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1.1 Links

1. Instructor web page [http://www.math.umn.edu/~webst390/]

2. Canvas web page [https://canvas.umn.edu/courses/195168|

1.2 Schedule

MATH 2243 - 002 Linear Algebra and Differential Equations
Twin Cities/Rochester | Fall 2020 | Lecture

Class Details
Status  Closed (] Career Undergraduate
Class Number 21472 Dates  9/8/2020 - 12/16/2020
Session 001 Regular Academic Session Grading Student Option
Units 4 units Location Off Campus
Instruction Mode  Completely Online Campus  Twin Cities

Class Components | ecture Required

Meeting Information
Days & Times Room Instructor

TuTh 6:00PM - 8:05PM Twin Cities Remote Lilly Webster

Meeting Dates
09/08/2020 - 12/16/2020

Class Availability

Class Capacity 27 Wait List Capacity 0
Enrollment Total 27 Wait List Total 0
Available Seats 0
Description

Linear algebra: basis, dimension, matrices, eigenvalues/sigenvectors. Differential equations: first-order linear, separable; second-
order linear with constant coefficients; linear systems with constant coefficients.

prereq: [1272 or 1282 or 1372 or 1572] w/grade of atleast C-
Credit will not be granted if credit has been received for- MATH 2373, MATH 2471, MATH 2574H


http://www.math.umn.edu/~webst390/
https://canvas.umn.edu/courses/195168
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1.3 Text book

—

Book List
= Ditterential Equatlons

& Linear Algebra

NRY EDWARDS
) E. PENNEY
) T. CALVIS

P Pearson
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1.4 syllabus

MATH 2243 - SECTION 002 COURSE INFORMATION

Instructor: Lilly Webster
webst3900@umn. edu
http://www.math.umn.edu/~webst390/

Canvas Page: https://canvas.umn.edu/courses/195168

Course Meetings: TTh 6:00 PM - 8:05 PM Central Time
See Canvas for Zoom link

Office Hours: TTh 5:00 PM - 6:00 PM Central Time
Also by appointment
See Canvas for Zoom link

Textbook: Differential Equations and Linear Algebra (4th edition) by Edwards and Penny

General Notes

I would prefer that you address me as Lilly with she/her/hers pronouns. If you prefer, you
may call me Ms. Webster. You should not call me Professor Webster or Dr. Webster, as I
am neither.

I strongly encourage you to come to office hours if you have questions. 1 also strongly
encourage you to ask questions during class. In my experience, students who ask questions
are much more successful in my courses. I am more than happy to talk at you for several
hours a week, but our time will be much more useful if you can tell me what material is
confusing to you. Keep in mind that, as with many math classes, the material in this course
will build on itself throughout the semester. So, the earlier we address any issues the more
likely you are to have success in this course.

The best way to get in touch with me is by email. I will respond to emails sent before 8pm
on a weekday within a few hours. If you send an email after that time, I may not be able to
respond until the next morning.

I understand that the circumstances of this semester are extremely unusual and that things
are liable to change with little notice. I will do my best to be flexible with you as much as
possible, and I hope that you will extend me the same courtesy. If your situation changes in
a way that will affect your participation in the course, please let me know as soon as possible.

Virtual Learning Plan

This course will be conducted using a variety of online platforms. Canvas will be used
for course communication, quizzes, recording grades, and posting all course content and
assignments. [ recommend checking your notification settings in Canvas so that you can
be promptly informed about important course information. Gradescope will be used for
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submitting and returning homework and exams. Zoom will be used for course meetings.
The Gradescope and Zoom links within Canvas will take you directly to the relevant pages
for our course, so I recommend using Canvas to access those platforms.

This course will include video and audio recordings. These will be used for educational
purposes and will only be made available to students currently enrolled in this course. If
you wish to share course recordings or other course content to anyone outside the course,
you must get my permission first. I will inform you in advance of any class sessions that
are being recorded. If your image or voice are on any class recording, I will obtain your
permission before sharing that recording outside the course.

To give us the most flexibility possible, this course will be conducted as a “flipped” class-
room. For each Zoom class session, there will be a series of videos that you are to watch
before we meet. These videos will go over the new material from the textbook for each
class. During class sessions, I will go over additional examples and answer any questions
that you may have. To allow you sufficient time to watch the lecture videos, our virtual
course meetings will last approximately 50 minutes (6:00 PM - 6:50 PM).

Office Hours and Additional Help

My office hours are 5:00 PM - 6:00 PM on Tuesdays and Thursdays. You can find the Zoom
links for office hours on the Canvas page. If you want to meet with me outside of my usual
office hours, send me an email with when you are available and I will do my best to find a
time when we can meet. The other evening lecturer Eric Stucky has agreed that you may
also go to his office hours for help. His office hours are 5:00 PM - 6:00 PM on Mondays and
Wednesdays; see the Canvas page for Zoom links.

Between class sessions, I strongly encourage you to use the Discussions feature on Canvas.
There are places there to ask questions about the course, about the material we are learning,
and to find other students for a study group.

You may want to consider the free by-appointment tutoring available through the SMART
Learning Commons. See https://www.lib.umn.edu/smart for more details.

Grading

Your final grade in this course will be calculated as quizzes 5%, homework 20%, two midterms
25% each, and the final exam 25%. The course grade lines will be adjusted based on the
distribution of scores across all sections of the course, but grade lines for the total score will
not be stricter than the following:

A: 90 -100% B: 80 - 89% C: 65 - 79% D/F: 0-64%

I will also give grade lines for each midterm exam so you can get a sense of where you stand
in the course.

If you have concerns about the grading of an assignment, it must be brought to my attention
within 1 week of the assignment being returned. Send me an email or stop by my5 office
hours and I'll be happy to look at it.
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Quizzes

There will be a very short quiz at the start of each class session. The quiz will be available
on Canvas from 5:30 PM - 6:15 PM on each class day and will have a 10-minute time limit.
Quizzes will consist of two or three multiple choice questions on the material of the previous
class and will not require significant computations. You may use your notes, the textbook,
and any resources on Canvas for the quizzes.

Homework

There will be one homework assignment per week, due at the start of class on Thursdays.
The assignment will be posted on Canvas at least one week prior to the due date. Home-
work solutions will be made available on Canvas after the assignment has been turned in.
Homework should be submitted through the Gradescope portal. If you have not submitted
assignments through Gradescope before, I recommend trying the practice assignment that
is posted on Canvas.

You are allowed (and in fact encouraged) to work with other students on homework assign-
ments. If you do that, please indicate on each problem who you worked with. If you use
sources other than your notes, the textbook, and any resources on Canvas for your home-
work, you must indicate the source on each problem. You are not permitted to view, request,
or look for solutions to any of the homework problems from solutions manuals, homework
help websites, online forums, other students, or any other sources.

The problems that I assign for homework may not be sufficient for you to get comfortable
with the material. The nearby problems in the textbook are a good opportunity to get more
practice since the answers are in the back of the book. If you find you need more practice
than the book provides, please let me know.

Exams

There will be two fifty-minute in-class midterm exams on October 15th and November 19th.
This course has a common final exam, which will be given on December 17th from 12:00
PM - 3:00 PM. The material covered on each exam will be confirmed two weeks prior to the
exam and review materials will be distributed one week prior to the exam. Exams will be
distributed and submitted just like homework assignments, but will only be made available
during the exam window. You will be required to sign an honor statement when you submit
your exam and to be present on Zoom while working on the exam. You may not ask for or
receive help from notes, textbooks, online resources, or other people on exams.

If you have an excused absence that will prevent you from taking an exam, let me know as
soon as possible so we can find an acceptable solution.

Other Policies

You may use a calculator at all times; there are no restrictions on the type of calculators that
are permitted. All work must still be written out completely, so that it can be understood
by a person without a calculator. In general, assessments will be written so that they may
be completed without the use of a calculator; exceptions to this will come with advance
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warning. Unless stated otherwise, you should leave answers in an exact form like cos(2), €2,

or % rather than giving decimal approximations. Whenever possible, you should simplify

expressions such as Ine = 1, sin(§) = \/757 and 2 = 4.

Academic dishonesty of any kind will not be tolerated and is grounds for receiving an F
or N for the entire course. Academic dishonesty includes (but is not limited to) plagarism,
consulting unapproved resources on exams, obtaining exams without instructor permission,
posting exam problems to online forums, and sharing the exam to other students.

You may drop this course without my approval and without a W on your transcript until
September 21st. Between September 21st and November 16th, you may drop the course
without my approval but you will get a W on your transcript. For more information, see
https://onestop.umn.edu/dates-and-deadlines/canceladd-deadlines

The University of Minnesota is committed to providing equal access to learning opportunities
for all students. The Disability Resource Center (DRC) is the campus office that collabo-
rates with students who have disabilities to provide or arrange reasonable accomodations.
Information is available on their website https://disability.umn.edu/ or by calling 612-
626-1333 or by sending an email to ds@umn.edu.

Inclusion Statement

The University of Minnesota provides equal access to and opportunity in its programs and
facilities, without regard to race, color, creed, religion, national origin, gender, age, marital
status, disability, public assistance status, veteran status, sexual orientation, gender identity,
or gender expression. All students are valued in my classroom.

If you have a disability of any kind that requires accommodation for this course, please let
me know so we can develop a plan to best meet your needs. If religious observances will
conflict with class meetings or assignment due dates, please also let me know.
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2.1.1 Problems listing

HOMEWORK 1 - DUE SEPTEMBER 17

Homework instructions: Complete the assigned problems on your own paper. Once you
are finished, scan or photograph your work and upload it to Gradescope. When prompted,
tell Gradescope where to find each problem.

You are allowed (and in fact encouraged) to work with other students on homework assign-
ments. If you do that, please indicate on each problem who you worked with. If you use
sources other than your notes, the textbook, and any resources on Canvas for your home-
work, you must indicate the source on each problem. You are not permitted to view, request,
or look for solutions to any of the homework problems from solutions manuals, homework
help websites, online forums, other students, or any other sources.

Textbook Problems:
e §3.1: 11, 15, 17
® §3.2:7,9 15
e §3.3: 8,11
Additional Problems:

1. Draw pictures to illustrate the three possibilities for the solution set of a linear system of
two equations in two variables.

2. Give an example of a 3 x 3 matrix in echelon form with exactly 2 nonzero entries.

3. Give an example of a 3 x 3 matrix in reduced echelon form with exactly 4 nonzero entries.

11
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2.1.2 Problem 11 section 3.1

Problem

use the method of elimination to determine whether the given linear system is consistent or
inconsistent. For each consistent system, find the solution if it is unique; otherwise, describe

the infinite solution set in terms of an arbitrary parameter ¢

2x+7y+3z=11
x+3y+2z=2
3x+7y +9z =-12
Solution

The augmented matrix is

2 3 1
2 2
3 -12
Swapping R, R; gives
132 2
3 11
379 -12
Ry, = (-2)Rq + R, gives
13 2 2
-1 7
7 9 -12
R3 = (=3)R; + R; gives
1 3 2 2
o1 -1 7
0 -2 3 -18
R3 — 2R; + Rj gives
13 2 2
01 -1 7
00 1 -4

The leading variables are x,y,z. No free variables. Hence the system is consistent.

The equations after elimination are

x+3y+2z=2
y-z=7
z=-4

12
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Backsubstitution gives

z=-4
And
y-(-4)=7
y=7-4
=3
And
x+33)+2(-4)=2
x=2-9+8
=1
The solution is
X 1
y[=1|3
z -4

2.1.3 Problem 15 section 3.1

Problem

use the method of elimination to determine whether the given linear system is consistent or
inconsistent. For each consistent system, find the solution if it is unique; otherwise, describe
the infinite solution set in terms of an arbitrary parameter ¢

x+3y+2z=5
x-y+3z=3
3x+y+8z=10
Solution
The augmented matrix is
1 3 2 5
1 -1 3 3
3 1 8 10
R, —» —R; + R, gives
3 25
0 41 -2
3 1 8 10
R3 = (-3)R; + R gives
3 2 5
-4 1 -2
-8 2 -5

13
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R3 — (—Z)Rz + R3 gives

1 3 2 5
0 41 -2
0 0 0 -1
The equations after elimination are
x+3y+2z=5
4y +z=-2
0=-1

Therefore the system is inconsistent due to the last row result above which is not valid. No

solution exist.

2.1.4 Problem 17 section 3.1

Problem

use the method of elimination to determine whether the given linear system is consistent or
inconsistent. For each consistent system, find the solution if it is unique; otherwise, describe

the infinite solution set in terms of an arbitrary parameter ¢

2x-y+4z=7
3x+2y—-2z=3
5x+y+2z=15
Solution
The augmented matrix is
2 -1 4 7
3 2 -2 3
5 1 2 15

Scaling first row by 3 and second row by 2 gives

6 -3 12 21
6 4 -4 6
5 1 2 15
R, — —R; + R, gives
6 -3 12 21
0 7 -16 -15
5 1 2 15

14
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Scaling first row by 5 and last row by 6 gives

30 -15 60 105
0o 7 -16 -15
30 6 12 90

R3 - _Rl + R3 gives

R; — —(3)R; + R3 gives
30 -15 60 105
0 7 -l6 -15
0O 0 0 30

The equations after elimination are

30x — 15y + 60z = 105
7y —16z = -15
0=30

Therefore the system is inconsistent due to the last row result above which is not valid. No
solution exist.

2.1.5 Problem 7 section 3.2

Problem
The linear systems in Problems 1-10 are in echelon form. Solve each by back substitution

X1+2XZ+4X3—5X4:17
X2—2X3+7X4:7

Solution

The augmented matrix is

1 2 4 -5 17
o1 -2 7 7
00 0 0 O

00 0 0 O

We see that the leading variables are x1, x, and the free variables are x3,x,. Let x3 =s,x4 = ¢.
From second row

XZ—ZJC3+7X4:7
Xp—25+7t=7
Xo=7+2s—-7t

15
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And from first row

x1+2x2 +4X3—5X4:17
X, +2(7 + 25— T7t) + 4s — 5t = 17

Hence the solution is
X1
X2
X3

Xq

There are infinite number of solutions.

2.1.6 Problem 9 section 3.2

Problem

x1=19t-8s+3

19t -85+ 3
7+2s-7t

s

t
3 -8 19
7 2 -7
0 + 1 S + 0 t
0 0 1

The linear systems in Problems 1-10 are in echelon form. Solve each by back substitution

2x1+x2+x3+x4:6

Solution

The augmented matrix is

o o o N

3XZ—X3—23C4:2

3x3+4x4 =9
X4 =6
1 1 1 6
3 -1 -2 2
0 3 4 9
0 0 1 6

The leading variables are x1, x5, x5, x4. There are no free variables. Backsubstitution gives

And

X4:6

3X3 + 4X4 =9

3x; = 9 — 4(6)
3X3 =-15
X3 = -5

16
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And
3x2—x3—2x4 =2
B, +5-12=2
Xy = 3
And

2x1+x2+x3+x4=6
2x1+3-5+6=6

Hence the solution is
X1
X2
X3

Xq

2.1.7 Problem 15 section 3.2

Problem

x1:1

In Problems 11-22, use elementary row operations to transform each augmented coefficient
matrix to echelon form. Then solve the system by back substitution.

3X1 + X —?)X3 =4

X1+XZ+X3:1

5X1 +6x2 +8X3 =8

Solution

The augmented matrix is

31 -3

[1 1 1

56 8
Exchanging row 1 with row 2 gives

11 1

[3 1 -3

56 8
Ry, = (-3)R; + R, gives

1 1 1

0 -2 -6

5 6 8

-7
8
17
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R3 = (-5)R; + R; gives

1 1 1 1
-2 -6 -7
1 3 3
Exchanging row 2 with row 3 gives
1 1 1
1 3 3
-2 -6 -7
R3 = (2)R; + R gives
11
01 3
0 00 -1

Hence the equations are

X1+ X+ X =1
x2+3x3:3
0=-1

Therefore the system is inconsistent due to the last row result above which is not valid. No

solution exist.

2.1.8 Problem 8 section 3.3

Problem

Find the reduced echelon form
1 -4 -5
3 -9 3
1 -2 3

Solution

First we convert the matrix to echelon form by elimination.

R; — (=3)R; + R, gives

1 -4 -5
0 3 18
1 -2 3
R3; = (-1)R; + R3 gives
1 -4 -5
3 18
8

18
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Scale second row by 3 and scale third row by 2 gives

-4 -5
6 36
0 6 24
R; — (-1)R; + R3 gives
1 -4 -5
0 6 36
0 0 -12

The above is now in echelon form. We now convert it to reduced echelon form. Scaling the
1.
second row by - gives

1 -4 -5
0 1 6
0 0 -12
Scaling the third row by I—; gives
1 -4 -5
0 1 6
0 0 1

Starting from right to left, we now zero out all entries above the diagonal elements.

Ry, — (=6)R;3 + R, gives

1 -4 -5
01 0
0 0 1
Ry — (5)R3 + R, gives
1 -4 0
0 1 0
0 0 1
Ry = 4)R; + R, gives
1 00
010
0 01

The above is the reduced echelon form. It is the identity matrix.

2.1.9 Problem 11 section 3.3

Problem

19
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Find the reduced echelon form

39 1
2 6 7
1 3 -6

Solution

First we convert the matrix to echelon form by elimination. Exchanging row 3 and first row
gives

1 3 -6
6 7
1
R; — (-2)Ry + R, gives
1 3 -6
0 19
1
R; — (=3)R; + R3 gives
1 -6
0 19
19
R3 — (-1)R; + R; gives
1 -6
0 19
0 0

The above is now in echelon form. We now convert it to reduced echelon form. Scaling the

1.
second row by - gives

1 3 -6
0 0 1
0 0 O

Starting from right to left, we now zero out all entries above the leading elements starting
from second row.

Ry — (6)R; + Ry gives

o O -
o O W
o = O

The above is the reduced echelon form.

20
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2.1.10 Problem 1 extra

Problem

Draw pictures to illustrate the three possibilities for the solution set of a linear system of
two equations in two variables.

Solution

For homogeneous system

anx + apy = 0

a3 X + axnly = 0

There can be either one solution, which is the trivial solution x = 0,y = 0 where the two
lines meet at the origin, or infinite number of solutions, which is when the two lines are on
top of each others. The reason for this is that there is no intercept in the equation of the
lines above. Only the slope of each line can change. Hence all lines must pass though the
origin. This diagram illustrates this.

Y
A

» T ‘ » T

Both lines on top of each others

Infinite number of solutions
The two lines meet at zero

One unique solution, the trivial solution,.

Figure 2.1: Possibilites for homogeneous system

For nonhomogeneous system

a11x +apy = ¢

ap1X + dxply = C

Now there can be three possibilities. Either one solution where the two lines meet or infinite
number of solutions, which is when the two lines are on top of each others or no solutions,
which is when the two lines are parallel but not on top of each others.

This diagram illustrates this.

21
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4. 1

Both lines on top of each others Lines are parallel but not on top of each others
Infinite number of solutions No solution. /inconsistent.

The two lines meet at solution
One unique solution
consistent.

consistent.

Figure 2.2: Possibilites for homogeneous system

2.1.11 Problem 2 extra
Problem
Give an example of a 3 X 3 matrix in echelon form with exactly 2 nonzero entries.

Solution

*x 0
*
0

o O O

0
0
Where % is a nonzero entry.

2.1.12 Problem 3 extra

Problem
Give an example of a 3 X 3 matrix in reduced echelon form with exactly 4 nonzero entries.

Solution
10 %
01 %
00 O

Where % is a nonzero entry. In reduced echelon form only the leading entries (which must
be 1) has to be zero.

22
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2.1.13 Kkey solution for HW 1

HOMEWORK 1 — SOLUTIONS

These solutions demonstrate one way to approach each of the homework problems. In many
cases, there are other correct solutions. If you would like to discuss alternative solutions or
the grading of your assignment, please see me during office hours or send me an email.

Textbook Problems:
3.1.11 Our original system is

20+ Ty+ 3z =11
T+ 3y +22=2
3r+Ty+9z=—-12

We add (—2) times the second equation to the first and (—3) times the second equation
to the third.

y—z="17
T+ 3y +22=2
—2y+3z=—18

Now, add 2 times the first equation to the third.

y—z=17
T+ 3y+2z2=2
z=—4

At this point, back substitution gives us the unique solution x = 1,y = 3,2 = —4. The
system is consistent.

3.1.15 Our original system is

r+3y+22=5
r—y+3z2=3
3r+y+82=10

Add (—1) times the first equation to the second and (—3) times the first equation to
the third.

r+3y+22=5

—Ady+z=-2
—8y+2z=-5
1

23
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3.1.17

3.2.7

Add (—2) times the second equation to the third.

r+3y+2z2=5
—4y+z=-2
0=-1

Our third equation is contradictory, so the system has no solutions and is inconsistent.
Our original system is

e —y+4z=7
3r+2y—22=3
Sr+y+2z=15

Add (—1) times the first equation to the second.

20 —y+4z=7
r+3y—6z=—-4
r+y+22=15

Add (—2) times the second equation to the first and (—5) times the second equation
to the third.

—T7y + 16z =15
r+3y—6z=—-4
—14y + 322z = 35

Add (—2) times the first equation to the third.

—Ty+ 16z =15
r+3y—6z=—-4
0=5

Our third equation is contradictory, so the system has no solutions and is inconsistent.

Our system is

I1+2$2+4I3—5$4:17
To—2x3+ Ty =17

Our free variables are x3 and x4, so we set them equal to parameters: x3 = s, x4 = t.
Solving for the other two variables gives o = 7+ 2s — 7t and 7 = 3 — 8s + 19¢.

24
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3.2.9 Our system is

201 + 2+ w3+ 34 =6

31‘2-1’3-21‘4:2

31‘3 + 41’4 =9
Ty — 6
Working from the bottom up, we solve for each variable to get x4 = 6,23 = =5, x5 = 3,

and x; = 1.

3.2.15 We do row operations to the augmented coefficient matrix. For brevity, we may do

more than one row operation in a step.

31 -3 -4

(=3)R2+R1
D EEE——

11 1
56 8 8| (CVEAR

(2)R3+R:
/=

SWAP(R1,R2)
_—

SW AP(Ry,Rs)
—

We continued with our reduction to reach echelon form,

OO OO OO OO

-2 —6
1 1
1 3
0 0 —1]
11 1
13 3]
11 17
00 —1
13 3]
11 17
13 3
00 —1

-7

1
3

but notice that after the second

step our first row corresponds to the equation 0 = 11, a contradiction. So the system

has no solutions.
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Additional Problems:

1. Check the class notes for sketches of each case.
Unique solution — two intersecting lines
No solutions — two parallel lines

Infinitely many solutions — two identical lines

4
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3.3.8
1 -4 =5 1RR'1—4—5
3 —g 3| EDEEB G 3 g
1 _2 3 (73)R1+R2 -0 2 8
e [T -4 =5]
LN I
S R
[1 —4 —5]
(=1)R2+R3 0 1 6
0 0 -2
o [T —4 =5
By 1 6
0 0 1
R R (1 —4 0
RSN R
wan (100
WhAf 1 1
00 1
3.3.11
39 1 onen [0 0 197
2 6 7| 2By 9 19
13 —6] "V 3 g
R [0 0 0]
% 00 19
13 —6)
SWAP(R1,R 13 —6]
SWAP(RLES) g o 1
- 1o 0 0
con [L3 0
OFt 1y o1
000
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2. There are many possibilities. One option:

o O N
o O O
o = O

3. There are multiple possibilities here, but all correct answers will have their nonzero entries

10 2
in the same places. One option: |0 1 3
000
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2.2.1 Problems listing

HOMEWORK 2 - DUE SEPTEMBER 24

Homework instructions: Complete the assigned problems on your own paper. Once you
are finished, scan or photograph your work and upload it to Gradescope. When prompted,
tell Gradescope where to find each problem.

You are allowed (and in fact encouraged) to work with other students on homework assign-
ments. If you do that, please indicate on each problem who you worked with. If you use
sources other than your notes, the textbook, and any resources on Canvas for your home-
work, you must indicate the source on each problem. You are not permitted to view, request,
or look for solutions to any of the homework problems from solutions manuals, homework
help websites, online forums, other students, or any other sources.

Textbook Problems:
e §3.4: 3,5,8,11
e §3.5: 3, 10, 16
e §3.6: 4,9, 21
Additional Problems:
1. Give an example of matrices A and B where AB = BA.
2. Give an example of matrices C and D where C'D # DC.

3. Let A, B, and C be invertible n x n matrices. Is the product ABC' invertible? If it is
invertible, what is (ABC)~1?

t; 0 0
4. Let T= [0 ty 0] be a diagonal matrix. What is det T'?
0 0 t3
Optional: Consider an n x n diagonal matrix 7". That is, 7" has entries t1, s, ..., t, on the

main diagonal and 0’s everywhere else. What is det 7’7 The required part of this problem
asks you to answer this question for the case where n = 3.
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2.2.2 Problem 3 section 3.4

Problem

In Problems 1-4, two matrices A and B and two numbers ¢ and d are given. Compute the
matrix cA + dB

5 0 -4 5
A=10 7|,B=1|3 2|,c=-2,d=4
3 -1 7 4
Solution
5 0 -4 5

cA+dB=-20 7|+4][3 2

3 -1 [7 4
10 0] [-16 20
=10 -14|+|12 8
|6 2| |28 16

[—26 20
=12 -6
|22 18

2.2.3 Problem 5 section 3.4

Problem

In Problems 5-12, two matrices A and B are given. Calculate whichever of the matrices AB

and BA is defined.
2 -1 -4 2
,B =
3 2 ] [ 1 3]

A dimension is 2 X 2 and B dimension is 2 X 2. So inner dimensions agree. Both AB and BA
are defined. Using definition of matrix multiplication we obtain

2 _1][-4 2
AB =
Y

-9 1
|10 12

A=

Solution

30



2.2. HW 2 CHAPTER 2. HWS

And

BA =

—_
lQ)'I m,|W I\J‘

2.2.4 Problem 8 section 3.4

Problem

Solution

A dimension is 2 X 3 and B dimension is 3 X 2. Hence AB is (2 X 3)(3 X 2) = 2 X 2 matrix.
Therefore inner dimensions agree. And BA is define since (3 X 2)(2 X 3) = 3 x 3. Therefore
inner dimensions agree.

1 0 3 3
AB = ]—1

2 -5 4
2t 15
|35 0
And
(3 0
1 0 3
BA=|-1 4
2 -5 4
6 5
(3 0 9
=7 -20 13
16 25 38

2.2.5 Problem 11 section 3.4

Problem

2 75 6
A=[3 -5|B=

-1 4 2 3
Solution
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A dimension is 1 X 2 and B dimension is 2 X 4. Hence AB is (1 X2)(2 xX4) = 1 X 4 matrix.
Therefore inner dimensions agree. And BA is not defined since (2 X 4)(1 x 2). Therefore inner
dimensions do not agree. So only AB is defined here.

2 75 6
AB=3 _5][—1 42 3}

=11 1 5 3]

2.2.6 Problem 3 section 3.5

Problem

In Problems 1-8, first apply the formulas in (9) to find A™'. Then use A™! (as in Example 5)

to solve the system Ax =b.
6 7 2
A = , b =
5 6 -3

Solution

Formula (9) is

Therefore
-1
671 1 |6 -7
5 6] 36-35/-5 6
e -7
|5 6
Hence
x=A1p
e 7|2
|5 63
33
__—28
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2.2.7 Problem 10 section 3.5

Problem

In Problems 9-22, use the method of Example 7 to find the inverse A™! of each given matrix
A.
57
A=
Solution
The augmented matrix is

Rl — Rl - Rz gives

R, — —4R; + R; gives

1 -]
0 2 -4 5
Ry, — %Rz gives
1 1 -1
5
01 -2 5
R; — Ry = R; gives
0 3 —52
01 -2 > |

Since the left side of the augments matrix is now the identity matrix, then we read A™! from
the right side. Hence

2.2.8 Problem 16 section 3.5

Problem
1 -3 -3
A=|-1 1 2
2 -3 -3
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Solution

The augmented matrix is

1 -3 -3 100
A=(-1 1 2 010
2 -3 3001
R; — Ry + R; gives
1 -3 3100
A= -2 -1 110
2 -3 3001

R; — —(2)Ry + R3 gives

R; — 3R, and R3 — 2Rj gives

R3 — Ry + R3 gives

R; — Ry + Rj gives

Rl - Rl + R3 giVCS

Ry - R; - %Rz gives
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-1
R, - —R, gives
27 R g

00 -1 0 1]

_ 1 -1
A= 0 - -1
0 -1 3 2]

1
R; — =R; giv
3 313 81ves

A=[0 1 0 —% -1 %
001 - 1 3

Since the left side of the augments matrix is now the identity matrix, then we read A™! from
the right side. Hence

2.2.9 Problem 4 section 3.6

Problem

Use cofactor expansions to evaluate the determinants in Problems 1-6. Expand along the
row or column that minimizes the

amount of computation that is required.

5 11 8 7

3 -2 6 23
A=

0 0 0 -3

0 4 0 17

Solution

Row 4 has most zeros. Hence expansion is on row 4.

5 11 8
|Al= ()3 -2 6
0 4 0

5 11 8

=33 -2 6

0 4 0
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5 11 8
For [3 -2 6| we expand on 3rd row. The above becomes
0 4 0
5 8
Al =3|(-)4
|Al (-) 3 6)
5 8
=12
3 6
= -12(30 — 24)
Therefore
|A| = =72

2.2.10 Problem 9 section 3.6

Problem

In Problems 7-12, evaluate each given determinant after first simplifying the computation
(as in Example 6) by adding an appropriate multiple of some row or column to another.

3 -2 5
A=10 5 17
6 -4 12

Solution

Adding multiple of some row to another row does not change the determinant of a matrix.
Same for adding multiple of some column to another column. We can take advantage of
this to add more zeros to the matrix before applying the cofactor method to reduce the
computation needed.

Let R; — —-2R; + R; gives

3 -2 5
A=10 5 17
0 0 2
Expansion on third row now gives
3 -2
Al = (+)2
Al= ()2 5‘
= 2(15)
Therefore
|Al = 30
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2.2.11 Problem 21 section 3.6

Problem

Use Cramer’s rule to solve the systems in Problems 21-32.

3x+4y =2
Sx+7y=1
Solution
The system in matrix form is
3 4|x| |2
5 7|ly| |1
Hence using Cramer’s rule
2 4
L7 14-4
X = = =10
3 4 21-20
57
And
3 2
5 11 3-10
y = = = —7
3 4| 21-20
57

Hence the solution is

2.2.12 Additional problem 1

Problem
Give an example of matrices A and B where AB = BA

Solution

Let A=

AB:—a b"e f}
c dllg h

—ae+bg af + bh
ce+dg cf +dh

(1)
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And

BA = |6 flla b
g hi|c d
—ue+cf be+df
lag +ch bg+dh

For (1,2) to be equal implies that

ae +bg =ae+cf

af +bh =be+df

ce+dg=ag+ch

cf +dh =bg+dh
Simplifying gives

bg =cf
af +bh =be+df
ce+dg =ag+ch
cf =bg

First equation is the same as the fourth. Hence the above becomes
bg = cf
af +bh=be+df
ce+dg =ag+ch

Leta=1,b=2,c=3,d=4,e=5,f =6. The above becomes

29 =18
6+2h=10+24
15+4g=g¢+3h
or
g=9
h =14
Hence and example is
o b] [1 2
A = =
c d] [3 4
e f] [5 6
B = ¢ f =
g h| |9 14

(2)
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To verify
[1 2l[s 6] [23 34
AB = =
3 4”9 14| |51 74]
5 6l[1 2] [23 34
BA = =
9 143 4] |51 74

2.213 Additional problem 2

Problem

Give an example of matrices C and D where CD # DC.
Solution

From the last problem, we found a solution that makes CD = DC to be

h=14

So any other value will make CD # DC. Hence an example is

o b] 1 2
C: =
c d [3 4]
H_le fri]_[s e+1|_|5 7
g om | |o 14| |9 14
To verify
1 2|5 7| [23 35
CD = =
3 4|9 14] |51 77
But

DC =

5 711 2] [26 38]
9 143 4] |51 74

Hence CD # DC

2.214 Additional problem 3
Problem

Let A; B, and C be invertible n X n matrices. Is the product ABC invertible? If it is invertible,
what is (ABC)™'?

Solution
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Let ABC = D. Premultiplying both sides by A™! gives

A'ABC = A7'D
BC = A"'D

Premultiplying both sides by B! gives

B7'BC =B 'A"'D
B=B1A"D

Premultiplying both sides by C™! gives
I=(CBlA)D
Starting with ABC = D again, but now post multiplying both sides by C~! gives

ABCC! =pcC!
AB =DC™!

Post multiplying both sides by B! gives

ABB™' = DC1B!
A=DC !B

Post multiplying both sides by A™! gives
I=D(C'BA™)
Comparing (1,2) we see that

(c—lB-lA-l)D = D(c—lB-lA—l) =1

(1)

(2)

3)

This means C"'B'A™! is the inverse of D by definition (page 177 of book) which says if

AB = BA = I then B is the inverse of A.

But D is the product of ABC. Hence the product is invertible. And from (3), its inverse is

given by
(ABC) ™' = C1B- 1471

2.2.15 Additional problem 4

Problem

tH 0 0
Let T=|0 t, 0] be diagonal matrix. What is det(T)?
0 0 t3

Solution
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The determinant of a diagonal matrix is the product of the elements on the diagonal. Hence
det(T) = t1t2t3

This comes from expansion over any row or column. For example, expansion along row 1
gives

t, 0
det(T) = 4 5

3
= t1t, det([t;]

= hifpts

Note that the sign of the elements are all positive for 3 x 3 since 7 is odd here.

2.2.16 Additional problem. Optional

Problem

Optional: Consider an n X n diagonal matrix T. What is det(T)? The required part of this
problem asks you to answer this question for the case where n = 3.

Solution
b 0 0 0]
0t 0 0
S L 0
0 0
0 0
0 by

det(T) is the product of all elements on the diagonal. This comes from expansion over any
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row. For example, expansion on row 1 gives

, 0 0
0t 0
det(T) = t|-- 0
0
ty
ts 0
t 0
=ity ! 0
£,
ty
= ttots|--

And so on until the last entry
det(T) = t1t2t3 tn
n
- th
i=1

Note on the sign. In expansion, we have to take account of sign changes. If # is odd, then

the sign of the elements are all positive on the diagonal as in case n = 3 above. So we do
not need to worry about this case.

For even n, the sign on diagoanl also remains positive, since the formula is (-1)"" where i,j
are the index of the diagonal elements, and this always adds to even number since i = j on
the diagonal. For an example for n = 4

We see that product on the diagonal always has positive signs.
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2.2.17 key solution for HW 2

HOMEWORK 2 — SOLUTIONS

These solutions demonstrate one way to approach each of the homework problems. In many
cases, there are other correct solutions. If you would like to discuss alternative solutions or
the grading of your assignment, please see me during office hours or send me an email.

Textbook Problems:

3.4.3
5 0 -4 5 —26 20
(=2){0 7| +@@) |3 2|=|12 -6
3 -1 7 4 22 18
3.4.5
2 —1][-4 2
AB = 3 2| {1 3}
(-9 1
10 12
(-4 2] [2 -1
pa= 73 3]
~[-2 8]
15
3.4.8
- 3 0]
an=[3 % 3o
L 6 5]
21 15
T35 00
(3 0 .
T
[ 6 5 g
(3 0 9
=|7 =20 13
|16 —25 38
3.4.11

2 756
AB=[3 -5 {_1 Lo 3}
=[11 1 5 3

The product BA is not defined because B is 2 x 4 and A is 1 x 2, so the dimensions
do not match.
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3.5.3 For A = [g g] , our formula for 2 x 2 matrices tells us that A=! =

[_65 _67] . So if AZ = l;, we have that

IR
)

3.5.10 We adjoin an identity matrix and row reduce:

A
{6
3

5 71 0] cgetre [1 1 1 —1
46 0 1 5_4 6 1

AR4Ry |11 1 —1]
5_0 2 —4 5
iR, 11 1 —1]

o1 —2 3
—Ra+Ry —1 0 3 -1

0 1

_
So the inverse matrix is {_32 52] .
2

3.5.16 We adjoin an identity matrix and row reduce:

1 -3 -3 10 1 -3 -3
11 2 01 0o Bt g o
2 -3 -3 00 1] ™ o 3 3
[1 -3 -3
R3+R2 0 1 92
0 3 3
1 0 3 -2
T3R2+R3 01 9 1
Mg 0 -3 1
[t 0o 3 =2
7§R3
S0 2 -1
1
001 —1
[1 0 0 —1
—2R3+R> 010 _%
I [ VI
9

-2

T 36-35

SO = O O = O

—_
win = O

1
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0 1

-1

1
1 _1 _
I
3

So the inverse is

W=

2
3

3.6.4 First, we expand along the third row:

g i12 2 273 o8

det =(-1)(=3)det |3 -2 6
0 0 0 =3 0 4 0
0 4 0 17

Next, we expand along the third row:

5 11
(3)det [3 —2

8
5 8
6| = (3)(=1)(4) det
0 4 0 [3 6}

Finally, we evaluate using our formula for 2 x 2 determinants:
(—12)(5%6 — 8"3) = (—12)(6) = —72

3.6.9 Before proceeding with our calculation, we do the row operation (—2)R; + R3 which
does not change the determinant:

3 =2 5 3 =2 5
det |O 5 17| =det [0 5 17
6 —4 12 0 0 2

We expand this along the new and improved first column:

3 -2 5
det [0 5 17| = (+1)(3) det [g 127}
0 0 2
= (3)(5"2 — 1770)
=30
3.6.21 Our system is
3r+4y =2
dr+Ty=1

The coefficient matrix has determinant det [g ﬂ = 3*7—4*5 = 1, so since this nonzero

we can proceed with Cramer’s Rule. Cramer’s Rule tells us that the unique solution
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to this system is

Additional Problems:

1. Some possible easy choices here include taking A = B, taking B = A~!, taking one of the
matrices to be the identity, or choosing 1 x 1 matrices.

2. One choice that works here is C' = [1 2} , D= {0 1]. We compute

3 4 10
2 1

CD_LL 3}
3 4

o[t

If you pick random entries for your matrices, odds are that they will work for this problem.
Another easy choice would be picking C' to be n x m and D to be m x n where m # n.
Then C'D and DC are different sizes, so are certainly not equal!

3. The product ABC is invertible, and the inverse is (ABC)™! = C"'B7'A~!. To see why
this is the inverse, we compute:
(ABCO)(C™'B'A™Y)y = AB(CcCH)BtAT!
= ABIB'A™!
= A(BB™HA™!
= AIA™!
=AA"?
=1
You can calulate similarly that (C~!B~1A~!)(ABC) = I.

4
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ty, 0 0
4. The determinant of T'= |0 t5 0] is t1tot3. The cofactor expansion is straightforward
0 0 t3

here, no matter which row or column you choose to use.
For an n x n diagonal matrix T', the determinant is the product £t - - - t,,. In mathematics,

n
we usually write a product like this as [] ¢;. This kind of notation is called “product
i=1
notation” and works very similarly to summation notation that you may be already
familiar with.
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2.3.1 Problems listing

HOMEWORK 3 - DUE OCTOBER 1

Homework instructions: Complete the assigned problems on your own paper. Once you
are finished, scan or photograph your work and upload it to Gradescope. When prompted,
tell Gradescope where to find each problem.

You are allowed (and in fact encouraged) to work with other students on homework assign-
ments. If you do that, please indicate on each problem who you worked with. If you use
sources other than your notes, the textbook, and any resources on Canvas for your home-
work, you must indicate the source on each problem. You are not permitted to view, request,
or look for solutions to any of the homework problems from solutions manuals, homework
help websites, online forums, other students, or any other sources.

Textbook Problems:
e §3.7: 3
e §4.1: 1, 19, 23, 27
e §4.2: 24,17, 21
Additional Problems:

1. My fictional company Linear Algebra Inc had a stock price of $10 on day 1, $15 on day 2,
and $10 on day 3. Interpolate this data with a quadratic polynomial f(t) = a + bt + ct2,
where t is the day and f(¢) is the price on day t.

Is it a good idea to use f(t) to predict the stock price of Linear Algebra Inc on day 47
2. Geometrically, what do subspaces of R? look like?

3. Let A be an n X n matrix and consider the linear system AZ = b. If I know that the
solution set to this linear system is a subspace of R", what can you say about b7
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2.3.2 Problem 3 section 3.7

In each of Problems 1-10, n+1 data points are given. Find the n'" degree polynomial y = f(x)
that fits these points.
(x,y) =1(0,3),@1,1),2,-5)

Solution

Since n +1 = 3, then n = 2. Therefore we need degree 2 polynomial
f(x) = A+ Bx +Cx?
From the data given, we obtain the following three equations

3=A
1=A+B+C
-5=A+2B+4C

This gives the system

Augmented matrix is

1 0 3
1 1 1
1 2 4 -5
R, — =Ry + R, gives
00 3
011 -2
1 2 4 -5
R3 — —R; + Rj gives
0 0 3
11 -2
2 4 -8
R3 — —2R; + R3 gives
0 0 3
11 -2
0 0 2 -4
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Back substitution: Last row gives 2C = —4 or C = -2. Second row gives B—C = -2 or B=0.

First row gives A = 3. Therefore the solution is

The polynomial is

f(x) = A+ Bx + Cx?
=3-2x?

Here is plot of the solution fitted on the points

1.5 20

Figure 2.3: Fitted polynomial plot

pl = ListPlot[{{@, 3}, {1, 1}, {2, -5}}, PlotStyle » {PointSize[.03], Red}];
p2 =Plot[3+Ox-2x"2, {x, -.2, 2.2}, AxesLabel » {x, f[x]},

BaseStyle - 14, GridLines - Automatic, GridLinesStyle - LightGray];
p = Show[p2, pl, PlotRange » {Automatic, {-6, 4}}];

Figure 2.4: Code used for the above plot
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2.3.3 Problem 1 section 4.1

In Problems 1-4, find |ﬁ— b, 27+ b,37 - 4b

7=(2,5-4),b=(1,-2,-3)

Solution

7-b| =12,5,-4) - (1,-2,-3)
=12-1,5+2,-4+3)|
=11,7,-1I
=VI+49+1
= V51

And

27+ =2(2,5,-4) + (1,-2,-3)
= (4,10, -8) + (1, -2, -3)
=(4+1,10-2,-8 - 3)
= (5,8,-11)

And

37— 4b = 3(2,5,-4) — 4(1, -2, -3)
= (6,15,-12) — (4,-8,-12)
=(6-4,15+8,-12+12)
= (2,23,0)

2.3.4 Problem 19 section 4.1

In Problems 19-24, use the method of Example 3 to determine whether the given vectors #, ,
and @ are linearly independent or dependent. If they are linearly dependent, find scalars
a,b, and ¢ not all zero such that aii + b3 + c = 0

7n=(2,01)
7=(-31,-1)
@ =(0,-2,-1)

Solution

We set up Ax = 0 and solve for x where x here is (a,b,c) vector. If x is the trivial solution,
then the vectors are linearly independent. If we find non-trivial solution, then the vectors
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are linearly dependent.

.
arl + b+ cww =0

2] [-3 0] [0]
al0[+b| 1 |+c|-2[=|0
1l [-1] [1] o]
2 -3 0][a] [0]
0 1 -=2||p|=]10
1 -1 -1]{c] |O]
Augmented matrix
-3 0
0o 1 -2
-1 -1
Ry — —%Rl + R; gives
-3 0
1 -2
.
R; — ;Rz + Rj gives
-3 0
1 -2
0 0]
Hence the system becomes
2 -3 0ffa 0
0 1 =2|[p|=]0
0 0 O0]lc] [O

a,b are leading variables and c is free variable. Let ¢ = t which can be any value. Then b = 2t
and 2a - 3b = 0 or a = 3t. Hence solution is

a 3
bl =t|2
c 1

There are infinite solutions. We need only one non-zero solution to show that the vectors
are linearly dependent. Let t =1

a 3
bl =12
c 1

Hence vectors are linearly dependent

3% +20+W=0
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2.3.5 Problem 23 section 4.1

In Problems 19-24, use the method of Example 3 to determine whether the given vectors 1,7,
and ® are linearly independent or dependent. If they are linearly dependent, find scalars
a,b, and ¢ not all zero such that aii + b3 + c@ = 0

i=(2,0,3)
T=(54,-2)
o =2,-1,1)

Solution

We set up Ax = 0 and solve for x where x here is (a,b,c) vector. If x is the trivial solution,
then the vectors are linearly independent. If we find non-trivial solution, then the vectors
are linearly dependent.

.,
al+bo+cw=0

2 5 2] [o]
al0|+b[ 4 |+c|-1[ =10
3 -2 1] [0]
2 5 2][a] [0]
0 4 -1||b|=]0
3 -2 1]|c] |[O]
Augmented matrix
2 5 2
0 4 1
3 21
R3 — —3R; + 2R3 gives
2 5 2
0 4 -1
0 -19 —4
R3 — —19R; + 4R; gives
25 2
0 4 1
0 0 3

Hence the system in Echelon form becomes

2 5 2]la 0
0 4 -1f[b[=10
0 0 3]|c 0

Last row gives ¢ = 0. Second row gives 4b = 0 or b = 0. First row gives 22 = 0 or a = 0.

Therefore the vectors are linearly independent because only the trivial solution exist.
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2.3.6 Problem 27 section 4.1
In Problems 25-28, express the vector f as a linear combination of the vectors #,7, and .
£=(0,0,19), = (1,4,3),7 = (-1,-2,2), @ = (4,4,1)

Solution

In system form we are looking for

)
S
+
S
|
N
+
(o)
s
1l
o

Augmented matrix

1 -1 4
-2 4
3 2 119
Ry, — —4R; + R; gives
-1 4 0
0 -12 0
3 1 19]
R3 — =3R; + R3 gives
-1 4 0
0 -12
0 -11 19
R; = —2Ry + Ry gives
1 -1 4 0
0 2 -12 0
0 0 19 19

The above is Echelon form. Hence the system is

1 -1 4 ||a 0
0 2 -12|[p[=]0
0 0 19|c 19
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Last row gives 19c = 19 or ¢ = 1. Second row gives 2b —12c = 0 or b = 6. First row gives
a-b+4c=00ora=b-4cora=6-4=2. Hence

2.3.7 Problem 2 section 4.2

Apply Theorem 1 to determine whether or not W is a subspace of R".
W is the set of all vectors in R3 such that x; = 5x,

Solution

Theorem 1 at page 225 gives conditions for subspace:

The non empty subset W of the vector space V is a subspace of V if and only if it satisfies
the following two conditions:

1. If % and ¥ are vectors in W, then 7 + ¥ is also in W.
2. If i is in W and c is a scalar, then the vector cii is also in W.

Let 1 = (x1,xy,x3) and ¥ = (yl,yz,y3) where x; = 5x, and y; = 5y,. then (1) becomes

U+7=(xq,x,x3) + (yl,yz, y3)
= (x1 T Y1, X2 Y2, X3+ ys)
Then
X1+ Y1 = 5xy + 5y,
= 5(x2 + yz)
Hence closed under addition. Condition (2) says

Cﬁ = C(xll X2, x3)

= (cx1, €xp, CX3)

Hence cx; = ¢(5x;) = 5(cx;). Therefore closed under scalar multiplication as well. Therefore
this is a subspace.

2.3.8 Problem 4 section 4.2

Apply Theorem 1 to determine whether or not W is a subspace of R".
W is the set of all vectors in R? such that x; +x, + x5 =1

Solution

Theorem 1 at page 225 gives conditions for subspace:

The non empty subset W of the vector space V is a subspace of V if and only if it satisfies
the following two conditions:
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1. If % and ¥ are vectors in W, then 7 + 7 is also in W.
2. If 1 is in W and c is a scalar, then the vector cii is also in W.
Let 1 = (x1,x2,x3) and 7 = (yl,yz,y:),) where X1+ Xy +X3 = 1 and Y1+ Y +Yysz = 1. then (1)
becomes
U+ = (x1,Xp,X3) + (y1,y2, ys)
= (xl T Y1, X2 T Y2, X3+ y3)
Then
Xy Y+ X+ Yo+ X5+ Y3 = (X + X+ x3) + (y1 + Y2+ Ys)
=1+1
=2

Therefore this is not closed under addition since #+7 does not satisfy (1). Hence not a subspace.

2.3.9 Problem 17 section 4.2

In Problems 15-18, apply the method of Example 5 to find two solution vectors u and 7
such that the solution space is the set

of all linear combinations of the form su + o

X1+3XZ+83C3—X4:0
X1—3X2—1OX3+5X4 =0
X1 +4XZ+11X3—2X4 =0

(notice: typo in book. Last term in second equation is 5x5 in book, but it should be 5x,).

Solution
System is
X1
1 3 8 -1 0
X2
1 -3 -10 5 =10
X3
1 4 11 -2 0
X4
Augmented matrix
1 3 8 ]
1 -3 -10 5
1 4 11 -2
R2 - _Rl + Rz gives
1 3 8 -]
0 -6 -18 6
1 4 11 -2
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R3 — —R; + Rj3 gives

1 3 8§ -1
0 -6 -18 6
01 3 -1
R; = <Ry + R; gives
1 3 8§ -1
0 -6 -18 6
00 0 0

Leading variables are xj, x,. Free variables are x3,x,. Let x4 = t,x3 = 5. The system becomes

X1

1 3 8 - 0
X2
0 -6 -18 6 =10
5
0O 0 0 O 0
185—6t
From second row, —6x, —18s + 6t = 0 or x, = — = -3s + t.

6

From first row, x; + 3x, + 8 —t = 0. Hence x; = -3x, -85+t or x; = -3(-3s+1) —8s +t or
x1 = s — 2t. Therefore the solution is

X1 s —2t
Xo| |-3s+t
X3 - s
Xy t
1 -2
-3 1
=s 1 +t 0
0 1
=su+1fv

Therefore he solution space is the set of all linear combinations of the form su + to

2.3.10 Problem 21 section 4.2

In Problems 19-22, reduce the given system to echelon form to find a single solution vector
i such that the solution space is

the set of all scalar multiples of .
X1+ 7% +2x3—3x4 =0
le +7XZ+X3—4X4 =0

3x1+5x2—x3—5x4=0
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Solution
System is
X1
17 2 -3 0
X2
27 1 -4 =10
X3
35 -1 -5 0
X4
Augmented matrix
17 2 -3
27 1 -4
35 -1 -5
Ry — —2R; + R, gives
1 7 2 -3
0 -7 -3 2
3 5 -1 -5
R3 - —3R1 + R3 gives
1 7 2 -3
0 -7 -3 2
0 -16 -7 4
R 16p LR i
3 = — Ry + Rs gives
1 7 2 -3
0 -7 -3 2
1 4
00 - -
Hence the system in Echelon form is
X1
1 7 2 -3 0
X2
0 -7 -3 2 =10
0o 0o -2 -2l o
7 7y,

Leading variables are x;, x,, x3. Free variable is x4 = f. Last row gives —%x;; - ;t = 0. Hence
x3 = —4t. Second row gives —7x, — 3x3 + 2x4 = 0 or —7x, = 3x3 — 2x4 or —7x, = 3(—4t) — 2(t).

Hence —7x, = —14t or x, = 2t.

First row gives xy + 7x; + 2x3 — 3x4 = 0 or xy = —=7(2t) — 2(—4t) + 3(t). Hence x; = —3t. Therefore
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the solution is

X1 —3¢]
Xo| |2t
X3 |4t
Xy t ]
-3

=t 2
-4
1

=t

The solution space is the set of all scalar multiples of .

2.3.11 Additional problem 1

My fictional company Linear Algebra Inc had a stock price of $10 on day 1, $15 on day 2,
and $10 on day 3. Interpolate this data with a quadratic polynomial f(t) = a + bt + ct?,where
t is the day and f(f) is the price on day ¢. Is it a good idea to use f(f) to predict the stock
price of Linear Algebra Inc on day 4?

Solution
Data is (1,10), (2,15), (3,10). Therefore we obtain 3 equations using f(t) = a + bt + ct? as
10=a+b+c

15=a+2b+4c
10=a+3b+9c

Which gives the system
10

[E W
KDL NN =
O = =

10

o

The augmented matrix is
10]

—_
N =
—_

R, — —-R; + R, gives
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R3 — —R; + Rj3 gives

1 1 1 10
01 3 5
02 8 O
R3 — —2R; + R3 gives
1 11 10
013 5
0 0 2 -10
Hence the system in Echelon form is
1 1 1}a 10
0 1 3flp|=|5
0 0 2ffc -10
Leading variables are a,b,c. There are no free variables. From last row 2c = —10 hence

¢ = =5. From second row b+3c =50r b =5-3c or b =5 -3(-5) or b = 20. From first row
a+b+c=10. Hence a=10-b—-cor a =10-20+5 or a = 5. The solution is

a -5
bl =120
c -5

Therefore, the interpolation polynomial is

f(t) =a+bt+ct?

f(t) = =5 + 20t - 5t2

It is not good idea to use f(t) to predict the price outside the range of interpolation, which is

t =1---3. Doing so is extrapolation and can produce wrong prediction. For example, using
t = 4 gives f(4) = -5 dollars as stock price, which is not possible. The lowest value a stock
can have is zero dollars, which is when the company go bankrupt.

Here is plot of the solution fitted on the points
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RN
(@)
—

Figure 2.5: Fitted polynomial plot

pl = ListPlot[{{1, 10}, {2, 15}, {3, 10}}, PlotStyle » {PointSize[.03], Red}];
p2 = Plot[-5+20t-5t~2, {t, 0.8, 4}, AxesLabel » {t, f[t]},

BaseStyle -» 14, GridLines - Automatic, GridLinesStyle - LightGray];
p = Show[p2, pl, AxesOrigin » {0, 0}, PlotRange - All];

Figure 2.6: Code used for the above plot

2.3.12 Additional problem 2

Geometrically, what do subspaces of R? look like?
Solution

A Subspace of IR? is all straight lines that pass through the origin. So each straight lines that
pass through the origin is a subspace. This shows there are infinite number of subspaces.

Another subspace of IR? is just the origin 0. And R? itself is subspace of itself.

2.3.13 Additional problem 3

Let A be an n X n matrix and consider the linear system AX = b. If T know that the solution
set to this linear system is a subspace of IR”, what can you say about b?

Solution

The vector b is the zero vector. This is by theorem 2, page 226 in the textbook.
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2.3.14 key solution for HW 3

HOMEWORK 3 — SOLUTIONS

These solutions demonstrate one way to approach each of the homework problems. In many
cases, there are other correct solutions. If you would like to discuss alternative solutions or
the grading of your assignment, please see me during office hours or send me an email.

Textbook Problems:

3.7.3 We need to interpolate (0, 3), (1,1), (2, —5). Since we have 3 points, we use a degree 2
polynomial f(z) = ag + a;x + agz®. This gives the linear system

a0:3
ap+a+ay=1
a0+2a1+4a2:—5

The first equation says ag = 3, so substituting we get the 2 x 2 system

a1 +a2 = -2
2(11 +4a2 = -8

We solve by row reduction:
1 1 =2 —2ri+Rr, |1 1 =2
2 4 =8 02 —4
So ag = —2 and thus a; = 0. So our polynomial is f(z) = 3 — 2z%.

4.1.1 We are given @ = (2,5, —4) and b = (1, -2, —3). We calculate

a—bl=1(1,7,-1)]
=VI+49+1
=51
2+ b= (4,10, —8) + (1, -2, —3)
= (5,8,—11)
3G —4b = (6,15 — 12) — (4, -8, —12)
= (2,23,0)

4.1.19 We are given @ = (2,0,1),v = (=3,1,—1),4 = (0, -2, —1). We are asked to use row
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reduction in this case.

2 =3 0 0 -1 27
0 1 —of 22l 1 9
1 -1 —1 1 -1 1]
= 0

Letflo 1 =2

1 -1 —1]

1 -1 —1]

Bt lo 10 2

0 0 0]

We have a free variable, so these vectors are linearly dependent. To find a particular
linear combination, we choose a value for ¢, say ¢ = 2. Then we solve to get b = 4,a = 6.
So we have 64 4 4¢ + 2w = 0.

4.1.23 We are given @ = (2,0,3),0 = (5,4, —2),@ = (2,—1,1). We do the row reduction:

2 5 2 6 15 6
0 4 —1| 3500 4 -1
3 2 1] *™ |6 -4 2
6 15 6
N I R |
0 —19 —4
(6 15 6 |
4R2+R3 0 4 1
0 -3 0]
6 15 6]
Betle 1o 1 -1
0 -3 0]
‘ 6 15 6
3R2+R3 0 1 1
0 0 -3

We have an echelon form matrix with a leading entry in every row, so the homogeneous
system has only the trivial solution. Hence the vectors are linearly independent.
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4.1.27

4.2.2

4.24

4.2.17

We want to write ¢ = at + bif + cw, so we set up and reduce an augmented matrix:

1 =1 4 0 1 =1 4 0]
4 —2 4 0| Mty 9 12 0
3 2 1 19] P o 5 —11 19
[1 -1 4 0]
et g —12 0
0 1 13 19]
(1 -1 4 0
st g g 38 38
0 1 13 19
. [1 -1 4 0
2B g 1 13 19
wRolg 0 1 1

Now back substitution gives us ¢ =1, b= 6, and a = 2. So t = 24 + 67 + .

W is a subspace. To see why, suppose that both & and ¢ are in W. Then for any
scalar ¢, ¢ = (cxy, cxg, cx3). Since we know x; = 5z, we have cx; = 5(cx). So ¢f is
in W. Also, ©+ ¢ = (z1 + y1, %2 + y2, 73 + y3). We know z; = 525 and y; = 5y, so
x1+y1 = 5(x2+y2). Hence Z+¢is in W. This shows closure under scalar multiplication
and under addition.

W is not a subspace. It fails everything pretty badly, but an easy way to see it is not
a subspace is that it does not contain 0 since 0 4+ 0+ 0 # 1.

There is a typo in this problem in the book. The second equation is meant to have x4
in place of x5 and I have solved that version. If you solved it correctly as written, you
recewed full points as well.

