of salt in grams in the tank at time ¢. Hence the concentration
of salt in the tank at time ¢ can always be found by dividing y (t) by the volume of the tank.
In the limit, as t — oo then from above

tlim y(t) =120y

2.211 Section 2.3 problem 3

3. A tank originally contains 100 gal of fresh water. Then water containing % Ib of salt 1m.:1"
gallon is poured into the tank at a rate of 2 gal/min, and the mixture is allowed to leave 1
the same rate. After 10 min the process is stopped, and fresh water is poured into the tank
at a rate of 2 gal/min, with the mixture again leaving at the same rate. Find the amount of
salt in the tank at the end of an additional 10 min.

This problem is solved in two stages. The first ODE is used to find what the amount of salt

in the tank will be after 10 minutes. Then a new ODE is set up, with this value as its initial
conditions, in order to find the amount of salt in the tank after an additional 10 minutes.
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First 10 minutes

Let y; (f) be the mass of salt at time ¢ in the tank in Ibs. Hence y; (0) = 0 since tank initially
contains pure water. The goal is to find an ODE that describes how y; (t) changes in time.
That is, how the mass of salt in the tank changes in time. Using

d

% = Riy = Royt 1)
Where R;, is rate of mass of salt moving into the tank, i.e. how many lbs of salt is being
poured in per minute, which is

1 [ Ib ] [gallon]
R;, = X2

2 | gallon min

|
=1|—
min

And R, is rate of salt moving out, i.e. how many grams of salt is leaving the tank per
minute. This is found as follows

_yi () [Ib] [ gallon]
out — X2 .
100 [gallon] min

— l (t) i
= 507" | min
Hence (1) becomes

dy; (t) 1
AV -

With y; (0) = 0. The ODE is linear and first order, of the form vy’ +p () y = g (t) with p (¢) = .

50
and g (t) = 1. Since both p(t), g (t) are continuous then a solution exist and is unique.
1+ L, = 1

1 1
Integrating factor is el 5ot = e5', therefore

i (651_0t ) = e%t

Integrating
1 1
e%ty = f e dt
Ly
= 50e50 + ¢
Hence

—t
Y1 (£) =50 + ¢5

To find ¢, from initial conditions

0=y,(0)
=50+c¢
c=-50

Hence the solution to the first phase is
1 (£) = 50 - 50
=50 (1 - eS_é)
After t =10 minutes
v (10) =50 (1 - e%l)

The above value is now used as initial conditions for new problem. The new problem will
use f = 0 as initial time for simplicity, but it is understood that 10 minutes has already
elapsed in global scale.

Second phase

27



2.2. HW2 CHAPTER 2. HWS

Let y, (t) be the mass of salt at time ¢ in the tank in grams. Hence

Y¥2(0) = y1 (10)
=50 (1 - 6?1)

From phase one above, this is the amount of salt in lbs in the tank at this moment. The
goal is to find an ODE that describes how 5 (t) changes in time. That is, how the mass of
salt in the tank changes in time. Using

dy,

E = Rin - Rout (2)
Where R;, is rate of mass of salt moving into the tank, i.e. how many lbs of salt is being
poured in per minute. But now R;, = 0 since fresh water is poured in. And R, is rate of
salt moving out, i.e. how many lbs of salt is leaving the tank per minute. This is found as

follows

R

() [Ib] [gallon]
out — X2 .
100 [gallon] min

1 Ib
= %yz (t) [E]

Hence (2) becomes

dy, (t) 1
bt A S

1
= ~5p¥2 (t)

The ODE is linear and first order, of the form iy’ + p (t)y = g(t) with p () = % and g(t) = 0.
Since both p(t), g (t) are continuous then a solution exist and is unique. This is separable.

d
dyp _ 1,
Y2 50

In |y2| = L + 01
50
-t
Y2 (t) = ce (3)
-1
To find c, from initial conditions v, (0) = 50 (1 - e?), hence
-1
50 (1 —-e5 ) =c
Hence the solution (3) to the second phase is
-1\ -t
Yo (B) = 50 (1 - e?)e%
After t = 10 minutes (which will be 20 in global scale)
-1 -1
Y, (10) = 50 (1 - e?) es
= 7.4205 lbs

Therefore after 20 minutes from the global initial time (or 10 minutes from the start of the
second phase), the mass of salt in tank is 7.4205 lbs. Therefore the concentration at the

. . 7.4205 [ b Ib
same moment, if needed, will be " | =0.074 1.
100 | gallon gallon

28



2.2. HW2 CHAPTER 2. HWS

2.2.12 Section 2.3 problem 4

4. A tank with a capacity of 500 gal originally contains 200 gal of water with 100 1b of salt
in solution. Water containing 1 Ib of salt per gallon is entering at a rate of 3 gal/min, and
the mixture is allowed to flow out of the tank at a rate of 2 gal/min. Find the amount
of salt in the tank at any time prior to the instant when the solution begins to overflow.
Find the concentration (in pounds per gallon) of salt in the tank when it is on the pmm‘
of overflowing. Compare this concentration with the theoretical limiting concentration if
the tank had infinite capacity.

Let y (t) be the mass of salt at time f in the tank in Ibs. Hence y (0) = 100 since tank initially
contains that much salt. The goal is to find an ODE that describes how y (t) changes in
time. That is, how the mass of salt in the tank changes in time. Using

dy
dt
Where R;, is rate of mass of salt moving into the tank, i.e. how many lbs of salt is being

poured in per minute, which is
[ 1b ] [ gallon]
Rin =1 X3 .
gallon min

&
=3|—
min

And R,,; is rate of salt moving out, i.e. how many Ibs of salt is leaving the tank per minute.
This is found as follows

= Rin = Rout 1)

_y() [b] o [gallon]
TV [gallon] min

Where V (t) is the volume of the whole mixture at time t. This is different from earlier
problems where volume was constant. This is because in this problem the rate of pouring
into the tank is larger than the rate of flow out of the tank. The volume at time f can easily

be found as
11
g ] [m ]—2[ga ,On]t[min
min

(2)

V (t) = 200 [gallon| + 3

= (200 +t) [gallon]

This means at any time ¢, there will be 200 + t gallons of mixture in the tank. This value
is now used in (2) above to complete the solution. Note that the tank will overflow when
200 + ¢ = 500 since 500 is the maximum size of the tank. Going back to (2) now it becomes

y(t)  [Ib] o [gallon]

out = 200 + ¢ [gallon] min
_ 2y
200 + ¢
Therefore (1) becomes
2
r_3_ Y

200 + ¢

This is linear ODE of first order of the form v’ + p(t)y = g (t) where p(t) = ﬁ and g ().
Both are continuous for t > 0 hence there will be a unique solution for t > 0. Now the ODE
is solved using an integration factor

dy 2y _

dt 200+t
The integrating factor is e 2 gt !. To evaluate f mdt let u =200 +t, hence — =1and
the integral becomes f —-du = In|u| Therefore f Wdt In 200 + t| and the 1ntegrat1ng

factor is 2200+ = 200 + £ = (200 + £)*. Therefore now that the integrating is found, the
solution can be written as

d
= (y (200 + 1)%) = 3(200 + t)?
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Integrating both sides gives
(200 + 02 = 3 f (200 + £)2 dt

_(200+1)°

3
Let u = 200 + ¢, then Z_L; = t, hence f(ZOO + t)2 dt = fuZdu = % +cq
the above becomes

+ ¢;. Therefore

3
y (200 + t)* = 3(M + cl)

3
= (200 + t)3 +c
Solving for y (t) gives

c
(200+)

y(t) = (200 + ) + . (3)

Now c is found from initial conditions. Given that y (0) = 100, then from the above

100 = 200 + —
2

00)>
=200 + —
B 40000
¢ = (-100) (40000)
= —4x10°
Therefore the solution (3) becomes
4 x10°
() =00 +t) - —— (4)
Y (200 + £)*

Now the above ODE is only valid until the tank overflows. This value of time is found by
solving 200 + t = 500 for ¢, which gives t = 300. Hence (4) becomes

4x106

y () = 200+ 1) = 2

0 <t<300 (5)

At t = 300 minutes, the mass of salt in lbs is therefore y(300) which is
4 x10°
y(300) = (200 +300) - ———
(200 + 300)
=484 [Ibs]

And since the volume now is 500 gallons, then the concentration at time ¢t = 300 minutes is

484 lbs — 0.968 Ibs
500 | gallon | gallon

If the tank had infinite capacity, then using the solution found in (5) and dividing by
current volume, which was found before to be 200 +t and then taking the limit t — oo gives

the answer. Let p (f) be now the concentration in [ s ] at any time t. Then
gallon

6 6

(200 + £) - =28 (200 + £) - =22

) = 200+ _ (200+)

p 740 200 + ¢

. 4x108
200 +¢

As t — oo then p (t) = 1. Therefore at 300 minutes the concentration is 96.8% of the theo-
retical limit. The following is a plot of p (t) as function of time. At ¢ = 0 the concentration
is 0.5 since this is the initial condition.
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Problem 2.3 number 4

0.9- .

0.8- ]

concentration

0.6 1

0'57\ L ]
0 50 100 150 200 250
Time (minutes)

2.2.13 Section 2.4 problem 1

Determine an interval which the given initial value problem is valid. (t -3)y’ + In(t)y = 2¢
with y (1) = 2.
In(ty 2t

This is linear first order ODE. In standard form it becomes y’ + —y = —, and comparing
toy +p(t)y = g(t) then
In (£)
pt) = -3
2t
g(f) = —3

p (t) is not not continuous at ¢ = 3 and also at = 0 since In (0) = —c0. g (t) is not continuous
at f = 3. Therefore the region must include initial point, which is ¢ = 1 but not include t = 3
nor t = 0. Hence

O0<t<3
And for forward only ODE the region is
1<t<3

2.2.14 Section 2.4 problem 2

Determine an interval which the given initial value problem is valid. f (f — 4) y’ +y = 2t with

y(2)=1.
1

This is linear first order ODE. In standard form it becomes y’+@ = ﬁ, and comparing
toy +p(t)y = g(t) then

PO =Ty

2
8(t)=m

p (t) is not continuous at t = 0 and t = 4 while g (t) is not continuous at t = 4. Therefore the
region must include initial point, which is t = 2 but not include ¢ = 4 nor t = 0. Hence

0<t<4
And for forward only ODE the region is
2<t<4

2.2.15 Section 2.4 problem 3

Determine an interval which the given initial value problem is valid. ¥’ + tan () y = sin (t)
with y (rr) = 0.
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This is linear first order ODE. Comparing to iy’ + p(t)y = g (t) then

p(f) = tan (f)
g (1) = sin (t)

f) is continuous everywhere but » (#) is not continuous at {---,—=, =, 3—n, ---+ therefore the
T

3 . < e . s s . .
> and — since the initial point 7 is inside this region. Hence

region must be between

T
—<t<1l5
2 T

2.2.16 Section 2.4 problem 4

Determine an interval which the given initial value problem is valid. (4 - tz) Y + 2ty = 32
with y(-3) = 1.

3t2
= ——, and com-

This is linear first order ODE. In standard form it becomes vy’ + (i—;)y )’

paring to v’ + p (t)y = g (t) then
2t

pt) = (1-7)
3t
gt)= (4-7)

p (t) is not not continuous at t? = 4 or t = +2 and the same for g (t). Therefore the region
must include initial point, which is t = -3 but not include ¢t = +2. Hence

—co<t< -2
And for forward only ODE the region is
-3<t<-2

2.2.17 Section 2.4 problem 5
Determine an interval which the given initial value problem is valid. (4 - tz) Y + 2ty = 312
with y (1) = -3.

3P

2t
) T )

This is linear first order ODE. In standard form it becomes y’ + , and com-

paring to v’ + p (t)y = g (t) then

2t
p (t) - (4 _ tZ)
312
g = (-p)

p (t) is not not continuous at t?> = 4 or t = +2 and the same for g (t). Therefore the region
must include initial point, which is t =1 but not include t = +2. Hence

—2<t<2
And for forward only ODE the region is
1<t<2

2.2.18 Section 2.4 problem 6

Determine an interval which the given initial value problem is valid. In(f)y’ +y =
with y(2) = 3.

tan(t)

!
oY T none’ @

This is linear first order ODE. In standard form it becomes y’ + nd
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comparing to vy’ +p(t)y = g (t) then

$0 = M ®
When t =1 then In (f) = 0 and p (t) becomes unbounded. And since for real t then t must
remain positive, else In (f) becomes complex. Then p (f) says that ¢t > 0 and ¢ # 1. Looking
at g (t) then tan(t) = 0 when t = {---, -7, 7, ---} hence the region that includes initial point
to = 2 must be inside these. Therefore the singular points are t =1,-m, w and t > 0. Putting
all these together, the region is

1<t<m
And for forward only ODE the region is

2<t<m
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23 HW33

2.3.1 Section 2.5 problem 1

Sketch the graph of f (y) vs. y and determine critical points and classify each as stable or

not stable. 2 =ay+by%a>0,b> 0,15 >0

dt
f(y) = ay + by’
The following is sketch of f (y) fora=1,b=1.0rf (y) =y+y?

f(y) vs. y for a=1,b=1

The critical points are solution of

fly)=0
Yy (u + by) =0
Therefore the critical points are
y=0
Yo = —?a (not in domain)
Or
y1=0
Y2 =-1

Notice that since a > 0,b > 0, then y, < 0. Here is sketch of the direction field.

Yy
A sketch of direction fields

N .
A TA Ta
A TA Ta
y=—a/br o

Therefore y = 0 is not stable, and y = _?a is stable. However, since y, > 0, then y = _7“ will
not be reached. Per discussion, only lines above y, are to be considered. In the following
problem, since —co < y < oo, then all lines will be considered. This is the only difference
between this problem and the next one.
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2311 Appendix

This is extra. The problem is also solved to determined which is the stable and which is the

unstable critical points. But using direction field as above, is simpler method. The ODE is

2y ay + by?. This is separable

ar
dy
y (a + by) = dx
Integrating
dy _ f
f y (a + by) ax 1)

A B 1
4 — =

, therefore
y (Z+by y(g+by)

. d . . . o e
For the integral f ﬁ, partial fractions is used to split it. Let
y\a+by

A(a+by)+By:1
Aa+y(Ab+B) =1
Hence comparing terms, gives
Ab+B=0
Aa=1
Solving for A, B, gives

Hence the integral becomes

dy 1 r1 b dy
[ T
y(g+by) al y aJ a+by

1 b dy
_Eln|y|_afa+by

1 pdu 1 1
7)==l = Zln|a+by| and the above

Let u = a + by, > du = bdy, hence f%/ =
becomes
dy 1 b1
fm = ;ln|y|—;51n|a+by|

1 1
= Eln|y|—;ln|a+by|

1
= - (ln |y| —1In |u + by|)

a
1
=-In Y
a |a+by
Hence (1) becomes
1
—In Y | =x+c
a |a+by
Where c is constant of integration. Therefore
In|—/—| = ax + ac
a+ by
Let ac = ¢y a new constant. Then
In a-l-yby =ax + ¢
Y = pfx+co
a+ by
¥
— C ax
a+by 0¢
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Solving for y
y = aCope™ + byCpe™
y (1 = bCye™) = aCpe™

_aCepe™
Y= A" bCoe)
. : aCy
limy = lim —
X—00 X—00 — - bCO
e

Since a > 0 then e™ — oo as x — oo and the above simplifies to

. EICO
sy = “bCy
_ a
b

Since the limit goes to the point —g then this point is stable equilibrium and the point y = 0
is not stable.

2.3.2 Section 2.5 problem 2

Sketch the graph of f (y) vs. y and determine critical points and classify each as stable or

not stable. @ _ ay+by2;a >0,b>0,-00 <1y <o

at
fy) = ay +by?
This is the same problem as above, with same direction field. But now the phase line will
include both critical points. The critical points are from above

y1=0
_4
Yo = b
Or
=0
Yo=-1

For a =1,b =1. Here is sketch of the direction field.

Yy
A sketch of direction fields
y=0 il ;
~a A ~a
~a A A
y=—a/br - ~-2--"~

Therefore y = 0 is not stable, and y = %ﬂ is stable. The following is the phase line for this
problem
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Phase line
Yy
0o
unstable critical point y=20

stable critical point y = —a/b

2.3.3 Section 2.6 problem 1

Determine if (2x +3) + (Zy - 2) Z—Z =0 is exact and solve if so.
M(x,y) N (x,y)
dy

—_——
(2x +3) + (2y—2)d

“Z -0
X

ODE is exact if %/I = %I. Applying this to the above gives

M,
Iy

IN
~- =0

Therefore, it is exact. Before solving, it is always best to apply singular point analysis
on f (x, y) in order to determined if the solution is unique or not. Writing the ODE as

% =f (x, y) = _((22;;3;) shows that this is non-linear first order and applying theorem 2, shows

that f (x) is not continuous at y = 1. Now the ODE is solved. Setting up the two equations

A%

— =M=2x+3 (1)
ox
oV
&—y =N = 2y -2 (2)
Integrating (1) w.r.t. x gives
A%
gdx = f 2x + 3dx
\If:x2+3x+f(y) (3)
Therefore
A% ,
oy - £ (v)

Comparing the above to (2) shows that f’ (y) = 2y - 2. By integrating f (y) is found to be
fly)=v -2 +c
Substituting f (y) back into (3) gives W (x,y(x))
\I/(x,y(x)) =x? +3x + (y2 -2y + c)

37



2.3. HW3 CHAPTER 2. HWS

. d .
However, since E\I’ =0, then W = ¢y, where ¢; is some constant. Therefore the above can
be written as

x2+3x+(y2—2y+c):c1

Combining constants and simplifying gives the implicit solution for y (x) as

x> +3x+y?-2y=¢cy y#1 (4)

2.3.4 Section 2.6 problem 2

Determine if (Zx + 4y) + (2x - Zy) Z—Z = 0 is exact and solve if so.

M(xy) N(xy)
(2x + 4y) + (2x - 2y) Zy

“Z-0
x
ODE is exact if %A = (;—IJ\C]. Applying this to the above gives

M

Sy
IN_,
dx

Therefore the ODE is not exact.

2.3.5 Section 2.6 problem 3

Determine if (3x2 - 2xy + 2) + (6y2 —-x%+ 3) Z—Z =0 is exact and solve if so.

M(xy) N(xy)
dy

(3x2—2xy+2)+ (6y2—x2+3)a =0

ODE is exact if %/I = %\:. Applying this to the above gives

0
i/I:—Zx
dy
oN _,
dx a

- (3x2—2xy+2)

W ShOWS that thlS is

. ps d
Hence the ODE is exact. Writing the ODE as ﬁ =f (x, y) =

. . . . 1 1
non-linear first order and applying theorem 2, shows that f (x) is not continuous at y = +/ gxz -3

Now the ODE is solved. Setting up the two equations

IV )

_ = = — 1
e M =3x°-2xy +2 1)
A%

a—y:N:6y2—X2+3 (2)

Integrating (1) w.r.t. x gives

IV
fxdx:f(sz—ny+2)dx
\If:x3—x2y+2x+f(y) (3)

Therefore

Ty:‘x2+f'(y)

Equating the above to (2) gives

—x2+f’(y):6y2—x2+3
f(v)=6y"+3
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Integrating the above w.r.t. y gives
f(y) =23 +3y+c
Substituting f (y) back into (3) gives W (x,y(x))
\If(x,y(x)) =3 -x%y+2x+2° + 3y +¢

. d .
However, since —¥=0, then W = ¢;, where ¢; is some constant. Therefore the above can
be written as

X -xPy+2x+ 2P + 3y +c=¢

Combining constants and simplifying gives the implicit solution for y (x) as

X -xty+2x+2y°2 +3y =¢,

The above solution is valid only for y # i,/%xz - %

2.3.6 Section 2.6 problem 4

Determine if (nyz + Zy) + (2x2y + Zx) Z—Z =0 is exact and solve if so.

