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1 Problem 1

Let C denote the square contour with corners at +2,+2i and which is taken in counter
clockwise direction. Use the residue theorem to evaluate the integral L f (x)dz for the

following functions

@) ==, (b)
2
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z(zz+8) z+1
Solution
1.1 Part (a)
The function f (z) = e_zn has a simple pole at z = i% ~ 1.57i, hence it is inside the contour.
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2

Simple pole at i
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Figure 1: Location of pole relative to contour

Hence by residue theorem

¢ f(2)dz = 27i Residue (£ (2))
C

Z=2Z(

So we just need to find the residue of f (z) at z = zy = ig. Since this is a simple plot, then
the residue is given by
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Therefore

e_Z

9§ _dz = 27ti (i)
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1.2 Part (b)

The function f (z) = “®%  has one simple pole at z = 0 which is inside the contour, and
zZ

a poles at z = ii\/g = iZi\/E ~ +2.83i but these are outside the contour.



Therefore by residue theorem, only the pole inside the contour which is at z

outside pole at iv/8

Simple pole at 0
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outside pole at —iV8

Figure 2: Location of pole relative to contour

contribute to the integral. So we just need to find residue at z =0

Therefore

1.3 Part (c)

The function f (z) =

Residue ( f (Z))z—z = Zh_)nzlo (z—zp) f (2)
- i cosz
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Figure 3: Location of pole relative to contour

0 will

has one simple pole at z = —1 which is inside the contour.



So we just need to find residue at z = -1

Residue ( f (Z))

g 2152) (z—zp) f (2)

lim (z+1) —
= V4
zin—ll 2(z+ 1)

Therefore



2 Problem 2

Assume that f (z) is analytic on and interior to a closed contour C and that the point z,
lies inside C. Show that

f’(zd _ f(z) e

Z— 2

Solution

We see that g (z) = )

has a simple pole at z = z;. Therefore
$2)dz=2mi () )

Where b is the Residue of g (z) at z;. By definition the residue of a simple pole is found
as follows

by

lim (z —zg) g (2)
Z—2Z0

= lim (z — zy) f &
z—20 zZ -2z

= lim f’ (z)

Z—2Z0

= f" (20)

Hence (1) becomes

SE ¢(@)dz = 2ni) f' (z)

f/( )dz = (2mi) f’ (zp) (2)

Z= 20
But per lecture notes, page 46 on complex analysis, it shows that

£ (20) f@

" 2mi ~ (z- zp)°

Substituting the above back into RHS of (2) results in

[0 4 2o 1@
2 Z— 2 27'(1 (Z—Zo)

f/(z)dz:gg 1@ g

2
z—-z _
- 0 5 (z - zp)

dz

Therefore

QED.



3 Problem 3

Give the Laurent series expansion both in powers of z and in powers of (z—1) for the

. 1
function 203

Solution
There is a pole of order 2 at z = 0 and a pole of order one at z = 1. Therefore, there is a
Laurent series expansion about z = 0 which is valid in inside a disk or radius 1 centered

at z = 0. Around z =1 there is another Laurent series expansion of the function, which is
valid inside a disk centered at z = 0 of radius 1.

Laurent series expansion around z = 0

111
22(1-2) 22(1-2)
1
:Z—z(1+z+zz+z3+---) lz| <1

1 1 5 3
=S +t-+l+z+z2+27+ -
zZ Z

. . . . . 1
We see from the above that the residue at z = 0 is 1 which is the coefficient of . term.

Laurent series expansion around z =1

. 1 .
Let u =z -1, hence z = u + 1 and the function Zag o terms of # becomes

1 11
A+u)?(—u) U @A+ u)

(1)

But 1 . 2= (1+u)~ Applying Binomial expansion (1 + x)" = 1+nx+"
+u

--- which is valid for |x| < 1 then we see that for n = —2 we obtain
-2)(-2-1 -2)(-2-1)(-2-2
(D(2-1) , (D(2-D(-2-2) ;

(n-1) o  n(n-1)n-2) 3
o X+ 3 X"+

A+u)2=1+(-2u+

2! 3!
The above is valid for |u| <1 or [z—1| <1 or 0 < z < 2. Simplifying the above gives
1
5 =1-2u+3u®—4u° + -
1 -u)
Substituting the above back into (1) gives
-1 1 -1
— 5= —(1-2u+3u? -4’ + --.)
u1+u) u
-1 )
= —+2-3u+4u-—---
u
But since u = z — 1 then the above becomes
1 -1

+2-3z-1)+4z-1°-5@z-1>+---

z2(1-2) -1
We see from the above that the residue of f(z) is -1 at z = 1.