We do row reduction to our system:

13 8 -1 13 8 -1
1 -3 -10 5| 2210 6 —18 6
14 11 -2 Bl o1 3 1
1 3 8 -1
1
1o -1 =3 1
o 0 0 0
10 -1 2
3R2+R, 0 1 3 1
oo 0 0

We have two free variables. We set x3 = s and x4 = ¢ and then use back substitution

CHAPTER 2. HWS
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to find w9 = —3s +t and z; = s — 2¢t. So our solution vectors look like
s— 2t 1 -2
L | =3s+t] -3 1
T = < =35 1 +t 0
t 0 1

4.2.21 We do row reduction to our system:

17 2 - 1 7 2 -3
2 7 1 —4| 2Ry 7 3 2
35 -1 —5| "M o 16 -7 4
[1 0 -1 —1]
Fetfi 1o -7 =3 2
—2R2+Rs3 0 2 1 0]
(1 0 -1 —1]
—Hetfe o 1 1 2
0 -2 -1 0|
[1 0 -1 -1
Hetls o101 2
00 1 4
1 0 0 3
Lt g 1 0 =2
TR0 001 4
We have one free variable, so we set x4 = t. Back substitution gives us x3 = —4t, x5 =

2t, x1 = —3t. So a typical solution looks like

3¢ 3
ol |2
T= | T s

¢ |

Additional Problems:

1. We need to interpolate the points (1, 10), (2, 15), (3, 10) with a quadratic f(t) = a+bt+ct?.
This sets up the linear system

a+b+c=10
a+2b+4c=15
a+3b+9 =10

The polynomial we get after solving is f(t) = —5 + 20t — 5¢2.

4
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It is a very bad idea to use this polynomial to predict the price on day 4. For one thing,
f(4) = =5 and a price of -$5 is absurd. It also doesn’t make very much sense that stock
prices would behave like a parabola, where the value either always increases after a certain
time or always decreases after a certain time. I'm not an enconomist, but I imagine that
most stock prices would go up for a while, then down for a while, then up for a while, then
down for a while, and so on. Using this polynomial to determine your investing strategy
would be a great way to lose all your money.

. Proper subspaces of R? look like lines through (0,0). There is also the subspace that is
all of R? and the subspace that is just 0.

. The solution set to A7 = b is a subspace of R™ if and only if b = 0. On the one hand,
we know that the solution set for a homogeneous linear system is always a subspace. On
the other hand, if the solutions to Ax = b forms a subspace, then for any solution Zy we
know by closure under scalar multiplication that 27, is also a solution. So b = A(22) =
2AT, = 25, which only works when b=0.
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2.41 Problems listing

HOMEWORK 4 - DUE OCTOBER 8

Homework instructions: Complete the assigned problems on your own paper. Once you
are finished, scan or photograph your work and upload it to Gradescope. When prompted,
tell Gradescope where to find each problem.

You are allowed (and in fact encouraged) to work with other students on homework assign-
ments. If you do that, please indicate on each problem who you worked with. If you use
sources other than your notes, the textbook, and any resources on Canvas for your home-
work, you must indicate the source on each problem. You are not permitted to view, request,
or look for solutions to any of the homework problems from solutions manuals, homework
help websites, online forums, other students, or any other sources.

Textbook Problems:
e §43: 9,17, 18
e §4.4: 6, 16, 20
e §4.5: 5, 7,15
Additional Problems:

1. Let v; and v be any linearly independent vectors. Show that u; = 2¢, and s = U1 + ¥
are also linearly independent.

2. In section 4.2, we looked at the set TV consisting of all vectors in R* where x; = 5z, and
determined it was a subspace of R?. Find a basis for W. What is the dimension of W?

3. Let S = {¥), U, U3} be a set of linearly independent vectors and suppose that ¢ is not an
element of span S. Show that S’ = {¥, 0, U, U3} is linearly independent.
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2.4.2 Problem 9 section 4.3

In Problems 9-16, express the indicated vector @ as a linear combination of the given vectors
U1;U, -+~ Uy if this is possible. If not, show that it is impossible

1 5 3
Z—()): 0,61:3,_)2:2
4 5

solution

Let @ = ¢;7; + ¢yUy. In matrix form this becomes

5 3] [1]
c13[+c2]1=1]0
4 5 |-7]
5 3] ¢ [1]
3 2| =10
4 5/ |7
Augmented matrix is
53 1
32 0
4 5 -7
R; — 3R; and R; — 5R; gives
15 9 3
15 10 0
4 5 -7
R, — —-R; + R, gives
15 9 3
1 -3
-7
Ry — 4R; and R3 — 15R; gives
60 36 12 ]
0 1 -3
|60 75 -105]
R3 — —R; + Rj3 gives
60 36 12 |
0o 1 -3
|0 39 -117]
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R3 — —39R2 + R3 giVeS

60 36 12
0 1 -3
0 0 O

Hence the system becomes

60 36 12

0 1 =|-3
C2
0 O 0
12-36(-3)
From second row ¢, = -3 and from first row 60c; + 36(c;) =12 or c; = ——— = 2. Hence

60
TTJ = 251 - 352

— . . . .
w is linear combination.

2.4.3 Problem 17 section 4.3

In Problems 17-22, three vectors 7, 7,, and U5 are given. If they are linearly independent,
show this; otherwise find a nontrivial linear combination of them that is equal to the zero
vector.

1 2 3
612 0,62: —3,63: 5
1 4 2

solution

The vectors are Linearly independent if
5
Cli))l + Cz?))z + C37_))3 = O

only when ¢; = ¢, = c3 = 0. If we can find at least one c; where the above is true, then the
vectors are Linearly dependent.

Writing the above as A€ = 0 gives

The augmented matrix is
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R3 — —R; + Rj3 gives

1 2 3 0
0 -3 5 0
0 2 -10
R; — R3,R; — 2R, gives
2 3
-6 10 0
6 -3 0
R3 — Ry + R3 gives
1 2 3
0 -6 10 0
0 0 7 0]

Hence the original system (1) in Echelon form becomes

1 2 3q] [o
0 -6 10|[c,| =0
0 0 7]le] |0

Leading variables are cy, ¢y, c3. Since there are no free variables, then only the trivial solution
exist. We see this by backsubstitution. Last row gives c; = 0. Second row gives ¢, = 0 and
first row gives c; = 0.

Since all ¢; = 0, then the vectors are Linearly independent.

2.4.4 Problem 18 section 4.3

In Problems 17-22, three vectors 7, 7,, and U5 are given. If they are linearly independent,
show this; otherwise find a nontrivial linear combination of them that is equal to the zero
vector.

2 4 -2
5)1: 0 ,5)2: -5 , 03 = 1
-3 ) 3

solution

The vectors are Linearly independent if
— — - =
€101 + CoUy + c303 =0

only when ¢; = ¢, = c3 = 0. If we can find at least one c; where the above is true, then the
vectors are Linearly dependent.
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Writing the above as A€ = 0 gives

4 2|l
0 -5 1|{[c|=10 (1)
-3 -6 3 |[c3
The augmented matrix is
2 4 20
0 5 1 0
-3 -6 3 0
Ry — 3Ry, R3 — 2Rj gives
6 12 -6 0
0 -5 1 0
-6 -12 6 0
R3 — Ry + R3 gives
6 12 -6 0
0 51 0
0O 0 0 O
Hence the system (1) becomes
6 12 -6{lcy 0
0 -5 1 |le]=10
0 0 O0]lc 0

The leading variables are c;,c, and free variable is c;. Since there is a free variable, then
the vectors are Linearly dependent. To see this, let c; = t. From second row —-5¢, +t = 0 or

1
6t—12(5t)

= %t. From first row 6c; +12¢c, —6t = 0. Or ¢; = o =t Hence
ol [3] |3 3
= iIf =t i = 11,‘ 1
21715757 5
C3 t 1 5
Taking 7 = 5 the above becomes
(o] 3
Cr| = 1
C3 5

Therefore we found one solution where
— — — =
€101 + Uy + 373 =0
R
361 +7_)>2 +5?)>3 =0

not all ¢; zero. Hence linearly dependent vectors.

73



24. HW 4 CHAPTER 2. HWS

2.4.5 Problem 6 section 4.4

In Problems 1-8, determine whether or not the given vectors in R” form a basis for R"
0 0 1

7))1 = 0 ,_)2 = 1 ,03 = 2

1 2 3

solution

If the vectors are Linearly independent, then they form basis. To check, we solve A¢ = 0 and
see if the solution is the trivial solution or not. If the solution is the trivial solution, then
the vectors are linearly independent and hence form basis.

.
Cl?}l + C252 + C3?)>3 =0
o, . = .
Writing the above as Ac = 0 gives

1 C1 0
2 G| = 0 (1)
3 C3 0

_ o O
N = O

The augmented matrix is

o

1
01 2
3

Since the pivot (1,1) is pivot, we replace R; with Rj first.

1 2 3 0]
0120
001 0

This is in Echelon form. No free variables. Therefore, the solution is the trivial solution. Eq
(1) becomes
1 2 3 C1 0

01 2{e,|=]0
0 0 1f[c;] |0

Which shows that ¢; = 0,c, = 0,c3 = 0. Hence the vectors form a basis for R3

2.4.6 Problem 16 section 4.4

In Problems 15-26, find a basis for the solution space of the given homogeneous linear
system

X1+3X2+4X3:0
3x1+8x2+7x3 =0
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solution

A% =0 gives

The augmented matrix is
1340
3870
1 3 4 0
0 -1 -5 0
Hence the leading variables are x;,x, and the free variable is x; = . The system becomes
13 4] o
Xy | =
0 -1 -5 0

Last row gives —x, — 5x3 = 0 or —x, = 5t. Hence x, = —5¢t. From first row, x; + 3x, + 4x3 = 0,
or x; = —3x, —4x3 or x; = —3(-5t) — 4t = 11t. Therefore the solution is

Ry — =3R; + R, gives

| [11t] 1
Xy | = -5t =t|-5
X3 t 1

Let t =1. The basis is
11

A one dimensional subspace.

2.4.7 Problem 20 section 4.4

In Problems 15-26, find a basis for the solution space of the given homogeneous linear
system

x1—3x2—10x3+5x4 =0
X1 +4xy +11x3 —2x4 =0
x1+3x2+8x3—x4=0

solution
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A% =0 gives

X1

1 -3 -10 5 0
X2

1 1 -2 =10
X3

1 3 8 -1 0
X4

The augmented matrix is
-3 -10 5 0

Rz - _Rl + RZ gives

|
W

|
—_
(@]
a1
(@]

R3 — —R; + Rj gives

N
N
—_
|
N
(@]

R; — 7R3 and R; — 6R; gives

[1 -3 <10 5 0]
0 42 126 -42 0
|0 42 126 -42 O]
R3 — —R; + Rj3 gives
1 -3 -10 5 0]
0 42 126 -42 0
0 0 O 0 0]

Leading variables are x;, x, Free variables are x3 = t,x, = s. The system becomes

X1

1 -3 -10 5 0
X2

0 42 126 -42 =10
X3

0 O 0 0 0
X4

42

5= =3t +s.

second row gives 42x, + 126x3 — 42x, = 0 or 42x, = —126t + 425 or x, = —%t +

First row gives x; —3x, —10x3+5x4 = 0 or x; = 3x, +10x3—5x4 or x; = 3(=3t + 5)+10t =55 = t—2s.
Hence the solution is

X1 t—2s 1 -2

X —3t+s -3 1
= =t +5s

X3 t

Xy s 0 1
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Let t =1,s = 1. The basis are

A two dimensional subspace.

2.4.8 Problem 5 section 4.5

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

11 1 1
31 -3 4
2 5 11 12

solution
We start by converting the matrix to reduced Echelon form.

R, — -3R; + R; gives

1 1 1 1]
0 -2 -6 3
2 5 11 12|
R3 — —2R; + R3 gives
1 1 1 1]
0 -2 -6 3
0 3 9 10]
R, — 3R; and R3 — 2R; gives
11 1 1
0 -6 -18 9
0 6 18 20|
R3 — R; + Rj gives
1 1 1 1]
0 -6 -18 9
0 0 0 29]

Now to start the reduce Echelon form phase. The pivots all needs to be 1.

-1 1 .
R, — sz and R; — 5123 gives

o O -
[ T G
— N W

S W -
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Now we need to zero all elements above each pivot.

Ry > R, — ;Rz gives

R; — Ry — Rj gives

o

Ry — R; — R; gives
-2

o o =
o = O

0
3 0
0 1
The above is now in reduced Echelon form. Now we can answer the question. The basis for
the row space are all the rows which are not zero. Hence row space basis are (I prefer to

show all basis as column vectors, instead of row vectors. This just makes it easier to read
them).

-2/

1110
011
0]10

_ o O O

The dimension is 3. The column space correspond to pivot columns in original A. These
are column 1,2, 4. Hence basis for column space are

1
;| 4
12

4

N W
[

The dimension is 3. We notice that the dimension of the row space and the column space is
equal as expected. (This is called the rank of A. Hence rank(A) = 3.)

The Null space of A has dimension 1, since there is only one free variable (x3). We see that
the number of columns of A (which is 4) is therefore the sum of column space dimension
(or the rank) and the null space dimension as expected.
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2.4.9 Problem 7 section 4.5

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

1 -1 7
4 5 16
3 3 13
5 4 23

N /= =

solution
We start by converting the matrix to reduced Echelon form.
R; — —-R; + R, gives

-1 7]
6 9
3 13
4 23

T = o =
a1 W W =

R3 — —R; + Rj gives

N O O =
UN W e

R4 - —2R1 + R4 gives

o O o© =
QDN W
O O O

Ry — 2R, and R3 — 3Rj gives

12 18
18

S O O =
W N O =
—_
N

R3 — =R; + R3 gives

12 18

o o o =
LW o o =
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Ry — —%Rz + Ry gives

11 -1 7
0 6 12 18
00 0 O
00 0 O

Pivot (leading) columns are 1,2 and free variables go with 3,4 columns. The Null space of
A is therefore have dimension 2. We now convert it to reduced Echelon form.

1 .
_) -_—
R, 6R2 gives

o o o =
(@] (@] p— p—
o O W N\

Ry — Ry — R, gives

o = O

o o o =
o O W

0

The above is reduced Echelon form. The basis for the row space are all the rows which are
not zero. Hence row space basis are (dimension 2)

1170
0l1
-3[|2

The column space correspond to pivot columns in original A. These are columns 1,2. Hence
basis for column space are (dimension 2)

1] [1
1| |4
1[(3
2| |5

We notice that the dimension of the row space and the column space is equal as expected.

The Null space of A has dimension 2, since there is two free variables. We see that the
number of columns of A (which is 4) is therefore the sum of column space dimension and
the null space dimension as expected.

80



24. HW 4 CHAPTER 2. HWS

2.4.10 Problem 15 section 4.5

In Problems 13-16, a set S of vectors in R* is given. Find a subset of S that forms a basis
for the subspace of R* spanned by S

solution

We set up a matrix made of the above vectors, then find the dimensions of the column space.

NN N W
_ N =N
W N W R
B W N e

Ry — 2Ry and R, — 3R; and R3 — 2R3 and Ry — 3Ry. This gives

A O O O
W O W
O O \©

O O N

—
N

Rz = _Rl +R2

=~ N

A O © O

W

O O =
\O

12
R3 — _Rl + R3

o © o o

R4 — _Rl +R4

c o o o
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R3 — 2Ry, + R3
6 4 8 2]
0 -1 1 4
0 0 0 15
0 -1 1 10|
Ry — —Ry + Ry
6 4 8 2]
0 -1 1 4
0 0 0 15
0 0 6]
R4y — 15R4 and R3 — 6R3
6 4 8 2]
0 -1 1 4
0 0 0 90
0 0 90
Ry — R3+ Ry
6 4 8 2]
0 -1 1 4
0 0 90
0 0 0 0

Hence, the pivot columns are 1,2,4. Therefore the column space basis are 7;,7,,7, given by

N N N W
_ N RN
= W N =

The above is the subset required.

2.411 Additional problem 1

Let 7; and 7, be any linearly independent vectors. Show that u; = 2¢; and u, = 7; + 7, are
also linearly independent.

solution

We want to solve for c;,c; from

Cll—/l)l + Czl—l)z = 6 (1)
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And see if the solution is only the trivial solution or not. The above becomes
c1(261) + c2(31 +,) =0
2013, + )Ty + CpBp = 0
(201 + )3y + 0T, = 0
Let 2¢; + ¢; = c3 a new constant. The above becomes
38 + 0T, = 0

But we are told that 7; and ¥, be any linearly independent. Therefore only choice for
the above is that ¢, = 0,c3 = 0. But ¢3 = 2¢; + ¢, which means that ¢; = 0. Therefore we
just showed that ¢; = ¢, = 0 is only solution to (1). This implies that 1,1, are linearly
independent vectors.

2.412 Additional problem 2

In section 4.2, we looked at the set W consisting of all vectors in R*> where x; = 5x, and
determined it was a subspace of IR®. Find a basis for W. What is the dimension of W?

solution

X1
Let U = |x,|. Let x, = t,x3 = s. Therefore

X3
5¢
v=|t
Sd
0
=t1]+s|0
0] 1
Hence basis for W are
5[ 10
11,10
0] |1

And the dimension of W is 2.

2.4.13 Additional problem 3

Let S = {31,52,33} be a set of linearly independent vectors and suppose that 7 is not an

element of span S. Show that §’ = {5, 5’1,?52,53] is linearly independent.
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solution

Proof by contradiction. Assuming the vectors v,7;,v,, U5 are linearly dependent. Therefore
we can find constants ¢, ¢y, c3,c4 not all zero, such that

C161 + Cz?}z + C363 + C4?)) =0

Or
G, O, 0,
——01— —0Uy— —03=707
€4 Cq C4
Renaming the constants gives
C151 + Cz?))z + C363 =7 (1)

The above says, we can represent ¥ as linear combination of 7;,7,,7;. But ¥ is not in the
span of S, which means we can not reach ¥ using any linear combination of the vectors
- o o . .

[vl,vz, v3]. Hence (1) is not possible.

Therefore our assumption that the vectors are linearly dependent is invalid. Hence they
must be linearly independent.
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2.4.14 Kkey solution for HW 4

HOMEWORK 4 — SOLUTIONS

These solutions demonstrate one way to approach each of the homework problems. In many
cases, there are other correct solutions. If you would like to discuss alternative solutions or
the grading of your assignment, please see me during office hours or send me an email.

Textbook Problems:

4.3.9 We need to write (1,0, —7) as a linear combination of (5,3,4) and (3,2,5). We set up
the augmented matrix and row reduce:

53 1 1 -2 8
32 0 i3 2
4 5 =7 4 5 -7
A 1 -2 8
S o 8~
TR g 13 -39
™ 1 -2 8
— (0 1 =3
LR3
13 o 1 -3
1 0 2
fatfa o 1 -3
Mt g 00
This system has the unique solution ¢, = —3 and ¢; = 2, so

(1,0,—7) = 2(5,3,4) — 3(3,2,5)

4.3.17 We determine linear independence by row reduction:

1 2
0 -3
1 4

N Ot W

—R1+R3

2R3+ R
3+ 12

—2R2+R3
Em—

co—~ocor oo~

O =N NN

Since we have leading entries in all three columns, the homogeneous system has a
unique solution and thus the vectors are linearly independent.
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4.3.18 We determine linear independence by row reduction:

2 4 2], 2 4 -2
0 -5 1210 -5 1
-3 -6 3 0 0 0

We have c3 as a free variable. With foresight to prevent fractions, we set ¢3 = 5. Back
substitution gives ¢ = 1 and ¢; = 3. These vectors are linearly dependent, and we
have a nontrivial linear combination equalling zero:

3(27 07 _3) + (47 _57 _6) + 5(_27 17 3) = (07 07 0)

4.4.6 We have 3 vectors in R?, so it suffices to compute a determinant:

0 01
det [0 1 2| =det [(1) ;]
1 2 3
=—1
This determinant is nonzero, so the vectors form a basis.
4.4.16 We do row reduction to our system:
1 3 4| 3p+r |1 3 4
3 8 7 0 -1 -5

3Ro+Ry [1 0 —11]

-rR, [0 1 5
We have a free variable 3 = ¢ and we solve to get o = —5t, ;1 = 11t. So a
typical solution looks like ¥ = #(11,—5,1) and thus a basis for the solution space is
{11, =5, 1)}.
4.4.20 We do row reduction to our system:
1 -3 —-10 5 [1 -3 —10 5]
1 4 11 —2| g 7 21 7
13 8 —1] o 6 18 —6]
o [1 =3 —-10 57
7R
sfolo 1 3 1]
(10 -1 2
et g 13 -1
3R2+Ry _0 0 0 0
We have free variables x3 = s, x4 =t and we solve to get x5 = —3s+t, ;1 =s—2t. A

typical solution looks like ¥ = s(1,—3,1,0) +¢(—2,1,0, 1) so our basis for the solution
space is {(1,—3,1,0),(—2,1,0,1)}.
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4.5.5 We reduce the given matrix into echelon form (steps omitted):

11 1 1 111 1
31 =3 4(—=101 3 11
2 5 11 12 000 1

A basis for the row space is the nonzero rows of the echelon matrix:
{(17 17 17 )7 (07 17 37 11)7 (07 07 Oa 1)}

The pivot columns of the echelon matrix are 1, 2, and 4. So a basis for the column
space is the corresponding columns of our original matrix: {(1,3,2), (1,1,5), (1,4, 12)}.

4.5.7 We reduce the given matrix into echelon form (steps omitted):

-1 7 11
5 16 _ 01
3 13 00
4 23 00

-1

O O W

1
4
3
5

N — = =
S O

A basis for the row space is the nonzero rows of the echelon matrix: {(1,1,—1,7),(0,1,2,3)}.
The pivot columns of the echelon matrix are 1 and 2. So a basis for the column space
is the corresponding columns of our original matrix: {(1,1,1,2),(1,4,3,5)}.

4.5.15 To find a subset of S that is a basis for span S, we put the vectors in the columns
of a matrix and find a basis for the column space. First, we do row reduction (steps

omitted):
32 41 1 1 1 -1
21 3 2 _ 0 -1 1 4
2 2 2 3 0 0 0 1
213 4 0 0 0 O

The first, second, and fourth columns are pivot columns, so vectors ¥y, U5, and ¥y make
up a basis for span S.

Additional Problems:

1. Suppose that #; and 5 are linearly independent. To show #; and 5y are independent, we
set up a homogeneous system:

61(2171) + 02(171 + 172)

Clﬁl + CQﬁQ = 6
=0
(261 + 62)171 + 02172 = 6

This is a linear combination of the #; equal to the zero vector, so since ¥; and vy are
linearly independent we have that 2¢; + ¢ = 0 and ¢y = 0. From the first equation, we
can conclude ¢; = 0 as well so the @; must be linearly independent as well.

3
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2. W is the set of solutions to the homogeneous linear equation x; — 5z9 = 0. So x3 and x»
are free variables and we set xo = s, 3 = t. Solving, we get x; = 5s. So, we have

5s 5 0
r=|s| =s|1| +¢|0
t 0 1

The basis vectors for W are thus (5,1,0) and (0,0, 1).
3. To show S’ is linearly independent, we set up the homogeneous linear system
v+ 01171 + CQUQ + 0363 = 6

If ¢ # 0, then we can write
- i, C, C3
V= ——"U] — —Uy — —7V3
c c c

which would mean that ¢ is in the span of S (something we assumed was false). So we
must have ¢ = 0. Then our system is

11 + coUs + c3tis = 0

Since we know S is linearly independent, we can conclude that ¢; = ¢; = ¢3 = 0. So all
constants must be 0 and thus S’ is linearly independent.
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2.5.1 Problems listing

HOMEWORK 5 - DUE OCTOBER 15

Homework instructions: Complete the assigned problems on your own paper. Once you
are finished, scan or photograph your work and upload it to Gradescope. When prompted,
tell Gradescope where to find each problem.

You are allowed (and in fact encouraged) to work with other students on homework assign-
ments. If you do that, please indicate on each problem who you worked with. If you use
sources other than your notes, the textbook, and any resources on Canvas for your home-
work, you must indicate the source on each problem. You are not permitted to view, request,
or look for solutions to any of the homework problems from solutions manuals, homework
help websites, online forums, other students, or any other sources.

Textbook Problems:

e §4.7: 7,10

e §1.1: 5,17

e §5.1: 3,5, 7, 33, 35, 39
Additional Problems:

1. Let P, be the subspace of polynomials of degree at most 2. So elements of Py look like
ag + a1 + azx®. Show that {3 +z,1+ z + 2%, x — 222} is a basis for Ps.

2. Find the general solution to the differential equation y” — 25y = 0. What is the particular
solution if I give you initial conditions y(0) = a and y'(0) = b?
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2.5.2 Problem 7 section 4.7

In Problems 5-8, determine whether or not each indicated set of functions is a subspace of
the space F of all real-valued functions on R.

The set of all f such that f(0) =0 and f(1) =1
Solution

Let f,g be two functions such that f(0) =0,2(0) =0 and f(1) =1,g(1) =1 in F. Let us check
if it is closed under addition
f0)+g(0)=0+0=0

OK.
fA+g1)=1+1=2+1

Hence not closed under addition. Therefore not a subspace.

2.5.3 Problem 10 section 4.7

In Problems 9-12, a condition on the coefficients of a polynomial ag + a,x + a,x? + azx° is

given. Determine whether or not the set of all such polynomials satisfying this condition is
a subspace of the space P of all polynomials

a0=a1:0

Solution

Let

p1(x) = ax? + azx®
Pa(x) = bpx? + byx®

Checking if closed under scalar multiplication. Let c be some scalar. Hence

cp1(x) = c(a2x2 + a3x3)
= (cap)x? + (caz)x®
= Azxz + A3X3

Therefore closed. Now checking if closed under addition.

p1(x) + po(x) = ax® + azx® + byx? + byx®
= (le + bz)xz + (El3 + b3)x3
= Azxz + A3x3

Therefore Closed under addition. Also the zero polynomial in included when a, = a3 = 0.

Therefore this is a subspace.
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2.5.4 Problem 5 section 1.1

In Problems 1 through 12, verify by substitution that each given function is a solution of
the given differential equation. Throughout these problems, primes denote derivatives with
respect to x.

Y =y+2 (A)
y= X — X
Solution
Using the solution given, we see that
Y =e' — (-
="+ (1)

Substituting (1) into EQ, (A) gives

ef+er=("—-e ") +2e7"
e +et ="+
0=0

Hence the solution given satisfies the ODE.

2.5.5 Problem 17 section 1.1

In Problems 17 through 26, first verify that y(x) satisfies the given differential equation. Then
determine a value of the constant C so that y(x) satisfies the given initial condition. Use a
computer or graphing calculator (if desired) to sketch several typical solutions of the given
differential equation, and highlight the one that satisfies the given initial condition.

y+y=0 (A)
y(x) = Ce™
y(0) =2
Solution
Using the solution given, we see that
y =-Ce™ (1)
Substituting (1) into EQ, (A) gives
—Ce™*+Ce™=0
0=0

Hence the solution gives satisfies the ODE.
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When x = 0 the solution becomes

2=Ce©®
=C

Hence C = 2 and the particular solution becomes
y(x) =2e7

The following are some solutions plots for different C

Figure 2.7: Plot of serveral solution with different c. Red solution is one given in problem.

restart;

f:=(x,c)->c*xexp(-x)

pl:=plot(f(x,2),x=-5..5,gridlines=true,view=[-6..6, -6..6],color=red):
p2:=plot (f(x,4) ,x=-5..5,gridlines=true,view=[-6..6, -6..6],color=blue):
p3:=plot (f(x,-2),x=-5..5,gridlines=true,view=[-6..6, -6..6],color=green):
p4:=plot(f(x,-4),x=-5..5,gridlines=true,view=[-6..6, -6..6],color=black):
T:=plots:-textplot([[.5,2,"(0,2)"]], font=[times,16],tickmarks=NULL) :
plots:-display([pl,p2,p3,p4,T]1);
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2.5.6 Problem 3 section 5.1

A homogeneous second-order linear differential equation, two functions y; and y,, and a
pair of initial conditions are given. First verify that y; and y, are solutions of the differential
equation. Then find a particular solution of the form y = c;y; + cpy, that satisfies the given
initial conditions. Primes denote derivatives with respect to x.

y' +4y=0 (1)
Y1 = cos2x
Yo = sin2x
y(0) =3
y(0)=8
Solution
Checking if y;(x) is a solution. Since
yi = —2sin2x (2)
y{ = —4cos2x (3)

Substituting the above equations back into (1) gives

(—4cos2x) +4cos2x =0

0=0
Hence y; is a solution. We do the same for y,
Y5 =2 cos2x (4)
Yy = —4sin2x ()

Substituting (4,5) back into (1) gives

(=4 sin 2x) + 4(sin2x) =0
0=0

Hence y, is a solution. Let general solution be

y(x) = c1y1(x) + cay2(x)
= (1 COS 2X + Cp sin 2x (6)

Applying the first initial conditions y(0) = 3 in (6) gives
3= C1
Hence (6) now becomes

y(x) = 3 cos2x + ¢, sin 2x (7)
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Taking derivative of the above gives
Y (x) = —=6sin2x + 2c, cos 2x
Applying the second initial conditions y’(0) = 8 in the above gives

8:26'2
C2:4

Therefore the general solution (6) becomes

y(x) = 3 cos2x + 4 sin 2x

2.5.7 Problem 5 section 5.1

(8)

A homogeneous second-order linear differential equation, two functions y; and y,, and a
pair of initial conditions are given. First verify that y; and y, are solutions of the differential
equation. Then find a particular solution of the form y = c;y; + c,, that satisfies the given

initial conditions. Primes denote derivatives with respect to x.

y' =3y +2y=0

h=e
Yo = €2x
y(0) =1
y(0)=0
Solution
Checking if y;(x) is a solution. Since
n=e
yi=e

Substituting the above equations back into (1) gives

e —-3e8+2e¥=0

0=0
Hence y; is a solution. We do the same for y,
Yy = 2¢%
yg — 462x

Substituting (4,5) back into (1) gives
(4¢%) - 3(2¢%) +2(e2) = 0
46 — 6% +2¢% = 0
0=0

(1)

(2)
(3)

(4)
(5)
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Hence y; is a solution. Let general solution be

y(x) = c1y1 + 2y
= 165 + cpe?* (6)

Applying the first initial conditions y(0) =1 in (6) gives

l=c1+0c (7)
Taking derivative of Eq. (6) gives

Y (x) = c16° + 2cpe%

Applying the second initial conditions y’(0) = 0 in the above gives

0=c;+2c (8)
We have two equations (7,8) to solve for the 2 unknowns cy,c,. (7)-(8) gives

cp=-1

Hence from (7) ¢; =1—-c; =1+1 = 2. Therefore the solution (6) now becomes

y(x) = 2¢* — ¢

2.5.8 Problem 7 section 5.1

A homogeneous second-order linear differential equation, two functions y; and y,, and a
pair of initial conditions are given. First verify that y; and y, are solutions of the differential
equation. Then find a particular solution of the form y = c;y; + c,y, that satisfies the given
initial conditions. Primes denote derivatives with respect to x.

v +y =0 (1)
y1=1
Yp=e
y(0) = -2
y'(0)=8
Solution
Checking if y;(x) is a solution. Since
yp1=0 (2)
vy =0 (3)

Substituting the above equations back into (1) gives

0+0=0
0=0
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Hence y; is a solution. We do the same for y,

—X

Yo = e
vy =e
Substituting (4,5) back into (1) gives
e —-e*=0
0=0

Hence y, is a solution. Let general solution be

y(x) = c1yq + 2l
=1+

Applying the first initial conditions y(0) = -2 in (6) gives
-2 = C1+C

Taking derivative of Eq. (6) gives
y'(x) = —ce™

Applying the second initial conditions y’(0) = 8 in the above gives

8:—C2

Cy = -8
Hence from (7)

—2:C1+C2
:C1—8

1 = 6
Therefore the solution (6) now becomes
y(x) =c1 + e

=6-8¢*

2.5.9 Problem 33 section 5.1

(4)

(6)

(7)

(8)

Apply Theorems 5 and 6 to find general solutions of the differential equations given in

Problems 33 through 42. Primes denote derivatives with respect to x.
y' =3y +2y=0

Solution

97



2.5. HW 5 CHAPTER 2. HWS

The characteristic equation is

?-3r+2=0
(r-1)(r-2)=0

Hence the roots are r; =1,r, = 2. Therefore the general solution is

y(x) = Ae"* + Be'?*
= Ae* + Be*

Where A, B are the constants of integrations which are found from initial conditions.

2.5.10 Problem 35 section 5.1

Apply Theorems 5 and 6 to find general solutions of the differential equations given in
Problems 33 through 42. Primes denote derivatives with respect to x.

Yy’ +5y =0
Solution
The characteristic equation is
r2+5r=0
(r+5)r=0

Hence the roots are r; = 0,r, = —5. Therefore the general solution is

y(x) = Ae"* + Be'?*
= A+ Be™

Where A, B are the constants of integrations which are found from initial conditions.

2.5.11 Problem 39 section 5.1

Apply Theorems 5 and 6 to find general solutions of the differential equations given in
Problems 33 through 42. Primes denote derivatives with respect to x.

4" +4y" +y =0
Solution
The characteristic equation is

42 +4r+1=0
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Hence the root is r = —%. A double root. Therefore the general solution is
y(x) = Ae™ + Bxe™
1 1
= Ae 2" + Bxe 2"

Where A, B are the constants of integrations which are found from initial conditions.

2.5.12 Additional problem 1

Let P, be subspace of polynomials of degree at most 2. So elements of P, look like ay + a;x +
a,x%. Show that [3 +x,1+x+x%,x- 2x2] is basis for P,

Solution

Assuming these are basis, then we can write
2 _ 2 W
ag + 41X + a,x —c1(3+x)+cz(1+x+x)+c3(x 2x)

For constants cy,c,,c3. If we can find unique solution for the c; then these are basis. The
above becomes

A + a1X + a,x? = 3¢y + ¢y + XCq + XCp + XC3 + X2Cy — 2x%Cy
= (3cy + ¢p) + x(cq + ¢y + c3) + x%(cy — 2c3)

Comparing coefficients gives the equations

a0:3C1+C2
a1 =C +C+c3

fay = Cp —2C3

In Matrix form the above becomes

—_
—_

Ch| =11

Augmented matrix is

31 0 a
1 1 m
01 -2 a
Replacing row 2 with row 1 gives
1 1 a
1 0 ag
1 -2 a
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Ry — =3R; + R, gives
1 1 1 ap
0 -2 -3 a9-3m
0o 1 -2 a,

R3 — Ry + 2R3 gives
1 1 1 aq
0 -2 -3 ag — 3a;
0 0 -7 ap—3a;+2a,

The matrix is now in Echelon form. We see that there are no free variables. Only leading
variables ¢y, c;,c3. This implies we have unique solution. Which means we can solve for
c1,C,¢3 in terms of aq,a,,a;. We are not asked to complete the solution, only to say if these
are basis. So we can stop here.

This shows that [3 +x,1+x+x%x— 2x2} are basis for P,.

2.5.13 Additional problem 2
Find the general solution for y””-25y = 0. What is the particular solution for y(0) = a,’(0) = b?

Solution

The characteristic equation is

Two distinct real roots r; = 5,1, = 5. Therefore the general solution is

Y(x) = c1e"* + e’
= 18 + cpe™> (1)

Now we apply the initial conditions. The first one y(0) = 2 applied to the above gives
a=cy+cy (2)

Taking derivative of (1) gives
Y’ = 5c1e>* — Beye %

Applying second initial conditions y’(0) = b to the above gives
b= 5C1 - 5C2 (3)
Multiplying (2) by 5 and adding the result to Eq (3) gives

5a + b = (5¢; + 5¢) + (5¢1 — 5¢y)
5a + b =10c;
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Hence
5a+b
C1 =
1710
From (2) we now solve for ¢,
5a+0b
a= 10 +Cy
B 5a+0b
Cr =4 10
_a b
2 10

Now that we found both constants, the particular solution becomes

y(x) = 1% + cpe>
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2.5.14 key solution for HW 5

HOMEWORK 5 — SOLUTIONS

These solutions demonstrate one way to approach each of the homework problems. In many
cases, there are other correct solutions. If you would like to discuss alternative solutions or
the grading of your assignment, please see me during office hours or send me an email.

Textbook Problems:

4.7.7 This is not a subspace. It fails everything fairly badly, but I'll go through why it fails
to be closed under addition. Suppose that f and g are functions where f(0) = g(0) =0
and f(1) =g(1) =1. Then (f +¢)(1) = f(1)+g(1) =14+ 1=2s0 f+ g is not in the
set.

4.7.10 This is a subspace. Polynomials ag + a7 + a22® + asz® where ag = a; = 0 are of the
form bz? + ca®. If we add two such polynomials, we have

(b2? + c123) + (b + co2®) = (by + by)2? + (c1 + 2)2?
The result here is another polynomial of this form. Similarly, when we scale we get
k(bx? + ca®) = (kb)a® + (ke)a®
Again, the result is in the set. So we have a subspace.

1.1.5 We have the differential equation ¢’ = y + 2e™*. We need to check that y = e* — e~
is a solution. We compute:

=e"+e”
=" —e "+ 27"

=y+2"
So this is indeed a solution.

1.1.17 We have the differential equation v’ +y = 0. First, we check that y(z) = Ce ™ is a
solution:

d

@(Ce )+ (Ce™)=—-Ce ™™+ Ce

=0

We need to find the value of C' so that y(0) = 2. We have y(0) = Ce® = C, so C =2
is the necessary value.
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5.1.3

5.1.33

5.1.35

5.1.39

We omit the verification that y; and y are solutions. Our general solution is y(z) =
¢1 €08 22 + co sin 2. This has derivative ¢/ (x) = —2¢; sin 2z 4 2¢5 cos 2x. So, our initial
conditions tell us that

y(0) = ¢1cos0+ ¢ 8in0

3= C1
y'(0) = —2¢; sin 0 + 2¢ cos 0
8 = 202

So, our particular solution is y(z) = 3 cos 2x + 4 sin 2z.

We omit the verification that y; and y, are solutions. Our general solution is y(x) =
c1e® + c2e?®. This has derivative y/(z) = c1€” + 2¢2€*®. So, our initial conditions tell
us that

y(0) = 1€ + cpe’
1= 1+ Co
Y (0) = c1e” + 2cy¢?
0= c1 + 202
Subtracting our equations gives c; = —1, and we substitute to get that ¢; = 2. So, our

particular solution is y(z) = 2e® — e**.

We omit the verification that y; and ys are solutions. Our general solution is y(x) =
¢1 + cee”®. This has derivative y/(z) = —cee™®. So, our initial conditions tell us that

y(0) = ¢ + ¢’

-2 = 1+ Co
/ _ 0
y'(0) = —cqe
& = —C9
So, ¢ = —8 and thus ¢; = 6. So our particular solution is y(z) = 6 — 8¢~ *.

We have characteristic equation r?> — 3r +2 = (r — 1)(r — 2) so we have roots r = 1, 2.
2z

This gives us general solution y(z) = c;e” 4 coe*”.
We have characteristic equation r* + 5r = r(r 4+ 5) so we have roots r = 0, —5. This
gives us general solution y(z) = 1" + coe™® = ¢; + ™",

We have characteristic equation 4r* + 4r + 1 = (2r + 1)(2r + 1) so we have repeated

x

root r = —%. This gives us general solution y(z) = cje™2 4 coze™ 2.

Additional Problems:
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1. We wish to show that {3 + z,1 4+ x + 2%, x — 222} is a basis for P,. So, we need to show
that the equation

c1(3+ ) + co(1 4+ + 2°) + e3(z — 20%) = ag + ayx + aga?

has a unique solution for each value of ag, a1, as. Rearranging terms, we have

(3c1 + ¢2) + (14 o + c3)x + (2 — 2¢3)2% = ap + a1x + aya?

Equating the coefficients of each power of =, we get the linear system

3 1 0 C1 Qo
1 1 1 | = |ap
01 =2 Cs3 (5}

If we can show this matrix is invertible, we will be done. This matrix looks annoying to
row reduce, so I'll compute the determinant by expanding along the first row:

31 0
det [1 1 1 =:c+3)det[1 1} +—Q—1)det[1 L ]
01 -9 1 -2 0 -2

=3(-2—1)—(-2-0)
=7

Since this determinant is nonzero, the matrix is invertible and the system we are consid-
ering always has a unique solution.

2. We have the initial value problem y” — 25y = 0, y(0) = a, ¥/(0) = b.

The characteristic equaiton is r? — 25 which has roots r = £5. So our general solution
is y(z) = 1 + cpe 5. We compute ¢/ (x) = 5c1e®® — 5epe %, 8o our initial conditions
give us the system

c1+c=a
561—502:b

We can write this system in matrix form as
1 1 al _ |a
5 =5 Cy o b

—1
. 1 1 o =5 —1
We have the matrix inverse [5 B 5] = = [_ 5 1 } SO

a b
-0 460k
Ca 2 10 LD 5710

This solves for the constants ¢; and ¢y in terms of the given initial values a and b.
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2.6.1 Problems listing

HOMEWORK 6 - DUE OCTOBER 22

Homework instructions: Complete the assigned problems on your own paper. Once you
are finished, scan or photograph your work and upload it to Gradescope. When prompted,
tell Gradescope where to find each problem.

You are allowed (and in fact encouraged) to work with other students on homework assign-
ments. If you do that, please indicate on each problem who you worked with. If you use
sources other than your notes, the textbook, and any resources on Canvas for your home-
work, you must indicate the source on each problem. You are not permitted to view, request,
or look for solutions to any of the homework problems from solutions manuals, homework
help websites, online forums, other students, or any other sources.

Textbook Problems:
e §5.2: 9, 16, 24
e §5.3: 8, 11, 14, 18
Additional Problems:

1. This problem will walk you through finding the general solution of the differential equation
Y™ — 2y 4 9y — 16y + 24y — 32y" + 16y = 0
(a) Write the characteristic equation for this differential equation. Factor out the com-

mon factor of r.

(b) Check that 1 is a root of the remaining polynomial. This means that (r — 1) is a
factor, so use polynomial long division to factor it out. Repeat until 1 is no longer
a factor of the remaining polynomial.

(¢) The remaining polynomial should be of the form ar* 4 br?4-c. Make the substitution
2 = r? and factor the quadratic axz?® + bx + c.

(d) Substitute back z = r? and find the roots of whatever remains.

(e) List all the roots of the characteristic polynomial and their multiplicities. Use this
list to write down the general solution. Since this differential equation is of order 7,
your general solution should have 7 terms.
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2.6.2 Problem 9 section 5.2

In Problems 7 through 12, use the Wronskian to prove that the given functions are linearly
independent on the indicated interval.

f(x) = e, g(x) = cosx, h(x) = sinx
On the real line.

Solution

flx)  gkx)  hx)

W) =|[f'(x) gk W)

") g0 (%)

Hence .
e* cosx sinx

W(x) =|e* —sinx cosx
e —cosx —sinx|

The determinant is, expanding along first row is

—sinx cosx eX cosx eX —sinx

[W(x)| = ¢&* —cosx + sinx

—cosx -—sinx et —sinx e —cosx
= e"(sin2 X + cos? x) — cos x(—e* sinx — e* cos x) + sinx(—e* cos x + ¢* sin x)
But sin® x + cos?x = 1 and the above simplifies to
[W(x)| = e* — (—ex sin x cos x — &* cos? x) + (—ex cos x sinx + ¢* sin® x)

2x —e*cosxsinx + e*sin®x

=e¥ +e'sinxcosx + e* cos
= ¢* + " cos?x + e sin® x
=+ e"(sin2 X + cos? x)
= 2¢*
And since e* is never zero on the real line, then [W(x)| # 0 Hence functions are linearly
independent.

2.6.3 Problem 16 section 5.2

In Problems 13 through 20, a third-order homogeneous linear equation and three linearly
independent solutions are given. Find a particular solution satisfying the given initial con-
ditions.

ylll _ Syll + 8yl _ 4]/ — 0

h=e
yp = e
y3 = xe**
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I.C. are
y(0)=1,¥'(0) =4,y"(0)=0
Solution

The general solution is

y(x) = c1y2 + Y2 + C3Y3
= 165 + cpe?* + cyxe®™ (1)

At y(0) = 0 the above becomes
l=c+0c (2)
Taking derivative of (1) gives
Y (x) = c16° + 2c06% + c3 (ezx + erzx)
At y'(0) = 4 the above becomes
4=c1+2c+c3 (3)
Taking derivative of y”(x) gives

Y (x) = c1€* + 4cpe® + c3 (262" + Z(ezx + 2xez"))

=105 + 4cye® + ¢y (232" + 2% + 4X€2x)
At y”(0) = 0 the above becomes
0=rcy;+4cy +4c3 (4)
Equations (2,3,4) are now solved for ¢y, c,, c3

11 0[] [1
1 2 1| =4
1 4 4|l |0

Augmented matrix

R2_>R2_Rl
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R3; - R; - Ry
110 1
011 3
0 3 4 -1
R3 — R3-3R,
110 1
011 3
0 01 -10

The above is Echelon form. Hence the system becomes

110C1
01 1lle] =] 3
0 0 1l[cs] [-10

From last row, c3; = —10. From second row ¢, + ¢3 = 3 or ¢, = 13. From first row ¢; + ¢, = 1.
Hence ¢; = —12. Therefore

C1 -12
Cr| = 13
C3 -10

Substituting these values back in general solution (1) gives the solution that satisfies these
initial conditions as
— X 2% 2x
Y(x) = c1* + e + czxe

= —126* + 13¢%* — 10xe?*

2.6.4 Problem 19 section 5.2

In Problems 13 through 20, a third-order homogeneous linear equation and three linearly
independent solutions are given. Find a particular solution satisfying the given initial con-
ditions.

X3y = 3x%y" + 6xy’ — 6y =0

h=x
yp=x2
Y3 = X
I.C. are
y(1) =6,y’'(1) =14,y"(1) = 22
Solution
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The general solution is

y(x) = c1y + CYp + C3Y3

= 1X + Cpx? + c3x°

At y(1) = 0 the above becomes
6=c1+c+c3

Taking derivative of (1) gives
¥ (x) = c1 + 20px + 3c3x?

At y'(1) = 14 the above becomes
14 = 1+ 2C2 + 3C3

Taking derivative of y’(x) gives
y'(x) = 2¢y + 6c3x

At y”(1) = 22 the above becomes
22 = 2C2 + 6C3
Equations (2,3,4) are now solved for ¢y, ¢;, c3

11 1[¢] [6
1 2 3|lc| =14
0 2 6|lcs] |[22

Augmented matrix

111 6
3 14
0 22|
Ry, > R, - R
11
1
0 2 6 22
R3; = R3-2R,
1116
0128
00 26

The above is Echelon form. Hence the system becomes

(1)

(2)

(3)

(4)
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From last row, 2c3 = 6 or c3 = 3. From second row ¢, + 2c3 = 8 or ¢; = 8 —2(3) = 2. From first
row c; + ¢y + ¢c3 = 6. Hence ¢c; = 6 —2 -3 = 1. Therefore

C1 1
G| = 2
C3 3

Substituting these values back in general solution (1) gives the solution that satisfies these
initial conditions as
Y(x) = 1 + 0px? + c3x°

=x+2x2 +3x°

2.6.5 Problem 24 section 5.2

In Problems 21 through 24, a nonhomogeneous differential equation, a complementary
solution y,, and a particular solution

yp are given. Find a solution satisfying the given initial conditions.
y' =2y +2y=2x
Yo = c1e¥ cosx + cpet sinx
ypy=x+1
I.C. are
y(0)=4,y'(0) =8
Solution
The general solution is
y(xX) =Y+ Yp
=cje*cosx +cesinxy +x+1 (1)
At y(0) = 4 the above becomes (using ¢’ =1,cos0=1,sin0 = 0)
4=c+1 (2)
Taking derivative of (1) gives
Y'(x) = c1(e¥ cos x —e* sinx) + cpe* cosx + 1
At y'(0) = 8 the above becomes
8=c1(1-0)+c, +1
8=c1+c+1 (3)
We have two equations (2,3) to solve for cy,c,. From (3) we see that ¢c; = 3. Hence from (3)
8 =3+, +1 or c; = 4. Therefore the solution in (1) becomes
y(x) = cie¥cosx + et sinx + x +1
=3e*cosx +4e*sinx+x+1
=e*(3cosx +4sinx)+x+1
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2.6.6 Problem 8 section 5.3

Find the general solutions of the differential equations in Problems 1 through 20.
y’' -6y +13y =0

Solution This is second order with constant coefficients homogeneous ODE. In standard
form the ODE is
Ay" (x) + By'(x) + Cy(x) =0

Where here we see that A=1,B = -6,C =13.

Let the solution be y(x) = ¢!*. Substituting this into the ODE gives

A2eM — e +13eM = 0 (1)

Since ¢!* # 0, then dividing Eq. (1) throughout bye'* results in

A2-61+13=0 (2)

Eq. (2) is the characteristic equation of the ODE. We need to determine its roots to find the
general solution. Using the quadratic formula

A _ B 1 B2 - 4AC
1279247 24

Substituting A =1,B = -6,C =13 into the above gives

L S v
M=o Eam Ve - @0

=3+2i

Hence

A1:3+2l’
Ay =3-2i

Since roots are complex conjugate of each others, then let the roots be
/\1/2 =azx lﬁ

Where a = 3 and B = 2. Therefore the final solution, when using Euler relation, can be
written as

y(x) = e“x(cl cos(Bx) + ¢, sin(ﬁx))

Which becomes
y(x) = €¥(c; cos(2x) + ¢, sin(2x))
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2.6.7 Problem 11 section 5.3

Find the general solutions of the differential equations in Problems 1 through 20.
y@(x) -8y +16y” = 0

Solution

We start by writing the characteristic equation of the ODE
At -813+1642=0

We now solve for the roots of the above equation. Writing the above as
A(A2-81+16) =0

We see that A2 = 0 gives A = 0 with multiplicity 2. The equation A?> - 81 +16 = 0 can be
factored to (A —4)(A — 4) = 0. Therefor A = 4 with multiplicity 2.

Hence the roots are

Ay =
Ay =0
As =
Ay=4

This table summarizes the result

root | multiplicity | type of root

0 2 real root

4 2 real root

For a real root A with multiplicity one, we obtain a basis solution of the form ¢'* and real
root A with multiplicity two we obtain basis solutions [e“, xex ] Therefore the solution is

Y(x) = cpe™M* + cpxe™* + et + cpxets™

=y + X + e + cyxe®®

2.6.8 Problem 14 section 5.3

Find the general solutions of the differential equations in Problems 1 through 20.
yP(x) +3y” -4y =0

Solution

We start by writing the characteristic equation

A 4312-4=0
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Let
z=A?

The characteristic becomes

224+32-4=0
Factoring the above gives

(z+4)(z-1)=0

Hencez = —4,z=1. When z = -4, then A = +V—-4 = +2i. And whenz =1, then A = V1 = £1.
Therefore the roots are

A=1

Ay =-1
Az =2i
Ay = =20

This table summarizes the result

root | multiplicity | type of root
-1 |1 real root
1 real root
+2i |1 complex conjugate root

For a real root A with multiplicity one, we obtain a basis of the form c;e’* and for a complex
conjugate root of the form a+ib we obtain basis solution of the form ¢**(c; cos(bx) + c; sin(bx)).
Therefore the final solution, using 2 =0,b =2 is

Y(x) = c1e™ + cpe* + 3 c0s(2x) + ¢4 5in(2x)

2.6.9 Problem 18 section 5.3

Find the general solutions of the differential equations in Problems 1 through 20.
yP(x) = 16y

Solution

We start by writing the characteristic equation

At =16
Let

z=A?
The characteristic becomes

22 =16
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Hence z = +4. When z = 4 then A = +v4 = +2. And when z = -4 then A = +V-4 = +2i.
Hence the roots are

A =2

Ay =-2
Ay =2i
Ay = =21

This table summarizes the result

root | multiplicity | type of root
-2 1 real root
1 real root
+2i |1 complex conjugate root

As in the earlier problem, we now can write the general solution as

y(x) = e7%¥cy + cpe%* + c3 c0s(2x) + ¢4 sin(2x)

2.6.10 Additional problem 1

Find the general solutions of the differential equations in Problems 1 through 20.
YD (x) = 2y© + 9y® —16y® + 24y — 32y + 16y’ = 0
Solution

2.6.10.1 Parta

The characteristic equation is

=21 + 90 — 1614 + 2413 - 3212 +16r = 0
r(r6 — 215 + 94 — 1673 + 2412 — 321 + 16) =0

Hence one root is » = 0. And now we need to solve

=2 +9r4 — 163 + 2412 -32r +16 = 0

2.6.10.2 Partb

Substituting =1 in the above gives

1-2+9-16+24-32+16=0
0=0
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Therefore (r — 1) is a factor. Doing long division (do not know how type polynomial division
in Latex, please see scanned hand solution in appendix of this problem).

o -2 +9r4 — 1613 + 2412 - 32r + 16

=D =P - +8° -8 +16r-16

Hence
1o =215 + 9t —16r° + 241% = 32r +16 = (r = 1)(r° — 14 + 8r> - 812 + 16r - 16)
Substituting » =1 in (r5 —r* +8r3 - 82 + 167 - 18) gives
P +8° -8 +16r-18 -1-1+8-8+16-16=0
Hence (r—1) is a factor of (r5 —*+8r° -8 +16r - 16). Therefore we now need to do long
division
P —1*+ 8% —8r2 +16r - 16
(r-1)

=rt+8r2+16
Hence now we have

10 —2r + 9% —16r° +24r2 - 32r +16 = (r - 1)(r - 1)(1’4 + 812 + 16)

2.6.10.3 Partc

Looking at r* + 812 + 16 = 0, let z = 2. Therefore r* + 8¢> + 16 becomes z? + 8z + 16 = 0, This
can be factored to (z + 4)(z + 4) = 0. Hence roots are z = —4 which is double root.

26104 Partd

Therefore when z = —4 then r = +v—-4 = +2i with multiplicity 2 since z = —4 is double root.
Therefore the final factorization is

10— 2% + 9t — 1613 + 2412 = 32r +16 = (r = 1)(r = 1)(r — 2i)(r + 2i)(r — 2i)(r + 2i)

2.6.10.5 Parte

This table summarizes the result

root | multiplicity | type of root

0 1 real root

1 2 real root

+2i |2 complex conjugate

Now we are above to write down the general solution.
— 0x X X 20x 2ix —2ix —2ix
y(x) = c1e™ + (ce* + caxe*) + (c4e + csxe ) + (cée + cyxe )
=1 + (cp€" + cyxe) + (C4€2ix + c5x62i") + (c6e‘2ix + c7xe‘2ix)
= ¢p + (cp€" + cyxe) + (C4€2ix + c6e‘2ix) + x(c;,ezjx + c7e‘2ix)
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We see the above has 7 terms. But using Euler relation, we can write (eZi" + e‘Zix) using trig

functions. The above becomes

y(x) = c1 + (cz€* + c3xe”) + (cq cOS 2x + 5 5in 2x) + x(cq cOS 2x + 7 5in 2x)

(constants of integrations kept the same as originally for simplicity, since it does not matter
as these are found from initial conditions if given).

2.6.10.6 Appendix

o

Y
O - r5+4r

O l4er - FC 1616
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Figure 2.8: First long division
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r[’ﬂr@f‘lf ¢ ’

-1 g2 or +)gr~~)c

Figure 2.9: Second long division
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2.6.11 key solution for HW 6

HOMEWORK 6 — SOLUTIONS

These solutions demonstrate one way to approach each of the homework problems. In many
cases, there are other correct solutions. If you would like to discuss alternative solutions or
the grading of your assignment, please see me during office hours or send me an email.

Textbook Problems:

5.2.9 We compute

T

e cos T sinx
W(x) =det |e® —sinx cosz
e* —cosx —sinz
. —sinxz  cosx e’  cosx . e’ —sinx
= e”det . —coszdet | . +sinzdet |,
—cosx —sinz e’ —sinz e’ —cosx

= e*(sin® x + cos® ) — cos z(—e”sinz — e® cos x) + sin x(—e® cos x + e sin z)

= ¢” + ¢®(cos wsinx + cos® r — sin x cos x + sin? 2)

= 2e”
Now W (z) = 2¢* is not identically 0, so the functions are linearly independent.

5.2.16 Our general solution is y = c1e® + ce?* + c3we®®. The given initial conditions give us
the following equations:

Y = 1€ + c2e?® + cyze®®

y0)=c1+c=1
Y = 1% + 2c06% + 3% + 2cyze™
Y(0)=c1+2c+c;=4
Y = 1% + 4™ + deze™ 4 dezze
y"(0) = ¢; +4ca +4c3 =0

We have a system of three equations in three variables which we solve by row reducing
the augmented matrix.

1101 110 1
12 1 4] 20 113
1440 ™" o34 -1
110 1
et 113
0 01 —10
Now we back substitute to get c3 = —10,co = 13,¢; — 12. So, the particular solution
here is y = —12¢® + 13e2® — 10xe™.
1
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5.2.24 The general form of a solution is y = c1e” cos x+coe” sinx+x+1. The initial conditions
give us the following:

y=cre’cosx + cpe”sinx +x + 1
y(0)=c+1=4

Yy = cie” cosx — cie” sinx + cpe” sinx + cpe” cosx + 1
y(0)=c1+c+1=38

We can solve immediately to get ¢; = 3,¢o = 4. So the solution is y = 3e* cosx +
4esinz + x + 1.

5.3.8 We have y” — 6y + 13y = 0 with characteristic equation 72 — 6r + 13. This doesn’t
factor obviously, so we use the quadratic equation:

TﬁGiM%—BQ
N 2
=3+2

In this case, we have complex conjugate roots a + bi where a = 3 and b = 2. So our
general solution is y = ¢, cos(2z) + 23 sin(27).

5.3.11 We have y® — 8y + 16y” = 0 with characteristic equation r* — 873 + 1612 = r2(r? —
8r + 16). We can factor the remaining quadratic easily as (r — 4)2. So we have roots
r = 0,4 each of multiplicity 2.
Our general solution is y = ¢; + cox + c3e*® + cwe®.