M (x,y) NI (x,y)

(2xy2 + Zy) + (2x2y + ZX)% =0

ODE is exact if %/I = %\:. Applying this to the above gives

JM
— =4xy+2
Iy
IN dxy +2
— =4x
Ix 4
_ 2
Hence the ODE is exact. Writing the ODE as j_y =f (x, y) = ((2232y++22y)) shows that this is
x X2Y+2x

non-linear first order and applying theorem 2, shows that f (x) is not continuous at y = _71

for x # 0. Now the ODE is solved under these assumptions. Setting up the two equations
v

E:M:?_xyz+2y 1)
A4
&—y:N:2x2y+2x (2)
Integrating (1) w.r.t. x gives
IV
8_de = f (2xy2 + Zy) dx
W =xy? + 2yx + f (y) (3)

Therefore
% =2x%y +2x + f’ (y)
Equating the above to (2) gives
2x%y + 2x + f' (y) = 2x%y + 2x
f(y)=0
Integrating the above w.r.t. y gives
fly)=c
Substituting f (y) back into (3) gives W (x,y(x))
W (x,y (x)) = x%y% +2yx + ¢

. d .
However, since E\I] =0, then W = ¢y, where ¢; is some constant. Therefore the above can
be written as
X2 +2yx+c =0
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Combining constants and simplifying gives the implicit solution for y (x) as

2,2 —1
xXyc +2yx = ¢, y;t?,x;to

2.3.7 Section 2.6 problem 5

. ued —(ax+by) . .
Determine if = = ( ) is exact and solve if so.
dx bx+cy

M (x,y) N (x,y)

(ax + by) + (bx + cy)g—z =0

ODE is exact if %/I = %\:. Applying this to the above gives

M
T _p
Iy
JIN
-y
Ix
Hence the ODE is exact. Writing the ODE as ;Q =f (x, y) = _(:x+by) shows that this is
_— X xX+cy

. . . . -b
non-linear first order and applying theorem 2, shows that f (x) is not continuous at y = Tx

Now the ODE is solved under these assumptions. Setting up the two equations

A4
&—x—M—ax+by 1)
A4
a—y—N—bx+cy (2)

Integrating (1) w.r.t. x gives

aa—\jdx = f (ux + by) dx

Y= gxz +byx + f (y) (3)

Therefore

oV
&—y = bx+f’ (y)

Equating the above to (2) gives
bx+f’(y) =bx+cy
f(y)=cy

Integrating the above w.r.t. y gives

f(y)=%cy2+k

Where k is constant. Substituting f (y) back into (3) gives W (x,y(x))
_ 12 1.
\I/(x,y(x)) =% + byx + >CY +k

However, since dd—x‘l’ =0, then W = k;, where k; is some constant. Therefore the above can
be written as
2y byx + 1cy2 +k=k
2 2
Combining constants and simplifying gives the implicit solution for y (x) as
a2 1 2_
Fxt byx + Sy = k,
ax? + 2byx + cy? = 2k, = k,

Summary of solution

b
ax?> +2byx+cyt =k, y# TX
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2.3.8 Section 2.6 problem 6

—(ax—by)

is exact and solve if so.
bx—cy

Determine if b _
dx
M(x,y) N(x,y)

(ax - by) + (bx - cy);l—z =0

ODE is exact if %A = %\j. Applying this to the above gives

oM _
e
IN
=

-b

b

Hence the ODE is not exact.

2.3.9 Section 2.6 problem 7
Determine if (ex siny — 2y sin x) + (ex cosy +2cos x) Z—Z = 0 is exact and solve if so.

M(xy) N(xy)

(ex siny — 2y si ) X . dy —
y—2ysinx) + (e cosy+2(:osx)dx—0
ODE i tif 24 = 2N Applying this to the ab i
is exact i Frial el pplying this to the above gives

IM

T —2si
3 e*cosy —2sinx
IN | .

o ¢ cosy —2sinx

—(e" sin y—2y sin x)

Hence the ODE is exact. Writing the ODE as ;ﬂ =f (x, y) = shows that this is
-_— X

e*cosy+2cosx

. . . . -2
non-linear first order and applying theorem 2, shows that f (x) is not continuous at y = arccos( Zf Sx).

Now the ODE is solved under these assumptions. Setting up the two equations

Ay
x:M:exsiny—Zysinx 1)
AY
a—y:N:excosy+2(josx (2)

Integrating (1) w.r.t. x gives

v : :
f &—xdx = f (ex siny — Zysmx) dx

\Ifzexsiny+2ycosx+f(y) (3)

Therefore

A% ,
8_y =e‘cosy+2cosx+ f (y)

Equating the above to (2) gives

e‘cosy+2cosx+ f’ (y) =e‘cosy+2cosx

f(y)=0

Hence

fly)=c
Where c is constant. Substituting f (y) back into (3) gives W (x,y(x))
\I’(x,y(x)) =e'siny +2ycosx +c

. d .
However, since E\If =0, then W = ¢y, where ¢; is some constant. Therefore the above can
be written as

e‘siny +2ycosx+c=c;

41



2.3. HW3 CHAPTER 2. HWS

Combining constants and simplifying gives the implicit solution for y (x) as
—2cos x)

X Q1 —
e*siny + 2y cosx = ¢, y#arccos( o

Since ¢; is constant, then ¢y = 0 is allowed value. This implies ¢*siny + 2ycosx = 0 is
allowed, which means y (x) = 0 is solution also, since when y = 0 then e*sin (0) + 2 (0) cos x
gives zero. Hence a second solution is

y(x)=0

Summary

e'siny +2ycosx=c, Y # arccos (_2§fsx)
y(x) =0 =0

2.3.10 Section 2.6 problem 8

Determine if (e" siny + 3y) - (3x —e¥sin y) Z—Z =0 is exact and solve if so.

M(xy) N(xy)

Uy

(ex siny + 3y) + (—3x + e*sin y)E =0

ODE is exact if %/I = l;—l;’. Applying this to the above gives

oM
8_y:e siny + 3
IN .
£:—3+e siny

Hence the ODE is not exact

2.3.11 Section 2.6 problem 9

. . . d . .
Determine if (yexy cos 2x — 2¢™¥ sin 2x + Zx) + (xe® cos2x — 3) ﬁ =0 is exact and solve if so.

M (x,y ) N| (x,y)

(yexy cos2x —2¢* sin 2x + 2x) + (xe*¥ cos 2x — 3)% -0

ODE is exact if %A = %\C]. Applying this to the above gives

M

<9_y = e cos 2x + yxe™Y cos 2x — 2xe*¥ sin 2x

JON

o e* cos 2x + xye™ cos 2x — 2xe™¥ sin 2x

Hence the ODE is exact. Now the ODE is solved. Setting up the two equations

IV
v M = ye"¥ cos 2x — 2e"Y sin 2x + 2x (1)
IV
— =N =xe¥cos2x -3 (2)
Iy

Integrating (1) w.r.t. x gives
f 8—\de = f (ye"y cos 2x — 2% sin 2x + Zx) dx
Ix

Y = yfexy cos2xdx — 2 fexy sin 2xdx + 2 fxdx + f (y) (3)
Let
I= f e cos 2xdx
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xy
Using integration by parts. Let u = cos2x,dv = e¥ — du = -2sin (2x),v = 67, hence

I:uv—fvdu

erv 2
= —cos2x + — fexy sin 2xdx
y y

Applying integration by parts again to f e sin 2xdx, where now u = sin2x,dv = e¥ — du =

2cos (2x),v = ? Therefore the above becomes

evy 2 (e evy
I=—cos2x + — (— sin 2x — f —2cos 2xdx)
y y\y y
evy 2 (e 2
= —cos2x + — (— sin2x — — fe"y Cos Zxdx)
Yy y\y y

But I = f " cos 2xdx and the above becomes

ey 2 (e 2
I=—cos2x+ - (— sin 2x — —I)
y y\y y

Solving for I

evy 2e*Y 4
I=—cos2x+ y2 sin2x — ?1
4 ey 2e%Y
I+—21:—0052x+ > sin 2x
Y y y
y>+4)  eY 2e%
I > = —cos2x + > sin 2x
y y y
2 Xy 2 oMy
e e
= 2y — cos2x + Zy — sin 2x
y-+4y y-+4 y
Therefore
Xy 26%Y
f eV cos 2xdx = Ze cos2x + 26 sin 2x (4)
y-+4 y-+4

Similarly I = f e¥¥ sin 2xdx is solve by integration by parts. Let ev = e, u = sin2x — du =
2co82x,v = ?, hence
Xy 2
I= & sin 2x — — fexy cos 2xdx
Y Y
For fexy cos 2xdx, let u = cos2x,dv = e — du = -2sin2x,v = i and the above becomes
e 2 (e 2
I=—sin2x - —-|—cos2x + - fexysiHZxdx
y y\y y
But f e sin 2xdx = I and the above becomes
ey 2 (e 2
I=—sin2x— —[—cos2x+ —1I
Y

Yy y\y
Solving for I

ey 26X 4
I=—sin2x - c052x+—21
Y y

2
4 ey 2e*Y
I+—21:—sm2x— > Cos 2x
y y y
v +4) eV 265
I > = —gsin2x — > Cos 2x
Y Y y
yz &y 2 DXy
== —sian—z— 5 CcoS 2x
y-+4y y-+4 y
Hence
ey 2e%Y
f e*Y sin 2xdx = Z sin2x — — cos 2x (5)
y-+4 y-+4
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Substituting (4,5) into (3) gives

_ yexy 28 yexy . 2%y )
Y=y y2+4cos2x+y2+4sm2x -2 y2+4sm2x—y2+40052x + x +f(y)

Simplifying

y2e 2ye™ 2ue 4eY
= 5——COS2X + — > 5— COS2x + x?+ f (y)

y-+4 y-+4 y-+4 y-+4

yZexy - 4™
= cos 2x

Y2 +4 > +4

2
Yy 4 2
=%
e cos(2x)(y2+4+y2+4)+x +f(y)

cos2x + x% + f(y)

X 4+y2 2
:eycos(Zx)(y2+4)+x +f(y)

Therefore
W = e% cos (2x) + x> + f (y) (6)

Therefore

'90_)_\;/ = xe" cos (2x) + f (!/)

Equating the above to (2) gives
xe™ cos (2x) + f* (y) =xe" cos2x -3
f'v)=-38
Hence
f (y) =-3y+c
Where c is constant. Substituting f (y) back into (6) gives
v (x,y (x)) = e cos (2x) + x2 -3y + ¢
However, since %\If =0, then W = ¢y, where ¢; is some constant. Therefore the above can
be written as
eV cos(2x) +x2 -3y +c=¢
Combining constants and simplifying gives the implicit solution for y (x) as

e cos (2x) + x2 -3y = ¢,

2.3.12 Section 2.6 problem 10

Determine if (% + 6x) +(Inx-2) j—z = 0;x > 0 is exact and solve if so.

M(xy)

N(xy)
(Z + 6x) Y mr-2Y _g
X dx

ODE is exact if %A = %\C]. Applying this to the above gives

oM 1
Jy x
IN 1
9x  x

—(Y16x
Hence the ODE is exact. Writing the ODE as Z—Z =f (x,y) = l(rf:—Z) shows that this is

non-linear first order and applying theorem 2, shows that f (x) is not continuous at x = ¢2.
Now the ODE is solved under these assumptions. Setting up the two equations

IV

om=Y16x (1)
ox X

AY

— =N=Inx-2 (2)
dy
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Integrating (1) w.r.t. x gives

W =yln(x) + 322+ f () (3)
No need to use In x| since the problem said that x > 0. Therefore

oV
Ty - In (x) + £ (y)

Equating the above to (2) gives
In(x) + f' (y) = In (x) - 2
fy)=-2

Hence
f (y) =-2y+c
Where c is constant. Substituting f (y) back into (3) gives W (x,y(x))
\I/(x,y(x)) =yln(x) +3x> -2y +c

However, since %‘I’ =0, then W = ¢;, where ¢; is some constant. Therefore the above can
be written as

yln(x) +3x> -2y +c=¢;
Combining constants and simplifying gives the implicit solution for y (x) as

yln(x)+3x*-2y=c,  x>0;x #¢é?

2.3.13 Section 2.6 problem 11

Determine if (x In (y) + xy) + (y In (x) + xy) Z—Z =0;x > 0;y > 0 is exact and solve if so.

M (x,y) N| (x,y)

(xln (y) +xy) + (yln(x) +xy)6di—z =0

ODE is exact if %A = %\C]. Applying this to the above gives

&ﬂ_f x(1+y)
dy y y
J y y(1+x)
— =2 =
dx x X

Hence this ODE is not exact.

2.3.14 Section 2.6 problem 12

y dy

. . X o .
Determine if + 7. = 0 is exact and solve if so.
7

3
(x2+y2) 2 (x2+y2)

M(xy) N(xy)
X y d_y

2 . )3 ' YL
(x +y ) (x +y)

ODE is exact if %A = %\C]. Applying this to the above gives

=0

oM -3 x o) = -3xy

2 s
(2 + )" (2 + )7

%j _ -?3%(2@ _ &
(@) (242)?
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Hence ODE is exact. Writing the ODE as Z_Z = f(x, y) =— = _?x shows that this is

(2?2
non-linear first order and applying theorem 2, shows that f (x) is not continuous at y = 0.
Now the ODE is solved under these assumptions. Setting up the two equations

M= M
dx (xz +y2)5
A @)
8y (x2+y2)§

Integrating (1) w.r.t. x gives

(x +y7)?
Let u = x* + 2, then Z—u = 2x. Substituting this into [ ——dx gives
* (x2+y2)§
x x du
[—=w= [ 55
(xz + yz)g ug 2x
1 -3
=3 u?2du
-1
12
el
2
1
=-<+f(v)
U2
1
== 1 +f(]/)
(2 + )7
Hence
S —— ) 3)
(2 +2)°
Therefore
v 1 3
Sy —a @) @)+ )
-—* =+ f ()
(x2 +?)?
Equating the above to (2) gives
Yy S+ f (y) _ Yy ;
(2 +2)° (2 + )"
f(y) =0
Hence
fly)=c
Where ¢ is constant. Substituting f (y) back into (3) gives W (x,y(x))
\I’(x,y(x)) = —;1 +c
(< + )

. d .
However, since ¥ =0, then W = ¢y, where ¢; is some constant. Therefore the above can
be written as
1
———+c=0
(2 + )7
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Combining constants and simplifying gives the implicit solution for y (x) as

— 1 =C
(e
2 2\ L
(x +y) 5 )
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24 HWH4

2.41 Section 2.6 problem 19

Question Show that x%y3 + x(l + yz) Yy’ = 0 is not exact, and then becomes exact when

multiplied by u (x, y) = xl? and then solve.

Solution The first step is to apply theorem two and also check where the ODE is singular.
Writing it as

dy —x2y?

- = X, - v

dx f( y) x(l +y2)
This is non-linear first order ODE. There is a pole at x = 0. From theorem two, this says

that unique solution is not guaranteed to exist since the first condition which says that
f (x, y) must be continuous, was not satisfied. Now the ODE is solved.

M
X213 + x (1 + yZ)y’ =0
Hence
M (x, y) = x%y°
N(x,y) = x(l +y2)

An ODE is exact when %4 = 2—2]. These are now calculated to see if the ODE is exact or

not
&M_ )
Sy = %Y
N »
o Ty

The above shows that that ‘Z—]\y/f * %j therefore the ODE is not exact. Multiplying the original
ODE by given integrating factor it becomes

(yx2y3) + px (1 + yz) y =0

Now M =x and N = ;—3 (1 + yz). Checking that the new M, N are indeed exact.

oM 0
dy
N 0
ox
The new ODE is exact. Now the ODE is solved using the standard method.
oV (x, _
—( y) =M=x (1)
dx
A4 (x, y) _ 1
N — 2
Q—y_N_]?(1+y) (2)
Integrating (1) w.r.t x gives
1
W= 25+ £ (y) (3)
v
oy =/ (v)
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Comparing the above to (2) in order to solve for f’ (y) gives

1 2
f/(y): ;y
1 2
flv)= [ ;y dy +c (4)

2
We need now to solve f 1y+—3ydy

1+y? 1 y?
f P dy:fy—ady+fﬁdy
1 1
——2—y2+f§dy
1

:—z—yz+ln|y|

Using the above solution in (4) gives

1
f(y):—2—y2+1n|y|+c

Using the above in (3) gives

1 1
\I’:Exz—z—y2+ln|y|+c

But Z—i] = ¢y, therefore the above simplifies to, after collecting all constants to one
1 1
2 -
Ex—2y2+1n|y|—c x#0

42,3
Checking y = 0 as solution, shows that putting y =0 in f (x, y) = (;y 7 =0. Hence y =0 is
ity

also a solution.

Summary The solutions are

1 1
2 _
Ex—2y2+ln|y|—c x#0,y#0

y=0 x#0

2.4.2 Section 2.6 problem 20

siny

Question Show that ( ;

- 2¢™sin x) +( vy’ = 0is not exact, and then becomes

cosy+2e ¥ cosx )

exact when multiplied by u (x, y) = ye* and then solve.

Solution First we will check where the ODE is singular. Writing it as

siny

— —X Q3
d_y—f(x )_ J 2e7*sinx
dx - Y) = cosy+2e~¥ cosx

Yy

This is non-linear first order ODE. We see a pole at y = 0. Hence y # 0. From theorem
two, this says that that unique solution is not guaranteed since first condition which says
that f (x, y) must be continuous, was not satisfied.

siny

M (x, y) = —2e*sinx
N(x, ) _ cosy+ 2e * cosx
y
An ODE is exact when %/I = aa—l;l. These are now calculated to see if the ODE is exact or
not
oM 1 iny +
—— =Inysiny + - cosy
Iy y
JN d (1 1 -1_ | —2e™* .
— = —|-cosy+ —2¢*cosx|=—2¢Fcosx— —2e ¥ sinx = (cosx + sin x)
dx  dx\y y y y
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From above we see that %/I # i—f therefore the ODE is not exact. Multiplying the original
ODE by given integrating factor it becomes

(siny ) (cosy+2@‘xcosx) ,

U 7 Ysinx|+ u y =0
L [siny cosy+2€‘x cosx)

ye y —2e*sinx| + ye* y =0

(exsiny—Zysinx + e cosy+2(:osx)y 0
Now
M = e*siny - 2ysinx
N =e¢*cosy+2cosx

Checking now the new M, N are indeed exact.

oM o
—=¢ - X
7y cosy —2sin
N o
— = —2sin
5 = € cosy - 2sinx
The new ODE is exact. Now the ODE is solved using the standard method.
A4 (x, y) T ot ) 1
—y  =M=e siny — 2y sinx (1)
IV (x, y) _
=N =¢"cosy+2cosx (2)
Iy
Integrating (1) w.r.t x gives
\If:exsiny+2ycosx+f(y) (3)
IV ,
8_y =ce'cosy+2cosx+ f (y)

Comparing the above to (2) in order to solve for f’ (y) gives
e‘cosy +2cosx + f’ (y) =e'cosy +2cosx
fv)=0
flv)=c (4)
Substituting the above into (3) gives
W =¢*siny +2ycosx +c
But é—ij = ¢p, therefore the above simplifies to, after collecting all constants to one

e*siny +2ycosx =C y#0

2.4.3 Section 2.6 problem 21

Question Show that y + (2x—yey) Yy’ = 0 is not exact, and then becomes exact when

multiplied by u (x, y) =y and then solve.

