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1 Problem 1

Evaluate the following integral for ¢ > 0 and for t < 0 when wy > 0 and € — 0*

00 eia)t
f R I L
—o0 (W — i€)" — W}

Solution
Caset >0

We select the upper half for contour C since when ¢ > 0 the integral on upper half will
vanish as will be shown below.
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Figure 1: Contour used for ¢ > 0

Hence
00 eia)t eiZt
-0 (W —i€)" — W} - (z —i€)” — w}
R eizt eizt
= lim (P.V.)f ————dz+ f ———— 4z
R—oo R (z—ie)" — wd CR (z — i€)" — w3
=27 2 Residue
izt
Therefore, if we can show that limp_,, L : >—dz = 0, then the above implies that
R (z—ie) —w%
foo eia)t
——dw = 2mi ), Residue (1)
oo (@ — i€)* — w? )

Now we need to find the residues inside the contour shown. There is a pole when (w — ie)2 =
w3 or @ — i€ = +wy or @ = i€ + wy. Hence there are two simple poles, they are

21:i€+a)0
ZZZiG—a)O

They are both in upper half, inside the contour (since wy > 0 and € is positive).
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Figure 2: Locations of poles



Now we find the residues

Residue (z7)

And

Residue (z)

Substituting (2,3) into (1) gives

00 eia)t
‘]:oo (C() - i€)2

Now, to finish the solution, we must show that limp_, LR #
zZ—l€

eizt

———dz
fcza (z - ie)’ - wd

z—21

2

ezzt

lim (z — z9)

eizt

lim
221 (2 — 2p)
eit(i€+a)0)

(ie + a)o) - (Ze - CUO)
e—teeita)o

26()0

eizt

(z-21)(z -

23)

(2)

lim (z — z5)
z—7Zp
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z—2y (z — Zl)
pitlie=wo)

(i€ - (Uo) - (ie + 6()0)
e—tee—itwo

—20)0
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(z-2z)(z-

e

Zp)
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+
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——e € sin (tw)
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eizt

= f(:R (z—
L

(z - ie)* — wd

ie)? - w}

ezzt
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ez’zt
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eizt
Rmt

(z- ie)2 - a)g

eitwo _ e—ita)o

eita)o _ e—ita)o

2dz

(z- ie)2 - wj
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But
it izt
elz |e |maX
—ie -2l T lz-z) -zl
(z-ie) ~wgl —Mz-z) -2,
|eizt|
< max
G-z Iz-2)
|ezt(x+zy)
— max
=2l - 2,
|eztx ty|
— max
-zl -2l
"] 71
— max max
-zl G-z
]
S max
-zl -zl
Now, since y > 0 (we are in the upper half) and also since ¢t > 0, then |e‘ty| =1, which
max
occurs when y = 0. Hence the above becomes
ezt 1
(z —ie)* - a)(z] -zl z-22)l

By inverse triangle inequality |(z — Z1)| .- 21> + |21| =R?+ |€ + a)0| and |(z-z) . >

min
2
l2I” + |Zz|2 =R>+ |€2 + a)(2)| . The above becomes

eizt 1
< 2
2R? +2|€? + |

— o) )2
(z—1ie) wgl

Substituting the above in (4) gives

eizt 1
lm | ————dz< lim Rn >
RowJeg (z—ie) —wf Koo | 2R2 +2)e? + o
R
=17 lim

Ro% 9R2 12162 + i’

2
But 2 |€2 + a)gl is a finite value, say f so the above is

eizt
lim —————dz <7t lim ———
R Jer (z - ie)? - wd R—e0 2R2 + B
o s o . . R
And it is clear now that the above limit goes to zero. In other words, limg_,, ol
1
: R _0_
hmR_m E = E =0.
R2

Hence The final solution is

00 eza)t 21
f —zda) = ———¢ fsin (twg)
(w — i€)” — w? wo

Caset <0

Here, we must use the lower half for the contour in order for the half circle contour integral
to vanish.
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Figure 3: Contour for t <0