5.3.14 We have characteristic equation 74+ 3r2 —4. Mentally making the substitution z = 72,
we can see that there is a factorization (r? +4)(r? — 1) = (r* +4)(r + 1)(r — 1). The

roots are thus +2¢, £1.

Our general solution is y = ¢1€” + coe™™ + c3 cos(2z) + ¢4 sin(2z).

5.3.18 We rewrite the differential equation as y* — 16y = 0 so the characteristic equation is
r* —16. This is a difference of squares, so factors as (12 — 4)(r? +4). We can factor
further using difference of squares to get (r—2)(r+2)(r?+4). So the roots are +2, 4-2i.

The general solution is y = ¢1€2* + coe™2* + ¢3 cos(2x) + ¢z sin(2x).
Additional Problems:
1. We have the differential equation
y — 2y + 9y — 16y + 24y — 32" + 16y =0

(a) The characteristic equation is 7" — 2r% +9r® — 16r* + 2473 — 32r? + 16r which factors
as r(r® —2r° + 97t — 16r® + 24r% — 32r + 16)

2
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(b) 1isaroot as 1 —2+4+9— 16 + 24 — 32 + 16 = 0. Polynomial long division (steps
omitted) gives us the factorization r(r — 1)(r5 — r% 4 83 — 8r% + 161 — 16).
1 is still a root of the degree 5 factor as 1 — 14+ 8 — 8+ 16 — 16 = 0, so we
do polynomial long division (steps omitted again) again to get the factorization
r(r—1)*(r* 4+ 8r% + 16).
1 is no longer a root, since 1+ 8 4+ 16 = 25.

(c) We have 2° 4+ 8z + 16 = (z + 4)(z + 4).

(d) Our characteristic polynomial factors as r7(r — 1)?(r? + 4)2. The roots of the r? + 4
factor are £2i.

(e) Our roots are 0 (mult. 1), 1 (mult. 2), and £2i (each of mult. 2). This gives us the
following general solution

y(x) = c1 + c2e” + cgze” 4 ¢4 cos(2x) + ¢58in(22) + cx cos(2x) + cra sin(2x)

As expected, we have seven terms in the general solution.
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2.7.1 Problems listing

HOMEWORK 7 - DUE OCTOBER 29

Homework instructions: Complete the assigned problems on your own paper. Once you
are finished, scan or photograph your work and upload it to Gradescope. When prompted,
tell Gradescope where to find each problem.

You are allowed (and in fact encouraged) to work with other students on homework assign-
ments. If you do that, please indicate on each problem who you worked with. If you use
sources other than your notes, the textbook, and any resources on Canvas for your home-
work, you must indicate the source on each problem. You are not permitted to view, request,
or look for solutions to any of the homework problems from solutions manuals, homework
help websites, online forums, other students, or any other sources.

Textbook Problems:
e §5.5: 3,9, 11, 23, 32
e §6.1: 7,17, 21, 25, 29
Additional Problems:
1. On the last homework, you found the general solution for the differential equation
Y™ — 2y 4 9y — 16y + 24y — 32y" + 16y = 0

Using your solution to that problem, find the appropriate form for of a particular solution
yp to the differential equation below. Do not find the values of the coefficients!

Yy — 2y 4 9yB) — 16y + 249y — 32y" + 16y = ¥ + asinz + 22

t1 0 0
2. Let A= |0 ty 0| where ty,t,t3 are distinct real numbers. Find the eigenvalues of A
0 0 t3

and the corresponding eigenvectors.

3. This problem is optional. Extend the result in problem 2 to the case of n X n matrices.
That is, let A be a matrix with entries ¢y, ¢, . . ., t,, on the main diagonal and Os everywhere
else, where the ¢; are distinct real numbers. Find the eigenvalues and corresponding
eigenvectors.
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2.7.2 Problem 3 section 5.5

In Problems 1 through 20, find a particular solution y, of the given equation.

Y’ =y -6y =2sin3x (A)

Solution

The first step is to find the homogeneous solution y;, in order to determine the basis solutions
to check for any duplication with basis solutions for the particular solution.

y -y —6y=0
The characteristic equation is

?—-r—-6=0
r-3)(r+2)=0

Hence the roots are r; = 3,r, = —2. Therefore the basis solutions are
[e3x’ e—Zx] 1)

Which implies

Yy, = 18% + cpe

Now that we found the basis solution, we turn our attention to finding y,. The RHS is sin 3x.
Looking at this function and all possible derivatives gives

{sin 3x, cos 3x} (2)

Notice that we ignore any leading coefficients when doing this. Now we compare the above
to the basis of the homogeneous solution found in (1) to check if there are duplication in
basis or not. There is no duplication. Therefore we assume that particular solution y, is a

linear combination of the functions in (2). This implies that

Yp = Asin3x + Bcos3x
Yp = 3Acos3x - 3Bsin3x
Yy = —9Asin3x — 9B cos 3x

Substituting the above back in original ODE (A) gives

Yy =Y, — 6y, = 2sin3x

(-9Asin3x — 9B cos 3x) — (3A cos 3x — 3B sin 3x) — 6(A sin 3x + B cos 3x) = 2sin3x
sin(3x)(-9A + 3B — 6 A) + cos(3x)(-9B — 3A — 6B) = 2sin 3x

sin(3x)(-15A + 3B) + cos(3x)(-15B - 3A) = 2sin 3x
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Comparing coefficients gives

-15A+3B=2
-15B-3A =0

Multiplying first equation by 5 and adding result to second equation gives

(-=75A +15B) + (-15B — 3A) = 10

~-78A =10
10
A=-——
78
_ 5
-39
From (3)
5
“15(-—|+3B=2
(=)
25
= +3B=2
13
25
po-_D
3
1
39

Hence the particular solution is

Yp = Asin3x + Bcos3x

—5'3+1 3
= 39smx 39cosx

—1( 3x — 55in 3x)
—39cosx S1n ox

Therefore the general solution is

Yy=YntlYp

1
=¥ + e + @(cos 3x — 5sin 3x)

2.7.3 Problem 9 section 5.5

In Problems 1 through 20, find a particular solution y, of the given equation.

Yy’ +2y -3y =1+ xe

Solution

(3)
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The first step is to find the homogeneous solution y;, in order to determine the basis solutions
to check for any duplication with basis solutions for the particular solution.

y'+2y -3y=0
The characteristic equation is

P+2r-3=0
(r+3)(r-1)=0

Hence the roots are r; = -3, 1, = 1. Therefore the basis solutions are
Ie—3x’ ex} 1)
Which implies
Y, = c1e7% + cpe”

Now that we found the basis solution, we turn our attention to finding y,. The RHS is 1 +xe*.
Hence it basis functions are
{1, xe”}

taking derivatives of each basis gives
{1, (xe*, ")} 2)

Where we used () to group all basis generated from same one.

Now we compare the above to the basis of the homogeneous solution found in (1) to check
if there are duplication in basis or not. We see duplication since e* is basis in both (1) and
(2). Therefore we multiply the group which generated ¢* by x. The the above now becomes

[1,( zex,xex)} (2A)

We compare again (1) against (2A) and now we see no duplication. Therefore we assume
that particular solution y, is a linear combination of the functions in (2A). This implies that

Yy, = A+ Bx?¢* + Cxe"

Y, = 2Bxe* + Bx%¢* + Ce* + Cxe*

Yy, = 2Be* + 2Bxe* + 2Bxe* + Bx?e¢* + Ce* + Ce* + Cxe*
= xe*(2B + 2B + C) + x%¢*(B) + ¢*(2B + 2C)

Substituting the above back in original ODE (A) gives

Yy +2y, =3y, =1+ xe*
xe*(2B + 2B + C) + x26*(B) + ¢"(2B + 2C) + 2(2Bxe* + Bx%e* + Ce* + Cxe*) - 3(A + Bx2e* + Cxe*) =1+ xe*
xe*(2B + 2B + C + 4B +2C — 3C) + e*(2B + 2C + 2C) + x?¢*(B+ 2B - 3B) = 3A =1 + x¢*
xe*(8B) + (2B +4C) -3A =1 + xe*
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Comparing coefficients

-3A=1
2B+4C =0
8B=1
Hence B = % and from second equation 4C = —g, or C = —11—6 and A = —%. Therefore the

particular solution is

Y, = A+ Bx?e" + Cxe"

=5+ gxzex 16xe"
1 1
- 2
=3 + E(Zx —x)e"
Therefore the general solution is
Y=YntYp
= 1073 + o6t - ! + l(sz -~ x)ex
! 316

2.7.4 Problem 11 section 5.5
In Problems 1 through 20, find a particular solution y, of the given equation.

y® +4y =3x-1 (A)
Solution

The first step is to find the homogeneous solution y;, in order to determine the basis solutions
to check for any duplication with basis solutions for the particular solution.

y® +4y =0

The characteristic equation is
P +4r=0
r(r2 + 4) =0

Hence the roots are r; = 0,7, = +2i. Therefore the basis solutions are
{1, cos(2x), sin(2x)} (1)
Which implies
Y = €1 + ¢ cos(2x) + c3 sin(2x)

Now that we found the basis solution, we turn our attention to finding y,. The RHS is 3x-1.
Hence it basis functions are

{1, x} 2)
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Taking derivatives does not add any new basis. Now we compare the above to the basis of
the homogeneous solution found in (1) to check if there are duplication in basis or not. We
see duplication the constant is in both (1) and (2). Therefore we multiply the group by x.
We took the whole basis as one group, since the constant 1 above is generated by taking
derivative of x, so it is really in the same group. The above now becomes, after multiplying
everything by x

fx, 22 (2A)

We compare again (1) against (2A) and now we see no duplication. Therefore we assume
that particular solution y, is a linear combination of the functions in (2A). This implies that

Yy, = Ax + Bx?
y, = A+ 2Bx
y, =2B

3

vy =0

Substituting the above back in original ODE (A) gives

y§,3)+y}’g:3x—1

0+4(A +2Bx) = 3x - 1
4A +8Bx=3x-1

Comparing coefficients

4A =-1
8B =3

Hence A = —i,B = g. Therefore the particular solution is

Yy, = Ax + Bx?

_ 1.3
= 4X 8X

= %(3x2 - Zx)

2

Therefore the general solution is

Y=Ynt+tYp

2

. 1 3
1 + ¢ cos(2x) + c3 sin(2x) — Zx + gx

2.7.5 Problem 23 section 5.5

In Problems 21 through 30, set up the appropriate form of a particular solution y,, but do
not determine the values of the coefficients.

Yy’ + 4y = 3x cos(2x) (A)
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Solution

The first step is to find the homogeneous solution y;, in order to determine the basis solutions
to check for any duplication with basis solutions for the particular solution.

y'+4y=0

The characteristic equation is
r2+4=0

Hence the roots are » = +2i. Therefore the basis solutions are
{cos(2x), sin(2x)} 1)

Which implies
Y = c1 €os(2x) + c; sin(2x)

Now that we found the basis solution, we turn our attention to finding y,. The RHS is
3x cos(2x). Hence it basis functions are

{x cos(2x)} (2)
Taking all possible derivatives of the above gives
{x cos(2x), cos(2x), x sin(2x), sin(2x)} (2A)

Where in the above all signs and coefficients were ignored.

Now we compare the above to the basis of the homogeneous solution found in (1) to check
if there are duplication in basis or not. We see duplication as cos(2x), sin(2x) are in both.
Therefore we multiply the group by x. We took the whole basis as one group since everything
above was generated from (2). The above now becomes, after multiplying each term by x

{xz cos(2x), x cos(2x), x? sin(2x), x sin(2x)] (2B)
Now we compare (2B) again with (1) and see no duplication. Hence

y, = Ax? cos(2x) + Bx cos(2x) + Cx? sin(2x) + Dx sin(2x)

2.7.6 Problem 32 section 5.5

Solve the initial value problems in Problems 31 through 40.

Yy +3y +2y=¢ (A)
y(0)=0
y'(0)=3

Solution
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The first step is to find the homogeneous solution y;, in order to determine the basis solutions
to check for any duplication with basis solutions for the particular solution.

y' +3y+2=0
The characteristic equation is

P+3r+2=0
r+2)(r+1)=0

Hence the roots are r; = -2, r, = —1. Therefore the basis solutions are

{e‘z", e‘x] 1)
Which implies

Y = cre 2 + cpe™

Now that we found the basis solution, we turn our attention to finding y,. The RHS is ¢*
Hence it basis functions are

fe’} (2)
Taking all derivatives does not any terms. We also see no duplication between (2) and (1)
Hence let
y, = Ae*
yp = Ae*
y;?/ — Aex

Substituting these into (A) gives

Yy +3y, +2y, =¢
Ae* + 3Ae" +2Ae* =¢*
e“(A+3A+2A)=¢"

Hence

6A =1
1
A=—
6

Therefore 1
Yp = gex

Therefore the complete solution is
Y=Untyy

1
S e

(3)
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We are now ready to apply the initial conditions. y(0) = 0,y’(0) = 3. Applying first IC to (3)
gives

1
O=cy+cy+ 6 (4—)
Taking derivative of (3) gives
’ —2x —X 1 X
Yy =201 — et + ge
Applying second IC to the above gives
1
3=-2c1-¢c + - (5)

6
We now need to solve (4,5) for c¢;,c,. Adding (4,5) gives

1 1
3= C1+C2+6 + —2C1—C2+—

6

31

==--cC

31

13
1==-
173

_ 8
3

From (4)

1

O=c1+c+ =
€1 +06 6
8 1

O=—=+0c+-
372Tg

5
CZZE

Therefore the complete solution (3) becomes

1
y(x) = cre™? + e + ge"
8 5 1
= —56_2" + Ee_x + gex

= é(—16e‘2x +15¢7 + ¢¥)

2.7.7 Problem 7 section 6.1

In Problems 1 through 26, find the (real) eigenvalues and associated eigenvectors of the
given matrix A. Find a basis for each eigenspace of dimension 2 or larger.

10 -8
A=
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Solution

We first need to find the eigenvalues. These are found by solving |A — Al| = 0. Hence

10-4 -8 |
6 -4-A|
(10-A)(-4-1)+48 =0
A2-61+8=0
(A-4)(A-2)=0

Hence A = 4,1, = 2. For each eigenvalue we find its associated eigenvectors.

/\1:4

We nee to solve AT = A3. This becomes (A — AI)Z = 0. Therefore
10-4 -8 |[oy] [o]

6 -4 - 4_ 3 _0_

6 —8|[e:] [o]

0

6 —8_ »'02_ (1)

Augmented matrix

Ry = Ry — Ry

Therefore (1) becomes

0

5ol

v, is free variable. Let v, = 1. Then from first row 6v; -8 =0 or v; = 2. Hence
I8 [8] [a
’(]1 = 6 = =
1 6 3

We nee to solve AT = A3. This becomes (A — AI)G = 0. Therefore

_ H 1)

/\1:2

10-2 -8 |[oa] [0
6 —4-2| 0] B 0]
s -8l[v;] o]
e (1)
6 —6|[v| [0
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Augmented matrix

8 -8 0
6 0
R, = Ry — 2R
8 -8 0
0 0

Therefore (1) becomes

o all-H

v, is free variable. Let v, = 1. Then from first row 8v; — 8 = 0 or v; = 1. Hence

]

This table gives summary of the result

eigenvalue A | associated eigenvector U
n
4
3
a
2
1

2.7.8 Problem 17 section 6.1

In Problems 1 through 26, find the (real) eigenvalues and associated eigenvectors of the
given matrix A. Find a basis for each eigenspace of dimension 2 or larger.

-2
0
1

N
Il
o o w
NN G

Solution

We first need to find the eigenvalues. These are found by solving |A — AI| = 0. Hence
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Expanding along the first columns.
2-A 0

2 1-A
BG-1H2-1)1-1)=0

G-21)

Hence roots (eigenvalues) are A; = 3,1, =2, A3 = 1. For each eigenvalue we find its associated
eigenvectors.

/\1:3

We nee to solve AT = AB. This becomes (A — AI)G = 0. Therefore
3-3 5 -2 |[vy] [0]

0 2-3 0 |lw|=|0
0 2 1-3|lvs] O]
0 5 =2][v;] [o0]

-1 0 ||v]=1|0 1)
0 2 -2|lvs] |0

Ry — Ry + 2R,
0 5 =2|[»] [0
0 -1 0]lv|=10
0 0 -2]lvs] |[O
Free variable is v;. Let v; = 1. Last row gives v3 = 0. Second row gives v, = 0. Hence the
eigenvector is

=1
=
Il

/\1:2

We nee to solve A% = A3. This becomes (A — AI)G = 0. Therefore
3-2 5 -2 |[v,] [0]

0 2-2 0 ||ln|=|0
0 2 1-2||lvz] |0
1 5 =2|[»] [0]
0 0 0||lvp]=1|0 (1)
0 2 -1]|uz] [O]
Swap Ry, R3 (for clarify only)
1 -2 01 0
-1 Oy = 0
0 (%] 0
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. . 1 . .
Free variable is v3. Let v3 = 1. From second row 2v, — v3 = 0. Hence v, = > First row gives

v1 + 50, — 203 = 0. Hence v, = —5(%) +2= —%. Hence the eigenvector is

/\1:1

We nee to solve A% = A3. This becomes (A — AI)G = 0. Therefore

3-1 5 =2 ][v] [o]
0 2-1 0 |lo]=]|0
0 2 1-1lus] |o
2 5 2|[v;] O]
01 O0fflvf=]0
0 2 0flvs] [O]
R3 — R3 - 2R2
2 5 2|{vn,
01 0 Oy = 0
0 0 O]lvs
Free variable is v;. Let v3 = 1. From second row v, = 0

v; =1. Hence the eigenvector is

S
Il
_ o =

This table gives summary of the result

eigenvalue A | associated eigenvector ¥
1
3 0
0
-1
2 1
| 2
1
1

(1)

. First row gives 2v; = 2v;. Hence
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2.7.9 Problem 21 section 6.1

In Problems 1 through 26, find the (real) eigenvalues and associated eigenvectors of the
given matrix A. Find a basis for each eigenspace of dimension 2 or larger.

4 -3 1
A=12 -1 1
0 0 2

Solution

We first need to find the eigenvalues. These are found by solving |A — Al| = 0. Hence

4-A -3 1

Expanding along the last row

4-1 -3
2 -1-A
Q-A)(4-A)(-1-1)+6)=0
2-1)(A2-31+2)=0
Q2-DA-2)A-1)=0

-1’72 - )

Hence the eigenvalues are A; = 2 of algebraic multiplicity 2 and A, = 1. For each eigenvalue
we find its associated eigenvectors.

/\1:2

We nee to solve AT = A3. This becomes (A — A3 = 0. Therefore

4-2 -3 1 [o1] [0]
-1-2 1 |[|lo|=]0
0 0 2-2|lvs] O]
2 -3 1][v;] [0]

2 -3 1f|v,| =10 1)
0 0 O0lvs] O]

R2_>R2_R1

0 0 olos] |0
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Free variables are v5.v,. This means this is a complete eigenvalue. Since it has algebraic
multiplicity of 2 and have a geometric multiplicity of 2 as well. This means we can find two
linearly independent eigenvectors from it. Let v, = s,v3 = t. First row gives 2v; =35+t =0

3.1 .
or vy = ;s —;t. Hence the solution is

(4] ES__t
Oy = S
U3 t
3 _1
2 2
=s|1|+¢ 0
0 1

Therefore the basis (eigenvectors) are

3 1

2| |2 311
1,101 —19(2[10
0111 012

Now that we found the eigenvectors associated with A; = 2, we will do the same for second
eigenvalue.

/\221

We nee to solve AT = A3. This becomes (A — AI)G = 0. Therefore

4-1 -3 1 |[oy] O]
“1-1 1 |[op|=]0
0 0 2-1|lvs] |0]
3 -3 1][»y] [0]
2 -2 1|lo,| =10 1)
0 0 T1Iffvs] |0
Ry = Ry — 2R
-3 11[oy] 0]
0 0 —|o|=]0
0 0 1]los
R, > Ry + 2R,
3 -3 1 |[vn
0 0 -2{o|=]0
0 0 0] [0
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Free variable is v,, leading variables are vy, v;. Let v, = 1. From second row, v; = 0.First row
gives 3v; = 3. Hence v; =1. Hence the eigenvector is

1
3, = |1
0
This table gives summary of the result
eigenvalue A associated eigenvector ¥
3| |1
2 (multiplicity 2) 2[,10
0] [2
1
1 1
0

2.7.10 Problem 25 section 6.1

In Problems 1 through 26, find the (real) eigenvalues and associated eigenvectors of the
given matrix A. Find a basis for each eigenspace of dimension 2 or larger.

N © O O

1
1
2
0

S O O =
S O = O

Solution

We first need to find the eigenvalues. These are found by solving |[A - Al| = 0. Hence

Since this is an upper triangle matrix, then the determinant is the product of the diagonal.
Hence the above reduces to
1-1*2-1°=0

Therefore the eigenvalues are A; =1 of algebraic multiplicity 2 and A, = 2 also of algebraic
multiplicity 2. For each eigenvalue we find its associated eigenvectors.

/\1:1
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We nee to solve AT = A3. This becomes (A — AI)Z = 0. Therefore

1-1 0 1 0 [|[vy] O]
0 1-1 1 0 ||loa| |0
0 2-1 0 |los| |0
0 0 2-1flvs |0]
00 1 0][e;] [O]
0 0 1 0log] |0
001 0f|fos] |0
00 0 1)[vs] 1O
Ry, - Ry, - R4
00 1 0][o;] [0
0 0 0 0lva| |0
001 0f|fos| |0
00 0 1)[vg] 1O
Swapping Rs;, R, (for clarify)
0 0 1 0lfoy] [o0]
0 0 1 0lva| |0
00 0 Ol|fos| |0
00 0 1||vs] 10O
Ry, > Ry, — R4
0 01 0lfoy] [o0]
00 0 Offo| |0
00 0 0f|fos| |0
00 0 1)[va] |0
Swapping Ry, R, (for clarify)
[0 0 1 0]vy] [O]
00 0 1||va| |O
00 0 0f|fos| |0
0 0 0 0J[va] |0

Hence leading variables are vs, v, free variables are v;,v,. Let v; = 5,7, = t. Second row
gives v, = 0. First row gives v3 = 0. Therefore the solution is

U1 S 1 0
t 0 1
2 - =s| |+t
U3 0 0 0
Uy 0 0 0
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Therefore the two eigenvectors associated with this eigenvalues are

o O o =
o o = O

/\2:2

We nee to solve AT = A3. This becomes (A — AI)G = 0. Therefore

1-2 0 1 0 |[v;] [O]
1-2 1 0 |loz| |0

2-2 0 |lws]| |0

0 2-2|lvs] O]

-1 0 1 0|[o;] [o]

0 -1 1 0|lvz| |0

0 0 0 ollos| |0

0 0 0 0f[vs] 10

Hence leading variables are v;, v, free variables are v3,v4 Let v; = s,v4 = t. Second row gives
-0, +v3 = 0 or v, = s. First row gives —v; + s = 0 or v; = s. Hence the solution is

U1 S 1 0
v 1 0
2=S=S +t

U3 s 1 0
Uy t 0 1

Therefore the two eigenvectors associated with this eigenvalues are

=T
= o O O

This table gives summary of the result
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eigenvalue A associated eigenvector 7
T 1o
0] 1
1 (multiplicity 2 ,
(multiplicity 2) | 1] 11,
0] 10]
T 70
1] (0
2 (multiplicity 2) ,
1] [0
0] 1]

2.7.11 Problem 29 section 6.1

Find the complex conjugate eigenvalues and corresponding eigenvectors of the matrices
given in Problems 27 through 32
0 -3
A=
[12 0]

We first need to find the eigenvalues. These are found by solving |A — Al| = 0. Hence

Solution

-1 =3[
12 Al
A2+36=0

Hence A = +6i. For each eigenvalue we find its associated eigenvectors.

/\1:6i

We nee to solve AT = A3. This becomes (A — AI)Z = 0. Therefore

B W

12
Rz - RZ + aRl

-6i -3 o1] 0

0 0o 0
Leading variable is v, free variable is v,. Let v, = 1. From first row -6iv; — 3v, = 0 or
vy = —% = —% = %i. Hence the eigenvector is
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We nee to solve A = A3. This becomes (A — AI)Z = 0. Therefore

Al
I RN

. . . . . ) 3
Leading variable is v, free variable is v,. Let v, = 1. From first row 6iv; —3v, = 0 or v; = i
1

1. . .
— = —-i. Hence the eigenvector is
2i 2

+6i -3
12 +6i1

12
Rz = RZ - ERl

This table gives summary of the result

eigenvalue A | associated eigenvector U
. [ ]
6i
_2_
. -]
—6i
L 2 .
2.7.12 Additional problem 1
Find particular solution to
YD (x) = 2y© + 9y —16y® + 24y®) - 32y + 16y’ = ** + xsinx + 12 1)

Solution

From HW6, we found y;, as
y(x) = c1 + (28" + c3xe”) + (cq cOS 2x + 5 5in 2x) + x(cg cOS 2x + 7 5in 2x)
Therefore, we see the basis functions for y, are
{1,e*,xe*, cos 2x, sin 2x, x cos 2x, x sin 2x} (2)
Looking at RHS of (1), we see the basis functions for y, are

{ezx, x%, x sin x]
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Taking derivative ¢** does not generate new basis. Taking derivative of x> generates x,1. And
taking derivative of xsinx generates sinx, x cosx, cos x. Hence the above becomes

{62", (xz, x,l), (x sinx, sin x, x cos x, cos x)] (3)

There are 3 groups. Comparing (2,3) we see there is one duplication, which is the constant

term. Hence we need to multiply that one group by x. The above becomes
{ez", x(xz, X, 1), (xsinx, sinx, x cos x)} = {ezx, (x3, x2, x), (x sin x, sin x, x cos x, cos x)} (3A)

Now we again compare (3A) and (2). Now there is no duplication. Therefore the particular
solution is

Yy, = Are® + Az(x3) + Ag(xz) + Ay(x) + As(x sinx) + Ag(sinx) + Ay (x cos x) + Ag cos x

2.713 Additional problem 2

tH 0 0
Let A=|0 t, 0| where ty,t,, t; are distinct real numbers. Find the eigenvalues of A and
0 0 t3

the corresponding eigenvectors.

Solution

We first need to find the eigenvalues. These are found by solving |A — Al| = 0. Hence
t1-A 0 0

0 t-A 0 |=0
0 0 t3-A
Since this is a diagonal matrix, then the determinant is the product of the diagonal. Hence

the above reduces to
(t1 = A)ty = A)t3 —A) =0

Hence the eigenvalues are A, = t;, A, = t;, A3 = 3. For each eigenvalue we find its associated
eigenvectors.

/\1:t1

We nee to solve A% = AB. This becomes (A — AI)G = 0. Therefore

ti—t, 0 0 |[z] [0
0 t-t; 0 [lw=]0
0 0 t-t]lvs] [0

0 0 0 |[vy] O]
0 t,—t; 0 |lop|=]0
0 0 ts —t1]lvs] |0}
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Leading variables are v,,v3 and free variables is v;. Let v; = s. Second and third rows give
v, = 0,v3 = 0, this is because f, t,, t3 are distinct real numbers therefore t, —t; #0,t3 —t; # 0.
Therefore the solution is

For s =1 this gives the eigenvector

We nee to solve AT = A3. This becomes (A — AI)Z = 0. Therefore
tl - tz 0 0 ] —Ul— —0_

0 tz - tz 0 Oy =

0 0 t3 - tz_ %3

0 0 0 |lol=
0 Ot3—t2A_'U3_

0
0]
tl - tz 0 0 ] —'01— —0-
0
0

Leading variables are v;,v; and free variable is v,. Let v, = s. First and third rows give
v; = 0,03 = 0, this is because ty, t,, t; are distinct real numbers therefore t; —t, # 0,13 —f, # 0.
Therefore the solution is

0 0
T, = [s| =5s|1
0 0
For s =1 this gives the eigenvector
0
Uy = |1
0

/\3:t3

We nee to solve AT = A3. This becomes (A — AI)Z = 0. Therefore

ti—t; 0 0 |[=] [0
0 th—ty 0 [lw=]0
0 0 ty-t3)lvs] |0

ti—t; 0  0][ey] [O]
0 ty—t3 Ollvy| =10
0 0 0]lus] [0
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Leading variables are vy, v, and free variable is v5. Let v3 = s. First and third rows give
v, = 0,0, =0, this is because f, t,, t3 are distinct real numbers therefore t; —t3 # 0,f, —t3 # 0.
Therefore the solution is

0 0
?J)z =10| =50
s
For s =1 this gives the eigenvector
U3 =

This table gives summary of the result

eigenvalue A | associated eigenvector U
=
t 0
0]
o]
ty 1
0]
o]
ty 0
,1_

2.7.14 Additional optional problem 3

Extend the result in problem 2 to the case of n X n matrices. That is, let A be a matrix with
entries t1,1,,---,t, on the main diagonal and Os everywhere else, where the ¢; are distinct
real numbers. Find the eigenvalues and corresponding eigenvectors.

Solution

This follows immediately from the last problem. Therefore each eigenvalue will be A; =
ty, Ay =tp,+--,A, = t,. And corresponding eigenvectors are (each eigenvector is n x 1.

o
1
0
O1=|(.02=|."/Un=
0 0
_O_

These eigenvectors are the standard basis for IR".
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2.7.15 key solution for HW 7

HOMEWORK 7 — SOLUTIONS

These solutions demonstrate one way to approach each of the homework problems. In many

cases, there are other correct solutions. If you would like to discuss alternative solutions or

the grading of your assignment, please see me during office hours or send me an email.

Textbook Problems:

5.5.3

5.5.11

We have characteristic equation 72 —r — 6 = (r — 3)(r + 2). So the complementary
solution is y, = ¢,€3* + cye™ 2.

We have term sin 3z with derivative cos 3z and no repetition. So we set y, = Asin3z+
B cos3x. We compute

y, —y — 6y = (—9Asin 3z — 9B cos 3x) — (3A cos 3z — 3B sin 3z) — 6(Asin 3z + B cos 3x)

= (—3A—15B)cos3z + (—15A 4 3B) sin 3z

We now have the equations —3A4 — 158 = 0 and —15A4 + 3B = 2 which solve to
A= —5/39,B =1/39. So the particular solution is y, = 32 sin 3z + 55 cos 3z.

We have characteristic equation 72 + 2r — 3 = (r — 1)(r + 3). So the complementary
solution is y, = c;e” + coe™3".

We have term 1 with no derivatives and term xe” with derivative e*. We have repetition
so we bump to z%e”, ze® So we set y, = A + Bxe® + Ca?e®. We compute

Yy + 2y, — 3y, = (2B +2C)e” + (B + 4C)ze” 4 Cx’e”)
+2(Be" + (B + 2C)ze” + Ca’e”)
— 3(A + Bxe® + Cxe")
= —3A+ (4B +2C)e" + (8C)ze” + (0)z2e”

We now have the equations —3A = 1, 4B 4+ 2C' = 0, and 8C' = 1 which solve to
A=-1/3,B=-1/16,C = 1/8. So our particular solution is y, = 5! — f-ze” + La?e”.

We have characteristic equation r® + 4r = r(r? + 4) with roots 0, +2i. So our comple-
mentary solution is y. = ¢; + ¢ cos 2z + ¢z sin 2z.

We have terms z,1 with duplication, so we bump to 22, z. So we set y, = Az + Bz>.
We compute

y$¥ + 4y, = (0) + 4(A + 2Bx)
—4A + 8Bz

We have equations 4A = —1 and 8B = 3 which solve to A = —1/4, B = 3/8. So the
particular solution is y, = Fa + 322
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5.5.23 We have characteristic equation r% + 4 with roots £2i, so the complementary solution
1S Y. = €1 COs 2x 4+ ¢y sin 2.
We have term x cos 2z with derivatives z sin 2z, sin 2z, cos 2z. We have duplication, so

we bump up to 22 sin 2z, 2% cos 2, x sin 2z, x cos 2z. This gives us a particular solution
of the form

Yy, = Axcos 2z + Brsin 2z + Ca? cos 2z + Da’ sin 2z

5.5.32 We have characteristic equation 72 +3r+2 = (r+2)(r +1), so we have complementary
solution y. = cje™ 2 + cpe™®.

We have term e” and no repetition, so we set y, = Ae”. We compute

Yy + 3y, + 2y, = Ae® + 3Ae" 4 2Ae"
= 6Ae”

So we have the equation 6A = 1 and thus our particular solution is y, = ée””.

The form of a general solution is now y = y. + y, = c1e” % + cpe™® + ée’c. The initial
conditions give us the following:

1
y(0) = c1€° + cpe’ + 560

1
0201+C2+6

2

Y () = —2c167%" — o™ + 66“’

1
y'(0) = —2c1€” — coe” + 660

1
3= —2(31 — Cy + 6
So we have equations ¢; + ¢y = —% and —2¢; — ¢y = L

§7. This system solves to ¢; = —
and ¢; = 2. So, our solution in this case is y(z) = —e

— 5, — 1
2x+§e Z—FEQZ.

wloo

6.1.7 First, we compute the characteristic polynomial:

det(A — A1) = det [106_ A ,i A}
= (10— A) (=4 —X) + 48
=X —6A+38
=A-4)(A-2)

The eigenvalues are A\; = 4, Ay = 2.
. |6 =8 . 3 —4 . . .
For \; = 4, we have the matrix 6 _3 which reduces to 0o ol This is a dimension

1 eigenspace with eigenvector v, = (4, 3).

2
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. |8 =8 . 1 -1 . . .
For \y = 2, we have the matrix 6 —6 which reduces to 0 ol This is a dimension
1 eigenspace with eigenvector v, = (1,1).
6.1.17 First, we compute the characteristic polynomial:
3—X 5 -2
det(A—X)=det| 0 2—-X 0
0 2 1—A

= (3 — \)det [QEA

0

2

=B=XN2=-XN(1-=-2))

The eigenvalues are Ay =3, Ay =2, A3 = 1.

For A\; = 3, we have the matrix

dimension 1 eigenspace with eigenvector v =

For Ay = 2, we have the matrix

dimension 1 eigenspace with eigenvector v =

For A3 = 1, we have the matrix

dimension 1 eigenspace with eigenvector U3 =

6.1.21 First, we compute the characteristic polynomial:

det(A — AJ)

0 5 =2
0 —1 O | which reduces to
0o 2 =2
(1,0,0).
[1 5 —2]
0 0 O | which reduces to
0 2 -1
(—-1,1,2).
2 5 —2]
0 1 0 | which reduces to
02 0
(1,0,1).
4— A\ -3 1
= det 2 —1—-A 1
0 0 2—A
4 —\ -3
=(2—)\)det [ 9 _1_)\]
= (2= N[A=-N(-1-X)+6)
=(2-X) [N -3x+2]
=2-MNA-2)(A—-1)

010

0 O 1|. Thisis a
0 0 0]

11 0]

0 2 —1|. Thisis a
0 0]

10 —1]

0 1 0. Thisis a

00 0]

The eigenvalues are A\ = 1, Ay = 2 with Ay occuring with multiplicity 2.

For Ay = 1, we have the matrix

1-dimensional eigenspace with eigenvector v; =

3 =31 1 -1 0
2 —2 1| which reducesto |0 0 1|. Thisis a
0 0 1 0 0 O

3

(1,1,0).
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2 =31 2 =31
For Ay = 2, we have the matrix |2 —3 1| which reduces to [0 0 0] . This is a
0 0 0 0 0 0
2-dimensional eigenspace with basis vectors 0o = (1,0, —2) and 75 = (3,2,0).

6.1.25 We compute the characteristic polynomial:

1-X2 0 1 0
0 1—-A 1 0
0 0 2—-X 0
0 0 0 2-=A

— (1- A2

det(A — \I) = det

Here we are using that the determinant of an upper triangular matrix is the product
of the diagonal entries, but you can also see this by successively expanding along the
first column. The eigenvalues are Ay = 1 and Ay = 2, each of multiplicity 2.

[0 0 1 0 0010
.10 01 0 ) 0 001
For A\; = 1, we have the matrix 00 1 0 which reduces to 000 0 We have
00 01 00 0O
a dimension 2 eigenspace with basis vectors (1,0,0,0) and (0, 1,0, 0).
-1 0 1 0
. 0 -1 10 C .
For Ay = 2, we have the matrix 0 0 0 0 which is already sufficiently reduced.
0O 0 00

This gives a dimension 2 eigenspace with basis vectors (0,0,0,1) and (1,1,1,0).

6.1.29 We compute the characteristic polynomial:
-2 =3
det(A — M) = det [12 _)J

=X +36

The eigenvalues are £6i.
—6¢ —3
12 —6i
—01 -3 —2iR1+ Ry —67 —3
12 —6: 0 O
-5k |20 1
0 0

We have a dimension 1 eigenspace containing the eigenvector v = (—1,21).

For \; = 64, we have matrix [ } . We row reduce this matrix:

For the conjugate eigenvalue Ay = —6i¢, we have the conjugate eigenvector v, =
(—1, —24).
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Additional Problems:

1. On homework 6, we found the general solution to the homogeneous equation, so we have
the complementary solution in this case:

Ye(x) = 1 + c2€” + cswe® + ¢4 cos(22) + ¢ sin(2z) + cgx cos(2x) + crx sin(2x)

The term e?* is not duplicated. The term z sinx has derivatives x cos x, sin x, cos x and
there is no duplication. The term z? has derivatives z,1 and there is duplication. It is
enough to bump up by a factor of =, so we get new terms z2, 22, z. So, the form of our
particular solution is

yp = Ae* + Brsinz + Cxcosz + Dsinz + Ecosx + Fr* + Ga* + Ha

2. We compute the characteristic polynomial:

1 — A 0 0
det(A—X)=det | 0 to—XA 0
0 0 t3 — A

= (1 = A)(t2 = A)(ts — A)

The computation of determinants like this was done in Additional Problem 4 of Homework
2. This has three distinct roots, t1, t9, t5.

0 0 0
For A =t;, A— X is |0 ty—1 0 . Notice that since ti,to,t3 are all distinct,
0 0 ts3 —t;
to —t1 # 0 and t3 — t; # 0 so we only have a free variable in the first column. A solution
to this system is 03 = (1,0,0), so this is an eigenvector corresponding to t;.

[ty —t, 0 0
For A =ty, A— A\ is 0 0 0 . A solution to this system is v3 = (0,1, 0), so
0 0 ty—ts)

this is an eigenvector corresponding to ts.
[ty —t; 0 0]
For A =1t3, A— A\l is 0 to —t3 0]. A solution to this system is v3 = (0,0, 1), so
0 0 0

this is an eigenvector corresponding to 3.

3. Perhaps not surprisingly, the characteristic polynomial is

n

(=Nt =N (= 2) = [ J(t: = A)

i=1
So each t; is an eigenvalue.

If we set A =t;, A— Al has a 0 in the i-th diagonal element. A solution vector is €;, the
standard basis vector with 1 in the i-th position and 0 elsewhere.
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2.8.1 Problems listing

HoOMEWORK 8 - DUE NOVEMBER 5

Homework instructions: Complete the assigned problems on your own paper. Once you
are finished, scan or photograph your work and upload it to Gradescope. When prompted,
tell Gradescope where to find each problem.

You are allowed (and in fact encouraged) to work with other students on homework assign-
ments. If you do that, please indicate on each problem who you worked with. If you use
sources other than your notes, the textbook, and any resources on Canvas for your home-
work, you must indicate the source on each problem. You are not permitted to view, request,
or look for solutions to any of the homework problems from solutions manuals, homework
help websites, online forums, other students, or any other sources.

Textbook Problems:
e §6.2: 7,15, 19
e §6.3: 7,13, 25
Additional Problems:

1. For n x n matrices A and B, we say that A is similar to B if there is an invertible
matrix P so that A = PBP~!. So, in order to show that A is similar to B, you need to
(1) say what the matrix P is in that case (2) check that your choice of P is invertible and
(3) explain why the equation A = PBP~! is true.

(a) Let A be any n x n matrix. Show that A is similar to itself.

(b) Let A, B be n x n matrices. Suppose that A is similar to B. Show that B is similar
to A.

(¢) Let A, B,C be n x n matrices. Suppose that A is similar to B and that B is similar
to C. Show that A is similar to C.

Cultural Aside: A matrix is diagonalizable if it is similar to a diagonal matrix. For
a matrix that isn’t diagonalizable, it may still be useful to find a nice matrix that it is
similar to (even if we can’t get to something quite as nice as a diagonal matrix). If you are
interested in these not-quite-diagonal nice matrices, you should look up “Jordan normal
form.”

Further Cultural Aside: These three properties are called (a) reflexivity, (b) symmetry,
and (c) transitivity. A relation like “is similar to” that satisfies all three properties is
called an equivalence relation. Equivalence relations behave a lot like “is equal to” and
are nearly as useful in mathematics. In fact, we have already seen another example of an
equivalence relation in this class: “is row equivalent to”.

2. The Fibonacci sequence begins as

0,1,1,2,3,5,8,13,21,34,55,89, 144 . ..
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It can be defined recursively by fo =0 and f; = 1 and f,4+1 = f.+ fn_1- That is, we begin
the sequence with 1, 1 and then each successive term is the sum of the two previous terms.
(This sequence is usually interpreted as the number of pairs of rabbits in a population.)

|:fn+1:| — |:fn+fn—1:| —_ |:1 1:| |: fn :|
fn fn 10 fnfl

Giving some labels to things, let Z, = [fnﬂ} and let A =

Notice that we can write

Then we have

| — |
— =
O =
—_

@:MMSQ@ZM%Mm@:Hﬂ:H.
0

(a) Find the eigenvalues and corresponding eigenvectors of A. (I recommend using the
quadratic formula to find the roots of the characteristic polynomial.)

(b) Find a diagonalization A = PDP~! of A. Use this write down a formula for A™.

(c¢) Use the fact that #,, = A"Z, to write down a formula for f,.

Hint: It may be useful to denote the number % ~ 1.61803 by ¢. This number is called
the golden ratio and satisfies

1-v6 1
¢7:——:1—¢%—0&%3

2 ®
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2.8.2 Problem 7, section 6.2

In Problems 1 through 28, determine whether or not the given matrix A is diagonalizable.
If it is, find a diagonalizing matrix P and a diagonal matrix D such that P"'AP = D

2 -3

6 —10]

solution The first step is to determine the characteristic polynomial of the matrix in order
to find the eigenvalues of the matrix A. This is given by

det(A — AI) = 0
wfle o o),
2 -3 0 1

e 674 0|,
2 -3-2
6-A)(=3-1)+20=0
A2-31+2=0
(A-2)(A-1)=0

The eigenvalues are the roots of the above characteristic polynomial. From the above, these
are

A1:2
A2:1

This table summarizes the result

eigenvalue | algebraic multiplicity | type of eigenvalue

1 1 real eigenvalue

2 1 real eigenvalue

For each eigenvalue A found above, we now find the corresponding eigenvector.

A=1
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We need now to determine the eigenvector v where

AG =AY
AT-AB=0
(A-AB=0
6 -10 (1 o\[o, ] [O]
Q) e
2 -3 [0 1|)|v,| |O]
6 -10] [1 0o ] [O]
2 -3 0 1)) v O]
5 <10 o | [0]
2 4 |v| |0]

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

5 -100

2 4|0

2R, 5 -10]0
Re=Re==5"=1, o |0

Therefore the system in Echelon form is

ERIH

The free variables are {v,} and the leading variables are {v;}. Let v, = t. Now we start back
substitution. Solving the above equation for the leading variables in terms of free variables.
First row gives 5v; = 10t or v; = 2t. Hence the eigenvector for this eigenvalue is

Hin

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as
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We need now to determine the eigenvector v where

=% =)

SO N O =

|
o O O o O O

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

0

0

R 4 10]0
Re=R=57=1, 0o |o

4 -10
2 -5

Therefore the system in Echelon form is

M MY

The free variables are {v,} and the leading variables are {v;}. Let v, = t. Now we start back
substitution. Solving the above equation for the leading variables in terms of free variables.

. . 5t .o
First row gives 4v; =100, or vy = > Hence the solution is

MEH

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as

—
I <
N —_
S

Il

=
—
—NlGa
[
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HEH

The following table summarizes the result found above.

Which can be normalized to

A | algebraic geometric | defective associated
multiplicity | multiplicity | eigenvalue? | eigenvectors
B3
1|1 1 No
L 1 .
]
211 1 No
2

Since the matrix is not defective, then it is diagonalizable. Let P the matrix whose columns

are the eigenvectors found, and let D be diagonal matrix with the eigenvalues at its diagonal.
Then we can write

A = PDp1
Where
[ A, O 10
D: =
0 A 0 2
[2 5
P =
_1 2]
Therefore
A = PDp-!
-1
6 -10| [25]10]25
2 3| |1 2o0o2]12

2.8.3 Problem 15 section 6.2

In Problems 1 through 28, determine whether or not the given matrix A is diagonalizable.
If it is, find a diagonalizing matrix P and a diagonal matrix D such that P"'AP = D

3 31
2 21
0 0 1

Solution
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The first step is to determine the characteristic polynomial of the matrix in order to find
the eigenvalues of the matrix A. This is given by

det(A-AI)=0
3 31 100
det{| 2 -2 1 |-A/ 0 1 0 |[=0
0 0 1 001
3-A4 -3 1
detf 2 -2-1 1 =0
0 0 1-4
Expanding along last row gives
3-14 -3
-1 -2 -
CORCEDY I

1-A)(B=-A)(-2-1)+6)=0
1-A)(A2-2)=0
1-MDAA-1)=0

The eigenvalues are the roots of the above characteristic polynomial. These are seen to be

A1:0
AZZ
A3:1

This table summarizes the result

eigenvalue | algebraic multiplicity | type of eigenvalue
0 1 real eigenvalue
1 2 real eigenvalue

For each eigenvalue A found above, we now find the corresponding eigenvector.

A=0
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We need now to determine the eigenvector v where

AT = A7
AB- A% =0
(A-ADB =0
3 31 Nwl [
2 -2 1(-()

0 0 1

3 31

Fl U1
0
| O
0
2 2 1 (-0
0
3
2
0

0

0 Uy | =
11)| v3 |
01\ v |
0

0

Uy | =

00 1 | 05 |

3 1] v ]
-2 1 Uy | =
0 1_»03_

o O O O O o o o o

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

3 -3 1|0
2 -2 1]0
0 0 110
3 -3 1|0
2Ry 1
Rz = R2 - T =10 0 3 0
0 0 1
3 31
Ry=R;-3R,=> [0 0 3
0 0 O
Therefore the system in Echelon form is
-3 1| o 0
1
0 3 Uy | = 0
0 (%] 0

The free variables are {v,} and the leading variables are {v;, v3}. Let v, = t. Now we start back
substitution. Solving the above equation for the leading variables in terms of free variables.
Second row gives v; = 0. First row gives 3v; — 3v, = 0 or v; = t. Hence the solution is

01 t
(%) =
(%] 0
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Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as

4] 1
Uy | = t 1
O3 0
Or, by letting t =1 then the eigenvector is
01 1
Oy | = 1
O3 0
A=1

We need now to determine the eigenvector 7 where
Av =AY
A -3 =0
(A- A3 =0
3 -31 ] 1
2 -2 1(-(@1)
0 0 1

1 —7)1
0
| O
3 31 [ 1
0
0
2

0
0 (7
1 || vs |
01\ v |
2 -2 1 |- 0
0 0 1 1

Oy | =

P63 |
3 1| v |
2 31| v|=
0 0 0] v3 |

o O O O O o O o o

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

2 -3 110

2 -3 110

0 0 010
2 -3 10
Ry,=R,-R;= |0 0 0|0
0 0 010

Therefore the system in Echelon form is

2 -3 1 01
00 0] wl|=
0 0 0] o
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The free variables are {v,,v3} and the leading variables are {v;}. Let v, = t. Let v3 = s. Now
we start back substitution. Solving the above equation for the leading variables in terms of

. . . 3t s . .
free variables. First row gives 2v; —3v, + v3 =0 or vy = > "5 Hence the solution is

01
(%))

U3

3t s
2 2
t

S

Since there are two free Variable, we have found two eigenvectors associated with this

eigenvalue. The above can be written as

3t s
o1 2 2
Uy | = t + 0
U3 0 | S
37 1
2 2
=t 1 [+s[ O
0 | 1
By letting t =1 and s =1 then the above becomes
1 [32 _1
1 2 2
Oy | = 1|+ 0
(% 0 1

Hence the two eigenvectors associated with this eigenvalue are

BRI
2 2
1] 0
0 1
Which can be normalized to -
3 -1
2110
[0 ][ 2
The following table summarizes the result found above.
A | algebraic geometric | defective associated
multiplicity | multiplicity | eigenvalue? | eigenvectors
[ 1
01 1 No 1
| 0
(3 -1
112 2 No 2 0
| 0 2
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Since the matrix is not defective, then it is diagonalizable. Let P the matrix whose columns

are the eigenvalues found, and let D be diagonal matrix with the eigenvalues at its diagonal.
Then we can write

A =pDp!
Where
[0 0 0O
D=0 10
|0 0 1
[1 3 -1
P=]11 2 0
|0 0 2
Therefore .
3 -3 1 13 10 o0o0ff1 3 -1
2 -2 11|=]112 0 010 1 2 0
0 0 1 00 2 001100 2

2.8.4 Problem 19 section 6.2

In Problems 1 through 28, determine whether or not the given matrix A is diagonalizable.
If it is, find a diagonalizing matrix P and a diagonal matrix D such that P"'AP = D

1 1 -1
-2 4 -1
-4 4 1

Solution

The first step is to determine the characteristic polynomial of the matrix in order to find
the eigenvalues of the matrix A. This is given by

det(A-AI) =0
1 1 -1 100
det|]| =2 4 -1 |[-Al0 1 o [|=0
4 4 1 001
1-4 1 -1
detf -2 4-1 -1 |=0
4 4 1-1]

A +6A2-11A+6=0

Expanding along first row gives
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-2 | |2 al |2 4-2
4 1-A -4 1-4] [-4 4
1= A)@A=)A=A)+4) = (201 - A) —4) — (-8 + 4(4 - 1)) = 0

A3+ 612-131+8- (21 -6) - (8- 41) =0
A3+ 612 -111+6 =0
AB-6A2+11A-6=0

1-1) - =

Trying A =1

1°-6+11-6=0
0=0

3_612 _
Hence (A —1) is a factor. Doing long division A8 — A2-51 + 6. This can be factored

(A-1)
as (A —2)(A — 3). Therefore
A3 —6A%2+11A-6=(A-1)(A =2)(A = 3)

Hence the eigenvalues are

A3:3

This table summarizes the result

eigenvalue | algebraic multiplicity | type of eigenvalue
1 1 real eigenvalue
2 1 real eigenvalue
3 1 real eigenvalue

For each eigenvalue A found above, we now find the corresponding eigenvector.

A=1
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We need now to determine the eigenvector v where

AU = AT

A - A3 =0

(A-AB=0

1 1 -1 [1 0 0]\ v | 0 ]
24 1 |-Wfo 1 oflfwl|=]0
-4 4 1 [0 0 1] v | 0 |
1 1 1] [1o00])n [ 0 ]
24 2 |-{o1 0]|||w|=]0
-4 4 1 [0 0 1] vs | 0 |
0 1 -1][n [ 0 |

2 3 -1 v |=]|0

-4 4 0 || v; | 0 |

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

0 1 -1]0
-2 3 -1|0
-4 4 010

current pivot A(1,1) is zero. Hence we need to replace current pivot row with one non-zero.
Replacing row 1 with row 2 gives

-2 3 -110

0 1 -1/0

-4 4 010
-2 3 -11]0
R3 = R3 - 2R1 — 0 1 -110
0 -2 210
-2 3 110
R3 = R3 + 2R2 - 0O 1 -110
0 010

Therefore the system in Echelon form is

2 3 -1 o
01 -1|o|=
0 0 0 | o 0
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The free variables are {v3} and the leading variables are {v;,v,}. Let v3 = f. Now we start back
substitution. Solving the above equation for the leading variables in terms of free variables.
Second row gives v, = v3 = t. First row gives —2v; +3v, —v3 = 0 or —2v; = -3t +t = —-2t. Hence
v, = t. Therefore the solution is

(4] t
(%) = t
(%] t

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as

01 1
Uy =11
(%] 1

Or, by letting t =1 then the eigenvector is

01

Uy | =

[ S -

U3

A=2

We need now to determine the eigenvector 7 where

AT = AU

AT-AB=0

(A-ADG =0

1 1 -1 10 0o, | [O]
24 1(-@|010|||lv|=|0
-4 4 1 00 1])lo]| [0]
1 1 1] [200No, ] [0]
24 1 (-{0 2 0| v |=]0
-4 4 1 00 2])lws]| [0]
11 1w ] [0]

22 1| vnl=|o0

4 4 1o | [0)]

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

-1 1 -1]0
-2 2 -1]0
-4 4 -1|0
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[—1 -1

R2 = R2 - 2R1 = 0 0 1
-4 4 110
-1 -11]0
R3 = R3 - 4R1 - 0O 0 110
0 310

-1 -1

R3 = R3 — 3R2 - 0 0 1
0 010

Therefore the system in Echelon form is

-1 1 1] v 0

0 0 1 v, |=]0

0 0 O U3 0

The free variables are {v,} and the leading variables are {v;, v3}. Let v, = t. Third row gives
v3 = 0. First row gives —v; + v, = 0 or v; = t. Hence the solution is

01 t
(%) =
[%] 0

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as

4] 1

Uy | = tH1

U3 0
Or, by letting t =1 then the eigenvector is

01 1

Oy | =

O3 0
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We need now to determine the eigenvector v where

AT = AT

AT-A3=0

(A-AB=0

1 1 -1 [1 0 0\ 4 0 |
2 4 -1 (-@)|010|||lv]|=]|0
-4 4 1 [0 0 1f)lus]| [0O]
1 1 1] [300])n [ 0 ]
2 4 1 |-{0o30||[wn|=]0
-4 4 1 [0 0 3[)lvs]| [0O]
21 -1 [0 ]

21 1w |=]0

4 4 2| wvs] |0]

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

-2 1 -110

-2 1 -1|0

-4 4 210
-2 1 -110
R2 = Rz - Rl = 0O 0 010
-4 4 2|0
-2 1 -11]0
R3 = R3 - 2R1 — 0O 0 010
0 2 010

current pivot A(2,2) is zero. Hence we need to replace current pivot row with one non-zero.
Replacing row 2 with row 3 gives

-2 1 -11|0
0 2 010
0 0 00

Therefore the system in Echelon form is

21 Ay
0 2 0 Uy | =
00 0| vs 0
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The free variables are {v3} and the leading variables are {v;,v,}. Let v3 = f. Now we start back
substitution. Solving the above equation for the leading variables in terms of free variables.

. . . t
Second row gives v, = 0. First row gives —2v; = v; = t. Hence v, = - Therefore
01 - =

U3

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as

1
01 _E
’02 =1 O
U3 1
Or, by letting t =1 then the eigenvector is
- - r _1 b
Ul 3
(%) . 0
| U3 ]
Which can be normalized to o
01 -1
(%) = 0
[z | | 2 ]

The following table summarizes the result found above.

A | algebraic geometric | defective associated
multiplicity | multiplicity | eigenvalue? | eigenvectors
1]
1|1 1 No 1
L 1 B
=N
2|1 1 No 1
| 0|
[ -1
311 1 No 0
| 2

Since the matrix is not defective, then it is diagonalizable. Let P the matrix whose columns

are the eigenvectors found, and let D be diagonal matrix with the eigenvalues at its diagonal.
Then we can write

A =PDpP!
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Where
[1 0 0
D=]10 20
|0 0 3
[1 1 -1
P=111 0
10 2
Therefore .,
1 1 -1 1 1 -1 1 0 0 1 1 -1
-2 4 -1|=]1]11 0 020 11 0
-4 4 1 1 0 2 00 3(1o0 2

2.8.5 Problem 7 section 6.3

In Problems 1 through 10, a matrix A is given. Use the method of Example 1 to compute

AS,
1 30
020
0 0 2
Solution

If A is diagonalizable, then by first writing A = PDP~! then A> = PD°P~!. And since D is
diagonal matrix, it is easy to raise it to power. So the first step is to diagonalize A as we did

in the above problems.

The first step is to determine the characteristic polynomial of the matrix in order to find

the eigenvalues of the matrix A. This is given by

det(A-AI)=0
1 30 1 00
det]] 0 2 0|-Al0 1 0 ||=0
00 2 0 01
1-A7 3 0
det 0 2-A 0 =0
0 0 2-1
Expansion along the first column gives
2-A 0
1-A) =
0 2-A

1-)2-1)2-21)=0
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Therefore the eigenvalues are

Alz
/\2:2
A3:2

This table summarizes the result

eigenvalue | algebraic multiplicity | type of eigenvalue

1 1 real eigenvalue

2 2 real eigenvalue

For each eigenvalue A found above, we now find the corresponding eigenvector.
A=1

We need now to determine the eigenvector v where

=)

S N W
SN W uv o o
<
N
Il

N © O
I
o P, O O = O

o o =, O o =

e s O O -
o o =

I
N
Il
O O O O O o o o o

S O O
S = W

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented

matrix is
03 0
010/0
0010
03 0/0
Ry=R,-— = [0 0 0|0
00 10
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current pivot A(2,3) is zero. Hence we need to replace current pivot row with one non-zero.
Replacing row 2 with row 3 gives

03 00
0 01|0
0000

Therefore the system in Echelon form is

03 0]o 0
00 1| o|=]0
00 0] o 0

The free variables are {v;} and the leading variables are {v,, v3}. Let v; = t. Now we start
back substitution. Second row gives v; = 0. First row also gives v, = 0. Hence the solution is

U3

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as

01

(%}

Il
—
o o =

U3
Or, by letting ¢ =1 then the eigenvector is

01

Oy | =

o o =

03
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We need now to determine the eigenvector v where

AT =AU

AT-AB=0

(A-ADB=0
1 30 (1 0 0\ o4 0 ]
02 0|-@[0 1 0fffw|=]0
002 0 0 1) vs | 0 |
130 200\ [ 0 ]
[020—020 v, [=]0
002] |00 2])]uvs | 0 |
-1 3 0| » [ 0 |

0 00fov|=]|0
0 0 0] vs | 0 |

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

-1 3 010
0 0 0|0
0 0 0|0
Therefore the system in Echelon form is
-1 3 0| » 0
0 00w |=]0
0 0 0] vs 0

The free variables are {v,,v3} and the leading variables are {v;}. Let v, = t. Let v3 = s. Now
we start back substitution. First row gives —v; = —3v, = —3t. Hence the solution is

01 3t
Uy = t
U3 S

Since there are two free Variable, we have found two eigenvectors associated with this
eigenvalue. The above can be written as

(4] 3t | 0
v = t |+|O0
U3 0 | s
3 ] 0

=t 1|+s]0

0 | 1
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By letting t =1 and s =1 then the above becomes

U3
Hence the two eigenvectors associated with this eigenvalue are

3

0 1

The following table summarizes the result found above.

