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1 Section 11, Problem 4

LR L = M
n—>0o0

g In Chap. 1 (Sec. 6) we expressed a function f(x)in Cp
Fx) = g) +h(x)

(—m, r) as a sum

where
e fx) +2f T S f) sz(_xl.

We then saw that the coefficients a,, and by, in the Fourier series

[v0]
o T
> - Z (a, cos nx + b, sin 1x)
n=1
for f(x)on—mw <X <7 are the same as the coefficients in the Fourier ¢

series for g(x) and h(x), respectively, on O<x<m.
(a) By referring to the Bessel inequalities (11) and (14) in Sec. 10,

osine and

write

7 N 2 uf
%4“2“35;[ [g(0)]*dx (N=1%
n=1 0
and

N —
Ejbis—f (ol dx =118
T Jo

n=1

Then point out how it follows that

a—%-+i(a2+b2) = l{ftfcxnwwf [f(-s)]st} eIy
2 n n =i . 2 5=

n=1
(b) By makingthe substitution x = —s in the last integral in part (a), obtainl
inequality
a% N : 2 1 Bl 3 f
E+;(an+bn) = o B 0
ot Taklaes ALRY that
Figure 1: Problem statement
1.1 Part (a)
Writing
2 N
ag 2 7
+ Y2 <= f wld
) T AmS 0[g()] x (1)
Sti<2 [ her
<-= x)]"d
i<l | meor @



Adding (1)+(2) gives
aZ N 2 e 2
5 +7§1(a% +12) < ;fo g + 1 ()P dx

2 [f@+fET [f@O-FE0T

A e R e

_ Ef” F2(x) + f2(=x) +2f (x) f (x) s 2 (x) + f2 (—x)—2f(x)f(—x)dx
T nd, 4 4

:ifan(x)Jrfz (=x) + F2 (1) + f2 (=x) dx
= foZ(x)+2f2(x
:l(f F2(x) + f2( x)dx)

:l( f(x dx+ [f( s)] ds) 3)

T

1.2 Part (b)

Let x = —s in the last integral. Therefore dx = —ds. When s = 0 then x = 0 and whens =7
then x = —7, then (3) becomes
72

—+E@-wﬂ<—U"U@]M+LﬂU&f6Mﬂ
- %(fo i) dx—J;_n[f(x)]zdx)

— 0
But £ - —f and the above becomes

2

L;)+Z(an+b2) i((j(;n[f(X)]de+jj‘[[f(x)]de)
:;f;[f(x)]zdx



2 Section 11, Problem 6

f
0 Denve the expression

_ sin (% + Nu)
Dy)i= —fF—== (u#0, £2, £dir, .. )
2sin -
2
for the Dirichlet kernel (Sec. 11)

N
1 :
Dy(u) = 5 + E cos Hu
n=1

by writing

i the trigonometric identity
2sinAcosB =sin(A+ B) +sin(A— B)
and then summing each side of the resulting equation fromn = 1 ton = N.
Stuggestion: Note that
N N~-1

Zsin(g —nu) = ﬁZsin(g+nu).

n=1 n=l

Figure 2: Problem statement

We want to show the following (I’ve used x instead of u as it is more natural).

sin((N + %)x)

1 N
-+ COsSNx = (1)
2 ,;1 2sin g
Or, similarly, we want to show the following
X v, X . 1
sm—+ZZs1n—cosnx:sm N+ —-|x (2)
2~ 2 2

We will now work on the left side of (2) only and see if we can simplify it to obtain the right
side of (2). Writing the LHS of (2) as

x W X x Y
sin—+Z2sin—cosnx:sin—+ZZsinAcosB (3)
2 n=1 2 2 n=1



Where A = g, B = nx. But sin AcosB = % (sin (A + B) + sin (A — B)). Hence (3) becomes

x Y X x Y
sinE +n§::12$in§cosnx:sin§ +n§:18in(A+B)+sin(A—B)

z( ) s (2 )
$+ﬁmwgﬂﬂqeﬂg
gz nlle-2)

Expanding few terms to see the pattern shows

kS 2ol 2)) = 2 s 1))

onlfor 3 {(2-2))

Jonl(o 2 -5 2))

R R (G S R R R
o) )]

o3l

. 1
We see that all terms cancel except for the term before the last term, which is sin ((N + 5) x).

i\

=

I\)IR NI &K

=

+ ...

. (7 . .
(In the above limited expansion of terms, this will be the term sin (Ex) which remains.)