In this case the sum of residues is zero (since both poles are in the upper half), then we

see right away that

00 eiwt
f > do = t<0
: 2
—o0 (w —i€)" — W}
zzt
But we must show that limp_, L R ooie? >dz = 0 here as well for the above result to be
z—i€ —a)O
valid. Similar to what was done earlier:
eizt eizt
f Qa2 z < f dz
; 2 ;)2 2
CR (z —1€)" — wf CR (z —i€)” — w} i
eizt
< f — 5 dz (1)
CR | (z — i€)” = wj i
eizt
=Rn (4)
—ie)? _ )2
(z—i€e)” — wj i
But
izt eizt
e ] s
© N2 2 _
(z-ie)" —awgl Az -zl - 22)]
|eit(x+iy)
max
-l 1e-m)l
| ztx ty|
j— max
G-z 1z-2)l_
e
— max max
G-zl 1G-2)_
IE‘WI
max
l(z -z . I(z—2z)| .
Since ¥ < 0 (we are now in lower half) and also since t < 0, then |e_ty| = 1, which

occurs when y = 0. Hence

ezzt

(z —ie)* — wf

But by inverse triangle inequality |(z — z

-
0 lmax

Dl

max

1
w -

2)|

Tz - 21)

min

> 2P +|z [ = R?+|e? +cu0| and |(z — 2,)|

min



2
2P + |z,/* = R? + |<—:2 + a)8| . Hence the above becomes

eizt

. 1
e 2RZ+2(€? +

The rest follows what was done in first part. Therefore

2

(z - ie)’ - wd

eizt 1
RowJep (z—ie)’ —wg B2 |2R2 + 2] + wf
) R
=7 lim

R=%9R2 4 262 + @’

2
But 2 |€2 + a)g| is finite number, say f so the above is

ezt R
And it is clear now that the above limit goes to zero.

The final solution is

00 eia)i’
f —————dw =0 t<0

—o0 (w — ie)2 - w?



2 Problem 2

00 In?
= zdx. In order to find the second one

Evaluate the following integrals Ew fj:—xxzdx and £

you need to consider the integral Loo ilrx); dx
Solution
2.1 Part (a)

Inx

There are two ways to find £ dx One uses a substitution method and requires no com-

oo 112
plex contour integration and the second method uses £ —zdx with complex integration
1+x

to find £

lnx

Method one
Let x = -. Hence dx = ——dy When x = 0 — y = o0 and when x = co — y = 0. Hence the
integral £ —dx becomes

Since on the RHS y is arbitrary integration variable, we can rename it back to x. Hence
the above becomes

® Inx  In(x
n . dy = — f 1;1( ) dy
o 1+x x-+1
5 f"o lnx
1+ x2
Therefore
0 Inx
»E 1+x2dx =0

Method two
In this method will use complex integration on £ —dz to show that £ lnz dz = 0. The

following contour will be used.
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Figure 4: Contour for problem 2, showing location of poles at +i

122
iz oo
- d d d d
sz(z) z+fcrof(z) z+fL1f(z) z+fCRf(z) 2

=27 E Residue

Hence
d d d dz = 27ii ¥ Resid
RE z+fcr0f(z) z+fL1f(z) z+fCRf(z) 2 = 27i ¥ Residue

In” : : .
There are two poles in ———. Residue at z; = i is
(z—1)(z+i)

In’z

Residue (i) = £1LI} (z—1) m

In’z

=1li
iz + i)
3 In?i
2
(1 ) + 'E)2
n 12
2i
2
T
_(i3)
2i
7.[2

4
2i
81

And

In?z

(z=1)(z+1)

Residue (-7) = lim (z + i)
zZ—-1

(1)

(2)

. .3 . . 3 . .
But In(—i) = In(1) + . Notice that the phase is YL and not —g since we are using



principle branch defined as 0 < 0 < 27t. Therefore the above becomes

(m (1) + ign)z

-2i
2

Residue (i) =
2
_ 4"
-2i
B 972
8
Adding (2+3) and substituting in (1) gives

(3)

szf(Z)dZ_‘_fcrof(Z)dz_i_lef(Z)dz+fch(Z)dZ=2m(_8_T§2+98_T§2)

focz)dz+fC f(z)dz+fo(z>dz+fC f(2)dz = 27

We will show at the end that lim, _,q L f (z)dz = 0 and that limg_, L f(z)dz = 0. Given
}’0 R

this, the above simplifies to only two integrals to evaluate

f(@)dz+ | f(z)dz=2r° (3A)
L, Ly
We will now work on finding { f(z)dz. Let z = re®, hence dz = dre and the integral
1
In? o In? (ref ‘
f - = 22 dz = f —( )2 dre'
Ll+z 0 1+(rei€)
00 : )2
_ eief (Inr + ie) ir
0

becomes

1 + r2e2ie
e (O Ir+ %€ + 2ielnr
-¢ J(; 1 + r2e2e
Now taking the limit as € — O the above becomes
In? z © In?r

dz = d 4
L11+ZZZ 0 1+7’zr ()

r

We will now work on finding { f(z)dz. Let z = re®€)_ hence dz = dre’®©) and the
2

integral becomes

2 2 (.. i(2m—€)
In“z = fo In (re )2drei(2”‘€)

