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Chapter 1

Introduction

1.1 Links

1. class web page (scroll down the page) http://www-users.math.umn.edu/~svitlana/
PDE-F19-UMN.html]

1.2 Text book

Peter J. Olver

Introduction to
Partial Differential Equations

@ Springer



http://www-users.math.umn.edu/~svitlana/PDE-F19-UMN.html
http://www-users.math.umn.edu/~svitlana/PDE-F19-UMN.html

1.3. syllabus

CHAPTER 1. INTRODUCTION

1.3

syllabus

Math 5587, Elementary Partial Differential Equations, Fall 2019

Course Description:

Math 5587-8 is a year course that introduces the basics of partial differential equations, guided by applications in physics,

engineering, biology, and finance. Both analytical and numerical solution techmques will be discussed.

Time and location: TuTh 4:45PM - 6:00PM, (@ Amundson Hall 156

Office hours: Tu 01:40 PM. - 02:30 PM., Th 2:30 PM.- 3:20 PM. and by appointment. (@ Vincent Hall 510. Please try to let me know in advance

Prerequisites:

Strong background in linear algebra, multi-variable calculus, and ordinary differential equations. Some mathematical

sophistication. Other topics will be introduced as needed. Basic familiarity with a programming language (Matlab preferrred) 1s required for

numerical work.

Text: The course will be based on the book by Peter Olver. Iintend to cover chapters 1-4, 6, and parts of Chapter 7 in the fall semester.

s Homework: Homework will be assigned periodically throughout the semester and collected for grading. The assigned problems should be
regarded as the minimum required for mastery of the material. No late homework will be accepted, but I will drop two lowest scores 1n the end of

the semester.

Homework 1

Solutions for Homework 1

Homework 2

Solutions for Homework 2

Homework 3

Solutions for Homework 3

Homework 4

Solutions for Homework 4

Homework 5

Solutions for Homework 5

Homework 6

Solutions for Homework 6

Homework 7

Solutions for Homework 7

Homework 8

Solutions for Homework 8

Homework 9

Solutions for Homework 9

Homework 10
Homework 11
Homework 12

Solutions for Homework 10

Solutions for Homework 11
Solutions for Homework 12

Exams: There will be three exams within the semester. Make-up exams will only be given in exceptional circumstances, and then only when

notice is given to me prior to the exam and a sustable wrntten excuse forthcoming.

o First Midterm: Thursday, October 8

o Second Midterm: Thursday, November 7

o Third Exam: Tuesday. December 10

» Final: The third exam will serve as a Final.

Grading:

o Homework 30%
o First and Second Midterm: 20% each
o Third Midterm: 30% total
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1.4 Review of lectures

Table 1.1: Class lectures review

date book section | note
1 Sept 3, 2019 Chapter 1 Order of ODE, On Laplacian, why it shows
up so frequently everywhere, review
2 Sept 5, 2019 Chapter 2 Transport PDE u; + cu, = 0, characteristic
lines. Transport with decay u; + cu, +au =0
3 Sept 10, 2019 Chapter 2 Continue with Transport PDE u; + cu, =0,

examples u; + (X2 - Du, = 0,u(0,x) = ™

4 Sept 12, 2019 Chapter 2.4 Wave equation uy; = c?u,,, derivation of
d’Alembert solution on infinite line. Exam-
ple. Domain of influence. Also with exter-
nal force. Resonance

5 Sept 17, 2019 Chapter 3 Starting Fourier series. Heat PDE u; = ku,,.
Separation of variables. Periodic bound-
ary conditions (ring). Obtain Fourier series
solution. How to find coefficients, conver-
gence, etc...

6 Sept 19, 2019 Chapter 3 More Fourier series. f(x) € L,, definition of
norm of f(x), basis functions. How to find
Fourier coefficients. Example using f(x) =
x. Definitions, jump discontinuity. Fourier
series convergence theorem.

7 Sept 24, 2019 Chapter 3 even and odd functions. Complex Fourier
series. Example.
8 Sept 26, 2019 Chapter 3 Integration of Fourier series. Find F.S. of

f(x) using integration of known F.S. for
g(x). Convergence of functions Uniform and
piecewise. M test.

9 Oct 1, 2019 Chapter 3 More on convergence. Convergence in
norm. Definitions and examples. More
theories on Fourier series convergence.
Bessel inequality. Proof (long). Riemann-
Lebesgue Lemma

10 | Oct 3, 2019 Chapter 3 Decay and smoothness of Fourier series.
Proof of the Fourier series convergence the-
orem. Dirichlet kernel.

11 Oct 8, 2019 N/A First exam

Continued on next page
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Tablel.1 — continued from previous page

date

book section

note

12

Oct 10, 2019

Chapter 4

Heat ODE u; = ku,,, going over instanta-
neous smoothness. Transport PDE we can
go back and forward in time, but not with
heat PDE. Heat PDE with non zero bound-

ary conditions

13

Oct 15, 2019

Chapter 4

Root cellar problem. Solving heat PDE in
complex domain example. Starting on wave
equation. Fourier series solution

14

Oct 17, 2019

Chapter 4

Solving wave PDE on finite domain using
d’Alembert. 2 cases. B.C. B.C. is Neumann
and B.C. is Dirichlet (Even and Odd ex-
tension of initial position). Solving Laplace
PDE u,, +u,, =0 on rectangle.

15

Oct 22, 2019

Chapter 4.3

Laplace in disk. Polar coordinates. Separa-
tion of variables. Converting back the so-
lution from polar to Cartesian coordinates.
Closed form integral formula.

16

Oct 24, 2019

Chapter 4.4

Closed form integral solution for Laplace
PDE inside disk. thm 4.6 and thm 4.9 (max
or min of solution at boundary), thm 4.11.
Classification of PDE’s. General formula to
find characteristic curves.

17

Oct 29, 2019

Chapter 6

Delta function. Definitions. Two cases, us-
ing limits and using integral. Integration of
delta function, differentiation. Introduction
to Green function

18

Oct 31, 2019

Chapter 6.2

Green function. Examples for —u”(x) =
f(x) with Dirichlet and Neumann B.C. Full
derivation

19

Nov 5, 2019

Chapter 6.2

More Green function. Neumann B.C.
Higher dimensions Green function.
Laplace on square. Exam review

20

Nov 7, 2019

Second exam

21

Tuesday Nov 12, 2019

Chapter 6

Green function in higher dimensions. On
whole plane. Green formula. Review of
multivariable calculus. Derivation of Green
function in 2D and 3D on whole space.
Exam 2 returned.

Continued on next page
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Tablel.1 — continued from previous page

# date book section | note
22 | Thursday Nov 14, | Chapter 6 Green function. Method of images. half
2019 space and disk. Eigenfunctions
23 | Tuesday Nov 19, 2019 | Chapter 6 Eigenfunctions and eigenvalues for Lapla-
cian in 2 and 3D. Behaviour of eigenvalues,
Weyl law for eigenvalues. Solving PDE on
2D.
24 Thursday Nov 21, | Chapter 6 Laplacian is energy minimizer. Equivelance
2019 between E(u) = [1/2|a(u)l? - fudx and solu-
tion to —A(u) = f with Dirichlet B.C. Proof-
ing that if u solves Laplace PDE then it
minimizes the energy. And proofing that if
u minimizes energy then it solves Laplace
PDE
25 Tuesday Nov 26, 2019 | Chapter 6 Fourier transform. Derivations and two ex-

amples using a box function and Gaussian
2
e—x
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HWs

Local contents

BT W Tl . e e e e e e e 8
D2 HW 2. .o oo e 25
O3 HW 3. o o oo e e e 48
DA HW A . ..o 83
D5 HW Bl . o o o o e e 115
26 HW 0. . o o oo e e e 135
............................................ 169
8 HW B . . o o oot e e e 188
D0 HW O . . o ottt 214
OT0 HW IO . . o o o oo e e e e e e 248
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21 HWI1

Local contents

211 ProblemI.8al . ......... .. ... ... ... ... 8
212 Problem 171 . . .. ... ... ... 8
2.1 Problem 1.13] . . . . ... ... . . 11
214 Problem 1.201 . . . .. ... . 12
215 Problem 1.27bl. . . . . ... ... 12
21.6  Problem 2.1.6 . . . . . ... ... 13
2.1.7 Problem 2.2.2/ . . . . .. ... .. 14
2.1 Problem 2.2.3] . . . . . . ... . 18
2.1 Problem 2.2.50 . . . . . . .. L 19
2.1.10 Problem 229 . . ... ... . ... 20
[2.1.11 Keysolutionfor HW If. . . . .. ... ... ... .. . L 23

2.1.1 Problem 1.8a

2 2 2
Find all quadratic polynomial solutions of the 3D Laplace equation % + gTZ + % =0

Solution
A quadratic polynomial in variables x,y, z is
U= ay + ayX + azy + agz + asx> + agy? + a;z% + agxy + agxz + aygyz (1)

Hence u, = a,+2asx+agy+asz which implies that u,, = 2as. Similarly u, = a3 +2asy+agx+a;¢z,
therefore u,, = 24,. And finally u, = a4 + 2a;z + agx + a;oy and u,, = 2a;. Substituting these
results in the Laplace equation gives above result in

2as5 + 2a¢ +2a; =0
as +ag+a; =0
Therefore a5 = — (ag + a;). Using this relation back in (1) gives
U =ay + X + azy + azz — (ag + a;) x> + agy? + azz% + agxy + agXz + aqgyz
= aq + ayX + azy + agz + ag (—x2 + yz) +ay (—xz + 22) + agxy + agxz + aqgyz
Which can be written as

u (x, Y, z) = A + Apx + Azy + Ayz + As (y2 - xz) + Ag (22 - xz) + Ayxy + Agxz + Agyz

2.1.2 Problem 1.7

Find all real solutions to 2D Laplace equation u,, + u,, = 0 of the form u = log (p (x, y))

where p (x, y) is a quadratic polynomial.

Solution
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A quadratic polynomial p (x, y) in variables x, y is

p (x, y) = aq + ayX + azy + agx? + asy* + agxy

Therefore
u (x, y) =log (al + X + agy + agx% + asy?® + a6xy)
Hence
ay +2a,x + agy
Uy = —F—
p(xy)
and
2
y = 20,4 _ (a2 +2a4x +2a6y) )

Pley)  p(vy)
Similarly

0= as + 2asy + agx

! p(xy)
And
2
lyy = 2as ~ (a3 + 2asy +2a6x) @

ply)  p(ny)

Substituting (1,2) into uy, + u,, = 0 gives
204 ~ (az + 2a4x + a6y)2 245 ~ (a3 + 2asy + aéx)z _
pPly)  p(ey) ploy)  ploy)
(a2 + 2a4x + aéy)Z (a3 + 2asy + a6x)2
2ay - + 2a5 — =0
p(xy) p(xy)
(a2 + 2a4x + aéy)z + (a3 + 2asy + a6x)2
2a4 + 2a5 - =0
p(xy)

Or
2

2
(2a4 + 2as5)p (x, y) = (az + 2a4x + a6y) + (a3 + 2asy + a6x)
But p (x, y) = ay + ayX + azy + agx?® + asy® + agxy. Hence the above becomes
2 2
(2a4 + 2as) (a1 + ayx + azy + aux* + asy? + a6xy) = (az +2a,x + a6y) + (a3 + 2a5y + a6x)

Expanding and comparing coefficients gives

2x2a5 + 2x%a4a5 + 2aga,xy + 2agasxy + 2a,a4% + 2a,Xas5 + 2% a4a5 + 24702 + 2a3a5Y + 2a3a5y + 2a1a4 + 24105 =

4x2a3 + x2at + dagagxy + Aasagxy + dxayay + 2a3asx + 4y?a2 + y2at + 2ayaey + 4azasy + a3 + a
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Simplifying

2a,a5x% + 2a,a5x + 2a4a5Y + 2a3a4Y + 2a1a, + 2a1a5 =
2x%a2 + a2x? + 2a4a6xy + 2a5agXy + 2a,a,% + 2a3a6X + 2a2y* + aZy? + 2a,ay + 2a3asy + a3 + a3
Comparing coefficients of terms that contain no x,y and coefficients of x,y, xy, x?, y* gives
the following equations in order
2aqa4 + 2a1a5 = a% + a%
20,05 = 2a,a4 + 2a3a4
2a3a4 = 2a,a4 + 2a34as
0 = 4aya,
2a4a5 = 2a3 + a
2a,4a5 = 242 + a>
Equation 0 = 4a4a4 above implies that a; = 0 or a5 = 0 or both are zero. But if both are zero,

there is no solution. On the other hand, if a5 = 0, then this also leads to no solution as all
equations reduce to 0 = 0. Therefore only choice left is g, = 0. Now the above equations

become
2a1a4 + 2a1a5 = a3 + a3
2a,a5 = 2d,0,
2aza, = 24345
0=0
2a4a5 = 243
2a405 = 2a§
Or
2a1a4 + 2a1a5 = a3 + a3
as = ay
a4 = as
0=
as = ay
a4 = as
Hence
a4 = as (3)
a6 =0 (4)

2aqa4 + 2a1a5 = a% + a%
Since a4 = a5 then
2aqas + 2a1a5 = a% + a%

:a%+a§ 5)

a
> 201

10
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Using (3,4,5) in p (x, y) = a4y + X + azy + agx® + asy® + agxy gives
P (x, y) = aq + ayX + azy + asx? + asy?

= ay + ayx + azy + as (x2+y2)
2, 2
aj+a
:a1+a2x+a3y+u(x2+y2)
25[1

Only three arbitrary constants are needed. Let a; = a,a, = b, a3 = ¢ the above becomes

(2 +v)

2+C2

p(x,y):a+bx+cy+

And the solution becomes

M(X,y) = log(a+bx+cy+ % (xz +y2))

2.1.3 Problem 1.13

Find all solutions u = f (r) of the 3D Laplace equation u,, + u,, + u,, = 0 that depends only
on radial coordinates r = \/x? + y? + 22

Solution

The Laplacian in 3D in spherical coordinates is

1

VZu(r,6,¢):urr+%ur+—( L

—u
12sin’ 0 ¢

cos 0

Ug + M@@) +

r2 \ sin O

The above shows that the terms that depend only on r makes the laplacian
2
Vu(r) = u,, + iy
Hence the PDE V?2u (r) = 0 becomes an ODE now since there is only one dependent variable
giving
2
u” (r) + ;u’ (=0
Let v = u’ (r) and the above becomes
2
v (r) + ;v(r) =0

2
This is linear first order ODE. The integrating factor is I = el 79 — p2nr — 12 Therefore the
above becomes % (vrz) =0orovrr=Cyoro(r)= % Therefore

Integrating gives the solution
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The above is the required solution. Hence

f0)=-2+G

Where Cy, C, are arbitrary constants.

2.1.4 Problem 1.20

The displacement u (¢, x) of a forced violin string is modeled by the PDE u; = 4u,, + F(t, x).
When the string is subjected to the external force F(f,x) = cosx, the solution is u(t,x) =

cos (x — 2t) + }Lcos x, while when F (t,x) = sinx, the solution is u (t,x) = sin(x —2t) + isin X.
Find a solution when the forcing function is (a) cosx —5sinx, (b) sin (x - 3)

Solution

2.1.41 Part (a)

Since the PDE is linear, superposition can be used. When the input is F (t,x) = cosx - 5sinx
then the solution is

1 1
u(t,x) =|cos(x—2t) + Zcosx) —5(sin(x—2t) + Zsinx

1 _ 5 .
=cos (x —2t) + L—}cosx—5sm(x—2t)—£—}smx

2.1.4.2 Part (b)

Since the PDE is linear, superposition can be used. When the input is F(f,x) = sin (x - 3)
then the solution same as when the input is sinx but shifted by 3. Hence

u(t,x) =sin ((x —3) = 2t) + szin(x—B)

2.1.5 Problem 1.27b

Solve the following inhomogeneous linear ODE 5u” — 4u’ + 4u = ¢* cosx
Solution

First the homogeneous solution uj, is found, then a particular solution u, is found. The
general solution will be the sum of both u = u;, + u,,. Since this is a constant coefficient ODE,

. . 2 4. 2 4. .
the characteristic equation is 512 — 41 + 4 = 0. The roots are A; = 5+ sl AM=z- b which

5
implies the solution is
2, 4 . (4
uy, (x) = e5" ¢ cos gx + ¢y sin gx

Using the method of undetermined coefficients, and since the forcing function is ¢* cosx,
then let

u, = Ae* (Bcosx + Csinx) (1)

12
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Hence

u, = Ae* (Bcosx + Csinx) + Ae* (-Bsinx + C cos x) (2)
uy = Ae* (Beosx + Csinx) + Ae* (-Bsinx + Ccosx) + Ae* (-Bsinx + Ccosx) + Ae* (-B cosx — Csinx)
= Ae* (Bcosx + Csinx — Bsinx + Ccosx —Bsinx + Ccosx — Bcosx — Csin x)
= Ae* (-Bsinx + Ccosx — Bsinx + C cosx)
= Ae* (-2Bsinx + 2C cos x) (3)

Substituting (1,2,3) back into the original ODE gives

5Ae* (-2Bsinx + 2C cos x) — 4 (Ae* (Bcosx + Csinx) + Ae* (-Bsinx + C cosx)) + 4Ae* (Bcosx + Csinx) = e* cosx
Ae* (-10Bsin x + 10C cos x) — Ae* (4B cos x + 4C sin x) — Ae* (-4Bsin x + 4C cos x) + Ae* (4B cosx + 4Csin x) = e* cos x
Ae* (-10Bsinx + 10C cos x — 4B cosx —4Csinx + 4B sin x —4C cosx + 4B cos x + 4Csin x) = e* cos x
Hence
Ae* (6C cosx —6Bsinx) = e*cosx

Comparing coefficients shows that

N W >
no

N —= O =

Hence from (1)

Therefore the general solution is
u(x) = uy (x) + 1 (x)

2. 4 . (4 sin x
=e5 [cpcos|=x]|+cysin|=x]||+¢€*
5 5 6

2.1.6 Problem 2.1.6

Solve the PDE

%u
Frevie 0 for u (x,y)
Solution

Integrating once w.r.t x gives

0
5 =F0)

Where F (y) acts as the constant of integration, but since this is a PDE, it becomes an
arbitrary function of y only. Integrating the above again w.r.t. y gives

1 =fp(y)dy+c(x)

13
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Where G (x) is an arbitrary function of x only. If we let f F (y) dy=H (y) where H (y) is the
antiderivative for the indefinite integral which depends on y only. Then the above can be
written as

u(x,y) = H(y) +G(x)

To verify, from the above M (y) and hence

9y
Pu d
dxdy  dx (H' (v))

=0

2.1.7 Problem 2.2.2
Solve the following initial value problems and graph the solutions at t =1,2,3

a u,—-3u,=0,u0,x) = e

X

b u+2u, =0,u(-1,x) =

1442
1
C U+l + U= 0,u(0,x) = arctan (x)

1

d ut—41/lx+1/l:0,u(0,x) = o

Solution

21.71 Parta

Let & be the characteristic variable defined such that & = x — ¢t. Where characteristic lines
are given by x = xg + ct. But ¢ = -3 in this problem. Hence characteristic lines are

X =xy—3t
Where x; means the same as x (0), i.e. x (t) at time ¢ = 0. Since ¢ = -3 then
E=x+3t
Let
u(t,x)=ov(t &)
u; —3u, = 0 is now transformed to v (¢, &) as follows

u_Jvot dod
ot dtdt & It
= +3= (1)

14
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And
Ju B dv Jdt N dv dé&
dx  Jdtdx I&Edx
=0+ @
=0+5z
v
=3z 2)
Substituting (1,2) in u; — 3u, = 0 gives the transformed PDE as
20, 000
at  d& T dE
ot
Integrating w.r.t £ gives the solution in v (t, £) space as
v(t, &) = F(&)
Where F (&) is an arbitrary continuous function of £. Transforming back to u (t, x) gives
u(t,x) = F(x + 3t) (3)
At t = 0 the above becomes
e = F (x0)

This means that (3) becomes (since x = xg + ct or x = xo — 3t or x5 = x + 3t)

u(tx) = (30

21.7.2 Partb

ut+2ux:0

X
-1,x) = ——
u(=1,%) 1+x2

Let & be the characteristic variable defined such that & = x — ¢t. Where characteristic lines
are given by x = x + ct. But ¢ = 2 in this problem. Hence characteristic lines are

X =xp+ 2t
And
E=x-2t

Let u(t,x) = v(t,&). Then u; + 2u, = 0 is transformed to v (¢,£) as was done in part (a) (will
not be repeated) which results in

Ju 0
it

Integrating w.r.t £ gives the solution

v(t, &) =F(&)

15
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Where F (£) is an arbitrary continuous function of &. Transforming back to u (¢, x) results in

u(t,x)=F(x -2 (3)
At t = -1 the above becomes
0 Py +2)
=F(x
1+ 23 0

Let xy + 2 = z. Then xy = z - 2. And the above becomes
z-2

— = -F(z
1+(z-2)7° )
This means that (3) becomes
-2t)-2
u(t,x) = (x ) 5
1+ ((x—2t)-2)
o x=2t-2
1+ (x—2t-2)>°
21.7.3 Partc
1
ut+ux+§u:0 (1)

u (0,x) = arctan (x)

Let & be the characteristic variable defined such that & = x — ¢t. Where characteristic lines

are given by x = xy + ct. But ¢ =1 in this problem. Hence characteristic lines are given by
solution to

dx

- =

x(t)=xg+t

1

And
E=x—ct
=x-—t
Then u; + u, are transformed to v (t, &) as was done in part (a) (will not be repeated) which

results in

Jv

ot

Substituting the above into (1) gives (where now v is used in place of u).

&v+1 _ g
ot 207

ut+ux:

This is now first order ODE since it only depends on t. Therefore v’ + %v = 0. This is linear

1 1
in v. Hence the solution is % (vef idt) =0 or ve2' = F(&) where F is arbitrary function of &.

Hence
0(t,8) = e 2'F (&)
16
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Converting back to u (t, x) gives

—t
u(t,x)=e2F(x—1t) (2)
At t =0 the above becomes
arctan (xg) = F (xg)

From the above then (2) can be written as

—t
u(t,x) =e2 arctan (x — t)

2174 Partd
uy—4u, +u=0

w0 =173

Let & be the characteristic variable defined such that & = x — ¢f. Where characteristic lines
are given by x = x( + ct. But ¢ = —4 in this problem. Hence characteristic lines are

X =xg—4t
And
E=x+4t

Then u; —4u, are transformed to v (¢, &) as was done in part (a) (will not be repeated) which
results in

dv
uy—4u, = 3
Substituting the above into (1) gives (where now v is used in place of u).
dv
5F +v=0

This is now first order ODE since it only depends on t. Therefore v + v = 0. This is linear in

v. Hence the solution is % (vef dt) =0 or ve' = F (&) where F is arbitrary function of &. Hence

v(t, &) =e'F (&)

Converting to u (t,x) gives

u(t,x) = e'F (x + 4t) (2)
At u(0,x) = ﬁ the above becomes
1
=F
1+ x% (o)
From the above then (2) can be written as
ot
u(t,x) = ———
( 1+ (x+ 4t)2

17



21. HW1 CHAPTER 2. HWS

2.1.8 Problem 2.2.3

Graph some of the characteristic lines for the following equation and write down the formula
for the general solution

(b) uy +5u, =0, (d) uy—4u, +u=0
Solution
2181 Partb
uy+5u, =0

Let & be the characteristic variable defined such that £ = x — ct. Where characteristic lines
are given by x = xy + ct. But ¢ = 5 in this problem. Hence characteristic lines are

x(t) = xo + 5t 1)

And
E=x-5t

Then u; —5u, = 0 is transformed to v (t, £) as was done in earlier (will not be repeated) which
results in

dJo
ot

Therefore ‘;—ZZ = 0 which has the general solution v (t, £) = F (§) where F is arbitrary function

Uy — du, =

of &. Transforming back to u (f, x) gives

u(t,x) = F(x—5%)

On the characteristic lines given by (1) the solution u (t,x) is constant. The slope of the
characteristic lines is 5 and intercept is xy. The following is a plot of few lines using different
values of x.

Figure 2.1: Showing some characteristic lines for part b

18
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2182 Partd

u,—4u, +u=0

Let & be the characteristic variable defined such that & = x — ¢f. Where characteristic lines
are given by x = x( + ct. But ¢ = —4 in this problem. Hence characteristic lines are

x(t) = xo — 4t (1)

And
E=x+4t

Then u; — 4u, is transformed to v (¢,£) as was done in earlier (will not be repeated) which
results in

L. — Jdv
Uy = A1ty = =
Therefore the original PDE becomes % + v = 0, where u is replaced by v. This is linear

first order ODE which has the solution v (¢, &) = ¢7'F (£) where F is arbitrary function of &.
Transforming back to u (f, x) gives the general solution as

u(t,x) = e 'F (x + 4t)

The following is a plot of few characteristic lines x = x — 4t using different values of x,.

Figure 2.2: Showing some characteristic lines for part d

2.1.9 Problem 2.2.5
Solve u; + 2u, = sinx, u (0,x) = sinx

Solution

19
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Let & be the characteristic variable defined such that & = x — ¢f. Where characteristic lines
are given by x = x + ct. But ¢ = 2 in this problem. Hence characteristic lines are

x:X0+2t (1)

And
E=x-2t

Then u; + 2u, is transformed to v (t, &) as was done in earlier (will not be repeated) which
results in

+2 o0
up+2Uy = —
t X 0’)t
Substituting this into the original PDE gives
Jdou(t,
U;t £ =sin (& +21t)

Integrating w.r.t t gives

ot &) = fsin(g +20)dt +F ()
_cos (E+2t)

=-——FH — *tF(@)

Transforming back to u (, x) gives
cos (x — 2t + 2t)
2

= _?1 cos (x) + F (x - 2t) 1)

u(t,x) =

+ F(x—2t)

When ¢ =0, u(0,x) = sinx, therefore the above becomes
. 1
sinxg = F (xg) — 5 C0SXg
. 1
F (xp) = sinxy + 5 C08 X
Therefore the solution (1) becomes

1 1
u(t,x) = (sin(x—Zt) + Ecos(x—Zt) - Ecosx

. 1 1
= 51n(x—2t)+Ecos(x—Zt)—Ecosx

2.1.10 Problem 2.2.9

(a) Prove that if the initial data is bounded, | f (x)| < M for all x € R, then the solution to the
damped transport equation (2.14) u; + cu, + au = 0 with a > 0 satisfies u (t,x) — 0 as t — co.
(b) Find a solution to (2.14) that is defined for all (t,x) but does not satisfy u(t,x) — 0 as

t — oo,

Solution

20



21. HW1 CHAPTER 2. HWS

2.1.10.1 Part(a)

u;+cu,+au = 0 is solved to show what is required. Let £ be the characteristic variable defined
such that £ = x — ct. Where characteristic lines are given by x = x + ct. Hence characteristic
lines are

X =xg+ct 1)
And
E=x—-ct

Then u; + cu, is transformed to v (t,£) as was done in earlier (will not be repeated) which
results in

N Jv
U +cu, = —
t X at
Substituting this into the original PDE gives

Jv

— +av=0

at
Where u is replaced by v. This can be viewed as first order linear ODE since it depends on
t only. Its solution is v (¢, &) = e ™F (&) where F is arbitrary function of &. Transforming back
to u (t,x) gives

u(t,x) = e ™F(x —ct) (1)
At t = 0 initial data is f (x). Hence the above becomes at t =0
f(x) =F(x)
Hence (1) now becomes
u(t,x)=ef(x-ct) (2)

But since |f (x)| is bounded, and since a > 0 then e — 0 as  — oo. Which implies the
solution itself u (¢, x) goes to zero as well. This is the reason why initial data needed to be

bounded for this to happen.

2.1.10.2 Part(b)

Keeping a > 0. If initial data have the form f (x) ¢~ where |b| > a, then at t = 0 the solution
found in (1) becomes

f (xo) e™ = F (xp)
Then the solution (2) now becomes, after replacing x, by x —ct
u(t,x) = e e 6=t f (x — ct)
— e—at+bcte—bxf (x _ Ct)
= ebe=Dte=bx £ (x — ct)

21
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The problem is asking to show that this does not go to zero for all x € R as t — co. Since
|b| > a then bc — a is positive quantity (c is assumed positive)

Therefore e*~* will blow up as t — co. And therefore the whole solution will not go to zero.
For any x, no matter how large x is, a large enough ¢ can be found to make the product
elbe=te=b% blow up.

If ¢ was negative then initial data could be choosen to be f (x)e" where |b| > a which will lead to same
result.

22
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2.1.11 Key solution for HW 1

Homework 1 Solutions

1.8 (a)

cp+ e+ ey +egz+ c4(z-2 — yz) + c5(m2 = z2) + gy +cpmz + gy 2,
where c;, ..., cg are arbitrary constants.

1.7
u= log[c(w —a)? +e(y— b)z], for a, b, c arbitrary constants.

b

Ve2 +y2 + 22

, where a,b are arbitrary constants.

1.20

i . 1.
Solution: (a) cos(z—2t)+3 cosz—5 sin(z—2t)—5sinz; (b) —sin3 cos(z—2t)—7 sin3 cosz+
cos3 sin(z — 2t) + & cos3 sing = sin(z — 2t - 3) + % sin(z — 3).

1.27

(b) u(z) = %emsinm+clezm/scos%m+cgezm/ssin%m‘

2.2.2

(a) u(t,z) =€

;
o
D L i i

z—-2t—2
(b) u(t,z) = ;ﬁm

— (@+31)?

23
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2.2.3
(b) Characteristic lines: z = 5t + ¢; general solution: u(t,z) = f(z — 5t);

i /
L

(d) Characteristic lines: z = —4t 4 ¢; general solution: u(t,x) = e~ f(x + 4t);
z

W,
Qi

2.2.5

Solution: u(i,z) = — % cos & + % cos(z — 2t} + sin{z — 21).

2.2.9
(a) |ut,x)|=|f(z—ct)|e”? < Me % - 0 as t — oo since a > 0.

(b) For example, if ¢ > a, then the solution u(t,z) = e(®~¥*=% _4 0 as t — oo.

24
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2212 Key solutionfor HW 2. . . . . . ... ... ... ... .. ... . o . 44

2.21 Problem 2.2.17

(a) Solve the initial value problem u; —xu, = 0,1 (0,x) = %

—;. (b) Graph the solution at times
t=0,1,2,3. (c) What is lim,_, u (¢, x)?

Solution

2211 Parta

The characteristic curves equations is given by

dx
— = —X
dt
Integrating this results in In|x| = =t + C or x = &¢™!. Hence the characteristic variable is
&(x,t) = xet

u on the characteristic curves is an arbitrary function of the characteristic variable. Hence
u(t, &) =F()
u(t,x)=F (xet) (1)
Where F is arbitrary function determined from initial conditions. Using initial conditions at

t =0, the above becomes

1
- __-F
14+ x2 ()

Using the above in (1) gives the final solution as

u(t,x) = (2)

1+ (xef)2

25
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2212 Partb

The following are some plots and the code used.

= p = Grid[Partition[Table[Quiet@Plot [u[x, time], {x, -5, 5},
PlotRange -» {All, {0, 1.1}},
AxesLabel -» {Style["x", 12], Style["u", 14]},
BaseStyle -» 12,
ImageSize - 400, PlotStyle -» Red, GridLines - Automatic,
GridLinesStyle - LightGray,
PlotLabel - Row[ {"time = ", padIt2[time, {1, 1}], " seconds"}]],
{time, {0, 1, 2, 3}}
1, 2], Spacings - {1, 1}, Frame - All]

Figure 2.3: Source code

time = 0 seconds time = 1 seconds

-4 -2 0 2 4 2 4
time = 2 seconds time = 3 seconds
u u

1.0 1.0

0.8 0.8

0.9 0.6

0 0.4

0 0

X X

-4 -2 0 2 4 -4 -2 0 2 4

Figure 2.4: Solution at different times
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221.3 Partc

From the solution in (2), when x = 0, then lim,_, u(t,0) = 1. But when x # 0, then
lim,_,, u (t,x) = 0. Therefore
x=0
limu(t,x) =
t—c0 x#0
Hence the solution is discontinuous at x = 0 in the limit as t — oo.

2.2.2 Problem 2.2.18

Suppose the initial data u (0, x) = f (x) of the nonuniform transport equation (2.28), which
is uy + (x2 - 1) u, = 0 is continuous and satisfies f (x) — 0 as |x| — co. What is the limiting
solution profile u (t,x) as (a) t = oo (b) t = —oc0 ?

Solution
The characteristic curves equations is given by % = (xz - 1). Integrating this results in
1 -1
=1 =t+C
2 M x ¥ 1| 3
m|* =L o i e
n|l——»\»1=
+1 2
x-1
Y
e
x+1 ¢
_x-1
T x+1
u on the characteristic curves is an arbitrary function of the characteristic variable. Hence
u="F(&)
x-1
=F —2t 1
(x + 1e ) (1)

Where F is arbitrary function which is determined from initial conditions. From initial
conditions the above becomes
x-1
rw=r(25]

x+1

Let% =z Hence (x-1) =z(x+1)orx-1-z-zx=0o0orx(l-z)-1-z=0o0r x = E

Therefore
1+z
= F
f (1 - z) ®
Therefore (1) can now be written as
1+ (ﬂe‘%)
x+1

N Eat gy
1 (x+1e )

27
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2.2.2.1 Part (a)

As t — oo then solution (2) becomes
) 1+0
fime0 = £ 155)
=f@)

2.2.2.2 Part (b)

And as t > —co then

e =(22)
=f(-1)

2.2.3 Problem 2.2.26

@
Jat
corresponding characteristic ODE to be Z—f = c(t,x), the graphs of whose solutions x () are
the characteristic curves. (a) Prove that any solution u (¢, x) to the PDE is constant on each
characteristic curve. (b) Suppose that the general solution to the characteristic equation is
written in the form £ (f,x) = k, where k is an arbitrary constant. Prove that £ (t,x) defines
a characteristic variable, meaning that u (t,x) = f (£ (t,x)) is a solution to the time-varying
transport equation for any continuously differentiable scalar function f € CL.

Consider the transport equation = +c(t, x) % = 0 with time varying wave speed. Define the

Solution

2.2.3.1 Part (a)

Let x (t) be the solution to characteristic ODE i—f =c(t,x). Then

d Ju Jdudx
T (u(t,x () = FTRE YT

But % + %c (t,x) = 0, since this is the given PDE above. The above now reduces to

d
ot x()=0

Which implies that u (t, x (t)) is constant on the characteristic curves.

28
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2.2.3.2 Part (b)

df [

0 &—t@(t,x)))
__af ﬁJ,%%)
dé(t,x) \ dt  dx dt
df (dE &
“aEo\at T ox )

d
Sf () =

And
d d d
FFE) = ﬁs(t,x))
A (a gea
dé(t,x) \ dtdx  dxdx
_df  (d&
" dE(t ) 5)
Hence

dst,x)\ ot~ ox dE(t,x) \ ox
df (dE & 85)

() +e(t0) 2 fEx) = 0 %+§c<t,x>)+c<t,x) f (&5)

:dé(t,x) §+£c(t,x)+c(t,x)a

_ o df [d&
CdE(t,x) \ ot

&
+ 2£c(t, x))

But & (f,x) is constant k. Hence déﬁz{ 5 = 0. Therefore RHS above is zero, and the above

reduces to

ZFEC) + el S f E ) =0

This shows that f (& (t,x)) satisfies the given transport PDE. Hence it is a solution. Or
u(t,x) = f(£(t x)).

2.2.4 Problem 2.2.29

Consider the first-order PDE u; + (1 — 2f) u,, = 0. Use exercise 2.2.26 to: (a) Find and sketch
the characteristic curves. (b) Write down the general solution. (c) Solve the initial value

problem with u (0,x) = 1:7 (d) Describe the behavior of your solution u (¢, x) from part (c)
as t — co. What about t — —oo?

Solution

29
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2.2.41 Part (a)

The characteristic curves are given by % = (1 - 2t). Therefore
x(H)=t-1?+¢&
E=x-(t-£)

The following is plot of characteristic curves for different & values.

Table[Plot[t-t*2 + k, {t, O, 4}, PlotRange » {All, {-10, 7}},
AxesLabel » {"t", "x(t)"}, BaseStyle » 14],
{k, 0,5, 1}];
Show [%]

X(t)

5

-10

Figure 2.5: Plot of some characteristic curves

2242 Part (b)

solution u on the characteristic curves is an arbitrary function of the characteristic variable.
Hence

u(t,x) =F()

(e (1- 1)

=F(x-t+1) 1)
Where F is arbitrarily function.
2.2.4.3 Part (c)
At t = 0 the above solution becomes
1
— —=F 2
— = F( @
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Therefore using (2) in (1), then (1) becomes

u(t,x) = L

(3)
2
1+ (x—t+£2)
2.2.4.4 Part (d)
The solution in (3) shows that
1
limu(t,x)=—=0
t—oo (o)
Also
. 1
lim u(t,x)=—=0
t——00 [e9)

Hence the solution vanishes for large .

2.2.5 Problem 2.4.2

(a) Solve the wave equation uy; = u,, when the initial displacement is the box function
1 1<x<2 . N o . .

u(0,x) = , while the initial velocity is zero. (b) Sketch the resulting solution
0  otherwise

at several times.

Solution

2.2.51 Part (a)

d’Alembert solution of the wave equation is given by

1 1 x+ct
u(t,x) = 5 (Flx—ct)+ f(x+ch) + %f ¢ (s)ds

x—ct
Where ¢ is the wave speed which is ¢ = 1 in this problem and f(x) = u(0,x) and g(x) =
u; (0,x) = 0. The above simplifies to

u(t,x) = %(f(x—t)+f(x+t))

_1 1 l<x-t<2 N 1 I<x+t<?2

21l o otherwise 0 otherwise

_1 1 l+t<x<2+t N 1 1-t<x<2-t
21l o otherwise 0 otherwise

Complete split of the box function into two separate halves happens at t = 0.5 because when
t = 0.5 in the above gives

1 1 15<x<25 1 05<x<15
u(t,x) == +

211 0 otherwise 0 otherwise
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This shows that just after + = 0.5, there is no longer a common region between 1.5 < x < 2.5
and 0.5 <x <1.5.

Hence for t > 0.5 the solution u will be % whenl+t<x<2+torwhenl—-t<x<2-tand
will be zero otherwise.

But when ¢ < 0.5, there will still be a common region before the full split. Some region is till
common, and some region is not. For example, picking t = 0.25, then there is a common
region between 1.25 < x < 225 and 0.75 < x < 1.75. In this case the common region is

125 < x < 1.75. Over this region, u = 1. But over the non common region u = % when

075 <x<125and u = % for 0.1.75 < x < 2.25 and u = 0 otherwise. In terms of ¢ the above
can be written as

When ¢t > % then the solution is

, % 1-t<x<2-t
MZE > 1+t<x<2+t
0 otherwise
Whent<%
1 l+t<x<2-t
1 % T-t<x<l+t
u=—
2 5 2—t<x<2+t
0 otherwise

It it easier to do all of this using the computer by plotting the solution for different times.

2.2.5.2 Part (b)

The following are plots of the motion of the wave for several times.
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time @ time 0.1 time 0.2
1.0 1.0+ 1.0
0.8F 0.8f 08t
0.6 0.6 0.6
0.4 041 0.4}
0.2 0.2 0.2
-1 0 1 2 3 4 11 0 1 2 3 N 0 1 2 3 4
time 0.3 time 0.4 time 0.5
1.0 1.0 1.0
0.8 0.8 0.8}
0.6 0.6 0.6
041 0.4+ 04t
0.2F 0.2+ 0.2}
-1 0 1 2 3 4 1-1 0 1 2 3 4 11 0 1 2 3 4
time 0.6 time 0.7 time 0.8
1.0 1.0+ 1.0
0.8F 0.8+ 08t
06 06 06
0.4 0.4+ 0.4}
0.2+ 0.2+ 0.2
-1 0 1 2 3 4 11 0 1 2 3 4 11 0 1 2 3 4
time 0.9 time 1 time 1.1
1.0 1.0 1.0
08 0.8 0.8}
06 06 06
041 0.4 04F
0.2 0.2 03+
-1 0 1 2 3 4 1-1 0 1 2 3 4 1-1 0 1 2 3 4

Figure 2.6: Plots for several times

1
ufx_, t ] := 3 (Piecewise[{{1, 1< x-t <2}, {O, True}}] + Piecewise[{{1, 1< x+t < 2}, {0,

plots = Table[Grid [ { {Row[ {"time ", t}1},
{Plot[u[x, t], {x, -1, 4}, Exclusions » None, ImageSize - 300,
PlotPoints - 40,
PerformanceGoal » "Quality", PlotStyle - Red,
GridLines - Automatic, GridLinesStyle - LightGray,
PlotRange -» {All, {0, 1.1}}]}
}1, {t, {0, .1, .2, .3, .4, .5, .6, .7, .8, .9, 1, 1.1}}];
Grid [Partition[plots, 3], Frame - All]

True}}]);

Figure 2.7: Code used
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2.2.6 Problem 2.4.3

Answer 2.4.2 when the initial velocity is the box function while the initial displacement is
zero.

Solution

2.2.6.1 Part (a)

d’Alembert solution of the wave equation is
q

1 +ct
uUJ):E(ﬂx—d%hﬂx+dD+§zjftg@ﬁh

Where c is the wave speed which is ¢ = 1 in this problem and f (x) = 0 and g (x) = u; (0, x) = f (x)
which is the box function given in the last problem. The above becomes

1 X+t
umm:—f F(s)ds
2 x—t
1 f:ﬁt 1 1<s<?2
= - ds
2Jsv+ | 0  otherwise
2.2.62 Part (b)

The following are plots of the motion of the wave for several times of the above solution

N =

ufx , t 1 := — Integrate[Piecewise[{{1, 1< s < 2}, {@, True}}], {s, x-t, x+t}];

plots = Table[Grid[{{Row[ {"time ", t}]},
{Plot[u[x, t], {x, -1, 4}, Exclusions - None, ImageSize - 300,
PlotPoints - 40,
PerformanceGoal - "Quality", PlotStyle - Red,
GridLines - Automatic, GridLinesStyle - LightGray,
PlotRange -» {All, {0, 1.1}}]}
}1, {t, {0, .1, .2, .3, .4, .5, .6, .7, .8, .9, 1, 1.1}}1;
Grid[Partition[plots, 3], Frame - All]

Figure 2.8: Code used
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time © time 0.1 time 0.2
1.0 1.0+ 1.0
0.8F 0.8f 08t
0.6 0.6 0.6
0.4+ 041 0.4+
02f 02F 02f
-1 0 1 2 3 4 -1 0 1 2 3 4 -1 0 1 2 3 4
time 0.3 time 0.4 time 0.5
1.0 1.0+ 1.0
0.8 0.8 0.8}
0.6 0.6 0.6
041 0.4+ 04t
-1 0 1 2 3 4 1-1 0 1 2 3 4 11 0 1 2 3 4
time 0.6 time 0.7 time 0.8
1.0 1.0+ 1.0
0.8F 0.8+ 08t
0.6 0.6 0.6
0.4+ 0.4+ 0.4+
02f 02f 02f
-1 0 % é 3 4 -1 0 % é 3 4 -1 0 % é 3 4
time 0.9 time 1 time 1.1
1.0 1.0+ 1.0
08 0.8 0.8}
06 06 06
041 0.4+ 04t
0.2 0.2 0.2
-1 0 1 2 3 4 1-1 0 1 2 3 4 1-1 0 1 2 3 4

Figure 2.9: Plots for several times

2.2.7 Problem 2.4.4

Write the following solutions to the wave equation u = u,, in d’Alembert form (2.82) which

fw + % [ et ¢(s)ds. Hint: What is the appropriate initial data? (b)

cos2xsin2t. (d) 2 + x?

is u(t,x) = ,
X—C

Solution
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2.2.71 Part(b)

Since ¢ = 1, the solution becomes

cos2xsin 2t =

f(x—t)+f(x+t) f
g (s)ds

Let f (x) = u(0,x) = 0. The above solution 51mpl1ﬁes to

1 X+t
2cos2xsin2f = —f g(s)ds
2 x—t

1 X+t
cos2xsin 2t = 1 f g(s)ds (1)
x—t
We now need to determine g (s) to satisfy the above. By fundamental theorem of calculus
1 X+t
1 g(s)ds——[ (x+6)-g (x—t)] 2)

Let g (x) = 2 cos 2x. Now we need to verify that this will satisfy equation (1). Expanding RHS
of (2) gives

x+t)-g (x—1t) =2(-sin(2(x +1t)) +sin (2 (x — 1))
= 2(sin (2x — 2t) — sin (2x + 21))

But sin (A — B) = sin A cos B—cos Asin B and sin (A + B) = sin A cos B+cos Asin B. Substituting
these in the above, where A = 2x, B = 2f, the above becomes

g (x+1t)-g (x—t) =2 (sin2x cos 2t — cos 2x sin 2f — (sin 2x cos 2t + cos 2x sin 2t))
= 2 (sin 2x cos 2t — cos 2x sin 2f — sin 2x cos 2t — cos 2x sin 2t)
= 4 cos2x sin 2t (3)
Substituting (3) into (1) gives
1
cos2xsin2t = 1 (4 cos2xsin 2t)
= cos2xsin 2t

Verified.

Hence if initial condition is f (x) = 0 and if ¢ (x) = 2 cos 2x, then the solution using d’Alembert
form will be the one given u(t,x) = 2cos2xsin2t which is what we are asked to show.
Therefore

cos2xsin2t = (f(x—t)+f(x+t) fx g (s)ds

u(0,x) =
u; (0,x) = 2cos 2x

2.2.7.2 Part(d)

Since ¢ = 1, the solution becomes
2422 = (f(x—t)+f(x+t) f 2 (s)ds
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Let g(x) = u;(0,x) = 0. The above reduces to
1
P = (flr-0+flr+b)

Assuming f (x) = ¥, now we will see if this assumption generates the solution needed. The
RHS above now becomes

(f(x—t)+f(x+t)) x =t + (x + 7)
(x + 12— 2xt)+(x2+t2+2xt))

x2+t2+x2+t2)

NIHNIHNIP—‘

Il
~~
N
+
=
N

Verified.

Hence by setting ¢(x) =0 and f (x) = x2 the given solution is obtained. Therefore

24— (f(x—t)+f(x+t) fx ¢ (s)ds

u(0,x) = x2
u; (0,x) =0

2.2.8 Problem 2.4.10

Suppose u (t, x) solves the initial value problem u;; = 4u,,+sin (wt) cos (x) ,u (0,x) = 0,1, (0,x) =
0. Is h(t) = u(t,0) a periodic function?
Solution

The solution is given by eq (2.96) in the textbook (since f (x) = 0 and ¢(x) =0 and ¢ = 4 or
c =2) as the following

u(t,x) = }l J(; t f e F (s, y) dyds

x—(t-s)

But here F (s, y) = sin (ws) cos (y) Therefore, using the book example 2.19, where we just
need to change sinx to cosx in the solution shown, then the above integral gives

u(t,x) = 1 f f e sin (ws) cos (y) dyds

x—(t-s)

—Sm(a;t) a;Slnt COS X O<w#1
= sin t:(lf)cost
cos X w=1
At x =0, then
sin(wt)—w sin
_— O<w#1
h (t) =u (t, 0) = { sinlt:(;)czost
> w=1
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Therefore h (t) is periodic only if w = g #1 is a rational number.