Hence as n — N, the above simplifies to

sm + Zsm( +nx) + sin(g —nx) = sin ((N + %)x)

Which is (2) which was obtained from (1). Hence (1) was verified to be valid.



3 Section 14, Problem 2

T

2./ For each of the following functions, point out why its Fourier series on the interval
—m < x < is convergent when —m <x <7, and state the sum of the series when x = 7:

(a) the function

Yol when —7w <x <0,
f(x)_{ T2 when O<x<um,

whose series was found in Problem 1, Sec. 7;
(b) the function

F(X) =re™ (a # 0),

whose series was found in Problem 4, Sec. 7.
Answers: (a) sum = 0; (b) sum = coshar.

Figure 3: Problem statement

3.1 Part (a)

The Fourier series for f (x) is convergent since f (x), after periodic extension, satisfies the 3
points of the Fourier theorem in the textbook at page 35

Theorem. Suppose that

- [ Is piecewise continuous on the interval —x < x < Ih;
[ is periodic, with period 27, on the entire x axis;

P T(—co<x < 00) is a point at which the one-sided derivatives fi(x) and
7_(x) both exist.

Figure 4: Fourier theorem

Point (i) is satisfied since f(x) is piecewise continuous and also point (ii) when doing
periodic extension. Also point (iii) is satisfied, since the left sided and right sides limit exist
at each x.




Clear[f];
flx_/; -Pi<x<Pi] :=Piecewise[{{-Pi/2, -Pi<x< @}, {P1/2,0<x<Pi}}]
flx_/; x>Pi] := f[x-2Pi];
flx_ /; x<-Pi] := f[x+2Pi];
Plot[f[x], {x, -4Pi, 4Pi}, PlotStyle -» {Thick, Red}, Mesh - None,
GridLines - Automatic, GridLinesStyle - LightGray,
Ticks -» {Range[-4Pi, 4Pi, Pi], Automatic},
Exclusions -» {x == -3Pi, x == -Pi, x == @, x == Pi, x == 3Pi},
Mesh - None, ExclusionsStyle - Dashed]

I
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Figure 5: f(x) after periodic extension

Therefore the Fourier series will converge to the average of the function f (x) at x = 7. This
average is

fE+ ) 575 _,

2 2

3.2 Part (b)

The Fourier series for f (x) = ¢* is convergent since f (x), after periodic extension, satisfies
the 3 points of the Fourier theorem in the textbook at page 35. Point (i) is satisfied is
piecewise continuous and also point (ii) when doing periodic extension. Also point (iii) is
satisfied, since the left sided and right sides limit exist at each x. Here is a plot, using a = i
for illustration



Clear([f];

a=1/4;

f[x_ /; -Pi<x<Pi] := Exp[ax];

flx_/; x>Pi] :=f[x-2Pi];

flx /; x<-Pi] := f[x+ 2Pi];

Plot[f[x], {x, -4Pi, 4Pi}, PlotStyle » {Thick, Red}, Mesh - None,
GridLines - Automatic, GridLinesStyle - LightGray,
Ticks » {Range[-4Pi, 4Pi, Pi], Automatic},

Exclusions » {X == -3Pi, x == -Pi, x == @, X == Pi, x == 3Pi},
Mesh - None, ExclusionsStyle - Dashed,
AxesOrigin -» {0, 0}]

-4 7T =37 =27 -7 r T 27T 3 47T

. . . ax . . . . _ l
Figure 6: f(x) = e after periodic extension (Using a = 7

Therefore the Fourier series will converge to the average of the function f (x) at x = 7. This
average is

fr)+f(r?) e +e"
2 2

= cosh (am)



4 Section 14, Problem 3

%' By writing x = 0 and x = /2 in the representation

B 4 K cos2nx .
SlH)C:;—— MTT O == )

n=1

established in Example 2, Sec. 14, obtain the following summations:
o0 o0
—~ 1 | — (—1)" [l
bt 4R ] 01 2] =1 2 4
pe N

Figure 7: Problem statement

Substituting x = 0 in the given representation gives
2 4 1

0= r Ugas
|

-2=-4 22]1 yw
1 & 1

2 ;::1 4n? -

I . . . .
And substituting x = 5 in the given representation gives

____zcos (nm)

4n2? —

) Cy
)