In summary
. .1 1 . . Py e . .
1. Laurent series around z = 0 is = + - +1+z+2z%2+4 2%+ --- which is valid inside disk
centered at z = 0 of radius 1

2. Laurent series around z =1 is i +2-3(z-1)+4(z- 1)2 -5(z— 1)3 + --- which is
valid inside disk centered at z =1 of radius 1
Note that there is another Laurent series expansions that can be found, which is for the

region 1 < |z| < oo, which is outside a disk of radius 1 centered at z = 0. But the problem
is asking for the above two expansions only.



4 Problem 4

dx
1424

Evaluate the integral gx} dx

solution

Since the integrand is even, then

1 o 1
1=—f d
2J Ea™

Now we consider the following contour

Cr

> > » Rz

Figure 4: contour used for problem 4

Therefore

‘ff(z)dz=(lgijr§oj:1f(x)dx+1%ﬂf() f(x)dx)+Rli_r)r;o CRf(z)dz

Using Cauchy principal value the integral above can be written as

R
ff(z)dz:Rli_r)r;ojin(x)dx+Rli_13;OfCRf(z)d
=27 Z Residue

. . . 1 S
Where )} Residue is sum of residues of = for poles that are inside the contour C. Therefore
the above becomes

R
Jim f f (x)dx = 27i ¥} Residue— lim f F(2)dz
R —eoJcy

R—o0

© 1 . . . 1
f_mx4+1dx:2n12R651due—1%£r;o CRZ4+1dZ 1)

Now we will show that limg_,, L ﬁdz = 0. Since
R

f L dz| < ML
Cr Z4 +1 i
=|f@| (R (@)
But
1
A ERT E

Hence, and since z = R ¢/ then

1

|f (Z)lmax - |ZZ - Z‘|rnin |ZZ + Z'|min

Using the inverse triangle inequality then |Z2 - i| > |Z|2 +1 and |22 + i| > |Z|2—1, and because



|z| = R then the above becomes

1
@, < (R2+1)(R2-1)

1
R*-1

1 TR
f el ey
Cr

o . . . niR .
Then it is clear that as R — oo the above goes to zero since limp_,, R limg_, o i~

Therefore (2) becomes

0 . . .
1 = 0. Equation (1) now simplifies to

| Z - 41+ —dx = 2mi Y} Residue (24)
We just now need to find the residues of ﬁ located in upper half plane. The zeros of
the denominator z* +1 = 0 are at z = —1% = (ei”)‘li, then the first zero is at ei%, and the
second zero at ei(%%) = ei(‘%n) and the third zero at ei(zmi) = ei(zn) and the fourth zero

. s 7
i\ s+ iln
ate'\* 2/ =¢4". Hence poles are at

21—84
ién
22:e4
i§7z
Z3:e4
izn
24284

Out of these only the first two are in upper half plane. Hence since these are simple poles,

we can use the following to find the residues

Residue (z1) = Zli_)Hzll (z=2z1) f(2)

R

Applying I’Hopitals rule, the above becomes
d

) . (z-2z)
Residue (zq) = lim S———

TrEE-

Similarly for the other residue

Residue (z;) = Zli_)r? (z—2) f(2)

G



Applying I’Hopitals
_ 1
Residue (zy) = 1 3

i
4e'4

Now that we found all the residues, then (2A) becomes
1 ]

© 1 | 1
f dx = 2mi -+t — =
1 4T 4e't

q

= 2| ~=
“1[41'

1
- 1

co 1 1 oo 1
But £ mdx =3 f_oo mdx, therefore

© 1 1(1
—— dx=-(zV2
fo a1 2(2‘/_n)
1
:Z\/ET(

2
= —"
412
1

= —T
242
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5 Problem 5
. . 21 sin? 60
Evaluate the following integral £ o HdG when a > |b|
solution
This is converted to complex integration by using z = rei = ¢% since r = 1. Therefore
dz = ie'%d0 or
dz = izd6
In addition,
ei@ + e—i@
0= —7—
cos >
_z+z!
2
And
20 = =~ L cos20
sin“ @ = — — = cos
2 2
1 1 eiZ@ +e—i26
272 (T)
1 1 (22+z7
2 2\ 2
1 1
—_ (2 -2
=>-3 (22 +272)

Using all of the above back in the original integral gives

I fzn sin’ @ 6
o a+bcosB
1

zggz—i(z“fz)d_z

z+z71 iz
C ﬂ+b( 2 )




11

Where the contour C is around the unit circle in counter clockwise direction. Therefore

1 27274 -1 dz
iC 4az + 2bz2 + 2b z2

_1§1 272 — 74 -1

— d
72 2bz? + 4az + 2b z

1
C

Now we can use the residue theorem. There is a pole at z = 0 of order 2 and two poles
2
which are the roots of z% + Faz +1 =0. Hence

