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Chapter 1

Introduction

Took this course in Fall 2013. Part of MSc. in Engineering Mechanics.

Instructor: Professor [Douglass L. Henderson|

Hard course, lots of Math, and lots of HWs. but very useful. Teacher was very good in the
subject, and very helpful, spending lots of time after class answering all students questions.
Text book was good also.

Textbook: Peter V. ONiel, Advanced Engineering Mathematics, 6th edition 2007.
Here is the

Link to [school course description|



https://directory.engr.wisc.edu/ep/faculty/henderson_douglass
http://courses.engr.wisc.edu/ema/ema547.html
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2.1 Summary of HWs

Local contents
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HW about grade

HW1 first chapter. Solving first order ODE. Different types, Exact, | 54.5/55
integrating factor, generlaized integrating factors, Bernulli and
Riccati.

HW2 reduction of order, linear operators, linear dependent and inde- | 50/55
pendent, inhomogeneous ODE with constant coefficients, finding
particular solutions

HW3 variation of parameters, reduction of order, Euler Cauchy ODE, | 39/40
Wronskian

HW4 Using Laplace to solve ODE’s, system of equations, Electric cir- | 41/41
cuit spring mass system, partial fractions

HW5 More Laplace and inverse Laplace. Using Laplace on periodic | 38/38
functions convolution, using Laplace for solving PDE (the long
problem)

extra credit lots of differential equations 25/25

HW6 solving integral equations 46/48

HW7 system of equations, reduction/diagonalization, variation of pa- | 40/42
rameters

HW8 Fourier series 26/26

HW9 Fourier transform 23/23

HW10 complex variables 33/36

HW11 complex variables 56/70

second extra | complex variables 25/25

credit
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22 HWI1

2.2.1 Problems to solve

Homework Set No. 1 NEEP 547
Due September 13, 2013 DLH

Separable Eqs.; Solve the initial valued problems:
1. (4pts) O'Neal, page 20, prob. 14: 2yy’ = e®=¥"; y(4) = —2

2. (4pts) O’Neal, page 20, prob. 15: yy' = 2z sec(3y); y(2/3) =7/3

Exact Differential Egs.; Solve the initial valued problems:
3. (5pts) (2zy + €¥) dz + (2% + ze¥) dy = 0; y(1) = In(2)

4. (5pts) O’Neal, page 32, prob. 14: e¥ + (ze¥ — 1)y’ = 0; y(5) =0

General Integrating Factor:
5. (6pts) (3z —y)dz+ (By+x)dy=0
6. (6pts) O’'Neal, page 38, prob. 17; Solve the initial valued problem: 2zy + 3y’ = 0; y(0) = 4

a bx?

(Hint; try p(z,y) = y®e’®", where a and b are constants)
7. (6pts) O'Neal, page 38, prob. 20; Solve the initial valued problem: 3z%y + y3 + 2xy%y’ = 0;
y(2) =1

Homogenous, Bernoulli and Ricatti Egs.:

8. (5pts) O’Neal, page 45 prob. 12; find the general solution: 3y’ = 2%y — 3

9. (7pts) O’'Neal, page 45, prob. 17; find the general solution: y' = ‘?;;;19

10. (5pts) Find the general solution: (222 — 42)dx + 3zydy =0

11. (4pts) Show that if one solution, say y = u(z), of the Riccati equation y' = P(z)y?+Q(x)y+
R(x) is known, then the substitution y = u + % will transform this equation into a linear
first-order equation in the new dependent variable z.

2.2.2 Problem 1, O’Neal page 20 (section 1.2) , problem 14

2uy’ = ex‘yz;y(él) =-2

Writing the above as

Zyeyzdy = etdx
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Hence the ode is separable. Integrating both sides gives

2fyey2 dy = fe"dx (1)

Using f yeyz dy = %eyz the above reduces to
¢ ="+ C

Initial conditions are now used to find the constant of integration C. Letting y = -2 and
x =4 in the above gives

et=et+C
C=0
Hence the solution is
eV = o~
y=x
Or
y=+\x
To verify the solution, it is substituted back into the ode. When y = +/x the differential
equation becomes 2+/x (ﬁ) =eorl=1

2.2.3 Problem 2, O’Neal page 20 (section 1.2), problem 15
Solve yy’ = 2xsec(3y) with initial conditions y (g) = g
Writing the ODE as

d
y% = 2xsec (3y)

Ldy = 2xdx

sec (3y)
Hence it is separable. Integrating both side

f#(?)y)dy: 2fxdx
fycos (Sy) dy = 2fxdx (1)

Using integration by parts for f Y cos (3y) dy. f udv = [uv] - f vdu. Let u = y;dv = cos (By)
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then

f Y cos (By) dy

Where C; is new constant that includes C and y,

Where C, is new constant. Initial conditions are now used to find C,. Letting x = 2

y= g the above becomes

e SRR

%y sin (3y) + % cos (3y) +C

sin(SyO)
3

. Eq. (1) becomes

%y sin (3y) + %cos (3y) =x>+ G

2
1mn . T 1 i 2
ég sSin (35) + § COS (35) = (g) + Cz
1 4 -5
Co=—-—=-= —
2779 97 9

Hence solution is

2.2.4 Problem 3

3y sin (Sy) + cos (3y) =9x% -5

Solve (ny + ey) dx + (x2 o+ xey) dy =0;y(1) =In(2)

This ODE is not separable. To check if it is exact, it is written as

Then M _ 2x +¢¥ and N _
dy Ix
exact.
&ga(x,y)
Now let — = M (x, y) and

or

Which means that ¢ (x,y(x)) =

M(x,y)dx+N(x,y)dy =0

2x +¢éY. Since they are the same, the differential equation is

%;C'y) =N (x, y) and the ode becomes
99 (ry) Ide(sy)dy _
dx dy dx

¢ (vy@)=0

z?q)(x,y)

C. To find ¢ (x,y(x)) the equation —-

=M (x, y) is used
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and integrated as follows

3§0&(3;,y) =M (x,y) = 2xy + &Y
Q (x, y) = f(ny + ey) dx
=x%y+xe¥ +g (y)
Where g (y) is a function of y that needs to be found. Since %;’y) =N (x, _1/) then
200 a1
But from Eq. (1) %;’y) =x%+xeV + ¢ (y), hence Eq. (2) becomes

x? + xe¥ + ¢’ (y) = (x2 + xey)
g (y) = x% + xe¥ — x? — xe¥
=0

(2)

Hence, since g’ (y) =0 then g (y) = 0 can be chosen as solution. Therefore Eq. (1) becomes

[ (x, y) = x%y + xe¥ but ¢ (x,y (x)) = C hence

x?y +xe¥ = C

Initial conditions are used to find C. Since y = In(2) when x = 1, the above becomes

In (2) +e™®@ = C or C = In (2) + 2.Therefore, the implicit solution is

x?y + xe¥ = In(2) + 2

problem 3 solution

¥

Figure 2.1: problem 3 solution
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To verify: Taking derivative w.r.t. x gives

dy dy

277 Y oY =

2xy +x dx+e +xdxe 0
dy )

(2xy+ey)+a(x +xey):0

Which is the same as the original ODE.

2.2.5 Problem 4 O’Neal page 32 (section 1.4), problem 14
Solve e/ + (xe¥ =1)y’ =0,y (5) =0
Writing the above as eé/dx + (xe¥ —1)dy = 0.Letting M (x, y) =¢Y and N (x, y) = (xe¥ -1). To

. .. d d . .
verify first this is exact: ai; =¢Y and B%I = ¢¥ hence they are the same and the differential

equation is exact.

. 9p(xy) dp(vy) _ dp(xy)  Idplxy)ay _
Letting —— = M(x,y) and o N(x,y) the ode becomes —— oy i 0 or
d%qo (x,y(x)) =0 hence ¢ (x,y(x)) = C. To find ¢ (x,y(x)) the first equation w =M (x, y)
is used

dp (x, y)
ax = M (x’ y) = ey
[ (x, y) = f evdx
=e/+g (y) 1)
Where g (y) is a function of y that needs to be found. Since a(pa(;'y) =N (x, y) then
do(x,
200y o
Iy
From Eq. (1) %;’y) =eV+¢ (y), hence Eq. (2) becomes

ey+g’(y) =xe¥ -1
gy)=er@x-1-1
Hence g(y) = f(ey (x-1)-1)dy = e/ (x —1) —y + C; Therefore
(p(x,y) =e/+eV(x-1)-y+C4
=xe¥ —y+Cy
but go(x,y(x)) = C hence
xe¥ —y=C,

Initial conditions are used to find C,. Letting y = 0 when x = 5 the above becomes 5(1)-0 = C,

10
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hence C, = 5. Therefore, the implicit solution is
xe¥ —y=>5
y(x) = xe¥™ -5

problem 4 zolution

Figure 2.2: Problem 4 plot of solution

2.2.6 Problem 5

Solve (3x - y) dx + (Sy + x) dy = 0 using general integrating factor

The ODE is Checked if it is exact: M (x, y) = 3x —y hence M_ _1and N (x, y) =3y + x,

Iy
then %\CI = 1. Therefore it is not exact. The ODE can be made exact by using a general

integration factor.
Trying I = (xz + yz)p the ODE becomes

(xz + yz)p (3x - y) dx + (x2 + yz)p (3y + x) dy =0

Hence
M= (x2 + yz)p (3x - y)
oM -
Sy =) (2) Bry) - (24 )
and

N = (x2 + yz)p (3y + x)

83_13\(] =P (x2 + yZ)P—l (2x) (3y + x) + (x2 + yz)P

11
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For an exact ode the following is required
oM IN
" ox
2py (x2 + yz)p_l (3x - y) - (x2 + yz)p = 2px (x2 + yz)p_l (3y + x) + (xz + yz)p
Dividing by (2 +12)
p (Zy) (3x - y) - (x2 + yz) =p(2x) (3y + x) + (xz + yz)
2py (3x - y) - (x2 + yz) - 2px (Sy + x) - (x2 + yz) =0
and Letting p = -1
—2y(3x—y) - (xz +y2) +2x(3y+x) - (xz +y2) =0
—6yx +2y? — x> —y? + bxy + 2x> —x2 - > =0
0=0
Hence the integrating factor is
= (2+7)
The ode is now multiplied by this integrating factor
If(3x—y)dx+1f(3y+x)dy =0
(x2 + yz)_l (Bx - y) dx + (x2 + yz)_l (By + x) dy=0
Now M (x, y) = (x2 + yz)_l (3x - y) and N (x, y) = (x2 + yz)_l (Sy + x) .

2¢(x, 2¢(x, dp(xy) dp(xy)d d
Let # =M (x, y) and # N (x, y) the ode becomes #"_%d_j}i =0or—¢ (x,y (x)) =

&(p(x,y)
dx

0 hence ¢ (x,y (x)) =C.To find ¢ (x,y(x)) ,the first equation

@ = M(xy) = (2+17) " (3x-)

o(ny)= [ ) o

(2 +2)
= g In (x2 + y2) — arctan (g) +g (y) 1)
Ip(xy

dy

=M (x, y) is used

~—

Where ¢ (y) is a function of y that needs to be found. Since =N (x, y) then

dp (x, y) _ (3y + x)
dy a2 +? @

12
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Ip(vy) _ x+3y

But from Eq. (1) . e

+¢ (), hence Eq. (2) becomes

+3y 3y +x
;24_32"" (): (x2+y2)

g (y)=0
Since ¢’ (y) =( then g (y) = 0 is assumed. Therefore ¢ (x, y) = gln (xz + yz) —arctan (i) but
[ (x,y(x)) = C hence

g In (x2 + yz) — arctan (;) =C

To find C initial conditions can be used but in this problem these are not given.

2.2.7 Problem 6 O’Neal page 38 (section 1.5), problem 17
Solve 2xy + 3y’ = 0;y (0) = 4, using Iy = y“ebxz where a,b are constants

Here M (x, y) =2xy and N (x, y) = 3, hence the ODE is not exact. Multiplying the ODE by
I gives
f8

y”ebxz (ny) dx + y“ebxz 3)dy =0

Hence
M= zxya+lebx2
M
8_y =2(+1) xy“ebx2
and
N = 3y“eb"2
JIN
o 6l7xy”ebx2
So for exact the following is required
JM JN
dy  Ix
2(a+1) xy“eb"2 = 6bxy”eb"2
(a+1)=3b
Hence b =1,a = 2. Therefore
2
Ir = yPe

Multiplying the ODE by the above integrating factor gives
(yze"z) 2xy + (yze"z) 3y =0=0
Where now M (x, y) = (yzexz) 2xy and N (x, y) =3 (yZexz)

13
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Letting a(p(gi'y) = M(x, y) and 2ol) N (x, y) the ode becomes 8@5:y) Qq);;'y)j—z =0 or
d%go (x,y(x)) =0 hence ¢ (x,y(x)) = C. To find ¢ (x,y(x)) the first equation @ =M (x, _1/)
is used
& 4
¢§w=M@ﬂ=Wfﬂw
go(x, y) = f 2136 dx
=1%e” +¢(y) (1)
Where ¢ (y) is a function of y that needs to be found. Since &(p;;c,y) =N (x, y) then
99 (5y) _ o o
Iy

From Eq. (1) %;y) = 3yzex2 +g (y), hence Eq. (2) becomes
3y2€x2 +¢ (]/) — 3y26x2
gv)=0
Since g’ (y) =0 then g (y) = 0 is assumed. Therefore ¢ (x, y) = y3ex2 but ¢ (x,y(x)) = C hence

3 2

yet =C

Initial conditions are used to find C
4Pl =C
48 =C

Hence the solution is

y(x) = (4%)?

or
2

y(x) = 4es
2.2.7.1 small question on the above problem

Why can’t one start by dividing by v in order to obtain 2x + zy’ = 0. Hence now M = 2x and

N = 3 and so it is exact. Therefore

j—i’ = M = 2x, hence ¢ = f 2xdx = x> + g(y). This means g—q; =g (y) but we also know that
(;—(p =N-= é, therefore
y y
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problem 6 solution

¥id

Figure 2.3: problem 6 plot of solution

Hence g(y) = 3Iny + ¢; where we can set ¢; to any values and we choose zero. Therefore

since the potential ¢ (x, y) = C some constant, this means
C=x’>+g (y)
C=x*+3Iny
From initial conditions C = 0 + 31n 4, hence

3ln4 =x*+3Iny

1
Iny=1In4-=x2
ny=lInd-=
Or
_ eln4—§x2
2
= 463

Which is the same solution found inthe key solution.

2.2.8 Problem 7 O’Neal page 38 (section 1.5), problem 20
Solve 3x%y + > + 2xy?y’ = 0,y (2) = 1
Here M (x, y) =3x%y +y° and N (x, y) = 2xy?, hence aa—l\; = 3x? + 3y? and %] = 212, therefore
the ODE is not exact.
Multiplying the ODE by I = ; gives
322 +y? + 2xyy’ =0
To verify that the ODE is not exact

M =3x% + y?
8M_2
8y_ Y

15
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and
N = 2xy
8N_2
o Y

Iplx,
They are the same, hence the ODE is exact. Picking the first equation # =M (x, y) and
integrating

do(x,
§08(x y) =327 +y°
o) (x, y) = f3x2 + y2dx
=x* + P +g(v) (1)
. . . 9pvy)
Where ¢ (y) is a function of y that needs to be found. Since Fy N (x, y) then
dp (x, y)
— =2 2
2y Xy (2)
8(p(x,y) _ ’
But from Eq. (1) o " 2ux+ g (y), hence Eq. (2) becomes

2yx+ ¢’ (y) = 2xy
gv)=0
Since ¢’ (y) = 0 then g(y) = 0 is assumed. Therefore ¢ (x, y) = x° + y%*x but ¢ (x,y(x)) =C
hence
X +y’x=C

Initial conditions are used to find the constant of integration. Using y(2) =1

22+12(2)=C
C=10
Hence the solution
X +1y2x =10
o+ 10 — x3
X

2.2.9 Problem 8 O’Neal page 45 (section 1.6), problem 12

Find the general solution to x*y’ = x%y — >
The ODE is
Y y= 1)

16
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problem 7 solution, x=0

Figure 2.4: problem 7 plot of solution

hence it is in the form

y+p@y =@y

where p (x) = _71 and f (x) = ;—; therefore a Bernoulli equation of third order since
solve, it is first linearized using u = y'™"

U=y
du
T
Hence Z—Z = ;y3
dy dydu
dx ~ dudx
=1 ,du
AT
Also from Eq. (2)
y=uy
Substituting the above 2 equations into Eq. (1) gives
Dividing by > gives
-ldu 1 1
2& x P
du 2 2
e
This is a linear ODE in u (x). Multiplying by integrating factor I
I du +1 %u =1 2
dx x x3

X 2
But % (Iu) = I'u+Iu’, hence comparing to the above shows that I’ = I}Z—C orl=el ™

17

n=3.To

(2)

:eZInx —
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x2. The ode can now be written as
2

d
=15
dx(u) x3
2
uxzzf—axzdx+C
X
=2lnx+C
1
u)=—@2hnx+C)
X

Butu=y?2ory= Lu, hence

yx) =+ !
=z @Inx+C)

1
- ix\/2 Inx+C
2.2.10 Problem 9 O’Neal page 45 (section 1.6), problem 17
Solve y" = ::i:yyj

ax+by+c

This is of the form y’ = F( ), since ae = 3 and bd = -1 hence ae — bd = 4 # 0, therefore
dx+ey+r

this can be transformed to nearly homogeneous using X = x+/ and Y = y + k as follows.

x =X -h, hence dx =dX and y = Y -k, hence dy = dY. The ODE becomes
ay 3X-h--k-9

iX ~ (X-h)+ (Y -k +1
_3X-3h-Y+k-9
 X-h+Y-k+1
_3X-Y+(-Bh+k-9)
X+ Y+(h-k+1)
Now h, k are found to make (-3k +k-9) = 0 and (-h -k +1) = 0. Solving for these gives
h =-2,k =3, hence

x=X+2
y=Y-3
And the ODE becomes
Yy 3X-Y
"k
T1+Y/X Q)

18
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. _ dy _ du
For| X #0 |or x # 2. Letting Y = UX, then == dXX + U and Eq. (1) becomes

d—UX+U:3_U
dx 1+U
au, 3-U
xo-1ru Y
_3-u-u@a+u
B 1+U
_3-2u-U?
T 1+U

Hence it is now separable
1+U
3-2U - U?
1+U
3-2U - U?

—%ln(S—ZU—UZ) =In(X)+C

1
du = -dX
X

dU=InX)+C

3-2U - uZ — 6_2 In(X)+C
3-2U-U?%=CX"?

-2{5)-(] e

3X?2-2XY-Y?=C

Since Y = UX then

Transforming back to x,y. From X = x -2 and Y = y + 3, the above becomes

3(x—2)2—2(x—2)(y+3)—(y+3)2:C

The above is the general solution.

2211 Problem 10

Find general solution to (2x2 —~ yz) dx + 3xydy = 0
This is of the form

d_y _ yZ _ 2x2
dx  3xy
dy _y 2
dx  3xy 3xy
dy 1 2x
Y == 1
dx 3x 3 @
Y +p@y=fy"
Where p (x) = ;—i and f (x) = —%x and n = -1, hence it is a Bernoulli equation of order -1.

19
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Using the substitution u = y'™"

u= @)
du _»
d_y =<4y
Hence Z—Z = %
dy dydu
dx — dudx
1 du
= Za
And from Eq. (2)
u
/ y

2ydx  3xy - 3y

1 ..
The term ; cancels resulting in

ldu 1 X
2dx 33
du 2 3 4x
dx 3x 3

This is a linear ODE in u (x). Multiplying by an integrating factor I

2 -4
2 (2
dx 3x 3
But “ o , , 12 _ [ Za _ e _ -2
utE(Iu)—IquIu,henceI ——IaorI—e 37 =g 3 = x 3, and the above ode
becomes
d —4x
—(Iu)=11—=
dx(u) (3)
—4
I :f ldx+C
u (3) x
_1f—4x 1 +C
RN B R

20
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2
But I = x 3, therefore

2.212 Problem 11

Problem: Show that if one solution, say y = u(x), of the Riccati equation y’ = P(x)y? + Q(x)y +

R(x) is known, then the substitution y = u + - L will transform this equation into a linear
first-order equatlon in the new dependent variable z.

Using y =u + ; then vy’ =u’ - Z—zz’. Substituting this into the original ODE

72

1 1\ 1
w—-—=z'=Plu+-] +Q u+ +R
V4

1 u Q
22U’ — 7' = Z?P (uz + = +2— | +22Qu+ 2= + 2°R
z z z

22y’ — 7' :P( 202 +1 +22u) +2%Qu +zQ + z°R
7' = z2u’ — PZ2u? — P — 2Pzu — z*Qu - zQ — 2R
=22 (u' - Pu = Qu-R) +z(-2Pu - Q) - P 1)
For this to be linear, the term multiplying z> must vanish. Hence
A=u -Pu>-Qu-R

must be shown to be zero. Now, since #’ =y’ and u = y and u? = y? this term can be written
as

A:y’—(Py2+Qy+R)
But from the original ODE itself, it is seen that y’ = Py? + Qy + R, therefore
A=0
And Eq(1) becomes
z=z(-2Pu-Q)-P
Or
Z/(¥) +z2(x) 2P () u (x) + Q (x)) = —P (x)

21
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This is now in the form
z (x)+ A(x)z(x) = B(x)

Where A(x) = 2P (x)u(x) + Q(x) and B(x) = —P(x). Since this derivation was carried out
using general expressions, then it is valid for any solution u (x). Hence if one solution is
known, the ODE can be transformed to linear first order in the new variable.

22
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2.2.13 key solution

Homework Set No. 1 NEEP 547
Due September 13, 2013 DLH

Separable Eqgs.; Solve the initial valued problems:
N (4pts) O'Neal, page 20, prob. 14: 2y’ = e¥°, y(4) = -2

™ 2. (4pts) O’Neal, page 20, prob. 15: yy' = 2z sec(3y); y(2/3) = 7/3

Exact Differential Egs.; Solve the initial valued problems:
> 3. (5pts) (2zy 4 e¥) dz + (2% + ze¥) dy = 0; y(1) =In(2)

~ 4. (5pts) O'Neal, page 32, prob. 14: e¥ + (e — 1)y =0; y(5) =0

General Integrating Factor:
5. (6pts) 3z —y)dz+ (3y +z)dy =0

™ 6. (6pts) O’'Neal, page 38, prob. 17; Solve the initial valued problem: 2zy + 3y = 0; y(0) =4

Hint; try u(z,y) = y® el”"z7 where a and b are constants)

|

(

~7. (6pts) O’Neal, page 38, prob. 20; Solve the initial valued problem: 3z%y + ¢® + 2zyy = 0;
y(2)=1

Homogenous, Bernoulli and Ricatti Eqgs.:

8. (5pts) O'Neal, page 45 prob. 12; find the general solution: zy' = 22y — g3

9. (5pts) O’'Neal, page 45, prob. 17; find the general solution: ¢ = BZ'T‘J:;{”IQ

N

10. (5pts) Find the general solution: (222 — y2) dz + 3zy dy = 0

11 (4pts) Show that if one solution, say y = u(z), of the Riccati equation y' = P(z)y?+Q(x)y+
R(z) is known, then the substitution y = u + % will transform this equation into a linear
first-order equation in the new dependent variable z.
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23 HW 2

2.3.1 Problems to solve

Homework Set No. 2 NEEP 547
Due September 20, 2013 DLH

Nonlinear Egs. reducible to first order:

1. (5pts) Find the general solution to the differential equation:
y' =1+ @)%
2. (5pts) page 72, prob. 13c; Find the general solution to the differential equation:
yy" = vy + (v)?
Linear Operators

3. (6pts) First factor the equation using operator notation and then find the general solution

to the differential equation:
dy dy
2
St —y=0
dz? + dz
4. (6pts) First factor the equation using operator notation and then find the general solution
to the differential equation:
d*y | dy 2
T+ -—=32"—-¢x
dz? + dx

Linear dependent or independent solutions.

5. (4pts) page 69, prob. 8. : Show that yi(z) = 2 and y2(z) = 22 are linearly independent

solutions of 22y —2x 3 +2y = 0 on [-1,1], but that W(0) = 0. Why does this not contradict
Theorem 2.3.1 in this interval?

Theorem 2.3: Wronskian Test : Let y1 and ya be solutions of y" + p(z)y + q(z)y = 0 on
the open interval I. Then,

2.3.1. Fither W(x) =0 for all x in I, or W(zx) # 0 for all x in I.

2.3.2. y1 and yo are linearly independent on I if and only if W(x) #0 on I.

6. (4pts) page 69, prob. 10: Show that y;(x) = 3e* — 1 and ya(x) = e~® + 2 are solutions of
yy"+2y — ()% = 0, but neither 24; nor y; +¥2 is a solution. Why does this not contradict
Theorem 2.27
Theorem 2.2: Let y1 and y2 be solutions of y" + p(x)y' + q(z)y = 0 on an interval I. Then
any linear combination of these solutions is also a solution.

Homogeneous Linear Differential Equations with Constant Coefficients:

7. (6pts) Solve the initial-value problem: (D? —6 D% + 11 D — 6)y = 0 where D" = %; with
conditions: y = ¢’ = 0 and 3" = 2 when z = 0.

8. (6pts) Solve the initial-value problem: 8y —4y” 4 63y’ + 5y = 0 with conditions: y = 0,3” =
y' =1 when z = 0.

Nonhomogeneous Equations with Constant Coefficients
9. (6pts) O’Neil, page 93 prob. 16; find the general solution: y” — 2y’ + y = 3z + 25 sin(3x)

10. (7pts) find the general solution: 3™ + 3y"” — 4y = sinh(z) — sin?(z)
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2.3.2 Problem 1 reduction of order (book 2.3 section)

Nonlinear Eq, reducible to first order.
3

N
Find the general solution to y” = (1 + (y’) )2

This is non-linear, second order differential equation. Since x does not appear explicitly, let
u =y, then 1’ =y and the above differential equation becomes
3
u = (1 + uz)z

The above is now separable and solved for u

du —dx
(1+u2)?
——x+C
V1 + u?
The above is solved explicitly for u
u? 2
T2 (x+C)

u? = (1+M2)(X+C)2
w2 - 12 (x+C)* = (x+C)°

2= (x +C)°
~(x+C)*
_ . (x+C) _ (x+C)
V1-(@+C? m
Since u =y’ therefore
(x+C)

y =t—
\J1-(x+C)?

This is separable, hence the solution is

]/(x)—+f (x+0O)

V1 (x+C)
= ++/1- (x + C)* +C,

= +V1-22-20xC+C2+ G,

2.3.3 Problem 2 O’Neil page 72, problem 13c

Find general solution to yy” = y?y’ + (]/’)2
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Solution: This is non-linear, second order differential equation.