2.2.9 Problem 2.4.11

(a) Write down an explicit formula for the solution to initial value problem u;; = 4u,.,,u (0, x) =
sinx, u; (0,x) = cosx for —co < x < co,t > 0. (b) True of False: The solution is a periodic
function of t. (c) Now solve the forced initial value problem u; = 4u,, + cos2t,u(0,x) =
sinx, u; (0,x) = cosx for —co < x < 00,t > 0. (d) True of False: The forced equation exhibits
resonance. Explain. (e) Does the answer to part (d) change if the forcing function is sin 2f ?

Solution

2.29.1 Part (a)

Using d’Alembert formula where u(0,x) = f (x) = sinx and #; (0,x) = g (x) = cosx, then the
solution is

1 X+t
u(tx) = 5 (f(x—ct) +flx+ ct)) + %% . g(s)ds
But ¢ =2, f (x) = sinx, g (x) = cos x, then the above becomes
1 1 xX+2t
u(t,x) = = (sin (x — 2t) + sin (x + 2t)) + — f cos (s)ds
2 4 x=2t
1 . . 1 . x+2t
=5 (sin (x — 2t) + sin (x + 2t)) + 1 [sin (s)]x_Zt

1 1
:E(sin(x—Zt)+sin(x+2t))+L—L(Sin(x+2t)—sin(x—2t))
—1*'( 2t)+1*'(+2t)+1'(+2t) 1'( 2t)
= 5sin(x 5 sin (x 7 Sin(x 7 Sin(x

1 3
= L—Lsin(x—Zt)+Zsin(x+2t)

2.2.9.2 Part (b)
True.

If we can find a common multiple between x — 2t and x + 2t then the solution is periodic.
i.e. if F; (z) has period p; and F, (z) has period p,, then if we can find positive integers a,,a,
such that a,p; = ayp, = r, then r is the period of F; (x) + F; (x).

In this problem, F; = sin (x - 2t),F, = sin (x + 2t). But both of these have period 27. Hence
p1 = 2m,p, = 2n. Therefore choosing a; =1,a;, =1, then r = 2. The period of sum.
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2.2.9.3 Part (c)

When the PDE becomes uy; = 4u,, + cos2t, then we need to add forcing solution part of the
solution. Hence the solution now becomes, using 2.97 in the book as (using ¢ = 2)

1 1 pxt2t 1 t +2(t-s)
u(t,x) = = (sin (x — 2t) + sin (x + 2t)) + - f cos (s)ds + — f fx F (s,y) dyds
2 4 x-2t 4 0 v x-2(t-s)

Where F (s, y) = cos (2t). Hence the above becomes (using result from part (a) for the non
forcing part) as

t ~x+2(t-s)
f cos (2s) dyds

1 3 1
u(t,x) = —sin(x — 2f) + —sin (x + 2t) + —f
4 4 x—2(t-s)

0
1 3 1 t X+2(t—s)
= —sin(x —2t) + —sin(x + 2t) + — f cos (2s) dyds
4 4 4 0 x—2(t-s)
1 . 3 . 1t
= ZS]H(X—Zt) + Zsm(x+2t) + 1 f cos(2s) ((x +2(t—9)—(x—2(t—5)))ds
0

1 3 1t
=Zsin(x—Zt)+L—lsin(x+2t)+Zf cos (2s) (x + 2t — 25 — (x — 2t + 2s)) ds
0

1 3 1t
:Zsin(x—Zt)+Zsin(x+2t)+Zf cos (2s) (x + 2t —2s — x + 2t — 2s) ds
0

t

1 3 1
= —sin(x —2f) + —sin(x + 2t) + — f cos (2s) (4t — 4s) ds
4 4 1J,

-2
But }IK cos (2s) (4t — 4s) ds = %t Hence the above solution becomes

sin’ t

1 3
u(t,x) = A—lsin(x—Zt) + Zsin(x + 2f) +
Which can also be written as

1 3 1(1 1
u(t,x) = Zsin(x—Zt)+ Zsin(x+2t)+ E(E—ECOS(Zt))

1 3 1 1
= Zsin(x—Zt)+Zsin(x+2t)+;—é—}cos(2t)

2294 Part (d)

False. No resonance. Solution is periodic. There is no term in the solution which is being
multiplied by ¢. Hence solution do not grow with time which indicates no resonance.
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2.2.9.5 Part (e)

If the PDE now becomes uy = 4u,, + sin2t,u(0,x) = sinx, u; (0, x) = cosx, then the solution

becomes
1 3 1 t o ~Ax+2(t—s)
W (t %) = = sin (x — 26) + = sin (x + 26) + ~ f f sin (25) dyds
4 4 0 Y x-2(t-s)
1 3 1 t X+2(t-s)
= —sin(x —2f) + —sin(x +2t) + — f sin (2s) dyds
4 4 4 0 x=2(t-s)
1 . 3 . 1t
= Zsm(x—Zt) + A—Lsm(x+2t) + Zf sin(2s) ((x+2(—s))—(x—2(t—s)))ds
0

1 3 1 rt
:Zsin(x—Zt)+A—Lsin(x+2t)+Zfsin(23)(x+2t—23—(x—2t+25))ds
0

1 3 1t
:Zsin(x—Zt)+A—Lsin(x+2t)+Zfsin(2s)(x+2t—25—x+2t—25)ds
0

t

1 3 1
= —sin(x — 2t) + — sin (x + 2t) + —f sin (2s) (4t — 4s) ds
4 4 4J,

But i f sin (2s) (4t — 4s) ds = 411 (2t — sin (2t)). Hence the solution now becomes
1 . 3 . 1 )
u(t,x) = 1 sin (x — 2t) + 1 sin (x + 2t) + 1 (2t —sin (21))

1,. . .
We see now that resonance now occurs due to above term -t in the solution. This means as
t increases, the solution will keep increasing with no limit.

2.2.10 Problem 2.4.13

Let u (t,x) be a classical solution to the wave equation u, = c?u,,. The total energy

© 1 ({du)’ ou\’
— 1= 2=
E(t)—j:mz((at) +c (8x) ]dx
Represents the sum of kinetic and potential energies of the displacement u (¢, x) at time t.

. . . . 1
Suppose that Au — 0 sufficiently rapidly as x — +co; more precisely, one can find « > > and

C(t) > 0 such that |u; (f,x)|, [u, (¢, x)| < |Cx_(|‘t*) for each fixed t and all sufficiently large |x| > 0.

For such solutions establish the law of conservation of energy by showing that E (¢) is finite
and constant. Hint: You do not need the formula for the solution.

Solution

To show E (t) is constant, it is sufficient to show that %E (t) = 0. From above

d d 1, L,
th(t)—dtj:wz(ut+c ux)dx
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Moving - inside the integral (assuming solution is piecewise smooth), the above becomes

d ©1(d d
= - 2
th(t) f > (dtut +c dtux) dx

But ut = 2uUy and = 2u,u,. The above becomes

d |
d_tE (t) = f_oo 5 (Zututt + 2c2uxuxt) dx

(o]
= f Uplly + CPu . dx
o

But uy = c?u,, from the PDE itself. The above now simplifies to

d 00
EE (t) = f CPUlyy + CPtlyttydx

(6]
=c? f Upllyy + Uy Uy dX
—o0

d
But wu,, + u iy = - (usu,). The above becomes

But the problem says that as x — +oco then u, — 0. It also say that |i;| is bounded. This
shows that the RHS above is zero. Therefore %E (1) = 0 or E (t) is constant. The fact constant
is bounded is seen by noting that the problems says that |u,| and |u;] are bounded. This
completes the proof.

2211 Problem 2.4.15

The telegraph equation uy + au; = c?u,, with a > 0, models the vibration of a string under
frictional damping. (a) Show that, under the decay assumption of exercise 2.4.13, the wave

energy (2.98)
© 1 (({du\’ u
E(t) = j: 5 (E) +C (83{,’) dx

of a classical solution is a nonincreasing function of t. (b) Prove uniqueness of such solutions
to the initial value problem for the telegraph equation.

Solution
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2.211.1 Part (a)

dt E(@) = o f ut +c? ux dx

Moving - inside the integral (assuming solution is smooth), the above becomes

d ©1(d d
EEU) = j:oo 5 (dtut e dtu%)dx
But ut = 2uUy and = 2u,u,. The above becomes
d |
_ 2
d_tE (t) = f_oo 5 (2ututt +2c uxuxt) dx

(o]
= f Uplly + CPu i dx
o

But uy, = c?u,, — au, from the PDE itself, hence the above simplifies to

d 00
EE (t) = foo u; (c2uxx - aut) + CPuu,dx

(oe)
= f CPUlyllyy — AUP + CPUUdx
—00

(o6 (o]
=c? f Uplhyy + Ul dX — a f u?dx
o0 o0

o0 d
But f_oo Uplhsy + UylhyydX = - (u411,), then the above becomes

d 00
EE(t)—c f — (uu,) dx — af u?dx

—00

:czf d(utux)dx—af u?dx

(o]
= [uu,]™ - af u?dx
(oo}

As in the previous problem [utux]iooo = 0 since u, — 0 for x — *co. Then the above now

reduces to
d 00
EE(t) =-a foou%dx

But f ~ u?dx is either zero or positive because the integrand is always positive.
d . . . . .
Hence _E (f) is negative quantity because a > 0. This shows that rate of change of energy is

either zero or negative and can not be positive. This means E () is non increasing which is
what we are asked to show.
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2.2.11.2 Part (b)

Let u; (t,x) and u, (¢, x) be two different solutions to same u;; + au; = c?u,, with same initial
data. Let w (¢, x) = uq (t,x) — uy (¢, x). Therefore

Wy + awy = W,y
Applying the energy formula to w (t, x) shows that
<1
EO= [ 5(@)+@))dx
dE._d 1 2 o, 2
i dt£w2((Wt) + ¢ (w,) )dx

Following same steps in problem 2.4.13, the above becomes zero. Which means that Z—f =0
or E (t) is constant. But E (—o) = E (c0) = 0 which means that E (f) = 0. In other words

* 1
f > (@) + & @) dx =0
But since the integrand is positive, then this means w; = 0 and w, = 0. But this implies that
w (t, x) is itself a constant.

We now need to show that this constant is zero. i.e. to show that w(¢,x) = 0 to finish the
proof.

Since w (0, x) = 0, because this is the initial data, which is the difference between the initial
data of the two solutions 14, u, which is the same, hence the difference of the initial data is
Zero.

But if w(0,x) = 0 and w(t, x) is constant, it must be that w (t,x) = 0 for all time and space.
But since w (¢, x) = uq (t,x) = uy (¢, x) then

uy (t,x) = uy (¢, x)

Which mean that the solution to the telegraph PDE is unique.
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2.2.12 Key solution for HW 2

Homework 2 Solutions

2217

1 e—2t

2:.2.17. (a) u(t,z) = (l.et)Q +1 = 2 4 e—2t°
(b)

; =0,
(c) The limit is discontinuous: lim w(¢,z) = { ‘ .
t— 00 0, otherwise.
2.218
0’ T < 71’ f(fl)’ T < 1=
(a) lim wu(t,z) = { f(-1), z=-1, (b) lim wu(tz)= { @, =z=1,
t— o0 t— —co
f@a, =z>-1 0, r 1.
2.2.26
(a) Suppose z = z(t) solves (;—': = ¢(t,z). Then, by the chain rule,
d Ou Ou dr  Ou Ou
Eu(z,z(t)) =5 (t.z(t) + 5 (t.z(t)) bk (t.z(®)) +e(t,z(2)) = (t.z(t) =0,

since we are assuming that u(t, z) is a solution to the transport equation for all (¢, z).
We conclude that u(t, z(t)) is constant.

(b) Since £(t, x) = k implicitly defines a solution () to the characteristic equation,

0= %f(t,m(t)) = % (t,2(2)) + % (t.a(®)) fl—f = % (t,2) + e(t,2) g—i (t,),

and hence u = £(t,z) is a solution to the transport equation. Moreover, if

u(t,z) = f(ﬁ(t, :1:)), by the chain rule,
o4 L PR 9% %€ _
o () +olt,2) e (62) = £ (6(62) 5o (o) +elt,2) T (62 ) =0

according to the previous computation.
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2.2.29

dz
2.29. (a) Solving the characteristic equation i 1 — 2t produces the characteristic curves
r=1—12 + k, where k is an arbitrary constant.

T

o\
AN

(b) The general solution is u(t, ) = v(z — t + t2), where v(£) is an arbitrary C! function of the
characteristic variable § =z — ¢ + P

(C) 'Ul(t, .'D) = m .

(d) The solution is a hump of fixed shape that, as ¢ increases, first moves to the right, slowing
down and stopping at t = %, and then moving back to the left, at an ever accelerating
speed. As t — —o0, the hump moves back to the left, accelerating.

2.4.2

(a) The initial displacement splits into two half sized replicas, moving off to the right and
to the left with unit speed.

1, l+t<zr<2-t
Fort<%,wehave u(t,g) =49 %, l—t<z<l+t or 2—t<z <2+t
0, otherwise,
1
5, l—t<zx<2—-1t or 1+t<e<2+t
Fortz%,wehave u(t,z) =4 2’ e ik
0, otherwise,

(b) Plotted at times ¢t = 0,.25,.5,.75,1.,1.25:
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243

(a) The solution initially forms a trapezoidal displacement, with linearly growing height and
sides of slope +.5 expanding in both directions from 1 and 2 at unit speed. At time
t = .5, the height reaches .5, and it momentarily forms a triangle. After this the diag-
onal sides propagate to the right and to the left with unit speed, as the .5 displacement
between then grows in extent.

’

(z—1+1), 1=-t<z<l+t,
l+t<e <214,

2+t—a), 2—-t<w<2+t,
otherwise,

(z—1+41t), 1-t<z<2-t
2—-t<a <1+t

l@+t-2), 1+t<a<2+t,

(0, otherwise,

(b) Plotted at times ¢ = 0,..25.5,.75,1.,1.5:

0.4

AN A L

For t < 4, we have u(t,z) =

\
.

Bl b= O pol= TR pae

For t > % , we have u(t,z) =

R
s = 85 & &

2.4.4b,d

(b) f 2c08(22)dz = sin2(z + t) ;sz(wit) * (d) (w+t)2+(ﬂ3*t)2

2410

Solution: The solution to the initial value problem is
wein2t — 2sinwt

uft, ¢) = 2w? - 4)
%(SinZt — 2tcos2t) cosz, w =2,

COS T, -t £2,

Thus,
wsin 2t — 2sinwt

g(t) = u(t,0) = 2w —-4)
% (sin2t — 2t cos 2t), w = %2,
is periodic when w # 42 is a rational number, quasi-periodic when w is irrational, and non-
periodic and resonant when w = +2.

w # £2,
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241

Solution: (a) u(t,z) = %sin(m —2t) + %sin(m +2t);  (b) True;

(c) u(t,z) = i sin(z — 2t) + 2 sin(z + 2t) + 3 — Jcos2t. .

(d) The solution remains bounded and periodic, and hence is not resonant, ‘

(¢) Now the solution is u(t,z) = 1sin(z — 2t) + %sin(m +2t) + }It - %{s'}th. lIr.n this case, the
solution is no longer periodic or bounded, and hence a form of resonance is exhibited.

2.4.13

First of all, the decay assumption implies that E(t) < oo for all t. To show E(t) is con-
stant, we prove that its derivative is 0. Using the smoothness of the solution to justify
bringing the derivative under the integral sign, we compute

dbi  d o 1 9 1 293 oo 2
i _[_oo FUp +5¢u)dr = f_oo (upryy + cuguy,) da

£ o
2 2
=c fo (Upthyy + ugtiy,) de = c /_Oo o (u,uy) dz =0,

since u;, v, — 0 as ¢ — oo. Q.E.D.

2.415

(a) As in Exercise 2.4.13, we compute
dE _ oo 2 . oo ) 9
dt - /.—OO (ututt +c uz‘umt) dx = f—oo [C (utumsf; + uzumt) Aty ] dx

:szm i(u'u. )dm—a/m uzd:n:—ﬁfoo u?dz <0
—codz VT —oo © —oc ¢ il
since a > 0. Thus, E(t) is a nonincreasing function of ¢.

(b) First, let u(t, z) be the solution to the initial-boundary value problem with zero initial
conditions, and hence zero initial energy: E(0) = 0. Since 0 < E(t) < E(0) is
decreasing, and nonnegative, we conclude that F(t) = 0. But since the energy inte-
grand is nonnegative, this can only happen if u, = wu, = 0 for all (¢,z), and hence
u(t, ) must be a constant function. Moreover, its initial value is u(0,z) = 0, and hence
u(t,z) = 0. With this in hand, in order to prove uniqueness, suppose u (¢, z) and
uy(t, ) are two solutions to the initial-boundary value problem. Then, by linearity,
their difference u(t,z) = u,(t,x) — u4(t,x) solves the homogeneous initial-boundary
value problem analyzed in part (a), and so must be identically zero: u(t,z) = 0. This
implies u, (¢, ) = u, (¢, x) for all (¢,x), and hence there is at most one solution.
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2.3.1 Problem 3.1.2

Find all separable eigensolutions to the heat equation u; = u,, on 0 < x < 7 subject to (a)
homogeneous boundary conditions u (t,0) = 0,u (f,7) = 0. (b) mixed boundary conditions
u(t,0)=0,u,(t,mn=0
solution
Using separation of variables, let u (t,x) = T (t) X (x). Substituting this into u; = u,, gives
T’X = TX"”. Dividing by XT # 0 results in
T/ XI/
—_ = — = —/\
T X
Where A is the seperation constant. The above gives the following ODE’s to solve
X" (x)+AX(x)=0
T () + AT () =0

The boundary and initial conditions are transfered from the PDE to the ODE as shown
below.

2.3.1.1 Part (a)

Using u (¢t,0) = 0, u (t, 7) = 0. Starting with the spatial ODE, and transferring the boundary
conditions to the ODE results in
X" (x)+AX(x)=0
X(0)=0
X(m)=0
This is an eigenvalue boundary value ODE. The solution to the spatial ODE is
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X(x) = cle‘/qx + cze‘ﬁx 1)

case A <0

Since A < 0, then —A is positive. Let u = —A, where y is positive. The above solution becomes

X (%) = c1eVF + e VET

Which can be written as

X (x) = cq cosh (\/ﬁx) + ¢y sinh (\/ﬁx)
At x = 0 this gives
0= C1
The solution now reduces to X (x) = ¢, sinh (\/ﬁx) At x = 7t this gives

0 = ¢y sinh (\/ﬁn)

But sinh is only zero when its argument is zero. Since y # 0, then the only choice is that
c; = 0 also. But this gives trivial solution therefore A <0 is not an eigenvalue.

case A =0

In this case the solution is X (x) = c¢; + cox. At x = 0 this gives 0 = ¢;. The solution becomes
X (x) = cpx. At x = 7, this gives 0 = ¢c,7. Therefore ¢, = 0 also. This also gives the trivial
solution. Hence A = 0 is not an eigenvalue.

case A >0

The solution in this case is
X (x) = cqeVM 4 eV
= 0,6 VA¥ 4 eV

Which can be rewritten as (the constants ¢;,c, below will be different than the above ¢y, ¢y,
but kept the same name for simplicity).

X (x) = ¢ cos (\/Zx) + ¢y sin (\/Xx)
At x = 0 this gives

O:C1
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The solution now reduces to
X (x) = ¢y 8in (\/Xx)
At x = i this gives
0 = ¢y sin (\/Xn)

non-trivial solution requires that sin (\/XT[) = 0 which implies that \/Xn =nn,n=1,2,3,-.
Hence eigenvalues are

A, =n? n=1,23,--

And corresponding eigenfunctions are

X, (x) = sin (nx) n=1,23, -

Now that the eigenvalues and eigenfunction are found, the time ODE can be solved. The
time ODE now becomes

T'(t) + n?’T(t) =0

This is linear first order ode. The solution is T, (t) = Cne‘”zt. Therefore the fundamental
solution is

u, (t,x) = C, T, (#) X, (x)
= C,e™"* sin (nx)

Since this is a linear PDE, a linear combination of all fundamental solutions is a solution.
Hence the general solution is

u(t,x) = E C,e" sin (nx)
n=1
The constant C,, can be found if initial conditions are given.

2.31.2 Part (b)

Using u (t,0) = 0,u, (t, 7) = 0. Starting with the spatial ODE, and transferring the boundary
condition to X, it becomes

X"(x)+AX(x)=0
X(0)=0
X' (m)=0

This is an eigenvalue boundary value problem. The solution to the spatial ODE is

X(x) = cleﬁx + cze“/q" (1)

case A <0

Since A < 0, then —A is positive. Let u = —A, where y is positive. The solution becomes
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X (x) = cieVF + pe VH

The above can be written as

X (x) = ¢q cosh (\/ﬁx) + ¢y sinh (\/ﬁx)

At x = 0 this gives
0=¢
Hence the solution now becomes
X (x) = ¢ sinh (\/ﬁx)

Taking derivative gives

X’ (x) = cp4/uu cosh (\/ﬁx)

And at x = r the above gives

0 = cp+/p cosh (\/ﬁn)

But y # 0 and cosh is never zero for any argument. Hence the only choice is that c, = 0.
This gives the trivial solution. Hence A < 0 is not an eigenvalue.

case A =0

In this case the solution is X (x) = ¢; + cox. At x = 0 this results in 0 = ¢;. The solution
becomes X (x) = cox. Hence X’ (x) = ¢,. At x = 7, this implies 0 = c,r. Therefore c, = 0 also.
This gives the trivial solution. Hence A = 0 is not an eigenvalue.

case A >0

The solution in this case is

X(X) = (e Ay (1 —Ax
= VA 4 pyeiVA

Which can be rewritten as (the constants ¢;,c, below will be different than the above ¢y, ¢y,
but kept the same name for simplicity).

X (x) = ¢q cos (\/Xx) + ¢y sin (\/Xx)

At x = 0 this gives
0=¢
The solution now reduces to
X (x) = ¢y 8in (\/Xx)
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Therefore
X' (x) = \/Xcz coSs (\/Xx)
Atx=m

0= \/Xcz Cos (\/Xn)

Non-trivial solution requires that cos (\/Xn) = 0, which implies \/Xn =

nr

= 1,3,5,:--. or

\/X = g,n =1,3,5,---. Therefore the eigenvalues are

7’12
Aﬂ:(i) n=1,3,5,

>~

-1\
n= 5 1’121,2,3,"'

25 oo .
;= } The corresponding eigenfunctions are

| O

. 1
Few eigenvalues are A = { T

Xn(x):sin(znz—_lx) n=1,2,3---

Now that the eigenvalues and eigenfunction are found, the time ODE is solved. The time
ODE now becomes

2n 2

m-1\?
This is linear first order ode. The solution is T, (f) = Cne_( 2 ) . Therefore the fundamental
solution is

Uy (t, x) =C,T, (t) X, (x)
2n-1 2
- 2n -1
=C,e ( 2 )tsin( n2 x)

A linear combination of all fundamental solution is a solution (due to linearity). Hence the
general solution is

(oY) 2n-1 2 _
u(t,x) = ;Cne_( 2 ) tsin(znz 1x)

2.3.2 Problem 3.1.5

(a) Find the real eigensolutions to the damped heat equation u; = u,,—u. (b) Which solutions
satisfy the periodic boundary conditions u (t, -7) = u (¢, 1), u, (t, —70) = u, (¢, 70) ?

solution
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2.3.2.1 Part (a)
Using separation of variables, Let u (t,x) = T (t) X (x). Substituting this into u; + u = u,, gives
T’X + TX = TX”. Dividing by XT # 0 gives

T/ XI/

—+l=—=-A
T X

Where A is the separation constant. This gives the following ODE’s to solve
X"(x)+AX(x)=0
T"tH+A+1)T@H =0
Eigenfunctions are solutions to the spatial ODE.
X(x) = cleﬁx + cze‘ﬁx (1)

To determine the actual eigenfunctions and eigenvalues, boundary conditions are used. This
is part b below.

2.3.2.2 Part (b)

Using u (t,—m) = u(t, ), u, (t, —7) = u, (t, ). Starting with the spatial ODE above, and trans-
ferring the boundary condition to X gives

X" (x)+AX(x)=0

X(-n) = X(m)
X! (-7 = X' (r)
This is an eigenvalue boundary value problem. The solution is
X(x) = cleﬂx + cze“/jx 1)
case A <0
Since A < 0, then —A is positive. Let u = —A, where pu is now positive. The solution (1)
becomes

X (x) = c1eVF + e VIT
The above can be written as
X (x) = ¢q cosh (\/ﬁx) + cp sinh (\/ﬁx) (2)
Applying first B.C. X (-7nt) = X () using (2) gives
cq cosh (\/ﬁn) + ¢y sinh (—\/ﬁn) = ¢; cosh (\/ﬁn) + ¢y sinh (\/ﬁn)
¢y sinh (—\/ﬁn) = ¢, sinh (\/ﬁn)

But sinh is only zero when its argument is zero which is not the case here. Therefore the
above implies that ¢, = 0 as only possibility to satisfy the above equation. The solution (2)
now reduces to

X (x) = ¢q cosh (\/ﬁx) (3)
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Taking derivative
X’ (x) = c;y/usinh (\/ﬁx) (4)
Applying the second BC X’ (-n) = X’ () gives

c14/p sinh (—\/ﬁn) = c14/p sinh (\/ﬁx)

But sinh is only zero when its argument is zero which is not the case here. Therefore the
above implies that c; = 0. This means a trivial solution. Therefore A < 0 is not an eigenvalue.

case A =0
In this case the solution is X (x) = c; + cox. Applying first BC X (-n) = X () gives
C1—CTU =01+ CoTt
—CyTl = (T
This gives ¢, = 0. The solution now becomes
X(x)=1¢

Therefore X’ (x) = 0. Applying the second boundary conditions X’ (-n) = X’ (%) is now
satisfied for any c;, since it gives (0 = 0). Therefore A = 0 is an eigenvalue with eigenfunction
Xo(0) =1 (selecting ¢; =1 since any arbitrary constant will work).

case A >0
The solution in this case is
X (x) = cqeVM 4 eV
= 0,6 VA¥ 4 eV

Which can be rewritten as (the constants ¢;,c, below will be different than the above ¢y, ¢y,
but kept the same name for simplicity).

X(x) = ¢y cos (\/Xx) + ¢y sin (\/Xx) (5)
Applying first B.C. X (-n) = X (1) using the above gives
€1 COS (\/Xn) + ¢y sin (—\/Xn) = (1 COS (\/Zn) + ¢y sin (\/Xn)
Cy sin (—\/Xn) = ¢, sin (\/Xn)
There are two choices here. Either ¢, = 0 or \/Xn =nn,n=1,2,3,---. Using the second choice
for now, which implies that
A, = n? n=1,23,-

And now we will now look to see what happens using the second BC with the above choice.
The solution (5) now becomes

X (x) = ¢; cos (nx) + ¢, sin (nx) n=1,23,:
Therefore

X’ (x) = —cynsin (nx) + con cos (nx)
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Applying the second BC X’ (-n) = X’ (n) using the above gives
cinsin (nm) + cyn cos (nmt) = —cyn sin (nm) + cyn cos (nn)
cimnsin (nm) = —cyn sin (nm)
0=0
Since 7 is integer.

Therefore this means that using the choice 1, = n? satisfied both boundary conditions with
c; #0,¢1 # 0. This means the solution (5) is

X, (x) = A,, cos (nx) + B,, sin (nx) n=1,23,--
The above says that there are two eigenfunctions in this case. They are
cos (nx)
X (x) = .
sin (nx)

Recalling that there is also a zero eigenvalue with constant as its eigenfunction, then the
complete set of eigenfunctions is

1
X, (x) =1 cos (nx)
sin (nx)

Now that the eigenvalues are found, the solution to the time ODE can be found. The time
ODE from above was found to be

T"tH+A+1)T@H =0
For the zero eigenvalue case, the above reduces to T’ (t) + T (t) = 0 which has the solution
Ty (t) = Coe™t. For non zero eigenvalues A, = n?, the ODE becomes T’ (t) + (n2 + 1) T(t) =0,
whose solution is T (t) = Cne_("2+1)t.
Putting all the above together, gives the fundamental solution as
Coe™
u, (t,x) =4 C, cos(nx) o)t n=1,2,3,-
B,, sin (nx) )t n=1,23,-

The complete solution is the sum of the above solutions
u(t,x) = Coe™t + Z o)t (C,, cos (nx) + B,, sin (nx))

n=1

The constants Cy,C,, B, can be found from initial conditions.

2.3.3 Problem 3.2.1

(d) Find the Fourier series of the following functions f (x) = x? (using ~-m <x <7 )

solution
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The Fourier series is given by

a — 21 27
x% ~ EO + ,;1 a,, cos (?nx) +a,sin (?nx)

Where T is the period of f (x). Taking this period to be 27, the above simplifies to

a o0
2~ 2y E a,, cos (nx) + b, sin (nx)
2 n=1

2

The function x“ is even, hence all b,, are zero. The above becomes

X% ~ 612_0 + Y, a, cos (nx) 1)

n=1

1 7T
aoz—f x%dx
Tt =Tt
_Zf
7

T

0
-5
T 30

But

x2dx
TC

And

1
a, = —
T

2 T
=— f x?% cos (nx) dx (1A)
TTJ0

7T
f x% cos (nx) dx
-n

Let] = Ez x? cos (nx) dx. Using integration by parts f udv = uv— f vdu. Let u = x?,dv = cos (nx).

sin(nx) Hence

- [xz sin (nx)]

n

Then du = 2x,v =

" _zf”xsin (nx)dx
0

n
0

0
—

SN

= % [x2 sin (nx)];T -

f x sin (nx) dx
0

2 TU
:——f x sin (nx) dx

nJo
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Integration by parts again. u = x,dv = sin (nx), then du =1,v = —%(nx). The above becomes

- 2 ([_xcos (nx) ]n _ f” _ cos (nx) dx)
n no | Jo n

= —% (—% [x cos (nx)]] + % j: cos (nx) dx)

= % ([x cos (nx)]; — J{; " cos (nx) dx)

= 32 ([7‘( cos (nm)] — [sin (nx)] ]
n no |

27

=2 cos (nm)
271 "
=z (-1
The above is I. Substituting this result back in (1A) gives
2
ay, = —
U
22
= =22
TN
4
= =)

Therefore (1) becomes

o) n
x% ~ %n2 + 4;::1 (_nlz) cos (nx)
To verify this result, the Fourier series was compared to x? for an increasing number of
terms to see if it converged to x2. Here is the result. This shows the convergence is fast, after
6 terms only the approximation (in red color) is almost the same as the original function

%2,
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Fourier series approx using 1 terms Fourier series approx using 2 terms
10} 101
8l 8f
6f 6f
4f af
2r 2}
! x - .
F ! 2 3 -3 -2 -1 . 1 2 3
Fourier series approx using 3 terms Fourier series approx using 4 terms
10} 10}
8l 8f
6L 6L
af af
2f 2}
~ x - %
-3 -2 -1 g 1 2 3 -3 -2 -1 . 1 2 3
Fourier series approx using 5 terms Fourier series approx using 6 terms
10} 10}
[ 8:,
[ 6l
[ ol
[ o
L X L X
: 1 2 3 -3 -2 -1 . 1 2 3

Figure 2.10: Fourier series of x?

(-n-
n2
makePlot[n_] :=Plot[{x*2, fs[x, n]}, {x, -Pi, Pi},
PlotStyle -» { Gray, Red}, AxesLabel -» {"x", None},
ll) n, n ter‘mS"}],

1,
fs[x_, max_] := 3 bie +4Sum[ Cos[nx], {n, 1, max}]

PlotLabel - Row[ {"Fourier series approx using
ImageSize -» 300
15
Grid [Partition[Table [makePlot[n], {n, {1, 2, 3, 4, 5, 6}}1, 2],
Frame - All]

Figure 2.11: Code used for the above plot

the following plot shows how the Fourier series approximation to x> when it is periodically
extended to outside [-7, 7t]. This uses the range [-37,37] by adding one period to left and
one period to the right.
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(-1)°"

n2

fs[x_, max_] :=

(RS

71-2+4Sum[ Cos[nx], {n, 1, max}]

fx[x_] := Piecewise[{
{(x+2Pi)~2, x< -Pi},
{x"2, -Pi< x < Pi},
{(x-2Pi)"~2, x> Pi}}];
makePlot[n ] := Plot[{fx[x], fs[x, n]1}, {x, -3Pi, 3Pi},
PlotStyle » { Gray, Red}, AxesLabel » {"x", None},

PlotLabel - Row[ {"Fourier series approx using ", n, " terms"}],
ImageSize - 300
15
Grid[Partition[Table [makePlot[n], {n, {1, 2, 3,4, 5, 6}}]1, 2],
Frame - All]

Figure 2.12: Code used for the above plot

2.3.4 Problem 3.2.2

(d) Find the Fourier series of the following function f (x) = * b < 2
0  otherwise

solution

This is plot showing f (x)

Figure 2.13: Plot of f(x)

The Fourier series is given by
— 2 2
f(x) ~ “2_0 + ,;1 a, cos (Tnnx) + a,, sin (?nnx)

Where T is the period of the function to be approximated. Taking this period to be 27, the
above simplifies to

ap ] .
f(x) ~ > + ,;1 a,, cos (nx) + b, sin (nx)
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The function f (x) is odd then all 4, will zero. The above simplifies to

f(x) ~ i b,, sin (nx)
n=1
Where
_ %jif(x) sin () d

1 T
= —fz x sin (nx) dx
ndg

But x is odd and sin (x) is odd, hence the product is even. The above simplifies to

2 -_—
b, = —fz x sin (nx) dx
TTJo

us

. . . _ _ _ _ s __ —cos(nx)
Using integration by parts fudv =uv fvdu. Let x = u,du =1,dv = sin(nx),v = ——, the

above gives

2 (-1 1 :
b, == (— [x cos (nx)]§ + — fz cos (nx) dx)
\n nJo

2 2
- = d
( [x cos (nx)]o fo cos (nx) x)

( cos l [sin (nx)]og )
n

L +;[sm<n§>1)

= o (0 (n%) : 7” s (3))

Therefore the Fourier series becomes
& 2 . (nm 1 nm\\ .
x) ~ Y, — |sin| —| - znmcos|—||sin (nx
10~ B2 in () - o) oo
To verify this result, the Fourier series was compared to f (x) for increasing number of terms
to see if it converges to x?. Here is the result. This shows the convergence is fast, but not as
fast as last problem due to jump discontinuity in f (x). 10 terms are used below.

2
nn
2
n_
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Fourier series approx using 1 terms

Fourier series approx using 2 terms

15F 1.5F
1.0F 1.0F
05F 05F
m g x g m
-7t -= = T -1 -= =
2 2 2 2
0.5F 5
-1.0F -1.0F
-15F -1.5¢F
Fourier series approx using 3 terms Fourier series approx using 4 terms
15F 1.5F
1.0F 1.0F
05F 05F
N, M PN
I b _~, = I TN
-7 - = T -7 - =
2 2 2 2
.51 0.5F
-1.0F -1.0F
-1.5F -1.5F
Fourier series approx using 5 terms Fourier series approx using 6 terms
15F 1.5F
1.0F 1.0F
05F 0.5F
. N L N | e L
o _n NS o L NS
2 2 2 2
0.5F 5F
-1.0F -1.0F
-1.5F -1.5F
Fourier series approx using 7 terms Fourier series approx using 8 terms
15F 1.5F
1.0F 1.0F
05F 05F
—_ I\ L Sy | v/\ . L \/A
T\ A T :
0.5F 0.5F
-1.0F -1.0F
-1.5F -15F
Fourier series approx using 9 terms Fourier series approx using 10 terms
15F 15F
1.0F 1.0F
05F 05F
< v/\ N L VD= N v/\ N L A
AT A T
0.5F 0.5F
-1.0F -1.0F
-1.5F -15F

Figure 2.14: Fourier series approximation of f(x)
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fs[x_, max_] := Sum[nzi (Sin[nTn] - % nnCos[nTn]) Sin[nx], {n, 1, max}];
T

f[x_] :=Piecewise[{{x, Abs[x] < Pi/2}, {@, True}}];
makePlot[n ] :=Plot[{f[x], fs[x, n]1}, {x, -Pi, Pi},
PlotStyle » {Blue, Red}, AxesLabel » {"x", None},
PlotLabel -» Row[ {"Fourier series approx using "
ImageSize - 300,
Ticks » {Range[-Pi, Pi, Pi/ 2], Automatic}
15
Grid[Partition[Table [makePlot[n], {n, {1, 2, 3, 4,5, 6, 7, 8, 9, 10}}1, 2],
Frame - All]

,n, " terms"}],

Figure 2.15: Code used for the above plot

the following plot shows how the Fourier series approximate f (x) when it is periodically
extended to outside [-, r]. This uses the range [-37, 371] by adding one more period to left
and to the right.
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Fourier series approx using 1 terms

1.5

1.0

0.5

Fourier series approx using 2 terms

1.5

Figure 2.16: Fourier series of periodic extension f(x)
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£ e s 2 si nw 1 c nmw si 1 .
S[x_, max_] :=Sum n2_7r ( 1n[T] - £n7r OS[T]) in[nx], {n, ,max}],

f[x_] := Piecewise[{
{0, x< -5/2Pi},
{x+2Pi, -5/2Pi<x< -3/2Pi},
{0, -3/2Pi<x<-Pi/2},
{x, -Pi/2<x<Pi/2},
{0, Pi/2<x<3/2Pi},
{x-2Pi, 2/3Pi<x<5/2Pi},
{0,5/2Pi<x<3Pi}}];
makePlot[n ] :=Plot[{f[x], fs[x, n]1}, {x, -3Pi, 3Pi},
PlotStyle » { Blue, Red}, AxesLabel -» {"x", None},

PlotLabel -» Row[ {"Fourier series approx using
ImageSize - 300,
Ticks » {Range[-Pi, Pi, Pi/ 2], Automatic}
15
Grid[Partition[Table [makePlot[n], {n, {1, 2, 3, 4,5, 6, 7, 8, 9, 10}}], 2],
Frame - All]

,n, " terms"}],

Figure 2.17: Code used for the above plot

2.3.5 Problem 3.2.3

Find the Fourier series of sin” x and cos? x without directly calculating the Fourier coefficients.
solution
Using the known trig identity
sin?x = % - %cos (2x) (1)
And comparing the the above to the Fourier series expansion
sin®x = % + (ay cos (x) + a, cos (2x) + az cos (3x) + ---) + (by sin (x) + by sin (2x) + by sin (3x) + ---)
(A)

a 1 -1 . . .
Shows that EO =3 and a, = > and all other terms are zero. Because the Fourier series is

unique for a function, then (1) is the Fourier series for sin® x.

Similarly, Using the known trig identity

1 1
2. _
cos“x = = + = cos (2x 2
>+ 5 o5 (22) @
And comparing the the above to the Fourier series expansion (A), shows that az_o = % and
a, = % and all other terms are zero. Therefore (2) is the Fourier series expansion for cos? x.
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2.3.6 Problem 3.2.6

Graph the 27 periodic extension of each of the following functions (h) f(x) = Jl—( Which
extension are continuous? Differentiable?

solution

2.3.6.1 Part (h)

The original function f(x) = % is always taken from -m < x < 7 (before extending it
periodically). At x = 0 the function is not defined.

Figure 2.18: Plot of f(x) = %

Periodically extending it, it becomes (showing one extra period to the left and right) then
following

1/x extended

i
B -

4L

Figure 2.19: Plot of periodic extension of f(x) = %
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f[x_] :=Piecewise[{
{1/ (x+2Pi), x < -Pi},
{1/x, -Pi< x< Pi},
{1/ (x-2Pi), Pi< x}
115
Plot[f[x], {x, -3Pi, 3Pi}, Ticks » {Range[-3Pi, 3Pi, Pi], Automatic},
AxesLabel -» {"x", "1/x extended"},
GridLines » {Range[-3Pi, 3Pi, Pi], Automatic},
GridLinesStyle - LightGray, PlotStyle - Red, AspectRatio - Automatic]

Figure 2.20: Code for the above plot

Looking at the above plot shows the extension is not continuous and also not Differentiable
due to jump discontinuities.

2.3.7 Problem 3.2.9

Suppose that f(x) is periodic with period T (using T instead of [ as in book as it is more
clear). Prove that for any a (a) [* f (x)dx = f F(®)dx. (b) LT Flx+aydy = LT F ) dx

solution

2.3.7.1 Part (a)

a+T

[ feodx £ Fx

f:+Tf(x)dx—fon(x)dx: (LTf(x)dx+f:+Tf(x)dx)— (foaf(x)dx+f;f(x)dx)

Simplifying the RHS above gives
a+T T a+T a
dx — dx = dx — d 1
fa F(x)dx fof(x)x fT F () dx fof(x)x (1)

But

a+T a
f f(x)dx:f Flx+ T)dx )
T 0

To show how Eq(2) was derived: Let u = x - T. Then du = dx. When x = T then u = 0. When
x =a+T then u = a. Hence frﬂ” f(x)dx = La f(u+T)du. But u is arbitrary integral variable.

Renaming it back to x gives that LHT fx)dx = K fx+T)dx.

Now, substituting (2) back into RHS of (1) gives
a+T T a a
dx — dx = T)dx - d
[ fwar [ f@ar= [ fernac [ f@a
:fof(x+T)—f(x)dx
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But since f (x) is periodic, then f (x + T) = f (x). Therefore the RHS above is zero.
a+T T
f f(x)dx—f F)dx =0
a 0

faHTf(x)dx:fOTf(x)dx

Which is what the problem is asking to show.

2.3.7.2 Part (b)

Starting by rewriting £T f (x +a)dx as the following. Let u = x + a. Hence du = dx. When

T
x = 0,u = a and when x = T,u = a + T. The integral becomes fa+ f (u)du. But now u is
a
arbitrary integration variable. Renaming is back to x then we obtain that

T a+T
f f(x+a)dx:f £ () dx 1)
0 a

Now, to show that main result, considering

j(;Tf(x+a)dx—fOTf(x)dx:faHTf(x)dx—fOTf(x)dx

Where in the above, (1) was used to obtain RHS. The above can now be written as

a+T

fa f(x)dx

J;Tf(x+a)dx—jjf(x)dx: (ﬁTf(x)dx+LT+af(x)dx)—LTf(x)dx

But £_T+a fx)dx = La f (x)dx since f (x) is periodic with period T. The above now becomes

fOTf(x+a)dx—f0Tf(x)dx:(LTf(x)dx+j:f(x)dx)—j:f(x)dx

:fOTf(x)dx—fOTf(x)dx
=0

Therefore LT fx+a)dx = VET f (x)dx which is what the problem is asking to show.

2.3.8 Problem 3.2.25

. 0 <

(a) Sketch the 27t periodic half-wave f (x) = S SYST . (b) Find its Fourier series.
0 -n<x<0

(c) Graph the first five Fourier sums and compare the function. (d) Discuss convergence of

the Fourier series.

solution
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2.3.8.1 Part (a)

Figure 2.21: Plot of f(x)

f[x_] :=Piecewise[{{Sin[x], @< x < Pi}, {0, -Pi< x<0}}];
Plot[f[x], {x, -Pi, Pi}, Ticks » {Range[-Pi, Pi, Pi/ 2], Automatic},
AxeslLabel -» {"x", "f(x)"},
GridLines -» {Range[-Pi, Pi, Pi/ 2], Automatic},
GridLinesStyle - LightGray, PlotStyle - Red]

Figure 2.22: Code for the above plot

2.3.8.2 Part (b)

The Fourier series is given by

a) 21 . (27
fx)~—+ E a, cos (—nx) + a,, sin (—nx)
2 4 " T " T

Where T is the period of the function to be approximated. Taking this period to be 27, the
above simplifies to

Fx) ~ %0 + 3 4, cos (nx) + by, sin (nv)
n=1
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Hence
1 TT
ag = — f f(x)dx
=— f sin (x) dx
[ cos (x)];
—1
= = [cos )

= _—1 [cos () —1]

And
1 TT
a, = - J:nf(x) cos (nx) dx

1 TT
=— f sin (x) cos (nx) dx
TJo
Forn=1
1 TU
a, = — f sin (x) cos (x) dx
TTJo
=0
And forn > 1
1 TT
a, = — f sin (x) cos (nx) dx
TJo

Using sin Acos B = % (sin (A — B) + sin (A + b)), then sin (x) cos (nx) = % (sin (x — nx) + sin (x + nx)).
The above becomes

= on

= ! (fns1n(x—nx)dx+j(;nsin(x+nx)dx)

f sin (x — nx) + sin (x + nx) dx
0

2n
1 Tt 1 Tt
=5 ( — [cos (x — nx)]O 1 [cos (x + nx)]o)
1 1
E(l n[cos(n—nn)—1]+1+n[Cos(n—nn)—l])
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But cos (1 — nnt) = —cos (nm). The above becomes

a, = = (L[ cos (nm) — 1]+%[ cos(nn)—l])

cos (nn) +1 cos (nm) +1
1+n

T 2m (
((1 + 1) (Cos (nm) +1) + (1 — n) (cos (nm) + 1))

1
T o 1-n)1+n)
(1 + n) (cos (nm) + 1) + (1 — 1) (cos (n7m) + 1))

=)

((1 + n) (cos (nm) +1) + (1 — n) (cos (nm) + 1))

1
27

= ; (2cos(mn) + 2)

2m (1 - n2)

1
= gy ra—Y (1 — nz) (cos(mn) +1)

1+ (-D"

e (1 - nz)
For odd n = 3,5, --- then a,, = 0. For even n the above can be written as

2
4, = ———— n=246

n(l —n2)

Now b,, is found

= %j:f(x) sin (nx) dx
= % fo i sin (x) sin (nx) dx

Consider case n =1 first. The above gives
1 ™. 5
by = —f sin? (x) dx
TTJo
1 p71 1
=—f ———cos(2x)dx
T 2

:%( . x——f cos(2x)dx)

1 (1 1 [sm(2x)] ]
= —\|=-71— —
27 2| 2
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Forn>1

1 T
— f sin x sin (nx) dx
TTJg

S
2
Il

1 sin (nmn)
T n?-1
=0

Therefore the Fourier series is

Fx) ~ %0 + f] a, cos (1x) + b, sin (1x)

n=1
1 1. 2 &
= + 5 sin (x) + — n:2§4:6 1o cos (nx)
1 1 2 &
:—+—sin(x)+—2—2cos(2nx)
T 2 7Inzll_(zn)

2.3.8.3 Part (c)

Fourier series approx using 0 terms Fourier series approx using 1 terms

1.0

0.8f

06}

- I I f b * \

[ X
2 F Jig 8 s
-7 -= = by
-0.2F 2 - 2
Fourier series approx using 2 terms Fourier series approx using 3 terms

101 10F
08} 08k
06f 06f
04l 04l

02} 02}

AN N
X X
- I g n - I g n
2 2 2 2
Fourier series approx using 4 terms Fourier series approx using 5 terms
10} 1.0F
08l 08l
06f 06f
04l 04l
02} 02}
)N A
X
- I s T - I s T .
2 2 2 2

Figure 2.23: Plot of Fourier series approximation and f(x)
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1

1 2
fs[x_, max_] := — + — Sin[x] +—Sum[ Cos[2nx], {n, 1, max}];
T 2 7 2

1-(2n)
f[x_] := Piecewise[{{Sin[x], @< x < Pi}, {0, -Pi< x<0}}];
makePlot[n_] := Plot[{f[x], fs[x, n]}, {x, -Pi, Pi},
PlotStyle » { Blue, Red}, AxesLabel -» {"x", None},
PlotLabel -» Row[ {"Fourier series approx using ", n, " terms"}],
ImageSize - 300,
Ticks - {Range[-Pi, Pi, Pi/ 2], Automatic}
15
Grid[Partition[Table [makePlot[n], {n, @, 5}1, 2],
Frame -» All]

Figure 2.24: Code for the above plot

2.3.8.4 Part (d)

The function f (x) is piecewise C! continuous over -7 < x < 7. Therefore the 27 periodic
extension is also piecewise C! continuous over all x. There are no jump discontinues (only
corner points). The Fourier series converges to f(x) at each x € R. (If there was a jump
discontinuity at some x, then the Fourier series will converge to the average of f (x) at that
x, but this is not the case here).

