
HW 1

Math 703
methods of applied mathematics I

Fall 2014
University of Wisconsin, Madison

Nasser M. Abbasi

January 5, 2020 Compiled on January 5, 2020 at 11:18pm [public]

Contents

1 Problem 1.2.7 3

2 Problem 1.2.8 4

3 Problem 1.2.9 5
3.1 Part (a) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
3.2 Part (b) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
3.3 Part (c) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
3.4 Part (d) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

4 Problem 1.3.2 8

5 Problem 1.3.6 9

6 Problem 1.3.7 9

7 Problem 1.3.8 10

8 Problem 1.3.11 11

9 Problem 1.4.5 13

10 Problem 1.4.7 15

1

mailto:nma@12000.org


2

10.1 Part (a) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
10.2 Part (b) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
10.3 Part c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

11 Problem 1.4.10 19

12 Problem 1.4.11 20

13 Problem 1.4.12 21

14 Problem 1.5.6 23

15 Problem 1.5.7 25
15.1 Part (a) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
15.2 Part (b) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

16 Problem 1.5.11 27

17 Problem 1.5.12 29

18 Problem 1.5.13 29



3

1 Problem 1.2.7

Figure 1: the Problem statement

Solution

Multiplying 𝐿𝑆 gives

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
𝑙21 1 0
𝑙31 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
−𝑙21 1 0
−𝑙31 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
0 1 0
0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Since 𝐿𝑆 = 𝐼 then 𝐿 = 𝑆−1 by definition.
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2 Problem 1.2.8

Figure 2: the Problem statement

Solution

Multiplying 𝐿𝑆 gives

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
𝑙21 1 0
𝑙31 𝑙32 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
−𝑙21 1 0
−𝑙31 −𝑙32 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
0 1 0

−𝑙21𝑙32 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Since 𝐿𝑆 ≠ 𝐼 then 𝐿 is not the inverse of 𝑆.Now let 𝑆 = 𝐸 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
0 1 0
0 −𝑙32 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
−𝑙21 1 0
−𝑙31 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
−𝑙21 1 0

𝑙21𝑙32 − 𝑙31 −𝑙32 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

and now evaluating 𝐿𝑆 gives

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
𝑙21 1 0
𝑙31 𝑙32 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
−𝑙21 1 0

𝑙21𝑙32 − 𝑙31 −𝑙32 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
0 1 0
0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Therefore, with the new 𝑆 matrix, now 𝐿 is the inverse of 𝑆 since 𝐿𝑆 = 𝐼
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3 Problem 1.2.9

Figure 3: the Problem statement

Solution

3.1 Part (a)

Take any random 2 × 2 matrix 𝐴 =
⎛
⎜⎜⎜⎜⎝
𝑎 𝑏
𝑐 𝑑

⎞
⎟⎟⎟⎟⎠, By elimination 𝑈 =

⎛
⎜⎜⎜⎜⎝
𝑎 𝑏
0 𝑑 − 𝑏 𝑐𝑎

⎞
⎟⎟⎟⎟⎠ and 𝐿 =

⎛
⎜⎜⎜⎜⎝
1 0
𝑐
𝑎 1

⎞
⎟⎟⎟⎟⎠. Now 𝐿𝑈 is

found, giving back 𝐴 as expected
⎛
⎜⎜⎜⎜⎝
1 0
𝑐
𝑎 1

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
𝑎 𝑏
0 𝑑 − 𝑏 𝑐𝑎

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
𝑎 𝑏
𝑐 𝑑

⎞
⎟⎟⎟⎟⎠

𝑈𝐿 is found
⎛
⎜⎜⎜⎜⎝
𝑎 𝑏
0 𝑑 − 𝑏 𝑐𝑎

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
1 0
𝑐
𝑎 1

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎝

𝑎 + 1
𝑎𝑏𝑐 𝑏

1
𝑎 𝑐 �𝑑 −

1
𝑎𝑏𝑐� 𝑑 − 1

𝑎𝑏𝑐

⎞
⎟⎟⎟⎟⎟⎠

Comparing 𝐿𝑈 and 𝑈𝐿 above, it can be seen that by setting 𝑏 = 0 the 𝐿𝑈 =
⎛
⎜⎜⎜⎜⎝
𝑎 0
𝑐 𝑑

⎞
⎟⎟⎟⎟⎠ while 𝑈𝐿 =

⎛
⎜⎜⎜⎜⎝
𝑎 0

1
𝑎 𝑐𝑑 𝑑

⎞
⎟⎟⎟⎟⎠,

which means they will be di�erent as long as 𝑑 ≠ 𝑎. So picking any 𝐴 matrix which has 𝑏 = 0 and
which 𝑑 ≠ 𝑎 will work. An example is

𝐴 =
⎛
⎜⎜⎜⎜⎝
1 0
5 2

⎞
⎟⎟⎟⎟⎠

To verify, 𝑈 =
⎛
⎜⎜⎜⎜⎝
1 0
0 2

⎞
⎟⎟⎟⎟⎠ and 𝐿 =

⎛
⎜⎜⎜⎜⎝
1 0
5 1

⎞
⎟⎟⎟⎟⎠, hence 𝐿𝑈 =

⎛
⎜⎜⎜⎜⎝
1 0
5 1

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
1 0
0 2

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
1 0
5 2

⎞
⎟⎟⎟⎟⎠ while 𝑈𝐿 =

⎛
⎜⎜⎜⎜⎝
1 0
0 2

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
1 0
5 1

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
1 0
10 2

⎞
⎟⎟⎟⎟⎠. They are di�erent.
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3.2 Part (b)

Take any random 2 × 2 matrix 𝐴 =
⎛
⎜⎜⎜⎜⎝
𝑎 𝑏
𝑐 𝑑

⎞
⎟⎟⎟⎟⎠ , then 𝐴

2 =
⎛
⎜⎜⎜⎜⎝
𝑎 𝑏
𝑐 𝑑

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
𝑎 𝑏
𝑐 𝑑

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
𝑎2 + 𝑏𝑐 𝑎𝑏 + 𝑏𝑑
𝑎𝑐 + 𝑐𝑑 𝑑2 + 𝑏𝑐

