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1 Problem 1

Problem 1. Consider the planer system given in polar coordinates by
F=r(l-r), 6=1.

Note that x = cost, y = sint is a periodic solution of the system (given in rectangular
coordinates), satisfying © = 1,y = 0 at time ¢t = 0. This solution belongs to the orbit r = 1.

1. Find the Poincaré map of the periodic solution ¢(¢) := (cost,sint).

2. Determine the stability of ¢.

Figure 1: Problem description

solution

1.1 Part1l

r=r(1-r)

0=1

The Poincare section (line) is taken as the 6 = 0 axis (this means the x-axis in the Phase
plane). The Poincare section can be any other line which is orthogonal to the orbits, but
this line is the easiest to use because 6 = 0 on it.

Let ¢ (ro) be the Poincare map. This means given an initial conditions point 7 = rj on the
Poincare section then ¢ (rg) will return the location of the solution r () on this line after
the solution 7 (f) has run for one period T of time. i.e. 7 (t + T), where the period is T. The
following diagram helps illustrate this.

A specific solution curve
Poincare section

limit cycle at r =1

\

Figure 2: Showing Poincare section used

The first thing to determine when finding the Poincare map ¢ (ry) is to solve the ODE. In
this case, only the r (t) ODE needs to be solved because there is no dependency on 6 (t) in
the r (t) ODE. The following solves the ODE 7 =r (1 —r).

dr
7 =r(1-7)
dr
r(1-r) = dt

1 1
(;-m)d?’—dt



Integrating both sides gives

J(-i5)er= Ja
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At initial conditions, t = 0,7 = ry the above becomes
o
=C
g — 1 2
Hence the solution is
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Simplifying gives
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At t = T the above solution becomes

— "o
r()= ro—(rg—1)eT

Therefore the Poincare map is

¢ (ro) = &

ro—(ro—1)e T

Taking the period as 27, then the above becomes

¢ (ro) = o (1)

ro—(rg—1)e2m

What the above function does, is that given a specific value of ry on the Poincare section
(the x-axis), it returns where the solution location will be on this line after one period.
For an example, taking initial conditions ry =1.5,0 = 0 then (1) gives

15
P13 = e 5 1o

=1.00062

This shows the solution r(f) after one period, has reached the Poincare section again at
a point which is closer to the limit cycle at = 1. Initially r (0) = 1.5 and after 27 seconds,
r(27) = 1.00062.



1.2 Part 2
Let ¢ (r,,) be Poincare map at iteration n.
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Therefore ¢ (rg) is stable. The limit cycle at r =1 is stable because any solution that starts
always from r = 1 will eventually reach r = 1. The following also is a plot of ¢ (1)

Phi(r)

1.0015

T

1.0010

1.0005

-

Figure 3: Plot of Poincare map function



2 Problem 2

Problem 2. The spread of infectious diseases such as measles, malaria or corona virus may
be modeled as nonlinear system of differential equations, the SIR model. We now study a
model that is more complicated than the basic SIR model (Problem 2, Assignment 3) where
we now allow for the recovered population to become reinfected again (SIRS model).

Again, we postulate three disjoint groups: S = S(t), the population of susceptible indi-
viduals, I = I(t), the infected population, and R = R(t) the recovered population.

We still assume that the total population is constant:

d
I = 1
dt(S +I1+R)=0, (1)
that is, S+ 1+ R= 1 > 0, for a given 7 > 0.
The SIRS model is stated as

S =— BSI+ uR, (2)
I =BSI —vl, (3)
R=uvl— uR, (4)

where v, 4 > 0 and 8 > 0 are parameters.

1. Use the restriction (1) to reduce the system to one with two equations and two unknown
fields.

2. Find the critical points in two different cases: (a)7 > % and (b) 7 <

%.
3. Calculate the eigenvalues associated to the critical points in each case, (a) and (b).

4. In case (a), give an interpretation of the biological significance of the stability properties
of the critical points.

From now on, we restrict ourselves to case (a).

5. Note that the SIRS system is only of interest in the region
A:={(I,S): I, >0,and S+ 1 <7}

Why?

Determine whether the I axis is invariant. What about the S-axis? What is the behavior
of the solutions restricted to the S-axis.

