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1 Problem section 3.2 number 23

In Problems 23-27, determine for what values of k each system has (a) a unique solution;
(b) no solution; (c) infinitely many solutions.

3x+2y=1
ox +4y =k
Solution
3 2||x| |1
6 4|y |k
Augmented matrix is
321
6 4 k
Ry — =2R; + R, gives
32 1
0 0 k-2

The above is in Echelon form. x is the leading variable and y is the free variable. Let y = t.
The system in Echelon form becomes

3 2lx| | 1
0 0|t [k-2
Last row says that 0 = k — 2. This means only k = 2 is possible. First row gives 3x + 2t = 1.
1-2t

When k = 2, we have infinite number of solutions given by [x} = l 5;’ } For any t.
Yy

When k # 2 there is no solution. There is no unique solution for any k since y is free variable.
Hence answer is

(a) None (b) k#2 (c) k=2.



2 Problem section 3.2 number 24

In Problems 23-27, determine for what values of k each system has (a) a unique solution;
(b) no solution; (c) infinitely many solutions.

3x+2y=0
6x+ky=0
Solution
3 2{jx| |0
o i1
Augmented matrix is
320
i
R, — —2R; + R; gives
3 2 0
[0 k-4 0]

We see that when k = 4, then y is free variable giving co number of solutions. When k # 4
then unique solution exist, which is the trivial solution. Hence answer is

(a) k #4 (b) None (c) k =4.

Notice, the answer in back of the book seems wrong. It says (a) is when k # 2. It should be
k # 4.



3 Problem section 3.2 number 25

In Problems 23-27, determine for what values of k each system has (a) a unique solution;
(b) no solution; (c) infinitely many solutions.

3x+2y =11
6x +ky =21

3 2fx| |1
6 klly| |2
32 11
6 k 21
3 2 1
0 k-4 -1
We see that when k = 4, then inconsistent, since it leads to 0 = -1, hence no solution in this

case. When k # 4 then unique solution exist. These are the only two possible cases. Hence
answer is

Solution

Augmented matrix is

R, — —2R; + R; gives

(a) k#4 (b) k=4 (c) None



4 Problem section 3.2 number 26

In Problems 23-27, determine for what values of k each system has (a) a unique solution;
(b) no solution; (c) infinitely many solutions.

3x+2y=1
7x+5y =k
Solution
3 2||x 3 1
7 5|ly| |k
Augmented matrix is
3 21
7 5 k

Ry — 7Ry, R, — 3R, gives

21 14 7
21 15 3k

21 14 7
0 1 3k-7
The Echelon form shows that there are no free variables. Hence unique solution exist for

all k values. Hence the answer is

(a) any k (b) None (c) None

R, — Ry — Ry gives



5 Problem section 3.2 number 27

In Problems 23-27, determine for what values of k each system has (a) a unique solution;
(b) no solution; (c) infinitely many solutions.

x+2y+z=3
2x-y-3z=5
dx+3y-z=k

Solution
1 2 1fx| |3
2 -1 3fly|=15
4 3 -1z k
Augmented matrix is
1 2 1 3
2 -1 35
4 3 -1 k
Ry, — —2R; + R; gives

R3 - —4R1 + R3 gives

o o =
NS
Q1 U1
I T
Q1 O1
»A
LoL
N

R3 — —R; + Rj gives
1 2 1 3
0 -5 -5 -1
0 0 0 k-11]

The Echelon form shows that only when k =11 we get consistent system. And in this case,
z is the free variable, leading to oo solutions. If k # 11 then system is inconsistent and no
solution exist.

(a) None (b) k #11 (c) k=11



6 Problem section 3.2 number 28

Under what condition on the constants a,b, and c does the system have a unique solution?
No solution? Infinitely many solutions?

2x-y+3z=a
X+2y+z=>
7x+4y+9z=c

Solution

Augmented matrix is

R2 — _Rl + 2R2 gives

R3 — 2R3,R; — 7R, gives
14 -7 21  7a
0 5 -1 2b-a
14 8 18 2
R3 — —R; + Rj3 gives
14 -7 21 7a
0 5 -1 2b-a
0 15 -3 2c-7a
R3 — —3R; + R3 gives
14 -7 21 7a
0 5 -1 2b-a
0 0 0 (2c-7a)-3(2b-a)

14 -7 21 7a
0 5 -1 2b-a
0 0 0O 2c—-6b-4a
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The Echelon form shows that only when 2c —6b —-4a =0 or
c=3b+2a

We get consistent system. And in this case, z is the free variable, leading to co solutions. If
c # 3b + 2a then system is inconsistent and no solution exist.
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7 Problem section 3.3 number 37

Show that the homogeneous system in problem 35 has non-trivial solution iff ad — bc = 0

ax+by =0
cx+dy=0

a bllx] |0
c dlly o
a b 0
c d 0
a b 0
0 d-<b 0

a
a b 0
0 ad—cb 0
c
There are two cases. First case is when— =0 or ad — cb = 0 then we get infinite number of

solutions since y is the free variable. The second case is when ad — cb # 0 and in this case,
we get unique solution which is the trivial solution x = 0,y = 0.

Solution

Augmented matrix is

R, — —§R1 + R, gives

Hence only when ad - cb = 0 do we get non-trivial solution which is what we are asked to
show.



8 Problem section 3.3 number 38

12

Use the result of problem 37 to find all values of ¢ for which

(c+2)x+3y=0
2x+(c-3)y =0
Has non-trivial solution.
Solution

From problem 37 we found that non-trivial solution exist when

ad—-cb =0
Where

ax+by =0

cx+dy=0
Comparing (1) to (3) shows that

a=(c+2)

b=3

c=2

d=(c-3)

Hence (2) now becomes
(c+2)(c-3)-(2)3)=0

2-c-12=0
(c+3)(c—4)=0

Hence only possible values are ¢ = -3,c = 4. These values give non-trivial solution.

(1)

(2)

(3)



9 Problem section 3.5 number 9

13

Use the method of example 7 to find A™! for given A

ot

5610
4 501

Solution

Augmented matrix is

R; — 4Ry, R, — 5R; gives

20 24 4 0

[20 25 0 5}
Ry - —-R; + R,

20 24 4 0

[0 1 -4 5]
R1—>§—égives o

[1 55 0]

01 -45
Ry = Ry - R

10 5 -6

[o 1 4 5]

Since the left half is the identity matrix, then the inverse is the right side. Hence




10 Problem section 3.5 number 10

14

Use the method of example 7 to find A™! for given A

a

5710
4 6 01

Solution

Augmented matrix is

R; — 4Ry, R, — 5R; gives

20 28 4 O
20 30 0 5
Ry — =Ry + R; gives
20 28 4 O
0 2 45
Ry .
Ry — o gives
1701
5 5
0 2 45
Ry .
R2—>?glves o _
505 0
0 1 -2 5]

Ry = Ry - IR, gives

10 3 -Z
N

2

Since the left half is the identity matrix, then the inverse is the right side. Hence




11 Problem section 3.5 number 11

15

Use the method of example 7 to find A™! for given A

1 51
A=12 50
2 71
Solution
Augmented matrix is
151100
250010
271001

R2 — Rz - ZRl giVeS

(@]
|
a1
|
N
|
N
—_

R3 — R3 —2R; gives

(@]
|
6]
|
N
|
N
—_

Ry — 3Ry, R3 — 5Rj3 gives

o O
Lo
_
a1 O
Lo
a1

N

o o\
S W
g1 O

R3 — R3 - RZ giVGS

Ry .
Ry — 12 gives

R, - R, — %R3 gives

0 2 1 -2
01 -4 -3 5




Rl — Rl - R3 gives

R — Ry —5R; gives
1 0 0 -5 -2 5]
010 2 1 -2
0 01 -4 -3 5]

Since the left half is the identity matrix, then the inverse is the right side. Hence