Py Ldy  (dy\
yﬁ_yEJr(E)
dx

a2~ Vi Yy
Multiply by z—;

2

Pyt 1y

dx? dy ydx
Let

d
u(y) =2

u here is function of y.The differential equation becomes

dul N 1
_— = —Uu
axu Y y

du

1
— =yu+-u?
Y

dx

. dx . _dy
Multiply by & and using that u = -~ the above reduces to

duds _ dv iPdy
dxdy_yudy y dy
du_ L[y} dx
dy_y y\dx) dy
1 (dy
~ve ()
Ly
Y y
Hence
du _u _
ay y Y

This is solved for u (y) ‘The integrating factor is I; =y hence
d (y‘lu) =y ly=1

ylu=y+C
u=y*>+Cyy
Butu:Z—Zhence

dy ”

“_ C

x y+Ly
dy _
¥~ Cwy=0
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This is first order non-linear ODE. It is separable, hence

d
L A dx
(yz + Cly)
Applying partial fractions to the LHS gives
dy 1 dy

-— =dx
Ciy CiCi+y

Integrating both sides now gives

1 1
C—llny—c—lln(y+C1) =x+GC,
lny—ln(y+C1) =Cix+GCj
Where C3 = C1C2
¥

lny+C1=C1x+C3
y — Clx
Y n Cl C4€

y = yCyeC1* + C1Cye1*
y — yCyeC1* = C;Cyet1*
y (1 - C4eclx) = C,Cyet*
_ CyCyet
1 - CyeCrx

2.3.4 problem 3, linear operators

First factor the equation using operator notation and then find the general solution
Xy +xy -y =0
Let D = %.The ODE can be written as
(x2D2+xD-1)y =0
bV dac _ —xxVd? _ xax5 _

The roots of the characteristic equation ®A2+xA-1arem = 5 5
\/_ ‘/_ 2a 2x 2x
-1+v5 -1 5
= — + —. Hence the roots are
2x 2x 2x

-1++5
= 2x
s

2x

my

The ODE becomes
(D-my)(D-mp)y=0
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Let

(D-my)y=v 1)
hence

(D-myp)v=0
Solution of (D —m)v = 0 is solution of v" — mv = 0 which is v (x) = Ae™ hence the solution of
the above becomes

v (x) = Ae™*
%)
= Ae\ ?

A"

-1+45
2 ) = Cl'NOW from Eq- (1)

Hence v (x) is constant and does not depend on x. Let Ae(
(D-my)y=v=C
dy

oMy =G
dy 1++5
4 \/—y =G
dx 2x
The solution to the homogenous equation is
d 1++5
dy 14N5
dx 2x
d 1
B _ 1T \/de
y 2x
(-1-V5)
Iny, = Inx+C
(1-46)
yp = Coxe 2
yn = Cax
. . . . dyy 145
For the particular solution, using the trial y, = C, hence — Ty = Cyor0- = C=0Cy,

C
hence C; = 74, )

Therefore the general solution is

Y=Yntyp
Cy
—C3x+7

Where Cy4, C;3 are constants that can be determined from initial or boundary conditions
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2.3.5 problem 4

xy” +y =3x%-x
First the homogenous equation is solved. Let D = j—x hence

(xD?+ D)y, =0

—b+Vb2-4ac 11 _

-1

+1
. hence

The roots of the characteristic equation (x/lz + /\) are m = ” = —
the roots are
-1+1

=0

2x
-1-1 1

my =

M2 = 2x b
Therefore

(D=-mp)(D-my)y, =0

(D -mp)(D)y, =0
Let
D)yn =0
Hence
(D-my)v(x)=0
dv

— —myv(x) =0

dx
dov
i
- mydx

-1
lnv:f—dx+C

x
Inv=-Inx+C

Hence
C
v(x)=—
X

Where C; is new constant. Eq. (2) becomes

dy, = —d
Yn=—ax
Yy = Cl Inx + CZ
To find particular solution, let

Yp = ax’ +bx* +cx +d

46
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and y, = 3ax? + 2bx + ¢ and Yy, = 6ax + 2b hence the original ODE becomes
x (6ax + 2b) + (3ax2 +2bx + c) =3x2—x
9ax? + 4bx + ¢ = 3x% — x

Hencec=0and a = % and 4b=-1or b= —i, therefore

1, 1
Yp = gx -
And the full solution is
Y=YntYp
= Cllnx+C2+lx2—1x
3 4

2.3.6 Problem 5 (linear dependent and independent solution)
Problem page 69, problem 8

Show that y; (x) = x and y, (x) = x? are linearly independent solutions to x2y”" —2xy’ +2y =0
on [-1,1] but that W (0) = 0. Why does this not contradict theorem 2.3.1 in this interval?

Theorem 2.3: Wronskian test: Let vy, 1, be solutions of y” + p(x)y’ + g (x)y = 0 on the open
interval I, then the following is true

1. Either W(x) =0 for all x in I, or W(x) # 0 for all x in I
2. y; and y, are linearly independent on I iff W (x) # 0 on I
Answer:

First we show that y;,1, are solutions to the ODE. Looking at y;, then y; = 1,y = 0.
Substituting into the ODE gives

2x+2x=0

Hence y; is a solution. Looking now at y,, then y; = 2x,y”” = 2. Substituting into the ODE
gives

2x2 —4x2 +2x2 = 0
Hence y, is also a solution. Now we will show they are linearly independent. Let
ay, +by, =0

Where a,b are constants. If there are non-zero constants g, b that will make the above true,
then y;, 1, are linearly dependent. Another way to say this, is that if and only if whena =b =10
then the above is true, then yy,y, are linearly independent.

Let us assume that for all x the following is true
ax +bx? =0

Let x =1, then 2+ b = 0. Let x = -1 then b —a = 0. Solving for a,b from these two equations
shows that 2b = 0 or b = 0, hence a = 0. Therefore, for ay; + by, to be zero then a = b = 0.
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This shows that y;,y, are linearly independent.
The above showed that vy, y, are solutions to the ODE and that they are linearly independent
functions. Now the Wronskian test is applied

x x?

1 2x

Vi Y2
Vi Y2
At point 0 we see that W (0) = 0. This seems like a conflict. But the Abel’s stronger statement
applies only for solutions of an ODE, which says that for second order ODE, if y,,y, are
linearly independent solutions of the ODE, then W can not be zero at any point in the
interval. However, there is no conflict in this case, since at x = 0 this statement does not
even apply, as we see that when x = 0 the first and second terms of the ODE itself vanish
and we no longer have an ODE in first place. At any other point x, where the ODE remain
in effect as stated, then W (x) # 0, and hence there is no conflict.

W= = =2x% —x? = x?

X

Summary: To show that two functions are linearly independent on an interval, it is enough
to show that the W is not zero on any one point in the interval. We do not need to check at
each point. It is only when these two functions are also solutions of the ODE, then we need
to check that W is not zero on each point in the interval, where the ODE is defined. In this
problem, it happened that at x = 0 the ODE itself is not defined since a7 = 0 there.

2.3.7 Problem 6 page 69 problem 10

2
Show that y; (x) = 3¢** -1 and y, (x) = ¢~ + 2 are solutions of vy’ + 2y’ — (y’) = 0 but neither
2y nor y; + Y, is a solution. Why does this not contradict theorem 2.2?

Theorem 2.2: Let yy,y, be solutions of y”” + p (x) ' + q(x)y = 0 on interval I, then any linear
combination of these solutions is also a solution.

Solution

First we show that the y; and y, are solutions. This is done by substitution into the ODE
and checking for identity. Starting with 1,

y] = 6¢%*,y} =12¢%*, hence the ODE become

iyt + 25— () = (362 =1) (1262) + 2 (602 - (60
= 366 — 126%* + 12¢% — 36e*
=0

This shows that y; is a solution. Now for y, we have y;, = —¢™,y; = ¢7, hence the ODE
become

2
vyl + 201 — (1) = (€ +2) () +2(-e ) — (—)°
=e X 20— 2 — ¥
=0

Therefore v, is also a solution. now to Check if 2y, is a solution. Let y3 = 2y; = 6¢>* —2 hence
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y4 = 12¢* and y4 = 24¢**. Substitution into the ODE gives

o+ 2 = (6 -2) 3 2(22)- 122
— 144¢% — 4862 + 240%% — 144e™
= —D4e%
#0

Hence y3 = 2y, is not a solution.

Now to check that y; +y, is a solution or not. Let y, = y; +y, = 3¢¥ ~1+e ¥ +2 = 3e2 +e* +1,
hence y; = 6¢** — ¢ and yy = 12¢* + ¢, and substitution into the ODE gives

Yayy +2y) - (yjl)z = (362" +e ¥+ 1) (1262" + e"‘) +2 (632" - e‘x) -~ (632" - e‘x)z
= 366 + 3% +126* + 7% + 1207 + ¢7* +126% — 27 — 36e* — ¢72* 4 12¢*
=276 — ¢™* + 24¢%
+0

Hence y, = y; + y, is not a solution.

Now to answer the question. Since the ODE given is not linear, and not of the form y” +
p(x)y" +q(x)y =0, then we need to check first that when using the solution 2y, or y; + v,
the ODE remains of the same form shown above for these to be also solutions.

Let us try 2y; and substituting this into the ODE. This results in

w'+2 - () =0

(21) (2%)” +2 (Zyl), - [(Zyl)/] =0
(21) 207 +2(20%) - (263) =0
dyri + 4 -4 () =0

Dividing by 4

2
vy +v5 - (1) =0
Comparing this with the original ODE, we see it is not the same ODE. The second term
was 2y’ and now it is yj. Hence 2y, is not a solution. The reason is due to the nonlinearity
of the ODE, the theorem did not apply to it.
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Checking now for the second trial solution y; + y, and substituting this into the ODE
w2y = () =0
() b+ ) 200 +w2) = [+ ) | =0
(v +92) (07 +95) +2(v4 +5) ~ (5 +95) =0
(1 +v2) (7 + ) +2 (i +v5) - (12) - (3) —2viw3 = 0
(v +y198) + (vat + vav) + 24 + 20— () — (v3) —2¥fw = 0
[ylyi’ + 2y - (yi)z] + [yzyé’ + 2y - (yé)z] + Y15 + Yoy — 2y =0

The terms in square brackets are zero, since they are solutions of the ODE and hence vanish,
hence the above reduces to

Y2 Y1 — 212 =0
This is not the same ODE we started with. For y3 = y; + y, to be a solution, the ODE obtain
2
ysys +2y3 — (yg) = 0. The reason is due to the nonlinearity of the ODE.

2.3.8 Problem 7
Solve the IC problem (D3 -6D?+11D - 6)y =0withICy=y" =0and y” =2 whenx =0

We need to factor the characteristic equation A> — 642 + 111 — 6 = 0. Guessing a root, we see
A3-612+111-6
1-2
equation is (/\2 - 4A +3) (A =2). Now we factor the quadratic giving the final answer of

(A—=1)(A -3)(A —2). The ODE is now written as

(D-1)(D-3)(D-2)y=0

that A = 2 is a root. Long division gives = A2 — 4] + 3, hence the characteristic

Let (D -2)y = v then
(D-1)(D-3)v=0
Let (D - 3)v = u then

D-1u=0
w—-u=0
d
=@
Inu=x+c¢
U =ce*
Backtracking to the previous ODE
(D-3)v=u
dv
i 3v = ¢1e*
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Integrating factor is I; = ¢™> hence
d
E (va) = Ifclex
Ifo = flfclexdx +cy

=q f e dx + ¢,

-1
— —2x| 4
Cq ( 5 e ) Cy
S G P
v= 26—3xe i e—3x
— 1 x 3x
= —+
5 € tee
Now backtracking to the first ODE
(D-2)y=v

T = et e

Integrating factor is Iy = e>* hence

—c
ey = | e (Lot + cpe ) dx + c
2

—c
= f (Tle‘x + czex) dx + c3

2
= Ee‘x + et + ¢35

2!
Y= =€ + e + 36
2

or letting % = ¢; (new constant) then
Y (x) = c1€* + cpe + 36
Now the constants are found from IC. y =y’ =0 and y” =2
When x = 0 then y = 0, hence
O=c1+cy+c3
Taking derivative, then
Y (x) = c1€* + 3,83 + 2c56%
Hence
0=cy +3c +2c3
Taking derivative again

Y (x) = c16¥ + 9cpe>* + 4cze®™
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Atx=0
2 =1c1+9c; +4c;3 (3)
Solving Egs. (1),(2),(3) for the constants gives c¢; =1,c, =1,c3 = 2. The final solution is

y(x) = e + ¥ — 2%

2.3.9 Problem 8
Solve the IC problem 8y”" —4y” + 6y’ +5y =0 with ICy=0,y" =y’ =1 when x =0
Solution:

Writing the ODE as (SD3 —4D? + 6D + 5) y = 0. The first step is to factor the characteristic
equation 843 442 + 61 +5 = 0.

By guessing an initial root as A = —- with some trials, now performing long Division to

reduce it to a quadratic and then applying the quadratic equation to obtain the remaining

3_4 2
two roots. HenceSAA—IM =812 -84 +10.

)l+§

The characteristic equation now becomes (A + %) (8/\2 -84+ 10). Factoring the quadratic

-bxVb2-4ac _ 8+\64-4(8)(10) _ 8xV64-320 _ 8x16i _ 1x2i

. ) 1 .
= = —=, —+1.
gives T m m > This means the roots are 5 *i Hence

the ODE becomes (D—(%"‘i)) (D—(%_i)) (D+%)y:o

Let (D + %)y = v The ODE becomes

o))

Let (D - (% - z)) v =u. The ODE becomes

du 1 i 0
— |z +i|lu=
dx
(1+i)x
This is separable with solution u = ce'\? / backtracking to the previous ODE and solving

i

2o
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1 .
Integrating factor is Iy = e (2 l)x hence

% (10) = Ifcle(%+i)x
ve_(%_i)x = fcle_(%_i)xe(%”)xdx +cy
o [

=q f Axdx + ¢,
eZix

:C17+C2

Therefore

v(x)=¢ ?e(; )x + cze(%_i)x

- 1) ( ‘ 1)
i+ |x —i+= |x
= cle( 2+ e\ 2

Where ¢, = % Backtracking to the first ODE, we now solve

1
(D + E)y =0
1S )

1
The integrating factor is ez* hence

)= o s
1

Ly = fe%x (cle(i+%)x + cze(_Hz)x) dx +c3

= f 1Y eI Dx gy 4 oy
e(1+i)x e(l—i)x

- +C ;
1+1 21—

=0 +C3

Therefore
e(1+i)x __1x e(l—i)x __1x __1x
y=0 —€2" + ¢y —e2" +(c3e2
1+: 1

1 ol oix -1
Sx X
=e2 (C1m+C21_i)+C3€2
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But ¢ = cosx + isinx and e™™ = cosx —isinx, hence combining the above gives

y= e%x Clcosx+isinx +C2cosx—isinx) +c3e_71x
1+ 1-1
1.{c; (A =i)(cosx+isinx)+cp(1 +i)(cosx—isinx)) e e%lx
(1+1)(1-1) ?

%x c1 (cosx +isinx —i(cosx +isinx)) +c2(cosx—isinx+i(cosx—isinx))) N ;x
=e C3e

2

«[c1(cosx +isinx —icosx + sinx) + ¢, (Cosx —isinx + icosx + sin x) 1,
5 +c3e2

1. (cosx(c; —icy + ¢y +icy) +sinx(cq +icy —icy + Cp) 1

2

cq+ic1—icp+c
1+1C1—1Ca+C)

c1—ic1+cp+ic
1—iC1+Cp+ic)

Let >

= ¢, and let = 5, then the above reduces to

1 —
y =e2" (c4co8X + Cc58inx) +cze2
This is the general solution. c3, ¢4, c5 are found from IC. y =0,y =y’ =1

When x=0andy =0
0:C4+C3 (1)

Now

11 . ! : e
y = 5ez" (c4 cosx + C58inx) + €2" (—¢y sinx + ¢5 cosx) — Scse? :

Hence at x =0

1 1
1= §C4 +C5 — §C3 (2)
and
11, ) 1 1, )
y' = Zez (c4 cOS X + C58in X) + 56’2 (—cg sinx + c5 cos x)
1 1 1 -

]‘ =X . 1 =X : X
+ 562 (—cgsinx + c5 cosx) + 562 (—c4cosx —c5sinx) + ZC3€ 2

Hence at x =0

1 1 1 1 1
1= —Cy + —C5+—C5——C4+—C3

4 2 2 2 4
1
=BT 0t (3)

Solving Egs. (1),(2),(3) for the constants gives c3 = 0,c4 = 0,c5 = 1, hence the solution is

1
=e2"ginx
Y

A plot of the solution is
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socluticn to problem 2, HWZ2, EMA 547, Fall 2013
e*'% 3inix)

Figure 2.5: plot of solution to problem 8 HW2

2.3.10 Problem 9, Nonhomogeneous equations with constant
coefficients

O’Neil. page 93, problem 16. Find general solution to y” — 2y’ + y = 3x + 25sin (3x)

Write as (D? - 2D +1)y = 3x + 25sin (3x), where L = D> -2D +1 = (D -1)(D - 1). This will
be solved two ways. The first using variation of parameters to obtain the particular solution,
and the second by finding particular solution to each separate forcing function and adding.

2.3.10.1 First method (variation of parameters)

D-1)(D-Dy,=0
Let (D-1)y, = v, then

Solution is v = c;e*. We now backtrack and solve
D-Dy,=v

dy

P Yp = et

Integrating factor is e hence

% (Ifyh) =e7"(c16)
ey, =c1x+cp
Yp = c1xe* + cpe*
Hence y; = xe* and y, = ¢* are the two linearly independent solutions of the homogenous
ODE. Let the particular solution be
Yp = Y1 + U2l2
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where 1, (x), u, (x) are functions of x to be found. Hence

Yp = Uiys + Yy + s + Yy
and

Yp = uiyr +uyy + unyy oyt g+ upls + Y + oy
Therefore, the ODE y;/ -2y, +y, = 3x + 25sin (3x) becomes
uyYy Yy Yy iy up Yo + Uy + UpYp + gl
-2 (uiyl + Uy + Uy, + uzyé) + Uy + Uzl
= 3x + 25sin (3x)

Collecting terms
Uy [yi’ -2y; + y1]+u2 [yé’ -2yp + y2]+u’1’y1+uiy{+uiyi+u§’yz+u§y§+u§y§—2 (uiyl + uéyz) = 3x+25sin (3x)

But terms in brackets vanish since this is the ODE with the homogeneous solutions, hence
the above reduces to

uyy + ujy] + Uiy + uyy, + usys + upyy — 2 (u{y1 + uéyz) = 3x + 25sin (3x)

uyy + ujy] + uyy, + upys +ujy] + usys —2 (u{y1 + uéyz) = 3x + 25sin (3x)

d
T (u’lyl + uéyz) + (uiyi + uéyé) -2 (uiy1 + uéyz) = 3x + 25sin (3x)

If
uyyr +ugys =0 (1)
then the above becomes
(i + ubys) = f (x) = 3x + 25sin (3x) 2)

Hence we have two equations Egs. (1),(2) to solve for u,u,

ulzf_—yzf(x)dx: 2y dx

YiVs — Y24 W (x)
But
Y1 Y2 xe* e’ 2 2 2 2
W(x) = = :xex—(ex+xex):—ex
Vi Y X+ xe* e~
Hence

X
Uy = f _;x (8x + 25sin (3x)) dx
= f e (3x + 25 sin (3x)) dx
=3 f xe™* + 25 f e *sin (3x) dx

15 5
=e™* (—3 —3x - > cos (3x) — > sin (3x))
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and

y = M;/(lx) F(x)dx

X
- f x:2x (3x + 25 sin (3x)) dx

=- f xe™ (3x + 25 sin (3x)) dx

=-3 f x2e *dx — 25 f e *xsin (3x) dx

=e " (6 +6x + 3% + g cos 3x + ?xcos?)x —2sin3x + gxsinfix)
Therefore
Yp = Y1 + U2ly2

15 5
_ X [_3 —3x— - cos (3x) — > sin (3x)] xe*

3 15 5
+ (e‘x (6 +6x +3x% + > cos 3x + Ex cos3x —2sin 3x + Ex sin 3x)) e

, 15 5 . , 3 15 . 5 .
= -3x - 3x —Excos(?)x)—5x81n(3x)+6+6x+3x +Ecos3x+?xcos3x—251n3x+—xsm3x

3
=3x+ Ecos3x—281n3x+ 6
Hence the total solution is
Y=YntYp

3 .
= c1xe* + cpe’ + 3x + Ecos3x—2s1n3x+6

2.3.10.2 Second method (using linearity to add the two separate particular
solutions)

This will be solved by breaking the forcing functions and solving for each separately and then

adding the solutions at the end since the ODE is linear. Hence we will solve the following
two ODE’s

Vi~ 2+ yn = 3x
vy = 2y5 + Yo = 25sin (3x)

and the solution will be y = y; +y,. Starting with the first one, we solve for the homogeneous
and then for the particular.

(D-1)(D -1y =0
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Now we processed as before. Let (D -1)y, , = v, then

(D-1)v=0

do 0

— -0 =

dx

Solution is v = c;¢*. We now backtrack and solve

(D-Dyp=v
Ay M
g Yun=ae

Integrating factor is e™* hence

% (Ifyl,h) = e (1€)
e Y1y =X+ 0
Yy = c1xe* + cpet
Now we find the particular solution y .
Let y;, = ax® + bx + ¢, hence Yip = 2ax +b and yy, = 24, therefore the ODE becomes
2a -2 (2ax + b) + ax® + bx + c = 3x
x%(a) + x(—4a + b) +2a - 2b+c = 3x

Hence a = 0 and —2b+c = 0 and b = 3. Therefore ¢ = 6 and the forcing function is y, , = 3x+6,
hence

Yy = cyxe* +ce* +3x + 6
We now solve the second ode
Yy = 2y5 + Y, = 25sin (3x)

The homogenous solution is the same as above, y, ;, = c;xe*+ce*. Only the particular solution
needs to be found again. Let y,, = Asin3x + Bcos3x, hence y; , = 3A cos3x - 3Bsin3x and
Y3, = —9Asin3x — 9B cosx. The ODE becomes

—9Asin3x —9Bcosx —2(3A cos3x — 3B sin 3x) + Asin3x + B cos 3x = 25sin (3x)

sin3x (-9A + 6B + A) + cos 3x (—9B — 6 A + B) = 25sin (3x)

Therefore, (-8A + 6B) = 25 and (-8B - 6A) = 0, from the first equation A = @, and from

the second —83—66B%25 =0or -64B-36B+150 = 0 or B =1.5, hence A = % = -2, therefore

3
Yop = —28In3x + 5 cos 3x
And the general solution is
3
Yy =cyxe* +ce* +3x + 6 —2sin3x + 5 cos 3x

This answer matches the answer obtained above using variation of parameters.
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2.3.11 Problem 10
Find general solution y® + 3y — 4y = sinh (x) - sin” x
First the homogenous solution is find using the operator method. Let
(D4 +3D? - 4) y = sinh (x) — sin® x
The characteristic equation is A*+312-4 =0. Let A% = 1, hence u? —u—4 = 0, and the roots

are u = {1,-4}. Hence when u =1,A = 1 and when u = -4, A = £2i, therefore we obtain the
4 roots as {1,-1,2i,-2i} and the factorization is

(D -1)(D +1) (D - 2i) (D + 2i) y = sinh (x) — sin® x
Solving the homogenous part first.
(D-1)(D +1)(D -2i)(D +2i)y = 0
Let (D + 2i)y = v, hence
(D-1)(D+1)(D-2i)o=0
Let (D - 2i)v = u hence
(D-1)(D+1)u=0
Let (D +1)u = r hence

(D-1)r=0
dr 0
—_——r =
dx

And the solution is r (x) = c;¢*, backtracking now we solve
(D+1)u=ce*
du

— +u=ce*
dx

Integration factor is ¢*, hence
d X X X
—— (e'u) = " (c1e")
dx
cu=c fezxdx +0p
e2x

:C17+C2

Therefore

ex
U= clE +cpe™™

1
Let ¢ = 5C1> hence

U =cre* + e
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Backtracking, we now solve
(D-2v=u
dv

— —2iv =" + e
dx

Integration factor is e"** hence
d —2ix —2ix X —X
E(E v) = e (c1e° + cpe™)
e 2y = f €2 (c1e° + cpe ™) dx + c5

= f e~y 4 ¢y f e 72X Xy + ¢y

e—21x+x e—le—x

= +
vl TP

+C3

Hence
—2ixX+x —2ix—x
— p2ix 2ix 2ix
v = ey ——— + ePop———— + ¢
'-2i+1 2-2i -1 :
ex —X
=c +c
"2l P2i-1
Now we backtrack one last time and solve for y;,
(D+2))y,=v
dyy, e* e
— +2iy, =c¢ +c
dx T T2

Integration factor is e%* hence

+ 2%,

+ 2%y

—X

d 2ix _ L2ix e’ e 2ix
%(3 yh)—e (C1_2i+1+C2_2i_1+3 C3)
2iv,, _ | 2ix e e’ 2ix
e yh—fe (C1—2i+1+C2—2i—1+e c3)dx+c4

1 f x+2ix G f —x42i 4i
=— |e dx+ —=— | e ¥dx + | e**cydx + ¢
2i+1 —2i-1 3 4

X+2ix —x+2ix
_ (] e B Co e + _3€4ix ey
—2i+11+2i -2i-1-1+2i 4i

C . C . C .
— _1€x+21x _ _Ze—x+21x + _3'e4zx +cy

5 5
Hence
Y, = e—2ix (C_lex+2ix _ C_Ze—x+2ix + C_3'64ix + C4)
5 5 44
C1 Cy _ C . Y
— ex——ex+—‘°’_eZZ"+C4e 2ix
5 5 44

C —C —C o o
Let gl =¢; and ?2 =, and TS = c3 the above simplifies to
eZz’x )
Yp = 1€ + e — c3—— + cye 2™
i

= 16" + cpe ™™ + 510X + cqe
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Convert to trig using Euler’s we obtain
Yp = 16" + e + 31 (cos 2x + i sin 2x) + ¢4 (cos 2x — i sin 2x)
= c1e* + ™" + cos (2x) (ic3 + ¢4) + sin (2x) (—c3 — icy)
Let (ic3 + ¢4) = ¢5 and (—c3 — icy) = ¢4, new constants, hence

Yy = c1€° + e + c5c08 (2x) + cg sin (2x)

23111 Finding the particular solutions
To find the particular solution, using superposition. Since (D4 +3D?% - 4) y = sinh (x) - sin® x,
we solve first for the first forcing function
(D4 +3D% - 4) y = sinh (x)
sinh (x) can not be used for trail solution, as the homogeneous solution include ¢* in it and

—X

sinh (x) = —67 + ? Therefore we will use Axe* + Cxe™ as trial solution. Hence
Yp1 = Ae* + Bxe* + Ce™ + Dxe™
Yy = Ae" + Be" + Bxe* — Ce™ + De™ — Dxe™
Yy = Ae* + Be* + Be* + Bxe* + Ce™ — De™ — De™ + Dxe™
= Ae* + 2Be* + Bxe* + Ce™ —2De ™ + Dxe™
Yy = Ae* +2Be" + Be™ + Bxe® — Ce™ +2De™ + De™ — Dxe™
= Ae* + 3Be* + Bxe* — Ce™ + 3De™ — Dxe™
Yy = Ae" +3Be* + Be* + Bxe* + Ce™™ —3De™ — De™ + Dxe™
= Ae* + 4Be* + Bxe* + Ce™ —4De ™ + Dxe™
Therefore the ODE becomes, and using % - ? for sinh (x)
(D* +3D% - 4)y,; = (Ae* + 4Be* + Bxe* + Ce™ — 4De™™ + Dxe™)
+ 3 (Ae* + 2Be* + Bxe* + Ce™ — 2De™ + Dxe™)
et e*
— 4 (Ae* + Bxe* + Ce™ + Dxe™) = 73
Hence, comparing coefficients
X —X
¢ (A + 4B + 3A + 6B — 4A)+e™ (C — 4D + 3C — 6D — 4C)+x¢" (B + 3B — 4B)+xe ™ (D + 3D — 4D) = %—%
Hence

1
A+4B+3A+6B—4A:§

C—4D+3C—6D—4C:—%
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Hence
10B = -
-10D = —=
Hence
1
B=—
20
1
D=—
20
Therefore
1

1
Yip = %xex + %xe‘x

To find second particular solution,
(D*+3D% - 4)y = —sin’x
Since sin?x = + — (e‘Zi" + eZi") and the functions ¢*>* are in the homogeneous solution, let

4 . .
the trial function be y,, = a + bxe ™ + cxe*™

N

. Plug-in this into the ODE and expanding gives

. . 1 1, ... .
e™2% (32ib + 16xb — 12ib — 4bx) + €2* (=32ic + 16xc + 12ic — 12cx — 4bx) — 4a = 571 (72 + i)

This can be used to find y,, (need to more time to work this out). The final solution will
then be

Y=YntYp tYp
1 1
Y = c16° + e + 5 cos (2x) + cg sin (2x) + %xex + Z—Oxe"‘ +Yp2
note:

I verified the solution using Mathematica. The homogeneous solution appears to be correct,
but need to work more on the particular solution. Here is the result

Y (x) = c1€" + coe™ + 5 €08 (2x) + 6 Sin (2x) + v
Where y, was given as %e‘xA where
A = —80¢* — 2062 + 40e%*x + 40x — 20¢* sin®(2x) + 20e*x sin(2x)
+ 5e* sin(2x) sin(4x) + 10e* cos3(2x) — 20e* cos?(2x)+
16€* cos(2x) — 32¢* sin2(2x) sinh(x) — 32¢* cos?(2x) sinh(x) + 20

I tried using the variational method, but needed more time to complete finding the particular
solution.
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2.3.12 Kkey solution

Homework Set No. 2 NEEP 547
Due September 20, 2013 DLH

Nonlinear Egs. reducible to first order:

M. (5pts) Find the general solution to the differential equation:
3/2
¥ =1+ @)% /

o, (5pts) page 72, prob. 13c; Find the general solution to the differential equation:
yyll — yz yl + (Z/,]Q

Linear Operators

~ 3. (6pts) First factor the equation using operator notation and then find the general solution
to the differential equation:
d*y y
2
T ——y=0
dz? te aw Y
\ 4. (6pts) First factor the equation using operator notation and then find the general solution
to the differential equation:
d*y | dy

P A S
zdzz+dz 3z°—z

Linear dependent or independent solutions.