A | algebraic geometric | defective associated
multiplicity | multiplicity | eigenvalue? | eigenvectors
B
11 1 No 0
0 |
(3 ][0
2|2 2 No 1110
[ 0f]1

Since the matrix is not defective, then it is diagonalizable. Let P the matrix whose columns

are the eigenvectors found, and let D be diagonal matrix with the eigenvalues at its diagonal.
Then we can write

A = PDp!
Where
[1 0 0
D=0 2 0
| 0 0 2
[1 3 0
P=(010
| 0 0 1
Therefore »
1 30 1 30|/l1T 0011 30
020|=|l0101J]]0201J]010
0 0 2 0 01 0 0 2 0 01
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Now that we have diagonalized A, we can finally answer the question.

50 o 5 -1
130 1 0 0 0f]l1 30
020]|=|0 0020|010
00 2 | 0 0 0 2][0 01
0 o o130
=10 022 010 0
00 0 2 01
0 0 0130
=10 0 32 0 |lO0
00 0 32J0 0
But
301 0 O 1.9 0
0101032 0/|=(032 0
010 0 32 0 0 32
Therefore
5 -1
30 1.9 0 (130
2 0| =(03 01010 (1)
00 2 0 0 32001
-1
130
We know need tofind | 0 1 0 | . The augmented matrix is
001
130100
010010
001001
R; — Ry - 3R,
1001 -30
0100 1 0
0010 0 1
-1
130 1 30
Since left half is now I then the right half is the inverse. Therefore[ 0 1 0| =0 1 0
001 0 0 1
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Hence (1) becomes

1 30 [1 96 0 ][1 -3 0
020 =0 32 O 0O 1 O
00 2 0 0 320 0 1
[1 93 0
=0 32 0
0 0 32
2.8.6 Problem 13 section 6.3
Find A9,
1 -1 1
2 -2 1
4 -4 1
Solution

If A is diagonalizable, then by first writing A = PDP~! then A = PD!°P~1. And since D is
diagonal matrix, it is easy to raise it to power. So the first step is to diagonalize A as we did
in the above problems.

Find the eigenvalues and associated eigenvectors of the matrix

1 -1 1
2 21
4 -4 1

The first step is to determine the characteristic polynomial of the matrix in order to find
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the eigenvalues of the matrix A. This is given by

det(A - AI) =0
1 -1 1 100
det|| 2 2 1|-Al0 1 0[|=0
4 -4 1 001
1-4 -1 1
detf 2 —2-4 1 |=0
4 -4 1-2
o2t LR LR 2
4 1-A |4 1-A & -4

Q=MD((2-A)A-N)+4)+21-A)-4+(-8)—-4(-2-1) =0
A3 A +2-21-2+41 =

A-A3=0

A1-42)=0

Therefore the eigenvalues are

A =0

Ay =

Az =-1

This table summarizes the result
eigenvalue | algebraic multiplicity | type of eigenvalue
-1 1 real eigenvalue
0 1 real eigenvalue
1 real eigenvalue

For each eigenvalue A found above, we now find the corresponding eigenvector.

A=-1
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We need now to determine the eigenvector v where

AT = AT

AB-AT7=0

(A-AB=0

(1 -1 1 10 0]\ vy | 0 |
2 2 1|-(-D{0 1 0f[wv]|=]|0
| 4 -4 1 00 1) uvs | 0 |
(1 -1 1 -1 0 0\ =» [ 0 ]
2 21|-10 -1 0 v, |=|0
| 4 -4 1 0 0 -1])| v, | 0 |
2 -1 1][o, ] [O]

2 -1 1o |=]|0

4 -4 21 vs] 0]

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

2 -1 1
2 -1 1
4 -4 210
2 -1 110
Rz = R2 — Rl = [0 0 010
4 -4 2|0
2 -1 10
R3 = R3 - ZRl = [0 0 010
0 -2 00

current pivot A(2,2) is zero. Hence we need to replace current pivot row with one non-zero.
Replacing row 2 with row 3 gives

2 -1 1|0
0 -2 010
0 0 00

Therefore the system in Echelon form is

2 -1 1[ o 0
0 20| w|=|0
0 0 0] v 0
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The free variables are {v3} and the leading variables are {v;,v,}. Let v3 = t. Now we start

back substitution. Second row gives v, = 0. First row gives 2v; +t =0 or vy = —é. Hence the
solution is

" t

1 2
UZ = 0
U3

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as

01 - E
Uy = 0
U3 1

Or, by letting t =1 then the eigenvector is

- - r 1 h
01 _E
Uy = O
| U3 ]
Which can be normalized to )
Ul —1
Uz = 0
Lz | | 2 ]

A=0

We need now to determine the eigenvector 7 where

AT = AT

AB-AG=0

(A-ADB=0

1 -1 1 (1 0 0Ny ] [O]
2 21(-0[0 1 0]l vnl|=]|o0
4 -4 1 |0 0 1])lws]| |0]
1 -1 1] [oo0o 0oy ] [O]
[2—21—000 v, |=]0
4 4 1] [00O0])]vs] |[0O]
1 -1 1w ] [O]

2 21| wvl=]o0

4 -4 1| v | [0)]
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We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

1 -1 11]0
2 2110
4 -4 1|0
-1 1
RZ = Rz - 2R1 — 0 0 —1
-4 1
-1 1
R3 = R3 - 4R1 = |0 0 -1
0 0 3|0
-1 110
R3:R3—3R2:> 0 0 -110
0 010
Therefore the system in Echelon form is
1 -1 1 (] 0
0 0 -1 v, |=]0
0 0 O U3 0

The free variables are {v,} and the leading variables are {v;,v3}. Let v, = t. Now we start
back substitution. Second row gives v3 = 0. First row give v; —t = 0 or v; = t. Hence the
solution is

01 t
(%) = t
(%] 0

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as

01

(%) =t

[ T S

U3
Or, by letting ¢ =1 then the eigenvector is

01

Oy | =

(e T =

U3
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We need now to determine the eigenvector v where

AT = AT

A - A3 =0

(A-AB=0

1 -1 1 [1 0 0]\ v | 0 |
2 21 (-0 1o0||fo]|=|0
4 -4 1 [0 0 1()[vs]| [O]
1 -1 1] [1 00\ [ 0 ]
[2—21—010 v, |=|0
4 41| [0oo01f)lvs]| [O]
0 -1 1] v [ 0 |

2 3 1o |=|0

4 ~4 0l os] |0O]

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

0 -1 1]0
2 -3 110
4 -4 0|0

current pivot A(1,1) is zero. Hence we need to replace current pivot row with one non-zero.
Replacing row 1 with row 2 gives

2 -3 1
0 -1 1
4 -4 010
2 -3 110
R3 = R3 - 2R1 = |0 -1 1 0
0 2 2|0
2 -3 1
R3 = R3 + 2R2 = |0 -1 1
0 0 O

Therefore the system in Echelon form is

2 -3 1y
0 -1 1 (%) =
0 0 0] o 0
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The free variables are {v3} and the leading variables are {v;,v,}. Let v3 = t. Now we start

back substitution. From second row -v, +t = 0 or v, = t. First row gives 2v; —3v, +t =0 or

201 =3v, —tor vy = % = t. Hence the solution is

01 t
(%) =|t
U3 t

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as

01 1
(%) =11
U3 1

Or, by letting ¢ =1 then the eigenvector is

4] 1
Uy =11
1

U3

The following table summarizes the result found above.

A | algebraic geometric | defective associated
multiplicity | multiplicity | eigenvalue? | eigenvectors
[ -1
-1]1 1 No 0
| 2
=0
0 |1 1 No 1
0
T8
1 |1 1 No 1
L 1 B

Since the matrix is not defective, then it is diagonalizable. Let P the matrix whose columns

are the eigenvectors found, and let D be diagonal matrix with the eigenvalues at its diagonal.
Then we can write
A = PDP!
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-1 1]

|0 0 O |
. The above becomes

[ 1

-1 1

2 21

-4 1
-1 1
-2 1
-4 1

1
4

1
2
4

|

Now that we have diagonalized A, we can finally answer the question.

|

2.8. HW 8
Where
Therefore

(1)

—

R

-1 1
-2 1
-4 1
We now just need to find P™!. Augmented matrix is

1
2
4

|

|

-11 100
0 1010
2 0001

1
1
1

Rz—)Rz—Rl

-1 1 0
1 0-110
2 0 0 01

1
0
1
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R3; - R; - Ry
1 -1 1 1 0
0 -1 1
-1 -1 0
R3 — R3-3R,
-11 1 0
0 0 -1 1
-1 2 31

Now we start the reduced Echelon phase.

R3 — —R;
1 -11 1 0 0
01 0 -11 0
0 01 -23 -1
Ry - Ry -R;
1 -1 0 3 -3 1
01 0-1 1 O
0 01 -2 3 -1
Ry —- R+ Ry

100 2 -2 1
010-1 1 O
001 -2 3 -1

Since left half is now I then the inverse is the right half of the above augmented matrix.
Hence

2 21

Pl=(-1 1 0

-2 3 -

Substituting the above in (1) gives

0 .
1 -1 1 1 -1 0 2 21
2 21 =(1 0 0 -1 1 0
4 -4 1 |1 2 0] -2 3 -1

[3 -3 1]

=12 21
|0 0 1|
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2.8.7 Problem 25 section 6.3

In Problems 25 through 30, a city-suburban population transition matrix A (as in Example
2) is given. Find the resulting long-term distribution of a constant total population between

09 01
A=
[ 01 09 ]

The first step is diagonalize A = PDP~! and then evaluate A* in the limit as k — co. Writing

A as
9 1
1
0 90]
10

o 10

the city and its suburbs.

Solution

=

A=

The first step is to determine the characteristic polynomial of the matrix in order to find
the eigenvalues of the matrix A. This is given by

det(A - Al) =0

9 1

= = 10
de‘{‘ 110 190 }_A[

T 1o 01

1 , 1
— (101 -9*- — =0
100" T

1 2
—((10A -9 -1) =0
100(( ) )
101 -9*-1=0
10012 - 18014 +80 =0
18 8
A )+ — =
10" 100
8
A-DA-—=]=0
( >( 10)
Hence the eigenvalues are
Al :1
4
A, = -
275

This table summarizes the result
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eigenvalue | algebraic multiplicity | type of eigenvalue

1 1 real eigenvalue

Q11 |

1 real eigenvalue

For each eigenvalue A found above, we now find the corresponding eigenvector.

A=1

We need now to determine the eigenvector ¥ where

AU = AU
AG-A8=0
(A=A =0
9 1 nr
E B _(1) 1 0 01 _ 0
LI 01 0
0 10 DL 22
9 1 nr
([@ @]_ 1 0 01 _ 0
E E »0 1 kUZ 0
1 1 1r
[_E E 4] _ 0
i _1 0
10 0 Il 92

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

1 1
11‘01@0]
v 10

11,
Ry=R,+R;=> | 10 10
2 2 1 [O 0]

Therefore the system in Echelon form is

E HEH

The free variables are {v,} and the leading variables are {v;}. Let v, = t. Now we start back
substitution. First row gives v; = t. Hence the solution is

HEN

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as
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Or, by letting t =1 then the eigenvector is
01 _ 1
(%) B 1

We need now to determine the eigenvector v where

4
/\:g

AT = AT
AT-A3=0
(A-ADG =0
oo | [

—
| ——]
Bl-sle

—_
L

(%)

01

—
sl-s|e

(%)}

01

o O o o o o

| S
|
—
Sl’_lgl)_\ O Uk O =

S e e
. ,
,

(%)

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is
0
0

1 1
1 1
[ 10 10
10

10
11,
Ry=Ry,-R; = [10 10
2 2 1 |:OOO]

Therefore the system in Echelon form is

HHHEH

The free variables are {v,} and the leading variables are {v;}. Let v, = t. Now we start back
substitution. First row gives v; = —t. Hence the solution is

HEl

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as
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Or, by letting t =1 then the eigenvector is

HEN

The following table summarizes the result found above.

A | algebraic geometric | defective associated
multiplicity | multiplicity | eigenvalue? | eigenvectors

]

1|1 1 No
L 1 A
=n

S 1 No

5 1

Since the matrix is not defective, then it is diagonalizable. Let P the matrix whose columns

are the eigenvectors found, and let D be diagonal matrix with the eigenvalues at its diagonal.
Then we can write

A = PDp!
Where
b [ 1 0]
= 4
[0 3
1 -1
P =
,1 1]
Therefore
9 1 r -1
- = 1 -1 1 0 1 -1
0 oY= .
o 10 1 1 0 z _1 1
And
o 1 4k ky -1
11—0 @ _ 1 -1 2 1 -1
- = 1 1 0 - 1 1
10 10 ] ] 5

Il
_ =
—_ |
—_
(e} —
—_
(SR
S~~—— o
B
r
S
—
_ =
—_ |
—_
| S
|
Jay

k
As k — oo the term (%) — 0. Hence in the limit the above becomes
ko . -1
B 111 0off1 -1
1 1 oo 1
) 1-1
B 1 -1
1 o1 1

sl-sle
—_

sSles|=

lim [
k—o0

—_

—_
e

—_
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-1 T 11
- 1 -1 1 1 -z
But = ! =1 =| 2 % |. The above becomes
1 -1 1 1 2l -1 1 -= =
det 2 2
1 1
9 1 9% F1 1
lm| © 1 Loy 3 3
dmp Y= oA
10 10 ! L2 2
11
=111
L 2 2
Therefore
X = A%,
1 = lim A*
fim i = Jim 4%
11 Co
SERA
L2 2 0
71C0+150
i +1s
[ 2%0F 290 |
1
=(Co+50)| %
2 |

This means in long term each city will have half of the initial total population.

2.8.8 Additional problem 1

Solution

2.8.8.1 Part (a)

To show A is similar to itself, we need to show there exist P, such that A = PAP~!, where P is
matrix whose columns are linearly independent and hence invertible. Let P = I (the identity
matrix of same size as A). Hence A = [AI"!. Since (a) I has linearly independent columns
(basis vectors) and (b) I is clearly invertible and (c) A = IAI! is true: Post multiplying both
sides by I gives AI"? = JA. But AI"! = Al and IA = AI which means Al = Al or A = A which
is true.

2.8.8.2 Part (b)

We are given that

A = PBP™! (1)
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We need to show that B = PAP~!. Starting with (1) given relation, and post multiplying both
sides by P gives

AP = PBP™'P
AP =PB

Since PP = I. pre multiplying both sides by P! gives

PAP=B
P'AP=B

Let P~! = Q. Then the above can also be written as

B = QAQ™!
Hence B is similar to A.
2.8.8.3 Part (c)
We are given that
A = PBP! 1)
And that
B=QCQ™ (2)

We need to show that A = VCV~! for some invertible matrix V. Substituting (2) into (1)
gives

A=P(QCQ )Pt
= (PQ)C(Q'PY)
But Q"1P~! = (PQ)™*. The above becomes
A = (PQ)IC(QP)™
Let PQ = V. The above becomes

A=vCv-1
Hence A is similar to C.
2.8.9 Additional problem 2
Solution
Yi’l = Anfo

Rl
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2.8.9.1 Part (a)

To find eigenvalues and eigenvectors of A.

[ o

The first step is to determine the characteristic polynomial of the matrix in order to find
the eigenvalues of the matrix A. This is given by

det(A — AI) = 0
11| 10
det -A =0
1ol o)
[1-1 1
det =0
1 —A
A2-1-1=0

The eigenvalues are the roots of the above characteristic polynomial. Using the quadratic

formula)\:;—sii\/bz—élac:%i%w/(—l)z—él(—l :%i%\/1+ zéi%\/g.Hence

Y
i

I

+

>
N
|

N‘&“\J‘él

NI = NI -

This table summarizes the result

eigenvalue | algebraic multiplicity | type of eigenvalue
1 V5 .

5+ ? 1 real eigenvalue

1 5 .

S 1 real eigenvalue

For each eigenvalue A found above, we now find the corresponding eigenvector.

R
/\—E+T
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We need now to determine the eigenvector v where

AT =AY
AB-A3=0
(A-AB=0
11| (1 V51 oo |_[0]
1ol 2 2)Jo1]]|w]| [0
[[1 1] LS 0 Je] o]
10 LB o] |0
L 0 2+2_‘2’ N -
v -
272 ! u |
1 _l_ﬁ (%]
2 2 N -

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

1 45
5T 5 1\/_ 0
1 5
1 ST 0
R 1V
R2:R2— 1 — lz 2 1 0]
0 00

1
2
Therefore the system in Echelon form is

S AN

The free variables are {v,} and the leading variables are {v;}. Let v, = t. Now we start back

- . . 1 A5\ 1-v5 2 2
substitution. First row gives (E - 7)01 = —t. Hence v =—t.orv; = —1_\/§t or vy = —\/__1 t.
2(V5+1 2(V5+1
Oro; = (\/5(—1)(\/§)+1)t = ( 1 )t = \/§2+1 t. Hence the solution is

Mk

Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as
o V5+1
=t 2
02 1

Or, by letting ¢ =1 then the eigenvector is

7]
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Which can be normalized to

We need now to determine the eigenvector ¥ where

AB = A3

AG- A5 =0

(A- A3 =0
1 1] (1 VB 1 of)ou | [O]
1ol \2 2)jo1|)lo]| [0]
11] [2-L 0 |[e ] [o]
10 0 - ||fw]| |0
2 2 1" - N
1B SR

E+T 1 (4] _ 0

1 ﬁ_l (%) 0

2 2 1" - N

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

1,45
5 1
1 - 3 0
1,45
R =Ry = e = [5+7 ; 0]
54_? 0 00

Therefore the system in Echelon form is

0 0|l o2 0

The free variables are {v,} and the leading variables are {v;}. Let v, = t. Now we start back
) [ -2(1-5)
1+V5  (1+45)(1-v5)

- . . 1+5
substitution. First row gives (+T‘/_)vl =—-torv =

2(1-v5)t  (1-v5)t
v = (_4\/_) = ( ;/_) Hence the solution is

t which simplifies to
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Since there is one free Variable, we have found one eigenvector associated with this eigen-
value. The above can be written as

Or, by letting t =1 then the eigenvector is

o] [

| 2] | 1

Which can be normalized to ) o i
(4] 1- \/g

»Uz_ | 2

The following table summarizes the result found above.

A algebraic geometric | defective associated

multiplicity | multiplicity | eigenvalue? | eigenvectors

[ 1+5 ]

SACH 1 No V5
2 2

- [ 1-+5 |

L AN Y 1 No V5
2 2

2.8.9.2 Part(b)

Since the matrix is not defective, then it is diagonalizable. Let P the matrix whose columns
are the eigenvectors found, and let D be diagonal matrix with the eigenvalues at its diagonal.
Then we can write

A =PDP!
Where
1+ \/5 0
D = 2 1- \/5
L 0 2
p_|1+V5 1-45
2 2
Therefore
1++5 -1
11| [1+v5 1-45 || == 0 [[1++5 1-+5
10| | 2 2 g ¥ 2 2
2
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And now we can write

[1 1]" (1445 1-45 ]| 25 o

10 2 2 || o ¥

n

[1+\/§ 1—\/5}_1

2 2

2

[1++5 1—\/§'r(¥)n 0 [1+«/§ 1—\/3}_1

2 2 |l o (1—% 2 2

Using hint, let 1+2\/5 = ¢ =~ 1.61803 and # =1- ¢ = -0.61803. The above becomes

HHE ) L Fl]

2.8.9.3 Part (c)

Since

?C)n = An?()

il

Then using result from part b, we can now write

?n = AnjC)o

JE M b I
[ 299" 2(1-9)(1-¢)" H 2 2(1-¢) rH

| 2¢" 2(1 - (p)n

+1

B [ 2(Pn+l 2(1 _(p)n
| 20" 2l-g)

1)
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But

Hence (1) becomes

n+1

- 1| 2 2(1-9)
CAp-2| 20n 21-g)

1 ¢o-1|[1

-1 @ 0
1 [ 2¢n+1 _ 2(1 _ qo)n+1 Z(p(l _ q0)”“ _ 2¢n+1 + 2q0n+2
dp-2| 20" -2(1-9)  29(1-¢) -2¢" + 299"

: n+1

1 291 -2(1-¢)
4p=2| 20" -2(1-¢)"
1 —g0n+1 B (1 B (p)n+1

- n

201 gt =(1-9)

g

¢ (1-¢)

fn= 291
_1.61803" - (=0.61803)"
T 2(1.61803) -1
_ 1.61803" — (<0.61803)"
- 2.2361
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Check: we see from problem statement that f, = 0,f; =1, f1, = 144. Let us check the

formula above for £,

o2 (1 ~ @)12
20 -1

(1+v3)12_(1_1+v5)

2 2

f12:

12

14445
G

=144

Verified OK.
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2.8.10 key solution for HW8

HOMEWORK 8 — SOLUTIONS
These solutions demonstrate one way to approach each of the homework problems. In many

cases, there are other correct solutions. If you would like to discuss alternative solutions or
the grading of your assignment, please see me during office hours or send me an email.

Textbook Problems:

6.2.7 We have A = {g __130} . First, we compute eigenvalues.
6—-XA —10
det(A—/\[)fdet[ 9 _3_)\}
=(6-XN)(-3-X)+20
=M -3\+2
=A-1DH(A-2)

For A\; =1, we have
5 —10 1 -2
A Al iy
So we have eigenvector v = (2, 1).

For \y = 2, we have

4 -10 2 =5
aar=y -7

So we have eigenvector Uy = (5,2).

We have 2 distinct eigenvalues, so A is diagonalizable. The diagonalization is
A2 8]t 02 5]
{1 o2]10 2] |1 2
6.2.15 First, we compute eigenvalues.

3—A -3 1
det(A—A)=det| 2 —-2—-X 1

0 0 1-—A
— (1- ) det {%A _;ﬁ@
=1-=X[B=X(-2-X)+6]

=(1=MNN =) == A-1)?
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For A\ = 0, we have

3 =31 1 -1 0
A-0I=1{2 -2 1| = |0 O 1
0 0 1 0 0 0
So we have eigenvector 7 = (1,1,0).
For Ay =1, we have
2 =31 2 =31
A-I=1(2 -3 1| —- |0 0 O
0 0 O 0 0 0

So we have basis for the eigenspace {(3,2,0), (1,0,—2)}.

We have one dimension 1 eigenspace and one dimension 2 eigenspace, so A is diago-
nalizable. The diagonalization is

13 1700013 171"
A=112 ollo1ol|1 2 o
00 —2|1]oo0 1]fo0 =2

6.2.19 First, we compute eigenvalues.

1-x 1 -1
det(A—AI)=det | —2 4—X\ -1
4 41—

4 -\ -1 -2 -1 -2 4-A
1—A det[ 4 1_)\}—det[ 1_)\}—det[_4 4 }

For A\ = 1, we have

0 1 —-1 -2 3 -1
A-I=|-2 3 1| =0 1 -1
-4 4 0 0 0 0

So we have eigenvector v; = (1,1, 1).
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For Ay = 2, we have

-1 1 -1 -1 1 -1
A-2[=1|-2 2 —-1|—= {0 0 1
-4 4 -1 0 0

So we have eigenvector v, = (1, 1,0)

For \3 = 3, we have

-2 1 -1 -2 1 -1
A-3[=|-2 1 -1 —= 1|0 1 O
-4 4 =2 0 0 O

So we have eigenvector U5 = (1,0, —2).
We have 3 distinct eigenvalues, so A is diagonalizable. The diagonalization is
11 1Jftoolft1 17"
A=(1 1 0 02011 0
10 =20 0 3[ |1 0 —2

6.3.7 We need to diagonalize first. So, we compute eigenvalues:

1-Xx 3 0
det(A—X)=det| 0O 2—X 0
0 0 2-=2A

=1-N2-MN2-2N)

For A\ = 1, we have

030 010
A-I=1(01 0] =10 0 1
0 01 0 00
So we have eigenvector 7, = (1,0,0).
For Ay = 2, we have
-1 3 0
A-2I=(0 00
0 00

A basis for the eigenspace is {(3,1,0),(0,0,1)}.

So we can diagonalize A as

1
A=PDP'= |0
0

O = W
_ o O
O O =
O N O
[\l el an)
O O =
O = W
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We compute the inverse of P:
130100 1001 -3 0
010010 =2 90100 1 0
001001 0010 0 1
Now A° = PD°P~! so
13 011 o o0]°[1 3 0]"
A=1o10llo20 [010
00 1] 002 [001
13 0]t 0 0]t =3 0
— 10 1 0[f0o32 ollo 1 0
00 1] [0 0 32][0 0 1
[1 96 011t =3 0
—10 32 oo 1 0
0 0 32/ |0 0 1
1 93 0]
— 10 32 0
0 0 32

6.3.13 To diagonalize, first we compute eigenvalues.

1-x -1 1
det(A—A)=det | 2 —2—-X 1
4 —4  1-)
—2-X 1 2 1 2 —2-)\
:(I—A)det[ 4 1_)\]+det[4 1_)\}+det[4 4 ]
=1 =N[(-2=AN1=X)+4+2—-2\—4+-8+8+4)
=1 =NN+A+2)+2\ -2
=1 -=NN+A+2-2)

For A\; = 0, we have

1 -1 1 1 -1 1
A-0I=1|2 -2 1| —= |0 0 1
4 —4 1 0 0 O
So we have eigenvector v; = (1,1,0).
For Ay = —1, we have
2 -1 1 2 -1 1
A+I=12 -1 1| = 1|0 1 0
4 —4 2 0 0 O
4
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So we have eigenvector v, = (1,0, —2).

For A3 = 1, we have

0 -1 1 2 =31
A-I=12 -3 1| - |0 -1 1
4 -4 0 0 0 O

So we have eigenvector U5 = (1,1, 1).

So we can diagonalize A as

1 1 170 o o]t 1 1
A=PDP'=1{1 0 1|0 =1 0|l |1 0 1
0 -2 1|0 0o 1|0 =2 1
We compute the inverse of P:
1 1 1100 1 1 1 1 00
1 0 101 o0of =21 _1 0 -1 10
0 -2 100 1 0 -2 1 0 01
1 0 1 0 1 0]
2Rt g 10 -1 1 0
o o001 2 -2 1]
1 0 0 —2 3 —1]
ZEtRolg 1 0 1 —1 0
(VR o012 -2 1]
Now A = PDYP~1 5o
11 11Jo o o1 1 177!
AP=11 0 1|10 =1 0 1 0 1
0 -2 1/ [0 0 1 0 —2 1]
[1 1 170 0 o] [-2 3 —1]
=11 0 1[0 10/ |1 -1 0
0 -2 1|00 1][2 -2 1]
0o 1 11 [-2 3 -1
=10 o 1|1 =1 0
0 -2 1] |2 -2 1
3 —3 1]
-2 -2 1
0 0 1]
5
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6.3.25 We need to diagonalize A = ['9

1 91)] . First, we find eigenvalues:

det(A — M) = det ['9 I A ]

9—A
=(9-XN(9-A) —.01
=N —18\+.8
=A=-1)(A-.8)

For A\; = 1, we have
-1 1 -1 1
A[_[.l —1 7o 0]
So we have eigenvector 7, = (1, 1).
For \y = .8, we have ) i
d1 1 11
A= 8= [.1 1 7 o 0]
So we have eigenvector U, = (—1, 1).
Our diagonalization is thus
A=PDP™!
=10l =1
“11 1o 4/5]]1 1
Using our 2 x 2 inverse formula, we get P~ = ﬁ {_1 ﬂ, so we have

i i Hl }
{1+(4/5 1—(4/5) ]
T2 |1—(4/5)F 1+ (4/5)F

Now, we can use this to tell us what the population in the city and the suburbs is at
any given time from a starting population of Cy in the city and Sj in the suburbs.

S-S
1[1+(4/5)’f 1(4/5)’1 [CO}
2 [1—(4/5)%F 1+ (4/5)%| | So
1 [Co J_r 00(4/5): + S0 — So(4/5)q
2 |Co — Co(4/5)% + Sy + Sp(4/5)
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As we let k — oo, we have (4/5)¥ — 0. So in the long run,

BRI AR AICEE)

So in the long run, 50% of the total population will live in the city and 50% will live
in the suburbs.

Additional Problems:

1. (a) Let A be an n x n matrix. For our matrix P, we take the n x n identity matrix I.
Note that I is invertible and I=! = I. We have JAI~! = JAI = A, so A is similar
to A.

(b) Suppose that A is similar to B. So there is an invertible matrix P with A = PBP~'.
Multiplying this equation on the left by P~! and on the right by P, we have
P~'AP = B. Since P is invertible, P~! is invertible as well with inverse P. So,
B = (P7Y)A(P~1)~!. Thus B is similar to A.

(¢) Suppose that A is similar to B and B is similar to C'. So there are invertible matrices
P and Q with A= PBP ' and B = QCQ™.

Substituting this expression for B into the first equation, we get A = PQCQ~*P~1.
Since both P and Q) are invertible, P(Q is invertible with inverse Q='P~!. So, we
have A = (PQ)C(PQ)~! and thus A is similar to C.

2. (a) We compute the characteristic polynomial

1 =)\
=1 =N(=0 -1
=-A+A -1
=N-2-1

det(A — ) = det {1_)\ 1]

Applying the quadratic formula, we have

N LEVIHD 14V

2 2
To avoid getting lost in square roots, we will write ¢ = 12—\/5 Notice then that
1—p= —% = 1%6 which will make a lot of our calculations easier. For \; = ¢, we
have the matrix
1= 1 1—¢ 1]
Rl M R )

So we have the eigenvector v} = (1, — 1). For Ay =1 — ¢, we have the matrix

A-(1-p)= ﬁ @il} ~ [g (1)

So we have the eigenvector v, = (1, —¢).

7
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(b) Using what we found in (a), we can write the diagonalization of A:

A=PDP!

| e
p—=1 =] [0 I-p|lp—1 —¢
Using our 2 X 2 matrix inverse formula, we can write
R R I
p—1 —p —p—(~1+¢p) [1-¢ 1
1 —p -1
T 1-2p|1-¢p 1

At this point, it is worthwhile to remember that we have set ¢ = 1+—2‘/5 Using this,
we can simplify ﬁ = —%. So the inverse matrix is more simply

L@il —1¢]_1:¢15 L@fl —11]

Since A" = PD"P~!, we compute

S IS 1 P S
=1 —p] |0 1=¢| |p—-1 —p

17 1] [em 0 © 1
VB le—1 —90] [0 (1—90)”] L@-l —1}
1Ty (1—¢)" H @ 1}
Vo P e —1) (=p)(1—=9)"| [p—1 -1
I T e N O ) L (PR ) ¢ — (1 =) }
VB " e —=1) =l =) (e —1) ¢"(p—1)+e(l—¢)"
I O e () ¢t — (1 =) ]
V5 o= D@ =0l —9)") (-1 +p(l—p)"

At this point, it is useful to remember that 1 — ¢ = —i and p — 1 = i, SO we can
simplify a bit further to get

o L[ ==ttt = (1 =) }
N R ) L )
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Now, we know that ¥, = {f }“] , so this computation tells us that
1 n n
Jo=—72" = (1=¢)")

V5
_

V5

() - (5]

Aside: This is a remarkable formula. For one thing, it should be surprising that this
expression ever yields an integer, let alone that it is an integer for every nonnegative
integer n. The golden ratio ¢ is an irrational number, meaning that it cannot be
expressed as a fraction of two integers. It is quite unusual for expressions involving
irrational numbers to produce rational numbers. It is even more unusual for them
to produce integers.

We should also be surprised that we can compute the 100th Fibonacci number with-
out computing the 99 before it. Ostensibly, I only know that fio0 = foo + fos and
I have to use the rule f,.1 = f, + f._1 many many times before I can apply the
initial values fo = 0 and f; = 1. But with this formula, I can use any calculator to
immediately compute fi19o = 354,224,848,179,261,915,075.
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2.9.1 Problems listing

HOMEWORK 9 - DUE NOVEMBER 12

Homework instructions: Complete the assigned problems on your own paper. Once you
are finished, scan or photograph your work and upload it to Gradescope. When prompted,
tell Gradescope where to find each problem.

You are allowed (and in fact encouraged) to work with other students on homework assign-
ments. If you do that, please indicate on each problem who you worked with. If you use
sources other than your notes, the textbook, and any resources on Canvas for your home-
work, you must indicate the source on each problem. You are not permitted to view, request,
or look for solutions to any of the homework problems from solutions manuals, homework
help websites, online forums, other students, or any other sources.

Textbook Problems:
e §7.1: 8
e §7.2: 1,5, 9, 15, 19, 24, 28
Additional Problems:
1. There is a system of three brine tanks. Tanks 1 and 3 begin with 200 L of fresh water

each and tank 2 begins with 100 L of water and 10 kg of salt.

Water containing 2 kg of salt per liter is pumped into tank 1 at a rate of 15 L/min. The
well-mixed solution is pumped from tank 1 to tank 2 at a rate of 20 L/min, from tank 2
to tank 3 at a rate of 20 L/min, and from tank 3 to tank 1 at a rate of 5 L/min. The
well-mixed solution is pumped out of tank 3 at a rate of 15 L/min.

(a) Draw and label a picture that illustrates this situation

(b) Let z1(t), z2(t), and x3(t) denote the amount of salt (in kilograms) in tanks 1, 2, and
3 respectively after ¢ minutes. Write down differential equations for z}, 4, and 4.

(c) Write the system of differential equations in (b) as a matrix equation

—

7 =Pt)7 + f()

What are the initial conditions #(0)?
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2.9.2 Problem 8, section 7.1

Transform the given differential equations into an equivalent system of first-order differential
equations.

x"+3x"+4x -2y =0
Y’ +2y -3x+y=cost
Solution

There are two second order ODE’s, hence we needs 4 states variables x;, x,, x3, x4, where (it
is better and more standard to use x; notation for all state variables. The book uses x;,y;
which is not optimal. x; will be used here for all state variables)

Xy =X (1)
Xy =x'
X3 =Y
Xy =y
Taking derivatives w.r.t time ¢ gives
xp=x
=X,
xy =x"
= —(3x’ + 4x — Zy)

= —4:X1 - ?)XZ + 2X3

/

X3
4 17
X4

y
X4
y

= —(2]/ —3x +y) + cost
= 3x; —x3 — 2x4 + cost
Or in Matrix form (if needed)
x] 0 1 0 O0fx 0
x§:—4 -3 2 0 Y|, 0
x5 0 0 0 1f{x3 0

Xy 3 0 -1 -2flx4] [cost

¥ = AR+ f()

2.9.3 Problem 1 section 7.2

Verify the product law for differentiation (AB)" = A’B + AB’
o2t

,B(t):[l—t 1+t]
t

312 4P
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Solution

[+ 2r-1
O

1-t 1+t
312 4P
't(6t2 _4f + 1) t(8t3 AR 4ty 1)

(- +2+3)  2(R+t+4)
(613 —4r2 4+ S — 4P + 12 +¢
fﬂ+ﬁ+& #4834+ 442

Taking derivative of each entry w.r.t t gives

(AB)' =

[ 182 -8t +1 323 —1212 + 2t +1 @

A3 + 32+ 3 43 + 312 + 8¢

Now

dt| 3 -
t

(1 2
|32 2

(1 2 |[1-t 1+¢
_3t2 —t72|| 32 483

A0 = i[t 2t1—1]

Hence

A'(HB(t) =

[ 62-t+1 8B +t+1
-3t +312 -3 (312 +3t - 4)

[ 62—t +1 8 4+t+1

2
|-3t3 + 312 -3 317 + 31> — 4t @

And

B =2

1-¢t 1+t
dt

312 48
11
et 1212

A(t)B’(t)——t 2t-1]-1 1
TlE L let 12

Hence

112t -7) #2412~ 12t +1)
| 6- I B +12¢
(1202 — 7t 2488 — 1202 + ¢

| 6- I B +12t

(3)
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Therefore, from (2,3)

[ 62—t +1 8P +1+1
|-3t° +3t2 -3 317 + 31> -4t
(62—t +1)+ (122 -7t) (88 +t+1)+ (248 - 122 + 1)
(-3 + 32 - 3) + (6 - t3) (3t3 + 32 - 4t) + (t3 + 12t)
(182 -8t+1 323 —122 +2t +1
|—4° + 312 + 3 413 + 312 + 8t

A’'B+ AB’ = +

6-1 B +12¢

1202 =7t 2413 — 1212 + t}

(4)

Comparing (1) and (4) shows they are the same. Therefore (AB)’ = A’B + AB’ has been
verified.

2.9.4 Problem 5 section 7.2

Write the given system in the form ¥’ = P(t)x + ]?(t)

x' = 2x + 4y + 3¢
y =5x-y—t
Solution
There are two first order ODE’s, hence we needs 2 states variables x, x,. Let
= x 1)
X2 =Y
Taking derivatives w.r.t time ¢ gives
xp=x'
= 2x + 4y + 3¢'
= 2xq + 4xy + 3¢t

=Y
=5x—y—t?

/

Or in Matrix form

:5x1—x2—t2
PO f®

x| ]2 4x1+3et
(5 1| |-

¥ =P+ f()
3et
—2

kL

Or using book notation

+
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2.9.5 Problem 9 section 7.2
Write the given system in the form X’ = P(t)x + j?(t)

X =3x-4y+z+t

Yy =x-3z+1t

Z=6y-7z+1
Solution

There are three first order ODE’s, hence we needs 3 states variables x;, x,, x3. Let

X; =X 1)
X2 =Y
X3=12
Taking derivatives w.r.t time ¢ gives
xp=x
=3x—-4y+z+t
=3x1 —4x, +x3+ 1t
B=Y
=x-3z+1#
= x; — 3x3 + 12

xy =6y —7z+
:6XZ—7X3+t3
Or in Matrix form
P S
() o
x] 3 4 1]|x t
=11 0 =3|x|+|
x5 [0 6 -7||x] |
¥ =P+ f()
Or using book notation
x' 3 -4 1|[x t
y|I=(1 0 -=3|ly|+ 12
Z| [0 6 -7]|z] |f

2.9.6 Problem 15 section 7.2

First verify that the given vectors are solutions of the given system. Then use the Wronskian
to show that they are linearly independent. Finally, write the general solution of the system
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Solution

The system is
¥(t) = AX 1)

To verify each vector solution, we will check if the LHS is the same as the RHS. The LHS
of (1) is

d i1
G ny_ 4 o
0= e H

= 2¢? !
1

The RHS of (1) is

AZ)2

3 -1],
X
31

_[3 1]a
5 -3 |1]
«3 -1t

5 -3

2
s
2

= 2¢% !
1

= 2%() (3)

_ =

Comparing (1,2) shows they are the same. Now we do the same for the second vector
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solution. The LHS of (1) is

d d |1
G5 n_ 9 o
dtxZ(t) i |5
=272 !
_5_
= —2%,(t) (4)
The RHS of (1) is
2 3 -1],
Xo= X
2 5 _3 2

Il
—
Q1 W
I
W =
e
x
.
a = a1 =

= —2%,(f) ®)

Comparing (4,5) shows they are the same. Both solution vectors verified. The Wronskian is
the determinant of the matrix whose columns are the vectors ¥;(t), %,(t). Hence

— 5(ezte—2t) — o2p2t
eZt 53—2t

=5-1

Since the determinant is not zero (anywhere), then ¥;(t), X,(t) are linearly independent.

The general solution is linear combination of the basis vector solutions. Therefore

X(t) = c1 % (t) + c%y(t)

1 1
+ e
1 5

c1e? + e ]

=%

c1e? + 5cye 2t
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2.9.7 Problem 19 section 7.2

First verify that the given vectors are solutions of the given system. Then use the Wronskian
to show that they are linearly independent. Finally, write the general solution of the system

0 1
X =1 1%
1 0

=l
—_
[l
[N
N
-~
[EE—
— _ O =

l
o =

Solution

The system is
X (t) = AX (1)

To verify each vector solution, we will check if the LHS is the same as the RHS. The LHS
of (1) is

= 2%,(F) (2)
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The RHS of (1) is

1
1
1

1
0
1
[0
=e%|1
1
2
2
2

= 2¢?

= 2%(t) (3)

Comparing (1,2) shows they are the same. Now we do the same for X,(t). The LHS of (1) is

1
d
— 5 = —pt
thZ(t) dte 0
-1
1
= —e_t O
-1
= —X(t) (4)
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The RHS of (1) is

=—'0
-1
= -X(f) ®)

Comparing (4,5) shows they are the same. Now we do the same for ¥3(). The LHS of (1) is

0
d d
_¥ — _pt
dtx3(t) dte 1
-1
0
= —e_t 1
-1
= —X3(t) (6)
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The RHS of (1) is

01 1010
=¢fl1 0 11
1 1 o]
[ 0
=ef[-1
| 1
0
=—f1
-1
= —%3(t) (7)

Comparing (6,7) shows they are the same. All three vectors solutions verified. The Wronskian
is the determinant of the matrix whose columns are the vectors x;(t), X,(t), X3(t). Hence

2t -t
€ € 0 0 ot 2t ot
2t —t | — 2t _ -t
e 0 e =e e

—et et 2t _pt
2t —t —t
et —et —e

— eZt(e—Zt) _ e—t(et _ et)
=1-¢7%0)
=1

Since the determinant is not zero (anywhere), then ¥;(f), ¥,(t), X5(t) are linearly independent.
The general solution is linear combination of the basis vector solutions. Therefore

X(t) = c1%1(F) + cXp(t) + c3X5(t)

1 1 0
=11+ et 0 |+ c5e7| 1
1 -1 -1

c1?t + oyt
= c1e? + czet

c1e?t + coe™t + czet
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2.9.8 Problem 24 section 7.2

Find the particular solution of the indicated linear system that satisfies the given initial
conditions. The system of problem 15.

x1(0) = 0,x,(0) =5
Solution

The general solution is

X(t) = 1% () + c%o(t)

xl(t) _ o 1 ot 1
Lz(t)] =€ , + cpe [5] (1)

At t =0, the above becomes

ol__[1]..[2
=c c
E
—Oq _ C1+0Co
5‘ c1+ 5C2
Two equations with two unknown. From first equation ¢; = —c,. Substituting in the second
equation gives 5 = —c, + 5c, or 4c, = 5. Hence ¢, = Z. Therefore ¢; = —Z.Therefore the

solution that satisfies the initial conditions is, from (1)

o5t

() = () + %,0)
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2.9.9 Problem 28 section 7.2

Find the particular solution of the indicated linear system that satisfies the given initial
conditions. The system of problem 19.

011
X¥=1 0 1[x
1 10
[1
;C)1:€2t1
1
_1-
yz—e_t 0
._1<
,O_
72:€_t 1
__1_

x1(0) =10, x2(0) =12, x3(0) = -1
Solution

The general solution is

X(t) = 1% (t) + c%(t) + c3X5(t)

x1(t) 1 1 0
xy()| = c1?|1| + ce7| 0 |+ cze7| 1 (1)
x3(H) 1 -1 -1
At t =0, the above becomes
[10] 1 1 0
12| =c1|1|+cp) O [ +c3f 1
|1 1 -1 -1
—10— C1+C
12| = c1+ C3
-1] [e1—ca—cs

Therefore

1 1 0][¢] [10
1 0 1fc|=[12 (2)
1 -1 -1)|es] |1
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The augmented system is

1 0 10]
1 0 1 12
1 -1 -1 -1
Ry — Ry, - R4
1 0 10
0o -1 1 2
1 -1 -1 -1
R3 — R3 - R4
1 0 10
-1 1 2
-2 -1 -11
Rs — Ry — 2R,
1 0 10
-1 1 2
0 0 -3 -15

Therefore the system (2) now is

1 1 0] 10
0 -1 1l|le|=]2 (3)
0 0 -3|les] [-15

Last row gives c3 = 5. Second row gives —c, + c3 = 2. Hence —c; =2 -5 = -3 or ¢, = 3. First
row gives ¢; + ¢, = 10. Hence ¢; =10 -3 = 7. Therefore

Cq 7
Cr| = 3
C3 5
Substituting these in (1) gives
xl(t) 1 1 0
x,(t)| = 7e#|1| +3e7t[ 0 |+ 5e7f| 1
x3(t) 1 -1 -1

or
?(t) = ﬁl(t) + 372(t) + 573(1{')
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2.9.10 Additional problem 1

There is a system of three brine tanks. Tanks 1 and 3 begin with 200 L of fresh water each
and tank 2 begins with 100 L of water and 10 kg of salt.

Water containing 2 kg of salt per liter is pumped into tank 1 at a rate of 15 L/min. The
well-mixed solution is pumped from tank 1 to tank 2 at a rate of 20 L/min, from tank 2 to
tank 3 at a rate of 20 L/min, and from tank 3 to tank 1 at a rate of 5 L/min. The well-mixed
solution is pumped out of tank 3 at a rate of 15 L/min.

(a) Draw and label a picture that illustrates this situation. (b) Let x(t), x5(t), x3(t) denote the
amount of salt (in kilograms) in tanks 1, 2, and 3 respectively after t minutes. Write down
differential equations for x{(f), x5(t), x5(t) .(c) Write the system of differential equations in (b)
as a matrix equation X’ = Px + f(t). What are the initial conditions %(0) ?

Solution

29.10.1 Part (a)

5 Liter/Min

alt: £3(t)
l Salt: e

15 Liter/Min 20 Liter/Min 20 Liter/Min
—
salt: /Li " 7 L z(t) Al 2 SN~
salt: 2 kg/Liter Salt: 3 gy Salt: 3
200 L of fresh water 100 L of fresh water 200 L of fresh water
10 Kg salt 15 Liter/Min

Vi(t), 21 (t) Va(t), 2(t) V3(t), z3(t)

2;(t) is mass of salt in tank ¢

It Z3(t)
Salt: Va ()

Figure 2.10: Diagram description of the problem

2.9.10.2 Part (b)

x}(t) = rate of flow in — rate of flow out
3 L kg L \x3(t) (kg L \x(t) (kg
- (sl ()l o (B - PlmmlomlE) o

x5(t) = rate of flow in — rate of flow out

3 L \x(t) (kg ~ L X, (1) g
‘(Zo(ﬁ)vm(f)) (zo(min)vz<t>(L)) @
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And

x3(t) = rate of flow in — rate of flow out
_ (g L) 22) (ke )| _ (15( L) xs®) (k8| _ (5(_L_) () (kg
g o I e o | R

The volume of water at time ¢ is found as follows. V(t) = V(0) + (rate in-rate out)t. Therefore

Vi(t) = vV1(0)(L) + 15+ 5 - 20)(£)t

= 200 + Ot (4)
= 200

And
L
=100 + Of (5)
=100

And

L
V5(t) = V3(0)(L) + (20 =5 — 15)(ﬁ)t
=200 + Ot (6)

=200

We see from the above, that the volume of water in each tank is constant over time. Now,
substituting (4,5,6) into (1,2,3) gives the equations needed.

5 20
F(F) = 30 + ——q — ——
x(f) = 30+ 255%8 ~ 5501

1 1
=30+ —X3 — —=X1 (7)

And

20 20

200"~ 100"
1 2

~ 101072

X(t) =
8)

And

20 15 5

1002200~ 200"
2 1

= 10727 10

x5(t) =
9)
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In summary, the differential equations are
1 1
xj(t) =30 + Ex3(t) - Exl(t)
5(0) = 500) - 1)
5(0) = ) ~ 1510

2.9.10.3 Part (c)

In Matrix form, the solution found in part b is

1 1 7
x1(t) —Iﬁ 02 m x1(t) 30
Xé(t) = o 10 01 Xz(t) +(0
0] 1o = Llne| |o
o 1 o] [30
=— - +

0 2 - _X3(t) 0
X =DP2+ f(h)

The initial conditions are

x1(0) 0
x(0)| = |10{ (kg)
X3(0) 0
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2.9.11 Kkey solution for HW9

HOMEWORK 9 — SOLUTIONS

These solutions demonstrate one way to approach each of the homework problems. In many
cases, there are other correct solutions. If you would like to discuss alternative solutions or
the grading of your assignment, please see me during office hours or send me an email.

Textbook Problems:
7.1.8 Our original differential equations are
2" +32 +4x—2y=0
y" 4+ 2y — 3z +y = cost
We define new functions z; = x, 29 = a’,23 = y, 24 = . Since z” and y” are the
highest derivatives we have, we can stop defining new functions at the first derivatives.
We make the appropriate substitutions, and add additional equations to explicate the
relationships between our newly defined variables.
:v/2+3x2+4z1 —2x3=0
Ty + 2x4 — 331 + T3 = Cost
Ty =14
Ty =1y
Note that the first derivative of each of our functions appears exactly once, which
indicates we have enough equations.

7.2.1 We have A(t) = {ts 2 N 1} and B(t) = {1 —215 L —Zt} . We compute
t : 32 4t
i(AB) _od [t =)+ (2t = 1)3t> t(1+1t) + (2t — )4
dt Codt (1 —¢t)+3t t3(1+t) + 4t2

_d [t — 42+ 66 L7+ 8t — 4
Cdt [Pt 3t Pt A
(1 -8t 4187 142t + 32t3 — 12¢2
CBP—4P 43 3+ 4P 48t

On the other hand, we have
, . |1 2 1—t 1+t t o 2t—1][-1 1
AB AR = {3# 4*2} {31&2 4t3}+[t3 : Hﬁt 12t2]
[ 1—t+62  1+t+883 —Tt+ 1267 ¢+ 24¢% — 12¢
T|3t2 =313 -3 3t2 43t — 4t —t3 46 3+ 12t
[1—8t+ 18t 1+ 2t —12¢% 4 32¢3
T34+ 32 —4t? 8t + 3t + 4t3

A few of the entries need rearranging, but the resulting matrices are indeed equal.

1
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7.2.5 We can rewrite the system as

T 3 —4 1 T t
yl =11 0 =3 |y|+ |
z 0 6 -7 |z 3

7.2.15 & is a solution, since

T is a solution, since

o |1 e [3 1) 1] e[ 2
2 [5 I R ] N -1 R B 10

These solutions are linearly independent, since the Wronskian is

11
2t —2t
e € det |:1 5:| =4

The general solution is

7.2.19 #, is a solution, since

1 01 1] 1 2
2220 11| =e® |1 0 1] |1| =€e* |2
1 1 1 0f |1 2
25 18 a solution, since
(1] (0 1 1] [ 1] [—17
—et =21 0 1| |0 ]| =et
| —1] 11 0] [-1] |1
Z3 is a solution, since
[0 ] 0 1 1] i [0
—e i1l =€e11 01 1| =et|-1
| —1] 11 0] |—1] 1]
2
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These solutions are linearly independent, since the Wronskian is

1 1 0

eefetdet |1 0 1 | =det [01 11] — det E 11]
1 -1 -1
—1-(-2)
=3
The general solution is
1 1 0
Ft)=cre® |1| +ee™ | 0 | +czet | 1
1 -1 -1
7.2.24 Using the general solution we wrote down in problem 15,
5 - 1 1 1 a + Co
) =a M te [5] - [01 + 502]
Given that #(0) = [g} , we have the linear system
11 C1 o 0
1 5 Co o 5
We row reduce
11 0] -ri+r, |1 1 0
155 045
Now we can solve to get ¢o = 5/4 and ¢; = —5/4. The particular solution is thus
T=—7T1+ 722
7.2.28

Using the general solution we wrote down in problem 19,

1 1 0
f(O):Cl 1| +c | 0| +c3| 1
1 —1 —1

Given the initial conditions, we have the linear system

1 1 0 c 10

1 0 1 c| = |12

1 -1 —1] |[cs -1
3
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We row reduce

1 1 0 10 (1 1 0 10
1 0 1 12| 1 o1 2
1 -1 -1 —1] 7o 2 -1 11
(1 1 0 10
“2MatRs oy 9
0 0 -3 —15]
We now solve to get ¢3 = 5, ¢ = 3, and ¢; = 7. The particular solution is thus ¥ =

7% + 375 + 5T5
Additional Problems:

1. The picture below illustrates this system:

Z/—\‘ﬂﬂ

5 L/
| & fin
ZL)L/m:v\. Ze)b/m:m |5 L/m,“,\
Ty — \l

04
Tg.,mk \ Tm\g 7 Tav\,\(— 2
200 L. welter VOO L wete 2o L ekl

Note that each tank has 20 L of water flowing in and 20 L of water flowing out, so all
volumes are constant. We calculate the change in salt as (rate in) * (concentration in) —
(rate out) * (concentration out). This gives us the system of differential equations

T3 T T XT3
30 453 _9ptL _
1 9500 Y200 = 10 T 10

T i) T T
1oL _gp 2 _ 11 _ T2
2700 10 10 5

=202 — 52 _qps T2 T

100 200 200 5 10

The matrix version of this system is

~1/10 0  1/40 30
F=11/10 —-1/5 0 |Z+]0
0 1/5 -1/10 0

4
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Our initial condition is
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2.10.1 Problems listing

HoMEWORK 10 - DUE NOVEMBER 19

Homework instructions: Complete the assigned problems on your own paper. Once you
are finished, scan or photograph your work and upload it to Gradescope. When prompted,
tell Gradescope where to find each problem.

You are allowed (and in fact encouraged) to work with other students on homework assign-
ments. If you do that, please indicate on each problem who you worked with. If you use
sources other than your notes, the textbook, and any resources on Canvas for your home-
work, you must indicate the source on each problem. You are not permitted to view, request,
or look for solutions to any of the homework problems from solutions manuals, homework
help websites, online forums, other students, or any other sources.

Textbook Problems:
e §7.3: 4,6, 8, 18, 38 (do not sketch direction fields or solution curves, do find particular
solutions when asked for)
Additional Problems:
1. Consider the differential equation
2® 4o’ — 22 =0
(a) Transform this into an equivalent system of first-order differential equations.
(b) Write the system from (a) as x’ = Ax (the matrix A should be 3 x 3).
(c) Use the eigenvalue method to solve the system in (b)
(d) Using your solution to (c¢), what is the general solution z(¢) to the given differential
equation?

2. Consider the following system of brine tanks:

There are three tanks. Tank 1 contains 20 L of water, tank 2 contains 30 L of
water, and tank 3 contains 60L of water. Fresh water is pumped into tank 1 at
a rate of 120 L/min. The well-mixed solution is pumped from tank 1 to tank
2, from tank 2 to tank 3, and out of tank 3 all at a rate of 120 L/min.

(a) Draw and label a diagram describing the system

(1)
(b) Let x(t) = |x2(t)| be the vector function of the amount of salt in each tank at time
3(t)
t. Write a differential equation x’ = Ax describing the system.
(¢) Find the general solution to the differential equation you wrote in (b) using the
eigenvalue method

(d) Initially, there is 100 kg of salt in tank 1 and 20 kg of salt in tank 2. Find the
particular solution corresponding to these initial conditions.
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2.10.2 Problem 4, section 7.3

In Problems 1 through 16, apply the eigenvalue method of this section to find a general
solution of the given system. If initial values are given, find also the corresponding particular
solution.

x1(8) = 4xq(t) + x(t)
x5(t) = 6x1(t) — x(t)
Solution
This is a system of linear ODE’s which can be written as

() = AX()

x| |4 1 x1(f)
% | |6 -1 ]| x)
The first step is find the homogeneous solution. We start by finding the eigenvalues of A.

This is done by solving the following equation for the eigenvalues A

det(A - AI) = 0
o132
6 -1 01
det[ ]zO

Which gives the characteristic equation
A2-31-10=0
(A=5)(A+2)=0

Or

Expanding gives

Therefore
4-A 1

6 -1-A

The roots are therefore

Next, the eigenvectors for each eigenvalue are found.

eigenvalue -2

We need to solve A% = AT or (A — AI)3 = 0 which becomes
4 1 1T o) o] |

- (-2) o=
6 -1 01])o| |

6 1 'vl'_'
6 1 _02___

o O o O
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Using first row, and letting v, =1 gives 6v; = —1 or v; = %1. Hence the eigenvector is

S
|
— oL

normalizing the eigenvector gives

eigenvalue 5

We need to solve A% = AT or (A — AI)3 = 0 which becomes
41 1 0o | _[O]
-0 L=
6 -1 01w |0]
1 1o ] [O]
6 6| v | |0
Using first row, and letting v, =1 gives —v; = -1 or v = 1. Hence the eigenvector is

|t

The following table gives a summary of this result. It shows for each eigenvalue the algebraic
multiplicity m, and its geometric multiplicity k and the eigenvectors associated with the
eigenvalue.

If m > k then the eigenvalue is defective which means the number of normal linearly
independent eigenvectors associated with this eigenvalue (called the geometric multiplicity
k) does not equal the algebraic multiplicity 7, and we need to determine an additional m -k
generalized eigenvectors for this eigenvalue.

multiplicity
eigenvalue | algebraic m | geometric k | defective? | eigenvectors

]

5 1 1 No
L 1 .
=

-2 1 1 No
L 6 .