-5 -2 5
Al=(2 1 =2
-4 -3 5



12 Problem section 3.5 number 12

17

Use the method of example 7 to find A™! for given A

1

A=|2
3 10 6
Solution
Augmented matrix is
32100
2 8 3010
310 6 0 01

Ry — Ry — 2R, gives

R3 — R3 - 3R1 gives

R3 — 2R3 - R; gives

02 -1 -2

1 .
ﬁ -_—
R, 2R2 gives

—
NI—= O

(@}
[Ey
|
=
|
—_
N O O

Ry, — %R3 + R, gives

Rl — Rl - 2R3 gives



Rl - Rl - 3R2 gives
100 18 2 -7
010 -3 0 1
001 -4 -1 2
Since the left half is the identity matrix, then the inverse is the right side. Hence
18 2 -7

Al=|-3 0 1
-4 -1 2

18



13 Problem section 3.5 number 13

Use the method of example 7 to find A™! for given A

Solution

Augmented matrix is

Swap Ry, R,

R2 — Rz - ZRl giVeS

R3 — R3 —3R; gives

R3 — Rz + 2R; gives

R2 — R2 + R3 giVeS

Ri; — Ry — 2R3 gives

o o -

o o -
S = W

01
0 0

2 7 3
A=[1 3 2
379

0 0]

10

0 1

0 0]

100

0 1]

3 01 0
1 1 -2 0
7 9 0 0 1
3 2 0 1 0
1 -1 1 -2 0
-2 3 0 -3 1
13 2 0 1 0
11 -2 0
2 -7 1
320 1 0
103 -9 1
012 -7 1
0 -4 15 =2
0 3 -9 1
1 2 -7 1



Ry — Ry — 3R, gives
1 0 0 -13 42 -5
010 3 -91
001 2 -7 1

Since the left half is the identity matrix, then the inverse is the right side. Hence
-13 42 -5

Al=13 9 1
2 -7 1

20



14 Problem section 3.5 number 23

21

Find matrix X such that AX =B
4 3 1 3 -5
A= ,B =
[5 4] [—1 -2 5 ]

Pre-multiplying both sides of AX = B by A™! gives

Solution

X=A"B

But

. 1 |4 -3
T 16-15|-5 4

Hence (1) becomes

(4 -3][1 3 -5
X =

5 4|1 -2 5
7 18 -35
|9 23 45

(1)



15 Problem section 3.5 number 24

22

Find matrix X such that AX =B
7 6 2 0 4
A= ,B =
8 7 05 -3

Pre-multiplying both sides of AX = B by A™! and using A™'A = I results in

Solution

X=A"B

But

Hence (1) becomes

(7 6l|[2 0 4
X =
-8 7”0 5 —3]
14 -30 46
-16 35 -53

(1)
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16 Problem section 3.5 number 25

Find matrix X such that AX =B

1 41 1 0 3
A=12 8 3[,B=|0 2 2
2 7 4 -1 10

Solution

Pre-multiplying both sides of AX = B by A~ and using A" A = I results in

X=A"'B (1)
But
-1
1 41
Al=12 8 3
2 7 4
Augmented matrix is
141100
283010
27 4001
R; = Ry = 2Rq gives
1 1
001 -21

R3 = R3 - 2R1 giVeS

11 00
0 -2 10
-1 2 -2 01

Swap Ry, Rj
4 1 1 0
-1 2 -2 1
0 01 210

Ry, - -R,

14 1 1 00
01 -2 2 0 -1
001 21 O



R2 — Rz + 2R3

141 1 0 0

010 -22 41

001 -210
Ri = R;—-Rj3

140 3 -1 0

0 0 -2 2 -1

001 -21 0
R; = Ry -4R,

010 -2 2 -
001 -2 1 0]

Since the left half is the identity matrix, then the inverse is the right side. Hence

-13 42 -5
Al=3 -9 1
2 -7 1
Therefore (1) becomes
1 -9 411 0 3
X=(-2 2 -1|l0 2 2
-2 1 0f[-1 1 0
7 -14 15
=(-1 3 =2
2 2 -4
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17 Problem section 3.5 number 26

Find matrix X such that AX =B

1 2 01
A=12 1 -2(,B=|0 3 2
1 7 2 1 0 2

Solution

Pre-multiplying both sides of AX = B by A™! and using A" A = I results in

X=A"B (1)
But B
1
Al= -2
2
Augmented matrix is
1 1 1 00
21 2010
17 2 001
R, — Ry, — 2R,
1 5 1 1 0
0 9 4 21
1 7 2 0 0
R3 = R3 - R4

1 5 1 1 0
0 -9 -4 210
0 2 1 -1 0 1}

Ry, = 2Ry, R3 — 9R;
1 5 1 1 0
0 -18 -8 4 2
0 18 9 -9 0

R; - R3+ Ry
1 5 1 1 00
0 -18 -8 -4 2 0
0O 0 1 -13 2 9
Ry, —» Ry, + 8R3

1 5 1 1 0 0
0 -18 0 -108 18 72
o 0 1 -13 2 9
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Ri = Ri—-Rj3
1 5 0 14 -2 -9
0 -18 0 -108 18 72
0 0 1 -13 2 9

Ry = =Ry

50 14 -2 -9
0 6 -1 -4
01 -13 2 9]

R; — R, -5R,

0 0 -16 3 11]
0 6 -1 -4
01 -13 2 9|

Since the left half is the identity matrix, then the inverse is the right side. Hence

-16 -3 11
Al=l6 -1 -4
-13 2 9
Therefore (1) becomes
-16 -3 11][2 0 1
X=|16 -1 -4|0 3 2
13 2 91 0 2
21 -9 0
=(8 -3 —4
17 6 9
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18 Problem section 3.6 number 7

In Problems 7-12, evaluate each given determinant after first simplifying the computation
(as in Example 6) by adding an appropriate multiple of some row or column to another.

b

Il
W N -
W N e
W N =

Solution

We see before starting that the determinant must be zero, since its rows are linearly depen-
dent. We now show this is the case.

Rz i R2 - 2R1

W o -
W o =
W o =

Now we do expansion along R,. This gives

11
3

11
3 3

11

det(A) =0
et(A) 3 3

+0 +0

=0
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19 Problem section 3.6 number 8

In Problems 7-12, evaluate each given determinant after first simplifying the computation
(as in Example 6) by adding an appropriate multiple of some row or column to another.

2 3 4
A=|[-2 -3 1
3 2 7
Solution
Rl i Rl + Rz
0 0 5
A=|-2 -3 1
3 2 7
Expansion along first row gives
-2 -3
det(A) =5
3 2
=5(-4+9)

=25
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20 Problem section 3.6 number 9

In Problems 7-12, evaluate each given determinant after first simplifying the computation
(as in Example 6) by adding an appropriate multiple of some row or column to another.

W

-2 5
A=[0 5 17
-4 12

(o)

Solution

R3—)R3_2R1
A=|0 5 17

Expansion along third row gives

3 2
det(A) =2 0

= 2(15)
=30



30

21 Problem section 3.6 number 10

In Problems 7-12, evaluate each given determinant after first simplifying the computation
(as in Example 6) by adding an appropriate multiple of some row or column to another.

-3 6 5
A=[1 -2 -4
2 -5 12
Solution
Rl i Rl + 3R2
0o 0 -7
A=1 -2 -4
2 -5 12
Expansion along first row gives
1 -2
det(A) = -7
-5
= —7(-5 + 4)
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22 Problem section 3.6 number 11

In Problems 7-12, evaluate each given determinant after first simplifying the computation
(as in Example 6) by adding an appropriate multiple of some row or column to another.

1 2 3 4
0 56 7
A=
0O 0 8 9
2 4 6 9
Solution
R3—>R3_2R1
1 2 3 4
0 56 7
A=
0O 0 8 9
0 0 01
Expansion along last row
1 2 3
det(A) = D)Mo 5 6
0 0 8

Where i = 4,j = 4 (since it is entry (4,4)). Hence (—1)i+j = (—1)8 = 1. So the sign is +. The
above becomes

1 23
det(A)=1)[0 5 6
0 0 8

For the second determination, expansion along its third row gives

|

1 2

det(A) = 1| (=1)°"8
et(A) (-1) 0 5
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23 Problem section 3.6 number 12

In Problems 7-12, evaluate each given determinant after first simplifying the computation
(as in Example 6) by adding an appropriate multiple of some row or column to another.