Ly 1+22 1+ (rei(ZT(—e))

dr

_ jien-o fo (In(r) +i(2n - )y’

1+72 eZi(Zn—e)

o

_i@n—e) 012 (r)—Q2mn - 6)2 +2i(2u—-¢€)Inr
- ¢ f 1 + 2p2i2n-e) dr

(o]

200N _ 2., .2 . _
_ jien-o) fO In“ (r) (471 +€ 4ne)+2z(271 e)lnrd

- r
1 + 72¢2i(2m—€)

[0e]

Taking the limit as € — 0 the above becomes

2 2 2 :
In Zdz:eiznfo In“ (r) — 4m? + 4milnr .

1, 1+2? oo 1+ r2ein



But €™ =1 and €™ =1 then the above becomes

In®z 01n% () — 472 + 4milnr
f 2t;lz=f 5 dr
,1+z 0 1+7r
0 102y 0 An? 0 Inyr
- d—f dr + 4 f d
001+rzr 001+r2r o 001+r2r
0012 © 4 2 © Inr
= - - rzdr+f nzdr—4nif - zdr
0 1+7‘ 0 1+1" 0 1+7‘

Using (4,5) in (3A) gives
2

00121, 00 4 > Inr 00127’
- n—zdr+f nzdr—47zif 1 2dr+f ! sdr =21
0 1+7r 0 1+7r 0 1+7r 0 1+7r

S | ® Inr
4n2f 2dr—4m'f - 2d1f=2713
0 1+7 0 1+7

But fw ﬁd” = arctan (r)go = arctan (c0) — arctan (0) = %, hence the above becomes

Sl |
472 (E) - 4m'f L B
0

2 1472
< 1
—4mi dr=0
Tl e r
Which implies
0 Inr
L 1+r2dr =0

Which is the same result obtained using method one above.

10

(4)

A endix Here we will show that hmr N (Z) dZ =0 and limR_)Oo (Z) dZ =0.
PP 0—0
) R

For lim, _,o L f(2)dz, let z = rye’®. Hence dz = ryie’?d0 and the integral becomes
0

e In? (roeie) 0 ' In? (roeie)
lim f —2,67’0181 d@ = lim lf —2,67’0616
rO_)O 21—€ ]. + 7’0821 1’0—>0 271—€ 1 + 7’081



As € — 0 the above becomes
0 In? (roeig)

In? (rye® ,
lim (o )roielede = lim i f
2

r0—0 J o 1+ 15¢2i0 =0 Jo, 1+ rget?

< lim | 5

ro—0 21 1+ 1’0619

0 ln2 (Foeie)

lim 1 L 2,0
ro—0Jor | 1 +15¢!

max

In? (roeig) 0
< lim RN f Vode
ro—0] 1 + r§ei® 2

max

2 i0
= 27rg lim o (roel )

ro—0 | 1+ rZei?

max
|ln2 (roeie)
< 27?7’0 lim

=0 |1 + r3ei®|

ron

max

IA

Todg

max

min

L2
|11’l o+ 16|
= 2mtry lim ————22
O rom0 |1+ rdel®|
min
|n? rg + (i6)° +2i6 In g

max

= 27rp lim
0 ro—0 1- 1’%

) ln2 T — 47'(21"0 + 47'(1’0 In )

=27 lim 5
r9—0 1- i

¥o ln2 Yo

=27 lim (

7 rolnr
47’(2—0 + 47 0 0
ro—0

1- r(z) 1- r(z) 1- r%
1o ln2 1o
1—7'%

RHS above become zero in the limit. Therefore

In? (roeig) y In®z
lim —2.97’01816[16 = lim f 5
r=0Jgnc 1+ r§e? 0—=0Jc, 1+z
0

1o In 1o

But lim, _,q 12

_ . " _ .
= 0 and lim, _,g T 0 and lim, _,o

dz

11

= 0 Hence all terms on the

Now we will do the same limg_,, L f(z)dz, let z = Re!?. Hence dz = Rie'%d0 and the
R

integral becomes
2r-¢ In? (Reie)

