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1 Section 34, Problem 3

). Verify that each of the functions
uy =Yy, u,, = sinh ny cos nx (= )
satisfies Laplace’s equation (Sec. 23)
e (X, ) + yy (x, ) =0 O<x<m0<y<2)
and the boundary conditions
w0y ) = () y)i= 0,400 Sy, 0)i=10.
Then use the superposition principle in Sec. 33 to show formally, without considering

questions of convergence, differentiability, or continuity, that the series

(09)
u(x,y) = Ay + Z A, sinh ny cos nx

n=1

sitisties the same differential equation and boundary conditions.

Figure 1: Problem statement

Solution

The boundary conditions are

unspecified

2

uz(0,y) =0 Vou(z,y) =0 |uy(m,y) =0

u(r,0)=0 7
Figure 2: Boundary conditions

Let
u (x,y) =X(x)Y (y)



Substitution in the PDE u,, +y,, = 0 leads to
XY +Y"Y =0

X// Y//
—_— = —— = —A
X Y
Where A is the separation constant. We obtain two ODE’s
X"+ AX =0 (1)
Y"-AY =0 (2)

We use the X (x) ODE (1) to determine the eigenvalues, since that ODE has both boundary
conditions specified:

X"+AX =0
X’ (0) = 0
X' (n)=0

Case A <0

Solution is

X (x) = Acosh (ﬂx) + Bsinh (\/jx)
X (x) = AV-Asinh (ﬂx) + BV=A cosh (\/jx)

At x = 0 the above gives
0 = BV-A cosh (0)
= BV-1
Hence B = 0 and the solution (3) reduces to

X (x) = Acosh (\/jx)
X (x) = AV-A sinh (ﬂx)

At x = 7t the above becomes
0 = AV—-Asinh (V—AT()
For non-trivial solution we want sinh (\/37'() = 0, but sinh is only zero when its argument
is zero, which is not possible here, since A # 0. Therefore A < 0 is not possible.
Case A =0

Solution becomes X = Ax + B. Hence X’ = A. At x = 0 this leads to A = 0. Therefore the
solution now becomes X = B. Hence X’ = (. Therefore the second boundary conditions
at x = 7 is automatically satisfied. Hence the solution is X (x) = B, a constant. We pick
X (x) = 1. Therefore A = 0 is eigenvalue with associated eigenfunction X, (x) = 1.

Case A >0



The solution becomes

X (x) = Acos (\/Kx) + Bsin (\/Xx)
X' (x) = ~AVA sin (\/Xx) + BV cos (\/Xx)

At x = 0 the above becomes
0=BVA

Hence B = 0 and the solution reduces to

X (x) = Acos (\/Kx)
X (x) = ~AVA sin (\/Xx)

At x = 1 the above gives

0 = -AVAsin (\/XT[)
sin (\/Xn) =0
Therefore \/XT( =nnforn=1,2,3,---. Hence
A, =n? n=1,23,-
And the solution (corresponding eigenfunctions) is
X, (x) = cos (\/)\_nx)
= cos (nx)

In summary, the solution to the X ODE resulted in

Xo(x)=1 n=0 (3)

X, (x) = cos (nx) n=1,23,--
Now we solve for the Y ODE

Y”"-AY =0
Y(0)=0
We are only given boundary conditions on bottom edge.
case A =0
Y=Ay+B

When y = 0 the above leads to 0 = B. Hence the corresponding eigenfunction is Y (y) =.
case A >0

The solution becomes

Y (y) = Acosh (\/Ky) + Bsinh (\/Xy)



At y = 0 the above gives
0 = Acosh (0)
=A
Hence the solution reduces to

Y (y) = Bsinh (\/Xy)

Therefore the eigenfunctions for n = 1,2,3,--- are Y, (y) = sinh (ny) since A, = n? for
n=1,2,3,---.

In summary, the solution to the Y ODE resulted in

Yo(y)=y n=0 (4)

Y, (x) =sinh(ny)  n=1,23,
From (3,4) we see that

u, (x,y) = X, (0 Y, (y)
For n = 0 the above becomes
g (x,y) = (1) (v)
=Y
And forn=1,2,3,--:
Uy, (x, y) = sinh (ny)
= cos (nx) sinh (ny)

Using superposition, then

u (x, y) =Xx)Y (y)

[o0]

= Aouo + Z Anun

n=1
o0

= Agy + Z A,, cos (nx) sinh (ny)

n=1

QED.



Section 37, Problem 1

i @ In Problem 3, Sec. 34, the functions
ug =y, u, = sinh ny cos nx (=10 2.
were shown to satisfy Laplace’s equation ,
Urx (X, ¥) 4ty (x, y) = 0 O<x<mO0<y<
and the homogeneous boundary conditions
u(0,) =we(m, ) =0,  w(x,0) =0.