0 0 -3
1 11 12
A=
0 0 5 13
-4 0 0 7
Solution
R4—)R4+2R1
20 0 -3
0O 1 11 12
A=
0 0 5 13
00 0 1
Expansion along last row
20 0
det(4) = -D**Dlo 1 11
0 0 5
0
= 1 11
5

Expansion along last row

2 0

det(A) = (-1)*°(5) -

=5(2)
=10
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24 Problem section 4.3 number 17

In Problems 17-22, three vectors v;,0,, and U3 are given. If they are linearly independent,
show this; otherwise find a

nontrivial linear combination of them that is equal to the zero vector.

1 2 3
612 0,82: —3,83: 5
1 4 2

Solution
The vectors are Linearly independent if
Cl?))l + C262 + C3?)>3 =0

only when ¢; = ¢, = c3 = 0. If we can find at least one c; # 0 where the above is true, then
the vectors are Linearly dependent.

Writing the above as A€ = 0 gives

2 3| 0
0 -3 5|lc,| =0 1)
4 C3 0
The augmented matrix is
2
0 -3
1 4 0
R3 — —R; + Rj3 gives
2
-3 5
0 2 -10
R3 — R3, Ry, — 2R, gives
2 3
-6 10
6 -3 0
R3 — Ry + R3 gives
2 3
0 -6 10
0o 0 7




34

Hence the original system (1) in Echelon form becomes

1 2 3] (o
0 -6 10|[c,| =0
0 0 7]les| |0

Leading variables are cy, ¢, c3. Since there are no free variables, then only the trivial solution
exist. We see this by backsubstitution. Last row gives c3 = 0. Second row gives c, = 0 and
first row gives c; = 0.

Since all ¢; = 0, then the vectors are Linearly independent.
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25 Problem section 4.3 number 18

In Problems 17-22, three vectors vy,7,, and 75 are given. If they are linearly independent,
show this; otherwise find a nontrivial linear combination of them that is equal to the zero
vector.

2 4 -2
51 = 0 ,52 = —5 ,53 =1
-3 -6 3

solution

The vectors are Linearly independent if
— — — =
€101 + 00y + C303 = 0

only when ¢; = ¢, = c3 = 0. If we can find at least one c; # 0 where the above is true, then
the vectors are Linearly dependent.

Writing the above as A€ = 0 gives

2 4 =2][¢] [o

0 -5 1|{lc|=10 (1)
-3 -6 3 ||c3
The augmented matrix is
2 4 -2
0 -5 1
-3 -6 3 0
Ry — 3Ry, R3 — 2R, gives
6 12 -6 0
0 -5 1 0
-6 -12 6 0
R3 — Ry + R3 gives
6 12 -6 0
0 -5 1 0
0O 0 0 O
Hence the system (1) becomes
6 12 —6f[c

0 -5 1|le,|=]0
0 0 0]le] |0
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The leading variables are c;,c, and free variable is c3. Since there is a free variable, then
the vectors are Linearly dependent. To see this, let ¢ = t. From second row -5c, +t = 0 or

1
. 6t—12(§t)
¢ =zt From first row 6¢; +12¢c, — 6t =0. Or ¢; = = = ;. Hence
3 3
Cq gt g 1 3
= lt =t 1 = —f|1
©2 5 5175
C3 t 1 5
Taking 7 = 5 the above becomes
Cq 3
Cr| = 1
C3 5

Therefore we found one solution where
— — — =
€101 + 020y + C303 = 0
5
351 +?))2 +57_))3 = O

not all ¢; zero. Hence linearly dependent vectors.
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26 Problem section 4.3 number 19

In Problems 17-22, three vectors vy,7,, and 75 are given. If they are linearly independent,
show this; otherwise find a nontrivial linear combination of them that is equal to the zero

vector.
2 5 2
5 0l o 4 -1
01:3,02:_2,2)3: .
0 1 -1
solution

The vectors are Linearly independent if
— — - =
€101 + 00y + C303 = 0

only when ¢; = ¢, = c3 = 0. If we can find at least one c; # 0 where the above is true, then
the vectors are Linearly dependent.

Writing the above as A¢ = 0 gives

2 5 2 0
0o 4 || o
3 2 1% o @)
o 1 [ o
The augmented matrix is
2 5 2 0
0 4 -1 0
3 -2 1 0
0 1 -1 0
R; — 2R3, R; — 3R,
6 15 6 0|
0 4 -1 0
6 -4 2 0
0 1 -1 0
R3 — R3 - R4
6 15 6 0
0 4 -1 0
0 -19 -4 0
0 1 -10
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R2 - 19R2, R3 — 4R3

6 15 6 0
0 76 -19 0
0 -76 -16 0
0 1 -1 0
R3; = R3+R,
6 15 6 0
076 -19 0
0 0 -35 0
0 1 -1 0
Ry — 76R,
6 15 6 0
076 -19 0
0 0 -35 0
0 76 -76 0
Ry —> R4—Ry
6 15 6 0
0 76 -19 0
0 -35 0
0 0 -57 0
Ry — Ry— 2Ry
6 15 6 0
076 -19 0
0 0 =35 0
0 0 0 0
The above is Echelon form. Hence
6 15 6 0
0 76 -19||" o
0 0 -35/? o
o0 ol o

Lead variables are cy, cp, c3. There are no free variables. Therefore unique solution exist and
is c; = 0,c; = 0,c3 = 0. Hence the vectors are linearly independent.
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27 Problem section 4.3 number 20

In Problems 17-22, three vectors vy,7,, and 75 are given. If they are linearly independent,
show this; otherwise find a nontrivial linear combination of them that is equal to the zero

vector.
1 2 3
o 1], 1] 1
U1 = _1102: 1/03: 4
1 1 1
solution

The vectors are Linearly independent if
— — - =
€101 + 00y + C303 = 0

only when ¢; = ¢, = c3 = 0. If we can find at least one c; # 0 where the above is true, then
the vectors are Linearly dependent.

Writing the above as A¢ = 0 gives

1 23 0
11 1|7 o
1 1 4 2| = 0 1)
11 1 o
The augmented matrix is
1 230
1 110
-1 140
1 110
R, - R, - Ry
1 2 3 0
0 -1 -2 0
-1 1 4 0
1 1 1 0
R3; - R3+ Ry
1 2 3 0
0 -1 20
0 3 7 0
1 1 1 0
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R4 d R4 - Rl
[1 2 3 0
0 -1 -2 0
0O 3 7 0
0 -1 -2 0]
R3 —> R3 + 3R2
[1 2 3 0
0 -1 -2 0
0O 0 1 0
0 -1 -2 0]
R4 e d R4 - Rz
[1 2 3 0
0 -1 -2 0
0 0 0
0 0 0 O]
The above is Echelon form. Hence
1 2 3 0
€1
0o -1 -2 0
G| =
0O 0 1 0
C3
0O 0 O 0

Lead variables are ¢y, c,, c3. There are no free variables. Therefore a unique solution exists
and is the trivial solution ¢; = 0,c, = 0,c3 = 0. Hence the vectors are linearly independent.
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28 Problem section 4.3 number 21

In Problems 17-22, three vectors vy,7,, and 75 are given. If they are linearly independent,
show this; otherwise find a nontrivial linear combination of them that is equal to the zero

vector.
1

3 1
v1=1| |,

| 1
2 0
solution

The vectors are Linearly independent if
— — - =
€101 + 00y + C303 = 0

only when ¢; = ¢, = c3 = 0. If we can find at least one c; # 0 where the above is true, then
the vectors are Linearly dependent.