2.3.9 Problem 3.2.27

(a) Find the Fourier series of f(x) = e*. (b) For which values of x does the Fourier series
converges? Is the convergence uniform? (c) Graph the function it converges to.

solution

2.3.9.1 Part (a)

For generality, the Fourier series for ¢ is found, then at the end a is set to be one. It is
assumed the period is 27.

oG S 2 (2
~ — 4+ - +b .
e 5 nzzl a, cos nx n S nx

But T = 27t and the above becomes

a (o)
e o 20 Z a,, cos (nx) + b, sin (nx)
n=1
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Where
1 2
ag = + f(x)dx
2 T2
1 TU
=— e™dx
s -7t
1 [ex n
n [7]
1
— (AT _ p—am
— (e em)
But Em_ze_an = sinh (am) hence the above simplifies to
2
ag = — sinh (an)
na
And for n >0

T
1 r2 2
ay = = szf(x) cos (%nx) dx
2 T2
1 TC
== f e™ cos (nx) dx (1)

Let] = f " 6™ cos (nx) dx. Using integration by parts, f udv = uv— f vdu. Let u = cosnx, dv = e**
~Tl

enx .
then v = 7,du = —nsin (nx). Hence

I:uv—fvdu

eax n 7T
=|cos(nx)—| +— f e™ sin (nx) dx
a a

-7t

-7t

n 7T
+ — f e™ sin (nx) dx
a

=Tt

arf e—ﬂT[
= [cos (nmt) — — cos (nm)
a a

AT _ ,—am T

= (-1)" [L] I f e sin (nx) dx
a ald_,

_2(-D)" [e”” —e

2

n 7T
] + — f €™ sin (nx) dx
a -7

a

2(-1)" m
= (a) sinh(an)+§f €™ sin (nx) dx

=Tt
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Applying integration by parts again on the integral above. Let u = sinnx,dv = ¢* then

e
U= 7,du = ncos (nx) and the above becomes

2(-1)" ax\" n
[= 1) sinh (am) + I [(sin nxe—) _z f e™ cos (nx) dx)
a a al —aJdy

0
2(-1)" 1 T
1) sinh (am) + I [— (sin (nm) e*™ + sin (n7m) e=47) — I f e cos (nx) dx]
a ala aJd_,
_1 n 2 i
) sinh (am) - % f e cos (nx) dx

—Tt

But f " e cos (nx)dx = I, the original integral we are solving for. Hence solving for I from
Tt
the above gives gives

2(-1)" 2
= ( )Sinh(un)—n—zl
a

% sinh (am)

_ 2a (-1)" sinh (am)
B a2 + n? @
Using (2) in (1) gives

1 7T
a, = - f e"™ cos (nx) dx
a 2 (-1)" sinh (am)
== (3)

T a2 + n?

Now we will do the same to find b,
T
1 2 . [2m
b, = T j:gf(x) Sm(Tnx) dx
2

1 TC
= — f e™ sin (nx) dx (4)
s -7t

74



2.3. HW 3 CHAPTER 2. HWS

Let] = f " 6™ sin (nx) dx. Using integration by parts, f udv = uv — f vdu. Let u = sin (nx) ,dv =

eﬂx
e™ then v = 7,du = ncos (nx). Hence

I:uv—fvdu

ox I n e
= [Sin (nx) —] - = f e cos (nx) dx
a| aJd_g

0

etm —aTt n 7T
= |sin (nmt) — — sin (nm) ] - — f e™ cos (nx) dx
a a aJd_,

n s
=—— f e cos (nx) dx
a =T

Now we apply integration by parts again on the integral above. Let u = cos nx,dv = ¢** then

ax

e .
v= T,du = —nsin (nx) and the above becomes

ax\ 7 s
I= I [(cos (nx) e_) + I f e™ sin (nx) dx]
a a aJ_,

-7

1 7T
i (cos (nm) ™™ — cos (nm) e™™) + g f €™ sin (nx) dx)
-

cos (nm) (e — e ") + Z f €™ sin (nx) dx)

=Tt

cos (nmn) (%) + Z f e™ sin (nx) dx)

Il
|

RN QDN Q=D

QI I I

—

7T
cos (nm) sinh (am) + Z f e™ sin (nx) dx)

2 2
=~ (-1)" sinh (am) - = f ¢ sin (nx) dx
a a e

But f " ¢% sin (nx) dx = I. Hence solving for I gives
~T

2 2
I= -2 (-1)"sinh (am) - =1
a a

I+ Z—EI = —i—z (-1)" sinh (an)
1(1 + Z—i) = —i—z (-1)" sinh (an)
- % (-1)"sinh (an)
1+ Z—i
I= —% sinh (an) (5)
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Using (5) in (4) gives

1 7T
b, =— f e™ sin (nx) dx
T T

C12n(-D)"
T2 +n?
Now that we found 4y, a,,, b,, then the Fourier series is

sinh (am)

a (o)
PC O Z a, cos (nx) + b, sin (nx)

2 n=1
i sinh (117'() & a2(-1)"sinh (an) 12n ( 1)" :

~ 2 pr; os (nx) — — P sinh (a7) sin (nx)
W — sinh (an) E 2 1)” 5 (a cos (nx) — nsin (nx))

~ sinh (gr()( — Z 22(:)2 (a cos (nx) — nsin (nx)))

~ M (ﬂ + 112:1 ﬁ (a cos (nx) — nsin (nx)))

When a =1 the above becomes

_ 2sinh (7’() ( i 2 (cos (nx) — nsin (nx)))

2.3.9.2 Part (b)

The 27 periodic extended function shows it piecewise C! over all points except at the
points x = ---, =57, -3, 71,37, 57, ---. These are points at the ends of the original domain. At
these points, there is a jump discontinuity. Therefore the Fourier series at these points will
converge to the average of the 27t periodic extended e*. Due to the jump discontinuity Gibbs
phenomena shows up at these points. This also means that the convergence is not uniform.

2.3.9.3 Part (c)

The following is a plot showing the convergence using different number of terms in the
above sum. This shows the Fourier series converges to ¢* at all points inside the interval,
except at the end points x = —7t, = where it converges to the average of f (x).
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Fourier series approx using 0 terms Fourier series approx using 3 terms
251 251
20 20
15 15
10 10
5 5
S
I Y N w
Fourier series approx using 6 terms Fourier series approx using 9 terms
250 25

N X f\v,\ X
7T N/ T -7T L s
Fourier series approx using 12 terms Fourier series approx using 15 terms
251 251
20 20
151 15
10 10
51 5
A P Ly Ao et [
—JTV T —ﬂ\/ s

Figure 2.25: Plot of Fourier series approximation and f(x)

padIt2[v_, f List] := AccountingForm[v, f, NumberSigns » {"", ""},

NumberPadding - { » " "}, SignPadding - True];

fs[x_, max_] := % (% +Sum[% (Cos[nx] -nSin[nx]), {n, 1, max}]);

flx_] := Exp[x];
fp[x_ ] := Piecewise[ {{f[x+2Pi], x < -Pi}, {f[x], -Pi < x < Pi}, {f[x-2Pi], x> Pi}}];
makePlot[n_] :=Plot[{f[x], fs[x, n]}, {x, -Pi, Pi},
PlotStyle » { Blue, Red}, AxesLabel » {"x", None},
PlotLabel - Row[ {"Fourier series approx using ", n, " terms"}],
ImageSize - 300,
Ticks -» {Range[-Pi, Pi, Pi], Automatic},
PlotRange » {{-1.1Pi, 1.1Pi}, {-4, 25}},
GridLines -» {Range[-Pi, Pi, Pi], Automatic}, GridLinesStyle - LightGray
15
Grid [Partition[Table [makePlot[n], {n, {O, 3, 6, 9, 12, 15}}], 2],
Frame - All]

Figure 2.26: Code for the above plot
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2.3.10 Problem 3.2.30

Suppose a, by are the Fourier coefficients of the function f (x). (a) To which function does
the Fourier series

%o + 2 ay cos (2kx) + by sin (2kx)

2
k=1
Converge? (b) Test your answer with the Fourier series (3.37) for f (x) = x.
XNZ(Sinx_sin2x+sin3x_sin4x ) (3.37)
2 3 4

solution

2.3.10.1 Part (a)
Let

g(x) ~ % + ;::1 ay cos (2kx) + by sin (2kx)

f@~%+2@mmm+mmw@
k=1

Then g (x) has as its period half the period of f (x). This is because when 2kx = 2?ﬂkx then

T = = and when kx = ZFka then T = 27.

Therefore, if f(x) has fundamental period as —-m < x < m, then g(x) has a fundamental
period as —g <x< g And since f (x), g (x) have the same Fourier series coefficients, then

g (x) converges to 2f (x) but only over —g <x< g

2.310.2 Part (b)

Let f (x) = x whose we are given that its Fourier series is

. sin2x sin3x sin4x
f(x) ~2|sinx - + -
2 3 4
2 1
= 2sinx —sin2x + gsin?)x— > sindx + ---

2(_1)k+1

The above says that a; = 0 and by = - Hence

) k+1

2(-1
fm~2() sin (kx)

k=1
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Therefore g (x) will converge to

g(x) ~ L;—O + kgl ay cos (2kx) + by sin (2kx)

00 2 _1 k+1
2 ) sin (2kx)
k=1 k

=2 (+1)sin (2x) + _72 sin (4x) +

2(+1)
3

-2
sin (6x) + T sin (8x) + ---
. . 2 1 .
= 2sin (2x) — sin (4x) + 3 sin (6x) — 5 sin (8x) + ---

Over —g < x < =. To verify the above, we will now find 4y, b directly for x but using T =
and not T = 27 to see if the above Fourier series is obtained.

2 z

2
aoz—f xdx

nJ_r

2

=0
And

2 T
a; = —fz x cos (2kx) dx
TTJ_T
2
Since x is odd function and cos is even, the product is odd. Hence a; = 0.

7 T

by = —fz xsin (2kx) dx
TTJ_I
2

4 T
-z fz xsin (2kx) dx
TJdo

B 4k2

_4 (—kn cos (k7) + sin (kn))
T

= % (—kt cos (km))

:%cos(kn)
_ Tl
==

_ (_1)k+1
k

Therefore
g(x) ~ % + Z ay. cos (2kx) + by sin (2kx)
k=1

k

= sin (2kx)
k=1
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2.3.11 Key solution for HW 3

Homework 3 Solutions
3.1.2

(a) exp(—n2t)sinnz forn=1,2,....

(b) exp[f (n+ %)215} sin(n+ %) zforn=0,1,2,....

3.15
5. (a)
A Eigenfunctions Eigensolutions
2 2
A=—w?-1<-1 cosSwzT, Sinwz e” WDt oz e~ W DGy
A=-—1 1, = et e iz
A= w2 —1>-1 ewa:, e~ wT e(wz—l)t+w:c’ e(wz—l)t—wm

2 2
(b) et e (n +1)tcosn$, e~ (M1 sinnz, forn=1,2,3,....

3.2.1d
2 o0
k
* (d) T+ 3 (-)FEEE
k=1
3.2.2d
2 = (—1)Ysin(2j+ 1)z
d) = :
() ™ jZ::U (2.7+1)2
3.2.3

Solution: sin®z ~ % - %cos 2z and cos® x ~ % + %cos?r.
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3.2.6h

(h)

\ \ 1 not continuous.

3.2.9
(a) a+£f £ a a+t
[ t@de= [ f@)do— [ f@)de+ [ f(z)da. (+)
But, applying the change of variables y = ¢ — /£,
[ t@yda= [+ 0dy = [ fw)dy,
£ 0 0

which follows from the periodicity of f. Thus, the second and third integrals in (%)
cancel, which establishes the result. Q.E.D.
(b) Using the change of variables y = = + a and part (a),

foef(ﬂa)dw = f:Hf(y) dy = foef(m)dm.

3.2.25
o 1 1., =, cos2jx
b ~ 4= _z )
(a) =3 -2 -1 1 2z 3 ( ) f(m) ™ Jr 2 s i jzz:l 4]2 - 1
(c) — V\

1 2 3 1 2 3 -3
1 1]
C-SA 0.5/—\
-1 1 2 3 - - 1 2 3
0.5
-1

The maximal errors on [—, 7] are, respectively .3183,.1061, .06366, .04547, .03537, .02894.
(d) The Fourier series converges (uniformly) to sinz when 2kw < z < (2k + 1) 7 and to 0
when (2k — 1)w <z < 2kw for k=0,+1,£2,....
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3.2.27
= sinhw  2sinh7 & k coskx —ksinkzx
~ —1 D ——
(@) e T + T kgl (=1) 1+ k2
(b) The Fourier series converges for all real x to the 27—periodic extension of €, with val-
ues coshm = %(e7T +e ™) at the discontinuities at £ = =, +3m,.... The convergence

is not uniform because the limiting sum is not continuous.

(c) T

3.2.30

(a) If f(z) is the 27—periodic extension of f(z), then the Fourier series converges to f(2:),
which is the m—periodic extension of f(2z).

(b) The Fourier series 2 (sin 2z — % sindz + % sin6x — --- ) converges to the m—periodic
extension of the function ?(:D) = 2z for —%ﬂ' <z < %'n, or, equivalently, the 27—
20z+m), —T<T<-—3m,
0, r== %ﬂ',

periodic extension of f(z) = 1 1
2z, —ZT <z < 3T,

2z —7), sm<z <.
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24 HW 4

Local contents

241  Problem 3.2.34 . . . . . . .. e 83
242 Problem 3.2.37 . . . . ... 83
2.4 Problem 3.2.40al. . . . . . . . . .. e 86
2.4.4 Problem 3.2.54] . . . . ... e 88
2.4.5  Problem 3.2.600 . . . .. ... ... 90
2.4.6  Problem 3.3.20 . . . . . . . .. 91
[2.4.7 Problem 3.4.3 (b,d)|. . . . . .. ... 94
2.4 Problem 3.4.41 . . . . . . . .. 101
2.4 Problem 3.4.5l . . . . . . . .. 104
[2.4.10 Problem 3.5.5 (a,f,i)] . . . . . . . . .. ... 110
[2.4.11 Problem 3.5.7 (b,d,f)|. . . . . . . . ... 111
2412 Keysolutionfor HW 4. . . . .. ... ... ... ... .. .. ... .. .. ... 113

241 Problem 3.2.34
If f(x)is odd, is f’ (x) (i) even? (ii) odd? (iii) neither? (iv) could be either?
solution
Answer is (i), even.
Proof: Since f (x) is odd, then by definition
f)=-f(=x)

For all x in the domain of f (x). Taking derivatives w.r.t. gives

[r] =[-f 2]
Applying the chain rule to RHS gives —f’ (-x) (1) = f" (-x) and the LHS gives f’ (x). Hence

the above becomes
f(x) = f"(-x)

But by definition g (-x) = g (x) implies an even function. Hence the says that f’ (x) is an even
function.

2.4.2 Problem 3.2.37

True or False. (a) If f(x) is odd, its 2r periodic extension is odd. (b) if the 27 periodic
extension of f(x) is odd, then f (x) is odd.

solution

2421 Parta

True.
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To show this, will use an illustration. In this illustration, and to reduce confusion, let f (x)
represents the original odd function defined over - < x < 7 and let g (x) represents the 27
periodic extension of f (x). For illustration, used the odd function f (x) = x.

f@ g(x) (periodic extension of f(x)

AP

|

|

|

! .
» T axis

m 2m 1 37

|

|

|

Figure 2.27: Showing f(x) and its 27t extension

To show that g (x) is odd, we pick any point x and now we need to show that g (-x) = —g (x)
or g (x) = —-g(—x).
On the right side of the x axis, g(x) = f (x —n(2w)) where n is positive integer due to the

21t extension. In the above illustration n = 1 but it can be any positive n. Let the point
x —n(2m) = z. Hence now we have the following diagram

f(z) = g(2)
1) 9(@)
/C _ 2nm /
é* i » I axis
33 /27 -7 0 AT 2m T T T

z=x —n(2m)

Figure 2.28: showing g(x) = f(x - 2nm)

Where f (z) = g (x). But we are given that f (x) is odd. Hence f (z) = —f (—z). On the negative
side of the x axis, we do the same we did on the positive side. Since the left side of f (x) was
also 271t extended, then g (—x) = f (-x + n (2n)) = f (-2)
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T axis

z=1x—n(2m)

Figure 2.29: showing g(-x) = f(-z)

In conclusion, from the above we see that

g(=x) = f(-2)
But f(-z) = —f (z) since f is odd. Hence the above becomes
g(=x)=-f(2)

But f (z) = g(x) as shown in the first illustration, hence the above becomes

g(-x)=-g(x)
Which shows that g (x) is odd.

Since g (x) is the 27 periodic extension of f (x). This is what we asked to show.

2422 Partb

(b) True. Proof by contradiction. Since g (x) is odd, then we know that

8(-x) =g ()
We also know that by the 27t extension of f (x) that
f@) =g )

Where we are using the same diagrams from part (a). Where z = x — 2n7. Now, let us
assume that f (x) is even. Then this means that

fz)=f(-2)
But the 27t extension on the left side of the x axis, then we conclude that
g(=x) = f(-2)
Which means that
g(=x) = f(2)
=8 ()

But this means g (x) is even, which is a contradiction, since g (x) is odd. Hence f (x) can now
now be even.
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Only other choice is that f (x) is neither odd or even, or an odd function. Let us now assume

0
is neither. For example, take f (x) = * SrsT . Then following the above argument,
0 -n<x<0
we see that
g =f(2)

But now f (-z) = 0, then by 27t extension of the left, then g (-x) = f (-z) = 0. But this means
that g (-x) # —g (x) which is not possible since g (x) is odd. The only other choice left is that
f (x) is odd. Which is what we are asked to show.

2.4.3 Problem 3.2.40a

1
: : : . : x| < >7
Find the Fourier series and discuss convergence for (a) the box function b (x) = { 1 | |2
“m<lx| <7
2

solution

08+
06+
04

02r

Figure 2.30: plot of b(x)

a4y ~ :
b(x) ~ 24 Z a, cos nx + b, sin nx
2 n=1
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But %0 is the average of the function over its 2t domain. Hence %0 a2 _

1 TC
- f f (x) cos (nx) dx
1 _f”
—fz cos (nx) dx
wJ_ 1,
2

1
2 5T
—fz cos (nx) dx
T Jo

T

i [sin (nx)]g
T

2 . (nn)
—sin|—
n 2

And since the function is even, then all b, = 0. Hence

nr

1 & 2
b T2 + n . (_)
(%) 5 ngl — sin > COS nx

area b1d 1
and

2mn m 2

To verify the above solution, it is plotted against b (x) for increasing number of terms.

Terms =0
12¢

08
06

04F
0.2

Terms =2

Terms =4

"2 -02t

[T

Terms =6

Figure 2.31: plot of Fourier series approximation to b(x)
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p = Table[
Plot [{f[x], fs[x, max]}, {x, -Pi, Pi}, PlotStyle - {Blue, Red},
Ticks - {Range[-Pi, Pi, Pi/ 2], Automatic},
GridLines -» {Range[-Pi, Pi, Pi/ 4], Automatic},
GridLinesStyle - LightGray,
PlotRange » {Automatic, {-.2, 1.2}},
PlotLabel » Row[ {"Terms = ", max}]

1

{max, 0, 16, 2}
15
p = Grid [Partition[p, 3], Frame - All]

Figure 2.32: Code used for the above plot

Since there are jump discontinuities in the function b (x), this will cause Gibbs effect at those
points. This also implies that the convergence is not uniform. Fourier series will converge

to each x where the function is continuous, but it will converge to the average of b(x) at
those points where there is a jump discontinuity.

In this case at —% and % in the fundamental domain given as shown in the plots above. At

. . . 1
those points, Fourier series converges to 5

2.4.4 Problem 3.2.54

Prove that cothmnt = % +2 (

solution

The complex Fourier series of ¢* is

Where

! Loy L4 where cothx = S0 _ ¢
n\1+12 1422 = 1+32 > " sinhx = e¥—e ¥
N .
X = 1\1}1_r>n ¢, e 1)
* n=-N
1 " ,
Cp = — f e‘e " dx
2 J_;

1 T .
— _f ex(l—m)dx
2n J_,
1 ex(l—in) i
- 2n [ 1-in ]_n
1 1 . qn
_ X ,—inX
= oL,

1 1 . )
- : [ene—mn _ e—nemn]
2nl —in

But "™ = cos (nm) and also e = cos (nm) since n is integer. The above simplifies to

_ 1 cos(nm)
"T2n 1-in
88
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But ¢ — ¢™™ = 2 sinh (7). Therefore

1
¢, = L COSUM) o ()]
2 1-
1 cos (nm) sinh (1)
7 1-in
_ 1 cos(nm)sinh (n) (1 + in)
n 1-in 1+in
1 (1 +in)
== cos (nm) sinh (n) T
( 1)" (1 +in)
s
Substituting this back into (1) gives
N(-1)" 1
T T Y S )( “”)
N—>oo
n=-N
smh (7'() " (1 + m) pin
I\ll—rgo Z 1) Tim’

Atx=m

1 (e” +e™™) = cosh ()

1 (sinh (n) a (1 +in) ginm sinh (n) " (1 + in) pinm| _
E( T N—)oo Z ( 1) 1+n 2 " N—»m_z: ( 1) 1+7/l2 COSh(T()
1 sinh (7z) " (1 ) Jin a1+ m) inm|
5 (N_m 2 (-1) + hm Z (-1) " n2 = cosh ()
But ¢ = cosnm = (-1)" and e = cost = (-1)". The above becomes
1 sinh (7) o (1 + zn) o (1 + zn) B
i (N% :2 (-1) + lim n;N( 1) = cosh (1)
1sinh () { ,. (1+in) 1+ zn)
zn(%ghﬂﬂ%l = coh (@
sinh (71) N1+ lTl)
Jm _E osh (1)
sinh (7) { .. N 1 . N n 3
Tt (1\111—%0”:2: 1+n2+11\111—r>2on:§_:N1+n2 = cosh ()
But limy_,, Zn__N 1+n2 = 0 by symmetry. The above simplifies to
sinh () .. N 1
T Nl—rgo n_E_IN 1+ n2 = cosh(m)
Z cosh (7)
w1+ nz sinh ()
= coth (77)
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Therefore

th (n) ! i !

coth (n) = —
a1+ n?
1 41 > 1
=—|1+ +
n( nzz_ml+n2 §1+n2)
1 S 1
= (1+2§]11+n2)

n=

n

1 2&8 1
= — 4+ —

4 71;::11+n2

1

T

+2 ! + ! + 1 +
n\1+12 1+22 1+32

Which is what the problem asked to show.

2.4.5 Problem 3.2.60

Can you recognize whether a function is real by looking at its complex Fourier coefficients?

solution

Yes. If complex Fourier coefficients come in conjugate pairs such that c_, = ¢, and ¢j is

real. (cy should always be real, since this represents the average energy at the zero (D.C.)
frequency, hence must be real quantity).

f(x): E Cneinx

n=—oo

-1 00
=co+ E c,e™ + Z ce™
n=1

n=-00
[e¢] [o¢]

=co+ Z C_p,em™ + Z c,e™
n=1 n=1

(0]
=co+ Z (c_ne‘””‘ + cnem")
n=1

Now, If c_, = ¢,, then the above becomes

(o]

f(x)=co+ Y, Cae ™ + cpe™
n=1

But (ae‘i”x + cnei”x) is real. (This could also be written as c,e=* + ¢,"* which now looks
like standard z + z in complex numbers). Hence f (x) is real.
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To show this, here is an example. Let ¢, = a + ib, then c_, = a — ib. Therefore

Cae M + c,e™ = (a + ib)e™™ + (a + ib) €™~
= (a —ib) e + (a + ib) "™
(ae‘i”" - ibe‘i”") + (aei”x + ibeim‘)

a (einx + e—inx) + bi (einx _ e—inx)

a (cos nx + isin nx + cos nx — isin nx) + bi (cos nx + i sin nx — cos nx + i sin nx)

a (2 cos nx) + bi (2i sin nx)

= 2acosnx — 2bsin nx

Which is real value. Therefore if each ¢, is a complex conjugate of c¢_, (with cy real) then
f (x) will be a real function.

2.4.6 Problem 3.3.2

Find the Fourier series for the function f (x) = x°. If you differentiate your series, do you
recover the Fourier series for f” (x) = 3x?? If not, explain why not.

solution

The function f (x) over —-m < x < 7t is

f(x)
30}

&1
NS -
=
[~

>

Figure 2.33: Plot of x*

We see right away that differentiating term by term the Fourier series for the above function
could not be justified. Even though the function x® has no jump discontinuity inside -7 <
x < m, which is good, it still fails the other test which requires that f (-n) = f (7) for the term
by term differentiation to be justified. This is because the 2t extension will now have jump
discontinuities in it. The conditions under which the Fourier series for a function can be
term by term differentiated are

1. f(x) is piecewise continuous between -7 < x < 7r with no jump discontinuities.

2. f(-m) = f ()
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The function given fails condition (2) above. This explains why differentiating the Fourier
series of x*> will not give the Fourier series of 3x2. Now we will show this as required by the
problem.
To find the Fourier series of x, since it is an odd function, then we only need to find b,
1 TC
b, = — f x3 sin (nx) dx
T -7

Since x° is odd, and sin is odd, then the product is even, and the above simplifies to
2 TT
b, == f x3 sin (nx) dx
TJo

Integration by parts., Let u = x°,sin (nx) = dv. Then du = 3x%,v = —% cos (nx). Then [udo =
uv — f vdu gives

2( 1 1
b, == ——[x3 cos (nx)]n+— f 3x2 cos (nx)dx)

n\ n 0 nJy
2( 1 3 ("

-z ——[n3 COS(nn)]+—f x2 cos (nx)dX)
w\ n nJo
2( 1 3 ("

= 2=z [n3 (—1)”]+ —f x? cos (nx) dx)
w\ n nJo
2(-1)"m?

6 TC
=+ — f x% cos (nx) dx
n nrtt Jo

Integration by parts again. Let u = x2, cos (nx) = dv. Then du = 2x,v = % sin (nx). Then using
fudv = uv - fvdu the above becomes

b, = _W n 6 (l [xz sin (nx)]g - %fnxsin (nx) dx)

n nm\n 0
2(-1)" ? 6 2
:—u+—(——f xsin(nx)dx)
n nn\ nJdy
2(-1)"'m? 12 7
=— () = - = fxsin(nx)dx
n neT Jy

. . o _ | .
Integration by parts again. Let u = x,sin (nx) = dv. Then du =1,v = — cos (nx). Then using
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fudv = Uv — fvdu the above becomes

—_1)* +2 _ i
_2( 111) T _,,112271 (71 [xcos(nx)]g+%fo cos(nx))

_2(—1)” 2 12 (—_1 [t cos (n70)] + 1 [sinnx] ]
n nl n |

b, =

n n2n
2(-1)' 2 12 (-1 .
=- -—(=[r
n n?n\n [n( )]
2(-1)"m?2 12
S 2, 12y
n n3n
22(-1)"r2r? +12(-1)"
= 3
-2(-1)" (-6 + n?n?)
Hence
o 2(-1)" (=6 + n?n?) |
x3 ~ 2—11 -~ (n3 ) sin (nx) (1)

Now we apply Term by term differentiation to the RHS above and obtain

. i n(_ 2 9 ’/ o 1 n(_ 2.2
2_2( ) (n§+n i )sin(nx)) = 2_2( ! (n2+” - )cos(nx)
n=1 n=1
_ i 12(-1)" - 22(_1)n n’n cos (nx)
n=1 n
=y (12 51_21) -2(-1)" 712) cos (1nx) (2)
n=1

And differentiation of LHS of (1) gives
(x3)/ = 3x2
Let us now find the Fourier series for 3x? and see if it matches (2). Since x
only have a, terms
1
ag = —f
Tt

g
<],

- ]

[n3 + 7'(3]

2

2 is even, it will

3x2dx
TT
7T

A=A~ A= Alw

Il
N
3
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And
3 TU
a, = —f x? cos (nx) dx
Tt —Tt
12 (<1)"
Therefore the Fourier series for 3x? is
., Q12(A)
3x% ~ ° + 21 2 cos (nx) (3)
n=

Comparing (2,3) shows they are not the same. (2) has an extra term -2 (-1)" 7 inside the
sum and it also do not have the added 7 term outside the sum. The explanation of why
that is, is given earlier in the solution.

2.4.7 Problem 3.4.3 (b,d)

Find the Fourier series for the following functions on the indicated intervals, and graph the
functions that it converges to. (b) x? — 4 over -2 < x < 2. (d) sinx over -1 < x < 1.

solution

2471 Part (b)

Figure 2.34: Plot of x? — 4
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The function x?> — 4 is even. Hence all b, terms are zero. The period now is T = 4.

1 2
aozifz(xz—ll)dx

And

1 2 2
ay =5 f (22— 4) cos (Tnnx) dx
-2

But T = 4, hence the above becomes

1 2 e
_ 2
a, = Ej:z (x —4) cos (Enx)dx

2

= j;) (xz - 4) cos (gnx) dx
2 2

= f x% cos (Enx) dx — f 4 cos (Enx) (1A)
0 2 0 2

Looking at the term £2 x? cos gnx) dx, applying integration by parts. Let u = x?,dv =

cos (gnx). Then du = 2x,v = % S

2 2 2 2 2
f xzcos(znx)dx: xz—sin(znx) - | 2x— sin(znx)dx
0 2 n 2 , Yo T 2
0
2 4 27
= —|4sin(nn) -0 ——f xsm(—nx)dx
nm i J 2

4 2 (n
= ——f x sin (—nx) dx
m 0 2

in (gnx). Then using fudv =uv - fvdu gives
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Applying integration by parts again. Let u = x,dv = sin (gnx). Thendu=1,v= ;—i Ccos (gnx)
then the above becomes

2, T 4 [-2 e 2 2 2 T
f X cos(—nx)dx:—— —[xcos (—nx)] —f —cos(—nx)dx
0 2 nn | In 2 g Jo Tn 2

4 |2 2 (2 T
=—— [— [2 cos (rtn) — 0] + — f coS (Enx) dx]

0

n | n

The above takes care of the first term in (1A). The second term in (1A) is
2 2
T 2 . (m
4f coS (—nx) =4|—sin (—nx)
0 2 nrt 2 0
= — |[sin|=n
nr T 2™ o

=0

Using (1B,1C) results back in (1A) gives a, as
16 "
ay = W (-1)

Therefore the Fourier series is

8 «& 16
x2—4~——+2—( -1)" cos(nnx)
3 nlnn 2

~ == 712 Z ( 1) COS(NTZX)

(1B)

1C)

The following shows how the above Fourier series converges for increasing number of terms.

The convergence is uniform convergence.
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Figure 2.35: Plot of Fourier series for x? — 4

ClearAll[f, x, n, max];
flx ] :=x"2-4

fs[x ,max ] :=-8/3+ E Sum[ (1" Cos[z nx], {n, 1, max}]
- - n? n2 2
p = Table[
Plot[{f[x], fs[x, max]}, {x, -2, 2},
PlotStyle » {Blue, Red},
GridLines » {Range[-2, 2, 1/4], Automatic},
GridLinesStyle - LightGray,
PlotRange -» {Automatic, {-4.4, .2}},

PlotLabel » Row[ {"Terms = ", max}]

]

]

{max, @, 6, 1}
15
p = Grid[Partition[p, 3], Frame - All]

Figure 2.36: Code used for the above Plot
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247.2 Partd

The function sinx is odd. Hence all 4, terms are zero. The period now is T = 2.

T
1 r2 . . [2n
by, = = fT sin (x) sin (Tnx) dx

2 2
1
= f sin (x) sin (7tnx) dx
-1

But the integrand is even, then the above becomes
1
b, =2 f sin (x) sin (rinx) dx
0

Integration by parts. Let u = sinx, dv = sin (nnx), then du = cosx,v = —% cos (mnx) and the
above becomes

by

1 1 !
2 (—— [sin x cos (nnx)]é + — f cos x cos (mnx) dx)
T m Jo
1 . 1 !
=2(-—1[sin(1)cos(nn)] + — f cos x cos (rnx) dx
T m Jy

_2 (— sin (1) (-1)" + fl COS X cOS (T1x) dx)
mn

0

- % (sin 1) (<) + f 1

€os x cos (mnx) dx)
0

Integration by parts again. Let u = cosx,dv = cos (nnx), then du = —sinx,v = % sin (7tnx)
and the above becomes
1

1

2 1 }—— 1
b, = —|sin(1) (—1)”Jrl +|— [cosxsin (mnx)| + — f sin x sin (7tnx)
T Tin n J

0

2 1 1
== [sin (1) (<)) + — f sin x sin (nnx))
mn n J

2 2 1
= sin(1) (-D)"! + —— f sin x sin (mtnx)
™ T“n 0
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1
But 2£ sin x sin (rtnx) = b,. Hence the above simplifies to

bn _ 2 P n+1
b, — oy Rl sin (1) (-1)

1 2 n+1
bVl (1 — W) = % Sin (1) (—1)
2 . n+1
— sin 1) (1)
1
1=z
2.2\ 2 . i+l
(n n )%sm(l)( 1)
2n? -1
_ 2nmsin(1) (—1)”Jrl
B 2n? -1

b, =

Hence the Fourier series is

o0
sinx ~ Z b,, sin (1tnx)
n=1

® 2nmsin (1) (1)

- E 2n2 -1

n=1
The following shows how the above Fourier series converges for increasing number of terms.
The convergence is not uniform since the function is odd. Hence there will be a jump
discontinuity when periodic extended leading to Gibbs effect at the edges.

sin (rtnx)

99



24. HW 4 CHAPTER 2. HWS

Terms =0 Terms =2 Terms =4
101 101 1.0
0.5} 0.5 0.5}
-1.0 -0.5 0.5 1.0 0.5 1.0 | -10 -0.5 0.5 1.0
-05F -05}
-1.0% -1.0% -1.0t
Terms =6 Terms =8 Terms =10
1.0 101 101
0.5} 0.5 0.5}
-10 -0.5 0.5 1.0 | -40 -0.5 0.5 1.0 [ -4.0 -0.5 0.5 1.0
-0.5F -05F -0.5F
-1.0% -1.0% -1.0t
Terms = 12 Terms = 14 Terms = 16
1.0 101 101
0.5} 0.5 0.5}
-10 -0.5 0.5 1.0 |-10 -0.5 0.5 1.0 | -1.0 -0.5 0.5 1.0
-0.5F -05F -0.5F
-1.0% -1.0% -1.0t

Figure 2.37: Plot of Fourier series for sin(x)
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ClearAll[f, x, n, max];
f[x ] :=Sin[x]
2 (-1)"nxSin[1]

fs[x_, max_] :=Sum[ —
n‘ x° -

Sin[nxnx], {n, 1, max}]

p = Table[
Plot[{f[x], fs[x, max]}, {x, -1, 1},
PlotStyle -» {Blue, Red},
GridLines -» {Range[-1, 1, 1/4], Automatic},
GridLinesStyle - LightGray,
PlotRange -» {Automatic, {-1, 1}},
PlotLabel - Row[ {"Terms = ", max}], AspectRatio -> Automatic
1
B
{max, 0, 18, 2}
15
p = Grid [Partition[p, 3], Frame - All]

Figure 2.38: Code used for the above Plot

2.4.8 Problem 3.4.4

For (b) x> —4 over -2 < x < 2. (d) sinx over -1 < x < 1 write out the differentiated Fourier
series and determine whether it converges to the derivative of the original function.

solution

2481 Partb
From Problem 3.4.3

8 16 & (1) (m
2
X —4~—§+ﬁn§:]17COS(E1’1X) (1)

Since the function x?—4 is uniform convergent, then we expect that the differentiated Fourier
series will converge to the derivative of the original function. The following calculations
confirms this.

Taking derivative of the RHS of (1) gives
8 16 & (-1)" 7\ 16 (m (D" . (&
(‘5 =P COS(E”’C)) = 2 0-(57) S n (5]

T
8 & (-1 n+1
== 2 D sin (gnx) (2)
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And taking derivative of the LHS of (1) gives
(-4) =2x (3)

We now need to show if the Fourier series of 2x gives the RHS of (2). Let us now find the
Fourier series for x, over -2 < x <2 (period T = 4). Since x is odd, then all 2, = 0.

1 2 2
b, = Eﬁzxsin(%nx)dx

5 [ oo (3w
= = XS | —nx)dax
2J, 2

. T .
But xsin (Enx) is even. The above becomes

2
bn:f xsin(znx)dx
0 2

. . (T -2 L
Integration by parts. Let u = x,dv = sm(znx), then du = 1,0 = — cos (Enx) and the above

becomes
-2 T 2 2 2 T
b, = — [xcos (—nx)] + — f coSs (—nx) dx
nm 2 gy nmJdy 2

2

-2 2
= [2 cos (nm)] + Ef

0

2
= i (—2 cos (nm) + f cos (Enx) dx)
nm 0 2

0
—_—

2 217, (T 2
= —|-2cos (nm) + — [sm (—nx)]
nr nmn 2

COS (znx) dx
2

0

2
= — (-2 cos (nm))
nm
-4
== (1)’
nm
Hence the Fourier series for x over -2 < x <2 is

4 (o) (_1)71+1 ' T
X ~ % Z " S1n (Enx)

n=1

Therefore the Fourier series for 2x is

8 0 (_1)n+1 ' e
2x ~ — sin | — 4
X E sin ( 5 nx) (4)

Comparing (4) and (2) shows they are the same. Hence term by term differentiation is valid
in this case.
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2482 Partd

From Problem 3.4.3, the Fourier series for sinx over -1 < x <1 is

mx~ 327D G 1) sin (o) 1)
SInx ~ —— S1Nl Sin (7tnx
22 -1

Since the Fourier series for sinx over -1 < x <1 is not uniform convergent, then we expect
that the differentiated Fourier series will not converge to the derivative of the original
function. The following calculations confirms this.

Taking derivative of the RHS of (1) gives

4 o) 2 _1 n
Z —nn% sin (1) cos (7tnx)
= nems -1

& 2nm (1) _
—————sin (1) sin (7tnx)
(nz::l n?n? -1

B 00 21’127—[2 (_1)7l+1

o sin (1) cos (7tnx) (2)

n=1

And Taking derivative of the LHS of (1) gives
(sinx)” = cosx (3)

So now we need to show that the Fourier series for cosx, over -1 < x <1 (period T = 2)
agrees with (2).

Since cos x is even, then all b, = 0.
1 T
ag = szT cos (x) dx
2 T2
1

= f cos (x) dx

-1
1
=2 f COs xdx
0
= 2[sin (x)]é
=2sin(1)
And
T
1 2 21
a, == fT COS X COS ?nx dx
2 T2
1
= f cos x cos (rnx) dx
-1
1
= 2f cos x cos (rnx) dx
0
Integration by parts. Let u = cosx, dv = cos (nmx), then du = —sinx,v = % sin (nmx) and the
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above becomes
1 . 11 b .
a, =2|— [cosxsin (nnx)]0 + — f sin x sin (n7x) dx
T Tm Jy
1

_ 2 : 1
=— ([cosxsm (nmx)], + f

sin x sin (n7x) dx)
0

1

= % ([cos (1) sin (nm)] + f

sin x sin (n7x) dx)
0

1
=— sin x sin (n7mx) dx
m Jy

Integration by parts again. Let u = sinx, dv = sin (nmx), then du = cosx,v = ;—111 cos (nmx) and
the above becomes

-1 1 ol
a, = — (— [sin x cos (nnx)](l) + — f coSs x cos (nmx) dx)
n Tt Jo
2 1
= —— |- [sin (1) cos (nm)] + f cos x cos (nmx) dx
7121’12 0

2 2 1
=———(sin (1) (-1 n + _f d
= ) (sm( ) ( ) ) an . COS X COS (nnx) X

1
But 2 £ cos x cos (nmx) dx = a,,. Hence the above becomes

a?’l . n
== (sin (1) (-1)")
1 2sin (1) (1)
a, |1~ 252 = 252

2n? -1\ 2sin (1) (-1)""!
i ( 2n2 ) - 72n2

~ 2sin (1) (-1)""!
S |
Hence the Fourier series for cos(x) over -1 < x <1 is

o
ap
CoSX ~ — + 2 a,, cos (mnx)
n=1

, > 2sin (1) (=1)"*!
~ Sin (1) + E W

n=1
Comparing (4) and (2) shows they are not the same. Hence taking derivatives term by term
of the Fourier series was not justified as expected.

cos (1tnx) (4)

2.49 Problem 3.4.5

For (b) x4 over —2 < x < 2. (d) sinx over -1 < x <1 find the Fourier series for the integral
of the function.

solution
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2491 Partb
From Problem 3.4.3

(- 1) T
22 -4~-- nz z cos (Znx) 1)
Integrating the RHS of (1) gives

j(;(—— nzz( V' cos(n ))ds:—g xds+1—2i(;12)nj:cos(gns)ds

1
- xe 2 2 C gin (T @

Integrating the LHS of (1) gives

= — —4x (3)

3
Now we find Fourier series for x? —4x and compare it with the (2) to see they match in order
to see if term by term integration was justified or not above.

Let f (x) = = —4x for -2 < x < 2. This is an odd function. Hence only b, exist.
1 2 3
b, = 5 s (% - 4x) sin (gnx) dx
1 2 2
= —f x3 sin(znx) dx—Zf xsin (Enx) dx (4)
1), 2 5 2

. . 1 2 3 .. Tt . . .
Looking at the first integral above, 1 f_ ¥ sm(Enx) dx. Since the integrand is even, then
1 2 3 b d _ 1 2 3 T( . .3 s ¢
Zf_zx sm(Enx) dx = §£ x° sin (Enx) dx. Integration by parts. u = x°,dv = sin (Enx) then
2
du = 3x%,v = ——= cos (Enx). Therefore
nm 2

3 [ i (Gn)ae= 3 (- [ con (G [+ % [ 3o (G
2Oxs Snx)dx =5 nNXCOSZnXO nnoxcosznxx
1 2, T
=— —[8005(nn)]+3f X“ COS (—nx)dx
nrt 0 2
1 2
= —(8(—1)n+1+3f x? cos (Enx)dx)
TC 0 2

: =12 do = cos (T _ =2 (F
Integration by parts again. u = x°,dv = cos ( 2nx) then du = 2x,v = — sm( 2nx) and the above
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becomes
1 2 2 (2
f x> sm nx = —(8(-1)"" + [xzsm(nnx)] ——f 2xsin(znx)dx
2 nm nmn 2 g nmJdy 2
0
1 il . 2 2 . n
=—|8(-1) — [4s1n(7m)]0—2f xsm(—nx)dx
nrt 0 2
n+1 2 . Tt
8( 1) —f xsm(—nx)dx
nn T Jy 2
Integration by parts again. u = x,dv = sin (Enx) then du=1,v= % cos (%nx) and the above
becomes
1 2 1 12 -2 2 2 -2
- f x3sin (Enx) dx = — [8(-1)" - [x Ccos (nnx)] - f — cos (Enx) dx
2Jy 2 nm nm \nm 2 g Jo nm 2
1 12 (-2 2 (2
= —(8(-1)"-= ( [2 cos (n)] + — f oS (nnx) dx))
nm nm Jy 2
1
= —(8(-1)"! - ( 2(-1D" + cos( nx) dx))
nm 2
PR S
1 2
- [8( 1y - 2+ sin(znx)]
nm 2 o
1
=— (8 1"+ (
nmn
= ( 8(-1)" + —( 1) )
-8
= —( 1" —( 1" (®)

The above takes care of the first term in (4). The second integral 2 f_ zxsin (gnx) dx in (4) is

now found. Since integrand is even then

2 T 2 T
2f xsin(—nx) dx = 4f x sin (—nx) dx
2 2 0 2
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. . (T -2 e
Integration by parts. Let u = x,dv = sin (Enx), then du =1,0 = — cos (Enx), therefore

2 m -2 I 22 2 T
4f x sin (—nx) dx =4— [xcos(—nx)] + —f cos (—nx) dx
0 2 nm 2 g nmJy 2

0
—_—

4| 2 2008 (ren)] + — [sin 3 )]2
=4 — —— |sin| =
- COS\Ttn 1/127'(2 S znx S

) ;

= 4(E [2(-1) ])
16

=2
nm

= 0 (ay G
nm

Substituting (5,6) back into (4) gives

b, = }sz x3sin(znx)dx—2j:22xsin (gnx)dx
16 .
:(—< ' () )——n<—1>” 1
16
:(—( "+ —( 1)) —n(—l)n
= W(—l)n"'a(—l)n

3
. . X .
Hence the Fourier series for >~ 4x is

3 00

X (T
0 —4x ~ Z}lbn sin (Enx)
— [ 48 . 8 ) . (T
~ 2 (m -+ po (-1) )sm(Enx)

n=1
48 +8
SN s
6
-3 ”

Comparing (7,2) shows they are not the same. Hence integration term by term was not
justified. This is because the function x2 - 4 is not odd, hence its mean is not zero.

2492 Partd
From Problem 3.4.3, the Fourier series for sinx over -1 < x <1 is

sinx ~ i 2n7z( 1) ————sin (1) sin (7tnx) (1)
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Integrating the LHS of (1) gives

fx sin (s)ds = —[cos ()]
0
—[cos (x) — 1]
=1-cosx (2)
Integrating the RHS of (1) gives
2nn( 1) _ 2nm (-1)" cos (nms)
j; 2 P sin (1) sin (rtns) ds = ,;1 T (1)[ o ]0
o 2(-1
= E nz( > A sin (1) [cos (n7s)]

= 2 2 (ni)zzsm @ (cos (nmx) — 1)

2(- 1) sm(l) ~ 2( 1)

= - 1 3
Z cos (nmx) — sin (1) E 3 (3)
Let —sin (1) Zn 1 22( ;) T =m, which is a constant. The above becomes
& 2nm(-1)" < 2(-1)"sin(1
J; 2 %ﬁ_)l sin (1) sin (7tns) ds = ngl % cos (nmx) + m (4)
But m is the average of the integral of (2) which is, where T the period is 2, gives
T
1 2
= TJZI (1 - cosx)dx
2
1 1
= Ef—1 (1 - cosx)dx
1
=5 (x —sin x)i1
1
=5 (1 -sin(1) = (-1 —sin(-1)))
1
=3 (1 -sin(1) - (-1 +sin(1)))
1
=3 (2-2sin(1))
=1-sin(1)
Substituting this value for m back into (4) gives
— 2nm(-1 2(-1 1
f E :zni i sin (1) sin (nns)ds = (1 —sin (1)) + E —( ) Sm1< )cos (nmx) )

Now the Fourler series for (2) which is 1 — cos(x) is found to compare it to (5) above to
see they match in order to see if term by term integration was justified or not above. Since
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1 - cos (x) is even, then only 4, are not zero.

