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1 Problem 1

Evaluate the following integral for ¢ > 0 and for t < 0 when wy > 0 and € — 0F

00 eia)t
f o
-0 (W —i€)" — W}

Solution
Caset >0

We select the upper half for contour C since when ¢ > 0 the integral on upper half will
vanish as will be shown below.
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Figure 1: Contour used for ¢ > 0
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00 eia)i’ eiZt
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= lim (P.V.)f ————dz+ f —— 4z
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Therefore, if we can show that limp_,, L e—zdz = (0, then the above implies that
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Now we need to find the residues inside the contour shown. There is a pole when (v — i.e)2 =
w3 or w — i€ = +wy or @ = i€ + wy. Hence there are two simple poles, they are

Z1 = i€ + Wy

22:i€—a)0



They are both in upper half, inside the contour (since wy > 0 and € is positive).
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Figure 2: Locations of poles

Now we find the residues
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Substituting (2,3) into (1) gives

Now, to finish the solution, we must show that limp_, L
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But
eth |ei2t|max
—ie)? — w2 T (z=z1) (z=2)| .
(z-ie) ~awgl —Mz-z) -2,
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Now, since y > 0 (we are in the upper half) and also since ¢ > 0, then |e_ty | =1, which
max
occurs when y = 0. Hence the above becomes
ezt 1
(z - ie)* - w3 ez —z)l Iz -22)l
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By inverse triangle inequality |(z _Zl)lmin > |Z|2 + |21|2 =R%+ |€ + a)0| and |(z - zp)] . >

min
2
l2I” + |Zz|2 =R>+ |€2 + a)(2)| . The above becomes
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Substituting the above in (4) gives
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lim | ————dz< lim Rn >
Rooo J e (z - i) — w3 R—eo 2R? +2€? + |
] R
=7 lim

Ro®2R2 +2(e2 + a)0|

2
But 2 |€2 + a)gl is a finite value, say f so the above is
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o . . . R
And it is clear now that the above limit goes to zero. In other words, limg_,, o



1
I 0
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Hence The final solution is

00 eiwt 277
f dw = -t sin (fawy)

—00 (a) - i€)2 - C()g o)

Caset <0

Here, we must use the lower half for the contour in order for the half circle contour integral
to vanish.
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Figure 3: Contour for t <0

In this case the sum of residues is zero (since both poles are in the upper half), then we see
right away that

00 ei(uf
—o0 (W —i€)" — W}
izt
But we must show that limg_,, L ,e—zzdz = (0 here as well for the above result to be
R (z—ie)"~w}



valid. Similar to what was done earlier:
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<
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Since y < 0 (we are now in lower half) and also since ¢ < 0, then |e‘ty |

when y = 0. Hence
ezt

But by inverse triangle inequality |(z — z1)|

—ie)? — w2
(z-ie)" —awgl

1
<
(z —z9)l_, Iz —2z)|

min
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21 + |Zz|2 =R>+ |€2 + a)(2)| . Hence the above becomes
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The rest follows what was done in first part. Therefore

eizt
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Roeo J g (z — i€)* — w

max

2
L2 |z|2+|z1|2 =R%+ |€2 + w§| and |(z — zp)|
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=1, which occurs
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But 2 |<—:2 + wg| is finite number, say f so the above is
ezt
lim —————dz <m lim ——
R Jep (z - i€)? — w3 R0 2R? +
And it is clear now that the above limit goes to zero.

The final solution is

2
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2 Problem 2

00 n?
= zdx. In order to find the second one

Evaluate the following integrals fw fj:—xxzdx and £

you need to consider the integral Loo ilrx); dx
Solution
2.1 Part (a)

Inx

There are two ways to find £ dx One uses a substitution method and requires no com-

o 1y
plex contour integration and the second method uses £ —zdx with complex integration
1+x

to find £

lnx

Method one
Let x = -. Hence dx = ——dy When x =0 — y = 00 and when x = co — y = 0. Hence the
integral £ —dx becomes

Since on the RHS v is arbitrary integration variable, we can rename it back to x. Hence the
above becomes

© Inx dxz—foo In (x)

o 1+x2 x%+1

Zf"" lnx
1+x2

dy
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Therefore

Vgoo Inx dx =0

1+x2

Method two

2 o0 n
u zdz to show that £ Inz dz = 0. The
+z

In this method will use complex integration on £ n T2

following contour will be used.