Solution
M (x, y) =y
N(x,y) =2x —yeY
An ODE is exact when 31; = Q—N These are now calculated to see if the ODE is exact or
not
oM _1
Iy B
JN _,
ox

From above we see that ';—A; * 2—2] therefore the ODE is not exact. Multiplying the original
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ODE by given integrating factor it becomes
wy + u (Zx - yey)
y? + (2xy - yzey)

y/ =
y/ =
Now
M =y?
N = 2xy — y?e¥
Checking now the new M, N are indeed exact.
dy s

8N_2
Qx_y

The new ODE is exact. Now the ODE is solved using the standard method.

IV (x, _
) gy (1)

oV (x, _
% = N = 2xy — y%e! (2)

Integrating (1) w.r.t x gives
W=y2x+ f (y) (3)
(Z—\; = 2yx + f' ()
Comparing the above to (2) in order to solve for f’ (y) gives
2yx + f (y) = 2xy — e
f(v) = P
fly)=- [ erdy+c (4)
The integral f y?éYdy can be found using integration by parts. Let u = y?,dv = ¢/ — du =

2y,v = éY, therefore
f y2eVdy = f udv

= uv - fvdu
= y2eY —2fyeydy

Applying integration by parts again to f yeYdy, where now u =y, dv =€V - du=1,0=¢Y,

the above becomes
f y2eVdy = y?eV — 2 (yey - f eydy)

= yzey -2 (yey — gy)
= y2e¥ — 2ye¥ + 2e¥

= ey(y2—2y+2)
Therefore from (4)

f(y) = —ey(y2—2y+2)+c
Substituting the above into (3) gives
W:yzx—ey(y2—2y+2) +c
But é—ij = ¢p, therefore the above simplifies to, after collecting all constants to one

yzx—ey(y2—2y+2):C
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2.4.4 Section 2.6 problem 22

Question Show that (x+2)siny + (x cos y) Yy’ = 0 is not exact, and then becomes exact

when multiplied by u (x, y) = xe* and then solve.
Solution
M(x,y) = (x +2)siny
N(x,y) = xcosy

An ODE is exact when ‘%I = j—f. These are now calculated to see if the ODE is exact or
not

oM

—— =(x+2)cosy

J

J

— = COoS

ox Y

From above we see that %/I # 2—15 therefore the ODE is not exact. Multiplying the original
ODE by given integrating factor it becomes
p(x+2)siny +pu (xcosy)y’ =0
xe* (x +2)siny + xe* (x cos y) y =0
Now
M= (xze" + 2xe") siny
N = x%¢* cosy

Checking now the new M, N are indeed exact.

oM
- (xze" + 2xe") cosy
N _ 2xe" cosy + x2e* cosy = (xze" + 2xex) cosy
dx
The new ODE is exact. Now the ODE is solved using the standard method.
AY (x, y) _
— M = (2 :
" M = (x e + 2xe") siny (1)
oV (x, _
;y y) = N = x%¢*cosy (2)
Integrating (2) w.r.t y as it is simpler than integrating (1) w.r.t. x, gives
W= fxzex cosydy = x?¢*siny + f (x) (3)
v

= = 2xe* siny + x%e* siny + f* (x)

Comparing the above to (1) in order to solve for f’ (x) gives
2xe* siny + x2e* siny + f' (x) = (xzex + 2xex) siny
f)=0
f@)=c (4)
Substituting the above into (3) gives
W = x%*siny + ¢
But %I: = ¢y, therefore W = c; and the above simplifies to, after collecting all constants to

one

x?e*siny = C

2.4.5 Section 2.6 problem 23

Ny-M,

Question Show that if = Q where Q is function of y only, then M + Ny’ = 0 has
integrating factor of form p (y) = o Q)i
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Solution Given the differential equation

M(x,y) +N(x,y

)
)=
Multiplying by u (y) results in

puM + uNy' =0
The above is exact if

J(uM) 9 (uN)
dy  Ix
Performing the above, taking into account that ; depends on y only, results in
du IM JIN
dyM Moy dy ~Hox
The above is first order ODE in u

d IN oM
SV

dy ~ox _#&y

IN M

du 9x  dy

o T
Yy

aN_om
Let Q= & 19]/ . If Q depends on y only, then the above ODE is separable. Hence

du
ay - HQ (v)
d
7“ =Q(y)dy

Integrating both sides gives

ln|y|:fQ dy +C

|#| _ efQ y)dy+C

i (y) = Ael Q)

Where A is some constant, which can be taken to be 1 leading to the result required to
IN_ oM

show. The above procedure works only when Q = i &y happened to be function of y only.
This complete the proof.

2.4.6 Section 2.6 problem 24

Question Show that 1f

= R where R is function of xy only, then M + Ny’ = 0 has
integrating factor of form U (x, y). Find the general formula for p.

Solution Given the differential equation

=0

) dy (x)
dx
Let u (t) where t = xy. Multiplying the above with p (t) gives

M(x,y) +N(x,y

(x)
pOM () +pON(xy) LD -
The above is exact when
JuM _ JuN
dy  Jx

Hence
Gy My ON

dy +#&y_&xN+#&x @
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However,
a_/“l - d_#ﬁ - d_/“lx (2)
dy dtdy dt
And
du dudt du
ox  drdx  dt’ )
Substituting (2,3) into (1) gives
du IM  du JIN
EXM-F[J&—:V—E N+‘u&—x
du N IM
E(XM_yN) Hox ~H dy

T #(xM —yN)

IN_IM
In the above, u depends on t only, where f is function of xy only. If ((a;/l '9;’\'[ )) depends on ¢
xvi=y
(%)
only, then the above can be considered a separable first order ODE in u. Let R (t) = (a;/l ai] )
xM-y
and the above can be written as
dp ()
—— = uR(t
o T HR®)
Since separable, then
ap (0) = R(t)dt

U
f@szt
v
1n|y|=fRdt+C

|y| _ o Rat+C

[J :AefRdf

Where A is constant of integration which can be taken to be 1. Hence p = ef Rdt This works
only if R is function of ¢ only.
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2.4.7 Section 2.7 problem 20

20. Convergence of Euler’s Method. It can be shown that under suitable conditions on f,
the numerical approximation generated by the Euler method for the initial value problem
v =f(t,y), y(th) = yo converges to the exact solution as the step size 4 decreases. This is
illustrated by the following example. Consider the initial value problem

y=1-t+y, y(t) = yo.

(a) Show that the exact solution is y = ¢(t) = (yo — fp)e' ™ + ¢.
(b) Using the Euler formula, show that

)’k=(1+h)Yk—1+h—h[k71, k=1727
(¢) Noting that y; = (1 + h)(yo — o) + t1, show by induction that
Yn = (1 +h)"0’0—lo)+fn (1)

for each positive integer n.

(d) Consider a fixed point ¢ > ¢, and for a given n choose h = (t — ty)/n. Then ¢, = ¢ for
every n. Note also that 7 — O asn — oco. By substituting for #in Eq. (i) and lettingn — oo,
show that y, — ¢(t) asn — oo.

Hint: lim (1 4+ a/n)" = e“.

n— 00

2471 parta

y=1-t+y
y (to) = Yo
This is linear first order ODE. Writing it as ¥’ —y = 1 — ¢, then the integrating factor is
p= ¢ /% = ¢t and the ODE becomes

d

5 (ye‘t) =et(1-1)

Integrating both sides
yet = fe‘t(l -tdt+c

= fe‘tdt—fte‘tdt+c (1)

But fte‘tdt = fudv where u = t,dv=e¢" — du=1,v = ¢!, hence

fte‘tdt = uv—fvdu
=—te7t + f e tdt

=—tet —et
Putting this result in (1) gives
yel=—et - (—te‘t - e‘t) +c

=——t+tet+et+c

=tet +c¢
Therefore solving for y gives

y=t+ce (2)
The constant c is now found from initial conditions.
Yo = to + celo

c= (yo - fo) efo
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Substituting ¢ found back into (2) gives the final solution
y=t+ (yo - to) e toet
= (o~ to) o+ 3)

2.47.2 Partb

Euler formula is
e =hf (beuyer) +vea k=123, (1)
Where in this problem f (fk—1/]/k—1) is the RHS of ' =1 -t + y but evaluated at ¢,_;. Hence
f (tk—1,yk—1) =1-tq + Y
Substituting this into (1) gives
ye =h(1 -ty + o) + i
=h—=hti_y + hyeq + Y
=1 +h)yq+h—hty4 k=1,2,3,-

Which is the required formula asked to derive.

2473 Partc
The formula given y; = (1 + h) (yo - to) +t; can be found as follows. Since

y1 = Yo + hf (o, v0)
=yo+h(1-ty+yp)
=1y +h—ht; + hy,
Adding t; - t; to the above will not changed anything, hence
y1 =Yyo+h—hty +hyy +ty -ty
But t; =ty + h by definition, hence the above becomes, by replacing t, +  above with t;
Y1 =Yo + 1t —hty + hyg -ty
Simplifying
1= (yo—to) +h(y0—t0) +1
=1 +h) (yo—to) +
Now the question will be answered. Need to show that y, = (1 +h)" (yo - to) + t, is true,

using induction. This is true for k =1 as shown above. Now assuming it is true for k, we
then need to show it is true for k +1.

By assumption, it is true for k, hence
ye =1 +0) (yo—to) + 1 (1)
But using Euler formula
Vet = Ui + If (t i)
:yk"‘h(l_tk"'yk) (2)
Substituting (1) into RHS of (2)
Ve = (@ + 0 (o — o) + te) + h (1=t + (A +1)* (yo — to) + 1))
= (U + 1) (yo—to) + ti + =t + h((L+ 1) (o — to) + )
=+ 1) (yo—to) + t + =ty + R (L + 1) (yo — to) + Ity
=(1 +h)k(y0—t0) +t+h+h(1 +h)k(y0—to)
But t; + h = t,1 by definition, hence
Vi = A+ (yo = to) + tiga + B (L + 1) (o — to)
= 1+ 1) (yo — to) L+ h) + by
= 1+ 1) (yo — to) + b
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The above shows it is true for k+1 given it is true for k. Therefore, it is true for any positive
integer n.

2474 Partd
Using

Yu = A+1)" (yo—to) +t,
Replacing h = 0 i1 the above gives

o= (1 (1) o) o,

Taking the limit

. . ty —to\\" .
hmyn:hm(1+("n O)) (yo—t0)+r}1_r)rolotn

n—00 n—00

But lim,,_, t, = t, hence replacing all t,, with ¢ in the above gives

. o t=to\\"
hmyn—hm(1+( " )) (yo t0)+t

n—o00 n—00

Using hint that lim,_,, (1 + g)n = ¢* the above simplifies to
y(#) = lim y,
= elt10) (yo — to) + £
Which is the analytical solution found in part (a).

2.4.8 Section 3.1 problem 1

Find the general solution to y” + 2y’ -3y = 0.

This is second order, linear, constant coefficient ODE. Letting y = ¢* and replacing this
into the ODE gives

e”(r2+2r—3):O

Since ¢'* # 0, the above reduces to what is called the characteristic equation of the ODE

P+2r-3=0

Which can be written as (r —1) (r + 3) = 0. Hence r; = 1,7, = —3. Therefore the solution is
y(t) = cre! + cpe?

Where ¢, ¢, are constants which can be found from initial conditions. Hence the general
solution is

y(t) = et + cpe™!

2.4.9 Section 3.1 problem 2

Find the general solution to y” + 3y’ + 2y = 0.

This is second order, linear, constant coefficient ODE. The characteristic equation of the
ODE

P +3r+2=0

Which can be written as (r + 1) (r + 2) = 0. Hence r; = 1,1, = =2. Therefore the solution is
y(t) = ciet + cpe™

Where ¢, c, are constants which can be found from initial conditions. Hence the general
solution is

y(t) = cret + e
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2.410 Section 3.1 problem 3

Find the general solution to 6y -y’ —y = 0.

This is second order, linear, constant coefficient ODE. The characteristic equation of the
ODE

6r2—r-1=0
~b+Vb2-4ac _ 1+/1-4(6)(-1 1+V1424 _ 145 1 -1
Hence r = ” = 12( ) TRIETR Hence r; = > = 5 Therefore the

solution is
y(t) = cre! + cpe?t

Where ¢, c, are constants which can be found from initial conditions. Hence the general

solution is
1

11‘ —t
y(t) =cre2 +cye’

2.411 Section 3.1 problem 4

Find the general solution to 2y -3y’ + y = 0.

This is second order, linear, constant coefficient ODE. The characteristic equation of the
ODE

2r2-3r+1=0

—b£Vb2—4ac  3+0-4(2)(1)  3+1
Hence r = oy = 1 =

y(t) = cre! + cpe'?t

1 .
.Hencer; =1,r, = > Therefore the solution is

Where ¢, c, are constants which can be found from initial conditions. Hence the general
solution is

1
y () = et + cpe2’

2.412 Section 3.1 problem 5

Find the general solution to y”” +5y" = 0.

This is second order, linear, constant coefficient ODE. The characteristic equation of the
ODE

2 +5r=0

Which can be written as 7 (r + 5) = 0, hence r; = 0,7, = —5.Therefore the solution is
y(t) = cre! + cpe?

Where ¢, c, are constants which can be found from initial conditions. Hence the general
solution is

y(t) = ¢ + ™

2.413 Section 3.1 problem 6

Find the general solution to 4y” — 9y = 0.

This is second order, linear, constant coefficient ODE. The characteristic equation of the
ODE

412 -9 =0

9 9 3 3 3 L
Therefore 1% = Jorr= i\/; =+, Hence r| = 572 = —E.Therefore the solution is
y(t) = cret + cpe?!

Where ¢, c, are constants which can be found from initial conditions. Hence the general

solution is
3, 3,
y(t) =cre2 +cye 2
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2.4.14 Section 3.1 problem 7

Find the general solution to y”” -9y’ + 9y = 0.

This is second order, linear, constant coefficient ODE. The characteristic equation of the
ODE is

?-9r+9=0
—b£Vb2—4ac  9+BI-4(D)(9) 9+V81-36  9+V45 9435 9+3+/5 9-3+/5
Hence r = = = > == = Hence r| = — =

2a
Therefore the solution is
y(t) = cre! + cpe'?t

Where ¢, c, are constants which can be found from initial conditions. Hence the general
solution is

9+3v5 9_3‘/51%
y(t)=cie 2 " +ce 2

2.415 Section 3.1 problem 8

Find the general solution to y” -2y’ -2y = 0.

This is second order, linear, constant coefficient ODE. The characteristic equation of the
ODE is

r?-2r-2=0
—b+Vb2- ++/4— — + + +
Hence r = bt 2b doc _ 2t 43(1)( 2 _ z_imzz_jﬁzz_iﬁzli@. Hence r1:1+\/§,r2:

a
1- \/§ Therefore the solution is
y(t) = cret + cpe?t

Where ¢, c, are constants which can be found from initial conditions. Hence the general
solution is

y(t) = cle(“‘/g)t + cze(l_‘/é)t
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25 HW)S

2.5.1 Section 3.1 problem 9

Find the solution to y”” +y" -2y = 0;y(0) =1,y" (0) = 1 and sketch the solution and describe
its behavior as t increases.

solution
The characteristic equation is found by substituting y = ¢ into the ODE and simplifying,
giving
P+r-2=0
(r+2)(r-1)=0

Hence the roots are r; = =2,7, = 1. Roots are real and distinct. The two solutions are

The general solution is linear combination of the above two solutions
Y=y + Gl
=% + cpet

Now ¢y, ¢, are found from initial conditions. Applying first initial condition (y(0) =1) to
the general solution gives

1:C1+C2 (1)

Taking time derivative of the general solution gives y’ (f) = —2c,e7? + c,e!. Applying second
initial condition to this results in

1= —2C1 +Cy (2)
Equation (1,2) are now solved for ¢y, ¢;. From (1), c; = 1—c,. Substituting this into (2) gives

1:—2(1—C2)+C2

=-2+ 2C2 +Cp
=-2+ 3C2
Hence ¢, = % =1. Therefore c; =1 -1 = 0. Hence
1 = 0
Cy = 1

Substituting these back into the general solution gives

y(t)=¢
Since the solution is exponential, it will grow in time and blows up. Here is sketch of the
solution.

solution to 3.2 problem 9

20}
15f

£ 10t

6.0 0.5 1.0 1.5 2.0 25 3.0

2.5.2 Section 3.1 problem 10

Find the solution to y” + 4y’ + 3y = 0;y(0) = 2,¥'(0) = -1 and sketch the solution and
describe its behavior as t increases.
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solution
The characteristic equation is found by substituting y = ¢ into the ODE and simplifying,
giving
P+4r+3=0
(r+3)(r+1)=0

Hence the roots are r; = -3,7, = —1. Roots are real and distinct. The two solutions are

The general solution is linear combination of the above two solutions
y=ah +GlYs
=cre73t 4+ oot

Now ¢y, ¢, are found from initial conditions. Applying first initial condition (y (0) = 2) to
the general solution gives

2:C1+C2 (1)

Taking time derivative of the general solution gives y’ (f) = —3c,e™> —c,e”. Applying second
initial condition to this results in

-1 = —3C1 —Cy (2)
Equation (1,2) are now solved for ¢y, c;. From (1), c; = 2—c,. Substituting this into (2) gives

—1:—3(2—C2)—C2

=—-6+3c— ¢y
=-6+ 2C2
Hence ¢, = _12+6 = 2.5. Therefore ¢; =2 -2.5 = 0.5. Hence
1 = 0.5
Cy = 2.5

Substituting these back into the general solution gives
y(f) = 0.5¢73 + 2,507

At t becomes large, both solutions decay to zero. So we expect the general solution to go
to zero very fast. Here is a sketch.

solution to 3.2 problem 10

2.0

1.5¢

£ 1.0}

0.5

0.0, . . . . . .
0.0 0.5 1.0 1.5 2.0 25 3.0

2.5.3 Section 3.1 problem 11

Find the solution to 6y”" -5y’ +y = 0;y(0) = 4,1’ (0) = 0 and sketch the solution and describe
its behavior as t increases.

solution

The characteristic equation is found by substituting y = e into the ODE and simplifying,
giving
6r°—=5r+1=0
-b | Vb2-4ac

Hence 71, = wE

where A = b? — 4ac = 25 — (4) (6) = 1. Since A > 0, the roots will be
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real and distinct. The roots are

-b  Vb?-4ac

T1p=—=
’ 2a 2a

5 1
= — 4+ —
1212
Hence the roots are r; = %,1’2 = % Roots are real and distinct. The two solutions are
1
V= eit
]/2 = 65t
The general solution is linear combination of the above two solutions
y=al1+ Y
1t Lt
=c1e2 +cyes
Now ¢y, ¢, are found from initial conditions. Applying first initial condition (y (0) = 4) to
the general solution gives

4:C]+C2 (1)

1 1
Taking time derivative of the general solution gives i’ () = %cleit + %czeét. Applying second
initial condition to this results in
1 1
0= Ecl + §C2 (2)
Equation (1,2) are now solved for ¢y, c;. From (1), c; = 4—c,. Substituting this into (2) gives

1 1
025(4—C2)+§C2

1 1
:2—§C2+§C2

) 1
=2-—c
62

Hence ¢, = 12. Therefore ¢; =4 - 12 = -8. Hence
1 = -8
Cy = 12
Substituting these back into the general solution gives
1 1
y() = —8ez' +12¢5"