~ 5. (4pts) page 69, prob. 8. : Show that 1, (z) = = and y(z) = 2? are linearly independent
solutions of 2% 4 ~2zy'+2y = 0 on [-1,1], but that W(0) = 0. Why does this not contradict
Theorem 2.3.1 in this interval?
Theorem 2.3: Wronskian Test : Let y; and ya be solutions of y" +p(x)y' + q(z)y =0 on
the open interval I. Then,
2.8.1. Either W(z) =0 for allz in I, or W(z) # 0 for allz in I.
2.3.2. y1 and y2 are linearly independent on I if and only if W(z)#£0onl.

6. (4pts) page 69, prob. 10: Show that y1(z) =3e?* — 1 and ya(z) = % + 2 are solutions of
vy’ +2y — (') = 0, but neither 2 Y1 nor y1 +ys2 is a solution. Why does this not contradict
Theorem 2.27
Theorem 2.2: Let y; and yy be solutions of y" + p(x) ' + q(x)y =0 on an interval I. Then
any linear combination of these solutions is also a solution.

Homogeneous Linear Differential Equations with Constant Coefficients:

7. (6pts) Solve the initial-value problem: (D3 —6D2 + 11D — 6)y = 0 where D" = a‘%; with
conditions: y =y =0 and y” = 2 when z = 0.

* 8. (6pts) Solve the initial-value problem: 8y — 4y” + 6y + by = 0 with conditions: y = 0,y" =
y =1 whenz=0.

Nonhomogeneous Equations with Constant Coefficients
Mo, (6pts) O'Neil, page 93 prob. 16; find the general solution: 3" — 2y’ +y =3z + 25 sin(3z)

AN .
10. (7pts) find the general solution: y™ + 33" — 4y = sinh(z) — sin?(x)
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24 HW33

2.4.1 Problems to solve

Homework Set No. 3 NEEP 547
Due September 27, 2013 DLH

Nonhomogeneous Equation (Variation of Parameters)

1. (6pts) page 93, prob. 22: Find the general solution to the differential equation:
22y +3zy + y=4/z

2. (6pts) Using the variation of parameters show that
1 T
y = ¢ cosh(kz) + c2 sinh(kx) + % / sinh(k(z — s)) f(s)ds
0

is a complete solution of the equation y"” — k?y = f(z), where k # 0 and f is everywhere
continuous. Hint: Introduce the dummy variable s in the integrals which define u; and wus.
Then move y1(x) and yo(z) into the integrands of the respective integrals and combine the
two integrals.

Reduction of Order

3. (6pts) page 72, prob. 8.: Verify that the given function is a solution of the differential
equation. Derive the equation satisfied by u(z), give its solution and give the general solution
of the second order equation: 3y’ — (2z/(1 + 22))y’ + (2/(1+ 22)) y = 0; y1(z) = =.

4. (6pts) Use the one solution indicated to find the complete solution:
2z —2*)y" +2(x - 1)y —2y=0;yi(z) =2~ 1

Euler Equation
5. (6pts) page 81, prob. 20: z2y"” —9zy' +24y = 0; y(1) = 1, /(1) = 10.

6. (6pts) To reduce the Euler equation to a linear equation, we use the substitution, z = log(z)
to convert the equation from y(z) to an equation for y(z). If we use the operator notation
D = d/dx and D = d/dz, show that

d 1
i).—y =Dy=-Dy or xDy=Dy
dx T
d? 1
ii).d—;é =D = (DQy - Dy) or  22D% =D(D - 1)y

iii). and hence, that 2°D3y=D(D —1)(D—2)y

7. (6pts) Find the complete solution of the equation:
:L‘3 y/// + 4$2y// _ 51,y/ _ 15y — x4

First Order Equation

8. (6pts) The differential equation below has the boundary condition y(1) = b. Find the only
value of b for which y(0) is finite.

dy 1 e
=+ (55— Dy =—.
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2.4.2 Problem 1 Page 93, problem 22 (Variation of parameters)

Find the general solution to x?y” + 3xy’ +y = 2

X

Solution: This is Euler differential equation. The homogeneous solution yj, is first found,
then variation of parameters method is used to find the particular solution y,. The general
solution can then be written as y = y;, +y,

Comparing the homogeneous part to the standard form of Euler differential equation, which
is given by

x?y"” + Axy’ + By =0
Where in the above y(x) is a function of x, shows that A =3 and B =1.
Applying the transformatiot = In(x) to the original ODE converts it to

vy ' +(A-1)y'+By=0

y'+2y+y=0 (1)

Where y(t) is now a function of ¢ and not x. This new ODE is solved for y(t). The solution

is then converted back to be a function of x.

Since Eq. (1) now is a constant coefficients ODE, direct application of characteristic roots

—btVb2—dac  -2xV4-4

method can be used. The roots of A>+2A+1=0are A = ” =— S| (repeated).

Therefore the solution to Eq. (1) is

y(t) = cret + cote”!

The above solution is converted back to be a function of x using t = In(x).This results in

Yn (X) = cre” @) 4 ¢, In (x) e 0@
c In (x)
=~ o 2

This is valid for x > 0 and x < 0 but not for x = 0. The solution can also be written as
In (Jx])

x
Now that the homogeneous solution is found, the particular solution is obtained using
variation of parameters. Let the two linearly independent solutions of the homogeneous
part of the solution to the ODE as shown in Eq. (2) be

1

]/1=;

_In(x)
X

c
) == +c

Y2
The particular solution y, is

Yp = Y1 + U2l
Where 14, u, are two functions to be determined. Using the standard formula derived in

1See page 79, textbook Advanced engineering mathematics, 6th ed. by Peter O’Neil.
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class, these functions are

~2 f(x)
1
U = W) ag dx 1)
V1 f(x)
= 2
Up W) a dx (2)
Where f (x) = - and ag = x*. The Wronskian is
1 In(x)
! 1/ 1 1\ (1\In@
W(x) = y} yf =% 1,7, 1 :—(——ln(x) —2) (—2)
vi Yo| |z —zlh@®)+5| X x“) x
In(xX) 1 In(x)
R
1
B3

u; is found from Eq (1)

-2 2 e, (@
Uy = xd ——4f —4[ > )
=-2 111 (x)
uj is found from Eq. (2)
1 4
Uy = f %% =4 f —dx

=4 ln (x)
Therefore the particular solution becomes

Yp = WY1 + Uzl

= _21n (x)? 1+41 ()ln(x)

5 In (x) 4 In (x)

X X
_,ln (x)?
X
And finally the general solution is obtained
Y=YntYp
_a +C21n(x) +2ln(x)2
X X X

Hence

y= (4 e +2In )
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2.4.3 Problem 2 (Variation of parameters)

Using variation of parameters, show that
1 X
y = ¢ cosh(kx) + ¢, sinh(kx) + p f sinh(k(x —s)) f(s) ds
0
Is a complete solution of the equation y”’ — k*y = f(x), where k # 0 and f is everywhere
continuous. Hint: Introduce the dummy variable s in the integrals which define u; and u,.
Then move y;(x) and y,(x) into the integrands of the respective integrals and combine the

two integrals.

solution: Since the ODE is constant coefficients, direct application of the roots of the
characteristic equation is used to obtain the homogeneous solution y,. The roots of the

—b+Vb2—4ac +V4k2

characteristic equation are A = —- = —— = %k, hence

kx kx

Yp = 1€% + cpe”
= ¢y cosh (kx) + ¢, sin (kx)
Let
yp = cosh (kx)
Yo = sinh (kx)

The Wronskian is

h (k inh (k
W= |1 V2| o [coshln - sinth R4 02 + ksinh (ke
v ys| |ksinh (kx) kcosh (kx)
=k
Let the particular solution be
Yp = WY1 + U2y
hence
(e f()
U = W0 dx (1)
_ (W fW
Uy = W0 0 dx (2)
Therefore
—sinh (kx)
u = [ === W
cosh (kx)
w= [

Applying Egs. (1) and (2) gives the particular solution
1 1
¥y =  cosh (k) ( f ~sinh (kx) f (%) dx) + — sinh (k) ( f cosh (k) f (x) dx)

Let s = x, hence ds = dx. The integration remains non-definite and can now be written as

Yy = %cosh (kx) ( f _sinh (ks) f (s) ds) . %sinh (kx) ( f cosh (ks) f (5) ds)
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Now cosh (kx) and sinh (kx) can be moved inside the integrals since they do not depend on
the new dummy variable s and are hence treated as constants inside the integration. This
results in

Yy = %( f _ cosh (kx) sinh (ks)  (s) ds) + % ( f sinh (kx) cosh (ks) f (5) ds)

= % f (sinh (kx) cosh (ks) — cosh (kx) sinh (ks)) f (s) ds (3)
Using the trigonometric relation
sinh A cosh B — cosh A sinh B = sinh (A — B)
Eq. (3) becomes

v, = %fsinh(k(x—s)) F(s) ds
Therefore, the general solution is
Yy=YntlYp
= ¢ cosh (kx) + ¢, sin (kx) + % f sinh (k (x —s)) f(s) ds

which is what was asked to show. Note: The question asks to show the final integral as definite
with limits [ . However in the solution obtained above, the integral is non-definite f . Need
more clarification on this point.

2.4.4 Problem 3, reduction of order

Problem 8, page 72: Verify that the given function is a solution of the differential equation.

Derive the equation

satisfied by u(x), give its solution and give the general solution of the second order equation:
2

y

7

2 /7
-V oy =0y () = x
Solution:

Let the second solution of the ODE be y, = uy; where u (x) is a function of x to be determined.
The derivatives of y, are now found and substituted back into the ODE to solve for u.

Yo = u'yp +uy; 1)
vy =u"yp +u'yy +u'yy +uyy (2)

Since y, is assumed to be a solution of the original ODE, then it satisfies it. Hence

e Y 3)
LA I LA I L O

Using Egs. (1) and (2) into (3) gives
144 14, 14,/ 74 2x ’ / 2
(u y1+uy1+uy1+”y1)—1—2(uy1+uy1)+m(”%) =0
2

+Xx
144 ’ / 2x /7 2x /
w (1) + (29 - oy | (v - o v =0

80



24. HW 3 CHAPTER 2. HW

But y; is a solution of the ODE, hence the last term in the above vanish resulting in
2x
Wiy (Zyi - myl) =0
But y; = x and y] =1 hence the above becomes
2x% \ 1
1+ xz) x

X

Let u’ = v, the above becomes

This is now separable

Integrating both sides

1
lnvz—Zf(x+x3)dx+cl
1 X
=2 [ - ata

1 X
=—2f;dx+2f1+x2dx+cl

= —21nx+2(%1n(1+x2)) +cq

= —21nx+ln(1 +x2)+c1

Hence

D= Cle—z lnx+ln(1+x2)

— Cl (3_2 lnxeln(1+x2))

= 01% (1 +x2)

1
=0 1+;

Since only one second solution vy, is needed, let c; = 1.

Now that v (x) is found, then u is found by solving

u =v

du 1
— =14 =
dx X2
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Hence

1
u:f1+;dx+c2

! +
=[x--]+c
o 2

Since only one second solution y, is needed, let c; = 0 hence

[}

Therefore, since y, = uy;, and y; = x then

Ya=Ul
-5
=|x-—-|x
X
Hence
yzz(xz—l)

And finally, the general solution is

Y=yt

=X +cy (xz —1)

To verify the above solution, it is substituted back into the ODE y" -

if the result is zero.

Y =c1+c(2%)

y" = 2C2
Hence the ODE becomes
O — 17 2x / +
YT RY Ty
2x 2
= (2cp) - T+ 22 (€1 + ¢ (2x)) + T+ (clx + c2(
B 2x 2 9
=2c, —Clm —2.7(021 2 +C1X1 2 +Cy (x —1)

=2c, (1 + xz) — 2c1x — 4x%cy + 201x + 20, (x2 - 1)

=20y + 205X — 201x — 4x?cy + 201X + 20, — 2¢,

= 4c,x% - 4x°c,
=0
Verified OK.

> ode:=diff (y(x),x52) - (2%x/ (1+x"2) ) *diff (y (x) ,x)+ (2/ (1+x"2) ) *y (x) ;

ode = y"(x) — 2010 LY (x) + M
1 1
|:> dsolve (ode=0,y (x)) ;

Mx)=_Clx+ _C2 (f - 1)

L
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Inf20}= ClearAll[y, x]:
sol = y[x] /. First@Dsolve[y ' [x] - (2x/ (1+x*2)) 7' [x] + (2 (1+x*2)) y(x] = 0, ¥[x], x]

w21l +xCL2]

2
Inf22]= Smphfy[n[sol, [x, 2}] - (2%/ (1+x2)) D[sol, =] + [1 2] snl]
+ XN

2.4.5 Problem 4 reduction of order

Use the one solution indicated to find the complete solution. (2x - x2) v'+2(x-1)y -2y =
0;yr (¥) = x—1
Solution:

. 177 z(x_l) / 2
The ODE can be written as y” + y -

(2x—x2) (2x—x2) y
solution of the ODE be

= 0. (assuming x # 0) Let the second

Y2 = U1
where 1 (x) is a function of x to be determined. The derivatives of y, are now found and
substituted back into the ODE to solve for u.

Yo = Wyr tuy) (1)
Wy =y + g @)
Since y, is assumed to be a solution of the original ODE, then it satisfies it. Hence
L, 2(x-1) 2

Yo + (2x ~ xz)yz - (2x ~ xz)yZ =0 3)

Using Egs. (1) and (2) into (3) gives

144 14, 14,/ 17 2(x_1) 7 7
(u y1+uy1+uy1+uy1)+—(2x_x2) (uy1+uy1)——(2x_x2)uy1 =0
u”y1+u’[2yi+—2(x_1)y1]+u(y”+ 2(x—1)y/_ 2 y]:O
(Zx—xz) ! (2x—x2) ! (2x—x2) !

But y; is a solution of the ODE, hence the last term in the above vanishes resulting in

, ( 2(x-1) )
u’y+u'(2y; + ———=y1|=0

(Zx - xz)
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But y; = x -1 and y] =1 hence the above becomes (assuming x # 1)

u”(x—1)+u’[2+M(x—1) =0

(2x - xz)

u’ +u 2 + 2(3(—1) -0
(x-1) (Zx—xz) -

2(20-22) +2(x-1) (x - 1)

u” +u =0

(Zx—xz)(x—l)

L [4x—2x% +2x% +2 - 4x

u’ +u =0

(Zx—xz) (x—1)

I/+ ’ 2 O

W+ | ——m———| =
3x2 - 2x — x5

Let u’ = v, the above becomes

This is now separable

v’_ 2
v \3x2-2x-2x3

1
1nvz—2f—dx+c
3x2 —2x —x8 !
Partial fraction decomposition on the integrand gives

| 2f ! + ! 1d +
no=- ——ax +c
2(x-2) x-1 2 !

f L zf L +f1d +
= - — —dx + ¢
(x-2) x-1 X !

=ln(x-2)-2In(x-1)+Inx+ ¢

Integrating both sides

Hence
0 = cgeM-D-2In(x-+Inx
= (022 (-1l x
_ (x-2)x
IR

Since only one second solution y, is needed, let c; =1.

Now that v (x) is found, then u is found by solving

u=v
d_u _ (x-2)x
dx  (x-1)
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Hence

Since only one second solution y, is needed, let c; = 0 hence

1
U=x+——r
x-1
Therefore, since y, = uy;, and y; = x—1 then
Ya=umn
1
=[x+ —|(x-1
(x+x_1)(x )
=x(x-1)+1

And finally, the general solution is
y=al1+clp
=cqx-1D+cx(x-1)+1)
= cl(x—1)+c2(x2—x+1)
By letting c3 = (c; — ;) the above can be simplified to
y(x) = c3(x = 1) + cpx?

Or by constants renaming

yx) =ci(x-1)+ Cpx?

. D . . b 21 2
To verify the above solution, it is substituted back into the ODE y”" + (2x_x2)y o) y=0

to check if the result is zero.
Y =c1+20x
Y’ =20
Hence the ODE becomes
0= (2x—x2)y” +2(x-1)y -2y
= (2x -~ xz) 2¢, + (2x = 2) (c1 + 2cx) = 2 (cl (x-1)+ czxz)
= 4cyx — 20pX? + 201X + depx? — 201 — Aeyx — 201X + 20 — 2052
=4cyx + 2c1x —2¢; —4cyx — 2c1x + 201
= 4cyx —4cyx
=0
Verified OK.
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2.4.6 Problem 5 Euler equation, page 81
Problem 20, page 81. Solve x2y”" — 9xy’ + 24y = 0;y (1) = 1;’ (1) = 10
Solution:

This is Euler differential equation. Comparing to the standard form of Euler differential
equation, which is given by

x?y"” + Axy’ + By =0
Where in the above y(x) is a function of x, shows that A = -9 and B = 24.

Applying the transformatiorﬁt = In(x) to the original ODE converts it to
yv'+(A-1)y'+By =0
y’' =10y +24y =0 (1)

Where y(t) is now a function of t and not x. This new ODE is solved for y(f). The solution
is then converted back to be a function of x.

Since Eq. (1) is now a constant coefficients ODE, direct application of characteristic roots

method can be used. The roots of A2—101+24 = 0 are A = —2= Podac _ 104V100-4C2) _ 10+ =

2a 2 2
% = {6,4}. Therefore the solution to Eq. (1) is

y(t) = c16% + cpett
The above solution is converted back to be a function of x using t = In(x).This results in
Y (x) = ;5100 4 cped N
=1 x0 + cpxt (2)
This is valid for x > 0 and x < 0 but not for x = 0.
Y = 601x° + 4oy
At x =1,y =1, hence
l=c1+c
At x =1,y (1) =10, hence
10 = 6¢4 + 4c,

Hence ¢; =1 -cy, then 10 = 6 (1 —¢y) +4c, or 10 = 6 —2¢, or ¢, = -2, hence ¢c; =1+2 = 3,
therefore the final solution is

y =3x°—2x4

2.4.7 Problem 6

Question:

To reduce the Euler equation to a linear equation, we use the substitution, z = In(x) to

2See page 79, textbook Advanced engineering mathematics, 6th ed. by Peter O’Neil.
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convert the equation from y(x) to an equation for y(z). If we use the operator notatiorﬂ
D, = i and D, = i show that

d
1. i =Dy = —Dzy or xD,y =D,y

2. & -p D3y = - (D2 - D.y) or ¥*D3y = D. (D - 1)y

dx?

3. X3D§y =D,(D,-1)(D,-2)y

Answer
2471 Partl
dy _dydz g 21
ylalrtn but i hence
dy ldy
dx  xdz
Using operator notation
1
D,y = ;Dzy
or
xD,y =D,y
Part 2
ﬁ = D%y by definitions. This can be written as
dy _ d (dy
dx? ~ dx \dx
but from part(1) it was found that Z—Z = ;d_y, hence the above becomes
d2y d (ldy
dx? ~ dx\xdz

3T used the notation D, and D, instead of those given in the problem statment as easier to read on the
screen
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Applying chain rule
d%y

dx2?

-1dy
=2
-1dy
x2 dz
-1dy
x2 dz
-1dy
x? dz
]
12

Using operator notation

1
2.,
ny—;

or

2Dy =

2.47.2 Part3

d3y

dx3

d3y

a3

1
2

d>y dy

dz?

1ddy
xdx dz

1d(d_y dz

xdz \dz ) \dx
1d2y(

xdz?

)
dz)

|

12y (1
X

x dz?

|

(Dgy - Dzy)

dz

Dz (Dz - 1)y

= D3y by definitions. This can be written as

d (d%y
dx \ dx?
Py dy

dz2  dz

|

), hence the above becomes

(

dx dz?2 dxdz
dd*ydz ddydz
dzdz2 dx dzdzdx

|

Py Py

)
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Using operator notation
1
D3y = — (D3y - 3DZy +2D.y)
¥*Diy = (D3 -3D% + 2D, )y

Writing the RHS as (A3 -3A% + ZA), then it is seen it can be factored as A (/12 -31+ 2) =
A (A =1)(A -2), hence the above can be written as

x3D59’cy =D,(D,-1)(D,-2)y

2.4.8 Problem 7

Find the complete solution of x>y’ + 4x?y” — 5xy’ — 15y = x*
solution:

This is a Euler differential equation since it is of the form a,x"y™ +a,_;x" 1y"D + ... + g Y+

agy = f (x). Let z=1n(x), or x = ¢* to convert the equation from y(x) to an equation for Y(z).
dz

hence —- = i and using results from problem 6 above summarized below
dy 1dY
dx  xdz
dy 1 (d*Y dY
dx2  x2\dz2  dz

N g
dx®  x3|d2 T dz? T dz

The homogeneous part of the ODE is first solved. Substituting the above three relations

into the ODE gives

s L d3—Y —SdZ—Y +2d—Y]+4xzl (dz—Y - d—Y) —5x1d—Y -15Y =0

x3|dz8 T dz?2 dz x2\dz2  dz x dz

Where Y is function of z and y is the original function of x.The above becomes
Yy _d*’Yy _dy (sz dY) dy

X

E_sdzz +ZE+ e —55—151/:0
2y 4>y _dy
3t o 7 —15Y =0
This is now a constant coefficient ODE, which can be solved directly using the characteristic
roots method.

AB+A2-71-15=0
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The roots are {3,-2 —i,-2 + i}, hence the solution is
Y (2) = 1% + cpe(727)7 4 cqe(-2+02

— C1€3Z + Cze(—Z—i)Z + C3e(—2+i)z

= 1% + cpe2e ™% + cye e

=¥ + e % (cze‘iZ + c3eiz)

= 1% + 7% (cy (cos z — isin z) + c3 (cos z + i sin z))

= 16% + €722 (cy coSz — Cyi Sin z + €3 COS Z + €31 Sin z)

= 1% + 7% ((cy + c3) cosz + (€3 — ¢y) isin z)
Let (c; + ¢3) be new constant ¢, and (c3 — ¢p) i new constant c5, hence

Y (z) = 1% + 7% (c4 COS Z + 5 5in 2)

Converting back to x using z = In (x)

Y (x) = c1€31"% + ¢7210% (¢, cos (In x) + c5 sin (In x))
1
=% + = (c4 cos (In x) + c5 sin (In x))

The above is the homogeneous part of the solution. The particular solution is now found.