I =27 Z Residue

. 2 . .
First we find the roots of z2 + fz +1 =0 to see the location of the poles and if there are
inside the unit circle or not. These are

2a 2

b 1 - 1 2a
—— s VR —dac=-L x ||=] -4
22" 2a ="y %3 (b)

B a+1 4a2 4

b 2N R

_ 4, a? .

b N2

2
Since a > |b| then Z_Z > 1 and the value under the square root is real. Hence both roots are
real. Roots are

a a2
Zl__E+ ﬁ_l

a a?
Zz——E— ﬁ_l

Now we need to decide the location of these poles. Let % = x. Where x > 1 since a > |b|.
Then the roots can be written as
71 = —x+ Vx? -1

zp=—-x-Vx2 -1



12

Now Vx? —1 is always smaller than x but (‘Vx2 -1- x) can not be larger than 1 in magni-

tude. Hence z; will always be inside the unit disk. On the other hand, (sz -1+ x) will al-

ways be larger than 1 in magnitude (the sign is not important, we just wanted to know which
pole is smaller or larger than 1 only. Therefore we conclude that z; is inside the unit disk and z; is outside

Therefore, we need to find residue at z = 0 and z = z; and not at z = z,. The function f (z)
is from above is

1 222-2%-1
f(Z)=Z—2T
(ZZ+FZ+1)

1 2722 74 -1

C2E-2)(E-2)
Residue of f(z) atz=0

Since this pole is of order n = 2, then

! ((z—ZO)”f(z))

Residue = lim

20 dz"-1 (n—1)!

o d , 1 222-74-1
=hmd— (Z—Zo) —22—
z0dz “ (zz+fz+1)
od| ,1 222-24-1
thd— Z—ZT
moaz| z (zz+?z+1)
i d|222-24-1
_ZI—I>I(1)dZ ZZ+QZ+1

b

(42 -~ 423) (z2 + %az + 1) - (222 — A 1) (22 + 2_“)

b
2
z—0 2a
(22 + 7z+1)

Residue at z; = —g +45 -1

Since this pole is of order 1, then the reside is
Residue = Zh_)rgll ((z -z1) f (z))

)1 272 741
Z—2Z1) —=
V22(2-21) (z - 2p)

_ (1 222—24—1)
= hm —_—

zZ—2Z1

= lim ((

—>u\z2  z-1z
2 A
21221—21—1
Z% Z1 — 2y
4 2

2

2
__1(21—1)
Z% Z1 — 2y

2
a a .
Let - = x, hence\/b—2 —1 = Vx%2 — 1. Therefore we can write z; = —x + Vx2 -1 and z, =
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—x — Vx2 —1 and now the above becomes
1 x
2
(—x V2 _ 1) (—x + Va2 - 1) -
By 2
, ((—x + Vx? —1) - 1)
= 7 >
(—x + Va2 - 1) Va2 -1
2
But (—x + Va2 - 1) = xz+(x2 - 1)—2x\/x2 —1 = 2x2-2xVx2 —1-1 and the above becomes
2

q (2x2 —2xVx2-1-1 —1)
Residue = —
2 (2x2 _ V2 -1 —1) N

2
(2x2 —2xVx2-1- 2)
2 (sz —2xVx2 -1- 1) Vxz -1
2
4(x2—x\/x2—1—1)

2 (Zx2 —1-2xVx2 - 1) Va2 -1

, ((x2 - 1) - x\/aﬁ)2

(2x2 —1-2xVx2 - 1) Va2 -1

Residue =

((—x + \/——1)2 - 1)2

()

Expanding gives
(2 1)+ (357 1) 2(:2-1) V2 1
222 =1 - 2xVx? —1) Va2 -1

(2=1) +22(2-1)-2(2-1)xv@2 -1
(2x2 ~1-2xVa2 - 1) Va2 -1

(x*-1) (x2 ~1+22 —ZxM)

232 =1 - 2xVx2 —1) Va2 -1
(x*-1) (2x2 ~1- 2x\/ﬂ)

(2x2 —1 - 2xVx2 —1) Va2 -1

Residue = -2

=-2

=-2

-2

Dividing numerator and denominator by (x2 - 1)

Va2 -1 (2x2 —1-2xVa2 - 1)
(2x2 -1 -2xVx? - 1)
=-2Vx? -1

Since x = % then the above becomes

aZ
Residue = -2 ﬁ -1

Residue = -2



We found all residues. The sum is

_ 2a a?
ZReadue:?—Z ﬁ_l
From the above we see now that
1 1 222-24-1
I= fﬁ dz

Zblc z (22+27:z+1)

= % (2711' Z Residue)

1 2,2a 5 a2 ,
i |7 D P2

Hence the final result is

.2
[0 o= 2 oV R

o a+bcosB a3
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