T

1 -_—
aO:szTl—cos(x)dx

2 T2

1
= f 1 —cos(x)dx
-1
=2-2sin(1)
And

a, = f_ 11 (1 — cos (x)) cos (nmx) dx

1 1
= f cos (nmx) dx — f cos (x) cos (nmx) dx
-1

=2 fl cos (nmx)dx — 2 fl cos (x) cos (nmx) dx (6)
0 0

The first integral in (6)

nrt

2f1 cos (nmx) dx = [
0

sin (n7x) ]1
0

1
= —sin (nn)
nmn

=0 (7)
The second integral in (6) is 2 f cos (x) cos (nmx) dx. Integration by parts. u = cosx,dv =
cos (nmx),du = —sinx,v = % Therefore
1 . 1 1 .
Zf cos (x) cos (nmx) dx = 2 [cos xw] +f sin xwdx]
0 nrt 0 0 nrt

0

1 1 !
=2|— [cosxsin (nnx)]é + — f sin x sin (n7mx) dx
nrt nrtt Jo

2 1
= — f sin x sin (n7x) dx
nm Jy

Integration by parts. u = sinx, dv = sin (nmx) ,du = cosx,v = *me) The above becomes

1 2 (-1 1 !
2 f cos (x) cos (nmx)dx = — (— [sin x cos (nnx)](l) + — f €0s x cos (nmx) dx)
0 nrit \ntt nrt Jo

2 (-1 1 1
=— (— [sin (1) cos (nm)] + —f cos x cos (nmx) dx)
nm \nn nn Jy

-2 2 1
= ——[sin(1) (-1)" | + —f x nmx) dx
7.7 [Sln( ) (1) ] 2 ), cos x cos (nmx)
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Moving the integral in the RHS to the left side gives

1 2 1 ]
2 f cos (x) cos (nmx)dx — —— f cos x cos (nmx) = — [sin 1) (—1)”]
0 1’127'(2 0 nZT(Z

2 1 -2
(2 - nZ_nz)j; cos (x) cos (nmx) dx = p [Sin @) (—1)n]
[sin (1) (-1)"]

1
(“m)

— (sin (1) (-1)"
_ (s 1)) ®

-1
! 22
f cos (x) cos (nmx) dx =
0

n?n? -1
Substituting (7,8) back into (6) gives
2sin (1) (-1)"
A
Hence the Fourier series for 1 — cos(x) over -1 < x <1 is
1—cos(x) ~ % + 2 a,, cos (nmx)
n=1
(2-2sin(1)) & 2(-1)"sin(1)
ST tUTpmg s
< 2(-1)"sin(1

~(1 —sm(1))+n§:]1 ]

Comparing (9) and (5), shows they are the same. This shows that integration term by term
was justified. This is because sinx is continuous and odd, hence its mean is zero. Then by
Theorem 3.20 it can be integrated term by term.

2.410 Problem 3.5.5 (a,f,i)

Which of the following sequence of functions converge pointwise to the zero function for all
x € R ? Which converges uniformly ?

@ -2 O -n@l g M<
a) =3 x—n| (1 % x> 1

solution

2410.1 Parta

2
Let £, (x) = —%. At x = 0 then f,,(0) = 0. And for x # 0 then, if we fix x at say x* and
increase n, then lim,_,,, f, (x*) = 0. Hence it converges pointwise for the zero function for

all x because for any x, we fix it and do the same as above, which goes to zero for that x.

For uniform convergence, it means that for any x we can find large enough 7 such that all
fu (x) are inside a tube, of some diameter < ¢ around the zero function. But since x is not
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bounded, then f, (x) can be as large as we want. So not possible to find n larger enough to
bound all f, (x) for all x x € R to be < ¢ from the zero function.

Hence not uniform convergent. The difference between this and the pointwise case earlier,

is that here n we find, should work for all x at the same time.

2410.2 Partf

Let f, (x) = |x —n|. At any x, lim,,_,, |x — n| is positive. By fixing x = x*, then f, (x*) this will
keep increasing as n increases. Hence not pointwise convergent to the zero function. There-

fore also not uniform convergent since uniform convergence implies pointwise convergence.

2410.3 Parti

At x = 0,f,(x) = 0. And for |x| < 1,limn_m$ — 0 since |x| < 1. Hence for |x| < 1 it

. . . . 1
converges pointwise to zero. For [x| > 1, by fixing x = x*, then lim,_,, — - 0 also. Hence
converges pointwise to zero for all x € R.

For uniform convergence, max |fn (x)| = % which is at x = 1. And max |fn (x)| — 0asn — oo,
Hence we could always find n which will make all f, (x) within ¢ from each others at any x
by increasing n. Hence uniform convergent

2411 Problem 3.5.7 (b,d,f)

Does the convergence of v, (x) converges pointwise to the zero function for all x € R ? Does
it converge uniformly?

1
1 n<x<n+l1 - n<x<2n
b) v, (x) = d) o (x)=¢ n
(b) 0, () {O otherwise (@ o @ {0 otherwise
22 -1 -f<x<?
f) v, (x) = n n
B o @ { 0 otherwise
solution

24111 Partb

This is a pulse width 1 that keeps moving to the right as n increases. All other values are
zero. Hence as n — oo, the pulse will move to co and all values will be zero. Therefore
converges pointwise. Since Max of v, (x) is 1, then it is not not uniform convergent since

for € <1, we can not bound v, (x) for all values for all x to be inside the tube around zero
function with width ¢ < 1.
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2411.2 Partd

n < x < 2n is a pulse that moves to the right, but its width also increases as it moves. It
height also decreases as it moves, keeping the area of the pulse 1 all the time. Fixing x at x*
the pulse will eventually become zero height at that x. Therefore converges pointwise to the

zero function.

. 1
For uniform convergence, max|v, (x)| = - and max|v, (x)) —» 0 as n — oo. Hence we could
always find n which will make all f, (x) within ¢ from each others at any x by increasing n.
Hence uniform convergent

24113 Partf

As n increases, the range where x is not zero becomes smaller around x = 0. The value of
v, (x) can be written as
v, (x) = n2e2mx —1
As x — 0 from either side, which what happens when n — oo, then v, (x) = —1. Hence it does
not go to zero at x = 0. Therefore not pointwise convergent. It follows that not uniform convergent

since uniform convergent implies pointwise convergent.
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2.412 Key solution for HW 4

Homework 4 Solutions
3.2.34

f!(z) is even.

3.2.37

(a) True. * (b) False. Only the restriction of f(z) to [—m, ] is odd. Its values outside
that range are irrelevant as far as its periodic extension is concerned.

3.2.40a

1.2 & (—1)cos(2j+ Dz
(a)2+7r].§] 2j+1 ’

riodically extended box function, namely to 1 when (2k — %) T<x< (Qk + %) m; to %
when ¢ = (k+%)ﬂ; and to 0 when (2k+%)7r <z < (2k+%)7r for k=0,+1,+2,....

the Fourier series converges non-uniformly to the pe-

3.2.54

We substitute = 7 into the Fourier series (3.68) for *:

. k : ™ - o]

1,7, —m sinhr & (=1)°(1+ik) jkr €' —e 2

1 = =& -° (1 .
(" +e™") 5 k:E_oc T e o + 57

which gives the result.

3.2.60

. (o) .
> cke””: ~ flz)=flx) ~ > QE_”” is real if and only if c_;, =T

o0 2
3 k(12 2« .
% ~ g:l( 1) (k3 ok )smkm.

Differentiation does not produce the series for 3z? because the periodic extension of z°
is not continuous, and so Theorem 3.22 doesn’t apply.
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3.4.3 b,d

16

s

+

o [ 11k
> ( 12) cos krz.
k=1 k

wloe

(b) —

V]

rksinkmx

oo
(d) 2msin 1 kgl (*1) m;

3.4.4 (for 3.4.3 b,d)

4. The differentiated Fourier series only converges when the periodic extension of the function
is continuous:

8 2 (-1 | knz e .

= > ) sin T: converges to the 4-periodic extension of 2;

T
k=1

(b)
o0 & k‘Q

“(d) 27%sinl —1)"———=—=coskmz:

2.2

o) 1—-k“m

does not converge to the 20—periodic extension of cosz.

3.4.5 (for 3.4.3 b,d)
3 k 212
x 8 32 & (-1) knx 32 & (k43 kmx
(b) T 4T~ —gT W3k§1 3 sn—— ~ ) ( 73 )sm 5
(d) cosz ~ sinl + 2sinl kzzzl —1)k ICO_SZ;T:;

3.5.5a,f,i

(a) Pointwise, but not uniformly: % (f) neither; % (i) both.

3.5.7b,d,f

(b) pointwise; “* (d) pointwise and uniformly; % (f) neither pointwise nor uniformly.
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2.5.1 Problem 3.5.11(e,f)

Which of the following series satisfy the M—test and hence converge uniformly on the interval
I=1[0,1]?

o k¥ 0o e kx
© Iy O X0, =

Solution

2511 Parte

Using theorem 3.27, we need to find [uy (x)| < my for all x € I such that E:’:l my < oo to show

kx
that series 2121 uy (x) converges uniformly. In this case uy (x) = ek_2 At x =0,u; (0) = klZ and

k k
atx=1,u, (1) = ;—2 Hence if we pick my = Ii—z then this will satisfy the condition |uy (x)| < m.
But

Y] ooek
;mkzz 2

ik
oh+l
2 k+17.2 2
. . m k+1 ek k
does not converge. This can be shown by ratio test. < = &0 — 5 = e—— and as
i & e (k+1) (k+1)

K2
kx
k — oo this goes to e. Which is larger than 1. Therefore Y~ ek_2 is not uniform convergent.

2512 Parte

ehx 1

In this case u; (x) = = At x = 0,u, (0) = kiZ and at x = 1,u,. (1) = Tz Hence if we pick

my = ﬁ then this will satisfy the condition [uy (x)| < m.

[s¢] o0 1
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1
. . m k1 (k412 kK2 1 K . 1
Using the ratio test Xl = <& = ;and as k — oo this goes to -.

n L ek +1(k+1)? e (k+1)
k2

—kx
Which is smaller than 1. Hence by the ratio test 3"y converges. Therefore Y° ek—z

is uniform convergent.

2.5.2 Problem 3.5.21(a,c,e)

First, without explicitly evaluating them, how fast do you expect the Fourier coefficients of

the following functions to go to zero as k — oo ? Then prove your claim by evaluating the

coefficients. (a) x — 7, (c) x2, (e) sin® x.

Solution

2521 Parta

f(x) = x— . This is an odd function. Hence f (-m) # f (7). Because of this, there will be a
jump discontinuity in the 27 periodic extension. This also implies that the Fourier series is
not uniform convergent.

Due to the jump discontinuity the convergence will be slow relative to a Fourier series which

. 1. 1
converges uniformly, and therefore we expect the b, terms to be of the form ~ instead of —
with 7 > 1, as would be the case with the faster uniform convergence.

Now we will find the Fourier series to confirm this.

1 TU
b, = — f (x — ) sin nxdx
Tt =Tt

1 ™ 1 ™
= —f xsinnxdx——f 70 sin nxdx
nJd_, T

-7
Tt . . P . . .
But f nsinnxdx = 0 since this is an integration over one period. Therefore the above
—Tt
becomes

1 T
b, = — f X sin nxdx
Tt =Tt
1

1 17
= — | ——[x cos nx] +—f cos nxdx
\ n oon

-7

Tl . . . . . .
But f cosnxdx = 0 since this is an integration over one period. The above becomes
—T

-1
b, = — [xcosnx]"
nm T

-1
= — [ cosnmt + 1 cosnm]
nm

-1 ;
=— [2m (<1)"]
—2(-1)"

n
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Hence the Fourier series is

-2(-1)"
D . We see now that

[o¢] 001
RVE=4% -
n=1

n=1

The coefficient is b, =

1 R T .
But ¥ ~ does not converge, which implies it is not uniform convergent as expected.

. . . 1
Piecewise convergence is of order O (;) (slow).

2522 Partc

f (x) = x2. This is an even function and f (-7) = f (7). Hence there will be no jump disconti-
nuity in the 27t periodic extension. Therefore this is uniform convergent. Hence we expect

the coefficient to have lr where r > 1. For example % This is because ¥,°" | v/a2 should
now converge. This is considered fast convergence. Now we will find the Fourier series to
confirm this. Since f (x) is an even function then only g, exist.

1 7 137 1 2
o nf_nx g 71[3] 371(n n) 3"

=Tt

And
1 TT
a, = — f x% cos nxdx
T =T

Integration by parts. Let u = x?,cos (nx) = do. Then du = 2x,v = %sin (nx). Then using
fudv =uv - fvdu the above becomes

1/1 n 2 (7
b, = — (— [xz sin (nx)] -Z f x sin (nx) dx)
T \n 0 nJy

1(2 ™ |
:;(_Efo xsm(nx)dx)

2 7T
=—-— f x sin (nx) dx
nrtt Jo
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Integration by parts again. Let u = x,sin (nx) = dv. Then du =1,v = _71 cos (nx). Then using

fudv = o - fvdu the above becomes

2 (-1 ~ 1 "
b, = - (7 [x cos (nx)]O + Ej(; cos (nx))

=—- i(_—l [7t cos (nm)] + 1 [sinnx] ]
n n

n n |
-2 (‘71 [ (—1)”])
= 2 [ncy]
= 2y
Hence
2~ %nz + g % (=1)" cos (nx) 1)

I 2
We see that the coefficient is a,, = = (-1)", therefore
o [s¢] 1
VT =4 —
n=1 n=1
o 1 . . e .
But now Y, _, — now converges since the power on # is larger than 1, which implies uniform

convergent. Piecewise convergence is of order O (%) (fast).

2523 Parte

f(x) = sin? x. This is an even function and f (=m) = f (n). This is the same as part c. There will
be no jump discontinuity in the 27t periodic extension. Therefore this is uniform convergent.

) 1 1 ..
Hence we expect the coefficient to have o where r > 1. For example " this is because

X Va4 should converge. This is fast convergence. Now we will find the Fourier series to
confirm this.

But sin’x = cos 2x, hence this is the Fourier series for sin x. If we need to show this

N =
N =
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explicitly, then since even function only 7, exist.

1 o,
aO:—f sin” xdx

Tt —Tt
1 (1 1

:—f — — —cos2x | dx
nJ_\2 2

0

1 U 7T

= — f dx—f cos 2xdx
27-( —TC —TC

12
=—2n
27

=1
And

1 M . 5,
a, = — sin” x cos nxdx
T -7t

1 (1 1
= — f — — —cos 2x | cos nxdx
nJ_\2 2

1 & m
= — ( f cos nxdx — f €os 2x cos nxdx)
2 \J_,

-7t
But f " cosnxdx = 0 since integration over one period, and f " cos 2x cosnxdx = 0 for all
L T
values other than n = 2 by orthogonality. Hence the above simplifies to

1 7T
ay = 5 (— f cos? 2xdx)

-7t
1
= (=m)
1
2
Hence
a (o)
sinx = = + Zancosnx

n=1

1 1
= — — —Ccos2x
2 2

1 .
We see that °° Va2 = 5 < co. Uniform convergence. Only 2 terms are needed. Very fast
convergence.

2.5.3 Problem 3.5.22(a,f)

Using the criteria of Theorem 3.31, determine how many continuous derivatives the functions

represented by the following Fourier series have (a) X" % , () X, (1 - COS lé) etk
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Theorem 3.31. Let 0 < n € Z. If the Fourier coefficients of f(x) satisfy

o]

D k™ el < oo

k:—OO
Then the Fourier series f (x) = EZ‘;_OO cxe’™ converges uniformly to an n—times continuously
differentiable function f (x) € C", which is the 27 periodic extension of f(x).

Solution
2531 Parta
00 eikx
TR
Therefore ¢, = k4, hence the series to consider is
[ey) 00 kl’l
k" el =
k§m| " el kz}_]m T
_ i 1
k= kln + k4—n

As k — oo the term kl—n — 0. Then we just need to consider k*". We want 4—n > 1 for uniform
convergence. Hence

4-n>1
n<4

Therefore n = 3. The Fourier series converges uniformly to an 3-times continuously differ-
entiable function

2532 Partf

f(x) ~ i (1 - cos %) etk

k=1

Therefore ¢, =1 - COS 75 , hence the series to consider is

3 k" el = 2 e ( cos )

k=—c0
E k™| ( —cosl) <2 E k™|

k=—00
There is no n > 0 which will make Ekz_oo |k"| < co. The Fourier series does not converges uniformly

1
But |cos ﬁl <1, hence

to any continuously differentiable function.
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2.5.4 Problem 3.5.26(c,e)

Which of the following sequences converge in norm to the zero function for x € R? (c)

1 n<x<n+— 1 n<x<2n
Oy (X) = ) (e) Uy (X)
0 otherwise 0 otherwise

solution

2541 Partc

Using definition 3.35: A sequence v, (x) is said to converge in the norm to f if ||vn - f|| -0
as n — co. Therefore, we need to show, since f =0 here, that

lim ||v,|| = 0
n—oo

The norm is L? which is defined as ||v,|| = \/2i fn [v,, (x)l2 dx, hence
T =TT

1 T
vll= | —
o= {5 |

dx

2
1
1 n<x<mn-+ -
0 otherwise

\
1 (|1 n<x<n+-
= |— f nodx
\ 2nJd ;| 0 otherwise

1

n<x<n+-
Let us look at the integral f " { 0 therwi " dx. The maximum value of top branch

d otherwise

integral is fﬂ dx which will occur when x =n >0 and x = n + l < 7t. As this is when the

whole pulse is between [-7, 7]. When x = n + > 7t the area w1ll be smaller as part of the
above will be outside [-7, 7]. So we could now consider the integral (its maximum) to be

Therefore

1 241
_ 1| - o0<nic<n
lim [lo,[| < |5={ 7 .
—eo 2t | o otherwise

1 241
= 2mn n
0 otherwise

=0

Hence this sequence converges to 0 function in the norm
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2542 Parte

Using definition 3.35: A sequence v, (x) is said to converge in the norm to f if |jv, - f|| = 0
as n — oo. Therefore, we need to show, since f =0 here, that

lim ||v,|| = 0
n—oo

The norm is L? which is defined as ||v,|| = \/2i fn [v,, (x)l2 dx, hence
T =Tt

1 TT
vll= | —
loull = | 5- f )

\
1 7l n<x<2n

= |— f dx
2nJd ;| 0 otherwise

Let us look at the integral f_ " {

2
n<x<2n

{ 0 otherwise

<~

dx

|-

Z

1

- n<x<2n . o .
n . dx. The maximum value of this integral is
0  otherwise

% f " dx which will occur when x = 7 > 0 and x = 21 < 7 As this is when the whole pulse is
—T
between [-7t, 7]. So we could now consider the integral (its maximum) to be

] 1 21
[ caxs<o [ ax
n n

Therefore

1 1 O<n2n<m
lo,ll < A/ 5= .
0 otherwise

1 e
_ Q/Z O<n< >
0 otherwise

Therefore as n — oo then ||v,|| = 0 as the top branch will not be consider as it is limited to
O<n2n<mor0<n< g only. Hence this sequence converges to 0 function in the norm

2.5.5 Problem 3.5.43

k k+1
_<st
m m

Foreachn =1,2, -+, define the function f,, (x) = , where n = %m (m+1)+k

0 otherwise
and 0 < k < m. (a) Show first that m, k are uniquely determined by n. (b) Then prove that, on
the interval [0,1] the sequence f, (x) converges in norm to 0 but does not converge pointwise
anywhere.

122



2.5. HW 5 CHAPTER 2. HWS

solution

2551 Parta

Proof by contradiction. Assuming there exist my,m, > 0 where m; # m, such that

1
nziml(m1+1)+k

1
n= Emz(m2+1)+k
Therefore

1 1
Eml(ml +1)+k=§m2(m2+1)+k

1 1
zml (ml + 1) = Emz (m2 + 1)
mq (ml + 1) =my (m2 + 1)

The above is true if m; = m, or if my = —m; —1. But m has to be positive. Hence we take the
case my = m,. Therefore assumption is not valid. Hence m is unique.

Same proof for k. Assuming there exist ki, k, > 0 where k; # k, such that
1
n= Em(m+1)+k1
1
n= Em(m+1)+k2
Then
1 1
Em(m+1)+k1 = Em(m+1)+k2
Hence k; = k,. Therefore assumption is not valid. Hence k is unique.
2552 Partb

k k+1

1 <x<
n X) = m m
fa®) { 0 otherwise

On the interval [0,1], the norm is L? which is defined as ||fn|| = \/% f v, (x)l2 dx, hence
2

1

IFll = |2
\

0 otherwise

2
1 Estlil
0

k+1

11 Eoyxc™
= |2 f m modx
N Yo 0 otherwise

Let us look at few values of n and see what happens.

Forn =1,n = %m(m+1)+k. Hence if m = 1 then n = %(2)+O =1, Hence m = 1,k = 0.
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e

+1
becomes 0 < x < 1.

S

Therefore — < x <

3

Forn=2,n= %m(m+1)+k. Hence if m = 1 then n = %(2)+1 =1, Hence m = 1,k = 1.

Therefore % <x< ]%1 becomes 1 < x < 2.
Forn=3,n= %m(m+1)+k. Hence if m =1 then n = %(2)+2:1, But k <m. Try m = 2 then
n= %(2)(3)+0:1. Hence m = 2,k = 0. Therefore i <x< l%l becomes 0 < x < %

It looks like the width is becoming smaller as n increases. To verify this, I wrote a small
program which determines the width (we only need the width which remains inside [0,1].
Here is the code
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#problem 3.5.43

f:= proc(num_terms)
local data,m,k,n;
data:=Array(l..num_terms) ;
for n from 1 to num_terms do
for m from 1 to num_terms do
if (m/2)*(m+1) = n then
k:=0;
data(n) :=[m,k];
break;
else
for k from 1 to m do
if (m/2)*(m+1)+k=n then
data(n) :=[m,k];

break;
fi;
od;
fi;
od;
od;
return data;
end proc:
data:=£f(50):
#process the k,m found to see how the width changes as n increases.
out_file_name := cat(currentdir(),"/output.txt"):

file_id := fopen(out_file_name,WRITE):
for n from 1 to numelems(data) do
item:=data(n);
if item[2]/item[1]<1 then
the_width:=(item[2]+1)/item[1] - item[2]/item[1];
the_values:=cat("k=",convert(item[2],string),
" m=",convert(item[1],string));
the_string:=cat(convert(item[2]/item[1],string),
"<= x <=",convert((item[2]+1)/item[1],string)
) g
the_width:=cat("Width=",convert (the_width,string));
print(the_string);
fprintf(file_id, "n=%-5d%-10s%-15s%-20s\n",
n,the_values,the_string,the_width);
fi;
od:
fclose(file_id);

And the output obtained
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n=1 k=0 m=1 0<= x <=1 Width=1
n=3 k=0 m=2 0<= x <=1/2 Width=1/2
n=4 k=1 m=2 1/2<= x <=1 Width=1/2
n=6 k=0 m=3 0<= x <=1/3 Width=1/3
n=7 k=1 m=3 1/3<= x <=2/3 Width=1/3
n=8 k=2 m=3 2/3<= x <=1 Width=1/3
n=10 k=0 m=4 0<= x <=1/4 Width=1/4
n=11 k=1 m=4 1/4<= x <=1/2 Width=1/4
n=12 k=2 m=4 1/2<= x <=3/4 Width=1/4
n=13 k=3 m=4 3/4<= x <=1 Width=1/4
n=15 k=0 m=5  0<= x <=1/5 Width=1/5
n=16 k=1 m=56 1/5<= x <=2/5 Width=1/5
n=17 k=2 m=5  2/5<= x <=3/5 Width=1/5
n=18 k=3 m=5 3/5<= x <=4/5 Width=1/5
n=19 k=4 m=5  4/5<= x <=1 Width=1/5
n=21 k=0 m=6 0<= x <=1/6 Width=1/6
n=22 k=1 m=6 1/6<= x <=1/3 Width=1/6
n=23 k=2 m=6 1/3<= x <=1/2 Width=1/6
n=24 k=3 m=6 1/2<= x <=2/3 Width=1/6
n=25 k=4 m=6 2/3<= x <=5/6 Width=1/6
n=26 k=5 m=6 5/6<= x <=1 Width=1/6
n=28 k=0 m=7 0<= x <=1/7 Width=1/7
n=29 k=1 m=7 1/7<= x <=2/7 Width=1/7
n=30 k=2 m=7 2/7<= x <=3/7 Width=1/7
n=31 k=3 m=7 3/7<= x <=4/7 Width=1/7
n=32 k=4 m=7 4/7<= x <=5/7 Width=1/7
n=33 k=5 m=7 5/7<= x <=6/7 Width=1/7
n=34 k=6 m=7 6/7<= x <=1 Width=1/7
n=36 k=0 m=8 0<= x <=1/8 Width=1/8
n=37 k=1 m=8 1/8<= x <=1/4 Width=1/8
n=38 k=2 m=8 1/4<= x <=3/8 Width=1/8
n=39 k=3 m=8 3/8<= x <=1/2 Width=1/8
n=40 k=4 m=8 1/2<= x <=5/8 Width=1/8
n=41 k=5 m=8 5/8<= x <=3/4 Width=1/8
n=42 k=6 m=8 3/4<= x <=7/8 Width=1/8
n=43 k=7 m=8 7/8<= x <=1 Width=1/8
n=45 k=0 m=9 0<= x <=1/9 Width=1/9
n=46 k=1 m=9 1/9<= x <=2/9 Width=1/9
n=47 k=2 m=9 2/9<= x <=1/3 Width=1/9
n=48 k=3 m=9 1/3<= x <=4/9 Width=1/9
n=49 k=4 m=9 4/9<= x <=5/9 Width=1/9
n=50 k=5 m=9 5/9<= x <=2/3 Width=1/9

We see from the above that as n increases the range — L3 <x< ]%l either goes outside the
[0,1] domain as in the case of n = 2,5,9 or stays 1ns1de [0,1] but it becomes smaller with

n-lOglvmgOstthllen—lltwaSOSXSL
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Since we are integrating 1 over this range, and the width of integration is getting smaller
and smaller, then for very large n the integral goes to zero as the width goes to zero.

In other words, we can bound the integral from above as

111 £ <x< kel . %
2 f m mdx < Lim |2 [ dx
o0 otherwise n—oo 0

:lim\/_l
n

n—oo

=0

Hence the sequence f, (x) converges in norm to 0. For piecewise convergence. The definition
is that for any ¢ > 0, there exist N (¢, x) such that |fn (x)| < ¢ for all n > N for x € [0,1]. This
means if we fix x then lim,_,, |f, (x)| = 0. But this does not happen here. Since the pulse
shifts left and right all the time as the width gets smaller as # increases. For example, if we

look at x = % and then increase n, we see that f, (%) do not go to zero there as the function

moves around due to changing of the domain. Hence it is not piecewise convergent.

2.5.6 Problem 4.1.7

The convection-diffusion equation u; + cu, = yu,, is a simple model for the diffusion of a
pollutant in a fluid flow moving with constant speed c. Show that v (¢, x) = u (t, x + ct) solves
the heat equation. What is the physical interpretation of this change of variables?

solution
Jv B Ju N Ju dx
ot 9t Ixdt
But % = ¢, the speed of fluid. Hence the above becomes
Ju du N Ju
R c—
Jt ot ox
But 2 + ¢2* = 1., hence the above b
ut — 5- = Vliyy, hence the above becomes
v
E = YUyxx
Ju Jvu dt Jv dx Jv %u %0 dt 0% dx 2% .
But ST on T an T and s = oo = Hence the above gives
dv
E = V0xx

Which is the heat equation. The change of variable puts the observer as moving with the
same speed as fluid instead of stationary observer. It is a coordinates transformation.
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2.5.7 Problem 4.1.10(a,c)

For each of the following initial temperature distributions, (i ) write out the Fourier series
solution to the heated ring (4.30-32), and (ii ) find the resulting equilibrium temperature

(a) f(x) = cosx, (c) f(x)=Ixl.
The heated ring problem (4.30-32) is: Solve for u (x,t) in
du  J%u

E:W —7T<x<7'(,t>0
With periodic BC u (-n,t) = u(n,t),u, (-n,t) = u,(n,t) for t > 0. With initial conditions

u(x,0) = f(x)

solution

2571 Parta

Starting with the series solution as given in (4.34)

u(x,t) = % + Z et (a,, cosnx + b, sin nx) (1)
n=1
At t = 0 the above becomes (using u (x,0) = cosx)

ap - .
COSX = — + ZEIHCOSWX+I?”SID1’ZX

n=1
Hence a,,b,, are the Fourier series coefficients of cosx. Therefore a; =1 and all other 4,, b,
are zero in order to match the left side with the right side.

The solution in (1) now becomes
u(x,t)=etcosx

The above is the Fourier series solution. To answer (ii), we let t — oo in the above. This
shows that equilibrium temperature will be zero.

2572 Partb
Starting with the series solution as given in (4.34)
u(x,t) = % + E et (a, cos nx + b, sin nx) (1)
n=1

At t = 0 the above becomes (using u (x,0) = |x|)

0
x| = D + Ean cosnx + b, sin nx
n=1
Hence a,, b, are the Fourier series coefficients of |x|. But |x| is even. Hence b, = 0. So we only
need to find 4y, a,

1 T
dy = ;f_ F(0)dx
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Because f (x) is even the above simplifies to

2 7T
ag = —fo F () dx

Tt
2 TC

And
1 T
a, = — f f (x) cos nxdx
TTJ g

But f (x) is even and cosnx is even, hence product is even. The above simplifies to

2 TC
a, = —f f (x) cos nxdx
0

I
2 7T

:—f x cos nxdx
TJo

Integration by parts gives

B 2 (1 [Cosnx]”

T nl\n n
2

= — (cosnmt—1)
T

2

- (@)
Therefore (1) becomes
TC had 2 2 n
u(x,t) = 5 + ,;16 t(% ((—1) —1) coS nx) (1A)

The above is the Fourier series solution. To answer (ii), we let t — oo in the above. This
shows that equilibrium temperature will become

Tt
Ueq (x,t) = )

2.5.8 Problem 4.1.16(a,b)

The cable equation v; = yv,, — av with y,v > 0, also known as the lossy heat equation,was
derived by the nineteenth-century Scottish physicist William Thomson to model propagation
of signals in a transatlantic cable. Later, in honor of his work on thermodynamics, including
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determining the value of absolute zero temperature, he was named Lord Kelvin by Queen
Victoria. The cable equation was later used to model the electrical activity of neurons. (a)
Show that the general solution to the cable equation is given by v (x,t) = e™*u (x,t) where
u (x,t) solves the heat equation u; = yu,,.

(b) Find a Fourier series solution to the Dirichlet initial-boundary value problem v; = yv,,—av,
with initial conditions v (x,0) = f(x) and boundary conditions v (0,t) = 0,v(1,t) = 0 for
0<x<1,t>0. Does your solution approach an equilibrium value? If so, how fast?

solution
2581 Parta
Given
v(x, t) =e*u(x,t) (1)
Hence
% = —ae %y + e‘“t% (2)
And
@ = e—at&_u
dx dx

(3)

02" o

Substituting (1,2,3) into v; = yv,, — av gives

d 92
—ae %y + e‘“ta—u = ye“"t&—x’: - ae My
Canceling e # 0 from all the terms gives
. du  du
au+ = =y -au
du _ d%u
ot~ Vox
Which is what problem asked to show.
2582 Partb
Now we need to solve
Up = YUxx — QU 1)

With initial and boundary conditions given. Using separation of variable, let v = T (t) X (x)
where T (t) is function that depends on time only and X (x) is a function that depends on x
only. Using this substitution in (1) gives

T'X = yX'T - aXT
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Dividing by XT # 0 gives

177 a X"
yT v X
Where A is the separation constant. The above gives two ODE’s to solve
X"+ AX=0
X(@0)=0
X(1)=0 (2)
And
1T « 3
yT v
T +aT =-AyT
T"+aT +AyT =0
T +(a+Ay)T=0 (3)

ODE (2) is the boundary value ODE which will generate the eigenvalues and eigenfunctions.
case A <0

Let —A = y2. The solution to (2) becomes
X = ¢y cosh (yx) + ¢ sinh (yx)
Atx=0
0=¢

Hence the solution becomes X = ¢, sinh (yx). At x =1 this gives 0 = ¢, sinh (y) But sinh (y) =
0 only when u = 0 which is not the case here. Hence c, = 0 leading to trivial solution.
Therefore A <0 is not eigenvalue.

case A =0

The solution is X (x) = ¢;x + ¢. At x = 0 this becomes 0 = ¢,. Hence solution is X = cyx. At
x =1 this gives 0 = c¢;. Therefore trivial solution. Hence A = 0 is not eigenvalue.

case A >0
Solution is
X (x) = ¢ cos (\/Xx) + ¢y sin (\/Xx)

At x = 0 this results in 0 = ¢;. The above now becomes

X (x) = ¢y sin (\/Xx)
Atx=1

0 =cysin (\/X)
For non-trivial solution we want sin (\/X) =0or \/X =nn,n=1,2,---. Hence
A, = n®m? n=1,2,--
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And the corresponding eigenfunctions
X, (x) = sin (nmx) (4)
Now we can solve (3)
T +(a+Ay)T=0
T, + (a + nznzy) T,=0
The solution is
T, (1) = bye () 5)
Where b, is arbitrary constant of integration that depends on b. From (4,5) we obtain the

fundamental solution

(a+n2n2)/)

v, (x,t)=b,e F'sin (nmx)

The general solution is linear combination of the above
00,8 = 3 bye T in () 6)

n=1

At t = 0 the above becomes

fx) = i b, sin (n7x)

n=1
We see that b, are the Fourier coefficients of f (x), after odd extending it from [-1,1]. There-
fore, the period of f (x) becomes 2.

b, = f_ 11 £ (x) sin (nmx) dx

Since f (x) is odd (we did odd extension) and since sin is odd, then the product is even, and
the above becomes

1
b, =2 f F () sin (nmx) dx
0
Using the above in (6) gives
oo 1
v(x,t) = E 2 ( f f (x) sin (n7x) dx) ety G (nmx)
n=1 0

To find equilibrium, we let t — oo then e_(“+”2“27’)t

becomes

— 0 because «,y > 0 and the above

Vgq (x,1) =0
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2.5.9 Key solution for HW 5

3.5.11ef

(e) doesn’t pass test; % (f) uniformly convergent.

3.5.21 a,c,e

(a) The periodic extension is not continuous, and so the best one could hope for is
ag, by, — 0 like 1/k. Indeed, ay = —2m, a; =0, b, = (71)k+12/k, for k > 0.
(¢) The periodic extension is C°, and so we expect ay, b, — 0 like 1/k2. Indeed,
ag = 2%, a = (~1)*4/k?, b, =0, for k> 0.

(e) The periodic extension is C*°, and so we expect ag, b, — O faster than any (negative)
power of k. Indeed, ay =1, ay = —5, and all other a;, = b, =0.

3.5.22 af

3.5.26 c,e

% (c) converges in norm; % (e) does not converge in norm.

3.543
41.7

_1 1.
(a) wu(t,z) =7 71—2 gz—:o (23+ exp( (45 +2)* 1;) cos(4j + 2)mx; (b)) 7;

2
c) At an exponential rate of e” 47t

(
(d) Ast — oo, the solution becomes a vanishingly small cosine wave centered around
U= % , namely

u(t,z) =~ — — 12 e~ 4™t cos 2

1
4
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41.10a,c

4.1.10. (a) u(t,x) = e~ tcosz; equilibrium temperature: u(t,z) — 0.

4 = e_(2k+1)2tcos(2k+ Nz
e . ibri . 1
* (¢) u(t,z)=5m - kz::[) Gh+1)? ; equilibrium temperature: u(t,z) — 5.
41.164a,b
(a) If u(t, z) = e*t v(t, ), then
ou o at OU  at &%v _ 6%y
5 = @€ v(t,z) + e 1 (t, ) =ve 52 = 32

_ _—at o —(a+ynZix3)t . _ 1 .
(b) w(t,z) = e > b, e sinnmz, whereb, = 2/0 f(z) sinnmzdz
n=1

are the Fourier sine coefficients of the initial data. All solutions tend to the equilibrium
value u(t,z) — 0 as £ — co at an exponential rate. For most initial data, i.e., those with
b, #0, the decay rate is e~ 9t where a = a-+y 71'2; other solutions decay at a faster rate.
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2.6.1 Problem 4.1.4

Find a series solution to the initial-boundary value problem for the heat equation u; = u,,
for 0 < x <1 when one the end of the bar is held at 0 degree and the other is insulated.
Discuss the asymptotic behavior of the solution as t — oo

Solution

The problem did not say which end is insulated. So assuming the left end is at 0 degree and
the right end is the one that is insulated.

Using L for the length to make the solution more general and at the end L is replaced by 1.
Assuming the initial conditions is u (x,0) = f (x). Therefore the problem to solve is to solve
for u (x,t) in

Up = Uy, O0<x<L,t>0
With boundary conditions
u(0,H)=0
u, (L, t)=0

And initial conditions

u(x,0) = f(x)
Let u(x,t) = T(t) X (x), then the PDE becomes

T'X=X"T
Dividing by XT
T X"
T X

Since each side depends on different independent variable and both are equal, they must
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be both equal to same constant, say —A. Where A is real.

r_X_.,
T X
The two ODE’s are
T"+AT =0 (1)
And the eigenvalue ODE
X"+AX =0 (2)
X(0)=0
X' (L)=0

Now we solve (2) to find the eigenvalues and eigenfunctions.
Case A <0

Let —A = w?. Hence the ODE is X” — w?X = 0 and the solution becomes
X (x) = C; cosh (wx) + Cy sinh (wx)
At x = 0 the above gives
0=C

Hence the solution now becomes

X (x) = Cy sinh (wx)
Taking derivative gives

X’ (x) = wC,y sinh (wx)

Atx=1L

0 = wC, cosh (wL)

But cosh (wL) is never zero. Therefore C, = 0 which leads to trivial solution. Therefore A <0
is not eigenvalue.

Case A =0

The space equation becomes X" = 0 with the solution
X=Ax+B

At x = 0 the above gives 0 = B. Therefore the solution is X = Ax. Taking derivative
gives X’ = A. At x = L this gives 0 = A. Which leads to trivial solutions. Therefore
A =0 is not an eigenvalue.

Case A >0
Starting with the space ODE, the solution is
X (x) = Acos (\/Xx) + Bsin (\/Xx)
Left B.C. gives
0=A
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The solution becomes
X (x) = Bsin (\/Xx)
Taking derivative gives
X' (x) = VAB cos (\/Xx)
Applying right B.C. gives
0 = VAB cos (\/XL)
For non trivial solution we want cos (\/XL) =0or

\/—:n_n n=1,305,-

2L
Hence the eigenvalues are

A—(”N)Z =135
n — 2L n_///

Therefore the eigenfunctions are
. (nm
X, (x):sm(zx) n=1,3,5,--

Now that we found the eigenvalues, we can solve the time ODE (1).

T, +A,T=0
T, = B,e Mt

nm\2

= Bng_(i) t
Hence the fundamental solution is
u, (x,t) = X, T,
nrm 2
w(x,b) = 2 B sm(—x) () 3)
n=1,3,5,

From initial conditions

fx)= E Bsm( )

n=1,3,5,"-

Multiplying both sides by sin (m—:x) and integrating

f f(x)sm(—x)dx—jj( E B sm(rgz(xx)sm(z: ))dx

n=13,5,
Interchanging order of summation and integratlon and applying orthogonality between cos

functions results in
L L
j(; f(x)sm(n; )dx—fo B sz(YZL )dx

=By
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Therefore

_ %f:f(x)sm(’;—zx)dx

Therefore the solution is (3) becomes

u(x,t) = (f f (x)sin (—x) dx) sin (Z—Zx) e_(%)zt

n 1,3,5,
For L =1 the above becomes

had 1 nr 2
u(x,t) =2 n:1,§3:5,... (j(; f (x)sin (ngx) dx) sin (r%nx) e_(T) t
The above can be rewritten as

u(x,t) =2 E (f f (x) sin ((Zn +1) 7Ix) dx) sin (—(Zn ;1) 7Tx) e_((zn;m) !

2n-1)m
2

As t — oo and since ( ) is positive and assuming the integral is finite which is valid for

_ 2n-1)7 2
well behaved f (x) the solution then lim;_, e ( 2 ) — 0 and the solution above becomes

tlim u(x,t)=0

This makes sense, since the right side of the bar is insulated, meaning no heat will escape
from that side, and the left side is at kept a zero temperature. Therefore after long time the
initial temperature distribution given by f (x) will reach equilibrium which is zero temperature
due to the left side kept at zero and since there are no external heat sources or heat sinks.

2.6.2 Problem 4.1.7

A metal bar of length L =1 and thermal diffusivity y =1 is fully insulated, including its ends.
Suppose the initial temperature distribution is

IA
IA

_ N

X
X

IA
IA

X
u(x,0)=f(x)={ L

NI~ O

(a) Use Fourier series to write down the temperature distribution at time ¢ > 0. (b) What is
the equilibrium temperature distribution in the bar, i.e., for t > 0 ? (c) How fast does the
solution go to equilibrium? (d) Just before the temperature distribution reaches equilibrium,
what does it look like? Sketch a picture and discuss

Solution
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2.6.2.1 Part (a)

Using L for the length to make the solution more general and at the end L is replaced 1.

du %u
FrRro
u,(0,t) =0
u,(L,t)=0
u(x,0) = f(x)
Let u(x,t) = T (t) X (x), then the PDE becomes
Lpx=xrr
4
Dividing by XT # 0
177 X7
YT~ X

Since each side depends on different independent variable and both are equal, they must
be both equal to same constant, say —A. Where A is assumed real.

1T _X_
yT X
The two ODE’s generated are
T' +yAT =0 1)
And the eigenvalue ODE
X" +AX =0 ()
X' (0)=0
X' (L)y=0

Starting with the eigenvalue ODE equation (2). The following cases are considered.
case A <0

In this case, —A is positive. Let -A = w?. Hence the ODE is X" — ©?X = 0 and the solution
becomes

X (x) = C; cosh (wx) + Cy sinh (wx)
Therefore
X’ = Cq sinh (wx) + C, cosh (wx)
Applying the left B.C. gives
0=C,

Therefore the solution becomes X (x) = C; cosh (wx) and X’ (x) = C; sinh (wx). Applying the
right B.C. gives

0 = C; sinh (wL)
For non-trivial solution we want sinh (wL) = 0. But this is not possible since sinh is zero

139



2.6. HW 6 CHAPTER 2. HWS

when its argument is zero, which is not the case here. Hence only trivial solution results
from this case. A < 0 is not an eigenvalue.

case A =0

The solution is
X(x)=cix+cy
X' (x)=c;
Applying left boundary conditions gives
0=¢

Hence the solution becomes X (x) = c,. Therefore ‘Z—i{ = 0. Applying the right B.C. provides no
information. Any ¢, will work. Therefore this case leads to the solution X (x) = c,. Associated
with this one eigenvalue, the time equation becomes T; (t) = 0 hence T, (t) is a constant.
Hence the solution u, (x,t) associated with this A =0 is

up (x, 1) = XoTo
= AO

where constant c, T was renamed to % to indicate it is associated with A = 0. A = 0 is an eigenvalue

A

with eigenfunction constant .

case A >0

The solution is

X (x) = ¢y cos (\/Xx) + ¢, sin (\/Xx)
X' (x) = —cl\asin (\/Xx) + cz\/z cos (\/Xx)

Applying the left B.C. gives

O:CZ\/X

Therefore c, =0 as A > 0. The solution becomes
X (x) = ¢ cos (\/Xx)
And X’ (x) = —c; VA sin (\/Xx) Applying the right B.C. gives
0= —cl\/Xsin (\/XL)
c; = 0 gives a trivial solution. Selecting sin (\/ZL) = 0 gives

VAL=nn n=123, -
Or
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Therefore the eigenfunctions are
nm
X, (x) = cos (Tx) n=1,2,3,---
The time solution is found by solving
T (1) + VAT, =0
This has the solution
T, (t) = A,e 7t
nr 2
= Ang_y(f) t n=1,2,3,--
The solution to the PDE is
u, (x,t) =T, () X,, (x) n=0,1,23,--

But for linear system sum of eigenfunctions is also a solution. Hence

u(x,t) =uy(x,t) + i u, (x,t)
n=1

A >, (12
:?0+2Ancos(%x)e7/(”t (1)

From the solution found above, setting t = 0 gives
AO s nrt
fx) = > + nz::l A,, cos (Tx)

Hence A, A, are the Fourier cos coefficients for the function f (x). Doing an even extension

n=1

of f(x) from [-L,L], then 2 s the average of the function (x) over [-L,L]. But this average
2 g g

) 2(%X%) 1 11,

is seen as —— = . The term 5 X5 s the area of f (x) from [0, L].
Ay 1
2 4

For A,

1 L
A, = Zf_Lf(x) cos (%x)dx
Replacing L =1 and using the definition of f (x) given above gives
1 nm
A, = f f (x) cos (—x) dx
1 L

But f (x) is even (after even extending) and cos is even, hence the above becomes

A, = 2f1f(x) cos (nmx) dx
0

= Z(IE x cos (nmx) dx + fll (1 — x) cos (nmx) dx]
0 P

=2 (fz x cos (nmx) dx + fll cos (nmx) dx — fll x cos (nmx) dx] (2)
0 =

2 2
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But

b 1 b 1 b
f x cos (nmx) dx = — [xsin (nmx)] - —f sin (nmx) dx
a nm T nnd,
L. b b
= — [xsin (nmx)] + 5 [cos (n7x)]
nrt a a

n2m
Whena=0,b = % the above gives
; 1 ! !
f x cos (nmx) dx = — [xsin (nmx)]§ + —— [cos (nmx)]§
0 nrt n<Tt

1 (1 . (nm 1 nm
= zsm(?) T (COS(?)”)

() (5]
= —sin|— |+ —=—=[cos|— ] -
2nm 2 n22 2

1 . (nn) N 1 (nn) 1
= ——gin|[— ——cos|— |- ——
2nm 2 n2m2 2 n2m2

And when a = %,b =1 (3) gives

1 1 1
f x cos (nmx) dx = — [xsin (nnx)]ll + —— [cos (nnx)]ll
1 nm 7 NeT 2

2
nrt

[ (5)]
= —|sin(nm) — =sin [ —
nTcS & ZS 2

[cos (nm) — cos (n;)]

n2m?

= —L sin (E) + L cos (nm) — L cos (E)
2nm 2 n2m n2m2 2
Substituting (4,5) into (2) gives
A, 1 . (n=w 1 nm 1
- (3 (D)
+ fl 1 cos (nmx) dx
2
1 . (nw 1 1 nm
- (—% sin (7) + 3.3 C0S (nm) - 5.5 €08 (7))
Or
A, 1 . (n¢w 1 nm 1
- (3 (D)
1 /_—9% 1 . (nn
+ — sin (nm) — — sin (—)
nmn nT 2

1 . (n¢w 1 1 nm
+ = sin (7) ~ cos (nm) + o cos (7)
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Or
A, 1 . (nn) N 2 (nn) 1 1 . (m’c) 1 (n70)
— =|—sin|— |+ —=—=cos|— |- —= |- —sin|— | - ——= cos(nm
2 nm 2 n2m? 2 n?n2)] nn 2 n2m?
nrt n
~ 2 cos (7) -1-(-1)
B n?m?