. . . L 1 1 .
Since the homogeneous solution has the following forms of solutions in it x%, = COs (Inx), = sin (Inx),
then using variation of parameters, assume

Yp = WY1 + Uglo + UzY3
where
y1=x

Yy = %cos (In x)
Ys = %sin (In x)
Therefore
- [
Y LCICH
TGN
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Where f (x) = x* and

Vi Y2 Y3
W) =[vi v w5

17

i vyoys

1 1.
x° 5 cos(Inx) 5 sin(Inx)

= |3x? ;—f cos(lnx) - 13 sin (In x) ;—5 sin (Inx) + % cos (Inx)

6x % cos (Inx) + J% sin (Inx) + i sin (Inx) — % cos (Inx) g sin (Inx) — é cos (Inx) — % cos (Inx) + % sin (In x)

1
=4 (26 cos? (In x) + 50 cos (In x) sin (In x) + 36 sin” (In x))

And
Wi (x) = (-1 W (y2,15)
W, (1) = (1> W (1, y5)
Ws () = (-1 W (y1,12)
Hence
1 1.
= cos (Inx) = sin (In x)
W=7 [r Plef, @R E T
v ¥3| |Fcos(lnx) - 5sin(lny) —sin(lnx) + 5 cos(Inx)
1
= (cos2 (Inx) + sin® (In x))
3 l in (1
W, (x) = (—1)3_2 O] - L sin 111x) = 5sin (In x) — cos (In x)
Vi Y3 3x? = sin(Inx) + — cos (Inx)
x3 xl2 cos (In x)

Ws (x) = (-1)>7 = —5cos (Inx) - sin (In x)

3x2 ;—5 cos (Inx) — % sin (In x)

HenceE]

W@ W)
Uy = W) dx

_ f ;—5 (cos2 (Inx) + sin? (In x))
a

xdx
26 cos? (Inx) + 50 cos (In x) sin (In x) + 36 sin” (In x))

_x
T 26

*CAS was used to evaluate these integrals
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And
_ (Wa(x) f(x)
Uy = W) dx
3 f 5sin (In x) — cos (In x) dx
% (26 cos? (In x) + 50 cos (In x) sin (In x) + 36 sin? (In x))
-1 29
_ 6 7 6
= 962x cos (In (x)) + %2x sin (In x)
and
Ws (x) f (x)
)W e T
3 f —5cos(Inx) — sin (Inx) dx
% (26 cos? (Inx) + 50 cos (In x) sin (In x) + 36 sin” (In x))
-29 11
_ <76 2l 6
= 962x cos (In (x)) 962x sin (In x)
Hence

Yp = WY1 + UgYys + UzY3

X e (e 2 6 1 2 6 e 1
= 26x + (962x cos (In (x)) + 962x sin (In x) 2 €08 (Inx) + 962x cos (In (x)) 962x sin (In x) 2 5in (Inx)
The above reduces to

x4

Yp = 3_7
Hence the final solution is
4

1 1
y= c1x% + c4; cos (Inx) + c;,; sin (In x) + ;—7

2.49 Problem 8

The differential equation Z—i + (}1_( - 1) y= ez{ has boundary condition y (1) = b. Find the only

value of b for which y(0) is finite.
Solution:

The complete solution is first found. The y;, is found first

dy (1
Eﬁ-(;—l)y—o
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This is separable

d
_]/:( —l)dx
y x
Iny=x-Inx+c
yzcex—lnx
X

er

For the particular solution, try y, = A—, hence y, = A (;—;ezx + Eezx), and the ODE becomes

X

-1 2 1 e e
A _262x+_62x +|(--1|]A— = —
X X X X X
-A 2A A e e e
—2er + ey L A=
X X X X X X
2A e e
_er A =
X X X
2x 2X

e e
A— = —

X X

Hence A =1 and the complete solution is

B ce* . er
Y= X
At y (1) the above becomes
b = ce + é?
=ce(l+e)
Hence
b
CcC =
e(l+e)

Therefore the solution is
b er er

= —+
e(l+e)x x
1

— Lex—l_'_er
x\l+e

y
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Now at x = 0 the solution is required to be finite.

b
m = lim x—1 2X
hmy(x)_)lc1_)0x3161_>0(1+ee e )

(b
=lim—-|—-—e"'+1
—0x\l+e

1 b

=lim - 2+1
x—0x \e+e

1 b+e+ez)

= lim — 5
x—0 X e+e

But e + €2 = k = 10.107, a known constant, hence the above
hmy (x)=- hm (b + k)

Ifb+k=xy=0, then hmx_m AN 0, since hmx_>0 = 0, therefore

Hence

Is the only value.
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2.410 key solution

Homework Set No. 3 NEEP 547
Due September 27, 2013 DLH

Nonhomogeneous Equation (Variation of Parameters)

1L (6pts) page 93, prob. 22: Find the general solution to the differential equation:
2,1 oot —
o2y +3zy' + y=4/z

~2. (6pts) Using the variation of parameters show that
l g
y = ¢; cosh(kz) + ¢g sinh(kz) + 7 / sinh(k(z — s)) f(s)ds
0

is a complete solution of the equation y” — k?y = f(z), where k # 0 and f is everywhere
continuous. Hint: Introduce the dummy variable s in the integrals which define u; and ug.
Then move y1 () and y2(x) into the integrands of the respective integrals and combine the
two integrals.

Reduction of Order

"3. (6pts) page 72, prob. 8.: Verify that the given function is a solution of the differential
equation. Derive the equation satisfied by u(z), give its solution and give the general solution
of the second order equation: y” — (2z/(1+ 22)) ' + (2/(1 + 2%) y = 0; 11 (z) = z.

~4. (6pts) Use the one solution indicated to find the complete solution:
-2y +2(x- 1)y -2y=0p(zx)=z—1

Euler Equation
5. (6pts) page 81, prob. 20: 22y — 9z y/ + 24y = 0; y(1) =1, ¢/(1) = 10.

6. (6pts) To reduce the Euler equation to a linear equation, we use the substitution, z = In(z)
to convert the equation from y(z) to an equation for y(z). If we use the operator notation
D = d/dx and D = d/dz, show that

1)d—y =Dy = lDy or xDy=Dy
dx x
.\ dy 2 12 2792 ;
n).WHDyf;z—(Dy—Dy) or z°D*y=D(D-1)y

iif). and hence, that a*D% =D(D —1)(D - 2)y

7. (6pts) Find the complete solution of the equation:
Sy 4 daty’ — 5xy’ — 15y = ot

First Order Equation

* 8. (6pts) The differential equation below has the boundary condition y(1) = b. Find the only
value of b for which y(0) is finite.
dy 1 e
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2.5.1 Problems to solve

Homework Set No. 4 NEEP 547
Due October 4, 2013 DLH

1. (5pts) Use the Laplace transform to solve the following problem:
y" — 4y + 4y = t3e* with initial conditions; (0) = 0 and %’(0) = 0.

2. (6pts) Use the Laplace transform to solve the following problem:

y'—4y +3y=1—H(t—2)— H(t —4) + H(t — 6), with initial conditions; y(0) = 0 and
/
y'(0) =0.

3. (6pts) Use the Laplace transform to solve the following problem:
y"—4y +13y =6(t — m) + 6(¢t — 37) with initial conditions; y(0) =1 and y'(0) = 0.

4. (6pts) Solve the boundary valued problem using the Laplace Transform:

dy dy
th(t+3)E+4y:tfl where: y(0) =y(1) =0.

5. (7pts) Solve the following system of equations for the unknown functions, y(¢) and z(t):
3y +8y+27 +5z2=¢""
y+2Z+2=0
where the initial conditions are y(0) = 2 and z(0) = —2.

6. (8pts) page 148, prob. 12: Solve for the currents in the circuit of Figure 3.37, assuming that
the currents and charges are initially zero and that E(t) =2 H(t —4) — H(t — 5).

7. (8pts) page 149, prob. 15: Solve for the displacement functions in the system of Figure 3.38
if f1(t) =1— H(t—2) and fa(t) = 0. Assume zero initial displacements and velocities.

2.5.2 Problem 1
Use the Laplace transform to solve y” — 4y’ + 4y = t3¢?* with IC y(0) =0 and y’ (0) =0

Solution:

Let Y(s) = (y (t)). Taking Laplace transform of the above ODE gives
(szY (s) —sy (0) -y’ (O)) -4 (SY (s)-vy (O)) +4Y(s) = ,S”(ts’eZt) (1)
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But =?(1‘”6‘”) = (-1)" % (J(e”t)), where 3(6‘”) = Si—a, therefore

#(ee)= 7 g5 (7()

= (1)} it (L)

ds3 \s -2
B 6
(-2
Eq. (1) becomes
6
s2Y (s) —4sY (s) + 4Y (s) = P
Y (s)(s2-4s+4) = —
6
Y (s) =
©) s-2)* (52 — 45 + 4)
B 6
C5-2*6-2°
B 6
(5-2)°

. -1 —pat 1L
Using the property & ( ) =" (sn) , the above reduces to

1
(s-a)"

y(t) = 6e Z1 (51—6)

n 5
Since 3‘1( ! ) =~ hence (516) = 1%, and the above becomes

gh+1 n!?

1
_ 5,2t
y(t) = —20t e

2.5.3 Problem 2
Use Laplace transform to solve
yv' -4y +3y=1-H(t-2)-H(t-4)+H(t-6) with IC y(0) =0 and v’ (0) =0
solution:
Let Y(s) = & (y (t)). Taking Laplace transform of the above ODE gives
(s2Y (5) = sy (0) -y (0)) =4 (sY (5) —y (0)) +3Y (5) = LA -H(t-2) -H(t-4) + H(t-6)) (1)
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But Z(1) = % and X (H(t—a)) = %ﬂs, hence the above becomes

—25 —4s —6s

1
$2Y (s) —45Y (5) +3Y(s) = - — — — = 4 &
S S S S
1—p 25 —p45 4 05
Y (s) =
s (52 —4s + 3)
1- 3_25 — 3_45 + e—65
T TS 6-3)6-1)

The inverse Laplace transform of —__ is found first. Let the result be f(t). Then the
s(s—3)(s—1)

relation Z 1 {¢™®F(s)} = f(t—a)H(t —a) is used to obtain the final answer. Using partial
fractions. Let

1 _A+ B N C
ss-3)(s-1) s s-3 s-1
: 1 1 : 1 1 : 1 1
Then A = llmsﬁom =3 and B = hms_,g,@ =z and C = lim,_; it hence

1 _ 11 1 1 11
-1 e B B
<z {5(3—3)(5—1)} < {3s+6s—3 25—1}

1 N 1 let
3 6 2
The above is f (t). Therefore, using L He™F(s)) = f(t-a)H(t-a)
y(t) =1 (1 —e B e ¢ 3‘65) F(s)
=fO-fE-2)H{t-2)-f(t-4)H{E-4+f(t-6)H(-6)
Hence the answer is

1 1 1

1 1 1
H=1I= I s 3 N Z03(t-2) _ Z ,(t-2) H(t-2
y(®) (3+6e 26) (3+6e Se (t-2)

1 1 1 1 1 1
24 23 oD H(t—4)+ | 2 + 236 _ Zot-O | H(t - 6
(3 6e 26 ( ) 3 6e 26 ( )

2.5.4 Problem 3
Use Laplace transform to solve vy’ -4y’ +13y = 6 (t — 1) + 6 (t — 37) with IC y (0) =1,y" (0) =0
Solution:

The property .Z(0 (t — a)) = e™* will be used. Taking the Laplace transform of the ODE gives
(s2Y (5) =5y (0) = ¥/ (0)) — 4 (5Y (5) =y (0)) + 13Y (s) = ™™ + ¢ (1)
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Hence
(Y (5) = 5) —4(sY (5) 1) +13Y (s) = e + £
[SZY (s) —4sY (s) +13Y (s)] +(-s+4)=¢T 4
Y(s) (52— 45 +13) = e + e + (s - 4)
e 46757 4 (s —4)
s2—4s+13
e 4 37 . (S _ 4)
2 —4s5+13 s2—-4s+13
e 4 73 N (s-2)-2
2—4s+13  (5-2)°+9

Y(s) =

To find the inverse Laplace of ((5_22))2_29 the following property is used #1 ( (-0) ) = et #1 (L
5-2)"+

(s—a)"+b s"+b
o (s-2)-2 _ 2t e s—2
(s—2*+9 s2+9
3—1( s )—23—1 !
$2+9 249

:21‘— (S )_E 43
|7 (52+32 37 \ar

2t 2
=e“|cos3t - §SIH3t

Hence

N
-

=e

1
= geZt (3 cos 3t —2sin 3t) (2)
—TIS 4 p—378
Now the inverse Laplace transform of ZZ_ZW is found. Writing this as

e 4 e—?ms e e—?ms

2 =2 T3

s —45s+13 s#—-4s+13 s4—-4s+13
T 6—37'(5

:(5—2)2+9+(s—2)2+9

To be able to use the property ( Fe-a) ) =" 1 (ii)b) the terms in the numerator are

(s—a)"+b s
converted as follows

e 4+ 6—3715 ) e—n(s—z) . 6—371(5—2)
—27 —67

—_— =¢ _—
s?—4s+13 s-2"+9 s-2"+9
Now the property can be used, hence

e TS 4 6—37'(5 e TS e—3ns
1 = g~2np2t -1 + o b2t p-1
(52—4s+13) e 2+9) ¢ ¢ 2+9

— 2t [ p2m o1 e + =61 -1 e
$2+9 $2+9

Now another property is used to find ! of the remaining terms. This is ! (¢™F (s)) =
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f(t—a)H(t —a). The above becomes
3_1 (e—ns + e—?ms

_ 1
— p2t —27‘!3—1 H(t - —6ﬁ$—1 H(t -
52—4s+13) ¢ (e (sz+32) (F-m)+e (52+32) ( 37-())
Y H(t-m)+ | N I (t-3m)
3 s% + 32 3 s2 + 32
1

= ¢? (—6‘2” sinB(t-n)H(t-n)+ 56‘6” sin (3 (t-3m))H (t - 371)) (3)
The full solution is now found, combining Eq. (2) and Eq. (3) gives

1

3

CHAPTER 2. HW

y (t) = —=e* (3 cos 3t — 2 sin 3t)+€* (—e‘zn sin(3(t—n)H(t-n)+ 56_671 sin (3 (t—3m))H (t - 37'())
Taking common factors out gives

y () = —z¢* (25in (3t) - 3cos (3t) + e ¥ sin (3 (t — 7)) H (t - 1) + €™ sin (3 (¢ — 3m)) H (¢ - 3m))
The above can be reduced more. Since sin(n (t — 1)) = —1"sinnt for integer n, hence the
above simplifies to

For t > 0.

y(t) = —geZt (2 sin (3t) — 3 cos (3t) —e 2" sin (3t) H (t — 71) — e *" sin (3t) H (t — 37'())

solution to problem 3, HW4
of ™
\\
RN
-2 N
,
Y
= _al
sl N\ /
s N\ /
L \ )
I \\ /
-8t ‘ . L i
0.0 02 04 0.6 0.8 1.0

Figure 2.6: plot of solution problem 3 HW 4
2.5.5 Problem 4

Solve the boundary valued problem using Laplace transform

ty”—(t+3)y'+4]/:t_1 where y(O) :y(l) =0

Solution:

The following property will be used ¥ (t” f (t)) =(-1)" % (,CZ ( f (t))). Taking Laplace trans-
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form of the above gives
’ d 1 1
- (s*Y (5) = sy (0) -y (0)) + o (sY(5) -y (0) =3 (sY (5) -y (0)) +4Y (s) = 23
_% (SZY(S) ~y (0)) + %SY (s) =3sY(s) +4Y (s) = sl_z - %

- (ZSY (s) + s2Y’ (s)) + (Y (s) +5Y"(5)) =3sY (s) +4Y (s) = 51—2 - %

—25Y (s) =Y’ (s) + Y (s) +sY’ (s) = 3sY (s) + 4Y (s) = 31_2 _ %
Y’ (s) (—52 + s) —55Y (s) +5Y (s) = 51_2 - %
1
5s 5 - - =
Y’ -——Y Y _ _s s
2 (—52 + s) )+ (_52 + s) (s) (—52 4 s)
Y () + Y (5) Y (5) =

=)

F9 5

Y’ (s) + §Y(s) = 13
s s

1
Integrating factor is In (If) =[ ?ds, hence I; = 3% = 5 = s°, therefore

1
_ 5
d(lyY) =5
IfY:fszds+c
$
= — +
3 T¢
Then
Y(s) = = + &
° TS

1
sh+l

Using the property 3‘1( - ) =t"forn =1,2,3,--- then 3‘1(

sh+l

) = t—', therefore taking
n!
the inverse Laplace transform of the above gives

4

1 £

y(t) = §t+ CE
1 t
=-t+c—

3 24

To find the constant c, from the second boundary condition

y1)=0
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Hence

y(b) = %t(l—tf")

2.5.6 Problem 5

Solve the following system of equations for y (t) and z (f)
3y +8y+2z +5z=¢"
y+zZ'+z=0
Where the IC are y(0) =2 and z(0) = -2

Solution:
Taking Laplace transform of the system of equation gives
1
3 (SY (s) - y(O)) +8Y (s) +2(sZ(s)—z(0)) +5Z(s) = 1
(sY(5) =y (0) + (5Z (s) - z(0) + Z(s) = 0
Applying IC gives
1
3(Y(s)—2)+8Y(s)+2(sZ(s)+2)+5Z(s) = 1
(sY(S)=2)+(sZ(s)+2)+Z(s)=0

Simplifying in order to solve for Y (s) and Z (s)

Y(s)(3s+8)+Z(s)(25+5):S%+2

sY(s)+Z(s)(1+s)=0
From the second Eq.

Y(s) = _Z(s)(sl +5)

Substituting this in the first equation above gives

—M(BS+8)+Z(S)(ZS+5):L+2
S s+1

Simplifying
_Z(S)(l+S)(3S+8)+Z(s)s(25+5):$+ZS
Z(S)[—(l+s)(3s+8)+s(25+5)]:%
Z(S)[‘52—65—8]=%
_ s(2s + 3)
70" (s+1)(s2+65+8)
_ s(2s +3)
__(S+1)(S+4)(S+2)
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5(2s+3) _ A B C

Using Partial fractions, let o6~ o) T T w2 hence
, s(2s + 3) -1(-2+3) 1
A = hm = [
s—>-1(s+4)(s+2) (-1+4)(-1+2) 3
, s(2s + 3) -4 (-8 +3) 10
B = lim = = —
s—»-4(s+1)(s+2) (-4+1)(-4+2) 3
, s(2s + 3) -2(-4+3)
C = lim = =-1
s—»>2(+1)(s+4) (-2+1)(-2+4)
Or
Z(s) = A N B N C
VNG T ra) 542
1 1 10 1 1
_Z _ = 2
3(s+1) 3(s+4)+s+2 @
Hence
1
z(t) = ge‘t - ge““ +e 2

Now Y (s) will be found and solved for. Using the value for Z (s) from Eq. (2) and substituting
this in Eq. (1) gives
1 10 1 1 )

1
Y(S)(3S+8)+(§(s+1)_?(s+4) T2

(2s +5) ! +2
S = —
s+1

1(25+5) E(2s+5) ~ (2s+5)

Y(s)(35+8):SL+2

1 T3 G+ 3 5+4)  s+2
Hence
Y(s) = 1 N 2 1 (2s+5) +E (2s+5) ~ (2s+5)
s+1)(Bs+8) (Bs+8) 3(Bs+8)(s+1) 3 (Bs+8)(s+4) (s+2)(3s+38)
2543
2465+ 8
3 25+ 3
s+ 4)(s+2)
Using Partial fractions, let (s+245)¥j+2) = (:4) + hence

. (2s+3) (-8+3)
A= lim = =
s——4 (S + 2) (—4 + 2)
. (2s+3) (-4+3) -1
B = lim = = —
§—>-2 (S + 4) (—2 + 4) 2

5
2

Or
B
Y(S)_(s+4)+s+2
B 5 ~ 1
C2(s+4) 2(s+2)
Then
NPT
y(t)—ze 26
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Summary
1 10
z(t) = ge‘t -3 e o2

I RTR Py
y(t) = 2@ 2e

2.5.7 Problem 6 page 148, problem 12

Solve for the currents in the circuit assuming currents and charges are initially zero and act
that E(t) =2H(t-4) -H(t-5)

12. Solve for the currents in the circuit of Figure 3.37,
assuming that the currents and charges are initially
zero and that E(r) =2H(t —4)— H(r—35).

[S8]

Q 1Q

% M
g0 () o SHm 40

Answer:

For reference, these are the laws to remember: Ohm’s law V = Ri for voltage across resistor,
V = Li’ for voltage across inductor, V = Q/C for voltage across capacitor, i = q’ for current

£ .
capacitor relation, hence V = % £ i (1) dt for voltage across capacitor.

Applying Kirchoff’s voltage law to each loop gives

. d . d .
51] + 5—11 — 5—12 = E(t)

dt dt
5i+5di Sdi—O
N T T

Taking Laplace transform, and using property Z(H (f — a)) = ée‘”s gives (writing [; to mean
I; (s) and I, to mean I, (s))
2 1
511 +5 (SIl - i1 (O)) -5 (SIZ - iz (O)) = 56_45 - 56_55
512 +5 (SIz - iz (0)) -5 (Sll - il (O)) =0
Setting initial conditions, the above becomes

2 1
Il (5 + 55) - 5812 = 53_45 — g3—55 (1)

I (5 +5s) = 5sI; =0
Solving for I; (s) from the second equation gives
_ 12 (5 + 55)

5s
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Substituting this into Eq. (1) gives
I, (5 + 5s) 2 1

(54 55) = 5sl, = —¢™4 — —¢™
5s S S

I, (2552 + 505 + 25) - 25521, = 10e™% — 5¢7%

I, (505 + 25) = 10e™% — 5¢>

10e™% — 5¢75
50s + 25

10 g4 5 [ ¢
S 25\2s+1) 25\2s+1
_101[3‘45] 51[e—55]
~ 252 1] 252 1
S+2 S+2
€—4s
+

1 €—5s J
-— (2)
%] 10[s+

1
2
) = H(t-a) £ (ﬁ) and the property that

I, =

1
5

S
o a8

(s+b)

To be able to use the property 3‘1(

1

-1 (E) = ¢ Hence the inverse Laplace transform is

ip (1) = %H (t - 4) 209) % H(t—5) A569)

—1te2 LIan

= %H(t —14) e( 2 ) - 11—0H(t -5) e(_EHE)
Hence

) 1 _¢ 15

1> (t) = ge 2 (EZH(t - 4) - EEZH(t - 5))

Now I, from Eq. (2) is substituted back into Eq. (1) to solve for I;. Hence Eq. (1) becomes

e ] 1fe™]_2 , 1
L(G+55)-5s|= | |- = [ Z= || = Zet - =
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Hence
( + 1) Se4 (s + 1) 1e75 4 st — Lgo5s
I = 2 2)s :
5(1 +5s) (s + 5)
(S * %) 58_45 (S * %) %e—a«: 1 ses 1 se™>s
B 5(1 +s)(s+ %) 5(1+s)(s+ %) 5(1+s)(s+ %) 10(1+s)(s+ %)
2 et 1 1 se™% 1 se™os

= — — = + — Bl
55(1+s) 5s(1+s) 5(1+S)(S+%) 10(1+S)(S+%)

The inverse Laplace transform of each term is now found. The following properties will be
used

g—l( e” ):H(t—a)g‘l(sj_—b):H(t—u)f(t—a)

(s+Db)
Y (L P
< (m) =e
Finding partial fractions of i ? + %, hence
A=1li L
- sl—r>% (1 + S) B
1
B=lim-=-1
s—>-15§
Hence
1 1 1

s(l+5s) s s+l
Therefore, inverse Laplace of first term in Eq. (3) gives

2 eh 2 1 1
i) =ZH-y - - —
551 +5s) 5 s s+1

= %H(t —4)(H(t-4) - )

= % (H (t-4)-H(t-4) e—<f-4))

And for the second term in Eq. (3)

1 e™> 1 1 1
-1(2 — H(f - S
<z (55(1+s)) SH(t %)< (s s+1)

= éH(t -5) (H (t—4) - =9)

= % (H(t-5)-H(t-5)e )
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S

For the third term, partial fractions of is needed. Let

(1+s)(s+§)
s A B
AED R
(1+S)(S+§) (S+§)
-1
A= lim s = - =2
s—-1 1 _
(S + E) 2
1
. s D)
= = = —1
=y =
2 2
Hence
1 —4s 1 2 1
bt | ey 2L
5(1+s)(s+§) 5 (1+5) (s+§)
1 L4
= gH(t-4) (2e—(f—4> —e2l ))
For the last term in Eq. (3)
1 =5 1 2 1
) e N VPR B
10(1+s)(5+5) 10 1+5) (s+5)

1 1
= —_H(t- 2 —(t-5) _ —E(t—5))
10 (t 5)( e e

Putting all this together gives
2
() = ~(t-4
() =2 (H(t-4)-H(t - 4) )

— % (H(t-5)-H(t-5)e )

+ éH (t-4) (2e-(f-4> - e_%(t_4))
1 1

- —H(t- 2e~(t=5) _ —E(f—5))
10 (t-5) ( e e

This can be simplified to

2 2 2 1 1,
()= ZH(E-49) + H(t-4) (—ge—<f—4> toet - e 2 4))

1 1 1 1 .1
—_H(t- H(t-5) (= —(t-5) _ — ,—(t-5) + — —z(f—5)
z (t—=5)+ H( )(56 =€ 10
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Hence, summary of final results:

2 1 1 iy 1 1
()= ZH(t-4)~ cH(E=5)+ ZH (- 4)e 2 4)+EH(t—5)e 29

1 _¢t 15
iz (t) = g@ 2 (EZH(t—4)— EEZH(t—5)

Here is a plot of the solutions for t = 0--- 8 sec showing the input E (t) and the currents i; (f)
and i, (f).

Input, E(t)
20¢
15¢
10f
03¢
. ~ (s
2 4 6 8 w0 -
h(t) L)
020
023 / "\
020 & 0.15
0.13 010
0.10 )
0.05 0.03 ]
i - t{sec i - tzec)
2 4 6 g8 10 2 4 10

Figure 2.7: plot of solution problem 6
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2.5.8 Problem 7, page 149, problem 15

wr s [y e s e —

15, SO]‘-& for the displacement 1Lmumns in the system
of Figure 3.38 if fi(s) =1 —H(r—2) and f;(r) =0.
Assume zero initial displacements and velocities.

.