⎞
⎟⎟⎟⎟⎠ Now solving

⎛
⎜⎜⎜⎜⎝
𝑎2 + 𝑏𝑐 𝑎𝑏 + 𝑏𝑑
𝑎𝑐 + 𝑐𝑑 𝑑2 + 𝑏𝑐

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
1 0
0 1

⎞
⎟⎟⎟⎟⎠

gives 4 equations for 𝑎, 𝑏, 𝑐, 𝑑

𝑎2 + 𝑏𝑐 = 1
𝑎𝑏 + 𝑏𝑑 = 0
𝑎𝑐 + 𝑐𝑑 = 0
𝑑2 + 𝑏𝑐 = 1

Gives the following solutions

𝑎 = −1, 𝑏 = 0, 𝑐 = 0, 𝑑 = −1
𝑎 = 1, 𝑏 = 0, 𝑐 = 0, 𝑑 = −1
𝑎 = −1, 𝑏 = 0, 𝑐 = 0, 𝑑 = 1
𝑎 = 1, 𝑏 = 0, 𝑐 = 0, 𝑑 = 1

Any of the above solutions will satisfy 𝐴2 = 𝐼. For example, using the first one gives

𝐴 =
⎛
⎜⎜⎜⎜⎝
−1 0
0 −1

⎞
⎟⎟⎟⎟⎠

3.3 Part (c)

As was done above, the following set of equations are solved.
⎛
⎜⎜⎜⎜⎝
𝑎2 + 𝑏𝑐 𝑎𝑏 + 𝑏𝑑
𝑎𝑐 + 𝑐𝑑 𝑑2 + 𝑏𝑐

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
0 0
0 0

⎞
⎟⎟⎟⎟⎠

Hence

𝑎2 + 𝑏𝑐 = 0
𝑎𝑏 + 𝑏𝑑 = 0
𝑎𝑐 + 𝑐𝑑 = 0
𝑑2 + 𝑏𝑐 = 0

Solution is

eq1:=a^2+b*c=0;eq2:=a*b+b*d=0;eq3:=a*c+c*d=0;eq4:=a^2+b*c=0;
solve({eq1,eq2,eq3,eq4},{a,b,c,d});
{a = a, b = b, c = -a^2/b, d = -a}, {a = 0, b = 0, c = 0, d = d}

Since we are looking for non-zero elements in 𝐵, then the first solution {𝑎 = 𝑎, 𝑏 = 𝑏, 𝑐 = − 𝑎2

𝑏 , 𝑑 = −𝑎} is
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used. For example, letting 𝑎 = 1, 𝑏 = 2, 𝑐 = − 1
2 , 𝑑 = −1 gives

𝐵 =
⎛
⎜⎜⎜⎜⎝
1 2
− 1
2 −1

⎞
⎟⎟⎟⎟⎠

To verify
⎛
⎜⎜⎜⎜⎝
1 2
− 1
2 −1

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
1 2
− 1
2 −1

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
0 0
0 0

⎞
⎟⎟⎟⎟⎠

3.4 Part (d)

Let 𝐶 =
⎛
⎜⎜⎜⎜⎝
𝑎 𝑏
𝑐 𝑑

⎞
⎟⎟⎟⎟⎠ ,𝐷 =

⎛
⎜⎜⎜⎜⎝
𝑒 𝑓
𝑔 ℎ

⎞
⎟⎟⎟⎟⎠, hence we want 𝐶𝐷 = −𝐷𝐶. To simplify this, let the diagonal be zero in

both cases. This reduced the equations to 4 unknowns. Hence Let 𝐶 =
⎛
⎜⎜⎜⎜⎝
0 𝑏
𝑐 0

⎞
⎟⎟⎟⎟⎠ ,𝐷 =

⎛
⎜⎜⎜⎜⎝
0 𝑓
𝑔 0

⎞
⎟⎟⎟⎟⎠ and

𝐶𝐷 =
⎛
⎜⎜⎜⎜⎝
0 𝑏
𝑐 0

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
0 𝑓
𝑔 0

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
𝑏𝑔 0
0 𝑐𝑓

⎞
⎟⎟⎟⎟⎠

𝐷𝐶 =
⎛
⎜⎜⎜⎜⎝
0 𝑓
𝑔 0

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
0 𝑏
𝑐 0

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
𝑐𝑓 0
0 𝑏𝑔

⎞
⎟⎟⎟⎟⎠

Hence we want to solve

⎛
⎜⎜⎜⎜⎝
𝑏𝑔 0
0 𝑐𝑓

⎞
⎟⎟⎟⎟⎠ = −

⎛
⎜⎜⎜⎜⎝
𝑐𝑓 0
0 𝑏𝑔

⎞
⎟⎟⎟⎟⎠ Hence this reduces to just solving

𝑏𝑔 = −𝑐𝑓

Let 𝑏 = 𝑛, 𝑐 = −𝑛, 𝑔 = 𝑛, 𝑓 = 𝑛 which satisfies the above. I.e. 𝑛 × 𝑛 = − (−𝑛 × 𝑛) ⇒ 𝑛2 = 𝑛2, therefore

𝐶 =
⎛
⎜⎜⎜⎜⎝
0 𝑛
−𝑛 0

⎞
⎟⎟⎟⎟⎠ ,𝐷 =

⎛
⎜⎜⎜⎜⎝
0 𝑛
𝑛 0

⎞
⎟⎟⎟⎟⎠

To verify, 𝐶𝐷 =
⎛
⎜⎜⎜⎜⎝
0 𝑛
−𝑛 0

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
0 𝑛
𝑛 0

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
𝑛2 0
0 −𝑛2

⎞
⎟⎟⎟⎟⎠ and 𝐷𝐶 =

⎛
⎜⎜⎜⎜⎝
0 𝑛
𝑛 0

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
0 𝑛
−𝑛 0

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
−𝑛2 0
0 𝑛2

⎞
⎟⎟⎟⎟⎠ hence 𝐷𝐶 = −𝐶𝐷.