1 1 1
. st =t . st . . . .
Since e2” grows faster than e3" and since e2” has negative coefficient, then the solution will

go to —oo as t increases. Here is sketch of the solution

solution to 3.2 problem 11

0.0 0.5 1.0 1.5 2.0 25 3.0

2.5.4 Section 3.1 problem 12

Find the solution to " + 3y’ = 0, (0) = -2, (0) = 3 and sketch the solution and describe
its behavior as t increases.

solution

The characteristic equation is found by substituting y = ¢’ into the ODE and simplifying,
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giving
?+3r=0
r(r+3)=0
Hence the roots are r; = 0,7, = —3. Roots are real and distinct. The two solutions are
=1
yy =

The general solution is linear combination of the above two solutions
y=cp+ce !
Now ¢y, c, are found from initial conditions. Applying first initial condition (y (0) = -2) to
the general solution gives

-2 = C1 + Co (1)
Taking time derivative of the general solution gives i’ (t) = —3c,¢™>'. Applying second initial
condition to this results in

3 =-3¢, (2)
Hence ¢, = —1. Therefore c; = —1. Substituting these back into the general solution gives
y(t)=-1-¢3

As t — oo, the term 7 — 0 and we are left with —1. Hence lim,_,, y (t) = —1. Here is sketch
of the solution

solution to 3.2 problem 12

-1.0[

-1}
-1.2}
> _13f
-14}

-1.5¢

0.0 0.5 1.0 1.5 2.0 25 3.0

2.5.5 Section 3.1 problem 13

Find the solution to y"" + 5y’ +3y = 0; (0) = 1,3’ (0) = 0 and sketch the solution and describe
its behavior as t increases.

solution
The characteristic equation is found by substituting y = ¢ into the ODE and simplifying,
giving

P +5r+3=0

_ Vp2—
Hence 1y, = 2—5 AL 4uc, where A = b? — 4ac = 25 - (4) (3) = 13. Since A > 0, the roots will

be real and distinct. The roots are
-b  Vb?-4ac

19 = — %
12 2a 2a

-5 13
T 27 2

+
2
Hence the roots are r; = %5 + ?,rz = _75 - @ The two solutions are
-5}
h=e
)
2 2
Vya=¢e
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The general solution is linear combination of the above two solutions

-5 Vi3 5 i3
_ (7+T)f (TT)
y=aqce + Cye
the general solution gives

Now c3, ¢, are found from initial conditions. Applying first initial condition (y(0) =1) to

l=ci+c
Taking time derivative of the general solution gives

5 V) (2.5,
y'(t):C1[75+ﬁ)e(2+ 2

(1)
) (—5 \/ﬁ) (2
+o|l=——-—|e
2 2 2
Applying second initial condition to this results in

(—5 «/13] (—5 \/13)
O=c¢|=—+— |+

2 2

From (1), ¢; =1 - ¢, and from (2)

2 2 )
e -5 «/1_3Jr -5 413
DNy T T2 T
2 Ty TeT Ty T e
5 13
:—2+7—\/EC2
_ 51
27 o3 2
_ -5++13
213
Therefore ¢c; =1 + 5-Vi3

= and the solution becomes

2v13
_ (—ﬂ) L 5=V (35 (-5 . m](_ﬁ)
213 2413
_[75F) svB-13 (749) ( 513 +13) (2
26 26
5B 5, @), 5 v
=21—626e(2+2) (5\/E—13)e(2+2)+(5\/_3+13)(2 Z)t]
EIRE 5, VB 5 Vi), 5 VB 5 V@
:21_6 266(2 i ) +5‘/E€(2+ 2 )t—13e(2 2) —5\/_6(2 2 )t+13€(2 ? )tJ
5,V i 5 VB
_21_6 136(75+Tl3) +5\/_e(75 T) 5\/_6(75 T

NIJ;.
i
w

i ) + 133(
Here is sketch of the solution showing that y — 0 as t — oo

]

solution to 3.2 problem 13
1.0F ' '
0.8r
06
=
0.4r
0.2
0.0, . . . . N
0 1 2 3 4 5
t
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2.5.6 Section 3.1 problem 14

Find the solution to 2y” +y’ -4y = 0;y(0) = 0,y’ (0) =1 and sketch the solution and describe
its behavior as t increases.

solution

The characteristic equation is found by substituting y = ¢ into the ODE and simplifying,
giving
2r7+r-4=0

Hence ry, = ;—b + b2_4ac, where A = b? —4ac =1 - (4) (2) (-4) = 33. Since A > 0, the roots will

be real and dicétinct.aThe roots are
-b  Vb?-4ac

19 = — %
12 2a 2a

Hence the roots are r; =

The general solution is linear combination of the above two solutions
1,433 1 33
(o), )
Yy =ce + e
Now cy, ¢, are found from initial conditions. Applying first initial condition (y (0) = 0) to
the general solution gives

0:C1+C2 (1)

Taking time derivative of the general solution gives

/0=al-5s @]e(?x@)t vl vs—a]e(;_vg)t

4 4

Applying second initial condition to this results in

ol Dol

4 4

4 4

From (1), ¢; = —c, and from (2)

el el

4 4

1 33 1 433

SIeTp e g

V33

2
-2
= —

V33

Co

Therefore ¢; = 2 and the solution becomes
V33
: [15_2 %)
RV V33
Since —i + @ =1.186 and —i - % = —1.686 then the above can be written as

2 2
1186t _ 01186t

VT V33

Then we see that as t — oo the second term ¢ 118 — 0 and we are left with 118 which
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will go to o for large . Hence
tlim y(t) =00
Here is sketch of the solution

solution to 3.2 problem 14

1201
1001
80

40+
201

2.5.7 Section 3.1 problem 15

Find the solution to v/ +8y' -9y = 0;y (1) = 1,3’ (1) = 0 and sketch the solution and describe
its behavior as t increases.

solution
The characteristic equation is found by substituting y = ¢ into the ODE and simplifying,
giving
?+8r-9=0
r-1)@r+9 =0
Hence the roots are r; =1,r, = 9. The two solutions are
Yyr=¢
Yya=e¢

The general solution is linear combination of the above two solutions

t

-9t

y =ciel + e

Now cy, ¢, are found from initial conditions. Applying first initial condition (y (1) =1) to
the general solution gives

1 =cqe! + cpe™ (1)
Taking time derivative of the general solution gives
Y () = ciet = 9cpe™!
Applying second initial condition to this results in
0 = ¢yt = 9cpe™® (2)

1- -9
From (1), ¢; = C:le =e!

—c,e71% and from (2)
0= (e‘l - cze‘lo) el —9cye™?
=1-ce™® = 9ce™
=1l+c, (—6_9 - 96_9)

0=1+cp(-10¢7)

Hence
1
_ 1t
;= —e
2710
1 1 9 :
Therefore c; = e ! —ce™0 = ¢! - 5696‘10 =el - Ee‘l = Ee‘l and the solution becomes
9 1
_ 2 9,-9t
= —elet + —¢c%
10 10
_ zet—l + le9—9t
10 10
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9—

Then we see that as f — oo the second term ¢~ — 0 and we are left with ¢/~! which will

go to oo for large t. Hence
tlim y(t) =00
Here is sketch of the solution.

solution to 3.2 problem 15

2.5.8 Section 3.1 problem 16

Find the solution to 4y” -y = 0, (-2) = 1,y’ (-2) = -1 and sketch the solution and describe
its behavior as t increases.

solution

The characteristic equation is found by substituting y = ¢ into the ODE and simplifying,
giving
42 -1=0
Hence the roots are r; = i%. The two solutions are
1
Y1 = ez’

yz = e_Z
The general solution is linear combination of the above two solutions

1 1

Ly .y
y= c1e2 +cpe 2

Now ¢y, ¢, are found from initial conditions. Applying first initial condition (y(-2) =1) to
the general solution gives
1= cle_l + Cre (1)

Taking time derivative of the general solution gives

1 4L 1 1
Y (H) = scre2’ - 52e 2!

2
Applying second initial condition to this results in
1 1
-1= Ecle_l - ECze (2)
From (1), ¢; = 1:126 = e —c,e? and from (2)
1 1
-1= 5 (e -~ 6282) el = 5o
1 1 1
= E - ECze - ECze
1
== —Ce
5
Hence
cp==et4el=—¢l
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3 _ 3 1 ,
Therefore ¢c; = e — (Ee 1) P =e- ;¢ = —ze and the solution becomes

L1
Yy =cie2 +coe 2

1 % 3 -1
= ——ee2' + Z¢le2!
2 2

t

1 .t 3 4.t
— ——el*2 4 2717
2 2

t t
Then we see that as f — oo the second term ¢ = 2 — 0 and we are left with —%e“i which
will go to —oo for large t. Hence

thm y(t) = —o0
Here is sketch of the solution.

solution to 3.2 problem 16

O*I\

=10

-20

-25¢

2.5.9 Section 3.2 problem 1

3t
Find the Wronskian of the given pair of functions ¢?,e 2

solution
-3
We are given y; (t) = %, y, (t) = e?', hence by definition, the Wronskian is

yi(t) v (t)

W: /’ 4
vi(t) o ()
3t
eZt e—g
= 3t
280 _2 -5
2e 3€ 2
-3t £
= —e2 —Dp2
> e e
-7t
= —p2
2

2.5.10 Section 3.2 problem 2
Find the Wronskian of the given pair of functions cost,sin
solution

We are given y, (t) = cost,y, (t) = sint, hence by definition, the Wronskian is

vi(8) y2 ()

W = /7 /
vi () vy (b)
| cos t sint
|- sint cost

= cos?t + sin’ ¢t
=1
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2.511 Section 3.2 problem 3

Find the Wronskian of the given pair of functions e, te=
solution
We are given y; (f) = e, y, (t) = te™?, hence by definition, the Wronskian is

y1 () v (b)
i) v (t)
-2t te—Zt

W =

e
T 2ozt o2 g
(e‘Zt) (e‘Zt - 2te‘2t) + ¢ 2tpe2t
e

—4 _Dpemdt 4 Dt
4t

2.5.12 Section 3.2 problem 4

Find the Wronskian of the given pair of functions x, xe*
solution
We are given y; (x) = x, 1, (x) = xe*, hence by definition, the Wronskian is

vy (0) v (x)
y1(x) vz (%)

W =

X xe*

1 e+ xe*

= (x) (e* + xe*) — xe*
= xe* + x%e* — xe*

— XZex

2.5.13 Section 3.2 problem 5

Find the Wronskian of the given pair of functions e’ sint, e’ cost
solution
We are given y; () = ¢’ sint,y, () = e’ cost, hence by definition, the Wronskian is

vy (H) ya(b)
y1(t) ya ()

el sint el cost

W =

elsint +efcost efcost—elsint

(et sin t) (et cost —elsin t) —eéfcost (et sint + ef cos t)
=2 gintcost — 2 sin®t — e2 cos tsint — €2 cos? t
= —e2gint — ¢? cos? ¢t
= —2¢? (sin2 t + cos? t)

= D¢t

2.5.14 Section 3.2 problem 6

Find the Wronskian of the given pair of functions cos? 60,1 + cos260

solution
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We are given y; (6) = cos? 0,1, (0) =1 + cos 20, hence by definition, the Wronskian is

y1(0) y2(6)

y1(0) y2(0)
cos? 0 1+ cos20

—2cosfOsinf -2sin20

= -2c0s? 0sin 20 — (1 + cos 20) (-2 cos O sin O)

= —2c0s? 0sin 20 — (=2 cos O@sin O — 2 cos O sin O cos 20)

= —2cos? 0sin 20 + 2 cos O sin O + 2 cos O sin O cos 20

W =

Using cos26 = 2cos? 0 =1 And sin20 = 2sin 6 cos 6 the above becomes
W = -2 cos? 9 (2sin 0 cos 0) + 2 cos Osin O +2cos€sin9(200829—1)
= —4cos® Osin O + 2 cos Osin 6 + 4 cos® Osin O — 2 cos Osin O
= —4cos® Osin 6 + 4 cos® Osin O
=0
We could also see that W = 0 more directly, by noticing that y; = cos?@ = 1 - sin® @ and

1 1

since sin® 6 = 5 COs 20 then

N

y1 = cos? 0
1 1
=1—(§—§COSZQ)
:1+1COSZQ
2 2

1
=5 (1 + cos26)

Therefore, y; = %yz. Hence y; is just a scaled version of y; and so these are two solutions
are not linearly independent functions, (parallel to each others in vector space view) and
so we expect that the Wronskian to be zero.

70



2.6. HW6 CHAPTER 2. HWS

26 HW6

2.6.1 Section 3.4 problem 1

Find the general solution of ¥’ -2y’ +y =0
Solution:

The characteristic equation is found by substituting y = ¢ into the ODE and simplifying,
giving

?-2r+1=0
r-1)(r-1)=0
Hence r =1 double root. Therefore the two solutions are
yp=¢
yp = te!

And the general solution is linear combination of the above solutions

y = e + optet

2.6.2 Section 3.4 problem 2

Find the general solution of 9y + 6y’ +y =0
Solution:

The characteristic equation is found by substituting y = ¢ into the ODE and simplifying,
giving

92 +6r+1=0
b+ +Vb?-4ac -6+ V36-36 1
r = = _-—
2a 18 3

Hence r = —% double root. Therefore the two solutions are

.y
y1=e3

!
Yo =tes

And the general solution is linear combination of the above solutions
-1 -1

=t =t
y=rcie3 +cpted

2.6.3 Section 3.4 problem 3
Find the general solution of 4y -4y’ -3y =0

Solution:

The characteristic equation is found by substituting y = ¢ into the ODE and simplifying,
giving

42 —4r-3=0
b+ Vb2 -4ac 4++V16+48 4+8 1+2 1 i1
Y = = = = = — +
2a 8 8 2 2
Hence r = ;7’2 = —%. Therefore the two solutions are
3
1= ez'
1
—ot
yz =e 2
And the general solution is linear combination of the above solutions
3 1

=t —=t
y= 6162 + e 2
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2.6.4 Section 3.4 problem 4
Find the general solution of 4y + 12y’ +9y =0

Solution:

The characteristic equation is found by substituting y = ¢ into the ODE and simplifying,
giving
47 +12r+9 =0

bV —dac  -12++144-144 -3

2a 8 2

Hence r = _73 double root. Therefore the two solutions are

r

3y
y1=e2
34
yZ:tQZ

And the general solution is linear combination of the above solutions

-3 -3

=t =t
y=rcie2 +cpte?

2.6.5 Section 3.4 problem 5
Find the general solution of y” -2y’ + 10y =0

Solution:

The characteristic equation is found by substituting y = ¢"* into the ODE and simplifying,
giving
?-2r+10=0

b+ Vb2 —-4ac 2++V4-40 2++vV-36 2+6i 1+3i
= = = = = + o1
2a 2 2 2

Hence r; =1+ 3i,r, =1 - 3i. Therefore the two solutions are

r

Yy = e(1¥30 = pteidt
Yy = elet

And the general solution is linear combination of the above solutions, the complex ex-
ponential can be converted to trig functions cos,sin using the standard Euler identities,
resulting in

y = e (cq cos 3t + ¢, sin 3t)

2.6.6 Section 3.4 problem 6
Find the general solution of " — 6y’ + 9y =0

Solution:

The characteristic equation is found by substituting y = ¢ into the ODE and simplifying,
giving

?—6r+9=0
r-3°=0
Hence r = 3. Double root. Therefore the two solutions are
yp=¢e'
yp = te*

And the general solution is linear combination of the above solutions

y =1 + cpte®t
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2.6.7 Section 3.4 problem 7
Find the general solution of 4y + 17y +4y =0

Solution:

The characteristic equation is found by substituting y = ¢ into the ODE and simplifying,
giving
42 +17r+4 =0

—-b + Vb? - 4ac _ -17++v289-64 -17++v225 -17+15

Y= =
2a 8 8 8
-17-15 -17+15 1 .
Hence | = s = 4rn=——=-1. Therefore the two solutions are

_ 4t
nh=e

1,

yz =e¢ 4

And the general solution is linear combination of the above solutions

1
_ -y
y=cret +cpet

2.6.8 Section 3.4 problem 8
Find the general solution of 16y” + 24y’ + 9y =0
Solution:

The characteristic equation is found by substituting y = ¢’ into the ODE and simplifying,
giving
16r2 +24r+9=0

_cbxVP-dac  -24+\576-4(16)9) -24 3

r

2a 32 32 4
Hence r = —2. Double root. Therefore the two solutions are

3,

yl =¢ 4
3,

yz =te 4

And the general solution is linear combination of the above solutions

3 3

~t —=t
y=cie 4 +opte 4

2.6.9 Section 3.4 problem 9
Find the general solution of 25y — 20y’ + 4y =0

Solution:

The characteristic equation is found by substituting y = ¢ into the ODE and simplifying,
giving
252 -20r+4=0

b+ Vb2 —4ac 20+ A00-4(25)(d) 20 2

2a 50 50 5

Hence r = ; Double root. Therefore the two solutions are

Y =

2
V1= e5!
2
Yo = tes
And the general solution is linear combination of the above solutions

2t 2t
Y =c1e5 + cptes
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2.6.10 Section 3.4 problem 10

Find the general solution of 2y + 2y’ +y =0
Solution:

The characteristic equation is found by substituting y = ¢ into the ODE and simplifying,
giving

22 +2r+1=0
b V2 —dac 2+1-42)A) -2+V-4 -2+2i 1
Y = = = = = — 4+ —
2a 4 4 4 2 2
Hence 1| = _71 + é,rz = _?1 - é Therefore the two solutions are
-loi -1, -
v = e( 2 Z)t = e?te?t

o
Ya=e 22 :e?teit

And the general solution is linear combination of the above solutions, the complex ex-
ponential can be converted to trig functions cos, sin using the standard Euler identities,
resulting in

?f( Lo t)
=e2 (¢;cos=+c,sin =
y 1 R 5

2.6.11 Section 3.5 problem 1

Find the general solution of y” — 2y’ - 3y = 3¢*
Solution:

The first step is to solve the homogenous ODE and find y;, then find a particular solution
Y, to the inhomogeneous ODE, then add both solutions v, +y, in order to find the complete
solution.

Finding v,
We need to solve homogenous ODE

y' -2y -3y=0
The characteristic equation is found by substituting y = ¢ into the above ODE and
simplifying, giving

r2-2r-3=0

r+1)(r-3)=0

Hence r; = —1,r, = 3. Therefore the two solution are

yr=¢"!

Yya=e¢

And the homogeneous solution is linear combination of the above solutions

3t

Y, = cret + cpe’t
Finding y,

Now we need to find one particular solution to
y// _ Zy/ _ 3]/ — 3€2t
We guess y, = Ae*. Hence

y, = 2Ae*
yy = 4Ae
Substituting this into the original ODE in order to solve for A gives
4Ac% -2 (2A¢%) - 3(Ac*) = 3¢
-3Ae% = 3%
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Hence A = -1 and therefore

y, = -

Therefore the general solution is

Y=Ynt+Yp

= cret + cpe3t — e

2.6.12 Section 3.5 problem 2

Find the general solution of y” + 2y" + 5y = 3sin 2t
Solution:

The first step is to solve the homogenous ODE and find yj,, then find a particular solution
Yp to the inhomogeneous ODE, then add both solutions y;, +y, in order to find the complete
solution.