6. Show that the region A is positively invariant.

Figure 4: Problem description

solution

The SIRS model is

S =—-BSI+ uR 1)
I=BSI-vl
R =vl-uR

Where S = S(t) is the population of susceptible individuals, I = I(t), the infected population,
and R = R(t) the recovered population. This diagram shows the model where now some
of the recovered population can become susceptible again and later become infected. The
parameter u indicates how much of the recovered population could become susceptible
again.



The units of S,R,I are population measured in person. These values can not be negative
. . . L1 .
since they are population amount. The units of u is —— Wwhere time can be day or week or

any other unit of time. The units of v is also —__. The units of Bis ———
time (t1me)(person)

B 1(t) R(t)

susceptible

. infection (infected rate of recovered
population

population | recovery \population

Figure 5: SIRS model

21 Partl

Since % (§+I1+R) =0then S+I+R = 7, where 7 is constant (the total size of the population).
Therefore R = 7 — I - S. This implies that, since 7 is known, then finding I and S allows
finding R automatically from this algebraic equation. Replacing R by 7 —I - S in the first
and the second equations in (1) eliminates R and gives (the restricted system) as

S=-pSI+u(t-1-5) (2)
I=pSI-vI

This is the new system of equations. The third ODE is not needed. Once S(t),I(t) are
solved for, then R (¢) is found from R = 7 — ] — S without the need to solve a third ODE.

2.2 Part?2
From (2), the critical points are solutions to restricted system
-BSI+u(t-1-S)=0 (2)
BSI-vI=0 (4)

From (4) I(BS—v) = 0. This gives solutions I = 0,5 = =. When I = 0 then (2) gives
g 3 g

p(t—S)=0or S =1 since u is not zero. The first critical point is therefore {I =0,S = 7}.
Now, when S = % Eq. (2) gives _‘BEI +u (T —I- %) =0or —[S%I +puT =l - ‘u% =0, hence

v v
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- v
Ps+u
ors . . ‘u(T_%) v TUp-v v .
Therefore the second critical point is I = ———,5 = - or {I = ——,5 = - ;. These crit-
Bg+ B Blv+u) B

ical points are for the reduced system.




For each one of these critical points found above, the critical value for R can now be found
from the relation R = 7 -1 - S. For the first critical point {{ =0,S =7} then R=7-0-7=0.
Therefore this critical point becomes {I =0,S = 7,R = 0}.

For the second critical point found above then
R=1-1-§

_ o THBovp v
plo+u) F

R = pL= } Therefore the two critical points

Hence this critical point becomes {I = 1o

for the full system are
{I=0,S=1,R=0}

[ THB v o jE:L}
{ ﬂ(v+y) B U,B(y+v)

case (a) Under the case that 7 > % then the second critical point above becomes

TUp v —UR:v T v
ﬁ@i#)_ﬁ@iuys_g' h#+v) ﬂ@+vJ

Replacing 7 by E + 0 where 6 > 0 then the above becomes

I=

=2 _H 45 g vu ,S:E,R:v[g 1 N o v ]
Bl en) sl B B e gl
U v vo
I=6 ,S=—-,R=

(v+y) B’ _H"‘U

Since all y,v,B,6 > 0 then the above is a valid critical point. Hence under this case the
critical points are

I=0,S=1,R=0)

U v v
I=6——,5=-,R=——
{ (v+y) B #+U}

WhereT:§+6where6>O.

case (b) Under the case that 7 < % the second critical point above becomes

TUp v —UR:v T v
ﬁ@i#)_ﬁ@iuys_ﬁ' h#+v) ﬂ@+vJ

Replacing 7 by E — 6 where 0 > 0 the above becomes

I=

I PR A S S
Plorn) (v+u) plovn) B Blusv) By plus+v)
[:_5L5:ER:_U_6

(v-}-y)’ ﬁ, y+v

Since all u, v, 8,6 > 0 then the above is a not a valid critical point, because it says I, R are
negative and this is not possible, as these are population size. Hence under this case the
critical point is only

{I=0,S=1,R=0}



case T = -
B

Under this case then the second critical point above becomes

TUp v —UR:v T v
ﬁ(vi#)_ﬁ(vi#)'s_ﬁ' [(/Hv) ﬁ(u+v)]

Replacing 7 by E then the above becomes

I=

vo@g vl S:BRZU[B r v )

ﬁv+y) ,B(v+y), i ,B(y+v) ,B(y+v)
v

0 - 0

But this is the same as the first critical point. Hence only one critical point exist under
this condition. This is summary of result.

case critical points

v

{I=0,S= T,RZO},{I: L55=2R= L(S} where 6 =7 - -
v+ u+v B

{I=0,S=1,R=0}

23 Part3

The full system (1) is (I assumed we need to find eigenvalues for full system. The question
was not clear on this).