Section 14, Problem 6

10

o N TSN TR T rravas asosaaapsav Ly VL. LT

6.|(a) Use the correspondence

2 £ n

2 T (=10,
X ~?+4Z 5 cosnx 0 <x<m),

n=1

found in Problem 3(a) Sec. 5, to show that

s 1)n+1 JTz &0 1 2

- — and Zﬁ:%

(b) Use the correspondence (Problem 6, Sec. 5)

7t i nw)> —6
x4~?+82(—1)"%—cosnx O<x<um)

and the summations found in part (2) to show that

e (_’—1)’”'1 T 0 1 4
DS Es Foandesss s o

n=1 n=1

Figure 8: Problem statement

5.1 Part (a)

COos nx

1 & (1)
x2~§n2+421( 2)
n=

(1)

72 =

n2 ( 1)

Multiplying both sides by —1 gives the result needed

712 s} (_1)i’l+l
TP

n=1

n2

(1)

Letting x = 0 in (1) gives (After doing periodic extension, then x = 0 is now in the domain).



1

11

2
Now we need to obtain the second result 220:1 - = %. Let x = m in (1) (After doing

periodic extension, then x = 7 is now in the domain) gives

1 o (1)
2= _n?+4
TC 37T n;l nz

n

(-1)"

00 (_1)271

1)2n

o (- o 1 . . P
But . (7 = ), _, — since the power 2# is always even. This gives the result needed

n=1 52
1 = 1
2
e = E —
6 2

5.2 Part (b)

4 00 2
n -6
xt ~ U +8 Z (-1)" %cosnx
n=1 n

Letting x = 0 in (2) gives

0=" 18 f] (<1)" (”“)i 6
~ n
_%4 =8 g(—n” (”nif - 62 (_1114),1)
%4 s g(_l)m o 2 (;14)”
VIS

(2)



(_1);1+1 2

But from part (a), we found that 2211 = % Using this in the above results in
us 2 & (-1
_ 2
€_8(TC (5)4‘62 1 )
n=1
nt 8 & (1)
5 4
n* 8t (- 1)
— ——— =148
5 12 nz::1 n*
7 [} (_1)71
——m* =48
15 z; n
7 o0 (_1)7’1
R S,
720" ;::1 n
Multiplying both sides by —1 gives the result needed
7 e _1 n+1
A o)
720 | n*
2
Now we need to obtain the second result Zn 1 14 = n—. Let x = 7t in (2) gives
4 nn)
= +8 Z( -1)" ® (!
- ”_+82(_1)2n%
n=1 1’14
But (—1)2’1 =1 for all n. The above simplifies to
m — (nn)2 -6
f=—+8
n nz:]l o
, T ( >, (nm) | ]
n—-—=28 6 ), —
5 nz:]l n* 712::1 n*
47t ( <1 1
— =8 nZZ——éz—)
5 n=1 n? n=1 n*

12



2
But from part(a) we found that 220:1 % = % hence the above simplifies to

(7)o
art ot 1 "
W06 N

1 > 1
—En4:—61§ﬁ

1 > 1

5™ = Ui

Which is the result we are asked to show.

13
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6 Section 14, Problem 8

1_§:_§W1thout actually finding the Fourier series for the even function f(x) = 22 on
—m<x <7, point out how the theorem in Sec. 12 ensures the convergence of that
series to f(x) when —7 < x < 0 and when 0 < x < 7 but not when x = 0.

P S -

Figure 9: Problem statement

We first notice that the function f (x) is not differentiable at x = 0

flx_1:= (x*2)~(1/3);
Plot [f[x], {x, -Pi, Pi}, PlotStyle - Red, GridLines - Automatic, GridLinesStyle - LightGray,
Ticks -» {Range[-Pi, Pi, 1/2Pi], Automatic}]

Figure 10: plot of (xz)l/3

This is because, when xy = 0 the left sided derivative is equal to the right sided derivative

lim f(x) = £~ (x) # Jim f(x) = £’ (x0)

X=X

xX<xg X>X0
Since f’_ (0) = —oo while f:r (0) = +c0. The function is therefore piecewise continuous on
each —7 < x < 7t but it is not differentiable at x = 0. But Fourier theorem, looking at point
(iii) in the book, only says that if f’ (xy) exist and if f (xg) exist, then the Fourier series
converges to the average of f (x) at point xy. In this example fl_ (0) = —c0 and f " (0) = +oo,
which means these limits do not exist.

Hence we see that point (i) and (ii) in the Fourier theorem in the book are satisfied, but it
is point (iii) which not satisfied at x = 0. Therefore Fourier series does not converge to f (x)

at x = 0 only while on other x in the domain it does.