Writing the above as A¢ = 0 gives

€1
1)

C3

N —m O W
|
—_
O =N =
Q
N
I
o O O O

The augmented matrix is

N m O W
- o L

o R N o~
o o o o

R3 i 3R3 - Rl

N O o W
N

o NN R

o o o o

Rl - 2R1,R4 4 3R4

o © o o
|
—_
o N N N

o o o o
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R4 d R4 - Rl
6 2 2 0
0 -1 2 0
0 -1 2 0
0 1 -2 0]
R3 —> R3 — Rz
(6 2 2 0
0 -1 0
0O 0 0 O
0 1 -2 0]
R4 e d R4 + Rz
6 2 20
0 -1 20
0 0 00O
0 0 00O
The above is Echelon form. Hence
6 2 2 0
5]
0 -1 2 0
G| =
0 0 O 0
C3
0 0 O 0

Lead variables are c;, c;. And free variable is c3. Since there is a free variable, then non-trivial
solution exist. Hence the vectors are linearly dependent. Let c; = t. From second row

—Co +2C3 =0
Cy = 2C3 =2t

From first row

0

—2¢y) — 2c3
6

—-2(2t) - 2t
6

= -t

6C1 + 2C2 + 2C3

5]



Hence solution is

Lett=1

Therefore

C1 —t

| = 2t

C3 t
-1

=t 2

1

C1 -1

G| =

C3 1

Cl?}l + CZE)Z + C3?))3 =

—?7)1 + 2?7)2 + ?))3 =

0
0

43
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29 Problem section 4.3 number 22

In Problems 17-22, three vectors vy,7,, and 75 are given. If they are linearly independent,
show this; otherwise find a nontrivial linear combination of them that is equal to the zero
vector.

- -

3

N 9

01 = 0102: s U3 =
5

solution
The vectors are Linearly independent if
— — - =
€101 + 00y + C303 = 0

only when ¢; = ¢, = c3 = 0. If we can find at least one c; # 0 where the above is true, then
the vectors are Linearly dependent.

Writing the above as A¢ = 0 gives

3 3 4 0
9 o 7| o
0 9 5?2 |o @)
5 -7 o™ o
The augmented matrix is
3 3 40
9 0 70
09 50
5 -7 0 0
R, — Ry - 3R,
3 3 4 0
0 -9 =5 0
09 5 0
5 -7 0
R; - 5R;, R, — 3R,
15 15 20 0
0 -9 -5 0
0 9 5 0
15 =21 0 0
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R4 — R4 - Rl
[15 15 20 0]
0 -9 -5 0
0 9 5 0
|0 -36 -20 O]
R3 e R3 + R2
[15 15 20 0]
0 -9 -5 0
0 0 0 0
0 -36 -20 O]
R4 — R4 - 4:R2
15 15 20 0
0O -9 -5 0
O 0 0 O
O 0 0 O
The above is Echelon form. Hence
15 15 20 0
G
0 -9 -5 0
C2 =
O 0 O 0
C3
O 0 O 0

Lead variables are ¢;, c;. And free variable is c3. Since there is a free variable, then non-trivial
solution exist. Hence the vectors are linearly dependent. Let c3 = t. From second row

—9C2—5C3:0
Cy = 5C
2 = 93
5
=—_t
9

From first row

15C1 + 15C2 + 20C3 =0

—15C2 — 20C3
a=—p5
5
—15(—51‘) — 20t
- 15
7
S

9



Hence solution is

Let t =-9

Therefore

C1 _ét-
| = ——t
C3 t ]
_7
|8
I )
1_
-7
= 1t 5
)
9
€1
G| = 5
C3 -9

46
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30 Problem section 4.4 number 15

In Problems 15-26, find a basis for the solution space of the given homogeneous linear
system.

X1 —2x,+3x3=0
2x1—3x2—x320

Solution

A% =0 gives

The augmented matrix is

Rz - Rz - 2Rl

1 -2 3 0
01 -7 0
Hence the leading variables are x1, x, and the free variable is x5 = t. The system becomes
X
1 =2 3| o
Xy | =
0o 1 -7 0
X3

From second row

Xy — 7X3 =0
X :7X3
=7t

From first row

X1 —2x%,+3x3=0
X1 = 2%y — 3x3
= 2(7t) - 3t
=11t



Therefore the solution is

Let t =1, the basis is

A one dimensional subspace.

X1
X2

X3

11t
7t
t

11

11
=t 7
1

48
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31 Problem section 4.4 number 16

In Problems 15-26, find a basis for the solution space of the given homogeneous linear
system

X1+3XZ+4X3:0
3X1+8XZ+7X3 =0

solution

A% =0 gives
X1
1 3 4 0
Xo| =
387 0
1340
3870
1 3 4 0
0 -1 -5 0
Hence the leading variables are x;,x, and the free variable is x; = t. The system becomes
13 4] o
Xo| =
0 -1 -5 0

Last row gives —x, — 5x3 = 0 or —x, = 5t. Hence x, = -5¢t. From first row, x; + 3x, + 4x3 = 0,
or x; = —3x, — 4x3 or xq = —3(-5t) — 4t = 11t. Therefore the solution is

The augmented matrix is

Ry — =3R; + R, gives

Let t =1. The basis is

A one dimensional subspace.
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32 Problem section 4.4 number 17

In Problems 15-26, find a basis for the solution space of the given homogeneous linear
system

x1—3x2+2x3—4x4:0
2x1—5x2+7x3—3x4 =0

solution

A% =0 gives

X1
1 -3 2 —4]|x| o
[2 -5 7 —3] X3 _[o]
X4
The augmented matrix is
-3 2 40

Rz — R2 - 2R1

0 1 3 5 0

Leading variables are x;, x, Free variables are x3 = t,x, = s. The system becomes
X1
1 -3 2 —4|x| o
0 1 3 5|x| |0
Xy
Second row gives

Xy +3x3 +5x4, =0
Xy = —3X3 - 5x4
= -3t —5s

First row gives

X1 —=3%, +2x3—-4x4, =0
X1 =3xy —2x3 +4x4
= 3(-3t —5s) — 2t + 4s
=-11s - 11t



Hence the solution is

x| [-11s-11t

Xp| | —3t—5s
X3 B t
Xy S
-11 -11
-3 -5
=t +s
1 0
0 1
Let t =1,s =1, the basis vectors are
-111 |-11
-3[]-5
1(]o
0 1

A two dimensional subspace.
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33 Problem section 4.4 number 18

In Problems 15-26, find a basis for the solution space of the given homogeneous linear
system

x1+3x2+4x3+5x4=0
2X1+6X2+9X3+5X4 =0

solution

S
AX = 0 gives
X1

1 3 4 5|[x| [o
2 6 9 5|[x| |0
X4
13450
26 95 0
134 5 0
001 -5 0

Leading variables are x;, x; Free variables are x, = t,x, = s. The system becomes

134 5]|x| [o
001 —5|[x| |0

The augmented matrix is

Rz — R2 - 2R1

Second row gives

X3 —53(4 =0
X3 ZSX4
=b5s

First row gives

X1+ 3xy +4x3+5x4 =0
X1 = —=3xp —4x3 — Dxy
= -3t — 4(5s) — 5s
= —25s5 -3t



Hence the solution is

Let t =1,s =1, the basis vectors are

X1
X2
X3

Xg

—25s5 — 3t

53
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34 Problem section 4.4 number 19

In Problems 15-26, find a basis for the solution space of the given homogeneous linear
system

X1 —3XZ—9X3—53C4 =0
2X1 + Xy — 4X3 + 11X4 =0
X1 +3x +3x3 +13x4, =0
solution

A% = 0 gives

X1

1 -3 -9 -5 0
X2

2 1 -4 11 =10
X3

1 3 3 13 0
Xq

The augmented matrix is

1 -3 9 -5 0
2 1 -4 11 0
1 3 3 13 0
R, — Ry — 2R,
3 -9 -5 0
0 7 14 21 0
3 3 13 0
R3 - R; - R4
3 -9 -5 0
14 21 0
6 12 18 0
R; > R - 2R,

1 -3 -9 -50
0 7 14 21 O
0O 0 0 0 O

Leading variables are x;, x, Free variable is x3 = t,x, = s. The system becomes

X1
1 -3 -9 -5 0
X2
0 7 14 21 =1o
o0 o ofl® o
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. —14x3-21x. —14t-21s . .
second row gives 7x, + 14x3 + 21x, = 0 or x, = Tt = — = -3s — 2t. First row gives

X1 —3x9 —9x3 — 5x4 = 0 or x; = 3xy + 9x3 + 5x4 or x; = 3(=3s — 2f) + 9t + 5s = 3t — 4s. Hence the
solution is

X1 3t —4s
Xp| |-3s—2t
X3 - t
X4 s
3 —4
=t 2 +5 -
1
0
Let t =1,s =1, hence the basis are
3[4
-2( -3
1[0
0|1

A two dimensional subspace.