M~ WD

)

=
I
(=2

ny =1

bl
[ =3
Il
]

iy =1

e
W
I
s

FIGURE 3.38

Solution

Assuming the generalized coordinate for m, is y; and for m, is y, and these are measured
when the system is relaxed, hence force due to weight is already accounted for. Assume
positive is upwards. For mass m, applying F = ma gives
Ky ko (y1 = y2) + f1(8) = myyy ()
and for mass m,
—k3y1 — ko (.1/1 - }/2) = may; (f)
Or
myyy () + y1 (k1 + k) —koyp = f1 (£) 1)
mayy (£) =Yz (ka) +y1 (k3 + k) = 0

Or, in matrix form

(ml 0][yi’]+(kl+k2 —ky ](yl):[l—Ha—Z)J
0 my)\y7 —ky k3 +ko)\y2 0

The stiffness matrix is symmetric and positive definite. OK. Now Laplace transform is
applied to the above, using Y to mean Y (s), the Laplace transform of y (t), hence

[TYZ1 0 )(S Yl — S (O) yl (0)] [kl + kz —kz ][Yl] _ [% - %3_28]
0 my |\ S YZ —Slp (0) yZ (0) —kz k3 + kz Yz 0
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mq 0 SZY1 + kl +k2 —k2 Yl _ é— %e‘zs
0 my SZYZ —k2 k3 + k2 Yz - 0

T’I’I]SZ + (kl + kz) —k2 Yl _ % - %6‘_25
—k, mys? + (ks + k) )\ Yo) | 0

To speed the typing, numerical values are now substituted for the symbolic values above
(but it is best to delay this to the end otherwise so that same solution can be applied to

different numerical values)
s+8 -2 |(Yq) _ 1o 26—25
2 2+5)ly,) | o0

Applying IC, gives

Hence

1)

Hence
[yl]_[sus 2 ]‘1 g_ge—Zs]
Y, 2 &2+5 0
i 1 [sz+5 2 ](%—%e‘z‘;]
(52+8)(52+5)—4 2 s2+8 0
Therefore
_ 2 +5 11,
Yl_(sz+8)(sz+5)—4(5_§e )
SRR S LR
P (2+8)(2+5)-4\s s
Or
1 s?+5 1, s?+5
s(2+8)(2+5)-4 5 (2+8)(2+5)-4
vl 2 1, 2
PUs(24+8)(245)-4 s (2+8)(2+5)-4

But (52 + 8) (sz + 5) -4 = (52 + 4) (52 + 9), hence the above becomes (after writing s> + 5 as
(52 + 4) +1)

1 (sz+4)+1 1, (52+4)+1
_g(sz+4)(52+9)_; (52+4)(52+9)
Yp= Sl @

(52 + 4) (52 + 9) s (52 + 4) (52 + 9)
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This can be written as

[( >)[(><>)<—><><>
1

2[5(82 +4) (2 +9)] _28_25(5(52 +4; (2 +9)) @

So there are only 3 common terms that needs to be inverse Laplace. These are —_and

s(sz+9)

YZZ

s(sz+4) (sz+9)

2.5.9 First term

1 A Bs+C

s(sz+9) s T 219

Then
1 :A(sz+9)+Bsz+C5

Let s = 0 hence A = é. Now, comparing s? coefficients gives % +B=0orB= —é. And finally
comparing s coefficients shows that C = 0, therefore

1 _1115

S(Sz+9) 95 95249

Hence

11 1 s |\ 1 1
] =~~~ cos3t
(95 952+9) 9 9"

and

] PN S FEETOPRIPN TN _
gl[ezs(serg))_H(t 2)(9H(t 2) - g cos 3 (¢ 2)))

2.5.9.1 Second term

Now looking at the term
1 _ A Bs+C Ds+G

@14 (2+9) 5 Srd 249
Comparing coefficients gives
1= A(s*+135% + 36) + (Bs + C) (s° + 95) + (Ds + G) (s° + 4s)
1=A (34 +13s% + 36) + Bs* + 9Bs? + Cs® + 9Cs + Ds* + 4Ds? + Gs® + 4Gs

Hence

1=5*(A+B+D)+s3(C+G)+5>(13A+9B +4D) +5(9C + 4G) + 36A
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Therefore, A = % and

A+B+D=0
C+G=0
13A+9B+4D =0
9C+4G =0

C =0 and G = 0 since the second and the fourth equation do not have solution other than
zero. Hence the above becomes

A+B+D=0
13A+9B+4D =0

‘ —_1_ ion 2oL _ _
From the first equation, B = % D, hence from the second equation % +9 ( % D) +4D =0

i—— ThereforeB————D:—l—l:—l

4
or — -5D =0, hence D =
36 5 0, 36X5 36 36 45 20

Therefore
1 _11 1 s 1 s
s(2+4)(2+9) 36s 202+4 45(249)
Now the inverse Laplace transform can be taken

411 1 s 1 s 1 1 1
—— - — + — = — — —cos2t + — cos 3t
36s 20s®>+4 45 (52 + 9) 36 20 45

Hence

-1 ,-2s 1 B _ _l ~ l ~
< [e (52+4)(52+9)] H{t 2)( 3t =2) — 55 cos2(t—2) + s cos3(t 2))

2.5.10 Final solution

Now that all terms have been inverse Laplace, the solution can be written down. From above,

R | e M T

Hence

() 1 %+1 L %+1 3t
————COS — — — COS — COS
NW=979 36 20 5

—H(t—2)( H(t—2)—lcos(3(t 2)))

—H(t—Z)( H(t—2)—21—00082(t—2)+l5cos3(t—2))
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Simplifying

5 1 4 5 4 1
() = %—%COSZt—Ecos?ﬁ—H(t—Z)(%—Ecos(3(t—2))—%005(2(1‘—2)))

and
2 2 2 1 1 1
Yy (t) = % %c032t+ Ecosfit—ZH(t—Z)(%H(t—Z) - %0052(1‘—2) + Ecos3(t—2))
1 1 2 1 1 2
=I5 ECOSZt+ Ecos3t—H(t—2)(E - Ecos(Z(t—Z)) + 4—5(2083(1‘—2))
This is a plot of the solutions, with the input force

force f1(t)
1o

08
0.6
04
02

Figure 2.8: plot of solution problem 7 HW 4
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2.5.11 key solution

Homework Set No. 4 NEEP 547
Due October 4, 2013 DLH

pts) Use the Laplace transform to solve the following problem:

-1 ( /
Y’ — 4y’ + 4y = %¢? with initial conditions; y(0) =0 and '(0) = 0.

-2 (6'£>ts) Use the Laplace transform to solve the following problem:
y' —4y +3y=1-H(t—2) - H(t— 4) + H(t — 6), with initial conditions; y(0) = 0 and
v(0) =o.
~ 3. (6}:ts) Use the Laplace transform to solve the following problem:
Y — 4y + 13y =6(t — 1) + 8(t — 3n) with initial conditions; y(0) = 1 and y'(0) = 0.
4. (Bpts) Solve the boundary valued problem using the Laplace Transform:
’ d? d
tﬁf(t+3)£+4y:t~l where: y(0) = y(1) = 0.

N5, (~7;ts) Solve the following system of equations for the unknown functions, y(t) and z(t):
3y +8y+22 +52=¢"t
Y+ +2=0
where the initial conditions are y(0) = 2 and 2(0) = —2.

6. (8pts) page 148, prob. 12: Solve for the currents in the circuit of Figure 3.37, assuming that
the currents and charges are initially zero and that E(t)=2H(t—4) — H(t - 5).

7. (8pts) page 149, prob. 15: Solve for the displacement functions in the system of Figure 3.38
if fi(t) =1—H(t—2) and fo(t) = 0. Assume zero initial displacements and velocities.
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26 HW S5

2.6.1 Problems to solve

Homework Set No. 5 NEEP 547
Due October 11, 2013 DLH

1. (4pts) Find the inverse Laplace transform of the following function:

s2+1
9(s) = log (s(s + 1))

2. (6pts) Use the Laplace transform to solve the following problem:
(1—1t)y" +ty —y =0 with initial conditions; y(0) = 3 and ¢'(0) = —1.

Periodic function

3. (8pts) Solve the initial value problem where is f(¢) is a periodic function:

/ NS ) _ . )1 for0 <t <2

Convolution Theorem
4. (10pts) Consider the equation of motion for a damped harmonic oscillator:

d*x dx 9

with a general forcing function f(¢) and initial conditions x(0) = 0 and 2/(0) = vg. Express
the general solution of the equation in terms of the convolution integral. Determine the
solution for function a). f(t) = Pd(t) and b) f(¢t) = Fp sin(wt). Note: the oscillator is
under damped, i.e. w, > A.

5. (10pts) Heat Conduction Equation (0 < x < £ and ¢ > 0):

2
u _ U

5 i ae " with .C.: U(z,0) =0 and B.C.: U(0,t) = U(¢,t) =0

where k, a and « are positive constants.

2.6.2 Problem 1

Find the inverse Laplace transform of

G(s):ln(52+1)

s(s+1)

Answer:
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s2+1

s(s+1) then

Using the property ,?(tg (t)) = —:—SG(S), then tg(t) = —#1 (%G (s)). Let f(s) =

266 = 2 (F6)
N0
Cs(s+1)d [ 2+1
52 +1 %(s(s+1))

:s(s+1)i( s? 1 )

+
$2+1 ds\s(s+1) s(s+1)

s(s+1)|d S d 1
%((s+1))+%(s(s+1))

2+1

s(s+1) 1 1 2s+1
2+1 |(s+1)7 (s +1)
s 1 12s+1

52+1[s+1 S 2(s+1)

5 1 25 +1

(52+1)(s+1)_;(52+1)(s+1)
s2-2s-1

s(sz+1)(s+1)

2
. . . 55251 A Bs+C
Using partial fractions ———— = = +
s(sz+1)(s+l) s 5%+l

52—25—1:A(sz+1)(s+1)+(Bs+C)s(s+1)+Ds(sz+1)
:A(s3+sz+s+1)+(Bs3+Bsz+Csz+Cs)+Ds3+Ds

=s2(A+B+D)+s?2(A+B+C)+s(A+C+D)+ A

D
+ —, hence
s+1

Comparing coefficients gives,

A=-1
And
B+D=1
B+C=2
C+D=0

Hence B =1 - D, and from second equation 1 -D + C =2 or C = D +1, hence from third
equation D+1+ D = -1 or D = -1 hence C =0 and B = 2, therefore

s2-2s—1 1 2s 1

= —— 4+ e —
s(sz+1)(s+1) s s2+1 s+1

Now the inverse Laplace transform can be found. Using - (L) = cos (at) then £ ( ’ ) =

s2+a s2+1
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cost and
1 2s 1
tg(t) = - 1-= + -
g() (s s2+1 s+1)
=—(—1+2COSt—€_t)
Therefore

g(h = %(1—2008t+e‘t)

2.6.3 Problem 2
Use Laplace transform to solve (1 —t)y” +ty’ —y = 0 with IC y(0) =3 and vy’ (0) = -1

Answer:
Z(A-Dy"+ty —y)= Ly -ty + 1y’ - )

= (52Y -sy(0) -y (0)) + % (SZY —sy(0) -y’ (O)) a (sY —y (O)) -Y

ds
Substituting IC gives
3((1—t)y”+ty’—y):(SZY—35+1)+%(SZY—3S+1)—%(SY—3)—Y
=52Y -35+14+25Y +s2Y -3-Y -sY' -Y
:Y’(sz—s)+Y(sz+25—2)—3s—2
Therefore
Y’(sz—s)+Y(sz+25—2):3s+2
Y’+Y(SZ+2S_2) _ 3542

F=9 e

2 105
(s +2s 2) s

Integrating factor is Iy = e (=) " where
2 +2s-2 1 2
f—( )d5:f1+—+—d5
(52 - S) s—1 S
=s+In(s-1)+2Ins

Hence

If — e(s+21ns+ln(s—1))

=es%(s—1)
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Hence

= fess(35+2)ds+c

= f 3s2e5ds + f 2se%ds + ¢
= 365(52—2S+2) +2¢°(s-1)+¢

Hence

y 365(52—25+2)+235(s—1) c

+
e5s2 (s —1) e5s2 (s —1)
(s2-25+2) 1 _

s2(s-1) 2 82(s—1)
1 1 1 e
= (3;—6?)+2S—2+cm
3 1 (1 1 1
:——4—+ces(—————)
Therefore, inverse Laplace transform is

y(t) =3 =4t + cH(t-1) ("D = 1= (t-1))
=3¢l — 4t + cH (t - 1) (") - ¢)

=3

And the solution is

3et — 4t 0<t<1
yh =y ., (t-1)
3e —4t+c(e —t) 1<t

Notice that there is not enough information given in the problem to find the constant c for

the solution 1 < t.

2.6.4 Problem 3, periodic function

Solve the initial value problem where f (f) is periodic

t
44y +3 dr =
y*-y+_£y@)1 f®
And

1 O<t<?2
f) =
f() {—1 2<t<4
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And y(0) = 1.
Solution:

The Laplace transform of periodic function f (t) with period k is

1 ¢ —st d
1—e%sl;f“” {

2
f e‘Stdt—fAe‘Stdt
0 2

F(s) =

For the above function k = 4 and

‘Ff®EWt
0

2 4
e—st e—st
—S —S
0 2
-1 1
- - (e—Zs _ 1) 4+ - (6_45 _ 6_25)
S S
_e—ZS 1 6_45 e—ZS
= + -+ - —
S S S S

:%@—k%+5ﬂ

Hence

@) 1 1-20% 4¢7%
S) =
1—e% s

3+ --- the above can be written as (using 72 as x)

Using llTx =l-x+x2-x
1

F (S) — (1 _ e—2s) (1 _ 6_25 + e—4s _ e—6s + 3—85 _ e—lOs . )
S

1
—_ [(1 — 25 p s o654 p85 _ p-10s 4 ) + (_e—Zs 4o 45 _ p65 4 o8 _ 105 )]
S

1
= - (1-20% +2e7% - 2076 + 275 + .)
S

Now taking the Laplace transform of the ODE gives

t 1
@Y—y@»+4Y+&?(fy@%ﬁ)z;0—2f%+2€%—2€“+2€&+~)
0

Using the property that ¥~ (%Y(s)) = Lt}/(’[) dt, therefore %Y(s) = E(fy(r) d’l’) where
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Y(s) = g(y (t)), hence the above becomes
Y 1
(SY=1)+4Y +3— == (1-2e7% + 274 - 2076 + 275 + .)
s s

3 1
Y(s+4+ —) =1+ (1-20% +207% — 20765 4+ 2675 1 ...

S S
) ! ~25 —4s —6s —8s
= 2 4 3+ 3 (1—26 +2€ —26 +2€ +___)
AT 5 (s +4+ ;)
- I =25 —4s —6s —8s
:SZ+4S+3+52+45+3(1_26 +2e7% —2¢705 + D¢ +)
- : - 2 -4 - 6 -8 e
TG 3G+ (1-2e% 420 - 20 4208 4 )
— S + 1 2e~25
C(5+3)(s+1) (s+3)(s+1) (s+3)(s+1)
+ 2% e~ 65 . 2085
(s+3)(s+1) (s+3)(s+1) (s+3)(s+1)
Partial fractions of @ - i B ﬁ and Partial fractions of (s+3)1(s+l) - z(sl+1> B z(sl+3)
and partial fractions of (S+3)S(S+1) = 2(S3+ 5 - 2(sl+1) and using the property -1 (e‘“sf (S)) )

. 1 1 1 .
H(t—a) f (t — a) and since f‘lm =e¢ ' and 3‘15 = ¢73, hence the inverse Transform of
the above can be written as

3 1
yH == 1(2(s+3) _2(s+1))

1 1 1
+ —
2(s+1) 2(s+3)
3_1 6_25 e—Zs
s+1 s+3
s 3—1 e—4s ~ e—4s
s+1 s+3
_ g—l e—6s ~ 6_65 .
s+1 s+3
Hence
y(t) = Ee‘3t - Ee‘t
PP
2 2

-H(t-2) (e‘(t‘z) — e‘3(t‘2))
+H(t-4) (e‘(t‘4) — e‘3(t‘4))
—~H(t-6) (e—(t—6) _ e—S(t—é)) 4
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Or
y(t)=e-H(t-2) (e‘(t‘z) - e‘3<t‘2)) +H(t-4) (e‘(t‘4) - e‘3<t‘4)) —~H(t-6) (e‘(t‘é) - e‘3(t‘6)) + oo

Here is a plot of the solution. It shows the response to be periodic, of same period as the
forcing function.

solution to problem 3
1:| Er T T T T T ]

¥iy
)]

Figure 2.9: plot of solution problem 3 HW 5

2.6.5 Problem 4 convolution

4. (10pts) Consider the equation of motion for a damped harmonic oscillator:

2 -
e R

m—— 4 2)
di? dt

with a general forcing function f(#) and initial conditions (0) = 0 and £'(0) = vp. Express
the general solution of the equation in terms of the convolution integral. Determine the
solution for function a). f(t) = P3(t) and b) f(£) = Fp sin(wt). Note: the oscillator is
under damped, i.e. w, > A.

Solution:

The problem as stated had a typo in it. It was updated to read
f®

X"+ 2Ax + wix = —=
m
Where A = % where p is the damping coefficient and w, = \/% is the natural frequency and
k is the stiffness. Using the above form, and letting F (s) be the Laplace transform of f (t) and
X (s) the Laplace transform of the solution x (t) and applying the Laplace transform results
in

(X = 5x(0) = ¥’ (0)) +2A (X - x(0)) + w3X = %F (s)
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Applying initial conditions
1
(X - vg) +2AsX + wfX = —F
m

X(s2+2)\s+w§): %F+UO

1 F (%)

X=— + 1
ms2+2As+ w3 s2+2As + w} 1)

Finding the roots of the characteristic equation s? + 21s + w? gives

— Vh2 —
:M:_/\i ’/\2_0)3
a

Since underdamped, therefore @ > A then the quantity under the radical is negative and the
roots are complex conjugate

:—/\+\/ —A==-A=i ,fl—— ,/1—
la) lwg ZCUO 4m2

But = &2 where & = F is the damping ratio. Hence the above can be written in the

e 2
more common form as

2
W = —cga)oila)o 1—52

P
= —— + 1 —
r m 10)0 1

In addition, defining
Wy = a)o\/l——éz
as the natural damped frequency, hence
r= —% + ia)O\/l——cfz = —Cwy * iwy
Let ry = —{wq + iwy, 1 = —éwy — iwy. Eq. (1) can now be written as

1 F (%)

T mG-r)G-r) G-r)s-r)

Let
1
GGz ———
O = =6
A N B
(s—r1) (s—17)
Where
e 1 1
51—% (s— rz) (—Ewq + iwy — (Ewp — iwy))  2iw,
And

1 1
o2 (5—11) (€ — dwg — (—Ewg + iwy)) | —2iwg
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Therefore

(G = 3-1( 1 1 1 1 )

2iwgVT—E (=11 2iwgyI - (5~ 12)

1 L1 1
" 2iwg 1—53 ((s—rl) (s—rz))

— Tli’ _ th

B ZZC()d (e ¢ )

— L (e(—éa)0+ia)d)t _ e(—éwo—ia}d)t)
Ziwd

— 1 (e—éa)otei(udt _ e—éa)ote—ia)dt)
2ia)d
e—éa)ot

= — eia)dt _ e—ia)dt
21(1),1 ( )
—éa)ot
= — (2isin (wyt))
21a)d
e—éa)ot
= sin (wg4t)
Wy

Therefore the general solution is

—Ewpt

x(t) = %3‘1 (F(s)G(s)) + vy sin (wyt)

wyq
But Z 1 (F(s)G(s)) = Kf(t — 1) g (7)dt, hence the above becomes

8(7)

e—&uor —Eawot
sin (wyT) | dT + vy

1
X =— fo F-0)| sin (wgt)
= med [J:f (t — 1) e~ ¢¥07 sin (wyT) dT + muge @0t sin (a)dt)}

Now the problem can be solved for different f (f).

2.6.5.1 Part(a)
When f (t) = P6 () then the solution is

—Swot

1 t
x(t) = — [f P (t — T) e7¢907 sin (wyT) dT + moy sin (a)dt)]
mawgq |Jo

wy
But

fté(t—T)i’(T)dT:r(t)
0
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Hence

1
x(t) = — [Pe“f“’ot sin (wyt) + moge=«ot sin (a)dt)]
mawgy

—Ewpt

= (P + muvy) sin (wgt)

mawg
We see that the effect of having an initial velocity is to contribute an additional impulse of
magnitude mv,. Therefore, this response is the same to one where an impulse of amplitude
(P + mvy) instead of P was applied to the same system when all its initial conditions are zero.

p

—— and
2mawy

To express the above solution using the terms in the original ODE, then using & =

2
wy = w1 - (Zme ) then the solution is
0

P

_ﬂt 2
x () = (P + moy) ¢ zsin(wo 1—( d )t]

mawy 1—( B

Zm(uo

2.6.5.2 Part(b)

When f (t) = Fysin (wt) then the solution is

1 t c
x(t) = — [f Fosin (w (t — 7)) €707 sin (w,7) dT + mvge~=¥° sin (a)dt)]
mawg 0

The f sin (w (t — 7)) €07 sin (wy7) dT can be done be repeated use of integration by parts by
starting with writing

sin (w (t — 7)) = coswTsinwt — coswtsinwt

The final result can be found to be’l
F ((1 - rz) sin wt — 2&r cos a)t)

x (£) = e 607 (A cos wyt + Bsin wgt) +

2 2
mawy (1 - 1*2) + (2&r)?
Where
@
r=—
Wy
and
2rF& 1
A= w2 2 >
0 (1 - r2) + (2ér)
and
B:@_F(l—rz) r | e 1

Wy MWy (1 _ 1’2)2 + (251’)2 Mwowq (1 - 1’2)2 + (257’)2

SCAS was used for the integration
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2.6.6 Problem 5, heat conduction

ForO<x<Land{>0
ou  d%u
e = —at
o Ko e

IC u(x,0) =0 and BC: u(0,t) = u(L,t) =0

Solve using convolution.

Solution:

Lower case u is used for u (x, ) in the time domain so to be able to use U (x, s) as the transform
so to keep the notation simple. Now, Taking Laplace transform, using t as the corresponding
independent variable for s, hence

AP P) e

ot dx?
(sU (x,5) — u (x, 0)) —kdzﬁ;f’s) = - fa
Now this is a second order ODE in U (x,s)
R

To solve, it requires two boundary conditions. The boundary condition are transformed to
Laplace, hence U (0,s) = 0 and U(L,s) = 0. The homogenous solution is

U, (x,s) = Ae_‘/gx + Be‘/éx

and the particular solution is (since RHS is constant)

U, (x,9) 1 a
X,s) = —
P Ss+a

Hence the solution is

U(x,s) = U, + U,

= (Ae_‘/gx + Be‘/%x) + 1 a

ss+a
When x =0
-1
— =(A+B) 1)
S s+a
and when x = L
-1 _[s s
— ¢ :(Ae ‘/;L+Be‘/;L) )
s s+a
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From (1), A =- (li + B), hence from Eq. (2)

s sta
-1 1 e s
- ——(— a +B)e ‘/ZL+B3‘/;L

SS+C¥_ Ss+«
-1 a 1 a _Js e s
N - —— e ‘/;L_Be \/;L+Be‘/ZL
S st+ua SsS+ «

__1 a + 1 a e_\/EL =B (e‘/EL — e_\/EL)

S S+« SSs+«

()l

L (e-\/? _ 1)

S s+a

B =
2sinh (\/éL)

i
) 1 4 (e 1)

SS+n . s
2sinh (\/;L)

Therefore
()
3 -1 a 1 a

A== -
s s+a Ss+a251nh(\/§L)
[ )

1
2 sinh (\/éL)

_1a

=—— |1+
SS+«
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And the solution is

U(x, S) = (Ae_\/gx + Be\/gx) + 1

ss+«a

v ‘/_L—l (‘fL_l) e

ss+a smh fL ss+a2$1nh(fL) ss+a

| 1) () N

ssta smh fL ZSlnh (\/7L)
)
_la —e_‘/E +1+= (—e ‘/Ex+ e
ssta 2 sinh ( %L) 2sinh (\/éL)
S ( it f) (—ﬁLeﬁx_eﬁx)
_1.a —e_‘/; +1+4 =
ssta 2 sinh (\/EL)
_1a —e_‘/gx +1+ ——— (e_‘/éLe_‘/gx - e_‘/gx + e_‘/gLe‘/gx - e‘/gx

1
ss+a Zsinh( L)

_la —e_‘/gx +1+ _ (e_‘/g(x”“) + e‘/g(x_L) + - (e_‘/gx + e‘/gx

ssta 2sinh ( L)
1 gy 1 S = gy

-- 1 —e ‘/;x +1+ —FF (e‘/;(x Mie ‘/;(HL) - [2 cosh (\/ELD
ssta 2sinh (ﬁL) k

1 a —\/?x e\/g(x—L) e—\/g(x+L) cosh (ﬁL)

Y(s) = -

_ k + + _

ss+a 2sinh (\/%L) 2sinh (\/gL) sinh (\/%L)

1 a ~Jix i) D) ( \[ )
— 1—e VF' 4 - — + - - coth

Ss+a (e\/;L ~ e—\/;L) (e\/EL \/_L)

5 F(-L) - &+L)

:1 a 1 —e_‘/;x \/— \/— ’ coth(\/E J
ssta 2sinh (\/7L) 2sinh (\/7L)
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Now the inverse Laplace transform is found. Let

1 a

€O =5ra

and
I \/gx eﬁ(x—L) e—\/é(xm e\/EL +e—\/§L
s)=1-¢ + + -
e‘/EL - e_‘/EL e‘/EL - e_‘/éL e‘/;L - e_‘/EL
i \ﬁx e\/;(x—L) e—\/%(x+L) . °L - )
=]1-e VK + + - -
e\/éL ~ e—\/EL e\/EL ~ e—\/%L e\/%L ~ e—\/gL e\/%L ~ e—ﬁL
hence
u(x,t) = L1 (s)G(s))
t

:f(;f(’[)g(t—T)dT (3)

Where
1
g = (s s+ a)
a(a
a (s + a)
— E _ E —art

a a

And

S S S S
e‘/; (x-L) e—\/;(x+L) it Vi
S s + S S - s S - S S
e\/;L — e_\/;L g\/;L — g_‘/;L e\/;L _ 3_\/;L e\/;L _ €_ %L

- 1 =2 1
71 (e Vs ) . e for\/jx >0

\/;o( L)

o

fity=211 —e“/%" + (4)

Note:

To find the inverse Laplace of ——— , dividing by e‘/; the numerator and denominator

gives

e\/é (x—2L)
(1 - e_z‘/EL)
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1 . .
Now — =1+z+2z%+ --- by series expansion, hence the above becomes

_Z \/_XZL) x-2L 2L 4L 6L
(1_;2\@) N )(1+ i, o e )

_ (e\/é(x—zm . e\/;(x—ALL) N e\/;?(x—&) N )

7\/% (x+L)

Similarly, to find Laplace of ———— ,dividing by e‘/;L the numerator and denominator

gives
e—\/; (x+2L)
(1 - e_Z‘EL)

1 . .
Now — =1+z+ z% + .- by series expansion, hence the above becomes

_ f( L) 5 S s s
e ‘/;x+2 _ e—\/;(x+2L) (1 N e—\/EZL N e—\/;4L 4 e_‘/;& n )

Similarly, to find Laplace of

_ e_‘/; (we2L) e—\/;(x+4L) N e_‘/; (r+6L) e—\/;(x+8L) .

