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CHAPTER 1. INTRODUCTION

Fall 2013. Part of MSc. in Engineering Mechanics.

Instructor: professor Daniel Kammer

school course description

Textbook: Instructor own book.
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1.1 Class grading

 
 
 

EMA 542 - Advanced Dynamics 
 

Semester I, 2013-2014 
 

Basis for Final Grade: Percentage 
   of Grade 
 
 1) Homework -  15 
 
 2) Two In-Class Hour Exams -  40 
  Exam 1  -  Friday, October 11th 
  Exam 2  -  Friday, November 22nd  
 
 3) Project 20 
 
 4) Cumulative Final Exam -  25 
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1.2. Homework solution method CHAPTER 1. INTRODUCTION

1.2 Homework solution method

Suggested Problem Solving Procedure for EMA 542

The following is a suggested fonnat for writing up homework problems in EMA
542. While it is not required that the student follow the fonnat completely, the following
steps prove to be useful to both the grader and the student. (Some more useful than
others.) These steps assist in developing an organized approach to problem solving for
the student. Furthennore, the steps are intended to delineate the intentions of the student
in hislher solution, preventing confusion on the part of the grader. Note that the steps 7-9
are to be perfonned at the same time as needed.

Each problem should (ideally) contain the following:

1. Your name
2. Problem number
3. Read problem statement
4. Write problem statement:

- Identify the given infonnation: dimensions, constants, forces, etc.
- Write down the quantity that the problem is asking for.

5. Provide a general diagram:
Diagram should portray the physical components of the structure that is being
analyzed.
All points, dimensions, and angles that are referred to in the solution of the
problem should be included in the diagram or subsequent diagrams.
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... -. -- .. - ... u .. _ _ u. _..

- Try not to change the notation of the problem statement,unless you really
need to. (Get used to adapting to someone else's notation.)

(Note: Steps 3, 4 and 5 are intended to give the student a physical sense of the problem,
as well as a sense for what is involved in the solution process.)

6. State the governing laws that define the mathematical model of the physical
problem: .

. Providetheequationsof motionandequationsthatdefinethekinematicsof
the problem.
list all the assumptionsthat make the equations valid for this physical
problem. (ex. Assume that all members are rigid bodies, point P is the mass

. centerof barC-D,bar A-Cwillbe idealizedas a thinrod,etc.)
(Note:Assumptions that need to be made as the problem progresses can be stated as they
are used. One large ~ectionof assumptionsis not needed. The point here is to prove to
yourself and to the grader that your methods are valid.)

7. Draw diagrams or partial diagramsof the system:
Free body diagrams of all of the components that require force analysis should
be included.
A diagram of the coordinate system is essential along with a description of its
placement and angularvelocity components. (ex. ''The rotating coordinate
system with base vectors x', y', z' is fixed w.r.t. the platform. Therefore it
rotates with the same angularvelocity as the platform. This can be expressed
in either the fixed coordinate system or the rotating coordinate system,"
iiJa= D.el(= D.ek,.The coordinate system origin (P) also translates with

Rp =-D.bet if (b) is the radius of the platform.

Fixed
Frame

All vectors (position,velocity, acceleration, force, moment, etc.) that are
given in the problem statement should be drawn in a general configuration
with respect to the coordinate system of choice. In~lude angles between
.vectorsand base vectors (unit vectors in the directions of the coordinate axes).
Vectors that are derived mayor may not need to be shown in a diagram.
It is important that diagrams show a general configuration of the structure
with all angles and position vectors labeled. (This is important because the
novice analyst might forget to break up a vector into components in any
general position of the coordinate system chosen to analyze the problem.
Remember that a vector must be expressed in general in order to take its
derivative.)

8. Clearly write out all of the vectorsused in all equations. Make sure that the vector
is expressed in terms of the base vectors in the coordinate system of choice. (ex.

2
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"expressing the angularvelocity of the rotating coordinate system x', y', z' in
terms of the base vectors in the rotating coordinate system ~', ej', ek':- 0"

0" l"\~" .
(JJes= et + el + ':'«:1;"

9. Derive the quantity (velocity, acceleration,equation of motion, etc.) that was
asked for in the problem statement:

. - . Do this for any general configuration (symbolically)if possible, This
technique becomes cumbersome with complicated problems though.
Tell a story as you proceed with the calculations. Use diagrams with labels
every time that a new symbol is used in the calculations. Use phrases like:
"From FBD", ''Taking moments about A", "Substituting from equation I.",
"noting that pt. B is a fixed point", "the coordinate system translates with

. velocity Qr and rotates " etc. .

Break up a large expression (such as that for acceleration) in to logical
components. Calculate the components and then substitute into the large

expression. (ex. ii =it +iiles x(iiles xp)+ttes xp+ Pr +2mes xPr can be

broken up unto the following components:

it, iilesx(mesxp), ttesxp, Pr' 2mesxPr'
Carrying over units is always a good practice. Having units that work out to
the expected unit of the answer is a necessary condition for having your
answer correct.

10. Check to see if the answer makes sense physically:
Are the components in the direction that was anticipated?
Do the signs of vector components make sense?
Does the relationshipbetween coordinates (degrees of freedom) and other
quantities make sense?
If not, try to point out where the mistake is.

It is not intended that the steps should be rigorously followed for each problem.
The point is that the student should have an organized plan of attack for each
problem that he/she is able to justify and clearly relate to a colleague. Missing steps
will certainly not result in a deduction of points. But if the student's work is not
understandable by the grader, points will be taken off and it will be up to the
studentto seethe graderand reconciletheirdifferences. .

Advice and Things to Remember

1. Read the section in the notes before lecture.
2. Understand the derivations of the fundamental equations.

These suggestions will allow the student to get the most out of lectures. Instead
of trying to keep up with the deluge of new information presented in lectures, the
student will learn about the mathematical representations of physical quantities at
his/her own pace. Derivations will be studied in order to see how the final
equation has evolved from basic physical principles, and gain incite into the
limitations of the equations. Lecture is then an opportunity for reinforcement of

3
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1.2. Homework solution method CHAPTER 1. INTRODUCTION

ideas and clarification of misunderstandings. The student will be able to ask the
right questions in lecture.

3. Understand derivations and equations on a mathematical and physical level. This
skill will enable the student to use equations as a powerful tool, instead of just
attempting to repeat a procedure learned in class.

4. Derivatives of vectors can only be taken when the vectors are expressed in the
most general form.

5. Vectors such as acceleration and velocity represent physical quantities that are
independent of the coordinate system that they are expressed in. Thus the
velocity of a particle expressed in one frame is the same as the velocity of a
particle expressed in any other frame. The vector is just written in terms of
components along different base vectors. Thus the components will be different.

6. Because of 5, it may be useful to calculate the acceleration of, say, the center of a
rotating frame using a fixed coordinate system. Then the acceleration vector
(which is originally expressed in terms of fixed base vectors) can be written in
terms of the base vectors of the rotating coordinate system by using ~coordinate
transformation.

7. Remember the conditions under which equations are valid. This goes hand in
hand with understanding derivations.

8. Take the work you do in this class personally. As an engineer, it is up to you to
be able to analyze a system correctly with the proper assumptions. Every mistake
can cost lives. Take pride in the power of the material you are learning and know
that some day the knowledge gained in this course will elevate the human
existence.

4
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1.3. Team evaluation form CHAPTER 1. INTRODUCTION

1.3 Team evaluation form

EMA 542 
Confidential Team Evaluation 

Due: end of semester. 
 
 
Please carefully consider the amount of effort and the performance that you and your teammates 
put into the design project. Divide up the effort and performance according to your honest 
evaluation by assigning “points” to yourself and each of your teammates. If everyone contributed 
equally, then each person should be awarded the same number of points, totaling 100. This 
evaluation will be kept confidential. 
 
The results from all team members will be considered when awarding grades to each person. 
 
Your name:_____________________________________ Points:_____________ 
 
Your teammates’ names: 
 
1._____________________________________________ Points:_____________ 
 
2._____________________________________________ Points:_____________ 
 
3._____________________________________________ Points:_____________ 
 
4._____________________________________________ Points:_____________ 
 
Total:        Total: 100 points. 
 
Comments. If points are divided up unequally, please provide an explanation. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Signature: _______________________________________________ Date:______________ 
I hereby attest that this evaluation represents a fair and honest allocation of points based on my 
own and my teammates true efforts. 
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CHAPTER 2. PROJECT

Project simulation moved to my Mathematica demo web page here
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2.1 Initial proposal

Structural Dynamics Research Corporation (SDRC)
Disneyland project proposal

Daniel Belongia Adam Mayer Donny Kuettel Nasser M. Abbasi

December 25, 2015
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2.1. Initial proposal CHAPTER 2. PROJECT

1 Introduction

A four-member team at Structural Dynamics Research Corporation (SDRC) has completed the preliminary
design for a new spinning ride for Disneyland.

The team includes one graduate student and three undergraduate students in Engineering Mechanics
and Astronautics, whose experience in advanced and structural dynamics will contribute to the creation
of a world-class ride. Additional skills that the team will bring to the table include extensive programming
experience in Matlab and Mathematica, as well as finite element modeling in Ansys.

The ride features two non-collinear components of angular velocity, and the head of each of the two
passengers will experience a maximum of 6g of acceleration. The ride is specifically designed to be light,
safe, affordable, and fun.

The team at SDRC would like to perform a more detailed design and analysis of the ride, so the
following pages provide contractors at Disneyland with an overview of what they can expect from the
ride. Safety considerations and acceleration calculations are highlighted, and some information on team
members and a project management plan are also included.

The next step after this initial proposal will be a detailed structural and failure analysis on the
system, which Disneyland can expect in December.

2 Safety considerations

The Flight Simulator will be equipped with multiple safety measures to ensure that the pilots have a fun
and exciting ride. In order to ride the Flight Simulator, each passenger must be at least 5 feet tall. This
insures that the riders can be securely fastened into the seat. Assuming an average rider weight of 175
pounds, one single rider cannot weigh more than 350 pounds.

Any more weight will induce a moment on the main arm that might be considered unsafe. A factor
of safety will be factored into the building of the arm in case two riders combined weight to be more
than 350 pounds.

This is because with the extended arm and accelerations the main arm will be subject to, it is believed
to be the first membrane to fail. In order to start the ride, it must be certain that the arm will not break
during the ride. While riding, each rider will be harnessed into his or her seat via a 3-point harness.

The harness will let the passengers fly upside-down while still secured in the cockpit. Since the Flight
Simulator will be subject to 6g acceleration, complementary sick bags will be provided upon starting.

In case of a medical emergency of a passenger or if it has been determined that it is unsafe to ride
mid-flight, an emergency stop will be activated which will bring the ride to an end. When activated, the
ride will right itself upwards while bringing itself to a stop about the center of the ride. This is so when
the ride stops, the passengers are not hanging upside down which would be unsafe.

3

14



2.1. Initial proposal CHAPTER 2. PROJECT

Figure 1: Gantt Chart showing project progress timeline

The following table describes the activities shown on the Gnatt chart above.

Activity Description

Design ride Coming up with a ride that would be functional and meets all expecta-
tions.

Preliminary calculations With ride chosen, calculations showing the velocity and acceleration of
the riderâĂŹs head symbolically.

Simulation modeling Modeling the ride with a simulator with sliders to estimate the angular
velocities.

Midterm proposal When the midterm proposal of the ride is requested by the company.

Final design Finalizing how the ride will work.

Secondary calculations After finalizing how ride will work, will compute secondary calcula-
tions to know which velocities will work to add up to give the desired
acceleration for each passenger.

Final modeling Once the angular velocities are known, make a model to show how the
ride will work when everything comes together.

Final report When the customer wants the final report to know if they would like to
purchase the ride that we have created.

Table 1: Gantt chart explanation

4
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3 Mathematical model of system dynamics

The velocity and acceleration of the ride object was derived such that it is valid for all time. The
derivered equations are used in a simulation program written for this proposal in order to generate the
acceleration time history and be able to modify the ride parameters more easily to find the optimal
combination to meet the given specifications of maximum 6g customer requirments.

The simulation was done assuming the ride is at steady state, hence angular accelerations are set
to zero. The following diagram illustrates the four design parameters used in the simulation and the
expressions found for the velocity and acceleration. The appendix contains the detailed derivation.

Figure 2: Showing main dimensions of ride design

The absolute velocity of the ride was found to be

→
V (rω2 cosω2t− ω1L)

→
i + ω1r sinω2t

→
j − rω2 sinω2t

→
k

And the absolute acceleration is

→
a =

→
i
(
r

�
ω2 cosω2t− rω2

2 sinω2t+
�
ω1L− ω2

1r sinω2t
)

+
→
j
(
2rω1ω2 cosω2t+

�
ω1r sinω2t− ω2

1L
)

+
→
k
(
−r �
ω2 sinω2t− rω2

2 cosω2t
)

The following diagram gives the acceleration time history for the ride. This plot was generated for the
first 5 seconds of the ride in steady state. It shows that the maximum acceleration did not exceed 6g
during the simulation which included more than 5 complete cycles. The following table shows the ride
configuration used to achieve the above time history. These values are the anticipated design parameters
to use to complete the structural analysis, but these could change based on results of the structural
design.

5
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Figure 3: Time history plot for absolute acceleration of ride object for first 5 seconds

Table 2: ride configuration used in design

Length of beam (L) 1.7 meter

Height of person head above beam (r) 1.1 meter

Angular velocity of ride cabinet (ω2) 0.2 Hz

Angular velocity of main vertical support column (ω1) 1.11 Hz

6

17



2.1. Initial proposal CHAPTER 2. PROJECT

4 Conclusion

The preliminary design for this two-passenger ride features two components of non-collinear angular
velocity, and the head of each passenger experiences a maximum of 6g of acceleration.

The design and calculations indicate that this will be a fun and light ride. Safety considerations
were highlighted, and a management plan and team qualifications underscore the team’s commitment
to excellence and sound engineering. A more detailed stress analysis of the system will be delivered in
December.

7
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5 Appendix

5.1 Ride velocity and acceleration derivation

Figure 4: Ride description showing rotating coordinate system

The rotating coordinates system has its origin as shown in the above diagram. The coordinates
system is attached to the column and therefore rotates with the column. The following calculation
determines the absolute velocity of the ride object head, shown above as the circle p at distance r from
the center of beam. All calculations are expressed using unit vectors of the rotating coordinates system
and will be valid for all time. In the rotating coordinates system, the ride object appears as shown in
the following diagram Using the above diagrams, the absolute velocity vector is found as follows

Figure 5: View of ride object in rotating coordinates system

8
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→
ρ = L

→
j + r sinω2t

→
i + r cosω2t

→
k

�
→
ρ r = rω2 cosω2t

→
i − rω2 sinω2t

→
k

�
→
R = 0

→
ω = ω1

→
k

→
ω × →

ρ = −ω1L
→
i + ω1r sinω2t

→
j

Hence

→
V =

�
→
R +

�
→
ρ r +

→
ω × →

ρ

= rω2 cosω2t
→
i − rω2 sinω2t

→
k − ω1L

→
i + ω1r sinω2t

→
j

= (rω2 cosω2t− ω1L)
→
i + ω1r sinω2t

→
j − rω2 sinω2t

→
k (1)

Now the absolute acceleration of the passengers is found
��
→
ρ r =

(
r

�
ω2 cosω2t− rω2

2 sinω2t
)→
i +

(
−r �
ω2 sinω2t− rω2

2 cosω2t
)→
k

��
→
R = 0
�
→
ω =

�
ω1

→
k

→
ω ×

(
→
ω × →

ρ
)
= ω1

→
k ×

(
−ω1L

→
i + ω1r sinω2t

→
j
)
= −ω2

1L
→
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1r sinω2t
→
i

→
ω ×

�
→
ρ r = ω1

→
k ×

(
rω2 cosω2t

→
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→
k
)
= rω1ω2 cosω2t

→
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�
→
ω × →
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�
ω1

→
k ×

(
L
→
j + r sinω2t

→
i + r cosω2t

→
k
)
=

�
ω1L

→
i +

�
ω1r sinω2t

→
j

Hence, the absolute acceleration of the ride object head is

→
a =

��
→
R +

��
→
ρ r + 2

(
→
ω ×

�
→
ρ r

)
+

(
�
→
ω × →

ρ

)
+

→
ω ×

(
→
ω × →

ρ
)

=
(
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�
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2 sinω2t
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Simplifying gives
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i
(
r
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2 sinω2t+
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1r sinω2t
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(2)

5.2 Design renderings of final ride construction

The following two diagrams illustrate the completed ride construction in place, showing the main
dimensions and major components

9

20



2.1. Initial proposal CHAPTER 2. PROJECT

Figure 6: Showing ride seating mechanism

5.3 Parameters used in design

Material parameters used are given in the following table

Table 3: Material parameters

Material used for beam Aluminium

E (Young’s modulus) 70 GPa

Shear modulus 26 GPa

Bulk modulus 76 GPa

Poisson ratio 0.35

Density 2700 kg/m3

5.4 Customer feedback

10
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Figure 7: Customer feedback from the project proposal
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2.2 Report

Disneyland ride final design report

Structural Dynamics Research Corporation (SDRC)

Daniel Belongia
Adam Mayer
Donny Kuettel

Nasser M. Abbasi

EMA 542 Advanced dynamics
University Of Wisconsin, Madison

Fall 2013
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Abstract

Dynamic analysis was completed for a new spinning ride as requested by Walt Disney Corporation.
Detailed derivation of model was completed for the main structural elements using rigid body dynamics.

Critical section was identified and maximum stress calculated to insure that the member does not fail
during operations and passengers acceleration does not exceed 6g.

Large software simulation program was completed to verify the model used and to allow selection of
optimal design parameters.

Prepared by:

Dynamic design team
Structural Dynamics Research Corporation (SDRC)

2
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1 Introduction

A four-member team at Structural Dynamics Research Corporation (SDRC) has completed the final
design for a new spinning ride for Disneyland.

The ride features two non-collinear components of angular velocity. The head of each passenger will
experience a maximum of 6g acceleration. Just before this acceleration is reached, the ride will enter
steady state. During steady state, passengers will experience a small periodic fluctuation of acceleration
that ranges between 4.8g and 6g but will not exceed 6g. The ride can then enter the ramp down phase and
starts to decelerate until it stops with smooth landing. All three phases of the ride have been simulated to
insure the passengers will not exceed 6g during any of the phases. The ride is specifically designed to be
light, safe, affordable, and fun. The following is an artist rendering showing loading the passengers in the
cabinet before starting the ride Once the cabinet has reached the top of the support column, the ride will

Figure 1: Artist rendering of ride after construction

start. Extensive simulation of the mathematical model of the dynamics of the model was performed to
achieve an optimal set of design parameters in order to meet the design goals as specified in the customer
requirements of a minimum weight and cost and at the same time insuring the structural members do not
fail and that the passengers will safely achieve the 6g acceleration in reasonable amount of time. The
conclusion section outlines the final design parameters found. The following diagram illustrates typical
one revolution ride for illustrations that was generated by the simulator developed specifically for this
design contract

Figure 2: Illustrating typical dynamic movement over four time instances for one revolution
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1.1 Gantt chart and history of design project

The design team followed the following timeline in the development of the report and the design. This is
illustrated below using Gantt chart

Figure 3: Time line used by the design team in the development of the final project report

2 Safety considerations

The flight simulator will be equipped with multiple safety measures to ensure that passengers will have a
fun and exciting ride. In order to ride the flight simulator, each passenger must be at least 5 feet tall.
This insures that the riders can be securely fastened into the seat. Assuming an average rider weight of
175 pounds, one single rider cannot weigh more than 350 pounds.

Any more weight will induce a moment on the main arm that might be considered unsafe. A factor of
safety was factored into the building of the arm in case two riders combined weight to be more than 350
pounds. This additional weight accounts for the seating weight and the frame of the cabinet as well.

While the ride is in motion, each passenger will be harnessed into his or her seat via a 3-point harness.
The harness will let the passengers fly upside-down while still secured in the cockpit. Since the flight
simulator will be subject to 6g acceleration, complementary sick bags will be provided upon starting.

In case of a medical emergency of a passenger or if it has been determined that it is unsafe to ride
mid-flight, an emergency stop will be activated which will bring the ride to an end. When activated, the
ride will right itself upwards while bringing itself to a stop about the center of the ride. This is so when
the ride stops, the passengers are not hanging upside down which would be unsafe.

2.1 Locations of possible failure in the structure

Four critical sections in the structure were identified as possible failure sections. These are shown in the
following diagram. They ranked from 1 to 4 in order of possible first to fail. Hence section 1 is the one
expected to fail first.

From bending moment diagram generated during initial runs of simulation it was clear that the
bending moment at section 1 was much larger than section 3. This agrees with typical cantilever beam
model which the above have very close similarity when considering the cabinet as additional distributed
load on the beam. However, this is a dynamic design and not static, hence time dependent bending
moment and shear force diagrams are used to validate this. These diagrams were not included in the final
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Figure 4: Identification of critical sections in the structure

simulation software due to time limitation to fully implement them in an acceptable manner. Due to also
time limitations analysis for section 2 and 4 were not completed. The design team felt that protecting
against failure in section 1 was the most important part at this design stage as this is the most likely
failure section. If awarded the design, the team will include full analysis of all sections using finite element
methods for most accurate results.

3 Mathematical model of system dynamics

This section explains and shows the derivation of the mathematical model and dynamic equations. These
equations are used in the implementation of the software simulator in order to test and validate the design
and select the final optimal design parameters.

3.1 Review of the model structure used in the design

There are two rigid bodies: the beam and the supporting column. The cabinet is part of the beam but
was analyzed as a rigid body on its own in order to simplify the design by avoiding the determination
of moments of inertia for a composite shaped body. The following architectural drawing shows the ride
structure. The ride consists of the main support vertical column attached to a spinning base. Attached to
one side of the column is an aluminum beam connected to the column using a drive shaft coupling that
allow the beam to spin while attached to the column. A motor supplies the power needed to spin the
shaft.

The cabinet is mounted and welded on the beam. The location of the cabinet on the beam is a
configurable parameter in the design, and was adjusted during simulation to find an optimal location
for the seating cabinet. In final design the cabinet was located at the far end of the beam to achieve
maximum passenger felt acceleration.

The passengers are modeled as one rigid body of an equal side solid cube of a mass that represents
the total mass of the passengers (maximum of 2 persons) with additional mass to account for the seating
weight and a factor of safety. The factor of safety was also an adjustable parameter in the simulation.
The following diagram shows the main dimensions of the structure used in the design.
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Figure 5: Main parts of the ride structure

Figure 6: Main dimensions of ride structure

3.2 Setting up the mathematical model

Euler rigid body dynamic equations of motion are used to determine the dynamic moments due to the
rotational motion of the rigid bodies. Principal Body axes, with its origin at the center of mass of each
rigid body was used as the local body fixed coordinates system. Newton method is used to obtain the
dynamics forces due to translation motion of the beam center of mass and also the center of mass of the
cabinet. The column has rotational motion only and no translation motion.

After finding the dynamic forces, the unknown reaction forces at the joint between the beam and the
column are solved for. Since these forces are functions of time, simulation was required to check that they
remain below yield strength of Aluminium during the ride duration. Analytical solution is difficult due to
the nonlinearity of the equations of motion, but a numerical solution of the equations of motion would
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have been possible.
From beam bending moment diagrams generated for this design, the cross section at the beam/column

joint was determined to be the critical section. This is the section which will have the maximum bending
moment as well maximum shear force.

During simulation, the current values of the bending moment and shear force at the joint were tracked
for each time step taken. The maximum values of these are used to determine the corresponding maximum
stress concentration on the section to insure they do not reach 0.55 of yield strength of Aluminum. 0.55
was used to protect against failure in shear which can occur before failure in tension.

In order to minimize the number of parameters to vary in the design, the width of the cabinet was set
to be the same as the beam width. The stresses in the beam are calculated based on simple beam theory
and not plate theory. Due to time limitation, finite element analysis would was not performed. Finite
element analysis would give more accurate stress calculations which would have allowed the design to be
free to use less material by using thin plate for the platform and not thick beam as was used.

The following is a summary of the main steps used in the dynamic analysis process

1. Break the system into 3 separate rigid bodies

2. Use Euler and Newton methods to determine dynamic loads on each body. Principal body fixed
axes are used with the reference point being the center of mass. (called case one analysis or ω = Ω).

3. Draw free body diagram for each body and balance the dynamic loading found in the above step in
order to solve for unknown reaction forces.

4. Apply these reactions forces to the second rigid body connected to the first body by reversing the
sign on all vector. These new vectors now act as external loads on the second rigid body.

5. Perform Euler and Newton analysis on the second body to find its dynamic loads needed to cause it
motion.

6. Make free body diagram for the second body to balance the external forces with the dynamic loads
and remembering to use the loads found in step 3 as external loads to this second body.

This diagram below illustrate the different coordinates axes used. The rotating coordinates system
that all forces and resolved for is the xyz. This has its origin at the joint between the beam and the
column. This coordinates system is attached to the column and rotates with the column at an absolute
angular velocity ωp. Each rigid body has its own local body fixed coordinates system x′y′z′. In this
design, x′y′z′ have the origin at the center of mass of each rigid body and are aligned with the body
principal axes. Hence x′y′z′ is the same as the e1, e2, e3 axes commonly used to mean the principal axes.
Therefore ω = Ω in all cases. Once dynamic loads are found using x′y′z′ the results are transformed
back to the xyz coordinates system. This way all the results from different rigid bodies are resolved with
respect to a common coordinates system xyz (which is itself a rotating coordinates system).
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Figure 7: relation between rotating coordinates system, body fixed coordinates system, and body principal axes.
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3.2.1 Summary of design input and design output

The following tables summarize the input and the output of the overall design. The tables list all the
design parameters and the meaning and usage of each. They show what is known at the start of the
design and the output from the design and simulation

Parameter name Meaning and usage

ρ Density of Aluminum 2700 kg
m3 , E = 69 GPa, Max tensile 125 MPa, Max yield strength 55 MPa

q Mass per unit length of the beam

L Length of the beam

Ls Distance to the center of cabinet from the left edge of the beam

h Thickness of the beam (rectangular cross section beam)

b Width of the beam and cabinet

ω̇p Angular acceleration of vertical column (zero at steady state)

ω̇s Angular acceleration of platform and cabinet (zero at steady state)

m Total mass of cabinet. 175 lbs per person, total of two persons including additional 200 lbs for seats

M Mass of main support column. Fixed in design

gLimit Maximum acceleration felt by rider. Must not exceed 6 g

σyield Yield tensile stress for Aluminum. 55 MPa

Table 1: design input parameters

The following table shows the output of the design based on the above input. Simulation was used to
find an optimal set of input parameters in order to achieve the customer specifications

Parameter name Meaning and usage

am Acceleration time history experienced by passenger. Not to exceed 6g

Fweld Reaction forces at joint connecting the beam with the column

Mweld Reaction moment at joint connecting the beam with the column

ωp Column angular velocity time history

ωs Beam angular velocity time history

σ Direct stress tensor at critical section (joint between beam and column)

τ Shear stress tensor at critical section (joint between beam and column)

σmax Maximum direct stress recorded, must remain below yield stress for Aluminium

τmax Maximum shear stress recorded, must remain below 0.55 of tensile yield stress

amax Maximum acceleration reached by riders. Must be as close as possible to 6g

vmax Maximum velocity reached by riders. Typical value from simulation was 180 m.p.h.

Table 2: design output
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3.2.2 System dynamic loads and free body diagram

Before starting the derivation, the following two diagrams are given to show the dynamic loads to be
balanced with constraint forces. Two free body diagrams used. One for the beam and one for the column.

Figure 8: Beam dynamics. Balancing dynamic forces to external forces and reactions

After Mweld and Fweld are solved for, they are used (with negative signs) as known constraint forces
on the column in order to solve for the column’s own constraint forces and any external loads. The free
body diagram for the column is given below The analysis below shows all five derivations. The first
obtains MBeam (dynamic moment to rotate the beam) using Euler method. The second finds Mcabinet

(dynamic moment to rotate the cabinet) using Euler method, the third uses Newton method to find
linear acceleration of center of mass Fcabinet (dynamic force to translate the cabinet), the fourth finds the
linear acceleration of the center of the beam and FBeam and the final derivation finds Mcolumn (dynamic
moment to rotate the column).

3.3 Beam to column analysis

3.3.1 Finding Mbeam (beam dynamic moment)

The platform is modeled as a rectangular beam. Its principal moments of inertia are given below. Let ω
be the absolute angular velocity of the local body rotating coordinates x′y′z′. Let Ω be the beam (the
body) absolute angular velocity. Hence

ωcs = ωpk+ωsj

But ωcs = Ωbody, therefore

Ωbody = ωpk+ωsj

Ωbody = ωp cos θe3 − ωp sin θe1 + ωse2
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Figure 9: Column dynamics. Balance with and external loads and beam transferred loads.