Let 𝑛 = 2 for example, then

𝐶 =
⎛
⎜⎜⎜⎜⎝
0 2
−2 0

⎞
⎟⎟⎟⎟⎠

𝐷 =
⎛
⎜⎜⎜⎜⎝
0 2
2 0

⎞
⎟⎟⎟⎟⎠
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4 Problem 1.3.2

Figure 4: the Problem statement

Solution

𝐴 =
⎛
⎜⎜⎜⎜⎝
3 6
6 8

⎞
⎟⎟⎟⎟⎠

Hence 𝑈 =
⎛
⎜⎜⎜⎜⎝
3 6
0 −4

⎞
⎟⎟⎟⎟⎠ and 𝐿 =

⎛
⎜⎜⎜⎜⎝
1 0
2 1

⎞
⎟⎟⎟⎟⎠, therefore 𝐷 =

⎛
⎜⎜⎜⎜⎝
3 0
0 −4

⎞
⎟⎟⎟⎟⎠. 𝐷 has the pivots on its diagonal. The

pivots is the diagonal of 𝑈. Therefore

𝐿𝐷𝐿𝑇 =
⎛
⎜⎜⎜⎜⎝
1 0
2 1

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
3 0
0 −4

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
1 0
2 1

⎞
⎟⎟⎟⎟⎠

𝑇

=
⎛
⎜⎜⎜⎜⎝
3 6
6 8

⎞
⎟⎟⎟⎟⎠ = 𝐴

Since not all the pivots are positive and the matrix is symmetric, then this is not positive definite
(P.D.). This can be confirmed by writing

𝑥𝑇𝐴𝑥 = �𝑥1 𝑥2�
⎛
⎜⎜⎜⎜⎝
3 6
6 8

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
𝑥1
𝑥2

⎞
⎟⎟⎟⎟⎠

= 𝑥1 (3𝑥1 + 6𝑥2) + 𝑥2 (6𝑥1 + 8𝑥2)
= 3𝑥21 + 12𝑥1𝑥2 + 8𝑥22

We now need to complete the squares.

𝑥𝑇𝐴𝑥 = 3 (𝑥1 + 𝑎𝑥2)
2 + 𝑐𝑥22

= 3 �𝑥21 + 𝑎2𝑥22 + 2𝑎𝑥1𝑥2� + 𝑐𝑥22
= 3𝑥21 + �3𝑎2 + 𝑐� 𝑥22 + 6𝑎𝑥1𝑥2

Comparing to 3𝑥21 + 12𝑥1𝑥2 + 8𝑥22 we see that 𝑎 = 2 and 𝑐 = 8 − 3𝑎2 = 8 − 12 = −4, hence

𝑥𝑇𝐴𝑥 = 3 (𝑥1 + 2𝑥2)
2 − 4𝑥22

This shows that 𝑥𝑇𝐴𝑥 is not positive for all 𝑥 due to the −4 term. For example, if 𝑥 = {1, −1} then
𝑥𝑇𝐴𝑥 = −1. Basically, we obtain the same result as before. For a symmetric matrix 𝐴, if not all the
pivots are positive, then the matrix is not P.D. Using 𝑥𝑇𝐴𝑥 is another method to answer the same
question. After completing the squares, we look to see if all the coe�cients are positive or not.
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5 Problem 1.3.6

Figure 5: the Problem statement

Solution

A counter example is 𝑎 = 8, 𝑏 = 2, 𝑐 = 4. We see that 𝑎 + 𝑏 > 2𝑐 but 𝑎𝑐 = 16 and 𝑐2 = 16, hence 𝑎𝑐 is not
greater than 𝑏2. So 𝑎 + 𝑐 > 2𝑏 do not guarantee that 𝑎𝑐 > 𝑐2. Therefore, we also can not guarantee

that the matrix is P.D. this comes from the pivots. The pivots of 𝐴 =
⎛
⎜⎜⎜⎜⎝
𝑎 𝑏
𝑏 𝑐

⎞
⎟⎟⎟⎟⎠ are {𝑎, 𝑐 −

𝑏2

𝑎 }. Since 𝑎 > 0

as given, then we just need to check if 𝑐 − 𝑏2

𝑎 > 0. This means 𝑎𝑐 − 𝑏2 > 0. But since we can’t guarantee
that 𝑎𝑐 > 𝑏2 then this means the second pivot can be negative. Hence the matrix 𝐴 with such property
can not be guaranteed to be P.D.

6 Problem 1.3.7

Figure 6: the Problem statement

Solution

𝐴 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1
1 1 1
1 1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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To show if 𝐴 is P.D., we need to show that all the pivots are positive. This is the same as showing
that 𝑥𝑇𝐴𝑥 > 0 for all non-zero 𝑥.To obtain the pivots, we generate the 𝑈 and look at the diagonal
values. From the above, we obtain

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1
1 1 1
1 1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
→

𝑈

�������������⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1
0 0 0
0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Hence using 𝑙1 = 1 we see that the pivots are not all positive. There are zero pivot. Hence 𝐴 is not
P.D. For

𝐴′ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1
1 2 2
1 2 3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
→

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1
0 1 1
0 1 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
→

𝑈

�������������⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1
0 1 1
0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Hence all the pivots are positive. Therefore 𝐴′ is P.D. We can write it as 𝐿𝐷𝐿𝑇

𝐴′ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
1 1 0
1 1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
0 1 0
0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
1 1 0
1 1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑇

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
1 1 0
1 1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
0 1 0
0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1
0 1 1
0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

7 Problem 1.3.8

Figure 7: the Problem statement

Solution
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𝐴 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑐 1 1
1 𝑐 1
1 1 𝑐

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑐 > 2 is enough to guarantee row dominant matrix. For P.D., looking at 𝑥𝑇𝐴𝑥 = (𝑥1 + 𝑥2 + 𝑥3)
2 +

(𝑐 − 1) �𝑥21 + 𝑥22 + 𝑥23� shows that 𝑐 − 1 > 0 is the condition for P.D. which implies 𝑐 > 1. Hence it is
enough that 𝑐 > 1.

8 Problem 1.3.11

Figure 8: the Problem statement

Solution

For 𝐹1 = 𝑥2 − 𝑥2𝑦2 + 𝑦2 + 𝑦3, we find
𝜕𝐹1
𝜕𝑦 = −2𝑥2𝑦 + 2𝑦 + 3𝑦2 = 0 at 𝑥 = 0, 𝑦 = 0. And 𝜕𝐹1

𝜕𝑥 = 2𝑥 − 2𝑥𝑦2 = 0
at 𝑥 = 0, 𝑦 = 0. Now we need to look at the P.D. of

⎛
⎜⎜⎜⎜⎜⎜⎝

𝜕2𝐹1
𝜕𝑥2

𝜕2𝐹1
𝜕𝑥𝜕𝑦

𝜕2𝐹1
𝜕𝑥𝜕𝑦

𝜕2𝐹1
𝜕𝑦2

⎞
⎟⎟⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
2 − 2𝑦2 −4𝑥𝑦
−4𝑥𝑦 −2𝑥2 + 2 + 6𝑦