After writing u = X (x)Y(y) and separating variables, use the solutions of the Sturm
Liouville problem ( 1)inSec. 35 to show how the functionsugand u, (n = 1, 2. )ean
discovered. Then, by proceeding formally, derive the following solution of the bound
ary value problem that results when the nonhomogeneous condition u(x, 2) =Hf Gl
included:

o0
ulx,y) = Apy + Z A, sinhny cos nx,

n=1

where

i M 2 Vi
1 d n=-—]T— ] d = 41, ,....t
Ay ZarA f(x) dx, A nsthn/o ‘f(x)cosnx X n=1.9 )

Figure 3: Problem statement

Solution

The boundary conditions now become as follows



Ya
) u(z,2) = f(v)
uz(0,y) =0 Viu(z,y) = ug(m,y) =0

u(z,0)=0 7

Figure 4: Boundary conditions

From the above problem we know the general solution is
u (x, y) = Agy + Z A,, cos (nx) sinh (ny) (1)
n=1

Now we impose the remaining boundary condition u (x,2) = f (x). Therefore the above
becomes

f(x)=2A0+ i A,, cos (nx) sinh (2n)
n=1

Multiplying both sides by cos (mx) integrating w.r.t. x from x = 0 to x = 7 results in

f i f (x) cos (mx) dx = f i 2A cos (mx)dx + f i i A,, cos (nx) cos (mx) sinh (2n) dxl
0 0

0 n=1

f " £ () cos (mx) dx = f " 2 Ag cos (mx) dx +
0 0

i A,, sinh (2n) ( f i cos (nx) cos (mx) dx)l
n=1 0

7T 7T
f F(o)dx = f 2 Agdx
0 0
:2A07T

1 TT
A= fo £ dx )

case m =0

casem=1,2,---

f " £ (x) cos (mx) dx = i A, sinh (21) ( f " cos (1) cos (1) dx)
0 n=1 0

But £n cos (nx) cos (mx) dx = 0 for all m # n and g when m = n. Hence the above simplifies



to

f " (x) cos (mx) dx = %Am sinh (2m)
0

2 7T
= fo F () cos (mx) dx

Since m is summation index, we can rename it to 7 and the above becomes

mf f(x COs (TZX) dx (3)

Using (2,3) in (1) gives the final solution

(x y) = ( f f(x) dx) y+ Z (m f f (x) cos (nx) dx) cos (nx) sinh (ny)



3 Section 37, Problem 3

. TUTI T AV VAL ad WE UIU AL DEC, 90

El For gach of t_h§ following partial differential equations in u = u(x, t), determine if it i
poss1t?le tq write u = X(x)7(¢) and separate variables to obtain (’)rd’inary differenlti li
equations in X and 7. If it can be done, find those ordinary differential equations, - .
(@) wxr — ity = 02 B) (x+ Oty = 1, = 0;
(Gl s ty =0; (D) Uny — 1y —uy = 0.

Figure 5: Problem statement

3.1 Part (a)

Uy — Xtuy =0
Let u = X (x) T (t). Substituting this into the above PDE gives
X'"T-xtT”"X =0
Dividing by XT # 0 gives

X// tT/I O
— —XxI— =
X T
Diving by x gives
1 X// T/l
-——t—=0
x X T
1 X// T//
—_ = —/\
x X T
Hence it possible to separate them. The generated ODE’s are
X"+ AxX =0
T
T" + /\? =0

3.2 Part (b)

(x+Huy—u; =0
Let u = X (x) T (t). Substituting this into the above PDE gives
x+H)X'T-T'X=0
Dividing by XT # 0 gives
X" X' T

S S
XX T

It is not possible to separate them.




10

3.3 Part (c)

XUy + Uy +tuy =0
Let u = X (x) T (t). Substituting this into the above PDE gives
%
xX"T - 5 X'T)+tT"X =0
xX"'T-X'TX+tI"X=0
Dividing by XT # 0 gives
 _X'T +t— =0
X T

It is not possible to separate them.

