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1 Problem1 (9.7.3)

2xh L
T 0<x< >
(a) Expand f(x) = iy L in an exponential Fourier series. (b) What do
—X
-<x<L
L 2 =7

1 . . .
you think is the value of 3. ., — Where sum is over all positive odd integers?

Solution

1.1 Parta

The period is L. The function f(x) looks like the following (where L is choosing to be 2
and h =1, for illustration only)

f(x)
1.0
0.8f
0.6}
0.4f

0.2+

L 1 L L L L 1 L L L L 1 L L L L x
0.5 1.0 1.5 2.0

Figure 1: Plot of f(x)

L=2; h=1;

2xh 2h (L - x) L

fx_] := P1ecew1se[{{

esx<—}{ <Xs }}]

p = Plot[f[x], {x, O, L}, AxeslLabel -» {"x", f(x) }, BaseStyle - 14, PlotStyle - Red];

Figure 2: Code used to generate the plot

The period is L. The exponential Fourier series for periodic f(x) is given by the expansion

)= 22 fulm) (1)
m
Where
fm = mlf)
[ e pwa @
= —e L x)ax
o VL
And |m) are the basis functions given by
1 2mm
my=—€1° m=0,+1,+£2,-

VL

Putting these together gives

fx) ~ E fm s (3)



Now f,, is found

L
L
ry LTI L —_— LTI
:fz @Le_zszdx+f —Zh(L X)Le_lszdx
o L +L L L 4L

Form=20

oxh 1 x+fL2h(L—x)L ;
o LL L L L

:%f xdx+—f(L x)dx

:% fzxdx+‘ﬁL(L—x)dx)
0 2

B3] 3]

2h (1L7? 2 1?2 112
= [—— +([[2P-=— - =+ =—
VL \24 2 2724
VL
2
And for m # 0, the first integral in (4) is
P2h 1 w2 fé 2,
——ec X X
o L AL VL Yo
2mtm
.2ntm e—lTx

. —1—X
Integration by parts. Let u = x,dv =e¢ L ", thendu =1,v = T =

L

iL -2
—e L

(4)

(5)

¥ The



above now becomes

L . L L
2 2xh 1 'sz 2h | iL | _i%_mx]z 7 iL _j2m

o L L LVL | 2rmml

_ L
_ 2 (L [Lpml) QL7
LVL |\ 2mm |2 2nm J,
L
_ 2k | iL Le-iﬂml— iL [ iL e_l.znme]z
LVL | 2mm |2 2nim | 2mum )
_ L
_ [ ] 212 [e_iznme]z
LVL | 2rtm| 2 4m>m? 0

2h [ il? [2 [ _2wmL
=y mz[euz_1])

- L\/— 47'(m

2h 12 )
_( ) —— [6—12nm _1])

v
21 L( —1)" +7 L ((—1)’”—1))

- L\/— drm T02m?2
2h [ il? 12 12

- LVL \4 ( b " aini? "= 47’(2m2)

B i2hL2 1+ P 2W2
LVL 4rtm LVL 4r2m?2 LVL 472m?2

2hL 2hL 2hL

= ()" e (D)
VL 4rm VL 412m? VL 412m?

_ 12h\/_ Ly 2hVL 1y 2hVL
47’[711 4m 2m2 472m?

zh\/— h\/_ hL

m
= () 222 )_anmz

zhx/fnm(—l) h\/_ )" mL

272m?2 2m2m?  2m2m2
_inWLrm(-1)" + hyL(-1)" - hW/L
B 2712 1m?

Hence

imm(-1)" + (-1)" - 1)

27t2m?