°L

e
S S
o Ve

s L .
,dividing by e‘/; the numerator and denominator

gives
1

s
1- e_z‘/;L
1 . .
Now — =1+z+ z2 + --- by series expansion, hence the above becomes

L \/? = (1 + e_z‘/gZL + e_4‘/§L + e_6‘/§L +
1-¢ it

S

i g
\/, =D ,dividing by e‘/;L the numerator and denominator gives
k™—e

S
3_2 \/;L
S
1- e_2‘/;L

And to find Laplace of ———
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1 . .
Now — =1+z+2z%+ --- by series expansion, hence the above becomes

-z
e_z‘/%L SNED i, —afin | e\fiL
=e Vk (1+e F-+e VE e "Vk +)

et
Applying all these results to Eq. (4) above
=M - 71 (e_‘/éx)
oD

+ 71 m
+ 71 —e—\/é(x%)
_ 1 ot
_ 1 s

S s
N

ft)y=21 [1 - e‘ﬁ" +
e

Hence

x 1 =22
—p 4kt

2 V Ttk t;
L e\/;(x—ZL) . e\/;(x—AlL) . e\/;(x—6L) N )
L o e—\/;(x+2L) . e_‘/; (e+dl) e—\/;(x+6L) . e—\/;(x+8L) . )

-1+ e_z‘/%L + e_4‘/§L + e_6‘/EL + )
-7 e_z‘/;L + e_4‘/§2L + e_6‘/§L + e_8‘/§L + )

fy=50)-
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This can be written as

Fy=5()-

+ 1

+ 71

=2
Pkt
§€
TC t2

e—\/%(ZL—x) . e—\/é(zm—x) N e—\/% (6L )
e_\/%mzm N e—\/g (e+dl) | e—\/g(x+6L) N e—\/é(x+8L) N )

- w1

Hence the result becomes

1+ 2e_2‘/§L + 2e_4‘/§L + 2e_6‘/§L + Ze_s‘/gL + )

2

—X

fH=6(- Se®
ik 13
(2L 01 —(2L x) (4L 01 7(4L x) (6L 01 (65’”2 b
2\/_ t2 2‘/_ tz 2‘/_ t2
(x+2L) 1 —(x+2L (x+4L) 1 ﬂ (x+6L) 1 ("ZT?’z L.
2\/_ t2 2\/_ t2 2\/_ 12
oo L1 D 1 e 1 et

Hence

x
f(t)——2

LeL-v x)1
2\/_ t2
L 42D 1
2\/_ tz
2L 1

ok

Nk 12

2\/_ tz 2\/_ t2

2
—p 4kt
—(2L—x) (4L x) 1 —(4L x) (6L x) 1 —(6L x)
Akt 4 e
2 V tz 2 V tz
—(x+2L (x + 4L) 1 ~(x+4L)? (x + 6L) 1 ~(x+6L)?
4kt o .-
2V7tk 2 2VT t2
-e? (4L) 1 *(4” (6L) 1 *(6L
Tkt & —
2 V tz 2 V tz

Now convolution can be carried out. From Eq. (3)

u(x,

B = f:f(T)g(t—T)dT
fro(G- )
g( fo ' Foydr - fo o e_a(t_T)dT)
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2

f (1) de _f 1 (2L — x) 1 *@% (4L — x) 1 @iTtx (6L — x) 1 % o
0 \/_tz 2‘/_ t2 2‘/_ t2 2\/_ 2
(x+2L) 1 M (x+4L) 1 M (x+ 6L) 1 —(x+6L>
4kt ki Akt 4 .-
2\/_ t2 2\/_ tz 2\/_ t2

2L 1 e’ (4L) 1 - (6L) 1 —<6L>
4kt T4kt T4kt

-——e - —e
ZMtg 2vrk t; 2\/_ t2

and

t t —(2L—x)
f f (1) e =1t = f I 1 (2L X) 1 Tk 4 .- et g

The last 2 integral, when evaluated give the solution u (x, t)
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2.6.7 key solution

Homework Set No. 5

NEEP 547
Due October 11, 2013

DLH

1. (4pts) Find the inverse Laplace transform of the following function:

$+1
=n( 2 T
g(s)=1In <s(s+1)
2. (6pts) Use the Laplace transform to solve the following problem:
(I1-8)y"+ty —y = 0 with initial conditions; y(0) = 3 and 3/(0) = —1.
Periodic function
3. (8pts) Solve the initial value problem where is f(t) is a periodic function:

/ b N g . _ . oy )1 for0<t<?2
y+4y+3fgy(t)dt—f(t),y(ﬂ)fl,wmhf(t)f{_1 for2<ted

Convolution Theorem

4. (10pts) Consider the equation of motion for a damped harmonic oscillator:

d’z dz 9 f@t) p k
22 i A here: A = £ . ==
o 2\ ¥ +wiz where: A 3 and w,

with a general forcing function f(¢) and initial conditions z(0) = 0 and z’ (0) = vo. Express
the general solution of the equation in terms of the convolution integral. Determine the
solution for function a). f(¢) = P4(t) and b) f(¢) = Fp sin(wt). Note: the oscillator is

under damped, i.e. w? > A2,

5. (10pts) Heat Conduction Equation (0 < z < £ and t > 0):

2
%—i’ -~ k%g— =ae " with 1.C.: U(z,0) =0 and B.C.: U(0,¢) = U(¢,t) =0

where £, a and « are positive constants.
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2] }Solue tle jfeaowr"w’..f(-'*b}y”“i\/’~\/‘~'0 - y(e)=3,')/’/o/ E
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>/71 . — L N _ G N
\//\L) il Z (sw).i’(;,‘» r Z Z 5+, 5#3)(/ 26¥en e J.L-_»(ﬁze‘?i.y.
1 L . | L4/t e /
z( tle ) tF(e -¢€ )/ (/=2M 2] + 2Uct—) -2 keci-6)
+ (-t N
Bnek (t--,)] é ts SL("(JC.,ﬂ
H e
ik —t 3¢ | + 1 / (L~1) _vle-2) ~ M\J'
=2 (‘6 +3e 2(c =& ")~ Q(zj(é Lo /#//{w,j + 4 ()(g" ‘”.é“‘““/)
& g U) 1{4 ) _(-8)
Li)(e 6] (o) “ T )rpeg g
N E
< OLLEL
3T _(er) e
Y= e +E 2424
3t N e .
S \c-‘é ) ""6-—‘?’&1’)-#6“: Lc}, e bg\) il
6—3{:
OLte
__’5f _(\e—pl _,"7({‘7/} —
W= & e +e 2epcy
— 5t = Uiy 7_; N {é ~¢) ( '7714—7—] -"7(*(:*(’\
< ~(e ) * -e ) Yepeo
= b fees] o, g é) (S z-J_éwew/*éw--é/) Kadop
-34
: < OLLl)
3+ —E-2) _3&-2)
V= (=4 = & + & 2e4 el
g s, 'Y Y 3t 3(2) ()
3 - (é—eﬂ‘ (e - ) Yeteg
e -3 3¢
& o gL e+@ J ad 'e( ) Y Cz/e) g b ip
/’ -3+
| é QLtsL)
3t
s b= 3t 3c2) (4)
;Zeﬂ’f-c + € (/ = ) < [-& +€37 Het4o
S\ -3 %(,A «) »( ‘u
Qe = £ (/ -t ('"j c 4(/ e H,’ GE4LLE
/ . /4_( )(h*»:)e?n sy v,)(hu)e n)
‘//t;; e *C‘ E’, o - { /1‘:3 _2(n-)dtedn
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g
X )= ml

Xtt)= X (&)

@) {ep)-

FP‘ op/ij

_) £+
X (& = ,Ma JC ks

/*é At

S sdale o €

e 1a
Al

.
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27 HW®G6

2.7.1 Problems to solve

Homework Set No. 6 NEEP 547
Due October 25, 2013 DLH

Integral Equation (Homogeneous)

1. (6pts) Show that the only values of A for which

1
fa) = [ ay(a+y) 1) dy
has a non-trivial solution are the roots of the equation
A2 £ 120\ — 240 = 0.

(Hint: This is an eigenvalue problem for the case of a homogeneous Fredholm Eq. It can be
solved by the differential equation method.)

Integral Equation (Neumann series solution method)
2. (6pts) Solve the following integral equation using the Neumann series method:

5(32

¢(z)=1+5—/0x(x—t)¢(t)dt

3. (6pts) Determine ¢ (z) using the Neumann series method:
xr
Y(x) = xcosx + / tp(t)dt
0

Integral Equation (Differential equation solution method)

4.(6pts) 2cosh(z) —sinh(z) —(2—2z) = 1+ /Om (2—z+t)Y(t)dt
5.(6pts) u(z) = cos(x)—z—2+ /0m (¢ — 2) u(t) dt

1
6.(6pts) u(z) —= ac+)\/0 (142 +t)ult) dt

dy(t 1t
7.(6pts) :Zle) = 2-— 771/, y(1)dr, with I.C.: y(0) = 0.

Integral Equation

8. (6pts) Solve the integral equation using any technique:

y(z) = f(x) — A/aw oter@) y(t)dt
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2.7.2 Problem 1 (integral equation (homogeneous)
Show that the only value of A for which
fo = [ e+ o)y
has a non-trivial solution the roots of the equation
A2 +120A4 —240 = 0
solution

The integral equation is a homogeneous Fredholm of the second kind. Normally it is written
as

1
o) = A fo K (%,y) p(y) dy 1)

Where in our case the kernel K (x, y) = xy(x + y). Hence the kernel is separable and can be
written as

K (x, y) = x%y + xy?
- 008 1)
Where M; = x*,N; =y, M, = x,N, = /2, thereifore Eq. (1) can be written as
Px) = A fo 1 (Ej] M; (0)N; (y)] () dy
Interchanging summation with integration

2
@(x) :AEM]-(fO
]

Now Ll N; (y) ¢(y) dy is a constant. Lets call it ¢;,

1
N; (v) p) dy) (2)

¢ = j: N;j (y) P(y) dy
Therefore Eq. (2) becomes
px)=A iMjcf
To find ¢; we multiply both side by N; and inteérate w.r.t. x which gives
. N () () d = A zj] a6 3)
Where
a; = j: N; (x) M (x) dx

Which can be evaluated to a numerical values. Going back to Eq. (3) we see that the LHS
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is just ¢;, hence Eq. (3) can be written as

2
C; = A Z ﬂi]'C]' (4)
j

[Cl _ A(an au) (Cl]

C2 a1 dxpJ\C2
€1 -1 VY] -0
C2 ap1 A

C1 1 — Aall —/15112 _ O

C2 —/\ﬂ21 1 - Aazz

G

C

Writing this in matrix for

For a non-trivial solution to exist, J can’t be zero. Hence the only possibility is that

1- Aﬂll —Aﬂlz
—/\ﬂ21 1- /\Elzz

Now we evaluate the a;; coefficients. Recall from eariler that M; (x) = x%,N; (y) =y,M;(x) =
x, N, (y) = y?, hence

1 1 1
an:f Ny (x) M; (x) dx:f x3dx:1
0 0
1 1 1
ﬂlzzf Ny (x) M, (x) dx:f xzdng
0 0
1 1 1
a21:f N, (x) M (x) dx:f x4dx:g
0 0
1 1 1
azzzf N, (x) M, (x) dx:f x3dx:1
0 0
Therefore
1 1
b 1-al
or
4=\ (=AY (A ()
4 4 3/\5)
1 1
2 ZA41=0
240 2

A% +1201 -240 =0

Therefore, the values of A which satisfy this polynomial will allow a non-trivial solution. In
otherwords, the roots of this polynomial. This is what was required to show.
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2.7.3 Problem 2 (integral equation, Neumann series method)

Solve the following integral equation using Neumann series method

o) =1+ = —f (x - ) (t) dt
Solution:

The above is in the form
o) = f(x) - f K(x, b o) dt 1)
0

Lets makes it in standard form, by changing the sign in front of the integral to + instead of

0
p@ =@+ [ Kxhewd

Hence it is a Volterra of the second kind. We start by approximating ¢(x) to f (x)

Po(0) = £ ()
Then
0
P = [ K@ Do
0
P20 = [ Kb d
0
a0 = [ K@D
Therefore

2

X
(X)—1+E

2 4
p1(x) = f (x—t)(1+;) dt = (2 +x_)
X
P2(x) = f (x - t)( ) (ﬂ %)
4
%m=fu—%

Therefore, we now see the sequence as

QO(X) = (PO(x) + (P1(x) + (PZ(x) + q03(x) + .-

x? 2 ¥t af x° X8
=(1+=|-|=+= |+ |+ =] | ==+ +
2! 2 24 24 720 720 40320

2 x2 4 4 6

720) (720 40320)

167



2.7. HW 6 CHAPTER 2. HW

Hence the solution is

p(x) =1

2.7.4 Problem 3
Solve the following integral equation using Neumann series method
@(x) = xcosx + fx to(t) dt
Solution: 0
The above is in the form
o =@+ [ Ko npt)d M
Hence it is a Volterra of the second kind. We start by approximating ¢(x) to f (x)

@o(x) ~ f(x) = xcosx
Then

0
P10 = [ Kot dt

0
P = [ Kot

0
o) = [ Ko Hg,a(tde
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Therefore

@o(x) = xcosx
P1(x) = f t(tcost) dt
0

=2xcosx + (—2+x2)sinx = x2

sinx + 2xcosx —2sinx

Po(x) = f t(2 (tcost —sint) + t? sin t) dt
0

3

= —x3cosx + 5x%sinx — 12sin x + 12x cos x

X
P3(x) = f t (—t3 cost +5t2sint —12sint + 12t cos t) dt
0

4

= —x*sinx — 9x3 cos x + 39x2 sin x — 90 sin x + 90x cos x

X
Py(x) = f t (—t4 sint — 9t cos t + 39t sint — 90 sin t + 90t cos t) dt
0

5

= x% cosx — 14x* sin x — 95x° cos x + 375x2% sin x — 840 sin x + 840x cos x

X
Ps(x) = f t (t5 cost —14t*sint — 95t cos t + 375t% sin t — 840 sin t + 840t cos t) dt
0

= x0sin x + 20x° cos x — 195x% sin x — 1155x° cos x + 4305x2 sin x — 9450 sin x + 9450x cos x

Therefore, we now see the sequence as
P(x) = o(x) + P1(x) + Pa(x) + P3(x) + -+
= (x cos x)
+x2sinx + 2xcosx — 2sinx

3

—x3cosx +5x2sinx —12sin x + 12x cos x

45in x — 9x3 cos x + 39x2 sin x — 90 sin x + 90x cos x

—x
+ x° cos x — 14x* sin x — 95x° cos x + 375x2 sin x — 840 sin x + 840x cos x
+ x® sin x + 20x° cos x — 195x% sin x — 1155x3 cos x + 4305x2 sin x — 9450 sin x + 9450x cos x

+ ...
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Collecting
@(x) = cosx (x + 2x + 12x 4+ 90x + 840x + 9450x + ---)
+ cos x (—x3 - 9x3 — 95x3 - 1155x3 )
+ COS X (x5 +20x° + )
+sinx (-2 -12-90 — 840 — 9450 ---)
+ sinx (x2 + 5x% + 3922 + 37522 + 430522 + -+
+ sinx (—14x* - 19524 - -+
+ sinx(x6 + )
or

x + 2x + 12x + 90x + 840x + 9450x + ---
@(x) = cosx —x3 —9x3 — 95x3 — 115543 ---
+x° +20x° + -+
-2-12-90-840-9450 ---
+x2 + 5x% + 39x2 + 375x% + 4305x2 + - --

+ sin x
—14x* = 195x* — ---
X6 4.
XZ X4 x6 . X3 XS .
Butcosx:1—3+ﬂ—%+-~-andsmx:x—g+fo—-~-thentheabovecanbewrlttenas
s X+ 20 +12x + 90x + 840x + 9450x + ---
L2 3 _ 9x3 — 9543 — 115543
=1-—4+ — - — 4+ .- —x° — — —
() 2 T4 720 o
+2° +20x° + -+
—2-12-90 -840 -9450 ---
( ¥oox ) +x2 + 5x2 + 39x2 + 375x2 + 4305x2 + - --
+lx-——+——---
6 120 —14x* —195x* — -
.
Looking at few terms
X + 2x + 12x + 90x+ ) X+ 2x +12x + 90x+ s X + 2x + 12x + 90x+
X X
p) =] x> —9x3 9523 —5 —x2 =923 - 9513 - Y —x%—9x3 - 9513 -
+x° +20x° + -+ +x° +20x° + -+ +x° +20x° + -+
—2-12-90— - —2-12-90— - —2-12-90— -
+x2 4+ 5x% + 39x2 - 23| +x% +5x2 +39x2 .- 20 | +x% +5x% +39x2 -
+x - — + —
—14x* —195x% — - 6 | —14x*—195x* - ... 120 | —14x* —195x% — ---
M. NI NI
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Hence
3 5 5 5
X X X X 45
X+ 2x +12x + 90x+ —— =% —6x° — 45x°+ aT ottt
5 7
_ 3 3 3 X 9 5 95 5 X 9 7 95 7
x) = —X _9x _95x + z Z - + - _ - _ =
P) 5 5 +2—:2x+2x 2n_ut T ;
+x° +20x° + --- X 7. ... ¥ 209,
5 10x7 + +24+24x +
1.3 3 3 © 1 3
Iy — _ . +-x° + 2x° +15x° — -+ 525
2x —12x - 90x 3, ; . 0 1035 4x39
X
+x3+5x3+39x3--- ———EXS—ZXS +@x7+ﬁx7+ﬁx7
- —14x° —195x° — * +?4x7+ l95x7 " 14 X7 %0
6 6 120 120
7 x9 xlO
x4 _x L
+... +...
6 120

Hence, collecting terms. In this we start with the smallest coefficients of each power of x
found in all the above, and add them

px)=x1+2+12+90+----2-12-90---)

1 1
+x3(§—§—1—1+2+5—6+15+39—45—---)

RO N T
x —— — — —_—— —
60 24 12 12 10

or
1 451
— 31_2 51 ==
px)=x+x ( c + O(h)) +x (120 + O(h))
May be a
sin (x)
3 5
since sin (x) = x — % + 1’;—0 —---? This problem is too hard but the above is my final answer.

2.7.5 Problem 4, integral equations, differential equation method

Solve

2 cosh (x) — sinh (x) - (2 — x) :1+f(2—x+t)(p(t)dt
0

Solution:

Taking derivative w.r.t. x gives

2sin (x) - cosh (x) +1 = f%(2—x+t)(p(t)dt+Z—i((Z—x+x)(p(x))—0
0

2sin(x) —cosh(x) +1 = f —@ (t)dt + 2¢ (x)
0

2sinh (x) — cosh (x) +1 - 2¢ (x) = — x(p(t) dt
0

cosh (x) = 2sinh (¥) =1 + 2 (x) = f "o () dt (1)
0
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Differneting again w.r.t. x

X

sinh (x) — 2 cosh (x) + 2¢" (x) = fo ;ixgo (t)dt + Z—i ((p (x)) -0

=¢(x)
Hence the ODE is

1 1
@’ (x) - E(P (x) = cosh (x) — 5 sinh (x)
Integrating factor is ¢ 2hence the solution is
X _x 1 2
d(e_Z(p(x)) = fe 2 cosh (x) — 5 fe 2 sinh (x)

_x 1 1
e 2¢(x) = cosh (g) ~3 cosh (32_x) + sinh (;—C) + 3 sinh (S_x)

- 1 [Sinh (E) - lsinh (3_x) + cosh (f) + 1cosh (3_x)] +C
2 2 3 2 2 3 2

Simplfying RHS
_x X 1 3x . X 1 . 3x 1 . X
e 2¢ (x) = cosh (E) -3 cosh (?) + sinh (E) +3 sinh (?) -5 sinh (5)
+ 1 sinh (3_x) - 1 cosh (f) - 1 cosh (§) +C
6 2 2 2 6 2

1 1 1 1 1 1
= —cosh[=x] - = cosh §x + —sinh [=x] + = sinh §x +C
2 2 2 2 2 2 2 2

Therefore
% 1 1 x
P (x) = & (cosh (—x) — cosh (gx + sinh (—x) + sinh (Ex)) + Ce2
2 2 2 2 2

Where the constant of integration C. To find this constant, looking at Eq. (1) above, repeated
below

X
amh(x)—ZsHﬂMx)—l-kZ@(x):Lf o (1) dt
0
We see that at x = 0 the above gives
1-1+2¢(0) =0
¢0)=0
Therefore, we let x = 0 in the solution itself and find C which gives
1
p0)=0= 5(1—1+0+0)+C
C=0
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1 3 (1 .. (3
(cosh (Ex) — cosh (Ex) + sinh (Ex) + sinh (Ex))

Hence the solution is

Nlrr?nx

@ (x) =

2.7.6 Problem 5
Solve

u(x):cos(x)—x—2+fx(t—x)u(t)dt
0

solution

Taking derivative w.r.t. x

u’(x):—sin(x)—l+fx%(t—x)u(t)dt+
0

dx
E(x—x)u(x)—O]

:_sjn(x)—l—fxu(t)dt
0

Taking another derivative w.r.t. x

u” (x) :—cos(x)—(fxd%u(t)dt+Z—iu(x)—O)
0

=—cos(x)—u(x)
The differential equation is
u”’ (x) +u(x) = —cosx 1)
The homogeneous solution is
u, = AeM* + Be'2*

+V—4 .
Where Ay, = —— = =i, hence

uy = Acosx + Bsinx
To find the particular solution, let
Uy = C1X COSX + CpxSinx

hence

’
p
Uy = —C1 SinX — €1 SINX — C1X COSX + €2 COSX + €3 COS X — Cpx Sin x

Substituting all the above in the original ODE Eq. (1)

U;, = €1 COSX — C1X SIN X + Cy SN X + CHX COS X

—C18INX — €1 SINX — C;X COSX + Cp COSX + €y COSX — CrX Sin X + (C;X COS X + Cpx SinXx) = — Ccos x

2cy cosXx —2¢1 Sinx = —cos x

1 . L
Hence c; =0 and ¢, = et therefore, the particular solution is
Uy = —zxsinx
2
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This gives the complete solution
u:Acosx+Bsinx—%xsinx (1)
At x = 0, the original integral equation becomes
1(0) = cos(@)—o—2+f00(t—x)u(t)dt

=1-2=-1
Hence Eq.(1) when x = 0 gives
-1=A
Hence the solution now is
u:—cosx+Bsinx—%xsinx (2)

Now to find B we take derivative of the integral equation and evaluate it at x = 0 which gives
0
W (O =-sin(©-1- [ u(d
0

=-1
But the derivative of Eq (2) is

. 1 .
u’ =sinx + Bcosx — E(smx+xcosx)

And at x =0 it gives
u' (0)=B
Hence B = -1 and the solution is

U=—CcoSXx—sSinx— Exsinx

2.7.7 Problem 6

Solve 1 (x) = x+A£l (1 +x+0)u()dt
solution

Taking derivative w.r.t. x

u’(x):1+/\j(;1%(1+x+t)u(t)dt

1
:1+/\f (b dt
0

Taking derivative w.r.t. x again

1 g
W (x) = A f 2 dt
0 dx
=0
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Hence the solution is
u(x) = Ax+B
We can rewrite the integral equation as

u(x):x+/1(fx(1+x+t)u(t)dt+f1(1+x+t)u(t)dt)
0 X

And it will give the same answer ofcourse. x is some point between 0 and 1. Now we processed
as before. Taking derivative w.r.t. x

u (x)—1+/\(f —(1+x+t)u(t)dt+—(1+x+x)u(x) 0)

+A(f —(1+x+t)u(t)dt+0——(1+x+x)u(x))

:1+/\(fxu(t)dt+(1+2x)u(x))+/1(f1u(t)dt—(1+2x)u(x))
0

X

Taking derivative w.r.t. x one more time

u” (x) = (fl —u(t)dt +

+A(f —u(t)dt+[0—d—u(x)]——(1+2x)u(x))

—u(x) 0 + — (1 +2x)u(x))

=A@ +2u(x)+ A +2x)u’ (x)) + A (—u(x) = 2u (x) — (1 + 2x) 1’ (x))

=AA+20)u" (x) + A (-1 +2x) v’ (x))
=0
Hence the solution is
u(x)=Ax+B (1)
To find the constants of integrations, we see that at x = 0 the integral equation gives
0
1 (0) = omf (1 +x+0)u)dt =
0
Hence from Eq. (1) at x = 0 we find B = 0, hence the solution is
u(x) = Ax (2)

Taking derivative u’ (x) = A, but from original integral equation we found that

u’(x):1+/1f1u(t)dt
0

Hence at x =0
u (0)=1
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Therefore A =1 and the solution is

ux)=x

2.7.8 Problem 7

dy(t) 2 1 ot
Solve % :Z—E—Z£ y(r)dr
Solution

If we integrate from 0 to f, then

fotdy(T)d —f2d7 f—d’c—zft( tly(’cz)d’cz)d’[

1
Y-y (0= %—3——fu—nwu9hz

6
Y () = 2t— e —f (t- )y (1) de
Check the above. Can I do this below? Taking derivative w.r.t. ¢
@y ()

1 td dt
F =—f - —(f Ey(’f)d’f'i' Ey(t)—O

=ty
Hence
+ ! (t)y =t
/=

i
The roots are Yt hence

t t
ythcos§+Csin§

For particular solution, let
Yp=c1t+ 0
and substituting in the ODE gives %cl =-1orc =-4,5s0
yy, = —4t
Hence the solution is
t t
= Bcos =+ Csin - — 4t
y=Bcos3 sin >
When x =0
0=B
Hence the solution becomes

y(t) = Csiné — 4t 1)
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To find the constant C, from the integral equation att=0

dy (0

=2
And from Eq. (1) ¥/ (t) = C% cosé —4, hence att =0

2—c1 4
)
CcC=12

Hence the solution in Eq. (1) becomes

Lt
y(t) :1281n§ — 4t

2.7.9 Problem 8

Solve the integral equation using any method

Y@= f)-A f b\ (1) dt
0

Solution:

The above is a Volterra integral equation, inhomogeneous since f(x) exist, and second
kind since the function we solving for is under the integral as well. We start by removing x
dependencies from inside the integral to the outside

Y (@) = f(x) - Axel® f ety (1) dt
0

Now divide by xe'* (notice that x can not be zero, hence initial conditions must start at
some other value).

y®  f)

xelx - xe}Lx

A f te My (t) dt
Let ¢ (x) = = and F(x) = f( ) the above becomes
b(x)=F(x) - A f teMy () dt
Now inside the integral, multiply by — in order to obtain the same form as on LHS
_ - y(®)
() = F(x) —Afo te “te“(ﬁ)dt

:F(x)—AfOxtqu(t)dt
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Taking derivative
& (@)= F (x) - A (fo d%tzq) () dt + Z—ix%p ) - o)
= F' (x) - Ax*¢ (x)
@' (x) + Ax?¢ (x) = F’ (x)

3
2 AX
ol APdx _ AT , hence

d (eA% (x)) = eA%SF’ (x)

Integrating factor is

Integrate both sides from 0 to x
3

X AZ; _ X A%dF
fod(e qb(z))—foe Edz
56 (0~ (0) = [eAZ?P] - f Fd (eAZ?)
o 0
eA%¢(x)—¢(0):(eA%F(x)—P(O)) f A5 2
eAx?gb (x)=¢(0)+ eAx?F(x) - F(0) - fFAzZeA%dz
0

3 K3 3 23
P)=eTHO)+F(x)—e "TF0) - Ac "7 fozzeA?dz

But ¢ (x) = y(x) M, therefore the above becomes (what to do with the division
by zero?)
x3 X3 X3
VO _ a2 w0 f) 4 fO 23 f@) a2
xex lim,_, xew T e lim,_, o xet* zehz
(—A§+/\x) y(0) (—A§+/\x) £(0) ( Ag +/\x f(Z) A_d
— _ S 3
y(x) = xe lim,_, xex +f) - e lim,_, o xet xA f P

Assuming zero initial conditions for now, which means f (0) = 0 and y(0) = 0, then in the

limit the above reduces to
Az3

f zf (z) —dz

erAx

y() =f()-

e3
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2.7.10 key solution

Homework Set No. 6 NEEP 547
Due October 25, 2013 DLH

Integral Equation (Homogeneous)
1. (6pts) Show that the only values of A for which
1
F@) =2 [ ay@+y) sy
has a non-trivial solution are the roots of the equation
A2+ 1201 — 240 = 0.

(Hint: This is an eigenvalue problem for the case of a homogeneous Fredholm Eq. It can be
solved by the differential equation method.)