Finding v
We need to solve homogenous ODE
v'+2y +5y=0
The characteristic equation is found by substituting y = ¢ into the above ODE and
simplifying, giving
?+2r+5=0

_ bxVP-dac  2+V4-20 -2xv-16 -2=x4i

2a 2 2 2
From before, we know the solution is of the form

r

v, = et (cq cos 2t + sin 2¢)

Where

y1 = e cos2t

Yo = et sin2t
Finding y,
Now we need to find one particular solution to

Yy’ +2y + 5y =3sin2t

We guess y, = Acos2t + Bsin 2t hence

Yp = —2Asin2t + 2B cos 2t
Y, = —4Acos2t —4Bsin 2t
Substituting these back into the original ODE in order to solve for A, B gives
Yy + 2y, + 5y, = 3sin2t
—4Acos2t —4Bsin2t + 2 (-2Asin 2t + 2B cos 2t) + 5 (A cos 2t + Bsin 2t) = 3sin 2t
—4A cos2t —4Bsin 2t — 4A sin 2t + 4B cos 2t + 5A cos 2t + 5B sin 2t = 3 sin 2¢
(A+4B)cos2t + (B—4A)sin2t = 3sin 2t
Hence
A+4B=0
B-4A=3
From first equation, A = —4B, and the second equation becomes B—4 (-4B) = 3 or B+16B = 3
or B= 13—7, hence A = _1—172, therefore

12 2t S sinot
= — COS — S1n
Yo =77 17
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Therefore the general solution is
Y=YntYp

= ¢~ (cq cos 2t + sin 2t) 12 cos 2t + 3 sin 2t
B 17 17

2.6.13 Section 3.5 problem 3

Find the general solution of y” —y’ — 2y = -2t + 4#?
Solution:

The first step is to solve the homogenous ODE and find y;, then find a particular solution
Y to the inhomogeneous ODE, then add both solutions y; +y, in order to find the complete
solution.

Finding y;
We need to solve homogenous ODE
y' -y -2y=0

The characteristic equation is found by substituting y = ¢ into the above ODE and
simplifying, giving
?—r-2=0

r+1)(r-2)=0
Hence r; = -1,7, = 2 and therefore

Y, = cret + cpe?t
Finding y,
Now we need to find one particular solution to

Y’ —y =2y = -2t +4f?

We guess y, = Ay + Ayt + Ayt?. Therefore

y;, = Al + 2A2t
Yy =24,

Substituting these back into the original ODE gives
24, — (Ay +24At) = 2 (Ag + Agt + Apt?) = =2t + 42
19(2A, — A; —2Ap) +t(=2A, — 2A,) + 12 (-2A,) = -2t + 412
Hence
2A,-A1-2A,=0
—2A,-2A; =-2
—2A, =4

“222) _ 3 and from

From the last equation, A, = -2, and from the second equation A; =

the first equation 2 (-2) -3 - 24, = 0 hence Aj = % =

yp = AO + Alt + Aztz

7
—3» Therefore

SN Y
2
Therefore the general solution is
Y=YntYp

7
=cre7t + cpe?t - 5t 3t — 212

2.6.14 Section 3.5 problem 4

Find the general solution of iy’ + y’ — 6y = 12¢% + 12¢7%
Solution:
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The first step is to solve the homogenous ODE and find yj,, then find a particular solution
Y, to the inhomogeneous ODE, then add both solutions y;, +y, in order to find the complete
solution.

Finding v
We need to solve homogenous ODE
y'+y -6y =0

The characteristic equation is found by substituting y = ¢ into the above ODE and
simplifying, giving
?+r-6=0

(r+3)(r-2)=0
Hence r; = 3,7, =2 and therefore

Y = et + cpet
Finding y,
Now we need to find one particular solution to

Yy’ +y — 6y =12¢3 + 1272

We guess y, = Ae* + Be™. Therefore

y, = 3Ae* —2Be
vy =9Ae + 4Be
Substituting these back into the original ODE gives
vy +y, — 6y, = 1263 + 12672
9A¢* +4Be2 + 3Ae™ - 2Be™? - 6 (A + Be ) = 12¢% +12¢7
e (9A +3A-6A) +e7% (4B — 2B — 6B) = 123 + 12¢72
6Ae% — 4Be ! =12¢% 4+ 12¢7%
Comparing coefficients gives
A=2
B=-3
Hence
Y, =2¢% =3¢
And the final solution is
Y=YntYp
= cre73t 4 cpe?t + 203t — 3072

2.6.15 Section 3.5 problem 5

Find the general solution of y”’ — 2y’ — 3y = -3te™
Solution:

The first step is to solve the homogenous ODE and find y;, then find a particular solution
Y to the inhomogeneous ODE, then add both solutions y;, +y, in order to find the complete
solution.

Finding y;
We need to solve homogenous ODE
y' -2y’ =3y =0
The characteristic equation is found by substituting y = ¢ into the above ODE and
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simplifying, giving
?-2r-3=0
(r-3)(r+1)=0

Hence r; = 3,7, = -1 and therefore
3t

Y, = c1e + et

Finding y,
Now we need to find one particular solution to
y” =2y -3y = -3te!

Guess for t is Ay + Byt and the guess for ¢! is Cte™! (where we multiplied by ¢ since e
shows up in the homogenous solution. Therefore the product is

Y, = (Ag + Bot) Cte™*
= AyCte™ + CByt?e
Let AoC = A,CBj = B, and the above becomes
y, = Ate™ + Bt%e
=(A+Bt)te!

Substituting these back into the ODE and solving for A, B gives B = g and A = %, hence

Yy = (At + Btz) et

And the final solution is
Y=YntYp
3 3
_ 3t —t 20|
=c1e” +cpet + (16t+ 8t )e

2.6.16 Section 3.5 problem 6

Find the general solution of vy + 2y’ = 3 + 4sin 2t
Solution:

The first step is to solve the homogenous ODE and find yj,, then find a particular solution
Y to the inhomogeneous ODE, then add both solutions y;, +y, in order to find the complete
solution.

Finding vy,
We need to solve homogenous ODE
y'+2y' =0

The characteristic equation is found by substituting y = ¢ into the above ODE and
simplifying, giving

?+2r=0

r(r+2)=0

Hence r; = 0,7, = -2 and therefore
Yn = ¢1 + e
Finding y,
Now we need to find one particular solution to
Yy’ +2y =3+4sin2t

Guess that y, = At + Bcos2t + Csin2t, hence

Y, = A—2Bsin2t + 2C cos 2t
Yy, = —4Bcos2t — 4Csin 2t
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Substituting back into
Yy +2y, =3 +4sin2t
—4B cos2t —4Csin2t + 2 (A —2Bsin 2t + 2C cos 2t) = 3 + 4 sin 2t
—4Bcos2t —4Csin2t + 2A — 4B sin 2t + 4C cos 2t = 3 + 4 sin 2¢
(—4B + 4C) cos 2t + 2A + (-4C — 4B) sin 2t = 3 + 4sin 2t

Hence
2A =3
1=-C-B
0=-B+C

From first equation, A = g, From third equation, B = C and from the second equation

1=-2BorB= _?l, hence C = _?1, and the particular solution is

3 1
Yp = Et + > cos 2t — > sin 2t
Hence the complete solution is

3 1 1

2t :
=1+ et + =t— =—cos2t— =—sin2t
y=c+t0o ' 75 2111
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2.7 HW7

2.7.1 Section 3.6 problem 1

Use method of variations of parameters to find particular solution and check your solution
using method of undetermined coefficients. ' — 5y’ + 6y = 2¢!

solution
The general solution is

Y=Yn*Y
Where y;, is the solution to the homogenous ode y” - 5y" + 6y = 0 and y, is a particu-
lar solution which is found using variations of parameters and also using undetermined
coeflicients to compare with.

Finding v,

Since ODE has constant coefficients, then the characteristic equation is used. It is given
by 1> =57+ 6 = 0 or (r —3) (r - 2) = 0. Therefore the roots are r, = 3,7, = 2. Hence the two
fundamental solutions are

yp=¢e'

Yya=¢

And the homogenous solution is therefore given by

2t

Yn =1 + 22
= 1% + e

Finding y, using variation of parameters

First step is to find Wronskian W given by

3t ot
e

W(t) = SR - 5 | =267 =3 ==
Vi Yo Pe 2

Letting ¢ (t) = 2¢' therefore the particular solution is

Yp () = ug () y1 () + up () yo (1)
Where

t t 2t2t 3t —2t
u1(t)=—fyzLM;g()dt:—f%dtsz%dtsze‘”dtzZ[e_—z = —¢2

He(t) e3¢t et B ] )
MZ(t):f%dt:fjdt:_zfﬁdt:_zfe tdt = -2 _—1 =2¢t

Hence the particular solution becomes

And

Yp = Y1 + U2ly2
— (_e—Zt) o3t 4 Dot o2t
= —el + 2¢!
Therefore the general solution is
Y=Untyy
= 1% + ce? + ¢t

Finding y, using undetermined coefficients

From the form of g (¢) in the problem, particular solution is assumed to be

y, = Ael
Hence

y, = Aet

yy = Aef
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Plugging back into the original ODE gives
vy =5y, + 6y, = 2¢'
Aet —5Ae" + 6Aet = 2¢!
Dividing by ¢f # 0 gives

A-B5A+6A=2
2A=2
A=1
Therefore
Yp = e

Which agrees with variation of parameters particular solution found earlier. Therefore the
same general solution is obtained as expected. QED.

2.7.2 Section 3.6 problem 2

Use method of variations of parameters to find particular solution and check your solution
using method of undetermined coefficients. y”’ —y’ - 2y = 2¢7*

solution
The general solution is

Y=¥ntYp
Where y;, is the solution to the homogenous ode y”-y’-2y = 0 and y, is a particular solution

which is found using variations of parameters and also using undetermined coefficients to
compare with.

Finding v,

Since ODE has constant coefficients, then the characteristic equation is used. It is given
by > —r—2=0or (r+1)(r-2) = 0. Therefore the roots are r; = —1,7, = 2. Hence the two
fundamental solutions are

—t

h=e
_ 2t
Y =e

And the homogenous solution is therefore given by

Yn =11 + 22
= cret + cpe?

Finding y, using variation of parameters

First step is to find Wronskian W given by
et o

—et 202

Y1 Y2

/ /

Y1 Y2

= 2¢ + ¢ = 3¢

W () =

Letting ¢ (t) = 2¢™* therefore the particular solution is

Yp () =uy () y1 () + uz () y2 ()
Where

C (Rbg® et __2f§ _ 2
1y (f) = f—w dt = dt =% [ Sar=-Zt

3et
And

_ (00O ety 2 ey 2 (g 2 2
w ()= [P0 = [dr =5 [ rar= S [ear= 2| =S
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Hence the particular solution becomes
Yp = W1 + Ul

_ —%t e—t_ge—stezt
9

We notice something here. The extra term —ge‘t above is constant times one of the funda-

mental solutions (one of the solutions to the homogenous equation), which is y; in this
case found earlier. But adding a multiple of a fundamental solution to a particular solution
gives another particular solution. So the term ~2¢7t will be merged with the term from the
homogenous solution. Therefore the general solution is

Y=YntYp
2 2
=cret +cpe?t — —tet — Zet
3 9

.2 . . .
We can now combine §e‘t that shows up from the particular solution with the c;e™* term
from the homogenous solution, since ¢; is arbitrary constant, which simplifies the above to
Y=Yn+tYp
~t 2 _ 2,
=cie" + cpe”t — gte

Finding y, using undetermined coeflicients

From the form of ¢ (f) in the problem, and since ¢ is already one of the fundamental
solutions, then particular solution is assumed to be

y, = Ate™
Hence
yp=A (e‘t - te‘t)
vy =A (—e‘t —et+ te‘t)
=A (—Ze‘t + te‘t)
Plugging back into the original ODE gives
Yy Yy = 2yp = 2¢7
A(-2e7t +tet) - A(e™ —tet) - 2Ate™ = 2¢7
Dividing by e™' # 0 gives
A2+ -A1-t)-2At=2
t(A+ A-2A)-2A-A=2
-3A=2
A=—
3
Therefore
— -2 te_t
Which agrees with variation of parameters particular solution found earlier. Therefore the
same general solution is obtained as expected. QED.

2.7.3 Section 3.6 problem 3

Use method of variations of parameters to find particular solution and check your solution
using method of undetermined coefficients. y”’ + 2y’ +y = 3¢™

solution
The general solution is

Y=Ynt+Yp
Where y;, is the solution to the homogenous ode y”+2y’+y = 0 and y,, is a particular solution
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which is found using variations of parameters and also using undetermined coefficients to
compare with.

Finding v,

Since ODE has constant coefficients, then the characteristic equation is used. It is given
by 12 +2r+1=0 or (r+1)(r +1) = 0, Therefore the roots are duplicate r; = -1. Hence the
two fundamental solutions are

yp=¢’

yp = te!
And the homogenous solution is therefore given by

Yn =11 + Gl
=ciet + cpte

Finding y, using variation of parameters

First step is to find Wronskian W given by

—t —t

e te

Y1 Yo

VA —et et —tet

= (e‘t) (e‘t —~ te‘t) + (te‘t) (e‘t)
2t —te2t 4 o2
o2t

W) = .

Letting g (f) = 3¢™! therefore the particular solution is

Yp () = uy () y1 () + uz (H) y2 ()
Where

—t (-t
ul(t):—f}%df=—fwdt:—3ftdt:—§t2

o2t
And

—t (Rt
uz(t):fylva(t)dt:fﬁdt:3fdt:3t

o2
Hence the particular solution becomes

Yp = Y1 + U2ly2
3

— 21 -t —t

= (—Et )e + 3t (te™!)
3

= ——t2ct + 3t%7!
St e

= Etze_t

2
Therefore the general solution is

Y=YntYp
—t ., 30
=cie" +cote” + Et e

Finding y, using undetermined coeflicients

From the form of g(f) = 3¢”! in the problem, we want to try ¢! but since ¢ is already
one of the fundamental solutions, we then look at te™* but this is also one fundamental
solutions, then we look for t?¢7t. Hence

y, = At
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Hence
y,=A (Zte‘t - tze‘t)
yy = A(2e7t = 2te™ - (2t - 27))
(Ze‘t —2te™t = 2te™t + tze‘t)
=A (Ze‘t —4tet + tze‘t)
Plugging back into the original ODE gives
vy + 2y, +y, =3¢
A(2e7 - ate™ + 2e7t) + 2A (2t - 2e7t) + A2et = 3¢
Dividing by e # 0 gives
A(2-4t+12)+2A(2t-2) + AP =3
t(-4A+4A)+ 12 (A-2A+A)+2A =3
-
Therefore

_ 3
Yp = Ete
Which agrees with variation of parameters particular solution found earlier. Therefore the
same general solution is obtained as expected. QED.

2.7.4 Section 3.6 problem 4

Use method of variations of parameters to find particular solution and check your solution
t

using method of undetermined coefficients. 4y” - 4y’ + y = 16e2
solution
The general solution is

Y=Yn+Y
Where y;, is the solution to the homogenous ode 4y” — 4y’ +y = 0 and y, is a particu-
lar solution which is found using variations of parameters and also using undetermined
coefficients to compare with.

Finding y;

The first step is to put the ODE in standard form, with the coefficient of y”” being one.
Hence it becomes

1 t
" _y + Zy = 4e2
y oy T y==e

Since ODE has constant coefficients, then the characteristic equation is used. It is given

by > —r + }L =0 or (r - %) (r - l) = 0, Therefore the roots are duplicate r = % Hence the

2
two fundamental solutions are
1
1= ez'
ot
yz = te2
And the homogenous solution is therefore given by
Yn =1l + G2l

1 1
=ciez + czteZ

Finding y, using variation of parameters
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First step is to find Wronskian W given by

1, 1,

V1 Y2 ez te2
W(t): / A 1 lt 1,5 1 lt
Y1 Y2 Jer er + EteZ

1t) 1, 1 1 ( 1,;) 11
= |e2 20+ —te2" | — | te2 —e2
(e e Ste e ¢
1 1
= et + =tef — —te
2 2
:et

t
Letting g (f) = 4e2 therefore the particular solution is

Yp (£) = uy () y1 (£) + 1z () y2 (£)
Where

u (t)——fwdt——fte%t(ié)dt——4ftdt——2t2
1 - W - - =

et

And

1ot
e2 |4e2
nHg® f ( ) f
)= | —==—dt = | ———=dt=4 | dt =4t
w ()= [H et
Hence the particular solution becomes
Yp = lq + U2y
ey It
= (—2t2) e2 +4t (tez )
1, 1,
= —2t%2" + 4t%¢2
1
= 222"
Therefore the general solution is
Y=YntYp
1, 1, 1,
= cqe2' + cyte?’ + 2t%?2

Finding y, using undetermined coeflicients

From the form of g (f) = 43é in the problem, we want to try eé but since eé is already one of
the fundamental solutions, we then look at te% but this is also one fundamental solutions,
then we look for #2¢7. Hence
Yy = Ates
Hence
1t
y, = A|2te2 + Etzei)

! ! LA
yy = A(2% +te? +te? + L—LtZeZ)

t t

b £l 0t
= A(2e2 + 2tez + thez)

Plugging back into the original ODE gives
t

1 t
Yp ~Ypt gYp = 4e?

£ L R LA 1 t L4
A (262 + 2te? + theZ) - A(ZteZ + EtzeZ) + ZAtzeZ = 4¢2
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t
Dividing by e2 # 0 gives
1, Loy, 1,0
Al2+2t+ -t - A2t + <t° |+ At =4
4 2 4

1 1 1
tRA-2A)+t*|-A--A+-A|+2A=4
4 2 4

A=2
Therefore
Yy = 2123
Which agrees with variation of parameters particular solution found earlier. Therefore the
same general solution is obtained as expected. QED.

2.7.5 Section 3.6 problem 5

. : 74 J— E
Find the general solution of y” +y = tant for 0 <t < 7

solution
The general solution is

Y=Ynt+Yp
Where y;, is the solution to the homogenous ode y” +y = 0 and y, is a particular solution
which is found using variations of parameters.

Finding v,
Since ODE has constant coefficients, then the characteristic equation is used. It is given
by 2 +1 =0 or r = +i. Hence the two fundamental solutions are

Y1 = cost

Yo = sint
And the homogenous solution is therefore given by

Yn =1 + G2
=cjcost+cysint

Finding y, using variation of parameters

First step is to find Wronskian W given by

Y1 Yo| |cost sint
V2

Let g (t) = tant, therefore the particular solution is

Yp (8) = uy () y1 (£) + up () y2 (£)

W(t) = = cos?t +sin’t =1

—sint cost

Where
0 Y2 (t)g(t)dt fsinttantdtL f . tsmtdt fsttdt
u == — —4at=—- | ——/—— sin t——
! W (t) 1 cost cost
1 - cos? 2t-1 1
=—fLStdt:fMdt:fcost——dt
cost cost cost
:fcostdt—f—dt
cost
:sint—fsectdt
= sint — In (sec(t) + tan(t))
And

yl(t)g(t) fcosttant _f sin ¢ f _
uy (t) = f 0 =) —1 dt = cost—costdt— sint dt = —cost
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Hence the particular solution becomes
Yp = Y1 + U2l2
= (sint — In (sec(t) + tan(t))) cost + (- cos t) sin
= —cos (t) In (sec(t) + tan(t))
Therefore the general solution is
Y=Untyp
=y cost + cpsint — cos (t) In (sec(t) + tan(t))

2.7.6 Section 3.6 problem 6

Find the general solution of i’ + 9y = 9sec? 3t for 0 < t < %
solution
The general solution is

Y=Ynt+Yp
Where yj, is the solution to the homogenous ode y” + 9y = 0 and y,, is a particular solution
which is found using variations of parameters.