17 Reco "0

lim
R—o0

2n—e In? (Reie) ,
" ) Rieifd0 = lim i f
. 1+ R0 Rt



12

As € — 0 the above becomes
‘ 2r-€ In® (Reie) 0 . In? (Reie)
ngrgo ¢ 1 + R2¢2i0 Rie™d6 = Rh—IEol o 1+ R2%e20
21 In? (Reie)
0 1+ R2€2i6
In? (Reie)
1+ R2e%9
In* (Re”)
1 + R2¢209
in? (Re?)
=21 lim R———— 2%

R—eo |1+ R2e20|

min

RdO

< lim |i Rd6
R— o0

max

271
do

< lim
R—o0 0

max

27T
RdO

< lim
R—o0

. mR+i6f
=2 Jim R———7
In*R - 62 +2i0InR
1-R2
<o T RIn?R — 47?R + 4mRIn R
- R—o0 1 —RZ
(Rlan R RlnR]

max

=27 lim R
R—>o0

_ 42 bag—t
- 1 r TR

RIn’R . R . RInR
l_n_Rz =0 and limg_,o T2~ 0 and limg_, % = 0 Hence all terms on the
RHS above become zero in the limit. Therefore
lim T Rie?d6 = lim —_—
R—oo J 1+R€l6 R—oo J 1+22
R
=0

=27 lim
R—>o0

But hmR_mo

dz=0

2.2 Part (b)

3 2
. 0 In”z . . 00 In“z .
We will now find £ mdz in order to determine £ Edz. We will use the same contour

integration as part (a) above.

f(z)dz+ f f(z)dz+ f(z)dz + f(2)dz =2mi Z Residue (1)
Ly Cry Ly Cr
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There are two poles in Residue at z; =i is

In” z
(z—i)(z+i) "

In’z

(z=1)(z+1)

Residue (i) = lim (z — 1)
z—1

In’z

=1li
iz + i)
B In’i
20
() + %)’
n 12
2i

.TC 3
(73)
2i
.7'(3
B
2i
3
RT3 (2)

And

Residue (—i) = lim (z + ) I’z
e = T T 2 +))

—2i
But In(-i) = In(1) + ign. Notice that the phase is 27 and not —g since we are using
principle branch defined as 0 < 0 < 27mt. Therefore the above becomes

(m (1) + ign)3
S,

220
27 3
B —lgﬂ
—2i
277 @)
16

Adding (2+3) and substituting in (1) gives

Residue (-i) =

-d  27m8
16 16

f@dz+ [ @iz [ ez f(z)dz:zni(—+_
LZ C”O Ll CR

1

_ 18
sz(z)dz+fcrof(z)dz+lef(z)dz+fCRf(z)dz— =i

We will show below that lim, _,, L f(z)dz = 0 and that limg_,, £ f(z)dz = 0, which
1‘0 R

simplifies the above to

fL fEdz+ | f(z)dz:§n4i (3A)
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We will now work on finding { f(z)dz. Let z = re’, hence dz = dre’ and the integral
1

becomes

In°z 0 foo In® (reie) e
L 1+7 0 1+ (reie)z

™ (Inr+ ie)3
—ee [ gy
o 1+reee
e (ln2 1+ i%€? + 2ieIn r) (In7 + ie)
_ ezef ‘
0 1 + r2e2ie

oo (1n3 r+ 2€2Inr + 2ie In? r) + (ie 0?7 + 3e3 + 222 In r)
—_ elé'f
0

dr

dr

1 + r2e?e
Now taking the limit as € — 0 the above becomes
In® z © In’r
z 2dz = z zdr (4)
L 1+z 0 1+7r
We will now work on finding { f(z)dz. Let z = re®€)_ hence dz = dre’®©) and the
2

integral becomes

i(2m—e)

In’z i fO In® (rei@“‘e))
—dz = - 7

,1+22 © 1+ (rei(zn‘e))z

pi2n—e) f (In(r) +i(2m - e))

1+ 1,2821 (2m—€)

dre

dr

But lim,_, i(Zn—e) = ¢2" =1 and the above becomes

ln r—Q2mn- e) +2i (21 - e)lnr) (In(r)+1Q2m - e))
1+ 1,2621(271 €)

L21+Z2

0ln r—InrQ2m - e) +2i (21 - e)ln r+i(2m— e)ln r—iQm - e) +2i2 (21 - e) Inr
f 1 + 72¢2i(2m—€) d

Taking the limit as € — 0 the above becomes

dr

L, 1+ 22 1 + r2e4mi

In®r — 4m? Inr + 4miln® r + 2miIn r — i (472 + €2 - 47e) 2m — €) - 872 Inr

fO In®r — 4 Inr + 4niln® r + 2miln® r — i (270 — e) (2m - €) + 2 (47‘( + €2 —4ne)lnr
f dr