Principal branch
\E 0<60<2rm

branch cut
J
R

>

Figure 4: Contour for problem 2, showing location of poles at +i

lnzz
iz oo
- d d d d
sz(z) z+j;rof(z) z+lef(z) 2+ CRf(z) 2

=27 E Residue

Hence

J;

2

F(2)dz+ fc f@de+ | fEdes fc f(2)dz = 2mi ¥ Residue (1)
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In” .

There are two poles in —Z_ Residue at z; =i is

(z—1)(z+i)

In? z

Residue (Z) = £1£)I} (Z - l) m

In’z

=1li
iz + i)
In?i
2i
(In(1) + 'E)2
n 12
2i

(3)
2i
2

4
2i
—77?

=8 @

And

. . In?z
Residue (i)

Sm G+ T

In’z

=1i
22—

_ In? (i)
—2i

But In(—i) = In(1)+ ign. Notice that the phase is gn and not —% since we are using principle
branch defined as 0 < 6 < 27t. Therefore the above becomes

(ln (1) + ign)z
Residue (i) = ————

-2i
9 2
_ 4"
-2i
972
-8 (3)
Adding (2+3) and substituting in (1) gives
—712 9712
f@d+ [ f@iz+ [ f@d+ [ ferd= zm-(_, R __)
Ly Cro Ly Cr 8i 8i

d d d dz = 213
sz(z) z+fcr0f(z) z+fL1f(z) 7+ CRf(z) 2= 2m
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We will show at the end that lim, _, L f(z)dz = 0 and that limg_,, £ f(z)dz = 0. Given
) R

this, the above simplifies to only two integrals to evaluate

) f(z)dz + ) f (2)dz = 278 (3A)

We will now work on finding { f(z)dz. Let z = re’, hence dz = dre® and the integral
1

In?z o In’ (re€)
f ——dz = f ———dre*
L 1+z 0 ie
1 1+ (re
0o . \2
e (Inr + ie)
=€ T e
0 + rée
. f“ In? 7 + i2€2 + 2ielnr
=e ,
0 1+ 7’28216

Now taking the limit as € — 0 the above becomes

In’z ©
z 2dz: n—zdr (4)
L11+Z 0 1+1"

becomes

r

We will now work on finding £ f(z)dz. Let z = re/®™€) hence dz = dre®©) and the
2

integral becomes

In’z p fo In® (rei(zn‘e))
Z —_—

i(2mt—€)

= dre
1, 1+22 o014 (rei(2n—e))2

dr

_ ien-o fo (In(r) +i(2n - )y’

1 + r2¢2i(2m—e)

o

_ pi2n-e) f 0 n? (n-Qn- e)2 +2i(2n—¢€)ln rd

- r
1 + 72¢2i(2m—€)

(o]

_ jien-o fo In? (r) - (4712 +e2 - 47’(6) +2i(2m—€)In rdr

1 + r2p2i2n—¢)

[©e]

Taking the limit as € — 0 the above becomes

In?z s = g2 fo In? (r) - 472 + 47ti In r

= : r
1, 1+22 oo 1+ r2ein



But ¢2™ =1 and €™ = 1 then the above becomes

In®z 01n% (r) — 472 + 4milnr
f 2t;lz = f dr
Ly Z

1+ oo 1+72
0 1n2 ¢ 0 472 0 Inr
- d—f dr+4 f d
001+rzr 001+r2r m 001+r2r
° In’ © 47?2 ® Inr
= - nrzdr+f nzdr—4nif - dr
0 1+7‘ 0 1+1" 0 1+7‘2