56

35 Problem section 4.4 number 20

In Problems 15-26, find a basis for the solution space of the given homogeneous linear
system

X1—3X2—1OX3+5X4 =0
X1 +4XZ+11X3—2.X4 =0
x1+3x2+8x3—x4=0

solution

A% = 0 gives

X1

1 -3 -10 5 0
X2
1 4 11 -2 =0
X3
1 3 8 -1 0
X4
The augmented matrix is
-3 -10 5 O]
1 1 -2 0
1 3 8 -10
R, — —-R; + R, gives
-3 =10 5 0
0 7 21 -7 0
3 8 10
R3 — _Rl + R3 gives
-3 -10 5 0]
21 -7 0
6 18 -6 0
R3 — 7R3 and R, — 6R; gives
1 -3 -10 5

0 42 126 -42 0]

R3 — —R; + Rj gives
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Leading variables are x;,x, Free variables are x3 = t,x4 = s. The system becomes

X1

1 -3 -10 5 0
X2

0 42 126 -42 =10
X3

0 0 0 0 0
Xq

42

second row gives 42x, + 126x3 — 42x, = 0 or 42x, = 126t + 42s or x; = —%t + 58 = =3t +s.

First row gives x; —3x, =10x3+5x4 = 0 or x; = 3x, +10x3-5x4 or x; = 3(=3t + 5)+10t—5s = t-2s.
Hence the solution is

X1 t—2s 1 -2
Xp =3t +s -3
= =t +s
X3 t 0
X4 S 0 1
Let t =1,s = 1. The basis are
11]]-2
=311
1[0
01

A two dimensional subspace.
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36 Problem section 4.4 number 21

In Problems 15-26, find a basis for the solution space of the given homogeneous linear
system
Xq —4X2 —3X3 —7X4 =0
2x1 —X2+X3+7X4 =0
X1 + 2XZ + 3X3 +11X4 =0
solution

- = .
Ax =0 gives
X1

1 -4 -3 -7 0
X2

2 -1 1 7 =10
X3

1 2 3 11 0
Xq

The augmented matrix is

1 -4 -3 =7 0
2 -1 1 7 0
1 2 3 11 0
Ry — Ry - 2R,
4 -3 -7 0
0 7 7 21 0
2 3 11 0
R3 - R; - R4
4 -3 -7 0
7 21 0
6 6 18 0
Ry — Ry 2R,

1 4 -3 -7 0
0o 7 7 21 0
0O 0 0 0 O

Leading variables are x;, x, Free variables are x3 = t,x, = s. The system becomes

X
1 -4 -3 -7 0
X
0o 7 7 21 =10
0 0 0 O 0
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. —7x3-21x —7t-21s . .
Second row gives 7x, + 7x3 + 2lxy = 0 or x, = ——=2 = = —3s — t. First row gives

X1 —4xy —3x3 —7x4 = 0 or x; = 4xp + 3x3 +7x4 = 4(-3s — t) + 3t + 7s = —5s — t. Hence solution is

X1 —5s—t
Xo| |-3s—t
X3 t
X4 S
-1 -5
-1 -3
=t +s
1 0
0 S
Let t =1,s = 2, the Basis are
-11|-5
-111-3
11{]0
0 1

A two dimensional subspace.



60

37 Problem section 4.4 number 22

In Problems 15-26, find a basis for the solution space of the given homogeneous linear
system

X1 — ZXZ - 3X3 - 16X4 =0

le —4.7(2 + X3 + 17X4 =0

X1 —2xy +3x3 +26x, =0
solution

A% = 0 gives

X1

1 -2 -3 -16 0
X2

2 -4 1 17 =10
X3

1 -2 3 26 0
X4

The augmented matrix is

1 -2 -3 -16 0
2 4 1 17
1 -2 3 2 0
R, — Ry — 2R,
2 -3 -16 0
00 7 49 0
2 3 26 0
R3 - R; - R4
2 -3 -16 0
9 0
6 42 0
R; > R - 2R,
2 -3 -16 0

0 0 7 499 O
0 0o 0 0 O

Hence leading variables are x,x3 and free variables are x, = t,x, = s.The system becomes

X
1 -2 -3 -16

X
0 0 7 49 =
o 0 0 O

o O O
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Second row gives 7x3 + 49x, = 0 or x3 = —7s. First row gives x; — 2x, — 3x3 —16x, = 0 or
X1 = 2xp + 3x3 + 16x4 or xq = 2t + 3(-7s) + 16s = 2t — 5s. Hence solution is

X1 2t — 5s
Xa| t
X3 | -7s
Xy s
2 -5
:tl +s 0
0 -7
0 1

Let t =1,s =1, therefore the basis are

2| [-5
1| |0
-7
1

A two dimensional subspace.
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38 Problem section 4.4 number 23

In Problems 15-26, find a basis for the solution space of the given homogeneous linear
system

X1+ 5XZ + 13X3 + 14X4 =0
2X1 + 5.X'2 + 11X3 + 12X4 =0
2X1 + 7XZ + 17X3 + 19X4 =0

solution

A% = 0 gives

X1
1 5 13 14
X2
2 5 11 12 =10
X3
2 7 17 19
Xy
The augmented matrix is
1 13 14 0
2 1 12 0
2 7 17 19 0
Rz = R2 - 2R1
5 13 14 0
0 -5 -15 -16 0
7 17 19 0
R3 = R3 - 2R1
5 13 14
-5 -15 -16 0
-3 -9 -9 0
3
R3 - R3 - ng
1 5 13 14
-5 -15 -16 0
o0 o °3

5
Hence leading variables are xq, x,, x4 and free variables are x3 = t.The system becomes

X1

1 5 13 14 0
X2

0 -5 -15 -16 =10
3 |1X3

0 0 0 = 0
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Last equation gives x; = 0. Second equation gives —5x, —15x3 = 0, or x, = —3x3 = —3¢. First
equation gives x; = -5x, — 13x3 or x; = —5(-3t) — 13t = 2t. Hence solution is

X1 2t |
Xp| |3t
X3 N
X4 0 |
o
=t -3
1
0
Let t = 1,therefore the basis is
2
-3
1
0]

A one dimensional subspace.
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39 Problem section 4.4 number 24

In Problems 15-26, find a basis for the solution space of the given homogeneous linear
system
X1+ 3xy —4x3 —8x4 + 6x5 =0
X1+ 2x3+x4+3x5=0
le + 7XZ - 103(3 - 19X4 + 133(5 =0

solution

— x .
Ax = 0 gives
X1

13 -4 -8 6]lxn| [0
10 2 1 3|x|=|o
2 7 -10 -19 13|[x,| [0

_x5_

The augmented matrix is
13 4 -8 6 0

10 2 1 3 0
2 7 -10 -19 13 0
Ry, - R, - R4
3 4 -8 6 0
0 -3 6 9 30
7 -10 -19 13 0
R; — R3 - 2R,
3 4 -8 6 0
-3 6 9 30
01 -2 -3 1 0
R; - 3R; + R,
1 3 -4 -8 6 0
0 -3 6 9 30
0 0 0 0 0 O
Hence leading variables are x1,x3 and free variables are x3 = t,x; = s,x5 = r. The system
becomes o
X1
1 3 -4 -8 6]x 0
0 -3 6 9 -=3||t|=]|0
0 0 0 0 Offs 0
r
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Second equation gives