Figure 10: Configuration used for finding torque and force at beam/column joint

In component form

Ω1 = −ωp sin θ

Ω2 = ωs

Ω3 = ωp cos θ
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Taking time derivative

Ω̇ =
(
Ω̇
)
r

= − (ω̇p sin θ + ωpωs cos θ) e1 + ω̇se2 + (ω̇p cos θ − ωpωs sin θ) e3

In component form

Ω̇1 = −ω̇p sin θ − ωpωs cos θ

Ω̇2 = ω̇s

Ω̇3 = ω̇p cos θ − ωpωs sin θ

The moments of inertia of the beam using its principal axes at the center or mass are

I1 =
1

12
M

(
h2 + L2)

I2 =
1

12
M

(
h2 + b2

)
I3 =

1

12
M

(
b2 + L2)

Since ρc = 0 (center of mass is used as reference point) then

Mρc × r̈p = 0

Moments of inertia cross products are all zero since principal axes is used. The relative angular momentum
of the beam becomes

hp =


I1 0 0

0 I2 0

0 0 I3



Ω1

Ω2

Ω3


The rate of change of the relative angular momentum of the beam using Euler equations is

ḣp =


ḣ1

ḣ2

ḣ3

 =


I1Ω̇1 +Ω2Ω3 (I3 − I2)

I2Ω̇2 +Ω1Ω3 (I1 − I3)

I3Ω̇3 +Ω1Ω2 (I2 − I1)


Therefore, the moment needed to rotate the beam with the angular velocity specified is

Mp = ḣp

The above components are expressed using in the beam body fixed coordinates system x′y′z′ (which is
the same as e1, e2, e3 in this case). These are converted back to the xyz coordinates system using the
following transformation

Mx = Mp1 cos θ +Mp3 sin θ

My = Mp2

Mz = −Mp1 sin θ +Mp3 cos θ

3.3.2 Finding Mcol (column dynamic moment)

The main support column has one degree of freedom as it only spins around its z axes with angular
velocity ωp. Its center of mass does not translate in space. The column has a square cross section. Its
height and sectional area were fixed in the design to allow changing the beam and cabinet parameters
freely and see the effect on the joint stresses between the beam and the column as the failure point in the
design was considered to be the the joint between the beam and the column This is a case of one body
rotating around its own axes. Therefore,

Mz = I3ω̇p
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Where

I3 =
1

12
mcol

(
2r2

)
=

1

6
mcolr

2

Where mcol is the mass of the column. Hence

Mcolumn =
1

6
Mr2ω̇p

3.3.3 Finding Mcabinet (cabinet dynamic moment)

The passengers including the cabinet are modeled as solid cube rigid body. The cabinet and the beam
rotate with the same absolute angular velocity and act as one solid body. They were analyzed separately
as it is easier to find the moment of inertias of each body separately than if both were combined.

The center of mass of the cabinet is at a distance h
2
above the beam where h is the width of cube

which is the same as the beam width. Since the cabinet is attached to the platform and is a rigid body as
well, the same exact analysis that was made to the beam above can be used for the cabinet. The only
difference is that the moments of inertia I1, I2, I3 are different. In this case they are

I1 = I2 = I3 =
1

12
m

(
b2 + h2)

Therefore, the body dynamic moments are

M1 = I1Ω̇1 +Ω2Ω3 (I3 − I2)

M2 = I2Ω̇2 +Ω1Ω3 (I1 − I3)

M3 = I1Ω̇1 +Ω2Ω3 (I3 − I2)

The above components are expressed using the cabinet own principal axes coordinates system x′y′z′ (local
body coordinate systems) which is its principal axes in this case. These are converted back to the xyz
coordinates using the same transformation used for the beam

Mx = M1 cos θ +M3 sin θ

My = M2

Mz = −M1 sin θ +M3 cos θ
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3.3.4 Finding Fcabinet (cabinet dynamic linear force)

To find Fm = ma for the cabinet, Newton method is used as follows The rotating coordinates system xyz

Figure 11: Rotating coordinates system xyz used to find passenger acceleration

has its origin at the beam column joint. xyz is attached to the column and rotates with the column with
angular velocity ωpk. The center of mass of the cabinet shown above as the circle p, is at distance Ls

from the origin O.
All calculations are expressed using unit vectors of the rotating coordinates system and are valid for

all time. In the rotating coordinates system, point p, the center of mass of cabinet, appears as shown in
the following diagram. In this diagram θ is the angle p makes with the z axes, where θ = ωst and θ̇ = ωs

Using the above diagrams, the absolute velocity of p is found as follows
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Figure 12: View of passenger head in the rotating coordinates system xyz

ρ = Lsj+
b

2
sin θi+

b

2
cos θk

ρ̇r =
b

2
ωs cos θi−

b

2
ωs sin θk

Ṙ = 0

ω = ωpk

ω × ρ = −ωpLsi+ ωp
b

2
sin θj

Hence the absolute velocity of p is

V = Ṙ+ ρ̇r + ω × ρ

=

(
b

2
ωs cos θi−

b

2
ωs sin θk

)
− ωpLsi+ ωp

b

2
sin θj

=

(
b

2
ωs cos θ − ωpLs

)
i+ ωp

b

2
sin θj− b

2
ωs sin θk

The absolute acceleration of p is found from

ρ̈r =

(
b

2
ω̇s cos θ −

b

2
ω2
s sin θ

)
i−

(
b

2
ω̇s sin θ +

b

2
ω2
s cos θ

)
k

R̈ = 0

ω̇ = ω̇pk

ω × (ω × ρ) = ωpk×
(
−ωpLsi+ ωp

b

2
sin θj

)
= −ω2

pLsj− ω2
p
b

2
sin θi

ω × ρ̇r = ωpk×
(
b

2
ωs cos θi−

b

2
ωs sin θk

)
=

b

2
ωpωs cos θj

ω̇ × ρ = ω̇pk×
(
Lsj+

b

2
sin θi+

b

2
cos θk

)
= −ω̇pLsi+ ω̇p

b

2
sin θj
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Therefore the absolute acceleration of the passenger is

a = R̈+ ρ̈r + 2 (ω × ρ̇r) + (ω̇ × ρ) + ω × (ω × ρ)

=

(
b

2
ω̇s cos θ −

b

2
ω2
s sin θ

)
i−

(
b

2
ω̇s sin θ +

b

2
ω2
s cos θ

)
k

+

(
2
b

2
ωpωs cos θj

)
+

(
−ω̇pLsi+ ω̇p

b

2
sin θj

)
−

(
ω2
pLsj+ ω2

p
b

2
sin θi

)
Simplifying gives

Fcabinet = ma

= i

(
b

2
ω̇s cos θ −

b

2
ω2
s sin θ − ω̇pLs − ω2

p
b

2
sin θ

)
m

+ j

(
bωpωs cos θ + ω̇p

b

2
sin θ − ω2

pLs

)
m

− k

(
b

2
ω̇s sin θ +

b

2
ω2
s cos θ

)
m

The above is expressed using the common xyz rotating coordinate system

3.3.5 Finding Fbeam (beam dynamic translational force)

The linear acceleration of the center of mass of platform, which is located at distance L
2
from the origin o

of the xyz rotating coordinates system. Therefore

Figure 13: Rotating coordinates system xyz used to find beam center of mass acceleration

ρ =
L

2
j

ω = ωpk

ω × ρ = −ωp
L

2
i

ρ̇r = 0

Ṙ = 0

ω̇ = ω̇pk

ω̇ × ρ = ω̇pk×
L

2
j = −ω̇p

L

2
i

ω × (ω × ρ) = ωpk×
(
−ωp

L

2
i

)
= −ω2

p
L

2
j
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Hence

acg = R̈+ ρ̈r + 2 (ω × ρ̇r) + (ω̇ × ρ) + ω × (ω × ρ)

= −ω̇p
L

2
i− ω2

p
L

2
j

Therefore

Fbeam = Macg

= −M
L

2
ω̇pi−M

L

2
ω2
pj

The above is expressed using the xyz rotating coordinates system.

3.3.6 Using free body diagram and solving for constraint forces

The dynamic forces have been found from above. The are balanced with constraint forces and any external
loads using free body diagram. The following diagram shows the balance between dynamic forces and
moments and external forces. Mweld below is used to represent all constraint moments at the joint
between the beam the column, including the extra torque needed to rotate the beam Taking moments at

point o, the left end of the beam which is the origin of the rotating coordinates system xyz

Mweld +

(
L

2
j×−Mgk

)
+

(
(Lsj+

b

2
k)×−mgk

)
= Mbeam +Mcabinet +

(
L

2
j× Fbeam

)
+

(
Lsj+

b

2
k

)
× Fcabinet

Mweld − L

2
Mgi− Lsmgi = Mbeam +Mcabinet +

(
L

2
j× Fbeam

)
+

(
Lsj+

b

2
k

)
× Fcabinet

Hence

Mweld =

(
L

2
Mg + Lsmg

)
i+Mbeam +Mcabinet +

(
L

2
j× Fbeam

)
+

(
Lsj+

b

2
k

)
× Fcabinet

The force vector at the joint is

Fweld −Mgk−mgk = Fbeam + Fcabinet

Fweld = (Mg +mg)k+ Fbeam + Fcabinet
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Bending moment and shear force calculations Now that the constraint forces are solved for
from the above analysis, the bending moment and shear force diagram are formulated. The moments will
be a function of distance from the beam/column joint.

Let BM (ξ) be the moments vector at distance ξ along the beam length. There will be 3 components
to this moment. Bending Mx, torsional My and twisting Mz. Let the weight be per unit length of the

Figure 14: Finding the bending moment at different locations along the span of the beam

beam which isM
L
g be q. In the following, the notation 〈ξ − x〉 is used to indicate that the term is effective

only when 〈ξ − x〉 is positive. Let the distance to start of the cabinet be

α = Ls −
b

2

Where b is the width of the cabinet.

BM (ξ) = Mweld + (ξj× Fweld) +

(
ξ

2
j×−qξk

)
+

(
ξ − α

2
j×−mg

b
(ξ − α)k

)
〈ξ − α〉

In component form, the bending moment will be BMx (ξ) and The torsion moment will be BMy (ξ) and
the twisting moment will be BMz (ξ) .

Let SF (ξ) be the shear force vector at distance ξ. Hence

SF (ξ) = Fweld − qξk− mg

b
(ξ − α) 〈ξ − α〉K

The above completes the mathematical derivation of the dynamics of the system. The next step is to
implement this model and use simulation to validate it and design for an optimal set of parameters.

Finding shear and direct stress from bending and shear forces The result of the above
calculations is the moments and forces at the joint between the beam and the column and using BM (ξ)
and SF (ξ) at any other section in the beam.

The next step is to use these to obtain complete description of stress state at the section. Due to lack
of time finite element analysis was not performed. Therefore, basic beam theory equations were used
for stress calculation. Care was taken to insure that the beam cross section selected had thickness not
less that its width. Having a thin beam would require analysis using plate theory making it much more
complicated. The disadvantages of this method is that the beam was much heavier than needed if thin
beam was used, but the advantage is that the stress equations used are known to be valid in this case.
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Given the moments Mx,My,Mz and the forces Fx, Fy, Fz all the cross section, the following equations
were used. These equations assume a rectangle beam cross section of thickness h and width b and that
h ≥ b

σmax =
Mxc

Iarea
=

Mx
h
2

1
12
bh3

τmax =
3Vmax

2A

Torsional stress was not fully developed in this design since it is a rectangular cross section and would
require finite element analysis. The beam is expected to fail due to bending moment Mx and this is what
the rest of the analysis address. Future analysis of stress concentration will use finite element analysis
and will take torsion stress into account.

3.4 Column dynamic analysis

In the above section the constraint forces in the beam/column joints were found. These are now used as
external forces on the column with an opposite sign. Free body diagram is used for the column in order
to find the constraint forces and external loads acting on the column. The following diagram shows the
free body diagram used

Figure 15: Dynamic load balance between column and external loads

Taking moments at the joint between the column and the ground

T+Mweld2 −Mweld +

(
−H

2
k×−Fweld

)
= Mcolumn

Solving for the unknown constraint force N and the external torque T

Mweld2 +T = Mcolumn −
(
H

2
k× Fweld

)
+Mweld

The torque T is unknown at this stage and has to be determined by other means to obtain complete
solution. This is the external torque needed to accelerate the column during ramp up and to decelerate it
during ramp down phases. Combining all the unknowns into one term called Mweld3, the above reduces to

Mweld3 = Mcolumn −
(
H

2
k× Fweld

)
+Mweld
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The balance equation for forces gives

N−Mgk− Fweld = 0

N = Mgk+ Fweld

Now that all loads acting on the column are found, bending moment and shear force diagrams can be also
be made or finite element analysis used in order to determine the stress state inside the column at every
section.
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4 Simulation of the dynamic equations found

4.1 Review of the simulation

The simulation accepts as input all the parameters shown in table 1 on page 11. The goal of the simulation
is to verify visually the dynamics and to allow the selection of correct sizes for the structure and to insure
that the acceleration does not exceed 6g using the selected parameters. Based on the simulation, one
optimal set of values was selected and given in the conclusion section. The simulator displays tables
showing all the current values for stress and moments found at the beam/column joint. It keeps track of
the maximum stress values reached and uses these to determine the maximum stress using the equations
shown above.

This diagram shows an overview of the user interface. This software can be run from the project web
site located at http://12000.org/my_notes/mma_demos/EMA542_project/index.htm

Figure 16: overview of simulator user interface
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4.2 Simulation output, time histories and discussion of results

All these tables and results below are generated from the final design using the selected final optimal
parameters.

Figure 17: dynamic loads at the end of ride using optimal design values

Figure 18: critical section current and maximum moments and stresses

Figure 19: optimal set of parameters obtained from simulation.

Figure 20: simulator keeps track of maximum g felt by passenger to insure it does not exceed 6g
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Figure 21: acceleration and velocity of passenger time history and angular velocity time history of beam and column
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Figure 22: time histories using the ramp down option used after reaching 6g goal
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4.3 Discussion and analysis of results

The following table gives the optimal design parameters found by simulation of the derived model in order
to achieve the customer requirements.

parameter value description

beam mass 10.4 ton one ton is 2000 lbs

beam width 1 meters

beam thickness 1 meters

beam length 3.5 meters

cabinet mass 560 lbs includes 2 passengers, seating, frame and factor of safety

cabinet height 1 meters

cabinet width 1 meters

column mass 17.1 ton

column cross section 3 by 3 meters

maximum bending moment Mx 175 KNm

maximum torsion moment My 7.6 KNm

maximum twisting moment Mz 28 KNm

maximum shear force Fx −15.96 KN

maximum shear force Fy −85 KN

maximum shear force Fz 107 KN

maximum direct stress σx 1.055 MPa Below tensile yield. Pure Aluminium has 10 MPa. and

maximum direct stress σy 0.046 MPa Aluminium 6061-O yields at 200 MPa.

maximum direct stress σz 0.172 MPa

maximum shear stress τx −23.94 KPa

maximum shear stress τy −128.6 KPa

maximum shear stress τz 150.5 KPa

Table 3: design output for loading and forces using optimal parameters found

It was found that in order to be able to achieve the 6g limit and not exceed it, the acceleration have
to put turned off well before the 6g is detected. This can be seen by examining the passenger acceleration
expression from above, which is

a = i

(
b

2
ω̇s cos θ −

b

2
ω2
s sin θ − ω̇pLs − ω2

p
b

2
sin θ

)
+ j

(
2
b

2
ωpωs cos θ + ω̇p

b

2
sin θ − ω2

pLs

)
+ k

(
− b

2
ω̇s sin θ −

b

2
ω2
s cos θ

)
We can see that, by letting ω̇s and ω̇p then the acceleration becomes

a = i

(
− b

2
ω2
s sin θ − ω2

p
b

2
sin θ

)
+ j

(
2
b

2
ωpωs cos θ − ω2

pLs

)
− k

b

2
ω2
s cos θ

Even though from now on the angular velocities ωs and ωp are constant, this does not imply that a will
become constant. Since θ is still changing in time, then a will still fluctuate in periodic fashion from now
on. Hence the passenger acceleration can still exceed 6g if we were to turn off the ramp up acceleration
too close to 6g. For this reason the value the acceleration was turned off at 5.8g in order to final value of
5.98g as felt by the passengers.
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4.4 Cost analysis

Based on the above result and using the mass needed, the following table gives a summary of cost for
construction of the ride

item cost description

cost of Aluminum alloy 6061-O $0.8 per lb. can depend on market conditions

beam material cost (10.4 ton) $16,000 (10.4) (2000) (0.8)

column material cost (17.1 ton) $27,360 (17.1) (2000) (0.8)

cabinet material cost (500 lb.) $446.5

Labor cost for construction $12,000 300 labor hrs @ 40 per hr.

Equipment and labor insurance $10,000

Management cost (one manager) $4,000 50 hrs @ $80 per hr.

Electric spindel motors for column and beam $10,000 2 @ $5,000

Total cost $79,806

Table 4: cost estimate

The major part of the cost is for material. This is due to the use of thick beam and column. This
allowed the use of basic beam theory stress analysis. This cost however can be reduced by the use of
plate theory or numerical finite elements methods in order to be able to safely used less material and
reduce the thickness of the beam and column while insuring accurate stress calculations.
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5 Conclusions of results and future work

The final design given above meets the requirement specification that the customer provided. Using
simulation, it was possible to validate the equations found and to confirm that the beam/column section
is safe for the selected optimal parameters.

The selected parameters allow the passengers to reach almost 6g in 12 seconds using a ride that consist
of two noncollinear angular velocities. There are many different profiles that could have been selected to
achieve this goal. The set selected reached the closest to 6g without crossing over and that is why it was
selected. The following is the final design used

parameter value description

maximum g reached 5.98 g After many simulations this was selected.

time to reach maximum g 5.8 sec.

maximum passenger velocity reached 180 m.p.h. calculated using finite difference from acceleration data

steady state ωp reached 2.16 rad/sec. This is the column angular velocity in steady state

steady state ωs reached 9.7 rad/sec. This is the beam angular velocity in steady state

initial ramp up ω̇p 0.2 rad/sec.2 column supplied ramp up angular acceleration

initial ramp up ω̇s 0.9 rad/sec.2 beam supplied ramp up angular acceleration

ramp down ω̇p 0.2 rad/sec.2 symmetrical shape to ramp-up as seen in above plot.

ramp down ω̇s −0.9 rad/sec.2 symmetrical shape to ramp-up as seen in above plot.

Table 5: ride statistics based on optimal design parameters

The cost estimate is $79,800. The material cost was the major part of this cost. This was due to the
use of simple beam theory for stress analysis equations which required the use of a thick beam in order
for the stress equations to be valid. The maximum stress of σmax = 1.055 MPa reached is well below the
yield strength of Aluminum. Therefore, the use of finite element stress analysis or advanced plate theory
would have allowed the reduction of the size of the beam while at the same time using accurate stress
calculations. This would have resulted in lower cost in material. If awarded this contract, finite element
would be used in order to lower the cost of material.

5.1 Future work and possible design improvement

The following are items that can be improved in the current design given additional time to perform

1. The beam and column weight can be reduced significantly by using plate shell stress analysis. This
should reduce the material cost. This design used simple beam theory stress analysis which required
the use of thick beam. This caused the beam to become too thick. It will be possible to have thinner
beam and still not reach the yield strength. Using finite element method will allow this investigation.

2. There are additional possible cross sections to consider for failure analysis. This design concentrated
on the most likely section based on beam theory. Using finite element software will allow one to
more easily analyze the full structure more easily than was done in current design based on simple
beam theory.

3. Torsional and twisting stress analysis were not addressed in this design due to time limitation. It is
however expected that the beam will fail in bending.
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6 Appendix

6.1 Use of simulator to validate different design parameters

These are selected screen shots showing different configurations tested during simulation in order to find
an optimal one. These show the effect of changing the dimensions of the structure and the spin rates.

Figure 23: Changing the structure dimensions to select optimal design using simulation
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3.2 Second exam
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3.3 Final exam

  h 

e1 e2 e3

1 2 3

I11 I22 I33

 frame,body

M1  I1 1  23I3  I2
M2  I2 2  31I1  I3
M3  I3 3  12I2  I1

z-axis is symmetry

Mx  I1 1  I3y3  I2z2

My  I2 2  I3x3  I1z1

Mz  I3 3  I2x2  I1y1

Use these for case 2. x-axis symmetry. Iyy=Izz

x
y z

(x-axis symm)

Mx  Ix x  n 
My  Iy y  zx  nIx  xzIz  mxczp

Mz  Iz z  yx  nIx  xyIy  mxcÿp

(y-axis symm)

My  Iy y  n 
Mz  Iz z  xy  nIy  yxIx

Mx  Ix x  zy  nIy  yzIz

(z-axis symm)

Mz  Iz z  n 
Mx  Ix x  yz  nIz  zyIy

My  Iy y  xz  nIz  zxIx
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4.1 HW 1

4.1.1 Problem 1

EMA 542
Home Work to be Handed In

1) The cars of an amusement-parkride are attached to anns of length R which are hinged to a

central rotating collar that drives the assemblyabout the vertical axis with a constant angular

rate 0). The cars rise and fall with the trackaccordingto the relation z =~(1- cos28).2

Determine for each car as it passes the position 8 =1Crads:
4

a) The expressions for the r-, 8-, and cp-componentsof velocity v.

b) The 8 -componentof the acceleration ii.

Your answers should be in terms of h, R, and 0).

4.1.1.1 part (a)

In spherical coordinates the position vector and velocity vector of a car is given by

�⃗� = 𝑅�⃗�𝑟 + 𝜃�⃗�𝜃 + 𝜙�⃗�𝜙
�⃗� = �̇��⃗�𝑟 + 𝑅�̇��⃗�𝜙 + 𝑅�̇� sin𝜙�⃗�𝜃

Since 𝑅 is constant, then �̇� = 0. It is also given that �̇� = 𝜔. The above becomes

�⃗� = 𝑅�̇��⃗�𝜙 + 𝑅𝜔 sin𝜙�⃗�𝜃 (1)

Given that

𝑅 sin �
𝜋
2
− 𝜙� =

ℎ
2
(1 − 2 cos 2𝜃)

cos �𝜙� = ℎ
2𝑅

(1 − 2 cos 2𝜃) (2)

And taking derivative w.r.t.

−�̇� sin𝜙 =
2ℎ
𝑅
�̇� sin (2𝜃)

�̇� =
−2ℎ�̇� sin (2𝜃)

𝑅 sin𝜙
(3)

Substituting the above in Eq. (1) gives

�⃗� =
−2ℎ�̇� sin (2𝜃)

sin𝜙
�⃗�𝜙 + 𝑅𝜔 sin𝜙�⃗�𝜃
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But from Eq. (2)

𝜙 = arccos �
ℎ
2𝑅

(1 − 2 cos 2𝜃)�

hence �⃗� becomes

�⃗� =
−2ℎ�̇� sin (2𝜃)

sin �arccos � ℎ
2𝑅

(1 − 2 cos 2𝜃)��
�⃗�𝜙 + 𝑅𝜔 sin �arccos �

ℎ
2𝑅

(1 − 2 cos 2𝜃)�� �⃗�𝜃

When 𝜃 = 𝜋
4 , sin (2𝜃) = 1 and cos 2𝜃 = 0 the above becomes

�⃗� = −
2ℎ𝜔

sin �arccos � ℎ
2𝑅
��
�⃗�𝜙 + 𝑅𝜔 sin �arccos �

ℎ
2𝑅��

�⃗�𝜃

But

sin (arccos (𝑥)) = √1 − 𝑥2

hence the above becomes

�⃗� = −
2ℎ𝜔

�1 − ℎ2

4𝑅2

�⃗�𝜙 + 𝑅𝜔
�
1 −

ℎ2

4𝑅2 �⃗�𝜃

Therefore, the �⃗�𝜙 component is −2ℎ𝜔

�
1− ℎ2

4𝑅2

and the �⃗�𝜃 is 𝑅𝜔�1 − ℎ2

4𝑅2 and the �⃗�𝑟 component is

zero.

4.1.1.2 Part (b)

The 𝜃 component of the acceleration is given from eq. (1.30) in the class handout book as

𝑅�̈� sin𝜙 + 2�̇��̇� sin𝜙 + 2𝑅�̇��̇� cos𝜙
Since �̇� = 0 and �̈� = 0 (angular velocity is constant and the length of the swing arm is also
constant) the above expression reduces to

2𝑅�̇�𝜔 cos𝜙

From Eq. (3) in part(a), using �̇� = −2ℎ𝜔 sin(2𝜃)
𝑅 sin𝜙 and 𝜙 = arccos � ℎ

2𝑅
(1 − 2 cos 2𝜃)� , the above

simplifies to

2𝑅

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2ℎ𝜔 sin (2𝜃)

𝑅 sin �arccos � ℎ
2𝑅

(1 − 2 cos 2𝜃)��

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
𝜔 cos �arccos �

ℎ
2𝑅

(1 − 2 cos 2𝜃)��

2𝑅

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2ℎ𝜔 sin (2𝜃)

𝑅 sin �arccos � ℎ
2𝑅

(1 − 2 cos 2𝜃)��

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
𝜔 �

ℎ
2𝑅

(1 − 2 cos 2𝜃)�

When 𝜃 = 𝜋
4 , sin (2𝜃) = 1 and cos 2𝜃 = 0, the 𝜃 component of the acceleration becomes

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

−4ℎ𝜔

sin �arccos � ℎ
2𝑅
��

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
𝜔ℎ
2𝑅

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−4ℎ𝜔

�
1 − � ℎ

2𝑅
�
2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝜔ℎ
2𝑅

−2
𝑅

ℎ2𝜔2

�1 − ℎ2

4𝑅2
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4.1.2 Problem A1

EMA 542
Home Work to be Handed In

lA) The cone rolls without slipping such that at the instant shown, (oz= 4.0 rad/sec. and cOz= 3.0

rad/sec2. Detennine the total angularvelocityand angularaccelerationof the cone with respectto the

fixed xyz coordinate system. Note that it is easiest to use velocity constraints to fulfill the no slip
condition.

z

I

t Wz =4 rad/s

Q) Wz=3 rad/s2

I

x

y

Let 𝐿 be the side length of the cone (2 ft. in current diagram) and �⃗�𝑐 the angular velocity
vector of the cone around its own axes, and 𝑟 the cone base radius. Let �⃗�𝑡𝑜𝑡𝑎𝑙 be the angular
velocity of cone w.r.t. the rigid frame 𝑋𝑌𝑍 (inertial frame), Hence vector additions gives

�⃗�𝑡𝑜𝑡𝑎𝑙 = �⃗�𝑐 + �⃗�𝑧 (1)

No slipping implies

𝐿𝜔𝑧 = 𝑟𝜔𝑐

Or

𝜔𝑐 =
𝐿
𝑟
𝜔𝑧

Hence Eq. (1) becomes

�⃗�𝑡𝑜𝑡𝑎𝑙 = �1 +
𝐿
𝑟 �

𝜔𝑧�⃗�

Since 𝑟
𝐿 = tan 200, then 𝑟 = 𝐿 tan 200 and the above simplifies to

�⃗�𝑡𝑜𝑡𝑎𝑙 = �1 +
1

tan 200 �
(4) �⃗�

= 14.989�⃗�

The total angular acceleration of the cone is

⃗̇𝜔𝑡𝑜𝑡𝑎𝑙 =
𝑑
𝑑𝑡 ��

1 +
𝐿
𝑟 �

𝜔𝑧�⃗��

= �1 +
1

tan 200 �
�̇�𝑧�⃗�

But �̇�𝑧 = 3 rad/sec2 hence
⃗̇𝜔𝑡𝑜𝑡𝑎𝑙 = 11.241�⃗�
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4.1.3 Problem 3

The position vector �⃗� can be written as

�⃗� = 𝑅 cos𝜙𝑖 + 𝑅 sin𝜙𝑗 + 𝑧�⃗�

Taking derivatives w.r.t in the inertial frame, and since the unit vectors �⃗�, �⃗�, �⃗� do not change
in this frame, the following result is obtained

�⃗� = �̇� cos𝜙𝑖 − 𝑅�̇� sin𝜙𝑖 + �̇� sin𝜙𝑗 + 𝑅�̇� cos𝜙𝑗 + �̇��⃗�

Since 𝑅 do not change with time, the above simplifies to

�⃗� = −𝑅�̇� sin𝜙𝑖 + 𝑅�̇� cos𝜙𝑗 + �̇��⃗�

and the acceleration vector is

𝑎 = −�̇��̇� sin𝜙𝑖 − 𝑅�̈� sin𝜙𝑖 − 𝑅�̇��̇� cos𝜙𝑖
+ �̇��̇� cos𝜙𝑗 + 𝑅�̈� cos𝜙𝑗 − 𝑅�̇��̇� sin𝜙𝑗

+ �̈��⃗�

Since 𝑅 do not change with time, the above simplifies to

𝑎 = −𝑅�̈� sin𝜙𝑖 − 𝑅�̇��̇� cos𝜙𝑖
+ 𝑅�̈� cos𝜙𝑗 − 𝑅�̇��̇� sin𝜙𝑗

+ �̈��⃗�

Since 𝜙 = 2𝑡, then �̇� = 2, �̈� = 0 and 𝑧 = 𝑡2, �̇� = 2𝑡, �̈� = 2. Substituting these values in the
above two expressions for velocity and acceleration gives

�⃗� = −3 sin (2𝑡) �⃗� + 3 cos (2𝑡) �⃗� + 2𝑡𝑘

𝑎 = − (1.5) 4 cos (2𝑡) �⃗� − (1.5) 4 sin (2𝑡) �⃗� + 2�⃗�

= −6 cos (2𝑡) �⃗� − 6 sin (2𝑡) �⃗� + 2�⃗�
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At 𝑡 = 0.25 second,

�⃗� = −3 sin (0.5) �⃗� + 3 cos (0.5) �⃗� + 0.5�⃗�

= −1.438 �⃗� + 2.633⃗𝑗 + 0.5𝑘 [𝑓𝑡/𝑠]

𝑎 = −6 cos (0.5) �⃗� − 6 sin (0.5) �⃗� + 2�⃗�

= −5.266⃗𝑖 − 2.877⃗𝑗 + 2�⃗� [𝑓𝑡/𝑠2]

4.1.3.1 part(a)

�⃗�𝑡 =
�⃗�
��⃗��

=
−1.438 �⃗� + 2.633⃗𝑗 + 0.5𝑘

√1.4382 + 2.6332 + 0.52

=
−1.438 �⃗� + 2.633⃗𝑗 + 0.5𝑘

3.0414
= −0.473⃗𝑖 + 0.866 �⃗� + 0.164�⃗�

and

𝑎𝑡 = �𝑎 ⋅ �⃗�𝑡� �⃗�𝑡

But

�𝑎 ⋅ �⃗�𝑡� = �−5.266⃗𝑖 − 2.877⃗𝑗 + 2�⃗�� ⋅ �−0.473⃗𝑖 + 0.866 �⃗� + 0.164�⃗��

= 0.329

Hence

𝑎𝑡 = 0.329 �−0.473⃗𝑖 + 0.866 �⃗� + 0.164�⃗��

= −0.155⃗𝑖 + 0.285⃗𝑗 + 0.054�⃗� [𝑓𝑡/𝑠2]

Since 𝑎 = 𝑎𝑡 + 𝑎𝑛 then

𝑎𝑛 = 𝑎 − 𝑎𝑡
= �−5.266⃗𝑖 − 2.877⃗𝑗 + 2�⃗�� − �−0.155⃗𝑖 + 0.284⃗𝑗 + 0.054�⃗��

= −5.110⃗𝑖 − 3.161⃗𝑗 + 1.946�⃗� �𝑓𝑡/𝑠2�

Hence

�⃗�𝑛 =
𝑎𝑛
�𝑎𝑛�

=
−5.110⃗𝑖 − 3.161⃗𝑗 + 1.946�⃗�

√5.1102 + 3.1612 + 1.9462

= −0.809⃗𝑖 − 0.5 �⃗� + 0.308 �⃗�

Hence

�⃗�𝑏 = �⃗�𝑡 × �⃗�𝑛
= �−0.473⃗𝑖 + 0.866 �⃗� + 0.164�⃗�� × �−0.809⃗𝑖 − 0.5 �⃗� + 0.308 �⃗��

=
�

�

�⃗� �⃗� �⃗�
−0.473 0.866 0.164
−0.809 −0.5 0.308

�

�

= �⃗� (0.866 × 0.308 + 0.164 × 0.5) − �⃗� (−0.473 × 0.308 + 0.164 × 0.809) + �⃗� (0.473 × 0.5 + 0.866 × 0.809)

= 0.349⃗𝑖 − 0.0127 �⃗� + 0.937 �⃗�

4.1.3.2 Part (b)

The speed and acceleration was found above as

�⃗� = −1.438 �⃗� + 2.633⃗𝑗 + 0.5�⃗� �𝑓𝑡/𝑠�

𝑎 = −5.266⃗𝑖 − 2.877⃗𝑗 + 2�⃗� �𝑓𝑡/𝑠2�
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4.1.3.3 Part(c)

since

�𝑎𝑛� =
�̇�2

𝜌

=
��⃗��2

𝜌

Hence

𝜌 =
��⃗��2

�𝑎𝑛�
=

�−1.438 �⃗� + 2.633⃗𝑗 + 0.5𝑘�
2

�−5.110⃗𝑖 − 3.161⃗𝑗 + 1.946�⃗��
=

1.438 2 + 2.6332 + 0.52

√5.1102 + 3.1612 + 1.9462
= 1.465 �𝑓𝑡�

But

𝑘 =
1
𝜌
=

1
1.465

= 0.683

4.1.3.4 Part (d)

�̇� =
�̇�
𝜌

=
��⃗��
𝜌

At 𝑡 = 0.25 sec.