Therefore the solution (1) becomes, replacing L =1

A (o]
u(x,t) = ?0 + E A, cos (nmx) e Vet

n=1
nm n
1 © 2cos(—=)-1-(-1)
==-+2 ( 2 )2 5 cos (nmx) eVt (6)
4 = nem

2.6.2.2 Partb

From the solution (6) in part (a), since y > 0 then lim, e = () and the solution
becomes

1
i ) =—
fim o) =
This is the average of the initial temperature distribution. This makes sense, since there are

no sources or sinks, and both ends are insulated. So all of the initial heat will remain in the
bar but will average evenly over the bar length at the average which is i.

2.6.2.3 Partc

due to the exponential decay term 7™ and also having nl—z term, the decay of the sum is

very fast. High frequency terms decay very fast since e << 1 for large n. Using y =1
only few terms are needed to show this. The solution goes to the average (the constant term
in the Fourier series) at exponential rate.

This will be shown explicitly in the next part by plotting the solution using y = 1 for
illustration.

2624 Partd

The following shows how fast the initial temperature reach equilibrium i degree over the
whole bar. Using only 4 terms in the Fourier series, and using y =1, it took only 0.1 seconds.
Looking at the middle of the bar, where the initial temperature was highest at 0.5, we first
see that initial temperature which was not smooth, become instantaneously smooth. Then
it took 0.5 seconds for the temperature in the middle of the bar to go down to 0.3 degrees.
And the next 0.5 second to go down to 0.25. This shows that the initial decay was rapid, then
it slows down relatively until it reaches 0.25 degree which is the average then stops there.
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time =0. time =0.01 time =0.02
0.5 0.5 05¢
0.4 0.4 0.4f
0.3 0.3 0.3f
0.2 0.2 0.2 /\
0.1 0.1 0.1f
00 02 04 06 08 10| 00 02 04 06 08 10| 00 02 04 06 08 10
time =0.03 time =0.04 time =0.05
0.5 0.5 05¢
0.4 0.4 0.4f
0.3 0.3 0.3f
02 /\ 02 /\ 0.2 —/\
0.1 0.1 0.1Ff
00 02 04 06 08 10| 00 02 04 06 08 10| 00 02 04 06 08 10
time =0.06 time =0.07 time =0.08
0.5 0.5 05¢
0.4 0.4 04f
0.3 0.3 0.3f
0.2 —T 1 [ 1 7Y s O s Y s S O B
0.1 0.1 0.1Ff
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time =0.09 time =0.1 time =0.11
0.5 0.5 05¢
0.4 0.4 0.4f
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Figure 2.39: Plot showing solution in time

1
—+2$um[
4

ufx_, t_, max_] :=

1

n2 x2

(ZCos[n—"] -1- (—1)") Cos[nnx] Exp[- n* 7 t], {n, 1, max}];
2

p = Grid[Partition[Table[Quiet@Plot[u[x, t, 4], {x, 0, 1}, PlotRange -» {Automatic, {9, 0.5}},

GridLines - Automatic, GridLinesStyle - LightGray, PlotStyle - Red,
PlotLabel - Row[ {"time =", t}]], {t, 0, .11, ©.01}], 3], Frame - All];

Figure 2.40: Code used for the above plot

2.6.3 Problem 4.1.10c

For each of the following initial temperature distributions, (i ) write out the Fourier series
solution to the heated ring (4.30-32), and (ii ) find the resulting equilibrium temperature as
t — oo (c) u(x,0)= x|

Solution
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2631 Partl

The heated ring is given by 4.30-4.32 as solving for u (x, t) in
Up = Uy -n<x<mt>0
With periodic BC
u(-m,t) =u(mn,t)

Uy (-m,t) = u, (11, t)

And initial conditions u (x,0) = f (x) = |x|. As given in the text, the Fourier series solution is

(4.35)

a o0
u(x,t) = 30 + Z (a, cosnx + b,, sin nx) et

n=1

Since f (x) is even, then all b, = 0.

1 T
aO:;f f(x)dx
Tt

2 T
:—f xdx
TJo
21

= =51,
=7

And
1 7T
a, = p j:nf(x) cos (nx) dx

2 7T
=— f x cos (nx) dx
TJdo

0
—_—

. 7T .
2 | | xsinnx f” sin nx p
T nm | o NT

2 (1 o
=— (— [cos nx]o)
T \nm

2
=3 (cosnm—1)

Hence the solution becomes

ux,t)==—+— i (_1)71 -1 cos (nx

N R
|
N
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2.6.3.2 Part Il
From the solution above, we see that

lim u (x, t) = g

t—o0

Which is the average of the original temperature distribution.

2.6.4 Problem 4.1.16

The cable equation v; = yv,, — av with y,a > 0, also known as the lossy heat equation,was
derived by the nineteenth-century Scottish physicist William Thomson to model propagation
of signals in a transatlantic cable. Later, in honor of his work on thermodynamics, including
determining the value of absolute zero temperature, he was named Lord Kelvin by Queen
Victoria. The cable equation was later used to model the electrical activity of neurons. (a)
Show that the general solution to the cable equation is given by v (x,t) = ¢™*'u (x,t) where
u (x,t) solves the heat equation u; = yu,,.

(b) Find a Fourier series solution to the Dirichlet initial-boundary value problem v; = yv,,—av,
with initial conditions v(x,0) = f(x) and boundary conditions v (0,f) = 0,v(1,t) = 0 for
0 <x <1,t > 0. Does your solution approach an equilibrium value? If so, how fast? (c)
Answer part (b) for the Neumann problem

Uy = YUyy — QU 0<x<1,t>0
With initial conditions
v(x,0) = f(x)
And B.C.
v,(0,6)=0
v, (1,t)=0

Solution

2.6.41 Partc
Part (a,b) were solved in HW5 so we only need to solve part c here.

Using separation of variable, let v = T (t) X (x) where T () is function that depends on time
only and X (x) is a function that depends on x only. Using this substitution in (1) gives

T'X = yX'T - aXT
Dividing by XT # 0 gives
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Where A is the separation constant. The above gives two ODE’s to solve
X"+AX=0
X' 0)=0
X' (1)=0 (2)
And
1T «a
—_ 4 — =
yT 'y
T +aT =-AyT
T"+aT +AyT =0
T +(a+Ay)T=0 (3)
ODE (2) is the boundary value ODE which will generate the eigenvalues and eigenfunctions.

-A

case A <0
Let —A = w?. The solution to (2) becomes
X = ¢q cosh (wx) + ¢, sinh (wx)
X’ = wcy sinh (wx) + wcy cosh (wx)
Atx=0
0=wc,
Therefore c, = 0. The solution becomes
X = ¢; cosh (wx)
X’ = wcy sinh (wx)

At x =1 this gives 0 = wc; sinh (w). But sinh (w) = 0 only when w = 0 which is not the case
here. Hence c; = 0 leading to trivial solution. Therefore A < 0 is not eigenvalue.

case A =0

The solution is X (x) = c;x + ¢, and X’ = ¢;. At x = 0 this gives 0 = ¢;. Hence solution is
X =cp and X’ = 0. At x =1 this gives 0 = 0. Therefore any c, will work. Taking c, =1 the
eigenfunction is X (x) =1 and A = 0 is eigenvalue.

case A >0

Solution is

X (x) = ¢q cos (\/Xx) + ¢y sin (\/Xx)
X' (x) = \/Xcl sin (\/Xx) + cz\/z cos (\/Xx)

At x = 0 this results in 0 = c,/A. Hence ¢, = 0. The solution now becomes The above now
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becomes

X (x) = ¢ cos (\/Xx)
X’ (x) = —c; sin (\/Xx)

Atx=1

0 = —cysin (\/X)

For non-trivial solution we want sin (\/X) =0 or \/X =nn,n=1,2,---. Hence
A, = n?m? n=1,2,--
And the corresponding eigenfunctions
X, (x) = cos (nmx) (4)
Now we can solve the time ODE (3). For the zero eigenvalue, (3) becomes
T"+aT =0
With solution
o = 0ot

And for the non zero eigenvalues A, = n>7? the ODE (3) becomes

T + (a + nznzy) T=0
With solution

T, ()= A, e—(a+n2n2y)t

The general solution is linear combination of the above
v(x,t) = —e + Z A,e ~arrmiy)t o (nmx) (6)

At t = 0 the above becomes

f(x) = 7 + nz:l A, cos (nmx)

We see that A, are the cosine Fourier coefficients of f (x), after even extending f (x) to [-1,1],

the period of f(x) becomes 2 giving
1
Ay = f £ (x)dx
-1

1
—2 d
fof(x) x
And
1
A, = d
) f_lf(x)cos(nx) x

= 2f01f(x) cos (nx) dx
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Using the above in solution (6) gives

v(x,t) = ( f 1 f(x) dx) e 42 i ( f 1 f (x) cos (nx) dx) )t o (nmx)
0 n=1 0

a+n2n2y)t

To find equilibrium, we let t — oo then el — 0 and also ¢ because a,y > 0 and

the above becomes

Vgq (x,1) =0
_ 2.2
The decay is fast due to e (477t 5.1 for large n. Hence it is exponential decay. Solution
each equilibrium value of 0 where it remains there.

2.6.5 Problem 4.2.3d

Write down the solutions to the following initial-boundary value problems for the wave
equation in the form of a Fourier series

Upp = 4y (1)
With boundary conditions
u(,t)=0
ul,)=0
And initial conditions
u(x,0)=x
u; (x,0) = —x

Solution

To make the solution more general and useful, the length is taken as L and initial conditions
u(x,0) = f(x) and u, (x,0) = g(x) and c?> = 4, and then at the end these are replaced by the
actual values given in this problem which are L =1, f (x) = x,g(x) = —x, 2 =4.

Hence the PDE to solve is u; = c?u,, with BC u(0,#) = 0,u(L,0) = 0 and u(x,0) =
f(x),u; (x,0) = g (x).

Using separation of variables, let u = X (x) T (). The PDE becomes

rx_ X"'T
2
1T _ X
2T X
Where A is separation constant. Hence the eigenvalue ODE is
X"+AX =0 (2)
X(0)=0
X(L)=0
And the time ODE is
T +c2AT =0 (3)
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Starting by the eigenvalue ODE to determine the eigenvalues and eigenfunctions.
Case 1 <0
Let —A = w?. Hence the ODE is X" — w?X = 0 and the solution becomes
X (x) = C; cosh (wx) + C, sinh (wx)
At x = 0 the above gives
0=C
Hence the solution now becomes
X (x) = C, sinh (wx)
At x = L the above gives
0 = C, sinh (wL)

But sinh is zero only when its argument is zero which is not the case here. Therefore C; =0
which leads to trivial solution. Therefore A <0 is not eigenvalue.

Case A =0
The space equation becomes X" (x) = 0 with the solution
X=Ax+B

At x = 0 the above gives 0 = B. Therefore the solution is X = Ax. At x = L this gives 0 = AL.
Hence A = 0, which leads to trivial solutions. Therefore A = 0 is not an eigenvalue.

case A >0
The solution to the above ODE now is
X (x) = Acos (\/Xx) + Bsin (\/Kx)
Since X (0) = 0 then A = 0 and the solution becomes
X (x) = Bsin (\/Xx)

Since X (L) = 0 then for non trivial solution we want sin (\/XL) =0or \/ZL = nm or

2
nrt
A= (25) =1,2,3,
n L n

Hence the eigenfunctions are
. (nm
X, (x):sm(Tx) n=1,23,--
The time ODE (3) now becomes

n COSs|C n S C
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Therefore the complete solution becomes
— nmn nmn nmn
0= 3 (Bucos(e) + Ausin (ee)sin (4
u(x,t) ,;1( n COS|C psin|c——t))sin| —x
Now we can replace the given values in the above solution which gives
u(x,t) = 2 (B,, cos (2nmt) + A,, sin (2n7t)) sin (n7x)

n=1

At t =0 the above becomes
f(x) = B, sin (nmx) dx

n=1

(4A)

Hence B, are the Fourier sine coefficients of f (x) = x. After odd extending f (x) to [-1,1] we

obtain

1
B, = f F () sin (n7x) dx
-1
1
=2 f F () sin (nmx) dx
0
1
=2f x sin (nmx) dx
0
-1 1 1 1
=2|— [xcosnmx], + —f cos nmxdx
nm nn J,

-1 1
=2 (— (cosnm) + —— [sin nnx]é)
nmn n?mn

_ 2"
 onm
To find A,, taking time derivative of (4A) gives

u (x,t) = E (=B, 2nm sin (2nmtt) + 2nmA,, cos (2nmt)) sin (n7mx)
n=1
At t = 0 the above becomes, using the initial conditions where g (x) = —x

o]

g(x) = E (2nmA,) sin (n7mx)

n=1

151



2.6. HW 6 CHAPTER 2. HWS

The above is the Fourier sine series for g (x). By odd extending —x to [-1,1] then

1
2nmA, = f g (x) sin (n7x) dx
-1
1
=2f g (x) sin (n7x) dx
0
1
=-2 f x sin (nmx) dx
0

1 1 !
=-2 (—— [x cos (nnx)]é + —f cos (nmx) dx)
nrt nt Jy

0
—_—~

1
= -2|——cos(nm) + —— [sin (nnx)](lJ
nmn n?n

= i [cos (nm)]
nmn

_2(=D"
- nrt

Therefore

G

An = n2m2
Now that we found A,, B,,, then the solution (4A) is

u(x,t) = i (_27(1;11) cos (2nmit) + % sin (2n7zt)) sin (nmx)
n=1

o] (_1)1’1
n2m2

= (sin (2n7tt) — 2nm cos (2nt)) sin (nmx)
n=1

2.6.6 Problem 4.2.4b

Find all separable solutions to the wave equation u; = u,, on the interval 0 < x < 7 subject
to (b) Neumann boundary conditions u, (0,¢) = 0, u, (77, ) = 0.

Solution

Using separation of variables, let u = X (x) T (). The PDE becomes

T"X =X"T
m_X_ 3
T X
Where A is separation constant. Hence the eigenvalue ODE is
X" +AX =0 (2)
X' 0)=0
X' (m)=0
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And the time ODE is
T” + AT =0 (3)
Starting by the eigenvalue ODE to determine the eigenvalues and eigenfunctions.

Case A <0

Let —A = w?. Hence the ODE is X” — w?X = 0 and the solution becomes
X (x) = C; cosh (wx) + C, sinh (wx)
X’ (0) = Cyw sinh (wx) + Cow cosh (wx)
At x = 0 the above gives
0=C,
Hence the solution now becomes
X (x) = C; cosh (wx)
X’ (x) = Cqwsinh (wx)
At x = 7t the above gives
0 = Cywsinh (w)

But sinh is zero only when its argument is zero which is not the case here. Therefore C; =0
which leads to trivial solution. Therefore A <0 is not eigenvalue.

Case A =0
The space equation becomes X" (x) = 0 with the solution
X=Ax+B
X (x)=A
At x = 0 the above gives 0 = A. Therefore the solution is X = B. Therefore X’ =0. At x =7

this gives 0 = 0. Therefore any value of B will work. Using the constant as 1, then the A =0
is an eigenvalue with corresponding eigenfunction X, = 1.

case A >0

The solution to the above ODE now is

X (x) = Acos (\/Xx) + Bsin (\/Xx)
X (x) = ~AVA sin (\/Xx) + BV cos (\/Xx)
Since X’ (0) = 0 then B = 0 and the solution becomes
X(x) = Acos (\/Xx)
X' (x) = ~AVAsin (\/Xx)
Since X’ (1) = 0 then for non trivial solution we want sin (ﬁn) =0or \/Xn = 17w or

A, =n? n=1,23,-
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Hence the eigenfunctions are

X, (x) = cos (nx) n=1,23,--
The time ODE (3) is now solved. For A = 0 it becomes T” = 0. Hence the solution is
To (F) = %t + % and for A, = n? it becomes

T +n’T, =0
Which has the solution
T, (t) = A, cos (nt) + B,, sin (nt)

Therefore the complete solution becomes

Bg

Ao
1727

u(,t)=Xy To + XX, Tn
n=1

B A —
= ?Ot + 70 + nz:]l (A,, cos (nt) + B,, sin (nt)) cos (nx) (4)

To find Ay, By, A,,, B, we need initial conditions which are not given. I was not sure if we are
supposed to assume such initial conditions or not in order to continue. If so, then assuming
u(x,0) = f(x) and u; (x,0) = g(x), then at t = 0 the above becomes

f(x) = % + g}lAn cos (nx)

Hence A, are the Fourier cosine coefficients of f (x). After even extending f (x) to [-m, 1] we
obtain

Ay = %j:nf(x)dx

2 TU
- ;fo () dx
And

1 7T
A, = - f_nf(x) cos (nx) dx

2 T
== J(; f (x) cos (nx) dx

To find B,,, taking time derivative of (4) gives
B (0]
u (x, t) = ?0 + E (-nA,, sin (nt) + nB,, cos (nt)) cos (nx)
n=1

At t = 0 the above gives

B (o]
g(x) = ?0 + }; nB,, cos (nx)
Hence was done above for Ay, A,, we obtain
2 T
By == f d
0=~ | s
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And
2 T
nB, = — f g (x) cos (nx) dx
TTJo

2 T
B, =— f g (x) cos (nx) dx
nrTt Jo

Now that we found A,, B,,, then the solution (4) is

1 1
u(x,t):t(%fo g(x)dx)+(;fo f(x)dx)

+§ ( % j(‘) " f (x) cos (nx) dx) cos (nt) + ( % j;”g (x) cos (nx) dx) sin (nt)] cos (nx)

1 1
0w f) = ¢ %fo g(x)dx)+(gj; f(x)dx)

+ % Z % (n cos (nt) fo i f (x) cos (nx) dx + sin (nt) fo ' g (x) cos (nx) dx) cos (nx)

n=1

2.6.7 Problem 4.2.6

(a) Formulate the periodic initial-boundary value problem for the wave equation on the
interval -7 < x < 71, modeling the vibrations of a circular ring. (b) Write out a formula for
the solution to your problem in the form of a Fourier series. (c) Is the solution a periodic
function of t? If so, what is the period? (d) Suppose the initial displacement coincides with
that in Figure 4.6, while the initial velocity is zero. Describe what happens to the solution
as time evolves.

Solution

2671 Parta
Solving for u (x, t) in
Uy = CPllyy (1)
With periodic boundary conditions
u(-m,t) =u(mn,t)
Uy (-7, t) = u, (11, 1)

And initial conditions

u(x,0) = f(x)

u; (x,0) = g (x)
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2.6.72 Partb
Using separation of variables, let u = X (x) T (t). Substituting in (1) gives

1
ST"X = X"'T
c

1 X,
2T X
Where A is the separation variable. This gives two ODE’s to solve. The time ODE
T +2AT =0 (2)
And the eigenvalue ODE
X"+AX =0 (3)

case A <0

Since A < 0, then —A is positive. Let u = —A, where y is now positive. The solution to (3)
becomes

X (x) = cieVF + cpe VH
The above can be written as
X (x) = ¢q cosh (\/ﬁx) + ¢y sinh (\/ﬁx) (4)
Applying first B.C. X (-7n) = X (n) using (4) gives
cq cosh (\/ﬁn) + ¢y sinh (—\/ﬁn) = ¢q cosh (\/ﬁn) + ¢p sinh (\/ﬁn)
c; sinh (—\/ﬁn) = ¢, sinh (\/ﬁn)

But sinh is only zero when its argument is zero which is not the case here. Therefore the
above implies that ¢, = 0. The solution (4) now reduces to

X (x) = ¢y cosh (\/ﬁx)
Taking derivative gives
X’ (x) = cyy/usinh (\/ﬁx)
Applying the second BC X’ (-n) = X’ () the above gives
c14/u sinh (—\/ﬁn) = c14/p sinh (\/ﬁx)

But sinh is only zero when its argument is zero which is not the case here. Therefore the
above implies that c; = 0. This means a trivial solution. Therefore A < 0 is not an eigenvalue.

case A =0
In this case the solution is X (x) = c; + cox. Applying first BC X (-nr) = X () gives
C1—CTt=C +0CTt
—CyTt = (Tt

This gives ¢, = 0. The solution now becomes X (x) = ¢; and X’ (x) = 0. Applying the second
boundary conditions X’ (-7t) = X’ () is not satisfies (0 = 0). Therefore A = 0 is an eigenvalue
with eigenfunction X, (0) =1 (selected ¢; =1 since an arbitrary constant).
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case A >0
The solution in this case is

X (x) = cq cos (\/Xx) + ¢y sin (\/Xx) (5)
Applying first B.C. X (-n) = X (1) using the above gives

1 COS (\/XT() + ¢, sin (—\/XT[) = (1 COS (\/Xn) + ¢, sin (\/XT()
Cy sin (—\/Xn) = Cp sin (\/Xn)

There are two choices here. If sin (—\/Xn) # sin (\/Xn), then this implies that ¢, = 0. If
sin (—\/Zn) = sin (\/Xn) then ¢, # 0. Assuming for now that sin (—\/Xn) = sin (\/Xn) This
happens when \/Xn =nn,n=1,2,3,--, or

A, =n? n=1,23,-

Using this choice, we will now look to see what happens using the second BC. The solution
(5) now becomes

X (x) = ¢q cos (nx) + ¢ sin (nx) n=1,2,3,::
Therefore
X’ (x) = —cynsin (nx) + con cos (nx)
Applying the second BC X’ (-n) = X’ () using the above gives
cinsin (nm) + cyn cos (nmt) = —cyn sin (nm) + cyn cos (nmn)
cinsin (nn) = —cyn sin (nm)
0=0
Since 7 is integer.

Therefore this means that using A, = n? has satisfied both boundary conditions with ¢, #
0,c; # 0. This means the solution (5) becomes

X, (x) = A,, cos (nx) + B,, sin (nx) n=1,2,3,-
The above says that there are two eigenfunctions in this case. They are
cos (nx)
Xy (x) = .
sin (nx)
Since there is also zero eigenvalue, then the complete set of eigenfunctions become
1
X, (x) =1 cos(nx)
sin (nx)

Now that the eigenvalues are found, we go back and solve the time ODE. Recalling that the
time ODE (2) from above was found to be

T” + AT =0
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When A = 0 this becomes T”” = 0 with solution T, (t) = At + B. When A, = n? the ODE
becomes T” + ¢?n?T = 0 with solution

T, (t) = C, cos(cnt) + E,, sin (cnt)
Adding all the above solutions using u, (x,t) = X, (x) T, (t) gives the final solution as

u(x,t) = Xo (¥) To () + ) X, (1) T, (8)

n=1

= At+B+ i (cos (nx) + sin (nx)) (C,, cos (cnt) + E,, sin (cnt))

n=1
Or
u(x,t)= At+B
+ Z (C,, cos (cnt) + E,, sin (cnt)) cos (nx)
n=1
+ 2 (C,, cos (cnt) + E,, sin (cnt)) sin (nx)
n=1
2.6.7.3 Partc

The solution is periodic in time. To find the period, solving ct = 27711‘ for T gives

27
T=—
c

26.74 Partd

The solution will behave similar to the one on page 148 initially, where initial conditions
splits in half, one half moving left and one moving right until each half reach the boundary
conditions. But now, each half wave reflects off the boundary staying upside and starts
moving back toward the middle again, until the two halves reunite again to reproduce the
same initial conditions shape. This process then repeats again and again.

So the difference between periodic boundary conditions, and having ends fixed as the case
in Figure 4.6, is that when ends are fixed, the two half waves reflect upside down at the
boundaries, while here they do not not. The solution above was animated and plotted
showing this. Initial conditions used is small triangle similar to one used in Figure 4.6 with
zero initial conditions and using c =1 for speed. The following is the result
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time: 0 time: 0.48 time: 1
0. 0.4} 0.4
) /N VANIAN
n _n n ml-n T L |- I z pe
2 g2 2 2 02 z 2 g2 2
-0.4 -0.4 -0.4
time: 2.48 time: 3 time: 3.15
0.4 04} 0.4
/\ 0.2 /\ \ 0.2} / 0.2
- _n n n _',T T L3 n _'n I n n
2 g2 2 2 02 2 2 g2 2
-0.4 -04Ff -0.4
time: 3.3 time: 3.55 time: 4
0.4 04} 0.4
\ 0.2 / /\ 0.2} /\ /\ 0.2 /\
oz z ) z B x T
-0.2 -0.2f -0.2
-0.4 -04Ff -0.4
time: 5.35 time: 5.94 time: 6.36
0.4 04} 0.
JAGTAN JN °
e A ] P
-0.2 -0.2 -0.2
-0.4 -0.4 -0.4

Figure 2.41: Plot showing solution in time, Periodic B.C.

In the above at t = 3.15 sec. is when each half wave reaches the boundary at x = -7t and
x = 7. At t > 3.3 the waves half reflects and are starting to moving back towards the center.
At t = 6.36 the initial conditions shape is reconstructed again. For higher times, the above
motion repeats.

2.6.8 Problem 4.2.14c

Sketch the solution of the wave equation uy = u,, and describe its behavior when the initial
1 l<x<?2

displacement is the box function u (x,0) = )
0  otherwise

while the initial velocity is 0 in

each of the following scenarios (c) on the halfline 0 < x < co, with homogeneous Neumann
boundary condition at the end.

Solution
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u(x,0)
12

1.0:—
0.8:—
0.6:—
0.4:—7 —0

02l

Il Il l
0.0 0.5 1.0 1.5 2.0 25 3.0

Figure 2.42: Initial conditions

Let f (x) = u(x,0) and let g (x) = u; (x,0) = 0. Since the boundary condition is homogeneous
Neumann, then f (x) is even extended to make it periodic with period 4. This is done so
we can use d’Alembert solution which is valid for unbounded domain. Let f~ (x) be the new
periodic initial conditions as shown the in the following diagram.

u(e,0) = f(z)

12

0.8

04l

Nfb— — — e e -

L L
-4 -2 0

Figure 2.43: Initial conditions

With the new periodic initial conditions, we now can apply d’Alembert solution

i(x,t) = 1 Flx—ct)+ f(x +ct)
Y f

Since ¢ =1 then above becomes

(fa-t)+fx+p)

NI =

(x,t)=
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We will use the solution from above only for x > 0 since that is the physical domain.

The solution will starts by splitting each packet into 2 halves. One that move to the right
and one that move to the left. When the half that moves to the left reach x = 0, at that same
time the half wave that was moving to the right from x < 0 arrives. And they pass through
each others. This appears as the wave half deflecting off x = 0 turning around, remaining
upright, and starts to move to the right behind the half that was moving to the right from
the start. So we end up with 2 half waves moving to the right after that. This is sketch of
what happens in time.

time: 0 time: 0.27 time: 0.7
10— 1.0 1.0
08f 08 08
0.6F 06 06
04Ff 0.4 04
0.2f 0.2 02
0 2 4 6 8 10 0 2 4 6 8 10 0o 2 4 6 8 10
time: 1.07 time: 1.82 time: 2.25
1.0t 1.0 10
08} 08 08
0.6F 06 06
04Ff 0.4 04
0.2f 0.2 02
0o 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
time: 2.94 time: 3.8 time: 5.41
1.0t 1.0 10
0.8} 08 08
0.6} 06 06
04Ff 0.4 04
0.2f 0.2 02
0 2 4 6 8 10| o 2 4 6 8 10 0 2 4 6 8 10
time: 8 time: 9 time: 11
1.0t 1.0 1.0
0.8} 0.8 08
06} 06 06
04Ff 0.4 04
0.2f 0.2 02
0 2 4 6 8 0] o 2 4 6 8 10 0 2 4 6 8 10

Figure 2.44: sketch of solution over time
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pde =D[u[x, t], {t, 2}] =D[u[x, t]1, {x, 2}1;
f[x_] :=Piecewise[{{1, 1 <x < 2}, {0, True}}];
fbar[x_] :=If[-3<x< -1, fbar[x+4], f[x]];
ufx_, t_] :=1/2 (fbar[x-t] +fbar[x+t]);
Table[Plot[u[x, tO], {x, @, 10}, PlotRange » {Automatic, {0, 1.02}},
GridLines - Automatic, GridLinesStyle - LightGray,
PlotStyle -» Red, PlotLabel - Row[ {"time: ", t0}],
PlotPoints - 40, Exclusions - None],
{to, {0, 0.27, 0.7, 1.07, 1.82, 2.25, 2.94, 3.8, 5.41, 8, 9, 11}}];
p = Grid[Partition[%, 3], Frame - All];

Figure 2.45: Code used for the above

2.6.9 Problem 4.2.22

Under what conditions is the solution to the Neumann boundary value problem for the wave
equation on a bounded interval [0,1] periodic in time? What is the period?

Solution

By even-extending the initial displacement and initial velocity to [-1,1] and then repeating
this again for the whole line —co < x < 0, and then using the d‘Alembert solution, then the
resulting solution u (x, ) will always be periodic since initial conditions are periodic. The
period of the solution will 2L in x, where L = 1 here. Hence period is 2 in x.

2.6.10 Problem 4.2.25

Write down a formula for the solution u(x, t) to the initial-boundary value problem u; = 4u,,
with boundary conditions

u, (0,6)=0
u,(rm,t)=0
And initial conditions
u(x,0) =sinx
u; (x,0)=0
ForO<x<mt>0

Solution

Since boundary conditions are Neumann, then to use d‘Alembert solution, we start by even
extending both initial position u (x,0) = sin (x) and initial velocity (which is zero here) to be
even over [-7, t]. Next we duplicate this over the whole line —co < x < co. Now we are able
to use d‘Alembert solution to solve the wave equation. The solution will be periodic with
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period 27 in x. Let f(x) = sinx and let f (x) be its even periodic extension such that

0 =f)
f(x+2n) = f(x)

fx=2m) = f(x)

Hence the solution is
7 (x, ) = % (Fa—ct)+ fx+ct)
But ¢ = 2 therefore the above becomes
(x,t)= % (sin (x — 2t) + sin (x + ct))

The actual solution we want is over [0, 7] from the above since that is the physical domain
of the original problem.
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2.6.11 Key solution for HW 6

41.4

The solution is
u(t,z) = io: d, exp [7 (n+ %)zwzt] sin(nJr %) T
where -
d, = 2/01 f@)sin(n + ) 7wz de

are the “mixed” Fourier coefficients of the initial temperature u(0,z) = f(z). All solu-

tions decay exponentially fast to zero: u(t,z) — 0 as t — oo. For most initial condi-

2
tions, i.e., those for which d; # 0, the decay rate is e ™ t/4 oy ¢=24674%  The solution
profile eventually looks like a rapidly decaying version of the first eigenmode sin %71'93.

41.7

(a) u(t,z) :% - % ij:o m exp(f(4j+2)27r2t) cos(4j +2)mz; (b) %;

2
(c) At an exponential rate of e™4™ ¢;
(d) Ast — oo, the solution becomes a vanishingly small cosine wave centered around

U= %, namely

—_

u(t,z) ~ i 7r_22 g4t

cos 2mx:

e~ (2k+1)%t cos(2k+ 1)z
T =0 (2k +1)?

; equilibrium temperature: u(t,z) — %w.
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4.1.16

(a) If u(t,z) = e** v(t,z), then
@ _ at at @ a0t 8_2'0_ 32_'”'
il v(t,z) +e at(t,m)—’ye 722~ 92

_ —at o —(atyn?r?)t . _ 1 .
(b) wu(t,xz) = e S b€ sinnwz, whereb, = 2/0 f(z) sinnwzdz
n=1

are the Fourier sine coefficients of the initial data. All solutions tend to the equilibrium
value u(t,z) — 0 as t — oo at an exponential rate. For most initial data, i.e., those with
by # 0, the decay rate is e~ %t where a = a+~ 7r2; other solutions decay at a faster rate.

4.2.3d

(d) u(t,z) =

Ao

oo . .
3 (_1)n+1 (costn,ﬂ-t-{- sm2n7rt) sinnTz
n=1 2nm n

4.2.4b

(b) 1, t, cosntcosnz, sinntcosnz, forn=0,1,2,....
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4.26
(a)

8%u 5 8%u ou du —T<z<m,
—=c =, ult,—7)=ult,n), — (@, —7)=——(mn),
o2 Ox? oz oz —o0 <t < oo,
subject to the initial conditions
du
u(0,z) = f(z), E(O’w):g(m)’ —T<T <.

(b) The series solution is

oo
u(t,z) = %ay+ scgt+ Y. (ancosnct cosnz + b, cosnct sinnz
n=1

c, . d. . .
+ —ZL-sinnct cosnx + —sinnct smna:),
nc nc

where a,,, b, are the Fourier coefficients of f(z), while ¢,,,d,, are the Fourier coefficients

of g(z).

1 s
(¢) The solution is periodie, with period 27’” , if and only if ¢y = 5o / g(z)dz =0, i.e.,
w7
the average initial velocity is zero. Otherwise, it includes an unstable, linearly growing

mode. Note: special solutions may have a shorter period. For example, if all odd coeffi-
cients vanish, Ugjpq = b2j+1 =Cyjyq1 = d2j+1 = 0, and ¢y = 0, then the solution has
period 7 /c.

(d) The initial displacement breaks up into two half size replicas traveling with speed ¢ in
opposite directions. When the right moving wave arrives at the end point — 7, it reap-
pears unchanged and still moving to the right at the other end w. Similarly, when the
left moving wave arrives at the left end, it reappears on the right end still moving left.
The waves recombine into the original displacement after a time of 27 /¢, and then the
process repeats periodically.
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4.2.14c

(€) The initial displacement splits into two half sized replicas, initially moving off to the
right and to the left with unit speed. When the left moving box collides with the origin,
it reverses its direction, eventually following its right moving counterpart with the same
unit speed at a fixed distance of 3 units. During the collision, the box temporarily
increases its height before disengaging in its original upright form, but now moving to

the right.

Plotted at times t =0, .25, .5,.75,1.,1.25,1.75, 2., 2.5, 3.5:

1 —_

4.2.22

£
The solution is periodic if and only if the initial velocity has mean zero: fo g(z)dz = 0.

For generic solutions, the period is 2£/¢, although some special solutions oscillate more

rapidly.
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4.2.25

(a) The even, 27 periodic extension of the initial data is f(z) = |sinz|. Thus, by
d’Alembert’s formula, u(t,z) = § |sin(z — 2t) | + & |sin(z + 2¢) |.
(b) u (%, 1) = % |sin % | + % |sin(%7r) | =1. (¢) h(t) = |cos2t| is periodic of period %71’.

(d) Yes. On the interval 0 < z < , discontinuities initially appear at z = 0 and z = m,
and then propagate into the interval at speed 2, reflecting whenever they reach one of
the ends, as sketched in the following figure:

T

168




27. HW 7 CHAPTER 2. HWS
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2.71 Problem 4.3.24

Use the method in Exercise 4.3.23 to solve an Euler equation whose characteristic equation
has a double root r{ =1, =7

Solution

2711 Part (a)

Euler ODE is
ax?u’ (x) + bxu’ (x) +cu(x) =0
By assuming u = x” then v’ = rx~!,u”" = r (r — 1) X’ 2. Substituting back into the above ODE
gives
ax*r(r=D)x 2 +bxrx 1 +cx" =0
ar(r—-1)+br+c=0

2

arc—ar+br+c=0

ar* +r(b-a)+c=0

b—a 1
na=-—— 5\/(19 —a)* - 4ac 1)

b— . .
Double root means that r =1 =1, = —2—;. Hence the first solution of the ODE is

Solving for r gives the roots

Uy = x'

And now we need to find the second solution. Using reduction of order method, we assume
the second solution is

Uy (x) = v (x) uy (%) (2)
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And we need to determine the function v (x). Therefore
uy = v'uy + ouj
uy =v"uy +0'uj +v'uj +ouf
=0"uy + 20'u] + ouf
Substituting the above into the ODE gives
ax? (v”u1 +20'uj + vui’) + bx (v’ul + vu’l) +couy =0
v’ (axzul) + 0 (2axzu’1 + bxul) +0 (axzui’ + bxuj + cul) =0
But ax?uf + bxu’ + cuy = 0 since u; is a solution. The above now simplifies to
v’ (axzul) +7 (Zaxzui + bxul) =0
But u; = x", hence 1} = rx"~! and the above becomes
v’ (axzxr) +0/ (2arx2x7‘1 + bxxr) =0
av’’x*2 + o (Zarx’“ + bx’“) =0
av”’x*2 + v’ Qar +b)x™*1 =0
(av"'x + v (Qar + b)) X1 =0

av”’x+ v 2ar+b)=0

Butr=r = —% from (1) since double root. The above simplifies to
b-a
av’x + v (Za (——) + b) =0
2a

av”’x+v ((-b+a)+b)=0
av”’x+av’ =0

v'x+7v =0

Therefore
d
o (x0')=0
xv' =Cy
.G
Cox

v=Cilnx+C,
Now that we found v (x), then using (2) we find the second solution to the ODE as
Uy = Ul
= (Cylnx + Cy) x?
Therefore the complete solution is

u=Cox +(Cilnx + Cy)x"

By combining constants, the above simplifies to
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u(x) = Ax"+ Bx"Inx

2.7.2 Problem 4.3.25
Solve the following boundary value problems (c) V?u = 0,x% + y?> <4,u = x*, x> + y?> = 4 (d)
VZu =0,x% + 2 <1,3—Z =x,x2+y?=1

Solution

2.7.2.1 Partc

In polar coordinates, where x = rcos 8,y = rsin 6, we need to solve for u (r, 0) inside disk of
radius 7y = 4. The Laplace PDE in polar coordinates is

urr+}ur+:—2u9620 O<r<ryg,—-m<O<m
u(r, 0) = f () = (rgcos 0)"
u(=m) = u(n)
ug (-m) = ug (1)
The solution to Laplace PDE of radius ry can be found using separation of variables and

derived in the textbook (full derivation is also given in this HW in problem 4.3.33 below).
The Fourier series solution is

u(r,0) = % + E a, (%) cos (n0) + b, (%) sin (n0)
Since ry = 4 the above becomes
_ %, 3, (1Y Vi
u(r,0) = > + Ean (4) cos (n6) + b, (4) sin (n0) (1A)

Where a, = ~ [* £(6) cosn6d6,b, = = [ f(6) sin nodo.
T Yv—11 T v—77

1 m 4
ag = —f 256 cos™ 6d6
TJ n
256 (T

- cos* 6do
T -
256 (36 1 1 "
= |== + - sin(26) + — sin (46)
n \8 4 32 .
256 (3 3m
===
T 8 8
256 (37
T n \4
=192
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And
1 7T
a, = —f 256 cos* (0) cos (n6) do

256
—— (:os4 (6) cos (n6)do
T

=Tt

To evaluate the above integral, we will start by using the identity

3 1 1
cos?(0) = = + = cos (40) + = 5 cos (20)

8 8
Therefore the integral now becomes
256 3 1 1
a, = — + —cos (40) + = cos (20) | cos (nO) do
i 8 8
256 |3 1 1 "
=— —f Cos(n9)d6+—f cos (40) cos (n@)d9+—f cos (20) cos (n6) dO 1)

n |8J_, 8J_, 2J_,

But f_n cos (n6)dO = 0 and f_n cos (40) cos (n0) dO is not zero, only for n = 4 by orthogonality

of cosine functions. Hence
7T 7T
f cos (40) cos (n0) do = f cos? (40)do
-7 -7
=7

And similarly, f_ " cos (20) cos (n9) dO is not zero, only for n = 2 by orthogonality of cosine
functions. Hence

fﬂ cos (26) cos (10) d6 = fn cos? (260) dO
=7
Using these results in (1) gives, for n =2
256
|
-

v
=128

f cos? (20) d@]
)

1

2
T
2

And forn =4
256 |11 (™
Ay = — [gf cos? (40) d@]

T -7t

_256(n)
T o \8

=32
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And all other a, are zero. Now that we found all 4,, and since b, = 0 for all n (because f (6)
is even function) then the solution (1A) becomes

192 2 4
u(r,0) = - +a, (i) cos (20) + ay (2) cos (40)

72

A
=96 +128 (16) cos (20) + 32% cos (40)

Therefore

u(r, 0) = 96 + 8r2 cos (26) + %1'4 cos (46)

Here is plot of the above solution.

1
sol = 96 + 8r? Cos[26] + 3 rt Cos[46];

ParametricPlot3D[{r Cos[©], r Sin[&], sol}, {r, @, 4}, {6, @, 2Pi},
AxesLabel -» {x, y, "u(x,y"}, ImageSize -» 400, BoxRatios » {1, 1, 1}, BaseStyle - 14]

Figure 2.46: Solution plot to the above problem with code used

It is also possible to use, as shown in textbook, the closed form sum as given in theorem 4.6
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as
1-12

1 T
u(r,0) = ﬂf_nf(qj) 1412 —2r603(6_¢)d¢

Notice that theorem 4.6 is for a unit disk. Since the disk here has radius 4 then r is changed
to i in 4.126 as given in book. Here f (0) = (4 cos 6)4. Hence the above becomes

- (5)

1 7T
u(r,0) = E£n256cos4(¢)1+(f)z_z(f)cos(9—¢)d¢
4
128 [m f_ﬁ
128 \ 16 d
- _ncos (95)14_;_2_5(:05(9—(75) ’
128« to-r

=— | cost d

T Jon (¢)16+r2—81fcos(9—gb) ?
But evaluating the above integral was hard to do by hand. It should of course give the same
solution as found above using Fourier series.

2722 Partd

In polar coordinates, where x = rcos 0,y = rsin 6, we need to solve for u (r, 0) inside disk of
radius 7y = 1. The Laplace PDE in polar coordinates is
1 1
ur,+;u,+r—2u9@:0 O<r<l,—nt<O<m
u,(1,0) = f(0) =cos0O
u(—m) =u(n)
ug (-m) = ug (1)

Using separation of variables, let u (r, 0) = R(r) © (0) the solution is given by

u(r,0) = % + 3 4, cos (n6) + b,r" sin (n6) 1)
n=1
du(r,0)
ar

At r =ry =1 we have that
becomes

= cos 0 (since x = rcos 0 but r =1 at boundary). The above

cos 0 = E na,r"! cos (n0) + nb, "1 sin (n0)
n=1
Therefore n =1 is only term that survives in the sum. Hence 4, =1 and all others are zero.
The solution (1) becomes

u(r,0) = 112—0+rcos(6)

The solution is not unique as there is a4, arbitrary constant.
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2.7.3 Problem 4.3.33

Write out the series solution to the boundary value problem u(1,0) = 0,u(2,60) = h(0) for
the Laplace equation on an annulus 1 <7 < 2.

Solution

Using a for the inner radius and b for the outer radius to keep the solution more general. At
the end these are replaced with a =1,b = 2.

u(b,0) = h(0)

Figure 2.47: PDE to solve using polar coordinates

The Laplace PDE in polar coordinates is

%y Jdu J%u
0 ouw o
r8r2+r8r+862 0 (A)
With
u(a,0)=0
u(b,0) =h(0) (B)

Let the solution be
u(r,0) =R(r)©(0)
Substituting this assumed solution back into the (A) gives
R"© +rR'©® + R®” =0
Dividing the above by R® gives

2I{/I + R/ + @N 0
r°—+r— =
R R ©
rzRN + rRI @//
R R O

Since each side depends on different independent variable and they are equal, they must
be equal to the same constant. say A.
rzR—” + rR—I -9
R R ]
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This results in the following two ODE’s. The boundaries conditions in (B) are also transferred
to each ODE. Hence

©”+10 =0 1)
©(-n) =0 (n)
O’ (-n) =0’ (n)
And
PR” +rR' = AR =0 (2)
R(a)=0

Starting with ODE (1) with periodic boundary conditions.
Case A <0 The solution is
© (6) = Acosh (VIA[0) + Bsinh (ViA[6)
First B.C. gives
O(-n) =0(n)
A cosh (—\/Wﬂ) + Bsinh (—\/WR) = Acosh (\/Wn) + Bsinh (\/WR)
A cosh (\/Wﬁ) — Bsinh (\/WT() = Acosh (\/Wn) + Bsinh (\/WN)
2Bsinh (ViAlr) = 0
But sinh = 0 only at zero and A # 0, hence B = 0 and the solution becomes
O (0) = Acosh (\/W@)
®' (0) = AVA cosh (ViAl0)
Applying the second B.C. gives
Q' (-n) =0’ (n)
AVA| cosh (—\/Wn) = Av|A| cosh (\/WR)
AVIA| cosh (\/WT() = A|A| cosh (\/Wn)
2A|A| cosh (\/Wn) =0

But cosh is never zero, hence A = 0. Therefore trivial solution and A < 0 is not an eigenvalue.

Case A = 0 The solution is ©® = A0 + B. Applying the first B.C. gives

O(-n) =0 (n)
-An+B=nA+B
2nA =0
A=0

And the solution becomes ® = By. A constant. Hence A = 0 is an eigenvalue.

Case A >0
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The solution becomes

® = Acos (\/X@) + Bsin (\/16)

®’ = -AVAsin (\/X@) +BVA cos (\/XG)
Applying first B.C. gives
O (-m) = O (n)

Acos (—\ﬁn) + Bsin (—\/Xn) = Acos (\/Zn) + Bsin (\ﬁn)
Acos (\/Xn) — Bsin ( /\n) = Acos (\/Xn) + Bsin (\/Xn)
2B sin( /\n) =0 3)
Applying second B.C. gives
O’ (-n) =0’ (n)
~AVAsin (—\/Xn) + BV cos (—\/Xn) ~AVAsin (\/Zn) + BV cos (\/Xn)
AV sin (\/Xn) + BV cos (\/Xn) = - AV sin (\/Xn) +BVA cos (\/Xn)
AV sin (\/Xn) = -~ AV sin (\/Xn)

2A sin( /\n) =0 (4)

Equations (3,4) can be both zero only if A = B = 0 which gives trivial solution, or when
sin (\/Zn) = 0. Therefore taking sin (\/Xn) = 0 gives a non-trivial solution. Hence

Vinemn  n=123-
Ap=n®*  n=1,23,-
Hence the eigenfunctions are
{1, cos (n6), sin (nO)} n=123,- (5)

Now the R equation is solved

The case for A = 0 gives from (2)
”R” +rR' =0
R” + }R’ =0 r#0
As was done in last problem, the solution to this is
Ro(r) =Alnr+C

Applying the B.C. R (a) = 0 gives

0=Alna+C

C=-Alna
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Hence the solution becomes
Ro(r)=Alnr—-Alna
r
=Aln-
a
Case A > 0 The ODE (2) becomes
PR’ +rR' —n?R =0 n=1,23,--
Let R = 7#, the above becomes
2p (p - 1) 72+ rprP=l — 2P = 0
p(p—l)rp+prp—n2rp =0
p(p—1)+p—n2 =0
P2
p

2

I
=

Il
+

n

Hence the solution is
1
Rn(r):Cr”+Dr—n n=1,23--

Applying the boundary condition R (a) = 0 gives

1
0=Ca"+D—
an
1
—Ca" =D—
a)’l
D = -Ca?"

The solution becomes

1
Rn(r)zCr”—Caznr—n n=1,23,--

u2n
(-5

Hence the complete solution for R (r) is
P L a
R(r) = Aln; +,§1C" -
Using (5),(6) gives
Uy (7’, 6) = Rn®n
r a®" & ,
u(r,0) = (A In - + ,;1 C, (r” - r_”)) (AO + 2 A, cos (n0) + B,, sin (n@))

n=1
Combining constants to simplify things gives

00 2n
u(r,0)=Aln ! + E (r” - a_) (A,, cos (n6) + B, sin (n6))
a = "

But a =1, then above simplifies to

178

(6)



27. HW 7 CHAPTER 2. HWS

u(r,0) =Alnr+ Z (r - —) (A, cos (n6) + B,, sin (n0)) (7)
n=1

Atr=>bwe use u(b,6) =h(0) to find Ay, A,, B,.
u(b,0) =h(6)
h(6) = Aglnb + Z (b” + —) (A, cos (nB) + B, sin (n6))

n=1
Hence

Aolnbzzfnh(e)de
(b”+—)— f 1 (6) cos (n0) dO

(b”+—)— f 1 (6) sin (n6) dO

The solution (7) becomes

u(r,6) = ( fh(e)de)h” f]( _

But b = 2 and the above becomes

u(r,0) = ( f h(6) d@) Inr E (r o ((f h(0) cos (n@)d@) cos (n0) + (f h (6) cos (n6) d@) sm(n@))

-

)

(( f h(@)cos(n@)d@)cos(n9)+( f h(@)cos(n@)d@)sm(m@))

':-I,_.