Using (4,5) in (3A) gives
2

© In?r © 4 © Inr © In?r
- n—zdr+f nzdr—47zif 1 2dr+f - 2d1’=27’C3
0 1+1’ 0 1+7’ 0 1+1’ 0 1+7’

1 |
4n2f dr—4m'f L D W
0 0o 1

1+72 + 12
But fw ﬁd” = arctan (r)go = arctan (o0) — arctan (0) = %, hence the above becomes
472 (g) —4mi j:o 112 :zdr =273
—4Tti Ooo 11 rzdr =0

Which implies

Lm Ly 0

1412

Which is the same result obtained using method one above.

Appendix Here we will show that lim, _,g L f(z)dz =0 and limg_,, L f(z)dz=0.
7’0 R

For lim, _,q L f(2)dz, let z = rye’®. Hence dz = ryie’?d0 and the integral becomes
"0

e In? (roeie) 0 ' In? (roeie)
lim f —2,67’0181 d@ = lim lf —2,67’0616
rO_)O 21—€ ]. + 7’0821 1’0—>0 21—€ 1 + 7’081

13

(4)
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As € — 0 the above becomes

. In? (roeie) » o
lim ST 19ie'?d0 = lim lf
1’0—>0 27—€ 1 —+ 1’06 i0 1’0—)0

IA

lim |i .
=0 o 1+ 1’%618

r0—0J o | 1+ r3ei®

ron

max

IA

Tod 7}
max

In? (roeig) 0
lim PR TR f Vode
=0 1 + r§ei® 2

IA

max

2(. ip
271trg lim i’ (rue”)

ro—0| 1 + rZei?

max
|ln2 (roeie)
< 27?7’0 lim

=0 |1 + r3ei®|

max

min

L2
|11’l o+ 16|
= 27try lim ————22
O rom0 |1+ rdel®|
min
|n? rg + (i6)° +2i6 In g

max

= 27trg lim
r9—0 1- 1’%
. TN ln2 o — 47'(21"0 + 47'(1’0 In )
=27 lim 5
r9—0 1- I

2
7o In“r 7 rolnr
(0 0o 4,2 To +4n0 0)

47

=27 lim
1—r(2) 1—r(2) 1—;%

ro—0

2

. 7o In” 7, . T . rolnr

But lim, _,o 2—2 =0and lim, 9 1—02 = 0 and lim, _,g 22 = 0 Hence all terms on the
-2

l—r%
RHS above become zero in the limit. Therefore

In? (roeig) y In®z
lim —2.97’01816[16 = hmf de
r=0Jgnc 1+ r§e? 0—=0Jc, 1+z
0

2
1-r5

Now we will do the same limg_,, £ f(2)dz, let z = Re!?. Hence dz = Rie'?d6 and the
R

integral becomes

e b (R) 2nce In? (Re)
| o
d [ i = i | ka0
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As € — 0 the above becomes
‘ 2r-€ In® (Reie) 0 . In? (Reie)
ngrgo ¢ 1 + R2¢2i0 Rie™d6 = Rh—{riol o 1+ R2%e20
21 In? (Reie)
0 1+ R2€2i6
In? (Reie)
1+ R2e%9
In* (Re”)
1 + R2¢29
in? (Re?)
=21 lim R————1%

R—eo [+ R2e20|

min

RdO

< lim |i Rd6
R— o0

max

271
do

max

< lim
R—>o0 0

27T
RdO

< lim
R—o0

. mR+i6f
=onlim R——7e
IIn®R - 6% +2i0In R

1-R2
<o T RIn’R — 47?R + 4mRIn R
- R—o0 1 —RZ
(Rlan R RlnR]

max

=27 lim R
R—>o0

— 472 i
-z 1 r TR

RIn’R ) R ) RInR
l_n_Rz = 0 and limg_, R = 0 and limg_,o, ﬁ = 0 Hence all terms on the
RHS above become zero in the limit. Therefore
lim T Rie?d6 = lim —_—
R—oo J 1+R€l6 R—oo J 1+22
R
=0