S =—-BSI+ uR 1)
[=BSI-vI
R =vl-uR
The Jacobian matrix is
a5 95 9S
IR IR IR 0 v —u
ds JI IR

Case a At the first critical point {I = 0,S = 7,R = 0} the above becomes

0 —pt u
A=|0 pr-v O
0 v —u
The eigenvalues are from |[A - Al =0 or
-A BT i
0 pr-v-A 0 |=0
0 v -u-A
pr-v-A 0 0 0 0 pt-v-A
-A + Bt + U =0
v —u—A 0 —u-A 0 v
—A(pr-v-A)(-u-1)=0

~A(A+p)(A+v=-pr)=0

Hence A =0,A = —u, A = ft — v are the eigenvalues.



At the second critical point {I =t585=2R= L(S} the Jacobian matrix becomes
v+ B u+v
-l —pS
A=[Bl BS-v O
0 v —u
u v
_gts g2
ﬁ?’f“ Uﬁ ; M
= ﬁm@ 'BE -V 0
0 v —u
0 v o
= ﬁﬁé 0 0
0 v —u

The eigenvalues are from |[A - Al =0 or

—ﬁﬁé—ﬂl -v i
ﬁﬁé -A 0 [=0
0 v —u-A7A
THp-vy H
A 0 — 0 —0 -A
(—ﬁ £ (S—/\) + v (+n) +pﬁ”+P =0
v+ U v —u-A7A 0 —u—A 0 v
K T — vy ( K )
- O-A|A) (-u=A)+v|——— |- —A)+pv|p——06] =0
(-2 en (- ) [@+#))(u )+ oA
2
3 2 K —[UU —[J =
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2
2 K [ ¢ _
/\(/\ +A(ﬁv+y6+y)+(,Bv+#6+,8v+#6))—0
Hence one eigenvalue is A; = 0 and the other two are the solution to
2 ¢ pou -
A +/\(ﬁév+y+y)+v+#(y+v)_0

Which is quadratic. Using A = ;—: + Zl—aVbz — 4ac then the second and third eigenvalues are

[)’6%+y 1 2
LTINS | RN Y /o8
Apsz = > J_rz (ﬁ6v+y+y) 4(v+#(y+v))

Case b Only one critical point {I =0,S = 7,R = 0}. This was found above as A = 0,1 =
-y, A =pt—u.

Summary of result

In the following, for case a, 7 - % =06 where 6 >0

case result

Critical point Eigenvalues

Case(a)TZ {I:O’S:TIR:O} AlZO,AZZ—‘u,AZZﬁT—U

I <

po-t=tp 2
o _v v _ _ o 1 u _
I= —vwé,S = ,BIR = —‘u+v6 Al = 0,A2,3 = > =+ 2\/(ﬁ6—v+y + [l) 4(

pou

l)+[.l

(+v))

v | | Critical point Eigenvalues
p I=0,S=1,R=0} | Ay =0, A, =-p, Ay =pt -0

case (b) 7 <
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2.4 Part4

For case (a), the critical points are found tobe {I = 0,5 = 7,R = 0} and {I = ﬁé,s =

where1—%zéand6>0.

For the first critical point, it says that there are no infected population and no recovered
population. Hence we expect this to be stable, since no infection will occur, and the
population 7 is all of type S (t) and will remain so for all time.

v

B
who become infected each day is offset by the amount of people who are recovered but

become again susceptible. And the amount of people who recover each day is offset by the
same amount of people who were recovered but become susceptible. This keeps the size
of infected people each day the same not changing, as well as the size of susceptible and
recovered population the same. This will only happen when 7 > % A simulation is made

For the second critical point {I =-L55=2R= Lé}, it implies that amount of people
v+ v+

to show this. This below shows, using 7 = 1000, the second critical point when 2 =707,

showing the current size of S(t),I(t), R (t) which as be seen, remain the same for all time.