—3x, +6t+95-3r=0

—6t —9s + 3r
x2:_—3
=3s—r+2t

First equation gives

X1 +3x,—4t-8s+6r=0
X1 = —3xp + 4t + 8s — 67
= -3(38s—r+2t)+ 4t + 8s — 6r

=-3r-s-2t
Hence solution is
_x1- 37 — 5 - 2t]
Xp 3s—r+2t
X3| = t
Xy S
Y5 | r ]
=2l [-] [-3
2 3 -1
=t 1[+s]0]|+7r0
0 1
| 0 ] 0
Lett=1,s =1,r =1, then the basis are
2| [-1] [-3
2 31 1-1
1{0}]0
011 0
[ 0]]0]]1)

A three dimensional subspace.
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40 Problem section 4.5 number 1

In Problems 1-12, find both a basis for the row space and a basis for the column space of

the given matrix A.
1
A=|1
2

solution

a G N

3
-9
2

We start by converting the matrix to reduced Echelon form.

Ry, - Ry, - R4
1 2
0 3
2 5

R3 — Rz — 2R,
2
3
1

R3 — 3R3 - R,
2
3
0

-12
0 ]

Now to start the reduce Echelon form phase. Notice that this is not needed. But if done, the
row space basis found will be same each time. If we stop here, the row space basis can look
different depending on the reduction was done. But both will work.

The pivots all needs to be 1.

R, > 3R
2
1
0
R; - Ry - 2R,
0
1
0

-4
0]

The above is in reduced Echelon form. The pivot columns are 1,2. The non-zero rows are
rows 1,2,. Hence row space basis are first and second rows (I prefer to show all basis as
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column vectors, instead of row vectors. This just makes it easier to read them).

0
0|1
11| |4

The dimension is 2. The column space correspond to pivot columns in original A. These
are columns 1,2. Hence basis for column space are

1
1},
2

g G N

The dimension is 2. We notice that the dimension of the row space and the column space is
equal as expected. (This is called the rank of A. Hence rank(A) = 2.)

The Null space of A has dimension 1, since there is only one free variable (x3). We see that
the number of columns of A (which is 2) is therefore the sum of column space dimension
(or the rank) and the null space dimension as expected.
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41 Problem section 4.5 number 2

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

5 2 4
A=(2 1 1
4 1 5

solution
We start by converting the matrix to Echelon form.

R1 — 2R1,R2 4 5R2

10 4
10 5
4 1
R, - R, - R
10 4 8
0 1 -3
1 5
Ry — 4Ry, R3 — 10R;
40 16 32
0 1 -3
40 10 50
R; - R; - Ry
40 16 32]
1 -3
|0 -6 18]
R3 — Rz +6R,
40 16 32]
0 1 -3
|0 0 O]

The above is in Echelon form. The pivot columns are 1,2. The non-zero rows are rows 1,2,.
Hence row space basis are first and second rows

401 (0
16|, 1
32] [-3

The dimension is 2. The column space correspond to pivot columns in original A. These
are columns 1,2. Hence basis for column space are
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42 Problem section 4.5 number 3

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

1 -4 -3 -7
A=(2 -1 1 7
1 2 3 11

solution

We start by converting the matrix to Echelon form.

Rz - Rz — 2Rl
1 4 -3 -7
o 7 7 2
1 2 3 11

R3 — R3 — Rl
1 4 -3 -7
0o 7 7 21
0 6 6 18

6

R3 i R3 - ;Rz
1 4 -3 -7
o 7 7 2
0O 0 0 O

The pivot columns are 1,2. The non-zero rows are rows 1,2,. Hence row space basis are first
and second rows

110
-4 |7
=3[ 7
-7| |21

The dimension is 2. The column space correspond to pivot columns in original A. These
are columns 1,2. Hence basis for column space are
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43 Problem section 4.5 number 4

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

1 -3 -9 -5
A=[2 1 4 11
1 3 3 13

solution

We start by converting the matrix to Echelon form.

Rz - Rz — 2R1
-3 -9 -5
0 22 21
3 3 13
R3 e R3 — Rl
-3 9 -5
7 22 21
6 12 18
6
R3 - R3 — ;Rz
1 3 -9 -5
0o 7 22 21
00 -2 o

7

The pivot columns are 1,2,3. The non-zero rows are rows 1,2, 3. Hence row space basis are

1 0 0
=317 0
’ 7 48
-91 122 -
-5] (21 0

The dimension is 3. The column space correspond to pivot columns in original A. These
are columns 1,2,3. Hence basis for column space are

1{1-3] (-9
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44 Problem section 4.5 number 5

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

11 1 1
31 -3 4
2 5 11 12

solution
We start by converting the matrix to Echelon form.

R, — —3R; + R; gives

1 1 1 1]
0 -2 -6 3
2 5 11 12]
R3 — =2R; + Rj3 gives
1 1 1 1]
0 -2 -6 3
0 3 9 10|
R; — 3R, and R3 — 2Rj gives
1 1 1 1]
0 -6 -18 9
0 6 18 20|
R3 — Ry + R; gives
1 1 1 1]
0 -6 -18 9
0 0 0 29|

The above is now in Echelon form. Now we can answer the question. The basis for the row
space are all the rows which are not zero. Hence row space basis are (I prefer to show all
basis as column vectors, instead of row vectors. This just makes it easier to read them).

1[0
1| | -6

1|'|-18('] 0
1119 |]29

The dimension is 3. The column space correspond to pivot columns in original A. These
are column 1,2, 4. Hence basis for column space are

1 11f]1
31,1111 4
2| |5] [12
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The dimension is 3. We notice that the dimension of the row space and the column space is
equal as expected. (This is called the rank of A. Hence rank(A) = 3.)

The Null space of A has dimension 1, since there is only one free variable (x3). We see that
the number of columns of A (which is 4) is therefore the sum of column space dimension
(or the rank) and the null space dimension as expected.
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45 Problem section 4.5 number 6

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

1 4 9 2
2 2 6 -3
27 16 3

solution

We start by converting the matrix to Echelon form.

Ry = R, - 2R,
1 4 9 2
0 -6 -12 -7
2 7 16 3

Rs — Ry - 2R,
1 4 9 2
0 -6 -12 -7
0 -1 -2 -1

R; = Ry~ R,
1 4 9 2
6 -12 -7

The above is in Echelon form. The pivot columns are 1,2,4. The non-zero rows are rows
1,2,3. Hence row space basis are

—_
(@]

0
0
91 1-12( |0
1
6

The dimension is 3. The column space correspond to pivot columns in original A. These
are columns 1,2,4. Hence basis for column space are

(14|12
21,12|,1-3
3
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46 Problem section 4.5 number 7

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

-1 7
5 16
3 13
4 23

N R =) =
U W =

solution
We start by converting the matrix to reduced Echelon form.

Rz - _Rl + RZ gives

11 -1 7]

03 6 9

1 3 3 13

2 5 4 23]
R3 — —R; + Rj gives

11 -1

0 3 6

02 4 6

2 5 4 23]
R4y — —2R; + Ry gives

11 -17

03 6 9

02 4 6

03 6 9

R, — 2R, and R — 3Rj gives

12 18
18

o O O =
W N O =
—_
N

R3 — =R, + Rj3 gives

12 18

o o o =
LW O O =
e}
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Ry — —%Rz + Ry gives

11 -1 7
0 6 12 18
00 0 O
00 0 O

Pivot (leading) columns are 1,2 and free variables go with 3,4 columns. The Null space of
A is therefore have dimension 2. The above is reduced Echelon form. The basis for the row
space are all the rows which are not zero. Hence row space basis are (dimension 2)

110
1{]6
-1 12
7|18

The column space correspond to pivot columns in original A. These are columns 1, 2. Hence
basis for column space are (dimension 2)

Q1 W =

1
1
1l
2

We notice that the dimension of the row space and the column space is equal as expected.