Now the second integral in (4) is evaluated

L — LLTUM L LZTUM
f 2L~ %) X)Le_lszdx:—Zh f (L—x)e_lszdx
v ),

.21tm

—i=—x .
.21tm e L il

Integration by parts. Letu = L-x,dv=¢ ' L ,du=-1,v=0v=

_j2m
L . The

2mm
_j=rmm 2nm
L



integral becomes

_j2mm 2h 2 b L4l 2o
f(L x)el Tdx = — l(L—x)ele]L+fL zl—ele]
L\/— L L 2mtm
1 .2mtm ] L 2mm
_ 2h | iL O—Ee_lzTé N il e‘ZZTx
LVL | 2mm 2 2rm JL
. . . L
_ 2h | —il? [e—inm]+ iL iL e_iznme
LVL | 4mm 2rom | 27um L
2
2h | —il? 212 [z 1
) \/_ 4nm( " T T [e ' ]L
L 2
2h [—il? L? ,
= - —2nm _ ,—inm
L\/— 4nm( D" - 47 2m2 [e ‘ ])
2h (—il?
= — 1-(=D"
L\/_ 47'(m( " - 4 2 2[ D ])
—12hL
— (1" - -(-1)
\/_ L4nrm 4\/Z 2 2[ ]
—i2hL 2hL 2hL
e e
\/_ L4rm 4\/— 2m? 4L m2m?2
_ —i2hmmL Z2hmnL ()" Zh\/_
 4Amn?m? 4m2m2 4m2m2
_ —i2hmmL(-1)" - 2hL - 2L (-1)"
- 472m?
Therefore
o (L am —imm(<1)" = (-1)" -1
—f(L—x)e’L"dx:h\/Z( — ) 7)
L % 2mem
Therefore, using (5,6,7) gives
ik m =0

2

fm B mm( )" +(- m—l) (—inm(—l)m—(—l)m—l)
hL — + L m# 0

272 m?

The above can be simplified more to

fm: 1)"-1-(-1)
VL EECL 4

212m?2
Now, for m = £2, +4, --- even, the above becomes

VL

f Meyen = 2

0 m # 0, even

And for or m = #1,+3, --- odd, it becomes

Eh

2

—h\/f# m # 0, 0dd

m=0

f Modd =



Therefore only the odd terms survive. From (3)

.2mm

fx) ~ Efm%ﬁ”‘

odd
_VEh 2T,

= + e
2 VL G ™m* AL

h 2 .2mm
==} T
2 (% nzmze
h o he 4 2o
= - — — L
2 2 % 2m?
Or
0~ 21 Y g T
o1 Tem?
1.2 Partb

From Eq (8), by letting x = g, it becomes

-84

odd

v 4 inn N 4 ink
=51~ 2 2t T ) 22t

k=1,0dd

Replacing m = —n in the first sum above gives

L\ h L 4 . x4 .
f(x = —) ~ _(1 _( eimm _emk))
2) 2 m:g,odd m2(-m)’ k:lz,odd 2k
h

_ - k
-z(l‘( D)= LaD) WD

m=1,odd k=1,0dd

Combining the terms and calling the common index n gives

94 B

n=1,odd

h (0]
= E(l - ( E 7125:112 cos(nn)))

n=1,0dd

But cos(mtn) = -1 since n and odd. The above becomes

IR

n=1,0dd
L 2xh
but f (x = —) = [—] = h. Hence the above becomes
2 L | 1
x=3
h 8
h=Z1+), -5
2( % nzmz)
8
2=1+
% 2m2
8 1
1==),—
72 % m2
Therefore
1 72



2 Problem 2 (9.7.8)

(i) Obtain the series in terms of sines and cosine for f(x) = ¢™™ in the interval -1 < x < 1.
(ii) repeat for the case f(x) = cosh x. Show that

) sinhn1+2§’:(—1)"( inx)
flx - 2y 2 cosnx —nsinx

represents e* in the interval - < x < 7t (and its periodicized version outside). Show
how you can get the series for sinh x and cosh x from the above.

solution

2.1 Part1l

The period is L = 2 in this case. The exponential Fourier series for periodic f(x) is given
by the expansion

)= 23 fulm) (1)
Where

fm = (mlf)