71 1 on + -
( f h(@)de) Inr —22” (rzn (( f h(@)COb(nﬁ)dG) cos(n6)+( f 1(6) cos(ne)de)sm(n@))
In2 =n ro22n 41

2.7.4 Problem 4.3.38

Suppose f_n |h(0)|dO < oco. Prove that (4.115) converges uniformly to the solution to the
boundary value problem (4.101) on any smaller disk D, ={r<r, <1} & D,

Solution

4.115 is solution for u (7, 0) inside unit disk 0 <r<1and u =h(6) at r = 1.

u(r,0) = % + i " (a, cos (n0) + b,, sin (n0)) (4.115)
n=1

This problem is asking to show that the Fourier series solution 4.115 converges uniformly to
solution of Laplace PDE V2u = 0 inside disk with radius less than unity with above boundary
conditions.

Let f, = 1" (a, cos (n6) + b, sin (n6)), then to show uniform convergence, we need to show
that for any ¢ > 0, there exist integer N (¢) such that for all n > N the following is true
|Mn - ux—l <é¢
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Where
U, = (;) (a,, cos (n6) + b,, sin (n0))

*

Hence we need to show, we can find N such that for all n > N

" (a, cos (nO) + b, sin (n6)) — (;) (a,, cos (n6) + b, sin (nO))| < e

*

But
" (a, cos (nO) + b,, sin (n6)) — (;) (a,, cos (n6) + b,, sin (n0))

*

(rn _ (1) (a, cos (n6) + b,, sin (n0))

1)

But |a,, cos (n0) + b, sin (n0)| can be made as small as we want by increasing n. This is because
|la, cos (n0) + b, sin (n)| < |a,, cos (nO)| + |b, sin (nH)|

And since f_z | (0)|dO < oo it implies the Fourier series coefficients a,,b, — 0 as n — oo per

Lemma 3.40 on page 112. Hence (1) can be made as small as we want for large n and it will

()]

Therefore there exist such an N (¢). Hence u converges uniformly to ..

remain smaller as »n increases because <1.

2.7.5 Problem 4.3.42

Complete the proof of Theorem 4.9 by showing that u (x, y) = M" for all (x, y) € Q. Hint:
Join (xo,yo) to (x, y) by curve C c Q) of finite length, and use the preceding part of the proof
to inductively deduce the existence of a finite sequence of points (xi,yi) €C,i=0,---,n with
(xn,yn) = (x, y) and such that u (xl-, yi) =M

Solution

Theorem 4.9 : Let u be a nonconstant harmonic function defined on a bounded domain
Q) and continuous on JQ. Then u achieves its maximum and minimum values only at
boundary points of the domain. In other words, if m = minfu (x,y)|(x,y) € JQ, M =

max{u (x,t)| (x, y) € dQ} are respectively, its maximum and minimum values on the boundary,
then m < u (x, y) < M at all interior points (x, y) € Q.

The book gives the proof showing that maximum M* occurs on the boundary JQ. We are
asked here to show that once we determined that given a circle inside () and assuming the
maximum is at it center meaning all points inside this disk are u = M* then this implies

that all points inside QO must also be u = M* leading to contradiction of the nonconstant
requirement. Hence the starting point is this diagram
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oN
@ Q

Figure 2.48: All points inside C have same value M*

Now, we pick a new point from inside the disk C near the edge and apply the first part of
the proof to show that all points inside the new disk C, also have u = M* there. So we have
this new diagram.

All points here
havq u = M*

Figure 2.49: All points inside C, have same value M*

We continue this way connecting points and adding the domain where all points have u = M*
values.
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All points here
haved u = M*

All points here
have u = M*

Figure 2.50: All points inside C; have same value M*

Since Q is connected then we can cover the whole region Q this way all the way to the
boundary JQ. This complete the proof given in the book.

2.7.6 Problem 4.3.46

Write down an integral formula for the solution to the Dirichlet boundary value problem on
a disk of radius R > 0, namely, V2u =0, x> + y>* < R, u = h,x*> + y* = R?

Solution

The closed form sum as given in theorem 4.6 in the book as the Poisson kernel integral
formula
1-—#2

1 T
“{r.8) = E‘f—nh(¢)l+r2—2rcos(9—¢)d¢

Theorem 4.6 is for a unit disk. Since the disk here has radius R then r is changed to % in
the above giving

1 T
0= [ 1
H 2nJ_n (¢)1+(%)2—2(£)COS(6—¢)
Which can be simplified to

1 (* R
u(r,@)—ﬁf_nh((z)) Rz.,.rz_ercos(@—(P)dgb

2.7.7 Problem 4.4.4

Consider the following partial differential equations. At what points of the plane is the
equation elliptic? hyperbolic? parabolic? degenerate?

J
(a) X2ty + X1ty + 11y, = 0 (C) 1y = 5 ((x+ ) uy)
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Solution

2771 Parta

The general form of two variables (x, y) PDE is

L[u] = Auyy + Buy, + Cuyy + Duy + Euy, + Fu =G (1)
The type of PDE depends on value of the discriminant
A =B?-4AC
Comparing the PDE x%u,, + xu, + uy, to (1) shows that A = x?>,B=0,C = 1. Hence
A = —4x?

This is always negative (x = 0 is not possible, since this would made the PDE not a PDE
any more). Therefore using definition 4.12 this means the PDE is elliptic.

27.7.2 Partb
J
1y = = (G + D)
Jd Jd
= (%(x+t))ux+(x+t)£ux
= Uy + (X + 1) Uyy
Hence

Uy + (x+ Uy —u, =0 (2)

The general form of two variables (¢,x) PDE is

L[u] = Auy + Buy, + Cuy + Duy + Eu, + Fu = G (3)
Comparing (2) to (3) shows that C = (x+t),A =0,B =0. Hence
A =B?-4AC
=0

Hence PDE is parabolic.

2.7.8 Problem 4.4.11

Prove that the complex change of variables x = x, t = iy, maps the Laplace equation u,, +u,, =
0 to the wave equation u; = u,,. Explain why the type of a partial differential equation is
not necessarily preserved under a complex change of variables.

Solution
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Given u,, + uy, =0, let x = x,t = iy. Hence we are to go from u (x, y) to v (t,x). Therefore
P
du (x,y) 3 Ju dt N ou dx
dx  Jtdx Jdxdx

_du
T ox
And
%u _d (du
_ %u dt . d%u dx
dxdtdx  Ix%dx
d%u
=52 1)
And
9
Ju _oudt dudx
dy dtdy dxdy
_du
And
?u _ d (du
92 dy (Ty)
. d (du
5l

0
—_—

it T
otz dy  Jdtdxdy

d%u
Z_
ot?
%u
-2 2
T 2)
Substituting (1,2) into uy, + u,, = 0 gives
Pu  Pu
ax2 I
Upp = Uxy
Which is the wave equation.
When change of variables contains only real quantities, then no sign change will occur. Only
stretching (scaling) can occur, so the type of the PDE do not change. But with complex
variables, a sign change can occur as in this example due to multiplying i with i. And this
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is what causes the PDE type to change.

2.7.9 Problem 4.4.16

True or false: The characteristic curves of the Helmholtz equation u,, +u,,, —u = 0 are circles.

vy

Solution

Comparing the above to L[u] = Au,, + Buy, + Cu,, + Du, + Eu, + Fu = G shows that

A=1
B=0
C=1

Hence the characteristic curves are given by (4.151) as (where we choose y = y (x) and hence
s = x here)

A(x,y) (Z—Z)z —B(x,y) Z—Z + C(x,y) =0

2
dy
-7 1=
(dx)+ 0
A
dx|
d—y:ii
dx

There are no real characteristic curves. Therefore the answer is false.
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2.710 Key solution for HW 7

4.3.24(a)

(a) v(y) = u(e¥) solves a constant coefficient second-order ordinary differential equation
with a double root r, and hence v(y) = ¢, €"¥ 4 e;ye"Y. Therefore,

w@) = e |z +cy|z| log|z].

4.3.25(c)(d)

(¢) u(z,y) = 17 cos40 4+ 2 cos 20 + 6 = %m“ — 3%y %y4+2m2 —2y° +6

(d) u(z,y) =rcosf =z.

4.3.33

n _

ag logr & " —pr7" .
u(r,8) = ?0 Tog 2 +HZ::1 o omn (a,, cosnf +b, sinnh),

where a,,, b, are the usual Fourier coefficients of h(6).

4.3.38
1 T
First, if C = p f | h(8) | d6, then the Fourier coefficients are bounded by
—7

lanl <2 /7 [h(6)cosnd|do
m s <X/ ey ae=c

b |<lf”|h(9)~ olde | T
nl S =) sinn

Thus, the summands in (4.115) are bounded by

|a, r™ cosnb+b,r"sinnd| < 'r'n(|an | +|bn|) <207y,

00
According to the Weierstrass M test, since the geometric series Y, 2Cr] < oo

converges, the series (4.115) converges uniformly. n=1 Q.E.D.

4.3.42

Given such a curve, let § > 0 be the minimum distance between C' and the boundary
09, which is positive since C' is assumed to lie in the interior of  and both curves are
compact (closed and bounded). Let (z;,¥,) € C, i = 0,...,n, be a finite sequence of
points on the curve with (z,,,y,) = (z,y) and such that the distance from (z,,y;) to
(®;41,Ys1) 18 < %6, which implies that the disk centered at (z;,y;) whose boundary
circle passes through (z,1,%;11) is contained in 2. Using the preceding argument, a
straightforward induction then shows that

M* = u(zg,yp) = ul(zy,y1) = u(zy,y9) = -+ =u(z,,y,) = ul(z,y),
as desired. Q.E.D.
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4.3.46
The rescaled function %(z,y) = u(Rz, Ry) satisfies the boundary value problem (4.101) on
the unit disk, and hence by (4.126)

. _r2/R2
u(r,6) = a(r/R,0) = 5 [ h(9) 1+T2/R21_2(T;§)COS(9_¢) dg.

4.4 .4(a)(c)
(a) Elliptic when z # 0; parabolic when z = 0.
(c) Parabolic when z + t # 0; degenerate when ¢t = —z.

4.4.11

By the chain rule,
B—H—i@ &—932—”—782—“ and hence E)Z—qu@—aﬂ—u*&
oy  ot’ oyr T otz o2’ 0r? = Oy? 8x2 ot2

Thus, this complex change of variables maps the elliptic Laplace equation to the hyper-
bolic wave equation, and the type is not preserved.

4.4.16

False. The equation is elliptic and so has no real characteristics.
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2.8.1 Problem 6.1.4c

Find and sketch a graph of the derivative (in the context of generalized functions) of the
following functions

sin (71x) x>1
(c)h(x)=9 1-x2 -1<x<1
e* x < -1
Solution
1-x"2
.
0.5+
y Sin[Pi x
-3 -I2 -1 3
-0.5
-1.0f

Figure 2.51: Sketch of the function h(x)

There is only one jump discontinuity at x = —1. The amount of jump [|at x = -1 is Z Hence
e

77 oS (T1x) x>1
W(x)=-10(x+1)+ -2x -1<x<1
e* x< -1

2When determining the sign of the jump, we go from left to right always. Dropping down means negative
sign and moving higher means positive sign.
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4t Pi Cos[Pi x]

-3 -2 -1 t 1 2 3
2t

-4

Figure 2.52: Sketch of the function h’(x)

2.8.2 Problem 6.1.5b

Find the first and second derivatives of the functions

x| 2<x<2

0 otherwise

(b) k(x) = {

Solution

First, the function k (x) is shown below

20+

0.5

Figure 2.53: Sketch of the function k(x)

We see there is a jump discontinuity at x = -2 of value 2 and at x = 2 of value —2. Now, when
-2 <x <0, then k(x) = —x and when 0 < x < 2, then k (x) = x. Hence

0 x< -2
-1 -2<x<0
K (x) = 26 (x +2) — 26 (x — 2) + *
O<x<?2
0 x>2
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The derivative is not defined at x = 0. A plot of the above gives

Figure 2.54: Sketch of the function k’(x)

We see that there is now a jump discontinuity at x = -2 of value -1 and jump discontinuity
at x = 0 of value 2 and jump discontinuity at x = 2 of value -1. Hence

K'(x) =20 (x+2)—20 (x=2)—0(x+2)+20(x) -6 (x—2)
Where 0’ (x + 2) and ¢’ (x — 2) are called "doublets” at x = -2 and at x = 2 respectively.

2.8.3 Problem 6.1.9

1 1
For each positive integer n, let g, (x) = 2" < n (a) Sketch a graph of g, (x). (b)
0 otherwise

Show that lim,_,,, g, (x) = 6 (x). (c) Evaluate f, (x) = f_ * L (y) dy and sketch a graph. Does
the sequence f, (x) converge to the step function o (x) as n — oo? (d) Find the derivative
hy, (x) = g, (x). (e) Does the sequence 5, (x) converge to ¢’ (x) as n — oo?

Solution

2831 Parta

Lets try few values of n.

E | <1
n=1 xX)=4 2

§1) { 0 otherwise

1

1 x| < =

n=2 x) = 2
82(%) { 0 otherwise

§ |x| < 1

n=3g(x) =4 2 3
82(%) { 0 otherwise
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And so on. We see that as n increases, the function value increases and the domain it is

not zero on becomes smaller. As n — oo this becomes a 6 (x) function. Here is a plot of few
values of increasing n.

H—a n=2
n=3
— n=4

— n=6
- n=7

=8
| | | n

L
-1.0 -0.5 0.5 1.0

Figure 2.55: g,,(x) for increasing n

2832 Partb
. 1 . 1
lim -n lim x| < =
lim ¢, (x) = "2 e n
”"‘x’gn( ) { 0 otherwise
) x| —0
] o otherwise
=0(x)
2833 Partc
We want to integrate this function
n
2
1
[ [
[ ~ [
n n

Figure 2.56: Integrating g,,(x)

191



28. HW 8 CHAPTER 2. HWS

Therefore
0 x<_71
1 n 1
X (;+X)E —<x<0
0= sl)ay=1 1 1
. (——x)— 0<x<l
n 2
1 x> -

This is a sketch of the above We see that as n — oo then f, (x) becomes

0 x<0

. )1 _
lmf,(0=1 3 x=0
1 x>0

Which is the step function o (x)

2834 Partd

o . o 1
From the plot of g, (x) above, we see there is a jump discontinuity at x = - of value g and

a jump discontinuity at x = % of value —g. And since g, (x) is constant everywhere else, then

n n

hn(x)=g,’1(x):gé(x+1)_g(5(x_l)

2.8.3.5 Parte

Yes, lim, ,., h, (x) = ¢’ (x). By definition, and as shown in figure 6.6 in textbook, ¢’ (x) is
"doublets". Which is an impulse in positive direction just to the left of x and another impulse
in negative direction just to the right of x and this is what happens when lim,_, 1, (x) as
seen from the result in part d.

2.8.4 Problem 6.1.30

(a) Find the complex Fourier series for the derivative of the delta function ¢’ (x) by direct
evaluation of the coefficient formulas (b) Verify that your series can be obtained by term-by-
term differentiation of the series for 6 (x). (c) Write a formula for the n'* partial sum of your
series. (d) Use a computer graphics package to investigate the convergence of the series.

Solution

2841 Parta

By first doing 27 periodic extension (similar to Dirac comb) we can calculate the coefficients.
First we find the Fourier series for 0 (x)

k=00 '
o (x) ~ Z cpet
k=—c0
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Where c; = % f_ Zé (x) e *xdx = % Hence

1 'S .
5 ~ tkx
()~ o= e

k=—o00
1 —2ix —ix ix 2ix
~ —(---+e +er+1+e*+e 4+
27
Now
k=00
& (x) . 2 dkezkx
k=—0c0
Where

1 r .
di = —f o (x) e ™ dx
2n J_,

-]

x=0
1 .
— 1 ,—1k:
= E [—zke x]x=0
1
= — [—ik
2n[ ik]
k
= —-1—
21

Hence from (2) we obtain the Fourier series for ¢’ (x) as

. k=00
’ - k ikx
o’ (x) 7 E e

k=—00

T on
1

T 2n

28.4.2 Partb

—i . . . .
( — 020X _ pmix 4 piX 4 920X 4 )

(v + 2072 + i — jol¥ — 2ie? 4 .. )

(1)

(2)

(3)

To do term by term differentiation of 0 (x), we first have to note the use of the following

relation and the sign change needed to add
lim g, () = 04

- lim g}, () = ¢/ (¥)

The above means we need to add a minus sign to the RHS when taking derivative of 0 (x).
Therefore, term by term differentiation of the Fourier series for 0 (x) given in (1) now gives

1 d . . . .
o (x) ~ <_)Eﬂ ( +e 2 e 41 4+ + 2 + )

1 ‘ o ‘
~ ()5 (- — 24072 — ie™ + el + 2ie? + .. )
Tt

1 . . . .
~ — (e + 2ie7HX 4 jomIX _ jplX _ Djp2ix 4 ... (4)
27
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Comparing (4) and (3) shows they are the same.

28.4.3 Partc

It is easier to use normal Fourier series for this.

1 TU
a = gf 0" (x) cos (kx) dx

= % [(cos kx)']

x=0

1 .
== [k sin kx]x:0

=0
And
1 7T
b = = f & () sin (kx) dx
L
1y, . /
= [(sm kx) ]x:O
1
= — [k cos kx]x_0
- -
_k
7
Hence

1 [S¢]
O (x) ~ — ), ksin (kx)
Therefore the n'* partial sum is
1 n
0y, (x) ~ = Y, ksin(k
n () nkgl sin (kx)

Since [sin (kx)| <1, used partial sum formula for the above given by

o _ nsin((n +1)x) — (n +1) sin (nx)
Z:l sin (kx) = 2cos (x) -2
Hence
5 1nsin((n+1)x)—(n+1)sin (nx)
”(x)wg 2 cos (x) — 2

194
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It is possible to obtain the above formula by writing sin (kx) = Im (eik") and then using
Im Y, ke® =TIm Y  kz* where z = ¢”. Since |z| <1 then using the partial sum formula

Enlkzk _z(l-2") nz+1

=i (1-27 1-z
_z(1-2") -1 (1 -2)
) (1-2)

7 — Zn+1 _ nz”“ + nzn+2

) (1-2°
2= +n)2" 4 nz"?
) (-2

Then replacing z back by ¢* in the above, and using ¢” = cosx + isin x and simplifying and
taking the imaginary part to obtain (2).

28.4.4 Partd

Using computer graphics, the following is plot of (2) for increasing values of n. This shows
that as n increases 6;, (x) approaches "doublets”, which is a pulse to the left of x = 0 and one
to the right of x = 0.

n=2 n=5 n=10
4k 15
05} b 10¢

-1.0 -05 0.5 1.0 | -1.0 -05 0.5 &o -/ -o. W 1.0

Figure 2.57: Convergence of Fourier series of ¢’(x) as n increases
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1 nSin[(n+1) x] - (n+1) Sin[nx]

flx_,n_] :=
w 2Cos[x] -2

data = Table[Plot[f[x, n], {x, -1, 1}, PlotRange -» All, PlotStyle - Red,
PlotLabel -» Row[{"n=", n}]], {n, {2, 5, 10, 20, 30, 50, 70, 90, 110}}];
p = Grid[Partition[data, 3], Frame -» All];

Figure 2.58: Code used for the above plot

2.8.5 Problem 6.1.36

True or false: If you integrate the Fourier series for the delta function 0 (x) term by term,
you obtain the Fourier series for the step function o (x).

Solution

The Fourier series for delta function 0 (x) is (assuming 27 periodic extension)
1 1 &
O(xX) ~ —+ — 3
(%) 5 - nz::l COoS nx
Integrating RHS term by term gives

0
—_——

LN 18 (™ 1 & [si "
—dx+—2f COSHXEZX:1+—E [smnx]
27 [ S RV i’

n=1 n _n

=1 (1)
The step function o (x) is defined as

0 x<0
o(x) =
1 x>0

Its Fourier series was already found on page 83 (assuming 27 periodic extension) in Example
3.9 as

1 28 1
o (x) ~ EJr;11§=]1(2;1_1) sin (21 —1) x)

—1+2'+1'3+1'5+ (2)
—2 - SIinx 3sm X 5SIH X

Comparing (1) and (2), the answer is false.

2.8.6 Problem 6.2.4

d du .
The boundary value problem - (c (%) E) = f(x),u(0) = u (1) = 0, models the displacement

u(x) of a nonuniform elastic bar with stiffness c(x) = 1:7 for 0 < x < 1. (a) Find the
displacement when the bar is subjected to a constant external force, f = 1. (b) Find the
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Green’s function for the boundary value problem (c) Use the resulting superposition formula
to check your solution to part (a). (d) Which point 0 < £ <1 on the bar is the "weakest",
i.e., the bar experiences the largest displacement under a unit impulse concentrated at that
point?

Solution

28.6.1 Parta

The ode to solve is

d 1 du _
dx \1+x2dx)

Integrating once gives

1 du
1+xza__x+C1
d

u
E = (1 +x2)(—x+C1)
=C—-x+Cx?*-x°

Integrating once more gives

x? x>t
u(x):Clx—E+C1€—Z+C2
4 3,2
:—%+C1%—%+C1x+cz (1)
Applying left B.C. u (0) = 0 gives
0= C2
Hence solution (1) becomes
xt x> x?
u(x):—Z+C1§—?+C1x (2)
Applying left B.C. u (1) = 0 gives
0 ! +C L +C
T4 320t
9

Hence the solution (2) becomes
x
ux)=——+—x3-—+ —x

= 11_6 (—4x4 +3x% - 8x% + 9x)
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-4 3 5 X2 9
Ufx ] 1= — + — X° = — + — X3
- 4 16 2 16

Plot[u[x], {x, @, 1}, PlotStyle - Red,

GridLines -» Automatic, GridLinesStyle - LightGray]

0.15
0.10
0.05
0.2 0.4 0.6 0.8
Figure 2.59: Plot of the above solution
28.6.2 Partb
) ) d dG(xy) .
When x # y, then Green function satisfies = c(x) — =0 This means that
dG(x,
NG
dx
But ¢ (x) = %xz, therefore
dG (x, y)
_ 2
=4 (1+x2)

Integrating gives

x3
G(X,y) = A1X+A1§ + A2

Therefore Green function is

3
A]X+A1x—+A2 x <
G(x’y): x?é !
B1X+B1?+Bz X>y

1.0

1)

Notice we used different constants of integrations for each side of the delta location y. Now
we use boundary conditions on the left and right end to find these unknowns. Since Green
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function satisfies same boundary conditions as the solution, then at x = 0 we need
G(0,y)=0
=A,
And at x =1
G(Ly)=0
=By + Blé + B,

Which means —%Bl = B,. Using these results in (1) gives

afe+3)

+ = <

G(vy)= BN reY

Bix+BE 2B, x>

1 13 ~3b1 Yy
X3

Al(x+§) x<y

- = (1)
Bl(x+?—§) x>y

We now need to determine Aj, By. From continuity condition of G (x, y) at x = y we obtain
the first equation

3 3
A4y+%)=34y+%—g) (2)

And

dG(x,y)_ A(1+22)  x<y
- B1(1+x2) x>y

Evaluated at x = y

4G (x,y) ) A1+ y2) x<y
dx B; (1 + yz) x>y

There is a jump discontinuity in —

dG(x,
_% (C (x) ,giy)) = f(x) shows that p = C(l—x) = (1 +X2) or (1 +y2) at x = y. Therefore this

of value % where — (py”) = 0. Comparing this with

condition gives the second equation we need
1
m@+fyﬂduﬁ§:; (3)
=(1+1?) (2.1)

We now have the two equations we want (2,3) to solve for A;, B;. Solving for A;, By gives

&=§@—w—f)
1
Bi =7 (-3y-+°)
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Substituting the above into (1A) gives the Green function

i(4—3y—y3)(x+);—3) x<y
(—3y—y3)(x+x3—3—§) x>y
(4—3y—y3)(x+%3) x<y
(4—3x—x3)(y+y3—3)

we now see the symmetry above as expected.

G (x,y) =

x>y

[ B N I N I

2.8.6.3 Part (c)

Now we check the solution of part (a) for f(x) = 1 using the superposition formula and
noting that f (y) =1 we obtain

y<x y>x
w0 = [ () fW)ar+ [ 6a) )i
1 3 11 3
=), 1 4—3x—x3) y+§)dy+fx Z(4—3y—y3)(x+—)dy
Hence
1 o [ P B3\l ,
u(X)—Z(4—3x—x)J; (y+§)dy+—(x+§)fx (4—3y—y)dy
:31(4—3x—x3)(y—22+¥—;)x+z(x+§)(4y—37yz—yz4)l
0 x
:1(4_3x_x3)(x_2+ﬁ)_,.1(x+x_3)(4_§_1_(4x_3_xz_x_4))
4 2 12 4 3 2 4 2 4
1

= 15" (—4x3 +3x% — 8x + 9)

Which agree with solution obtain in part (a)

2.8.6.4 Part (d)

From the solution above u (x) = % (—4x4 +3x3 —8x% + 9x). Hence

du 1
_ 3 2
=1 (—16x +9x% —16x + 9)

du .
— =0 gives

Solving for — =

11—6 (-16x° + 922 ~16x+9) = 0
—% (16x - 9) (1+x%) =0
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(1 + xz) = 0 does not give real solutions. Hence —% (16x-9)=0o0or16x—-9 =0 or

B 9

16

At this x is the largest displacement which is found by evaluating the solution at this x

() () ()

X

43659
262144
= 0.167
2.8.7 Problem 6.2.7
1 1
e ono x =& <= : .
For n a positive integer, set f, (x) ={ 2 n  (a) Find the solution u, (x) to the
0 otherwise

boundary value problem —u” = f, (x),u (0) = 0,u (1) = 0, assuming 0 < & - % <&+ % < 1. (b)

Prove that lim,_,, u, (x) = G (x; &) converges to the Green’s function (6.51) given by solution
to —cu” = f (x) with same BC as

(1—s>x—p<x—5>:{<1—a>f x<&
c

Clie) = 1-0° x2¢

But here ¢ =1, so the above becomes
1-&)x x<&
Q-x¢& x=¢&

Where p is the ramp function. Why should this be the case? (c) Reconfirm the result in part
(b) by graphing us (x),uy5 (x), ups (x), along with G (x; &) when & = 0.3.

G(x;5)=(1—5)x_p(x_5):{

Solution
2871 Parta

d2G(x,
d;(; d = 0. This means that

G (x,y) = Alx + Az

When x # &, then Green function satisfies

Hence Green function is

G( ) A1X+A2 XSE
X, =
Y B1x+B2 XZCE
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At x =0, G(O,y) =0=Ayand at x =1, G(l,y) = 0 = B; + B,. Hence B, = —B;. The above

becomes
Alx x < 5
G (x, y) =
le — B1 X > CE

(A)

_ Alx XSE
| Byx-1)  x>¢&

Where A, B; are constants to be found. These are found from the continuity condition and
dG

™ both at x = £. The continuity condition at x = &

the jump discontinuity condition on
gives the first equation as

AE=B(&-1) (1)
And L at x = £ gi
nd — at x = £ gives
d_G_ Al xSé
—édy | By x2&

Hence the jump discontinuity condition gives the second equation we want which is

Al - Bl = 1 (2)
Where 1 is used in RHS above since ¢ = 1. From (1,2) we solve for A;, B;. Which gives
B1 = —E
Ay =1-¢
Substituting the above back into Eq (A) gives the Green function
1-&)x x<é
o= @
1-0& x2¢

The solution is now found using superposition formula

E<x E>x

X 1
%wzﬁcman@@+fcman@@

. 1
:j'a_mgﬂxad5+j‘a—£Mand5
0 x

X 1
=(1- Ef (&) dE + 1-&)f,(&)d& 4
-9 [ efu@derx [ a-0f,© (4)
1n lx—&| < 1
But f, (x) = { 2 n . We are told that 0 < & — 1 &+ 1 <1. Hence (4) becomes
0 otherwise n n
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1
X+ —
w@=0-2 [ ehacex [T a-05a

n

_A-x) x (T
== nfx_lgd5+§nfx (1-&)ds

n

1
_ 2\ X 2 X+;
2 2 L 2 2

—-= x

=

1\2
_ I L (x + Z) x?
-T2 "2 2 I\ T 2 73
11 1 1, (1
=|lzx+—x—— - =x°|-|—x@nx-2n+1)
2 4n n 2 4n
1
_ 2
=1 (4nx —4dnx + 1)
1
a2 &
AT 4n
2.8.7.2 Partb
lim u, (x) = lim x - x> - —
n— 00 n— 00 An
=x(1-x)
2.8.7.3 Partc
1- <
This is plot of Green function G (x; &) = A=&x  x<t for £ =0.3
E(l-x) >¢&

G(x,0.3

0.20F

0.15F

0.10

0.05F

®
x

0.2 0.4 0.6 0.8 1.0

Figure 2.60: Green function
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p = Plot[green[x, 0.3], {x, 0, 1}, PlotStyle - Red,

AxesLabel » {"x", "G(x,0.3"}, BaseStyle » 12,

green[x_, z_] :=Piecewise[{{(1-2) x, x <z}, {(1-x) z, x> z}}]
GridLines - Automatic, GridLinesStyle - LightGray,

Epilog -» {Red, {PointSize[.025], Point[{0.3, ©}1}}1];

Figure 2.61: Code for the above plot

2

These are plots of u, (x) = x —x° - 4% for different n values.

0.25

0.20 -

0.10

0.05F

/ 0.2 0.4 0.6 0.8 \.0 15
-0.05 5

Figure 2.62: Plot of u,(x) for different n values

ulx_, n_] :=x-x~2-1/(4n)

AxesOrigin -» {0, 0}, GridLines - Automatic,
GridLinesStyle - LightGray];

p = Plot [Evaluate[Table[Callout[u[x, n], n], {n, {5, 15, 25}}1]1, {x, @, 1},

Figure 2.63: Code for the above plot

Please note that the plots above do not seem to converge well with what is expected which
is the Green function plot earlier. I am not able to find out so far where the problem is.

2.8.8 Problem 6.2.11

Let w > 0. (a) Find the Green’s function for the mixed boundary value problem

-u"’ +w?u=f(x), u(0)=0,u"(1)=0
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1
1 O<x<:
(b) Use your Green’s function to find the solution when f (x) = { . 1 * - i
- - <x
5 <
Solution
2881 Parta
d%G(x, d?G(x,
When x # &, then Green function satisfies — igy) +w?G (x, y) = 0. This means that jg 9 _
%G (x, y) = 0 which has solution
G (x, y) = A; cosh (wx) + A, sinh (wx)
Hence Green function is
A h + A, sinh 0
c (x, y) _ 1 cosh (wx) 5 S.lrl (wx) <x<y (1A)
B, cosh (wx) + B, sinh (wx) y<x<l

Atx=0,G (0, y) =0 = A;. And to find conditions at x =1, then G’ (x, y) = wBy sinh (wx) +
wB, cosh (wx). Hence at x =1 this gives

G (Ly)=0
= wBy sinhw + wB, cosh w

Therefore B; sinhw + B, coshw = 0. Or B, = —B; tanh w. Hence (1A) becomes

G( ) A, sinh (wx) O<x<y
xX,Y) =
4 B; cosh (wx) — By tanh w sinh (wx) y<x<l1

A, sinh (wx) O<x<y
By (cosh (wx) —tanh wsinh (wx)) y<x<1

But cosh (wx) — tanh w sinh (wx) = % The above becomes

G(x, ) _ { Apsinh(wx) 0O0<x<y 1)

cosh(w-wx)

coshw y<x< 1
We now need to determine Aj,, B;. From continuity condition of G (x, y) at x = y we obtain
the first equation

cosh (a) - a)y)

Ay sinh (a)y) =B, (2)

cosh w

And

dG (x, y) { Ayw cosh (wx) X<y

—w sinh(w-wx)
dx By ( coshw ) x>y
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Evaluated at x =y

aG (x, y) Asw cosh (a)y) x<y

= -w sinh(w—a)y)
dx By ( coshw ) x>y

There is a jump discontinuity in
second equation we need

of value 1 at x = y. Therefore this condition gives the

dG(x,y)
dx

w sinh (a) - a)y)

A,w cosh (a)y) + By =1 (3)

coshw
Solving (2,3) for A,, By gives

_ cosh (a) (1 - y))

A, =
2 w cosh (w)

~ sinh (a)y)

1=
@

Substituting the above into (1) gives the Green function

cosh(a)(l—y))

— -h
Gry)=1 oposha)

w cosh w

sinh(wx) 0<x<y )
sinh (a)y) y<x<l

28.8.2 Partb

Using the superposition formula

y<x y>x

w@ = [ 6(u) r)av+ [ G (o) (o)

1 cosh (a) (1 - y))

¥ cosh (w (1 —x)) . .
= - o =~ =7 h f h
fo weosh @) (a)y)f(y) A+ . wcosh(w) sinh (wx) f (y) dy
1 O<x<1
But f (x) = 1 2 hence the above reduces to
-1 -<x<1
5 <

1
case x < 5

u(x) = fx w sinh (a)y) dy + fz cosh (a) (1 - y)) sinh (wx) dy - 1 cosh (a) (1 - y))

o wecosh(w) X w cosh (w) w cosh (w)

1
2

R o W
1 (62 —e 2 +e‘“’)e“’x+(e("—ez +e Z)e‘“’x

w? w? (e® + e~@)
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1
case x > 5

w0 = [+ i (wy) - ] il Gl Ut PR [ cosh (00 ) oy

w cosh (w) % w cosh (w) w cosh (w)

@ _3 3 w
1 (eZ —e @ e 2w)ea’x+(32w—ew+ez)e“""

w? w? (e? +e7)

2.8.9 Problem 6.2.12

Suppose @ > 0. Does the Neumann boundary value problem -u” + w?u = f(x),u’ (0) =
1’ (1) = 0 admit a Green’s function? If not, explain why not. If so, find it, and then write
down an integral formula for the solution of the boundary value problem.

Solution

To find out if it admits a Green function, we will see if we can solve for the constants that
show up in the formulation of Green function. If not able to find a solution, then no Green
function.

A2G(x,
When x # &, then Green function satisfies —# + w?G (x, y) = 0. This means that

G (x, _1/) = A; cosh (wx) + A, sinh (wx)
Hence Green function is
Ajcosh (wx) + Aysinh (wx) 0<x<
Gxy)= { 1 : ! (1)

B, cosh (wx) + B, sinh (wx) y<x<l

On the left end, %G (x, y) = wAj sinh (wx)+w A, cosh (wx). Hence At x = 0, G’ (0, y) =0=wA,.
Therefore A, = 0. On the right side :—xG(x,y) = wBj sinh (wx) + wB, cosh (wx). At x =1,

then G’ (x,y) = wBj sinh (w) + wBy cosh (w) = 0. Therefore B;sinhw + Bycoshw = 0. Or
B, = —B; tanh w. Hence (1A) becomes

( ) Aj cosh (wx) O<x<y
X =
4 B, cosh (wx) — By tanh wsinh (wx) y<x<1
3 Aj cosh (wx) O<x<y
- By (cosh (wx) — tanh wsinh (wx)) y<x<1
But cosh (wx) — tanh w sinh (wx) = W The above becomes
( ) Ajcosh(wx) O<x<y
X, = w(1-
(e

Now we will try to see if we can determine A;, B;. Continuity condition at x = y gives the
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first equation

A cosh (wy) = oho cosh (a) (1 - y)) (1)
And
aG (x, y) { Aqwsinh (wx) O<x<y
= By .
dx -——wsinh(w(l-x) y<x<l1
. . . L dG(xy) o
Hence at x =y to satisfy the jump discontinuity in —— the second equation is
Aw sinh (a)y) * oho? sinh (a) (1 - y)) =1 (2)

Solving (1,2) for A, B gives
cosh (a) (1 - y))

w sinh (w)

Ay =

cosh (a)y)
17 osinh (@) O @)

Hence Green function exist. Substituting the above in Green function above gives

cosh(w(l—y))

_ inh
G (x, y) = cocé)}f&(ff;))

w sinh(w)

cosh (wx) O<x<y
cosh (a)y) y<x<l

Here is a plot of the above when the pulse at y = 0.25 with w =1

Figure 2.64: Plot of the Green function found
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p=With[{y =0.25, w=1},
Cosh[w (1-y)]
w Sinh[w]

Cosh|w (1-x)]

Plot| Cosh[wx] HeavisideTheta[-x +y] +

Cosh[wy] HeavisideTheta[x -y], {x, 0, 1},
w Sinh[w]

PlotStyle - Red, GridLines - Automatic, GridLinesStyle -» LightGray]

|5

Figure 2.65: Code used for the above plot

The integral formula is

u(x):IXMCOSh(w(l_x))f(y)dy+fl cosh(a)(l—y))

o wsinh (w) . wsinh(w)

_ cosh(@(1-) " cosh (wy)  (v)dy + cosh (@ (1 -y)) f (v)dy

cosh (wx) f (y) dy

cosh (wx) !

w sinh (w) w sinh (w) J,
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2.8.10 Key solution for HW 8

6.1.4c

mcos L, T>1, \j /\ /
* (c) h’(m)—e_lé(erl)Jr{ -2z, -1<z<1, —_— N O O
e®, < —1. ] l / \/

6.1.5b

-1, -2<z<0,
(b) K'(zx)=28(x+2)—-28z—-2)+4 1, 0<z<2
0, otherwise,
=20z+2)—26(x—2)—o(z+2)+20(z) —o(x —2),
E'(z) =26"(z+2)—26"(x —2) — 6(x +2) +26(z) — 6(z — 2).

(a)

|
|

R S R S—

1

n

Rl e

(b) First, lim g, (x) =0 for any = # 0 since g,,(z) = 0 whenever n > 1/| z|. Moreover,
n— oo

/ > g,,(z) dr = 1, and hence the sequence satisfies (6.11-12), proving
—o0

nli_)moo g, (z) = d(z).

1
0, z<f%,
T
(© fo@ = [ _gnWdy=4 ino+%, |a|<i,
1, > n.
1 1
n ‘ n
0 z<0,
Sincel%Oasnﬁoo, the limiting function is lim f,(z) =0(z)={ $ =0,
n T —* 00
1 z>0.

(d) h,(z)= %n5(m+%) - %nc;(zf %)
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6.1.30

i — ikx
(a) §'(z) ~ =—— > ke' %
27rk:—oo

(b) This is evident since the derivative of e!¥®

is ikelk®,

(c¢) Differentiate formula (6.39) to obtain
(n+ %)COS (n+ %) T Sin%m— %sin (n+ %)ZE COS%.’L‘

27 sin? %:17

i n ikx
— Y ke'"T=
27rk

=—n

(d) The graphs of the partial sums s,,(z) and s, (x) are:

They indicate weak convergence of the Fourier series, with increasingly rapid oscillations
between an envelope, namely (n + %) / (271' sin % :13), that has ever-increasing height.

6.1.36
False. Integrating both sides of
1 1
d(z) — 5=~ (COS.’L‘+ cos2z +cos3x + --- )’

and using (3.72) to find the constant term, yields
z sin2zx Sin3.’L‘+ )

1 1 .
J(w)—%wi—%;(smmﬂ- 5 + 3

which agrees with the appropriate combination of (3.49) and (3.73).
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6.2.4
(a) u() = Bo— ba?+ &a®— Lo*
Sg_L1g 1.3
waeo={ (THT0G A, 128
(c) u(z) = fol Gl €) dé
:fow(l—%:c—za:)(@r?,g d§+f 3¢_16) (o4 had)ag
- 3 4

_ 1

(d) Under an impulse force at z = £, the maximal displacement is at the forcing point,
namely g(z) = G(z,z) = = — %az + é:va %334 — 1121: The maximum value of
g(z*) = é occurs at the solution z* = (1 +v2)1/3 — (14+v2)71/3 &~ 596072 to the

equation ¢’ (z) ,r](r_z,_ang:E —22° 2 > =0. N<r<s_ L1
6.2.7
equation ¢’ (z f](l—_zgﬁth:r; —2z° — 52° =0. o<z<e— L
627(&) un(;v): é'ns’: +( nfl)ngzng + 33'+ 25 ﬁa |$75|S%5

(b) Since u,,(z) = G(z;€) for all |z —&| > 1, we have lim wu,(z) = G(z;€) for all z # &
7 —> 00
while lim wu,(£) = lim (5 —&? ﬁ) =¢—¢ = G(&,£). (Or one can appeal to

continuity to infer this.) This limit reflects the fact that the external forces converge tc
the delta function: lim f, (z) = d(z —&).
n— 00

212




28. HW 8 CHAPTER 2. HWS

6.2.11
sinhwz coshw (1 — £) r<¢
w cosh w ’ = 1
. €)= b) If £ < 3, th
(a) G(=38) coshw (1 — z) sinhw§ ., (b) Ifz < 7, then
w cosh w ’ =
2z coshw(1l —x) sinhwé 1/2 sinhwz coshw (1 — £)
u(w) = ,/0 wcoshw @ + /:.s w cosh w %
_ (! sinhwz coshw (1 —§) de
1/2 wcoshw
1 (ew/2 _ 6—w/2_+_6—w) e 4 (ew B 8w/2_|_6—w/2) e~ wWET
T ow? wl(e¥ +e—w) ’

while if z > %, then

u(z) = 4[01/2 coshw (1 — z) sinhwg e — fj coshw (1l — z) sinhw§

wcoshw /2 wcoshw

B fl sinhwz coshw (1 — £) de

z w cosh w
1 (e—w/z e W _+_e—3w/2) eve o1 (63w/2 v +ew/2) e~ WT
TW? + w2(e® +e~w) '

6.2.12

n —u’ + o’y = f(z),
not. If so, find it, and then
v value problem.
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291 Problem1

Find the eigenvalues and the eigenfunctions for the Dirichlet and Neumann problems for
the Laplacian on a rectangle (0,4a) x (0, )

Solution

2.9.1.1 Dirichlet case

V2u = -Au
u(x,0)=0
u(x,b)=0
u(0,y) =0
u(a,y) =0

2%u

2
Let u (x, y) = X (x) Y (x). Substituting this into the PDE % t oz = —-Au gives
X"Y +Y"X = -AXY

Dividing by XY # 0 gives

XI/ + Y/I B A

X Y
X/I B YII /\
X Y

Since the LHS depends on x only and the RHS depends on y only and they are equal, they
must be both constant. Say —u. The above becomes
X/I Y/I

Z ==
X Y H
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Two ODE’s are therefore obtained from the above. They are

X" +uX =0 1)
X(0)=0
X(@) =0
And
— 4 A=
y T
Y/I
¥+ (A-u)=0
Let (/\ - y) =y constant. Hence the above gives the second ODE in y as
Y’ +yY =0 (2)
Y(0)=0
Y(b)=0

Now the eigenvalues p, 7 and eigenfunctions for each ODE is found and from that result
the eigenvalue A is found using

A=y+u (3)
Starting with ODE (1) X" + uX =0

Case u<0
The solution to (1) is

X = Acosh( |[J|x) + Bsinh( |y|x)

At x = 0, the above gives 0 = A. Hence X = Bsinh( |y|x). At x = a this gives 0 =

B sinh( |y|a). But sinh( |y|a) =0 only at 0 and ,/|y|a # 0, therefore B = 0 and this leads to

trivial solution. Hence p < 0 is not an eigenvalue.

Case u=0

X=Ax+B

Hence at x = 0 this gives 0 = B and the solution becomes X = B. At x = a, B = 0. Hence the
trivial solution. y = 0 is not an eigenvalue.

Case u>0

Solution is

X = Acos (\/ﬁx) + Bsin (\/ﬁx)

At x = 0 this gives 0 = A and the solution becomes X = Bsin (\/ﬁx) Atx=a
0 = Bsin (\/ﬁa)
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For non-trivial solution we want sin (\/ﬁa) =0or \/ﬁa = kmt where k=1,2,3, -+, therefore

kmt 2
U = — k=1,2,3,--- (4)

The corresponding Eigenfunctions are

X (x) = sin (k%x) k=1,2,3,--- (5)

Solving ODE (2) Y +yY =0

The same steps are repeated as above. The only difference is that now we obtain eigenvalues

2
Vm:(%) m:1/213/ (6)
And the corresponding eigenfunctions
. (mm

Y,, (y) = sin (Ty) m=1,2,3,-- (7)

From (4,6) we see that the eigenvalues for V2u = —Au are, using (3)
Ak,m = Ukt Vm
(kn )2 mm\?
= (= +(—) k=1,2,3,-,m=1,23,-

a b

And the eigenfunctions are from (5,7) are

k
By, (%) = sin(gx)sin(% ) k=1,2,3,m=1,2,3,

2.9.1.2 Neumann case

V2u=-Au
aiyu (x,00=0
%u(x,b) =0
%u(o,y) =0

d
au (u,y) =0

2 2
Let u (x, y) = X (x) Y (x). Substituting this into the PDE % + ‘;—yz = —Au gives

X"Y +Y"X = -AXY
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Dividing by XY # 0 gives

X// + Yl/ B A

X Y
X// B Y/l /\
X Y

Since the LHS depends on x only and the RHS depends on y only and they are equal, they

must be both constant. Say —u. The above becomes
Xl/ B Y// A 3
x Ty 77

Two ODE’s are therefore obtained from the above. They are
X" +uX=0 (1)
X' (0)=0
X' (a)=0
And

4 A=
y TATH

7+(/\—/J):O

Let (/\ - y) =y constant. Hence the above gives the second ODE in y as
Y'+yY=0 (2)
Y’ (0)=0
Y (b)=0
Now we find the eigenvalues y, y and eigenfunctions for each ODE and from this result find
A=y+u (3)
Starting with ODE (1) X" + uX =0

Case u<0
The solution to (1) is

X(x) = Acosh( |y|x) + Bsinh( |y|x)

X' (x) = Ay|u]sinh (\/mx) + ByfJuf cosh (\/mx)

At x = 0, the above gives 0 = B. Hence X (x) = Acosh (\/Mx) and X’ (x) = A\/“Tl sinh (\/MX)
At x = a this gives 0 = A\/MSinh (\/Ma). But sinh( |y|a) = 0 only at 0 and \/mg + 0,

therefore A = 0 and this leads to trivial solution. Hence u < 0 is not an eigenvalue.
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Case u=0
X=Ax+B
X =A

At x = 0 this gives 0 = A and the solution becomes X = B, therefore X’ =0. At x =4, 0 =0.
Hence any constant B will work. Let this constant be C,. Therefore u = 0 is an eigenvalue
with corresponding eigenfunction X (x) = Cy, a constant.