Now that the we found the eigenvalues and associated eigenvectors, we will go over each
eigenvalue and generate the solution basis. The only problem we need to take care of is if
the eigenvalue is defective.
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Since eigenvalue 5 is real and distinct then the corresponding eigenvector solution is

?C)l(t) = eSt 61

A

Since eigenvalue -2 is real and distinct then the corresponding eigenvector solution is

fz(t) = E_Zt 62

Therefore the final solution is
Xp(t) = c1 X1 () + coXa(t)

t 1 -1
)| cret| |+ cpe?
1 6

Which is written as

x5 (t)
Which becomes
x(t) | | e —ce®
Xo(F) c1e%t + 60,72

2.10.3 Problem 6, section 7.3

In Problems 1 through 16, apply the eigenvalue method of this section to find a general
solution of the given system. If initial values are given, find also the corresponding particular
solution.

x1(t) = 9x1(t) + 5x,(t)
x5(t) = —6x1(t) — 2x,(t)

With initial conditions
x1(0) =1,x,(0) =0

Solution

This is a system of linear ODE’s which can be written as

() = AX()

@ | |9 5 || x@®
B® | | -6 -2 || %)

The first step is find the homogeneous solution. We start by finding the eigenvalues of A.
This is done by solving the following equation for the eigenvalues A
det(A-AI) =0
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Expanding gives
det SR A Lo =0
-6 -2 01
det 94 ° =0
-6 -2-A

Which gives the characteristic equation

Therefore

A2-71+12=0
A=-3)(A-4)=0
The roots of the above are therefore
Al = 3
Az = 4

Next, the eigenvectors for each eigenvalue are found.

eigenvalue 3
We need to solve A% = AB or (A — AI)3 = 0 which becomes
9 5 1o\ ] [O
-3) e
6 -2 01|)|v]| [0]
o]
0

6 5 o]
-6 5| v | |

. . . -5 . .
Using first row, and letting v, =1 gives 6v; = -5 or v; = ~ - Hence the eigenvector is

=
vp=| 6
T
Normalizing gives
IR -5
D1 =
1 6

eigenvalue 4

We need to solve A% = AT or (A — AI)3 = 0 which becomes
9 5 1 o[\o | |

- @) e
-6 -2 01wl |

5 5 o] |
6 6| v | |

o O o O
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Using first row, and letting v, =1 gives 5v; = -5 or v; = -1. Hence the eigenvector is

bl

The following table gives a summary of this result. It shows for each eigenvalue the algebraic
multiplicity m, and its geometric multiplicity k and the eigenvectors associated with the
eigenvalue.

If m > k then the eigenvalue is defective which means the number of normal linearly
independent eigenvectors associated with this eigenvalue (called the geometric multiplicity
k) does not equal the algebraic multiplicity 7, and we need to determine an additional m -k
generalized eigenvectors for this eigenvalue.

multiplicity
eigenvalue | algebraic m | geometric k | defective? | eigenvectors

]

4 1 1 No
L 1 A
e

3 1 1 No

6

Now that the we found the eigenvalues and associated eigenvectors, we will go over each
eigenvalue and generate the solution basis. The only problem we need to take care of is if
the eigenvalue is defective.

Since eigenvalue 4 is real and distinct then the corresponding eigenvector solution is

?C)l(t) = 51€4t

Since eigenvalue 3 is real and distinct then the corresponding eigenvector solution is

5(')2(15) = 62€3t

Therefore the final solution is
X(f) = 1% (1) + cXp(t)

[ 1) }: cle‘”[ - +cze3t[ - ]
XZ(t) 1 6

[ x1(f) ] _ [ —cq6% — 5eyedt ] )

x,(t) cre* + 60,03

Which is written as

Which becomes
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Since initial conditions are given, the solution above needs to be updated by solving for the
constants of integrations using the given initial conditions

x1(0) =1
XZ(O) =0

Substituting initial conditions into the above solution at t = 0 gives

1 _ —C1 — 5C2
0 1+ 6C2
Adding first equation to second gives 1 = ¢,. From second equation this gives 0 = c¢; + 6 or

C1:—6

C1:—6

CZZ].

Substituting these constants back in Eq. (1) gives
xi(h) | | 6e* —5e
o) || 66 + 663

2.10.4 Problem 8, section 7.3

In Problems 1 through 16, apply the eigenvalue method of this section to find a general
solution of the given system. If initial values are given, find also the corresponding particular
solution.

x1(t) = x1(t) — 5x,(t)
x5(t) = x1(f) — x2(t)

Solution

This is a system of linear ODE’s which can be written as

() = AX()

xi® | |1 =5 || x1(®)
% | |1 -1 ]| )

The first step is find the homogeneous solution. We start by finding the eigenvalues of A.
This is done by solving the following equation for the eigenvalues A

det(A - A) =0
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Expanding gives

1 -5 10
det -A =0
1 -1 0 1
Therefore
1-A -5
det =0
1 -1-A
Which gives the characteristic equation
A24+4=0
A2 =—-4
Therefore the roots are
/11 = 21
Az = —21

Next, the eigenvectors for each eigenvalue are found.

eigenvalue 2i

We need to solve AT = AT or (A — AI)G = 0 which becomes
1 -5 1 0o | [O]
~ (2i) =
1 -1 01| |0]
1-2i -5 o] [0]
1 -1-2i|[o,| |0

From first row, letting v, =1 then (1 - 2i)v; =50rv; = % = (205 (w25 (14203

Hence
1+ 21

T (1-2)(1+2) ~ 1-42 = 5
- 1
01 = =
! Uy 1

The second eigenvector is complex conjugate of the first. Therefore

o [1-2
Uy = 1

eigenvalue —2i

=1+42i.

The following table gives a summary of this result. It shows for each eigenvalue the algebraic
multiplicity m, and its geometric multiplicity k and the eigenvectors associated with the

eigenvalue.

If m > k then the eigenvalue is defective which means the number of normal linearly
independent eigenvectors associated with this eigenvalue (called the geometric multiplicity
k) does not equal the algebraic multiplicity 7, and we need to determine an additional m —k

generalized eigenvectors for this eigenvalue.
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multiplicity
eigenvalue | algebraic m | geometric k | defective? | eigenvectors
, [ 1+2i ]
2i 1 1 No
L 1 .
, [ 1-2i |
-2i 1 1 No 1

Now that the we found the eigenvalues and associated eigenvectors, we will go over each
eigenvalue and generate the solution basis. The only problem we need to take care of is if
the eigenvalue is defective.

Since eigenvalue 2i is complex, then the corresponding eigenvector solution is
Xy (t) =T
1+2i
1

= g2t

Since eigenvalue —2i is complex, then the corresponding eigenvector solution is

yz(t) = 623_2it

] 172
1

The complex eigenvectors found above, which are complex conjugate of each others, are
now converted to real basis as follows (Using Euler relation that ¢ = cos 6 +isin ).

First we break ¥;(t) into real part and imaginary part (we could also have done this using
X,(t), either one will work.

1+ 21
1

_'%m+zq

X (t) = e

eZit

[ (cos 2t +isin2t)(1 + 2i)
cos 2t + isin 2t

B [ (cos2t +isin2t) + 2i(cos 2t + isin 2t)
cos 2t +isin 2t

3 [ cos2t +isin2f + 2i cos 2t — 2 sin 2t
cos 2t + isin 2t

B [ (cos 2t — 2sin 2t) + i(2 cos 2t + sin 2f) 1)
cos 2t + i(sin 2t)
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Therefore, using

%)(t) = Re(%(1))
%(t) = Im(¥, (1))

From (1) this gives

N [ cos2t—2sin2t |
xq(t) =
| cos 2t ]
N [ 2cos2t+sin2t |
Xo(t) = .
sin 2¢

The final solution becomes
X(t) = c1X1() + X5 (1)

Or
xi(H) | : cos(2t) — 2 sin(2t) e 2 cos(2t) + sin(2t)
Xy (1) B cos(2t) 2 sin(2t)
Hence
x1(t) = c1 cos(2t) — 2¢; sin(2t) + 2¢, cos(2t) + ¢, sin(2t)
X, (t) = ¢q cos(2t) + ¢, sin(2t)
Or

x1(t) = (c1 + 2cy) cos(2t) + (¢, — 2c4) sin(2f)
X,(t) = c1 cos(2t) + ¢, sin(2t)

2.10.5 Problem 18, section 7.3

In Problems 17 through 25, the eigenvalues of the coefficient matrix can be found by in-
spection and factoring. Apply the eigenvalue method to find a general solution of each
system

xj (1) = x1 + 2xp + 2x3
x5(t) = 2x1 + 7x + X3
Xé(t) = 2x1 + Xy + 7X3

Solution
This is a system of linear ODE’s which can be written as
X'(t) = AX(t)
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Or in matrix form
x1 (1) 1 2
xp(t) |=12 7
x5(t) 21

2 ] x1(#)
T ([ x2(b)
7 11 x3(t)

We start by finding the eigenvalues of A. This is done by solving the following equation for
the eigenvalues A

det(A-AI) =0
Expanding gives
12 2 100
det{| 2 7 1 [-Al0 1 0 [[=0
217 0 01
Or
1-A 2 2
det 2 7-4 1 =0
1 7-A
Expanding along first row gives
7-4 1 2 1 2 7-A
1-2) - +2 =
1 7-A 2 7-7 2 1

A-D(7-1-1)-2Q@7 -1)-2)+2Q2-27 - 1)) =0
A-NT-A)P=(1-A)-4T-A)+4+4-47-1)=0
A-AN)T7-A)>-1+A1-28+41+8-28+41 =0
(1-A)7=-21)*+914-49 =0
(1-2A)(A2-141 +49) +91-49 =0
—A3+1512 - 631 +49+91-49 =0
~A3+15A2 - 631 +91 =0

—A%3+1502 =541 = 0

A3 —15)2 + 541 = 0

A(A2-151+54) =0

AA=6)(A=9) =0

Therefore the roots are

Next, the eigenvectors for each eigenvalue are found.
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eigenvalue 0

We need to solve AB = AB or (A — AI)3 = 0 which becomes

122 10 0No| [0]
2 71(-0010]||lv]|=]|0
217 001 )los]| [0]
122w ] [O]
2 7 1||w|=]0
21 7| o] |0]

We now apply forward elimination to solve for the eigenvector ¥. The augmented matrix is

1220
2710
2170
210
R2:R2—2R1:> 0 3 3|0
1 7
2 210
R3:R3—2R1: 0 3 3|0
-3 3|0
2 2
R3 = R3 + Rz - 0 3 -3/0
0 0
The system in Echelon form is
2 2 01 0
-3 Uy | = 0
0 0 || us 0

The free variable is v; and the leading variables are {v,v,}. Let v; = t. Now we start back
substitution. Solving the above equations for the leading variables in terms of free variables
gives v; = —4t,v, = t. Hence the solution is

0, 4t 4
?))1 =1 0 | = t =f 1
U3 t 1
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Letting t =1 the eigenvector is

el
I

eigenvalue 6

We need to solve AT = AT or (A — AI)G = 0 which becomes

1 2 2 1 00

2 7 1|-06[0 10

217 0 01
-5 2
2 1
2 1

.
1
1 A

_01_

(%)}

| U3 |

01

(%)}

| U3 |

o O O O o O

We now apply forward elimination to solve for the eigenvector 7. The augmented matrix is

-5 2 210
2 1 1|0
2 1 1]0
5

2R,
R2:R2+?:> 0
_2
-5

2R,
R3:R3+?: 0
-5

R3:R3—R2: 0

The system in Echelon form is

-5 2 2 01
9 9

0 g g (%)

0 0 (%]

=yl N

aloul o N

S wIe N

= gl N

aloul e N

S daive N

The free variable is v; and the leading variables are {v,v,}. Let v3 = . Now we start back
substitution. Solving the above equations for the leading variables in terms of the free
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variable gives equations v; = 0,0, = —t. Hence the eigenvector is

(4] 0
Uy=| v, |=| —t
U3 t
Letting t =1 the eigenvector is
0
Ty =1 -1
1

eigenvalue 9

We need to solve A% = AB or (A — AI)3 = 0 which becomes

1 2 2 10

27 11-90 1

217 00
-8 2
2 -2
2 1

ON[oi ] [O]
0 v, | =0
1 [J)los| [0]
2 /v ] [O]
1 v, | =0
-2 lovs] |10

We now apply forward elimination to solve for the eigenvector 7. The augmented matrix is

-8 2 210
2 -2 10
2 1 =20
< 8 2 2 (0]
_ b | 303
Rz = R2 + 1 - 0 2 2 0
2 1 20|
-8 2 2|0
Ry 3
R3 = R3 + — = 0 - - O
4 2 2
2 210
-8 2 210
Ry=R;+R;=> |0 -2 2|0
0 0
Therefore the system in Echelon form is
8 2 2| v 0|
0 = 2 |lel|=]0
0 0 0][vs 0 |
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The free variable is v3 and the leading variables are {v;,v,}. Let v3 = t. Now we start back
substitution. Solving the above equations for the leading variables in terms of the free

. . . t . .
variable gives equations v; = -,v, = t. Hence the eigenvector is

t 1
% 2 2
?7)3 =1 0 | = t =t 1
U3 t 1
Letting t =1 the normalized eigenvector is
1
7))3 =|2
2

The following table gives a summary of this result. It shows for each eigenvalue the algebraic
multiplicity m, and its geometric multiplicity k and the eigenvectors associated with the
eigenvalue.

If m > k then the eigenvalue is defective which means the number of normal linearly
independent eigenvectors associated with this eigenvalue (called the geometric multiplicity
k) does not equal the algebraic multiplicity 7, and we need to determine an additional m -k
generalized eigenvectors for this eigenvalue.

multiplicity
eigenvalue | algebraic m | geometric k | defective? | eigenvectors

e

0 1 1 No 1
L 1 _
o |

6 1 1 No -1
L 1 |

1

9 1 1 No 2
2

Now that the we found the eigenvalues and associated eigenvectors, we will go over each
eigenvalue and generate the solution basis. Since eigenvalue 0 is real and distinct then the
corresponding eigenvector solution is

?C)l(t) = ?))180
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Since eigenvalue 6 is real and distinct then the corresponding eigenvector solution is

Xo(t) = Tpe®

Since eigenvalue 9 is real and distinct then the corresponding eigenvector solution is

73(15) = ?))3891L

=e% 2
2
Therefore the final solution is
Xp(t) = c1 X1 () + caXa(t) + c3¥5(t)

Which is written as

X1 (t) —4 0 1
() |=ci| 1 [+ -1 | +c3e®| 2
X3(t) 1 1 2

x1(t) = —4cy + cze™
xp(t) = ¢ — cpe® + 2c5e%
X3(t) =C + C2€6t + 2C3€9t

2.10.6 Problem 38, section 7.3

For each matrix A given in Problems 38 through 40, the zeros in the matrix make its
characteristic polynomial easy to calculate. Find the general solution of ¥'(t) = AX(t)

1 000

2200
A=

0 330

0 0 4 4

Solution
This is a system of linear ODE’s which can be written as
X(t) = AX(t)
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Or

x1(t)

X(t)

x3(t)

x4(t)

We start by finding the eigenvalues of A. This is done by solving the following equation for
the eigenvalues A

x1(t) 1
x5 (F) 2
x5(t) 0
x5 (1) 0

S W N O
=~ W o O
=~ © O O

det(A-AI) =0
Expanding gives

det

o o N =
S W N O
= W O O
- O © O
o o = O
o = O O

Therefore
1-A 0 0 0

2 2-A 0 0
0 3 3-4 0
0 0 4 4-A

Since this is a lower triangular matrix, then the determinant is the product of the entries

on the diagonal Hence the characteristic equation is
1-1H2-1)B-A)4-1)=0

Therefore the roots are

Next, the eigenvectors for each eigenvalue are found.

eigenvalue 1
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We need to solve A% = AB or (A — AI)3 = 0 which becomes

1000 100 0o ] [O]
2200_(1)0100 v | _ |0
0330 001 01| v 0
00 4 4 000 1]|)]oa]| |0O]
000 O0|wv] [O]
2100 |0
0320wl |o
0043 o] |[0]

We now apply forward elimination to solve for the eigenvector ¥. The augmented matrix is

0 00O0|0
21000
032010
0 04 3|0

current pivot A(1,1) is zero. Hence we need to replace current pivot row with non-zero row.
Replacing row 1 with row 2 gives

S O O DN
S W o =
= N © O
W o o O
o o © O

current pivot A(2,2) is zero. Hence we need to replace current pivot row with non-zero row.
Replacing row 2 with row 3 gives

S O O DN
o O W =
= o N O
W o o O
o o © O

current pivot A(3,3) is zero. Hence we need to replace current pivot row with non-zero row.
Replacing row 3 with row 4 gives

S O O DN
o O W =
S = N O
S W o O
o O©O © O
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Therefore the system is now in Echelon form

01
(%}

U3

o O o PN

S O W

S = N O

oS W o O
|

o O © O

(2

The free variable is v, and the leading variables are {vy,v,,v3}. Let vy = f. Now we start
back substitution. Solving the above equations for the leading variables in terms of the free

variable gives equations v, = —i,vz = 5,03 = —%. Hence the solution is
. t 1
o | | £ Y
=l % |={ %
v 1 1
U4 t 1

By letting t =1 the eigenvector is

01 -
v i
) -
=| %
O3 ~1
(o 1
Normalizing gives
-1
5|2
) =
-3
4

eigenvalue 2
We need to solve A% = AT or (A — AI)3 = 0 which becomes

o,
(%)

-

U3

S O N =
S W N O
B~ W O O
= O © O
o O O =
o o = O
o = O O
- o O O

[ U4 |
01

(%)}

SN

U3

O O O O O o o O

S W o O
=~ = o O
N © O O

| U4 ]
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We now apply forward elimination to solve for the eigenvector 7. The augmented matrix is

-1 0 0 0(0
0 000
3100
0 4 2|0
-1 0 0 00
Ry =Ry +2R; = 000070
0 310]0
0 0 4 2|0

current pivot A(2,2) is zero. Hence we need to replace current pivot row with a non-zero
row. Replacing row 2 with row 3 gives

-1

o O W o
=~ © = O
N © O O
o © O O

0
0
0

current pivot A(3,3) is still zero. Hence we need to replace current pivot row with non-zero
row. Replacing row 3 with row 4 gives

-1 00 0|0

3100

0420

0 0000

The system is now in Echelon form. Hence

-1 0 0 0 »n 0
31 0w | |0
04 2|o]| |0
0 0 0 0] vy 0

The free variable is v, and the leading variables are {v;,v,,v3}. Let v, = t. Now we start back
substitution. Solving the above equations for the leading variables in terms of free variable

. . t t L
gives equations v; = 0,0, = £,v3 = —7. Hence the solution is

01 0 0
" ¢ 1
) ! 2
5 =] 6 ;| =t 61
3 2 2
U4 t 1
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Letting t =1 the eigenvector is

Normalizing gives

eigenvalue 3

We need to solve AT = AT or (A — AI)G = 0 which becomes

S O N =
S W N O
=~ W o O

=~ © O O

01
Un
U3

U4

- )

o o o =

o = O O

0
1
0
0
0

-1
3
0

s © © O

_ o O O

_ o O O

rvl-

| U4 ]

01

Il 94 |

(%)}

U3

(%)

U3

o O ©O O O o o O

We now apply forward elimination to solve for the eigenvector 7. The augmented matrix is

-2 0
2 -1
0 3
0 0

R3:R3+3R2:>

0 0]0
0 0]0
0 0]0
4 11]0
-2 0
0 -1
0 3
0 O
-2 0
0 -1
0 0
0 0

= O O O

=~ © O O

_ o O O
o o O O

_ o O O
S o o O
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current pivot A(3,3) is zero. Hence we need to replace current pivot row with non-zero row.
Replacing row 3 with row 4 gives

-2 0 000

0 -1 0 0|0

0 0 4 1|0

0O 0 0 O0/0

The system is now in Echelon form. Hence

-2 0 0 0| v 0
0 -1 0 0fo| |0
0 0 4 1]w]| |0
0 0 0 0| vg 0

The free variable is v, and the leading variables are {v;,v,,v;}. Let v, = t. Now we start back
substitution. Solving the above equations for the leading variables in terms of free variable

. . t .
gives equations v; = 0,v, = 0,03 = -7 Hence the solution is

(4] 0 0
(%] 0 0
= + =t 1
Y 4 4
() t 1
By letting t =1 the eigenvector is
U1
(%] 0
= 1
[%] 1
(2 1
Normalizing gives
0
R 0
Vs =
Tl
4

eigenvalue 4

251



2.10. HW 10 CHAPTER 2. HWS

We need to solve A% = AB or (A — AI)3 = 0 which becomes

1000 100 0No ] JO]
2200_(4)0100 v |_|0
0330 001 0| o 0
00 4 4 000 1) v [O]
3 0 0 0o, ] [0O]
2 20 vn| |0
0 3 -1 0w |oO
0 0 4 0] v |[0]

We now apply forward elimination to solve for the eigenvector 7. The augmented matrix is

-3 0 0 0]0
2 -2 0|0
0 3 -1 0|0
0 0 4 0|0
-3 0 0 0/0]
2R, 0 2 0 0]0
Ry=Ry+ — =
3 0 3 -1 0|0
0 0 4 0|0 |
-3 0 00
R3:R3+& _ 0 -2 0 00
2 0 -1 0|0
0 4 00
-3 0 0]0
Ry=Ry+4Rs= | 019
0 0 -1 0|0
0 0 0]0
Therefore the system in Echelon form is
-3 0 0 0] n 0
0 -2 0 O0ffo| |O
0 0 -1 0flog]| |0
0 0 0 0] vy 0

The free variable is v, and the leading variables are {vy,v,,v3}. Let vy = f. Now we start
back substitution. Solving the above equations for the leading variables in terms of the free
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variable gives equations v; = 0,v, = 0,03 = 0. Hence the solution is

U1 0 0
U2 | _ 0 _ 0
Us 0 0
(o t 1
Letting t =1 the eigenvector is
0
IR 0
Uy = 0
1

The following table gives a summary of this result. It shows for each eigenvalue the algebraic
multiplicity m, and its geometric multiplicity k and the eigenvectors associated with the
eigenvalue.

If m > k then the eigenvalue is defective which means the number of normal linearly
independent eigenvectors associated with this eigenvalue (called the geometric multiplicity
k) does not equal the algebraic multiplicity 7, and we need to determine an additional m -k
generalized eigenvectors for this eigenvalue.

multiplicity
eigenvalue | algebraic m | geometric k | defective? | eigenvectors
=N
2
1 1 1 No
-3
4
0
1
2 1 1 No
-3
6
0
0
3 1 1 No
-1
- 4 .
0
0
4 1 1 No
0
1

Now that the we found the eigenvalues and associated eigenvectors, we will go over each
eigenvalue and generate the solution basis.
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Since eigenvalue 1 is real and distinct then the corresponding eigenvector solution is
-1
?C)l(t) = 61€t =¢f

4

Since eigenvalue 2 is real and distinct then the corresponding eigenvector solution is

0

Xy (t) = Tpe?t =
2(t) =0, 3
6

Since eigenvalue 3 is real and distinct then the corresponding eigenvector solution is

0

3t _ Bt
-1

4

?3(15) = 636

Since eigenvalue 4 is real and distinct then the corresponding eigenvector solution is

74(1') = 64€4t = €4t

_ o O O

Therefore the final solution is
Xp(t) = c1X1(t) + coXp(t) + caX3(t) + caXa(t)

Which is written as

() 1 0 0 0
t 2 1 0 0
() | _ cret + cpe?t + c5e%t + cyet
xa(t) -3 -3 1 0
x4(t) 4 6 4 1
Or
x1(t) = —cqet

Xo(t) = 2c1et + cpe?t
x3(t) = =3ciet — 3cpe? — cae
x4(t) = 4cqet + 60,67 + 4 + ot
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2.10.7 Additional problem 1

Consider the differential equation x”’(t) + x”(t) — 2x’(t) = 0.
equivalent system of first-order differential equations. (b) Write the system from (a) as
X'(t) = AX(t) (the matrix A should be 3 x 3). (c) Use the eigenvalue method to solve the
system. (d) Using your solution to (c), what is the general solution x(f) to the given differential

equation?

Solution

2.10.7.1 Part (a)

Since this is a third order ODE, we need three state variables. Let

Taking derivatives of the above gives

Therefore the equations are

2.10.7.2 Part (b)

The equations in part (a) in matrix fo
X
X3
X3

2.10.7.3 Part (c)

We start by finding the eigenvalues of
the eigenvalues A

X1 =X
)
Xy =X

x3=x"

=-x"+2x

= —X3 + ZXZ

Xp =%
Xy = X3

/
X3 = 2Xxp — X3

rm are
01 0]x
=lo 0 1]|x,
0 2 -1 X3

A. This is done by solving the following equation for

det(A — AI) = 0

CHAPTER 2. HWS

(a) Transform this into an
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Expanding gives
01 0 1 00
det{{0 0 1(-Aj0 1 O
02 -1 0 01

Therefore
-A 1 0
detf|0 -A 1 =0
0 2 -1-4
Expansion along first column gives
-A 1 |
T2 a-a|

-MEEA)(-1-1)-2)=0
—A@?+A—2)=o
“AA+2)(A-1)=0

=0

Hence the roots are A; = 0,1, = -2, A3 = 1. For each eigenvalue we find the corresponding

eigenvector.

A=0

We need now to determine the eigenvector U where

(A-AD)B =

01

(%)

= o O

0
1 [-(0)
-1 |
0
1

(%)}

F———— o o o
©C 0O U o -

- o0 O © o

Uy

|
S O ©O o o oo o o -
N ©O P, o o o o rFr o

| U3 |

_Ul_

| U3 |

,Ul_

—1__7)3_

O O O O O o o o o

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented

matrix is
0
1

o O O
N © =
o O O
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2.10. HW 10
01 0
R3 = R3 - 2R1 = (0 0 1
0 0 -1
10
R3 = R3 + Rz = [0 0 1
000
Therefore the system in Echelon form is
01 0] 0 |
0 01 v, |=]0
0 0 0|[ vs 0 |

o o O

The free variable is v; and the leading variables are {v,,v3}. Let v; = t. Now we start back
substitution. Solving the above equations for the leading variables in terms of free variable

gives equations v, = 0,v;3 = 0. Hence the solution is

U1 t 1
v, =10 |=¢t 0
U3 0 0
Letting t =1 the eigenvector is
1
v=1]0
0

A==-2

We need now to determine the eigenvector U where

o O O O o O

O O O O O o O o o
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We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

2100
0210
0210
2 1 00
R3 = R3 - R2 = (0 2 1|0
0 0 0]0
Therefore the system in Echelon form is
210 0 0
02 1fov|[=]|0
0 0 0] vs 0

The free variable is v; and the leading variables are {v;,v,}. Let v3 = t. Now we start back
substitution. Solving the above equations for the leading variables in terms of free variable
gives equations v; = ;1’02 = —é. Hence the solution is

o t 1
. ! 2
_ 4 _ 4
2 =3 |TH
O3 t 1
Letting t =1 the eigenvector is
1
o 4
Uy = _E
1
Which can be normalized to
(4] 1
(%) = -2
(%] 4

N
Il
—_
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We need now to determine the eigenvector v where
AT =AY
AB- A% =0

-

(A-ADB =0

——~ o o o
D N
oo Rr oo~
o~ o o R~ o

e}
N
|
N

_ o P O o = o o

_vl

%}

(%)

Ua

| U3 ]

01

| U3 ]

_vl_

o O O O O o O o o

| U3 |

We will now do Gaussian elimination in order to solve for the eigenvector. The augmented
matrix is

-1 1 010
0 -1 1|0
0 2 -2|0
-1 1 0|0
Ry=R3+2R, = [0 -1 1|0
0 0 00
Therefore the system in Echelon form is
-1 1 0| v 0
0 -1 1 (v |=]0
0 0 0]f v 0

The free variable is v; and the leading variables are {v1,v,}. Let v; = t. Now we start back
substitution. Solving the above equations for the leading variables in terms of the free
variable gives equations v, = t,v, = . Hence the solution is

4] t 1
o l=|t]|=41
U3 t 1
Letting t =1 the eigenvector is
1
d3=|1
1
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The following table summarizes the result found above.
A | algebraic geometric | defective associated
multiplicity | multiplicity | eigenvalue? | eigenvectors
[ 1
0 |1 1 No 0
| 0
[ 1
-2 |1 1 No -2
| 4
[ 1
1 |1 1 No 1
| 1
Now that we found the eigenvectors, then the solution is
X(t) = c1%(F) + ca%a(t) + caX3(t)
= 1MIT () + 21Ty (F) + c3e™31T5(t)
1 1 1
=c¢| 0 |+ce?| =2 [+csef| 1 (1)
0 4 1

x1(t) = ¢ + e + cget
xXp(t) = —2cpe7% + cqet

x5(t) = depe™ + cqet

2.10.7.4 Part (d)

From the solution we found in part(c), which is the general solution in vector form, this part
is asking what is the solution to x”’(t) + x”’(t) — 2x’(t) = 0. Since the solution to this ode is
x(t), and this is the same as x(f), then the solution to the ODE is

x() = c1 + cpe7? + st

Which is the first row in the vector solution found in part(c).

2.10.8 Additional problem 2

Consider the following system of brine tanks: There are three tanks. Tank 1 contains 20L of
water, tank 2 contains 30L of water, and tank 3 contains 60L of water. Fresh water is pumped
into tank 1 at a rate of 120 L/min. The well-mixed solution is pumped from tank 1 to tank 2,
from tank 2 to tank 3, and out of tank 3 all at a rate of 120 L/min.
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x1(t)
(a) Draw and label a diagram describing the system (b) Let X(t) = | —x,(t) | be the vector
x3(t)
function of the amount of salt in each tank at time t. Write a differential equation X' (t) = AX(f)
describing the system.(c) Find the general solution to the differential equation you wrote in
(b) using the eigenvalue method. (d) Initially, there is 100 kg of salt in tank 1 and 20 kg of
salt in tank 2. Find the particular solution corresponding to these initial conditions.

Solution

210.8.1 Part (a)

120 Liter/Min 120 Liter/Miny 120 Liter/Miny
—_— > >
salt: /L1 " ~—" AT AT S N
salt: 0 kg/Liter Salt: £ gy Salt; 24
20 L of fresh water 30 L of fresh water 60 L of fresh water
100 Kg salt 20 Kg salt 0 Kg salt 120 Liter/Min

Vl (f),:lfl(t) VQ(t), .’I,‘Q(t) V_g(f), .’I)3(t) Salt: ng_iE:;

z;(t) is mass of salt in tank ¢
Initial mass of salt is shown

Figure 2.11: Diagram description of the problem

2.10.8.2 Part (b)

We notice that, since the rate of flow in and out from each tank is the same, then volume of
water mix is constant and remain the same all the time in each tank. Hence

x1(t) = rate of flow in — rate of flow out

L kg L \x(t) (kg
) - ol i)
x(t)

And

x5(t) = rate of flow in — rate of flow out

(oo L\ (kg\\ (o L\ xl) (kg

- (lzo(min) v1<t>( L )) (120(min) Vz(t)( L ))

) %)
0

=12 12 2
02 030 @
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And

x3(t) = rate of flow in — rate of flow out

 fraof 12 )220 (K€)| _(y50( L |0 (ks
- (lzo(min) Vz(f)( L )) (120(min) v3<t>( L ))
x,(t) x3(t)

Therefore the differential equations are

x1(t) = —6x(t)
x5(t) = 6x1(t) — 4x,(t)
x5(t) = 4x,(t) — 2x3(t)

In Matrix form

xq(t) -6 0 0 ||xq(d)
M) =16 -4 0 ||x(t)
x5(t) 0 4 -=2|[x;3()

X = AX

2.10.8.3 Part (c)

We start by finding the eigenvalues of A. This is done by solving the following equation for
the eigenvalues A

det(A-AI) =0

Expanding gives

-6 0 0 100

det|]| 6 -4 0 [-A[0 1 0 (|=0

0 4 -2 0 01

Therefore
-6-A 0 0
det 6 -4-A 0 =0
0 4 -2-A

Since this is lower triangle matrix, then the determinant is the product of the elements along
the diagonal. Hence
(=6 -A)(-4-1)(-2-1)=0

Hence the roots are

Ay =2
Ay =—6
Ay = —4
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Next, the eigenvectors for each eigenvalue are found.

eigenvalue -6

We need to solve A% = AT or (A — AI)3 = 0 which becomes

-6 0 0 10 0N[o, | [O]
6 -4 0 |-(-6))0 1 0|l v |=]0
0 4 -2 001 |)[wvs]| [0O]
00 O0][o,|] [O]
6 2 0|lwv,|[=]0
0 4 4f[ovs| |0]

We now apply forward elimination to solve for the eigenvector 7. The augmented matrix is

0 0O0|0
6 2 0]0
0 4 4|0

current pivot A(1,1) is zero. Hence we need to replace current pivot row with non-zero row.

Replacing row 1 with row 2 gives

6 2 00

0 000
0 4 4|0

current pivot A(2,2) is zero. Hence we need to replace current pivot row with non-zero row.

Replacing row 2 with row 3 gives

6 2 0]0
04 4|0
0000

Therefore the system is now in Echelon form

6 2 0] o 0
04 4o |=|0
00 0] v 0

The free variable is v; and the leading variables are {v,v,}. Let v3 = t. Now we start back
substitution. Solving the above equations for the leading variables in terms of the free
variables gives equations v; = é,vz = —t. Hence the solution is

t 1
01 3 3
Uy | = —t | =1 -1
(%] t 1
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Letting t =1 the eigenvector is

eigenvalue —4

We need to solve AB = AB or (A — AI)3 = 0 which becomes

-6 0 0 1 00N[o, | [O]
6 -4 0 |-(-4|0 1 0||lov|=]|0
0 4 -2 001 |)[wvs]| [0]
2 00]|[o,] [0]
6 0 0| v |=]0
0 4 2] wv]| [0]

We now apply forward elimination to solve for the eigenvector 7. The augmented matrix is

2 0 0]0
6 000
0 4 2/0
-2 000
Ry=R,+3R;,= |0 0 0]0
0 4 2]/0

current pivot A(2,2) is zero. Hence we need to replace current pivot row with one non-zero.
Replacing row 2 with row 3 gives

-2 0 0|0
0 4 20
0 00(0
Therefore the system in Echelon form is
-2 0 0 || » 0
0 4 2({ov|=1]0
0 0 0|l vs 0
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The free variable is v3 and the leading variables are {v;,v,}. Let v3 = t. Now we start back
substitution. Solving the above equation for the leading variables in terms of the free variable

. . t D
gives equations v; = 0,0, = —>. Hence the solution is

01 0 0
t 1
2 =73 [T 2
O3 t 1
Letting t =1 the eigenvector is

01 [ 0

1

(%] = —E

O3 | 1

[ 0

To(t) =| -1

| 2

eigenvalue -2

We need to solve AT = AT or (A — AI)G = 0 which becomes

-6 0 0 1 0 0No, | [O]
6 -4 0 |-(-2]0 1 0|l v |=]0
0 4 -2 00 1])v]| |0]
4 0 O0|lvy] [O]

2 0|lwn|=]0

4 0] ovs| [O]

We now apply forward elimination to solve for the eigenvector 7. The augmented matrix is

-4 0 010

6 -2 00

0 4 00
-4 0 010
RZ:R2+32ﬁ=> 0 -2 010
0 4 010
-4 0 010
R3=R3+2R, = |0 -2 0|0
0 0 0]0
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Therefore the system in Echelon form is

-4 0 O 01 0
0 201 vl|=]o0
0 0 0] v 0

The free variable is v; and the leading variables are {v},v,}. Let v3 = . Now we start back
substitution. Solving the above equation for the leading variables in terms of the free variable
gives equations v; = 0,7, = 0. Hence the solution is

0 0 0
(%) =0 |=¢t O
U3 t 1

Letting t =1 the eigenvector is

0
T3(t)=| 0
1

The following table gives a summary of this result. It shows for each eigenvalue the algebraic
multiplicity m, and its geometric multiplicity k and the eigenvectors associated with the
eigenvalue.

If m > k then the eigenvalue is defective which means the number of normal linearly
independent eigenvectors associated with this eigenvalue (called the geometric multiplicity
k) does not equal the algebraic multiplicity m, and we need to determine an additional m —k
generalized eigenvectors for this eigenvalue.

multiplicity

eigenvalue | algebraic m | geometric k | defective? | eigenvectors
0
-2 1 1 No 0

-6 1 1 No -3

Now that the we found the eigenvalues and associated eigenvectors, we will go over each
eigenvalue and generate the solution basis.
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Since eigenvalue -2 is real and distinct then the corresponding eigenvector solution is

551 (t) = ?))]e

Since eigenvalue —4 is real and distinct then the corresponding eigenvector solution is

?C)z(t) = ?))23_4t

Since eigenvalue —6 is real and distinct then the corresponding eigenvector solution is

X3(t) = Tze™®

Therefore the final solution is
X(t) = c1X1(F) + coXp(t) + c3X5(t)

Which is written as

x1(t) 0 0 1
x(1) | =cre™?| 0 [+ ce¥| -1 |+ c3e7®| -3
.X'3(t) 1 2 3
2.10.8.4 Part (d)
Initial conditions are
Xl(O) 100
XZ(O) = 20
x3(0) 0

Hence the solution found in part(c) at t = 0 becomes

100 0 0 1
20 [=c¢1] O [+¢cof -1 |+¢c31 -3
0 1 2 3
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Or in matrix form

00 1]¢ 100
0 -1 3|l ¢ |=] 20
1 2 3 C3 0

From first row, ¢; = 100. From second row —c, — 3¢3 = 20 or ¢, = —20 — 3¢5 = —20 — 300 = -320
and from last row ¢; + 2¢; + 3c3 = 0 or ¢; = —2¢, — 3c3 = —2(-320) — 3(100) = 340. Hence

o 340
o | =] =320
c3 100

And the solution found at end of part (c) becomes

x1(t) 0 0 1
%) | = 34002 0 |-320e%| -1 | +100e¢| —3
x3(t) 1 2 3

Or

x1(t) = 100276
Xo(t) = 320e~4 — 30076
x3(t) = 340e72 — 640e~# + 3002~

We see that as f — co then there will be no salt left in any tank, since each x;(f) — 0, and
therefore only fresh water will remain in each tank, as expected.
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2.10.9 key solution for HW10

HOMEWORK 10 — SOLUTIONS

These solutions demonstrate one way to approach each of the homework problems. In many
cases, there are other correct solutions. If you would like to discuss alternative solutions or
the grading of your assignment, please see me during office hours or send me an email.

Textbook Problems:

4 1

7.3.4 We have 7/ = {6 1

} Z. We need eigenvalues and eigenvectors.

4—A 1

det{ 6 —1-2A

}:(47)\)(717>\)76

=X -3)x-10
=(A=5)(\+2)

b -0

For A\; = —2, we have

An eigenvector is 7, = (—1,6).

For Ay = 5, we have

An eigenvector is ¥ = (1,1).

o o |1 1
Z(t) = e { 6 } + cpe™ L:|

1 . .
} Z and 7(0) = [O] We need eigenvalues and eigenvectors.

Our general solution is

9 5
e
7.3.6 We have 1’ = {—6 9

9-X 5
det{ i _Q_A} = (9= A)(=2— ) +30

=X —-7A+12
=(A=3)(A-14)

RN

For Ay = 3, we have

An eigenvector is ¥) = (—5,6).
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7.3.8

For Ay = 4, we have

5 5 N 11
—6 —6 00
An eigenvector is vp = (—1,1).

S -5 -1
Z(t) = c1e* [ 6 } + et [ ) }

To apply our initial conditions, we set ¢t = 0:

w-afg]o[5] -

Our general solution is

We solve the system by reducing the augmented matrix:
—5 —1 1] Rtk [-5 —1 1
[ 6 1 O} |10 1]

5R2+R1 _0 _1 6
110 1}

So ¢; =1 and ¢y = —6. Our particular solution is
-5 6
= _ 3t At
Z(t)=e |:6:|+6 [—6]

1 =5, . .
We have ¥ = [1 _ﬂ Z. We need eigenvalues and eigenvectors.

det [11A _1:} S (1= M\)(=1=\) 45

=14
Our eigenvalues are £2i. For \; = 2¢, we have
[1 -2 =5 ] mnfitR [1 — 2 —5]
1 —1-24 0 0
An eigenvector is ) = (5,1 — 2i). The corresponding complex-valued solution is

— A\t 5 2it
V1€ = .| €
! 1-— 22]

) .
=i 2@,] (cos 2t + isin 2t)

_ [ 5 cos 2t + 5isin 2t
- | cos 2t + i sin 2¢ — 2i cos 2t + 2sin 2t

_ Scos 2t n Ssin 2t .
 |cos2t 4 2sin 2t sin 2t — 2cos 2t |
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Having separated this into real and imaginary components, we now have two linearly
independent real-valued solutions. So our general solution is

(t)—cl[ 50052t. ]—1—02[, 5sin 2t ]

cos 2t + 2sin 2t sin 2t — 2 cos 2t

81

Z. We need eigenvalues and eigenvectors.

— N ~ = N

T—A 1 2 2 2 2
—(1)\)det[ 1 7_/\]2det[1 7_)\}+2det[7_/\ 1]

=(1-N[(T=A)?—1] —2(14 —2X — 2) + 2(2 — 14 + 2))
= (1 = A)(\* — 14X\ + 48) + 8\ — 48
=(1-=XNA\—=6)(A—8)+8(\—06)
=A=06)[1=N(A-8)+8|
=(A=6)(=\?+9))
= AA—6)(A—09)
For Ay = 0, we have
1 2 2 1 2 2 1 2 2
2 7 1| 2t g 3 gl 2B g 1
2 1 7| 3 3 00 0
An eigenvector is v; = (—4,1,1)
For Ay = 6, we have
-5 2 2 1 55 1 5 5
2 1 1| 2ty loopop| 2R g 9 9
2 11 ™™ Jo oo 0 0 0
An eigenvector is v, = (0,1, —1).
For A3 = 9, we have
-8 2 2 0 -6 6 0 0 O
2 -2 AR R =N b
2 1 -2 "o 3 -3 0 3 -3
An eigenvector is 03 = (1,2, 2).
Our general solution is
—4 0 1
Zt)=c | 1 | + e 1| +e3e™ |2
1 —1 2
3
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1000
.12 200 . .
7.3.38 We have the matrix 03 3 ol We need eigenvalues and eigenvectors.
004 4
1-Xx 0 0 0
det | 227N 0 U e NGB — )

0 3 3-X 0
0 0 4 4—-A

Here we used that the determinant of a lower triangular matrix is the product of the
diagonal entries. Alternatively, you can expand along the first row several times.

For A\ = 1, we have

0000
2100
0320
00 43
If we set x4 = 4, we get v3 = —3, x5 = 2, and x; = —1. So an eigenvector is
7 = (—1,2,-3,4).
For Ay = 2, we have
-1 0 00 1000
2 000 N 0310
0 310 004 2
0 0 4 2 0000
An eigenvector is U, = (0,1, —3,6).
For A3 = 3, we have
-2 0 00 1000
2 -1 00 . 01 0O
0 3 00 0 0 41
0 0 41 0 00O
An eigenvector is U3 = (0,0, 1, —4).
For A4 = 4, we have
-3 0 0 O 1000
2 =2 0 0 . 0100
0 3 =10 0010
0 0 4 O 0000
An eigenvector is v, = (0,0,0,1).
Our general solution is
-1 0 0 0
2 1 0 0
T(t) = c1ef 3 + cpe® _3 + cze® 1 + cyet 0
4 6 —4 1
4

272



2.10. HW 10 CHAPTER 2. HWS

Additional Problems:
1. (a) Let &y =z, 29 = 2/, 23 = 2”. We get the system

Ty 4 a3 — 229 =0
Th = 13

’
T = T2

(b) We have to rearrange some terms to write things in matrix form, but we get

) 01 0 (=
zo| = (0 0 1 To
xl 0 2 —1f |z
(c) We need eigenvalues and eigenvectors.
-2 1 0
det | 0 =X 1 | =—Xdet [_; _11_ J
0 2 —-1-2X
=AM+ -2)

=-AA+2)(A—1)

For A1 = 0, we have

01 0 010
00 1|—=1001
0 2 -1 000
An eigenvector is ¥, = (1,0,0).
For Ay = 1, we have
-1 1 0 -1 1 0
0 -1 1{—=]10 —-11
0o 2 =2 0 0 0
An eigenvector is v, = (1,1,1).
For A3 = —2, we have
210 210
02 1] =10 21
0 21 000
An eigenvector is U5 = (1,—2,4)
Our general solution to this system is thus
1 1 1
Z(t) =c; |0 +coe’ |1 + e | -2
0 1 4
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(d) The first component of Z is 1 = x. So looking at that first component of our general
solution we can say that the general solution of our original equation is

z(t) = ¢ + o’ + cze™
2. (a) Our system looks like:

(20 I//M,‘v\

(26 1 min 120 fmin Lo L oL

— 2o L RN
-

(b) Note that each tank has constant volume. Our differential equations for the amount
of salt in each tank are:

Z
L= —120% —
x3 * 50
T )
5 =120% — — 120 % —
= 12055 — 1205,
) XT3
n=120% —= — 120 % —
3 " 30 " 60
Writing this as a matrix equation, we have
-6 0 0
=16 -4 0|7
0 4 =2

(¢) To solve, we need eigenvalues and eigenvectors:

—6—A 0 0
det 6 —4— )\ 0 =(—6—-N(—4—-N(-2-2)
0 4 —2—A

For A\ = —6, we have
000 310
6 2 0 -0 1 1
0 4 4 000

We have eigenvector v, = (1, -3, 3).

For Ay = —4, we have
-2 00 100
6 0 0] — |0 21
0 4 2 0 00

274



2.10.

HW 10 CHAPTER 2. HWS

We have eigenvector 0; = (0,1, —2).

For A3 = —2, we have
-4 0 0 1 00
6 -2 0]l —-1(0 10
0 4 0 000
We have eigenvector o; = (0,0, 1).
So our general solution is
1 0 0
Ft) =cre™® | =3 + e | 1 | +c3e7? |0
3 -2 1
100
We have the initial condition Z(0) = | 20 |. Plugging this in to our general solution,
0
we have
100 1 0 0 ¢
20 =C =3 + Co 1 + c3 o = *361 + ¢
0 3 -2 1 361 — 202 +c3

We can immediately back substitute to get ¢; = 100, ¢o = 320, and c3 = 340. The
particular solution is

100 0 0
F(t)=e | =300 +e | 320 | +e | 0
300 —640 340
7
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2.11.1 Problems listing

HoOMEWORK 11 - DUE DECEMBER 3

Homework instructions: Complete the assigned problems on your own paper. Once you
are finished, scan or photograph your work and upload it to Gradescope. When prompted,
tell Gradescope where to find each problem.

You are allowed (and in fact encouraged) to work with other students on homework assign-
ments. If you do that, please indicate on each problem who you worked with. If you use
sources other than your notes, the textbook, and any resources on Canvas for your home-
work, you must indicate the source on each problem. You are not permitted to view, request,
or look for solutions to any of the homework problems from solutions manuals, homework
help websites, online forums, other students, or any other sources.

Textbook Problems:

o §1.2: 6, 8, 24, 26

For problems in this section, use 9.8 m/s? or 32 ft/s? as the acceleration due to gravity

e §1.3: 5,9

For the problems in section 1.3, ignore the instructions in the textbook and do the
following:

— Make a copy of the slope field given in the textbook. You may sketch it by hand,
make a photocopy of the textbook page, generate your own using a computer, or
do anything else to make a copy that you can write on.

— On your slope field, sketch at least 3 different solution curves. Label each solution
curve by the initial point (z,y) that you chose

Additional Problems:
For these problems, please use a calculator to compute approximate times, distances, and
speeds. Round all numbers to two decimal places. Be careful with your units!

1. A racecar accelerates from stationary at a rate of 14 m/s?. How long does it take the car
to reach its top speed of 300 km/h? How far does the car travel in that time?

2. The car is approaching a tight turn at 300 km/h. In order to safely make the corner, it
must be traveling at 80 km/h when it enters the corner. The brakes on the car cause a
deceleration of 39 m/s2. How far away from the corner must the driver begin braking to
make the corner?

3. At the exit of the corner, two cars are traveling at 100 km/h, with car A 10 m behind
car B. Out of the corner, car A accelerates at 14 m/s? and car B accelerates at 13 m/s%.
How much time does it take for car A to be right next to car B? How fast are the cars
going when this happens? How far from the corner exit have they traveled?
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2.11.2 Problem 6, section 1.2

Solve
d
Y 219
dx
y(-4)=0
Solution

This is separable ODE. Integrating both sides gives
y(x) = fx‘\/x2 +9dx+c (1)

. . . . d
Where c is constant of integration. To integrate f x Va2 +9dx, let u = x> + 9. Hence ﬁ =2x

or dx = Z—Z. Therefore the integral becomes
du
fx\/x2+9dx: fx\/ﬂg

1 1
:Efuzdu

=
NIl w

NI(»J|

Il
TR

WIN
=

|
TR

=

WL NI= N

But u = x2 + 9, hence the above becomes
1 3
fx\/xz +9dx = g(x2 + 9)2

Substituting the above in (1) gives

1 3
_ 2
y(x) = g(x + 9)2 +c (2)
The constant c is from initial conditions. Since y(—4) = 0 then Eq (2) becomes

1 3
0:5(16+9)2 +c

1 3
= —(25)2 +
3(25)7 +¢
3

-5+

1. s
==5) +
360+

125+
=—+c
3
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Hence c = —15—5. Therefore the solution (2) becomes

y(x) = %(x2 + 9); - 1?
=%«8+®g—uﬂ

2.11.3 Problem 8, section 1.2

Solve
dy
E = cos2x
y(0) =1
Solution

This is separable ODE. Integrating both sides gives

y(x) = fcos 2xdx + ¢
1
=3 sin(2x) + ¢ (1)

The constant c is from initial conditions. Since y(0) =1 then (1) becomes

- sin(0) e
2

Hence the solution (1) becomes

y(x) = % sin(2x) + 1

2.11.4 Problem 24, section 1.2

A ball is dropped from the top of a building 400 ft high. How long does it take to reach the
ground? With what speed does the ball strike the ground?

Solution

Let the ground by level 0 (i.e. y = 0) and let up be positive and down negative. Therefore
y(0) = 400 ft and assuming initial velocity is zero then y’(0) = v(0) = 0.. Therefore

o) = [ ath
Where a(t) is the acceleration, which in this case is ¢ = —32 ft/sec?. The above becomes

o(t) = =32t + v(0) (1)
= -32¢
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And

(o) = f o(b)dt

But y(0) = 400ft. The above becomes
y(t) = —162 + 400

To find the time it takes to hit the ground, the above is solved for y(t) = 0. This gives

0 = —16£2 + 400
2 = @
16
=25

Therefore the time is t = 5 seconds. Now we know how long it takes to reach the ground,
we can find the velocity when ball strike the ground from (1). Substituting f = 5 in (1) gives

v(5) = -32(5)
= -160 ft/sec

So it strikes the ground with speed 160 ft/sec in the downwards (negative) direction.

2.11.5 Problem 26, section 1.2

A projectile is fired straight upward with an initial velocity of 100 m/s from the top of a
building 20 m high and falls to the ground at the base of the building. Find (a) its maximum
height above the ground (b) when it passes the top of the building (c) its total time in the
air.

Solution

21151 Parta

Let the ground be level 0. (i.e. y = 0) and let up be positive and down negative. Therefore
y(0) = 20 m. Initial velocity is 100 m/s, hence y’(0) = v(0) = 100. The acceleration due to
gravity is ¢ = —9.8 m/s%.
o) = [ at
= —gt + v(0)
= —gt +100
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When the ball reaches maximum high above the building, it must have zero velocity. From
the above this means

0=-9.8t+100

100
t = — sec

The above is how long it takes for the ball to reach maximum high. Now

() = f ()t
= f(—gt + 100)dt + y(0)
y(t) = —%gtz +100t + y(0)

But y(0) = 20. Therefore
1
yﬁ):-—igﬂ-+100t+20

Substituting t = % in the above, gives the distance traveled above the ground until the ball
reached maximum high. Therefore

2
1 1 (1 1
g 2°\ ¢ g

11002 1002
=—-—+—+20

2 g g

Using ¢ = 9.8 the above gives

100\ 11002
yl—|=z—=——+20
g 2 98

Ymax = 930.2 meter

211.5.2 Partb

The ball will take the same amount of time to fall down back to top of building, as the time
it took to reach the maximum high above the building, since the distance is the same, and

the acceleration is the same (gravity acceleration). This time is ty = 1% sec found in part

(a). Therefore, twice this time gives

200

tiravel =

3 200
98
= 20.408 sec
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2.11.5.3 Partc

Now we find the time it take to reach the ground. We now take initial velocity as v(0) = 0,
which is when the ball was at its maximum high above the building. And initial position
is from part (a) was found y,,x = 530.2 meter. Hence y(0) = 530.2 m. Now we will find the
time to reach the ground, starting from the maximum high.

ou(t) = fgdt

= gt + v(0)
= gt
And

(o) = f ()t
= f gt dt +y(0)

1 o
= —gf? +530.2
2
When it hits the ground y(t) = 0,. Hence we now have an equation to solve for time
1 o
0= 5gt* +530.2
But ¢ = -9.8. The above becomes

1
0= E(—9.8)t2 +530.2

2 2(530.2)
9.8
2(530.2) - oo .
Hence t = 55 — 10402 sec. This is the time it takes to fall to the ground, starting from

maximum high. Adding to this time, the time it took to reach maximum high from top of

building, which is 1% sec as found from part (a), gives total time in air

100
ttotal = 10.402 + %

= 20.606 sec

2.11.6 Problem 5, section 1.3

Solution
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Figure 2.12: Shoiwng 3 solution curves with different initial conditions

2.11.7 Problem 9, section 1.3

Solution
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Figure 2.13: Shoiwng 3 solution curves with different initial conditions

2118 Additional problem 1

A racecar accelerates from stationary at a rate of 14 m/s?. How long does it take the car to
reach its top speed of 300 km/h? How far does the car travel in that time?

Solution

Let x(0) = 0,9(0) = 0 and a = 14 m/s%.

Since we want to find time to reach v,,,, = 300 km/h which in ST units is

o(t) = f a(t)dt

= f 144t

=14t + v(0)
=14t

(300)(1000) _
(60)(60)

250

== m/sec.
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Substituting this in the above gives

20 _ gy
3 max
-
max 3(14)
125
T2

= 5.95 seconds

To find the distance traveled in this time, since

x(t) = f ()t

When t = t,,, the above gives

)7 125\°
X =7 —
max 21

= 248.02 meters

2119 Additional problem 2

The car is approaching a tight turn at 300 km/h. In order to safely make the corner, it must
be traveling at 80 km/h when it enters the corner. The brakes on the car cause a deceleration
of 39 m/s?. How far away from the corner must the driver begin braking to make the corner?

Solution

(300)(1000) _ 250 . 80(1000) _ 200
06 -~ 3 m/s. And 80 km/h is 060 = 9 m/s. Therefore we

have initial velocity v(0) = 2;—0 m/s and final velocity v(f) = 2% m/s and have acceleration of
-39 m/s%.

We first find the time it takes to go from v(0) to v(t). Since

In ST units 300 km/h is

o(t) = f a(b)dt

- f 394t

= -39t + v(0)
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Therefore we have the equation

vf(t) = =39t + 0(0)

200 394 250
9 3
29f = 250 200

3 9
o 550
f~ 351
=1.567 sec

This is the time needed to decelerate from 300 km/h to 80 km/h. Now we find the distance
traveled during this time. Since

x(t) = f ()t
- f 39t + 0(0)dt

250
= f—39t+ ?dt

250
=——# + —t
> + 3 + x(0)

Let x(0) = 0, by taking initial position as zero. Replacing ¢t in the above with ¢, found earlier
gives

39 250
—_ 2
x(t) = -= (1.5672) + —(1567)

= 82.7 meter

Therefore the car needs to be 82.7 meter away from corner to begin the braking.

2.11.10 Additional problem 3

At the exit of the corner, two cars are traveling at 100 km/h, with car A being 10 m behind
car B. Out of the corner, car A accelerates at 14 m/s? and car B accelerates at 13 m/s2. How
much time does it take for car A to be right next to car B? How fast are the cars going when
this happens? How far from the corner exit have they traveled?

Solution

100)(1000) 250
( (6(3)((60) ! = 9 m/s. Let at t = 0, x4(0) = 0 and therefore x5(0) = 10,

since car B is ahead by 10 meters initially. Let v4(0) = 22—0 m/s and also vg(0) = 22—0 m/s. We

Using SI units, 100 km/h is
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now need to determine the time, say f, where xA(tf) = xB(tf). But for car A we have

oa(t) = f oA\t

- f 144t

=14t + UA(O)

250
=14t 4+ —
9

And

xa(t) = f v A(b)dt

250
= | |14t + =—
f( f+ 9 )dt

14 250
= R4 ot 42,0
T+ x4(0)

250
= 7t2 + 71’ (1)

Since x4(0) = 0. Now we do the same for car B

vg(t) = f ag(t)dt

- f 134t

=13t + UA(O)
250

=13t + —
9

And

xp(t) = f op(b)dt

2
= f(lSt + ﬂ)clif
9

13 250

= Etz + 715 + XB(O)
13 250

=—2+—t+10 2
2" "o @

287



2.11. HW 11 CHAPTER 2. HWS

Since x5(0) = 10 m. Now we solve for t by equating (1) and (2)

250 13 250
7+ —t= ?t2+ Tt+10

9
13
72+ = —t2 +10
2
13
72 - =2 =10
2
1
=2 =10
2
2 =20
t =20
tf =4.47 sec

So it takes 4.47 sec for car A to be be next to car B. To find the speed at this time, we
substitute this value of time back in the velocity equation above. For car A

250
UA(t) =14t + 7

250
va(tf) = 14(4.47) + >
=90.36 m/s (3)
And for car B

250
UB(t) =13t + 7

250
vp(tr) = 13(4.47) + 5
= 85.89 m/s

To find the distance traveled during this time, we substitute this time in the position equation.
For car A, from Eq (1)

250
XA(t) = 7t2 + 71’

250
xa(ts) = 7(4.47)" + 5 (447)
= 264.03 meter

The distance traveled by car B is 10 meters less than this value, since it was ahead by 10
meters at the start at time ¢t = 0.
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2.11.11 Kkey solution for HW11

HOMEWORK 11 — SOLUTIONS

These solutions demonstrate one way to approach each of the homework problems. In many
cases, there are other correct solutions. If you would like to discuss alternative solutions or
the grading of your assignment, please see me during office hours or send me an email.