Putting these together gives

f@~ Y fm%eiznme 3)

m=—co

Now f,, is found, using L = 2

'l —iTmx
fm = f_l Ee f(x)dx

1 o 1 o
= — e MYt dx + — f e~ MY e~ dx (44)
V2 f_l V2 Jo

The first integral in (4) gives

1 fo , 1 0 (Cimm1)
. e—lﬂmxede - f e —1Ttm de
V2 J V2 Ja

1 e(—inm+1)x 0
- E[—inm +1
B 1
V2 (mimtm + 1)
_ 1
V2 (—imtm + 1)

1 einm—l_l
- = (5)
\2 imm -1

-1
e(—inm+1)x ]O
-1

[1 _ e—(—inm+1)]



And the second integral in (4) gives

[ U iy
- oI g X o — f p(-imm=1)x 4,
\2 fo V2 Jo

1 |e(—inm—1)x ]1
0

\2 | —imm —1
1 ‘ 1
— (—imtm—1)x
\2 (=imtm - 1) [e ]0
1 ‘
- = |pl=imm=1) _
- V2 (inm +1)[e o 1]
1 1= e—inm—l
=—— (6)
V2 imm+1
Putting (5,6) together gives
1 einm—l -1 1 1= e—inm—l
fn=—F7== — (7)

2 2
1 1
=—(1-et)+—=(1-¢7)
2 2
1 1 1 1
=4 — - —
2 2e 2 2e
1 2)
=——|2-=
2 e
3 1 (2e-2
= ; -
3 2 [e-1
= 5\

And for m # 0, eq (7) becomes

1 eircm—l -1 1- e—z’nm—l
+
( irtm -1 irtm +1 )

fmzﬁ

1 (einme—l -1 1-— e—inme—l)

V2

Since m is integer, then the above becomes

- + —
itm—1 itm+1

£ 1 (cos(rcm)e‘1 -1 s 1- cos(nm)e‘l)

E imtm -1 imtm+1
1 (D)%t -1 .\ 1-(-1)"1!
- 2\ imm -1 itm+1

1 (D"t =1)Gmm +1) + (1= (-1)"e?)(imm - 1)
(trtm = 1)(immm + 1)

S

1 2(-1)"e1-2
w1

1 2-2(-1)"et

1+ 2m?

2 1-(-1)"e?

1+ m2m?2

S

S

S



Hence (3) becomes

2 [e-1)\1 1 & 2 1-(-1D)"et
f(x) o = el E ( ) iTTmx
\2 > \/_ e \/_ 1+ em?
m#0
e-1 & 1-(-D"! .
— + 1TUmMXx
e mZoo 1+ 2m2 ©
m#0
e-1 & 1-(-D"! x 1 - (=1)fe
= — + - N mnx mkx
e nzz_:oo 1+ 7?n? 211 1+ n%k?

Let m = —n in the first sum above. This gives

1 1_(1(m)_1

00 _(_ k -1
f="1y AR ST 3 1= e e

=1+ w2 (-m)? = 1+m%k2
-1 k 1
1- 1) € —iTtmx Z 1- (_1) € irtkx
~ 1+ nzmz = 1+ mt2k?2

Now the two sums can be combined using one index, say 7, since they sum over the
same interval
1-(-1)"%"!

—iTnx ITInX
1+ m?n? ( e )

1
fo =2y

n=o0o

But (e‘i””x + ei””x) = 2 cos tnx. The above becomes

S e
flx 2y a2z CosTnX
e—1 L e—(-1)"
=—+2 —————— COS Ttnx
e n=co 6(1 + n2n2>
2.2 Part2
Now f(x) = coshx. Therefore
.2nm
f) ~ 2 fm—e’Tx (3)

Where now f,, is found, using L = 2
-7
—Immx cosh(x)dx
fn=] N

But coshx = %(ex + e7¥). The above becomes

f fl 1 —lﬂmxl( + X)d
" e + e V)dx
V2

1 1 1
- f e—znmxexdx+f e—mmxe—xdx)
2\/— ( 1
1
6( zrcm+1)xdx+f e(—ircm—l)xdx) (4)
2\/— (f -1