Case u>0

Solution is
X (x) = Acos (\/ﬁx) + Bsin (\/ﬁx)
X’ (x) = —Ay/usin (\/ﬁx) + B4/ cos (\/ﬁx)
At x = 0 this gives 0 = B and the solution becomes X (x) = Acos (\/ﬁx) Hence X’ (x) =
—A4/psin (\/ﬁx) At x = a this gives
= —Ay/usin (\/ﬁa)

0
For non-trivial solution we want sin (\/ﬁu) =0or \/ﬁa = kmt where k=1,2,3, -+, therefore

kmt 2
Ux = — k=1,2,3,-- (4)

The corresponding Eigenfunctions are

X (x) = cos (l%nx) k=1,2,3,--- (5)

Solving ODE (2) Y +yY =0

The same steps are repeated as above. The only difference is that now we obtain eigenvalues
y = 0 also and corresponding eigenfunction constant, say Dy and also obtain

2
Vm:(%) m:1/213/ (6)
and corresponding eigenfunctions
mmn
Y, (y) = cos (Ty) m=1,2,3,-- (7)
From (4,6) we see that the eigenvalues for V2u = —Au are
0 k=0m=0
A =
' gk +¥Ym k=1,23,---,m=1,23,--

0 k=0m=0

ES (2 k=125 m=125
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And the eigenfunctions are from (5,7) are
( ) 1 k=0,m=0
q)n X, Yy)= km mm
cos(;x) CoS (Ty) k=1,2,3,---,m=1,2,3,--
Where in the above the constant eigenfunction that corresponds to the zero eigenvalue is
taken as 1.

2.9.2 Problem 2

Prove that the wave equation uy (x,t) = ¢?V2u, t > 0, x € Q € R? with the Dirichlet boundary
conditions u (x,t) = 0 for x € dQ, t > 0 has solution

u(x,t) = i (An cos (\//\_nct) + B,, sin (\/)\_nct)) v, (x) (1)
n=1

Where A,, v, are respectively, eigenvalues and eigenfunctions of the Dirichlet problem for the
Laplacian in Q. Write in an analogous form the solution to the heat equation u; (x,t) = cV?u,
t>0, x € Qe R with Dirichlet boundary conditions u (x,t) = 0 for x € JQ,t > 0.

For the wave PDE

We will show the solution given solves the PDE by substituting it into the PDE and see if it
gives an identity.

[e0]

up(x, t) = % E (An cos (\//\_nct) + B, sin (\//\—nct)) v, (x)

n=1
Assuming continuouseigenfunctions, term by term differential is allowed, and the above
becomes

[o¢]

u (x,t) = 2 % (An cos (\//\—nct) + B,, sin (\/)\_nct)) v, (x)

n=1
= i (—An\//\—nc sin (\//\—nct) + Bn\//\_nc cos (\/A_nct)) v, (x)
n=1

Taking one more time derivatives gives

[o0]

uy (x,t) = Z (—An)\nc2 cos (\//\_nct) - B,A,c?sin (\/A_nct)) v, (%) (2)

n=1
Similarly for the spatial coordinate

o0

u, (x,t) = % Z (An cos (\//\—nct) + B, sin (\/A_nct)) v, (x)

=1
= 3 (A, cos (ynet) + B, sin (yer)) o) ()
n=1

Taking one more space derivatives gives

(o]

V=Y, (An cos (\//\_nct) + B, sin (\/)\_nct)) vl (x)

n=1
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But since v, (x) is an eigenfunction, then —v} (x) = A,v,, and the above simplifies to

Vu=-— Z (An cos (\//\—nct) + B, sin (\//\_nct)) A0, (x) (3)
n=1

Substituting (2,3) into uy (x, ) = ¢V 2u gives

5031 (—An/tnc2 cos (\//\_nct) — B, A,c%sin (\//\_nct)) v, (x) = c? ( 2 (An cos (\//\—nct) + B, sin (\//\—nct)) A0, (x))
c? Z ( A, cos (\/_ct) B, sin (\/_ct)) A0, (x) = =c? i (An cos (\//\—nct) + B, sin (\//\_nct)) A0, (%)

—c? E (A cos (\/_ct) + B, sin (\/_ct)) A0, (%) = =c? 21 (An cos (\//\_nct) + B, sin (\//\_nct)) A0, (%)

The LHS is the same as the RHS. Hence the solution given satisfies the wave PDE.
For the heat PDE

Rl

For the heat PDE, we want to show that the following solution
u(x, ) = 3 A M, (x) (4)
n=1
Satisfies u; (x,t) = cV2u.
a (o]
up (x,t) = E nz::l Ane_AnCtvn (x)

Assuming term by term differential is allowed the above becomes

u (x,t) = 2 —A ety (x)

= 2 A, A ce My, (x) (5)
n=1
Similarly for the spatial coordinate

(9 (o)
Uy (x/ t) = % E Ane_AnCtvn (X)
n=1

[oe]

:E —/\ct/(x)

Taking one more space derivatives gives
o0
V2y = EAne Ancty!? (x)
But since v, (x) is an eigenfunction, then —v}, (x) = A,0,. The above becomes

V2y = - 2 A M) v, (x) (6)
n=1
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Substituting (5,6) into u; (x,t) = cV2u gives

E —A, A ce My, (x) = c| - Z Ae M) v, (x))

n=1 n=1

=) A A e ety (x) = —¢ ) At 0, (x)
n=1 n=1

The LHS is the same as the RHS. Hence the solution (4) satisfies the heat PDE.

2.9.3 Problem 6.3.9

of

1 3x-2y>1
d Compute its partial derivatives -~ and L the sense
Ix dy

0 3x-2y<l1

of generalized functions.

Suppose f(x,y) =

Solution

The following is a plot of the above function in 3D

Figure 2.66: Plot of f(x,y)

flx_, y_] :=Piecewise[{{1, 3x-2y > 1}, {0, 3x-2y > 1}}]
p = ParametricPlot3D[{x, y, f[x, y1}, {x, -3, 3}, {y, -3, 3},
AxesLabel - {"x", "y", "f(x,y)"}, ImageSize - 400,
BaseStyle -» 12, Exclusions - True,
ExclusionsStyle » LightGray, PlotTheme -> "Classic", PlotPoints - 50];

Figure 2.67: Code used for the above plot

Similar to what we did in 1D, when taking a derivative and there is a jump discontinuity;,
an impulse 6 (x) is generated at the location where the jump discontinuity is located. The
location of the jump here is on the line 3x — 2y —1 = 0. This is a step function but in 3D.

Hence by chain rule
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If \xy) 9
(gx ):$(3x—2y—1)6(3x—2y—1)
=35 (3x -2y -1)
2 1
:5(’“‘5 ‘5)
And
If \xy) 9
(gy ):a—y(3x—2y—1)6(3x—2y—1)

= -26(3x -2y -1)
(3 1
—6(—§x+y+§)

2.9.4 Problem 6.3.10

Find a series solution to the rectangular boundary value problem 4.91-92 which is

VZu=0 on a rectangle R:{0<x<a,0<y<b]

u(x,0) = f(x)
u(x,b)=0

u(0,y) =0
u(a,y) =0

when the boundary data f(x) = 6(x—¢) is a delta function at a point 0 < £ < a. Is your
solution infinitely differentiable inside the rectangle?

Solution
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b u=20

u =0 |Vu(z,y) =0/u=0

e

o(x —¢)

Figure 2.68: The problem to solve. Laplace PDE in rectangle

Let u (x, y) = X (x) Y (x). Substituting this into the PDE Zixlzl + giyz = 0 and simplifying gives
XN 3 Y/I
X Y

Each side depends on different independent variable and they are equal, therefore they must
be equal to same constant.

X// YI/

Xy =
Since the boundary conditions along the x direction are the homogeneous ones, —A is
selected in the above.

X Y_
X Y
Two ODE’s are obtained
X" +AX =0 (1)
With the boundary conditions
X(0)=0
X(@)=0
And
Y’ -AY =0 (2)
With the boundary conditions
Y(0)=f()
Y(b)=0

In all these cases A will turn out to be positive. This is shown below.
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Case 1 <0
The solution to (1) is

X = Acosh (\/Wx) + Bsinh (\/Wx)

At x = 0, the above gives 0 = A. Hence X = Bsinh (\/Wx) At x = q this gives X =
Bsinh (\/Wa). But sinh (\/Wa) =0 only at 0 and \IAla # 0, therefore B = 0 and this leads to

trivial solution. Hence A < 0 is not an eigenvalue.

Case A =0

X=Ax+B

Hence at x = 0 this gives 0 = B and the solution becomes X = B. At x = a, B = 0. Hence the
trivial solution. A = 0 is not an eigenvalue.

Case A >0

Solution is

X = Acos (\/Xx) + Bsin (\/Xx)
At x = 0 this gives 0 = A and the solution becomes X = Bsin (\/Xx) Atx=a
0 = Bsin (\/Zu)
For non-trivial solution sin( ) =0or \/_ Aa = nt where n=1,2,3, -+, therefore

2
Ay ( ) n=1,23,--
Eigenfunctions are
X, (x) = B, sin(%”x) n=1,23,- (3)
For the Y ODE, the solution is
Y, = C, cosh (%—Cy) + D, sinh (”%y) (4)
Applying B.C. at y = b gives
0 =C, cosh (nnb) + D,, sinh (n%b)
smh (m b)
Cp=-Dy—— %
cosh( p b)
=-D, tanh(n )
a
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Hence (4) becomes

Y, = -D,, tanh (?b) cosh (?y) + D,, sinh (?y)

=D, (sinh (n_ny) —tanh (n_nb) cosh (n_ny )
a a a
Now the complete solution is produced
uy, (x, y) =Y, X,

=D, (sinh (n_ny) —tanh (n_nb) cosh (n_ny)) B, sin (n_nx)
a a a a

Let D,B,, = B, since a constant. (no need to make up a new symbol).
nm nm nm nm
(o) = B sinh (5] e (S70) cosh (i (5]
u(xy) (sm Y| - tanh|—-b]cosh|{—-y]|sin|{—-x
Sum of eigenfunctions is the solution, hence
) ) nm nm nm . (nm
u (x, y) = ;::1 B, (smh (7y) —tanh (Tb) cosh (7y)) sin (79() (5)

The nonhomogeneous boundary condition is now resolved. Aty =0

u(x,0)=fx)=06(x-23)

Therefore (5) becomes
o(x—-¢&) = nz::l -B, tanh (?b) sin (?x)
. . . . mTt . . .
Multiplying both sides by sin (TX) and integrating gives

f O (x—&)sin (@x) dx = —f sin (@x) Z B,, tanh (@b) sin (Ex) dx
0 a 0 a =1 a a

0 a
=- E B, tanh (n_nb) f sin (n_nx) sin (@x) dx
“~ a 0 a a

= —B,, tanh (@b) (E)
a 2

Hence
2 K 0 (x—¢&)sin (%x) dx
a tanh (%b)

n=

But vgu O(x—=&)sin (%x) dx = sin (%5) by the property delta function. Therefore

> sin ()
a tanh(%nb)
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This completes the solution. (4) becomes

u (x, y) = —% i M (sinh (%y) —tanh (nn b) cosh (%y)) sin (%x)

a

q—1 tanh (%b)
2 . (nmy\ . (nm sinh(%y) nmn
= nz::l sin (75) sin (7x) [—tanh (%nb) — cosh (7y)]

Looking at the solution above, it is composed of functions that are all differentiable. Hence
the solution is infinitely differentiable inside the rectangle.

Here is a plot of the above solution using a = 7,b = %, =1

Figure 2.69: Plot of u(x,y)

- Sinh[™ 2y
ufx_,y_, &1 := =2 sin[n—7r .g] Sin[n_x] #
a a a

(:osh[n—7r B
& Tanh [ "T" b] a ’

a=Pi;b=1/2;§=1;
p= PlotBD[u[x, y, §1, {x, 0, a}, {y, 0, b}, PlotRange -» {Automatic, Automatic, {-3, 7}},

PlotPoints -» 40, AxesLabel -» {"x", "y", "u(x,y)"},
ColorFunction - Function[{x, y, z}, Hue[.45 (1-2)]]];

Figure 2.70: Code used for the above plot

2.9.5 Problem 6.3.18

(a) Use the Method of Images to construct the Green’s function for a half-plane {y > 0}
that is subject to homogeneous Dirichlet boundary conditions. Hint : The image point is
obtained by reflection. (b) Use your Green’s function to solve the boundary value problem
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With y > 0,u(x,0)=0

A 1
A\l = ——
1+y

Solution

2.9.5.1 Part (a)

The first step is to find Green function in the half-plane G (x, v; xo,yo). To do this we will use
Green function in the whole plane, called T’ (x, v; xo,yo). There (x, y) is an arbitrary point in
upper half plane and (xo,yo) is fixed point where the impulse is located. We set an impulse
at the point (xo,yo) and a negative impulse at (xo, —yo). This way the end effect is that at the

boundary which is x = 0 the half plane Green function is zero which satisfies the boundary
conditions of the given PDE. The following diagram helps illustrate this setup

(z,y)

° positive impulse here

x(a?()?yo) F(Jf,y;$0,y0) = —%ln \/($_$0)2+(y_y0)2

x (20, —¥Yo) I'(z,y; 0, —y0) = —% In \/(x —20)2+ (y +90)?

negative impulse here

G(xaya manO) - P(xay;x07y0) - F(xvy;xO) _yO)

' ~

Green function for Green function for
upper half-plane whole plane

Figure 2.71: Using method of images

Hence

G (53330, 0) = —5- In (\/ (=) + (y - 3/0)2] +5-n (\/ (=0 + (y+ ]/0)2]
= —4% In ((x - x0)2 + (y - yo)z) + i In ((x - xo)2 + (y + yo)z)

1, G- %0+ (y+ o)
41t

(x - xo)2 + (]/ - ]/0)2
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2952 Partb

Now that the Green function is known, the solution is

u(x,y) = j:o nyG(x,y;xo,yo)f(xo,yo) dxodyo
M (-x0 +(y+w0) | 1 e
‘f_mfoﬁn (1+yo) oo

(x - xo)" + (y - yo)2

1 v( 1 X (x—x0)2+(y+y0)2
:4_nf0 (1+y0)[fmln[ dxo | dye 1)

(x - x0)" + (y - yo)2

But

foo 111[<x_x0)2 + (y+yo)j]dx0 _ Zyon—xln((y+y0)2) +xln[(y+y0)j] +x1n((y_yo)2)

(x - xo)" + (y - yo) (y - yo)

=2yom —2x1n (y+y0) +2x1In (%) +2x1In (y—yo)
—Yo

= 2y0n+2xln(m) +2xlnw
Y+Yo Y—=Yo

Y—Yo +lny+yo)

Y+o Y=Y

ltﬁﬂﬂ)

Y+tYo¥—Yo

=2ygm + 2x (ln

=2yom + 2x1n(

= 2Yo7
Hence (1) becomes

1 yo

=3l T,

1
=5 (vo =1 (0 +1))

=5 (s +)

Checking: When y = 0 then u (x, y) = —% In (1) = 0. Ok. Solution does not depend on x but
only on y.

dyo
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2.9.6 Problem 6.3.21

Provide the details for the following alternative method for solving the homogeneous Dirich-
let boundary value problem for the Poisson equation on the unit square:

uxx+uyy:—f(x,y) O<xy<l1

u(x,0)=0
u(x,1)=0
u(0,y) =0
u(l,y) =0

(a) Write both u(x,y) and f(x,y) as Fourier sine series in y whose coefficients depend on x.
(b) Substitute these series into the differential equation, and equate Fourier coefficients to
obtain an infinite system of ordinary boundary value problems for the x-dependent Fourier
coefficients of u. (c) Use the Green’s functions for each boundary value problem to write
out the solution and hence a series for the solution to the original boundary value problem.
(d) Implement this method for the following forcing functions (i) f (x, y) = sin (E:'(y), (ii)

f (x, y) = sin (7x) sin (ZRy), (iii) f (x, y) =1.

Solution

2.9.6.1 Parta
Let

u (x, y) = gAn (x) sin (\/A_n]/)
F(9) = B, 0 sin (V1)

The eigenvalues are known to be A, = n?m? forn =1,2, --- for these boundary conditions on
x =0 to x =1. Hence the above becomes

u (x, y) = 2 A, (x) sin (nny) (1)
n=1

f (x, y) = E B, (x)sin (nny) (2)
n=1
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2.9.6.2 Partb
From (1)
Uy, = i A, (x) sin (nny)
n=1
Uy = i Al (x) sin (nny)
n=1
uy, = i nnA, (x) cos (nny)
n=1
Uy = — 2 n?m? A, (x) sin (nny)
n=1

Substituting the above back into the original u,, + u,, = —f (x, y) gives

[oe]

E A (x) sin (nny) -~ i n?m? A, (x) sin (m‘cy) = - f: B, (x)sin (nny)
n=1

n=1 n=1
[eS)

) (A{{ (x) - n?m?A, (x)) sin (nny) = - i B, (x)sin (nny)

n=1 n=1

Equating coefficients in the above gives
A (0) = n*m? A, (x) = =B, (x)

For all n =1,2,---. This is an infinite system of ordinary boundary value problems in A (x)
where B, (x) acts as the external input.

2.9.6.3 Partc
We now want to find Green function for A}/ (x) — n®m?A, (x) = 0 with A, (0) = 0,A,, (1) = 0.

The solution is
A, (x) = A cosh (nmtx) + B sinh (nmx)
Hence the Green function is

Aj cosh (nmx) + By sinh (nmx)  x < xg

G(x;x9) = {

Aj cosh (nmx) + By sinh (nmx) x> xg

At x = 0, the top branch gives 0 = A; and at x = 1 the lower branch gives A, cosh (nm) +
B, sinh (nm) = 0 or A, = —B, tanh (nm). Using these in the above gives

G ) B; sinh (n7mx) X < X
X;Xg) =
0 —B, tanh (n7) cosh (nmx) + B, sinh (nmx) x> xg
3 By sinh (nmx) X < X (1A)
B B, (sinh (nmtx) — tanh (nm) cosh (nmx)) x> xp

There are two unknowns By, B, to solve for. Hence we need two equations. The first equation
is found by equating the above Green function at x = xj. This gives

By sinh (nmtxg) = B, (sinh (n7txy) — tanh (nm) cosh (nmxy)) (1)
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Taking derivatives of G (x;x() gives

d G (x:xy) nmB; cosh (nmx) X < X
—G(x;xg) =
dx 0 B, (n7t cosh (nmx) — nmtanh (nn) sinh (nmx)) x> xg

The second equation is found by the condition of the jump discontinutiy on the above
derivative at x = x,. Hence

nmnBy cosh (nmxg) — By (n7t cosh (nmxy) — nmtanh (n7m) sinh (nnxg)) =1 (2)
Solving (1,2) for By, B, gives

B cosh (n7mxy) — coth (nm) sinh (nmxg)
1= =

sinh (n7 (xg — 1))

nm "~ nmsinh (nm)
coth (n7) sinh (n7mxg) sinh (n7xg)
BZ = =
nm nm tanh (nmn)
Substituting these back in (1A) gives the final Green function
1 . .
{ _ hw sinh (n7 (xg — 1)) sinh (n7x) X < X ‘<x
. _ sinh(nmxg . _
G (x;xg) = o tanh(ur) (sinh (nmtx) — tanh (n7) cosh (nmx)) X > X
X > Xy
1 . .
~ { e -Slih (n)n (xo. —h(l)) 31)nh (nmx) X < X
- . sinh(nmxg sinh(nmxg
sinh (n7x) etanbid cosh(nmx) x> xg

m sinh (n7t (xg — 1)) sinh (nmx)  x < xg
sinh (n7t (x — 1)) sinh (nmtxg) x> xg

nr sinh(nm)

Now that the Green function is found, the solution to A/ (x) - n?m?A,, (x) = B, (x) is given by

A, () = fo ’ m sinh (17 (x — 1)) sinh (n71x0) B, (xg) dxg

sinh (n7 (xg — 1)) sinh (n7tx) B,, (xq) dx

1 1
- L nm sinh (nm)

X

sinh (n7 (x - 1)) f sinh (n7xg) B, (xo) dxq 3)
0

An () = nmsinh (nm)

1
Wh(nn) sinh (1’17'CX) j; sinh (1’17T (XO - 1)) Bn (.Xo) de
Now that A, (x) is found, the solution to the PDE is found from

u (x, y) = i A, (x)sin (nny)
n=1

Where A, (x) is given by (3). B, (x) is the Fourier series coefficient of f (x, y) which needs to
be found depending on f (x, y). This is done below.
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29.6.4 Partd

(i) f (x, y) = sin (ny)

We first need to find the Fourier coefficients B, (x). Since f (x, y) = Ef;l B,, (x) sin (nny), then
multiplying both sides by sin (mny) and integrating gives

f 1 sin (ny) sin (mny) dy = i B, (x) f 1 sin (mny) sin (nny) dy
0 n=1 0

= 2B, ()

Therefore
B,(x)=2 fl sin (ny) sin (nny) dy
For n =1 the above becomes :
By (x) = Zfl sin? (ny) dy =1
And for all other terms B, = 0 due to ortflogonality of sin functions. Therefore now that

B, (x) is found, then from (3) A, (x) can be found. Only n =1 term is needed.

Aq(x) = sinh (7t (x — 1)) fx sinh (7txg) dxg + — 1
0 7T S1

1
e sinh (7x) L sinh (7t (xg — 1)) dxg

1
7t sinh (1)

sinh (7 (x = 1)) [COShé”x(’) ] +

sinh (7tx)

7t sinh (1) 7t sinh (1)

cosh (1 (xg = 1) T
|

= m sinh (7t (x = 1)) (cosh (1x) — 1) +

Hence the solution to the PDE is
u (x, y) = Z A, (x)sin (nny)
n=1

= A; (x)sin (ny)

m sinh (7tx) (1 — cosh (7t (x — 1)))

= (m sinh (7t (x — 1)) (cosh (rx) = 1) +

Zsimh () sinh (72x) (1 — cosh (7t (x — 1)))) sin (ny)

1 . . . .
= b (sinh (7t (x — 1)) — sinh (7tx) + sinh 7) sin (ny)
The following is a plot of the above solution
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Figure 2.72: Plot of above solution

(sinh[r (x-1)] - sinh[xx] + Sinh[x]) Sin[ry]

ufx_, y_] :=
72 Sinh ]

p = Plot3D[u[x, y], {X, 0, 1}, {y, 0, 1},
AxeSLabel _) {llxll, llyll, Ilu (x,y}“}’
BaseStyle - 12];

Figure 2.73: Code for the above plot

(ii) f (x, y) = sin (7tx) sin (Zny)

We first need to find the Fourier coefficients B, (x). Since f (x, y) = E:’:l B,, (x) sin (nny), then
multiplying both sides by sin (mrcy) and integrating gives

f 1 sin (7x) sin (2ny) sin (mny) dy = i B, (x) f 1 sin (mny) sin (nny) dy
0 n=1 0

: v . 1
sin (7tx) fo sin (2ny) sin (mny) dy = EBm (%)
Therefore
B, (x) = 2sin (1tx) f 1 sin (2ny) sin (nny) dy
0
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For n = 2 the above gives
1
B, (x) = 2sin (7x) f sin® (2ny) dy
0
= sin (71x)
And for all other terms B,, = 0 due to orthogonality. Hence from (3) when n =2

A, (x) = sinh 27t (x = 1)) f sinh (27xg) sin (11xg) dxg
0

1
1 1
¥ Seinh ) SR ) fx sinh (27 (xo — 1)) sin (72xo) dxg
But

X 1
f sinh (27xg) sin (11xg) dxg = = (2 cosh (27tx) sin (71x) — cos (7tx) sinh (271x))
0

And
fl sinh (27 (xg — 1)) sin (7txg) dxg = % (2 cosh (27t (x — 1)) sin (7tx) + cos (7tx) sinh (27 (1 — x)))
Hence

Ay (x) = sinh 27t (x — 1)) (5% (2 cosh (27tx) sin (1tx) — cos (7tx) sinh (2nx)))

27t sinh (27)
-1

+ —————sinh (27tx) | — (2 cosh (27t (x — 1)) sin (7tx) + cos (7tx) sinh (27 (1 — x)))

27 sinh (27) 57

1 .
A (x) = 5.2 sin (7tx)
Hence the PDE solution is
u (x, y) = E A, (x)sin (nny)
n=1
= A, (x)sin (27’(y)

= 5_—7112 sin (7tx) sin (2ny)

The following is a plot of the above solution
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Figure 2.74: Plot of above solution

-Sin[Pix] Sin[2Piy]

5 72
P = Plot3D[u[x, Y]: {X, 0, 1}3 {Y: 0, 1}:

AxesLabel » {"x", "y", "u(X,y}"},
BaseStyle - 12];

ufx_, y_] :=

Figure 2.75: Code for the above plot

(i) f(x,y) =1

We first need to find the Fourier coefficients B, (x). Since f (x, y) = E:’:l B,, (x) sin (nny), then
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multiplying both sides by sin (mny) and integrating gives
- fl sin (mny) dy = i B, (x) fl sin (mny) sin (nny) dy
0 n=1 0
1 1
_J; sin (nny) dy = B, (x) >

B, (x) = 271 (cos (nny))1

= i (cos (nm) —1)
nr

2 n
= e (CV"-1)
Hence from (3)
2 n . .
Ai’l (X) = E ((—1) - 1) m sinh (7’[7'( (x - 1)) j: sinh (nnxo) de

2 ; : '
+ — ((_1) - 1) sinh (nnx)L sinh (nm (xy — 1)) dxg

nm sinh (nm)

Or
2 " ) cosh (n7mxy) *
Ay (x) = nn ((_1) - ) m sinh (n7 (x - 1)) [TL
2 n , cosh (nm (xy — 1)) !
T ((_1) - ) nmsinh (nm) sinh (nnx)[ nm L
Or
A, (x) = % ((—1)’1 - 1) et o) sinh (n7 (x - 1)) (cosh (nmx) = 1)
2 n 1 :
+— (1" -1) e e sinh (n7x) (1 — cosh (n7 (x — 1))
Or

A, (x) = M (sinh (n7t (x — 1)) (cosh (nmtx) — 1) + sinh (n7tx) (1 — cosh (nm (x —1))))
n37° sinh (nm)

2((-1)"-1)

= B0 sinh (1) (sinh (rnx) — sinh (rtn) — sinh (mnx — nn))

Hence the solution is

u (x, y) = i A, (x)sin (mzy)

1 —
== Z 11(3( sn)lh (n72) sinh (7tnx) — sinh (7tn) — sinh (w1 (x — 1))] sin (nny)

The following is a plot of the above solution
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Figure 2.76: Plot of above solution

ufx_, y_1:=

2 (-1)"-1 . . .
— Sum[ —————— (Sinh[nxx] - Sinh[nx] - Sinh[nx (x-1)]) Sin[nxy], {n, 1, 30}];
73 n3Sinh[n ]
p = Plot3D[u[x, y], {x, @, 1}, {y, O, 1},
AxesLabel » {"x", "y", "u(x,y}"},
BaseStyle » 12];

Figure 2.77: Code for the above plot

2.9.7 Problem 6.3.23
Write out the details of how to derive (6.134) from (6.133).

1 1 |nefx-g|
& =——1 _ Bl PO |t |

1, 1€ x - &|

= 6.133
21 8 - &l (0.133)

1+12p2 -2 0-
G(r,@;Pzﬁb):ﬁlog 1t = 2rpcos (0-9) (6.134)

2 4+ p? = 2rp cos (9 - qb)

Solution
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Since x = (rcos 0,rsin0) and & = (p cos ¢, psin ¢>), then
&7 = p? cos? ¢ + p? sin® ¢
= p?
Hence
I1&][2 x = p? (rcos O, rsin 6)
= (rpz cos 0, rp? sin 6)
And therefore
&P x— & = (rpz cos 0, rp? sin 6) - (p cos ¢, psin qb)
= (rp2 cos 0 — pcos @, rp?sin O — psin ¢)

Hence

||||§||2x - 5” = \/(rp2 cos 6 — p cos gi))z + (rpz sin 6 — psin gi))z

= \/(r2p4 cos? 0 + p? cos? ¢ — 2rp3 cos O cos ¢) + (r2p4 sin 6 + p2 sin® ¢ — 2rp3 sin Bsin cp)

= \/r2p4 (cos2 6 + sin’ 6) + p? (Cos2 ¢ + sin’ <p) - 2rp8 (cos 0 cos ¢ + sin O'sin gb)

= \/r2p4 + p? - 2rp3 (cos 0 cos ¢ + sin Osin qb)
But cos 0 cos ¢ + sin 0'sin ¢ = cos (9 - qb) The above becomes
1612 x - ]| = 2% + p2 2603 cos (6 - ¢)
= pJr?p* +1-2rpcos (6 - gb) (1)
The above is the numerator of 6.133. Now we find the denominator ||&]|||x — &]|.

Il = yJp? cos?  + p2 sin®
=p

And
llx = &|| = ”(rcos 0,rsin 0) — (p cosqb,psinqb)”

= \/(rcose—pcosgb)z + (rsin@—psincp)z

= \/(72 cos? 0 + p? cos? ¢ — 2rp cos O cos gb) + (r2 sin 6 + p2 sin? ¢ — 2rp sin Osin qb)

= \/72 (cos2 6 + sin’ 9) + p? (Cos2 ¢ + sin’ ¢) -2rp (cos 0 cos ¢ + sin Osin qb)

= \/,,2 + p? = 2rp cos (6—(1))

Hence

€]l 1lx = &l = p+[r? + p? = 2rpcos (6 - ¢) (2)
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From (1,2)

1 liefxe 1oy et -2ieos(6-0)
2m 7 NiElllx - &l 2m p\/72+p2—27pcos(6—¢)
_ 11+ - 2rpeos(0-¢)
41 12 + p2 - 2rp cos (6—(1))

Which is what required to show.

2.9.8 Problem 6.3.27

Consider the wave equation u, = c?u,, on the line —c0 < x < co. Use the d’Alembert formula
(2.82) to solve the initial value problem u (x,0) = 6 (x — a), u; (x,0) = 0. Can you realize your
solution as the limit of classical solutions?

u(x, t) = % (fa—ch+fx+ch)+ 210 fxmg(s) ds (2.82)
x—ct

Solution

In (2.82), the function f is the initial conditions and the function g is the initial velocity.
Hence the above becomes

u(x,t) = %(6((x—a)—ct)+6((x—a)+ct))

Buté((x—a)—-ct)=6(x—a—-ct) =6(x—(a+ct))andd((x —a) +ct) =6 (x—a+ct) = 6(x— (a—ct)).
Hence the above becomes

u(x,t)= %6 (x—(a+ct)+ %6 (x—(a—ct)) 1)

The above is two half strength delta pulses, one traveling to the left and one traveling to the
right from the starting position. Using the limiting definition of delta function, the solution is
the limit of sequence of classical solutions lim,,_,, u, (x,t) — u (x, t) which has initial position
that converges to the delta function and initial velocity which converges to zero as given in
this problem. Hence

lim u, (x,0) = 6 (x —a)

d
lim —u, (x,0)=0

n—oo Jt
Using one such definition of limiting function given in 6.10, page 218
n
() = T (1 + nzxz)
Then
u, (x—a)= -

n(l + n? (x—a)z)
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Hence
n

T (1 +n2(x—(a+ ct))z)

u, (x —(a+ct)) =

n
T (1 +n2(x—(a- ct))z)

Uy (x = (a—ct)) =

Using the classical solution u (x,t) = % (u,, (x = (a +ct)) + u, (x — (a — ct))) becomes

u(x t)—1 " +1 "
e 2n(1+n2(x—(a+ct))2) 2n(1+n2(x—(a—ct))2)

Which converges to (1) u(x,t) = %6(3( —(a+ct)+ %6 (x—(a—ct)) as n — oo,

2.9.9 Problem 6.3.31

(a) Write down a Fourier series for the solution to the initial-boundary value problem

Up = Uyy
u(-1,)=0
u(,t)=0
u(x,0) =06 (x)
du (x,0) ~0o

dt

(b) Write down an analytic formula for the solution, i.e., sum your series. (c) In what sense
does the series solution in part (a) converge to the true solution? Do the partial sums provide
a good approximation to the actual solution?

Solution

2.99.1 Part (a)

Since the boundary conditions are at x = -1 and at x =1, it is a little easier to solve this by
first shifting the boundaries to x = 0 and x = 2. This is done by transformation. Let

z=x+1

When x = -1 then z = 0 and when x =1 then z = 2. The PDE in terms of z remains the same
but the B.C. are shifted. Hence we want to solve for v(z,x) in

Oy = Uy
v(0,t)=0
v(2,t)=0

No need to worry about initial conditions now, since we will transform back to x before
applying initial conditions and therefore will use the original initial conditions. This PDE
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is now solved by separation. Let v = Z (z) T (). Substituting into the PDE gives

T2 =272"T
A
Tz "
This gives the boundary value ODE
7"+ AZ =0 1)
Z0)=0
Z(2)=0
And the time ODE
T+ AT =0 (2)

Solving (1). From the boundary conditions we know only A > 0 is an eigenvalue. Hence for
A > 0 the solution is

Z (z) = Acos (\/Xz) + Bsin (\/Zz)

At z = 0 this gives A = 0. Hence the solution now becomes Z (z) = Bsin (\/Xz) At z =2 the
above gives 0 = Bsin (Zﬁ) For non-trivial solution we want sin (Zx/z) = 0 which implies
2\/% = nm or

nm\2
An:(?) n=1,2,3,

And the corresponding eigenfunctions
. (nm
Z, (z) =sin (?z) n=1,2,3,--
The time ODE (2) now becomes
2
nm
T (—) T=0
* 2
Which has solution
nT . (nm
T, (t) = A, cos (?t) + B, sin (71})

Hence the complete solution is

[0e]

v(z,t) = E (An coS (%t) + B,, sin (%t)) sin (%z)

n=1
We are now ready to switch back from z to x. Since z = x + 1 then the above becomes
- nm nm nm
1) = A (—t)+B i (—t)) i (— +1) 3
u(x,t) ,;1( nCOS| = nSin| —-t))sin| = (x+1) (3)

Now we apply initial conditions to find A, B,,. At t =0, u(x,0) = 6 (x). Hence the above gives

o(x) = i A, sin(n?n (x + 1))
n=1
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Multiplying both sides by sin (% (x + 1)) and Integrating gives
1 oo 1
f 0 (x) sin (@ (x+ 1)) dx = Z Anf sin (E (x + 1)) sin (@ (x + 1)) dx
-1 2 o 1 2 2
By orthogonality of sin functions only term survives and the above simplifies to
1

jié(x)sin(%(x+l))dx:Amjisinz(%(x+l))dx

=A,

But f_i 0 (x) sin (% (x + 1)) dx = sin (%) since that is where x = 0. The above reduces to

An:sin(n?n) n=1,2,3,--

The solution (1) becomes

u(x,t) = nz::l (sin (r%n) cos (n%t) + B, sin (ngt)) sin (n?n (x+ 1)) (4)
Taking time derivatives

d —( Nm . (nm\ . (nm nm nm . (nm
ﬁu (x,8) = ,;::1 (—7 sin (7) sin (Tt) + ?Bn cos (71‘)) sin (7 (x+ 1))

At t = 0 the above becomes
— N7 nmn
0= ), —B,si (— +1 )
nz_:l > Bn sin > (x+1)
Therefore B,, = 0. Hence the solution (4) becomes

u(x,t) = isin (n?n)cos (%t) sin (n?n (x+1)) (5)
n=1

. . nrm . .
Notice that sin (7) is zero when 7 is even.

299.2 Partb

. (N7t . (N7 nm
sin (— (x+ 1)) = sin (—x + —)
2 2 2
Using sin (A + B) = cos Asin B + sin A cos B, the above becomes, where A = %x and B = %
. (1’171( +1))_ (TlT( ) . (117'[)+ . (1’17’( ) (1’171)
sin | —- (x = cos| —-x|sin| - sin | —-x | cos |
Hence (5) becomes

u(x,t)= i sin (n?n) cos (n;t) (cos (%—(x) sin (n;) + sin (%TX) cos (”771))
n=1

(o]

= Z cos (%t) (cos (%x) sin® (%) + sin (%x) sin (?) cos (%)) (6)

=1
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But sm( > )cos( ;) 0, since using sin A cosB = % (sin (A + B) + sin (A - B)) gives

. (nm nm 1 . .
sin (7) cos (?) =3 (sin (n7m) + sin (0))
=0
Therefore (6) simplifies to
MY s () sin? (77
u(x,t) —nz:lcos( > t)cos( > x)sm ( > )

But sin? (n?n) = 0 when 7 is even and 1 when 7 is odd. Hence the above becomes

[o¢]

u(x,t) = E Cos(n?nt)cos(n?nx)

n=1,3,5,
- ((2n+1)7'c) ((2n+1)7z )
Z t]cos Tx
Using cos AcosB = % (cos (A + B) + cos (A - B)), then using A = Qnmﬂt B= (Zn;—l)nx the above

becomes

u(x,t) = i)% (COS((anl)nt+ (on ;an) +cos((2n ‘;1)77t_ (zngl)nx))

_ i ((2n+1)n(t+x))+1icos((2n+1)n(_ )) 7

2
n=0
But with help of the computer, found that the sums give

icos(@(t+x)):0

n=0

i": ((2n+1)n(t_x)):

Hence (7) becomes

u(x,t) =

2993 Partc

The solution given by the part b converges to the true solution in the mean sense. Since
with wave PDE, there will two pulses, each of half strength moving back and forth on the
string each wave with very small width but large amplitude. Solution in part b is giving an
averaging value for the solution as zero.
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2.9.10 Key solution for HW 9

Problem 1
a)

A = I2r? Ja? +m?7? /b with eigenfunctions sin(lrz/a) sin(mmy/b), [,m = 0

b)

A = P2 fa?+m?n?2 /b2 Lm =0

Problem 2
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6.3.9

We rewrite f(z,y) = 0(3z —2y—1) in terms of the step function. Thus, by the chain rule,

) )
a—£=36(3$—2y—1)=6(m— 2y 1), @f =-2@Bz-2y-1)=—-d(y—3y+3).
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6.3.10
s 2sin ”;”"' sin ":5 sinh ””“;_ v)
u(m, y) = Z_: ] nmh
n=1 a sinh —

Referring back to (4.98), since |b,| =

% sin HT:E ' < % , the uniform bound (4.99)

holds, and thus the ensuing argument establishes infinite differentiability.

6.3.18

-8+ (y—n)?
-8+ (@y+n?

1 ooy 1 -8’ +@—n)?
(b) u(m,y)=af0 Lw1+nlog(m_£)2+(z+z)2 de dn.

6.3.21
Solution:
(a) We

I
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6.3.23
Set

x = (rcosf,rsinf), & = (pcosp, psin p).
Applying the Law of Cosines to the triangle with vertices 0, x, £ in Figure 6.13 shows
2 2 2 2 2
[x—=&I" = llx["+ [ £1" —2[x| [[£]l cos(f — @) ="+ p" — 2rpcos(6 — ¢).
Applying the Law of Cosines to the triangle with vertices 0, x, 1 in Figure 6.13 shows

1 T
Ix—mn)=Ix]*+n|* - 2| x| ”n”COS(G_QD)ZTZ"‘p_Q_Q;COS(B_‘P)u

and so

2X7 2
Ll E—llllE g EI° g1 x—m |2 = 14722 — 2rpeos(f — ).

Thus,

L QR x—€F 1 (1422 2rpcosd—g)
Gx€)=—log 21— > _=—1lo ‘
(58 = B g Tx— €2~ 2r 8\ PP —2rpcos(0— )

6.3.27

Solution:

u(t,z) = %J('x —ct—a) + % d(z +ct — a)
consisting of two half-strength delta spikes traveling away from the starting position concen-
trated on the two characteristic lines. This solution is the limit of a sequence of classical solu-
tions u(™) (¢, z) — u(t,x) asn — oo which have initial conditions that converge to the delta
function: 1x(n)(0,r} — d(z — a), u.g_”){o,r) = (. For example, using (6.10), the initial conditions

) S
w0 )= 1+ n?{.?; —ft_:'g)

(%)

lead to the classical solutions
ul™ [Ail= s it e -
T 2wl n(z—ct—a)?)  27(1+n?(z+ct—a)?)
that converge to the delta function solution (¥} as n — co.

6.3.31
(a) u(t,z) = > cos (k—i—%)wt cos (k+%)7ra:;
k=0
(b) For any integer &, and —1 < z < 1,
16(z—t+4k)+ 1 6(z +t—4k), Ak -1 <t <4k +1,
ut,z) =\ — (e —t+4k+2)— 5oz +t—4k—2), 4dk+l<t<4k+3,
0, t=2k4 1.

(c) Because the Fourier series only converges weakly, it cannot be used to approximate the
solution; see Figure 6.7 for the one-dimensional version.
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2.10.9 Problem 7.3.41 . . . . . ... e 262
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2.10.1 Problem 1

Show that (assuming sufficient smoothness of the domain and the data) u is a solution to
the Dirichlet boundary value problem

-Au=f
In Q with B.C. u = g on JQ iff u is a minimizer of the energy functional, that is
E (1) = min [E (v):v e C? (Q)] such that u = ¢ on 9Q

Here
E (u) = fQ (% IV —fu) A

(note, I will be using dA in the above integral assuming we are in IR?. But the above can
also be dV for R? just as well and nothing will change in the derivation below. This is easier
that writing dx and saying that x is a vector).

Solution
Since the proof is an iff, then we need to show both direction.

Forward direction Given that u solves

~Au = f (1)

with u|,, = ¢. Then we need to show that E (v) > E(u) for all v € C? (Q) that also satisfy
same B.C.

Multiplying both sides of (1) by # — v and integrating over the domain gives
—f (Au) (1 - v) dA = f (1 —0) fdA )
Q Q
For the left integral L (Au) (u —v)dA, we will do integration by parts. Let Au =dV,u-v = U,
then LUdV = faQ uv - [)lel. Therefore dU = V(u-v) and V = Vu. After applying
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integration by parts the (2) now becomes

du
—( aQ(u—v)a—ndL—j;)Vu-V(u—v)dA):fQ(u—v)fdA

u

But (u—-0) % 4L = 0 because # = v on the boundary JQ as both are ¢. The above now
o) P y 4

n
simplifies to

fQVu-V(u—v) dA:fQ(uf—vf) dA
fgw-(w-vw dA:fQ(uf—vf) dA
L|Vu|2—Vu~VvdA:L(uf—vf) dA

f|Vu|2—ffudA:f(Vu-Vv)—vfdA
Q Q Q

Now we use Schwarz triangle inequality and write Vu - Vo < % (IVuI2 + |VZ)|2). This comes

from using ab < % (a2 + bz). Using this in the RHS of the above gives

1
f IV u? dA—f fu dAsf = (IVuP +VoP) - fo dA
Q 0 0?2

1 1
f IV u? dA—f fudAsf —|Vu|2dA+(—f|w|2—fvdA)
Q 0 0?2 2Jq

1 1
~VuPdA- | fudA<= | Vo - fodA
2 2
Q Q Q
1 1
f—|Vu|2—fudA§—f|Vv|2—fvdA
0?2 2Jg

But by definition L % |Vu|2 - fudA =E(u) and %L IVvl2 - fv dA = E (v), therefore the above
becomes

E(u) < E(v)
Which is what we wanted to show. Now we will do the other direction.

Reverse direction Given that ¥ minimizes energy among all test functions, i.e. given that
E (u) = min E (w), then need to show that —Au = f.

Consider w = u + ¢v where v is any test function v € C? (Q) and v = g at JQ. Hence
min (E (w)) = min (E (4 + €v))
Therefore min (E (u + €v)) is achieved when ¢ = 0, since this then gives E (1) which by as-

sumption is the minimum. Therefore

d
EE(u+ev)—O
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At ¢ = 0. But the above can be written as the following, using the definition of energy

%(L%W(u+ev)l2—f(u+ev) dA):O

%(L%(V(LH—SU)-V(u+ev))—f(u+ev) dA):o 3)

Expanding V (u + €v) - V (u + €v) gives
Vu+ev) - Vu+ev)=(Vu+eVo)- Vu+ eVo)
= |VuP +2eVu-Vo+ 2 |Vo] (4)
Substituting (4) into (3) gives

de

Now we move the derivative inside the take derivative w.r.t. ¢ giving

(fol(zw-wuelvmz)—fv dA) =0

d
— (f v(IVuI2 +2eVu-Vo+ &2 IVvlz) — fu-efo dA) =0
Q

2

Evaluate at ¢ = 0 the above becomes
f (Vu-Vv)dA—f FodA=0
Q Q

Integration by parts for the first integral. Let Vu = U,dV = Vo, then é udv = faQ uv -
L VdU. Hence the above becomes

(‘Lgvg—ZdL—vaAudA)—fovdA:O

But v = 0 at boundary JQ. The above simplifies to

—vaAudA—fovdA:O
va(—Au —f)dAa=0

Since the above is true for all v test function then this implies that -Au — f =0 or
-Au = f

Which is what we wanted to show.

2.10.2 Problem 7.1.1f

e*sinx x>0

Find the Fourier transform of (f) f(x) = {
0 x<0

Solution
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sin xe~ ¥+ g (1)

o-x(1+ik)

—(1+ik)

Integration by parts. fudv = uv — fvdu. Let dv = ¢4k ¢ = u = sinx,du = cosx.

Hence
I= f sin xe *(1+ik) g
0

. o—x(1+ik) 1% 00 e~ x(1+ik) p
=|[sinx————| - CoS Xx————dx
[ —(1+ik) ]0 f(; — (1 +ik)

1
1+ ik

-1 400
= sin xe *+ik) | 4
1+ ik [ ]0
But ¢+ = ¢~¥¢=ikx and this goes to zero as x — oo and since sinx = 0 at x = 0 then the
first term above is zero. The above reduces to

00 o
f cos xe X1+ik) gy
0

= ! f ” cos xe X(1+ik) g
1+ik J,
; —x(1+ik)
Integration by parts. fudv = uv - fvdu. Let do = ¢4 ¢ = e_(lﬂ.k) ,u = cosx,du = —sinx.
The above becomes
1 oxX(1+ik) 1% ~ —x(1+ik)
I= — | [cosx————— —f —sinx) ———dx
1+ ik —(1+1k)]0 0 ( )—(1+zk)

1 e x(1+ik) 1 1 oo ,
= ([cosx_(1 0 ]0 -1 ikj[; sinxe‘x(“lk)dx]
But fo sin xe**+%)dx = I. The above becomes
1 e x(1+ik) 1 1
I= m( “OSrTq +ik)]0 1 +ik1]
1 ox(1+ik) 1% 1 \?
- m[wsx—ank)]o ‘(m) !

1\ 1 o
I+ ( - ) I= 5 [cos xe‘x(“ik)]
1+ ik (1 + ik) 0
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Now [COS xe~X(1+ik) ]Do =0-1 = -1. Hence the above reduces to

0
Il+( ! )2 = !
1+ik _(1+z'k)2

1

(1+ik)?
I =
1 \2
T
3 1
1+(1+ z'k)2
3 1
2 - k2 +2ik
Therefore
00 ] 1
: —x(1+ik _
j(; Si1n xe xX(1+i )dx = m

Using (1) the Fourier transform becomes

This can be written as real and imaginary parts
1 (2 - K2) - 2ik
flo= () sz) (- )—2)

1 (2-F . 2%
2 (k4 4 'KBia
2.10.3 Problem 7.1.3 (a,b)

Find the inverse Fourier transform of the function % when (a) ¢ = a is real (b) ¢ = ib is
pure imaginary.