⎞
⎟⎟⎟⎟⎠

At 𝑥 = 0, 𝑦 = 0 the above becomes
⎛
⎜⎜⎜⎜⎜⎜⎝

𝜕2𝐹1
𝜕𝑥2

𝜕2𝐹1
𝜕𝑥𝜕𝑦

𝜕2𝐹1
𝜕𝑥𝜕𝑦

𝜕2𝐹1
𝜕𝑦2

⎞
⎟⎟⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
2 0
0 2

⎞
⎟⎟⎟⎟⎠

This is already in 𝑈 form. Since the diagonal is all positive, then this is P.D., which means it is true
for 𝐹1 �𝑥, 𝑦�. Now we check 𝐹2 �𝑥, 𝑦�

𝐹2 �𝑥, 𝑦� = cos 𝑥 cos 𝑦. Hence 𝜕𝐹1
𝜕𝑦 = − sin 𝑦 cos 𝑥 = 0 at 𝑥 = 0, 𝑦 = 0. And 𝜕𝐹1

𝜕𝑥 = − sin 𝑥 cos 𝑦 = 0 at
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𝑥 = 0, 𝑦 = 0. Now we need to look at the P.D. of
⎛
⎜⎜⎜⎜⎜⎜⎝

𝜕2𝐹1
𝜕𝑥2

𝜕2𝐹1
𝜕𝑥𝜕𝑦

𝜕2𝐹1
𝜕𝑥𝜕𝑦

𝜕2𝐹1
𝜕𝑦2

⎞
⎟⎟⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
− cos 𝑥 cos 𝑦 sin 𝑦 sin 𝑥
sin 𝑦 sin 𝑥 − cos 𝑦 cos 𝑥

⎞
⎟⎟⎟⎟⎠

And at 𝑥 = 0, 𝑦 = 0 the above becomes
⎛
⎜⎜⎜⎜⎜⎜⎝

𝜕2𝐹1
𝜕𝑥2

𝜕2𝐹1
𝜕𝑥𝜕𝑦

𝜕2𝐹1
𝜕𝑥𝜕𝑦

𝜕2𝐹1
𝜕𝑦2

⎞
⎟⎟⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
−1 0
0 −1

⎞
⎟⎟⎟⎟⎠

Hence this is not P.D, since the pivots are negative. To answer the part about 𝐹1 having global

minimum. The point 𝑥 = 0, 𝑦 = 0 is local minimum for 𝐹1 = 𝑥2 − 𝑥2𝑦2 + 𝑦2 + 𝑦3 since

⎛
⎜⎜⎜⎜⎜⎜⎝

𝜕2𝐹1
𝜕𝑥2

𝜕2𝐹1
𝜕𝑥𝜕𝑦

𝜕2𝐹1
𝜕𝑥𝜕𝑦

𝜕2𝐹1
𝜕𝑦2

⎞
⎟⎟⎟⎟⎟⎟⎠ was

found to be P.D. at 𝑥 = 0, 𝑦 = 0. But this is not global minimum. Only when the function can be
written as quadratic form 𝑥𝑇𝐴𝑥 will the local minumum be global minumum. In this case, 𝐹1 can
approach −∞, hence this is the global minimum.

Taking the limit lim𝑥1→−∞ 𝐹1 = �1 − 𝑦2�∞. Taking the limit of this as 𝑦 → ∞ gives −∞. Here is a plot
of 𝐹1 around 𝑥 = 0, 𝑦 = 0 showing it is a local minimum

F1 = x^2 - x^2 y^2 + y^2 + y^3
Plot3D[F1, {x, -3, 3}, {y, -3, 3},
PlotLabel -> "F1 function", AxesLabel -> {x, y}]
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Figure 9: plot of the above

9 Problem 1.4.5

Figure 10: the Problem statement

Solution
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The equation of the line is 𝑦 = 𝐶, hence we obtain 4 equations.

𝑏1 = 𝐶
𝑏2 = 𝐶
𝑏3 = 𝐶
𝑏4 = 𝐶

or
𝐴
⏞⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
1
1
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝐶 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑏1
𝑏2
𝑏3
𝑏4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Hence now we set 𝐴𝑇𝐴𝑥 = 𝐴𝑇𝑏

�1 1 1 1�

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
1
1
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝐶 = �1 1 1 1�

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑏1
𝑏2
𝑏3
𝑏4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

4𝐶 = �1 1 1 1�

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑏1
𝑏2
𝑏3
𝑏4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

4𝐶 = 𝑏1 + 𝑏2 + 𝑏3 + 𝑏4

Hence 𝐶 = 𝑏1+𝑏2+𝑏3+𝑏4
4 , Which is the average. Using calculus, to minimize 𝐸 = (𝑏1 − 𝐶)

2 + (𝑏2 − 𝐶)
2 +

(𝑏3 − 𝐶)
2 + (𝑏4 − 𝐶)

2

𝑑𝐸
𝑑𝐶

= −2 (𝑏1 − 𝐶) − 2 (𝑏2 − 𝐶) − 2 (𝑏3 − 𝐶) − 2 (𝑏4 − 𝐶)

0 = 8𝐶 − 2𝑏1 − 2𝑏2 − 2𝑏3 − 2𝑏4
8𝐶 = 2𝑏1 + 2𝑏2 + 2𝑏3 + 2𝑏4

𝐶 =
𝑏1 + 𝑏2 + 𝑏3 + 𝑏4

4
Which is the same found using 𝐴𝑇𝐴𝑥 = 𝐴𝑇𝑏 solution.
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10 Problem 1.4.7

Figure 11: the Problem statement

Solution

10.1 Part (a)

For 𝑦 = 𝐶 we obtain the following equations

𝑏1 = 𝐶
𝑏2 = 𝐶
𝑏3 = 𝐶

Hence
𝐴
⏞⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
1
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
𝐶 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑏1
𝑏2
𝑏3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Applying 𝐴𝑇𝐴𝑥 = 𝐴𝑇𝑏 gives

�1 1 1�

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
1
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
𝐶 = �1 1 1�

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑏1
𝑏2
𝑏3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

3𝐶 = 𝑏1 + 𝑏2 + 𝑏3

𝐶 =
𝑏1 + 𝑏2 + 𝑏3

3

Therefore 𝑦 = 𝐶 = 𝑏1+𝑏2+𝑏3
3 = 0+3+12

3 = 5, or

𝑦 = 5
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10.2 Part (b)