The first integral is
1
f e(—inm+1)xdx = — 1 [e(—inm+1)x]1
1 —imtm +1 -1
1 . )
_ (=imm+1) _ ,—(—=imm+1)
= e e
1- inm( )
1

— (e—inme _ einme—l)
1-imm
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Since m is integer, then e~ = (=1)" and ™" = (-1)". The above becomes

1 )"
(—imm+1)x — e — e—l 5
«fil ¢ 1- mm( ) ( )
The second integral in (4) becomes
fl e(—inm—l)xdx = — 1 [e(—inm—l)x]l
1 —imtm -1 -1
-1 _ _
_ (=imtm=1) _ —(—znm—l))
= e e
1+ inm(
— - +_.1 (e—inme—l _ einme)
intm

Since m is integer, the above becomes

fl pimm=1)x 4, — ~(=D)" (e—l _ e) (6)
1

1+ imtm

Substituting (5,6) in (4) gives

for = L(l(_—l')’” (e )+ ﬂ(e-l _e))

242 inm 1+ imtm
1 =D L, D" 1
9 2(1—inm(€_e )+1+inm(e_e )
CEDe-e) 1 L1
- 24/2 1—imtm  1+imm

-D"(e=e) (@ + imm) + (1 - im)
24/2 (1 - imm)(1 + inm) )

C(D"e=e)( 2

- 242 Tm? + 1)

Hence form =0,

.2ntm
Therefore f(x) ~ X~ fm%esz becomes

(e—e‘l) 1 o (—1)m(e—e‘1)i

VI R 1) V2

m#0

(e - e‘l) 1 & (=D)" (e - e‘l)
+ u— —_—
2 2 (nzmz + 1)
m#0

ITTImX

cosh(x) ~

iTtmx
e

As was done in part(i), Ym=-co ¢ can be rewritten as 220—1 2 cos(nmx). The above
m#0 -

reduces to
(e - e‘l) o (—1)”(6 -~ e‘l)
cosh(x) ~ —— + ), 2——————= cos(nmnx)
2 o (nznz + 1)
(=) _ .
But — = sinh 1. Therefore the above becomes

cosh(x) ~ sinh(1)[1 + 2 i ﬁ cos(nmx)
n=1
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2.3 Part3

I think now the book is asking to find the Fourier series for e* over —m < x < 7 in this
last part. Therefore, as before, starting with

.2nm

- 1
(x) ~ — T 1
Where now, using L = 27 as the period, then

T 1 _j2mm,
fm:f e 2t etdx

r V21

;ij(wm

= e\ dx

vV 27 -7t

— ;[e(—im+1)x]n
27 (1 - im) -t

— 1 [e(—im+1)n _ e—(—im+l)n]

V27 (1 - im)

1 ) )
— [e—zmnen _ ezmne—n]

V27 (1 - im)

But ¢ = (-1)" and e7"" = (-1)" since m is integer. The above becomes

I (o
V2m (1 - im)
B (-1)"(2 sinh )
V2r(1 - im)
2 (D
" \2n (1 —im)
V2 (D"
:ﬁmsmhn

— e—T(]

S

sinh 7

For m = 0 the above gives

2
fo = £SiI'lhT(

=
.2tm

Therefore f(x) ~ 2:::_00 fm%elTx becomes, where L = 27t now,

.2mtm

@x ~ mgoofm%elTx
V2 1 o (V2 (D"
= —sinh n(—) + Z (ﬁ A= im)

Vr V2r

_ sinh7 . sinh 7t i": (-1)" i

1 .
sinh 7'() —mx

V2n

m=-00,#0

T T 25 0 (1 —1im)
_sinhm  sinhm & (-D™(1 + im) i
T T =040 1 —im)(A + im)
. [ m . m
_ sinh 7t 14 Z D" + z(—zl) meimx
T = o0 %0 1+m
. [ m . m
_ sinh 7t 1+ Z (-1 i i(-1) meimx
T e o1+ m? 1+m?
. o m (o] . m
_ sinh 7t 14+ 2 (-1) i 4 Z i(-1) meimx @)
T e o1+ m? e o 1+ m2
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The first sum above becomes

i ) 22( ) 5 cos(nx) (3)