Section 15, Problem 2
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i -\ Let f denote the function whose values are

=) 1) when —2 < x <1,
f(x)_{l when 1<x <2,

and

D F= @) — %

Use formulas (4) and (5) in Sec. 15, together with Theorem 1 there, to show that

N el . nT niwx
f(x):Z—;;E[smTCOST—I—(cosmr—cosn?n)sinnzﬂJ

for each x in the closed interval —2 g2

Figure 11: Problem statement

A plot of the function f (x) and its periodic extension is given below

f[x_] :=Piecewise[{{0, -2 < x <1}, {1,1<x<2}}]
Plot[f[x], {x, -2, 2.01}, PlotStyle -» Red, GridLines - Automatic, GridLinesStyle - LightGray,
Ticks » {Range[-4, 4, 1], Automatic}, ExclusionsStyle -» Dashed, Exclusions -» {x =1, X == 2, X = -2} ]

1.0 —

0.8

0.6

04+

021

]

|
: I
1 I
| 1
| 1
| 1
| 1
| 1
| |
| 1
| |
| |
| |
| |
| 1
| 1
| |
I 1
1 |
| 1
| 1
| 1
I 1
1 !
1 2

Figure 12: plot of f(x) over one period
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Clear[f];
flx_ /5 -2<x<2] :=Piecewise[{{0, -2 < x <1}, {1, 1<x<2}}]
flx_ /;x>2] :=Ff[x-4];
fix_ /3 x<=-2] :=f[x+4];
Plot[f[x], {x, -8, 8}, PlotStyle » {Thick, Red}, Mesh - None,
GridLines -» Automatic, GridLinesStyle - LightGray,
Ticks » {Range[-8, 8, 1], Automatic},
Exclusions - {X == -7, X == =6, X == =3, X == =2, X =1, X == 2, X =5, X == 6},
Mesh - None, ExclusionsStyle - Dashed]

1.0+

i i i i

1 1 1 1
P P P P
Lo Lo S o
: 1 : 1 0.8 : I : I
1 ! 1 ! Fo [ 1 [
1 ! 1 ! 1 ! 1 !
- - o -
b b 0.6 1 1 Lo
1 ! 1 ! Fo [ ] [
1 ! 1 ! ! !
1 : 1 : Eo : I :
P b 04 1 o
1 ! 1 ! ro ! 1 !
1 ! 1 ! 1 [ 1 [
- - o -
b b 02 1 b
1 ! 1 ! Co ! 1 !
1 [ 1 [ 1 [ 1 [
1 ! 1 ! 1 [ 1 [

! . . I ! . I ! . . I ! .

-8 -7 -6 -5 -4 -3 -2 -1 1 2 3 4 5 6 7 8

Figure 13: plot of f(x) extended to become periodic. Showing 3 periods

The Fourier transform of f (x) is

) 2n o (2m
f(x) ~ > + ngl a, cos (?nx) + b, sin (?nx)
Where T is the period of the function (after periodic extension) which is 4. Hence the above
becomes

fx) ~ Lo, 2 a,, cos (Enx) + b, sin (znx)
2 A 2 2

Since f (x) meets the requirements of the Fourier theorem on page 35 of the text (at points of

1
discontinues, the function is > which is the average at those points), then ~ can be replaced
by = above

fx) = % + gan cos (gnx) + b, sin (gnx) (1)
Where
do = fjf(x)dx:%fjf(x)dx:%f_zzf(x)dx:%(j:f(x)dx+j;2f(x)dx)
2 5 2

NI oIS -
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And

a, = %f%f(x) cos (%nx) dx = %fz f (x) cos (gnx) dx
27 N

= % (j:lzf(x) cos (gnx) dx + flzf(x) cos (gnx) dx)
= %j;zf(x) cos (gnx) dx
= % j;z cos (gnx) dx

B [sm(gnx)r
- | =%
1

2

1 n

=— (sin (7tn) — sin (7))

-1 . (nn)
= —sin|—

Tn 2
And

b, = %féf(x) sin(zTnnx) dx = %f_zzf(x) sin(gnx) dx
5 2

= %(f_lzf(x) sin (gnx) dx + f;zf(x) sin (gnx) dx)
= %sz(x) sin (gnx) dx
= %jj sin(gnx) dx

Rk <§nx>]2

2 T

2

-1 T

= — |cos (1tn) — cos (—n)]
n 2
Tt

= ;—;11 cos (mtn) — cos (Tn)]



18

Using these results in (1) gives

Fx) = 411 + f] (;—i sin (%”)) cos (gnx) + (;—i [Cos (121) — cos (%")]) sin (gnx)

n=1

= 411 - % i (% sin (%)) cos (gnx) + % (cos (7tn) — cos (%)) sin (gnx)

n=1

= 411 - % g}l % [sin (%) cos (gnx) + (cos (rtn) — cos (%)) sin (gnx)]

Which is the result we are asked to show. To verify this, the following shows the convergence
to f (x) when using more and more terms in the series.