For 𝑦 = 𝐶 + 𝐷𝑡 we obtain the following equations

𝑏1 = 𝐶 + 𝐷𝑡
𝑏2 = 𝐶 + 𝐷𝑡
𝑏3 = 𝐶 + 𝐷𝑡

Applying the numerical values gives results in

0 = 𝐶
3 = 𝐶 + 𝐷
12 = 𝐶 + 𝐷 (2)

Hence
𝐴

�������⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0
1 1
1 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
𝐶
𝐷

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
3
12

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Applying 𝐴𝑇𝐴𝑥 = 𝐴𝑇𝑏 gives

⎛
⎜⎜⎜⎜⎝
1 1 1
0 1 2

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0
1 1
1 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
𝐶
𝐷

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
1 1 1
0 1 2

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
3
12

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
3 3
3 5

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
𝐶
𝐷

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
15
27

⎞
⎟⎟⎟⎟⎠

Now we solve this using Gaussian elimination. First 𝑈 is found
⎛
⎜⎜⎜⎜⎝
3 3
3 5

⎞
⎟⎟⎟⎟⎠ →

⎛
⎜⎜⎜⎜⎝
3 3
0 2

⎞
⎟⎟⎟⎟⎠

Hence 𝐿 =
⎛
⎜⎜⎜⎜⎝
1 0
1 1

⎞
⎟⎟⎟⎟⎠ and 𝐿𝑐 = 𝑏, then

⎛
⎜⎜⎜⎜⎝
1 0
1 1

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
𝑐1
𝑐2

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
15
27

⎞
⎟⎟⎟⎟⎠ now 𝑐 is found by forward substitution, giving

⎛
⎜⎜⎜⎜⎝
𝑐1
𝑐2

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
15
12

⎞
⎟⎟⎟⎟⎠

Now we solve 𝑈𝑥 = 𝑐 or
⎛
⎜⎜⎜⎜⎝
3 3
0 2

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
𝐶
𝐷

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
15
12

⎞
⎟⎟⎟⎟⎠ by backward substitution, the result is

⎛
⎜⎜⎜⎜⎝
𝐶
𝐷

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝
−1
6

⎞
⎟⎟⎟⎟⎠

Hence the line is

𝑦 = −1 + 6𝑡

Here is a plot of the fit found above
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b = {0, 3, 12}; t = {0, 1, 2};
p1 = ListPlot[Transpose[{t, b}], PlotStyle -> Red];
p2 = Plot[-1 + 6 t, {t, -.5, 3}, PlotTheme -> "Detailed",
FrameLabel -> {{"y(t)", None}, {"t", "Fit by least squares"}}];
Show[p2, p1]

Figure 12: Plot of the above

10.3 Part c

For 𝑦 = 𝐶 + 𝐷𝑡 + 𝐸𝑡2 we obtain the following equations

𝑏1 = 𝐶 + 𝐷𝑡 + 𝐸𝑡2

𝑏2 = 𝐶 + 𝐷𝑡 + 𝐸𝑡2

𝑏3 = 𝐶 + 𝐷𝑡 + 𝐸𝑡2

Applying the numerical values gives results in

0 = 𝐶
3 = 𝐶 + 𝐷 + 𝐸
12 = 𝐶 + 2𝐷 + 4𝐸
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Hence
𝐴

�������������⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
1 1 1
1 2 4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝐶
𝐷
𝐸

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
3
12

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Now we solve this using Gaussian elimination. We do not need to use 𝐴𝑇𝐴 least squares since the
number of rows is the same as number of columns. First 𝑈 is found

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
1 1 1
1 2 4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
→

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
0 1 1
0 2 4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
→

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
0 1 1
0 0 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Hence 𝐿 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
1 1 0
1 2 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
and 𝐿𝑐 = 𝑏, then

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
1 1 0
1 2 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑐1
𝑐2
𝑐3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
3
12

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
now 𝑐 is found by forward substitution,

giving

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑐1
𝑐2
𝑐3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
3
6

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Now we solve 𝑈𝑥 = 𝑐 or

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
0 1 1
0 0 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝐶
𝐷
𝐸

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
3
6

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
by backward substitution, giving

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝐶
𝐷
𝐸

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Hence the solution is

𝑦 = 3𝑡2

Here is a plot of the fit

b = {0, 3, 12}; t = {0, 1, 2};
p1 = ListPlot[Transpose[{t, b}], PlotStyle -> Red];
p2 = Plot[3 t^2, {t, -.5, 3}, PlotTheme -> "Detailed",
FrameLabel -> {{"y(t)", None}, {"t", "Fit by least squares"}}];
Show[p2, p1]
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Figure 13: Plot of the above

We can see this is an exact fit since no least squares was used.

11 Problem 1.4.10

Figure 14: Problem description

Solution

From page 40 in textbook, 𝑦 is force in spring, 𝑒 is the elongation of spring from equilibrium and 𝑓
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external force at each mass. Hence for 𝐴𝑥 = 𝑒, we see that 𝑒1 = 𝑥1, 𝑒2 = 𝑥2 − 𝑥1 and 𝑒3 = 𝑥2. Therefore
𝐴

���������⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0
−1 1
0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
𝑥1
𝑥2

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑒1
𝑒2
𝑒3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

For 𝑦 = 𝐶𝑒, here 𝑦 is the internal force in spring. Hence 𝑦1 = 𝑐1𝑒1, 𝑦2 = 𝑐2𝑒2, 𝑦3 = 𝑐3𝑒3, therefore
𝐴

���������������⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑐1 0 0
0 𝑐2 0
0 0 𝑐3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑒1
𝑒2
𝑒3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑦1
𝑦2
𝑦3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

For 𝐴𝑇𝑦 = 𝑓, we need to find the external forces at each node first. From diagram we see that
𝑓1 = 𝑦1 − 𝑦2 and 𝑓2 = 𝑦2 + 𝑦3, therefore

𝐴𝑇

���������������⎛
⎜⎜⎜⎜⎝
1 −1 0
0 1 1

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑦1
𝑦2
𝑦3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=
⎛
⎜⎜⎜⎜⎝
𝑓1
𝑓2

⎞
⎟⎟⎟⎟⎠

12 Problem 1.4.11

Figure 15: Problem description

Solution

To find 𝑦 = 𝐶𝑒. In this equation, 𝑒 is the elongation of the spring and 𝑦 is the internal force. Hence
from figure 1.7 we obtain