�̇� =
�−1.438 �⃗� + 2.633⃗𝑗 + 0.5�⃗��

1.465

= √1.438 2 + 2.6332 + 0.52

1.465
= 2.076 [𝑟𝑎𝑑/ sec]

4.1.3.5 Part(c)

�⃗� × 𝑎 = �⃗� × �𝑎𝑡 + 𝑎𝑛�

= ��⃗� × 𝑎𝑡� + ��⃗� × 𝑎𝑛�

= ���⃗�� �⃗�𝑡 × �𝑎𝑡� �⃗�𝑡� + ���⃗�� �⃗�𝑡 × �𝑎𝑛� �⃗�𝑛�

= ��⃗�� �𝑎𝑡� �⃗𝑒𝑡 × �⃗�𝑡� + ��⃗�� �𝑎𝑛� �⃗𝑒𝑡 × �⃗�𝑛�

But �⃗�𝑡 × �⃗�𝑡 = 0 and �⃗�𝑡 × �⃗�𝑛 using the right-hand rule is �⃗�𝑏 hence

�⃗� × 𝑎 = ��⃗�� �𝑎𝑛� �⃗�𝑏

This is a vector parallel to �⃗�𝑏 of magnitude ��⃗�� �𝑎𝑛�
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4.1.4 Problem 4

Homework #1 
EMA 542, Fall 2007 

Problem #1 

 

z 

y 

 
Please give your solution in terms of components in the reference frame illustrated above 
that is attached to the inner gimbal.  The y axis is oriented along the axis of the pin joint 
connecting the inner gimbal to the outer gimbal and the z axis is aligned with the axis of 
rotation of the flywheel.

There is local frame of reference attached to the inner gimbal as shown in the following
diagram
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j

i

k

ez

ex

ey

ex,ey,ez are unit vectors that are local to the inner gimbal.

i, j,k are the inertial unit vectors.

Given these, the angular velocity vector of the fly wheel can be written as (in terms of local
coordinates system)

�⃗�𝑤ℎ𝑒𝑒𝑙 = 𝜔1�⃗�𝑥 − �̇��⃗�𝑦 + 𝜔2�⃗�𝑧 (1)

Hence, taking derivatives

̇⃗𝜔𝑤ℎ𝑒𝑒𝑙 = �̇�1�⃗�𝑥 + 𝜔1
̇⃗𝑒𝑥 − �̈��⃗�𝑦 − �̇� ̇⃗𝑒𝑦 + �̇�2�⃗�𝑧 + 𝜔2

̇⃗𝑒𝑧

But �̇�2 = 0 then

̇⃗𝜔𝑤ℎ𝑒𝑒𝑙 = �̇�1�⃗�𝑥 + 𝜔1
̇⃗𝑒𝑥 − �̈��⃗�𝑦 − �̇� ̇⃗𝑒𝑦 + 𝜔2

̇⃗𝑒𝑧 (2)

But
̇⃗𝑒𝑥 = 𝜔𝑒𝑥 × �⃗�𝑥
= �−�̇⃗�𝑗 + 𝜔1⃗𝑖� × �⃗�𝑥
= �−�̇⃗�𝑗 × �⃗�𝑥� + �𝜔1⃗𝑖 × �⃗�𝑥�

= �̇��⃗�𝑧 − sin𝜃�⃗�𝑦

and

̇⃗𝑒𝑦 = 𝜔𝑒𝑦 × �⃗�𝑦
= 𝜔1⃗𝑖 × �⃗�𝑦
= 𝜔1�⃗�𝑧

and
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̇⃗𝑒𝑧 = 𝜔𝑒𝑧 × �⃗�𝑧
= �−�̇⃗�𝑗 + 𝜔1⃗𝑖� × �⃗�𝑦
= �−�̇⃗�𝑗 × �⃗�𝑦� + �𝜔1⃗𝑖 × �⃗�𝑦�

= −�̇��⃗�𝑥 sin𝜔1𝑡 + 𝜔1�⃗�𝑧

Assuming 𝑡 = 0 is when the instance taken, the above becomes (we are not given time)

̇⃗𝑒𝑧 = 𝜔1�⃗�𝑧

Hence Eq. (2) becomes

̇⃗𝜔𝑤ℎ𝑒𝑒𝑙 = �̇�1�⃗�𝑥 + 𝜔1
̇⃗𝑒𝑥 − �̈��⃗�𝑦 − �̇� ̇⃗𝑒𝑦 + 𝜔2

̇⃗𝑒𝑧
= �̇�1�⃗�𝑥 + 𝜔1 ��̇��⃗�𝑧 − sin𝜃�⃗�𝑦� − �̈��⃗�𝑦 − �̇� �𝜔1�⃗�𝑧� + 𝜔2 �𝜔1�⃗�𝑧�

= �̇�1�⃗�𝑥 − �⃗�𝑦 ��̈� + 𝜔1 sin𝜃� + 𝜔2𝜔1�⃗�𝑧 (3)

Since 𝜔2 = 6000 rev/min or 6000(2𝜋)
60 = 200𝜋 rad/sec, 𝜔1 = 10 rad/sec, �̇�1 = 100 rad/sec2,�̇� = 6

rad/sec,�̈� = −90 rad/sec2, 𝜃 = 1200,then Eq. (1) becomes

�⃗�𝑤ℎ𝑒𝑒𝑙 = 10⃗𝑒𝑥 − 6⃗𝑒𝑦 + 200𝜋�⃗�𝑧

��⃗�𝑤ℎ𝑒𝑒𝑙� = �102 + 62 + (200𝜋)2

= 628. 43 rad/sec

and Eq. (3) becomes

̇⃗𝜔𝑤ℎ𝑒𝑒𝑙=100⃗𝑒𝑥 − �⃗�𝑦 �−90 + 10 sin 1200� + �⃗�𝑧 (2000𝜋)

= 100⃗𝑒𝑥 − �⃗�𝑦

⎛
⎜⎜⎜⎝−90 + 10√

3
2

⎞
⎟⎟⎟⎠ + �⃗�𝑧 (2000𝜋)

= 100⃗𝑒𝑥 + 81.34⃗𝑒𝑦 + 6283.2⃗𝑒𝑧

Hence

� ̇⃗𝜔𝑤ℎ𝑒𝑒𝑙� = √1002 + 81.342 + 6283.22

= 6284. 5 rad/sec2
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4.1.5 key solution
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Homework #1 
EMA 542, Fall 2007 

Problem #1 

 

z 

y 

 
Please give your solution in terms of components in the reference frame illustrated above 
that is attached to the inner gimbal.  The y axis is oriented along the axis of the pin joint 
connecting the inner gimbal to the outer gimbal and the z axis is aligned with the axis of 
rotation of the flywheel.
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4.2 HW 2

4.2.1 Problem 1

The local body coordinates frame is as follows

A

O

C

y

z

x

Y

Z

X





Note on notations used;
⟶𝑟 𝐶/𝑂is vector of point 𝐶 in space. This vector originates from

point 𝑂 to point 𝐶.

𝑂 always represents the inertial frame of reference.
⟶𝑟 𝐶/𝐴 is a vector from point 𝐴 to point

𝐶. In this problem there are two frames of references used. The inertial frame of reference
𝑋𝑌𝑍 whose origin is 𝑂, and the local body frame of reference 𝑥𝑦𝑧 whose origin is point 𝐴.
The unit vectors for 𝑋𝑌𝑍 are called 𝑖, 𝑗, 𝑘 while unit vectors for local coordinates frame are
→
𝑒 𝑥,

→
𝑒 𝑦,

→
𝑒𝑧. The following is a list of complete notations used in this problem

1.
⟶𝑟 𝐴/𝑂is vector of 𝐴
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2.
⟶𝑟 𝐶/𝑂 is vector of 𝐶

3.
⟶𝑟 𝐶/𝐴 is vector from 𝐴 to 𝐶

4.
�

⟶𝑟 𝐶/𝐴 relative velocity of position vector
⟶𝑟 𝐶/𝐴 as seen in local frame of reference

5.
→𝜔𝐴/𝑂 is the angular velocity of coordinate system 𝑥𝑦𝑧, whose origin is 𝐴, as seen in
inertial frame 𝑋𝑌𝑍

6. 𝐿 is the length of the radius of the disk, which is given as 2𝑚

7. 𝐿1 (𝑡) is the current length from 𝐴 of point 𝐶. At the instance required, it is 0.25𝑚

x

y

z

C

L1(t)


Local coordinates frame

Given the above, then, by standard vector additions
→𝑟 𝐶/𝑂 = →𝑟 𝐶/𝐴 + →𝑟 𝐴/𝑂

Hence, taking derivatives
�

⟶𝑟 𝐶/𝑂 =
�

⟶𝑟 𝐶/𝐴 + �→𝜔𝐴/𝑂 × →𝑟 𝐶/𝐴� +
�

⟶𝑟 𝐴/𝑂 (1)

Where
→𝑟 𝐴/𝑂 = 𝐿 cos𝜙

→
𝑖 + 𝐿 sin𝜙

→
𝑗

And taking derivatives of the above
�

⟶𝑟 𝐴/𝑂 = −𝐿
�
𝜙 sin𝜙

→
𝑖 + 𝐿

�
𝜙 cos𝜙

→
𝑗

The position vector of 𝐶 written using local coordinates system is
→𝑟 𝐶/𝐴 = 0

→
𝑒 𝑥 − 𝐿1 cos𝜃→

𝑒 𝑧 + 𝐿1 sin𝜃
→
𝑒 𝑦

Taking derivatives
�

⟶𝑟 𝐶/𝐴 = − �
�
𝐿1 cos𝜃 − 𝐿1

�
𝜃 sin𝜃�

→
𝑒 𝑧 + �

�
𝐿1 sin𝜃 + 𝐿1

�
𝜃 cos𝜃�→𝑒 𝑦 (2)

And the following term is added to account for the fact that the local frame of reference
itself is rotating relative to the inertial frame of reference

→𝜔𝐴/𝑂 × →𝑟 𝐶/𝐴 = 𝜔𝑝
→
𝑘 × �−𝐿1 cos𝜃→

𝑒 𝑧 + 𝐿1 sin𝜃
→
𝑒 𝑦�

Substituting the above back to Eq.(1) results in
�

⟶𝑟 𝐶/𝑂 = − �
�
𝐿1 cos𝜃 − 𝐿1

�
𝜃 sin𝜃�

→
𝑒 𝑧 + �

�
𝐿1 sin𝜃 + 𝐿1

�
𝜃 cos𝜃�→𝑒 𝑦

+ �𝜔𝑝
→
𝑘 × �−𝐿1 cos𝜃→

𝑒 𝑧 + 𝐿1 sin𝜃
→
𝑒 𝑦�� + �−𝐿

�
𝜙 sin𝜙

→
𝑖 + 𝐿

�
𝜙 cos𝜙

→
𝑗 �

At the instance given, 𝜃 = 0, 𝐿1 = 0.25𝑚,
�
𝐿1 = 3𝑚/𝑠,

��
𝐿1 = 2𝑚/𝑠2,

�
𝜃 = 𝜔𝑚 = 3𝑟𝑎𝑑/ sec,

��
𝜃 = �𝜔𝑚 = 1

rad/sec, 𝐿 = 2 m,
→
𝑒 𝑧 =

→
𝑘 and

→
𝑒 𝑦 =

→
𝑗 , 𝜔𝑝 = 5 rad.sec,The above simplifies to
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�
⟶𝑟 𝐶/𝑂 = −

�
𝐿1

→
𝑒 𝑧 + 𝐿1

�
𝜃
→
𝑒 𝑦 + �𝜔𝑝

→
𝑘 × �−𝐿1

→
𝑒 𝑧�� + 𝐿𝜔𝑝

→
𝑗

= −3
→
𝑒 𝑧 + 0.25𝜔𝑚

→
𝑒 𝑦 − �𝜔𝑝

→
𝑘 × 0.25

→
𝑒 𝑧� + 2𝜔𝑝

→
𝑗

In addition, at the instance shown, �⃗�𝑧 = �⃗� and �⃗�𝑦 = �⃗� (but this is only at the instance given.
In general it is not the case). The above simplifies to

�
⟶𝑟 𝐶/𝑂 = −3

→
𝑘 + 0.25𝜔𝑚

→
𝑗 − �𝜔𝑝

→
𝑘 × 0.25

→
𝑘 � + 2𝜔𝑝

→
𝑗

= −3
→
𝑘 + 0.25𝜔𝑚

→
𝑗 + 2𝜔𝑝

→
𝑗

= −3
→
𝑘 + 0.75

→
𝑗 + 10

→
𝑗

= 10.75
→
𝑗 − 3

→
𝑘 [𝑚/𝑠]

Numerically, the magnitude of the velocity vector is

�
�

⟶𝑟 𝐶/𝑂� = √10.752 + 9 = 11.161 𝑚/𝑠

To find the acceleration, derivative of Eq. (1) is now taken
�

⟶𝑟 𝐶/𝑂 =
�

⟶𝑟 𝐶/𝐴 + �→𝜔𝐴/𝑂 × �⃗�𝐶/𝐴� +
�

⟶𝑟 𝐴/𝑂

𝑎 =
��
→𝑟 𝐶/𝐴 + �

→𝜔𝐴/𝑂 ×
�

⟶𝑟 𝐶/𝐴� + �
�
→𝜔𝐴/𝑂 × →𝑟 𝐶/𝐴 + 𝜔𝐴/𝑂 × �

�
⟶𝑟 𝐶/𝐴 + 𝜔𝐴/𝑂 × →𝑟 𝐶/𝐴�� + ̈⃗𝑟𝐴/𝑂

=
��
→𝑟 𝐶/𝐴 + �𝜔𝐴/𝑂 ×

�
⟶𝑟 𝐶/𝐴� +

�
→𝜔𝐴/𝑂 × →𝑟 𝐶/𝐴 + 𝜔𝐴/𝑂 ×

�
⟶𝑟 𝐶/𝐴 + 𝜔𝐴/𝑂 × �𝜔𝐴/𝑂 × →𝑟 𝐶/𝐴� + ̈⃗𝑟𝐴/𝑂

=
��
→𝑟 𝐶/𝐴 + 2 �𝜔𝐴/𝑂 ×

�
⟶𝑟 𝐶/𝐴� + �

�
→𝜔𝐴/𝑂 × →𝑟 𝐶/𝐴� + 𝜔𝐴/𝑂 × �𝜔𝐴/𝑂 × →𝑟 𝐶/𝐴� +

��
→𝑟 𝐴/𝑂 (3)

��
→𝑟 𝐶/𝐴 is found by di�erentiating Eq. (2) in the local frame giving

�
⟶𝑟 𝐶/𝐴 = − �

�
𝐿1 cos𝜃 − 𝐿1

�
𝜃 sin𝜃�

→
𝑒 𝑧 + �

�
𝐿1 sin𝜃 + 𝐿1

�
𝜃 cos𝜃�→𝑒 𝑦

��
→𝑟 𝐶/𝐴 = − �

��
𝐿1 cos𝜃 −

�
𝐿1

�
𝜃 sin𝜃�

→
𝑒 𝑧 + �

�
𝐿1

�
𝜃 sin𝜃 + 𝐿1

��
𝜃 sin𝜃 + 𝐿1

�
𝜃
2
cos𝜃�

→
𝑒 𝑧

+ �
��
𝐿1 sin𝜃 +

�
𝐿1

�
𝜃 cos𝜃 +

�
𝐿1

�
𝜃 cos𝜃 + 𝐿1

��
𝜃 cos𝜃 − 𝐿1

�
𝜃
2
sin𝜃�

→
𝑒 𝑦

At the instance given the above becomes
��
→𝑟 𝐶/𝐴 = −2

→
𝑘 + 0.25𝜔2

𝑚
→
𝑘 + �3𝜔𝑚 + 3𝜔𝑚 + 0.25 �𝜔𝑚�

→
𝑗

= −2
→
𝑘 + 0.25 (9)

→
𝑘 + (9 + 9 + 0.25)

→
𝑗

= 18.25
→
𝑗 + 0.25

→
𝑘

And
�

⟶𝑟 𝐶/𝐴 = − �
�
𝐿1 cos𝜃 − 𝐿1

�
𝜃 sin𝜃�

→
𝑒 𝑧 + �

�
𝐿1 sin𝜃 + 𝐿1

�
𝜃 cos𝜃�→𝑒 𝑦

= 0.75
→
𝑗 − 3

→
𝑘

And

�⃗�𝐶/𝐴 = 0
→
𝑒 𝑥 − 𝐿1 cos𝜃→

𝑒 𝑧 + 𝐿1 sin𝜃
→
𝑒 𝑦

= −0.25
→
𝑘
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And
�

⟶𝑟 𝐴/𝑂 = −𝐿
�
𝜙 sin𝜙

→
𝑖 + 𝐿

�
𝜙 cos𝜙

→
𝑗

��
→𝑟 𝐴/𝑂 = − �𝐿

��
𝜙 sin𝜙 + 𝐿

�
𝜙
2
cos𝜙�

→
𝑖 + �𝐿

��
𝜙 cos𝜙 − 𝐿

�
𝜙
2
sin𝜙�

→
𝑗

Hence at the instance given
��
→𝑟 𝐴/𝑂 = −𝐿

�
𝜙
2→
𝑖 + 𝐿

��
𝜙
→
𝑗

= −2𝜔2
𝑝
→
𝑖 + 2 �𝜔𝑝

→
𝑗

= −50
→
𝑖 + 4

→
𝑗

And
→𝜔𝐴/𝑂 = 𝜔𝑝

→
𝑘

= 5
→
𝑘 rad/sec

And
�
→𝜔𝐴/𝑂 = �𝜔𝑝

→
𝑘

= 2�⃗� rad/sec2

And
→𝑟 𝐶/𝐴 = 0

→
𝑒 𝑥 − 𝐿1 cos𝜃→

𝑒 𝑧 + 𝐿1 sin𝜃
→
𝑒 𝑦

= −0.25
→
𝑘

Therefore, Eq. (3) becomes

𝑎 =
��
→𝑟 𝐶/𝐴 + 2 �

→𝜔𝐴/𝑂 ×
�

⟶𝑟 𝐶/𝐴� + �
�
→𝜔𝐴/𝑂 × →𝑟 𝐶/𝐴� +

→𝜔𝐴/𝑂 × �→𝜔𝐴/𝑂 × →𝑟 𝐶/𝐴� +
��
→𝑟 𝐴/𝑂

= �18.25
→
𝑗 + 0.25

→
𝑘 � + 2 �5

→
𝑘 × �0.75

→
𝑗 − 3

→
𝑘 �� + �2

→
𝑘 × �−0.25

→
𝑘 ��

+ 5
→
𝑘 × �5

→
𝑘 × �−0.25

→
𝑘 �� + �−50

→
𝑖 + 4

→
𝑗 �

= 18.25
→
𝑗 + 0.25

→
𝑘 + 2 �5

→
𝑘 × 0.75

→
𝑗 − 5

→
𝑘 × 3

→
𝑘 � − 50

→
𝑖 + 4

→
𝑗

= 18.25
→
𝑗 + 0.25

→
𝑘 + 2 �5

→
𝑘 × 0.75

→
𝑗 � − 50

→
𝑖 + 4

→
𝑗

= 18.25
→
𝑗 + 0.25

→
𝑘 + 2 �−3.75

→
𝑖 � − 50

→
𝑖 + 4

→
𝑗

= −107.5
→
𝑖 + 22.25

→
𝑗 + 0.25

→
𝑘

Hence

|𝑎| = √107.52 + 22.252 + 0.252

= 109.78 𝑚/𝑠2
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4.2.2 problem 2

Note on notations used;
⟶𝑟 𝑃/𝑂is vector of point 𝑃 in space that originates from point 𝑂,

which is the origin of the inertial frame of reference. 𝑂 always represents the inertial frame
of reference. Hence

⟶𝑟 𝑃/𝐴 is a vector from point 𝐴 to point 𝑃. In this problem there are
two frames of references used. The inertial frame of reference 𝑋𝑌𝑍 whose origin is called
𝑂, and the local body frame of reference 𝑥𝑦𝑧 attached to point 𝐴 which in this problem
happens to be the same as 𝑂 point shown above. Hence the origin of 𝑥𝑦𝑧 is 𝐴. The unit

vectors for 𝑋𝑌𝑍 are always called
→
𝑖 ,

→
𝑗 ,

→
𝑘 while unit vectors for local coordinates frame are

→
𝑒 𝑥,

→
𝑒 𝑦,

→
𝑒𝑧. The following is a list of complete notations used in this problem

1.
⟶𝑟 𝑃/𝐴 is vector from 𝐴 to 𝑃

2.
→𝜔𝐴/𝑂 is the angular velocity of vector coordinate system 𝑥𝑦𝑧, whose origin is 𝐴, as
seen in inertial frame 𝑋𝑌𝑍

3. 𝑦 (𝑥) is the 𝑦 coordinates of point 𝑃 as seen in local coordinates system

4. 𝑥 is the 𝑥 coordinates of point 𝑃 as seen in local coordinates system

Let 𝑝 be the point, and as seen in the local frame 𝑥𝑦𝑧 it will appear as follows
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x

y

A

P=(x,y,z)

y(x)

x

Using vector addition,
⟶𝑟 𝑃/𝑂 = ⟶𝑟 𝑃/𝐴 +⟶𝑟 𝐴/𝑂

Where, the position of 𝑝 expressed in local frame is
→𝑟 𝑃/𝐴 = 0

→
𝑒 𝑧 + 𝑥 (𝑡)

→
𝑒 𝑥 + 𝑦 (𝑡)

→
𝑒 𝑦

= 𝑥 (𝑡)
→
𝑒 𝑥 +

1
2
�3 + 𝑥2�

→
𝑒 𝑦 (4.1)

But

𝑑𝑠 = �𝑑𝑥2 + 𝑑𝑦2

𝑑𝑠
𝑑𝑡

=
�
�
𝑑𝑥
𝑑𝑡 �

2

+ �
𝑑𝑦
𝑑𝑡 �

2

=
�
�
𝑑𝑥
𝑑𝑡 �

2

+ �
𝑑𝑦
𝑑𝑥

𝑑𝑥
𝑑𝑡 �

2

= �
𝑑𝑥
𝑑𝑡 ��

1 + �
𝑑𝑦
𝑑𝑥�

2

But 𝑑𝑦
𝑑𝑥 =

𝑑
𝑑𝑥
�1
2
�3 + 𝑥2�� = 𝑥, hence the above becomes

𝑑𝑠
𝑑𝑡

= �𝑥√1 + 𝑥2

But 𝑑𝑠
𝑑𝑡 is constant and given by 2 ft/sec, therefore

2 = �𝑥√1 + 𝑥2

�𝑥 =
2

√1 + 𝑥2

And since
𝑑𝑦
𝑑𝑡

=
𝑑𝑦
𝑑𝑥

𝑑𝑥
𝑑𝑡

= 𝑥 �𝑥

Hence
�𝑦 =

2𝑥

√1 + 𝑥2

Now taking derivatives of Eq. (1), and noting that
�

⟶𝑟 𝐴/𝑂 = 0 since the origin of the local

89



4.2. HW 2 CHAPTER 4. HWS

frame coincides with the origin of the inertial frame, hence
⟶𝑟 𝐴/𝑂 = 0⃗

�
⟶𝑟 𝑃/𝑂 =

�
⟶𝑟 𝑃/𝐴 + �→𝜔𝐴/𝑂 × →𝑟 𝑃/𝐴� +

�
⟶𝑟 𝐴/𝑂 (2)

= � �𝑥
→
𝑒 𝑥 +

�𝑦
→
𝑒 𝑦� + �𝜔 (𝑡)

→
𝑗 × �𝑥 (𝑡)

→
𝑒 𝑥 + 𝑦 (𝑡)

→
𝑒 𝑦�� + 0⃗

At the instance shown,
→
𝑒 𝑥 is aligned with

→
𝑖 and

→
𝑒 𝑦is aligned with

→
𝑗 ,hence the above

becomes
�

⟶𝑟 𝑃/𝑂 = � �𝑥
→
𝑖 + �𝑦

→
𝑗 � + �𝜔

→
𝑗 × 𝑥 (𝑡)

→
𝑖 � + �𝜔

→
𝑗 × 𝑦 (𝑡)

→
𝑗 �

= � �𝑥
→
𝑖 + �𝑦

→
𝑗 � − 𝜔𝑥 (𝑡)

→
𝑘

Substituting for
�𝑥, �𝑦 in the above

�
⟶𝑟 𝑃/𝑂 = �

2

√1 + 𝑥2
→
𝑖 +

2𝑥

√1 + 𝑥2
→
𝑗 � − 3𝑡2𝑥 (𝑡)

→
𝑘

At this instance, 𝑡 = 2 sec, 𝑥 = 1ft, hence
�

⟶𝑟 𝑃/𝑂 =
2

√2

→
𝑖 +

2

√2

→
𝑗 − 3 (4)

→
𝑘 �𝑓𝑡/ sec�

= 1.414
→
𝑖 + 1.414

→
𝑗 − 12

→
𝑘

and

�
�

⟶𝑟 𝑃/𝑂� =
�
�
2

√2
�
2

+ �
2

√2
�
2

+ 122

= 12.166 𝑓𝑡/ sec

4.2.2.1 Extra (�nding the acceleration)

This is not required, but for practice. Now the total acceleration is found. From Eq. (2)
above it was found that

�
⟶𝑟 𝑃/𝑂 =

�
⟶𝑟 𝑃/𝐴 + �→𝜔𝐴/𝑂 × →𝑟 𝑃/𝐴� +

�
⟶𝑟 𝐴/𝑂

Taking derivative of the above
��
⟶𝑟 𝑃/𝑂 =

��
⟶𝑟 𝑃/𝐴 + �

→𝜔𝐴/𝑂 ×
�

⟶𝑟 𝑃/𝐴� + �
�
→𝜔𝐴/𝑂 × →𝑟 𝑃/𝐴 + →𝜔𝐴/𝑂 × �

�
⟶𝑟 𝑃/𝐴 + �→𝜔𝐴/𝑂 × →𝑟 𝑃/𝐴��� +

��
⟶𝑟 𝐴/𝑂

=
��
⟶𝑟 𝑃/𝐴 + �

→𝜔𝐴/𝑂 ×
�

⟶𝑟 𝑃/𝐴� + �
�
→𝜔𝐴/𝑂 × →𝑟 𝑃/𝐴 + →𝜔𝐴/𝑂 ×

�
⟶𝑟 𝑃/𝐴 + →𝜔𝐴/𝑂 × �→𝜔𝐴/𝑂 × →𝑟 𝑃/𝐴�� +

��
⟶𝑟 𝐴/𝑂

=
��
⟶𝑟 𝑃/𝐴 + 2 �

→𝜔𝐴/𝑂 ×
�

⟶𝑟 𝑃/𝐴� +
�
→𝜔𝐴/𝑂 × →𝑟 𝑃/𝐴 + →𝜔𝐴/𝑂 × �→𝜔𝐴/𝑂 × →𝑟 𝑃/𝐴� +

��
⟶𝑟 𝐴/𝑂 (4)

But
→𝑟 𝑃/𝐴 = 𝑥 (𝑡)

→
𝑒 𝑥 +

1
2
�3 + 𝑥2�

→
𝑒 𝑦

Hence
�

⟶𝑟 𝑃/𝐴 = �𝑥
→
𝑒 𝑥 +

�𝑦
→
𝑒 𝑦

And
��
⟶𝑟 𝑃/𝐴 = ��𝑥

→
𝑒 𝑥 +

��𝑦
→
𝑒 𝑦

And

�
→𝜔𝐴/𝑂 ×

�
⟶𝑟 𝑃/𝐴� = 𝜔 (𝑡)