Textbook Problems:

1.2.6 We are given 3y = zv/z2 + 9; y(—4) = 0. We integrate to solve the differential equation,
using a u-substitution of u = 22 4 9 so that du = 2z dz.

y=/xx/a:2+9d:r

1
= i/ﬁdu
1 2
= 5 . g .u% +C
1, ., 3
= g(:z: +9)2+C
To solve for C'; we plug in our initial condition:
1

y(=4)=0=3 (-4 + 9)% +C

1 3
_ 125

T3
1

So €' = —22 and our particular solution is y(z) = (2* + 9)3 — i,

+C

1.2.8 We are given 3 = cos(2z); y(0) = 1. We integrate to solve the differential equation
using u = 2x so that du = 2 dx.

Y= /005(2:6) dx
1
= §/cosu du
= gsinu
1
=3 sin(2z) + C
To solve for C, we plug in our intial condition:
1
y(0)=1= 3 sin(0) + C
=C

So C' =1 and our particular solution is y(z) = § sin(2z) + 1.

1
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1.2.24 The building is 400 ft high, so yo = 400. We drop the ball, so vg = 0. The acceleration

1.2.26

is a(t) = —32 ft/s? due to gravity. Here, we are using the convention that movement
downward is a negative velocity. This is consistent with the ball falling down from
y(0) =400 to y(t) = 0.

Since we have constant acceleration, we can use the formulas given in the textbook.
So the velocity and position functions are

v(t) = —32t
y(t) = —16t> + 400

We want to know when y(¢) = 0. So, we solve

—16t* +400 =0
16t = 400
t2 =25

There are two solutions here, ¢ = £5. Since we are modeling a process that is going
forward in time, we choose the solution ¢t = 5. At t = 5, we have v(t) = —160.

So the ball hits the ground after 5 seconds, at which point it is traveling 160 ft/s
downwards.

We start on top of a building 20 m high, so yo = 20. We fire the projectile upwards at
100 m/s, so vg = 100. The acceleration is constant a(t) = —9.8 m/s*. We are using
the same convention about positive and negative velocities as in the previous problem.
Our velocity and position functions are

v(t) = —9.8t 4+ 100
y(t) = —4.9t* + 100t + 20

(a) To find the maximum height above the ground, we maximize the function y(t) =
—4.9t% + 100t + 20. This is a downward-facing parabola, with maximum value
when y/'(t) = v(t) = 0. So we solve —9.8¢ 4 100 = 0 to get t = 10.2. At this time,
y(10.2) = 530.2 m.

(b) The projectile passes the top of the building again when y(¢) = 20. So we solve

—4.9t% + 100t 4+ 20 = 20
t(—4.9t +100) = 0

The solutions here are t = 0,20.4. The t = 0 is the moment we shoot the projectile

up, and we already knew it was at the top of the building at that point. So the
time we are looking for is ¢t = 20.4 s.
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0. So we solve

(¢) The total time in the air is the time from ¢ = 0 until y(¢)

—4.9t> + 100t +20 =0

This quadratic has roots ¢t = 20.6, —0.2. As usual, we choose the positive time

t = 20.6 s. So the projectile is in the air for 20.6 seconds.

1.3.5 In order to give you the most accurate picture, I’ve given computer-generated solution

curves. Your sketches don’t need to be perfect, but they should look somewhat similar

to the real thing.

The three solution curves I've given started from the initial points (2,1), (1, —1), and

(—1,1).
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1.3.9 In order to give you the most accurate picture, I’ve given computer-generated solution

curves. Your sketches don’t need to be perfect, but they should look somewhat similar

to the real thing.
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The three solution curves I've given started from the initial points (2,1), (—1,1), and

(—=1,-1).
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Additional Problems:

1. First, we convert our top speed to m/s:
300 km 1000 m 1h 1 min
1h 1h 60 min 60 s
Now all of our units are consistent. Our acceleration is constant a(t) = 14 m/s?, our initial
velocity is vy = 0 m/s and our initial position is o = 0 m. So, our velocity and position
functions are v(t) = 14¢ and z(t) = 7t>. We want the time when v(t) = 83.33, so we solve
14t = 83.33 to get t = 5.95 s. At that time, the position is 2(5.95) = 7-5.95% = 247.82 m.

So we reach top speed after 5.95 s, at which point we have traveled 247.82 m.

—83.33 m/s

Cultural Aside: These acceleration and velocity numbers are as close as I could find to
the real figures for modern Formula One cars. However, the fastest F1 cars take over
8 seconds to reach 300 kph. There are two primary factors that explain the difference
between our calculation and the real-world data. First of all, F1 cars do not have enough
traction to convert all of their power to forward motion at low speeds. You will often see
cars spinning their wheels at the start of a race for just this reason. The second factor is
that once the car gets above about 100 kph, there is a significant amount of drag due to
air resistance. The aerodynamics of F'1 cars slightly reduce top speed, but make the cars
faster over the course of a lap by providing incredible grip through the corners.

2. We already calculated that 300 km/h is 83.33 m/s. We similarly calculate that

80 km 1000 m 1h 1 min
1h 1h 60 min 60 s

=2222 m/s

6
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Our units are now consistent. We are applying brakes which decreases velocity, so the
acceleration is a negative constant a(t) = —39 m/s?. The initial speed is vy = 83.33 m/s.
At time t = 0 when we start braking, we set our position as £y = 0 m. So our velocity
and position functions are v(t) = —39¢ + 83.33 and z(t) = —22¢* 4 83.33t. We want to
know the time when v(t) = 22.22, so we solve —39¢ 4 83.33 = 22.22 to get t = 1.57 s. At
that time, the position is #(1.57) = —3(1.57)? + 83.33 - 1.57 = 82.76 m.

So 82.76 m after we start braking, the car will reach the target speed of 80 km/h. The
driver must brake 82.76 m before the corner entry.

3. To take care of units, we calculate

100 km 1000m 1h 1 min

1h  1h 60min 60s

We have two different cars’ positions to model in this case. We have accelerations a4 (t) =
14 and ag(t) = 13. Both cars have the same initial velocity v4(0) = vg(0) = 27.78.
At time ¢t = 0, we will set car B’s position as z5(0) = 0 and car A 10 m behind at

=27.78 m/s

x4(0) = —10. We are looking for the time ¢ where z4(t) = xp(t). Our velocity and
position functions are

va(t) = 14t +27.78 vp(t) = 13t + 27.78

wa(t) = Tt* 4+ 27.78t — 10 rp(t) = 6.5t* + 27.78t

We want z4(t) = xp(t), so we solve
Tt? + 27.78t — 10 = 6.5¢% + 27.78t
0.5t = 10

There are two solutions here, one with ¢ positive and one with ¢ negative. It is reasonable
to assume that time only moves forwards, so we choose the solution with ¢ > 0, namely
t = 4.47 s. At this time, we have

v4(4.47) = 14 - 4.47 + 27.78

= 90.36
vp(4.47) = 13 - 4.47 + 27.78
= 85.89
T4(4.47) = vp(4.47) = 7 - 4.47% + 27.78 - 4.47 — 10
= 254.05

So after 4.47 s and 254.05 m from the corner exit, the two cars will be side-by-side. At
that moment, car A is traveling 90.36 m/s (about 325 km/h) and car B is traveling 85.89
m/s (about 309 km/h).

If there is a long enough straight following the corner, we would expect car A to use its
superior acceleration to move ahead of car B. However, if car B has a higher top speed or
can brake much later into the next corner, it may be able to stay ahead.
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2.12.1 Problems listing

HOMEWORK 12 - DUE DECEMBER 15

Homework instructions: Complete the assigned problems on your own paper. Once you
are finished, scan or photograph your work and upload it to Gradescope. When prompted,
tell Gradescope where to find each problem.

You are allowed (and in fact encouraged) to work with other students on homework assign-
ments. If you do that, please indicate on each problem who you worked with. If you use
sources other than your notes, the textbook, and any resources on Canvas for your home-
work, you must indicate the source on each problem. You are not permitted to view, request,
or look for solutions to any of the homework problems from solutions manuals, homework
help websites, online forums, other students, or any other sources.

Textbook Problems:
e §1.4: 4,17, 19, 33, 43
e §1.5: 3,17, 37
e §2.1: 15, 16, 17
Additional Problems:
1. This problem will discuss two different ways to solve the differential equation 3’ +y = e*.

(a) Using the methods of chapter 5, solve the homogeneous linear differential equation
with constant coefficients
y+y=0

(b) Use the method of undetermined coefficients to find a particular solution to
yt+y=e"

(c) Using (a) and (b), write the general solution of
Y +y=c¢e"

(d) We can also view this differential equation as a first-order linear differential equation
of the type discussed in section 1.5. For the differential equation

yt+y=e"

what are the functions P(z) and Q(z)?

(e) Use the method of integrating factors to solve

yty=e
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(f)

Compare your answers in (c¢) and (e). Do they describe the same solutions to the
differential equation?

2. This problem will explore the spread of Green’s disease (a highly contagious illness that
causes green skin and no other symptoms) in a city of 100,000 residents. There is currently
no cure, and it appears that those who catch the disease remain infectious forever.

(a)

We will assume that the number P(t) of positive cases satisfies a logistic equation of

the form
dpP

dt
This essentially says that the number of new infections each day depends on the
number of currently infected individuals and on the number of remaining susceptible
individuals.

kP(M — P)

On day t = 0, there are 5,000 positive cases identified in the city. Leaving k as an
unknown constant, what is the initial value problem (differential equation and initial
condition) satisfied by P(t)?

Solve the initial value problem you wrote in (a). Show all steps — do not use the
formula for solutions of logistic equations given in the textbook.

On day t = 0, there are 500 new cases being identified each day. Determine the
value of k.

After how many days will half the population of this city have contracted Green’s
disease?

There’s a saying in this area of mathematics that “all models are wrong, but some
are useful.” In the last year or so, we’ve seen that even the most sophisticated models
of disease spread will never be perfectly accurate. Still, they remain useful tools for
policy makers and public health officials.

In a few sentences, reflect on the model for disease spread you explored in this
problem. What useful information does it tell us, and in what ways is the model
likely to be wrong?
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2.12.2 Problem 4, section 1.4

Find general solutions (implicit if necessary, explicit if convenient) of the differential equa-
tions in Problems 1 through 18. Primes denote derivatives with respect to x.

dy
1+x)-2 =4
(+x)dx Y

Solution

This is separable as it can be written as

d
% = F(x)G(y)

Where in this case G(y) =y and F(x) = 1i Assuming x # 1. Therefore we can now separate

. +x°
and write

dy 1 _
Gl
My
G(y) = F(x)dx

Integrating both sides gives
d
f A f F(x)dx
G(v)
Replacing G(y) =y and F(x) = %, the above becomes

d
f—y:f 4dx
v 1+x

ln|y| = ln|(1 + x)4| +c

Taking the exponential of both sides
4
|]/| _ eln|(1+x) |+c
_ eceln|(1+x)4|
Let ¢ = ¢; and since (1 +x)* can not be negative, therefore the above simplifies to
4
ly| = cyen@+
= Cl(l + X)4
Let the sign + be absorbed into the constant of integration. The above simplifies to
y(x) =c1(1+ x)4 x#1
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2.12.3 Problem 17, section 1.4

Find general solutions (implicit if necessary, explicit if convenient) of the differential equa-
tions in Problems 1 through 18. Primes denote derivatives with respect to x.

dy
E—1+x+y+xy

Solution

Writing the above as

d
d—Z:(1+x)(1+y)

This is separable. It can be written as
dy

Where in this case G(y) = (1 + y) and F(x) = (1 +x). Therefore we can now separate and
write

dy 1
E@ F(x)
Ay
G(y)—F(x)dx

Integrating both sides gives
f &y _ f F(x)dx
G(v)
Replacing G(y) = (1 + y) and F(x) = (1 + x), the above becomes

f(l‘iyy) :f(1+x)dx
2

ln|1+y|:x+x?+c

Taking the exponential of both sides

2
X+ +C

|1+y|:e 2

Let ¢ = ¢; the above becomes
|1 + y| =ce 2z
Let the sign + be absorbed into the constant of integration. The above simplifies to

+2

T+y=ce'2
+

X

2
2
y=ce 2 -1
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2.12.4 Problem 19, section 1.4

Find explicit particular solutions of the initial value problems in Problems 19 through 28.

dy o
dx ye
y(0) = 2¢

Solution

This is separable because it can be written as

d
% = F(x)G(y)

Where in this case G(y) =y and F(x) = ¢*. Therefore we can now separate and write

dy 1 _
G (y) F(x)
dy _
c (y) = F(x)dx

Integrating both sides gives
f &y _ f F(x)dx
Glv)

Replacing G(y) =y and F(x) = ¢, the above becomes

fi—y:fexdx

ln|y| =e'+¢c
Taking the exponential of both sides
Iy = ¢
= et

Let ¢ = ¢y, therefore the above simplifies to
ly| = c1e”
Let the sign + be absorbed into the constant of integration. The above simplifies to
y(x) = 1 1)
Now we apply initial conditions to find c;. Since y(0) = 2e then the above solution becomes

2e =cqe

1 = 2
Hence the general solution (1) now becomes

y(x) = 2¢¢
301



2.12. HW 12 CHAPTER 2. HWS

2.12.5 Problem 33, section 1.4

A certain city had a population of 25,000 in 1960 and a population of 30,000 in 1970. Assume
that its population will continue to grow exponentially at a constant rate. What population
can its city planners expect in the year 2000?

Solution

The differential equation model is
dP
i
Where P(t) is the population at time t. The initial conditions are P(0) = 25000 where t = 0
is taken as the year 1960. We are also given that P(10) = 30000. We are asked to determine
P(40) which is the year 2000. First we solve the ode. This is both linear and separable. Using
the separable method, it can be written as

kp

dp
— = FOG(P)

Where in this case G(P) = P and F(t) = k. Therefore we can now separate and write

a1 _
dt G(P)
dp

f % - f F(b)dt

Replacing G(P) = P and F(t) = k, the above becomes

dpP
— = | kdt
J5=]

InP=kt+c

F(t)

Integrating both sides gives

No need for absolute sign here, since P can not be negative. Taking exponential of both
sides gives

P(t) = cekt (1)
Applying initial conditions P(0) = 25000 the above gives

25000 = ¢
Hence (1) now becomes

P(t) = 25000ek (2)
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Applying second condition P(10) = 30000 to the above gives

30000 = 25000¢10k

30000 10k
25000
6
2 _ 0k
5
Taking natural log of both sides
6
In[=] =10k
o3
1 6
k=—In[-
10 '\5

Hence (2) becomes
Pt = 2500015 (3)
At £ = 40
P(a0) = 250000\ ()

Using calculator it gives
P(40) = 51840

Hence the population in year 2000 is 51840.

2.12.6 Problem 43, section 1.4

Cooling. A pitcher of buttermilk initially at 25 C is to be cooled by setting it on the front
porch, where the temperature is 0 C. Suppose that the temperature of the buttermilk has
dropped to 15 C after 20 min. When will it be at 5 C?

Solution

Cooling of object is governed by the Newton’s law cooling

dT
E = k(Toue = T)
Where T,,; is the ambient temperature, which is 0 C in this problem and k is positive constant.

Hence the above becomes T

= =
This is separable (and also linear in T). Solving it as separable, it can be written as

—kT

T
— = FOG(D)
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Where in this case G(T) = T and F(t) = —k. Therefore we can now separate and write
ar 1
———=F(t
dt G(T) ®)
ar

f % - f F(b)dt

Replacing G(T) = T and F(t) = -k, the above becomes

f@:%fm
T

Integrating both sides gives

In|T| = -kt + ¢
Taking the exponential of both sides
IT| = e kt+c
= eCekt

Let e = ¢y, therefore the above simplifies to
Tl = cre™
Let the sign + be absorbed into the constant of integration. The above simplifies to
T(t) = cre™ 1)

Now initial conditions are used to determine c;. At t = 0, we are given T(0) = 25. The above
becomes

25 = C1
Therefore (1) becomes
T(t) = 25¢7* 2)
Now the second condition T(20) =15 is used to determine k. The above becomes
15 = 25¢~20k
15
22 _ 20k
25
3
z = 20k
Taking natural log of both sides gives (using property Ine/® = f(x))
3
In( = | = —20k
5)
-1. (3
k=— ln(—)
0 \5
1.5
= _—In=
203
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Substituting the above value of k back into (2) gives

() = 25elm 1 5)

To answer the final part, let T(f) = 5 and we need to solve for ¢t from the above.

1

= 25(2(20

1,3
L)
— e(zo 5

In g)t

Q- G;

Taking natural log of both sides gives

Using the calculator gives
t = 63.013 min

2.12.7 Problem 3, section 1.5

Find general solutions of the differential equations in Problems 1 through 25. If an initial
condition is given, find the corresponding particular solution. Throughout, primes denote

derivatives with respect to x.

Y + 3y = 2xe™*
Solution
This is of the form i’ + p(x)y = q(x). Hence it is linear in y. Where

plx) =3
g(x) = 2xe™3*

The integrating factor is

p :efpdx
:ef3dx

= e

(1)
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Multiplying both sides of (1) by the integration factor gives

2 (yp) = p(2xe™)

Integrating gives

The above is the general solution.

2.12.8 Problem 17, section 1.5

Find general solutions of the differential equations in Problems 1 through 25. If an initial
condition is given, find the corresponding particular solution. Throughout, primes denote

derivatives with respect to x.

1+x)y +y=cosx
y(0) =1

Solution
Dividing both sides of (1) by (1 + x) where x # -1 gives

1 _ cosx
1+xy_ 1+x

/

y +

1)

This is now in the form y" + p(x)y = g(x). Hence it is linear in y. Where

p(x):1+x

Ccos X
1+x

g(x) =
The integrating factor is

p =elri
1
— eln(1+x)

=1+x
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Multiplying both sides of (2) by the above integration factor gives
d _ (cosx
E(yp) - ‘0(1 + x)

d
E((l + x)y) =01+ x)((lzoji)

%((1 + x)y) = CcosX

Integrating gives

fd((l +x)y) = fcosxdx

1+x)y=sinx+c
1
1+x

The above is the general solution. Now we use initial conditions to determine c. Since we
are given that y(0) =1 then (3) becomes

y(x) = (sinx + ¢) x#-1 (3)

1=(sin0+¢)
c=1
Therefore (3) becomes

1 .
y(x) = m(l + sin x) x# -1

2.12.9 Problem 37, section 1.5

A 400-gal tank initially contains 100 gal of brine containing 50 b of salt. Brine containing
1 1b of salt per gallon enters the tank at the rate of 5 gal/s, and the well-mixed brine in the
tank flows out at the rate of 3 gal/s. How much salt will the tank contain when it is full of
brine?

Solution

Let x(f) be mass of salt in lb at time ¢ in the tank. The differential equation that describes
how the mass of salt changes in time is therefore

dx X
i =O0-By5 &
But

V(t) =100 + (5t — 3t)

=100 + 2t
Therefore (1) becomes
dx 5_3 X
dt 100 + 2¢

dx N 3
at 100+ 2t

=5 (2)
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This is now in the form x” + p(t)x = q(t). Hence it is linear in x. Where

p(t) =

100 + 2t
q(t) =5
The integrating factor is
p=elvt
I [ ﬁdt
Let 100 + 2t = u. Hence — = 2. The integral becomes f oo it becomes f L lln(u) =
5 1n(100 + 2t). The above becomes
o= eg In(100+2f)
3
= (100 + 2t)2
Multiplying both sides of (2) by the above integration factor gives
d
—(xp) =5p
d 3 3
(000 +202%) = 5100 + 202
Integrating gives
3 3
(100 + 26)2x = 5 f(100 +2)2dt
2 218
Let 100 + 2t = u hence Z_IZ = 2 and the integral on the right becomes f%du = %? = éui.
Hence the above now becomes
15
(100 + 2t)2x = (5 2)
5
uz +
= (100 + 2t)§ +c
Solving for x(t) gives
-3
x = (100 + 2t)2 o c(100 + 2t) 2
= (100 + 2¢) + ¢(100 + 2t)7 (3)
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Now we find ¢ from initial conditions. At t = 0 we are told that x = 50. Hence

-3
50 = (100) + c(100) 2

c
=50 =

3
2

100
3
c= 0-50)(1005)
— 50000

Therefore (3) becomes

50000

x(t) = (100 + 2t) — (4)

3
(100 + 2t)2

The above gives the mass of salt as function of time. We now to find the time when the tank
is full. From the volume function we know that V(t) = 100 + 2¢. Since the tank size is 400 gal,
then we solve for f from

400 =100 + 2¢
300
T2
=150 sec

t

So the tank fills up after 150 seconds. Substituting this value of time in (4) gives

x(t) = (100 + 2(150)) — >0000 .
(100 + 2(150))2
50000
= (100 + 300) — .
(100 + 300)2
50000
=400 - 8
4002
1575
4
=393.75 Ib

2.12.10 Problem 15, section 2.1

Consider a population P(t) satisfying the logistic equation Z—IZ = aP - bP?, where B = aP is the
time rate at which births occur and D = bP? is the rate at which deaths occur. If the initial

population P(0) = Py, and B, births per month and D, deaths per month are occurring at
BoPo

time t = 0, show that the limiting population is M = Dg

Solution
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We are given the logistic equation in he form

dP

— =P - bP?
n a b
b
= a(P - —P2)
a
b
= aP(l - —P)
a

Comparing (1) to the other standard form given in textbook which is

dpP
— =kP(M-P

Where in this form M is the limiting population. Factoring M out from (2) gives

dP p

Comparing (1) and (3) shows that, by inspection that

a=kM
a
M=3

But we are told that 2 = 1§>' At time t = 0 this gives

B
a==2
Py

And we are told that b = 1% which at t = 0 gives
b=—
Pg

Substituting (5,6) back in (4) gives

Which is what we are asked to show.

(1)

(2)

(4)

(5)

(6)
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2.12.11 Problem 16, section 2.1

Consider a rabbit population P(t) satisfying the logistic equation as in Problem 15. If the
initial population is 120 rabbits and there are 8 births per month and 6 deaths per month
occurring at time t = 0, how many months does it take for P(t) to reach 95% of the limiting
population M ?

Solution

We have P(0) =120 and B = aP = 8 per month and D = bP? = 6 per month. Hence

B 8 8 1

“T“PTPO) 120 15
The limiting population is

ByPy
M —_ D_O

_ (8)(120)

6

=160

Therefore, we need to find the time the population reaches 95% of the above value, or

19—050(160) =152 rabbits. The solution to the logistic equation is given in equation (7) page 77

as
MP,

PO + (M - Po)e_kMt

P(t) =

This was derived from the form il—lz = kp(M — P). But as we found in the last problem, k = ]\%

1. . 1 .
and a = — in this problem. Hence k = —. The above solution now becomes

Po) - MP,

1
PO + (M—Po)e_ﬁt

But M =160 and Py = 120. The above becomes

(160)(120)
P(t) = :
120 + (160 — 120)e '
19200

=—1
120 + 40e 15

We want to find t when P(f) = 152. Hence
19200

152 = .
120 + 40¢” 15"
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We need to solve the above for ¢.
1
152(120 + 40e_ﬁt) =19200
-1
6080eT5' + 18240 = 19200
19200 - 18240
6080

-1
-

Taking natural log gives

Using the calculator the above gives

t = 27.687 months

2.12.12 Problem 17, section 2.1

Consider a rabbit population P(t)satisfying the logistic equation as in Problem 15. If the
initial population is 240 rabbits and there are 9 births per month and 12 deaths per month
occurring at time t+ = 0. How many months does it take for P(f) to reach 105% of the limiting
population M ?

Solution

This is similar to the above problem. We have P(0) = 240 and B = aP = 9 per month and
D = bP? =12 per month. Hence

B 9 9 3
A===—==— = —
P P@O) 240 80
The limiting population is
ByPy
M=_20
Dy
3 (9)(240)
12
=180

Therefore, we need to find the time the population reaches 105% of the above value, or

105

700 (180) = 189 rabbits. The solution to the logistic equation is given in equation (7) page 77

as
MP,

P(t) =
() P0+(M—P0)€_kMt

312



2.12. HW 12 CHAPTER 2. HWS

This was derived from the form '2—1: = kp(M — P). But as we found in the last problem, k = 7

3. ) 3 )
and a = 3 in this problem. Hence k = IV The above solution now becomes

P(t) = MP,

3
Py + (M - Py)e s
But M =180 and P, = 240. The above becomes

Py = (180)(240)

3
240 + (180 — 240)¢ 5"
43200
- 3,
240 - 60e” %'
We want to find t when P(t) = 189. Hence

43200
189 = ———
240 — 60¢ 10"
We need to solve the above for t.
3
189 (240 - 60e_%t) = 43200

3

45360 — 11 340e 5" = 43200
3, 43200 — 45360
e 0 = e -
11340

Taking natural log gives

Using the calculator the above gives

t = 44.219 months

21213 Additional problem 1

Solution

a
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2.12.13.1 Parta
y+y=0

The characteristic equation is
r+1=0

The root is r = —1. Therefore the general solution is given by

yu(x) = Ce'™
= Ce™
Where C is arbitrary constant.
212.13.2 Parthb
y+y=e* (1)

From part (a) we found that ¢™ is basis solution for the homogeneous ODE. The RHS in
this ode is ¢*. No duplication. Therefore we let

Y, = Ae*

Substituting this in (1) gives

2A=1
1
A==
2
Therefore 1
Yp = Eex

212133 Partc

The general solution is the sum of the homogeneous solution (part a) and the particular
solution (part b). Therefore

Y=YntYp
C —X + 1 X
= Ce —e
2
212.13.4 Partd
The ODE
yV+y=eé* (1)
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Has the form
Y + P(x)y = Qx)
Which implies that

P(x)=1
Qx) = ¢

2.12.13.5 Parte

The integrating factor is therefore p = R Multiplying both sides of (1) by p
results in

Integrating gives

Therefore

212.13.6 Partf

Comparing the solution obtained in part (c) and (e) shows they are the same solution.

2.12.14 Additional problem 2

Solution

2.12.14.1 Part (a)

dp
— = kPM-P) (1)

The solution P(t), where P(t) is number of positive cases at time ¢ should satisfy the above
ODE, with P(0) = 5000.
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2.12.14.2 Part (b)
The ODE in part(a) is separable. It has the form

P
i F(t)G(P)
Where
Fit)=1
G(P) = kP(M - P)

Therefore the ODE (1) can be written as

P
) = Foa

dP
kP(M - P)

f%#‘”

To integrate the left side will use partial fractions. Let

=dt

1 A . B
kP(M -P) kP M-P
Therefore
4= 1
M-P|,_,
1
M
And
B - 1
kP|,_y,
1
- kM
Hence (2) becomes
11 1 1
——+——dP=t+C

MkP kMM-P
1 1
mlanl——lnlM P|—t+C
1

m =t+C

"lM-p

In

M—p|:kMt+C2

(2)
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Where C, = CkM a new constant. The above now can be written as
P
=C ekMt
M-p~
Where the + sign it taken care of by the constant C;. Hence

P = C3e*M{(M - P)
P = C3MeM! — CypeMt
P + C;PeMt = Co MMt
P(l + C3€kMt) = C3M€kMt
C3 MMt
1+ C3ekMt
. CGM
h e‘kMt + C3

P(t) =
(3)

When ¢t =0, P = P,. Hence the above becomes

CsM
g Cs
Py + PyCs = CsM
C3(Pg - M) = =Py
Py
M-P,

Substituting this back in (3) gives

Po
M-P,
P,
~kMt 4 0
€ M-P,
PoM

- e‘kMt(M—P0)+PO

P(t) =

MP,
PO + (M - Po)e_kMt
Which is the solution given in the textbook. Now, using Py = 5000 given in this problem
gives

P(t) =

5000M

P(t) =
® = 5500+ (M — 5000)¢ kMt
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But M =100000 which is the limiting capacity (total population). The above simplifies to

_ (5000)(100000)
5000 + (100000 — 5000)e~100000kt
_ (5000)(100000)
"~ 5000 + (95 000)e~100000k
100000

(M) ¢~ 100000kt

P(H)

5000

100000
~ 1 + 19100000kt (4)

The above is the solution we will use for the rest of the problem.

2.12.14.3 Part (c)

We are told there are 500 new cases on first day. This means P(1) = 5000 + 500 = 5500. Using
the solution found above we now solve for k. Let t =1, we obtain

100000
1 + 19¢—100000k
¢~ 100000k = 100000

_ 100000 — 5500

(19)(5500)
189

209

5500 =

Hence

k100000 =1 189
— = In| —
209

1 189
k=- In| —
100000 \209
=1x10"°
2.12.14.4 Part (d)
We now need to find the time t where P(t) = 50000. Therefore, using (4)

100000

P(t) = 1 + 19100000kt
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And replacing k by value found in part(c) and P(t) by 50000 gives

100000
50000 = .
1 + 19¢100000(1x106)¢
100000
50000 = ————
1+19 1
1
50000(1 + 19e_ﬁt) = 100000
_1, 100000
1+19 10 =
50000
1
1+19 1 =2
o L
19

Therefore

Therefore it will take about 29 days for the half the population to be infected.

2.12.14.5 Part (e)
The model

ap

i kP(M - P)
Says that the rate of infection depends on M—P where P is current size of infected population
and M is limiting size of the population that could become infected, which is assumed to
be the total population, and this is assumed to remain constant all the time. Hence as more
population is infected, the value M — P becomes smaller and smaller, since P(t) is increasing,
but M is fixed. This means the rate at which people get infected becomes smaller as more
people are infected. This is a good model, assuming people who get infected remain infected
all the time, which is the case here, and assuming M remain constant. This model does
not account for death or birth of the overall population and any migration from outside. A
more accurate model would account for this.

This model gives useful information for predicting how many of the population will become
infected in the future given initial conditions.
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21215 key solution for HW12

HOMEWORK 12 — SOLUTIONS

These solutions demonstrate one way to approach each of the homework problems. In many
cases, there are other correct solutions. If you would like to discuss alternative solutions or

the grading of your assignment, please see me during office hours or send me an email.

Textbook Problems:

1.4.4 We separate variables and then integrate.

dy

14+2)-2 =4

(I +a) =4y
1 4
—dy = dx
Y 1+

1 4
/idy*/lwdfc

Iny=4In(1+2z)+C

Now we exponentiate both sides to solve for .
y = 641n(1+a:)+C
y=Ci(1+z)*

1.4.17 We can factor to write the differential equation as ¥’ = (1+z)(1+y). Now we separate
variables and integrate.

dy

“Z_(1+2)0

Y1+ a)1+y)

1

1
/l+ydy:/(1+x)dx

22
1n(1+y)=m+5+0

We exponentiate to solve for y.
l+y= etz +C
g = Crertie 1
In this case, solving for y gives us a bit of a mess, so it would be acceptable to leave it

in the implicit form found above.
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1.4.19 We separate variables and integrate.

dy .

29 _ e

dx 4

1

—dy=¢€"dx

Yy

1
/dy:/e“”da:

Y

Iny=e¢"+C

We have the initial condition y(0) = 2e, so we find the constant C'.

In(2e) = e+ C
In2+lne=1+C
In2=C

Now we exponentiate to solve for y.

1.4.33 Our population is modeled by % = kP, so that P(t) = Ce*. Let t be the years since
1960 and P(t) the population in thousands. Then our initial conditions are P(0) = 25
and P(10) = 30. This lets us solve for the constants C' and k:

25 = Ce®
25 =C
30 = 25¢'0%
6
g o e1OIc
10k = In(6/5)
In(6/5)
k= ~ 0.0182
10

So P(t) = 25e%0182! and in 2000 we predict P(40) = 25¢*40 = 25(6/5)* ~ 51.8 thousand
residents.

1.4.43 The temperature is modeled by 2L = k(0 — T) = —kT so that T'(t) = Ce™*. Our
initial conditions are 7°(0) = 25 and 7(20) = 15. We can solve for the constants now.

25 =Ce’ =C
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15 = 25¢~ 2%
3
S _ 20k
)
—20k = In(3/5)
In(3/5)
k=— ~ 0.0255
20
We want to know when T'(t) = 5.
5=25¢M
1
Ikt
5
—kt =1n(1/5)
In(1/5) In(1/5)
t=— =20 ~ 63.01
k In(3/5)

So it will take about 63 minutes for the buttermilk to cool to 5°.

1.5.3 We have y/'+3y = 2ze~*, so that P(z) = 3. Our integrating factor is exp( [ 3 dz) = 3.
After multiplying by €3, we have

d 3zl __
%[ye ]—230

ye’ = 2?2 +C

y = w2673z + 06731

1.5.17 We have (1 + z)y’ 4+ y = cosz, which after dividing by 1 + x is

1 Ccos T

/
+ =
y 1+my 14+2z

So P(x) = 115 and our integrating factor is exp([ 115 dz) = exp(In(1 +z)) = 1 + .

After multiplication by 1+ x, we have

% [y(1+ z)] = cosz
y(1+z) =sinz+C
_ sinz+C
 l+az

We are given the initial condition that y(0) = 1, so we have

1isin0+0
N 1
1=C

sinax+1

So our solution is y = 7
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1.5.37 After t seconds, the volume of liquid in the tank is V'(t) = 100 + 5t — 3t = 100 + 2t.
The differential equation that describes the amount z(¢) of salt in the tank at time ¢ is

x
'—5.1—-3. ——
v 100 + 2¢
We rewrite this slightly to allow us to find the integrating factor.
o3
100 42t~

So P(t) = 100+2t
(100 + 2t)*/2. After multiplying by the integrating factor, we have

and our integrating factor is exp( [ g dt) = exp(3 In(100 + 2t)) =

d
p [2(100 + 2¢)*/] = 5(100 + 2¢)*/2

(100 + 26)3/% = (100 + 2t)°/2 + C
C

= (100 +2t) + ——
(100 + >+(100+21t)5/2

Initially, we have 2(0) = 50 pounds of salt. So we can solve for C.

50 = 100 +
—50-1000 =C

1003/2

So, we have

50,000
(100 + 2t)3/2
We want the amount of salt when the tank is full. This happens when V (¢) = 400, so
when ¢ = 150. At that time, we have

50,000
4003/2

z(t) = 100 + 2t —

z(150) = 400 — = 393.75 pounds of salt

2.1.15 We are given that 2 = aP — bP? = bP(% — P). We are given that the birth rate is
aP, which at t = 0 is By and the death rate is bP?, which at ¢ = 0 is Dy. Since the
initial population is P(0) = F, this tells us that aPy = By and bPZ = Dy. So we have

g o Bo/Po
b~ Do/
By Py
=D
So we have written our differential equation in the form < E = kP(M — P) where
k=0b= %{%’ and M = ¢ = B]gp 0. Thus our limiting population is indeed BOP L.
4
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2.1.16 In this case we have Py = 120, By = 8, and Dy = 6. So our differential equation can

be written as P 6 %120 .
— =—_ P _P)=—P(160—P
dt 1202 ( 6 ) 21007 (160 =F)

Knowing k, M, and P,, we can use the formula for the general solution of a logistic
equation to get

Pt) = 160 - 120 1
120 + (160 — 120) ¢z 100¢
480
~3reE
We wish to know when P(t) = 0.95- M = 152. We solve:
480
192 = o

456 4 152¢~4/15 = 480
152¢ /1% = 24

—t
- = n(3/19)

t = —15In(3/19) ~ 27.7

So it will take nearly 28 months for the population to reach 95% of the limiting popu-
lation.

2.1.17 In this case, we have Py = 240, Bo = 9, and Dy = 12. So our differential equation can
be written as

dP 12 9-240 1
— = —— —P|)|=—=-P(180—-P
dt 2402 ( 12 > 4800 (180 )
Knowing k, M, and Py, we can use the formula for the general solution of a logistic

equation to get

180 - 240
P(t) = — 3555180t
240 + (180 — 240)e™ 700
T
T4 — e—3t/80
We wish to know when P(t) = 1.05- M = 189. We solve:
720
189 = 4 _ o-3t/80

756 — 189¢ 3480 = 720
189¢ /%0 = 36

—3t
—— =1In(4/21
—801n(4/21
o TG
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So it will take just more than 44 months for the population to fall to 105% of the
limiting population.

Additional Problems:

1. (a) ¥'+y = 0 has characteristic equation r+1 = 0 with root r = —1. So we have general
solution y = cie™".

(b) Our particular solution has form y, = Ae” since there is no repetition. We substitute
into the equation to find the value of A:
Y, +yp = Ae” 4 Ae” = "

So A= % and we have particular solution y, = %e"”.
(c) The general solution is y = y, + y. = 3€” + cie” .
(d) For y +y = €* we have P(z) =1 and Q(z) = €”.
(e) Our integrating factor is

efP(z)dx _ efldz

= ex
So we have
y/ex + yew _ eQw
d T 2
_— . = e
o €]

— o C—x
Y 2€—|— e

(f) The solutions we wrote in (e) and (c) are identical, except for the name of the
constants.

2. (a) The initial value problem is

P

— = kP(100 — P) P(0) =5

where P(t) is the number of people with Green’s disease (in thousands) on day .
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(b) This differential equation is separable:

1

— AP =kdt
P(100 — P)

After calculating a partial fraction decomposition, we can integrate both sides:
1 1 1
100 <P+1m—P>Mj/kﬁ
1
— (InP —In(100 — P)) =kt + C

100
P
P

=C 100kt
wo—p  f
At this point, it seems prudent to solve for the constant C;. With P(0) = 5, we
compute
5
100-5  '°
5
Cy=—
T 95
We will leave the symbol ' in our calculation for the time being as we solve for P:
P 100kt
wo—p_ °

P = 100016100kt _ Pclelookt
P(l 4 016100kt) _ 100016100kt
100016100kt
T 1+ C,el00kt

100 - ielookt

p—__9"

o 5,100kt
1+ gze

P

Multiplying the fraction by 95¢~1%** in both numerator and denominator, we get a

cleaner expression
500

= 956—100kt + 5

(c) We are given that P’(0) = 0.5 and that P(0) = 5. We can put these values into the
differential equation to get

P(t)

0.5 = k(5)(100 — 5)

0.5
k = —— =~ 0.00105
5-95

7
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(d)

We need to know when P(t) = 50. So, we solve for ¢ in

500 B
95— 100kt 45 -
500 = 50 - 95109 4 5. 50

500 —5-50 100kt

50

50 - 95
1
L o100kt
19
—100kt = In(75) ~ —2.944

—2.944
N ———————— =28.04
—100 - 0.00105 5.0

So it will take about 28 days for half the population to be infected.

One way to view this kind of model is that it tells us what will happen if the
system is left to run without intervention. This model will only be accurate if
human behavior, the biology of the disease, and our treatment capability all stay
the same. Factors like mask wearing, social distancing, curfews, hand washing,
business closures, and holiday celebrations can all impact the level of transmission
between individuals. There may be changes to the transmissibility of the disease
itself, caused by mutations or by the weather. Medical intervention may allow us to
make infected individuals no longer contagious or make some people immune through
vaccines. There may also be further complicating factors such as travel to and from
other cities.

Another relevant saying here is “garbage in, garbage out.” This means that our
model is only as good as the data we feed into it. If the count of total infections or
daily infections is wrong due to inaccurate tests, insufficient testing, or incomplete
reporting, our model has no hope of predicting the true numbers.

With all of that said, what utility can we still get from this model? Well, it does
tell us about one possible scenario for how disease transmission could evolve. If
we adjust our assumptions slightly, we can get other possible scenarios. In reality,
most modeling of this kind gives a range of possible outcomes, rather than a single
prediction. This model is one such possible outcome and is probably most useful
when viewed in the context of other possible outcomes.

The predictions of this model also give us a benchmark to compare future data to. If
we introduce public health interventions like mask mandates, stay-at-home orders, or
messaging about hand washing, we can assess their effectiveness by comparing future
data to our predictions. If there are fewer infections than our model predicted, that
indicates that the public health interventions may be helping. If infection rates
rise above our predictions, we will need to explore possible causes such as disease
mutations, weather changes, or "superspreader” events. Having this model helps
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us understand whether the new data we get each day is as expected, a cause for
concern, or a cause for celebration.
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2.13.1 Problems listing

HOMEWORK 13

As we are rapidly approaching the final exam, this homework will not be collected or graded.
These problems are simply to aid you in studying for the exam. As such, I will not be pro-
viding a specific list of textbook problems beyond that on the review sheet. If you can
comfortably do two or three of each of the problem types from the textbook, you are prob-
ably safe to skip the rest. I will only type up solutions for the additional problems, but I
encourage you to check your answers for the textbook problems with the back of the book.

Textbook Problems:
e §2.2: 1-12, 20-22
e §2.3: 1-3, 9-12
e §2.4: 1-10
Additional Problems:

1. Write a differential equation of the form % = f(z) that has a stable equilibrium at z =5
and an unstable equilibrium at z = 1.
2. Write a differential equation of the form ‘fl—f = f(x) that has stable equilibria at x = 5

and z = 7 and an unstable equilibrium at z = 1.

3. Formula One cars have a feature called the drag reduction system (DRS) which opens
a flap on the rear wing to decrease drag at particular points in the race and facilitate
overtaking. For the purposes of this problem, we will assume that the cars have constant
acceleration and drag proportional to velocity, so that

dv
— = a — pv
dt f
where p is a positive constant called the drag coefficient. The top speed of a car is defined
to be tlim v(t), otherwise known as the terminal velocity.
—00

(a) The differential equation % = a — pv is separable. Solve it (leaving a and p as
constants), and find the particular solution when v(0) = vy. Find the top speed
tlim u(t).

—00

(b) Under normal conditions, the top speed of a car is 85 m/s. With the DRS active, the
top speed increases to 90 m/s. If the car’s engine provides a constant acceleration
of 14 m/s?, what is the drag coefficient with and without DRS?

(c¢) Two cars exit a corner at 25 m/s, with car A 10 meters behind car B. At the same
time, they both begin accelerating at 14 m/s>. However, car A has DRS enabled
while car B does not. Using the drag coefficients calculated in the previous problem,

1
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determine how much time it will take for car A to be right next to car B. (The
position equations will involve both exponential and polynomial terms. I recommend
using a computer algebra system to solve for the time where xA(t) = xp(t))

There are 500 meters from the corner exit to where the drivers must begin braking
for the next corner. Which car will be ahead when they brake for the next corner?

Formula One cars are exceptionally “draggy,” and at high speed can get more de-
celeration from just their aerodynamics than a road car gets from slamming on the
brakes. With no throttle or brakes, we only have drag acting on the car, so that

dv

at "
Say that a driver’s brakes have failed during a race. If they can slow the car to 10
m/s by the time they reach the pit lane, their mechanics will be able to safely bring
the car to a stop. If the driver is currently traveling at 80 m/s, how far before the
pit lane must they begin coasting? Use the non-DRS drag coefficient you calculated
in part (b).
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2.13.2 key solution for HW13

HOMEWORK 13 — SOLUTIONS

These solutions demonstrate one way to approach each of the homework problems. In many
cases, there are other correct solutions. If you would like to discuss alternative solutions or
the grading of your assignment, please see me during office hours or send me an email.

Additional Problems:
1. We need our function f(x) to have zeros at = = 1,5 and we need the phase diagram to be

1 5
|
1

| \
7

L L
< T <

We take as a first guess f(z) = (z—1)(xz—5). We find then that f(0) = (—=1)(—=5) =5 > 0,
which would be the wrong sign. So we take as a next guess fi(z) = —(z — 1)(z — 5).
Then we have f1(0) = =5, f1(3) = 4, and f1(6) = —5 which is exactly what is needed.
So our differential equation is

d
(Tf = —(z—1)(z—5)
2. We need our function to have zeros at x = 1,5,7 and we need the phase diagram to be
1 5 7
L | \ | L \ | L
N | 7 ‘ A} 7 | A}

The problem here is that we have two conflicting signs needed in the interval between 5
and 7. To rectify this, we will introduce another critical point at 6 where the sign of f(x)
will change. This means we are now looking to get the phase diagram
1 5 6 7

|

1

VR \ N L
7

We take as a guess f(x) = (z—1)(x—5)(z—6)(z—7). Wesee that f(0) = (—1)(=5)(—6)(=7) >
0, so the sign is wrong again. Our next guess is fi(z) = —(z — 1)(z — 5)(z — 6)(x — 7).
You can check that now all of the signs are correct, so our differential equation is

dx

== D=5 -6)-7)
If we add the additional requirement that f(z) is continuous on all of R, you can show
that the only way to have both =5 and = 7 as stable equilibria is if there is another
equilibrium solution between 5 and 7. If we don’t require that f(z) is continuous, we can
use a function like ( 1( 5)( 7

z—1)(x—5)(z —
flay = -2

which has only the three required equilibria and no others. This discontinuity at + = 6
makes this differential equation quite unpleasant to work with, however.

1
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3. (a) We are solving fl—z = a — pv where a and p are some unknown constants. This is a
separable equation, and we can write it as

1
a— pv

dv =dt
Integrating both sides and solving for v, we get

1
—;ln(a—pv) =t+Cp

In(a — pv) = —pt + C4
a—pv = Cohe ™

—pv=Che ™ —a

a
v=Cse " +
p
With the initial condition v(0) = vy, we have
a
Vo = 03 + -
p

So our particular solution is

u(t) = <UQ — a) ety f
p p

Since p is a positive constant, the top speed is

a
lim v(t) = —
P

t—o00

(b) If the top speed is 85 m/s and our acceleration is 14 m/s?, then we can solve for p.

14
85 = —
P
14

— 2~ 0.165
P =35

In the case where DRS is active, we have a top speed of 90 m/s, so

14

PDRS

90 =

= 14 ~ 0.156
PDRS = 90 .
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(c) Car A begins 10 meters behind car B so 24(0) = —10 and x5(0) = 0. Both cars
have initial velocity 25 m/s, so using our solution to (a) we can write down the two
velocity functions in terms of the drag coefficients.

14 14
va(t) = (25 — > e PDPRSt

PDRS PDRS
14 14
up(t) = (25 _ p) el

Integrating with respect to ¢, we get the position functions

25 14 4
za(t) = (— + — ) e PpRS 4 t+Cy
PDRS  PDRS PDRS

25 14 14
rp(t) = (—p + p2) e+ ?t +Cp

Our initial conditions now let us solve for the constants.

25 14
—10 = (— + > +Ca
PDRS  PDRs

25 14
Cy= - = —10
PDRS  PDRS

25 14
0= (—+2> —|—CB
p

We now want to know when x4(t) = zp(t). So we set these equal to each other,
substitute the values we found for p and ppgrg, and solve for t.
A17.857¢ " + 90t — 427.857 = 364.286¢ = + 85 — 364.286

417.857e 0" — 364.286e 5 + 5t = 63.571
t ~ 8.306

So it will take about 8.3 seconds for the two cars to be side by side. At time ¢ = 8.306,
we have w4(t) = xp(t) = 434.472 meters. So by the time the cars have driven 500
meters, car A should be ahead.

(d) Setting a = 0 m/s? and vy = 80 m/s in our solution found in (a), we have

v(t) = 80e "
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14 we want to find when v(t) = 10.

Given that p = &,

10 = 80e &
—14¢ 10
 _In(=

85 80

85 10

The position function is obtained by integrating, so that

£(t) = —i?eﬂt e

Taking the place where we begin coasting as position 0, we have 2(0) = 0 and C' = &,

P
Now we evaluate the position function at the calculated time to get

85, (10 80 smu(g), 80
z|——In{— =— e —
147\ 80 14/85 14/85

80-85 10 80-85
=TT 0 1 =425

So the driver will need to coast for 425 meters to reach the safe speed of 10 m/s.

An interesting thing to consider about this exponential decay model is that the car
is not predicted to come to a complete stop after any finite amount of time, i.e.
v(t) is strictly positive for all ¢ > 0. This doesn’t match our real-world experience,
indicating that forces like friction between the asphalt and the tires are playing a
role that this model isn’t accounting for.

One consequence of this model that does match our real-world experience can be
seen if you run the numbers again for a target velocity of 5 m/s. In this case, it
takes 16.8 seconds to slow down and we travel 455 meters. It takes more than 30%
longer to decrease our speed by 75 m/s than it does to decrease our speed by 70 m/s.
Despite the significant increase in time, we only increase distance traveled by 7%.
This is significantly different from the behavior of the constant deceleration model
we explored in Additional Problem 2 of Homework 11. But if you have played golf
or billiards, you will have experienced how long it can take for the ball to slowly roll
those last few inches before coming to a stop.
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Chapter 3

study notes

3.1 How to solve some problems

1.

Problem gives set S of vectors {51,52,53, ] and asks to find basis that span S consisting
of elements from S. To answer this, write the vectors as columns of matrix A. Then
convert the matrix to Echelon form (Row reduction). The pivot columns in A are the
basis.

. Problem gives set S of vectors [5’1,?7’2,?}3, } and just asks to find basis that span S. It

does not say consisting of elements from S. This was not clear and I asked about it.
The answer I got is to use same method as above, and that will work also.

Problem gives set S of vectors {5’1,7}2,53} say in R and asks to find basis for R® that
contains S. Here, we also set up the matrix A where the first 3 columns are these
vectors, but also add 3 more columns, which are (1,0,0), (0,1,0), (0,0,1) and now convert
A to Echelon form and the pivot columns of A are the basis. The difference between
this and above, is that we append the elementary basis for R® to the matrix A before
starting.

Problem gives A matrix and asks to find is NULL space. This is asking for basis of

solution space for A% = 0. To solve, convert A to Echelon form. (no need to do reduced
Echelon form). Then the number of the free variables is the dimension of the NULL
space. So if we have 2 free variables, the NULL space is 2 dimensions. Call the free
variables s,t and so on. Then solve for the leading variables in terms of the free
variables. Then at end let ¢t =1,7 =1 and this gives the basis for the NULL space.

Problem gives set of vectors S = [5’1,52, Us, } and asks if they are linearly independent

or not. If the dimension of each vector is the same as the number of the vectors, then
make a square matrix A of the vectors as its columns and find the determinant. If
|A| = 0 then the vectors are linearly independent, else they are not.
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10.

11.

12.

13.

Another way to do this is to write ¢,7; + ¢17, + ¢1U3 = 0 and solve for ¢; and see if
the only solution is c¢; = 0. If so, then linearly independent, else not.

Problems gives A matrix and asks for its column space and its row space. To solve,

reduce the matrix to Echelon form. The row space are those rows which are not all
zeros. The column space are the pivot columns in the original A (not the pivot columns
in the final Echelon form matrix).

Problem gives set of vectors S = {9;,7,,75,---} and one vector @ and asks if @ is
1,02, U3
linear combinations of the vectors in S. To solve, write ¢17; + ¢, + 373 = @ and set up

A% =b. Then set up the augments matrix [A|b]. Reduce to Echelon form. Now see if
it is consistent or not. If not consistent, then there is no solution and they it means @
can not be written as linear combination. If consistent, then this means we can write
W as linear combination (there can be infinite ways to do this).

Problem gives set of vectors S = {51,?52,53, ] and asks if S spans all of R"? Let n =3
for example. If we can find 3 of vectors from S that are linearly independent, then the
answer is yes. Otherwise no.

Problem gives set of vectors S = {?}1,52,?53, } and asks if these vectors are basis for
R"? This is similar to the above. The difference is that the set S must contain only
3 vectors and no more, which are linearly independent. These they are basis. This
means any vector @ can be expressed as linear combination of the basis in one unique
way.

Problem gives square matrix A and asks to find its inverse A. To solve, set up the
augmented matrix by appending to the right side the identity matrix I. Then convert
the whole augmented matrix to Echelon form, and now convert this to reduced Echelon
form. When done, the right side (which was I initially) is A~

Problem gives square matrix A and asks to find its determinant. To solve, look first if
possible to do any row operations to increase the number of zeros in the matrix. Then
expand along one row or one column that has most zeros in it. Remember the sign is
found using (-1)""" where m is row number and 7 is column number.

Problem gives AX = b and ask what kind of solutions are possible? There are only
three possible solutions: No solution, one unique solution, or an infinite number of
solutions. So was can not have for example 2 or 3 solutions. This is not possible.

Problem gives matrix A,B and asks to find matrix X such that AX = B. To solve,
premultiply both sides by A™! to get X = A™'B. So we need to find A™! then do matrix
multiplication to find X.

3.2 Some definitions

span of set of vectors given set S = l?}l,ﬁz,?)}, }, then the span of S is the set W of all

possible linear combinations of elements of S.
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4111 Problem section 3.2 number 23

In Problems 23-27, determine for what values of k each system has (a) a unique solution;
(b) no solution; (c) infinitely many solutions.

3x+2y=1
6x+4y =k
Solution
3 2fxf |1
AN
Augmented matrix is
321
i
Ry, — —2R; + R; gives
32 1
[0 0 k- 2]

The above is in Echelon form. x is the leading variable and y is the free variable. Let y = t.
The system in Echelon form becomes

I

Last row says that 0 = k — 2. This means only k = 2 is possible. First row gives 3x + 2t = 1.
1-2t

When k = 2, we have infinite number of solutions given by [ﬂ = [ 5‘; } For any t.
¥

When k # 2 there is no solution. There is no unique solution for any k since y is free variable.
Hence answer is

(a) None (b) k #2 (c) k =2.

41.1.2 Problem section 3.2 number 24

In Problems 23-27, determine for what values of k each system has (a) a unique solution;
(b) no solution; (c) infinitely many solutions.

3x+2y=0
6x+ky=0

LR

Solution
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320
6 kK 0
3 2 0
0 k-4 0

We see that when k = 4, then y is free variable giving co number of solutions. When k # 4
then unique solution exist, which is the trivial solution. Hence answer is

(a) k #4 (b) None (c) k =4.

Augmented matrix is

Ry — —2R; + R, gives

Notice, the answer in back of the book seems wrong. It says (a) is when k # 2. It should be
k # 4.
41.1.3 Problem section 3.2 number 25

In Problems 23-27, determine for what values of k each system has (a) a unique solution;
(b) no solution; (c) infinitely many solutions.

3x+2y =11
6x +ky =21

3 2|[x] 1
6 k|ly| |21
3 2 11
6 k 21
3 2 11
0 k-4 -1
We see that when k = 4, then inconsistent, since it leads to 0 = -1, hence no solution in this

case. When k # 4 then unique solution exist. These are the only two possible cases. Hence
answer is

Solution

Augmented matrix is

Rz - —2R1 + R2 gives

(a) k #4 (b) k=4 (c) None

41.1.4 Problem section 3.2 number 26

In Problems 23-27, determine for what values of k each system has (a) a unique solution;
(b) no solution; (c) infinitely many solutions.

3x+2y=1
7x+5y =k
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-
.
e

h)

The Echelon form shows that there are no free variables. Hence unique solution exist for
all k values. Hence the answer is

(a) any k (b) None (c) None

Solution

Augmented matrix is

R1 - 7R1,R2 - 3R2 gives

Ry — Ry — Ry gives

41.1.5 Problem section 3.2 number 27

In Problems 23-27, determine for what values of k each system has (a) a unique solution;
(b) no solution; (c) infinitely many solutions.

x+2y+z=3
2x-y—-3z=5
dx+3y—-z=k

Solution
1 2 1]« 3
2 -1 3|y
4 3 -1||z k

Augmented matrix is

1 2 1 3

2 -1 -3 5

4 3 -1 k
Ry — =2R; + R, gives

1 2 1 3

0 -5 -5 -1

4 3 -1 &k
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R3 — —4R; + R3 gives

2 1 3
-5 -5 -1
-5 -5 k-12
R3 — —R; + Rj gives
1 2 1 3
0 -5 -5 -1
0 0 0 k-11}

The Echelon form shows that only when k =11 we get consistent system. And in this case,
z is the free variable, leading to oo solutions. If k # 11 then system is inconsistent and no
solution exist.

(a) None (b) k #11 (c) k=11

41.1.6 Problem section 3.2 number 28

Under what condition on the constants 4,b, and ¢ does the system have a unique solution?
No solution? Infinitely many solutions?

2x-y+3z=a
X+2y+z=>
7x +4y+9z=c
Solution
2 -1 3|x
1 2 1 =

Augmented matrix is

Ry — =Ry + 2R, gives
0 5 -1 2b-a

R3 — 2R3,R; — 7Ry gives
14 -7 21 7a

14 8 18 2c
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R3 — —R; + Rj3 gives
14 -7 21 7a
0 5 -1 2b-a
0 15 -3 2c-7a
R3 — —3R; + R3 gives
14 -7 21 7a
0 5 -1 2b—a
0 0 0 (2c—-7a)-3(2b-a)

14 -7 21 7a

0 5 -1 2b-a

0 0 0O 2c—-6b-4a
The Echelon form shows that only when 2c — 6b —4a = 0 or

c=3b+2a

We get consistent system. And in this case, z is the free variable, leading to co solutions. If
c # 3b + 2a then system is inconsistent and no solution exist.

4.1.1.7 Problem section 3.3 number 37

Show that the homogeneous system in problem 35 has non-trivial solution iff ad — bc = 0

ax+by =0
cx+dy=0

b

Solution

Augmented matrix is

R, — _iRl + R, gives

a b 0
0 ad;cb 0
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ad—cb

There are two cases. First case is when—— =0 or ad - cb = 0 then we get infinite number of
solutions since y is the free variable. The second case is when ad — cb # 0 and in this case,
we get unique solution which is the trivial solution x =0,y = 0.

Hence only when ad — cb = 0 do we get non-trivial solution which is what we are asked to

show.

41.1.8 Problem section 3.3 number 38

Use the result of problem 37 to find all values of ¢ for which
(c+2)x+3y=0 (1)
2x+(c-3)y =0

Has non-trivial solution.

Solution

From problem 37 we found that non-trivial solution exist when

ad—cb =0 (2)
Where

ax +by =0 (3)

cx+dy=0
Comparing (1) to (3) shows that

a=(c+2)

b=3

c=2

d=(c-3)

Hence (2) now becomes

(c+2)(c-3)-(2)3)=0
2-c-12=0
(c+3)(c-4)=0

Hence only possible values are c = -3, c = 4. These values give non-trivial solution.