Finding v,
Since ODE has constant coefficients, then the characteristic equation is used. It is given
by 2+ 9 = 0 or r = +3i. Hence the two fundamental solutions are

Y1 = cos 3t

Yo = sin 3t
And the homogenous solution is therefore given by

Yn = 1y1 + Gl
= ¢7 coS 3t + ¢y sin 3¢

Finding y, using variation of parameters

First step is to find Wronskian W given by

3t in 3¢
W(t) = SR COS‘ ST 302t 4 3sin? = 3
vi yy| |-3sin3t 3cos3t
Let g(t) = TS therefore the particular solution is
Yp (8) = ug () y1 (£) + 1z () y2 (£)
Where
Yo (1) g (b) 9sin (3t) f sin (3t)
Hh=-| —F—dt=— | ———=dt=-3 | ——=
u (1) W (t) 3 cos? (3t) cos? (3t)
Let u = cos (3t), hence — = -3sin3t - dt = m and the above integral becomes
sin(3) du 1 -1 -1
m(t)=-3 f —3sin3t f uzd u  cos3t sec(3f)
And
y1 (1) g () 9 cos 3t f f
= | ————=dt= | —————dt=3 dt=3 3t) dt =1 3t) + tan(3t
ua () W (t) 3 cos? (3t) cos (3t) sec(3t) n (sec(3t) + tan(31)

Hence the particular solution becomes
Yp = WY1 + Y2
= —sec (3t) cos 3t + In (sec(3t) + tan(3t)) sin 3t
= —1 + In (sec(t) + tan(t)) sin 3¢
Therefore the general solution is
Y=Yn+Y
= 1 cos 3t + ¢cp sin 3t — 1 + sin 3t In (sec(t) + tan(t))
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2.7.7 Section 3.6 problem 7

Find the general solution of y” + 4y’ + 4y = t2¢7% for t > 0
solution
The general solution is

Y=Ynt+tYp
Where yj, is the solution to the homogenous ode y” + 4y’ + 4y = 0 and y, is a particular
solution which is found using variations of parameters.

Finding v

Since ODE has constant coefficients, then the characteristic equation is used. It is given by
r>+4r+4 =0 or (r+2)(r+2) = 0. Hence double root r = -2 and the fundamental solutions
are

yp=e?
yp = te
And the homogenous solution is therefore given by

Yn =C1Y1 tC2Y2

= cre7? + cpte™?

Finding y, using variation of parameters

First step is to find Wronskian W given by

—2t —2t

Vi Yo|_| e te

vy yy| |20 e - 2te

=4 _Dte4 4 DpeH
4t

W () =

=2 ( 2te‘2t) + 2072 (¢ ( e‘Zt)

=e
Let g (t) = t2¢72, therefore the particular solution is

Yp (B) = ur () y1 (B) + up (£) y2 (1)

Where
uy () = - yz%(gﬂ(t)dt_ fte_%t_; ft ldt = —In|t]
And
uy () = yl%(gt)(t)dt:f et 26 tht ft 2dt =

Hence the particular solution becomes
Yp = Y1 + U2ly2
=—In|te? - 1te‘2t
=——2Inlt|-e?
Therefore the general solution is

Y=Ynt+Yp
=cre? +opte? e Inft| - e

We can combine ¢ % that shows up from the particular solution with the c;e term from
the homogenous solution, since c; is arbitrary constant, which simplifies the above to

y=cied +cpte — e 2 Int|

2.7.8 Section 3.6 problem 8

: ion of v + 4y = 3 i
Find the general solution of y” +4y =3—for 0 <t <

solution
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The general solution is

Y=Ynt+tYp
Where yj, is the solution to the homogenous ode y” + 4y = 0 and y,, is a particular solution
which is found using variations of parameters.

Finding v
Since ODE has constant coefficients, then the characteristic equation is used. It is given
by 2 + 4 = 0 or r = +2i. The fundamental solutions are

Y1 = cos2t

Yp = sin2t
And the homogenous solution is therefore given by

Yn =11 + G2l
= ¢1 €08 2t + ¢, sin 2t

Finding y, using variation of parameters

First step is to find Wronskian W given by

2t in 2t
wm ="t =] PN o os? 2t + 2sin22t = 2
vi vyl |-2sin2t 2cos2t
Let g(t) = 2t’ therefore the particular solution is
Yp (1) = uyp (Hy1 (£) + ux (1) y2 ()
Where
1 (hg (t) sin (2¢) 3 3 f -3
t = dt =—= | dt = —t
i (t) = f W) 2 sin 2f 2 2
And
i (f) = vy (D) g (t) r = cos (2t) 3 f cos (2t)
2 W (t) 2sin 2t ~2J s (2t)
Let u = sin2t — du = 2 cos 2tdt and the above integral becomes

3 2t) d
uz(t):ifcos( )200221? f —du = - lnlul —1n|s1n2t|

Hence the particular solution becomes
Yp = Y1 + U2l2
_3tCOSZt + 5 In |sin 2¢| sin 2t
= — — In |sin 2t sin
2 4
Therefore the general solution is
Y=YntYp

: 3 3 . .
= (1 COS2t + ¢y sin 2t — Et cos 2t + 1 sin (2t) In |sin 2|
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2.8 Quizz

1. Let y1,¥2, ..., yn be differentiable (real-valued) solutions of the following
system of differential equations

@ — a + e + a

i 11Y1 1nYn,
dys

. = a21y1+ -+ a2nyn,
dy
d_tn an1Y1 + -+ AnnlYn,

for some constant a;; > 0. Suppose that

ast — oo,Vi =1,--- ,n. Are the functions y1, yo, ..., Y, necessarily linearly
dependent?

What we know (given): We have state space representation of a system in the form Y’ = AY,

where y;,1, -+, y, are the states, and we are told the system goes to stable equilibrium
Y =0, as t — co when starting from any initial point in the n dimensions state space. The
original system is described by a single n degree one differential equation, and is broken
down to # first order differential equation. These are y7,y5,---,y;,. The system is coupled,
since each y; (t) depends on all other y; (¢).

Solution The only way I can see to answer this question in concrete way, is to resort to using
the Wronskian. Writing down the Wronskian W (t) of the functions y; (t),y, (f), -, y, (t) we
obtain

Y1 Y2 0 Yn

Vi Y2 o Y

WO =1vi w5 -
ygn—l) ygl_l) . ygln—l)

In the limit, as t — oo, since we are told y; — 0, then the above becomes

0 0 0
n®  y® oy @
W@ =1y  w® - oy ®

R ) N A () WREEIY e ()

Since, at least, one row becomes all zero, then the determinant above is zero (from linear
algebra). Therefore

lim W (£) = 0

We could conclude now that yy,1,, -+, y, are therefore linearly dependent functions since
we found that W (t) = 0 at some point. However, the Wronskian being zero at some point
does not necessarily imply that the functions are linearly dependent. So the Wronskian
test is not conclusive when it gives zero when evaluated at one point, and we need another
test to do. The following are the important facts about using the Wronskian

1. If W(t) # 0 at any point ¢ (in the interval of interest) = yy,1,,--,y, are linearly
independent (in that interval).
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2. If y1,y,, -+, y, are analytic (differentiable) functions and linearly dependent (in the
interval of interest) = W (t) = 0 at every point ¢ in the interval.

3. If W(t) = 0 at every point f (in the interval of interest) and v, (t),y, (t), -+, y,, () are
all analytic functions = v, (t),y, (t), -+, y,, () are linearly dependent in that interval.

4. If W(t) = 0 at one point f (or at countable number of points) in the interval of interest
= test is not conclusive.

The above are results from Linear algebra. We see from the above, that W(t) =0 at t = o0
does not imply that the functions are necessarily linearly dependent. In this case, we would
use a different test if we are given the functions, by writing

Ciy1+CYp + -+ ¢y, =0

And then we would try to find constants ¢y, ¢, -+, ¢, not all zero, which would satisfy the
above. If we can find such constants, only then we can conclude that yq,y,,---,y, are
linearly dependent since If the functions are linearly independent, then ¢; = 0 will be the
only possible solution.

In conclusion The functions y; (t),y, (f),--,y, (t) are not necessarily linearly dependent,
even though W(t) = 0 in the limit as t — co.
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2.9 Example problem from lecture Nov 30, 2016

This is complete solution of class example (example 2). Math 319, lecture Nov. 30. 2016.

Solve the differential equation
2y" (B) +y (£) + 2y (8) = g (1)
y(©0)=0
y' (0)=0

1 5<t<20
g@z{

0 otherwise

Where

Using Laplace transform method.
Solution

The first step is to find the Laplace transform of the forcing function g (). The function
g(t)is

g(t
1 . |
| |
| |
| |
| |
5 20 1
. . . . 0 t<c
We now write g (f) in terms of the unit step function u,. (t) defined as u, = { ) . as
>c
follows
g () = us (t) — uy (t) 1)

Now we use the property that
FlucOf -0} =e=2{f 0]
To obtain the Laplace transform of g () in (1) as follows
Zlg®) = Llus (1) = Lluzo (1)
= e 21} - 2% Z(1)
But #{1} = %, hence the above becomes

glg (t)] — e—5s§ _ e—ZOsl

Now that we found .%¥ [g (t)}, we go back to the original ODE and take the Laplace transform
of the ODE, which results in

Zly o+ 2y o)+ Z{2y 0} = Z{g )]
Let Y(s) = g[y (t)], then the above becomes
2{Y (5) =5y (0) -y (O} + [sY (9) -y O] +2Y (5) = (g (1))
But y(0) =y’ (0) = 0 and the above reduces to

—5s
252Y (s) +sY (s) + 2Y (s) = ¢

_ 6_205
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Solving for Y (s) gives

e—Ss _ 6—105

YO e

—5s e—20s

- 5(252+s+2)_s(252+s+2) )

e

oS

5(252+s+2) >

the first

We now need to find the inverse Laplace transform of Y (s). Looking at

step is to use the property

U (1) F (£ - ¢) < eF (s)

Comparing the expressions, we see that

e—55

5(252+s+2)

us(t) f(t—c) = 3)
Where
1

f = 5(252+s+2)

(4)

Therefore, we just need to find inverse Laplace transform of . Using partial fractions

s(232+s+2)
1 A Bs+C
s(22 +5+2) s 2R vs 2
1:A(252+s+2)+(Bs+C)s
1=2As?+ As+2A + Bs? + Cs
1=2A+5(A+C)+s>A+B)

(5)

Therefore
A_l
2
A+C=0
2A+B=0

Hence from the second equation C = —%, and from the third equation B = -1 Therefore (5)
becomes
1
1 11 N —S=3
5(282+S+2)_23 252 +5+2
11 1 -1-2s
=4+ -———-—
2s 2282+s5+2
11 s 1 1
25 2824542 2282+s5+2
The first term above is easy, we know that
11 1
—— = - 6
2s 2 ©)
Now we will find inverse Laplace transform of second term in (5A) @ For this we
start by completing the squares in the denominator. Let

(5A)

22 +s+2=a(s+b)’*+c
:a(52+b2+2bs)+c
= as® + ab?® + 2bas + ¢
2
Hencea=2,2ab=1o0rb = 411 and ab? +c =2, hencec:Z—Z(i) :2—2(—):2—— ==,

Therefore

4 8

S

, 1\* 15
25 +s+2=2|s+-] + —

. We did this because we

as
2524542 » 1\2 15
S+ 1 +§

We now re-write second term in (5A), which is
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wanted this to be in the form ﬁ, therefore
S 1 S

25+12+15 25+12+15
4 8 4 16

Now we let =5+ i, therefore the above becomes

157 1( P11 ] -
2?+§ 2?+§ 4?+5
Using # & cos (at) then
5 @etcos( 1—t]
?+§ 16

t
The reason for e 4 being there, is because we evaluated F(s) at P(s + i) This used the
shift property
F(s+a)=ef(t)

»—l|>—\
(o2 %]

t
Therefore F(s + }L) =e¢ 4f(t). Now we do the second term in (7). Since ~2115 =
2.5

159
242
+1 +

16

.—nl»—-‘H
ol &
o

. a . .
then, now using 7.2 ©sin (at) we obtain

15
1 6 1 _t 15

T e 4sin —t
Bg2y— /12 16
16 16 16

t
And we remember to add e 4 again, due to the shift in s. Therefore (7) becomes

]

S 1 _¢ 15 1.t 1 15
— & —|e 4cos —t|—-—e ¢ Sin —t
2524542 2 16 4 15 16

16

t

x V1 V1

S (\/15 cos(—St]—sin(—St ) (8)
2415 4 4

This complete the second term in (5A). Now we will do the third term in (5A) which is

mWthhlS
1 1
252+S+2_2 +12+E
S 4 8
11
_2 12
(S+Z) +1_6
15
_ 1 16
15 1\% 15
2\/;(54'1) +1_6
Hence
15
1 m 1 . ( [15
= N2 15<:> e 4sin Et
2 1_6(S+4_L) +E 2 16
2 _t 15
= \/—1_56 4 Sln(%t} (9)
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Now we put all the results back together.
1 11 s 11
s(22+5+2) 25 2%+5+2 22574542

(e ) )

INEN

1 e

[
2 2415

We can simplify this more

4 2

ﬁ@r(r(ﬂ](ﬁ](ﬁ))
AN VN R WA

T2 o5 1 4
—5s
Using this back in (2), where we want to evaluates — gives
5(232+s+2)

—5s
m & us5 (t) f(t - 5)

Where

—(t-5)

1 e1 V15 (V15
f(t—5):5—Z\E[x/ﬁcos(T(t—5))+sm(T(t—5)])

The above complete the first term in (2). The second term in (2) is the same, but the delay
now is 20 instead of 5. Hence

o205
m & 1y (1) f (£ -20)
With the same function f (t) found above. Therefore, the final inverse transform now is
55 20
= [5(252+s+2) B 5(252 +s+2))

= (u5 (t) f (£ = 5) — ug () (£ - 20))

Where

—(t-20)

Ft-20) = % - 62\;1_5 (\/ﬁcos(g (t - 20)] " sin(@ (- 20))]

This complete the solution. The final solution is

~(t-5)
y () = us (t) [% - % (\/Ecos [@ (t - 5)) + sin(@ (t - 5)])]
~(t-20)
— 11y (£) (% - 62\;‘1_5 (\/E cos (@ (t - 20)) +sin (@ (t - 20))]]

Here is a plot of the above solution

solution to Math 319 problem using Laplace Transform

0.6}
0.4/
S o2l
0.0 /\\/
~02} \/ 7
o 10 20 30 40

t
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2.10.1 Section 6.1 problem 7
Find Laplace Transform of f (t) = cosh (bf)

. . ebtyebt
solution Since cosh (bt) = > then

_ 1
ZLcosh (bt) = Eg(ebt + e‘bt)

= % (ffebt + ge‘bt)

But

For s > b and

For s < b. Hence

+_
s—b s+b
$2
_Sz_bz

Fcosh (bt) = %(L ! )

For s > |b

2.10.2 Section 6.1 problem 8
Find Laplace Transform of f (t) = sinh (bt)

. . . Cbt—ﬁibt
solution Since sinh (bt) = > then

Zsinh (bt) = %3(6“ - e‘bt)

= % (.,S”ebt - ge‘bt)

But, as we found in the last problem

1
Lt = — s>b
s—b
And
1
Lot = —_ s<b
s+b
Therefore
1( 1 1
381nh(bt):§(ﬂ_m) s>b;s<b
b
= ST s> ||

2.10.3 Section 6.1 problem 9
Find Laplace Transform of f (t) = e cosh (bt)

solution Using the property that
etf(t)y = F(s—a)

S

Where f (t) = cosh (bt) now. We already found above that cosh (bt) < 5—, for s > |b|. In
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other words, F(s) = #, therefore

(s—a)

_— s—a>|b|
(s —a)* - b2

e cosh (ht) =

2.10.4 Section 6.1 problem 10

Find Laplace Transform of f (t) = ¢ sinh (bt)

solution Using the property that
e f(t) = F(s—a)
Where f (t) = sinh (bt) now. We already found above that sinh (bt) < 52%!;2’ for s > |b|. In

other words, F(s) = ﬁ, therefore

e* sinh (bt) & s—a>|b|

(s—a)* - b2

2.10.5 Section 6.2 problem 17

Use Laplace transform to solve y® —4y”’ + 6y” — 4y’ +y = 0 for y(0) = 0,3’ (0) =1,y (0) =
0,y (0)=1

Solution Taking Laplace transform of the ODE gives

g[y(‘l)] — 43[]/”] + 63[3/’} — 43[]/’} + E[y] =0 (1)
Let g{y} =Y (s) then
4 {y(4)} = s*Y (s) — 5%y (0) — %y’ (0) — sy’ (0) — v’ (0)
=5*Y (s) -3 (0)-s?(1) —s(0) -1
=5y (s)-s® -1
And
Ly} =Y (5) 52y (0) = sy’ (0) " (0)
=353Y (s)—s2(0)—s(1) -0
=53Y(s)-s
And
Ly} =Y 6) - sy (0 -y (0)
=52Y(s)—s(0) -1
=52Y(s) -1
And
=Y -y
=5Y(s)
Hence (1) becomes
(s*Y (5) — 52 =1) =4 (s*Y () =) + 6 (s2Y (5) = 1) =4 (sY (5)) + Y (5) = 0
Y(s)(st—4s® + 652 45 +1) —s2 -1 +45-6 =0

Therefore
s2—4s+7
s — 453 + 652 —4s5+1
s2—4s+7
(s-1)*
A 4s 7
i T r
(s-1)° (-1 (s-1)

Y (s)

(2)
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But
s? _(s—1)2—1+2s
-1 (-1
-1 CERIES
S s-Dt -1 -1
1 -1 , 1
S -1 -1 -1 -1
= ! - 1 +2 1 +2 1
-1 -1 -1 (-1
.2 1
S s-12 (s-1° (-1
And

4s _4(5—1)+1
-1 (-1
:4(5—1) 1

4
G-1F -1
4 4

T 61 o1

Therefore (2) becomes

Y(S>_( 1,2 1 )_( 4, 4 )+ 7
-1 -1 -1 \s-1° -1 -1
1 2 4

- - + 3
-1 -7 - )
Now using property the shift property of F(s) together with
1
) =t
1 £
s3 2
1 £
gt 6
Therefore
1 t
5 et
(s-1)
! = etE
s-17 2
1 B
;S —
(s-1) 6
And (3) becomes
1 2 + 4 (:)ett—Z(etﬁ)+4(etﬁ)
s-1° (-1° (s-1* 2 6
2
= et —e't? + gett3
Hence
f( 2 Zﬂ
y)=¢é|t—t"+ =t
3
2.10.6 Section 6.2 problem 18
Use Laplace transform to solve y® —y = 0 for y (0) = 1,1’ (0) = 0,y (0) =1,y (0) = 0
Solution Taking Laplace transform of the ODE gives
Ly} -2y} =0 @
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Let ;?{y} =Y (s) then
4 {y(4)] = s*Y (s) — 5%y (0) — %y’ (0) — sy’ (0) — v’ (0)
=s*Y(s) -3 (1) -s?(0)-s(1) -0
=5y (s)-s® -5
Hence (1) becomes
Y (s)—sP—s—Y(s)=0
Solving for Y (s) gives
$+s
st -1
s (sz + 1)
st-1

Y(s) =

But, Hence above becomes, where a =1

o < cosh (t)
Hence

y (t) = cosh (at)

2.10.7 Section 6.2 problem 19
Use Laplace transform to solve y® — 4y = 0 for y(0) = 1,5’ (0) = 0,y” (0) = -2, (0) = 0
Solution Taking Laplace transform of the ODE gives
E[y(‘”] - 4,?{]/] =0 (1)
Let g{y] =Y (s) then
Ly} =54y (5) - Py (0) - 2y (0) - sy’ (0) -y (0)

=5*Y (s)-s3(1)-s2(0)—s(-2)-0

=5%Y (s) -3 + 25
Hence (1) becomes

s*Y (s) - s> +25-4Y(s) =0
Solving for Y (s) gives
$3—2s

s¢—4
s3—2s

(52 - 2) (52 + 2)
_ s (52 - 2)