𝑦1 = 𝑐1𝑒1
𝑦2 = 𝑐2𝑒2
𝑦3 = 𝑐3𝑒3
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Hence in matrix form
𝐶

���������������⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑐1 0 0
0 𝑐2 0
0 0 𝑐3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑒1
𝑒2
𝑒3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑦1
𝑦2
𝑦3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

In the question 𝐴𝑇𝑦 = 𝑓, 𝑓 is the external force. Hence by balance of force at each mass, we obtain

𝑓1 = 𝑦1 − 𝑦2
𝑓2 = 𝑦2 − 𝑦3
𝑓3 = 𝑦3

or in matrix form
𝐴

�����������������⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 0
0 1 −1
0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑦1
𝑦2
𝑦3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑓1
𝑓2
𝑓3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

To solve, since already in 𝑈 form, we will just need to do backward substitution. Hence

𝑦3 = 𝑓3
𝑦2 = 𝑓2 + 𝑓3
𝑦1 = 𝑓1 + 𝑓2 + 𝑓3

13 Problem 1.4.12

Figure 16: Problem description

Solution



22

𝐾 = 𝐴𝑇𝐶𝐴, but 𝐴 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
−1 1 0
0 −1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
given in problem 1.4.11, and 𝐶 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑐1 0 0
0 𝑐2 0
0 0 𝑐3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. Hence

𝐾 = 𝐴𝑇𝐶𝐴 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
−1 1 0
0 −1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑇 ⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑐1 0 0
0 𝑐2 0
0 0 𝑐3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
−1 1 0
0 −1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑐1 + 𝑐2 −𝑐2 0
−𝑐2 𝑐2 + 𝑐3 −𝑐3
0 −𝑐3 𝑐3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

And

𝐴−1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
−1 1 0
0 −1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

−1

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
1 1 0
1 1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

And

𝐾−1 = �𝐴𝑇𝐶𝐴�
−1

= 𝐴−1𝐶−1 �𝐴𝑇�
−1

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
1 1 0
1 1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
𝑐1

0 0

0 1
𝑐2

0

0 0 1
𝑐3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1
0 1 1
0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
𝑐1

1
𝑐1

1
𝑐1

1
𝑐1

1
𝑐1
+ 1

𝑐2
1
𝑐1
+ 1

𝑐2
1
𝑐1

1
𝑐1
+ 1

𝑐2
1
𝑐1
+ 1

𝑐2
+ 1

𝑐3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Since 𝑓 = 𝐾𝑥 then 𝑥 = 𝐾−1𝑓. Since we are told 𝑓1, 𝑓2, 𝑓3 are all positive, and so the sign of 𝑥 the
displacement, is determined by the sign of 𝐾−1. But 𝐾−1 has positive entries only, since 𝑐𝑖 is positive
by definition. Therefore all displacements 𝑥 must be positive.



23

14 Problem 1.5.6

Figure 17: Problem description

Solution

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑢′′1
𝑢′′2
𝑢′′3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 0
−1 2 −1
0 −1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑢1
𝑢2
𝑢3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

The solution is
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑢1 (𝑡)
𝑢2 (𝑡)
𝑢3 (𝑡)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= �𝑎1 cos�𝜆1𝑡 + 𝑏1 sin�𝜆1𝑡�

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣11
𝑣21
𝑣31

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+�𝑎2 cos�𝜆2𝑡 + 𝑏2 sin�𝜆2𝑡�

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣12
𝑣22
𝑣32

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+�𝑎3 cos�𝜆3𝑡 + 𝑏3 sin�𝜆3𝑡�

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣13
𝑣23
𝑣33

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Where 𝜆𝑖 are the eigenvalues and 𝒗𝑖 are the corresponding eigenvectors of 𝐴. The constants are
found from initial conditions.

For the matrix 𝐴, the eigenvalues are found by solving

|𝐴 − 𝜆𝐼| = 0

Solving for eigenvalues gives 𝜆1 = 0, 𝜆2 = 1, 𝜆3 = 3 and the corresponding eigenvectors are

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
1
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1
0
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
−2
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

hence the solution becomes
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑢1 (𝑡)
𝑢2 (𝑡)
𝑢3 (𝑡)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= 𝑎1

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
1
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ (𝑎2 cos 𝑡 + 𝑏2 sin 𝑡)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1
0
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ �𝑎3 cos√3𝑡 + 𝑏3 sin√3𝑡�

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
−2
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

At 𝑡 = 0
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2
−1
−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= 𝑎1

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
1
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ 𝑎2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1
0
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ 𝑎3

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
−2
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(1)
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And taking derivative of the solution gives
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑢′1 (𝑡)
𝑢′2 (𝑡)
𝑢′3 (𝑡)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= 𝑎1

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
1
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ (−𝑎2 sin 𝑡 + 𝑏2 cos 𝑡)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1
0
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ �−𝑎3√3 sin√3𝑡 + 𝑏3√3 cos√3𝑡�

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
−2
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

At 𝑡 = 0 the above becomes
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= 𝑎1

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
1
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ 𝑏2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1
0
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ 𝑏3√3

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
−2
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2)

Now (1),(2) needs to be solved for the constants. From (1)
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 1
1 0 −2
1 1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑎1
𝑎2
𝑎3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2
−1
−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

This is solved using Gaussian elimination.

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 1
1 0 −2
1 1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
→

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 1
0 1 −3
0 2 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
→

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 1
0 1 −3
0 0 6

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Hence 𝑈 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 1
0 1 −3
0 0 6

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, 𝐿 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
1 1 0
1 2 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
and hence 𝐿𝑐 = 𝑏 is solved first for 𝑐 using forward substitution

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
1 1 0
1 2 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑐1
𝑐2
𝑐3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2
−1
−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Which gives 𝑐1 = 2, 𝑐2 = −3, 𝑐3 = 3, hence now we solved for 𝑥 from 𝑈𝑥 = 𝑐
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 1
0 1 −3
0 0 6

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑎1
𝑎2
𝑎3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2
−3
3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Giving 𝑎3 =
1
2 , 𝑎2 = −

3
2 , 𝑎1 = 0.

Now we solve for the rest of the constant in same way. From (2)
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 √3
1 0 −2√3
1 1 √3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑎1
𝑏2
𝑏3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

This is solved using Gaussian elimination.