The Null space of A has dimension 2, since there is two free variables. We see that the
number of columns of A (which is 4) is therefore the sum of column space dimension and
the null space dimension as expected.
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47 Problem section 4.5 number 8

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

1 -2 -3 -5
1 4 9 2
1 3 7 1
2 2 6 -3

solution
We start by converting the matrix to Echelon form.

Rz = Rz - R1
-2 -3 -5]
12 7

o = o =

R3—>R3—R1

12
10 6

N O o =
Ul

R4 — R4 - ZRl

12
10 6
6 12 7]

o o o =
Ul

Rz - 5R2, R3 - 6R3

30 60 35
30 60 36

o o o =

R3—>R3—R2

30 60 35

o o o ~
o
o
—_

6 12 7]
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6
R4 - R4— %Rz

1 -2 -3 -5
0 30 60 35
0 0 0 1
0 0 0 O

The above is in Echelon form. The pivot columns are 1,2,4. The non-zero rows are rows
1,2,3. Hence row space basis are

1][o0]]o
-2| [30] |0
-3("[60]|0
-5| [35] [1

The dimension is 3. The column space correspond to pivot columns in original A. These
are columns 1,2,4. Hence basis for column space are

1] [-2] [-5
1|42
131
2[[2]]-3



79

48 Problem section 4.5 number 9

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

9
8

N NN -
@ N N W
W U1 = W
Sl

solution

We start by converting the matrix to Echelon form.

Ry — R, — 2R,
13 3 9
01 -2 -10
27 5 12
2 8 3 12
Rs — Rs - 2R,
1 3 3 9
01 -2 -10
01 -1 -6
28 3 12
Ry — Ry - 2R,
13 3 9
01 -2 -10
01 -1 -6
02 -3 -6
R3 = R3 =R,
13 3 9
01 -2 -10
0 0 1 4
0 2 -3 -6
Ry — R, 2R,
13 3 9
01 -2 -10
0 0 1 4
00 1 14
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Ry = R4 —R3
13 3 9
01 -2 -10
00 1 4
0 0 0 10

The above is in Echelon form. The pivot columns are 1,2,3,4. The non-zero rows are rows
1,2,3,4. Hence row space basis are

1] o ][o]]o
311 {fo]]o
3 |-20(|1]| 0
9| |-10] [4] |10

The dimension is 4. The column space correspond to pivot columns in original A. These
are columns 1,2, 3,4. Hence basis for column space are

9
8

N NN -
NN N W
W Ol = W
oo
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49 Problem section 4.5 number 10

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

NN = e
_ N W N
W o e W
N W W e
W U W

solution

We start by converting the matrix to Echelon form.

Rz = RZ - R1
1 231 3
01123
2 2 4 35
21 3 2 3
R3 - R3 - 2Rl
1 2 3 1 3
o1 1 2 3
0o -2 -21 -1
2 1 3 2 3
R4 - R4 — 2R1
1 2 3 1
0 1 2
0 -2 -21 -1
0 -3 -3 0 -3
R3 — R3 + 2R2
1 2 3 1 3
0 1 2 3
0 0 0 5 5
0 -3 30 -3

R, — Ry +3R,
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1 231 3
01123
00055
000 6 6
R4 - R4 — 2R3
1 231 3
01123
00055
00 0O0O

The above is in Echelon form. The pivot columns are 1,2,4. The non-zero rows are rows
1,2,3. Hence row space basis are

W o= W N P
W == O
g O O O

The dimension is 3. The column space correspond to pivot columns in original A. These
are columns 1,2,4. Hence basis for column space are

N N —
N W N
N W W
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50 Problem section 4.5 number 11

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

W NN -
_ 0 W =
NN 9w
Ul ® o W
N S

solution

We start by converting the matrix to Echelon form.

Rz = RZ - 2R1
113 31
01120
2 37 8 3
3175 4
R3 - R3 - 2Rl
11331
01120
01121
3175 4
R4 - R4 — 3R1
1 1 3 1
0 1 1 0
0 1 1 1
0 -2 -2 41
R3 - R3 - Rz
1 1 3 3 1
0O 1 1 2 0
0O 0 0 0 1
0 -2 -2 41

Ry — Ry + 2R,
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S O o =
O O = =
S O = W
S O NN W

R4—)R4—R3

o O kW
S O N W
S = O -

1
1
0
0

o o o =

The above is in Echelon form. The pivot columns are 1,2,5. The non-zero rows are rows
1,2,3. Hence row space basis are

—_ W W R
ON = = O
- o O o O

The dimension is 3. The column space correspond to pivot columns in original A. These
are columns 1,2,5. Hence basis for column space are

QDN DN =
_ W W e
B W N =
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51 Problem section 4.5 number 12

In Problems 1-12, find both a basis for the row space and a basis for the column space of
the given matrix A.

11 3 30
-1 0 -2 -1 1
2 3 7 81
-2 4 0 6 7
solution
We start by converting the matrix to Echelon form.
R, - R, + Ry
[1 1 3 3 0]
01121
2 3781
-2 4 0 6 7]
Ry — Ry — 2R,
[1 1.3 30
0 1121
01121
-2 40 6 7
Ry — R, + 2R,
1 13 3 0
011 21
011 21
0 6 6 12 7
R3 = R3-R;
[1 1 3 3 0]
011 21
000 0O
0 6 6 12 7]
Ry — Ry —6R,
11330
01121
00000
0 0001
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Swap Ry, Rj
11330
01121
0 00O0T1
000O00O

The above is in Echelon form. The pivot columns are 1,2,5. The non-zero rows are rows
1,2,3. Hence row space basis are

S W W - =
RS
_ o O O O

The dimension is 3. The column space correspond to pivot columns in original A. These
are columns 1,2,5. Hence basis for column space are

1
-1
2

1] [0
ol 1
1311
2| 14| |7
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52 Problem section 4.5 number 13

In Problems 13-16, a set S of vectors in R* is given. Find a subset of S that forms a basis
for the subspace of R* spanned by S

1 2 5
O T R 1
01 = _2,7)2— 3 , 03 = 4
4 2 8

solution

We set up a matrix made of the above vectors, then find the column space.

1 2 5
3 -1 1
-2 3
4 2 8
Rz i Rz - 3R1
1 2 5
0 -7 -14
-2 3 4
4 2 8
R3 - R3 + ZR]
1 2 5
0 -7 -14
0 7 14
4 2 8
R4 - R4 - 4:R1
1 2 5
0 -7 -14
0 7 14
0 -6 -12

R3—>R3+R2



1 2 5
0 -7 -14
00 0
0 -6 -12

Ry = Ry~ 2R,
1 2 5
0 -7 -14
00 0
00 0

Pivot vectors are 1,2. Hence the column space basis are 7,7,

1][2
301

-2(13

412

These are the basis that span the set S.

88
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53 Problem section 4.5 number 14

In Problems 13-16, a set S of vectors in R* is given. Find a subset of S that forms a basis
for the subspace of R* spanned by S

1 2 1 4
IR P R < B N B '
01 = 2,7)2:4,?)3: 2,04: 3
3 1 1 7

solution

We set up a matrix made of the above vectors, then find the column space.

1 21 4
-1 3 11
2 4 2 8
3 117
Rz - Rz + R1
1 21 4
0525
2 4 2 8
3117
R3 - R3 — 2R1
1 21 4
0525
0 00O
3117
R4 i R4 - 3R1
1 2 1 4
0O 5 2 5
0O 0 O
0 -5 -2 -5

R4—>R4+R2



S O O =
S O PN
S o N =
S O U1 B

Pivot vectors are 1,2. Hence the column space basis are 7,7,

1][2
-1/ |3
2| |4
3|11

These are the basis that span the set S.