(52 S— 2) (52 + 2)
(22

Y(s) =

Using cos (at) < ﬁ, the above becomes, where g = V2

° & cos (\/Et)

(52 + 2)
Hence

y(t) = cos (\/Et)
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2.10.8 Section 6.2 problem 20
Use Laplace transform to solve y” + w?y = cos2t; w? #4; y(0) =1,y (0) = 0
Solution Let Y (s) = & {y (t)}. Taking Laplace transform of the ODE, and using cos (at) <

ives
22 8

2Y (5) ~ sy(0) ¥ (0) + w?Y (s) = (1)

s2 +4
Applying initial conditions

s2Y (s) = s + w?Y (s) =

s2+4
Solving for Y (s)

Y(S)(sz+a)2)—s: 71
s

R Y ) I ey ?
But
s As+B Cs+D
Era)(Frw?) (2+4) (2 +w?)
s= (As+B)(s2 +a)2) +(Cs+D)(sZ+4)
s =4D + As® + Bs? + Cs® + Bw? + 52D + 4Cs + Asw?
s = (4D + Bw?) +5 (4C + Aw?) + 2 (B+ D) + 5> (A+ C)
Hence
4D + Bw? =0
4C + Aw? =1
B+D=0
A+C=0
Equation (2,4) gives A = ﬁ,c = 4_10)2 and (1,3) gives B=0,D = 0. Hence

(52 + 4) Zsz + a)z) B (5021— 4) (52 j— 4) * (4 _10)2) (s2 fwz)

Therefore (2) becomes

Y(s)—( 1 ) s +( 1 ) s N s
\w?2-4 (52+4) 4 - w? (sz+a)2) (sz+a)2)

_ ( 1 ) s, (5 -~ a)z) s
w? -4 (52+4) 4-w? (52+w2)
Using cos (at) <= ﬁ, the above becomes
2

: : ) ! 2 + 222 t
(a)2_4) (52+4) +(4—a)2) (52+a)2) = (w2_4)cos( )+(4_w2)cos(a))

2

- (w21_4) cos (2¢) + (ZZ :Z) cos (wt)

Hence
2

y(t) = (wzl_ 4) cos (2t) + (Zz — 4) cos (wt)

(w2 - 5) cos (wt) + cos (2f)

B w? -4

2.10.9 Section 6.2 problem 21
Use Laplace transform to solve y” — 2y’ + 2y = cost; y (0) =1,y (0) =0
Solution Let Y (s) = ¥ {y (t)}. Taking Laplace transform of the ODE, and using cos (at) <
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ives
22 8

(Y (5) = sy (0) =y (0)) =2 (sY (5) — ¥ (0)) + 2Y (5) = > °

+1 (1)

Applying initial conditions
S2Y(s)—s—=2(5Y(s) 1) +2Y(s) =

s2+1
Solving for Y (s)
szY(s)—s—2sY(s)+2+2Y(s):SZ+1
Y(s)(52—2s+2)—s+2:52+1 2
s s
Y(S)_(sz+1)(sz—25+2)+(sz—25+2)_(52—25+2) )
But
S _ As+B Cs+D
(@+1)(2-25+2) (2+1) #-25+2
s:(As+B)(sz—25+2)+(Cs+D)(sz+1)
s=2B+D —2As?* + As® + Bs?* + Cs® + s°D + 2As — 2Bs + Cs
s=2B+D)+5RA-2B+C)+s*(-2A+B+D)+s>(A+C)
Hence
2B+D =0
2A-2B+C=1
—2A+B+D=0
A+C=0
Solving gives A = %,B = —E,C = —%,D = g, hence
s 1 s-2 1 s-4
(2+1)(2-25+2) 5(2+1) 5s2-25+2
1 s 2 1 1 S 4 1
:552+1_Esz+1_582—25+2+552—25+2 )

Completing the squares for
52—25+2:a(s+b)2+d
:a(sz+b2+2bs)+d
= as® + ab® + 2abs + d
Hencea:1,2ab:—2,(ab2+d):2, hence b = -1,d =1, hence
2-2s+2=(5-17%+1
Hence (3) becomes
s 2 1 1 S 4 1
52+1_5§44 _5@_32+1+5@_1f+1
s 21 1(6-1D+1 4 1
52+1_§§44 _§@_32+1+5@_1f+1
s 21 1 (s-1) 1 1 4 1
241 52+1 5(-1P+1 5G-12+1 5(e-17+1
s 2.1 1 (s—=1) 3 1
2+1 552+1 5(5-12+1 5(s-1)7%+1

@+ué_%+g:

all—= G1l= G1l= ==
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Therefore (2) becomes

1 s 21 1 (s-1) 3 1 s 2
YO =co 7527 = 2 & 2 . T P 2
55241 5s5°+1 5(s-1)"+1 S5(G-1)"+1 (s-1)"+1 (s-1)+1
1 s 2 1 1 (s-1) +3 1 +(s—1)+1 2
5s2+1 552+1 5(s-1%+1 5(s-1°+1 (-1%+1 (s-1)7°+1
_1s 21 1 6-) 3 1 G 2
5s2+1 5s2+1 5(s-1"+1 5(s-172+1 (s-1%*+1 (s-17°+1 (s—-17>+1
1 s 2 1 4 (s-1) 2 1
=52+1 52+1 5 2., &5 2
5541 5s°+1 5(s-1)"+1 5S(s-1)+1
Using cos (at) <= #,sin (at) = # and the shift property of Laplace transform, then
1 s 1
Tl = gcos(t)
2 1 2 .
Tl = gsm(t)
4 (s-1) 4,
-5 _ & e cost
S(-1)"+1 5
2 1 4:)8f' ;
- —e' sin
56-17%+1 5
Hence

1 2 4 2
y(t) = 5 cos (t) - B sin () + get cost— get sin t

(cos t—2sint + 4ef cost — 2et sin t)

gl =

2.10.10 Section 6.2 problem 22
Use Laplace transform to solve y”’ -2y’ + 2y =e”%;(0) = 0,/ (0) =1

S.olution Let Y(s) = ¥ [y (t)}. Taking Laplace transform of the ODE, and using ¢/ < ﬁ
gives

1
(Y6 -5y ) -y (0) =2(sY () -y (0) +2Y () = —= (1)
Applying initial conditions gives
1
2 —1- =
7Y (s) =1 -2sY (s) +2Y (s) o1

Solving for Y (s)

1
Y(s)(sz—25+2)—1:m 1 1
Y(S):(s+1)(52—25+2)+52—25+2 )
But
1 A Bs+C
(s+1)(s2-25+2) Tot1l  2-2512
1=A(s2-25+2)+(Bs+C) (s +1)
1=2A+C+ As®> + Bs> —2As + Bs + Cs
1=QA+C)+s(-2A+B+C)+s*(A+B)
Hence
1=2A+C
0=-2A+B+C
0=A+B
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Solving gives A = é,B = —%, C= g, therefore

13
1 11 N —55t 3
(s+1)(s2-2s+2) 5s+1 s2-2s+2
11 1 S 3 1

55+1 5s2-2542 552 -25s+2

Completing the square for s? — 2s + 2 which was done in last problem, gives (s — 1% +1,
hence the above becomes

1 11 1 s 3 1
== - = s+ += 5
(s+1)(s2-25+2) 5s+1 5(s-1°+1  5(s-1)°+1
_11 16-D+1 3 1
55+1 5(s-17%+1 5(s-1°+1
11 1 (s-1) 1 1 3 1
=z “F 7. . & 7. . t% 2
55+1 5(-1)°+1 S5(-1"+1 5(-1)°+1
11 1 (s-1) 2 1
= - ——+ = >
55+1 S5(G-1)"+1 S5(-1)°"+1
Therefore (2) becomes
11 1 -1 2 1 1
Y(s) == - = S 2) + = 5 + 5
5541 5(-1)"+1 5(-1)"+1 (s-1)°"+1
Using cos (at) < ﬁ,sin (at) = # and the shift property of Laplace transform, then
11 1,
—— = —¢
5s+1 5
1 -1 1
—(S—z)(:)—etcost
S(s-1)"+1
212
- —e' sin
5(s-17%+1 5
1 L
——5 — —esint
s-1)"+1

Hence
1, 2 tai
y() = e — =¢e'cost + =e'sint +e'sint
5 5 5

1
= (e‘t —elcost + 7et sin t)
5

2.10.11 Section 6.2 problem 23
Use Laplace transform to solve y”’ + 2y’ +y =4e;y(0) = 2, (0) = -1

M Let Y(s) = g{y (t)}. Taking Laplace transform of the ODE, and using ¢! & Si—l
gives
4
(Y (5) = sy (0) = v/ (0)) + 2(sY (5) — ¥ (0)) + Y (5) = 1

Applying initial conditions gives

(1)

(2Y(5) =25 +1) +2(Y (5) D) + Y (5) = %

Solving for Y (s)

4

Y 24254+1)-2s+1-4=—

(s)(s S ) S 1
4

Y 242541)=——+25-1+4
(s)(s S ) p— g S
4 2s 1 4
Y (s) = + -

(s+1)(52+23+1) (52+25+1) (sz+25+1) * (52+25+1)
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But (52 + 25+ 1) = (s + 1), hence

2 1 4
YE) =t e 2)
(s+1) (s+1)° (s+1) (s+1)
But
25 _s+1-1
+1*  (s+1)
(s+1) 1
=2 2~ 2
(s+1) (s+1)
1 1
s+1  (s+1)
Hence (2) becomes
4 1 1 1 4
Y(s) = 5 +2 -2 5 = 5+ 5 (3)
(s+1) s+1  (s+1)° (s+1)° (s+1)
2
We now ready to do the inversion. Since 513 = % and 512 & t and é < 1 and using the

shift property e f (t) & F (s — a), then using these into (3) gives

Now (3) becomes
2

t
Y (5) & 4e7! (E) +2¢~t —2¢7tt — et + 4e7t
=t (22 +2-2t -t +4t)
=et (2t2 +t+ 2)

210.12 Section 6.3 problem 25
Suppose that F(s) = g{f (t)} exists for s > a > 0.

1. Show that if c is positive constant then g{f (ct)] = %F (;) for s > ca

2. Show that if k is positive constant then ! {F (ks)} = %f(lé)

bt
3. Show that if a,b are constants with a2 > 0 then ! {F (as + b)} = %eTf (2)

Solution

2.10.12.1 Part (a)

From definition,

Zf () = f et estdt
0
Let ¢t = 7, then when t = 0,7 = 0 and when t = 0,7 = o0, and ¢ = Z—:. Hence the above
becomes
Zlfe)= [ e
0

c

L ()
_Cfo FoeWae
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We see from above that g[f (ct)} is %F (;) .Now we look at the conditions which makes the
above integral converges. Let

i |oat (2 )|

|f (7) O <k

Where k is some constant. Then

f FheWar <k f ete () g
0
[
0
But £ iz converges 1f -—a>0or

s>ca

Hence this is the condition for £w f et to converge. Which is what we required to
show.

2.10.12.2 Part (b)

From definition

(1 st 1 t
<z {Ef (%)} =2V ()}
1 00
— —st
=)/ (k) i
Let - =17. When t=0,7 =0 and when t = 0o, 7 = c0. E =k, hence the above becomes
1 {o'e]
il N —s(kt)
g{kf(k)} kfo £ (2) 50 (kd)
- f F(0) e e

We see from above that 3{%f( )} is F (sk). In other words, Z 1 {F (ks)} = f( )

2.10.12.3 Part (c)

From definition

1 bt ¢ bt
i) -l )
{ae f a } erf a
1 > ot
= —f e f(—)e‘“dt
aJy a
Let 2 =t1,att=0,7=0and at t = 0,7 = 00. And ﬂ = a, hence the above becomes

< {l_f (t)} [ e
- " e f (1) ey
0

— f f (T) e—r(sa+b)dT
0

—bt

We see from the above, that J{EeTf (é)} = F(sa+b). Now we look at the conditions

which makes the above integral converges. Let
|f (T) e—t(sa+b)| <k |eate—t(sa+b)|

Where k is some constant. Then

foo f ®) e~teatb) gt < f‘x’ ot o= t(sa+b) g4
0 0

— kfoo e—t(su+b—u)dt
0

But fo gtsatb-a) 4 converges if ss+b—-a>0orsa>a-bors>1- g
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2.10.13 Section 6.3 problem 26

n+1
Find inverse Laplace transform of F(s) = 2 — :
S
Solution
We know from tables that
n! "
gh+l t
Hence
2n+1zl_i1 P 2n+1tn
s
=202t)"
2.10.14 Section 6.3 problem 27
Find inverse Laplace transform of F(s) = 4522i—2+5
Solution
2s 1

F(s) = +
O =7 s+5 2 475

2
But4sz+4s+5:4(s+%) + 4, hence

2 1
F(s) = 52 + 5
1 1
4(s+£) +4 4(s+5) +4
s 1 1
= 2 Y3 2
2(s+—) +2 (s+§) +1
1 s +1 1
E PR O
(S+E)+ (S+E)+
1 S+§—% +1 1
2 +12+1 4 +12+1
5132 5732
1 s+t 1 1 +1 1
2 +12+1 § +12+1 ! +12+1
5132 5132 5132
1 s+%
=-— 2 (1)
1
(s+5) +1

Now we ready to do the inversion. Using ™ f (t) < F (s + a) and using sin (at) < SerLaz,

S
and cos (at) & mthen
11
= Ee 2! cos (1)

Hence
1

_ 1 5t
f(t) = 26 cos (f)

2.10.15 Section 6.3 problem 28

Find inverse Laplace transform of F(s) = !

9s2-125+3
Solution
1 11 1 1
7 =3 21 o
952 —12s + 3 952_5”5 9(5_1)(5_9
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But
1 A B
0\ s-1 .1
(s—l)(s—g) §—3
1 3
A=l—x| =3
=
( 5 s=1
-(75), -
\6-1) 2
Hence
1 113 1 3 1
; sl 5 )
9s¢-12s+3 9|2s-1 24_°_
3
Using
at 1
e =
s—a
Then (1) becomes
1 1(3, 31
—— — — |zl — =3
952 -125+3 912 2
zlet_leéf

2.10.16 Section 6.3 problem 29

Find inverse Laplace transform of F(s) =

solution

Using

Since

Then using (1)

Hence

Therefore

e204s

25-1

2
e
F(S)ZE 1

uc () f(t =) & e“F (s) (1)

1
et — = uy(t)e?

573

(t-4)

—4s 2 1

e e 1
= — t)e2
2”4()3

(t-4)

32
24_1
S 2

1 Lo

1 Lot
= — t)e2
2”4( )e

1 t
= Sus(B)e?

£ = gus et
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ps. Book answer is wrong. It gives
1oty
f() = Sl (5)3
2.10.17 Section 6.3 problem 30

0<t<l1

1
Find Laplace transform of f (¢) =
p f® { 0 P51
solution

Writing f (t) in terms of Heaviside step function gives

S (&) = uo (5) —uy (1)

Using
1
U, (t) = e_csg
Therefore
_ 1 1
Plug () = %= = -
s s
1
Luq (1)) = e_s;
Hence

_ 1 1
Llug ()= m B) = 5 -

2.10.18 Section 6.3 problem 31

1 0<t<l1
0 1<t<2
1 2<t<3
0 t>3

Find Laplace transform of f (t) =

solution

Writing f (t) in terms of Heaviside step function gives

f () =ug(t) —ug (t) +uy (t) —us (t)
Using

1
U, (t) (=4 €_CS;

But f(t) =1 in this case. Hence F(s) = % Therefore

1 1 1
f(t) = - — =¢S5+ -2 — —¢7%
s s s s
1
:—(1—e‘s+e‘25—e‘3s) >0
s

2.10.19 Section 6.3 problem 32

Find Laplace transform of f () =1+ Eif{l (—1)k u (1)
solution
Using

1
U, (t) — E_CS;
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Therefore

2n+1 2n+1
5/{1 + 3 D)y (t)} = 21} + y{ Y D)y (t)}
k=1 k=1
2n+1 1

1 k
=24 Y () ek
S kz:;( ) Se

1-r
2n+1 k ~ 1(1- (_e_s)2n+2
3{1 + IE (-1)" uy (t)} = ;[—1 o) ]
_ 1(1 - (_e)—(2n+2)s
= ; P —

1
Since |e”®| <1 the sum converges. Using Ef)\] a, = ( ) Where [r| < 1. So the answer is

1+es

Since 21 + 2 is even then
1+ e—(2n+2)s
) s>0

- 2n+1 X 1
f{l + I; (—1) Mk(t)} = ;(W

2.10.20 Section 6.3 problem 33

Find Laplace transform of f(f) =1+ Eliozl (—1)k u (1)

solution
Using
1
u.(t) = e‘“g
Therefore
ff{1 + 30 (-1 iy (t)} = 2} + y{z (-1 u, (t)}
k=1 k=1
1 & 41
=4+ ) () =
s ;::1 s
— 1 1 k ks
==+ IZ‘;( e
1 1 L
==+ =Y ()
s s Z;
But
Y= <1
Py 1-r

Since s > 0 then|e™| < 1. So the answer is
1 1 -—¢7° 1 1 €7

_—t =
s sl—(-e5) s sl+es
_l+ed-e
sl 4e)
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2.10.21 Section 6.4 problem 21

."Z 21. Consider the initial value problem

Y'+y=g®, y0)=0, y©0) =0,
where
g0 = uo(®) + Y (D uxr (0).
k=1
(a) Draw the graph of g(¢) on an interval such as 0 < ¢ < 6. Compare the graph with
that of f(¢) in Problem 19(a).
(b) Find the solution of the initial value problem.

(c) Let n =15 and plot the graph of the solution for 0 < ¢ < 60. Describe the solution
and explain why it behaves as it does. Compare it with the solution of Problem 19.

(d) Investigate how the solution changes as n increases. What happens as n — 00?

2.10.21.1 Part (a)

A plot of part (a) is the following

i 6.4 (21) part (a) plot

1,0-—! — —

0.8] 1 | 1 | 1

06 | i | i |

T

0.2}
: i | i | ‘
Vg 2r 3 47 S5m 6rm

And a plot of part(a) for problem 19 is the following

i 6.4 (19) part (a) plot
1_0.—, — —
0.5 ! ! :
: i : i I ‘
J:T 2:71 3i7r 4:77 5i7r 6m
0.5
~1.0- — — —

We see the effect of having a 2 inside the sum. It extends the step u, (t) function to negative
side.

2.10.21.2 Part (b)

The easy way to do this, is to solve for each input term separately, and then add all the
solutions, since this is a linear ODE. Once we solve for the first 2-3 terms, we will see the
pattern to use for the overall solution. Since the input g (f) is u (t) + Elzl (—1)k Uy (1), We
will first first the response to u,(f), then for —u, () then for +u,, (t), and so on, and add
them.
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When the input is ug (t), then its Laplace transform is %, Hence, taking Laplace transform
of the ODE gives (where now Y (s) = & (y (t)))

1
(s2Y () = sy (0) + ¥/ (0)) + Y (5) = .
Applying initial conditions
1
LY () + Y (s) = ;

Solving for Y (s) (called it Y (s) since the input is uq ())

1
Yo (s) =
0 s(sz+1)
_1 S
s s2+1

Hence
Yo () =1—cost

We now do the next input, which is —u, (t), which has Laplace transform of —%, therefore,
following what we did above, we obtain now
—e TS

5(52 +1)

ol
B s 241

The effect of ¢ is to cause delay in time. Hence the the inverse Laplace transform of the
above is the same as y, (f) but with delay

Yr (£) = —un (£) (1 = cos (t = 7))

—27s
Similarly, when the input is +u,, (t), which which has Laplace transform of ET, therefore,
following what we did above, we obtain now

Y (s) =

e—2ns

:e—Zns 1_ 5
s s2+1

The effect of 72 is to cause delay in time. Hence the the inverse Laplace transform of
the above is the same as y (t) but with now with delay of 27, therefore

Yar () = +itgr () (1 = cos (t - 27))
And so on. We see that if we add all the responses, we obtain

Y =yo () + Y () +yor () + -
= (1-cost) —uy (t) (1 = cos (t — 7)) + i () (1 = cos (t — 271)) — -

Yn (S) =

y () =1 —cost) + 211: (—1)k U, (£) (1 = cos (t — k7)) 1)
k=1

2.10.21.3 Part (c)
This is a plot of (1) for n =15
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6.4 (21) part (c) plot
y(®)

We see the solution growing rapidly, they settling down after about t = 50 to sinusoidal
wave at amplitude of about +15. This shows the system reached steady state at around

t = 50.