Solution

210.3.1 Parta

Using shifting property where ﬁ[ f (x)] = f (k) and let f (k) = % then by shifting property
Fle™f (x)] = f (k- a), (Theorem 7.4) therefore

Fle™f @)]=f(k+a)
_— M

k+a
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We now just need to find f (x). From table of Fourier transforms on page 272, we see that

Flsgn (x)] = %\/gi Hence
L 1
9’[1, /E sgn (x)] =%

Therefore f (x) = i\/g sgn (x). Substituting this back into (1) gives

:—1ax E — _1
Q/f[ze \/zsgn (x)] =t
F 1 LI z'e‘””“\/E sgn (x)
k+a 2

210.3.2 Partb

Using shifting property, given that .7| ( f (x)) = f (k), let f (k) = % then by shifting property
(Theorem 7.4) F[el™*f (x)| = f (k - ib), then

Fle f (0] = f (k + ib)
1
= 1
k +ib @)
We now just need to find f (x). From table of Fourier transforms on page 272, we see that

Fsgn (x)] = %\/g% Hence
Ef{i\/gsgn (x)} = %

Therefore f (x) = i\/g sgn (x). Substituting this back into (1) gives

i ,bx E — 1
9116 \/; e (x)] k+ib
= iebx\/g sgn (x)

2.10.4 Problem 7.1.13
Prove the Shift Theorem 7.4 which is

Theorem 7.4: if f(x) has Fourier transform f (k), then the Fourier transform of the shifted
function f (x — &) is e7*¢ f (k). Similarly the transform of the product function ¢** f (x) for real
a is the shifted transform f (k- @) (note: using « in place of the strange second k that the
book uses)
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2.10.4.1 Parta

Showing if f (x) has Fourier transform f (k), then Fourier transform of the shifted function
f(x—&)is e?* f (k). From definition, the Fourier transform of f (x — &) is given by

Flf-9]= f - & erdx

L

Let x — & = u. Then % _ 1. The above becomes (limits do not change)

dx
Ffx-9]= f F () e Oy

_ - f (u) e—lkue—lkgdu
V2n f_m
f(k)

e ke _— f f (u)e~ iku gy,

Therefore
Flf -8)]= e f (k)
Which is what asked to show.

210.4.2 Partb

Showing that the Fourier transform of ¢®*f (x) is f (k — a). From definition, the Fourier
transform of ¢ f (x) is

y[eiaxf (x)] — \/L_ foo eiaxf (x) o~k gy

\/2_ f fx)e ix(k=a) gy
s

But — f f(x)e ™k gy is f (k- a) by replacing k with k — @ in the definition of Fourier

transform Hence

Flewf @] =fk-a)
Which is what asked to show.

2.10.5 Problem 7.1.20 (a)

The two-dimensional Fourier transform of a function f (x, y) defined for (x, y) € R? is

Flf (vy)]=F kD)
5= [ o)ty

(a) compute the Fourier transform of the following functions (i) e_|x|_|y|, (iii) The delta

function 6 (x — &) 0 (]/ - 77)
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(b) Show that if f (x,y) = g(x) /1 (y) then f (k1) = 3 (k) 11 ()

Solution

210.51 Parta

(i) The Fourier transform of eI s

F D) = ;—n [ [ ettty
= ZL f " f " e"x|e'|y|e‘ikxe‘ﬂydxdy
TTJ oV -0

1 00 —| ) 00 .
— y| —ily f —|x| ,—1kx 1
7 f:m e Ve ( . e Me dx) dy (1)

But f " eMe=ikxgdy is the Fourier transform of f (x) = e"¥ with V27 factor. In other words

[ eMeriax = Varg o

—00

Where § (k) is used to indicate the Fourier transform of ¢™*. Hence (1) becomes

A 27T o © .
Fon =05 [ ety

But f_ a e_|y|e‘ilydy = 27 (1) Where /1 (1) is used to indicate the Fourier transform of e M. The
above becomes

Fk,1) = \;i_nng (k) V2rth (1)
=g h() (2)
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So now we need to determine § (k) and /z (/) and multiply the result.
1 0 .
o(k)=— f e Meikx gy
SRRV

1 0 00 .
= ( f e dx + f e‘xe‘lkxdx)
0

\/__ (fo e—zkx+xdx + foo e—ikx—xdx)

00 0

1 —zkx+x —zkx X
= zk}]

1 1 o~ tkx x _ 1 —ikx ,—x ]
E(1 S o L ]o)
1 1 1 0
e e )

1 1
\/2_71 (1 1 + zk)

1 (A +ik) + (1 —ik)
\/2_71 ( —ik) (1 + ik) )

1
E( 7

Similarly

h(l) = =) |y|e‘llydy

_\/E 1
Nnm1+12

Hence from (2) the Fourier transform of e Pl i

fkD) =g h)

s
1+k2 1412

T (1 +k2) (1 + lz)
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(i) The Fourier transform of 6 (x — &) 6 (y - 17). First we find the Fourier transform of 6 (x — &)

and then the Fourier transform of 6 (y - 17)

1 00 .
¢ (k) = —f 5 (x — &) e kxdy
3( =) (
_ 1 o-ike

V2n

And

) 1 ‘
h(l) = Ef_wa(y_n)e—zzydy

= —1 e—ﬂfl

V2n

Hence the Fourier transform of the product 6 (x - E)é(y— 17) is (Using the product rule,
which will be proofed in part b also).

fkD) =gk M0

_1 k& p=iln
2n
The above could be rewritten in terms of trig functions using Euler relation if needed.

210.5.2 Partb

By definition, the Fourier transform of f (x, y) is

N 1 (o0] (o] .
flen =5 f f f(vv) i) gy
But f (x, y) =g(x)h (y) Hence the above becomes

Fon=o [ [ gn(y)e Wy
= % f_ " j: " g(xX)h (y) e e~ dxdy

1 . 00 ‘
= f h (y) eily ( j: ) g (x) e‘lk"dx) dy

—00

But f_ * g (x) e~kdy = \/2_7z§ (k). The above reduces to
A 1 00 ‘
- 5 il
Fk D) = g\/Z_ng(k)j:mh(y)e iy gy
But f_m h (y) e~ dy = \2rth (I). Hence the above becomes

£ = 5 V273 () Varh ()

=g(k)h()
Which is what asked to show.
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2.10.6 Problem 7.2.2 (a)

Find the Fourier transform of (a) the error function erf (x) = % Lx e dz

Solution

210.6.1 Parta
Using
1+erf(x) = e dz 1)
( -
Taking Fourier transform of both sides, and using the known relation from tables which says
X 1 R R
Lﬂf f(u)du] = —f 0+ 7f @50
And using that Fourier transform of 1 is V27 (k) then (1) becomes

V26 (k) + Flerf (x)] = NP ( f)+mf ()6 (k))

Where f (k) is the Fourier transform of e (Gaussian) we derived in class as e o %eT.

The above becomes

V276 (k) + Flert (x)] =

1 ﬁ] ]
—et | o)
\5 -

Therefore the above simplifies to

Flerf(x)] = —=——=¢'¢

2.10.7 Problem 7.2.3 (d)

2
Find the inverse Fourier transform of the following functions (d) kkf

Solution
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Using property that
FIf 0] = ikf (k)
1 @] = —2f k) (1)
Where in the above 9‘{ f (x)] = f (k). Comparing the above with kk—_zi, we see that
A 1
f (k)= P

Hence we need to find inverse Fourier transform of k%l first in order to find f (x), and then
take second derivative of the result. Writing

1
S )
1
_ 1
i(-ik-1)
-1
ik +1)
— 1
~ ik
From table (page 272 in textbook) we see that
1
g -1 — —X
F ik V2re ™o (x)
Using a =1 in the table entry. Where o (x) is the step function. Hence
1
-1 -7 —X
1.7 kD) | = iV2me o(x)

Therefore
£ () = iV2me ™o (x)
Now we take derivative of the above (using product rule)
f(x)= —iV2re ™o (x) +iV2me™0 (x)

Where 6 (x) is added since derivative of ¢ (x) has jump discontinuity at x = 0. Taking one
more derivative gives

f(x) = iV2me o (x) - iV2me o (x) - iV2me ™o (x) + iV2me s’ (x)
= iV2ne o (x) - 2iV2me*5 (x) + iV2me s (%)

Therefore

F 1 [ﬁ] = iV2me ™0 (x) — 2iV2me ™5 (x) + iV2me & (%)

k—i
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2.10.8 Problem 7.2.12

(a) Explain why the Fourier transform of a 27 periodic function f (x) is a linear combinations
of delta functions f (k) = X°._ ¢,6 (k — n) where ¢, are the complex Fourier series coefficients

n=—00

(3.65) of f(x) on [-7, 7]
) 1 Tt )
¢, = < f,em"> = f F(x) emimsdx (3.65)

(b) Find the Fourier transform of the following periodic functions (i) sin2x (ii) cos®x (iii)
The 2m periodic extension of f(x) = x (iv) The sawtooth function & (x) = xmod1. i.e. the
fractional part of x

Solution

2.10.8.1 Parta

Since f (x) is periodic, then its can be expressed as

fo= 3 olTh

n=—0oo

But the period T = 27t and the above simplifies to

f@)= ) cpe™ (1)

n=-—00

Taking the Fourier transform of the above gives

f= o= [ s@et @

Substituting (1) into (2) gives
N 1 Sl . .
== | (2 cnemx) e dx
1 o [ & ‘
= — c e X ) dxe
w2

n=—00

Changing the order of summation and integration

d 1 S * —ix(k-n

1

= Baf [ e @

Tl n=—c0

But from tables we know that (1) = V276 (k). Which means that

1 f‘x’ ik
— e dx = V21d (k)
V27T —00
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Therefore, replacing k by k —n in the above gives

1 f .
— e~ k=1 gy = 215 (k — n)
V 21 Y-

f " einten gy = (271)6 (k  n) (4)
Substituting (4) into (3) gives
F o = \/%_n f}w ¢, (27)6 (k- n)

=V2n i ¢, (k — n)

n=—00

Note: The books seems to have a typo. It gives the above without the factor V27 at the
front.

210.8.2 Partb

(i) sin2x. Since this is periodic, then ¢, = % fn sin (2x) e”*dx. For n = 2 this gives ¢, = —
—_— =T

and for n = -2 it gives c_, = é and it is zero for all other n values due to orthogonality of
sin functions. Using the above result obtained in part (a)

k) = \/_Ec,mk n)
_\/_czé(k+2)+\/_czc$(k 2)
:Jz_nia(mz)—x/ﬂia(k—z)

:i\/ga(kJrz)—i\/Eé(k—Z)

(ii) cos®x. Since this is periodic, then ¢, = — f cos® (x) e ™ dx. But cos® (x) = 1 Leos (Bx) +

ZCOS (x). Hence only n = +1,n = +3 will have coefﬁc1ents and the rest are zero.

€1 =

3
b gy = 2
f cos (x) e™dx = 3

3 3
_ lxd — _
7 4 cos (x) e ™ dx = 3

1
3= 5 f — cos (3x) e 3*dx =

2n

=

OOIF—‘ OOI’-‘

1
= > f — cos (3x) 73 dx =
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Therefore, using result from part (a)

FO=Vam S o k-n)

n=—00

1 3 3 1
= 2n(§6(k+3)+gé(k+1)+§6(k—1)+§6(k—3))

= }L\/g(é(k+3)+36(k+1)+36(k—1)+5(k—3))

(iii) The 27t periodic extension of f (x) = x

= — f xe gy

- n_ (nn cos (nm) — sin (nm))

j (n (-1)")

2y
n

Since this is periodic, then

Therefore, using result from part (a)

F k) =V2n i ¢, (k — 1)

_«/_2—n< )" (k~n)
271 C ) n#+0

(iv) The sawtooth function

Plot [FractionalPart[x], {x, -Pi, Pi}, Ticks » {{-Pi, -Pi/2, @, Pi/2, Pi}, Automatic}]

.
T

Figure 2.78: Plot of f(x) (Fractional part of x)

2.10.9 Problem 7.3.4

2
Find a solution to the differential equation —% +4u = 0 (x) by using the Fourier transform

Solution
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Taking Fourier transform of both sides gives

— (ik)? & (k) + 441 (k) = 716 (0)]

1
K21 (k) + 411 (k) = —
(k) (k) on
Solving for i (k)
1
(k) (k> +4) = —
) (k2 +4) = =
11
u(k) B \lznk2+4

Finding inverse Fourier transform. From tables we see that .7| (e‘”"") = \/Z :

7T k2+a2 "
2 2
o] |2
A= 2
w1l 1
—_Fle 2| =
\/;2016 I= 753
no"l 1

Using a =2

1
—F|Ze 2| =
\/; 27 | kK+4
1 \/E Alyam| o L 1
Vo V2 |2 | \2rk®+4
1 _[1 1 1 1
o e P
2712 | T onke+ 4
1 1 1 1
Floe2H | = —_——
15| T onke+a
Therefore
u(x) = —e2M
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2.10.10 Key solution for HW 10

Problem 1
Proof. 1. Choose w € A. Then (46) implies
0= /U(-Au = P(u - w)dz.
An integration by parts yields
= /UDu D(u—w) ~ f(u—w)dr,
and there is no boundary term since 14 —  — g—g9=0on dU. Hence

Dauf?~ = ST —
fUi ul” - ufde fUDqu wfdz

1 1
anDuzd f— 2
U21 |*dz + U2|D1u| wf dz,

where we employed the estimates

|Du- Du| < |Dul|Dw| < —|Du|2+ |Dw|2

following fmm the' Galfchgr—sch i ali
Bl de» warz an Qwa}ilchﬂyiineq hes(§B2) Rear-
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We have already emplo yed the maximum principle in §2.2.3 to show
uniqueness, but now set forth a simple alternative proof. Assume U is open,
bounded, and 8U is C'-

THEOREM 16 (Uniquenés). There exists at most one solution u e

C2(U) of (46)-

Proof. Assume @ 18 another solution and set
U, and so an integration by parts shows

Ju U ,

..ﬁﬁ;‘nmw=00n8U, we deduce w = u — 4 =0in
: ;

w :=u— U Then Aw =0in

tion of the boundary-value problem
aracterized as the minimizer of an
ne the energy functional
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71.1f
(£) 1 . —k*—2ik+2
V2 (—k2+2ik+2) V27 (k% +4)

7.1.3a,b

(a) By the Shift Theorem 7.4, f(z) = i\/g e 1ignz.

(b) Using the Table, if b > 0, then f(z) = iv27 €% (¢(z) — 1), while if b < 0, then
f(z) = iv27 €*® o(z). For b= 0, use part (a).

7.1.13

Use the change of variables & = x — £ in the integral:

Flfz—€)]= \/% [_0:0 flo—g)e %o gp = \/% f_"; (@) e R E g

—ik¢

e oo » i kE e _ikE
:ﬁ f_oof(l')e ! mda::e ! Ef(k).
To prove the second statement,

FIe™ f@) = o= [T f@)e” 0% ds = Fo— ).

7.1.20 a): (i), (iii), and b)

) e~ 1(Ek+nl)
(a) (4) r(B2 L 1)(2+ 1) *x (u) or
1222
(@) — £\ [2 e 1 T otk
234
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2
* (d) — L [Vame o(z)] = vVar [— e olz) + 8(z) — 6 (z) ]

dx?

7.2.12

(a) Indeed, applying the inverse Fourier transform:
oo

f(x) N[_O:of(k)eikrﬂdk: io: c, fozod(k—n)eikmdk: 3 cne””

n=—o0o - n=-—oo
recovers the complex Fourier series for f(z), proving the result.
o0 _ n
(b) (i) bise+2)— Lid@—2), (i) i > D 6(k—n).
n

n=—o0o
n#0

734

. The Fourier transformed equation is (k% + 4) @(k) = 1/v/27, and hence a solution is
u(z) = zlfe_Qlwl.
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3.1.1 Questions

MATH 5587 (FALL2019): MIDTERM 1

PROFESSOR: SVITLANA MAYBORODA

Problem 1 (20 points)
- (a) Write down an explicit formula for the solution to the initial value problem:

c9,2u - 4(’3314 =0, u0,x)=sinx, Jdu@©,x)=cosx, xeR r2>0.

(b) True or false: the solution is a periodic function of . What is the period?

(¢) Now solve the forced initial value problem

Ofu—48u=cost, u0,x)=siny, Ou0,x)=cosx, xeR, 120

- (d) True or false: the forced equation exhibits resonance. Explain.

I —— 271
Date: October 8, 2019.
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2 PROFESSOR: SVITLANA MAYBORODA

Problem 2 (30 points)
(a) Find the (complex or real) Fourier series for the function f(x) = x

(b) Does the series converge to the same function, that is, f(x) = x, on R?
Whether the answer is yes or no, draw the function to which it converges below.

(c) Does the series converge (to the function you identified in (b)):

cl) pointwise? on which interval? Explain. Independently of your answer, write
“a definition of pointwise convergence,

¢2) uniformly? on which interval? Explain. Independently of your answer, write
a definition of uniform convergence.
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MATH 5587 (FALL2019); MIDTERM | 3

(d) Use the results above to find the (complex or real) Fourier series of f(x) = x

Problem 3 (15 points)
(a) Write down an explicit formula for the solution to the initial value problem.
Show your work.

O +

) dute =0, u0,x)= G2

(b) graph either some of the characteristic curves or the solution to the initial
value problem for several values of . You do not have to do both, just indicate
which one you are graphing.
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3.2 Exam 2, Nov 7, 2019

Local contents
13.21 Questions| . . . .. ... 275

274



3.2. Exam 2, Nov 7, 2019 CHAPTER 3. EXAMS

3.21 Questions

MATH 5587 (FALL2019): MIDTERM 2

PROFESSOR: SVITLANA MAYBORODA

Problem 1 (40 points)

A metal bar, of length / = | and thermal diffusivity y = 1, is taken out of a 100°
oven and fully insulated except for a left end which is fixed to a large ice cube,
and hence, kept at the constant temperature 0° and the right end which is kept at
temperature 50°.

(a) (5 pts) Write down an initial boundary value problem that describes the the
temperature of the bar u(z, x).

Equation: = = - — = — —— — . __ __ forxe (0,1),1>0

Boundary data: — — = — - — — —— -~ ______

Initialdata: — — — — — — —— — — -~ _ __

(b) Use separation of variables to write a series formula for solution u(t, x).
b1) (5 pts) Write u(z, x) = v(£)w(x) and find the equations that v and w satisfies

b2) (10 pts) Solve the equations for v and w and use boundary data to identify
possible solutions vy, w

Date: November 7, 2019.
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2z PROFESSOR: SVITLANA MAYBORODA

b3) (5 pts) Write the global solution u(t, x) as a series and use initial data to write
integral formulas for coefficients of the series.

b4) (5 pts) Evaluate explicitly coefficients of the series and write the final for-
mula for solution u(z, x)

¢) (5 pts) What is the equilibrium temperature (that is, the limit as f — o0) and
how fast does the solution go to equilibrium?

276




3.2. Exam 2, Nov 7, 2019 CHAPTER 3. EXAMS

MATH 5587 (FALL2019): MIDTERM 2 3

Problem 2 (10 points) The solution to the Laplace’s equation on a unit disc subject
to Dirichlet boundary conditions u(1, §) = h(0) is given by

1 7 1 -2
H(r7 8) == 5‘;[— IN h(¢) 1 i ’42 - 2]‘ COSs (8 - ¢) d¢

Show that if u achieves its maximum at the center of the disc then u is constant on
the entire disc.

Problem 3 (15 points) The solution to the Laplace’s equation Au = 0 on a square
0 <x<a,0<y<b, with boundary data

u(x,0) = f(x), u(x,b) =0, u(0,y) =0, u(a,y) =0
is given by

o]

) bu‘%‘ sin
u(x,y) = D A —a :
H= l\"’"» " sinh %b

where b, = %foa J(x)sin 2= dx,

Show that whenever foa |/ (x)|dx is finite, the coefficients of the series in the
formula for u,

" ¥ b—vy
B oinh BBy
a "o a

R e
R SR

Vs .
4 ‘ -
|, sinh 28D N ey
‘:; ])H A S \)&ﬂ#i}> 0

\\smh = /
g0 to zero exponentially fast as n — oo

Now assume thata = b = 1 and J(x) = x when x < 1/2 and J(x) = 1~- x when
x > 1/2. What can you say about the smoothness of /7 What can you say about
the smoothness of the solution and why?
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3.3.1 Questions

MATH 5587 (FALL 2019): FINAL

PROFESSOR: SVITLANA MAYBORODA

Problem 1 (35 points)

Write down the solution to the following initial-boundary value problem in the
form of the Fourier series.

[/\;74(‘#,\"({' i\ Uy = Uee u(1,0) =u(t,m)=0, u(0,x)=0, 1 (0, x) = 1

L.1) (5 pts) Write u(r, x) = v(£)w(x) and find the equations that v and w satisfies

1.2) (5 pts) Solve the equations for v and w and use boundary data u(z, 0), u(t, ),
as well as u(0, x) to identify possible solutions v, w

1.3) (5 pts) Write the global solution u(z, x) as a series and use u,(0, x) to write
integral formulas for coefficients of the series.

Date: December 10, 2019,
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PROFESSOR: SVITLANA MAYBORODA

1.4) (5 pts) Evaluate explicitly coeflicients of the series and write the final for-
mula for solution u(t, x)

1.5) (15 pts) Now solve the same equation on an infinite interval (be careful o

evaluate and write the solution legibly using cases depending on the values of x
and 1):

Uy = ityy w0, x) =0forall x, 1,0, x)=1forx<0, u(0.x)=0forx>0

Problem 2 (10 points) Find the Fourier transform of the Gaussian hi(x) = ¢ (

you
have to show your work, do not use a table value).
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MATH 5587 (FALL 2019): FINAL 3

Problem 3 (20 points) (a) (10 pts) Find the Green function and write the solution

. . . . 3 2
using the Green function representation for the equation *i—\f; +4u = h(x).

(b) (10 pts) Now find the Green function and write the solution using the Green
function representation for a similar equation on a finite interval:

=u"(x) = f(x) on(0,1), u(0)=0, u(1) = 2u/'(1).
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7 Fourier Transforms

Concise Table of Fourier Transforms

f(z) f(k)

1 V27 §(k)
5(z) —;; |
o(z) g 3(k) — \/% :
sign 2

o(x+a) —o(z —a)
e *To(z)
e’ (1 - o(x))

gz

\/51
PN e
k
\/jmnak
Tk

1
V27 (a+ ik)
1
V27 (a— ik)

\/? a
7 k% 4 a2

ﬁ—kz/(é!a)
2a

e'“’lkl

\
v 5

Note: The parameters a, ¢, d are real, with o > 0 and ¢ # 0.
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4.1 Few pages from Strauss W. PDE book to study

304  CHAPTER 11 GENERAL EIGENVALUE PROBLEMS

By Section 11.3, the eigenfunctions for all three problems (in D, in Dy, and
in D) are complete. Among the eigenfunctions of —A in the rectangle D are the
products v,Wy,. Suppose now that there were an eigenfunction #(x, y) in the
rectangle, other than these products. Then, for some A, —Auy=AuyinDand u
would satisfy the boundary conditions. If A were different from every one of the
sums @, + B, then we would know (from Section 10.1) that uis orthogonal to
all the products v,W,,. Hence

0= (%, 0, W) = f[ fu(x, P)vp(x) d.x]w,,,(y) dy.

So, by the completeness of the wy,;,

(13)

j u(x, You(x) dx=0  forally. (14)
By the completeness of the v,,, (14) would imply that u(x, y) = 0 for allx, y.So
u(x, ) wasn’t an eigenfunction after all
One possibility remains, namely, that A=a,+ B, for certain n and m.
This could be true for one pair 1, 7 or several such pairs. If 4 were such a sum,
we would consider the difference
w(x, ) = 1% V) = X, Camtn(X)W( ), (15)
where the sum is over all the n, m pairs for which A= 0, + B, and where
Cppn = (s u,,w,,,)/llv,,w,,,u2 . The function w defined by (15) is constructed so as
to be orthogonal to @l the products v,W,,, for both &, + Bm=4and o, +
B A. It follows by the same reasoning as above that w(x, ) =0. Hence
u(%, ) =2 Comn)Wm(P) summed over &, + B, = A. That is, u was not a
new eigenfunction at all, but was just alinear combination of those old products
,,W,,, which have the same eigenvalue A. This completes the proof of Theorem
o

EXERCISES

1. Verify that all the functions (7) are solutions of (1) if @ is an eigenvalue Ay
and if [ vy dx = 0. Why does the series in (7) converge?

Use the completeness to show that the solutions of the wave equation in any
domain with a standard set of BC_satisfy the usual expansion
u(x, £) = Z2_,[A,, cos(Va ct) + B, sin(Vi,, cf)]v,(x). In particular, show
that the series converges in the L2 sense.

Provide the details of the proof that w(x, ), defined by (15), is identically
zero.

2.

11.6 ASYMPTOTICS OF THE EIGENVALUES

The main purpose of this section is to show that 4, — -+, In fact, we’ll show
exactly how fast the eigenvalues go to infinity. For the case of the Dirichlet
boundary condition, the precise result is as follows.

11.6 ASYMPTOTICS OF THE EIGENVALUES
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Theorem 1. Fora two-dimensional problem — Ay = Ay in any plane domain

D with u =0 on bdy D, the eigenvalues satisfy the limit relation

. A
lim 247
n—wo H ’

where 4 is the area of D.
For a three-dimensional problem in any solid domain, the relation is

where ¥ is the volume of D.

Example 1. The Interval

Let’s compare Theorem 1 with the one-dimen:

o315 T oot sional case where 4, =

M:_=

e 1 1’

3)

where /is the length of the interval! The
I X ! same result (3) was als i
for the one-dimensional Neumann condition in Sec)ﬁon 4 20 de;vlid
Robin conditions in Section 4.3. S and e
o

Example 2. The Rectangle

Here the domainis D={0<x< q, 0 i '
.. . 2 <y<
explicitly in Section 10.1 that < B)in the plane. We showed

q2
A=
22

min?
72 @

;v;;ﬁ ::1? ;x;tlgsgg:rcet;ou §in( lnx/.a) - sin(mzy/b). Since the eigenvalues are
1 using a pair of integer indices, it is difficul
relationship between (4) and (1). For thi ose i veent 1
s . For this i i
introduce the enumeration function ptpose L is convenient to

N(2) = the number of eigenvalues that do not exceed ).

: (%)
If the eigenvalues are written in increasi
d easing order as in (11.1.2), th
%(i,,)_ n. Now we can express N(A) another way using (4). Nzxmele;
( )_ls the number of integer lattice points (J, m) which are contai r.{
within the quarter-ellipse e

2 _ml

—5+-75~A~ (I>0,m>0)
a b o2 ’ ©®

(O]

@)
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Figure 1

i i i int is the upper right
in the (/, m) plane (see Figure 1). Each such Iart‘me poin et
comer( of a square lying within the quarter ellipse. Therefore, N(4) is at
most the area of this quarter ellipse:

NA= %’. (@)

For large A, N(A) and this area may differ by .approximately thelength
of the perimeter, which is of the order V4. Precisely,

E—cﬂsts i (
for some constant C. Substituting A = A, and N(A) = n, (8) takes the form

Anab Anab 9

_ﬁﬂ'_ =~ GVl =ns 4n ’ ©

where the constant C does not depend on #. Therefore, upon dividing by
n, we deduce that

Ay _Am v (10)

n—o N E’
which is Theorem 1 for a rectangle. o

For the Neumann condition, the only difference is that / and m are allowed
to be zero, but the result is exactly the same:

lim 2 =47 an

To prove Theorem 1, we will need the maximin principle..lt is like. the "
minimum principle of Section 11.1 but with more general constraints. Theidea

is that any orthogonality constraints other than those in Section 11 1 wiillead to
smaller minimum values of the Rayleigh quotient.

11.6 ASY’MPTOTXCS OF THE EIGENVALUES 307

Theorem 2. Maximin Principle Fix a positive integer # = 2. Fix n — 1 arbi-
trary trial functions y(x), . . . , y,_;(x). Let

ivwiiz
fiwi?

Aps = min

(12)

among all trial functions w that are orthogonal to yy, . . ., y,_ 1- Then

over all choices of the n — 1 trial functions Vise «
Proof. Fix an arbitrary choice of Vs v o s Vp—y- Letw(x) = 27 c05(%)
be a linear combination of the first n eigenfunctions which is chosen to be

orthogonalito yy, . . . , y,_;. That is, the constants €15 - - ., Cyare chosen
to satisfy the linear system

n n
0= (2 ¢v; yk> =Y w; (ork=1,...,n— 1).
=1 j=

Being a system of only 7 — | equations in » unknowns, it has a solution
Cts « + - 5 Cp, O all of which constants are zero. Then, by definition (12) of
Aes

<3 Vn—t-

LIVWIR _ 3 e~ Avy, )

T i 2 ke cicrlvy, vi)
n_h.c? 2
- Elnlllzj - L l,,zC, =1, (14)
DY 2 cf :
where we've again taken lfojil = 1. Thisinequality (14) is true for every choice of
Vis « + +» Yn—y - Hence, max A, =< A,. This proves half of (13).

To demonstrate the equality in (13), we need only exhibit a special choice of
Vs« + « s Ppy for which A,, = A,,. Our special choice is the first # — 1 eigen-
functions: yy = vy, . . ., o= y—1 . By the minimum principle for the nth
eigenvalue in Section 11.1, we know that

Ame =4,  for this choice. (15)
The maximin principle (13) follows directly from (14) and (15). o

The same maximin principle is also valid for the Neumann boundary
condition if we use the “free” trial functions that don’t satisfy any boundary
condition. Let’s denote the Neumann eigenvalues by 1 ;. Now we shall simulta-
neously consider the Neumann and Dirichlet cases.

Theorem 3. ijslj forallj=1,2, ....

Proof. Let’s begin with the first eigenvalues. By Theorems 11.1.1 and
11.3.1, both 4; and 4, are expressed as the same minimum of the Rayleigh
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Figure 2

quotient except that the test functions for 4 satisfy one extra constraint
(namely, that w= 0 on bdy D). Having one less constraint, A, has a greater
chance of being small. Thus 4; < 4,.

Now let # = 2. For the same reason of having one extra constraint, we have

T = A (16)
We take the maximum of both sides of (16) over all choices of trial functions

Vi» - - + » Yu—1- By the maximin principle of this section (Theorem 2 and its
Neumann analog), we have

A,,=maxj.,,,,£maxl,,,=ln. o

Example 3.

For the interval (0, /) in one dimension, the eigenvalues are A, = n?z?/2
and A, = (n — 1)?7%//2 (using our present notation with 7 running from 1
to ). It is obvious that A, < 4. o

The general principle which is illustrated by Theorem 3 is that

any additional constraint will increase the value of the maximin.

amn

In particular, we can use this principle as follows to prove the monotonicity of
the eigenvalues with respect to the domain.

Theorem 4. If the domain is enlarged, each eigenvalue is decreased.

That is, if one domain D is conttained in another domain D, then 4, = 4},
and 4, = A, where we use primes on eigenvalues to refer to the larger domain
D’ (see Figure 2).

Proof. IntheDirichlet case, consider the maximin expression(13) for D. If
w(x) is any trial function in D, we define w(x) in all of D’ by setting it equal to
zero outside D; that is,

W = {5""’ (18)

Thus every trial function in D corresponds to a trial function in D’ (but not
conversely). So, compared to the trial functions for D, the trial functions for D
have the extra constraint of vanishing in the rest of D’. By the general principle
(17), the maximin for D is larger than the maximin for D’. It follows that

forxin D
for x in D’ but x not in D.
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Ay = A, as we wanted to prove. But we should beware that we are avoiding the
difficulty that by extending the function to be zero, it is most likely no longer a
C2 function and therefore not a trial function. The good thing about the ex-
tended function w’(x)is that it still is continuous. For a rigorous justification of
this point, see [CH] or [Ga].

The same kind of reasoning is valid in the Neumann case. Indeed, the
maximin principle for the Neumann boundary condition states that

3 . IVw)2
where 4,,, = min
- llw)i2

and the competing trial functions w(x) do not satisfy any boundary condition at
all. Asabove, these test functions on D may be extended to the larger domain D’
by setting them equal to zero outside D. In this case, the new trial functions
w'(x) may be discontinuous at the part of the boundary of D which isinternal to
D’ (see Figure 1.) But in any case there are again more trial functions for D’ than
for D. That is, the maximin for D has more constraints, so that 4, = 1/. Again
see [CH] for a complete proof. o

Ay = MAX Apy

(19)

SUBDOMAINS

Our next step in establishing Theorem 1 is to divide the general domain D into a

finite number of subdomains Dy, . . .. , D, by introducing inside D a system
ofsmooth surfaces Sy, S5, . . .(see Figure 3). Let D have Dirichlet eigenvalues
A=A, =<---and Neumann eigenvalues A; = A, =- - -. Each of the subdo-
mains Dy, . . . , Dy, hasits own collection of eigenvalues. We combine al/ of
the Dirichlet eigenvalues of all of the subdomains Dy, . . ., D, intoasingle
increasing sequence it; < i, = - - . We combine a/l of their Neumann eigen-
values into another single increasing sequence [i; < fi, S+« -

By the maximin principle, each of these numbers can be obtained as the
maximum over trial functions y,, . . . , ¥,—; of the minimum over trial
functions w orthogonal to y,, . . . , y,—;. As discussed above, although each
i, is a Dirichlet eigenvalue of a single one of the subdomains, the trial functions
can be defined in all of D simply by making them vanish in the other subdo-
mains. Thus each of the competing trial functions for 41, has the extra restric-
tion, compared with the trial functions for A, for D, of vanishing on the internal
‘boundaries. It follows from the general principle (17) that

An =y foreachn=1,2, .. .. (20)

/5

Figure 3
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On the other hand, the trial functions defining 1, for the Neumann prob-
lem in D are arbitrary C? functions. As above, we can characterize Z,, as

Vw2
wi2”

where the competing trial functions are arbitrary on each subdomain and or-
thogonal to 3y, . . . , ¥,— . But these trial functions are allowed to be discon-
tinuous on the internal boundaries, so they comprise a significantly more exten-
sive class than the trial functions for 4,,, which required to be continuous in D.
Therefore, by (17) we have ji,, < 1,, for each #. Combining this with Theorem 3
and (20), we have proved the following inequalities. .

Aullil = min

= max fip, @h

Theorem 5.

Example 4.
Let D be the union of a finite number of rectangles D =D, U D, U
- - in the plane as in Figure 4. Each particular u,, corresponds to one of
these rectangles, say D, (where pdependson 7). Let 4(D, ) denote the area
of D,. Let M(1) be the enumeration function for the sequence y;,

Mo, . . . defined above:
M(J) = the number of 4y, 5, . . . that do notexceed A. (22)

Then, adding up the integer lattice points which are located within D, we

get
. M) A(D,) A(D)
lim ——== Pl
=T ; 4 4r @3
as for the case of a single rectangle. Since M{(u,,) = n, the reciprocal of (23)
takes the form .
s B 4
ase 1 AD) 24
Dy De
D, Dy
Figure 4

11.6 ASYMPTOTICS OF THE EIGENVALUES
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Similarly,
i Ba_ 4m
n—® R A(D) (25)

By Theorem 5 it follows that all the Limits are el i

By 1 v qual: lim A,/n=

lim A,,/n = 47/4(D). This proves Theorem 1 for unions of rectang"l/es.
o

Now an arbitrary plane domain D can be a i i
2 I 1 pproximated by union:
rec.taugles Jjust as in the construction of a double integral (and asin gecﬁon SS 4C;f
Wl‘Eh the help of Theorem 5, it is possible to prove Theorem 1. The details ;u'e.
omitted but the proof may be found in [CH].

THREE DIMENSIONS

The three-di mensional case WOl;kS the same way. We limit ourselves, hc DWEVET,
.
to the basic example,

Example 5. The Rectangular Box

Let D.= {0 <J€< a,0 <.y< b,0<z<c). As in Example 2, the enu-
meration function N(4) is approximately the volume of the ellipsoid

_li m2 k2<l
2 Etasa

in the first octant. Thus for large 1
- (26)

and the same for the Neumann case. Substituti = =
oo I ubstituting'A = A, and N(4) = n,

i S 67 A
n—o 1 abc  p—e n @n

For the union of a finite number of boxes of
duce ot i s of volume V(D), we de-

3/2 7
lim 22 672 _ T
s noe s V(D) pow o n
Then a general dorain is approximated by unions of boxes, o

For the very general case of asymmetric differential operator as (11.4.1),the
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statement of the theorem is modified (in three dimensions, say) to read
i . lim e

n—wo H n—e N

- b
Tf I plm(x)/p(x)PP? dx’

(28)

EXERCISES

1. Prove that (9) implies (10).
2. (a) Fora circular drumbead (D = disk), verify Theorem 1 directly from
Section 10.2 and the properties of Bessel functions.
(b) Do the same in the Neumann case.
3. (a) Foraspherical ball, verify Theorem 1 d.lrectly from Section 10.3 and
the propemes of Bessel functions.
(b) Do the same in the Neumann case.

4. Explain how it is possible that 4, is both a maximin and a minimax.

5. For —A in the ellipsoid D = {x2 + y2/4 < 1} with Dirichlet BCs use the
monotonicity of the eigenvalues with respect to the domain to find esti-
mates for the first two eigenvalues. Inscribe or circumscribe rectangles or
circles, for which we already know the exact values.

(a) Find upper bounds.
(b) Find lower bounds.

6. Inthe proof of Theorem I for an arbitrary domain D, one must approxi-
mate D by unions of rectangles. This is a delicate limiting procedure.
Outline the main steps required to carry out the proof.

7. Use the surface area of an ellipsoid to write the inequalities that make (26)
a more precise statement.

8. For a symmetric differential operator in three dimensions as in (11.4.1),
explain why Theorem 1 should be modified to be (28).

9. Consider the Dirichlet BCs in a domain D. Show that the first eigenfunc-
tion v,(x) vanishes at no point of D by the following method.

(a) . Suppose on the contrarythat v;(x) = Oat some pointin D. Show that
both D+=(x€ D:vy(x)>0} and D™= {xE D:vy(x) <0} are
nonempty. (Hint: Use the maximum principle in Exercise 7.4.26.)

(b) Letvt(x)=v(x) for x&€ D+ and v+H(x)=0forxeD~. Letv™ =
vy — v*. Notice that |v;| = v+ — v™. Noting that v; = 0 on bdy D,
we may deduce that Vot = Vo, in D, and Vot = 0 outside D. Simi-
larly for Vo—. Show that the Rayleigh quotient @ for the function ||
isequal to A, . Therefore, both v; and |v;|are eigenfunctions with the
eigenvalue 4;.

(¢) Use the maximum principle on|v;|to show that »; > O in all of D or
v, <0in all of D.

(d) Deduce that A, is a simple eigenvalue (Hint: If u(x) were another

11.6 ASYMPTOTICS OF THE EIGENVALUES
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eigenfunction with eigenvalue 4,, let w be the component of # or-
thogonal to v, . Applying part (c) to w, we know that w > 0 or w < 0
or w=0in D. Conclude that w=01in D.)

10.  Show that the nodes of the nth eigenfunction v,(x) divide the domain D
into at most n pieces, assuming (for simplicity) that the eigenvalues are
distinct, by the following method. Assume Dirichlet BCs .

(a) S!.lppose on the contrary that {x € D:v,(x) + 0) has at least n + |
disconnected components D; UD,U. . . U Dpyy. Let wy(x)=
vy(x) for x € Dy, and wi(x) =0 elsewhere You may assumc that
Vw;(x) = Vo,(x) for x E );, and Vw;(x) = 0 elsewhere. Show that
the Rayleigh quotient for w equals A

(b) Show that the Rayleigh quotzent for any linear combination w =
cywy+ v ey Wy also equals A,,.

() Lety,,...,y,beany tral fuuctlons Choose the n + 1 coeffi-
cients ¢j 50 that w is orthogonal to each of yy, . . . . Use the
maximin principle to deducethatd, . » < |[Vw}jZ/ Ilwn2 = A .Hence
deduce that A, = A,, which contradicts our assumpnon
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4.2 Study notes, cheat sheet

4.21 Linear and Nonlinear Waves (Chapter 2)

stationary waves such as u; +3u =0

Transport and Traveling Waves such as u; + cu, = u. Uniform transport. Speed c is constant.

Characteristics are % = c. When speed is not constant, we get Nonuniform Transport.

Characteristics is % = c(x). Nonlinear Transport: u; + u u, = 0 where wave speed depends
not on position x but on u itself.

d’Almbert

N =

1 x+ct
U, f) = (f(x—ct)+f(x+ct))+z—cfx_d 2(s)ds

xX+c(t—s) r

. 1 ot ..
With extranl force uy = c?u,, + F (x,t) we add the term % L ( fx ot (s, y) dy) ds. The limits

are the same as above, but replace t by t —s. remeber ds goes with t and dy goes with x.

4.2.2 Fourier series (Chapter 3)

Just need to know the F.S. definition. Either complex one or standard.

4.2.3 Seperation of variables (Chapter 4)

Theorem 4.2. If u(t,x) is a solution to the heat equation with piecewise continuous initial
data f(x) = u(t0, x), or, more generally, initial data satisfying (4.27), then, for any ¢ > t,, the
solution u(t, x) is an infinitely differentiable function of x. (page 128) .

"In other words, the heat equation instantaneously smoothes out any discontinuities and
corners in the initial temperature profile by fast damping of the high-frequency modes"

Heat PDE in 1D.

Inhomogeneous Boundary Conditions convert to homogeneous by using reference function.

Wave PDE in 1D. Fixed ends. d’Alembert Formula for Bounded Intervals: For Dirichlet
do odd extension of initial position. For Neumann (free) boundary conditions, do even
extension.

Laplace PDE on disk and on recrangle. in polar Laplace becomes u,, + %ur+ rlzugg = 0. When

doing seperations, rememebr to use the angular ODE for finding the eigenvalues first. The
radial ODE becomes Euler ODE. Solve using assuming R (r) = r*. For disk, the solution is

u(r,0) = % + X " (A, cos (n6 + B, sin no))

Laplace PDE maximum principle. Lots of theorem here.

289



4.2. Study notes, cheat sheet CHAPTER 4. STUDY AND MISC. ITEMS

Characteristics and the Cauchy Problem see HW 7, Problem 4.4.16. This is for second order

2
pde. Write pde as Au,, + Bu,, + Cu,, = G and then Characteristics is A (%) - Bz—i +C=0.

- d <1 _
This gives ode % which is the Characteristics.

P . . 2
Laplacian in 3D with no angle dependencty is u,, + ~u, =0

4.2.4 Generalized functions and Green function (Chapter 6)

0(x—¢&): "In general, a unit impulse at position a < £ < b will be described by something
called the delta function".

Twwo ways to define 6 (x — &£). one based on limit of function as 7 — co and one based on how
it acts inside integral. For limit, use this one

Sn (%) = n(Tnzxz)

Then lim,_,,, g, (x) = 09 (x). And the above also meets the integral relation f_ ~ Qn (x)dx =
% [arctan (nx)]™_ =1.

For calculus, remember this: When taking derivative of a function with jump discontitty, we
get an impulse at location of the jump with magnitude of the jump. Direction is negative
if the jump is down and positive if the jump is up, this is when moving from left to right.
For example derivative of unit step is 0(x). And the integral of 6 (x) is unit step (or 1).
Hence if f(x) = g(x) + o (x) where o (x) is unit step and g (x) is continuous everywhere, then

frx) =g (x)+6(x)
Fourier series of 6 (x) = % + % (cosx + cos2x + cos3x + --+)

Green function for 1D boundary value problems.

Remember when satisfying the jump discontinuity, it is A + 1 = B where p is one which

matches when the ODE is written as py”’ + g (x)y’ + ry = f (x) in the original ODE. And A is
the top term and B is the bottom term, as is

d A x<¢&
[d—G(x; 5)] = {
X =g B x>¢
So the second equation is

1

A+-=B
p

That is really the only tricky part in finding Green function. Getting the sign right here. So
if the ODE is —cy” = f (x) then here p = —c (notice, sign is negative, i.e. p = —c including the
sign) and the jump is L= = and hence the equation becomes
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1
A+-=B
p

1
A--=B
C

And if the ODE is given as cy” = f (x) then p = ¢ and the equation becomes

1
A+-=B
p
1
A+-=8B
c

"Thus, the Neumann boundary value problem admits a solution if and only if there is no
net force on the bar." (page 239). This means —u” = f (x) with #’ (0) = 0 = u’ (1) has Green
function and solution if l;l f(x)dx = 0. If this holds, the —u”” = f (x) has solution (but the
solution is not unique) and any constant value is a solution.

Green function for Laplace —Au = f (x, y)

Some relations: V - Vu = Au = uy, + u,,. i.e. divergence of the gradient of u is Laplacian of
u. Green function in full space for Laplacian in 2D is

G(x,y;cf,n) = %lnr

g . . 2 2 .
where 7 is distance from (x, y) to where the pulse is (cf, r]), i.e. \/(x -8+ (y - 17) . In 3D, it
.1
1S m
Method of images To find G (x, &, 17) in say upper half, put a negative pulse at (5, —17) and
then use Gupper (x/ &, 77) = Gfull (x,y; &, 7]) - Gfull (x/ &, _7])

For disk

1511l = &I

||||€||2x—é||]

1
Gx; &) = o= ln(
In polar it becomes
1. (1+7rp*-B
G (7’, 9, P, ¢) = E In (m)

Where = 2rp cos (9 - qb) where (r, 0) is variable point and pulse fixed at (p, qb), all using
polar coordinates.
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4.2.5 Fourier transform (chapter 7)

r _ 1 « —ikx

f=—= f F e
1 <, ikx

f(x):\/?f_mf(k)ek dk

Table of Fourier transforms on page 272 will be given in exam also. Remember the shift property
fk—a) & ™ f (x)
flx—a) & e™™f (k)

Gaussian integrals, for any b is

f e dx = \r

f N e gy = \r

—00

f " e‘("‘b)zdx =/

foo ematerb) gy = \/E a>0
—00 a
foo e—a(x—b)zdx — \/E >0
—00 a
Derivative and integrals
f@) e fk
£ (x) & (ik) f (k)
£ (%) & (i) f (k) = —Kk2F (k)

Remember this also xf (x) & i%. On smoothness of f (x) and relation to decay of f (k). see

book page 276 "the smoothness of the function f(x) is manifested in the rate of decay of
its Fourier transform f(k)." and "Thus, the smoother f(x), the more rapid the decay of its
Fourier transform” and "This result can be viewed as the Fourier transform version of the
Riemann-Lebesgue Lemma 3.46.)"

Integration

f_x Fodx o %f(k)+nf(0)6(k)

Easy to remember when comparing it to f’ (x) & (ik) f (k). Just change (ik) from numerator
to denominator and add 7 f 0) 6 (k).

In context of generalized functions, we write

[ f@axc=varf
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So if we know the F.T. of f(x) we do the above integration by using the above relation

directly by evaluating f (k) at k = 0. This can be handy. For example let us apply this to
. co 2 ; ~ 2 L 2 1

the Gaussian,. f_we “dx :1 \/2_7'(f (0) where f (k) = ,97(6 x ) = Ee 4. Hence f(0) = % and
00 _ 2 _ 1 _

therefore f_ooe dx = \/2_7—[\/5 N

Green function

Using F.T, to find Green function. Used only for infinite space. Put a 6, (x) in RHS, solve for
G (y, t) then find the inverse Fourier transform to get G (x, t). For example for heat pde.

Weyl’s law for eigenvalues convergence for large n. For 2D
A, 4n

lim — =
n—oo 1

2.2 2.2
Where here A, = la—z + %,l =1,2,3,---,k=1,2,3,---. So A, are sorted in order. This is for
reactangle with width 2 and high b.
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