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 √3
1 0 −2√3
1 1 √3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
→

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 √3
0 1 −3√3
0 2 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
→

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 √3
0 1 −3√3
0 0 6√3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠



25

Hence 𝑈 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 √3
0 1 −3√3
0 0 6√3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, 𝐿 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
1 1 0
1 2 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
and 𝐿𝑐 = 𝑏 is solved first for 𝑐 using forward substitution

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
1 1 0
1 2 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑐1
𝑐2
𝑐3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑐1 = 0, 𝑐2 = 0, 𝑐3 = 0, therefore now we solved for 𝑥 from 𝑈𝑥 = 𝑐
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 √3
0 1 −3√3
0 0 6√3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑎1
𝑏2
𝑏3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Which gives 𝑏3 = 0, 𝑏2 = 0, 𝑎1 = 0. Now that all constants are found the final solution is
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑢1 (𝑡)
𝑢2 (𝑡)
𝑢3 (𝑡)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= −

1
2

cos 𝑡

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1
0
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+
1
2

cos√3𝑡

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
−2
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Hence

𝑢1 (𝑡) =
3
2

cos 𝑡 + 1
2

cos√3𝑡

𝑢2 (𝑡) = − cos√3𝑡

𝑢3 (𝑡) = −
3
2

cos 𝑡 + 1
2

cos√3𝑡

15 Problem 1.5.7

Figure 18: Problem description

Solution
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15.1 Part (a)

𝐴 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

3 −1 0
−2 2 −1
−1 −1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝐴𝑇 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

3 −2 −1
−1 2 −1
0 −1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

For eigenvector 𝒗 of ones, we write

𝐴𝑇𝒗 = 𝜆𝒗

Hence
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

3 −2 −1
−1 2 −1
0 −1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
1
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= 𝜆

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
1
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= 𝜆

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
1
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Which implies 𝜆 = 0. Since 𝐴𝑇 has same eigenvalues of 𝐴 then 𝐴 has zero eigenvalue. But the
determinant of 𝐴 is the products of its eigenvalues. Since one eigenvalue is zero, then |𝐴| = 0, which
means 𝐴 is singular.

15.2 Part (b)

To find all three eigenvalues of 𝐴 we solve |𝜆𝐼 − 𝐴| = 0. Hence

�

�

𝜆 − 3 1 0
2 𝜆 − 2 1
1 1 𝜆 − 1

�

�
= 0

𝜆3 − 6𝜆2 + 8𝜆 = 0

𝜆 �𝜆2 − 6𝜆 + 8� = 0

Hence 𝜆 = 0, 𝜆 = 2, 𝜆 = 4 .To find the eigenvectors, we solve 𝐴𝑣𝑖 = 𝜆𝑖𝑣𝑖 for each eigenvalue. This
means solving (𝜆𝑖𝐼 − 𝐴) 𝑣𝑖 = 0 for each eigenvalue. For 𝜆 = 0

−

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

3 −1 0
−2 2 −1
−1 −1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣11
𝑣21
𝑣31

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

We always set 𝑣1𝑗 = 1 and then go to find 𝑣2𝑗, 𝑣3𝑗 in finding eigenvectors. Hence we solve
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−3 1 0
2 −2 1
1 1 −1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
𝑣21
𝑣31

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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Solving gives 𝑣1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
3
4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
For the second eigenvalue 𝜆 = 2 we obtain

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 0 0
0 2 0
0 0 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
−

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

3 −1 0
−2 2 −1
−1 −1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣12
𝑣22
𝑣32

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1 1 0
2 0 1
1 1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
𝑣22
𝑣32

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Solving gives 𝑣2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1
−1
2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. For the last eigenvalue 𝜆 = 4 we obtain

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

4 0 0
0 4 0
0 0 4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
−

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

3 −1 0
−2 2 −1
−1 −1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣13
𝑣23
𝑣33

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 0
2 2 1
1 1 3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
𝑣23
𝑣33

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Solving gives 𝑣3 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1
1
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.Summary. The eigenvalues are {0, 2, 4} and the eigenvectors are

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
3
4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1
−1
2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1
1
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

16 Problem 1.5.11

Figure 19: Problem description

Solution

The elements of the diagonal of 𝐴𝐵 come from multiplying row 𝑖 in 𝐴 with column 𝑖 in 𝐵. Therefore,
looking at the diagonal elements only, we can write, using 𝑎𝑖𝑗 as element in 𝐴 and using 𝑏𝑖𝑗 as element
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in 𝐵

𝐴𝐵 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∑
𝑖
𝑎1𝑖𝑏𝑖1

∑
𝑖
𝑎2𝑖𝑏𝑖2

⋱
∑
𝑖
𝑎𝑛𝑖𝑏𝑖𝑛

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Hence the trace of 𝐴𝐵 is

𝑡𝑟 (𝐴𝐵) = �
𝑖
𝑎1𝑖𝑏𝑖1 +�

𝑖
𝑎2𝑖𝑏𝑖2 +⋯+�

𝑖
𝑎𝑛𝑖𝑏𝑖𝑛

But the above can be combined as

𝑡𝑟 (𝐴𝐵) = �
𝑘
�
𝑖
𝑎𝑘𝑖𝑏𝑖𝑘 (1)

Now if we consider 𝐵𝐴, then the result comes from multiplying row 𝑖 in 𝐵 with column 𝑖 in 𝐴

𝐵𝐴 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∑
𝑖
𝑏1𝑖𝑎𝑖1

∑
𝑖
𝑏2𝑖𝑎𝑖2

⋱
∑
𝑖
𝑏𝑛𝑖𝑎𝑖𝑛

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Hence the trace of 𝐵𝐴 is

𝑡𝑟 (𝐵𝐴) = �
𝑖
𝑏1𝑖𝑎𝑖1 +�

𝑖
𝑏2𝑖𝑎𝑖2 +⋯+�

𝑖
𝑏𝑛𝑖𝑎𝑖𝑛

But the above can be combined as

𝑡𝑟 (𝐵𝐴) = �
𝑘
�
𝑖
𝑏𝑘𝑖𝑎𝑖𝑘 (2)

Looking at (1) and (2) above we can see that both traces contain the same elements, but arranged
di�erently. The indices can be changes in the sum without changing the value of the sum. This can

be seen more directly by looking at specific example of 2 × 2 case. Let 𝐴 =
⎛
⎜⎜⎜⎜⎝
𝑎 𝑏
𝑐 𝑑

⎞
⎟⎟⎟⎟⎠ , 𝐵 =

⎛
⎜⎜⎜⎜⎝
𝑒 𝑓
𝑔 ℎ

⎞
⎟⎟⎟⎟⎠, hence

the elements on the diagonal of 𝐴𝐵 are

⎛
⎜⎜⎜⎜⎝
𝑎𝑒 + 𝑏𝑔

𝑐𝑓 + 𝑑ℎ

⎞
⎟⎟⎟⎟⎠ while for 𝐵𝐴 the result is

⎛
⎜⎜⎜⎜⎝
𝑎𝑒 + 𝑐𝑓

𝑏𝑔 + 𝑑ℎ

⎞
⎟⎟⎟⎟⎠.