T2
= oo 0 1+m

And the second sum in (2) becomes

o0 . m o0 m I/
E i(-1) Teimx _ Z (—1)(—1)2 m g”i’lx
=0 %0 1+m =0 0 1+m i

= B . B
Letting m = —k in the first sum above gives
L i (DD Em e & (D)D)

2 2 ; 2 i
L+m o 1+ (—=m) i A 1+

m=—00,#0

Merging the two sums back together since now on same interval, and using n for the
common index

5 I e § (e )
et 4o 1+ m? H1+n?\ i i
o, (D'n
=—)2 i 4
Y27 sine) 4)

Substituting (3,4) back in (2) gives

eX ~ smhrc(l 22 il cos(nx) — 22(_) (sm(nx)))

T 1+ n?
Sm:”(1 22 1) 5 (cos(n) - nsm(nx))) (5)

The question is now asking to show how to use (5) to obtain the series for sinh x and

cosh x. Since
eX—e™*

2
Then substituting (5) in the RHS of the above gives

sinhx =

sinh x ~ % Sm:” (1 + 22 1(;13:2 (cos(nx) — n sin(nx))) _sinh ”(1 + 2;:]1 1(; i (cos(n(~x)) — n sin(n(-
- % Si“;‘ I (1 + zg 1(11:2 (cos(ix) — n sin(nx))) T (1 +2 i (_ i ~(cos(nx) +n sin(nx))))
_ % sin: n, 2sin: n g 1(113:2 Comtme) s (sm: m sm: m ;‘3 (cosnn) +
_ % sin:; T ZSin: s g 1(;131”2 (cos(x) — n sin(nx)) - sinhm smh e g ~(cos(nx) + nsi
_ Si“;‘ n 2 1(;17):2 (cos(nx) — nsin(nx)) - 2 %(cos(nx) T sm(nx)))
_ Sm:” 2_‘1 1(1) (cos(nx) — nsin(nx) — cos(nx) — nsin(nx)))
_ Sm;‘ m i 1(; i ~(-nsin(nx) - n sin(nx)))
_ Si“:” ) 1(+) (=21 sm(nx)))
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Hence

n sin(nx) (6)

) nh 0 _1Tl+1
sinh x ~ 3t HZ( )

T 1+ n?

n=1
Similarly for
ef+e*
2
Then substituting (5) in the RHS of the above gives

coshx =

coshx ~ % sin: I (1 + 2;::1 1( :_152 (cos(nx) —n sin(nx))) + sin: T (1 + 22 1( :_11:2 (cos(n(~x)) — nsin(n(-
= % Sin: I (1 + 22 1(;13:2 (cos(nx) —n sin(nx))) + Sm; & (1 + 22 1(:_ 1):2 (cos(nx) +n sin(nx))))
= % sin: n + Zsm:; T g 1( :_13:2 (cos(nx) — nsin(nx)) + (sin; I + 2Sinh T g 1( :_1:2 (cos(nx) + n:
= % sin: n + Zsin: & g 1( ;1:2 (cos(nx) — nsin(nx)) + sinh 7 + ZSin: & 2 1(11:2 (cos(nx) +ns
= % ZSm; I + 2sin: & ;::1 1( :_13:2 (cos(nx) — nsin(nx) + cos(nx) + n sin(nx)))
= % zsin: . ZSin: & 2 1(:_1:2 (cos(nx) + cos(nx)))
_ sin:n N sin;n g 1(:_11):22cos ()

Hence

coshx ~ sinh 7 (1 + 22 1(;13:2 cos(nx)) (7)
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3 Problem 3