→
𝑗 × � �𝑥

→
𝑒 𝑥 +

�𝑦
→
𝑒 𝑦�
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And
�
→𝜔𝐴/𝑂 × →𝑟 𝑃/𝐴 =

𝑑
𝑑𝑡
3𝑡2

→
𝑗 × �𝑥 (𝑡)

→
𝑒 𝑥 +

1
2
�3 + 𝑥2�

→
𝑒 𝑦�

= 6𝑡
→
𝑗 × �𝑥 (𝑡)

→
𝑒 𝑥 +

1
2
�3 + 𝑥2�

→
𝑒 𝑦�

And
→𝜔𝐴/𝑂 × →𝑟 𝑃/𝐴 = 𝜔 (𝑡)

→
𝑗 × �𝑥 (𝑡)

→
𝑒 𝑥 + 𝑦 (𝑡)

→
𝑒 𝑦�

And
→𝜔𝐴/𝑂 × �→𝜔𝐴/𝑂 × →𝑟 𝑃/𝐴� = 𝜔 (𝑡)

→
𝑗 × �𝜔 (𝑡)

→
𝑗 × �𝑥 (𝑡)

→
𝑒 𝑥 + 𝑦 (𝑡)

→
𝑒 𝑦��

And since 𝐴 is attached to 𝑂, hence
��
⟶𝑟 𝐴/𝑂 = 0

Now the above is evaluated at the instance given where,
→
𝑒 𝑥 is aligned with

→
𝑖 and

→
𝑒 𝑦is

aligned with
→
𝑗 , hence Eq. (4) becomes

��
⟶𝑟 𝑃/𝑂 = ��𝑥

→
𝑖 + ��𝑦

→
𝑗 + 2 �𝜔

→
𝑗 × � �𝑥

→
𝑖 + �𝑦

→
𝑗 ��+ �6𝑡

→
𝑗 × �𝑥

→
𝑖 +

1
2
�3 + 𝑥2�

→
𝑗 ��+𝜔

→
𝑗 × �𝜔

→
𝑗 × �𝑥

→
𝑖 + 𝑦

→
𝑗 ��

At the instance shown 𝑥 = 1 ft, 𝑡 = 2 sec and hence 𝜔 = 3𝑡2 = 12 rad/sec. Since speed of
particle is constant, then

��𝑥 = 0 and ��𝑦 = 0, then the above simplifies to
��
⟶𝑟 𝑃/𝑂 = 2 �12

→
𝑗 × �

2

√2

→
𝑖 +

2

√2

→
𝑗 �� + �12

→
𝑗 × �

→
𝑖 + 2

→
𝑗 �� + 12

→
𝑗 × �12

→
𝑗 × �

→
𝑖 + 2

→
𝑗 ��

= 2 ��12
→
𝑗 ×

2

√2

→
𝑖 � + �12

→
𝑗 ×

2

√2

→
𝑗 �� + �12

→
𝑗 ×

→
𝑖 �

+ �12
→
𝑗 × 2

→
𝑗 � + 12

→
𝑗 × ��12

→
𝑗 ×

→
𝑖 � + �12

→
𝑗× 2

→
𝑗 ��

= 2 �−
24

√2

→
𝑘� − 12

→
𝑘 + 12

→
𝑗 × �−12

→
𝑘 �

= −
48

√2

→
𝑘 − 12

→
𝑘 − 144

→
𝑖

= −144
→
𝑖 − 45.941

→
𝑘

Hence

�
��
⟶𝑟 𝑃/𝑂� = √1442 + 45.9412 = 151. 15𝑚/ sec2
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4.2.3 key solution

c:\scanned\ema542.TIF Page 1
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4.3 HW 3

4.3.1 Problem 1

One rotating frame is used. The rotating coordinate system is attached to the rotating bar
shown above with axis 𝑥𝑦𝑧 with its origin at point 𝑂. The vector 𝜌 goes from point 𝑂 to
point 𝑄 as shown in this diagram
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L1

L2

L3




𝜌 is vector that represents the position of point 𝑄 on the disk relative to the rotating
frame. Let current distance of point 𝑄 from center of disk be 𝑟 (𝑡) and angle be 𝜃 (𝑡) where
�̇� (𝑡) = 𝜔2 as shown in this diagram

C

Q

2




r

1


i


j



k

The position of 𝑄 as seen in inertial frame is therefore
→𝑟 𝑄 =

→
𝑅 + →𝜌 (1)

But
→
𝑅 = 0 here. And

𝜌 = (𝐿1 + 𝑟 cos𝜃) 𝒊 + (−𝐿3 + 𝑟 sin𝜃) 𝒋 + 𝐿2𝒌

Hence the total velocity is

𝑽𝑄 = �̇�
𝑟
+ �𝜔1 ×

→𝜌� (2)

Where

�̇�
𝑟
= ��̇� cos𝜃 − 𝑟�̇� sin𝜃� 𝒊 + ��̇� sin𝜃 + 𝑟�̇� cos𝜃� 𝒋
= (�̇� cos𝜃 − 𝑟𝜔2 sin𝜃) 𝒊 + (�̇� sin𝜃 + 𝑟𝜔2 cos𝜃) 𝒋

and

𝜔1 × 𝜌 = 𝜔1𝒋 × �(𝐿1 + 𝑟 cos𝜃) 𝒊 + (−𝐿3 + 𝑟 sin𝜃) 𝒋 + 𝐿2𝒌�

= −𝜔1 (𝐿1 + 𝑟 cos𝜃)
→
𝑘 + 𝜔1𝐿2𝒊

Hence Eq. (2) becomes

𝑽𝑄 = (�̇� cos𝜃 − 𝑟𝜔2 sin𝜃) 𝒊 + (�̇� sin𝜃 + 𝑟𝜔2 cos𝜃) 𝒋 − 𝜔1 (𝐿1 + 𝑟 cos𝜃) 𝒌 + 𝜔1𝐿2𝒊
= (�̇� cos𝜃 − 𝑟𝜔2 sin𝜃 + 𝜔1𝐿2) 𝒊 + (�̇� sin𝜃 + 𝑟𝜔2 cos𝜃) 𝒋 − 𝜔1 (𝐿1 + 𝑟 cos𝜃) 𝒌 (3)
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At the snapshot, 𝜃 = 0 and �̇� = 𝜔2 and 𝑟 = 0.75
2 = 0.375 ft, and �̇� = 1.5 ft/sec,𝐿1 = 2.5, 𝐿2 =

0.7, 𝐿3 = 1.4, 𝜔2 = 0.5 rad/sec, 𝜔1 = 1.2 rad/sec, Hence the above becomes

𝑽𝑄 = (�̇� + 𝜔1𝐿2) 𝒊 + 𝑟𝜔2𝒋 − 𝜔1 (𝐿1 + 𝑟) 𝒌

Now it is evaluated using the numerical values given

𝑽𝑄 = (1.5 + 1.2 (0.7)) 𝒊 + 0.375 (0.5) 𝒋 − 1.2 (2.5 + 0.375) 𝒌
= 2.34𝒊 + 0.187 5𝒋 − 3.45𝒌

Hence

�𝑽𝑄� = √2.342 + 0.18752 + 3.452

= 4.172 9 𝑓𝑡/𝑠𝑒𝑐

To find absolute acceleration, the derivative of Eq. (2) is

𝒂𝑄 =
𝑑
𝑑𝑡

��̇�
𝑟
+ �𝜔1 × 𝜌��

= �̈�
𝑟
+ �𝜔1 × �̇�

𝑟
� + ��̇�1 × 𝜌� + �𝜔1 × ��̇�

𝑟
+ �𝜔1 × 𝜌���

= �̈�
𝑟
+ 2 �𝜔1 × �̇�

𝑟
� + ��̇�1 × 𝜌� + �𝜔1 × �𝜔1 × 𝜌�� (5)

Each term in the above is now found

�̈�
𝑟
=

𝑑
𝑑𝑡

���̇� cos𝜃 − 𝑟�̇� sin𝜃� 𝒊 + ��̇� sin𝜃 + 𝑟�̇� cos𝜃� 𝒋�

= ���̈� cos𝜃 − �̇��̇� sin𝜃� − ��̇��̇� sin𝜃 + 𝑟�̈� sin𝜃 + 𝑟�̇�2 cos𝜃�� 𝒊
+ ���̈� sin𝜃 + �̇��̇� cos𝜃� + ��̇��̇� cos𝜃 + 𝑟�̈� cos𝜃 − 𝑟�̇�2 sin𝜃�� 𝒋

Hence

�̈�
𝑟
= ��̈� cos𝜃 − 2�̇��̇� sin𝜃 − 𝑟�̈� sin𝜃 − 𝑟�̇�2 cos𝜃� 𝒊 + ��̈� sin𝜃 + 2�̇��̇� cos𝜃 + 𝑟�̈� cos𝜃 − 𝑟�̇�2 sin𝜃� 𝒋

And

𝜔1 × �̇�
𝑟
= 𝜔1𝒋 × ���̇� cos𝜃 − 𝑟�̇� sin𝜃� 𝒊 + ��̇� sin𝜃 + 𝑟�̇� cos𝜃� 𝒋�

= −𝜔1 ��̇� cos𝜃 − 𝑟�̇� sin𝜃� 𝒌

And

��̇�1 × 𝜌� = ��̇�1𝒋 × �(𝐿1 + 𝑟 cos𝜃) 𝒊 + (−𝐿3 + 𝑟 sin𝜃) 𝒋 + 𝐿2𝒌��

= −�̇�1 (𝐿1 + 𝑟 cos𝜃) 𝒌 + (�̇�1𝐿2) 𝒊

And finally

𝜔1 × �→𝜔1 × 𝜌� = 𝜔1𝒋 × �𝜔1𝒋 × �(𝐿1 + 𝑟 cos𝜃)
→
𝑖 + (−𝐿3 + 𝑟 sin𝜃) 𝒋 + 𝐿2𝒌��

= 𝜔1𝒋 × (−𝜔1 (𝐿1 + 𝑟 cos𝜃) 𝒌 + 𝜔1𝐿2𝒊)

= −𝜔2
1 (𝐿1 + 𝑟 cos𝜃)

→
𝑖 − 𝜔2

1𝐿2𝒌

Now all terms in Eq. (5) are known. Hence Eq. (5) becomes

𝒂𝑄 = �̈�
𝑟
+ 2 �𝜔1 × �̇�

𝑟
� + ��̇�1 × 𝜌� + �→𝜔1 × �𝜔1 × 𝜌��

= ��̈� cos𝜃 − 2�̇��̇� sin𝜃 − 𝑟�̈� sin𝜃 − 𝑟�̇�2 cos𝜃� 𝒊 + ��̈� sin𝜃 + 2�̇��̇� cos𝜃 + 𝑟�̈� cos𝜃 − 𝑟�̇�2 sin𝜃� 𝒋

+ 2 �−𝜔1 ��̇� cos𝜃 − 𝑟�̇� sin𝜃� 𝒌�

+ (−�̇�1 (𝐿1 + 𝑟 cos𝜃) 𝒌 + (�̇�1𝐿2) 𝒊)

+ �−𝜔2
1 (𝐿1 + 𝑟 cos𝜃) 𝒊 − 𝜔2

1𝐿2𝒌� (6)

At snapshot time, 𝜃 = 0, and the above simplifies to (noting that �̇� = 𝜔2 and �̈� = �̇�2

𝒂𝑄 = ��̈� − 𝑟𝜔2
2� 𝒊 + (2�̇�𝜔2 + 𝑟�̇�2) 𝒋 − 2𝜔1�̇�𝒌 − �̇�1 (𝐿1 + 𝑟) 𝒌 + �̇�1𝐿2𝒊 − 𝜔2

1 (𝐿1 + 𝑟) 𝒊 − 𝜔2
1𝐿2𝒌

= ��̈� − 𝑟𝜔2
2 + �̇�1𝐿2 − 𝜔2

1 (𝐿1 + 𝑟)� 𝒊 + (2�̇�𝜔2 + 𝑟�̇�2)
→
𝑗 − �2𝜔1�̇� + �̇�1 (𝐿1 + 𝑟) + 𝜔2

1𝐿2� 𝒌
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At the instance shown 𝑟 = 0.75
2 = 0.375 and �̇� = 1.5 ft/sec,�̈� = 0.8 ft/sec2,𝐿1 = 2.5, 𝐿2 = 0.7, 𝐿3 =

1.4, 𝜔2 = 0.5 rad/sec, 𝜔1 = 1.2 rad/sec, �̇�2 = 0.25 rad/sec2,�̇�1 = 0.6 rad/sec2, hence the above
becomes

𝒂𝑄 = �0.8 − 0.375 �0.52� + 0.6 (0.7) − 1.22 (2.5 + 0.375)� 𝒊
+ (2 (1.5) 0.5 + (0.375) 0.25) 𝒋

− �2 (1.2) 1.5 + 0.6 (2.5 + 0.375) + 1.22 (0.7)� 𝒌

Therefore

𝒂𝑄 = −3.013 8𝒊 + 1.5938𝒋 − 6.333𝒌 (7)

Hence

�𝒂𝑄� = √3.01382 + 1.59382 + 6.3332

= 7.192 4 ft/sec2

4.3.2 problem 2

The total angular velocity 𝜔𝐺 of the disk 𝐺 using body coordinates {𝒆1, 𝒆2, 𝒆3} is

𝜔𝐺 = �̇�𝒆3 + �̇�𝒆2 + �̇� cos𝜃𝒆3
= �̇�𝒆2 + ��̇� cos𝜃 + �̇��

→
𝑒 3 (1)

To find the acceleration, the rate of change of the above vector is taken. When taking rate
of change of each unit vector 𝒆 the following will be used

�̇� = →𝜔𝑒 × 𝒆

Where 𝜔𝑒 is the angular rate that the unit vector 𝒆 rotates relative to the inertial frame.
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Hence Eq. (1) becomes

�̇�𝐺 =
𝑑
𝑑𝑡

��̇�𝒆2� +
𝑑
𝑑𝑡

��̇� cos𝜃 + �̇�� 𝒆3

= �̈�𝒆2 + �̇� �𝜔𝑒2 × 𝒆2� + ��̈� cos𝜃 − �̇��̇� sin𝜃 + �̈�� 𝒆3 + ��̇� cos𝜃 + �̇�� �→𝜔𝑒3 × 𝒆3� (2)

What is left is to find 𝜔𝑒2 × 𝒆2 and 𝜔𝑒3 × 𝒆3.

𝜔𝑒2 × 𝒆2 = ��̇�𝒆2 + ��̇� cos𝜃 + �̇��
→
𝑒 3� × 𝒆2

= − ��̇� cos𝜃 + �̇�� 𝒆1

And

𝜔𝑒3 × 𝒆3 = ��̇�𝒆2 + ��̇� cos𝜃 + �̇��
→
𝑒 3� × 𝒆3

= �̇�𝒆1

Hence Eq. (2) becomes

�̇�𝐺 = �̈�𝒆2 + �̇� �− ��̇� cos𝜃 + �̇�� 𝒆1� + ��̈� cos𝜃 − �̇��̇� sin𝜃 + �̈�� 𝒆3 + ��̇� cos𝜃 + �̇�� ��̇�𝒆1�

= 𝒆1 �−�̇� ��̇� cos𝜃 + �̇�� + �̇� ��̇� cos𝜃 + �̇��� + �̈�𝒆2 + ��̈� cos𝜃 − �̇��̇� sin𝜃 + �̈�� 𝒆3
= �̈�𝒆2 + ��̈� cos𝜃 − �̇��̇� sin𝜃 + �̈�� 𝒆3
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4.3.3 key solution

c:\scanned\ema542a.TIF Page 1
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EMA 542 -Homework to Hand In

3B. A gyropendulum,consistingof a disk of radiusR, rotates with a constantspin rate 7jJabout

the shaft BG of length L. The shaft is pivotedto anothervertical shaft at B which rotateswith

the constant rate ~. The pivot,angle 8changes at the constant rate 8 as shown. The Z

coordinate axis is fixed in space. The xyz coordinatesystem is attachedto the shaft BG. The

123coordinate system is attachedto the disk. At the instant shown, 123is aligned with xyz.

Compute the total angularvelocityand angularaccelerationof the disk and express them in

termsof the 123bodycoordinates.Yoursolutionshouldbe in termsof 7jJ,8,<jJandtheir
correspondingtime derivatives.

XJ I

X'

106



4.3. HW 3 CHAPTER 4. HWS

S h

h ~__9_'::~_!~~ At __r~__.b_____________________________________0 ,_______

..---.----------.--.- -

F,,<,.:r, jZO;t.,~ ~_,!:!/~___ IN ___X)' , _ _~_~~!!:_wL~_t1'J'i :1._____.- ..

,,_:..:_-~-----.---.-

h ~--_3_-----------------

__\ W_ -~_~~-- -;:--~-:~ --- ~ ------

~ ~---k ---£-- _0 ~:!-I"'e

~*:_:;~~-====-- __ n--
._-.-.-.

.-------..---

I
-x------~.

" .-..-.---

....-

-+
( j; 71---
r ~ --o.

---,-- --..-------..-----.-.------..-- z
__==_~ ~=-;~-~-~~~-1l:--~~;;;~~--=~;~~~~1~~---:~(-~--~-~:i~~~~~I:l___2.-~__

-----.----.-.-----.---.--.-----
f -----------.---.---

._."_U___.

_. ._.~._- ..._u ~ .__---.-.

7" R~.>-;:-/~/'"(---:;:~ 15 o-:;~------------------------------------------
--------------.--------

--------.---.-.------------.---- C 1Q_':!>_~~.!~h__ i.z..3 ;--...--.----------...--. -...---...--

- ..--. ~ --~ -----..-..--. ._.--.----...--.-.------ _.- __ n__

'"
'-

--. .-~ -----.

~- ---.-------.--..--.---.-.---.---.- ---..-...-------..-.-.--. h_"'__ '_'_'

_.. ..--.--- ___I
I

..d n..u__. -. -.. .--.--.--...- --. .-.---.-

-_. '-'--"---"-" ,-- . ----.-- --

1-
I

I' '" --.----.-.-..- -- .-. ~.- ._. -.--..

-----------------
e "I

. ____________2. I ______----...-.--------------------.----------------.--..-

------------.-.-.-.--.-..---.-----------. ~_.---.-.-....-.-..---

.-------.--...-----------.-..---.---.--.---.------

:..:. ! -~ --~ --- -,T :: n -- n --------

____ ="'"' ~___=: ~t_ J i':'t_0 c:oJ Y; e ..,.'/',.S ,/1((3 .3, N 'Y e'!!!¥- . - 1 -:t::: _n ___n n -=2- -- --- ---

--- ,7 ;r.-~-
-+ <5 ..s IN 't' e + 6 C Q.) 't' e1 --- -- -z

-- --

(
- - ~ . --\--.-

of CP :,.-- -~-~J-e--J -e- --1! :.;)_ ----

. - --"' ..--- - .~"'_..--...- -' -.- --. ..--...-.-.

~~--=:;.2..-=~~-~-_n [-;;-.;~-,:;-cp :.. ~~~_ ,~-:s- --~_~~---~}_-;,- --~---(-i ~-~I\( ~-:;--,;:;-<!-;--;c ~-;-'FJ:-- ---_ _n ___ __ :.1---

- ;~-~-~-C 0;;-) -;;----<P .3

"--- --. - -"' -" --~--- -- --~--"'--_.

___h_ ~--' -

< .-- ~--_._-- ~_. ---.-----..- .---.

----..-....-----. ---_._----------------- --_. -'-"---'--- .----.

n __ -- ----

~ ...----.- -- -'--' -. --...------.--- -

.-. -.. .-.

107



4.3. HW 3 CHAPTER 4. HWS

-2-

-~----

A'3.J~M"l

CCM ~vT,r

.-
1""11\ CAN IN

c::; C t:A d 1"N''f "Nl J

'" .;" 03 e t+ ~ .j 'P J I "'6 "<IN '/J ) ~_ C 0.3. cp __ _

...-
r,M""I A ,<.1'1. r;.,c"LvA'T {O.., LN.

.
( ;;--.;; cjJ..:) 0( - w .- c::03

+(ci6
. -

e 'P /N cp)Co.J e .S IN <P of- <J '{.J :SING C.OJ 'f .-

..

1; G SINe e.

108



4.4. HW 3 di�erent solution CHAPTER 4. HWS

4.4 HW 3 di�erent solution

4.4.1 Problem 1

This problem is solved in two ways, using di�erent body coordinates system, showing that
the final answer is the same.

4.4.1.1 First case, body coordinates rotates with disk

Two coordinates systems are used. The first one has its origin at point 𝑂 and rotates along
with the long bar. This is the one shown above with 𝑥𝑦𝑧 coordinates. The unit vectors
for this coordinates system are

→
𝑒 𝑥,

→
𝑒 𝑦,

→
𝑒 𝑧. This coordinates system is rotating relative to

inertial frame with angular velocity 𝜔1
→
𝑒 𝑦. The second coordinate system is centered at

point 𝐶 and rotates with the disk 𝐷 (it can be imagined to be painted on disk 𝐷 to make
it more clear that it moves with the disk).

The second coordinates system (the one on the disk) will use unit vectors
→
𝑖 ,

→
𝑗 ,

→
𝑘 . It rotates

with angular velocity 𝜔2
→
𝑘 relative to the first one. The following diagram illustrates this

relation.
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X

Y

Z


ex


ey


e z


i


j



k

1 t

1 t

2 t

→
𝑘 and

→
𝑒 𝑧 are always pointing the same direction for all time. But only at the snap shot

shown in the problem diagram that
→
𝑒 𝑥 =

→
𝑖 and

→
𝑒 𝑦 =

→
𝑗 . So this problem will be solved at

the snapshot time.

Given the above, a vector that represents the position of the center of the disk 𝐷 relative
the the first coordinate system is shown in this diagram

L1

L2

L3




It is important to see that
→
𝑅 is rotating and not fixed in inertial frame. It is fixed in length,

but it is attached to the first coordinates system, and not to the inertial frame, hence it

rotates with first coordinate system and hence will have an
�
→
𝑅𝑟 term show up in the equations

below due to this.
→𝜌 is vector that represents the position of point 𝑄 on the disk. It goes from 𝐶 to 𝑄.
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C

Q


ey

2

i


j


 t


i



k

From point of view of the second coordinates system, the ant (point 𝑄) appears to move
in straight line, since an observer standing on the disk is rotating with the same angular
velocity as the ant as it moves away from the origin of the disk.

The position of 𝑄 as seen in inertial frame is therefore
→𝑟 𝑄 =

→
𝑅 + →𝜌 (1)

Now
�
→𝑟 = �

�
→𝑟 �

𝑟
+ �→𝜔 × →𝑟 � is applied to Eq.(1) above.

�
→𝑟 𝑄 =

�
→
𝑅𝑟 + �→𝜔1 ×

→
𝑅� +

�
→𝜌
𝑟
+ ��→𝜔2 +

→𝜔1� ×
→𝜌� (2)

But
�
→
𝑅𝑟 since it does not change in length. Hence

�
→𝑟 𝑄 = �→𝜔1 ×

→
𝑅� +

�
→𝜌
𝑟
+ ��→𝜔2 +

→𝜔1� ×
→𝜌� (2A)

and taking derivatives again gives
��
→𝑟 𝑄 = �

�
→𝜔1 ×

→
𝑅� +

⎛
⎜⎜⎜⎜⎝
→𝜔1 ×

⎛
⎜⎜⎜⎜⎝

�
→
𝑅𝑟 + �→𝜔1 ×

→
𝑅�

⎞
⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎠

+
��
→𝜌
𝑟
+ �→𝜔2 +

→𝜔1� ×
�
→𝜌
𝑟
+ �

�
→𝜔1 +

�
→𝜔2� ×

→𝜌

+ �→𝜔2 +
→𝜔1� × �

�
→𝜌
𝑟
+ ��→𝜔2 +

→𝜔1� ×
→𝜌��

In the above equation, since
→
𝑅 does not change in length, hence all its time derivatives are

zero, and the above simplifies to
��
→𝑟 𝑄 = �

�
→𝜔1 ×

→
𝑅� + �→𝜔1 × �→𝜔1 ×

→
𝑅�� +

��
→𝜌
𝑟

+ �→𝜔2 +
→𝜔1� ×

�
→𝜌
𝑟
+ �

�
→𝜔1 +

�
→𝜔2� ×

→𝜌

+ �→𝜔2 +
→𝜔1� × �

�
→𝜌
𝑟
+ ��→𝜔2 +

→𝜔1� ×
→𝜌��

Or
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��
→𝑟 𝑄 = �

�
→𝜔1 ×

→
𝑅� + �→𝜔1 × �→𝜔1 ×

→
𝑅�� +

��
→𝜌
𝑟

(3A)

+ →𝜔2 ×
�
→𝜌
𝑟
+ →𝜔1 ×

�
→𝜌
𝑟
+

�
→𝜔1 ×

→𝜌 +
�
→𝜔2 ×

→𝜌

+ �→𝜔2 +
→𝜔1� × �

�
→𝜌
𝑟
+ �→𝜔2 ×

→𝜌 + →𝜔1 ×
→𝜌��

Eq. (2A) and (3A) above give the answers needed. The rest is just writing down each of
the above vectors in component terms. Snapshot time is used as was described above.

4.4.1.2 Finding the velocity of 𝑄

At the snapshot time,
→𝜔1 = 𝜔1

→
𝑗

and
→𝜔2 = 𝜔2

→
𝑘

And
→𝜌 = 𝜌

→
𝑖

The relative velocity of
→𝜌 is given by

�
→𝜌
𝑟
= �𝜌

→
𝑖

And the relative acceleration of
→𝜌 is given by

��
→𝜌
𝑟
= ��𝜌

→
𝑖

and, at the snapshot time,
→
𝑅 = 𝐿1

→
𝑖 + 𝐿2

→
𝑘 − 𝐿3

→
𝑗

All terms in Eq. (2A) are now known. Hence
�
→𝑟 𝑄 = �→𝜔1 ×

→
𝑅� +

�
→𝜌
𝑟
+ ��→𝜔2 +

→𝜔1� ×
→𝜌�

= �𝜔1
→
𝑗 � × �𝐿1

→
𝑖 + 𝐿2

→
𝑘 − 𝐿3

→
𝑗 � + � �𝜌

→
𝑖 � + ��𝜔2

→
𝑘 + 𝜔1

→
𝑗 � × 𝜌

→
𝑖 �

= −
→
𝑘 (𝜔1𝐿1) +

→
𝑖 (𝜔1𝐿2) +

�𝜌
→
𝑖 +

→
𝑗 𝜔2𝜌 − 𝜔1𝜌

→
𝑘

= �𝜔1𝐿2 +
�𝜌�

→
𝑖 + 𝜔2𝜌

→
𝑗 − 𝜔1 �𝐿1 + 𝜌�

→
𝑘 (4)

At the instance shown 𝜌 = 0.75
2 = 0.375 and

�𝜌 (𝑡) = 1.5 ft/sec,𝐿1 = 2.5, 𝐿2 = 0.7, 𝐿3 = 1.4, 𝜔2 =
0.5 rad/sec, 𝜔1 = 1.2 rad/sec, hence Eq. (3) becomes

�
→𝑟 𝑄 = ((1.2) (0.7) + 1.5)

→
𝑖 + (0.5) (0.375)

→
𝑗 − (1.2) (2.5 + 0.375 )

→
𝑘

= 2.34
→
𝑖 + 0.1875

→
𝑗 − 3. 45

→
𝑘

Therefore

�
�
→𝑟 𝑄� = √2.342 + 0.18752 + 3. 452

= 4.1729 𝑓𝑡/ sec

4.4.1.3 Finding the acceleration of 𝑄

From Eq.(3A) becomes
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��
→𝑟 𝑄 = �

�
→𝜔1 ×

→
𝑅� + �→𝜔1 × �→𝜔1 ×

→
𝑅�� +

��
→𝜌
𝑟

(3A)

+ →𝜔2 ×
�
→𝜌
𝑟
+ →𝜔1 ×

�
→𝜌
𝑟
+

�
→𝜔1 ×

→𝜌 +
�
→𝜔2 ×

→𝜌

+ �→𝜔2 +
→𝜔1� × �

�
→𝜌
𝑟
+ �→𝜔2 ×

→𝜌 + →𝜔1 ×
→𝜌��

Hence

��
→𝑟 𝑄 = � �𝜔1

→
𝑗 × �𝐿1

→
𝑖 + 𝐿2

→
𝑘 − 𝐿3

→
𝑗 �� + �𝜔1

→
𝑗 × �𝜔1

→
𝑗 × �𝐿1

→
𝑖 + 𝐿2

→
𝑘 − 𝐿3

→
𝑗 ���

+ ��𝜌
→
𝑖

+ �𝜔2
→
𝑘 × �𝜌

→
𝑖 �

+ �𝜔1
→
𝑗 × �𝜌

→
𝑖 �

+ � �𝜔1
→
𝑗 × 𝜌

→
𝑖 �

+ � �𝜔2
→
𝑘 × 𝜌

→
𝑖 �

+ �𝜔2
→
𝑘 + 𝜔1

→
𝑗 � × � �𝜌

→
𝑖 + �𝜔2

→
𝑘 × 𝜌

→
𝑖 + 𝜔1

→
𝑗 × 𝜌

→
𝑖 ��

Hence
��
→𝑟 𝑄 = − �𝜔1𝐿1

→
𝑘 + �𝜔1𝐿2

→
𝑖 − 𝜔2

1𝐿1
→
𝑖 − 𝜔2

1𝐿2
→
𝑘

+ ��𝜌 (𝑡)
→
𝑖

+ 𝜔2
�𝜌 (𝑡)

→
𝑗

− 𝜔1
�𝜌
→
𝑘

+ �𝜔1𝜌
→
𝑘

+ �𝜔2𝜌
→
𝑗

+ �𝜔2
→
𝑘 + 𝜔1

→
𝑗 � × � �𝜌

→
𝑖 + 𝜔2𝜌

→
𝑗 − 𝜔1𝜌

→
𝑘 �

Or

��
→𝑟 𝑄 = − �𝜔1𝐿1

→
𝑘 + �𝜔1𝐿2

→
𝑖 − 𝜔2

1𝐿1
→
𝑖 − 𝜔2

1𝐿2
→
𝑘

+ ��𝜌 (𝑡)
→
𝑖

+ 𝜔2
�𝜌 (𝑡)

→
𝑗

− 𝜔1
�𝜌
→
𝑘

+ �𝜔1𝜌
→
𝑘

+ �𝜔2𝜌
→
𝑗

+ �𝜔2
�𝜌
→
𝑗 − 𝜔2

2𝜌
→
𝑖 � + �−𝜔1

�𝜌
→
𝑘 − 𝜔2

1𝜌
→
𝑖 �

Collecting terms
��
→𝑟 𝑄 =

→
𝑖 � �𝜔1𝐿2 − 𝜔2

1 �𝐿1 + 𝜌� − 𝜔2
2𝜌 + ��𝜌� +

→
𝑗 �2𝜔2

�𝜌 + �𝜔2𝜌� −
→
𝑘 �𝜔2

1𝐿2 +
�𝜔1 �𝐿1 + 𝜌� + 2𝜔1

�𝜌�

(5)

At the instance shown 𝜌 (𝑡) = 0.75
2 = 0.375 and

�𝜌 (𝑡) = 1.5 ft/sec, ��𝜌 (𝑡) = 0.8 ft/sec2,𝐿1 = 2.5, 𝐿2 =
0.7, 𝐿3 = 1.4, 𝜔2 = 0.5 rad/sec, 𝜔1 = 1.2 rad/sec,

�𝜔2 = 0.25 rad/sec2,
�𝜔1 = 0.6 rad/sec2, hence
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the above becomes
��
→𝑟 𝑄 =

→
𝑖 �(0.6) 0.7 − (1.2)2 (2.5 + 0.375) − 0.52 (0.375) + 0.8�

+
→
𝑗 (2 (0.5) 1.5 + (0.25) 0.375 )

−
→
𝑘 �1.22 (0.7) + 0.6 (2.5 + 0.375) + 2 (1.2) 1.5�

Therefore
��
→𝑟 𝑄 = −3.0138

→
𝑖 + 1.5938

→
𝑗 − 6.333

→
𝑘

Therefore

�
��
→𝑟 𝑄� = √3.01382 + 1.59382 + 6.3332

= 7.192 4 ft/sec2

4.4.1.4 Second case, body coordinates attached to holding bar

In this case, the local body coordinates
→
𝑖 ,

→
𝑗 ,

→
𝑘 . is attached to the bar labeled 𝐿3 and hence

does not rotate with the disk, as shown in this diagram

X

Y

Z


ex


ey


e z


i

j



k

Q 2







1



The main di�erence between this set up and the first case, is that now
→
𝑘 and

→
𝑒 𝑧 are still

pointing the same direction for all time but now also
→
𝑒 𝑥and

→
𝑖 are always pointing in same

direction, as well as
→
𝑒 𝑦and

→
𝑗 . And now body frame

→
𝑖 ,

→
𝑗 ,

→
𝑘 does not rotate relative to

frame
→
𝑒 𝑥,

→
𝑒 𝑦,

→
𝑒 𝑧. The two frames are actually fixed to each others, and only di�erence is

that the origin of one is displaced from the other by the vector
→
𝑅.