1+72

dr

0 In*r —4n? Inr + 6miln® r — i (873 + 2me? — 8n%€) - (4n2e + €3 — 4me?) - 8n2Inr
B foo 1+ 12
Taking the limit as € — 0 the above becomes

n®z p fo In® (1) =472 Inr + 67mi In® r — 8im® — 872 Inr
z = ¥

1, 1+2? 1472

fo In® (1) = 1272 In 7 + 67 In® r — 8in® ;
= r
o 1+ 72

Hence the above becomes

In®z Oln 0 Inr 0 102y 01
22 D by —12m f dr+6 f _dr—8i f
L1422 1+r2 ' 1+20 0 001+r SRR N

:—f dr+1271 f nr dr—6nif dr+8m f
0 1+ 0 1+1’2 0 ].

But £ ln—rdr = 0 from part (a) and £ Ller = E, hence the above becomes

Inz o 1p3 r
2dz=— 6mf
L21+Z 0

" dr + 4irt (5)
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Using (4,5) in (3A) gives

ff®ﬁ+ F@dz= St
L, L 4

© Indr © In?y I3y 13

- - 2dr—6m’f - 2dr+4in4 + 2] = 24
0 1+T 0 1+7’ 0 1+7’2 4

2

6 _f‘x’ In“r
—6711

o 1+72
fo —6711
[

4

13
dr + 4int* = Zn

13 4. ..
Zn‘lz — 4int

13n4i —16imt*
1+ r2 —24ri
—374i

2471

7_(3

8

Which implies

2
0 In“x T
~E 1+x2dx Y

Appendix Here we will show that lim, _,g L f(z)dz =0 and limg_,, L f(z)dz=0
7’0 R

For lim, _,o L f (2)dz, let z = rye’®. Hence dz = ryie’?d0 and the integral becomes
"0

0 3 16}
lim fe Mrolelede = lim lf MT do
2

0
10=0Jor e 1+ 7’08216 ro—0 nee 1+ 7’%816

As € — 0 the above becomes

In® (ryet? , 0 1n® (rge®
lim Mroielgde = lim i f (—0.)r0d6
2

10-0 J e 1+ 15¢2i0 0-0 Jpn 1+ 150

0 In° (roeie)
e

"
2 g0
n 1+71§e?

max
0 [1n® (roeie)
1+ rdei®

In® (roeie )

1+ r%eie

IA

lim
ro—0 2

ron

0
f Vodg
21

max
1113 (Toeig)

1+ rde®

lim
1‘0—>0

= 27trg lim
r9—0

max

|1H3 (Yoeie)

max

< 27 rlolinm L+ 73]
min

[inrg+i6]"  |Inrg + i
max

max

< 27trg lim .
0Vo—>0 |1 + r%e’3| '
min
|1nr0+19|
But from part (a) we showed that 27rg lim, _,g W = 0, hence it follows that the
el
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RHS above goes to zero. Therefore

3 .
' In (roelg) i _ In®z
lim —227016 dO = lim —ZdZ
10—=0Jo_¢ 1+ e i0 ro—0 Cry 14z
=0

Now we will do the same limg_, L f(z)dz, let z = Re'®. Hence dz = Rie'?d6 and the
R

integral becomes
i [ R oo = | oroe o (Re”)
R-ooJ, 1+ R2e%0 R—oo J, 1+ R2%e20
As € — 0 the above becomes
e —hlS (Re") Rie'%d0 = lim i 3 —1113 (Re”)
N O 2 R Jg 1+ R%e?0
2n In® (Reie)
o 1+ R2e%0
In® (Reie)
1 + R2¢%0
In® (Reie) RO
1+ R2e201 J,
|ln3 (Reie)

=27 lim R—————tax
R—oo" |1 + R2¢2i0)|

RdO

Rd6

lim
R—oc0

< lim [i
R—o0

max

277
do

max

< lim
R—)OO 0

27T

< lim
R—o0

min

IR+ 0 |in(Re”)

< 2 1 R max
= AT Rl 1-R?
' Iln R+i6]? .
But from part (a) we showed that 27 limg_,, RTZH‘&X = 0, hence it follows that the
RHS above goes to zero. Therefore
2n-e In° (Re'®) 103 2
lim (—.)Rie19d6 = lim — S dz=0
R—oo J, 1 + R2¢20 R—eoJ 1+ 22

=0
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