To compare it with problem 19 solution, I used the solution for 19 given in the book, and
plotted both solution on top of each others. Also for up to t = 60. Here is the result

y(t)

o f\ [* — problem 19
A f |

I\ |

20+ Al \‘ \ I
N | \ (

/ [ Inl Jf — problem 21

-20F

=30 V V

We see that problem 19 output follows the same pattern (since same frequency is used),
but with double the amplitude. This is due to the 2 factor used in problem 19 compared

to this problem.

2.10.21.4 Part(d)

At first, I tried it with n = 50,150,250, 350,450, 550. I can not see any noticeable change in
the plot. Here is the result.

20,

n=50
20,

Aﬂﬂq Aﬂfm

n=150

AM il ([

20,

\}“ i ‘U’”

n =350

w/\,\} g

n =450

-20

o\/\\ﬁ/\(\o»”\q[o )
\/ \j\/ j\U}

-20

/) N A ‘Ag /\\ ‘//\1 ,( )
i

Even at n = 2000 there was no change to be noticed.
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n = 2000

20%— [
10\/\/\/\/\/\/\ |
u TR \f°v T

-20l

This shows additional input in the form of shifted unit steps, do not change the steady
state solution.
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211 HWI

2.11.1 Section 6.6 problem 1
Question: Establish

L feg=gof

2. fo(si+g)=fosi+fog

3. fo(soh)=(fog)oh

211.1.1 Part (a)

From definition
fhogt= [ fE-ng@d

d
Let u =t -1, hence ﬁ = -1. When 7 = —00 — u = +00 and when 7 = +c0 — u = —c0, hence
the above becomes

fOeg®= [ fugt-u-d

Pulling the minus sign outside and changing the integration limits

FOog®= [ gt-u)f

But since u is arbitrary, we can relabel u as 7 in the above. Hence the above RHS can be
written as

foogt)= [ gt-0f@ar

But f_:g(t —17) f(1)d7 = g (H) ® f (£), hence
fhegt)=gt)®f(t)
QED.

2.11.1.2 Part (b)

From definition
FOO(50+80)= [ fE-0(n @ +5 @)
By linearity of the integral operation, we c;;O break the integral above
[ rt-0@rn@)ac= [ fe-na@ars [ fe-0g@db

But f_:f(t -7)g1(0)dt = f(t)®g; (t) and f_:f(t -1)g1(v)dt = f (1) ®g, (t), hence the above
becomes

[ Fe-0(s@+n@)dr=(f0 02 0)+ (fH o0 0)
Therefore
fOe(gM+80)=(fOog®)+(fHeg®)
QED.

2.11.1.3 Part (c)

From definition

((f®g)®h)(t):L(f@g)(’()h(t—’()d’[
=f[ff(fl)g(’[—’cl)d’[1 h(t-1)dr
R R
:fff(Tl)g(T_Tl)h(t—T)dTldT
R YR
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By Fubini, we can change order of integration

((f®g)®h)(t):LLf(Tl)g(T—Tl)h(t—T)deTl

:ff(’[l)[fg(T—Tl)h(t—T)dT]dTl
R R

By translation, if we add 7, to 7 for both functions in the inner integral above, we obtain

«f®@®hﬂﬂ=J;fﬁoL&g«T+ﬁ%ﬂﬂhﬁ—&+mmd4dﬁ

:ff(’[l)[f g(T)h((t—Tl)—’c)dT]dfl
R R

But now we see that inner integral is l);g(’()h((t -1y)—1)dt = (g@h) (t —171), hence the
above becomes

«f®@®hﬂﬂ=J;ﬂﬁMg®@U—Toﬁl
=(fe(son)®
QED
2.11.2 Section 6.6 problem 2

Find an example showing ( f® 1) (t) need not be equal to f ()

Solution Let f (f) = ¢!, hence

(fo1)® :j:f(t—'c)xld'c
= f t et=Ddr
0
B |:e(t_,[) ]TZi’
B -1 =0
- [e(t—t) - e(t—O)]
[

-~(1-¢)

=el -1

Which is not the same as ¢/. QED

2.11.3 Section 6.6 problem 3

Show that ( f® f) (t) is not necessarily non-negative, using f (t) = sin ()

Solution From definition
t

(f@f) (t) = f sin (7)sin (t — 7)dt
0

Using sin Asin B = % (cos (A - B) — cos (A + B)) on the integrand gives
(fef)m= j:%(cos(r— (t=1)) = cos (T + (t - 1)) dT
- %ftcos(f—(t—f))df— %ftcos(t)dr
0 0

1t 1
= —f cos(ZT—t)dT——f cos () dt
2 0 2 0

For the second integral above, since it is w.r.t 7, then we can pull cos(f) outside, which
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gives

. 7=t
(f®f) (t) = (W)T:O - %cos ) j: dt

(sin (2t — t) — sin (-t)) — %t cost

1
2
1
4
 (sin (£) + sin (9) - =t cos
— S —_—— Q
1 in sin 5 cos
1 . 1
= —sint— =tcost
2 2
Let t = 27t then
1
(fef)®=0-5@n
=-7

Which is negative. Hence we showed that ( f® f) (t) can be negative at some t. QED.

2.11.4 Section 6.6 problem 4

Find Laplace transform of f (t) = K (t- T)2 cos (27) dt

Solution We see that
f(t) =2 ®cos(2t)
Therefore, using convolution theorem

Z{f 0} = 2|2} ZLicos (20)

But E{tzl = 553 and Z{cos (2t)} = ——, hence the above becomes

s2+4”
2
“lro)=(3) ()
21
T 22+4

2.11.5 Section 6.6 problem 5

Find Laplace transform of f (t) = f e~ D sin (1) dt

Solution We see that
ft) =et®sin(t)
Therefore, using convolution theorem

ZIf )= 2t} Lisin (1)

But ,CZ[e‘t] = i and Z{sin (t)} = ﬁ, hence the above becomes
1

g{f(t)]: m

2.11.6 Section 6.6 problem 6

Find Laplace transform of f (t) = f (t—1)etdr

Solution We see that
fh=tee
Therefore, using convolution theorem
Z{f v} = 21 Z{et}

But Z{t} = 512 and g[et} = i, hence the above becomes

“Arol=(5)(=)
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2.11.7 Section 6.6 problem 7

Find Laplace transform of f (f) = K sin (t — 7) cos tdt

Solution We see that
f(t) =sin(t) ® cos (t)
Therefore, using convolution theorem

Z{f O} = Llsint) Llcost)

But #{sint} = ZL and Z{cost} = zi, hence the above becomes
s4+1 s4+1

g{f(t)}:(szi—l)(szil)

2.11.8 Section 6.6 problem 8

Find the inverse Laplace transform of F(s) = - !
S

(52+1)

using convolution theorem.

Solution We see that

Hence, using convolution theorem

t3
f(t) = g@Sint

1
:—f(t—’c)3sian’c
6 Jo

Integrate by parts. fudv = uv — fvdu. Let u = (t-— 1)3,012) =sint - du = -3(t- 1)2,0 =

—cos T, hence
3 ¢ f
—|(f—1)"cost| —
[(t =) cos ]

1 3 t
—f(t—r) sint dt =
6 Jo 0

=3(t- T)2 (= cos ) dT)

_[(1}—1,‘)3(30815—(1,‘—0)3(3050]—3ft(t—’c)2 (cos ) d’[)
0

_[0—t3]—3ft(t—’c)2(0087) dT)
0

N —= N = NP N

P —3ft (t = 1)% (cos 7) df)
0

Integrate by parts. Let u = (t - T)2 ,dv =cost — du=-2(t-1),v =sint, hence

%j:(t_T)SSianT:%(t3_3;((t—f[)zsin’[);—j:—Z(t—T)SianT])
= %(te‘ -3 :((t— t)z sint — (t—O)2 sinO); +2j: (t-1) sianT])
:%(t3—3 0+2ft(t—7)sin7d’[])
i 0
:%(t3—6ft(t—1)sin1dr)
0
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Integrate by parts. Let u = (t - 7),dv = sint — du = -1,v = —cos 7, hence above becomes

6f (t—T) sint dt = ( 6[(—(t—T)cosr)g—j:cosmfc])

-6 [— ((t—t)cost —(t—0)cos0) — (sin T)g])

2= 6[-(0—1t) - sint])

3 —6(t —sin t))

NP NP N ROV O\I

A~~~ /N /

£ - 6t + 6sint)
Hence

f(t)=— (£ -6t+6sint)

N =

2.11.9 Section 6.6 problem 9

Find the inverse Laplace transform of F (s) = S using convolution theorem.
(s+1)(52+4)
Solution We see that
1 s
F =
®) s+1s2+4

=Y (e‘t) L (cos2t)
Hence, using convolution theorem

f(t) =e't®cos2t

¢
= f e cos 27 dt
0

Integrate by parts. f udv = uv — f vdu. Let u = cos2t,dv = "9 — du = -2sin 27,0 = ¢,
hence

t ; ¢
f e cos 2t dt = (COS ZTe‘(H))O - f e"=0) (=2sin 27) dt
0 0
¢
= (COS 2te" D — cos Oe‘(t‘o)) +2 f e~ sin 27dt
0

¢
= (cos 2t — e‘t) +2 f e~ =0 sin 27dt
0

Integrate by parts. Let u = sin27,dv = =9 — du = 2 cos 2t,v = e~ =7, hence

) t t
f e~ cos 27 dt = (COS 2t —¢ t) +2 (sin ZTE_(t_T)) - f e~ =92 cos ZTdT]
0 | 0 0
. t
(cos 2t —e f) +2 (sin 2te~(t-H — ()) - 2f et cos Zrdr]
| 0
r t
= (cos 2t—e t) +2|sin2t-2 f e~ cos ZTdT]
| 0
(Cos2t—e t) +281n2t—4f ~(-9 cos 27dT
Hence
¢ ¢
f e D cos2t dt +4 f e~ cos 27dT = cos 2t — et + 2sin 2t
0 0
¢
5 f e~ cos 27dT = cos 2t — et + 2sin 2t
0
t 1
f e~ cos 27dT = = (cos 2t —e7t + 2sin 2t)
0 5
Therefore

(cos 2t —et +2sin Zt)

gl =

f@) =
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2.11.10 Section 6.6 problem 10

Find the inverse Laplace transform of F(s) = using convolution theorem.

(s+1)2(52+4)
Solution We see that

1
(s +1)? $2+4

= J(te‘t) 3(% sin Zt)

F(s)= ——

Hence, using convolution theorem

1
fh=tet® 5 sin 2t
1
= Ef (t—1)etDsin27
0

1 1 t
= — f te~ D sin 27 dr — = f e~ gin 27 drt
2Jy 2Jy
The first integral is
¢ ¢
f te~tDsin 27 dr = ¢ f e~ =D sin 27 drt
0 0

This is similar to one we did in problem 10 but now we have sin 27. Using integration by
parts again as before gives

t 1
tf e Dsin 2t dr =t (g (Ze‘t —2cos 2t + sin Zt))
0

= é (2e‘t —2cos2t + sin Zt)

t
Now we need to evaluate the second integral £ te"*=Dsin 27 dr. This can also be done
using integration by part. But I used CAS here, the result is

t 1
f re 0 sin 20 dt = = (e + (&~ 10) cos 24 + (3 + 50) sin 2¢)
0

Therefore
JIOE 1t (267 = 2.cos (2t) + sin (21)) - 11 (—4e™* + (4 - 10¢) cos (21) + (3 + 5t) sin (2t))
25 225
2 2 3 1
= —et— —cos2t—- —sin2t+ —tet
25 25 50 5

21111 Section 6.6 problem 11

()

Find the inverse Laplace transform of F(s) = 7 using convolution theorem.

Solution We see that

1
F(s)=G(s) 21 G (s) ZL(sint)

Hence, using convolution theorem
t

F() =g ®sint = f sin (t — 1) g (v) d

0

f(t):fotg(t—r)sin(’c)df
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3.1. week 3 CHAPTER 3. DISCUSSION

3.1 week 3

319 Discussion Week 3

September 20, 2016

1. Draw a direction field for the given differential equation. Determine the behavior
of y as t — oo. If this behavior depends on a chosen initial condition, describe the
dependency.

(a) ¥ =y
(b) ¥ =y(y —6).

2. Determine the values of r for which e’ is a solution to y” — 3’ — 2™ = 0.

3. Solve the following differential equations. If initial conditions are provided, solve
the resulting initial value problem.
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3.2. week 4 CHAPTER 3. DISCUSSION

3.2 week 4

319 Discussion Week 4

September 27, 2016

1. Solve the given differential equation.
(a) ' = sin®(t) cos®(y);
(b) y/ = 142rzgy;

(c) zy' =1+y%

2. Consider a tank used in certain hydrodynamics. After one experiment the tank
contains 500 L of a dye solution with a concentration of 2 g/L. To prepare for the
next experiment, the tank is to be rinsed with fresh water flowing in at a rate of 5
L/min, the well stirred solution flowing out at the same rate. Find the time that
will elapse before the concentration of dye in the tank reaches 50% of its original
value.

3. Determine an interval in which the solution of the given initial value problem is
certain to exist.

(a) ¥’ +sin(t)y = cos(t),y(0) = 0;
(b) t(t -1y =y,y(1/2) = 1;
(c) log(t)y’ +y = tan(t),y(2) = 5.
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3.3. week b CHAPTER 3. DISCUSSION

3.3 week 5

319 Discussion Week 5

October 4, 2016

1. Compute the following partial derivatives.

(a) Oy(x® + 2z + ).
(b) 0:(3ye® + y%z3).
(c) Oy(cos(x) + 3log(x +y)).

2. The following problems involve equations of the form dy/dt = f(y). In each
problem sketch the graph of f(y) versus y, determine the critical points, and
classify each one as asymptotically stable or unstable. In each case, draw the
phase line.

(a) dy/dt =y +y*, yo <O.
(b) dy/dt =¢e¥ —1
(¢) dy/dt =y(y —1)(y —2),y0 > 0.

3. Determine whether each of the following equations is exact. If it is exact, find the
solution.

(a) (zlog(y) +zy) + (ylog(x) + zy)y’ =0
(b) (922 +y—1)— (4y —2)y =0
(c) (e®cos(y) + 3y + 2z) + (3z — e* sin(y) + 2y)y’
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3.4. week 7 CHAPTER 3. DISCUSSION

3.4 week 7

319 Discussion Week 7

October 18, 2016

1. In the following problems, show that the given equation is not exact, but becomes
exact when multiplied by the given integrating factor . Solve the resulting equa-
tion.

(a) y+ 2z —ye¥)y =0, = y;

(b) 2y’ +a(l+y?)y = 0,p= 5.

2. Use Euler’s method to find approximate values of the solution to y’ = y?+t,4(0) =
latt=.5with h=.1

3. In each of the following problems, find the general solution to the given equation:

(a) y" 43y — 10y = 0;
(b) y"+y' —y=0.
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3.5. week 8 CHAPTER 3. DISCUSSION

3.5 week 8

319 Discussion Week &

November 1, 2016

1. In the following problems, find the solution to the given initial value problem.
Describe the behavior of the solution as t increases.

(a) 2y" =3y +y = 0;4(0) = 2,¢'(0) = 1/2.
(b) v —y' =2y =0;94(0) = -1 y’(O) =2.
(c) ¥+ 3y =0;9y(0) = —2,4(0) =

2. In each of the following problems, compute the Wronskian of the given pair of
functions.
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3.6. week 9 CHAPTER 3. DISCUSSION

3.6 week 9

319 Discussion Week 9

November 1, 2016

1. In the following problems, find the general solution to the given differential equa-
tion.
(a) y" — 6y + 9y = 0;
(b) ¥" +4y' + 4y =0;
(c) 4y" + 4y +y=0.
2. In the following problems, find the general solution to the given differential equa-
tion.
(@) y'—y' —2y=1t—-1;
(b) yll _ 2y/ _ 3y — 3€5t;
(c) ¥+ 2y + 5y = 3sin(2t);
(d) v" 42y =3+ 4sin(2t).
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3.7. week 10 CHAPTER 3. DISCUSSION

3.7 week 10

319 Discussion Week 10

November 9, 2016

1. In the following problems, find a particular solution to the given equation using
the method of variation of parameters, as well as the method of undetermined
coefficients.

(a) 4y — 4y +y = 16€*/2;
(b) ¥ +2y +y=3e""
(c) ¥ +2y +y=te .

2. In the following problems, find the general solution to the given differential equa-
tion.

(a) ¥ +y=tan(t),0 <t < 7m/2;
(b) v + 4y = 3csc(2t),0 < t < .
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3.8. week 11 CHAPTER 3. DISCUSSION

3.8 week 11

319 Discussion Week 11

November 15, 2016

1. In the following problems, find the general solution to the given differential equa-
tion.

(a) ¥ +4y =3csc(2t),0 <t < m;

(b) y" + 2y = 3+ 4sin(2t);

(©) ¥ +2 +y=te™;

(d) y" + 16y = g(t), where g(¢) is an arbitrary continuous function;

(e) t2y" — 2y = 3t> — 1,t > 0, given that ¢?> and t~! are solutions to the equation
t*y" — 2y = 0.
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3.9. week 13

CHAPTER 3. DISCUSSION

3.9 week 13

319 Discussion Week 12

November 28, 2016

1. Compute the Laplace transform of the following functions:

(a)
(b)
(c)
(d)

)

cosh(bt), where b is some constant;
sinh(bt), where b is some constant;

2
d) ¢

cosh(bt), where b is some constant;

(e) cos ;

?

(bt), where b is some constant (Hint: cos(bt) = em'gifb”)

g f(t)={t7 el

1, 1<t<oo.

2. Compute the inverse Laplace transform of the following functions:

3 .
(a) e awE

25+1 .
(b) 52j25+27

(C) (g:l:l)d .
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3.10. week 14 CHAPTER 3. DISCUSSION

3.10 week 14
319 DISCUSSION WEEK 14

(1) In the following problems, express the given function in terms of the functions
uc(t), then compute its Laplace transformation.

1, 0<t<1
(a) f(tH) =<0, 1<t<?2
2, t>2
1, 0<t<1
(b) f(()=<3, 1<t<?2
0, t>2
2, 0<t<?2
@)ﬂﬂ={L o

(2) Solve the given initial value problem using the Laplace transformation.
(a) ' +2y +y=4e”",y(0) = 2,4(0) = -1

(b) y" — 2y + 2y = cos(t),y(0) = 1,4'(0) = 0;

t, 0<t<l1
0 t>1.

@>w+y={

131
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4.1. Final exam, Dec. 22, 2016 CHAPTER 4. EXAMS

4.1 Final exam, Dec. 22, 2016
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