Tnx

fApprox[x_, nTerms_] := Ti - 7% Sum[% (Sin[%n] Cos[ ] + (Cos[nn] -Cos["z—n]) Sin["Tnx ), {n, 1, nTer'ms}];

Clear[f];
flx_ /; -2<x<2] :=Piecewise[{{0, -2<x <1}, {1,1<x<2}}]
flx_ /3 x>2] :=Ff[x-4];
flx_ /3 x<-2] :=f[x+4];
Grid[Partition[Table[Plot[{f[x], fApprox[x, n]}, {x, -Pi, Pi},
PlotStyle -» {Blue, Red},
PlotLabel » Style[Row[{"Using ", n, " terms"}], Bold],
ImageSize - 250],
{n, 1, 10}], 2], Frame -» All, FrameStyle - Gray]

Figure 14: Code used to draw the plot



Using 1 terms

Using 2 terms

1.0F 10k
0.8} 0.8}
//\ I 06!
04r 0.4F
0.2} 0.2l
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2 -0.2+
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12¢F 1.2}
/\ 1.0F /\ 1.0F /\
08f 08Ff
06} 0.6}
/ 041 04l
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Figure 15: Fourier series approximation as more terms added

We notice that the Fourier series approximation converges to - at the points of discontinuities.

19



But these are the actual values of f (x) at those points.

20



Section 15, Problem 8
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n=i

. After writing the Fourier series representation (3), Sec. 15, as
a a n
e Z X . nmx
= — 1 L, COS —— bn SIN === ],
f® 2,+N1—r>lgo : <a ? ¢ s ¢ )
n=

use the exponential forms'

¢i0 4 o0 4 el _ g—i0

R s‘1n9 A

of the cosine and sine functions to put that representation in exponential form:

N
; ,nIX
f(x)=lgglgoz Anexp<l—““c >

n=—N

CcOsh =

where

ay a, — ib, a, +ib,
A = == An = 5 A_,-, e T
kg 2 2
Then use expressions (4) and (5), Sec. 15, for the coefficients a, and b, to obtain the
single formula

(n=1,2,...).

Anzéf_cf(x)exp(—i?> dx (n=0,%£1,42,..)).

Figure 16: Problem statement

N

ag ] nT - (nm
f(x)=—=—+ lim ), a,cos|—x)+b,sin|—x
2 N—ooo =1 Cc C
N7 e E —1ﬂx
ag N[ e et —e'
= —+ lim a,| —— |+ b, | —————
2 Noo 2 2i
n=1
N7 s E —zﬂx
ag A N I IR
= —+ lim a,| ——|-ib,
2 No-oo 2 2
n=1
N . .
a . (q, —1b i (a, +1ib
=2+ lim Yee [ Lot 4ol (L
2 N—ooo — 2 2
ag . N i [ Ay — lbn < iy [yt 1bn
S g Yy () gy
2 N—oo n=1 n=—N

(1)
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Let
(u”_zib”) n>0
Ay=1 3 n=0
a,+ib,,
(2) <o
Then (1) can be written as
N nm
f(x)= Jim D, At
n=-N

Since

1 C
an=2f f(x)cos(nTnx)dx n=0,1,2,--
—C

1 C
bn:—f f(x)sin(@x)dx n=1,2,
cJ_, c

Then a, + ib, gives

1 ¢ 1 ¢
a, —ib, = - f f (x) cos (nTnx) dx — iz f f (x)sin (nTnx) dx
—C —C
1 C C
== ( f F(3) cos (”—”x) dx + f £ (—i sin (”—"x)) dx)
c\J_. c —c c
1 C
= —f f(x) [cos (n_nx) —isin(n—nx)]dx
cJ_, c c
1 ¢ ;1
- —f Foe i
c —C
But a, —ib,, = 2A,, from first part of this problem. Hence the above becomes

1 e i
Anz—f Fe Tax n=0,41,%2, -
2cJ_,
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