90
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54 Problem section 4.5 number 15

In Problems 13-16, a set S of vectors in R* is given. Find a subset of S that forms a basis
for the subspace of R* spanned by S

solution

We set up a matrix made of the above vectors, then find the dimensions of the column space.

N N N W
W N W

1
2
3
4

=N =N

Ry — 2Ry and R, — 3R; and R3 — 2R3 and Ry — 3Ry. This gives

A O O O
W O W
O O \©

O O N

—
N

Rz i _Rl +R2

=~ N

A O © O

W

O O =
\O

12
R3 — _Rl + R3

o © o o

R4 i _Rl +R4

c o o o
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R3 — 2Ry, + R3
6 4 8 2]
0 -1 1 4
0 0 0 15
0 -1 1 10|
Ry — —Ry + Ry
6 4 8 2]
0 -1 1 4
0 0 0 15
0 0 6]
R4 — 15R4 and R3 — 6R3
6 4 8 2]
0 -1 1 4
0 0 0 9
0 0 90
Ry — R3+ Ry
6 4 8 2]
0 -1 1 4
0 0 90
0 0 0 0

Hence, the pivot columns are 1,2,4. Therefore the column space basis are v;,v,,7, given by

NN N W
=N =N
= W N —m

The above are the basis that span S.
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55 Problem section 4.5 number 16

In Problems 13-16, a set S of vectors in R* is given. Find a subset of S that forms a basis
for the subspace of R* spanned by S

5 3 7 1 5
I Y N U R 2 D Y B
I Y G Y el PY (N il S
2 3 1 4 7

solution

We set up a matrix made of the above vectors, then find the column space.

NN B O
— N NN
- o
NS s an

3
1
2
3

Rl - 4R1,R2 - 5R2

20 12 28 4 20]
20 5 35 -5 20
2 2 6
1 4 7
Ry — Ry, - R4
20 12 28 4 20
-7 -9 0
2 6
4 7]
R; — 10R; - R4
20 12 28 4 20]
-7 7 -9 0
8 -8 16 40
1 4 7]
Ry — 10Rs - R,

20 12 28 4 20

0 8 -8 16 40
0 18 -18 36 50
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R3 — 7R3,R; — 8R,
20 12 28 4 20]
0 -56 56 -72 0
0 56 -56 112 280
|0 18 -18 36 50|
R3; = R3+R,
20 12 28 4 20|
0 -56 56 -72 0
0 0 0 40 280
|0 18 -18 36 50|

R4 — 56(Ry4), Ry — 18(R5)

20 12 28 4 20
0 -1008 1008 -1296 O
0 0 0 40 280
0 1008 -1008 2016 2800

Ry —> R4+ Ry
20 12 28 4 20
0 -1008 1008 -1296 O
0 0 0 40 280
0 0 0 720 2800
Ry — R4 —18R;3

20 12 28 4 20
0 -1008 1008 -1296 0
0 0 0 40 280
0 0 0 0 —-2240

Hence, the pivot columns are 1,2,4,5. Therefore the column space basis are v,7,, vy, Us

given by
5[13[[1 | |5
41 11] [-1] |4
2('12'| 2 [|6
2] 13] | 4

The above are the basis that span S.
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56 Problem section 4.7 number 5

In Problems 5-8, determine whether or not each indicated set of functions is a subspace of
the space F of all real-valued

functions on R.
The set of all f such that f(0) =0
Solution

The only condition given is that f(0) = 0. This means the zero function is included.
cf(0) = ¢(0) = 0 and f(0) + g(0) = 0+ 0 = 0. Hence closed under addition and under
scalar multiplication. Hence subspace.

57 Problem section 4.7 number 6

In Problems 5-8, determine whether or not each indicated set of functions is a subspace of
the space F of all real-valued

functions on R.
The set of all f such that f(x) # 0 for all x.
Solution

Since the zero function is not included, then this can not be a subspace.

58 Problem section 4.7 number 7

In Problems 5-8, determine whether or not each indicated set of functions is a subspace of
the space F of all real-valued

functions on R.
The set of all f such that f(0) =0 and f(1) =1

Solution

5f1)=5x1=5

Hence not closed under scalar multiplication. Therefore not a subspace.

59 Problem section 4.7 number 8

In Problems 5-8, determine whether or not each indicated set of functions is a subspace of
the space F of all real-valued

functions on R.
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The set of all f such that f(—x) = —f(x) for all x
Solution

This is the definition of an odd function such as sinx. The odd function is zero at x = 0,
since the zero is included. Also adding two odd functions gives an odd function, and scaling
an odd function does not change its oddness. Hence closed. Therefore a subspace.

60 Problem section 4.7 number 9

In Problems 9-12, a condition on the coefficients of a polynomial ay + a;x + a,x? + azx® is
given. Determine whether or not the set of all such polynomials satisfying this condition is

a subspace of the space P of all polynomials.
as #+ 0

Solution

Not a subspace, since we can not obtain the zero polynomial if a; # 0 all the time. Hence
not a subspace

61 Problem section 4.7 number 9

In Problems 9-12, a condition on the coefficients of a polynomial ag + a,x + a,x? + azx° is

given. Determine whether or not the set of all such polynomials satisfying this condition is
a subspace of the space P of all polynomials.

513?50

Solution

Let p; = 3x® and let p, = -3, hence p; + p, = 3x® — 3x> = 0 which does not satisfy the
condition that a3 # 0. Hence not closed under addition. not a subspace

62 Problem section 4.7 number 10

In Problems 9-12, a condition on the coefficients of a polynomial ay + a;x + a,x? + azx® is

given. Determine whether or not the set of all such polynomials satisfying this condition is
a subspace of the space P of all polynomials.

aozalzo

Solution
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These all polynomials that look like 3x? + 5x°, —x? + x> and so on. Let p; = a,x? + azx> and
let p, = byx? + byx.

p1+ Pp = apx? + azx> + byx? + byx®
= x%(ay + az) + x3(ag + bs)

Which satisfies the condition that ay = a; = 0. Also under scalar multiplication

Cp, = C(a2x2 + a3x3)
= Cayx? + Cazx®

Which satisfies the condition that 2y = a; = 0. Hence a subspace

63 Problem section 4.7 number 11

In Problems 9-12, a condition on the coefficients of a polynomial ag + a,x + a,x? + azx° is

given. Determine whether or not the set of all such polynomials satisfying this condition is
a subspace of the space P of all polynomials.

a0+a1+a2+a3:0
Solution

Let p; = ag + a;x + ayx® + azx® such that ay + a; + a, + a3 = 0 and let p, = by + byx + byx? + byx®
such that by + by + b, + bz = 0 then

p1+ P = g + 4y X + X% + azx® + by + byx + byx? + byx®
= (ao + bo)x + ((11 + bl)x + (a2 + bZ)xZ + (ﬂ3 + b3)x3

Now,

(ﬂo+b0)+(ﬂ1+b1)+(ﬂ2+b2)+(ﬂ3+b3):(Elo+ﬂl+ﬂ2+ﬂ3)+(b0+b1+b2+b3)
=0+0
=0

Hence closed under addition. Also
ep1(x) = c(ao + a1X + apx? + a3x3)
= cay + cayx + cax? + cazx®
Now

cag + cay + cap + caz = c(ag + a; + ap + az)
=¢c(0)
=0

Hence closed under scalar multiplication. And since the zero polynomial is also included
(when g; = 0), then this is a subspace



98

64 Problem section 4.7 number 12

In Problems 9-12, a condition on the coefficients of a polynomial ag + a,x + a,x? + azx° is

given. Determine whether or not the set of all such polynomials satisfying this condition is
a subspace of the space P of all polynomials.

ag, ay,ay,a3 are all integers.

Solution

Not closed under scalar multiplication. For example

1 1 1 1 1
E(ao +a1x + ax® + a3x3) = S0+ 3mx + Eazxz + §a3x3

1. . -
But 24 is not integer when gy is integer. Therefore not a subspace
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