definitions
1) definition 5, page 165, text bock
let f be defined and bounded on [a,b] and let F = ltibj_ﬂ
be & partitien on [a,b], then defined m;(f) and M;(f) by
my (£)y= inf{ Fix)ix € |[xj_5.%;5] |
M (f)= sup{ £ix):x € [x§.q,%5] |
when only one function is involved, just say m and !&
than E?_J my ?hi = lowear sum = L{f, P)
I?-l My ﬂxi = ypper sum = {fF, P)
then if E:-J ffcij ?xi is any Aiemann sum determined by £ and P
then
= v =
Lif,F) E'.:-.! f[ci.! .'Ei Urf, Fl
Z)
definition &, page 167 book
if f is bounded on [a,b], define
lower integral of £ on [:,h]-ff! = sup(L{f,p):F partition on [a,b]]
upper integral of £ on [n;b]!fff = inf({0(f,p):F partition an }l;hil
o ; fif - IBF L{L:P) i
Fof = inf Ui, 7) .
4) theozm 26.1, page 181, text book .
if Ff im continoous on interval [a,b] = £ is REI on [a,b] =
5) theczm 26.2; page 132, text
if f ia monotone on [a,b] = f is RI on (a,b]
6) theoesm 26.%, page 187, text

if £ i3 IR cver [a;b) and g'is continuous on [cyd] 3o that
£(I) € % [c,d] = g o f is RI an I.




Lemma 27.1, page 188, text

i. £ ias RI on [a,b]

2. F ia continuous on [a,b]

3, F' = Ff on (a,b)

= every patition P of [a,b] haz FEiemann sum = F(b}=F(a)
7} theorm 27.2, page 1ED, ftext

THE FUNDEMENTAL THEOREM OF CALCULIDS

1. £ir)} ia RI on [=,b)

L3
2, F is coacinucua on [a,b] with F= § on {(a,b}

- If.fh:.r dx = Fib) = Fia)

Bltheorm 27.3, page 185, cext
{the integral is a continuoua functian)
1, f{t) is BRI on interval I containing a

- Filx)= J“:fﬂ:j de is continususe on I

e S . I - —————— - ——

9) theorm 27.4, page 150, text
1, £{t) is RI on I
2. & € I
3, £fit) concinouss at xu

s Fix) = J':f fe) de 4Lia differentiable at x_ and F h:n.l'-f I'-'In.i'

10) MEAN VALUE THEORMS
erers fhenrm 20.3, page 133, text
mean valus theozm
1. £ is continuous on [a,b]
2. £ is differentiable on (a,b)
+ thage i3 at least ocne value ¢ € (a,b) a.t.

] Elbl=£ial
I ey =

b-a
this has geometric meaning, is that if you draw the line
ab, then thece &8 & point & betwsen a,b such that a tangent
ts £ at that point will be parallel to line ab.

swewrr thasrm 22,1, page 150, cext
cauchy meaan valus thessm
1, f,g are continucus on [a,b)] and differentiable on (a:b)

r
2. amsume that g (x] = 0 for ad<x<h
% there axist some - € {a,b) 2.t.

#

r el b} =f (a)

g' (el Fibl-gia)



swerr thesrm 25.7 , page 179, text BEoak
MEAN VALUE THEDQRM FOR INTEGRALS
if Ff is pontinueus an [a,b], then there is some ¢ € [8,D0)

80 that J‘frm dx = £{c) (b=a)

e e e S O O I = = - e

Balzanc-Welerstrass theosrm Ior asguences
theorm 7.1, page 58, text
1. A i3 a bounded seguence
= A has at least on convergent subseguance
felle's Theorm
Theorm 20.2, page 132, text

£ ia continucus on [a.b)

2, F ia differanctiable on {a,b)

i, fila)j= fib}= 0

[y
=

% thers axist some walue ¢ € (a,bB) #.t. £ (g} = 0

e s e e R e - - s

pointwise convergence of sequence of functiona

defintion 1, page 201, text

sequence of functicns (£, ix)} coaverges pointwise to a limit
funcedon Fix) on the set 5, if for EACH - xo € 5, the sequance

cf constants |fp(xe)| converges to [fixe])

this means that for each x0 € 5 and for each C>0, there ia scome
Hixo,c) sc that |fpixo)=fixe)l< ¢ £for all n>Hixe,C)

pefintion 2, page 201, text unifcorm convergence
sequence of functions (£, (x)) converges uniformly to the limir

function £ix) on ser 8 if for every >0, there ia aome N(C)
as that Ifhtuﬁ—stxﬁli £ for all a>N(c) and for all x€5

prof.'s definitian:!
fo=>f uniformly on 8 if éuﬁ | £y fxa=£(x)| =>0 as n=>m

In words, pointwise convergenss:
find the limit function £, i.e. given f,(x), see what happens

when n->o, then after you determined £, see if for each x,
the limit a=>m of £, (x) -> fix] , this should be true for sach

¥. the above then means, that for each x, we generate a seguence
sow if chat sequence go in the limit for the value of the limit
function £ at chat point.

for pointwise convergence, just find the limit, that will be the
peintwise convergence, if It exist.