Integral Equation (Neumann series solution method)
2. (6pts) Solve the following integral equation using the Neumann series method:

722

5~ | @-vv@a

Yo =1+
3. (6pts) Determine v(z) using the Neumann series method:
z
P(x) =z cosz + / te(t) de
0

Integral Equation (Differential equation solution method)

/
~ oz
4.(6pts) 2cosh(z) —sinh(z) - (2 —z) = Xf / @+ 0) $(t) dt
¢ Jo
z
5.(6pts) u(z) = cos(z)—z—2+ / (t—z)u(t)dt
0
1
6.(6pts) u(z) = m+)\/ (14 + ) ult) dt
0
2 ¢
7.(6pts) W = 2-—= l/ y(7) dr, with I.C.: y(0) = 0.
d 2 4o
Integral Equation
8. (6pts) Solve the integral equation using any technique:

y(z) = fz) — A/: ot @0 y(t)dt
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28 HWY7

2.8.1 Problems to solve

Homework Set No. 7 NEEP 547
Due November 1, 2013 DLH

Solve the system with use of the Fundamental Matrix

1. (6pts) Solve the following system of equations with the initial conditions, (1) = 3 and
y(1) = 1:

= 3z +y—2sin(¢)
= 4z + 3y + 6 cos(t).
Solve the system with use of the variation of parameters

2. (6pts) Find the complete solution of the system with the initial conditions, z(0) = —1,
y(0) =2 and 2(0) = 8.

r = 3r—=z
= 2r+2y+z
7 = 8x—3z.

Diagonalization
3. (6pts) page 339, prob. 6
Solve system with Diagonalization

4. (6pts) Find the general solution of the system:

r = —x+3y
"= 3z—y
2 = -2z —2y+62

5. (6pts) Find the general solution of the following system:

2 +x+y +2
32" —7x+ 3y +y = 0.

Matrix Exponential

6. (6pts) Using the relation [ €At dt = eAf x A1, determine the general solution of the

following matrix equation;
dN — —

where F(t) = Bt? and B is a constant vector.

7. (6pts) Solve problem 5 using the Matrix Exponential method outlined in class.
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2.8.2 problem 1 (fundamental matrix, variation of parameters)

Solve the following system of equations using initial conditions x (0) = 3;y (0) =1
x' =3x+y-2sin(t)
Yy =4x+ 3y + 6cos(t)

Solution:

Writing the above in matrix form

x| (3 Tjfx N —2sin (t)
v) (4 3)ly 6 cos (t)
In vector/matrix notations it becomes

X =Ax+f

The eigenvalues of A are {5,1} and the matrix whose columns are the corresponding eigen-
vectors (in same order as the eigenvalues) is

Since [P| =1 # 0, hence these solutions are linearly independent eigenvectors, (This check
was not needed in this case, since the eigenvalues are distinct).

x, = Qc
1 1
_ ~edt -5
et et e
Now the particular solution x, is found using the variation of parameters method for systems
of equations.
X =x,+x, (4)
To find the particular solution, assume
x, = Qu
and u is found
x, = Q'u+ Qu’
Substituting the above in the ode x’ = Ax + f gives
Qu+Qu =(AQu+f
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But Q' = AQ (since Q is a fundamental solution) then the above becomes
Qu+Qu =Q'u+f

Qu' =f
u :Q—lf
u= fQ‘lfdt

1 s5¢ t 11 _osin (¢t
But Q = | 2° 2" | hence Q7' =| ¢ 2| and f = sin () hence the above becomes
et e — 6 cos (t)

el 2et

1 1 .
. f( 6—51 ?) (—2 sin (t)] dar
5 o 6 cos(t)
3&“ _ 2Lnt
= f coessi 2 e dt
3—— + 5 sint
e e
[ Le-5t (sin t — cos t)]

Ee‘t (sint —5cost)
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Then ﬂ since x, = Qu then

=12

e

Lost —%et Le-5t (sin t — cos t)
ot t Ee‘t (sint —5cost)
~Letet (sint — 5 cos t) - ie‘5t65t (cost —sin t)]

%ete‘t (sint —5cost) — %e‘SteSt (cost —sint)

cost
sint —3cost

%Another way to find particular solution is by gussing. But problem asks to use the variation of parameters
method. But this is how the guessing method would work: Let

And

X, = Asint + Bcost

Y, =Csint+ Dcost

Then xj, = Acost —Bsint and y;, = Ccost — Dsint and the ODE system becomes

Acost—Bsint =3(Asint+ Bcost)+ (Csint + D cost) — 2 sin (f)
Ccost—Dsint =4(Asint +Bcost) +3(Csint + D cost) + 6 cos (t)

comparing coefficients

Hence

4 equations in 4 unknowns

The solution is

Therefore

and

sint(-B-3A-C) + cos (t) (A—-3B—-D) = -2sin ()
sint(-D —4A -3C) + cost(C —4B - 3D) = 6 cos (t)

-B-3A-C=-2
A-3B-D=0
-D-4A-3C=0
C-4B-3D=6

-3 -1 -1 0)(A -2
1 -3 0 -1f|B 0

-4 0 -3 -1||C 0
0 -4 1 -=-3)\D 6

A) (0
B| |1
cl |1
D) |-3

X, = Asint + Bcost

= cost

Y, = Csint + Dcost

=sint—-3cost
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Substituting the above into Eq. (4) gives

x—Qc+xp

_ Lot % A(cy s cost
et e sint —3cost
Applying initial conditions x (0) = 3; (0) = 1 the constants are found by solving the following
1
3 _E ] + 1
1 1 )lcz) |3
11
2 2||@
1 1 Cy
a) (5 -3 (2)_(4
) (1 1) (4 (o

x=Qc+x
Lse _ 1
x| _[z¢" 3¢ 4 N cost
y e et J|0) |sint-3cost

p
X = cost + 2et

Hence

And the final solution is

y =sint —3cost + 4et

2.8.3 Problem 2 (fundamental matrix, diagonalization)

Find the complete solution of the system with initial conditions x (0) = -1,y (0) = 2,z(0) =
X =3x-z
Y =-2x+2y+z

7/ =8x -3z

solution:

X’ 3 0 -1)(x
yvi=1-2 2 1|y
z/ 8§ 0 -3)\z
x = Ax
To diagonalize A, its eigenvectors matrix P is found. Then the matrix D is

P'AP=D

195



28. HW 7 CHAPTER 2. HW

D is a matrix with the eigenvalues of A on its diagonal. P has the eigenvectors as its columns.
In this problem it is found that

11
p= —11 (E) 2
6
1 1 0
And
-1 0
D= 1
0
Now to decouple A, let
x =Pz
Hence the problem becomes
x' =Pz’
= Ax
Therefore
Pz’ = Ax
= APz
or
z =P APz
=Dz

The new system is which is diagonalizable (decoupled) hence easy to solve. Solving for z
gives

4 -1 0 0)(z

z|=10 1 0ffz

z3 0 0 2)\z;

Hence
2 et 0 0)(c
=10 ¢ 0]l|c
z3 0 0 e&%)lcs
z=0Q,c

Where ¢; are the constants of integration and (), is the fundamental matrix in the z space.
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Now, since x = Pz then the solution is converted back

x =PQ,c

T3 O)fet 0 0)(a

= —% 0 1{l0 ¢ 0]|c
1 1 0J)lo 0 &)lc
1+ 1
416 ¢ 0|fa

= —ge‘t 0 &||c
et e 0 )\

-1 31 % 0 Cq

2|=|-: 0 1|

8 1 1 0)lc

Hence
-1

o) (7 3 0 (1) (20
ol=|-+ 0 1 =[-12
6 16
C3 1 1 0 3

Therefore, the final solution is

x (t) }Ie‘t %et 0)( 20

y()|= —%e‘t 0 e*|[-12
z(t) et e 0 13—6

x () 5e~t — 6et
_ |1 2 10 4

y®|= 3¢ 3¢

z () 20e~f —12¢!

2.8.4 problem 3 (Show matrix is diagonalizable)

000
Produce a matrix that diagonalizes A=|1 0 2|, or show the matrix is not diagonalizable.
013
Solution:
The eigenvalues of A are
A é 17+
A | =5 -5 V17
A3 0

Since the eigenvalues are distinct then the matrix is diagonalizable. The corresponding
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eigenvectors are

0 0 -2

|1 3001 3
P=[V17-5 —V17-2 -3
1 1 1

Where the first column is the first eigenvector associated with first eigenvalue A; and the
second column is second first eigenvector associated with the second eigenvalue A,. Therefore
the diagonalized matrix of A is the matrix D given by

D =P 'AP

D does not need to be computed from the above, since it is given also by

A 0 0
D= 0 Az 0
0 0 A3
1 3
5 17 + 3 X (1) 0
= 0 E - E\/1_7 0
0 0 0
3.5616 0 0
= 0 -0.5616 0
0 0 0

Note that Jordan form of the matrix is its diagonalizable matrix (if it is diagonalizable).

2.8.5 problem 4 (solve system of equations with diagonalization)

Find the general solution to
x' =-x+3y
y' =3x-y
z/=-2x-2y+6z

solution:

x’ -1 3 0)(x

yi|=(3 -1 0fly
z/ -2 -2 6)\z
x = Ax

The eigenvalues of A are {—4,2, 6}, hence the matrix is diagonalizable (since all its eigenvalues
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are distinct). Therefore

P'AP=D
-4 0 0
=10 2 0
0 0 6
The eigenvector matrix P is

-1 10

P={1 10

0 11

Where the first column if the eigenvector associated with the first eigenvalues —4 and so on.
Now, let

x =Pz

Which leads to (as was done in problem 2) in order to decouple the system of equations in
the z space

2z’ =Dz
Now the new system is decoupled. Solving for z
z] -4 0 0)(z
z[=10 2 0]|z
z5 0 0 6)\z

Hence
2 e 0 0\
=10 ¢ 0||c
z3 0 0 ¢)\cs
z=0Q,c

Where c are the constants of integration and Q, is the fundamental matrix in the z space.
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Since x = Pz then

x =PQ,c
-1 1 0\fe* 0 0)(¢
= 1 0 ¢ 0]|c
0 1 1JL0 0 )l
- 2 0)(
=le* 2 0f|c,

62 — et

= [cye? + cie™

cpe?t + cqe®

2.8.6 Problem 5 (solve system of equations with diagonalization)

Find the general solution for

2 +x+y +2y=¢
3 -7x+3y" +y=0

solution:

First the equations are transformed such that each equation contains only x” or y" on its

own. This is to allow the system to be written as x’ = Ax. Solving for x’, i’ gives
, 10 5

= —yxy——y+¢t
x SX-gyte

174
=—x+-y-e
y'=gxtgy

Hence

X =Ax+f

The eigenvalues of A are {-1 + 27, -1 — 2i}. Since they are distinct, the matrix is diagonalizable.
The P matrix of eigenvectors is
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Let
x =Pz
Hence ¥’ = Ax + f becomes decoupled as follows
z =Dz +Plf
=Dz+G

28 7oyt ) (342
WhereG:P—lf:[w 7 17)( ]— 26
1 d 5

6

. 1. 5.\
zy| [-1+2i 0 zl+_§+gle
z 0 -1-2i)lz _(%_éi)et

Solving for z

6

Since the system is decoupled it can be solved as each equation on its own as follows
1 5
21 =(-1+2i)z; - (E + —z)e
25 = (=1 -2i)zp - (—
The solution is

z1+ (1 -2i)z :(

f)°
)
)

I\)IH NIH
O\ID‘I O\IU‘I

zp+ (1 +20)z, = (—
Hence, using integrating factor

d(ef(l—Zi)dt _ oJa- 21)d1( 1
2

1
2

d(ef(1+2i)dt _ef(1+21)d'f

Therefore
‘ 4 1 5
d (8(1—21)t21) = p(1-20)t (_E — 61’) et
_ . 1 5
d (e(1+21)tzz) — (1420t (_5 + 61‘) et
Hence
1 5 :
(1= 2z)tZ — (_E _ gi)fe(l_zom dt + ¢
(1+2i)t 1 5 : (1+2i)t+t
e Zy = —§+61 f@ dt+C2
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or
1 5)\(1 i ‘
(-2, — (= — Zj|[= + = | g 2it+2t 4
e Z1 ( > 61) (4 4)3 c
1 5\(1 i\,
(1+21)t ===+ Zil[=== 2it+2t +
Zy ( > 61) (4 4)6 c
or
1 5)\(1 i .
= -2 -Z{|[=+ = —2it+2t—(1-2i)t + (1-2i)t
1 ( 2 61)(4 4) G1e
1 5)\/(1
=== 4+Z - 2it+2t—(1+20)t + —(1+2i)t
& ( 2 61) (4 4) c2¢
Hence

1 1
Z1=(———z)e + cqe” (120t

12 3
Zp = (11—2 + %z)e + cpe~ (120t
But x = Pz therefore
7, 6, 7 _8; (%—%i o + cpem(1-20
x= 171 17 171 17 ) (l ) li) P
12 3 2

1 7 6 7 .6
et L 2 —(1-2i) _ L . ° —(1+2i)t
_ | (17 171) “e (17 + 171) c2e

1 —(1-2i _
ge +cqe (1-2i)t +cpe (1+2i)t

The final solution is

1 7 6 . 7 6 .
= et — [ = — —j|ce(1-20t _ b — —(1+2i)t
x(t) 66 (17 171)C16 7 171 Cpe

]/(f) — let + Cle—(l—Zi)t + Cze—(l+2i)t
6

or
7 . 6 . 7 ‘ 6 ‘ 1
x(t) = - (ﬁcle—(l—Zz)t _ 1_7icle—(l—21)t) _ (1_7C23—(l+21)t + ﬁicze—(1+21)t) + gez‘
1
y () = cre7te?! + cpete it + 68
or

7 6 7 6 .
x(t) = —e —e7t| —cye?t — —icye?t | — et | =Pt + —icye?i
17 17 17 17

1
y(t) = et (cq (cos2t +isin 2t) + ¢, (cos 2t — isin 2t)) + get
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or
(7 . 6 . ..
x(t) = et | —=cq (cos 2t + isin 2t) — —icq (cos 2t + i sin 2t)
17 17
+(Z (cos 2t 2t)+6 (cos 2t 21‘)+1
—e | —=cy (cos2t —isin —icy (cos 2t — isin e
17 2 17 2 6
_ - . 1
y(t) = et (cq cos2t + cyisin 2t + ¢, cos 2t — icy sin 2t) + get
or
(t) = —e~ 7 o+ L 2 — i 2 cos2t + ¢ sin 21
x(t) =—e*|-—=cq cos —icq sin icy— cos c1— sin
17! 17! 17 17
+(7 2t ’ 21f+6 2t+6 2t+1
- — —i—cp sin — —y Sin
et 1762 €08 117czs 171c2 oS 17628 68
1
y () = e ((c1 + cp) cos2t +i(cy — ¢p) sin 2t) + get
or
7 6 6
1 —cq1cos2t + —zcl sin 2t — icy — cos 2t + ¢y — sin 2t
x(f)= - -et| 7 7 e &7
6 ——CZCOSZt+Z c281n2t —zczcos2t—1—7c2 sin 2t
1
y(t) = et ((cg + cp) cos2t +i(cy — ¢p) sin2t) + get
or

7 6 6
x(t) = get —et (— (c1 — ¢y) cos 2t + z (cl + ¢p) sin 2t — z (cl + ) coS 2t + — = (c1 — ¢p) sin Zt)

1
y(t) = e ((c1 + cp) cos2t —i(c — ¢p) sin 2t) + get
Let (¢; + ¢p)i = A and let (c; — ¢;) = B then above becomes

x () 1et et 7BcosZt 7As' 2t + 6A(3082t+ 6BS' 2t
A - —Asin — —Bsin
6 17 17 17 17

1
y(t) = get —ie"t (Bsin2t + A cos2t)

I am not sure how to move the remaining complex number into the constants over both
solutions. According to CAS, the answer should be real

1 1
y(t) = get - ge‘t (7B cos 2t + 7A sin 2t + 6 A cos 2t — 6B sin 2t)

1
x(t) = e + et (Bsin2t + Acos?2t)
May be I am close, but do not see it now. So will stop here.

2.8.7 problem 6 Matrix exponential

Using f edt = e A7! determine general solution of the following matrix equation ft)

AN (t) + F(t) where F(f) = Bt? and B is constant vector.
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solution:

% = AN(t) + F(t)
AN (t) B
— AN =F(®)

fo (AN () = ()
AN () - N(0) = f eAE(f) de
AN () = N(0) + f eAE () do
N(b) = AN (0) + et f ME(f) dr
N(t) = eM™N(0) + e f e MBt2 dt

But e = PeP'P~!,where P be the matrix of eigenvectors of A and D be the matrix of
eigenvalues of A on its diagonal. then

N(f) = PP'P-IN(0) + PePtp-1 f Pe-DtP1BE dr
= PeP'P~IN (0) + PeP! fe‘DtP‘lBt2 dr

The solution due to the forcing function is contained in Pe™ [eD*P~1Bt2 dt

2.8.8 Problem 7 (Matrix exponential)

Solve problem 5 above using the matrix exponential method.

solution:

2 +x+y +2y=¢
3 -7x+3y" +y=0
solution:

First we solve the above such that each equation contains only x’ or ¥’ on its own. This is
to allow us to write the system as x’ = Ax. By solving for x’,y” we find

, 10 5 Lt
¥=-ox-cy+e
17 4
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[z 20+

Hence

[SSR S ]

X =Ax+f
The general solution is
t
x = PePtP1x (0) + PePt f eDTp-1F 1)
0
Where the eigenvalues of A are {-1 + 2i,-1 - 2i}, hence, as was found in problem 5
7 6 7 6.
p=|"T7tT T
1 1
Do -1+2i 0
o -1-2i
_7 (1420t (_7 _ (-1-2i)t
(D:(17+17)e (17 17)6
(1420t o(-1-2i)t
Now
eDt _ e/\lt 0 _ e(—l+2i)t 0
0 e/lzt 0 e(—l—Zi)t
and
Mt p(1-20)t 0
e_DT = =
0 e—Azt 0 e(l+2i)t
and

Hence Eq. (1) becomes

t
x = PeP'P1x (0) + Peb f D p-1F gy
0
7 6 7 6 . 7 6 .
_ (—1+2i)t _ L 5 L 5
_| vty ¢ l VAR VAR T TL x(0)
1 el 21>f 1 1
7
L (—1+2i)t
+| 7 iR e .
1 8( 1- 21)t

(1-2i)t 7 _7_ 6. t
f e 0 N AR AT “1a
0 0 e(1+21)t 1 1 _et
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Simplifying gives
17 a+2it 4 (L 7 ;) (-2t 5. _@-2i) _ S . —(1+2i)t
‘= (2 121)3 PRETH A 1216 1213 x(0)
17ze (1+2i)t _ —ze‘(l 2i)t 1, z (2t o (L Zi (120t
12 12 2 12 2 12
, , 1 5.\ (9o
(L Z 8 a2it (7 b g) pmu2it) |- (5 + gz) o220t
17 17 17 17 dt
+ . . 1 5 .
(120t o~ (L4200t ol- (_ _ —i) 2420t
2 6
The integration yields
1 N i N (2-20)t ~ (220t
1223 12 3
1 i €(2+21)t l'e(2+21)t
1273 12 3
Hence the above simplifies to
17\ a2, (L, 7 ) ~a-2i¢ 5. _@-2i _ 5. —(1+2i)t
~ (2 lzl)e + 2 + e e e
= je- (20t —(1-2i)t 1.7 A+2i)t 7 2\ —(1-2i) x(0)
2! _Ele (E+12)e (2_51)6
31 11 _as2ir _ (1 1) —1-2i ~(1+20)t p(2+20)t 1 o~ (1-20)t p(2-20)t
N (204 1021)3 27 61 ¢ 2~ 6 € € 12 L €
11 —as2it,eer _ (L ~-2e _ (L2 L) pmaeane (L 1) -2 220
(1z+31)e ¢ 12 31 ¢ 12 31 2 3¢ €
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2.8.9 key solution

Homework Set No. 7 NEEP 547
Due November 1, 2013 DLH

Solve the system with use of the Fundamental Matrix

1. (6pts) Solve the following system of equations with the initial conditions, z(0) = 3 and
y(0) = 1

¥ = 3z+y—2sin(t)
Yy = 4z +3y+6cos(t).

Solve the system with use of the variation of parameters

2. (6pts) Find the complete solution of the system with the initial conditions, z(0) = —1,
y(0) =2 and 2(0) = 8.
¥ = 3z-2
= 2x42+2
Z = 8z—3z.

Diagonalization
3. (6pts) page 339, prob. 6
Solve system with Diagonalization

4. (6pts) Find the general solution of the system:

2 = —x+3y
vy = 3z—y
Z = —2z-2+62

5. (6pts) Find the general solution of the following system:

22 + x4y +2y
3z —Tx+3y +y =

I

Matrix Exponential

6. (6pts) Using the relation [ et dt = At x A~!, determine the general solution of the
following matrix equation;

N _ AN(t) + F(t)
T )+ Q@)
where F(t) = Bt? and B is a constant vector.

7. (6pts) Solve problem 5 using the Matrix Exponential method outlined in class.
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2.9.1 Problems to solve

Homework Set No. 8 NEEP 547
Due November 8, 2013 DLH

Fourier expansions

1. (4pts) Find the Fourier expansions of the periodic function whose definition on one period

is
t for0<t<?2
f(t)_{4—t for 2 <t < 4.

2. (6pts) Find the complex exponential Fourier series of the periodic function whose definition
on one period is f(t) =cosh(t) —-1<t<1.

3. (8pts) Find the solution of the following differential equation which satisfies the given initial
conditions:

. . 1 forO<t<m
y' =3y +2y=f(t) ;y(0)=y'(0)=0 andf(t)—{o for 7 < £ < 2.

(Hint: solve for the homogeneous Eqn. using O.D.E techniques and expand f(¢) in a Fourier
series).

4. (8pts) A vibrating string, clamped at £ = 0 and at = = ¢, is in a resisting medium which
damps it motion. Its motion is described by the damped wave equation

Ou(z,t) U232u(ﬂc,t) kau(m,t)
o2 Ox? ot
du(z,0)
ot
where v and k are constants and represent the propagation speed and damping coefficient,

respectively. Find the displacement of the string (motion of the string) assuming the damping
is large. Assume a Fourier expansion of the form

u(z, t) = i b (t) sin (’%) .

n=1

with I.C.: u(z,0) = f(z) and

= g(z) and B.C.: u(0,t) = u(¢,t) = 0.

Why did we use the sine series and not the cosine series?

2.9.2 problem 1 (Fourier expansion, periodic function)
Find Fourier expansion of the periodic function whose definition on one period is

t O<t<?2

FO=V 4t 2<t<a

Solution:
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The function f (t) is (for 3 periods)

flt_] := Piecewise[{{t, 0 <t <2}, {4 - t, 2 <t <4}, {0, True}}]
Plot[UnitStep[#] f[t - #] & /@ {0, 4, 8}, {t, 0, 12},
PlotRange -> All, Frame -> False, AxesLabel -> {"t", "f(t)"}]

Y ¥ \
¥ I 'y I U
4 & 2 10 12

Figure 2.10: f (t) drawn for 3 periods for illustration

The period is T = 4. Let Fourier series approximation of f(t) be f(t), hence from the
definition

- 4 2n . (27
f@= > + ,;1 a, cos (Tnt) + b, sin (Tnt)
This is an even function, hence b, = 0 and only 4, needs to be found. Hence

Fio="2 +§1 a, cos(%”nt)
um:%Ejﬁfaﬁﬁzé(jQMb+JjM—ﬂd0
(=L b)) b-2)

1
=-(Q+8-6

S(2+8-6)
=2

a, = TL/Z J;T Cos (%nt)f(t) dt = (fztcos (—nt) dt + f (4-1t)cos (ZTnt) dt)

But T = 4, hence the above simplifies to

. 2(7‘(_71
8 sin >

212

And

) cos (1tn)

a, =

225
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Looking at few terms

. . 231
sin® (g) cos (1) gin? (n) cos (2rr) S (7) cos (37) sin? (2m) cos (4n)
72 ’ 11222 ’ 11232 ’ 11242 a

8{005 () 0, &8 (3n) 0 &8 (5m) }

2 ' 32 T R

a, =8

-1 -1 -1
8 ﬁ'o' 71232'0' n252"

Hence

Therefore

226
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This is a plot of f (t) showing the approximation as # is increased for few terms. Sum needed
to go to only n =7 to obtain a very good approximation.

tb = Tablel
Plot[{UnitStep[#] f[t - #] & /@ {0, 4, 8}, glt, nl}, {t, 0, 8},
PlotRange -> All, AxesLabel -> {"t", Style[Row[{"N=", n}], 161},
ImageSize -> 300], {n, 1, 7, 2}];
Grid[Partition[tb, 2]]

N=1 N=
20 A n 20

3
A A\ /\ A
10 ic / / “’\% 5 / “\1:\ 10 \ / \
0.5 .‘fé’w‘ ‘-;\\ {A;z‘ :}L\_ 0.5 \j \V

N=5 N=7

15 15

10 10

05 05

4 6 8 2 4 6 8

Figure 2.11: Showing Fourier series approximation

2.9.3 Problem 2

Find the complex exponential Fourier series of the periodic function whose definition on
one period is f (t) = cosh(t);-1 <t <1

Solution:

The period is T = 2. Let Fourier series approximation of f (t) be f~(t), hence from the
definition

j;(t): i cneizTnnt

n=—0o0

T
1 2 iz
=z [2FOCT A n=0,41,22,

227
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Hence
1 2
Cy = —f cosh (t) e gy
2J,4
1 ! .
== f cosh (t) et dt
2J,4
1 ot (e—t et) ,
- — — 4+ — e—znntdt
2J \2 "2
1 1 1
— (f (—mn—l)tdt + f e(—mn+1)tdt)
4 1
1 ( imn— 1)t p(—imn+ )t T
Z —inn — 1 —imtn +1 o
1 ( inn-1) _ e(mn+1) e(—inn+1) _ e(inn—l)
—_ + -
! ( —inn —1 —irtn +1 )
1 ((=imn + 1) 7D — (—imn + 1) 7D 4 (—imn — 1) 65D — (—imn - 1) 0D
T 1 (=imn = 1) (=imn + 1)
1 —17'(7’16( imn—1) + 6( intn—1) + lnne(znn+l) _e(znn+1) _ ZT(HE( intn+1) _ 6( inn+1) + l7'(7’l€(mn 1) + e(mn 1)
T4 -m?2n? -1
1 —17'(7’16( imtn—1) + e(—inn—l) + inne(inn+l) _ e(irm+1) _ inne(—inn+1) _ e(—iTm+1) + inne(inn—l) + e(inn—l)
T4 -m?n? -1

Collect terms

1 (—imnee™™ + eLeT ™ 4 imnee™ — ee™ — imne™™ — ee” ™ + imne”le™ + el
7Ty —mZn? -1 )

1 (ele ™ (—inn +1 +inn +1) + ee™ (inm -1 - inn — 1)

T4 -m?n? -1 )

1 ze—le—inn _ zeeinn

T4 -m?n? -1 )

_ 1 (e (cosnm —isinnm) — e (cos nm + isin nm)

T2 —m?n? -1 )

But 7 is an integer therefore sinnm =0

1 (e Lcosnm—ecosnn
2 —m?n? -1

1 (cosnm (1 - ez)

2 e (—nznz - 1)

) l(cosm(ez_g]

1 + m?n?