=271 lim
R—>o0

But hmR_)oo

dz=0

2.2 Part (b)

3 2
. 00 In”z . . 00 In“z .
We will now find £ mdz in order to determine £ mdz. We will use the same contour

integration as part (a) above.

f(z)dz+ f f(z)dz+ f(z)dz+ f(2)dz =2mi Z Residue (1)
Ly Cry Ly Cr
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There are two poles in Residue at z; =i is

In” z
(z—i)(z+i) "

In’z

Residue (Z) = £1£)I} (Z - l) m

n’z

=1li
iz + i)
B i
24
(1 1) + 'E)3
n 12
2i

LT 3
(3)
2i
.7'(3
s
2i
-3
16 @

And
_ . ) In®z
Residue (1) = le_)rr_li (z+1) m
_ lim n®z
z——i (Z - Z)
In® (~i)
T i
But In(—i) = In(1)+ i%n. Notice that the phase is gn and not —g since we are using principle
branch defined as 0 < 0 < 27t. Therefore the above becomes

(m (1) + ign)3

Residue (i) =

- (3)
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Adding (2+3) and substituting in (1) gives
—7° 27713)

sz‘z)d“f%f(z)d“ @i | f(z)dz—2n1(16 NS

d d d iz = B
hf@)miﬁdﬂ@z+j;ﬂ@z+1;f@)z i

We will show below that lim, l; f(z)dz = 0 and that limg_,, £ f(z)dz = 0, which
) R

simplifies the above to

ﬁf@ﬁ+ﬁf@ﬂ=%ﬁi (3A)

We will now work on finding L f(z)dz. Let z = re’, hence dz = dre’ and the integral
1
becomes
1 32 00 1I13 1’€i6 .
et ~dz = f —< )zdrele
l+z 0 1+ (rei)
© (Inr+ ie)3

= ¢'€ _—
0 1+ 7’2821€

dr

[ (ln2 1+ i%€% + 2ieln r) (Inr + ie)
— elef _
0 1+ 7’26216

dr

o foo (ln3 r+i2e2 Inr + 2ie In® r) + (ie In? 7 + %3 + 2i2e2 In r)
e .
0 1 + r2e2e
Now taking the limit as € — 0 the above becomes

Inz o p3y
dz = ——dr 4
L 1 + Z2 0 1 + 7’2 ( )

We will now work on finding £ f(z)dz. Let z = re’@™=€) hence dz = dre®™€) and the
2

integral becomes

3 3 (,.,i(2m—€)
f In°z iy — fO In (re ) i)
L

> 1+ 22 01 4+ ( ei(ZTc—e))z
5i2m-e) fo (In (r) + i (21 — €))° i
1 + 72¢2i(2m—€)
But lim,_,€/®"¢) = ¢2™ =1 and the above becomes

1“32d J« @n r—@Qm-e) +2iQn-e)lnr)(In(r) +iQn - e»
7 =

dr
L, 1+22 1 + r2¢2i@2n—e)

dr

O r-Inr@r-e)’ +2iQn-e)ln’r+iQRn-e)ln’r-i(2n-e)’ + 22 (2n -l Inr
- f 1+ r2e2i2n—e)

o
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Taking the limit as € — 0 the above becomes

dr

n 2 fO In®r — 42 Inr + 4miln? r + 2miln® r — i 7 — €)* 27 — €) + 242 (4n2 +e% - 47’((—:) Inr
Z =

1, 1+7 oo 1 + r2e4mi

dr

fo 1n3r—4n21nr+4ni1n2r+2m'1n2r—z‘(4n2 +e2 —4ne) Qn—-¢€) -8 Inr
- - 1+72

dr

fO 27 —472Inr + 6miln®r—i (8n3 +2me? — 8n2€) - (47’(26 +e3— 47’[6‘2) —-8m2Inr
o 1472

Taking the limit as € — 0 the above becomes

dr

n®z p fo In® (r) — 42 Inr + 6miln? r — 8ir® — 872 In 7
7 =
1, 1+2? oo 1472

fo In® (r) = 1272 In 7 + 67i In? r — 8ir®
- r
oo 1+7?