Perform appropriate integration to show the following results regarding the Dirac delta
function

(1) o(ax) = where a is real number. (2) ( f(x)) ) 5(x %)

where x; satisfies f(x;) =

dx

3) 5 5(x x') = 0(x - X)

Solution

3.1 Part (1)
Using the integral definition of delta function given by
1 e .
N ikx 1
5(x) an_me dk (1)
Then

1 .
O(ax) = 7 f etkax i

Tt

Case a > 0. Let u = ak. Then du = adk. The above becomes

1{1 > .
o(ax) = —(— f e””‘du)
a\2n J_

But Lﬂ f_ = eiuxdy = 0(x) by definition. Hence the above becomes

o(ax) = éé(x) (2)

Case a < 0. Let u = ak. Then du = adk. When k = oo, u = —co and when k = —co, 1 = +00.

The integral becomes
1(1 = .
o(ax) = —(—f e”‘xdu)
a\2n J

1(1 > .
Sl e iux g
—a(Zn j:ooe u)

= 5 3)

Combining (2,3) gives
1
o(ax) = —o6(x)
lal

3.2 Part (2)
Using

[ trehac= % [ o(rea)e M)

Where in the RHS, the sum is over the roots of f(x), where f(x;) = 0 where x; is root of
f(x) since 6(u) is nonzero only when its argument is zero, which is at the roots of f(x).
Now, expanding f(x) near each one of its roots using Taylor series

fx) = flx;) + (x—x) f"(x;) + O(xz)

But f(x;) = 0 since x; is root, and keeping only linear terms, then (1) now becomes

f_ " o(f () = 2 f _+ (e = xi) £ () )
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But from part (1), we found that 6(a(x — x;)) = %(S(x — x;), where now a = f’(x;). Using
this relation in the above gives

6(x X;)

f 5(F())dx =

o
Therefore the integrands on each side is the same. This implies

o(x —x;)

o) = Z [F(x)]

3.3 Part (3)

Starting from property of delta function which is

fé(x -x)f(x)dx" = f(x)

Taking derivative of both sides w.r.t. x gives

d d
d—fé(x—x’)f(x’)dx’ = Ef(x)
dod ! d
[P i = g

Integration by part. Let dé(;:x/) =dv,u = f(x’), thenv = (x —x’),du = — f (x"). The above
becomes

d d
[ ot-x)—=farax = =f()

Therefore
fdé(x x) f(x")dx’ —fé(x x) f(x
or
PO flay = ot - ) f )
or
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4 Problem 4

For each energy eigenstate of a particle of mass m in the infinitely-deep potential well
between x = 0 and L, find the probability distribution of the possible results when the
particle momentum is measured.

Solution

The goal is to determine |(qbp|¢>|2 which will give the probability of measuring momen-
tum p. But

@l = [ (el
_ fo oo<x|<¢>p>*<x|¢n>dx (1)

But (x|¢,) = ¢p(x) and (x|ip;,) = ¢, (x). From lecture notes,

0, () = \/%sin% O<x<L

0 otherwise

Forn =1,2,3,---. Substituting the above in (1) gives

@) = [ 0300,

f Nor _l_\/7 sm@dx
Tth
W‘f e_lfsm(nnx)dx (2)

L P>
Toevaluatel = l; e'n sm( T )dx we do Integration by parts twice. Letu = sm( Lx) dv =
px

_,7

P
e 't then du = T cos(T)dx and v = h—p Hence

L
I= [uv]é - f vdu
0

i
fi

i - i
= sin(@)he ,h‘ f — Cos nnx)he —dx
L —ip —ip

Since n is integer, then boundary terms are zero.

finmt (L nmxy _i~
[=— cos( )e i dx
ipL

i
Doing integration by parts one more time. Let u = cos(%),dv = ¢ ' then du =
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—nTn sin(n—zx)dx, then the above becomes

.px 1L .px
finmt nmx\, e " L tie™' " nm (nmx
I=— cos(—)h _ + f —— sm(—)dx
ipL L —ip o —ip L L