3.4 Part (d)

Upy = Uy —Up =0
Let u = X (x) T (t). Substituting this into the above PDE gives
X'T-T"X-T'X=0
Dividing by XT # 0 gives

X/l T// Tl 3 0
X T T
X/I Tl/ T/
—=—=+—==-A
X T T
It is possible to separate them. The ODE’s are
X"+AX=0

T"+T" +AT =0
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4 Section 37, Problem 5

% Derive the eigenvalues and eigenfunctions, stated in Sec. 35, of the Sturm-Liouville

prablem

{\v,”("_) | }\_/\'(.f) e ()' X(()) e ()'l X(() = ()

Figure 6: Problem statement

Case A <0
Solution is
X (x) = Acosh (ﬂx) + Bsinh (\/jx)
At x = 0 the above gives
0=A
Hence the solution becomes
X (x) = Bsinh (ﬂx)
At x = c the above becomes
0 = Bsinh (ﬂc)
For non-trivial solution we want sinh (\/jc) = 0. But sinh is zero only when its argument
is zero. Which means V—Ac = 0 which is not possible. Hence A < 0 is not possible.
Case A =0

Solution is

X(x)=Ax+B
At x = 0 the above gives
0=B8B
Hence the solution becomes
X(x)=B
At x = c the above becomes
0=B8B

Which gives trivial solution. Hence A = 0 is not possible.

Case A >0
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Solution is
X (x) = Acos (\/Xx) + Bsin (\/Xx)
At x = 0 the above gives
0=A
Hence the solution becomes

X (x) = Bsin (\/Xx)

At x = ¢ the above becomes

0 = Bsin (\/Xc)
For non trivial solution we want sin (\/XC) = 0 which implies

\/Xc:nn n=1,2,3:-

-
c

2
Therefore the eigenvalues are A, = (%) for n = 1,2,3,--- and the eigenfunctions are

X, (x) = sin (“x) for n =1,2,3, ---.
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5 Section 39, Problem 2

__ center pléme N — 0/ Lo
2. ose that f(x) = sinx in Example 1, Sec. 55 : ;
e o S uggestg:)n: Use the integration formula obtained in Problem

—kt =
Answer: u(x,t) =e¢  sinx.

d u(x, t) and verify the result fully.
9, Sec. 5.

e e Eeaele et T and 25T See: 39

Figure 7: Problem statement

Solution

Example 1 is: Solve u; = ku,, with 1 (0,¢) = 0 and u (7, t) = 0. We now use initial conditions
u(x,0) = sin(x). The eigenvalues are A, = n? for n = 1,2,3,--- and eigenfunctions are
sin (nx). The general solution for this example is given in the book as

u(x,t) = Z B, Kt sin (nx)
n=1
At t = 0 the above becomes

sinx = 2 B,, sin (nx) (1)
n=1
By comparing sides, we see that only n =1 term exist. Hence B; =1 and all other terms are
zero. Hence the solution is, for n =1

u(x,t) = e * sin (x)
To verify this, we start with (1) and multiply both sides by sin (mx) and integrate which

gives

T T
f sin x sin (mx) dx = f E B,, sin (nx) sin (mx) dx
0

0 n=1
= E B, ( f sin (nx) sin (mx) dx)
n=1 0

But fz sin (nx) sin (mx) dx = 0 for m # n and g for n = m. Hence the above gives

Tt T
f sin x sin (mx) dx = B,
. 2

Similarly, " sin x sin (mx)dx = 0 for m # 1 and = when m = 1, therefore the above becomes
Y 2

H_Bﬂ
)
Blzl

And all other B, = 0. Which gives the same result obtain above, which is u (x, t) = e sin (x)
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6 Section 39, Problem 4

temperatures U and Ly, [ESPOuLLYSLy, auus yrasss= -
4. [ Suppose that the conditions on the faces of the slabin Example 2, Sec. 39, are reversed,

so that :
u(0,1) =up and u(m, =

By replacing x with 7 — X in solution (15) in that example, show that the solu
this new boundary value problem is

u(x,t) = uo {1—_‘”2 smnx]

n=1

tion of

Figure 8: Problem statement

Solution
We need to solve
Uy = ki, t>00<x<m

With boundary conditions

u(0,t) = ug
u(m,t)=0
And initial conditions
u(x,0) =
Solution (15) is
ulx,t)=—|[x+2 E - ) ekt sm(nx)l (15)
Replacing x by 7 — x in (15) gives
o) _1 n
u(x,t) = % [(n ( ) e~k sin (n (1 — x))l
% (t Z Fsin (nm — nx) (2)
Tt

Using sin (A — B) = sin A cos B + cos Asin B, then
sin (n7 — nx) = sin (n7) cos (nx) + cos (n) sin (nx)

But sin (n7t) = 0 since 7 is integer and cos (nmr) = (-1)", then sin (nm — nx) = (-1)" sin (nx).



Substituting this in (2) gives

Xty < (-1)"
u(x,t) =ug— uo; + 2?0 Z ( n) ekt (-1)" sin (nx)
n=1
X 2 0 (_1)2}’1 )
— 1-=2+Z= —nckt o;
uol - n; " e sin (nx)
2 51
= Uy [1 _X + — Z ~ ekt gin (nx)]
T mAen

Which is the result required.
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