Transmission rate (beta) =G 0.0005
Recovery rate (v) G 0.275
Recovery ro Susceptible rate (mu) =B 0.05
1(0) =[] 69.2308
S(0) i 550.
R(0) J 380.769
First critical point second critical point
Transmission rate (beta) 0.0005
Recovery rate (v) 0.275
reinfection rate (mu) 0.050
v/beta 550.000
case (a), population>= v/beta
Population size
500
4001
— susceptible
3007 — Infected
— Recovered

200

100}

""""""""""""""""" Time (days)
60

Figure 6: Second critial point example

This shows what happens when the infection rate f is relatively high at g = 0.0013



Transmission rate (beta) G 0.0013
Recovery rate (v) G 0.062
Recovery to Susceptible rate (mu) =D 0.041
1(0) =[j 69
S(0) 0 561
R(0) {] 0
First critical point second critical point
Transmission rate (beta) 0.0013
Recovery rate (v) 0.062
reinfection rate (mu) 0.041
v/beta 47.700
case (a), population>= v/beta
Population size
500 -
4001
— susceptible
300 — Infected
— Recovered
200
100
t i i t 1 ‘— Time (days)
10 20 30 40 50 0

Figure 7: Example for large

This shows what happens when the infection rate  has been decreased down to g = 0.0003.

Notice the flattening of the red curve (infected population).

Transmission rate (beta) =G
Recovery rate (v) G

Recovery to Susceptible rate (mu) =D

1(0) .=[]

S(0)
RO) {J

second critical point

()]

First critical point

Transmission rate (beta)
Recovery rate (v)
reinfection rate (mu)
v/beta
case (a), population>= v/beta
Population size

400

200+

0.0003
0.062
0.041
69

561

0.0003
0.062
0.041

207.000

— susceptible
— Infected
— Recovered

‘— Time (days)
60

Figure 8: Example for small

11
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2.5 Partb

Considering now only the restricted system found in part 1, which is
S=-BSI+u(t-1-9)
[=pSI-vI

The condition S + I < 7 is always true since total size of population is fixed t =S+ 1+ R.

For condition I, S > 0, it means that there are some infected population and some suscepti-
ble population present. This is of interest, since it implies dynamics of infection is still in
place and taking effect.

Going back now to the full model

S =-BSI + uR
I=BSI-vI
R:vl—yR

Considering the line I (t). To check if it is invariant of not. Then assuming initial conditions
starts on this line only, which means S(0) = 0,R(0) = 0,1(0) = . When this is the case,
then we see that from third equation that R(t) will change with time, since it depends
on I(t) which is not zero. This in turn causes S(f) to change from zero. Therefore the
line I(f) is not invariant. In other words, if I(0) = 7, then solution will not remain on this
line for all time and eventually both R (t) and S (t) will be non-zero.

To verify this, I run the simulation program with I(0) = 7 = 1000 and it shows that solution
will not remain on axis I(t). This is because some infected population will recover, and
some of those who recovered will become susceptible again.

Transmission rate (beta) «=D 0.0005
Recovery rate (v) =B 0.05
Recovery to Susceptible rate (mu) <=B 0.05
1(0) [} = 1000
S(0) {j 0
First critical point second critical point Add S+l curve Remove S+l curve
Transmission rate (beta) 0.0005
Recovery rate (v) 0.050
reinfection rate (mu) 0.050
v/beta 100.000

case (a), population>= v/beta

Population size

1000

800t

600! — susceptible

— Infected

— Recovered
400+

Time (days)
10 20 30 40 50 0

Figure 9: Showing that I(t) line is not invariant

Now let us consider the S () axis. This means S (0) = v and now we check if the solution
remains on S(t) axis or not. In this case we would expect S axis to be invariant, since
there are no infected population. This means I(0) = 0,R(0) = 0. From (1) this shows that
R(0) = 0, hence R (t) is constant and remain zero for all time. And since I(0) = 0 then
second equation in (1) also shows that I (0) = 0, hence I(t) is constant and remain zero
for all time. This means first equation of (1) gives S(t) = 0 and S (¢) is constant for all time
which is 7. So the solution remains on the S axis. Hence S axis is invariant.
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2.6 Part6

Considering now only the restricted system found in part 1, which is
S=-pSI+u(t-1-5)
I=pBSI-vI

Starting in region A, the solution will remain in A, because total population is fixed and
there is no death. Hence starting with any combination of initial conditions S (0),1(0) the
solution will always be in this region. Hence positive invariant.
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3 Problem 3

Problem 3. For each of the following systems, identify all points that lie in either an
w—limit or an a-limit set:

o =r—73 0 =1

o ' =13 -3r2+2r 0 =1.