Using the same equations (2A) and (3A), the only di�erence is in writing down the
components of the vectors.

�
→𝑟 𝑄 = �→𝜔1 ×

→
𝑅� +

�
→𝜌
𝑟
+

This term is zero now

������������→𝜔2 ×
→𝜌� (2A)

��
→𝑟 𝑄 = �

�
→𝜔1 ×

→
𝑅� + �→𝜔1 ×

→𝜔1 ×
→
𝑅� +

��
→𝜌
𝑟
+

This term is zero in this case

�������������������������������������������������������
2 �

→𝜔2 ×
�
→𝜌
𝑟� + �

�
→𝜔2 ×

→𝜌� +
→𝜔2 ×

→𝜔2 ×
→𝜌 (3A)

Since now frame
→
𝑖 ,

→
𝑗 ,

→
𝑘 does not rotate relative to the frame

→
𝑒 𝑥,

→
𝑒 𝑦,

→
𝑒 𝑧, then the above

simplifies to
�
→𝑟 𝑄 = �→𝜔1 ×

→
𝑅� +

�
→𝜌
𝑟

(2AA)
��
→𝑟 𝑄 = �

�
→𝜔1 ×

→
𝑅� + �→𝜔1 ×

→𝜔1 ×
→
𝑅� +

��
→𝜌
𝑟

(3AA)

Now the vector
→𝜌 is

→𝜌 = �𝜌 cos𝜃�
→
𝑖 + �𝜌 sin𝜃�

→
𝑗 + 0

→
𝑘
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The relative velocity of
→𝜌 is now given by

�
→𝜌
𝑟
= � �𝜌 cos𝜃 − 𝜌

�
𝜃 sin𝜃�

→
𝑖 + � �𝜌 sin𝜃 + 𝜌

�
𝜃 cos𝜃�

→
𝑗 + 0

→
𝑘

And the relative acceleration of
→𝜌 is given by

��
→𝜌
𝑟
= ��

��𝜌 cos𝜃 − �𝜌
�
𝜃 sin𝜃� − �

�𝜌
�
𝜃 sin𝜃 + 𝜌

��
𝜃 sin𝜃 + 𝜌

�
𝜃
2
cos𝜃��

→
𝑖

+ ��
��𝜌 sin𝜃 + �𝜌

�
𝜃 cos𝜃� + �

�𝜌
�
𝜃 cos𝜃 + 𝜌

��
𝜃 cos𝜃 − 𝜌

�
𝜃
2
sin𝜃��

→
𝑗

+ 0
→
𝑘

All remaining vectors are the same as the first case. In particular
→
𝑅 = 𝐿1

→
𝑖 + 𝐿2

→
𝑘 − 𝐿3

→
𝑗

However, this vector is now valid for all time, and not only at the snapshot. Hence Eq.
(2AA) now can be written down as

�
→𝑟 𝑄 = �𝜔1

→
𝑗 � × �𝐿1

→
𝑖 + 𝐿2

→
𝑘 − 𝐿3

→
𝑗 � + � �𝜌 cos𝜃 − 𝜌

�
𝜃 sin𝜃�

→
𝑖 + � �𝜌 sin𝜃 + 𝜌

�
𝜃 cos𝜃�

→
𝑗

= −
→
𝑘 (𝜔1𝐿1) +

→
𝑖 (𝜔1𝐿2) + � �𝜌 cos𝜃 − 𝜌

�
𝜃 sin𝜃�

→
𝑖 + � �𝜌 sin𝜃 + 𝜌

�
𝜃 cos𝜃�

→
𝑗

= �𝜔1𝐿2 +
�𝜌 cos𝜃 − 𝜌

�
𝜃 sin𝜃�

→
𝑖 + � �𝜌 sin𝜃 + 𝜌

�
𝜃 cos𝜃�

→
𝑗 − 𝜔1𝐿1

→
𝑘

Since
�
𝜃 = 𝜔2 then

�
→𝑟 𝑄 = �𝜔1𝐿2 +

�𝜌 cos𝜃 − 𝜌𝜔2 sin𝜃�
→
𝑖 + � �𝜌 sin𝜃 + 𝜌𝜔2 cos𝜃�

→
𝑗 − 𝜔1𝐿1

→
𝑘 (6)

Now, at the snapshot time, 𝜃 = 00, hence the above simplifies to
�
→𝑟 𝑄 = �𝜔1𝐿2 +

�𝜌�
→
𝑖 + 𝜔2𝜌

→
𝑗 − 𝜔1𝐿1

→
𝑘 (6A)

Comparing the above Eq. (6A) to Eq. (4) found in the first case, it is seen to be the same,
as expected. The di�erence is that Eq. (6) is valid for all time, while Eq. (4) is valid at the
snapshot only. Now the acceleration will be found from Eq. (3AA)

��
→𝑟 𝑄 = � �𝜔1

→
𝑗 × �𝐿1

→
𝑖 + 𝐿2

→
𝑘 − 𝐿3

→
𝑗 �� + �𝜔1

→
𝑗 × �𝜔1

→
𝑗 × �𝐿1

→
𝑖 + 𝐿2

→
𝑘 − 𝐿3

→
𝑗 ���

+ ��
��𝜌 cos𝜃 − �𝜌

�
𝜃 sin𝜃� − �

�𝜌
�
𝜃 sin𝜃 + 𝜌

��
𝜃 sin𝜃 + 𝜌

�
𝜃
2
cos𝜃��

→
𝑖

+ ��
��𝜌 sin𝜃 + �𝜌

�
𝜃 cos𝜃� + �

�𝜌
�
𝜃 cos𝜃 + 𝜌

��
𝜃 cos𝜃 − 𝜌

�
𝜃
2
sin𝜃��

→
𝑗

Hence
��
→𝑟 𝑄 = − �𝜔1𝐿1

→
𝑘 + �𝜔1𝐿2

→
𝑖 − 𝜔1𝜔1𝐿1

→
𝑖 − 𝜔1𝜔1𝐿2

→
𝑘

+ ��
��𝜌 cos𝜃 − �𝜌

�
𝜃 sin𝜃� − �

�𝜌
�
𝜃 sin𝜃 + 𝜌

��
𝜃 sin𝜃 + 𝜌

�
𝜃
2
cos𝜃��

→
𝑖

+ ��
��𝜌 sin𝜃 + �𝜌

�
𝜃 cos𝜃� + �

�𝜌
�
𝜃 cos𝜃 + 𝜌

��
𝜃 cos𝜃 − 𝜌

�
𝜃
2
sin𝜃��

→
𝑗

But
�
𝜃 = 𝜔2 and

�
𝜃
2
= 𝜔2

2 and
��
𝜃 = �𝜔2hence the above becomes

��
→𝑟 𝑄 = − �𝜔1𝐿1

→
𝑘 + �𝜔1𝐿2

→
𝑖 − 𝜔1𝜔1𝐿1

→
𝑖 − 𝜔1𝜔1𝐿2

→
𝑘

+ �� ��𝜌 cos𝜃 − �𝜌𝜔2 sin𝜃� − � �𝜌𝜔2 sin𝜃 + 𝜌 �𝜔2 sin𝜃 + 𝜌𝜔2
2 cos𝜃��

→
𝑖

+ �� ��𝜌 sin𝜃 + �𝜌𝜔2 cos𝜃� + � �𝜌𝜔2 cos𝜃 + 𝜌 �𝜔2 cos𝜃 − 𝜌𝜔2
2 sin𝜃��

→
𝑗
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Collecting terms
��
→𝑟 𝑄 =

→
𝑖 � �𝜔1𝐿2 − 𝜔2

1𝐿1 +
��𝜌 cos𝜃 − 2 �𝜌𝜔2 sin𝜃 − 𝜌 �𝜔2 sin𝜃 − 𝜌𝜔2

2 cos𝜃�

+
→
𝑗 � ��𝜌 sin𝜃 + 2 �𝜌𝜔2 cos𝜃 + 𝜌 �𝜔2 cos𝜃 − 𝜌𝜔2

2 sin𝜃�

+
→
𝑘 �− �𝜔1𝐿1 − 𝜔2

1𝐿2� (7)

Now, at snapshot, where 𝜃 = 00, the above simplifies to
��
→𝑟 𝑄 =

→
𝑖 � �𝜔1𝐿2 − 𝜔2

1𝐿1 +
��𝜌 − 𝜌𝜔2

2� +
→
𝑗 �2 �𝜌𝜔2 + 𝜌 �𝜔2� +

→
𝑘 �− �𝜔1𝐿1 − 𝜔2

1𝐿2� (7A)

Comparing the Eq. (7A) above to Eq. (5) found in the first case, it is seen they are the
same. The di�erence is that Eq. (7) now can be used for all time, while Eq. (5) was valid
only at the snapshot.
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4.5 HW 4

4.5.1 Problem 1

The first step is to decide where to put the origin of the rotating coordinates system, and
the second step is to decide to where to attach it to.

Lets put the origin at point 𝐵 and have the frame attached to the bar 𝐵𝐷 as well. This way
the relative velocity and acceleration will be simple, but the angular acceleration will be
more involved.

Therefore, this diagram shows a general configuration to help understand the set up
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2
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General 
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2

1

y
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z

C
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x

Z

At the instance




L

Let units vectors for rotating coordinates system be
→
𝑖 ,

→
𝑗 ,

→
𝑘 and for the fixed coordinates

system be
→
𝐼 ,

→
𝐽 ,

→
𝐾.

From the above, Let 𝐿 be the length of Bar AB. Hence
→𝜌 = 𝜌

→
𝑗

→̇𝜌
𝑟
= �̇�

→
𝑗

→̇
𝑅 = 𝐿𝜔1

→
𝑗 at snapshot only

→𝜔 = 𝜔1
→
𝐼 + 𝜔2

→
𝑘

Hence
→
𝑉 =

→̇
𝑅 + →̇𝜌

𝑟
+ →𝜔 × →𝜌 (1)

= 𝐿𝜔1
→
𝑗 + �̇�

→
𝑗 + �𝜔1

→
𝐼 + 𝜔2

→
𝑘 � × 𝜌

→
𝑗

But at snapshot,
→
𝐼 =

→
𝑖 , hence

→
𝑉 = 𝐿𝜔1

→
𝑗 + �̇�

→
𝑗 + 𝜔1𝜌

→
𝑘 − 𝜔2𝜌

→
𝑖

= −𝜔2𝜌
→
𝑖 + �𝐿𝜔1 + �̇��

→
𝑗 + 𝜔1𝜌

→
𝑘

At snapshot, 𝜔2 = 5𝑟𝑎𝑑/ sec, 𝜔1 = 4𝑟𝑎𝑑/ sec, 𝐿 = 0.5𝑚, �̇� = 3𝑚/𝑠, 𝜌 = 0.2𝑚, hence
→
𝑉 = −5 (0.2)

→
𝑖 + (0.5 (4) + 3)

→
𝑗 + 4 (0.2)

→
𝑘

= −1
→
𝑖 + 5

→
𝑗 + 0.8

→
𝑘 (2)
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Hence

�
→
𝑉� = √12 + 52 + 0.82 = 5.1614 𝑚/𝑠𝑒𝑐

Now to find the acceleration
→𝑎 =

→̈
𝑅 +

��
→𝜌
𝑟
+ →𝜔 × →̇𝜌

𝑟
+ →̇𝜔 × →𝜌 + →𝜔 × �→̇𝜌

𝑟
+ →𝜔 × →𝜌�

=
→̈
𝑅 + →̈𝜌

𝑟
+ →𝜔 × →̇𝜌

𝑟
+ →̇𝜔 × →𝜌 + →𝜔 × →̇𝜌

𝑟
+ �→𝜔 × �→𝜔 × →𝜌��

=
→̈
𝑅 + →̈𝜌

𝑟
+ 2→𝜔 × →̇𝜌

𝑟
+ →̇𝜔 × →𝜌 + �→𝜔 × �→𝜔 × →𝜌�� (3)

Now each term is found.
→̈
𝑅 = 𝐿�̇�1

→
𝑗 + 𝐿𝜔2

1
→
𝑘 = 0.5 (1.5)

→
𝑗 + 0.5 �42�

→
𝑘 = 0.75

→
𝑗 + 8

→
𝑘

→̈𝜌
𝑟
= �̈�

→
𝑗

→̇𝜔 = �𝜔1
→
𝐼 −

𝑑
𝑑𝑡 �𝜔2

→
𝑘 �

�������������������������������
��̇�2

→
𝑘 + �𝜔1

→
𝑖 × 𝜔2

→
𝑘 ��

→̇𝜔 = �̇�1
→
𝐼 − �̇�2

→
𝑘 + 𝜔1𝜔2

→
𝑗

But at snapshot
→
𝐼 =

→
𝑖 , hence

→̇𝜔 = �𝜔1
→
𝑖 − �̇�2

→
𝑘 + 𝜔1𝜔2

→
𝑗

Now all the terms have been found, then Eq. (3) becomes (valid at snapshot only)
→𝑎 = �𝐿�̇�1

→
𝑗 + 𝐿𝜔2

1
→
𝑘 � + �̈�

→
𝑗

+ 2 �𝜔1
→
𝑖 + 𝜔2

→
𝑘 � × �̇�

→
𝑗

+ ��̇�1
→
𝑖 − �̇�2

→
𝑘 + 𝜔1𝜔2

→
𝑗 � × 𝜌

→
𝑗

+ ��𝜔1
→
𝑖 + 𝜔2

→
𝑘 � × ��𝜔1

→
𝑖 + 𝜔2

→
𝑘 � × 𝜌

→
𝑗 ��

Hence
→𝑎 = �𝐿�̇�1

→
𝑗 + 𝐿𝜔2

1
→
𝑘 � + �̈�

→
𝑗

+ 2 �𝜔1�̇�
→
𝑘 − 𝜔2�̇�

→
𝑖 �

+ ��̇�1𝜌
→
𝑘 + �̇�2𝜌

→
𝑖 �

+ ��𝜔1
→
𝑖 + 𝜔2

→
𝑘 � × �𝜔1𝜌

→
𝑘 − 𝜔2𝜌

→
𝑖 ��

Therefore
→𝑎 = �𝐿�̇�1

→
𝑗 + 𝐿𝜔2

1
→
𝑘 � + �̈�

→
𝑗 + 2 �𝜔1�̇�

→
𝑘 − 𝜔2�̇�

→
𝑖 � + ��̇�1𝜌

→
𝑘 + �̇�2𝜌

→
𝑖 � + �−𝜔1𝜔1𝜌

→
𝑗 − 𝜔2𝜔2𝜌

→
𝑗 �

Collecting terms
→𝑎 = �−2𝜔2�̇� + �̇�2𝜌�

→
𝑖 + �𝐿�̇�1 +

��𝜌 − 𝜔2
1𝜌 − 𝜔2

2𝜌�
→
𝑗 + �𝐿𝜔2

1 + 2𝜔1�̇� + �̇�1𝜌�
→
𝑘

At snapshot, 𝜔2 = 5𝑟𝑎𝑑/ sec, 𝜔1 = 4𝑟𝑎𝑑/ sec, 𝐿 = 0.5𝑚, �̇� = 3𝑚/𝑠, 𝜌 = 0.2𝑚, ��𝜌 = 2𝑚/𝑠, �̇�1 =
1.5𝑟𝑎𝑑/ sec2, �̇�2 = 6𝑚/ sec2, hence
→𝑎 = (− (2) 5 (3) + 6 (0.2))

→
𝑖 + �0.5 (1.5) + 2 − 42 (0.2) − 52 (0.2)�

→
𝑗 + �0.5 �42� + 2 (4) 3 + 1.5 (0.2)�

→
𝑘

= −28.8
→
𝑖 − 5.45

→
𝑗 + 32.3

→
𝑘

Hence

�→𝑎 � = √28.82 + 5.452 + 32.32 = 43.617𝑚/𝑠2
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4.5.2 Problem 2

Let the origin of the rotating frame be 𝐺 as shown. Let 𝐿 be the length given by 25′, and
let 𝑟 be the radius of the hydraulic line. Hence, for the fluid particle at B

→𝜌 = (𝐿 + 𝑟)
→
𝑗 + 𝑟

→
𝑘

→̇𝜌
𝑟
= �𝑠

→
𝑘

→̇
𝑅 = 200

→
𝑗 + 3𝑡

→
𝑘

→𝜔 = �̇�
→
𝑖 + �̇�

→
𝑗

Hence
→
𝑉 =

→̇
𝑅 + →̇𝜌

𝑟
+ →𝜔 × →𝜌 (1)

= �200
→
𝑗 + 3𝑡

→
𝑘 � + ��̇�

→
𝑘 � + ��̇�

→
𝑖 +

�
𝛽
→
𝑗 � × �(𝐿 + 𝑟)

→
𝑗 + 𝑟

→
𝑘 �

= �200
→
𝑗 + 3𝑡

→
𝑘 � + ��̇�

→
𝑘 � + �̇� (𝐿 + 𝑟)

→
𝑘 − �̇�𝑟

→
𝑗 +

�
𝛽𝑟

→
𝑖

=
→
𝑖 ��̇�𝑟� +

→
𝑗 (200 − �̇�𝑟) +

→
𝑘 (3𝑡 + �̇� + �̇� (𝐿 + 𝑟))

At snapshot, 𝑡 = 10 sec, 𝑟 = 5′, 𝐿 = 25′, �̇� = 0.2𝑟𝑎𝑑/ sec, �̇� = 0.1𝑟𝑎𝑑/ sec, �𝑠 = 70 − 5𝑡, hence the
above becomes

→
𝑉 =

→
𝑖 (0.2 (5)) +

→
𝑗 (200 − 0.1 (5)) +

→
𝑘 (3 (10) + (70 − 50) + 0.1 (25 + 5))

=
→
𝑖 + 199. 5

→
𝑗 + 53

→
𝑘
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Hence

�
→
𝑉� = √12 + 199.52 + 532 = 206.42 ft/sec

To find the acceleration

→𝑎 =
��
→
𝑅 +

��
→𝜌
𝑟
+ →𝜔 × →̇𝜌

𝑟
+ →̇𝜔 × →𝜌 + →𝜔 × �

�
→𝜌
𝑟
+ →𝜔 × →𝜌�

=
→̈
𝑅 + →̈𝜌

𝑟
+ →𝜔 × →̇𝜌

𝑟
+ →̇𝜔 × →𝜌 + →𝜔 × →̇𝜌

𝑟
+ �→𝜔 × �→𝜔 × →𝜌��

=
→̈
𝑅 + →̈𝜌

𝑟
+ 2→𝜔 × →̇𝜌

𝑟
+ →̇𝜔 × →𝜌 + �→𝜔 × �→𝜔 × →𝜌�� (2)

Now each term is found.
→̈
𝑅 =

𝑑
𝑑𝑡 �

→̇
𝑅� = 3

→
𝑘 + ��̇�

→
𝑖 + �̇�

→
𝑗 � × �200

→
𝑗 + 3𝑡

→
𝑘 �

= 3
→
𝑘 + �0.1

→
𝑖 + 0.2

→
𝑗 � × �200

→
𝑗 + 3𝑡

→
𝑘 �

= 3
→
𝑘 + 20

→
𝑘 − 0.3𝑡

→
𝑗 + 0.6𝑡

→
𝑖

= 0.6𝑡
→
𝑖 − 0.3𝑡

→
𝑗 + 23

→
𝑘

→̈𝜌
𝑟
= �̈�

→
𝑘 −

�̇�2

𝑟
→
𝑗

→̇𝜔 =

𝑑
𝑑𝑡 ��̇�

→
𝑖 �

���������������������
�̈�
→
𝑖 + ��̇�

→
𝑗 × �̇�

→
𝑖 � +

𝑑
𝑑𝑡 ��̇�

→
𝑗 �

�������������������������
��̈�

→
𝑗 + ��̇�

→
𝑖 × �̇�

→
𝑗 ��

→̇𝜔 = ��𝛼
→
𝑖 − �̇��̇�

→
𝑘 +

��
𝛽
→
𝑗 + �̇��̇�

→
𝑘

= �̈�
→
𝑖 + �̈�

→
𝑗

Now all the terms have been found, then Eq. (2) becomes

→𝑎 =
��
→
𝑅 +

��
→𝜌
𝑟
+ 2→𝜔 × →̇𝜌

𝑟
+ →̇𝜔 × →𝜌 + �→𝜔 × �→𝜔 × →𝜌��

= �0.6𝑡
→
𝑖 − 0.3𝑡

→
𝑗 + 23

→
𝑘 � + ��𝑠

→
𝑘 −

�̇�2

𝑟
→
𝑗

+ 2 ��̇�
→
𝑖 + �̇�

→
𝑗 � × �̇�

→
𝑘

+ ��̈�
→
𝑖 + �̈�

→
𝑗 � × �(𝐿 + 𝑟)

→
𝑗 + 𝑟

→
𝑘 �

+ ��̇�
→
𝑖 + �̇�

→
𝑗 � × ���̇�

→
𝑖 + �̇�

→
𝑗 � × �(𝐿 + 𝑟)

→
𝑗 + 𝑟

→
𝑘 ��

Hence
→𝑎 = �0.6𝑡

→
𝑖 − 0.3𝑡

→
𝑗 + 23

→
𝑘 � + �̈�

→
𝑘 −

�̇�2

𝑟
→
𝑗

+ 2 �−�̇��̇�
→
𝑗 + �̇� �𝑠

→
𝑖 �

+ �̈� (𝐿 + 𝑟)
→
𝑘 − �̈�𝑟

→
𝑗 + �̈�𝑟

→
𝑖

+ ��̇�
→
𝑖 + �̇�

→
𝑗 � × ��̇� (𝐿 + 𝑟)

→
𝑘 − �̇�𝑟

→
𝑗 +

�
𝛽𝑟

→
𝑖 �

Therefore
→𝑎 = �0.6𝑡

→
𝑖 − 0.3𝑡

→
𝑗 + 23

→
𝑘 � + �̈�

→
𝑘 −

�̇�2

𝑟
→
𝑗

+ 2 �−�̇��̇�
→
𝑗 + �̇� �𝑠

→
𝑖 �

+ �̈� (𝐿 + 𝑟)
→
𝑘 − �̈�𝑟

→
𝑗 + �̈�𝑟

→
𝑖

− �̇�2 (𝐿 + 𝑟)
→
𝑗 − �̇�2𝑟

→
𝑘 + �̇��̇� (𝐿 + 𝑟)

→
𝑖 − �̇�2𝑟

→
𝑘
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Collecting terms

→𝑎 =
→
𝑖 �0.6𝑡 + 2�̇��̇� +

��
𝛽𝑟 + �̇��̇� (𝐿 + 𝑟)�+

→
𝑗 �−0.3𝑡 −

�̇�2

𝑟
− 2�̇��̇� − �̈�𝑟 − �̇�2 (𝐿 + 𝑟)�+

→
𝑘 �23 + ��𝑠 + �̈� (𝐿 + 𝑟) − �̇�2𝑟 − �̇�2𝑟�

Since angular accelerations are constants, the above simplifies to

→𝑎 =
→
𝑖 �0.6𝑡 + 2�̇��̇� +

�
𝛽�̇� (𝐿 + 𝑟)� +

→
𝑗 �−0.3𝑡 −

�̇�2

𝑟
− 2�̇��̇� − �𝛼

2
(𝐿 + 𝑟)� +

→
𝑘 �23 + �̈� − �̇�2𝑟 − �̇�2𝑟�

Now �̈� = −5, hence at snapshot where, 𝑡 = 10 sec, 𝑟 = 5′, 𝐿 = 25′, �̇� = 0.2𝑟𝑎𝑑/ sec, �̇� =
0.1𝑟𝑎𝑑/ sec, �𝑠 = 70 − 5𝑡 the above becomes

→𝑎 =
→
𝑖 (6 + 2 (0.2) (70 − 50) + 0.2 (0.1) (25 + 5)) +

→
𝑗
⎛
⎜⎜⎜⎝−3 −

(70 − 50)2

5
− 2 (0.1) (70 − 50) − 0.12 (25 + 5)

⎞
⎟⎟⎟⎠

+
→
𝑘 �23 − 5 − 0.12 (5) − 0.22 (5)�

= 14.6
→
𝑖 − 87.3

→
𝑗 + 17.75

→
𝑘

Hence

�→𝑎 � = √14.62 + 87.32 + 17.752 = 90.275 ft/sec2
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4.5.3 key solution
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4.6 HW 5

4.6.1 Problem 1

Solution

Two rotating coordinates systems are used as shown in this diagram
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x1

y1

z1

Ox2

y2

z2

2

3

P


2p


1p

Inertial frame

2 rotating coordinates frames are used

C.S. 1

C.S. 2

The origin of CS 2 is at point 𝑂 and attached to capsule itself. CS 1 origin is at top of
column and attached to column.

4.6.1.1 Velocity calculation

4.6.1.1.1 Motion in 1 (CS 1 is the reference frame now)

𝑽𝑝/1 = �̇�𝑜/1 + 𝜔2/1 × 𝜌
2𝑝
+ �̇�

2𝑝,𝑟

The above is the velocity of point 𝑃 as seen in C.S. 1. The vector 𝜌
2𝑝
goes from the origin

of C.S. 2 to 𝑃. And the �̇�𝑜/1 is the velocity of origin of C.S. 2 as seen in C.S. 1. and �̇�
2𝑝,𝑟

is

the velocity of 𝑃 relative to C.S. 2. Therefore

𝜌
2𝑝
= −3𝒌 + 2𝒊

�̇�
2𝑝,𝑟

= 5𝒌

�̇�𝑜/1 = 0
𝜔2/1 = 𝜔3𝒋 + 𝜔2𝒊 = 6𝒋 + 5𝒊

Therefore

𝑽𝑝/1 = �6𝒋 + 5𝒊� × (−3𝒌 + 2𝒊) + 5𝒌
= −18𝒊 + 15𝒋 − 7𝒌

4.6.1.2 Motion in inertial frame (ground)

𝑽𝑝 = �̇�1 + 𝜔1 × 𝜌
1𝑝
+ �̇�

1𝑝,𝑟

The above is the absolute velocity of point 𝑃. The vector 𝜌
1𝑝
goes from the origin of C.S.

1 to 𝑃. And the �̇�1 is the absolute velocity of origin of C.S. 1 and �̇�
1𝑝,𝑟

is the velocity of 𝑃
relative to C.S. 1 which we found above as 𝑽𝑝/1. The only quantity we need to find now is
𝜌
1𝑝
. At the instance shown it is simply

𝜌
1𝑝
= 12𝒊 − 3𝒌

But the above is only valid at this instance. Now we can find the absolute velocity

�̇�
1𝑝,𝑟

= −18𝒊 + 15𝒋 − 7𝒌

�̇�1 = 0
𝜔1 = 𝜔1𝒌 = 4𝒌

Therefore

𝑽𝑝 = 4𝒌 × (12𝒊 − 3𝒌) + �−18𝒊 + 15𝒋 − 7𝒌�

= −18𝒊 + 63𝒋 − 7𝒌

Hence �𝑽𝑝� = √182 + 632 + 72 = 65.894 ft/sec.
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4.6.1.3 Acceleration calculation

4.6.1.3.1 Motion in 1 (CS 1 is the reference frame now)

𝒂𝑝/1 = �̈�𝑜/1 + 2 �𝜔2/1 × �̇�
2𝑝,𝑟

� + ��̇�2/1 ×𝜌2𝑝� + 𝜔2/1 × �𝜔2/1 × 𝜌
2𝑝
� + �̈�

2𝑝,𝑟
(1)

The above is the acceleration of point 𝑃 as seen in C.S. 1.