228
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Looking at few terms

n=- n=0 n=1 n=2
1 cos(—n)(ez—l) 1 cos(O)(ez—l) 1 cosn(ez—l) 1 cosZn(ez—l)
=2 1+ n2 " e 1+ n2 'Z( 1+ n2 }Z[ 1+ 222 }
B —1(62—1) 1 (62—1) 1 —1(62—1) 1 (62—1) 1 —1(32—1)
B Z[ 1+m2 |"2e|1+72 ) 2| 1+m2 ]’Z[HnZzZ ’£(1+n232 ]
Hence
2 _
Cn=(—1)|nlﬁ n==+1,+2,
26(1+n2n2)
2 _
:u n=20

2e
The first few terms are

-0.108118, 0.02903, —-0.013083, 0.0073952, ---}

Hence

f(t) — i cneizTnnt

n=—co
_ (32 _1) " (32 _1) . (_1)|”| eimnt
2e 2 % (1 + nznz)
n#0
-0 QY y
= ( > ) Ez: (1 - nznz) ( innt 4 p mnt)]

= (322; 1) i_o: ( ) (2cos (nnt))]

(21 S (D"
= +2n§=:1 L+ )

Cos (nnt)]

Here is a plot of the function, and its approximation f (t) for few terms. This shows the
convergence is rapid and at N = 4 it was very close to the original periodic function

2.9.4 Problem 3

Solution

Since the D.E. is constant coefficients, then the homogeneous solution is found from the

—b+Vb2-4ac  3£9-(4)(2)  3+1

roots of the characteristic equations. The roots are A = ” = 5 = —, hence
Ay =2,A; =1 and the homogeneous solution is

229
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= (-1)®

H1+pi%n?

B2 -1
sglt,m] = — (142 Cos[Pin t]
- 2E
Labeled [Shov [Plot[g[t, 1], {t, -3, 3}, PlotStyle -+ Dashed], Plot[Cosh[t], {t, -1, 1}],
Plot[Cosh[t +2], {t, -3, -1}], Plot[Cosh[t - 2], {t, 1, 3}], PlotRange -» {{-2, 2}, {.8, 1.6}},
AxesOrigin + {0, 0}, GridlLines + Automatic, GridLinesStyle + LightGray], "N-1"]

/1 i \
4 14 ; 0
P /

Figure 2.14: Approximation at N =3
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(%3
=4

Figure 2.15: Approximation at N = 4

3. (8pts) Find the solution of the following differential equation which satisfies the given initial
conditions:

1 for0<t<nm

V' =3y 2= f(t) s u(0)=y(0)=0 and f(t) = { 0 formete o

(Hint: solve for the homogeneous Eqn. using 0.D.E techniques and expand f(t) in a Fourier
series).

Figure 2.16: Problem 3 description

y, = Ae?' + Be!

To find the particular solution, f(t) is first expressed in its Fourier series approximation
form. A plot of f(f) is (assuming it is periodic) shows the period is T = 27t Let Fourier series

= f[L ] := Piecewise[{{1, 0 < t<Pi}, {0, Pi< t<2Pi}}]
Plot[UnitStep(#] f[t- #] & /@ {0, 4Pi, 2Pi}, {t, 0, 16}, PlotRange -+ All, Frame » False,
Axeslabel » {"t", "f(t)"}, Ticks » ({0, Pi, 2Pi, 3Pi, 4Pi, 5Pi, 6 Pi}, Automatic}]
i)
1.0

Figure 2.17: Showing the periodic forcing function

approximation of f (t) be f (t), hence from the definition

f )

1
'™
o
oy
mN
S
I~y
S

|
-
—~
=
L.
~| 5
8
[
~
=
Il
L
+
=
H+
N

Ch = =
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Forn=0

INTEE I L
-
~~
(™
N
[
=

A

QU
-

N = §>|H | =
o

For all other values of n

1 m —iz—nnt 27 —i2—nnt
cn:—flxe T dt+f Oxe T7dt
27 0 n
1 fn et
27T 0
L [em ] _ [T
= — = ——|e
2n | —in o 271n 0
— L —inm _ 1
2nn (e )

e

But 1 — e =1 —(-1)" which is zero for n even and 2 for n odd, Hence

This is a plot of f () showing the approximation as 7 is increased for few terms.

Now that the forcing function form is found, a particular solution can be guessed. Let

00
=3, e
Nn=—00
00
’ _ : int
yp= Y ince
Nn=—00
00
r"_ 2 int
= 3
N=—00
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=glt , m]:=1/2+Total@Table[If[n =0, 0, (2/Pi) (1/(21)) (1/n) BExp[Int]], {n, -m, m, 2}];
£[t ] := Piecewise[{{l, O < t<Pi}, {0, Pi< t<2Pi}}]:
th = Table[
Plot[{UnitStep[#] [[L - #] & /@ (0, 4Pi, 2Pi}, g[t, n]}, {t, 0, 16}, PlotRange + All,

Ticks o {{0, Pi, 2Pi, 3Pi, 4Pi, 5Pi, 6Pi}, Automatic}, AxesLabel » {"t", Style[Row[["N=", n}], 16]},
ImageSize - 250], {n, 1, 15, 2}]:
Grid[Partition[th, 2]]

N=1
1001 ‘.f
o8 [
/ |
04 |
| |
| |
/ :
Vi
on ‘““—‘“vﬂ ‘-‘“:‘,.c‘
| |
0s
04
- |
. O I
CLASE CRET A T
N=% N=11
10fkaand) feanh  Loftaseal e T
o ‘ v fipey [ lw-ﬂ-rl
08 o
s 08
04 04
02 02
Lo | . A
A i 5t LS PR T AR M
N=13 N=15
1.0 fiammth fliently 10 franensl M
0r 08
06 0s
04 04
01 02
i ! f T

Figure 2.18: Showing Fourier series approximation of the periodic forcing function

Now ¢, needs to be found. The D.E. becomes

1
y;’j’—3y;,+2yp:§+

(o) (o] (o8]

D, —nPe,et =3 Y inc,e +2 Y e :%+ i

|
|
|

(o]

) (—nz - 3in + 2) e = % + Y]

n=—0oo

2co + i (—n2—3in+2)cei”t—l+ i 2)(L et
n
oo 2 L\ )\2
n#0 n odd
n#0

Therefore, by comparing

Co =

N
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And then rest of the terms are given by

5 (roanea- 5 (2)(3)

n=-o0o n=-—0o

n#0 n odd
n#0
(£)())
n)\2i)\n
=" dd
T T2 Bin+2 n odd,n #0
2 (1 1
=—|= dd 0
n(Zi) -n3 = 3in? + 2n nodd.n #

Therefore,

1 2 & 1 1) .
=_4+ = | pint
=gt —n3—3in2+2n(2i)e

T y="co
n odd
n#0

The above is converted to a sum from 1 to infinity. The first step is to break it into 2 sums

1 2 & 1 1\ . & 1 1\ .
=_4+ = = eznt + - emt
= nnzz_:oo —n® = 3in? + 2n (21') nz::l—n3—3in2+2n (Zi)
odd odd

To take care of the odd part of the sum, for the Z;i_oo part, let n = 2m +1 and the Y™ part
of the sum let n = 2m —1. The above becomes

1 2 d 1 (1

BT A T om 1) —si@m 1) +2@m+1) \2i

i 1 (1 ) i2m-1)t
| 2i

-2m- 1) -3i(2m - 1) +22m-1)

) i2m+1)t

2
7'(

2;11:_00 is changed to Z}ﬂ:m by replacing m with —m in the first sum above, giving

1
— E E 1 1 1(2( m)+1)t
TU =t 2i

~2(-m) +1)° = 3i 2 (~m) +1)* + 22 (~m) +1)
i 1 (1 ) i(2m-1)t
w1 — (2m — 1) -3i(2m - 1) +22m-1) 2i
Simplifying by extracting a minus from the first sum to make all terms the same as the
second sum

:1IN »m

E i 1 (1) —i(2m-1)t
Tt = (- @m =1))> = 3i (- @m - 1))’ + 2(- @m - 1)) \2i
i 1 (1 ) i2m-1)t

me1 — (2m - 1) -3i(2m - 1) +22m-1)\2

:IIN »MH

E i 1 1 —z(2m 1)t
i 2i

1(2m— 1) -3i(2m— 1) -22m-1)

i 1 1 z(2m 1)t
2i

1—@2m- 1) -3i(2m - 1) +22m-1)

:IIN .4>|»—‘
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To simplify this more, let (2m —1)3 = A,3(2m—1)2 = B,2(2m—-1) = C, hence the above

becomes
1 l e—i(2m—1)t + 1 1 1(2m 1)t
A-Bi—-C\2i -A-Bi+C 21
1 1 —z(2m 1t + 1 l ei(Zm—l)t
(A-C)-Bi 2i -(A-C)-Bi\2i

1 l e—i(Zm—l)t _ 1 l ei(Zm—l)t
(A-C)-Bi\2i (A-C)+Bi\2i

<
<

I

+

+

N

+
AN AN AN

3
I
—-

15 E145 E 1

Let A-C =D then

b 28 L (D) (1) e
P= 3T 7\ A D-Bi\2 D+ Bi \ 2i
_ 1 N E i 1 D+Bifl it _ 1 D-Bif1l pi2m-1)t
4 n - D-BiD +Bi\2i D+BiD-Bi\2i
:1_,_% i D+Bi (1 pi@m=1)t _ D-Bi (1 pi@m=-1)t
2.2 |9 2.2
4 m\Z B +D"\2i B2 + D2 \2i
1 2 D+Bi (1 . 2 < D-Bi (1) .
= —4+ = — | ,mi@m-1)t _ = | pi2m-1)t
4 nmz::le+D2(2i)e nmzzllB2+D2 2i)°
1 2 D 1 2 & Bi 1
=4 = —z(2m 1)t + —z(2m 1)t
2 & D

R LD (211) oy - Z B2 TDZ (zli)ei(zm_l)t
T m=1

Now common terms can be combined

1 ) )
_ 2 —(2 “1)t _ i@m-1)t

=z i BZ " D2 (21)( —i@m=1)t 4 ,i(2m- 1)t)

Hence
1 2 2 &
Z = Z 22D 5 Sin (nt) + — E D2 cos (nt)
1 2 & B
=1 ; Z 7 08 (nt) - DR sin (nt)

Replacing back values for B and D. Since D = A-C = (2n - 1)3 -22n-1) =8n>-12n°+2n+1
and B=3(2n - 1)2, therefore

1 22 302n -1y

yp:1+—2 " 1 5 cos (nt)
"9 @2n - 1"+ (2n-1)°-2(2n-1))
n-1°-202n-1) ,
- 5 sin (nt)
9@n-1)"+(@n-1)°-2(@2n-1))
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or
1 2 3
= — 4+ — t
= nz::l16n4—32n3+44n2—28n+1OCOS(n)
—4n® +4n +1

+ . ,
3215 — 801t + 12013 — 10012 + 481 — 10 Sin (n )

And the solution is
y = Ae® +Be' +y,
When t = 0;y = 0 hence
2 & 3
0=A+B+-+—
4 z 16n* — 3213 + 44n2 — 28n + 10

Taking derivative

[S¢]

2 —3nsi t
y' =2Ae* + Be! +—E nsin (nf)

16n* - 32n3 + 44n2 — 28n + 10
(—411 +4n + 1) n cos (nt)

+
32n° — 80n* + 12013 — 10012 + 481 — 10
When t = 0,1’ =0 hence

oo (—4n2 +4n +1)n

2

0= 2A+B+—
E 3215 — 80n* + 12013 — 10012 + 48n — 10
Subtract Eq. (1) from Eq. (2) gives
X —4n® +4n+1)n
0=A+-=+= E ( )
4 32n° — 80n* + 12013 — 10012 + 48n — 10
3

16m% — 3213 + 44n2 — 28n + 10
1 (~4n2 +4n +1)n 3

1 25’] —4n3 +4n? - 5n + 3
4w 43265 - 80nt + 12013 — 10012 + 481 - 10

236

4 Z 32115 — 80nt + 12013 — 10012 + 481 — 10 1614 — 3213 + 4412 — 281 + 10

(1)

(2)
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And from Eq. (1), B can now be found
1 2 3
B=-A-1 2%
4 1~ 16n* - 32n% + 44n? - 28n + 10
_ 1+2§] —4n® +4n® -5n + 3
4w A320° - 80nt + 12013 — 1002 + 481 — 10

1 2& 3
= E 4 3 2
4 m=16n* - 32n° + 44n° —28n + 10
1 2 —4n® +4n%2 -5n +3 3
B=——2+= E +
2 3215 — 80n% + 12013 —100n2 + 48n —10  16n* — 3213 + 44n? — 28n + 10
_ —4n? +4n+1

=__4+ = _
2" 7 ; 2" 1615 — 40n* + 6013 — 5072 + 2471 — 5

Hence the solution is
y = Ae® + Be' +y,t

1 2 i —4n® + 4n® —5n + 3 o
=|--— e
4 32n° — 80n* +120n° — 1001 + 481 — 10

1 S 1 —4n3 +4n® +n ,
( 2 7 21 21615 — 40n* + 601% — 5012 + 2471 — 5)3
1
T3
2 & 3 cos (nt) (—4n2 +4n + 1) sin (nt)
; zz: [16n4 3213 + 44n? — 28n + 10 * 32n° — 80n* + 12013 — 10012 + 48n — 10

This is a plot of the solution for n = 4. Notice that the system as given is unstable. This
is because the damping is negative. Hence the solution below blows up. I think the ODE

should have been y”” + 3y + 2y = f () and not vy’ — 3y + 2y = f (). May be a typo. But here is
the solution plot

. . 1 2i,. -4n®+4n2-5n+3 [2 6
yit ,m]:=|=-= Exp[2 £] +
== 4w £4320°-80n*+1200% - 20007 + 4810 - 10
1z 1 -4n%+4n2+n 1
i - Exp[ t] |+ = +
[2 nzll[zm n® - 40n* + 60n% -50n% +24n-5 4
25.. 3 cos[n t] (-4n2 +4n+1) Sin[n t]
T

16m1-32n% <4407 - 2810+ 10 3205 - 800 + 120n° - 10002 + 480

Plot[y[t, 5], {t, 0, 5}, Frame » True,
FrameLabel —» {{"y(t)", None}, {"t (sec)", "Solution for N=5"}}]

Solution for N=5

4000 -

3000 -

= o0 [

1000 -

Figure 2.19: Solution showing the system is unstable, for N = 5 terms.

237



29. HW 8 CHAPTER 2. HW

29.41 Appendix for problem 3

The Fourier series approximation using the classical definition can be obtained as follows

f(t) = EO + Z a, cos (z?nt) + b, sin (zTnnt)

T—f f(t)dt:%(f()ndt+L2ﬂOdt)
1

Where

o

And

N
=

I

[

1 ™ (2n 1 ™ 1[sinnt]" 1
f cos| —nt|dt = — f cos (nt)dt = — = —sginnn=0
nnJg T T Jg | n nm

And

S8
S
Il

1 2 1 171- £ -1
—f sin(—nnt)dt:—f sin (nt) dt = —[ﬂ = — (cosnm—1)
T Jg T mJg T n ly nn

1
— (1" -1)

Tt
~ 1+ (_1)n+1
B nmn

Therefore
f=

vsin 3

2k
00 1+( )n+1
P e

NI’—‘ NI’—‘

sin (nt)

2.9.5 Problem 4

'

. (8pts) A vibrating string, clamped at = = 0 and at © = £, is in a resisting medinum which
damps it motion. Its motion is described by the damped wave equation

Sl t) _ 20 u(z,t) _, Du(r,t)

o2 0 ot

du(x,0)
at

where v and k are constants and represent the propagation speed and damping coefficient

with I.C.: u(z,0) = f(x) and =g(x) and B.C.: u(0,t) = u(l,t) =

respectively. Find the displacement of the string (motion of the string) assuming the damping
s large. Assume a Fourier expansion of the form

oo

Z bye(F) sin (—1) .

Why did we use the sine series and not the cosine series?

Figure 2.20: problem 4 description

Solution:

The reason to select sin series for the spatial solution is to satisfy boundary conditions. We
are told the solution at ¢ > 0 must be zero at x = 0 and at x = L. This is satisfied by sin (%x)
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If we had a cos (%x) term in the spatial solution then that will not vanish at x = 0 nor at
x = L.

In this problem, we need to find b, (t), which is the temporal part of the general solution
since the spatial solution is provided and it already satisfies the boundary conditions. Hence
we just need to determine the form of b, (t) which will satisfy the two initial conditions given.
b, (t) will contain two constants to be determined from these initial conditions, and this will
complete the solution.

To find the general temporal solution, we can start using the standard method of separation
of variables. This will lead to second order differential equation to solve for in order to
find b, (t). But with the eigenvalues determined from the spatial solution. This is standard
separation of method approach.

Let
u(x,t) =T X(x)

where T (¢) is a function that depends on time only and X (x) is a function that depends on
x only. We know what X (x) in this problem. We are given this as sin (Tx) However, we will
continue the separation of variables approach in order to find T (f) and assign this to b, (t)
and in order to find the eigenvalues.

Since we assumed u (x,t) = T(t) X (x), we will now take derivatives and substitute all these
back into the PDE.

% =T'X
ot
& =T"X
ot?
My
ox
& =TX"”
dx?

Therefore the PDE becomes
T"X = v®TX"” - kT'X
Dividing by TX
T'X _ ,TX" T'X

=v -k
TX TX TX
T’/ T/ XI/
— 4+ k— =7?
T T X

We now follow the standard argument of separation of variables and say that the LHS is a
function of time only and this is equal to the RHS which is a function of x only. Therefore,
for this to hold, both sides must be equal to some constant, and we choose this constant
to be negative, say —~w?. (A positive or zero eigenvalues will not lead to real solutions).
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Therefore, we end up with two differential equations

T// T/

— +k—=-w?

R
X//
2N 2
'UX @

2
We always start by the spatial differential equation, which leads to X" + Z))—ZX = 0. Since the

2
stiffness term (Z—Zis positive, then the solution is sinusoidal and stable, hence

w . (@
X = Acos (—x) + Bsin (—x)
v v
This will lead to the solution given in the problem. But to verify, let us find A,B. When
x =0, X(0) =0, hence 0 = A. Hence X (x) = Bsin (%x) When x = L, X(L) = 0, therefore
0 = Bsin (%L) Since we can’t have B = 0 else there will be no solution left to use, we force

sin (%L) = 0 which means %L = nn for integer n and for any B # 0. Therefore,
nm
W, =0— n=1,2,--
L

(We do not need the constant B any more at this stage, as we can choose B =1 here. The
constants will come from the temporal part of the solution). The spatial solution therefore

X (x) = sin (nfnx)
Which is the solution given.

Now we are ready to find the general solution for T () since we now know the eigenvalues
w,. We go back to the ODE for T (t) and solve it. Here it is again

T"” + kT’ + w2T =0

This is a standard second order ODE that represents a damped system with stiffness term.
The solution depends on the damping. For underdamped system, the solution would look
like
-k
T, () =e2' (A, cos(wyt) + B, sin (wyt))

Where w; is the damped natural frequency (this is due to the roots of the characteristic
equation being complex conjugates). But here we are told that the damping is large. This
must mean it is overdamped, and hence the roots of the characteristic equation are both
real and distinct (The solution would have been easier if it is underdamped). Therefore, we
can write down the solution as

“This can be seen by finding the roots of the characteristic equation which are

1= -b £ Vb? - dac _ —k £ Vk? - 4w?
2a 2
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T, (t) = A,eMt + B2t

s ORISR O

Where w, = % These fundamental solutions can now be added to obtain the general
solution

u(x,t) = T 1)

0 —wj —]i Iﬁ 2— )1%]
Z v ]t+Bne( 2 (2) i sin(n—nx)
We see now that
T, [T
n

We are now ready to find A,, B, from initial conditions. When ¢ = 0, u(x,0) = f (x), hence
from Eq. (1) we obtain

b, (t) = Ane[

(o)

Fx) = E(An+Bn)sin(%x) 0<x<L

n=1

To find A, we need to apply the orthogonality relation by multiplying each side by sin (%x)
and integrating and using the fact that

L nm\ . (mm 0 m+n
f sin (—x) s1n(—x) dx =13 4
0 L L EL m=n

Therefore
j(;Lf(x)sm( I )dx = i (A, + Bn)f sin (—x) s1n(nznx)
OLf(x) sin (me) dx = Ié (A, + B)
Hence

A, +B, = % fo " sm(”f”x) dx )

Now using the second initial conditions. First, we need to take time derivative of the general

onm 2

But w? = (T) . Hence we can write the above as

Hence the roots are both real.
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solution, which results in

du (x,t) _

ot _g_ Gf—w%JSwa%+B4}§+ Gr_w%i§+(

N >

2
) —a)% t nr
sin (—x)

L

2| A
n=1

At t = 0 the above becomes

2 2
k k k k nm
—— —_| =2 — —| —2 i
> (2) a)n]+Bn[ 2+ (2) a)nﬂsm( T x)
To find B,, we need to apply the orthogonality relation by multiplying each side by sin (%x)
and integrating. Hence
L mn ko |k ko[
in(— = 22 -2 _= 2 —w2
j; g (x) Sln( T x) dx ,;1 5 (2) a)n] + Bn[ > + (2) a)nﬂ
Jy s (F)sin (7
. sin | x| sin | ——x
L mn L koo |(k\ ko |(k\
in [ =2 -z ERASNN | DA N _Z 2 — w2
j(; g(x)sm( T x) dx 5 lAn[ 5 (2) a)n] +Bn[ 5 + (2) a)n]]

2 2
k k k k 2t nm
— — —| —w?2 — —| - = _ inl—
An[ > (2) wn] + Bn[ 5+ (2) a)n] Lfo g (x) sm( T x) dx (2)
We now have two equations to solve for A,, B,. From Eq (1),
2 b . (mT
An:—aw+zj;f@mm(77gdx

Substituting this in Eq. (2) gives

(—Bn4-%‘Lffo)Qn(%?x)dx){—g—- (g)z—aﬁ]

(o]

g =Y,

n=1

Ay

(o]

Ay

Hence
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Solving for B,, gives

koK ko (kY
Bn §+ E —a)n—§+ E — Wy
2

Hence

Now that B,, is found, we can find A,, from

2 L
A,=-B,+ - f f (x)sin (—x)dx
This complete the solution, all terms are now found. The solution is
ad . (nm
u(x,t) = ,;1 b, () sin (Tx)
Where

2
k
> —w,%t

b, (t) = A, e(k (ﬁ)z—wn] . e[ L

A,=-B,+ - ff(x)sm(fnx)dx

%£ (x) sin (22 [ \/(E'jf]j;f(x)sm x) dx

k2
(5) -«

2.9.5.1 Appendix for problem 4

In the above solution, system was assumed to be overdamped. This was done because the
problem said the damping is large. It was not clear if this meant overdamped or not. Here is
a solution assuming underdamped, which means the solution T, (t) will have complex roots.
Assuming underdamped, the time solution is

S 2 2
T, (t) _eTt[An COS[ w%—(lf) t]-l—Bn Sin[ a)%—(lf) t]]
2 2
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onTm

Where w, = —. These fundamental solutions can now be added to obtain the general
solution
u(x,t) =Y, T,X, 1)
n=1

ok
- 3
n=1

We see now that

[ ()J[ ()J](_)
|4, cos[ wi- (g)zt] +B, sm[ w} - (g)i]]

We are now ready to find A,, B, from initial conditions. When ¢ = 0, u(x,0) = f (x), hence
from Eq. (1) we obtain

-k

b, () =eZ

— nm
_Saen(I) osxst
f(x) Z}l sin Lx X

To find A,, we need to apply the orthogonality relation by multiplying each side by sin (%x)
and integrating and using the fact that

L nm mm 0 m#n
f sin (—x) sin (—x) dx =3 4
0 L L ;L m=n

(2 ()
SIN|—Xx|Sin|{——x
4y L L

A

Therefore
L

N
DMz

f (x)sin (%x) dx =

=
Il

L

N |~

F(x)sin (%x) dx =

o

Hence
L
A, = f f(x)sin(@x)dx
. I

We are not given the form of f(x) so we determine the exact value of A,. Now we will try
to find B, using the second initial conditions. First, we need to take time derivative of the

general solution, which results in
(k)2 ] . [ (k ) ]J nm
—| t|+ B, sin|y|w? - = sin (—x)
2 2 L

o w%_(g):m[ wg-(g)i]wnr [\/7 ]]

sin x)
L
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At t =0 the above becomes

(o]

g =Y

n=1

2
k k . (N7
—EA,,, + Bn (1),21 - (E) ]Sln (TX)

To find B,, we need to apply the orthogonality relation by multiplying each side by sin (%x)
and integrating. Hence

L mm |k zkzL_nn_mn
. g(x)sm(Tx)dx:n}::1 —EAH+BH @i~ |5 fosm(fx)sm(Tx)

This complete the solution. The solution is

u(x,t) = i b, (f) sin (%x)

n=1

2 2
A, COS[ w%—(g) tJ+Bn sin[ w%—(g) tJ]
A, = j(;Lf(x) sin (nTnx) dx

% £Lg(x) sin (%x) dx + g £Lf (x) sin (%x) dx

Where

=
b, (t) = e
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2.9.6 key solution

Homework Set No. 8 NEEP 547
Due November 8, 2013 DLH

Fourier expansions

L. (4pts) Find the Fourier expansions of the periodic function whose definition on one period

is
for0<t <2

t
ft) = { 4—t for2<t<4.
2. (6pts) Find the complex exponential Fourier series of the periodic function whose definition
on one period is f(¢) = cosh(t) —-1<¢< 1.
3. (8pts) Find the solution of the following differential equation which satisfies the given initial
conditions:
rw, _ . ey _J 1 forO<t<m
Y3y 42y =11 ;y(0)=9(0)=0 and f(2) ~{ 0 form<t<m

(Hint: solve for the homogeneous Eqn. using O.D.E techniques and expand f(t) in a Fourier
series).

4. (8pts) A vibrating string, clamped at z = 0 and at = ¢, is in a resisting medium which
damps it motion. Its motion is described by the damped wave equation

0%u(x, 1) 22 (92u(2;, t kau(% t)

ot? Ox ot
) du(z,0)
with I.C.: u(z,0) = f(x) and ~5 = g(z) and B.C.: u(0,¢) = u(£,t) = 0.

where v and k are constants and represent the propagation speed and damping coefficient,
respectively. Find the displacement of the string (motion of the string) assuming the damping
is large. Assume a Fourier expansion of the form

u(z,t) = i b (t) sin (%ﬁx) .

n=1

Why did we use the sine series and not the cosine series?
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