4119 Problem section 3.5 number 9

Use the method of example 7 to find A™! for given A

5 6
A=
Y
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Solution

Augmented matrix is

R; — 4Ry, R, — 5R; gives

20 24 4 O

[20 25 0 5‘
Ry, = -R1 + R,

20 24 4 O

‘0 1 -4 5]
Rlﬁ%gives o

[1 5 5 0]

01 45
R1—>R1—2R2

1 0 5 -6

lo 1 -4 5

Since the left half is the identity matrix, then the inverse is the right side. Hence

41.1.10 Problem section 3.5 number 10

Use the method of example 7 to find A™! for given A

a

5710
4 6 01

[20 28 4 0‘

Solution

Augmented matrix is

R; — 4Ry, R, — 5R; gives

20 30 0 5
R, — —R; + R, gives
20 28 4 0
[ 0o 2 -4 5}
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Ri .
Ry — 2—5 gives

71
5 5
0 2 4 5
Ry .
Ry — = gives L
505 0
0 1 -2 7
Ri = R; - ng gives
10 3 —5;
01 -2 |
Since the left half is the identity matrix, then the inverse is the right side. Hence
’-
3 -7
Al = 2
2 ;|

41.1.11 Problem section 3.5 number 11

Use the method of example 7 to find A~! for given A

1 51
A=(2 5 0
2 71
Solution
Augmented matrix is
151100
250010
271001
Ry, — Ry — 2R; gives
5 1 1 0
0 -5 -2 -21
7 1 0 O
R3 — Rz — 2R; gives
5 1 1 0
0 5 -2 21
-3 -1 -2 0
Ry, — 3R;,R3 — 5Rj gives
1 5 1 1 00
0 -15 -6 -6 3 0
0 -15 -5 -10 0 5
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R3 — R3 - R2 gives

Ry .
Ry — —17 gives

151 1 0 O
L & 6 3
15 15 15
01 -4 -3 5

R, — Ry - R; gives

Rl — Rl - R3 gives

Ry — Ry —5R; gives
1 0 0 -5 2 5]
010 2 1 -2
001 -4 -3 5]

Since the left half is the identity matrix, then the inverse is the right side. Hence

-5 -2 5
Al=2 1 =2
-4 -3 5

41.1.12 Problem section 3.5 number 12

Use the method of example 7 to find A~ for given A

1 3
A=12 8
3 10 6
Solution
Augmented matrix is
100
8 010
310 6 001
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Ry — Ry — 2R, gives
1 3 2 1 00
0 2 -1 -210
310 6 0 O

R3 — R3 —3R; gives

13 2 1 00
2 -1 =210
1 0 -3 01

R3 — 2R3 - R, gives

02 -1 -2 1

1 .
_) -_—
R, 2R2 gives

Ry, — %R3 + R, gives

Rl - Rl - 2R3 giVES

30 9 2 -4
10 -3 0 1
01 -4 -1 2

Ry — R1 - 3R, gives
1 0 0 18 2 -7]
010 -3 0 1
0 01 -4 -1 2]

Since the left half is the identity matrix, then the inverse is the right side. Hence

18 2 -7
Al=(-3 0 1
-4 -1 2
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41.1.13 Problem section 3.5 number 13

Use the method of example 7 to find A~! for given A

b

Il
W =N
N W N
O N W

Solution

Augmented matrix is

Swap Ry, R,
3 0 0
1 00
9 0 1

Ry — Ry — 2R, gives
13 2 0 1 O
01 -11-20
7 9 0 0 1
R3 — R3 —3R; gives
1 3 2 0 1 0
01 -11-220
0 -2 3 0 31
R3 — Rz + 2R, gives
13 2 0 1 0
01 -11-220
00 1 2 -71

Rz — RZ + R3 gives

1320 1 0
0103 91
0012 -71
R1 — Ry — 2R3 gives
130 -4 15 2
010 3 -9 1
001 2 -7 1
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Ry — Ry — 3R, gives
1 0 0 -13 42 -5
010 3 91
o001 2 -7 1

Since the left half is the identity matrix, then the inverse is the right side. Hence

-13 42 -5
Al=13 -9 1
-7 1

4.1.1.14 Problem section 3.5 number 23
Find matrix X such that AX =B

43 1 3 -5
A= B =
[5 4] [—1 -2 5]

Pre-multiplying both sides of AX = B by A™! gives

Solution

X = A'B 1)

. 1 |4 -3
T 16-15|-5 4

But

Hence (1) becomes

(4 -3][1 3 -5
X =

5 4|-1 -2 5
|7 18 -35
|9 23 45

41.1.15 Problem section 3.5 number 24
Find matrix X such that AX =B

7 2
Ao 6 B- 0 4
8 7 0 5 -3
Solution
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Pre-multiplying both sides of AX = B by A™! and using A" A = [ results in
X=A"B

But

Hence (1) becomes

(7 6|2 0 4
X =
-8 7][0 5 —3]
14 30 46
|16 35 -53

41.1.16 Problem section 3.5 number 25
Find matrix X such that AX =B

1 41 1 0 3
A=|(2 8 3[,B=|0 2 2
2 7 4 -1 10

Solution

Pre-multiplying both sides of AX = B by A™! and using A™ A = I results in

X=A"'B
But B
1 41
Al=12 8 3
2 7 4
Augmented matrix is
141100
283010
27 4001
Ry = Ry — 2R gives
141 1 00
001 -210
27 4 0 01

(1)

(1)
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R3 = R3 - 2R1 gives

1 00
0 -2 1
-1 2 -2 01
Swap Ry, Rj
4 1 1 0
0 -1 2 -2
0 1 -2 0
Ry, - -R,
1 0
1 -2 2 -1
1 21 0
Ry, = Ry + 2R3
141 1 00
010 -22 -1
001 -21 0
Ry — Ry —Rj
140 3 -1 0
0 0 2 2 -1
001 -21 0
Ry — Ry —4R,

1 0 0 11 -9 4]
010 -2 2 -1
0 01 2 1 0]

Since the left half is the identity matrix, then the inverse is the right side. Hence

-13 42 -5
Al=13 -9 1
2 -7 1
Therefore (1) becomes
1 -9 4|11 0 3
X=|-2 2 -1{f0 2 2
-2 1 0|1 1 0
7 -14 15
=(-1 3 =2
-2 2 -4
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41.1.17 Problem section 3.5 number 26
Find matrix X such that AX =B

1
A=12
1
Solution

Pre-multiplying both sides of AX = B by A~ and using A™'A = I results in

X=A"'B (1)
But B
15 1
ATl=121 -2
17 2
Augmented matrix is
1 1 00
21 =2 10
1 7 2 01
R, > Ry — 2R,
15 1 1 00
0 -9 -4 21
17 2 0 0
R3; = R3 - R,
15 1 1 0
0 -9 4 21
0 2 1 -10

Ry = 2Ry, R3 — 9R;
1 5 1 1 0
0 -18 -8 -4 2
0 18 9 -9 0

R; - R3+R,
1 5 1 1 00
0 -18 -8 -4 2
0 0 1 -13 2 9
Ry = Ry + 8R3

1 5 1 1 0 0
0 -18 0 -108 18 72
o 0 1 -13 2 9
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Ri = Ri—Rj3
1 5 0 14 -2 -9
0 -18 0 -108 18 72
0 0 1 -13 2 9

Ry = =Ry

50 14 -2 -9
0 6 -1 -4
01 -13 2 9]

R; — R, -5R,

00 -16 3 11]
0 6 -1 —4
01 -13 2 9

Since the left half is the identity matrix, then the inverse is the right side. Hence

-16 -3 11
Al=l6 -1 -4
-13 2 9
Therefore (1) becomes
-16 -3 11][2 0 1
X=|l6 -1 -4/|0 3 2
-13 2 9|1 0 2
[-21 -9 0]
=8 -3 -4
-17 6 9|

41.1.18 Problem section 3.6 number 7

In Problems 7-12, evaluate each given determinant after first simplifying the computation
(as in Example 6) by adding an appropriate multiple of some row or column to another.

o

Il
W N -
w N e
W N =

Solution

We see before starting that the determinant must be zero, since its rows are linearly depen-
dent. We now show this is the case.
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R2 — Rz — 2R1

W o
W o =
LW o =

Now we do expansion along R,. This gives

11
3 3

11
3 3

11

det(A) =0
et(A) 3 3

+0 +0

=0

41.1.19 Problem section 3.6 number 8

In Problems 7-12, evaluate each given determinant after first simplifying the computation
(as in Example 6) by adding an appropriate multiple of some row or column to another.

2 3 4
A=|-2 31
3 2 7
Solution
R1 - Rl + R2
0 0 5
A=|-2 -3 1
3 2 7
Expansion along first row gives
-2 -3
det(A) =5
3 2
=5(-4+9)
=25

41.1.20 Problem section 3.6 number 9

In Problems 7-12, evaluate each given determinant after first simplifying the computation
(as in Example 6) by adding an appropriate multiple of some row or column to another.
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A=10 5 17
6 -4 12

Solution

R3—>R3—2R1
A=|0 5 17

Expansion along third row gives

3 -2
det(A) =2 0

= 2(15)
=30

4.1.1.21 Problem section 3.6 number 10

In Problems 7-12, evaluate each given determinant after first simplifying the computation
(as in Example 6) by adding an appropriate multiple of some row or column to another.

-3 6 5
A=]1 -2 -4
2 -5 12
Solution
Rl - Rl + 3R2
o 0 -7
A=11 -2 -4
2 -5 12

Expansion along first row gives
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1 -2
det(A) = -7
2 -5
= _7(-5+4)
=7

41.1.22 Problem section 3.6 number 11

In Problems 7-12, evaluate each given determinant after first simplifying the computation
(as in Example 6) by adding an appropriate multiple of some row or column to another.

1 2 3 4
0567
A=
0089
2 46 9
Solution
R3—>R3—2R1
1 2 3 4
0567
A=
0089
0001
Expansion along last row
123
det(4) = D)Mo 5 6
0 0 8

Where i = 4,j = 4 (since it is entry (4,4)). Hence (—1)i+j = (—1)8 = 1. So the sign is +. The
above becomes

1 23
det(A)=1)[0 5 6
0 0 8

For the second determination, expansion along its third row gives
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|

det(A) = 1((—1)3+38 (1) 2

4.1.1.23 Problem section 3.6 number 12

In Problems 7-12, evaluate each given determinant after first simplifying the computation
(as in Example 6) by adding an appropriate multiple of some row or column to another.

0 0 -3
1 11 12
A=
0 0 5 13
-4 0 0 7
Solution
R4—)R4+2R1
2 0 0 -3
0 1 11 12
A=
0 0 5 13
00 0 1
Expansion along last row
200
det(4) = (-D*™*Wjo 1 11
00 5
0
= 1 11
5

Expansion along last row
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33 |2
det(A) = (-1)"°(5) 01

=5(2)

=10

41.1.24 Problem section 4.3 number 17

In Problems 17-22, three vectors vy,0,, and U3 are given. If they are linearly independent,
show this; otherwise find a

nontrivial linear combination of them that is equal to the zero vector.

1 2 3
?}1: 0,62: —3,63: 5
1 4 2

Solution
The vectors are Linearly independent if
— — — =
€101 + 020y + C303 = 0

only when ¢; = ¢; = c3 = 0. If we can find at least one c; # 0 where the above is true, then
the vectors are Linearly dependent.

Writing the above as A€ = 0 gives

2 3flq
0 -3 5||ca|=1|0 1)
4  2||c3
The augmented matrix is
2
0 -3 5
1 4
R3 — —R; + Rj gives
2
-3 5
2 -1 0
R3 — R3, Ry — 2R, gives
2 3 0
-6 10 0
6 -3 0
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R3 — Rz + R3 gives

1 2 3 0
0 -6 10 0
0 0 7 0

Hence the original system (1) in Echelon form becomes

1 2 3] (o
0 -6 10|[c,| =0
0 0 7]e| |0

Leading variables are cy, ¢, c3. Since there are no free variables, then only the trivial solution
exist. We see this by backsubstitution. Last row gives c3 = 0. Second row gives c, = 0 and
first row gives c; = 0.

Since all ¢; = 0, then the vectors are Linearly independent.

41.1.25 Problem section 4.3 number 18

In Problems 17-22, three vectors 7, 7,, and U5 are given. If they are linearly independent,
show this; otherwise find a nontrivial linear combination of them that is equal to the zero
vector.

2 4 -2
5)1 = 0 ,_>2 = —5 ,5)3 =11
-3 -6 3

solution
The vectors are Linearly independent if
— — — =
€101 + Uy + 303 =0

only when ¢; = ¢, = c3 = 0. If we can find at least one c; # 0 where the above is true, then
the vectors are Linearly dependent.

Writing the above as AZ = 0 gives

2 4 2] o
0 5 1|lc|=]o0 1)
3 -6 3|lcs| |0
The augmented matrix is
2 4 20
0 -5 1 0
-3 6 3 0
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Ry = 3Ry, Ry — 2R, gives

6 12 -6 0
0 -5 1 0
-6 -12 6 0
R3 — Ry + R3 gives
6 12 -6 0
0 -5 1 0
0O 0 0 O
Hence the system (1) becomes
6 12 6|l 0
0 5 1|lcp[=]0

0 0 0]lles] |0

The leading variables are c;,c, and free variable is c;. Since there is a free variable, then
the vectors are Linearly dependent. To see this, let ¢ = t. From second row -5c, +t = 0 or

1
6t—12(§t) 3

C) = ét. From first row 6¢; +12¢c, — 6t = 0. Or ¢; = —— =i Hence
3 3
(o] %t % 1 3
C3 t 1 5
Taking 7 = 5 the above becomes
Cq 3
Cr| = 1
C3 5

not all ¢; zero. Hence linearly dependent vectors.

41.1.26 Problem section 4.3 number 19

In Problems 17-22, three vectors 7, 7,, and U5 are given. If they are linearly independent,
show this; otherwise find a nontrivial linear combination of them that is equal to the zero
vector.

2 5 2
5 0] 4| -1
01 = 3,7]2: _2,7}3: 1
0 1 -1
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solution
The vectors are Linearly independent if
— — — =
€101 + 00y + C303 = 0

only when ¢; = ¢, = c3 = 0. If we can find at least one c; # 0 where the above is true, then
the vectors are Linearly dependent.

Writing the above as A¢ = 0 gives

2 5 2 0
0o 4 <l o
3 2 1% o W
o 1 ' o
The augmented matrix is
2 5 20
0 4 -10
3 -2 1 0
01 -10
R; — 2R3,Ry — 3R
6 15 6 0]
0 4 -10
6 4 2 0
0 1 -1 0]
R; - R3; - Ry
6 15 6 0
0 4 10
0 -19 -4 0
0 1 -10
Ry = 19R,, R3 — 4R;3
6 15 6 0
0 76 -19 0
0 -76 -16 0
0o 1 -1 0
R; - R3+R,
6 15 6 0
0 76 -19 0
0 0 -35 0
01 -1 0

366



4.1. Exam 1, Thursday Oct 15, 2020 CHAPTER 4. EXAMS

R4 — 76R4
6 15 6 0
0 76 =19 0
0 0 =350
0 76 -76 0]
R4 - R4 - RZ
6 15 6 O]
0 76 -19 0
0 =35 0
0 0 =57 0]
57
R4 - R4 - £R3
6 15 6 0
0 76 -19 0
0 0 =350
0 0 0 0
The above is Echelon form. Hence
6 15 6 0
G
0 76 -19 0
G| =
0 0 =35 0
C3
0 0 0 0

Lead variables are ¢y, ¢, c3. There are no free variables. Therefore unique solution exist and
is c; = 0,c; = 0,c3 = 0. Hence the vectors are linearly independent.

41.1.27 Problem section 4.3 number 20

In Problems 17-22, three vectors 7, 7,, and U5 are given. If they are linearly independent,
show this; otherwise find a nontrivial linear combination of them that is equal to the zero

vector.
1

—

= — —
0= ;02 =

-

2 3
1 I
17 |4
1 1
solution

The vectors are Linearly independent if
— — — =
€101 + Uy + 303 =0

only when ¢; = ¢, = c3 = 0. If we can find at least one c; # 0 where the above is true, then
the vectors are Linearly dependent.
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Writing the above as A€ = 0 gives

1 2
1 1
-1 1
11
The augmented matrix is
1
1
-1
1
Ry — Ry, - R4
1
0
-1
1
R; = R; + Ry
1
0
0
1
Ry — Ry — R4
1
0
0
0
R; — R; + 3R,
1
0
0
0
Ry = Ry —Ry
1
0
0
0

_ O =W

[ b

0
C

C3

— s Rk W

o o o o
S 9 9 9 S 2 <9 9 === !
o o o O

o o o o

o o o O

(1)
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The above is Echelon form. Hence

1 2 3 0
51

0o -1 -2 0
C2 =

0 0 1 0
C3

0O 0 O 0

Lead variables are ¢y, c,, c3. There are no free variables. Therefore a unique solution exists
and is the trivial solution ¢; = 0,c, = 0,c3 = 0. Hence the vectors are linearly independent.

4.1.1.28 Problem section 4.3 number 21

In Problems 17-22, three vectors 7, 7,, and U5 are given. If they are linearly independent,
show this; otherwise find a nontrivial linear combination of them that is equal to the zero
vector.

3 1 1
I ] R T I )
S PTGl Y e I
2 1 0

solution
The vectors are Linearly independent if
— — — =
€101 + Uy + 373 =0

only when ¢; = ¢, = c3 = 0. If we can find at least one c; # 0 where the above is true, then
the vectors are Linearly dependent.

Writing the above as AZ = 0 gives

31 1 0
o -1 2| |o
1 0 1|? "o @)
2 1 o™ o
The augmented matrix is
3 1 10
0 -1 20
1 010
2 1 00
Rs — 3R; - R,
3 1 10
0 -1 20
0 -1 20
2 1 00
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R, — 2Ry, R, — 3R,

>~ © © o
L
SN NN
===

R4—>R4—R1

o o o o
N
N

o o o o

R3—)R3—R2

' o o o
o o o o

R4—>R4+R2

S © o o

o
o o NN
===

The above is Echelon form. Hence

2

0
-1 0
0

o O O &
S o NN DN

0
c

0 o

Lead variables are ¢;, c;. And free variable is c3. Since there is a free variable, then non-trivial

solution exist. Hence the vectors are linearly dependent. Let c3 = t. From second row

—Co +2C3 =0
Cy = 2C3 =2t

From first row

6C1 + 2C2 + 2C3 =0

—2C2 - 2C3
6

_2(28) - 2t

6
= -t

1=

370



4.1. Exam 1, Thursday Oct 15, 2020 CHAPTER 4. EXAMS

Hence solution is

C1 —t
| = 2t
C3 t
-1
=t 2
1
Lett=1
C1 -1
G| =
C3 1
Therefore

Cl?}l + CZE)Z + C3€7)3 = 6
—?7)1 +2?J)2 +?))3 :6
41.1.29 Problem section 4.3 number 22

In Problems 17-22, three vectors 7, 7,, and U5 are given. If they are linearly independent,
show this; otherwise find a nontrivial linear combination of them that is equal to the zero
vector.

solution
The vectors are Linearly independent if
— — — =
€101 + 020y + C303 = 0

only when ¢; = ¢; = c3 = 0. If we can find at least one c; # 0 where the above is true, then
the vectors are Linearly dependent.

Writing the above as A€ = 0 gives

3 3 4 0
9 o 7/ o
Cr| = 1
0 9 s5{7? |o @)
C3
5 -7 0 0
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The augmented matrix is

g O O W
S G N
o O © O

Rz - R2 - 3R1

g o O W
o OoO © O

Rl — 5R1,R4 — 3R4
15 15 20

o
]
o O O O

R4—>R4—R1

o o o o

R3 - R3 + Rz
[15 15 20

o
|
o
[
@
o o o o

R4 - R4 — 4:R2

o O © O

The above is Echelon form. Hence

15 15 20

G
0 -9 -5
0O 0 o0

0 0 O

G| =

C3

|
o O O O
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Lead variables are ¢;, c;. And free variable is c3. Since there is a free variable, then non-trivial

solution exist. Hence the vectors are linearly dependent. Let c; = t. From second row

—9¢c; —5¢3 =0
5
Cy = —§C3
_ 2
9

From first row

15C1 + 15C2 + 2003 =0
o = —1502 - 20C3
= 15
~15(=2¢) - 20
B 9
B 15
9
Hence solution is
C1 ——t
0| = |-t
C3 t ]
_7
_43
)
1 B
-7
= 1t 5
)
9
Lett=-9
C1 7
G| = 5
C3 —9
Therefore
Clﬁl + C262 + C3€))3 = 6
72_))1 +552—95>3 :6
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41.1.30 Problem section 4.4 number 15

In Problems 15-26, find a basis for the solution space of the given homogeneous linear
system.

X1 —2x,+3x3=0

le —3XZ—X3 =0
Solution

A% =0 gives

The augmented matrix is

Rz i R2 - 2R1

1 -2 3 0
01 -7 0

Hence the leading variables are x;,x, and the free variable is x3 = . The system becomes

X1
1 -2 3 0
Xo| =
0o 1 -7 0

X3
From second row
Xy — 7X3 =0
Xy = 7.7(3
=7t

From first row

X1 —2x%,+3x3=0
X1 = 2%, — 3x3
= 2(7t) - 3t
=11t
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Therefore the solution is
X1 11¢ 11

Xy | = 7t =t 7
X3 t 1

Let t =1, the basis is

11

A one dimensional subspace.

4.1.1.31 Problem section 4.4 number 16

In Problems 15-26, find a basis for the solution space of the given homogeneous linear
system

x1+3x2+4x3=0
3x1 +8x,+7x3=0

solution

A% = 0 gives

The augmented matrix is
1340
[3 8 7 0]
1 3 4 0
[0 -1 -5 0]
Hence the leading variables are x;,x, and the free variable is x; = . The system becomes

X1
1 3 4 0
Xo| =
0 -1 -5 0

X3

Ry — -3R; + R, gives

Last row gives —x, — 5x3 = 0 or —x, = 5t. Hence x, = -5¢. From first row, x; + 3x; + 4x3 = 0,
or x; = —3x, — 4x3 or xq = —3(-5t) — 4t = 11t. Therefore the solution is
X1 11t 11
Xo| = |-5t| =t[-5
X3 t 1
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Let t =1. The basis is
11

A one dimensional subspace.

4.1.1.32 Problem section 4.4 number 17

In Problems 15-26, find a basis for the solution space of the given homogeneous linear

system

X1 —3xy+2x3—4x4, =0
2x1—5x2+7x3—3x4 =0

solution

A% =0 gives

X1
1 -3 2 —4|x| o
[2 -5 7 —3] x3 _H
X4
The augmented matrix is
-3 2 -4 0
2 -5 7 -3 0]
R, > Ry — 2R, , ﬂ
1 -32 -40
0 1 3 5 0

Leading variables are x;, x, Free variables are x3 = t,x, = s. The system becomes
X1
1 -3 2 —4|x| o
0 1 3 5|x| |0
X4
Second row gives

x2+3x3+5x4 =0
Xy = —BX3 - SX4
= -3t - 55
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First row gives

Hence the solution is

Let t =1,s =1, the basis vectors are

A two dimensional subspace.

X1 —3xy+2x3-4x4, =0

X1 = 3X2 - 2X3 + 4:X4
= 3(-3t — 5s) — 2t + 4s
=-11s - 11¢

x| [-11s-11t

Xp| | —3t—5s
X3 - t
X4 5
-11 -11
=t - +5 -
1 0
0 1
-11] (-11
-3||-5
1[]o0
0 1

41.1.33 Problem section 4.4 number 18

In Problems 15-26, find a basis for the solution space of the given homogeneous linear

system

solution

A% = 0 gives

X1 +3x2+4x3+5x4:0
2x1+6x2+9x3+5x4 =0

X1

1 3 4 5|x| o
2 6 9 5|[x| |0

X4
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The augmented matrix is
13450
26 950

1 34 5 0
001 -50

Leading variables are x;, x3 Free variables are x, = t,x, = s. The system becomes

Rz - R2 - 2R1

X1
134 5]|x| [o
[0 01 —5] X3 _H
X4

Second row gives

First row gives

X1+3XZ+4X3+5X4:O

X1 = —3.7(2 - 43(3 - 5.7C4

= -3t — 4(5s) — 5s
= —25s5 — 3¢
Hence the solution is
X1 —25s — 3t
Xy _ t
X3 - 5s
X4 S
-3 -25
1 0
=t +s
0 5
0 1
Let t =1,s =1, the basis vectors are
-3| |-25
1 0
0|5
0 1
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41.1.34 Problem section 4.4 number 19

In Problems 15-26, find a basis for the solution space of the given homogeneous linear

system
X1 —3X2—9X3—5X4 =0
2x1 + Xy — 4X3 + 11X4 =0
X1+ 3x +3x3+13x4, =0
solution

A% =0 gives

X1
-3 -9 -5 0
X2
2 1 -4 11 =10
X3
3 3 13 0
Xq
The augmented matrix is
-3 -9 -5 0
2 -4 11 0
3 3 13 0
Rz rd R2 - 2R1
-3 -9 -5 0
14 21 O
3 13 0
R3 = R3 — Rl
-3 -9 -5 0
14 21 O
6 12 18 0
R3 d R3 - ng
-3 -9 -5 0]
14 21 O
0 0 0]

Leading variables are x;, x, Free variable is x3 = t, x4, = s. The system becomes

X1

1 -3 -9 -5 0
X2

0 7 14 21 =10
X3

O 0 0 O 0
Xq
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. —14x3-21x. —14t-21s . .
second row gives 7x, + 14x3 + 21x, = 0 or x, = Tt = — = -3s — 2t. First row gives

X1 —3x9 —9x3 —5x4 = 0 or x; = 3xy + 9x3 + 5x4 or x; = 3(=3s — 2f) + 9t + 5s = 3t — 4s. Hence the
solution is

X1 3t —4s
Xp| |-3s—2t
X3 - t
X4 s
3 —4
=t 2 +5 -
1
0
Let t =1,s =1, hence the basis are
3[4
-2( -3
1[0
01

A two dimensional subspace.

41.1.35 Problem section 4.4 number 20

In Problems 15-26, find a basis for the solution space of the given homogeneous linear

system
X1 — 3.7C2 —10X3 + 5.X4 =0
X1 + 4x2 + 11X3 - 2X4 =0
Xq +3XZ+8.7C3—X4 =0
solution

A% =0 gives

X1

1 -3 -10 5 0
X2

1 4 11 =2 =10
X3

1 3 8 -1 0
X4

The augmented matrix is
1 -3 -10 5 0
1 4 11 -20
1 3 8 -10
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R, — —R; + R, gives

-3 -10 5 O]
0 21 -7 0
8 -1 0
R3 — —R; + Rj gives

-3 -10 5 O]
21 -7 0
6 18 —6 0

R3 — 7R3 and R; — 6R; gives

[1 -3 <10 5

o O

0 42 126 -42
|0 42 126 -42 0
R3 — =R; + R3 gives
[1 -3 -10 5

0 42 126 -42
0 0 O 0 O]

o O

Leading variables are x;, x, Free variables are x3 = t,x, = s. The system becomes

X1

1 -3 -10 5 0
X2

0 42 126 -42 =10
X3

0 O 0 0 0
Xg

second row gives 42x, +126x; — 42x, = 0 or 42x, = =126t + 42s or x, = —%t + %s = -3t +s.

First row gives x; —3x, —10x3+5x4 = 0 or x; = 3x, +10x3—5x4 or x; = 3(-3t +5)+10t =55 = t-2s.
Hence the solution is

X1 t—2s 1 -2
Xy -3t+s -3
% = ; =t +5s 0
Xy S 0 1
Let t =1,s = 1. The basis are

1(([-2

=311

1|0

0f]1

A two dimensional subspace.
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41.1.36 Problem section 4.4 number 21

In Problems 15-26, find a basis for the solution space of the given homogeneous linear

system
X1 —4:XZ —3X3 —7.7C4 =0
2x1 —XZ+X3+7X4 =0
X1+ 2x +3x3+11x4 =0
solution

A% =0 gives

X1
-4 -3 -7 0
X2
2 -1 1 7 =10
X3
2 3 11 0
X4
The augmented matrix is
-4 -3 -7 0
2 -1 1 7 0
2 3 11 0
Rz - R2 - 2R1
-4 -3 -7 0
7 21 0
11 0
R3 d R3 - Rl
-4 -3 -7 0
7 21 0
6 6 18 0
R4 — R4 - ng
-4 -3 -7 0
7 21 0
0 0 O

Leading variables are x;, x, Free variables are x3 = t,x, = s. The system becomes

X
1 4 -3 -7

0
X2

0o 7 7 21 =10
X3

O 0 0 O 0
Xq
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. —7x3-21x —7t-21s . .
Second row gives 7x; + 7x3 + 21x, = 0 or x, = 37 2 = —— = s -t First row gives

X1 —4xy —3x3 —7x4 = 0 or x; = 4xp + 3x3 +7x4 = 4(-3s — t) + 3t + 7s = —5s — t. Hence solution is

X1 —5s—t
Xo| |-3s—t
X3 t
X4 S
-1 -5
-1 -3
=t +s
1 0
0 S
Let t =1,s = 2, the Basis are
-11|-5
-111-3
11{]0
0 1

A two dimensional subspace.

41.1.37 Problem section 4.4 number 22

In Problems 15-26, find a basis for the solution space of the given homogeneous linear

system
X1 — ZXZ - 3X3 - 16X4 =0
le —4x2 + X3 + 17X4 =0
X1 —2X2 + 3X3 + 26X4 =0
solution

A% =0 gives

X1

1 -2 -3 -16 0
X2

2 -4 1 17 =10
X3

1 -2 3 26 0
X4

The augmented matrix is
1 -2 -3 -16 0
2 4 1 17 0
1 -2 3 26 0
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Ry — Ry — 2R,
2 -3 -16 0
0 0 49 0
-2 26 0
R; - R3 - Ry
2 -3 -16 0
49
6 42
R; = Ry~ 2R,
2 -3 -16 0
00 7 49 0
00 0 0 0

Hence leading variables are x, x3 and free variables are x, = t,x, = s.The system becomes

X1

1 -2 -3 -16 0
X
0 0 7 49 =10
X3
0 0 0 O 0
X4
Second row gives 7x3 + 49x4 = 0 or x3 = —7s. First row gives x; — 2x, — 3x3 — 16x4 = 0 or

X1 = 2%y + 3x3 + 16x4 or x1 = 2t + 3(-7s) + 16s = 2t — 5s. Hence solution is

Xq 2t - 55
X t
X3 | =7s
X4 s
2 -5
=t 1 +5 0
0 -7
0 1
Let t =1,s =1, therefore the basis are
2( [-5
1[0
0| -7
of [1

A two dimensional subspace.
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41.1.38 Problem section 4.4 number 23

In Problems 15-26, find a basis for the solution space of the given homogeneous linear

system
X1+ 5X2 + 13X3 + 14X4 =0
2x1 + 5x2 + 11X3 + 123(f4 =0
2X1 + 7XZ + 17.7(3 + 19X4 =0
solution

A% =0 gives

X
5 13 14

X
11 12|73 =

7 17 19|

o o O

The augmented matrix is
513 14 0
11 12 0
7 17 19 0

Rz - R2 - 2R1

R3 d R3 - 2R1

|
(€3]

|
—_
U1

|
—_
[o)}
(@}

R3 — R3 - ERZ
5 13 14

-5 -15 -16

3
0o 0o o

o O O

Hence leading variables are xq, x,, x4 and free variables are x3 = t.The system becomes

X1

1 5 13 14 0
X2

0 -5 -15 16| 2| =10
X

o0 o 2|7 lo
5 1y,
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Last equation gives x; = 0. Second equation gives —5x, —15x3 = 0, or x, = -3x3 = —3¢. First
equation gives x; = =5x, — 13x3 or x; = —5(-3t) — 13t = 2t. Hence solution is

X1 2t |
Xo| |3t
X3 N
X4 0 |
o
=t -3
1
0
Let t = 1,therefore the basis is
2
-3
1
0]

A one dimensional subspace.

41.1.39 Problem section 4.4 number 24

In Problems 15-26, find a basis for the solution space of the given homogeneous linear
system
X1 +3XZ—4X3 —8X4 +6X5 =0
X1+ 2x3+x4+3x5=0
2X1 + 7XZ - 1OX3 - 19X4 + 13X5 =0
solution
A% = 0 gives
13 -4 -8 6]x

10 2 1 3|x=
2 7 -10 -19 13|[x,

o o O

The augmented matrix is

13 -4 -8 6 0
0o 2 1 30
2 7 -10 -19 13 0

—_
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R, - R, - Ry
1 3 -4 -8 6 0
0 -3 6 9 -30
2 7 -10 -19 13 0

R; = Ry — 2Ry
3 4 -8 6 0
-3 6 9 30
1 -2 -3 1 0

Ry = 3R3+ R,
1 3 -4 -8 6 O]
0 -3 6 9 30
0 0 0 0 0 O]

Hence leading variables are x1,x3 and free variables are x3 = t,x4 = s,x5 = r. The system
becomes o
X1
1 3 -4 -8 6|x
0 -3 6 9 -3||t]|=
0 0 0 0 Offs

7

o o O

Second equation gives

=3x, +6t+95-3r =0

—6t —9s + 3r
x2:_—3

=3s—-r+2t
First equation gives

X1+3x,-4t—-8s+6r=0
X1 = —3xy + 4t + 8s — 67
=-33s—r+2)+4t+8s—6r
=-3r—s—-2t
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Hence solution is

Let t =1,s =1,r =1, then the basis are

A three dimensional subspace.

41.1.40 Problem section 4.5 number 1

X1

X2
X3

X4

X5

[ 37 — s - 2t]
3s—r+2t
t
S
r -
2] [-1] [-3]
2 3 -1
1 {+s{0]|+70
0 1
_O_ 0
2| [-1] [-3]
2 3( (-1
110110
0 1 0
_OA _O_ _1_

In Problems 1-12, find both a basis for the row space and a basis for the column space of

the given matrix A.

solution

We start by converting the matrix to reduced Echelon form.

R2—>R2—R1

R3 — R3 - ZRl

1
A=11
2

2 3
-12
5 2 |
.
3 -12
1 -4

3
-9
2

a1 G N
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R; = 3R; - R,
12 3
03 -12
00 0

Now to start the reduce Echelon form phase. Notice that this is not needed. But if done, the
row space basis found will be same each time. If we stop here, the row space basis can look
different depending on the reduction was done. But both will work.

The pivots all needs to be 1.

Ry = 3R
2 3
01 -4
0 0]
Ry — Ry - 2R,
0 11
01 -4
0 0]

The above is in reduced Echelon form. The pivot columns are 1,2. The non-zero rows are
rows 1,2,. Hence row space basis are first and second rows (I prefer to show all basis as
column vectors, instead of row vectors. This just makes it easier to read them).

0
0|1
11] |4

The dimension is 2. The column space correspond to pivot columns in original A. These
are columns 1,2. Hence basis for column space are

1
1},
2

a1 G N

The dimension is 2. We notice that the dimension of the row space and the column space is
equal as expected. (This is called the rank of A. Hence rank(A) = 2.)

The Null space of A has dimension 1, since there is only one free variable (x3). We see that
the number of columns of A (which is 2) is therefore the sum of column space dimension
(or the rank) and the null space dimension as expected.
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41.1.41 Problem section 4.5 number 2

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

52 4
A=(2 1 1
4 15

solution
We start by converting the matrix to Echelon form.

Rl d 2R1,R2 - 5R2

10 4
10 5
4 1
R, - R, - R4
10 4 8
1 -3
5
Ry — 4Ry, R3 — 10R;
40 16 32
0 1 -3
140 10 50|
R3; - R; - Ry
40 16 32|
1 -3
|0 -6 18]
R3 — R3 + 6R;
40 16 32
0 1 -3
|0 0 O]

The above is in Echelon form. The pivot columns are 1,2. The non-zero rows are rows 1,2,.
Hence row space basis are first and second rows

401 (O
16|, 1
32] [-3

The dimension is 2. The column space correspond to pivot columns in original A. These
are columns 1,2. Hence basis for column space are
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= N 1
— = N

41.1.42 Problem section 4.5 number 3

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

1 -4 -3 -7
A=(2 -1 1 7
1 2 3 11

solution

We start by converting the matrix to Echelon form.

Rz rd R2 - 2R1
1 4 -3 -7
o 7 7 21
1 2 3 11

R3 = R3 - R1
1 -4 -3 -7
o 7 7 2
0 6 6 18

6

R3 - R3 - ;Rz
1 4 -3 -7
0o 7 7 21
0O 0 0 O

The pivot columns are 1,2. The non-zero rows are rows 1,2,. Hence row space basis are first
and second rows

110
-4 |7
-3(|7
-7] |21
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The dimension is 2. The column space correspond to pivot columns in original A. These
are columns 1,2. Hence basis for column space are

4.1.1.43 Problem section 4.5 number 4

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

1 -3 -9 -5
A=[2 1 4 11
1 3 3 13

solution

We start by converting the matrix to Echelon form.

Rz d R2 - 2R1
-3 -9 -5
0 22 21
1 3 3 13
R3 - R3 - R1
-3 -9 -5
7 22 21
6 12 18
6
R3 — R3 - ;Rz
1 -3 -9 -5
0o 7 22 21
00 -2 o

7

The pivot columns are 1,2,3. The non-zero rows are rows 1,2, 3. Hence row space basis are

1 0 0
=317 0
s s 48
-91 122 -
=51 |21 0
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The dimension is 3. The column space correspond to pivot columns in original A. These
are columns 1,2,3. Hence basis for column space are

1f -3 [-9
2(,11 114
113113

41.1.44 Problem section 4.5 number 5

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

11 1 1
31 -3 4
2 5 11 12

solution
We start by converting the matrix to Echelon form.

Ry — -3R; + R, gives

1 1 1 1
0 -2 -6 3
2 5 11 12
R3 — —2R; + R3 gives
11 1 1
0 -2 -6 3
0 3 9 10
R, — 3R, and R3 — 2R; gives
1 1
0 -6 -18 9
0 6 18 20
R3 — Ry + R3 gives
1 1 1
0 -6 -18 9
0 0 0 29]

The above is now in Echelon form. Now we can answer the question. The basis for the row
space are all the rows which are not zero. Hence row space basis are (I prefer to show all
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basis as column vectors, instead of row vectors. This just makes it easier to read them).

11 o]0
1| | -6

1|'|-18{'] 0
1119 | [29

The dimension is 3. The column space correspond to pivot columns in original A. These
are column 1,2,4. Hence basis for column space are

1[11f]1
31,1111 4
2] 15] 112

The dimension is 3. We notice that the dimension of the row space and the column space is
equal as expected. (This is called the rank of A. Hence rank(A) = 3.)

The Null space of A has dimension 1, since there is only one free variable (x3). We see that
the number of columns of A (which is 4) is therefore the sum of column space dimension
(or the rank) and the null space dimension as expected.

41.1.45 Problem section 4.5 number 6

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

1 4 9 2
2 2 6 -3
2 7 16 3

solution

We start by converting the matrix to Echelon form.

R, — R, — 2R,
1 4 9 2
0 -6 -12 -7
2 7 16 3
Rs — Ry — 2R,
4 9 2
0 -6 -12 -7
0 -1 -2 -1
R; > R — =R,
1 4 9 2
6 -12 -7
o 0 1
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The above is in Echelon form. The pivot columns are 1,2,4. The non-zero rows are rows
1,2,3. Hence row space basis are

11T o110
6|10
9|'|-12|" |0
1
21711

The dimension is 3. The column space correspond to pivot columns in original A. These
are columns 1,2,4. Hence basis for column space are

2
21,12|,1-3
2 3

41.1.46 Problem section 4.5 number 7

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

11 -1 7
1 4 5 16
1 3 3 13
2 5 4 23

solution

We start by converting the matrix to reduced Echelon form.

R, — —R; + R; gives

1 1 -1 7]
03 6 9
1 3 3 13
2 5 4 23]
R3 — —R; + Rj3 gives
11 -1 7
03 6 9
02 4 6
2 5 4 23]
Ry — —2R; + Ry gives
11 17
0 3 6 9
0 2 4 6
03 6 9
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Ry — 2R, and Rz — 3Rj gives

11 -1 7]
0 6 12 18
0 6 12 18
03 6 9
R3 — =R; + R3 gives
11 -1 7]
0 6 12 18
0 0
0 3
Ry — —%Rz + R4 gives
11 -1 7
0 6 12 18
00 0 O
0 0 0 O]

Pivot (leading) columns are 1,2 and free variables go with 3,4 columns. The Null space of
A is therefore have dimension 2. The above is reduced Echelon form. The basis for the row
space are all the rows which are not zero. Hence row space basis are (dimension 2)

110
1(]6
-1 12
7| 118

The column space correspond to pivot columns in original A. These are columns 1,2. Hence
basis for column space are (dimension 2)

Q1 W =

1
1
1l
2

We notice that the dimension of the row space and the column space is equal as expected.

The Null space of A has dimension 2, since there is two free variables. We see that the
number of columns of A (which is 4) is therefore the sum of column space dimension and
the null space dimension as expected.

396



4.1. Exam 1, Thursday Oct 15, 2020 CHAPTER 4. EXAMS

41.1.47 Problem section 4.5 number 8

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

1 -2 -3 -5
1 4 9 2
1 3 7 1
2 2 6 -3

solution

We start by converting the matrix to Echelon form.

Ry — Ry, - R4
[1 2 -3 -5
0 6 12 7
1 3 7
2 6 -3
R3 = R3 - R4
[1 2 -3 -5
0 12
0 5 10 6
2 6 -3
R, — R, — 2R,
1 2 -3 -5
0 12
0 5 10 6
0 6 12
R, — 5Ry,R; — 6R,
[1 2 -3 -5
0 30 60 35
0 30 60 36
0 6 12 7|
R; - R3-R,
[1 2 -3 -5
0 30 60 35
0 0 0
0 6 12 7|
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6
R4 - R4— %Rz

1 -2 -3 -5
0 30 60 35
0 0 0 1
0 0 0 O

The above is in Echelon form. The pivot columns are 1,2,4. The non-zero rows are rows
1,2,3. Hence row space basis are

1][o0]]o
-2| [30] |0
-3{"[60]|0
-5/ [35] [1

The dimension is 3. The column space correspond to pivot columns in original A. These
are columns 1,2,4. Hence basis for column space are

1] [-2] [-5
1|42
131
2[[2]]-3

41.1.48 Problem section 4.5 number 9

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

X N N W

3
4
5 12
3 12

N NN

solution
We start by converting the matrix to Echelon form.

Rz - Rz — 2R1

N N O
o NN - W
U1
Y
N
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R; = Ry — 2Ry
1 3 3 9
01 -2 -10
01 -1 -6
2 8 3 12
Ry — Ry —2R,
13 3 9
01 -2 -10
01 -1 -6
02 -3 -6
R3; 5 R;—Ry
13 3 9
01 -2 -10
00 1 4
02 -3 -6
Ry — Ry - 2R,
13 3 9
01 -2 -10
00 1 4
00 1 14
Ry = R4 —R3
1 3 3 9
01 -2 -10
00 1 4
0 0 0 10|

The above is in Echelon form. The pivot columns are 1,2,3,4. The non-zero rows are rows
1,2,3,4. Hence row space basis are

11 o ]fo]]o
31 ]]o]]o
3['1-20]"[1[] O
9| [-10] |4] (10

The dimension is 4. The column space correspond to pivot columns in original A. These
are columns 1,2, 3,4. Hence basis for column space are

1] [3] [3] [ 9
2| 7] 14] | 8
2 {7( |5 [12
2| 8] [3] [12
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41.1.49 Problem section 4.5 number 10

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

N N = =
=N W N
W = = W
N W W =
W a1 & W

solution

We start by converting the matrix to Echelon form.

Rz i Rz - Rl
1 231 3
01123
2 2 4 35
21 3 2 3
R3 4 R3 — 2R1
1 2 3 1
0o 1 1 2 3
0 -2 -21 -1
21 3 2 3
R4 = R4 - 2R1
1 2 3 1 3
o1 1 2 3
0 2 -21 -1
0 -3 -3 0 -3
R3 - R3 + ZRZ
1 2 3 1
0 1 2
0O 0 0 5 5
0 -3 -3 0 -3
R4 i R4 + 3R2
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1 231 3
01123
00055
000 6 6
R4 - R4 — 2R3
1 231 3
01123
00055
00 0O0O

The above is in Echelon form. The pivot columns are 1,2,4. The non-zero rows are rows
1,2,3. Hence row space basis are

W o= W N P
W == O
g O O O

The dimension is 3. The column space correspond to pivot columns in original A. These
are columns 1,2,4. Hence basis for column space are

NN = —
— N W N
N W W =

4.1.1.50 Problem section 4.5 number 11

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

W NN -
_ 0 W =
NN 9w
U1 ® o W
N S

solution
We start by converting the matrix to Echelon form.
R, — Ry — 2R,
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l
l

113 31
011220

2 3783
3175 4

l
l

R3 - R3 - 2R1

113 31
01120
01121
317 5 4

R4 i R4 - 3R1

N N

-2 =2

0

R3—>R3—R2

— O

O N O

— - O

— O O

-2 -2 41

0

R4 - R4 + 2R2

l
l

11331
01120
0 0001
0 0001

l
l

R4—>R4—R3

113 31
01120
0 00O0T1
00O0O0GO
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The above is in Echelon form. The pivot columns are 1,2,5. The non-zero rows are rows
1,2,3. Hence row space basis are

—_ W W R
ON P = O
—~ o O O O

The dimension is 3. The column space correspond to pivot columns in original A. These
are columns 1,2,5. Hence basis for column space are

111 1
2| 3] |2
23 |3
3| [1] |4

41.1.51 Problem section 4.5 number 12

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

1 1 3 3 0
-1 0 -2 -1 1
2 3 7 81
-2 4 0 6 7

solution

We start by converting the matrix to Echelon form.

Ry, - Ry, + Ry
[1 1 3 3 0]
0 1121
2 37 81
-2 4 0 6 7]
R; — R; - 2R
1 1 3 3 0]
0 1121
0 1121
-2 4 0 6 7]
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R4 — R4 +2R1

o o o =
o S G S G
O =R Ww
N R R o

12
R3 - R3 - Rz

o o o

AN O = =

OO R, W
o

N o = o

R4 d R4 - 6R2

c o o ~
O O ==
o o =, Ww
o o N W
\'._‘ O = Ol

Swap R4, R3

o o
o O )
o = W

o N W
IO’I—\’_‘OI

The above is in Echelon form. The pivot columns are 1,2,5. The non-zero rows are rows
1,2,3. Hence row space basis are

S W W =~ =
RS
— o O O O

The dimension is 3. The column space correspond to pivot columns in original A. These
are columns 1,2,5. Hence basis for column space are

1] [1] [o
-1{ o] |1
2 131
2| 4] |7
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41.1.52 Problem section 4.5 number 13

In Problems 13-16, a set S of vectors in R* is given. Find a subset of S that forms a basis
for the subspace of R* spanned by S

1 2 5
R T R A R '
01 = _2,?]2— 3 ,03 = 4
4 2 8

solution

We set up a matrix made of the above vectors, then find the column space.

1 2 5
3 -1 1
-2 3
4 2
Rz i R2 - 3R1
1 2 5
0 -7 -14
-2 3 4
4 2 8
R3 - R3 + 2R1
1 2 5
0 -7 -14
0o 7 14
4 2 8
R4 - R4 - 4R1
1 2 5
0 -7 -14
0 7 14
0 -6 -12
R3 - R3 + RZ
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1 2 5
0 -7 -14
00 0
0 -6 —12

Ry — Ry 2R,
1 2 5
0 -7 -14
00 0
00 0

112
31 ]-1
-2(|3
402

These are the basis that span the set S.

4.1.1.53 Problem section 4.5 number 14

In Problems 13-16, a set S of vectors in R* is given. Find a subset of S that forms a basis
for the subspace of R* spanned by S

1 2 1 4
R -1] 3 . 1] 1
0 = 2,02—4/?’3—2/4:8
3 1 1 7

solution

We set up a matrix made of the above vectors, then find the column space.

1 21 4
-1 311
2 4 28
3117

Rz d Rz + Rl
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LW N © =
= ok 01N
_ NN R
N 0 U1 =

R3 - R3 — 2Rl

w o o =
= o O N
_ O N
N © QO

R4 - R4 - 3R1

o o o =
(e}
(e}
(e}

R4—>R4+R2

S O O =
S O N
S O N =
S O G

Pivot vectors are 1,2. Hence the column space basis are 7,7,

112
-1{ (3
2|4
3|1

These are the basis that span the set S.
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41.1.54 Problem section 4.5 number 15

In Problems 13-16, a set S of vectors in R* is given. Find a subset of S that forms a basis
for the subspace of R* spanned by S

solution

We set up a matrix made of the above vectors, then find the dimensions of the column space.

N NN W
_ N =N
W N W

1
2
3
4

Ry — 2Ry and R, — 3R; and R3 — 2R; and Ry — 3Ry. This gives

A O & O
WD O W
O O O ©

12

Rz - _R]. +R2

A o © O
(o)}

O O —
\O

R3 i _Rl +R3

o © o o

R4 ad _R]. +R4

c o o o
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R3 — 2Ry, + R3
6 4 8 2]
0 -1 1 4
0 0 0 15
0 -1 1 10|
Ry — —Ry + Ry
6 4 8 2]
0 -1 1 4
0 0 0 15
0 0 6]
Ry — 15R4 and R3 — 6R3
6 4 8 2]
0 -1 1 4
0 0 0 9
0 0 90
Ry = Ry + Ry
6 4 8 2]
0 -1 1 4
0 0 90
0 0 0 0

Hence, the pivot columns are 1,2,4. Therefore the column space basis are v;,v,,7, given by

NN N W
=N =N
B W N —m

The above are the basis that span S.

41.1.55 Problem section 4.5 number 16

In Problems 13-16, a set S of vectors in R* is given. Find a subset of S that forms a basis
for the subspace of R* spanned by S

5 3 7 1 5
I Y R U R 2 D T B
S Y Gl Y el PY (Il PN il S
2 3 1 4 7

solution
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We set up a matrix made of the above vectors, then find the column space.

Rl - 4R1,R2 i 5R2

R2_>R2_R1

R3 - 1OR3 - Rl

R4 i 1OR4 - R1

R3 i 7R3,R2 - 8R2

R3—)R3+R2

N N &~ O
QDN P W

[20 12

20 5

(20 12

20 12

20

20

0

12
-56
56
18

12
-56
0
18

= N NN
|
—_

N O &= G

28 4 20]
35 -5 20

28 4 20
7 -9 0
-8 16 40
-18 36 50

286 4 20|

5 -72 0
=56 112 280

~18 36 50|

286 4 201

5 =72 0
0 40 280

~18 36 50
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Ry — 56(Ry), Ry — 18(Ry)

20 12 28 4 20
0 -1008 1008 -1296 O
0 0 0 40 280
0 1008 -1008 2016 2800

Ry = R4 +Ry
20 12 28 4 20
0 -1008 1008 -1296 O
0 0 0 40 280
0 0 0 720 2800
Ry — Ry —18R5

20 12 28 4 20
0 -1008 1008 -1296 0
0 0 0 40 280
0 0 0 0 —2240

Hence, the pivot columns are 1,2,4,5. Therefore the column space basis are vy,7,,7,, Us

given by
50131 (1] (5
41 11| [-1] (4
212 [ 2|6
20131 4117

The above are the basis that span S.

41.1.56 Problem section 4.7 number 5

In Problems 5-8, determine whether or not each indicated set of functions is a subspace of
the space F of all real-valued

functions on R.
The set of all f such that f(0) =0
Solution

The only condition given is that f(0) = 0. This means the zero function is included.
cf(0) = ¢(0) = 0 and f(0) + g(0) = 0+ 0 = 0. Hence closed under addition and under
scalar multiplication. Hence subspace.

4.1.1.57 Problem section 4.7 number 6

In Problems 5-8, determine whether or not each indicated set of functions is a subspace of
the space F of all real-valued
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functions on R.
The set of all f such that f(x) # 0 for all x.
Solution

Since the zero function is not included, then this can not be a subspace.

41.1.58 Problem section 4.7 number 7

In Problems 5-8, determine whether or not each indicated set of functions is a subspace of
the space F of all real-valued

functions on R.
The set of all f such that f(0) =0 and f(1) =1

Solution

5f1)=5x1=5

Hence not closed under scalar multiplication. Therefore not a subspace.

4.1.1.59 Problem section 4.7 number 8

In Problems 5-8, determine whether or not each indicated set of functions is a subspace of
the space F of all real-valued

functions on R.
The set of all f such that f(-x) = —f(x) for all x
Solution

This is the definition of an odd function such as sinx. The odd function is zero at x = 0,
since the zero is included. Also adding two odd functions gives an odd function, and scaling
an odd function does not change its oddness. Hence closed. Therefore a subspace.

4.1.1.60 Problem section 4.7 number 9
In Problems 9-12, a condition on the coefficients of a polynomial ag + ayx + a,x? + azx° is
given. Determine whether or not the set of all such polynomials satisfying this condition is

a subspace of the space P of all polynomials.
as #+ 0

Solution

Not a subspace, since we can not obtain the zero polynomial if a3 # 0 all the time. Hence
not a subspace
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4.1.1.61 Problem section 4.7 number 9
In Problems 9-12, a condition on the coefficients of a polynomial ag + a,x + a,x? + azx is
given. Determine whether or not the set of all such polynomials satisfying this condition is

a subspace of the space P of all polynomials.
as # 0
Solution

Let p; = 3x® and let p, = -3, hence p; + p, = 3x> — 3x> = 0 which does not satisfy the
condition that a3 # 0. Hence not closed under addition. not a subspace

41.1.62 Problem section 4.7 number 10

In Problems 9-12, a condition on the coefficients of a polynomial ag + a,x + a,x? + azx° is

given. Determine whether or not the set of all such polynomials satisfying this condition is
a subspace of the space P of all polynomials.

ag =4a1 = 0
Solution

These all polynomials that look like 3x? + 5x%, —x? + x> and so on. Let p; = a,x? + azx> and
let P2 = b2x2 + b3x3.

p1+ Pp = apx? + azx> + byx? + byx®
= x%(ay + az) + x3(ag + bs)

Which satisfies the condition that ay = a; = 0. Also under scalar multiplication
Cp, = C(a2x2 + a3x3)
= Cayx® + Cazx®

Which satisfies the condition that 2y = a; = 0. Hence a subspace

41.1.63 Problem section 4.7 number 11

In Problems 9-12, a condition on the coefficients of a polynomial ay + a;x + a,x? + azx® is
given. Determine whether or not the set of all such polynomials satisfying this condition is
a subspace of the space P of all polynomials.

a0+a1+a2+a3:0
Solution

Let p; = ag + a1x + a,x? + azx® such that ag + a; + a, + a3 = 0 and let p, = by + byx + byx? + bsx®
such that by + by + b, + bz = 0 then

p1+ Py = g + ayx + axx? + azx> + by + byx + byx? + byx®
= (ao + bo)x + ((11 + bl)x + (HZ + bZ)xZ + (613 + b3)x3
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Now,

(a0+b0)+(a1+b1)+(a2+b2)+(a3+b3):(a0+a1+a2+a3)+(b0+b1+b2+b3)
=0+0
=0

Hence closed under addition. Also

cpp(x) = c(ao + a1X + a,x° + a3x3)

= cag + capx + cax* + cazx>

Now

cag + cay + cap + caz = c(ag + a; + ap + az)
=¢(0)
=0

Hence closed under scalar multiplication. And since the zero polynomial is also included
(when g; = 0), then this is a subspace

4.1.1.64 Problem section 4.7 number 12

In Problems 9-12, a condition on the coefficients of a polynomial ay + a;x + a,x? + azx® is
given. Determine whether or not the set of all such polynomials satisfying this condition is
a subspace of the space P of all polynomials.

ay, ay,ap,a3 are all integers.

Solution

Not closed under scalar multiplication. For example

1 , a1 11,1
E(a0+a1x+a2x + a3x ) = §a0+ §a1x+ Eazx +EQ3X

3

But %ao is not integer when g, is integer. Therefore not a subspace
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4.1.2 Questions

MATH 2243 - SECTION 002 - MIDTERM 1 - COVER PAGE

Instructions:

You are required to be present on Zoom with your camera on from 6pm until your exam is
submitted. While taking the exam, you must remain in the frame of the camera at all times.
You may not ask for or receive help from notes, textbooks, online resources, or other people
during the exam. You may use a calculator, but as always in this class you are expected to
show all work.

There is an honor statement at the bottom of this page. You are required to copy the state-
ment in your own handwriting, sign it, and submit it with your exam. Unless we have made
prior arrangements, failure to comply with these requirements may result in a grade of 0 on
the exam.

If you have questions during the exam or encounter technical difficulties, you can ask me
using the Zoom chat or by email. The exam is written to take approximately 60 minutes.
This file has been made available at 6pm and you will have until 7:15pm to submit your
solutions on Gradescope. It is your responsibility to ensure that you have sufficient time to
scan and upload your work before the deadline. It is your responsibility to ensure that your
scan is legible and includes all of your work.

Honor Statement:

Please copy the following in your own handwriting and sign it. Your exam will not be ac-
cepted without a signed honor statement.

I certify that I have not accepted, sought, or received help from any source on this exam.
I have not used any notes, textbooks, or online resources and I have not spoken to any
person. I understand that signing this statement untruthfully will constitute a violation of
the University of Minnesota’s Academic Honesty policies.
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MATH 2243 - SECTION 002 - MIDTERM 1

Problem 1 (10 points): Suppose that A is a matrix such that

11 —1 c -1 -1
A=101 -2 Al=1-2 1 d
1 a b -1 0 1

Find a, b, c and d.

Problem 2 (5 points): Find a matrix X such that AX = B, given that

11 -4 0 5 1 2
A‘&z} B_[7131%
Problem 3 (10 points): Let k& be any real number and let A be the matrix
k+2 6 1
A= 1 3 =2
2 6 k

(a) Compute det A (your answer should be in terms of the constant k).

(b) For what values of k is it true that the linear system AZ = 0 has exactly one solution?

Problem 4 (8 points): Let ¢ = (1,-3,3),%, = (—1,—-4,2), 05 = (7,-7,11),7, = (2,1,1)
and let S = {¥, ¥y, U3, 04 }. Consider the subspace W = Span S of R3.

Find a subset of S which is a basis for W. Your answer should explain why you know the
vectors you have chosen are a basis for W.