𝜌
2𝑝
= −3𝒌 + 2𝒊

�̇�
2𝑝,𝑟

= 5𝒌

�̈�𝑜/1 = 0
𝜔2/1 = 𝜔3𝒋 + 𝜔2𝒊 = 6𝒋 + 5𝒊

�̇�2/1 = �̇�3𝒋 + �𝜔2𝒊 × 𝜔3𝒋� + �̇�2𝒊 + �𝜔3𝒋 × 𝜔2𝒊�

= 2𝒋 + �5𝒊 × 6𝒋� + 0𝒊 + �6𝒋 × 5𝒊�

= 2𝒋 + 30𝒌 − 30𝒌
= 2𝒋

To find �̈�
2𝑝,𝑟

, which is acceleration of point 𝑝 relative to CS 2, we look at each angular

acceleration on its own. Due to 𝜔2 , using this diagram

2

3

y

z

So the point 𝑝 appears to move is the opposite direction with tangential acceleration
(−3�̇�2) 𝒋 and normal acceleration 3𝜔2

2𝒌. Now looking at e�ect due to 𝜔3 as seen in this
diagram

x

z

2

3

13


3

So the point 𝑝 appears to move is the opposite direction with tangential acceleration
− �√13�̇�3� sin𝜃𝒊 − �√13�̇�3� cos𝜃𝒌 and normal acceleration − �√13𝜔2

3� cos𝜃𝒊 + �√13𝜔2
3� sin𝜃𝒌
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Where 𝜃 = tan−1 �3
2
�, hence cos𝜃 = 2

√13
and sin𝜃 = 3

√13
therefore

�̈�
2𝑝,𝑟

= −𝑎𝑟𝒌 +

due to 𝜔2

���������������������(−3�̇�2) 𝒋 + 3𝜔2
2𝒌

+

due to 𝜔3

�����������������������������������������������������������������������������������������������������− �√13�̇�3� sin𝜃𝒊 − �√13�̇�3� cos𝜃𝒌 − �√13𝜔2
3� cos𝜃𝒊 + �√13𝜔2

3� sin𝜃𝒌

or (note �̇�3 is negative, since it is shown in diagram as moving in clockwise circular arrow)

�̈�
2𝑝,𝑟

= −32𝒌 +
due to 𝜔2

�������3 (25) 𝒌 − �√13 (−2)�
3

√13
𝒊 − �√13 (−2)�

2

√13
𝒌 − �√1336�

2

√13
𝒊 + �√1336�

3

√13
𝒌

= −32𝒌 + 75𝒌 − 6𝒊 − 4𝒌 − 72𝒊 + 108𝒌
= −76𝒊 + 147𝒌

Therefore from Eq. (1)

𝒂𝑝/1 = �̈�𝑜/1 + 2 �𝜔2/1 × �̇�
2𝑝,𝑟

� + ��̇�2/1 ×𝜌2𝑝� + 𝜔2/1 × �𝜔2/1 × 𝜌
2𝑝
� + �̈�

2𝑝,𝑟

𝒂𝑝/1 = 0 + 2 ��6𝒋 + 5𝒊� × 5𝒌� + �2𝒋 × (−3𝒌 + 2𝒊)� + �6𝒋 + 5𝒊� × ��6𝒋 + 5𝒊� × (−3𝒌 + 2𝒊)� + (−76𝒊 + 147𝒌)

𝒂𝑝/1 = −94𝒊 + 10𝒋 + 326𝒌

4.6.1.4 Motion in inertial frame (ground)

𝒂𝑝 = �̈�1 + 2 �𝜔1 × �̇�
1𝑝,𝑟

� + ��̇�1 ×𝜌1𝑝� + 𝜔1 × �𝜔1 × 𝜌
1𝑝
� + �̈�

1𝑝,𝑟
(2)

The above is the absolute acceleration of point 𝑃. At the instance shown

𝜌
1𝑝
= 12𝒊 − 3𝒌

�̇�
1𝑝,𝑟

= −18𝒊 + 15𝒋 − 7𝒌

�̈�1 = 0
𝜔1 = 𝜔1𝒌 = 4𝒌
�̇�1 = �̇�1𝒌 = 3𝒌

and �̈�
1𝑝,𝑟

we found above which is 𝒂𝑝/1, hence Eq. (2) becomes

𝒂𝑝 = 2 �4𝒌 × �−18𝒊 + 15𝒋 − 7𝒌�� + (3𝒌 × (12𝒊 − 3𝒌)) + 4𝒌 × (4𝒌 × (12𝒊 − 3𝒌)) + �−94𝒊 + 10𝒋 + 326𝒌�

= −406𝒊 − 98𝒋 + 326𝒌

Therefore

�𝒂𝑝� = √4062 + 982 + 3262

= 529. 83 ft/sec2
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4.6.2 Problem 2

Two rotating CS are used as shown in this diagram

y3

x3

y2

x2
Q

First CS

Second CS

The origin of CS 2 and CS 1 are both at the same point is at point 𝑂

4.6.2.1 Velocity calculation

4.6.2.1.1 Motion in �rst CS (first CS is the reference frame now)

𝑽𝑄/1 = �̇�2/1 + 𝜔2/1 × 𝜌
2𝑄

+ �̇�
2𝑄,𝑟

The above is the velocity of point 𝑄 as seen in first C.S. The vector 𝜌
2𝑝

goes from the

origin of second C.S. to 𝑄. And the �̇�2/1 is the velocity of origin of second C.S. as seen in
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first C.S. and �̇�
2𝑄,𝑟

is the velocity of 𝑄 relative to second C.S. Therefore

𝜌
2𝑄

= 6𝒊 + 𝒋

�̇�
2𝑝,𝑟

= (1 × 𝜔1) 𝒌 = 10𝒌

�̇�2/1 = 0
𝜔2/1 = 𝜔2𝒌 = 𝒌

Therefore

𝑽𝑄/1 = 𝒌 × �6𝒊 + 𝒋� + 10𝒌
= −𝒊 + 6𝒋 + 10𝒌

4.6.2.1.2 Motion in inertial frame (ground)

𝑽𝑄 = �̇�1 + 𝜔𝑓𝑖𝑟𝑠𝑡 × 𝜌
1𝑄

+ �̇�
1𝑄,𝑟

The above is the absolute velocity of point 𝑄. The vector 𝜌
1𝑄

goes from the origin of first

C.S.to 𝑄. And the �̇�1 is the absolute velocity of origin of first C.S. and �̇�
1𝑄,𝑟

is the velocity
of 𝑄 relative to first C.S. which we found above as 𝑽𝑄/1. The only quantity we need to find
now is 𝜌

1𝑄
. At the instance shown it is simply

𝜌
1𝑝
= 6𝒊 + 𝒋

But the above is only valid at this instance. Now we can find the absolute velocity

�̇�
1𝑄,𝑟

= −𝒊 + 6𝒋 + 10𝒌

�̇�1 = 0
𝜔𝑓𝑖𝑟𝑠𝑡 = 𝜔3𝒋 = 2𝒋

Therefore

𝑽𝑄 = 2𝒋 × �6𝒊 + 𝒋� + �−𝒊 + 6𝒋 + 10𝒌�

= −𝒊 + 6𝒋 − 2𝒌

Hence �𝑽𝑄� = √12 + 62 + 22 = 6.403 ft/sec.

4.6.2.2 Acceleration calculation

4.6.2.2.1 Motion in 1 (first CS is the reference frame now)

𝒂𝑄/1 = �̈�2/1 + 2 �𝜔2/1 × �̇�
2𝑄,𝑟

� + ��̇�2/1 ×𝜌2𝑄� + 𝜔2/1 × �𝜔2/1 × 𝜌
2𝑄
� + �̈�

2𝑄,𝑟
(1)

The above is the acceleration of point 𝑄 as seen in first C.S.

𝜌
2𝑄

= 6𝒊 + 𝒋

�̇�
2𝑄,𝑟

= 10𝒌

�̈�2/1 = 0
𝜔2/1 = 𝒌
�̇�2/1 = 𝛼2𝒌 + (0 × 𝒌) = 3𝒌

To find �̈�
2𝑄,𝑟

, which is acceleration of point 𝑄 relative to second CS we look at this diagram
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z

y

Q

r=1

r 1

r1
2

1

Hence

�̈�
2𝑄,𝑟

= −𝜔2
1𝒋 = −100𝒋

Therefore from Eq. (1)

𝒂𝑄/1 = �̈�2/1 + 2 �𝜔2/1 × �̇�
2𝑄,𝑟

� + ��̇�2/1 ×𝜌2𝑄� + 𝜔2/1 × �𝜔2/1 × 𝜌
2𝑄
� + �̈�

2𝑄,𝑟

𝒂𝑝/1 = 0 + 2 (𝒌 × 10𝒌) + �3𝒌 × �6𝒊 + 𝒋�� + 𝒌 × �𝒌 × �6𝒊 + 𝒋�� − 100𝒋
𝒂𝑝/1 = −9𝒊 − 83𝒋

4.6.2.2.2 Motion in inertial frame (ground)

𝒂𝑄 = �̈�1 + 2 �𝜔𝑓𝑖𝑟𝑠𝑡 × �̇�
1𝑄,𝑟

� + ��̇�𝑓𝑖𝑟𝑠𝑡 ×𝜌1𝑄� + 𝜔𝑓𝑖𝑟𝑠𝑡 × �𝜔𝑓𝑖𝑟𝑠𝑡 × 𝜌
1𝑄
� + �̈�

1𝑄,𝑟
(2)

The above is the absolute acceleration of point 𝑄. At the instance shown

𝜌
1𝑄

= 6𝒊 + 𝒋

�̇�
1𝑄,𝑟

= �̇�
2𝑄,𝑟

= 10𝒌

�̈�1 = 0
𝜔𝑓𝑖𝑟𝑠𝑡 = 𝜔3𝒋 = 2𝒋

�̇�1 = −𝛼3𝒋 + �0 × 𝜔3𝒋� = −4𝒋

and �̈�
1𝑝,𝑟

we found above which is 𝒂𝑝/1, hence Eq. (2) becomes

𝒂𝑝 = 2 �2𝒋 × 10𝒌� + �−4𝒋 × �6𝒊 + 𝒋�� + 2𝒋 × �2𝒋 × �6𝒊 + 𝒋�� + �−9𝒊 − 83𝒋�

= 7𝒊 − 83𝒋 + 24𝒌

Therefore

�𝒂𝑝� = √72 + 832 + 242

= 86.683 ft/sec2
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4.6.3 problem 1 done again
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4.6.4 key solution

c:\scanned\ema542a.TIF Page 1
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EMA542
Home Work to be Handed In

5 B) The thin disc of radius 1ft. rotates with a constantangularvelocity WI =10 rad/sec in

bearings A and B. The weightless arm containing the bearings rotates about the fixed point 0 as

shown with the angularvelocity Wz=1 rad/see and angularacceleration az =3 rad/sec**2. The

vertical shaft CD rotates as shown with an angularvelocity w3=2rad/sec and and angular

acceleration a3 =4 rad/see**2. Calculatethe absolutevelocityand accelerationof point Q at the

top of the disk for the position shown.

WI: IOI\0-9./~'- - - -
X

OC,:. lf~/~1.
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4.7 HW 6

4.7.1 problem 1

4.7.2 problem 2
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4.7.3 my solution

;

148



4.7. HW 6 CHAPTER 4. HWS

;
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;
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;
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;
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4.7.4 key solution

EM 542 - Homework

Problem (18a)

A projectile is fired vertically upwardwith an initialvelocity Voat a latitude (J. Detennine where it
lands (i.e. where it crosses the xy plane immediately before striking).
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4.8 HW 7

4.8.1 Problem 1

Solution

A single rotating coordinates system (body fixed) was used with its origin at the center of
disk and rotates with the disk as shown below

x

y

R X

Y





The absolute velocity and absolute acceleration of the particle can now be found as follows

𝒗 = �̇� + �̇�
𝑟
+ �𝜔 × 𝜌�

But �̇� = 0 since the center of the C.S. does not move relative to the center of the disk.
𝜔 = −𝜔𝒌, 𝜌 = 𝜌𝒊 and �̇�

𝑟
= �̇�𝑟𝒊, therefore

𝒗 = �̇�𝑟𝒊 + �−𝜔𝒌 × 𝜌𝒊� = �̇�𝑟𝒊 − 𝜔𝜌𝒋

160



4.8. HW 7 CHAPTER 4. HWS

The absolute acceleration is

𝒂 = �̈� + �̈�
𝑟
+ ��̇� ×𝜌� + 𝜔 × ��̇�

𝑟
+ �𝜔 × 𝜌��

= �̈� + �̈�
𝑟
+ �𝜔 × �̇�

𝑟
� + ��̇� ×𝜌� + �𝜔 × �̇�

𝑟
� + 𝜔 × �𝜔 × 𝜌�

= �̈� + �̈�
𝑟
+ 2 �𝜔 × �̇�

𝑟
� + ��̇� ×𝜌� + 𝜔 × �𝜔 × 𝜌�

But �̈� = 0, 𝜔 = −𝜔𝒌, 𝜌 = 𝜌𝒊, �̇�
𝑟
= �̇�𝑟𝒊, �̈�𝑟 = �̈�𝒊 and �̇�= −�̇�𝑘 = 0 since �̇� = 0, therefore

𝒂 = �̈�𝑟𝒊 + 2 �−𝜔𝒌 × �̇�𝑟𝒊� + (−𝜔𝒌) × �−𝜔𝒌 × 𝜌𝒊�

= �̈�𝑟𝒊 − 2𝜔�̇�𝑟𝒋 + (−𝜔𝒌) × �−𝜔𝜌𝑟𝒋�

= −𝜔2𝜌𝑟𝒊 + �̈�𝑟𝒊 − 2𝜔�̇�𝑟𝒋

= �−𝜔2𝜌𝑟 + �̈�𝑟� 𝒊 − 2𝜔�̇�𝑟𝒋

The particular has acceleration in the 𝑥 and 𝑦 directions. To find how long it takes to travel
to the edge, the equation of motion in the 𝑥 direction is first found.

Using Newton’s first law in the 𝑥 direction, the total external forces acting in the 𝑥 direction
is zero. Hence 𝒇𝑥 = 𝑚𝒂𝑥 gives

𝑚�−𝜔2𝜌𝑟 + �̈�𝑟� = 0
�̈�𝑟 − 𝜔2𝜌𝑟 = 0

This is a second order ODE. It is constant coe�cients. The roots of the characteristic
equation can be used for the solution. The roots are 𝜆 = −𝑏±√𝑏2−4𝑎𝑐

2𝑎 = ±√4𝜔2

2 = ±𝜔, hence
the general solution is given by

𝜌𝑟 = 𝐴𝑒𝜔𝑡 + 𝐵𝑒−𝜔𝑡

The constants 𝐴,𝐵 are found from initial conditions. When 𝑡 = 0, 𝜌𝑟 = 𝑏, hence

𝑏 = 𝐴 + 𝐵 (1)

Taking derivative of the general solution gives

�̇�𝑟 = 𝜔𝐴𝑒𝜔𝑡 − 𝜔𝐵𝑒−𝜔𝑡

But when 𝑡 = 0, �̇�𝑟 (0) = 0 hence

0 = 𝜔𝐴 − 𝜔𝐵
0 = 𝐴 − 𝐵 (2)

From Eqs (1) and (2) the values of 𝐴,𝐵 are found to be

𝐴 = 𝐵 =
𝑏
2

The general solution becomes

𝜌𝑟 (𝑡) =
𝑏
2
𝑒𝜔𝑡 +

𝑏
2
𝑒−𝜔𝑡

𝜌𝑟 (𝑡) = 𝑏 cosh (𝜔𝑡)

Solving for time 𝑡 when 𝜌𝑟 (𝑡) = 𝑅 results in

𝑅 = 𝑏 cosh (𝜔𝑡)

𝑡 =
1
𝜔

arccosh �
𝑅
𝑏 �

Here is a plot showing the time it takes to reach the edge for 𝜔 = 1 rad/sec and 𝑅 = 1, as
𝑏 is changed from 10−3 (very close to the origin) to 1 (the edge). Clearly when 𝑏 = 𝑅 the
time is zero, and when 𝑏 = 𝑅

2 the time is found to be arccosh (2) = 1.31 sec.

Plot[ArcCosh[1/x], {x, 10^-3, 1}, GridLines -> Automatic,
GridLinesStyle -> LightGray, Frame -> True,
FrameLabel -> {{"t (sec)", None}, {\[Rho],

"Time to reach edge as function of starting position"}},
PlotRange -> All, ImageSize -> 500]

The above shows that the time to reach the edge is not linear with the distance, but it is
almost linear between 20% and 80% of the distance to the edge.
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Figure 4.1: Time to reach edge as function of starting point

4.8.2 Problem 2

Solution

The first step is to find the angular velocity vector 𝜔 of the body C.S. in terms of Euler
rates.

Using the above diagram the velocity vector 𝜔 can be written as (Eq. 1.99, page 85, class
notes book).

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

𝜔𝑥

𝜔𝑦

𝜔𝑧

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

sin𝜃 sin𝜙 cos𝜙 0
sin𝜃 cos𝜙 − sin𝜙 0

cos𝜃 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

�̇�
�̇�
�̇�

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(1)

Therefore, in vector form the above becomes

𝜔 = 𝒊 �sin𝜃 sin𝜙�̇� + cos𝜙�̇�� + 𝒋 �sin𝜃 cos𝜙�̇� − sin𝜙�̇�� + 𝒌 �cos𝜃�̇� + �̇�� (2)

The position vector of the 𝑝 is 𝜌 given as (in the equation below, 𝑟 represents the radius of
the satellite, which is shown in the diagram as 𝑅. It was replaced by by small 𝑟 so not to
confuse this letter with the standard vector 𝑹 that is commonly used in the main equations
below).

𝜌 = 𝑥𝒊 + (𝑟 + 𝜉) 𝒋 + 𝑧𝒌

Since 𝑟 is constant then the relative velocity of 𝑝 is

�̇�
𝑟
= �̇�𝒊 + �̇�𝒋 + �̇�𝒌
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Figure 4.2: Time derivatives Euler Angles. Taken from fig 3.3-4 class notes book for EMA
642, page 79.
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4.8.2.1 part (1)

The absolute velocity of 𝑃 is

𝒗 = �̇� + �̇�
𝑟
+ �𝜔 × 𝜌�

𝜔 × 𝜌 is now calculated

𝜔 × 𝜌 = 𝒊 �−𝑧 sin𝜃 cos𝜙�̇� − 𝑧 sin𝜙�̇� − (𝑟 + 𝜉) �cos𝜃�̇� + �̇���

+ 𝒋 �𝑧 sin𝜃 sin𝜙�̇� + 𝑧 cos𝜙�̇� + 𝑥 cos𝜃�̇� + 𝑥�̇��

+ 𝒌 �(𝑟 + 𝜉) sin𝜃 sin𝜙�̇� + (𝑟 + 𝜉) cos𝜙�̇� − 𝑥 sin𝜃 cos𝜙�̇� + 𝑥 sin𝜙�̇��

Collecting terms, the absolute velocity is simplified to

𝒗 = 𝒊 �𝑣𝑋 + �̇� − 𝑧 sin𝜃 cos𝜙�̇� − 𝑧 sin𝜙�̇� − (𝑟 + 𝜉) �cos𝜃�̇� + �̇���

+ 𝒋 �𝑣𝑌 + �̇� + 𝑧 sin𝜃 sin𝜙�̇� + 𝑧 cos𝜙�̇� + 𝑥 cos𝜃�̇� + 𝑥�̇��

+ 𝒌 �𝑣𝑍 + �̇� + (𝑟 + 𝜉) sin𝜃 sin𝜙�̇� + (𝑟 + 𝜉) cos𝜙�̇� − 𝑥 sin𝜃 cos𝜙�̇� + 𝑥 sin𝜙�̇��

4.8.2.2 Part (2)

The absolute acceleration of 𝑃 is

𝒂 = �̈� + �̈�
𝑟
+ 2 �𝜔 × �̇�

𝑟
� + ��̇� ×𝜌� + 𝜔 × �𝜔 × 𝜌� (3)

�̈� is given in the problem as �𝑎𝑋𝒊 + 𝑎𝑌𝒋 + 𝑎𝑍𝒌� and �̈�
𝑟
= �̈�𝒊 + �̈�𝒋 + �̈�𝒌. The remaining term to

calculate is �̇�

Taking derivative w.r.t time of Eq. (2) above results in

�̇� = 𝒊 �
𝑑
𝑑𝑡

�sin𝜃 sin𝜙�̇� + cos𝜙�̇��� + 𝒋 �
𝑑
𝑑𝑡

�sin𝜃 cos𝜙�̇� − sin𝜙�̇��� + 𝒌 �
𝑑
𝑑𝑡

�cos𝜃�̇� + �̇���

= 𝒊 ��̇��̇� cos𝜃 sin𝜙 + �̇��̇� sin𝜃 cos𝜙 + �̈� sin𝜃 sin𝜙 − �̇��̇� sin𝜙 + �̈� cos𝜙�

+ 𝒋 �−�̈� sin𝜙 − �̇��̇� cos𝜙 + �̈� sin𝜃 cos𝜙 + �̇��̇� cos𝜃 cos𝜙 − �̇��̇� sin𝜃 sin𝜙�

+ 𝒌 ��̈� cos𝜃 − �̇��̇� sin𝜃 + �̈��

Since the angular accelerations are all constant, all terms above with second time deriva-
tives can be set to zero. Hence �̇� simplifies to

�̇� = 𝒊 �−�̇��̇� sin𝜙 + �̇��̇� cos𝜃 sin𝜙 + �̇��̇� sin𝜃 cos𝜙�

+ 𝒋 �−�̇��̇� cos𝜙 + �̇��̇� cos𝜃 cos𝜙 − �̇��̇� sin𝜃 sin𝜙�

+ 𝒌 �−�̇��̇� sin𝜃�

Now Eq. (3) can be evaluated. Each term is first evaluated. 𝜔 × 𝜌 was found in part (1).
𝜔 × �̇�

𝑟
is similar to 𝜔 × 𝜌, but 𝜌 is changed to �̇�. The derivation of 𝜔 × �𝜔 × 𝜌� is too

complicated to do by hand and was done on the computer. Here is the final result of each
component of 𝒂 in as {𝑎𝑥, 𝑎𝑦, 𝑎𝑧}.

This is the result of evaluating Eq. (3)

𝑎𝑥 = 𝑎𝑋+2𝜉𝜃′ sin(𝜃)𝜓′ cos2(𝜙)−𝜉 (𝜃′)2 sin(𝜙) cos(𝜙)−2 cos(𝜃)𝜉′𝜓′+
1
2
𝜉 sin2(𝜃) �𝜓′�

2
sin(2𝜙)−2𝜉′𝜙′+2𝑟𝜃′ sin(𝜃)𝜓′ cos2(𝜙)−𝑟 (𝜃′)2 sin(𝜙) cos(𝜙)+1

2
𝑟 sin2(𝜃) �𝜓′�

2
sin(2𝜙)+𝑥″+2𝑥𝜃′ sin(𝜃)𝜓′ sin(𝜙) cos(𝜙)−𝑥 (𝜃′)2 sin2(𝜙)−

1
4
𝑥 cos(2𝜃) �𝜓′�

2
−2𝑥 cos(𝜃)𝜓′𝜙′−

1
2
𝑥 sin2(𝜃) �𝜓′�

2
cos(2𝜙)−3

4
𝑥 �𝜓′�

2
−𝑥 �𝜙′�

2
−2𝜃′𝑧′ sin(𝜙)+2 sin(𝜃)𝜓′𝑧′ cos(𝜙)+2𝑧𝜃′ cos(𝜃)𝜓′ cos(𝜙)+1

2
𝑧 sin(2𝜃) �𝜓′�

2
sin(𝜙)

𝑎𝑦 = 𝑎𝑌−2𝜉𝜃′ sin(𝜃)𝜓′ sin(𝜙) cos(𝜙)−𝜉 (𝜃′)2 cos2(𝜙)−1
4
𝜉 cos(2𝜃) �𝜓′�

2
−2𝜉 cos(𝜃)𝜓′𝜙′+

1
2
𝜉 sin2(𝜃) �𝜓′�

2
cos(2𝜙)+𝜉″−3

4
𝜉 �𝜓′�

2
−𝜉 �𝜙′�

2
−2𝑟𝜃′ sin(𝜃)𝜓′ sin(𝜙) cos(𝜙)−𝑟 (𝜃′)2 cos2(𝜙)−1

4
𝑟 cos(2𝜃) �𝜓′�

2
−2𝑟 cos(𝜃)𝜓′𝜙′+

1
2
𝑟 sin2(𝜃) �𝜓′�

2
cos(2𝜙)−3

4
𝑟 �𝜓′�

2
−𝑟 �𝜙′�

2
+2 cos(𝜃)𝑥′𝜓′+2𝑥′𝜙′−2𝑥𝜃′ sin(𝜃)𝜓′ sin2(𝜙)−𝑥 (𝜃′)2 sin(𝜙) cos(𝜙)+1

2
𝑥 sin2(𝜃) �𝜓′�

2
sin(2𝜙)−2𝜃′𝑧′ cos(𝜙)−2 sin(𝜃)𝜓′𝑧′ sin(𝜙)−2𝑧𝜃′ cos(𝜃)𝜓′ sin(𝜙)+1

2
𝑧 sin(2𝜃) �𝜓′�

2
cos(𝜙)

𝑎𝑧 = 𝑎𝑍+2𝜃′𝜉′ cos(𝜙)−2𝜉𝜃′𝜙′ sin(𝜙)+2 sin(𝜃)𝜉′𝜓′ sin(𝜙)+2𝜉 sin(𝜃)𝜓′𝜙′ cos(𝜙)+1
2
𝜉 sin(2𝜃) �𝜓′�

2
cos(𝜙)−2𝑟𝜃′𝜙′ sin(𝜙)+2𝑟 sin(𝜃)𝜓′𝜙′ cos(𝜙)+1

2
𝑟 sin(2𝜃) �𝜓′�

2
cos(𝜙)+2𝜃′𝑥′ sin(𝜙)−2 sin(𝜃)𝑥′𝜓′ cos(𝜙)+2𝑥𝜃′𝜙′ cos(𝜙)+2𝑥 sin(𝜃)𝜓′𝜙′ sin(𝜙)+1

2
𝑥 sin(2𝜃) �𝜓′�

2
sin(𝜙)+𝑧″−𝑧 (𝜃′)2−𝑧 sin2(𝜃) �𝜓′�

2
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4.9 HW 8

4.9.1 Problem 1

Figure 4.3: Problem description

To find the bearing force on the beam, the vertical force that the mass exerts on the left
edge of the beam is first found. This requires finding the acceleration of the mass 𝑚 and
from that 𝑭 = 𝑚𝒂 is used to find the force. Therefore, the first step is to find the absolute
acceleration vector 𝒂 of the mass 𝑚 treated as a particle.

The direction of the angular acceleration vector 𝑁 is fixed in space. Hence the body fixed
coordinates system will have its origin at left edge of the shaft, and its 𝑦 axis in the same
direction as 𝑌 axis of the reference frame (inertial frame in this case). The position vector
of 𝑚 in body fixed coordinates c.s. is

𝜌 = −𝑙 cos𝛼𝒌 + 𝑙 sin𝛼𝒋

Its relative velocity is

�̇�
𝑟
= 0

Since the mass does not move relative to the c.s. It follows also that

�̈�
𝑟
= 0

Now, the angular acceleration of the body fixed c.s. is

𝜔 = 𝜔𝑲 + 𝑁𝒋

Since 𝑲 is aligned with 𝒌 all the time, the above can be written using c.s. basis vectors

𝜔 = 𝜔𝒌 + 𝑁𝒋

This is valid for all time. Now �̇� is found. The only angular velocity vector which changes
direction is 𝜔𝒌. The angular velocity vector 𝑁𝒋 does not change direction. Therefore

�̇�= ��̇�𝒌 + �𝑁𝒋 × 𝜔𝒌�� + ��̇�𝒋 + 0�

Since all angular velocities are zero then �̇�𝒌 = 0 and �̇�𝒋 = 0. The above becomes

�̇� = 𝑁𝒋 × 𝜔𝒌
= 𝑁𝜔𝒊
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Now all the terms needed have been found, the absolute acceleration vector is determined

𝒂 = �̈� + �̈�
𝑟
+ 2 �𝜔 × �̇�

𝑟
� + ��̇� ×𝜌� + 𝜔 × �𝜔 × 𝜌�

= ��̇� ×𝜌� + 𝜔 × �𝜔 × 𝜌�

= �𝑁𝜔𝒊 × �−𝑙 cos𝛼𝒌 + 𝑙 sin𝛼𝒋�� + �𝜔𝒌 + 𝑁𝒋� × ��𝜔𝒌 + 𝑁𝒋� × �−𝑙 cos𝛼𝒌 + 𝑙 sin𝛼𝒋��

= �𝑁𝜔𝑙 cos𝛼𝒋 + 𝑁𝜔𝑙 sin𝛼𝒌� + �𝜔𝒌 + 𝑁𝒋� × (−𝜔𝑙 sin𝛼𝒊 − 𝑁𝑙 cos𝛼𝒊)

= 𝒋 �𝜔2𝑙 sin𝛼 − 𝜔𝑁𝑙 cos𝛼 + 𝑁𝜔𝑙 cos𝛼� + 𝒌 �−𝑁𝜔𝑙 sin𝛼 + 𝑁2𝑙 cos𝛼 + 𝑁𝜔𝑙 sin𝛼�

= 𝜔2𝑙 sin𝛼𝒋 + 𝑁2𝑙 cos𝛼𝒌
Therefore, the downward vertical force on the beam is

𝒇𝑦 = 𝑚𝒂𝑦
= 𝑚𝜔2𝑙 sin𝛼𝒋

And

𝒇𝑧 = 𝑚𝒂𝑧
= 𝑚𝑁2𝑙 cos𝛼𝒌

Drawing a free body diagram of the beam, the reactions can be found

Figure 4.4: Free body diagram for shaft showing all acting loads

Taking moments around point 𝐴 gives

�𝒇𝑦� 𝑏 + 𝑉𝐵𝐿 = 0

𝑉𝐵 = −𝑚𝜔2𝑙 sin𝛼
𝑏
𝐿

And taking moments around point 𝐵 gives

�𝒇𝑦� (𝑏 + 𝐿) − 𝑉𝐴𝐿 = 0

𝑉𝐴 = 𝑚𝜔2𝑙 sin𝛼
(𝑏 + 𝐿)

𝐿
Now that 𝑉𝐴 and 𝑉𝐵 (the reactions) are found and the load on the end is also known, the
bending moment and shear diagrams can also be found if needed. Internal stress at any
section can also be found.