for uniform convergence, we lg.in First Ffind the limit £ azx above.
then we genscate ONE sequence say M.



to build M, we do this, for esach n=1,2..=, find what is the largest
value of fpix), i.e. over the entire range of f,{x), there will

be a max. point, say I_maxp,(x_max), then find f max,(x_max}=f (x_max}
i.e¢ for each n, the function £,(x) will attain some max at soms X,
find the difference between £, at this max x, and between the limic f

at this max x.
do thix for each n.
fae if the sequence gensrated go ta ZERD,

ke test for uniform convergence:
two methods:
1} requiresa knowing the limit f£:
= find £
= find wheze fj(x) is max, i.e. find x where f,(x) is max
= find Mp= | £, ix_max)-f|
= see if M, =»0 as n->m
2) dems not require knowing the limie £ :
M-teat of Welerstrass.
- see if you can find M, = | £, (x) |
- if } M, converges, then [fn] converges uniformly
procf: if ¥ Mn, then for arbitrary €30,

IE-nfi fx) | = E“i 2 € (for all x)

1=5
NOTE: if M-test faila, that does not mean It is not
undform convergent, use methed 1 to make sure, which means
the need teo find the limic.

Lemma 29.1, page 202, te=xt
Let the sequence of functions (£ (x)] converge pointwize to

fix} on the ast 5. Choose x0 € 5 and a ssgquance {x,) s0 that
Xn€8 for all n.

if limp_op Zp= x0, and lim, ., fpix,) * fixol, then [(£,(x))
doss not converge uniformly on 5.

theorm 30.1 , page 208, text
(Uniform convergence and continuity)
1. each function f, is continuoous on set 5

2. meguence [ (x)) convergesa uniformly to f on §

= £ isa pontinouss on 3




corallazry 30.2, page 209, text
1. each function fp is continuous on aet 3 for every n

. seguence [fi(x)} converges pointwise to £ on 3

3, £ is not continuous
= [fpix)] doea not converge uniformly

= B e e o o e i

itniform Convergence and Integration
Theorm 30.3, page 211, text

1. sequence [fp(x)) converges uniformly te fi(x) on [a,b]
2. each fpix) is RI on [&,b]

@ F(x) in BRI on [a;b]

and [o£(x) ax = [Tlim  £,(x) dx = lig 12 £ tx) ax

Corollary 30.3, page 213, text
1. £fo(x) is RI on [a,b] for mach n € N

3. lim fgix) = Iix]
=g

1. lim £,(x) dx * Ib fix) dx
= ] -]
« (fnix)) does not converge unformly te f£(x) on [a,b]

a uniformaly convergent series of continucus functions can
be integrated term by tesm.

& convergent series can be differentiated term by temm, provided
that the functions of the series have continuces derivatives and
that the series of derivatives is itself is uniformaly convergent
alac,

1. ,fn—}f uniformly on S

=

% fa=> £ point wise
Stone-Welierstrass Thearm
fclass notes)

every continuous function can be approximated as closely as you
want by a polynomial

if £ is a continuous cn [a,b), then £ ia the uniform limit of &

segquence of polynomials,

pefintion (2.7} class notes
the sequence {f,) on § is uniformly cauchy if for e>0 thers exist
N such that if (m,n)>N = lub |f-f,] < E

e e S A I e e = -

POWER SERIES
a powsr saries is defined as

= O o

———————— W R R

- f [
E & {x=c) or when o= = E & x
M= (]

n=(



ABSOLUTE COMVERGENCE

& o
if series 7 x, converges, then converges too.
=1 n=1

this is another test for convergence of a series, used for sesies
with mixed signes. note that if this test fails, this does not mean

]
that ] x, diverges, but it means nc conclusion can be made.
n=1

SERIES OF CONSTANTS:
nesessary condition for convergence if } ay coaverges then
lim &) = i}
T =20
cther tests avaliable are: integral test, ratio teat, comparison

test, the alternating series test , root=-test , limit comparison Lest,

all (?) of these require that the terms af the secies by >0.

ratic-test: series must be of positive terms.

8ol e
letr p= lim if p>1 then )} a, diverges
n=>® &g P

if p<l it converges

if p=1 we cant decide
when using ratio-test to see where power series radius
of convergence is, use absolute values on ap dpy;

rock-test: series must be of positive terms

k
let p= lim Jlk , same resules from p as the ratio tesat
=

integral test: if a >0 for all n=l,Z,.., and iFf Ffix) is a continuocs

decreasing funvtion defined on [1,w) so that f({n)=aj
for sach a=1,2,.. then
m
Ta, converges == Iffn; dx  converges
|
comparison test: let Ta, and [b, be infinite series with
f<apSb, for all n=l,2,.. then
i) if Tb, converges then so does fan
ii}) 4if ja, diverges, then so does b,
limit comparison test: let Ta, and [b, be series with ap>0, bp>0

'-H
for all n=l,2,... then if p= lim — exits
n=x by

and p = 0, then either both series converge or
boatk diverge. this way we can uae this test to
check on one series if we know if the other series
convearges or diverges.



misc. thesry on convergence: let N be positive integer, the series
(18

]
T a, converges =+ | a, for all integer N>1
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