Figure 10: Problem description

solution

w limit set, is the set of all points that are the limit of all positive orbits y* (x). In other
words, given a specific orbit ™ (x) that starts at some initial conditions point x; and if as
t — oo this orbit terminates at point p then p is in the w limit set of such orbit.

Similarly, the o limit set, is the set of all points that are the limit of the negative orbits
¥~ (x). These are orbits where as t — —co the orbit would have originated from the point p.
Then p is in the « limit set of such orbit.

To find the w limit set, we need to find the points where solutions terminate at them
eventually (attractive or saddle points) and the « limit set are points that solutions do not
terminate at them, but move away from them (negative attractions).

3.1 Parta

The critical points are r = 0, = -1,r = 1. But since this is polar coordinates and r is the
radius, then 7 can not be negative, Hence only » = 0,7 =1 are the critical points (with 0 any
value). This implies that all points on circle of radius 1 and the point » = 0. To determine
w limit set and « limit set we have to check the eigenvalues. The Jacobian matrix is

(9/ (9,/
- a— 7@ _(1-32 0
20’ 00’ 0 0

ar 90

1-A4 0
-A

IBE

Therefore (1-1)(-A) = 0 or A = 0,4 = 1. Hence the point r = 0 is unstable. Therefore
the a limit set is the origin {r = 0, 8} for all orbits that start with initial conditions r (0) < 1.
There is no « limit set for orbits that start outside r > 1 since there is no critical point
outside the limit cycle.

At r =1 the determinant becomes

1-3)-1 0

- All =
- Al o

=0

Therefore (-2 - A)(-=A) = 0. Hence A = 0,A = -2. Hence r =1 is stable. What this means
is that w limit set is all points on the unit circle corresponding to all orbits that start

anywhere, including on the limit circle itself, (except orbits that have initial conditions
r = 0). The following diagram illustrates this result
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all points on circle » = 1 are the w
limit set of all orbits v (rg, 6p) that
start outside the circle, on the
circle, and inside the circle as well,
except those that start at exactly

\

{70,060}

\/

r = 0 is the « limit set of all orbits
v~ (70, 0p) which start inside the
circle r = 1. There is no « limit set
of orbits that start with r > 1

Figure 11: Limit sets for part a

3.2 Parthb

The critical points are r = 0, all points on circle of radius r = 2 and all points on circle of
radius r = 1.

To determine w limit set and « limit set we have to check the eigenvalues at each set of
critial points fround above. The Jacobian matrix is

L) (3-6r+2 0
I=|5e bo|= 0

— 0
ar 20
Atr=0
2-A 0
| —All = =0
0 -A

Therefore (2 -A1)(-A) =0 or A =0, A = 2. Hence the point r = 0 is unstable.

Atr=1
B-6+2)-1 0
I =All =
0 -A
-1-4 0
—_ :0
0 -4

Therefore (-1 - A)(-A) = 0. Hence A = 0,4 = 1. Hence all points on circle r =1 are stable
critical points.

Atr=2,
12-12+2)-A 0
= All =
0 -A
-2 of
of PR

Therefore (2-A)(-A) = 0. Hence A = 0,4 = 2. Hence r = 2 is not stable. The following
diagram illustrates the result of what was found above showing the @ limit set and the «
limit sets found.



all points on circle » = 1 are the w
limit set of all orbits v+ (rg,6p) that
start with 1 < r < 2 and inside the
circle as well 0 < r < 1, except
those that start at exactly » =0

all points on circle » = 2 are the o
limit set of all orbits v~ (rg,6p) that
start with » > 2 and with 1 <r <2

7 Timit cycle

N

N \
limitscycl
imitrcycle {ro, 00},

\

1
1 1
I
1

~ = _‘—/(
-7 . r =0 is the a limit set of all orbits
Te—-—- -7 ¥~ (ro,00) which start inside the
circle r = 1.
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Figure 12: Limit sets for part b
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