178



4.9. HW 8 CHAPTER 4. HWS

4.9.2 Problem 2

Figure 4.5: Free body diagram for shaft showing all acting loads

The first step is to find the absolute acceleration 𝒂 of a unit mass of tube. A body fixed
coordinates system is setup which has its origin where the tube is attached to the vertical
shaft and attached to the vertical shaft as shown in this diagram

The analysis starts by assuming the oil tube is rigid. Once the forces are found, then the
tube is assumed to be elastic in order to find the end deflection. The position vector 𝜌 of
unit mass 𝑑𝑚 of length 𝑑𝜌 is shown above in gray area is

𝜌 = 𝜌 sin𝜃𝒋 + 𝜌 cos𝜃𝒌
And �̇�

𝑟
= �̈�

𝑟
= 0. The angular velocity of the body fixed c.s. is

𝜔 = 𝜔𝑲 = 𝜔𝒌

Since the angular acceleration 𝜔 is constant, then

�̇�= �̇�𝑲 = �̇�𝒌 = 0

The absolute acceleration of 𝑑𝑚 is given by

𝒂 = �̈� + �̈�
𝑟
+ 2 �𝜔 × �̇�

𝑟
� + ��̇� ×𝜌� + 𝜔 × �𝜔 × 𝜌�

Since �̈� = 0 and �̇�= 0 the above simplifies to

𝒂 = 𝜔 × �𝜔 × 𝜌� (1)
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y

x

z ,Z



O

d

Figure 4.6: Showing body fixed coordinates system

Hence

𝜔 × 𝜌 = 𝜔𝒌 × �𝜌 sin𝜃𝒋 + 𝜌 cos𝜃𝒌�
= −𝜔𝜌 sin𝜃𝒊

Therefore

𝜔 × �𝜔 × 𝜌� = 𝜔𝒌 × �−𝜔𝜌 sin𝜃𝒊�

= −𝜔2𝜌 sin𝜃𝒋

Eq. (1) becomes

𝒂 = −𝜔2𝜌 sin𝜃𝒋

Since

𝑑𝑚 =
𝑚
𝐿
𝑑𝜌

Then the force acting on 𝑑𝑚 due the above acceleration is

𝑑𝑭 = 𝒂𝑑𝑚

= −𝜔2𝜌 sin𝜃
𝑚
𝐿
𝑑𝜌𝒋

The force up to some point 𝜍 in the tube is found by integration

𝑭 (𝜍) = −�
𝜍

0
𝜔2𝜌 sin𝜃

𝑚
𝐿
𝑑𝜌𝒋

= −𝜔2𝜍
2

2
sin𝜃

𝑚
𝐿
𝒋

The total force is

𝑭 (𝐿) = −𝜔2𝐿
2

sin𝜃𝑚𝒋

At a section distance 𝜍 the forces are shown below

4.9.2.1 Part a

Now that the force vector at a distance along the tube is found, the bending moment at a
section distance 𝜍 is calculated.

The weight of the tube is 𝑚
𝐿 per unit length, which can be modeled as uniform distributed

load. A free body diagram of the oil tube is given below. The force in the 𝑦 direction is
resolved as axial force and as perpendicular force to the tube.

Resolving 𝜔2 𝐿
2 sin𝜃𝑚𝒋 along the tube length, and perpendicular to the tube length gives

an axial force of 𝜔2 𝜍2

2 sin2 𝜃𝑚
𝐿 and perpendicular force 𝜔2 𝜍2

2 sin𝜃𝑚
𝐿 cos𝜃 as shown in this
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y

x

z ,Z



O



2 2

2
sin m

L
j

Figure 4.7: Total force acting on tube at a given distance from the shaft

diagram. The axial force does not produce bending moment. The weight of tube is 𝑚
𝐿 𝑔

per unit length and acts in the 𝑧 direction. The weight is also resolved so that it acts
perpendicular to the tube as well giving 𝑚

𝐿 𝑔 sin𝜃 pre unit length. Therefore for distance 𝜍
from the origin, the total weight is 𝑚

𝐿 𝑔𝜍 sin𝜃

y

x

z ,Z



O


2
2

2

sin
2 

m
L

m
L
gsin



Moment at joint 
where tube is 
attached to shaft

Vertical reaction at 
joint where tube is 
attached to shaft

reaction along the x 
direction at joint where 
tube is attached to shaft


2
2

2

sin


m
L
co

s

Figure 4.8: Showing all forces acting at section distance 𝜍 in the tube

Therefore, the bending moment at section distance 𝜍 is

𝑀(𝜍) = �𝜔2𝜍
2

2
sin𝜃

𝑚
𝐿

cos𝜃� 𝜍 − �
𝑚
𝐿
𝑔 sin𝜃𝜍�

𝜍
2

= 𝜔2𝜍
3

2
sin𝜃

𝑚
𝐿

cos𝜃 −
𝑚
2𝐿

𝑔 sin𝜃𝜍2

Unit check: Moment is force times distance. Hence units is 𝑀𝐿2

𝑇2 . Checking units of each
term in the RHS above it agrees.

4.9.2.2 Part b

To find end point deflection, the tube is treated as elastic and viewed as follows

For purpose of finding end point deflection at steady state, only forces acting in the
transverse direction to the tube as shown need to be considered .The end force is found
by letting 𝜍 = 𝐿 in the above which gives the force at the free end as

𝑃 = 𝜔2𝑚
𝐿
2

sin𝜃
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m
L

gsin
Weight per unit length

2 2

2
sin m

L
cos



 Quantity to 
determine

Figure 4.9: Looking at oil tube as a cantilever beam in order to determine end point
deflection

let 𝛽 be the weight per unit length. Using cantilever beam end deflection formula the end
deflection is given by

𝜂 =
𝑃𝐿3

3𝐸𝐼
−
𝛽𝐿4

8𝐸𝐼
A positive sign is given to deflection to due to 𝑃 since it acts up, and the weight acts down.
Hence end point deflection is

𝜂 =
𝜔2𝑚𝐿

2 sin𝜃𝐿3

3𝐸𝐼
−

𝑚
𝐿 𝑔 sin𝜃𝐿4

8𝐸𝐼

=
𝜔2𝑚𝐿4 sin𝜃

6𝐸𝐼
−
𝑚𝑔 sin𝜃𝐿3

8𝐸𝐼

=
4𝜔2𝑚𝐿4 sin𝜃 − 3𝑚𝑔 sin𝜃𝐿3

24𝐸𝐼

=
𝑚𝐿3 sin𝜃 �4𝜔2𝐿 − 3𝑔�

24𝐸𝐼
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4.9.3 key solution
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4.10 HW 9

4.10.1 Problem 1

Figure 4.10: Problem description

The first step is to determine the rate of the angular momentum of the disk. This will give
the torque it generates against the spinning shaft. Using free body diagram the reactions
on the beam are found.

Let the body fixed coordinates C.S. have its origin at 𝑂 and attached to the shaft. Hence
C.S. rotates along with the shaft as in the following diagram


 

z

y

x
O



Figure 4.11: Showing body fixed coordinates

In the relative angular momentum method the equation of motion of 𝑚 is found from

𝑴𝑜 = �̇�𝑜 + 𝑚𝜌 × �̈�𝑜
Where 𝑴𝑜 is torque around 𝑜 and 𝒉𝑝 is the angular momentum of the disk relative to the
body fixed c.s. and 𝜌 is the position vector from 𝑜 to the center of mass of disk, and �̈�𝑜 is
the absolute acceleration vector of the reference point 𝑜. But since the reference point 𝑜 is
fixed in space in this problem then �̈�𝑜 = 0 and the above reduces to

𝑴𝑜 = �̇�𝑜
Where

𝑑𝒉𝑜 = 𝜌 × �̇�𝑑𝑚 (1)
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𝑑𝑚 is small unit mass of the disk given by

𝑑𝑚 =
𝑚
𝜋𝑟2

𝑑𝐴

where 𝑑𝐴 is the small area of the disk to be integrated over. Let 𝑠 = �𝜌� be the length of the
position vector from 𝑂, hence

𝜌 = −𝑠 sin𝜙𝒌 + 𝑠 cos𝜙𝒋
�̇� = �̇�

𝑟
+ 𝜔𝑐𝑠 × 𝜌

Since the angle 𝜙 is fixed in time, hence

�̇�
𝑟
= 0

In this problem

𝜔𝑐𝑠 = 𝜔𝒌

Therefore

�̇� = 𝜔𝑐𝑠 × 𝜌

= 𝜔𝒌 × �−𝑠 sin𝜙𝒌 + 𝑠 cos𝜙𝒋�

= 𝒊 �−𝜔𝑠 cos𝜙�
Therefore Eq. (1) becomes

𝑑𝒉𝑜 = �−𝑠 sin𝜙𝒌 + 𝑠 cos𝜙𝒋� × 𝒊 �−𝜔𝑠 cos𝜙� 𝑚
𝜋𝑟2

𝑑𝐴

𝑑𝒉𝑜 = �𝒋 �𝜔𝑠2 sin𝜙 cos𝜙� + 𝒌 �𝜔𝑠2 cos𝜙 cos𝜙�� 𝑚
𝜋𝑟2

𝑑𝐴

Hence

𝒉𝑜 = �
𝐴
�𝒋 �𝜔𝑠2 sin𝜙 cos𝜙� + 𝒌 �𝜔𝑠2 cos𝜙 cos𝜙�� 𝑚

𝜋𝑟2
𝑑𝐴

Polar coordinates is used to integrate this. In polar coordinates, 𝑑𝐴 = 𝑠𝑑𝑠𝑑𝜃 where 𝑠 is the
current distance from the center of the disk to the unit area, hence it goes from 0 to 𝑟, and
𝜃 goes from 0 to 2𝜋, therefore the above becomes

𝒉𝑜 =
𝑚
𝜋𝑟2 �

𝜃=2𝜋

𝜃=0
��

𝑠=𝑟

𝑠=0
�𝒋 �𝜔𝑠2 sin𝜙 cos𝜙� + 𝒌 �𝜔𝑠2 cos𝜙 cos𝜙�� 𝑠𝑑𝑠� 𝑑𝜃

=
𝑚
𝜋𝑟2 �

𝜃=2𝜋

𝜃=0
�𝒋 �𝜔

𝑠4

4
sin𝜙 cos𝜙� + 𝒌 �𝜔

𝑠4

4
cos𝜙 cos𝜙��

𝑠=𝑟

𝑠=0
𝑑𝜃

=
𝑚
𝜋𝑟2 �

𝜃=2𝜋

𝜃=0
𝒋 �𝜔

𝑟4

4
sin𝜙 cos𝜙� + 𝒌 �𝜔

𝑟4

4
cos𝜙 cos𝜙� 𝑑𝜃

=
2𝜋𝑚
𝑟2 �𝒋 �𝜔

𝑟4

4
sin𝜙 cos𝜙� + 𝒌 �𝜔

𝑟4

4
cos𝜙 cos𝜙��

=
𝜔
2
𝜋𝑚𝑟2 �𝒋 sin𝜙 cos𝜙 + 𝒌 cos𝜙 cos𝜙�

Therefore

�̇�𝑜 = �̇�𝑜,𝑟 + 𝜔𝑐𝑠 × 𝒉𝑜
Where

�̇�𝑜,𝑟 =
𝛼
2
𝜋𝑚𝑟2 �𝒋 sin𝜙 cos𝜙 + 𝒌 cos𝜙 cos𝜙�

Hence

�̇�𝑜 =
𝛼
2
𝜋𝑚𝑟2 �𝒋 sin𝜙 cos𝜙 + 𝒌 cos𝜙 cos𝜙� + 𝜔𝒌 ×

𝜔
2
𝜋𝑚𝑟2 �𝒋 sin𝜙 cos𝜙 + 𝒌 cos𝜙 cos𝜙�

=
𝛼
2
𝜋𝑚𝑟2 �𝒋 sin𝜙 cos𝜙 + 𝒌 cos𝜙 cos𝜙� − 𝒊

𝜔2

2
𝜋𝑚𝑟2 sin𝜙 cos𝜙

= 𝒊
𝜔2

2
𝜋𝑚𝑟2 sin𝜙 cos𝜙 + 𝒋

𝛼
2
𝜋𝑚𝑟2 sin𝜙 cos𝜙 + 𝒌

𝛼
2
𝜋𝑚𝑟2 cos𝜙 cos𝜙

=
𝜋𝑚𝑟2

2
�𝒊𝜔2 sin𝜙 cos𝜙 + 𝒋𝛼 sin𝜙 cos𝜙 + 𝒌𝛼 cos𝜙 cos𝜙�
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Therefore the torque generated by the rotating disk is

𝑴𝑜 = �̇�𝑜

=
𝜋𝑚𝑟2

2
�𝒊𝜔2 sin𝜙 cos𝜙 + 𝒋𝛼 sin𝜙 cos𝜙 + 𝒌𝛼 cos𝜙 cos𝜙�

A free body diagram is now made with all the reactions on the shaft and the above found
torque in order to solve for the reactions

Ax

Ay

Bx

By

L/2 L/2

My  mr2

2
sincos

Mx  mr2

2
2 sincos

Mz  mr2

2
coscos

Figure 4.12: Moments and reactions on the shaft as result of disk rotation

Moment 𝑀𝑧 is a torsion torque (twisting moment) and will not be considered since it
does not a�ect shown reactions to be found. Only the moment in the 𝑥𝑧 plane (the 𝑀𝑥
component) will be used to find 𝐴𝑦, 𝐵𝑦 and the moment in the 𝑦𝑧 plane (the𝑀𝑦 component)
will be used to find 𝐴𝑥, 𝐵𝑥.

Taking moments at left end of the shaft, in the 𝑥𝑧 plane, gives

𝑀𝑥 + 𝐵𝑦𝐿 = 0

𝐵𝑦 = −
𝑀𝑥
𝐿

=
−𝜋𝑚𝑟2

2𝐿
𝜔2 sin𝜙 cos𝜙

Taking moments at right end of the shaft, in the 𝑥𝑧 plane, gives

𝑀𝑥 − 𝐴𝑦𝐿 = 0

𝐴𝑦 =
𝜋𝑚𝑟2

2𝐿
𝜔2 sin𝜙 cos𝜙

Taking moments at left end of the shaft, in the 𝑦𝑧 plane, gives

𝑀𝑦 − 𝐵𝑥𝐿 = 0

𝐵𝑥 =
𝑀𝑦

𝐿
=

𝜋𝑚𝑟2

2𝐿
𝛼 sin𝜙 cos𝜙

Taking moments at right end of the shaft, in the 𝑦𝑧 plane, gives

𝑀𝑦 + 𝐴𝑥𝐿 = 0

𝐴𝑥 =
−𝑀𝑦

𝐿
=

−𝜋𝑚𝑟2

2𝐿
𝛼 sin𝜙 cos𝜙
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4.10.2 Problem 2

Figure 4.13: Problem description

Let the body fixed coordinate system has its origin at point 𝐴 and attached to the spinning
disk. The following diagram shows the general configuration used to derive the equation
of motion of mass 𝑚 using the relative angular momentum method.

In the relative angular momentum method, the equation of motion of 𝑚 is found from

𝑴𝐴 = �̇�𝑝 + 𝑚𝜌 × �̈�𝐴
Where 𝑴𝐴 is summation of all moments around the reference point 𝐴 and 𝒉𝑝 is the angular
momentum of 𝑚 relative to the body fixed c.s. and 𝜌 is the position vector from 𝐴 to the
mass 𝑚, and �̈�𝐴 is the absolute acceleration vector of the reference point 𝐴.

Now all the terms needed in the above equation are found.

𝜌 = 𝐿 sin𝜃𝒊 + 𝐿 cos𝜃𝒋 (1)

The relative angular momentum is

𝒉𝑝 = 𝜌 × 𝑚�̇� (2)

The absolute angular acceleration of the body fixed coordinates system is

𝜔𝑐𝑠 = 𝜔𝒋

We need to take the time derivative of 𝜌. Since this vector is rotating relative to the reference
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Figure 4.14: Showing body fixed C.S. used in the solution

frame we use the standard method of adding the correction term

�̇� = �̇�
𝑟
+ �𝜔𝒋 × 𝐿 sin𝜃𝒊�

In the above, only the component 𝐿 sin𝜃𝒊 is corrected for since the body fixed axis 𝒊
does rotate as seen from the inertial frame of reference. The 𝐿 cos𝜃𝒋 does not need to
be corrected for since the body fixed axis 𝒋 is aligned to the inertial axis 𝑱 all the time.
Evaluating the above gives

�̇� = �𝐿�̇� cos𝜃𝒊 − 𝐿�̇� sin𝜃𝒋� + �𝜔𝒋 × 𝐿 sin𝜃𝒊�

= 𝐿�̇� cos𝜃𝒊 − 𝐿�̇� sin𝜃𝒋 − 𝐿𝜔 sin𝜃𝒌

Hence 𝒉𝑝 from Eq. (2) becomes

𝒉𝑝 = 𝜌 × 𝑚�̇�

= �𝐿 sin𝜃𝒊 + 𝐿 cos𝜃𝒋� × 𝑚 �𝐿�̇� cos𝜃𝒊 − 𝐿�̇� sin𝜃𝒋 − 𝐿𝜔 sin𝜃𝒌�

= −𝐿2�̇� sin2 𝜃𝒌 + 𝒋𝐿2𝜔 sin2 𝜃 − 𝒌𝐿2�̇� cos2 𝜃 − 𝒊 �𝐿2𝜔 cos𝜃 sin𝜃�

= −𝒊 �𝑚𝐿2𝜔 cos𝜃 sin𝜃� + 𝑚𝐿2𝜔 sin2 𝜃𝒋 − 𝑚𝐿2�̇�𝒌

To make it easier to di�erentiate, from trig tables, let cos𝜃 sin𝜃 = 1
2 sin (2𝜃) so that the

product rule is reduced. The above becomes

𝒉𝑝 = −𝒊 �
1
2
𝑚𝐿2𝜔 sin 2𝜃� + 𝑚𝐿2𝜔 sin2 𝜃𝒋 − 𝑚𝐿2�̇�𝒌

The rate of change of relative angular momentum is

�̇�𝑝 =
𝑑
𝑑𝑡
𝒉𝑝 + �𝜔𝒋 × �−𝒊

1
2
𝑚𝐿2𝜔 sin 2𝜃 − 𝑚𝐿2�̇�𝒌��

= −𝒊 �
1
2
𝑚𝐿2𝜔�2�̇�� cos 2𝜃� + 𝑚𝐿2𝜔�2 sin𝜃�̇� cos𝜃� 𝒋 − 𝑚𝐿2�̈�𝒌

+ 𝒌 �
1
2
𝑚𝐿2𝜔2 sin 2𝜃� − �𝜔𝑚𝐿2�̇�� 𝒊

Hence

�̇�𝑝 = 𝒊 �−𝑚𝐿2𝜔�̇� cos 2𝜃 − 𝜔𝑚𝐿2�̇�� + �2𝑚𝐿2�̇�𝜔 sin𝜃 cos𝜃� 𝒋 + �
1
2
𝑚𝐿2𝜔2 sin 2𝜃 − 𝑚𝐿2�̈�� 𝒌

= 𝒊 �−𝑚𝐿2𝜔�̇� cos 2𝜃 − 𝜔𝑚𝐿2�̇�� + �𝑚𝐿2�̇�𝜔 sin (2𝜃)� 𝒋 + �
1
2
𝑚𝐿2𝜔2 sin 2𝜃 − 𝑚𝐿2�̈�� 𝒌

Applying 𝑴𝐴 = �̇�𝑝 + 𝑚𝜌 × �̈�𝐴 and since 𝑴𝐴 is all the applied moments around 𝐴, these
come from the moment applied by the torsional spring, which adds 𝑘𝑇 (𝜃 + 𝜃0) magnitude.
The angle 𝜃0 is added to 𝜃 since we are told the spring is relaxed at −𝜃0, therefore, the
total angle from the relaxed position is the absolute sum of 𝜃0 and any additional angle.

This torsional spring moment acts counter clock wise when the pendulum swings to the
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right as shown. Now the weight of the mass 𝑚 adds an 𝑚𝑔𝐿 sin𝜃 moment, which acts
clockwise. Therefore 𝑴𝐴 = �̇�𝑝 + 𝑚𝜌 × �̈�𝐴 becomes

�𝑘𝑇 (𝜃 + 𝜃0) − 𝑚𝑔𝐿 sin𝜃� 𝒌 = 𝒊 �−𝑚𝐿2𝜔�̇� cos 2𝜃 − 𝜔𝑚𝐿2�̇�� + �𝑚𝐿2�̇�𝜔 sin (2𝜃)� 𝒋

+ �
1
2
𝑚𝐿2𝜔2 sin 2𝜃 − 𝑚𝐿2�̈�� 𝒌 + 𝑚𝜌 × �̈�𝐴

�̈�𝐴 is the absolute acceleration of 𝐴 and since 𝜔 is constant, then only normal acceleration
towards the center of disk will exist and no tangential acceleration. The normal acceleration
is 𝑎𝜔2𝒊 in the negative 𝒊 direction. The above becomes

�𝑘𝑇 (𝜃 + 𝜃0) − 𝑚𝑔𝐿 sin𝜃� 𝒌 = 𝒊 �−𝑚𝐿2𝜔�̇� cos 2𝜃 − 𝜔𝑚𝐿2�̇�� + �𝑚𝐿2�̇�𝜔 sin (2𝜃)� 𝒋

+ �
1
2
𝑚𝐿2𝜔2 sin 2𝜃 − 𝑚𝐿2�̈�� 𝒌 + 𝑚 �𝐿 sin𝜃𝒊 + 𝐿 cos𝜃𝒋� × �−𝑎𝜔2𝒊�

= 𝒊 �−𝑚𝐿2𝜔�̇� cos 2𝜃 − 𝜔𝑚𝐿2�̇�� + �𝑚𝐿2�̇�𝜔 sin (2𝜃)� 𝒋

+ �
1
2
𝑚𝐿2𝜔2 sin 2𝜃 − 𝑚𝐿2�̈�� 𝒌 + 𝑚𝐿𝑎𝜔2 cos𝜃𝒌

Considering each component at a time, 3 scalar equations are generated one for 𝒊 and one
for 𝒋 and one for 𝒌

0 = −𝑚𝐿2𝜔�̇� cos 2𝜃 − 𝜔𝑚𝐿2�̇�
0 = 𝑚𝐿2�̇�𝜔 sin (2𝜃)

𝑘𝑇 (𝜃 + 𝜃0) − 𝑚𝑔𝐿 sin𝜃 =
1
2
𝑚𝐿2𝜔2 sin 2𝜃 − 𝑚𝐿2�̈� + 𝑚𝐿𝑎𝜔2 cos𝜃

The third equation (for 𝒌) is the only one that contains the angular acceleration of the
mass 𝑚 around 𝐴, hence that is the one used. Therefore the equation of motion is

𝑚𝐿2�̈� − 𝑚𝐿𝑎𝜔2 cos𝜃 − 𝑚𝑔𝐿 sin𝜃 −
1
2
𝑚𝐿2𝜔2 sin 2𝜃 = −𝑘𝑇 (𝜃 + 𝜃0)

�̈� −
𝑎𝜔2

𝐿
cos𝜃 −

𝑔
𝐿

sin𝜃 −
1
2
𝜔2 sin 2𝜃 = −

𝑘𝑇 (𝜃 + 𝜃0)
𝑚𝐿2

4.10.2.1 Part a

To determine 𝜃0, we are told that the spring is vertical when �̇� = �̈� = 0 for constant 𝜔.
Hence from the equation of motion, letting 𝜃 = 0 (since vertical position), results in

−
𝑎𝜔2

𝐿
= −

𝑘𝑇 (𝜃0)
𝑚𝐿2

𝜃0 =
𝑎𝑚𝐿𝜔2

𝑘𝑇
𝑟𝑎𝑑𝑖𝑎𝑛

Checking units to see the RHS has no units, since the LHS is radian (no units). Units of
𝑘𝑇 is newton-meters per radian. Therefore

𝑎𝑚𝐿𝜔2

𝑘𝑇
=

𝐿𝑀𝐿 1
𝑇2

𝑀𝐿
𝑇2 𝐿

= 1

Hence units are verified. The equation of motion is

�̈� −
𝑎𝜔2

𝐿
cos𝜃 −

𝑔
𝐿

sin𝜃 −
1
2
𝜔2 sin 2𝜃 = −

𝑘𝑇 (𝜃 + 𝜃0)
𝑚𝐿2

4.10.2.2 Part b

For small angle, cos𝜃 = 1 and sin 2𝜃 = 2𝜃, therefore, the equation of motion becomes

�̈� −
𝑎𝜔2

𝐿
−
𝑔
𝐿
2𝜃 −

1
2
𝜔2 (2𝜃) = −

𝑘𝑇𝜃
𝑚𝐿2

−
𝑘𝑇𝜃0
𝑚𝐿2

�̈� −
𝑎𝜔2

𝐿
−
𝑔
𝐿
2𝜃 − 𝜃𝜔2 +

𝑘𝑇𝜃
𝑚𝐿2

= −
𝑘𝑇𝜃0
𝑚𝐿2

�̈� −
𝑎𝜔2

𝐿
+ 𝜃 �

𝑘𝑇
𝑚𝐿2

− 𝜔2 −
2𝑔
𝐿 � = −

𝑘𝑇 (𝜃 + 𝜃0)
𝑚𝐿2
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Therefore, the natural frequency is

𝜔𝑛 = �
𝑘𝑇
𝑚𝐿2

− 𝜔2 −
2𝑔
𝐿

𝑟𝑎𝑑/ sec

Checking units:

𝑘𝑇
𝑚𝐿2

− 𝜔2 −
2𝑔
𝐿

=
𝑀𝐿
𝑇2 𝐿
𝑀𝐿2

−
1
𝑇2 −

𝐿
𝑇2𝐿

=
1
𝑇2 −

1
𝑇2 −

1
𝑇2

=
1
𝑇2

Hence �
1
𝑇2 =

1
𝑇 , or per second. Hence the units match to radians per second, which is the

units of the natural frequency.

4.10.3 key solution
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4.11 HW 10

4.11.1 Problem 1

Figure 4.15: Problem description

We need to write everything in using body principal axes 𝒆1, 𝒆2, 𝒆3. Here is the model to
use

y

z

x

p

m,L

y

z

X,1

p

3

2

Body axes as principal 
axes




pp

p cos

p sin

s
s

Figure 4.16: Model used

Let 𝜔 be the absolute angular velocity of the body but written using its principal unit
vectors. The body in this case is the propeller which is shown above as a small bar. The
𝒆1, 𝒆2, 𝒆3 are the body fixed principal axes of the propeller. Therefore

𝜔 = 𝜔𝑠𝒆1 + 𝜔𝑝 sin𝜃𝒆2 + 𝜔𝑝 cos𝜃𝒆3
But �̇� = 𝜔𝑠. This is the absolute angular velocity of the propeller itself. Hence

𝜔 = �̇�𝒆1 + 𝜔𝑝 sin𝜃𝒆2 + 𝜔𝑝 cos𝜃𝒆3
We want to write everything using body principal axes to avoid taking derivatives for
moments of inertial. When using 𝒆1, 𝒆2, 𝒆3 then the moments of inertia of the propeller are
constant relative to its own principal axes and also all the cross products of moments of
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inertia are zero, and only 𝐼1, 𝐼2, 𝐼3 need to be used, which simplifies the equations.

�̇� =
0
⏞̈𝜃𝒆1 + 𝜔𝑝�̇� cos𝜃𝒆2 − �̇�𝜔𝑝 sin𝜃𝒆3

= 𝜔𝑝�̇� cos𝜃𝒆2 − �̇�𝜔𝑝 sin𝜃𝒆3
Modeling propeller as uniform slender bar

𝐼1 =
𝑚𝐿2

12

𝐼2 =
𝑚𝐿2

12
𝐼3 ∼ 0

The reference point used is the origin which is fixed on the body. Hence

𝑀𝝆𝑐 × �̈�𝑝 = 0

𝒉𝑝 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝐼1 0 0
0 𝐼2 0
0 0 𝐼3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜔1

𝜔2

𝜔3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

And

�̇�𝑝 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

ℎ̇1
ℎ̇2
ℎ̇3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝐼1 �̇�1 +𝜔2𝜔3 (𝐼3 − 𝐼2)
𝐼2 �̇�2 +𝜔1𝜔3 (𝐼1 − 𝐼3)
𝐼3 �̇�3 +𝜔1𝜔2 (𝐼2 − 𝐼1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜔2
𝑝 sin𝜃 cos𝜃 �−𝑚𝐿2

12
�

𝑚𝐿2

12 𝜔𝑝�̇� cos𝜃 + �̇�𝜔𝑝 cos𝜃 �𝑚𝐿
2

12
�

�̇�𝜔𝑝 sin𝜃 �𝑚𝐿
2

12 − 𝑚𝐿2

12
�

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−𝑚𝐿2

12 𝜔2
𝑝 sin𝜃 cos𝜃

𝑚𝐿2

6 𝜔𝑝�̇� cos𝜃
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Hence

𝑀𝑜 = �̇�𝑝 +
0 (fixed point)

���������𝑚𝝆𝑐 × �̈�𝑜
= �̇�𝑝

When in vertical position, the angle 𝜃 is zero, hence the dynamic moment is

𝑀𝑜 =
𝑚𝐿2

6
𝜔𝑝�̇�𝒆2

Converting back to 𝑥𝑦𝑧 coordinates

𝑀𝑜 =
𝑚𝐿2

4
𝜔𝑝𝜔𝑠𝒋

Hence this is the torque value when 𝜃 = 0

𝜏 =
𝑚𝐿2

6
𝜔𝑝𝜔𝑠𝒋

Check units: �𝑀𝐿2� 1
𝑇
1
𝑇 = �𝑀𝐿

𝑇2
� 𝐿 =Force×Length. Units agree. (I had expected the torque to

be in the 𝒌 axes direction first. I went over this few times and do not see if I did something
wrong).