We see that the trace is the same.
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17 Problem 1.5.12

Figure 20: Problem description

Solution

det (𝐴 − 𝜆𝐼) is a polynomial in 𝜆. Hence it can be factored in its roots as

det (𝐴 − 𝜆𝐼) = 𝑃 (𝜆) = (𝜆1 − 𝜆) (𝜆2 − 𝜆) (𝜆3 − 𝜆)⋯ (𝜆𝑛 − 𝜆)

Assuming there is 𝑛 eigenvalues. When 𝜆 = 0 (which is the independent variable now, and not any
specific eigenvalue, then (1) becomes

det (𝐴) = 𝑃 (0) = 𝜆1𝜆2𝜆3⋯𝜆𝑛
Hence

det (𝐴) = 𝜆1𝜆2𝜆3⋯𝜆𝑛
Which is what we are asked to show.

18 Problem 1.5.13

Figure 21: Problem description

Solution



30

det (𝐴 − 𝜆𝐼) = 𝑃 (𝜆) = (𝜆1 − 𝜆) (𝜆2 − 𝜆) (𝜆3 − 𝜆)⋯ (𝜆𝑛 − 𝜆) (*)

Let look at the case of 𝑛 = 2

𝑃 (𝜆) = (𝜆1 − 𝜆) (𝜆2 − 𝜆)
= 𝜆2 − 𝜆 (𝜆1 + 𝜆2) + 𝜆1𝜆2

Hence the coe�cient of (−𝜆)𝑛−1 which is −𝜆 is (𝜆1 + 𝜆2) which is the sum of the eigenvalues. Lets look
at 𝑛 = 3

𝑃 (𝜆) = (𝜆1 − 𝜆) (𝜆2 − 𝜆) (𝜆3 − 𝜆)
= −𝜆3 + 𝜆2 (𝜆1 + 𝜆2 + 𝜆3) − 𝜆 (𝜆1𝜆2 + 𝜆1𝜆3 + 𝜆2𝜆3) + 𝜆1𝜆2𝜆3

So the pattern is now clear. The coe�cient of (−𝜆)𝑛−1 is the sum of all the eigenvalues of 𝐴.

For det (𝐴 − 𝜆𝐼), looking at 𝑛 = 2 we write

det (𝐴 − 𝜆𝐼) = det
⎛
⎜⎜⎜⎜⎝
𝑎11 − 𝜆 𝑎12
𝑎21 𝑎22 − 𝜆

⎞
⎟⎟⎟⎟⎠ = (𝑎11 − 𝜆) (𝑎22 − 𝜆) − 𝑎21𝑎12

= 𝜆2 − 𝜆 (𝑎11 + 𝑎22) + (𝑎11𝑎22 − 𝑎21𝑎12)

We see in this case that the coe�cient of (−𝜆)𝑛−1 = −𝜆 is the trace of 𝐴. Lets look at 𝑛 = 3

det (𝐴 − 𝜆𝐼) = det

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑎11 − 𝜆 𝑎12 𝑎13
𝑎21 𝑎22 − 𝜆 𝑎23
𝑎31 𝑎32 𝑎33 − 𝜆

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= (𝑎11 − 𝜆)det
⎛
⎜⎜⎜⎜⎝
𝑎22 − 𝜆 𝑎23
𝑎32 𝑎33 − 𝜆

⎞
⎟⎟⎟⎟⎠ − 𝑎12 det

⎛
⎜⎜⎜⎜⎝
𝑎21 𝑎23
𝑎31 𝑎33 − 𝜆

⎞
⎟⎟⎟⎟⎠ + 𝑎13 det

⎛
⎜⎜⎜⎜⎝
𝑎21 𝑎22 − 𝜆
𝑎31 𝑎32

⎞
⎟⎟⎟⎟⎠

= (𝑎11 − 𝜆) �𝜆2 − 𝜆 (𝑎22 + 𝑎33) + (𝑎22𝑎33 − 𝑎23𝑎32)�

− 𝑎12 (𝑎21𝑎33 − 𝜆𝑎21 − 𝑎31𝑎23) + 𝑎13 (𝜆𝑎31 + 𝑎21𝑎32 − 𝑎22𝑎31)
= −𝜆3 + 𝜆2 (𝑎11 + 𝑎22 + 𝑎33) − 𝜆 (𝑎11𝑎22 − 𝑎12𝑎21 + 𝑎11𝑎33 − 𝑎13𝑎31 + 𝑎22𝑎33 − 𝑎23𝑎32)
+ (𝑎11𝑎22𝑎33 − 𝑎11𝑎23𝑎32 − 𝑎12𝑎21𝑎33 + 𝑎12𝑎31𝑎23 + 𝑎21𝑎13𝑎32 − 𝑎13𝑎22𝑎31)

We see again that the coe�cient of (−𝜆)𝑛−1 = 𝜆2 is the trace of 𝐴. So by construction we can show
that coe�cient of (−𝜆)𝑛−1 is the trace of 𝐴. But we showed above that coe�cient of (−𝜆)𝑛−1 is the sum
of all the eigenvalues of 𝐴. Hence the sum of all the eigenvalues of 𝐴 = 𝑡𝑟 (𝐴)


	Problem 1.2.7
	Problem 1.2.8
	Problem 1.2.9
	Part (a)
	Part (b)
	Part (c)
	Part (d)

	Problem 1.3.2
	Problem 1.3.6
	Problem 1.3.7
	Problem 1.3.8
	Problem 1.3.11
	Problem 1.4.5
	Problem 1.4.7
	Part (a)
	Part (b)
	Part c

	Problem 1.4.10
	Problem 1.4.11
	Problem 1.4.12
	Problem 1.5.6
	Problem 1.5.7
	Part (a)
	Part (b)

	Problem 1.5.11
	Problem 1.5.12
	Problem 1.5.13