0

fintt( h L finm (L o (nmx
= _zp cos(nm)e -1 ——f e sm(—)dx
- 0

=

ipL ipL L
h? nm P nmhPnm (L e (nmx

= —_—|cos(nm)e " —1|—- —— e sm(—)dx
—ip ipL ipL ipL J, L
i (n )e_i% 1 +h2n2n2 fLe_i% i (nnx)dx

= cos(nm - — sin| —
p’L p?L? J, L

Lo
But L e 'h sin(”Lix)dx = [. Therefore the above becomes

I hz””( (e T 1)+ e,
= cos(nm - —_—
2L 212

Solving for I
; hznznzl fi*nm " )e_ip?L .
- = cos(nm -
1212 2L

WPn’n?\  HPnm L
I(l T ): 1) cos(nm)e ' # —1)

i
- 2 cos(nm)e ' # —1)

sz (1 hznznz)
_ pZT

P
rnn (cos(nn)e " —1)
= p L >
p2L (szz _ hznznz)

hzi’lT(L n _l'p_L
PRI ienin? ((_1) e’ _1)

Substituting the above in (2) gives

1 fi’nmL " itk .
<¢p|¢n> - @ (szz _ hznznz ((_ ) e - ))
hznnL(\/nhL) il
= ((—1)”6 P 1)
(7'(7&L)(;92L2 - hznznz)

e )

(p2L? - H2n2re2) (-D)e T -1

_ipL
<¢p|lpn> = kn((_l)ne b — 1)
ipL
= (_1)nkne_? - kn
_ (1) PL _isinPL)_
=(-1) kn(cos L T isin— ) k,
L L
= (-1)"k,, cos % - i(-1)"k, sin % -k,

= ((—1)nkn cos % - kn) - i((—l)"kn sin %)
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Hence
b\ pLY’
[Kppltrn)| = ((‘ann oS 7= - kn) + ((_1)nkn sin ?)
And
2 2
L L
[ontgnl = (0K, cos b k) + (%, sn
L L L
= (-1)*"k2 cos? % + k2 - 2k2(-1)" cos % + (=1)*"k2 sin? %
L L L
= (-1)*"k2 cos? P s 4 k2 — 2k2(-1)" cos P~
h h h
L
= (<1)¥'R2 + K2 — 2k2(~1)" cos ’%
L
- k%(l + (1) = 2(-1)" cos ’%)
Butk, = %, therefore the above becomes
= TC
2
2 nhvmhL o " pL
Kplp)| = [(szz - f’zzn-’-n-’-)) (1 (D)™ = 2(-1)" cos =

2H3nL L
= mrr 5 (1 + (-1 = 2(-1)" cos(p—))
(p2L2 - H2n272) h

The above gives the probability of measurement of p, wheren = 1,2, 3, ---. For illustration,
the following two tables are generated to see how the probability of measuring say p =1
and p = 2 changes as function of n. To generate this, L is taken as 1 and 7 = 1 for
simplicity.

n |Probability of measuring p=1
1 0.12302

2 0.00780329
3 0.0112922
4 0.00187694
5 0.00400658
6 0.00082832
7 0.00203605
8 0.000464782
9 0.00122967
10 0.000297121

Figure 3: Probability to measure p =1



n |Probability of measuring p=2
1 0.106479
2 0.0282761
3 0.00458842
4 0.00600971
5 0.00155647
6 0.00259549
7 0.000781451
8 0.00144553
9 0.00046963
10 0.000920908

Figure 4: Probability to measure p = 2

p=1; h=1; L=1;
n2h3PilL pL
flp_,n_]:= (1+(-1)2"—2(—1)"Cos[——])
(p? L2 - h? n? Pi?)? h

data = Table[ {n, Nef[p, n]}, {n, 1, 10}];

data = PrependTo[data, {"n", "Probability of measuring p=1"}];
Grid[data, Frame -» All];

Figure 5: Code used
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