Problem 5 (7 points): Let P, denote the vector space of all polynomials of degree at most
2. For which values of the real constant k£ do the polynomials
1 +z,24 22 kx + 322

form a basis for Py?

Problem 6 (10 points): For the following matrix A, the dimension of the solution space
of AZ = 0 depends on the constant k.

3k+2

11
A=101
01

> O O

+
2
2

(a) What are the possible dimensions of the solution space AZ = 0?7 What values of k do
they correspond to?

(b) Find a basis for the solution space of of AZ = 0 for each of the possibilities found in
part (a).
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4.2 Exam 2, Thursday Nov 19, 2020
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4.3 Final exam, Thursday Dec 17, 2020
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4.3.1 Review matrial for final exam
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4.3.1 Review matrial for final exam

Practice Final

1.1: #1 Write a differential equation that is a mathematical model of the following situation.
The time rate of change of the velocity v of a spaceship

is proportional to the square of v.

Differential Equation:

vl =kvZor & = k2 or Di(v) = kv?

1.2: #2 Find the position function x(7) of a moving particle

with the given acceleration a(r) = initial position xo = x(0) = 3

1
+2)3

and initial velocity vo = v(0) = 0.

v(t) = [(t+2)7di = —L(+2) 7 + €,
(0) = 0)...

0=-10+2)?+Cc=-t+c, C=1.

Hence x() = [[-2(t+2) 7+ +]dt = L+2)" + L1+ C
(x(0) = 3)....

3=10+2)"'+(+-0)+Cc=++c c=4L

x() = L@+2)"+ e+ 4k

1.3: 43 Find explicit particular solutions to the initial value problem: x% -y = 2x%y, y(1) = 1.
x%:2x2y+y:y(2x2+l) )L,dyzz"i—”:Zx+%

_‘.% = (£ + 2x)dx; Inlyl = Inlx| + x> + In C; y = Cxe*

y(1) = 1implies I = Ce! and C = 7! 50 y(x) = xe 1,

y(x) = xeCD = L2

14: #4 An accident at a nuclear power plant has left the surrounding area polluted with radioactive
material that decays naturally. The initial amount of radioactive material present is 15 su (safe units), and 5
months later it is still 10 su. What amount of radioactive material will remain after one year? Note that any
radioactive material has a decay rate proportional to the amount of radioactive material P(t) present at that

time, 22 = —kP(1), k> 0.

j. lPdP = —kfdt, when P # 0. (butif P = 0, we see that this is a singular solution to the DEQ)

= InP=-kt+C = P=e¢Ce™.

12/6/2020 Jodin Morey 1
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Substituting in the first initial condition:
15=¢C" = P =15¢",
Substituting in the 2nd initial condition:
10 =15¢¢ = In% = -5k

= k:—?ln?.

> P(12) = 15¢ 20303 = 15053 & 5.6686 su.

14: #5 Find the general solution of the differential equation: (1 + x)z% = (1+y)>

(1+1v)2 dy = (1+1x)2 dx, when y # —1. (although note that when y = —1, % =0, (1+y)? =0, and our differential

equation is satisfied for all x).

Continuing on with the case y # —1, we have: | (1+1y)2 dy = | (l+]x)2 dx
—1+y)==(1+x)+ec = l+x=(1+y)+(1+x)(L+y)c
l+x=1+y+(c+cx+cy+cxy) => x=c+cx+(c+ex+1)y
—(c+ex+1l)y=c+cex—x > y=-—So |

1.5:#6 Solve linear first order differential equation: y' +y = sinx.

p = eJ.Idx o

=  (ye¥)' = esinx

=> ey = jex sin xdx

Now we have to use integration by parts, twice!

J.e" sinxdx = —e* cosx + _[e" cosxdx = —e* cosx + (ex sinx — _[ex sinxdx)
= 2[6" sinxdx = e* (sinx — cosx) + ¢

= y=e7e* (sinx—cosx) = 1 sinx — +cosx + 5.
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1.5:#7  Solve the initial value problem: xy’ — 2y = 2x%Inx; y(1) = 3.

- %y = 2x, when x # 0. However, note that we already preclude x = 0, as this is not defined for Inx.

Integrating factor: p = e_J T _ g2l _ 2
X2 - Fy) =2 x7

vex?) =%

yx 2 = 2J. Ldx+c=2Inkl+c

y = 2x?Inlx| + cx?

3=2.1In(1)+c+1 = ¢=3,50

y = 2x?Inlx| + 3x2.

2.1: #8 During the period from 1790 to 1930, the U.S. population P(¢) (¢ in years) grew from 4 million to
124 million. Throughout this period, P(¢) remained close to the solution of the initial value problem:

% = 0.03P - 0.00015P%, P(0) = 4.
a) What 1930 population does this logistic equation predict?

P _ 3 100,000
Tdr P<1_00 - 100000 P) 100000P< 100 15 P) 20000 0000 (200 - P).

— _ A B _
JP(ZOOP)dP 20000 .[dt = m_?+200—1v = 1=A(00-P)+BP
= 1=(B-AP+200A = A =1/200andB = 1/200
> [++545dP=31t+C = IP-In(Q00-P) = 3-1+C
P__ 3 - L
57 = 0l +C = mop = De™ = g5 =D

L= Lew ™~ 1.361 = P=1.361(200-P) = 2.361P~272.2= P ~ 115.3 million.

b) What limiting population does it predict?

Limiting population of 200 million since in the logistic form of the equation

(P' = kP(M - P) = . 000 -=—P(200 — P)), M = 200 is in the spot for the limiting population.

22:#9  The equationy' = —y*(y> —4) has ...

A) A stable critical point at 0. B) A stable critical point at 2.

C) If y(0) = -1, then y(r) > Oast — . D) If y(5) = —1, then y(r) > Oast —» .
E) If y(0) = -1, theny(t) > Oast - —o. F)If y(0) = 6, then y(¢r) > 2 ast - —oo.

Answers: B,C,D
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2.3: #10 A skydiver drops from an airplane at an altitude of 5000 m and dives freely, with negligible air
resistance, for 30 seconds. He then opens his parachute and falls such that the acceleration due to air
resistance is proportional to his velocity, ag = —2v.

You may take the acceleration of gravity to be 9. 8m/s>.
(a) Find the altitude at which the skydiver opened the parachute.

Prior to opening the parachute, since a resistance is negligible, we have a = % = 9.8. Integrating to find velocity,

we have: f%dt = j—9. 8dt = v=-9.8t+vy = v =-9.8t (because we set t = 0 to be the time when they
jump out of the plane, and observe that at that time v = 0, so vo = 0). Integrating again to get the position function:

[“edr = [-9.8tdt = x=-4.9+ c. Observing that x(0) = 5000, we have:
5000 = —4.9-0>+c¢ = ¢ =5000. Sox = —4.9¢> + 5000.
Evaluating this at 30 sec, we have: x(30) = —4.9(30)* + 5000 ~ 590 m.

(b) Find the velocity of the skydiver 1 minute after he jumped.

Let ¥ represent a new velocity function with initial condition v(0) = v(30). In other words, it represents the velocity
function after the skydiver deployed the parachute. Observe that the new acceleration function is: % =-9.8-27.
In other words, we are now taking into account the fact that air resistance is slowing the fall (also note that since
velocity is in the opposite direction from our position function, that —27v is a positive number!). Using separation of
variables (although it is also possible to use an integrating factor), we have:

_JQ.Sizvdv:J‘dt = —%ln|9.8+2\7|=[+c

= Inl9.8427l=-2t—c = 19.8+27|=¢2%¢

Observe from above we have: v = —9.8¢, so v(0) = v(30) = 9.8 - 30 = —294. So plugging in this initial
condition, we have:

9.8 +2+(-294)| = 20 = ¢ = 578.2. Plugging this in:

= 19.8+2v|=578.2¢* = v =-289.1e% —4.9 (Our choice of sign is once again due to the fact that
since V(0) = —294.)

Therefore, the velocity at 60 seconds is: 7(30) = —289.1e723 —4.9 ~ —4.9 m/s.
(c) Find his terminal velocity, that is, find lim ... v(z).

V(o) = —289.1e72* - 4.9 = —4.9 m/s.
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2.3: #11 You just bought a new car, and its acceleration is proportional to the difference between 250 km
per hour and its velocity. If your new car can accelerate from rest to 100 km/hr in 10 seconds, how long will
it take for the car to accelerate from rest to 200 km/hr?

a(t) = % = k(250 —v), v(10) = 100, v(0) = 0, v(?) = 200.

w0y =kdt = b _[kdt > —IR50—vl=ki+c.
250 — v = e ke = v =250 - Ce™,

0 =250 — Ce?, so C = 250.

100 = 250 — 25010k > e 10k = 150 _ 3

250 5
~10k=In(2) =  k=-LIn(Z)~0.0511
— =i 0. _ 50 _ 1
200 = 250 - 250eH = 00l S0 _ L

~0.0511r=In(L) =-n(5) = 1= 3. 55c. N

2.4: #12 Use the Euler method (NOT the improved Euler method) with step size 7 = 0.2 to approximate
v(0.4) where y(x) is the solution of the differential equation y' = —2xy with initial value y(0) = 2.

¥(0.2) ~ 2+0.2(0) =2

9(0.4) ~2+0.2(-2-0.2-2) = 1.84. W

3.1: #13 a) Write down the augmented matrix of the system:

x+3y+2z=2
2x+Ty+7z=-1
2x+5y+2z="17

1321 2

2771 -1

2521 7
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b) Row reduce the matrix to echelon form (just echelon, not reduced echelon).
1 3 2 1 2
=>rp—2riandr3 - 2r; = 01 3 | -5
0 -1 213
1 321 2
=>r3+r = 0131 -5
0011 =2
c) How many solutions does the system have? Justify your answer.

The system has only one solution.

This is because each column representing a variable has a leading "1", this means we do not have an arbitrary
parameter, and therefore there are not an infinite number of solutions. Also, the reduction did not give us a
contradictory Ox + Oy + Oz = ¢ # 0 row (which would indicate an inconsistent matrix with no solution), but instead
the reduction left us in the desirable position of being able to solve for z by just reading it off the matrix, and then
using back substitution to determine the exact values of x and y.

The question didn’t ask for the actual answer, but that would be:
z=-2,
y=-3z-5=1,
x=-3y-2z+2 =3,

So, X = (3,1,-2). |

3.2: #14 Use the method of Gaussian elimination to solve the system of equations:
X1 — X2 — X4 = 1,
2x1 +x2 +3x3 + Txq = —1,

3x1—2x2 +x3 = 2.

1 -1 0 -1 1 1 1 -1 0 -1 1 1
2 1 3 7 1 -1 = 0 3 3 9 1| -3
321 0 1| 2 o1 1 3 | -1
1 =10 -11 1 101210 |
= 0o 1 1 3 | -1 = 01131 -1
0O 0 0 0 I 0 000O0OTI O
X4 =14, X3 =13, X2 = —t3—3t4—1, x1 = —t3 — 214

(x1,%2,x3,X4) = (—13 —2t4, —t3-3t4—-1, t3, t4>
= (0,-1,0,0) + t3(-1,-1,1,0) + £t4(-2,-3,0,1), for any 3,24 € R.
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12/6/2020 Jodin Morey 6



4.3. Final exam, Thursday Dec 17, 2020 CHAPTER 4. EXAMS

-2 1
1 3 0
3.2: #15 Consider the matrices: A = 1 2 |, B= |: 5 0 :| C = |: :|
0 -1

Calculate, if possible, (A —2B)C, (AB - 3A)C, and AB — BA. If one (or more) of these expressions is not
defined, state so and give the reason.

Case: (A -2B)C, The matrices A and 2B are not compatible for subtraction, as they have different dimensions.
— -2 1
13 0 0
Case: (AB - 3A)C, (AB-3A)C=ABC-3AC=A -3 1 =2
20 3 3
— 0 -1
2 1 . 3 ~18 o | [ 27
= 1 -2 |: 0 :| -3 -6 = 9 +[ 18 = 27
0 -1 -3 0 9 9

Case: AB — BA, The matrix B cannot be multiplied by A, because the number of columns of B do not equal the
number of rows for A. |

3.3 #16 Find the reduced echelon form of the following matrix:

2 18
1 4
4 1 12
R T
> trnandir=| 0 1 4 >rm-r=>| 0 1 4
t o3 0 £-% 3-4
I R
=l 0o 1 4 >-2rn=>| 01 4
—% —% 01 4
1 02
Reduced Echelon Form:
01 4
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1 -1 2
3.5: #17 Find the inverse of the matrix A = 2 -3 3 | (show all your work!).
1 -1 1
We would like to calculate A™' = ﬁ[A i T So first to calculate the determinant:
1 -1 2 1 -1 1
e3te 2 -3
Al=|2 -3 3 =12 -30]| =1- . =1.
1 -1 1 1 -1 0
T
+0 +1 +1 0 -1 3
Therefore, A = L[A;]"=| -1 -1 -0 =1 1 -1 1
+3 +1 -1 1 0 -1
1 -1 21100
Alternatively, one could calculate this with: 2 331010
1 -1 11001
1 -1 2 1 1 00 1 -1 2 1 1 00 10 3 1 3 -10
r3—ry ro—2ry —rp and ri+r;
2 -3 31010 > 0-1-11-2120 > o1 11 2 -10
00 -11-101 00 -11-101 00 -11-1 01
10 01 0 -13 1 0010-1 3 0 -1 3
ro+r3 and r+3r3 —r3 -1
= o1 o1 1 -11 s 01011 -1 1 =>A" =] 1 -1 1
00 -11-1 01 00111 0 -1 1 0 -1
15
b) Then use this inverse to solve the system AX = Z, where b = -9 [. You will not receive credit if you
-3
solve the system by any other method.
0 -1 3 15 0
T=AD=| 1 -1 1 9 = 21 | =
1 0 -1 -3 18
426
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Use cofactors (not the identity matrix) to evaluate the inverse of

3.6: #18
3 5 2

A=| 23 4

-5 0 -5

Using the last row to calculate my determinant...
detA=-5:05:(-4)-2:3)+0-5B3-3-(5)(-2))=-5-(-26)-5-19

— — 1 _
=130 -95 = 35. So, 7 = L.

-15 10 15 -15 25 -26
[ew]=1] 25 -5 25 | [ew)"=| 10 -5 8
-26 8 19 15 25 19
3 s 26
-15 25 -26 -7 7 T35
Alt=5 10 -5 8 oo A'=| 2 4 %
15 =25 19 % —% %
3.6: #19 Use Cramer’s Rule to solve the following system. First, construct a matrix A to be the matrix
associated with the system:
5x + 8y = 3, 8x + 13y = 5.
5 8 .
= 3 13 5 detA = 1, A 1
detA = 1.
x = —1—det 3> 8 =1
detA 5 13 :
| 5
y = 5o det =1

427
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3.7: #20 With the data points given, find the nt/: degree polynomial y = f(x) that fits these points:

(_1$1)9(1,5)9 and (2’16)
ax*+bx+c =y

a-D2+b(-D)+c=1, a)?+b(D)+c=5 a@)’+b2)+c=16

1 -1 11 1 I -1 1 11 I -1 1 11
1 1 115 =1 0 2 0 I 4 =1 01 012
4 2 11 16 0 6 3112 0 0 310
10113 |
=1 01012 = ¢=0, b=2,andd = 3.
00110
Therefore, y = 3x> + 2x
20
y
\10
2 a4 0 1 2 3
X
1 -1 0 2
4.1: #21 Consider thematrix | 1 1 2 0 . Find a basis for each of the subspaces:
0 2 3 -1
a) Null(A) = {x € R* : Ax = 0}.
b) The row space Row(A).
¢) The column space Col(A).
1 -1 0 2 1 -1 0 2 1 -1 0 2 100 0
1 1 20 = 0 2 2 2 > 0 1 1 -1 > 010 =2 |
0 2 3 -1 0 2 3 -1 0 0 1 1 001 1

X4 =35, x3=-5, xp =25, x1 =0.

Null(A) = span{(0,2,-1,1)}.

Row(A) = span{(1,0,0,0), (0,1,0,-2), (0,0,1,1)}.
Col(A) = span{(1,1,0), (-1,1,2), (0,2,3)}.

12/6/2020 Jodin Morey
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4.2: #22 Let V be a vector space. Let W be a subset of V. There are three conditions you can check which
are sufficient to show that W is a subspace of V. One of them is that W must not be empty. What are the other
two conditions?

Condition 1: W = @, (or some other condition which implies the existence of at least one vector)
Condition 2: For all W;,W, in W, W, + W, is also in W.

Condition 3: For all w; in W, and ¢ € R; ¢w is also in W.

4.4: #23 Find a basis for the solution space of the given homogeneous linear system:
X1 —4X2—3X3 —7X4 =0
2x1—x2+x3+7x4 =0

X1 +2)C2+3)C3+11)C4 =0

1 4 -3 -7 1 015
2 -1 1 7 , Gaussian elimination: 011 3 > X4=3S8, X3=1 X2 =—1—38, x| = —t—38
1 2 3 11 0000

(x1,x2,x3,x4) = (-t —5s,—t —3s,t,5) = 5(-5,-3,0,1) + #(-1,-1,1,0).
Therefore, the basis for the solution space is {(-5,-3,0,1),(-1,-1,1,0)}

4.4: #24 a) Determine (with justification) if the vectors
V= (1,1,1,1), ¥ =(1,2,3,0), ¥3=(3,6,0,0), and V4 = (—1,0,0,0) form a basis of R* or not.

1 1 3 -1
1 2 6
126 0 2 6
=113 0 = = 0 - 12 # 0. Therefore the column vectors we used were
1 300 3
1 00
1 00 O

linearly independent. And since we used four vectors in R*, which is a vector space of four dimensions, we have a
basis for R*.

b) Determine (with justification!) If the subset W = {(x1,x2,x3,Xx4,x5) € R : x;x2 = x3 + x4 + x5} is a subspace
of R’ or not.

N
Since 0 is an element of any subspace, this would require that:

N
0= <%(x3 + X4 + X5), %(m + X4+ X5), X1X2 — X4 — X5, X1X2 — X3 — X5, X1X2 — X3 +X4>.

From the first two components, we see we need x3 + x4 + x5 = 0, and neither x; or x; are equal to zero. Plugging
this into the third component, we have x;x2 + x3 = 0. Similarly in the fourth component, we have x;x, + x4 = 0.
Combining these, we see that x3 = x4. However, the fourth component and gives us that x;x, = 0, implying that
either x; or x2, or both must be equal to zero. But this contradicts an earlier conclusion. Therefore, this must not be
a subspace.
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5.1#25 Solve the following equation: y"' +2y" +y'+2y =0, y(0) =0, y'(0) =0, y"(0) = 1.

r¥ +2r* + r+2 = 0, note that r = -2 solves this. So, (r + 2) is a factor. Dividing:

P2 +r+2=(0+2)r?+(r+2) = (r+2)(r*+1), so ourroots are r € {-2,+i}, and our general equation is
Vg = c1e % 4¢3 COSX + 3 sinx.

O=ci+crorcy =—crandy = —ce > + ¢, cOsx + c3 sinx.

y' = 2c2e7* — ¢y sinx + ¢3 Cos x.

L

0=2C2+C30r62=—2

czandy' = —cze™ + %C3 sinx + ¢3 cosx.

y' = 2c3e > + %03 COSX — ¢38inx.

2. co=-tandc; = +

— 1 —
1—2C3+2L’3OI‘C3 3 5

So,y = e — L cosx+ £ sinx.

5.2: #26 Show that the functions y;(x) = ¢*, y2(x) = e, y3(x) = ¢ are linearly independent on (-0, ).

et ¥ e 111 111 111
e¥ 2% 3¢ | =eeFe™| 1 2 3 | =€ 01 2 [=e 01 2 |=2+0foranyx e (-o0,0).
e 4e* Qe 1 4 03 8 0

5.5: #27 Find all solutions to: y' cosx + y?sinx = sinx. Write the solution(s) in explicit form.

Vo= E(1-y) = [{idy = [adx wheny # 1.

However, observe that wheny = 1, we have 0 « cosx + sinx = sinx, which is true, so y = 1 is a solution.
Continuing on with the case y # 1...

1 _ A B _

= Tyam Ty 1w = A+ +BU-y) =1

> yA-B)+(A+B)=1 = A=B,andA:%.

= % J.ﬁ + ﬁydy = _[ s gy = —Inll —yl+1Inll + yl = —21nlcos x|
ey - Iy 2 1

= In|3 2Infcosxl = =5 =—5 = cosx(l+y)=1-y

= ycos®x+y=1-cos’x = y= ——ZZ:Z‘;% ory = 1.

5.5: #28 The roots of equation 7> — 10r + 74 = O are r = 5 = 7i.

Write down the general form of a particular solution with undetermined coefficients for the differential
equation y” — 10y’ + 74y = xe> sin7x + cos 5x. Do not attempt to evaluate the coefficients.

From the homogeneousversion of our equation,we get the characteristic equation: r> — 10r + 74 = 0, which we are
told has the solutions r = 5 £ 7i. Being complex conjugates, we get both linearly independent solutions from either
one, so choosing 5 + 7i, and putting it into the form e, we get...
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e0rx = ¢ (cos Tx + isin 7x)
Taking the real and imaginary parts to be linearly independent solutions, we get the complementary solution:

X cos7x + cre > sin 7x.

Ye = cCre
My pretrial solution is:

yo = (A + Bx)e*sin7x + (C + Dx)e>* cos 7x + E cos 5x + F'sin 5x

Clearing up any linear dependence between y( and y. (by multiplying terms by x as needed), I get:

Yuial = (Ax + Bx?)e>*sin7x + (Cx + Dx?)e>* cos 7x + E cos 5x + Fsin 5x

General form of a Particular Solution:

Y = Ve + Vtrial
= (c1e>*cosTx + c2e> sin7x) + (Ax + Bx?)e>sin7x + (Cx + Dx?)e>* cos 7x + E cos 5x + Fsin5x

1 -5
6.1: #29 Find an eigenvector associated to the eigenvalue 1; = 2 + 2i of the matrix A = |: :|

I 3
1-4 -5 1-(2+2i -5
A=l = ‘ E (2+20
13-4 1 3 (2+2i)
_1 —Zi _5 rier; 1 1 —Zi ro+(142i)ry
= = =
1 1-2i -1-2i -5

Observe that: (1 +2i)(1 —2i) = 5.

1 1-2i . . N —-1+2i
So we have: 0 0 ,andy =5, x = —(1 = 2i)y = —s + 2is. So, V| = , whens = 1.

6 -5 2
6.2: #30 The eigenvalues of the matrix A = 4 -3 2 are A1 =1, 1, =2, and A3 = 3. Find a matrix
2 23

P and a diagonal matrix D such that A = PDP~'.

At 00 1 00
D = 0 42 0 =1 020
0 0 A3 003
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6-1 -5 2 5 -5 2 1 -1 0 1 -1 0
Ar: 4 -3-1 2 = 4 -4 2 = 4 -4 2 =
-2 3-1 2 22 2 22 0
1 1
1 -1 0 N
= ,y=t z=0,andx=y=1t So, v, =t 1 = 1 where t = 1.
0 0 1
0 0
6-2 -5 4 -5 2 0 0 O
0 -10
Ao : 4 -3-2 2 = 4 -5 2 = 4 -5 2 = 5 o
-2 3-=-2 2 21 2 21
2 21 1 -1 % . 0. and . s
= = ,z=t y=0,andx =y—- -z=—=1 So,
0 -1 0 01 0 g YT g
_% -1
Vo=t 0 = 0 where 1 = 2.
1
6-3 -5 2 3 -5 2 3 -5 2 0 -2 2
Az : 4 -3-3 2 = 4 -6 2 = 1 -1 0 = 1 -1 0
2 -2 3-3 2 20 2 20 0 0 O
1
=10 t t, and t. So, v 1
= ,Z=t y=z=t,andx =y =1 So, V3=
0 1 -1 y y 3
1
1 -1 1
Therefore, P = [71 V) 73]: 1 0 1
0 2 1

6 -10
6.3: #31 Use the diagonalization method to compute A3 where A = |: 5 3 :|

6-1 -10

Seeking eigenvalues, we calculate: |A — All = 5 32

=(6-A)(3-2)+20=A2-31+2=(A-1)(A-2) =0.
Therefore, 4 € {1,2}.
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10
So we are guaranteed that A is diagonalizable and D = |: 0 2 :|

Seeking the eigenvectors, we calculate:

5 -10 1 -2 1 =2
A=1:(A-1) = = = =>y=>b, x=2b
2 -4 1 -2 0 0

V=02 1]"

_ 4 -0 2 -5 o
/1—2.(A—21)—|:2 p } :[2 —SJ :[2 —5] =y=b, x=3b.
V.=[5 2]".

25 2 =5 -2 5
Therefore, P = [V V» ]| = and P! =LA77 = L - .
[ 1 2] |: 1 2 :| IAI[ j] -1|: 1 2 :| |: ) :|

AS = (PDP™')(PDP™)...(PDP™') = PD(P-'P)D(P~'...P)DP~' = PDIDI...IDP~' = PD3P"!

1ER0 RN R REY e

[ 156 310
62 —123 |

7.1: #32 Transform x" + 3x' + 7x = ¢* into a system of first-order differential equations.

X| =X, Xy =x = x/l. Below, we ideally want a system of first order equations (only in the new variables x;), so
that we are in a position to place them in a matrix equation X = AX + y(¢), for easy solving using our new
techniques.

System of first order differential equations:

x’l = X2

x’z =12 —3xy — Txi

7.2: #33 Write the given system in the vector/matrix form X = AR+ 7(t). Then, find eigenvalues for A.

X =x+2y+3ef, y =x-3y-1

i RAE RN B

1-2 2

Eigenvalues for A :
1 -3-2

2

‘ =A24+210-5.  Ap =220 _ 14+ /6.
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Observe that you could now solve for the eigenvectors V', and V' of A, then come up with the complementary

. — —
solution (X, = ¢V eM!

. . . . !
+ c2V2e*") to the associated homogeneous differential equation X = AX.

7.3 #34 Apply the eigenvalue method to find a general solution to this system.
x| = 2x1 — 5x2, xh = 4x1 — 2x>

Hint: The characteristic equation is 1> + 16 = 0, and the eigenvalues are 1 = +4i.

2-4i -5
4 2-4i

Alternative Method: Possible e-vector from first row (switch entries w/ sign change):

With +4i : (A — AI) = [

Test on 2nd row...

[ 4 2 —4i ][5 2-4i] = 4(5) + (2 -4)(2-4) =20-4-8i+8i—- 16 = 0. V

. . 2+4i -5 . N . T
Or with —4i : (A — AI) = .Find V = [1-2i 2] from usual method, OR..
4 -2 +4i
Alternative Method: Possible e-vector from first row (switch entries w/ sign change):

[5 2+4i]"

. 5
Using v = [5 2_4,':|T; Vet = |: - :|(cos4t+isin4t) = |:
— 4l

B 5cos4t + Sisin4dt B 5cos4t + Sisin4dt
2(cos4t + isin4dt) — 4i(cos4t + isin4t)

B 5cos4t e 5sin4t
= i .
2cos4t + 4sin4t 2sin4t — 4 cos4t

:|. Find Vv = |:1 +2i 2:|T from usual method, OR..

5(cos4t + isin4t)
(2 — 4i)(cos4t + isin4t)

2cosdt + 2isindt — 4icos4t + 4sin4t

The general solution (from [5 2+4i :| T). ..

5 Scos4t Ssin4t .
X =cC + 2 , or some constant multiple.
2cos4t + 4sin4t 2sin4t — 4 cos4t

From |:l +2i 2:|T...

2 cos4t 2 sin4t

R cos4t — 2 sin4dt 2sindt + 2 cos4t .
OR X = ¢ +Cs , or some constant multiple.

12/6/2020 Jodin Morey
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MIDTERM EXAM I, MATH 2243 (030), FALL 2020

This exam contains 6 problems. To receive full credit on a problem,
you must show and explain your work.

1. Determine for what values of k the following system
3z+2y=1
6z + ky =3

has
(a) (
(b) (

(¢) (6 points) infinitely many solutions

6 points) a unique solution

6 points) no solution

2. Consider the system
4x1 + 319 + 223 =6

3x1 + 5xg + 223 = 10
53?1 + 6%2 + 3%3 =9

(a) (6 points) Write down the augmented coefficient matrix M of the system

(b) (6 points) Use the method of Gauss-Jordan elimination to transform the
augmented coefficient matrix M to the reduced echelon form.

(c) (6 points) Use (b) to solve the system.

3. Consider the system
21‘1 + 31’2 + 41’3 =2

4I1+9.’L‘2+16$3 :1
$1+$2+ZE3:3

(a) (6 points) Write down the coefficient matrix A of the system and the
corresponding matrix equation Ax = b.

(b) (10 points) Compute the determinant det(A) and the cofactor matrix [A;;]
of A, and use the formula of the inverse for matrices to find A~'.

(c) (6 points) Use the formula x = A~'b to solve the system.
1
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2 MIDTERM EXAM I, MATH 2243 (030), FALL 2020

4. (12 points) Consider the following four vectors in R?:
vi=(2,1,3),vo = (1,3,4),v3 = (2,5,4),vy = (1,1, 1)
If they are linearly independent, show this; otherwise find real numbers ¢y, ¢, ¢3, ¢4

not all zero such that c; vy + covy + c3v3 4+ c4vy = 0.

5. (12 points) Find a basis of the solution space of the homogenous linear
system

3%1 + X9 +4$3 + 18$4 =0

r1 —4x9 — 33— Txy =0

201 —x9 + 23+ T4 =0

6. Consider the following matrix

1 -1 2 =2
1 0 3 4
A=1|3 -2 7 0
3 -1 8 6
o 1 1 7
(a) (6 points) Find a basis of the row space of A and use it to find the rank

of A.
(b) (6 points) Find a basis of the column space of A

(¢) (6 points) Find a subset of the vectors vi = (1,1, 3,3,0),ve = (—1,0, -2, —1,1), vy =
(2,3,7,8,1),v4 = (—2,4,0,6,7) that forms a basis for the subspace W of R®
spanned by these four vectors.
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Midterm 2, Lecture 20

1. Solve the initial value problem: xy’ + 2y = 4x2, y(1) = 2.

This is a linear first order nonhomogeneous differential equation.

€1
Putting it in standard form: y' + 2y =4x = p= ez-[ T _ g2l _ 2,
Therefore, y = x2 jx2(4x)dx = 4x72 Ix3dx =4x2(dxt+0).
Applying initial condition: 2 = 4(% + c), > c¢= %_

Therefore, y = 4x’2<fx4 + %) =x2+x2

2. Find the initial value problem: y" +y' +y =0, y(0) =1, y'(0) = 3.

“1x/TF
2

.. . V3
Characteristic equation: 72 +r+1 = r= + z%

c —i+i£)x L, B
Euler Formula: e™ = e( 22 =

0=

1l B 1, 3 .. 3
e e Tt =¢ 2*(cos§x+lsm§x).

_1 3 . 3
Therefore: y, = 72" (Cl cos %x + c281n %x)

The first initial condition gives: 1 = ¢;.

Taking the derivative for the next initial condition:

y; = —%e_%x (cl cos gx + ¢p 8in gx) + ge'%x (—cl sin gx + ¢5 cos %x)

Applying the initial condition: 3 = —X-¢; + ﬁcz =L+ ﬁcz > = (3 + L>L =L
: 2 2 2 2 )5 T 5

Therefore: y, = e 2" (cos gx + % sin @x)

3. Find a particular solution to the nonhomogeneous equation: y" + 4y’ + 4y = ¢,

Characteristic equation: r2 +4r+4 = (r+2)?> = re {-2,-2).

Complementary solution: y. = cie™ + coxe .

Pre-trial solution: y; = Ce .

Clearing the dependencies, we get the trial solution: yyiu = Cx2e™,

Taking derivatives: y},;; = 2C(1 — x)xe ™, y,., = 2C(2x? —4x + 1)e™>.

Substituting this into our differential equation: y) .., + 4y} + 4V il
=2C(2x% —4x + 1)e ™™ + 8C(1 — x)xe ™ + 4Cx?e™> = 2Ce %"

Setting this equal to f(x): 2Ce™ = ¢72*.

Comparing sides of the equation gives us: 2C = l or C = %

Therefore: y, = +x%e™>.
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4. Consider the differential equation: xy' = 6y.

1) Find the singular solutions and the general solutions.

It is separable, so: J‘%dy = I%dx, wheny # 0.
Inlyl = 6lnlxl +¢ = Iyl = ™™ = y = Cx® where C # 0.

But what about when y = 0? Note that xy' = 6y is satisfied for the function y(x) = 0. So, to include this singular
solution, we say y = Cx®, where C € R.

2) Sketch the direction field of the differential equation.

Lort vt rrrerreerrnd
trvretrrrrrrrrrrg
rvvrevrrrrrrrrerrnd
A
REEEE || Tt hirl
0.3 R ERE RN
I‘l' .\ -I‘I .'u_ [} II I| |I |I I | I| I| -|| .'I ." _." |
AW ANY NN LTSS
T, M, My \ | [
= i ]
|l o ol A oo N s
FA LTIV YA
(A5 0 00000 EEERERRE
[~ [ 'II 'Il II. II II II I -I -I I | II II Il .Il | III |
I]...I t I|l ||. |I II II II | I | | I | II Il Il Il | III :
I II [ I | I [ II |1 | |
A I I I L O A O
A R
L I (Y T O I A
1] 0.5 0.0 0.5

3) Show that there are infinitely many solutions of the differential equation with initial value y(0) = 0.

Note that with this initial value we have 0 = CO0° satisfied for any value of C. This gives us an infinite family of
solutions going thru this initial value.

4) Explain why part 3 does not contradict the uniqueness theorem for differential equations.

Note that the uniqueness theorem requires that the coefficient functions be continuous around the initial value.
However, in this case, in standard form our differential equation is y' — £y = 0, and the coefficient function —< is
not continuous around (x,y) = (0,0). Therefore, the uniqueness theorem does not apply, so there is no contradiction.
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5. Consider the functions f; = ¢* and f, = xe* on the real line.
a) Compute the Wronskian of /| and f>.
1

1 1+x

1 xe*
1 e*(1+x)

e xe*

e* (1+x)er

W(f1.f2) = =e* = e =eX(l+x—x)=e>%0

b) Are the functions f}, > linearly independent? If your answer is yes, please explain why. If your answer is
no, please find constants c;, c;, not all zero, such that ¢,f| + c»f> = 0.

Using part a, since there is no interval on the real line in which the Wronskian e?* is equivalent to the zero function,
the functions f1, f> are linearly independent

Alternatively, observe that fi,f> are linearly independent if they are not scalar multiples of each other.

Using proof by contradiction, assume they are scalar multiples of each other, we get fi = cf>
=> e =cxe’ = L =x However,xis nota constant. So our assumption must be wrong, and it must be that

the two functions are not scalar multiples of each other, and therefore linearly independent.
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Midterm 2 Practice Sheet Solutions

1. Find the general solution of xy' + 3y = -sinx,

x2

Putting it in standard format: y' + 2y = ‘X‘—’;" Note this is first-order linear.

3dx 13 .
p= ej T = g3 = plb® — 3 Therefore, y = L [x3 -2 gy = —L cosx + <.
X- X X X

3x2—e*
2y-5

2. Find the general solution of y’ =
Note this is separable. 2y — 5)dy = (3x? —e*)dx = [(2y—5)dy = [(3x? — ¥)dx
> y2-5y=x-¢e+c.

You could solve explicitly for y, using the quadratic equation: y = >

3. Use Euler’s method w/step 4 = 0.1 to find a numeric solution of initial value problem atx = 0.1, 0.2.

y=x+y% y(0) = 1.

yi = yo + hf(xo,y0) = 1+(0.1)(02+ 12) =1.latx; =0.1.
va =y + A, yn) = 1.1+ (0.1)(0.12 4 1.12) = 1. 222 at xs = 0.2.

4, Find the general solution of y" — 2y’ +y = 0.

P-2r+1=0-1)> = re{l,1}.  Therefore, y, = cie* + coxe®.

5. Solve the initial value problem: y" +y' +y =0, y(0) =1, y'(0) =0.

—1+/1-4 - 43
Pir+l=0 > r=—7— = re{—%iz%}.
—i+'£)x 1, 43 _1 3 .. 3
e( 2T 2 e et T = e 2"(cos§x+zsm§x>

_ oL ;3 A
yg=¢€ 2?2 ClCOSTX+CQSIIlTX .

Initial condition: 1 = €%(c1) = ¢ = 1.

Initial condition: yg, = —%e‘%x (cl cos %x + 5 sin gx) + @e‘%x (—cl sin %x + ¢ COS %x)
0=—2e%Cc1)+ %eo(cz) =+ %cz =0+ gcz > o= %
— *%x 3 1 -3
Therefore, y, = e (cos Sx+ =5 sin Tx).
11/8/2020 1
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6. Find the general solution to the inhomogeneous equation: y” + 2y' +y = 2e’ + cost + 1.

P+2r+l= (r+1)? = re{-1,-1} = y.=cie'+cate.
yo = Ae' + (B cost+ Csint) + (D + Et)

Observe that the pretrialsolution is linearly independent from the complementary solution, therefore
Yo = Yuia = Ae' + (B cost + Csint) + (D + Et).

Taking derivatives: y;,,, = Ae’ + (=B sint + C cost) + E,
Viria = Ae' — (B cost + Csint).
Therefore: v, .. + 2Viyiar + Yirial
= Ae' — (B cost+ Csint) + 2(Ae' + (B sint + C cost) + E) + Ae’ + (B cost + Csint) + (D + Et)
=(A+2A+A)e'+ ((B+2C—-B)cost+(C— C —2B)sint)+ Et+2E+ D
= 4Ae' +2(Ccost — Bsint) + Et+ 2E + D.

Comparing this to the right hand side of our given equation: 2¢’ + cost + ¢, we have
4A =2, 2C=1, -2B=0, E=1, 2E+D=0.

From this, we see that A = &, B=0, C= 5, E=1,and D = 2.
Therefore, y, = e’ + 3sint -2 +1.

Finally, the general solution is y, = y. +y, = cie™ + cate™ + e’ + +-sint -2 + 1.

7. Given an example of a 2nd order nonlinear differential equation.

In general, linear 2nd order is of the form: a(x)(y")" + b(x)(y'Y + c(x)y* = d(x), where i = j = k = 1 and a(x) # 0.

So, if i,j, or k is not equal to one, we have nonlinear. An example is when a(x) = 1, i = 2, and
b(x) = c(x) =d(x) =0.

In other words: (y")* = 0. Another way to have nonlinear is if a(x, y,y'), for example if a(x,y,y') = xy. If we use
this in the previous example, but let i = 1, we have xyy” = 0 as a nonlinear equation.

8. Sketch the slope fields of the differential equation: y' = 3y.
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0. Find the general solution of y® +2y® +y = 0.

22l = (2 + 1) = e {titi}
e' = cosx+isinx

Yg = €1 COSX + €2 SINX + €3X COSX + C4X sinx.

10. Consider the logistic equation: y' = y(3 — y).

a) Find the critical points and the corresponding equilibrium solutions.
fx) =y(3-y) =0wheny € {0,3}.
b) Determine whether each critical point is stable or unstable.

Checking x-values on either side of the critical points, we find f(-1) = -1(4) = -4 < 0,
f(1) =2>0, f(4) =4(-1) = -4 < 0. This gives us the phase diagram: « 0 - 3 «

Therefore, x = 0 is an unstable critical point, and x = 3 is a stable critical point.

¢) Find the general solution.

J‘ﬁdy=_[dx (%)

Partial fractions: y(;y) =44 % when 1 = A(3 —y) + By = (B—A)y + 3A, and comparing powers of y, we have:

3A = land B—A = 0. Therefore, A = + and B = +.

[sa57dv = 35 +55dy = $(nlyl = 1ni3 —y1) + Co = §1n|3+'y| + Co.

Therefore from (*), we have: + ln| 3%) | =x+Cjor

%| = ¢33C1 = Che® where C, > 0.

Removing the absolute value: % = Ce*, where C + 0.

Solving explicitly: y = Ce¥(3 —y) = 3Ce® — yCe®™ = y(1+ Ce¥) = 3Ce>* = y= 3=

1+Ce™ *

11. Computer the Wronskian of the functions: y; = e, y, = sinx, y3; = cosx, and use it to show that y1,y,
and ys are linearly independent.

e sinx  cosx 1 sinx cosx 1 sinx cosx
. . R3+R| .
WO1,y2,y3) = | 3¢* cosx —sinx | =e*| 3 cosx —sinx ="' e3*| 3  cosx —sinx
9¢%* —sinx —cosx 9 —sinx —cosx 10 0 0
; sinx Ccosx 3 5 5 3 .
= 10e”* ) = 10e**(— sin“x — cos*x) = —10e** + 0, therefore yi,y2, and y3 are linearly
cosx —sinx
independent.
445
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Midterm 1 Practice Problems

1. Determine for what values of & the following system has () a unique solution, (») no solution, (c) infinitely
many solutions.

3x+2y=1
7x +5y = k.

3201 321 1 111 k-2
= =
751 k 111 k=2 3210 1
111 k=2 111 k=2
= =
0 -1 | 7-3k 01 1 3k-7

y=3k—Tandx=—-y+k-2=—-3k—-7)+k—-2=5-2k
V= (5-2k3k-7) = k(-2,3) + (5,-7).

a) Unique solution for every value of k.
b) There are no values of k that will give no solution.

¢) There are no values of & that will give infinitely many solution.

2. Consider the system:
4x1+5%,+3x3= 6
3x+6X,+5x3= 12
2x1+3x+2x3= 18

a) Write down the augmented coefficient matrix M of the system.

45316
3651 12
2 321 18

b) Use the method of Gaussian elimination to transform the augmented coefficient matrix M to and echelon
form matrix.

4531 6 1 331 -6
= 1 331 -6 =] 4531 6
2321 18 2 321 18

10/6/2020 Jodin Morey 1
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13 31 -6 13 31 -6 13 31 -6
=] 079130 | | 0-1-11-3 | =| 0-1 11 =30
0 -3 —4 1 30 0 -3 —4 | 30 0 0 -1 1 120
1331 6
=] 0111 30

00 11 -120

¢) Use the method Gauss Jordan elimination to transform the augmented coefficient matrix M to the reduced
echelon matrix.

1 001 -9
= 0101 150
0011 -120

d) Use either b or c to solve the system.

x3 = —120, x2 = 150, x1 = —96.

3. List all possible reduced row echelon forms of a 3 x 3 matrix.

(e}

o

oS O O
o O O
o O
o O O
S O *
o O O
—

) (e}

(=R ]
o O
o O
[e] ]
[
[e] (e
S ¥ O
[
] ]
—_

4. Consider the system:
X1+ 2x+4x3 =1
X1+ 3x2+9%3 =2
X1 +4xy + 16x3 = 3

a) Write down the coefficient matrix A of the system and the corresponding matrix equation Ax = b.

12 4 X 1
13 9 X2 = 2
1 4 16 X3
447
10/6/2020 Jodin Morey 2



4.3. Final exam, Thursday Dec 17, 2020 CHAPTER 4. EXAMS

b) Use the algorithm explained in the class (see p181 of the textbook) to find the inverse of A.

1241100 1241100

1391010 | =] 0151-110

14161001 02121 -101

12411 00 0613 20 1001 6 83

= 0151-1 10 |=0151-110/|=]0151-1120
0021 1 21 00 2 1 1 =21 0021 1 21
1001 6 -8 3 001 6 -8 3 6 -8 3

= 151 -1 10 =| 01 -2 6 -3 |, A'l=| -1 6 -2
001 -l oo11 £+ -1 & 4+ 1 1

¢) Compute the determinant det(A) and the cofactor matrix [A;] of A, and use the formula of the inverse for
matrices to find A~

1 2 4 1 2 4 1 2 4
detA) =1 3 9 =101 5 =015 ]| =2
1 4 16 02 12 002
12 -7 1 12 -16 6
[Ajl=| -16 12 2 |, A =| -7 12 -5
6 -5 1 1 2 1
12 -16 6
Al=11 -7 12 -5
1 2 1
d) Use the formula x = A~'b to solve the system.
12 -16 6 1 -1
x=A"b=21 -7 12 -5 2 | =
1 2 1 3 0
e) Use Cramer’s rule to solve the system.
1 2 4 1 2 4 1 2 4
1B
xi=7-=%4123 9 |=5/0-11[=%l0-11/|=-1,
3 4 16 0 -2 4 0 0 2

448
10/6/2020 Jodin Morey 3



4.3. Final exam, Thursday Dec 17, 2020 CHAPTER 4. EXAMS

11 11 4 11 4

mefodi2 0 4o s (<o |-
13 16 02 12 00 2
121 121 121

==Ll 3o2|=Llo11]|=2%l0 =0,
1 4 3 022 000

x = (x1,x2,x3) = (-1,1,0).

5. Consider the following 3 vectors in R*:
vi=(1,1,2,1), v,=(1,0,3,4), v,=(2,2,4,8).

If they are linearly independent, show this. Otherwise, find real numbers c1,c;, c3 not all zero such that
C1V] + Cavy +C3V3 = 0.

Observe that:

112
C1 Cl
C1V1 +Ca2v2 +C3V [VVV] 102 (_))
V2 +C3v3 = 2 V3 c = c = 0.
o : ’ 23 4 2
c c
} 1 4 8 ’
Gaussian Elimination:
112 1 1 2
112 112 1 00
1 02 0 -10
= = 010 = 010 = 010
2 3 4 01 0
0 36 001 001
1 48 0 3 6

They are linearly independent.

6. Consider the following 4 vectors in R3:
vi=(1,1,2), v,=(1,3,4), v,=(2,2,4), v,=(0,0,1).

If they are linearly independent, show this. Otherwise, find real numbers ci,c», c3,c4, not all zero such that
C1V] + CoVy +C3V3 + C4Vyq = 0.

C1 Cl
1120
C2 C2 =
C1V1 4+ Cava + €3V + Cavy = [vl V2 V3 V4:| = 1320 = 0.
C3 Cc3
2 4 4 1
C4 C4
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Gaussian Elimination:

1120 1120 1 020

1 320 = 0200 = 0100

2 4 41 0201 0001
So:c3 =1, c1 = —2t, cy =0, cq = 0.

And: € = (c1,¢2,c3,¢4) = (-21,0,1,0) = 1(-2,0,1,0).

And observe that ¢c;v{ + c2va + ¢3v3 + c4vs = —2v1 + 0vy + v3 + vy = 0.

7. Find a basis for the following vector spaces:
a) The set of all vectors of the form (a, b, c,d) for which a + 2d = ¢ + 3d = 0.

So vectors have the form: (-2d,b,-3d,d) = b(0,1,0,0) + d(-2,0,-3,1).
From this, we discover the vectors {(0, 1,0,0), (-2,0,-3,1)} span the set of given vectors.

Now let’s verify that they are linearly independent. Looking at the 3 x 3 submatrices, we calculate the sub
determinants:

01 2 102
1 02| =-1(4-6)=2=0. 03 4 |=124-16)+1(0-6) =2 # 0.
03 4 1 48

So we see that these vectors are linearly independent. Therefore, we have a basis {(0,1,0,0),(-2,0,-3,1)} for our
subspace of vectors.

b) The solution space of the homogeneous linear system:
X1 —3X2 - 10)(3 +SX4 =0
X1 —4x2+ 11)(3—2)64 =0

X1 —3x2+ 8x3 —x4 = 0.

Putting things into a matrix, and performing Gaussian reduction:

1 -3 -10 5 1 -3 -10 5 1 -3 -10 5
1 4 11 =2 = 0o -1 21 -7 = 0 1 =21 7
1 -3 8 -1 0 0 18 -6 0O 0o 3 -l
10 -73 26 100 2
= 01 =21 7 = 010 O
00 1 -1 001 -1
Applying an arbitrary parameter 7 to our free column x4, gives us x3 = +£, xa = 0, and x; = =31,
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Therefore, ¥ = (x1, x2, x3, xa) = (=21, 0, 11, 1) =1(-2,0,1,1).

And finally, we see a basis for our solution subspace by setting ¢ to any value. To make our basis look simple, I will
choose to set t = 3, so our basis becomes: {(-5,0,1,3)}.

8. Consider the following matrix:

I -1 2 2
-3 4 1 2
A=
0 1 7 4
=5 7 4 2

a) Find a basis of the row space of A.

Doing our Gaussian reduction this:

1 -1 2 2 121 2 2 | -1 2
34 1 2 01 7 8 0
= =

0 1 7 4 01 7 4 0 4
5 7 4 2 0 2 14 8 0 -3

1 =120 | 10090

01 70 0170
= EN =K.

00 01 000 I

00 00 0000

For the row space, we take at the nonzero rows of our reduced system:

Basis={[ 1090 [ Jo170][0o001]}

b) Find a basis of the column space of A.

For the column space, we look back at the original matrix A, and the basis consists of the columns in A
corresponding to the pivot columns in [E. Note that the columns in [E that had the "leading ones" (the pivot columns)
were columns 1,2,4. So taking those columns from A, gives us:

1 -1 2
. -3 4 2
Basis = R ,
0 1 4
-5 7 -2
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9. Find a subset of the vectors v; = (1,-3,0,5), v, = (-1,4,1,7), vs = (2,1,7,4), v4 = (2,2,4,-2) that forms a
basis for the subspace W of R* spanned by these 4 vectors.

Placing the vectors into columns of a matrix, we see:

1 -1 2 2 1 -1 2 2
1 7 8 17 8
3 4 1 2 01 78
= =1 7 4| =]00-4]| =0
0 1 7 4 01 7 4
2 14 8 00 0
-5 7 4 =2 0 2 1438

Therefore, the four vectors are not linearly independent. From the previous problem, we see that the 1st, 2nd, and
4th columns are linearly independent. But only being 3 vectors, we conclude that {v1 , V2, V4} form a basis for a
three-dimensional subspace W of R*.

10. Consider the following matrices:

123 1
A=l 0 12 |, B= 3 | C:[123].
00 4 5

Calculate the following number of matrices: a) det(A™'), b) A7, ¢)BC, d) CB, e) AB.

-1 23
a) Recall that: det(A™') = —L—. Solet’s calculate:det(A) = | 0 1 2 | =-1+1+.4=—4.
det(A)
0 0 4

Therefore, det(A™") = —-.

100
HAT=| 2 1 0
324

1 2 3

©BC =| 3 [123]= 36 9

5 5 10 15
1

d)CB=[123] 3 | =2

5

123 | 20

OAB=| 0 1 2 3 | =] 13

00 4 5 20

452
10/6/2020 Jodin Morey 7



	Introduction
	Links
	Schedule
	Text book
	syllabus

	HWs
	HW 1
	Problems listing
	Problem 11 section 3.1
	Problem 15 section 3.1
	Problem 17 section 3.1
	Problem 7 section 3.2
	Problem 9 section 3.2
	Problem 15 section 3.2
	Problem 8 section 3.3
	Problem 11 section 3.3
	Problem 1 extra
	Problem 2 extra
	Problem 3 extra
	key solution for HW 1

	HW 2
	Problems listing
	Problem 3 section 3.4
	Problem 5 section 3.4
	Problem 8 section 3.4
	Problem 11 section 3.4
	Problem 3 section 3.5
	Problem 10 section 3.5
	Problem 16 section 3.5
	Problem 4 section 3.6
	Problem 9 section 3.6
	Problem 21 section 3.6
	Additional problem 1
	Additional problem 2
	Additional problem 3
	Additional problem 4
	Additional problem. Optional
	key solution for HW 2

	HW 3
	Problems listing
	Problem 3 section 3.7
	Problem 1 section 4.1
	Problem 19 section 4.1
	Problem 23 section 4.1
	Problem 27 section 4.1
	Problem 2 section 4.2
	Problem 4 section 4.2
	Problem 17 section 4.2
	Problem 21 section 4.2
	Additional problem 1
	Additional problem 2
	Additional problem 3
	key solution for HW 3

	HW 4
	Problems listing
	Problem 9 section 4.3
	Problem 17 section 4.3
	Problem 18 section 4.3
	Problem 6 section 4.4
	Problem 16 section 4.4
	Problem 20 section 4.4
	Problem 5 section 4.5
	Problem 7 section 4.5
	Problem 15 section 4.5
	Additional problem 1
	Additional problem 2
	Additional problem 3
	key solution for HW 4

	HW 5
	Problems listing
	Problem 7 section 4.7
	Problem 10 section 4.7
	Problem 5 section 1.1
	Problem 17 section 1.1
	Problem 3 section 5.1
	Problem 5 section 5.1
	Problem 7 section 5.1
	Problem 33 section 5.1
	Problem 35 section 5.1
	Problem 39 section 5.1
	Additional problem 1
	Additional problem 2
	key solution for HW 5

	HW 6
	Problems listing
	Problem 9 section 5.2
	Problem 16 section 5.2
	Problem 19 section 5.2
	Problem 24 section 5.2
	Problem 8 section 5.3
	Problem 11 section 5.3
	Problem 14 section 5.3
	Problem 18 section 5.3
	Additional problem 1
	Part a
	Part b
	Part c
	Part d
	Part e
	Appendix

	key solution for HW 6

	HW 7
	Problems listing
	Problem 3 section 5.5
	Problem 9 section 5.5
	Problem 11 section 5.5
	Problem 23 section 5.5
	Problem 32 section 5.5
	Problem 7 section 6.1
	Problem 17 section 6.1
	Problem 21 section 6.1
	Problem 25 section 6.1
	Problem 29 section 6.1
	Additional problem 1
	Additional problem 2
	Additional optional problem 3
	key solution for HW 7

	HW 8
	Problems listing
	Problem 7, section 6.2
	Problem 15 section 6.2
	Problem 19 section 6.2
	Problem 7 section 6.3
	Problem 13 section 6.3
	Problem 25 section 6.3
	Additional problem 1
	Part (a)
	Part (b)
	Part (c)

	Additional problem 2
	Part (a)
	Part(b)
	Part (c)

	key solution for HW8

	HW 9
	Problems listing
	Problem 8, section 7.1
	Problem 1 section 7.2
	Problem 5 section 7.2
	Problem 9 section 7.2
	Problem 15 section 7.2
	Problem 19 section 7.2
	Problem 24 section 7.2
	Problem 28 section 7.2
	Additional problem 1
	Part (a)
	Part (b)
	Part (c)

	key solution for HW9

	HW 10
	Problems listing
	Problem 4, section 7.3
	Problem 6, section 7.3
	Problem 8, section 7.3
	Problem 18, section 7.3
	Problem 38, section 7.3
	Additional problem 1
	Part (a)
	Part (b)
	Part (c)
	Part (d)

	Additional problem 2
	Part (a)
	Part (b)
	Part (c)
	Part (d)

	key solution for HW10

	HW 11
	Problems listing
	Problem 6, section 1.2
	Problem 8, section 1.2
	Problem 24, section 1.2
	Problem 26, section 1.2
	Part a
	Part b
	Part c

	Problem 5, section 1.3
	Problem 9, section 1.3
	Additional problem 1
	Additional problem 2
	Additional problem 3
	key solution for HW11

	HW 12
	Problems listing
	Problem 4, section 1.4
	Problem 17, section 1.4
	Problem 19, section 1.4
	Problem 33, section 1.4
	Problem 43, section 1.4
	Problem 3, section 1.5
	Problem 17, section 1.5
	Problem 37, section 1.5
	Problem 15, section 2.1
	Problem 16, section 2.1
	Problem 17, section 2.1
	Additional problem 1
	Part a
	Part b
	Part c
	Part d
	Part e
	Part f

	Additional problem 2
	Part (a)
	Part (b)
	Part (c)
	Part (d)
	Part (e)

	key solution for HW12

	HW 13
	Problems listing
	key solution for HW13


	study notes
	How to solve some problems
	Some definitions

	Exams
	Exam 1, Thursday Oct 15, 2020
	Practice problems
	Problem section 3.2 number 23
	Problem section 3.2 number 24
	Problem section 3.2 number 25
	Problem section 3.2 number 26
	Problem section 3.2 number 27
	Problem section 3.2 number 28
	Problem section 3.3 number 37
	Problem section 3.3 number 38
	Problem section 3.5 number 9
	Problem section 3.5 number 10
	Problem section 3.5 number 11
	Problem section 3.5 number 12
	Problem section 3.5 number 13
	Problem section 3.5 number 23
	Problem section 3.5 number 24
	Problem section 3.5 number 25
	Problem section 3.5 number 26
	Problem section 3.6 number 7
	Problem section 3.6 number 8
	Problem section 3.6 number 9
	Problem section 3.6 number 10
	Problem section 3.6 number 11
	Problem section 3.6 number 12
	Problem section 4.3 number 17
	Problem section 4.3 number 18
	Problem section 4.3 number 19
	Problem section 4.3 number 20
	Problem section 4.3 number 21
	Problem section 4.3 number 22
	Problem section 4.4 number 15
	Problem section 4.4 number 16
	Problem section 4.4 number 17
	Problem section 4.4 number 18
	Problem section 4.4 number 19
	Problem section 4.4 number 20
	Problem section 4.4 number 21
	Problem section 4.4 number 22
	Problem section 4.4 number 23
	Problem section 4.4 number 24
	Problem section 4.5 number 1
	Problem section 4.5 number 2
	Problem section 4.5 number 3
	Problem section 4.5 number 4
	Problem section 4.5 number 5
	Problem section 4.5 number 6
	Problem section 4.5 number 7
	Problem section 4.5 number 8
	Problem section 4.5 number 9
	Problem section 4.5 number 10
	Problem section 4.5 number 11
	Problem section 4.5 number 12
	Problem section 4.5 number 13
	Problem section 4.5 number 14
	Problem section 4.5 number 15
	Problem section 4.5 number 16
	Problem section 4.7 number 5
	Problem section 4.7 number 6
	Problem section 4.7 number 7
	Problem section 4.7 number 8
	Problem section 4.7 number 9
	Problem section 4.7 number 9
	Problem section 4.7 number 10
	Problem section 4.7 number 11
	Problem section 4.7 number 12

	Questions

	Exam 2, Thursday Nov 19, 2020
	Final exam, Thursday Dec 17, 2020
	Review matrial for final exam