4.11.2 Problem 2

Let 𝜔 be the absolute angular velocity of the body but written using its principal unit
vectors. The body in this case is the block. The 𝒆1, 𝒆2, 𝒆3 are the body fixed principal axes
of block. Therefore

𝜔 = 𝜔𝑜 cos𝜙𝒆1 − 𝜔𝑜 sin𝜙𝒆2 + �̇�𝒆3
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Figure 4.17: Problem description

We want to write everything using body principal axes to avoid taking derivatives for
moments of inertial. When using 𝒆1, 𝒆2, 𝒆3 then the moments of inertia of the propeller are
constant relative to its own principal axes and also all the cross products of moments of
inertia are zero, and only 𝐼1, 𝐼2, 𝐼3 need to be used, which simplifies the equations.

�̇�= −𝜔𝑜�̇� sin𝜙𝒆1 − 𝜔𝑜�̇� cos𝜙𝒆2
Using

𝐼1 =
𝑚�𝑎2 + 𝑏2�

12

𝐼2 =
𝑚�𝑏2 + 𝑐2�

12

𝐼3 =
𝑚�𝑎2 + 𝑐2�

12
The reference point used is the origin which is fixed on the body. Hence

𝑀𝝆𝑐 × �̈�𝑝 = 0

𝒉𝑝 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝐼1 0 0
0 𝐼2 0
0 0 𝐼3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜔1

𝜔2

𝜔3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

And

�̇�= −𝜔𝑜�̇� sin𝜙𝒆1 − 𝜔𝑜�̇� cos𝜙𝒆2

𝜔 = 𝜔𝑜 cos𝜙𝒆1 − 𝜔𝑜 sin𝜙𝒆2 + �̇�𝒆3
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�̇�𝑝 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

ℎ̇1
ℎ̇2
ℎ̇3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝐼1 �̇�1 +𝜔2𝜔3 (𝐼3 − 𝐼2)
𝐼2 �̇�2 +𝜔1𝜔3 (𝐼1 − 𝐼3)
𝐼3 �̇�3 +𝜔1𝜔2 (𝐼2 − 𝐼1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

−𝐼1𝜔𝑜�̇� sin𝜙 − �̇�𝜔𝑜 sin𝜙 (𝐼3 − 𝐼2)
−𝐼2𝜔𝑜�̇� cos𝜙 + 𝜔𝑜�̇� cos𝜙 (𝐼1 − 𝐼3)

−𝜔2
𝑜 cos𝜙 sin𝜙 (𝐼2 − 𝐼1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

�̇�𝜔𝑜 sin𝜙 (𝐼2 − 𝐼3 − 𝐼1)
𝜔𝑜�̇� cos𝜙 (𝐼1 − 𝐼3 − 𝐼2)
𝜔2
𝑜 cos𝜙 sin𝜙 (𝐼2 − 𝐼1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑝𝜔𝑜 sin𝜙 (𝐼3 − 𝐼2 − 𝐼1)
𝜔𝑜𝑝 cos𝜙 (𝐼1 − 𝐼3 − 𝐼2)
𝜔2
𝑜 cos𝜙 sin𝜙 (𝐼2 − 𝐼1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

Hence

𝑴𝑜 = �̇�𝑝 +
0 (fixed point)

���������𝑚𝝆𝑐 × �̈�𝑜
= �̇�𝑝

Convert back to 𝑥𝑦𝑧 coordinates using

𝒆3 = 𝒌
𝒆2 = 𝒋 cos𝜙 − 𝒊 sin𝜙
𝒆1 = 𝒊 cos𝜙 + 𝒋 sin𝜙

Hence

𝑴𝑜 = �𝑝𝜔𝑜 sin𝜙 (𝐼2 − 𝐼3 − 𝐼1)� �𝒊 cos𝜙 + 𝒋 sin𝜙�

+ �𝜔𝑜𝑝 cos𝜙 (𝐼1 − 𝐼3 − 𝐼2)� �𝒋 cos𝜙 − 𝒊 sin𝜙�

+ 𝜔2
𝑜 cos𝜙 sin𝜙 (𝐼2 − 𝐼1) 𝒌

Or

𝑴𝑜 = 𝒊 �𝑝𝜔𝑜 sin𝜙 cos𝜙 (𝐼2 − 𝐼3 − 𝐼1) − 𝜔𝑜𝑝 cos𝜙 sin𝜙 (𝐼1 − 𝐼3 − 𝐼2)�

+ 𝒋 �−𝑝𝜔𝑜 sin𝜙 (𝐼3 − 𝐼2 − 𝐼1) + 𝜔𝑜𝑝 cos𝜙 (𝐼1 − 𝐼3 − 𝐼2)�

+ 𝜔2
𝑜 cos𝜙 sin𝜙 (𝐼2 − 𝐼1) 𝒌

Or

𝑴𝑜 = 2 (𝐼2 − 𝐼1) 𝑝𝜔𝑜 sin𝜙 cos𝜙𝒊
+ 𝑝𝜔𝑜 �− sin𝜙 (𝐼3 − 𝐼2 − 𝐼1) + cos𝜙 (𝐼1 − 𝐼3 − 𝐼2)� 𝒋
+ 𝜔2

𝑜 cos𝜙 sin𝜙 (𝐼2 − 𝐼1) 𝒌

So the torque 𝑀𝑡 is the 𝒊 component above, Hence

𝑀𝑡 = 2 (𝐼2 − 𝐼1) 𝑝𝜔𝑜 sin𝜙 cos𝜙𝒊

= 2
⎛
⎜⎜⎜⎜⎝
𝑚 �𝑏2 + 𝑐2�

12
−
𝑚 �𝑎2 + 𝑏2�

12

⎞
⎟⎟⎟⎟⎠ 𝑝𝜔𝑜 sin𝜙 cos𝜙𝒊

=
1
6
𝑚 �𝑐2 − 𝑎2� 𝑝𝜔𝑜 sin𝜙 cos𝜙𝒊
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4.11.3 key solution
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f/w/( 70

11. As shown below, the homogeneous rectangular block of mass m is centrally mounted
on the shaft A - A about which it rotates with a constant speed ~ = p. Meanwhile
the yoke is forced to rotate about the x-axis with a constant speed WOoFind the
magnitude of the torque M as a function of <1>.The center 0 of the block is the
origin of the x - y - z coordinates. Principal axes 1-2-3are attached to the block
as shown, and with respect to these axes:

In = m(a2 + b2)/12
122 = m(b2+ c2)/12
133 = m(a2 + c2)/12

2

1
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4.12 HW 11

4.12.1 Problem 1

Figure 4.18: Problem description

4.12.1.1 Part (a)

Let 𝐴 be the reference point (the point the moments will be taken about ). By using a
body axes which is also a principal body axes at point 𝐴 we can use Euler equations for
the body fixed coordinates.

The absolute angular velocity of the reference frame is 𝝎𝑐𝑠 = 𝜔𝒌 and the body absolute
angular velocity is 𝜴 = 𝜔𝒌 − �̇�𝒊. This is now written in body fixed coordinates 𝑒1, 𝑒2, 𝑒3,
hence

𝜴 = 𝜔 (cos𝜃𝒆3 − sin𝜃𝒆2) − �̇�𝒆1
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A
o

e 1

e 2

e 3


Ω1 = −�̇�𝒆1
Ω2 = − sin𝜃𝒆2
Ω3 = cos𝜃𝒆3

And

Ω̇1 = −�̈�𝒆1
Ω̇2 = −�̇� cos𝜃𝒆1
Ω̇3 = −�̇� sin𝜃𝒆3

And

𝐼1 =
𝑚𝑙2

3

𝐼2 =
𝑚𝑙2

3
𝐼3 ∼ 0

Hence

𝒉𝐴 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝐼1 0 0
0 𝐼2 0
0 0 𝐼3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ω1

Ω2

Ω3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

The rate of change of the relative angular momentum of the beam using Euler equations is

�̇�𝐴 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

ℎ̇1
ℎ̇2
ℎ̇3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝐼1Ω̇1 +Ω2Ω3 (𝐼3 − 𝐼2)
𝐼2Ω̇2 +Ω1Ω3 (𝐼1 − 𝐼3)
𝐼3Ω̇3 +Ω1Ω2 (𝐼2 − 𝐼1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

Therefore, the moment needed to move the beam with the angular velocity specified is
given by

𝑴𝐴 = �̇�𝐴 + 𝑚𝝆𝑐 × �̈�𝐴

Where 𝝆𝑐 is a vector from 𝐴 to mass center of bar given by 𝑙
2𝒆3and �̈�𝐴 is the absolute angular

acceleration of point 𝐴. Since the 𝑥𝑦𝑧 rotates with constant angular velocity 𝜔, then point
𝐴 will not be accelerating in the tangential direction, but will have an acceleration inwards
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towards 𝑂 which is �̈�𝐴 = −𝑎𝜔2𝒋 = −𝑎𝜔2 (sin𝜃𝒆3 + cos𝜃𝒆2), hence

𝑚𝝆𝑐 × �̈�𝑝 = −𝑚
𝑙
2
𝒆3 × 𝑎𝜔2 (sin𝜃𝒆3 + cos𝜃𝒆2)

= −𝑚𝑎𝜔2 𝑙
2
(𝒆3 × (sin𝜃𝒆3 + cos𝜃𝒆2))

= −𝑚𝑎𝜔2 𝑙
2
(− cos𝜃𝒆1)

=
𝑙
2
𝑚𝑎𝜔2 cos𝜃𝒆1

Therefore,

𝑀1 = 𝐼1Ω̇1 +Ω2Ω3 (𝐼3 − 𝐼2) +
𝑙
2
𝑚𝑎𝜔2 cos𝜃

𝑀2 = 𝐼2Ω̇2 +Ω1Ω3 (𝐼1 − 𝐼3)
𝑀3 = 𝐼3Ω̇3 +Ω1Ω2 (𝐼2 − 𝐼1)

Convert back to 𝑥𝑦𝑧 using

𝑀𝑥 = 𝑀1

𝑀𝑦 = 𝑀2 cos𝜃 +𝑀3 sin𝜃
𝑀𝑧 = 𝑀3 cos𝜃 −𝑀2 sin𝜃

The above gives the dynamic moment, due to rotation of bar, about 𝐴 expressed in 𝑥𝑦𝑧
coordinates. They will be written in full and simplified in order to obtain the solution.
Using

Ω1 = −�̇�𝒆1
Ω2 = − sin𝜃𝒆2
Ω3 = cos𝜃𝒆3

And

Ω̇1 = −�̈�𝒆1
Ω̇2 = −�̇� cos𝜃𝒆1
Ω̇3 = −�̇� sin𝜃𝒆3

Then, converting back to 𝑥𝑦𝑧 coordinates

𝑀𝑥 = 𝐼1Ω̇1 +Ω2Ω3 (𝐼3 − 𝐼2) +
𝑙
2
𝑚𝑎𝜔2 cos𝜃

= −
𝑚𝑙2

3
�̈� − sin𝜃 cos𝜃 �0 −

𝑚𝑙2

3 � +
𝑙
2
𝑚𝑎𝜔2 cos𝜃

= −
𝑚𝑙2

3
�̈� +

𝑚𝑙2

3
sin𝜃 cos𝜃 +

𝑙
2
𝑚𝑎𝜔2 cos𝜃

And

𝑀𝑦 = 𝑀2 cos𝜃 +𝑀3 sin𝜃

= �𝐼2Ω̇2 +Ω1Ω3 (𝐼1 − 𝐼3)� cos𝜃 +

𝑣𝑎𝑛𝑖𝑠ℎ

����������������������������������������𝐼3Ω̇3 +Ω1Ω2 (𝐼2 − 𝐼1)� sin𝜃

= �−
𝑚𝑙2

3
�̇� cos𝜃 − �̇� cos𝜃 �

𝑚𝑙2

3 �� cos𝜃

= −
𝑚𝑙2

3
�̇� cos2 𝜃 − �̇� cos2 𝜃 �

𝑚𝑙2

3 �

= −
2
3
𝑚𝑙2�̇� cos2 𝜃
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And

𝑀𝑧 = 𝑀3 cos𝜃 −𝑀2 sin𝜃

=

𝑣𝑎𝑛𝑖𝑠ℎ

������������������������������������������𝐼3Ω̇3 +Ω1Ω2 (𝐼2 − 𝐼1)� cos𝜃− �−
𝑚𝑙2

3
�̇� cos𝜃 − �̇� cos𝜃𝑚𝑙

2

3 � sin𝜃

=
𝑚𝑙2

3
�̇� cos𝜃 sin𝜃 + �̇� cos𝜃 sin𝜃

𝑚𝑙2

3

=
2
3
𝑚𝑙2�̇� cos𝜃 sin𝜃

Since the problem asks to find the rotational equation of motion around 𝐴 as shown, then
only 𝑀𝑥 will be used. A free body diagram is used to find the external torque around 𝐴

Ao y

x

z

mg

kwhere   l sin



Ao y

x

z

MxFweld
Mweld  0 (hinge)

Hence

−𝑚𝑔
𝑙
2

sin𝜃 + 𝑘𝑙2 sin𝜃 = 𝑀𝑥

−𝑚𝑔
𝑙
2

sin𝜃 + 𝑘𝑙2 sin𝜃 = −
𝑚𝑙2

3
�̈� +

𝑚𝑙2

3
sin𝜃 cos𝜃 +

𝑙
2
𝑚𝑎𝜔2 cos𝜃

For small angle sin𝜃 → 𝜃 and cos𝜃 → 1, hence

−𝑚𝑔
𝑙
2
𝜃 + 𝑘𝑙2𝜃 = −

𝑚𝑙2

3
�̈� +

𝑚𝑙2

3
𝜃 +

𝑙
2
𝑚𝑎𝜔2

𝑚𝑙2

3
�̈� −

𝑚𝑙2

3
𝜃 − 𝑚𝑔

𝑙
2
𝜃 + 𝑘𝑙2𝜃 =

𝑙
2
𝑚𝑎𝜔2

𝑚𝑙2

3
�̈� + �𝑘𝑙2 −

𝑚𝑙2

3
− 𝑚𝑔

𝑙
2�

𝜃 =
𝑙
2
𝑚𝑎𝜔2

�̈� + �
3𝑘
𝑚

− 1 −
3
2
𝑔
𝑙 �

𝜃 =
𝑙
2
𝑚𝑎𝜔2

This is the equation of motion for rotation for small angles.

4.12.1.2 Part(b)

We need to find 𝑭𝑤𝑒𝑙𝑑, which represent reaction at the hinge 𝐴. Balance of external forces
at 𝐴 gives

𝑭𝑤𝑒𝑙𝑑 − 𝑚𝑔𝒌 − 𝑘𝑙 sin𝜃𝒋 = 𝑚𝒂𝑐𝑔
Where 𝒂𝑐𝑔 is the acceleration of center of mass of bar. Using
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Ao y

x

z

mg

kwhere   l sin



Ao y

x

z

MxFweld
Mweld  0 (hinge)

𝜌 = �𝑎 +
𝑙
2

sin𝜃� 𝒋 +
𝑙
2

cos𝜃𝒌

�̇�
𝑟
= �

𝑙
2
�̇� cos𝜃� 𝒋 −

𝑙
2
�̇� sin𝜃𝒌

�̈�
𝑟
=

𝑙
2
��̈� cos𝜃 − �̇�2 sin𝜃� 𝒋 −

𝑙
2
��̈� sin𝜃 + �̇�2 cos𝜃� 𝒌

𝜔 = 𝜔𝒌
�̇� = �̇�𝒌

𝜔 × �̇�
𝑟
= 𝜔𝒌 × ��

𝑙
2
�̇� cos𝜃� 𝒋 −

𝑙
2
�̇� sin𝜃𝒌�

= −𝜔
𝑙
2
�̇� cos𝜃𝒊

�̇� ×𝜌 = �̇�𝒌 × ��𝑎 +
𝑙
2

sin𝜃� 𝒋 +
𝑙
2

cos𝜃𝒌�

= −�̇� �𝑎 +
𝑙
2

sin𝜃� 𝒊

𝜔 × 𝜌 = −𝜔 �𝑎 +
𝑙
2

sin𝜃� 𝒊

𝜔 × �𝜔 × 𝜌� = 𝜔𝒌 × − �𝜔 �𝑎 +
𝑙
2

sin𝜃� 𝒊�

= −𝜔2 �𝑎 +
𝑙
2

sin𝜃� 𝒋

�̈� = 0

Hence

𝒂𝑐𝑔 = �̈� + �̈�
𝑟
+ 2 �𝜔 × �̇�

𝑟
� + �̇� ×𝜌 + 𝜔 × �𝜔 × 𝜌�

=
𝑙
2
��̈� cos𝜃 − �̇�2 sin𝜃� 𝒋 −

𝑙
2
��̈� sin𝜃 + �̇�2 cos𝜃� 𝒌

+ 2 �−𝜔
𝑙
2
�̇� cos𝜃𝒊� − �̇� �𝑎 +

𝑙
2

sin𝜃� 𝒊 − 𝜔2 �𝑎 +
𝑙
2

sin𝜃� 𝒋

Hence

𝒂𝑐𝑔 = �̈� + �̈�
𝑟
+ 2 �𝜔 × �̇�

𝑟
� + �̇� ×𝜌 + 𝜔 × �𝜔 × 𝜌�

= 𝒊 �−𝜔𝑙�̇� cos𝜃 − �̇� �𝑎 +
𝑙
2

sin𝜃��

+ 𝒋 �
𝑙
2
��̈� cos𝜃 − �̇�2 sin𝜃� − 𝜔2 �𝑎 +

𝑙
2

sin𝜃��

−
𝑙
2
��̈� sin𝜃 + �̇�2 cos𝜃� 𝒌

Hence from

𝑭𝑤𝑒𝑙𝑑 − 𝑚𝑔𝒌 − 𝑘𝑙 sin𝜃𝒋 = 𝑚𝒂𝑐𝑔
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We can find 𝑭𝑤𝑒𝑙𝑑

𝐹𝑧 = 𝑚𝑔 − 𝑚
𝑙
2
��̈� sin𝜃 + �̇�2 cos𝜃�

𝐹𝑦 = 𝑘𝑙 sin𝜃 + 𝑚
𝑙
2
��̈� cos𝜃 − �̇�2 sin𝜃� − 𝑚𝜔2 �𝑎 +

𝑙
2

sin𝜃�

𝐹𝑥 = −𝑚𝜔𝑙�̇� cos𝜃 − 𝑚�̇� �𝑎 +
𝑙
2

sin𝜃�

For small angle

𝐹𝑧 = 𝑚𝑔 − 𝑚
𝑙
2
��̈�𝜃 + �̇�2�

𝐹𝑦 = 𝑘𝑙𝜃 + 𝑚
𝑙
2
��̈� − �̇�2𝜃� − 𝑚𝜔2 �𝑎 +

𝑙
2
𝜃�

𝐹𝑥 = −𝑚𝜔𝑙�̇� − 𝑚�̇� �𝑎 +
𝑙
2
𝜃�

Sometimes �̇�2 can be approximated to zero for small angle. If this is allowed, then the
above simplifies to

𝐹𝑧 = 𝑚𝑔 − 𝑚
𝑙
2
�̈�𝜃

𝐹𝑦 = 𝑘𝑙𝜃 + 𝑚
𝑙
2
�̈� − 𝑚𝜔2 �𝑎 +

𝑙
2
𝜃�

𝐹𝑥 = −𝑚𝜔𝑙�̇� − 𝑚�̇� �𝑎 +
𝑙
2
𝜃�

Since �̈� has been found above, all reactions at joint 𝐴 can now be found.

4.12.2 Problem 2
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4.12.2.1 Part (a)

Let 𝐶 be the reference point (the point the moments will be taken about ). It is also the
center of mass of the rod.

The absolute angular velocity of the reference frame is 𝝎𝑐𝑠 = 𝑁𝒌 and the body absolute
angular velocity is 𝜴 = 𝑁𝒌 + �̇�𝒊. This is now written in body fixed coordinates 𝑒1, 𝑒2, 𝑒3,
hence

𝜴 = 𝑁 (sin𝜃𝒆1 + cos𝜃𝒆2) + �̇�𝒆3
Therefore

Ω1 = 𝑁 sin𝜃
Ω2 = 𝑁 cos𝜃
Ω3 = �̇�

And

Ω̇1 = 𝑁�̇� cos𝜃
Ω̇2 = −𝑁�̇� sin𝜃
Ω̇3 = �̈� = 0

And

𝐼1 ∼ 0

𝐼2 =
𝑚𝑙2

12

𝐼3 =
𝑚𝑙2

12
Hence

𝒉𝑐 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝐼1 0 0
0 𝐼2 0
0 0 𝐼3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ω1

Ω2

Ω3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

The rate of change of the relative angular momentum of the beam using Euler equations is

�̇�𝑐 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

ℎ̇1
ℎ̇2
ℎ̇3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝐼1Ω̇1 +Ω2Ω3 (𝐼3 − 𝐼2)
𝐼2Ω̇2 +Ω1Ω3 (𝐼1 − 𝐼3)
𝐼3Ω̇3 +Ω1Ω2 (𝐼2 − 𝐼1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

Therefore, the moment needed to move the beam with the angular velocity specified is
given by

𝑴𝑐 = �̇�𝐴 + 𝑚𝝆𝑐 × �̈�𝑐
Since the reference point is at the mass center of the rotating body, then 𝝆𝑐 = 0 Therefore,

𝑀1 = 𝐼1Ω̇1 +Ω2Ω3 (𝐼3 − 𝐼2)
𝑀2 = 𝐼2Ω̇2 +Ω1Ω3 (𝐼1 − 𝐼3)
𝑀3 = 𝐼3Ω̇3 +Ω1Ω2 (𝐼2 − 𝐼1)

Convert back to 𝑥′𝑦′𝑧′ using

𝑀𝑥′ = 𝑀3

𝑀𝑦′ = 𝑀1 cos𝜃 −𝑀2 sin𝜃
𝑀𝑧′ = 𝑀1 sin𝜃 +𝑀2 cos𝜃
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Hence

𝑀𝑥′ = 𝐼3Ω̇3 +Ω1Ω2 (𝐼2 − 𝐼1)

= 𝑁2 sin𝜃 cos𝜃𝑚𝑙
2

12

𝑀𝑦′ = 𝑀1 cos𝜃 −𝑀2 sin𝜃

=

𝑣𝑎𝑛𝑖𝑠ℎ

��������������������������������𝐼1Ω̇1 +Ω2Ω3 (𝐼3 − 𝐼2)� cos𝜃 − �𝐼2Ω̇2 +Ω1Ω3 (𝐼1 − 𝐼3)� sin𝜃

= − �−
𝑚𝑙2

12
𝑁�̇� sin𝜃 + �̇�𝑁 sin𝜃 �0 −

𝑚𝑙2

12 �� sin𝜃

=
𝑚𝑙2

12
𝑁�̇� sin2 𝜃 + �̇�𝑁 sin2 𝜃

𝑚𝑙2

12

=
𝑚𝑙2

6
𝑁�̇� sin2 𝜃

𝑀𝑧′ = 𝑀1 sin𝜃 +𝑀2 cos𝜃
= �𝐼1Ω̇1 +Ω2Ω3 (𝐼3 − 𝐼2)� sin𝜃 + �𝐼2Ω̇2 +Ω1Ω3 (𝐼1 − 𝐼3)� cos𝜃

= �̇�𝑁 cos𝜃 sin𝜃 �
𝑚𝑙2

12 � + �−
𝑚𝑙2

12
𝑁�̇� sin𝜃 + �̇�𝑁 sin𝜃 �0 −

𝑚𝑙2

12 �� cos𝜃

= �̇�𝑁 cos𝜃 sin𝜃 �
𝑚𝑙2

12 � −
𝑚𝑙2

12
𝑁�̇� sin𝜃 cos𝜃 − �̇�𝑁 sin𝜃 cos𝜃𝑚𝑙

2

12

= −
𝑚𝑙2

12
𝑁�̇� sin𝜃 cos𝜃

The above is the components of the resultant moment at 𝐶 to sustain this motion.

4.12.2.2 Part(b)

The bar’s center of mass does not move in space. Hence there is no linear acceleration
associated with the bar translation. Therefore, we can set up the free body diagram now
and solve for the reactions as follows

FD

FB mg

M c



Dynamic loads balance with external forces

To find 𝑭𝐵, Taking moments at 𝐷

−2𝑞𝒊 × 𝑭𝐵 + �−𝑞𝒊� × �−𝑚𝑔𝒌� = 𝑴𝑐

−2𝑞𝒊 × �𝐹𝑥𝒊 + 𝐹𝑦𝒋 + 𝐹𝑧𝒌� − 𝑚𝑔𝑞𝒋 = 𝑴𝑐

𝒌 �−2𝑞𝐹𝑦� − 𝒋 �−2𝑞𝐹𝑧� − 𝑚𝑔𝑞𝒋 = 𝑴𝑐

−2𝑞𝐹𝑦𝒌 + 2𝑞𝐹𝑧𝒋 − 𝑚𝑔𝑞𝒋 = 𝑴𝑐

For vertical reactions only, hence need to find 𝐹𝑧

2𝑞𝐹𝑧 − 𝑚𝑔𝑞 =
𝑚𝑙2

6
𝑁�̇� sin2 𝜃

2𝑞𝐹𝑧 =
𝑚𝑙2

6
𝑁�̇� sin2 𝜃 + 𝑚𝑔𝑞

𝐹𝑧 =
𝑚𝑙2

12𝑞
𝑁�̇� sin2 𝜃 +

𝑚𝑔
2

The force in the bearing 𝐹𝑧 is positive at 𝐵. hence upwards.
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To find 𝐹𝑧 at 𝐷. taking moments at 𝐵

2𝑞𝒊 × 𝑭𝐷 + �𝑞𝒊� × �−𝑚𝑔𝒌� = 𝑴𝑐

2𝑞𝒊 × �𝐹𝑥𝒊 + 𝐹𝑦𝒋 + 𝐹𝑧𝒌� + 𝑚𝑔𝑞𝒋 = 𝑴𝑐

𝒌 �2𝑞𝐹𝑦� − 𝒋 �2𝑞𝐹𝑧� + 𝑚𝑔𝑞𝒋 = 𝑴𝑐

2𝑞𝐹𝑦𝒌 − 2𝑞𝐹𝑧𝒋 + 𝑚𝑔𝑞𝒋 = 𝑴𝑐

For vertical reactions only, hence need to find 𝐹𝑧

−2𝑞𝐹𝑧 + 𝑚𝑔𝑞 =
𝑚𝑙2

6
𝑁�̇� sin2 𝜃

−2𝑞𝐹𝑧 =
𝑚𝑙2

6
𝑁�̇� sin2 𝜃 − 𝑚𝑔𝑞

𝐹𝑧 = −
𝑚𝑙2

12𝑞
𝑁�̇� sin2 𝜃 +

𝑚𝑔
2

The force in the bearing 𝐹𝑧 when 𝑡 = 0 is positive. but it can become negative. It depends

if 𝑚𝑙2

12𝑞𝑁�̇� sin2 𝜃 is bigger or smaller than 𝑚𝑔
2

4.12.3 key solution

-
/3 EM 542

'Turntable A rotates\at constant angular velocity N about the vertical z
axis and the x, y, z axes are attached.to the turntable. The slender rod of
mass m and length 1. i"s forced to rotate at constant angular velocity n
about axis 3 relative to .the platform. [a] Determine the resultant mQment
Me that must be appHed to the system at point C in order to sustain this
motion. Giveyour answer in terms of components along axes Xl, yl, Zl

(i.e., Me = MXli+ M 11 + Mz.r). [b] Determinethe vertical componentsofy .
the bearing reactions acttng on the shaft at B an~' D and clearly showthe.
direction of your answers on the sketch below.

/
L , /

~/,.
~

TrL\~ view
of \"0<1

('Mot,'~" 4 f
~\cd' Tot~ )

230



4.12. HW 11 CHAPTER 4. HWS

---.---- -.- - - - - -'-

I
I

,/

- .- --....-..----.-- .- . --

\ -"-.-

.- --~.-- --...--

1

_...

..--..... .---..---.--.....-.. - ; ..-

@
. " '\.!:1 ~ M ~ ~ .,..1A en rr '-=:.:.:.. to , s:7 !-::I1--_ ....I . .

@
, -'

.
; -,..,.~

.~;._I.~)--6-&~:4( : 0__ @'.

_ __.B~.~_~-b~ ..f.. M.~..~._' ...

.. - ._u_....

F(JO
..

...~..__..
.- . -- --.... .. - --- -.- ..-...---...-

..----

231



4.12. HW 11 CHAPTER 4. HWS

232



4.12. HW 11 CHAPTER 4. HWS

233



4.12. HW 11 CHAPTER 4. HWS

234


	Introduction
	Class grading
	Homework solution method
	Team evaluation form

	Project
	Initial proposal
	Report

	cheat sheets
	First exam
	Second exam
	Final exam

	Hws
	HW 1
	HW 2
	HW 3
	HW 3 different solution
	HW 4
	HW 5
	HW 6
	HW 7
	HW 8
	HW 9
	HW 10
	HW 11