Hence the above becomes
2

In® 0 Ip° 0 1 0 1 0 q
- szz: - (r)dr—12 f dr+6mf - rzdr—Sin3f 5
I, 1+z o 1+ o1 +7 w147

2

] © 1 | < 1
=- nrdr+12n2f ld dr—6nif nrdr+8in3f
0o 1+72 0o 1+72 0o 1+72 0o 1+72

But £ ln—rdr = 0 from part (a) and £oo Lalr = z, hence the above becomes

In’z SR r
f zdz = - 67zzf dr + 4irt (5)
Ly 1+z 0 1+

Using (4,5) in (3A) gives

dr

dr

13
ff@ﬁ+ F(2)dz = i
L, Ly 4
o 1p3 ® 1p? ® 1n3 13
- - rzdr—6m'f - rzdr+4in4 + nr dr|= =74
0 1+T 0 1+7’ O 1+7’2 4

13
—6mf o, dr + 4in* = Zn‘*i

13 4. ..
Zﬂ4l — 4int

fo —6711
137%i — 16im*
f dr =
0 1472 —247i
—374i
2471
3

8




Which implies
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b

0o In? x

1+x2

Appendix Here we will show that lim, _, L f(z)dz =0 and limg_,, L f(z)dz=0.
L) R

For limro_>0£ f(2)dz, let z = rye’®. Hence dz = ryie’?d0 and the integral becomes
0

fe In® (roeie)

pe 14 12620
As € — 0 the above becomes

In® (ryet®

lim ( )

r0—0J oy 1+ 15e2i0

lim
ro—0

rie?do

But from part (a) we showed that 277 lim

above goes to zero. Therefore

10ie'%dO = lim i

1113 (roeie)
f —2.81’0(16
0 Jope 1+r15e

ro—

= lim i
ro—0

0 In® (roeig)
f2n 1 + r3ei0 70
0 In® (roeie)
J

"
2 g '0
x 1+7r§ei®

max
0 [1n® (roele)
ro—0Jon 1 +1’0619

- In® (roeia )

r0—0 | 1 + rZet?

IN

rOdQ

0

LT(
max

In® (roeie)

1 + r3et?
max

|hr13 (roeie)
max

L+ r5el®|

min

IA

ron

27trg lim
1’0—>O

< 2mrp lim
1’0—>0

inro+i6 |iry +i6)

max

< 27rp lim .
¥ o0 |1+ r5ei®]

min
mroriof’

100 3,247 = 0, hence it follows that the RHS

min

3 .
. In (7’05’16) .0 , In°z
lim —227016 dO = lim de
ro—0 2r—e 1+ 1‘06 10 ro—0 Cro 1+z
=0

Now we will do the same limg_,, L f(z)dz, let z = Re'®. Hence dz = Rie'%d0 and the
R
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integral becomes

RdO

lim
R—o0

e I (RE) o4 = tim 4 f o’ (Re)

e 1+ R2e0 R—eo J. 14 R2e%0
As € — 0 the above becomes

lim e (Rei@) Rie'd0 = lim i b (Reie)

R—oo J . 1 + R2¢2i9 R—eo J 1 + R2¢2i0

o 10 (Re”)

0 1+ R2€2i6

Rd6

< lim
R—o0 0

In® (Reie)
ez A

I (Re)
=271 lim R—————"%

R—oo |1 + R2e2i0|

min

< lim
R—o0

IR+ 67, |in (Re)

< 2 1 R max
= R0 1-R?
) In R+i6% )
But from part (a) we showed that 27 limp_,, Rszax = 0, hence it follows that the RHS
above goes to zero. Therefore
2n-¢ In® (Re® , Ind z
lim ( ) Rie'%d6 = lim = 4z=0
R—oo J, 1 + R2e2i0 R—oo Jcp 1+ 22

=0
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